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Convergence Properties of Solutions of a
Length-Structured Density-Dependent Model

for Fish

By Geigh Zollicoffer*†

Abstract. We numerically study solutions of a length-structured matrix model for fish
populations in which the probability that a fish grows into the next length class is a de-
creasing nonlinear function of the total biomass of the population. We make conjectures
about the convergence properties of solutions, and give numerical simulations which
support these conjectures. We also study the distribution of biomass in the different
length classes as a function of the total biomass.

1 Introduction and Background

In this paper we numerically analyze a discrete-time, nonlinear length-based model for a
fish population. This model has been mathematically studied (with proofs) in Callahan,
et. al. [1], with a restrictive condition on the survival probabilities. This condition is that
the survival of fish is a nondecreasing function of the length of the fish. However, in
practice, survival probabilities may not always satisfy this condition. For instance, if
angling is allowed in the habitat, larger fish can have lower survival than smaller fish. In
this paper we numerically study the solutions of this model when this condition on the
survival probabilities is removed. We make conjectures that are stronger than the results
proved in [1], and give numerical examples that make these conjectures plausible.

In [1] references are given for papers that give fish population models which incorpo-
rate length structure. These papers give justifications for incorporating length structure
into a population model. For instance, it is known that many fish species are less likely
to grow when their habitat is crowded. Thus it makes sense to include in this model
the condition that the probability that a fish moves to a larger length class in one time
step is a decreasing function of the total amount of fish biomass in the habitat. This
function should be positive, should take the value 1 when there is no biomass (since
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2 Conv. Prop. for a Length-Structured Density-Dependent Model for Fish

with no crowding fish are guaranteed to grow), and should approach 0 as the biomass
gets infinite (since with “infinite" crowding fish cannot grow). To keep the modeling
manageable, in these models it is assumed that there is only one fish species in the habi-
tat. Incorporating such a nonlinearity into the model means that when the population
gets too big, there’s pressure to keep it down, and when the population is small, it grows
unimpeded. Thus it is plausible that there are circumstances under which we expect the
population to converge. In [1] it is shown that under certain conditions the biomass con-
verges uniformly (i.e. independent of the initial conditions), and we conjecture that in
fact under those circumstances the population vectors converges uniformly, even when
the survival hypotheses used in [1] are not satisfied. In this paper we give conjectures
about uniform convergence of the population vectors, and give numerical simulations
which make these conjectures plausible.

The paper is organized as follows. In Sect. 2 we describe the discrete-time nonlinear
length-structured model, taken directly from [1], which we are studying. In this model
the probability that a fish will grow into the next length class in one time step is a
nonlinear function of the total biomass of the population. In Sect. 3 we make conjectures
about the convergence properties of solutions to the model. In Sect. 4 we give numerical
results that are consistent with these conjectures. We use as a case study an invasive
white perch species studied in [2, 1]. For the purposes of angling, a long-term population
which is dominated by fish in the larger length classes is desirable, and in Sect. 5 we
make connections between the distribution of biomass and the survival rates and total
biomass.

Notation: Denote transpose by a T superscript, a row vector by T, [v1, v1, . . . , vn] or
[v j ]. Denote a column vector by , [v1, v1, . . . , vn]T or [v j ]T. The spectral radius of a square
matrix A is denoted by ρ(A), and is the modulus of the largest eigenvalue of A. The
1-norm of a vector is denoted by ∥∥, and is the sum of the absolute values of the entries.

2 Mathematical Model

This length-based model was introduced in [1], and is similar to models in [3, 5], and is
related to the age-structured models in [2, 6]. We begin by using the following model
design pulled directly from [1]. There are n length classes of reproductively viable fish,
and we denote the population in each class after t time steps by P1(t), P2(t), . . . , Pn(t).
We define the population vector to be P(t ) = [P0(t ),P1(t ), . . . ,Pn(t )]T ∈Rn+1. We assume
that newborn fish cannot reproduce in their first time step of life and place them in a
zeroth class with population P0(t). After one time step, surviving newborn fish enter
class 1 with population P1(t ). Let Li be the average length of fish in class i = 0,1, . . .n, so
L0 is the average length of newborn fish. The time step size is constant and might be
determined by the behavior of the species or by the timing of the data collection. We
assume that in each time step a surviving fish either stays in its length class or grows
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Geigh Zollicoffer 3

into the next length class but cannot skip beyond the next length class, so Li+1 −Li is the
maximum a fish in class i = 1,2, . . .n −1 can grow in one time step.

Let si be the survival rate of fish in class i = 0,1, . . .n each year and fi the fecundity of
fish in class i = 1,2, . . .n each year. We assume that the time step in the model is less than
or equal to the time needed to reach maturation size. In [1] the following assumptions
are made:

A: The survival rates satisfy 0 < si ≤ 1 and the fecundities fi ≥ 0 and not all fi = 0. The
sequences ( f j )n

j=0 and (s j )n
j=0 are nondecreasing.

The condition on ( f j )n
j=0 is satisfied for most species since the fecundity of larger

fish is greater because larger fish can hold more eggs. The assumption that the survivals
(s j )n

j=0 are nondecreasing, is not as plausible, since angling can decrease the population
of large fish more than the population of small fish. One of the purposes of the current
paper is to study what happens when the survival condition in Assumption A is removed.
Therefore, in this paper we will work with the modified assumptions:

A′: The survival rates satisfy 0 < si ≤ 1 and the fecundities fi ≥ 0 and not all fi = 0.
The sequence ( f j )n

j=0 is nondecreasing.

Let pt be the probability at time step t that a fish grows into the next length class in
one time step. We use a model of the form

P(t +1) = AptP(t )

where

Apt =



0 f1 f2 f3 · · · fn−2 fn−1 fn

s0 s1(1−pt ) 0 0 · · · 0 0 0
0 s1pt s2(1−pt ) 0 · · · 0 0 0
0 0 s2pt s3(1−pt ) · · · 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · sn−2pt sn−1(1−pt ) 0
0 0 0 0 · · · 0 sn−1pt sn


. (1)

Thus the population at time t+1 is a Apt times the population at time t . This equation
is solvable once an initial population P(0) is specified. A matrix of this type is known as a
“population projection matrix". We now give an interpretation of this matrix. When the
top row is multiplied by the population vector, we get

n∑
j=1

f j P j (t ),

which can be interpreted as the number of newborns generated by the current popu-
lation. Hence the 0th entry of AptP(t) is the number of newborns generated from the
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4 Conv. Prop. for a Length-Structured Density-Dependent Model for Fish

current population. The j th entry of AptP(t ) for j = 2, . . .n is

s j−1pt P j−1 + s j (1−pt )P j .

Since pt is the probability that a fish will move to the next length class, this can be
interpreted as the number of fish that survived and got bigger from the ( j −1)th length
class, plus the number of fish that survived and didn’t get bigger from the j th length
class. When j = 1, the j th entry of AptP(t ) is just how many survive from the 0th class.

As in [1, 2, 6], we assume that pt is a strictly decreasing function of the population
biomass. That is, the more biomass there is in the population, the less likely a fish is to
move to the next length class. Furthermore, we expect the probability to be near zero
when the biomass is very large, and we expect the probability to be 1 when the biomass
is zero. Let B(t) denote the population biomass at time step t. We need to identify a
function g so that pt = g (B(t )).

In [1, 2, 6] that function is

g (y) = 1

1+bg r ow th y

where bg r ow th is a scaling parameter. Note that that g is strictly decreasing on [0,∞)
(since more biomass means lower probability), g (0) = 1 (since no biomass means proba-
bility 1) and limy→∞ g (y) = 0 (since large biomass means small probability).

Following [1, 2, 6], we assume that the mass of a fish of length Li is Wi = αL3
i whereα is

the mass-length coefficient. The population biomass at time step t is then approximated
by

B(t ) =
n∑

i=0
Wi Pi (t ) (2)

We study the nonlinear dynamical system

P(t +1) = AptP(t ), pt = g (B(t )), P(0) =P0. (3)

This system gives the population at time step t +1 as the matrix multiplication of matrix
Apt with the population P(t ), where the probability of growth pt is updated at each time
step.

3 Mathematical Conjectures

In this section we give some conjectures about the solutions to (3).

Definition 3.1. A vector is positive if all of its entries are positive. A vector is nonnegative
if all its entries are nonnegative. A nonnegative vector is nonzero if not all its entries are
zero.

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 2, 2021



Geigh Zollicoffer 5

In the study of dynamical systems, the equilibria play a central role. An equilibrium
is a vector that is unchanged by the system from a time step to the next.

Definition 3.2. 1. We say that a vector P∗ = [P∗
1 ,P∗

2 , . . .Pn]T is an equilibrium for (3) if

P∗ = Ap∗P∗, p∗ = g (B∗),B∗ =
n∑

i=0
Wi P∗

i

2. We say that an equilibrium P∗ for (3) is globally attracting if for every nonnegative
nonzero P0,

lim
t→∞Ppt =P∗.

The goal of this paper is to use simulations to make the following conjecture plausible.

Conjecture 3.1. 1. If ρ(A1) < 1, then the zero population is globally attracting.

2. If ρ(A0) > 1, then lim
t→∞∥P(t )∥ =∞ for all nonzero nonnegative initial states P(0).

3. If ρ(A0) < 1 < ρ(A1), then the system has a unique nonzero positive equilibrium P∗

which is globally attracting.

Before discussing what these conjectures mean, we will discuss the role of the spectral
radius in predicting population dynamics. Consider first the simpler linear model

P(t +1) = AP(t ). (4)

for a constant matrix A. It is well known from linear algebra that the long term behavior
of P(t ) is determined by ρ(A). Roughly speaking, if ρ(A) < 1, then all solutions of (4) go to
zero; if ρ(A) > 1, then all solutions of (4) go to infinity in norm; if ρ(A) = 1, all solutions
converge, but not uniformly. The moral is that the growth, decay or convergence of the
population is determined by ρ(A) in the linear case. In our nonlinear model, the analysis
uses ρ(A0) and ρ(A1):

For Case 1 of Conjecture 3.1: A1 describes what happens when the probability of a
fish moving to the next length class in one time step is always 1 - this is in some sense the
“best case scenario" for the fish. If ρ(A1) < 1, that means that in the best case scenario
the population goes to zero, so it is plausible that the solution of (3) goes to zero as well.

For Case 2 of Conjecture 3.1: A0 describes what happens when the probability of a
fish moving to the next length class in one time step is always 0 - this is in some sense the
“worst case scenario" for the fish. If ρ(A0) > 1, that means that in the worst case scenario
the population goes to infinity, so it is plausible that the solution of (3) goes to infinity as
well.

In Case 1 the population is endangered, while Case 2 is unlikely to happen in a
physical habitat. If the population is not endangered and the population is known to

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 2, 2021



6 Conv. Prop. for a Length-Structured Density-Dependent Model for Fish

stay finite, the nonlinear probability of growth kicks in, and Case 3 is likely to occur.
The conjectures for Case 1 and Case 2 were proved in [1] when the survivals are a
nondecreasing function of size class (i.e. under Assumption A). In this paper we give
numerical examples which help support Cases 1 and 2 of the conjecture under the
weaker Assumption A′. In this paper we give numerical examples that help support Case
3 of the conjecture under Assumption A′.

4 Numerical Simulations

We have done extensive simulations which support Conjecture 3.1 under Assumption A′.
We will give examples to illustrate each of the cases in this Conjecture. As a case study we
will use the parameters for the white perch population studied in [1, 2]. Please see these
papers for a discussion of this species. We will use the simulation parameters Li , fi , and α

given in Section 4 of [1] (with n = 8, so there are nine stages in the population vector). We
will be varying the survival probabilities s j to get the three cases in Conjecture 3.1. Since
Cases 1 and 2 of Conjecture 3.1 have been established in [1] when (s j ) is nondecreasing,
our examples will use survivals that are not nondecreasing, so Assumption A′ holds but
Assumption A does not.

1. For case 1, we’ll use survival rates

[.2, .8, .2, .8, .2, .8, .2, .8, .2].

In this case ρ(A1) = 0.777272 < 1, so this satisfies the hypotheses of case 1. The
population dynamics for this model (with an arbitrarily chosen initial population)
are given in Figure 1. The top graph represents the first size class, and the bottom
graph represents the last size class.

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 2, 2021
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Figure 1: Example for case 1 of Conjecture 1, ρ(A1) < 1; the population appears to
converge to the predicted zero population. The number of time steps is given on the
X-axis, and the current population count is given on the Y-axis. The top graph represents
the first size class, and the bottom graph represents the last size class.

For us to determine that the population converges to zero, the population for each
size class is compared after each time step with the previous time step and the
absolute value of the difference is calculated. If the difference was less than 2−1021

(which is the smallest float in Matlab), then our criteria for convergence is met
and we conclude convergence. We repeated this simulation for many randomly
chosen initial populations, and for every initial condition the population appeared
to converge to zero.

2. For case 2, we use the following survival rates:

[.99, 1, .97, .96, .95, .94, .93, .92, .91]

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 2, 2021



8 Conv. Prop. for a Length-Structured Density-Dependent Model for Fish
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Figure 2: Example for case 2, ρ(A0) > 1; lim
t→∞∥P(t)∥ = ∞ and pt approaches 0. The

number of time steps is given on the X-axis, and the current population count is given on
the Y-axis. The top graph represents the first size class, and the bottom graph represents
the last size class.

In this case we see that ρ(A0) = 1.007207 > 1. We determine for this case con-
vergence to infinity by setting a large upper bound, and showing that the total
population eventually exceeds that upper bound. We did simulations with 100,000
time steps, and found clear evidence that the population in the first two stages
goes to infinity, the population in the third stage goes to 6.2985× 106, and the

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 2, 2021



Geigh Zollicoffer 9

population in the larger stages goes to zero. We only show 1000 time steps in
Figure 2, in order to get a clearer picture. As expected, the probability pt appears
to converge to zero, but does not get to zero because the biomass does not get
to infinity. Also, we see in this example an extreme case of stunting, where the
population of the smaller fish dominates as the population gets more and more
crowded.

3. For case 3, we use survival rates:

[.7 .7 .7 .7 .4 .4 .4 .4 .4]
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Figure 3: Example for case 3, ρ(A0) < 1 < ρ(A1); the population converges to a unique
limiting population. The number of time steps is given on the X-axis, and the current
population count is given on the Y-axis. The top graph represents the first size class, and
the bottom graph represents the last size class.

In this case ρ(A0) = 0.707258 and ρ(A1) = 1.149390, so ρ(A0) < 1 < ρ(A1), and the
hypotheses for case 3 are satisfied. We determined and tested convergence to the
limiting population in the same way that we tested convergence to zero in case 1,
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10 Conv. Prop. for a Length-Structured Density-Dependent Model for Fish

using the tolerance 2−1021. It is easy to check that the limiting population is in fact
an equilibrium.

Part of cases 1 and 3 of Conjecture 3.1 is that the convergence is independent of the
initial population. To illustrate this, we give in the Appendix two charts - one for Case
1 and one for Case 3 - where the top rows gives 15 initial populations vectors, and the
bottom row gives the corresponding limiting population vectors. We see from these
that the limiting population is indeed independent of the initial population (up to at
least seven significant figures) in these examples. Thus in Case 1 it appears that the zero
vector is in fact globally attracting, and in Case 3 it appears that the positive equilbrium
is in fact globally attracting. We found the same type of results for other examples.

We have automatically generated approximately 3000+ simulations, each with sur-
vivals randomly generated from a uniformly random distribution, and random initial
conditions also from a uniformly random distribution. All of them are consistent with
Conjecture 3.1. Of course, that is not a proof of Conjecture 3.1, but it does make the
Conjecture very plausible.

5 Distribution of biomass in the limiting population

[1] studied (in Case 3 and examples where the survivals were nondecreasing) the rela-
tionship between the limiting total population biomass and the distribution of biomass
in the nine stages. It was found, and proved mathematically, that as the total biomass
got larger, the biomass became more concentrated in the lower stages. In this paper we
would like to illustrate that we expect this to happen even when the survivals are not
nondecreasing. In our case study, we use all of the parameter values from the previous
section, except we use the survivals

(.99−α, .98−α, .97−α, .96−α, .95−α, .94−α, .93−α, .92−α, .91−α)

where α is a parameter which varies from 0 to .91. The total limiting population biomass
is very large when α is very close to 0, and is very close to 0 when α is close to .91; since
we cannot take infinitely many time steps, the total biomass never gets to zero. We show
the total biomass on the curve in Figure 4, with value of α on the x-axis and the biomass
scale shown on the right y-axis. To illustrate the biomass distribution with a heat map,
we take 9 equally-spaced values of α, and above each value of α there are colored boxes
which indicate what fraction of the biomass is in each of the nine length stages. The
stages are shown on the left y-axis, the the smallest stage at the top and the largest stage
at the bottom (note that we label the stages 1 through 9 instead of 0 through 8). The scale
for the heat map is on the top of Figure 4.

Rose-Hulman Undergrad. Math. J. Volume 22, Issue 2, 2021
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Figure 4: Heat map for biomass distribution as a function of α. The values of α are shown
on the X-axis, and the survivals decrease with increasing α. The left side Y-axis shows the
stages, and the right side Y-axis is total biomass scale. The curve gives the biomass for
each choice of α, and the color gives what fraction of the biomass is in each of the length
stages.

In all cases a small fraction of the biomass is in the newborn fish class. When α is near
zero, the total biomass is very high, and is skewed towards the P1 class. As α increase, we
see that the biomass percentage shifts towards the larger classes of fish until α = .455.
Between α = .455 and α =.56875, the total biomass in the system falls to near zero, and
stays there for larger values of α. Calculating the spectral radius of A1 and A0 where α =
.455, yields ρ(A1) = 1.000507 and ρ(A0) = 0.532369, which is Case 3. When α = .568750,
ρ(A1) = 0.807852 and ρ(A0) = 0.418629, which is Case 1. Thus the system changes from
Case 3 to Case 1 for some α between .455 and .56875. Just looking at α from 0 to .455,
we’re in the most interesting case, and we see that smaller biomass corresponds to a
larger percentage of large fish. This is numerical evidence that the relationship between
size distribution and population biomass found in [1] still holds (at least until biomass
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12 Conv. Prop. for a Length-Structured Density-Dependent Model for Fish

near zero) even when Assumption A is weakened to Assumption A′.
For larger values of α, we’re in Case 1, where where the population crashes; however,

in practice, we’ll never get to zero biomass, so it is still of theoretical interest how the
population is distributed, and the heat maps shows a limiting biomass distribution. We
find that as α gets closer to 1 (so the survivals get smaller), the population starts moving
towards smaller fish, which was not expected.

6 Conclusions

In this paper we study a discrete-time length-structured model for invasive fish which
incorporates a nonlinear growth probability. This model was proposed in [1], and studied
there with the restrictive condition that the survival parameters be nondecreasing (i.e.
Assumption A). We numerically studied the case where the survival parameters do not
satisfy this restrictive condition (i.e. Assumption A′. We give Conjecture 3.1 about the
long-term behavior of the solutions - this conjecture is stronger than the results in
[1]. We then do numerical simulations to test this conjecture, and all simulations are
consistent with the conjecture. Finally, we study the effect of the total biomass on the
length distribution of the limiting population. This paper gives numerical evidence that
the nondecreasing condition on the survivals needed in [1] (i.e. Assumption A) is not
really important in the long-term dynamics the model.

These results are significant because population managers care about the long-term
behavior of populations, both for predicting and managing fish populations. In nature,
survival rates are not necessarily nondecreasing with length, so it is important to consider
cases where Assumption A is not satisfied. This study makes it plausible that if the
populations are bounded (which is expected in real habitats), then the population either
goes to zero, or the population approaches some equilibrium which is independent of
the initial population. The independence of initial population is important because it
implies that the limiting population can be computed even if the initial population is
unknown. In the future, we’d like to prove Conjecture 3.1 under Assumption A ′ holding.
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7 Appendix

In this Appendix we illustrate the part of Conjecture 3.1 that says that in Cases 1 and 3
the limiting population is independent of the initial population. Figure 5 illustrates
the convergence to zero in Case 1, and Figure 6 illustrates the convergence to an
equilibrium in Case 3. The top rows represent the randomly chosen initial populations
vectors, and the bottom rows represent the corresponding limiting population vector.

Figure 5: 15 initial populations and their respective limiting populations of case 1 of
conjecture 1, all initial populations lead to limiting populations that are indistinguishable
from zero.
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Figure 6: 15 initial populations and their respective limiting populations of case 1 of
conjecture 1, all initial populations lead to limiting populations that are indistinguishable
from zero.

Figure 7: 15 initial populations and their respective limiting populations of case 3 of
conjecture 1, all initial conditions lead to the same limiting vector to seven significant
figures.
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