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Conflicts in the Learning of Real Numbers
and Limits

D. O. Tall & R. L. E. Schwarzenberger

University of Warwick

First year university students in mathematiégsh from school, were asked the
guestion:"Is 0.999 . . . (noughpoint nine recurring) equal tone, orjust lessthan
one?". Many answers contained infinitesimal concepts:

"The same, because the difference between them is infinitely small."
" The same, for at infinity it comes so close to one it can be considered the same."

"Just less than one, but it is the nearest you can get to one without actually saying it

is one."
"Just less than one, but the difference between it and one is infinitely small."

The majority of students thought that 0.999 . . . leasthan one. It may bthat a few
students had been taught usinfinitesimal concepts, othat thephrase “jusiessthan
one” had connotations for the students different from thseded by the questioner;
but it seems morbkely that theanswersrepresent thestudents’ ownrationalisations
made in an attempt to resolve conflicts inherent instbeents’ previousxperience of
limiting processes.

Some conscious and subconscious conflicts

Most of the mathematicmet in secondary school consists ebphisticated ideas
conceived by intelligenadults translated into suitable form teach to developing
children (seq2] and the discussion in [3]).This translationprocess contains two
opposing dangers. Ghe onehand,taking a subtle highevel conceptand talking it
down can mean the loss of precision anchemal increase in conceptudfficulty. On
the other,the informal language of the translation may contain unintestedes of
colloquial meaning. An exampkhouldmakethis clear.The definition that a sequence
(sy) of real numbers tends to a limsits:
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"Given any positivereal numbere>0, thereexistsN (which maydepend org) such

that pp—s|<t for all n>N.

An informal translation is!We can makes, as close t® as we please by making
sufficiently large.”Theloss inprecision isclear: we haveot specifiechow close, or

how large, nor the relationship between the unmentiermediN. What is lesapparent

to the sophisticateanathematician are theubtle implicationswhich can act as a
stumbling blockfor the uninitiatedreader. Someongnable to comprehend tivehole
sentence might alight on part ibf What doesthe phrase “as close . . . as \pkase”
mean? A tenth? A millionth ? What happens if we do not please? If we can get as close
as we please, can we get “infinitely” close in some peculiar sense?

The phrase hasther colloquialconnotations. Fomnstance “close” means near but not
coincident with — if it were coincident, weould say so.The informal idea of dimit
may carry the hidden implication thegtcan beclose,but notequal to s.This can only
be enhancedvhen all the examplesgiven, such as,=1/n or sy=l+r+r2+, . +n-1
(-1<r<1), haves, not equal to its limit. It is conceivabthat thesubconsciousiotion
thats, may not equas can cause a feeling oépulsionthat may extend to thimit
process itself, giving the learner the uneasy feeling of lack of completioreposge, as

if it were all a piece of mathematical double-talk, having no real-life meaning.

"| think that 0=1 because we coulsly' 009 reachesl at infinity —althoughinfinity
doesn’t actually exist, we use this way of thinking in calculus, limits, etc.”

Teachers do not help the situation if tretow clearly that they feelneasy with the

limit process and so pass on their fearth@&r pupils. Subconscious problems such as
these lead to greater difficultidater, hindering or everotally blocking further
understanding.What happens when twaonflicting concepts araroused in the
student’s mind by the same basic data ? An anglogyued in [8] (seespecially page

5) is that the existence of two ‘nearby’ concepts can cause mental stress arising from the
emergence of unstabteoughts (just as two nearlmgntres of attraction iphysics

cause the emergence of intermed@tets at whichthe force field isunstable). In an
attempt to achievstability, studentwill attempt theirown rationalisations. (In the
terminology of Skemp [5], students seeking a relational understanding as part of a long
term learning schema mafprm their own schema; thismay however bequite
unsuitablefor future accommodation because it contains sleeds ofconflict with a

future schema.Thetwo concepts involvedhay betwo mathematicatoncepts in the

usual sense (e.g. decimals and fractions) or else one may be a mathematical concept and
the other a collection of subconscious images deriving th@rlanguage or motivation

used to describe the concept. To avoid the latter type of conflict, we must avoid the kind
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of ‘motivation’ which the sophisticated onlooker can see is a simple form of what is to
come, butthe learner, withouthe laterexperience, sees only as something foreign to
his current ideas. For this reasmachershouldretain critical scepticisraboutadvice

on teaching methods frothose working at universitiggcluding theauthors of this
article). In the next section weonsider one possible way of looking the limit
concept, fromthe learner'spoint of view, whichcan easily be built up gradually with
little risk of conscious or subconscious conflict. (For brevity we sti¢keadea of real
number and to thémiting processes of sequences aaties,but the ideas extend
easily to continuity, differentiationntegration;such an approach to schamllculus is
advocated in [4].)

Preliminary steps towards a conflict-free approach

A (positive) real number can be represented byeagth. In [1] Freudenthal argues
persuasivelhthat realnumbers should belentified aspoints on a lineThe problem
with an actual drawing of a line seems tothw it is of limitedaccuracy. For instance,
on a piece of A4 paper it is difficult to distinguish betwedime segment of lengtk2
and one of length 1.414, though not only are they different, but amatisnal and the
other rational, a vital distinction in pure mathematics.

This limited accuracy, far from beingdrawback,can be turned to positive advantage
in consideringthe idea of dimit. The learner, having had Bt of experience with
graphs,knowsthat they arenaccuratelLimited accuracy of measurement is a fact of
life. A calculator is inaccurate —diivesv2 as a finite decimakay 1.4142136 on an
eight digit display — nevertheless this ituaury compared with drawing because this
value forv2 can now be distinguished from 1.414.

A seriousproblem withinaccurate measuremeotcurs with simple arithmeti®uite
simply, inaccuracies cause the basies ofarithmetic to beviolated. For instance, if
we divide by 10, then multiply b§0, weexpect to arrive back at the origimaimber.
Suppose that numbers are only recorded to four decimal plEwe$.4142divided by
10 will be recorded a6.1414and multiplying by 10 gived.4140, distinct from the
original 1.4142. (Beware of trying to demonstrate this @aleulator;some keepxtra
places not displayed during the course of a calculation.)

If we require therules of arithmetic tohold, we must recordthem with absolute
accuracy. What we must do is acknowledge the limited accuracprat@caldrawing,
but imagine that we can obtain a greater accuracy by drawing to adageey or using
finer drawing implements. (It is an amusing calculation to see how deuiyal places
of accuracy could be obtaineding apiece ofpaper as long athe distancdrom the
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equator to the north pole — 10,000 kilometres — using a fine drawing pen which marks a
line 0.1 millimetres thick.)

In school much of this could be done practicdidy, instanceusing drawings ofight-
angled triangles to find2, V3, V5 to one or two places of decimals. Such square roots
could be calculated more accurately using numerical methods. A naive apprads to

to seethat 2<2<22, so 1</2<2; now calculate 1.2, 1.2, 1.2, . . . to find
1.42=1.96, 1.3=2.25, sothat1.4</2 < 1.5, then proceed witlthe next place to see
1.412 = 1.9881, 1.42= 2.0164, giving 1.41 <2 < 1.42, and so on.

More efficient methods than this are available and withirstiope of schoolvork, but
the simplicity of this approach pays dividends. For instance, wéhaethesquares of
the rational approximatioris4/10, 141/100, 1414/1000, etre never precisely equal
to 2. It is a natural extension of thidea to realise that thequare of any fraction is
never precisely equal to 2, €8 is irrational. We discuss this later.

Other calculations of interestingumberscan bemade, forinstance cubeoots by a
method similar to the above, ayfirst crudely using a circular can angbiace ofstring

to find the ratio of circumference to diameter, then more efficiently usag,the areas
of inscribed and circumscribgablygons asadvocated in[4] (a calculator isuseful

here).

If at this stage infinite decimalslarm thelearner, itcan help to mention that digits
beyond acertain point have no practicalgnificance. Nevertheless there remains a
danger of conflict here: between the theoretical requirement for infinite decimals and the
practical experience that finite decimals are both convenient and sufficient. Several other
potential conflicts between closely related concepts remain: between decimals and
limits, between fractions analrational numbers,between numbers and limits, and
between sequences asdries.These conflicts are considered in thections which
follow.

Decimals and limits

Given a decimal expansion oframber, forinstancev2=1.4142135..., wean locate

its position on a number line, first by dividitige line into unilengths and placing2
between 1 and 2hennarrowing it down bydividing into tenths to get it between 1.4

and 1.5, then hundredths between 1.41 and 1.42, and sotbeusualway. Two or

three places are usually more than sufficient to reach the limits of practical accuracy. We
can do this for any real numblerag.a;ayas . . .. whereag is a whole number; is the
number in the first decimal place, etc. If welkgtag.a), ko= ag.a1ay, . . ., so thak, is



the approximation t& to n decimal places (without “roundingp”), thenky is within a
tenth ofk, ky is within a hundredthks within a thousandth, and so on.

This immediatelyleads to the notion of sequence of approximations tomamber,of
which a decimal sequence of approximations is a spezsa. Asequencesy, Sp, . . .

of numbers is said to be sequence of approximations to tieal number sif, on
drawingsi, Sp, . . . to any desired degree of accuracy, there comes a nhingush
that sh+1, Sn+2, - - -and all laternumbers inthe sequence are indistinguishatfutam s.

Of coursethe greater thaccuracythe further we may have to go along the sequence
before indistinguishabilitypccurs. A fewexamples treated numerically and pictorially
may make this clear. Describing the degree of accuracy required in tehog ofose
two numbersare required tdoe, usinge (the Greekletter “e”, standing forthe initial
letter of theword “error”), weimmediately obtain the formalefinition, if so desired:
“s1, S,... IS @ sequence of approximations to lih@t s, if given a desiredaccuracy
e>0there exists a corresponding natural nunibeuch that, when>N, then $n-s|<e.

We denote the limis by s=lims, at this stageavoiding the introduction of theymbol
“00”, as in lims, This is done for aeasttwo reasons; irthe first place students can

n- o

develop weird ideas about “infinity”:

“Infinity is a concept invented in order to give an endpoint tordaénumbers, beyond
which there are no more real numbers.”

“A symbol to represent the unreachable.”

“The biggest possible number that exists.”

“A number which does not exist, but is the largest value for any number to have.”
“The idea of a last number in a never ending chain of numbers.”

These are a selection of replies to a questionnaire given to studdms finst week at
Warwick University. They illustrate some othe unreconciled conflicts about the
seemingly mystic concept of infinity. The second reason for omitting the syrmsbas “
that it once agaigivesthe impressionthat the limit isnever actuallyreached. As one
student put it :

“sn—S means sgets close to s as getslarge, butdoes notactually reach s until

infinity.”

Lower down the same page, this student writes



"Infinity is an imaginary concepinvented by mathematicianaseful indescribing
limits etc."

To avoid such conflicts, the stress should be placed on the actualityliofithgrocess.
We live in aworld of limited accuracy, and to any desired degree of accuracy, if lim
$=s, then from some term onwards the terans indistinguishabl&om the limit. In a
very practicalsense we sooreach thelimit within the degree of accuraayesired.
Instead of concentrating om ‘very large”, we should¢oncentrate ons, ands are

practically indistinguishable.” Wecan apply this procedure to infinite decimals,
regardingk=agguay . . . to be the realumber which ighe limit of theapproximations

ki=ap@y,ko=ag@ay, . . ., k= “the decimalexpansion ok to thefirst n places”,... .

We only actually need a very few plades any practical degree adiccuracy.The well

known approximationg2= 14142, m=31416, 1/3=@33 illustrate the fact that we do

not usually bother to quote more than 4 places of decimals, and even this accuracy is far
beyond what can be usefully employed in a practical application. The pitesisetical

value ofk is the limit of thesequence of approximatioris= lim k,. As an example,
00999...=1, forthe finite decimak,=00999. . .9(with n 9s) satisfies 1kn,=1/10", so

given any desired accuragy just make sure that 1/10" is lessthan € then kj is
indistinguishable from 1 to within an accuragy For first year mathematics

undergraduates, the majority of whom think that is less than one, there appear to be
several reasons that cause tosfusion.One is the lack ofinderstanding othe limit
concept; another is the misinterpretation of simbol 0® as a large but finite number
of 9s; another is thentrusion of infinitesimals (“infinitely close but naqual”); yet
another is the feeling that thesbould be a one-one correspondebeaveen infinite
decimals andreal numbers.They are confused whenthey seethat two different
decimals can correspond to the saw® number. This question is discussedeagth
in [6], [8]. The only way in which differerdecimals can be so equivalentnben one
terminates (is equal to a finitiecimalexpansion) anthe other is the same excejpat
the lastnon-zero digit is decreased by one and followed by a sequel®ss sfich as
1[000... and 399... or 2317000... and [B16999... . This is @opic which causes
much difficulty. A full proof is contained in[6], but students irschool, where the
coherent relationship between ideas is more important than complete logcds,
might be convinced by the following.

(I) Since 1/3=0333 . . ., thex@3)= 00999... = | .

(2) By long division, 1/9 =@11..., 2/9 = @22..., 8/9 = (B88..., s0 9/9 = B99... .

The latter issometimes proved bthe slightly dubiousargument represented by “90
divided by 9 is 9 with a remainder 9”, so that the long division sum is:
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0-999 ...

9)9'0

81
— 90
81
90
81
T 90
etc.

This is regarded with some suspicion by gatddents,and rightly so because it
violates the principle in long division that the remainder is waystthassthedivisor. It

may form a natural sequel to calculating 1/9, 2/9, ..., 8/9, but it conflictstmethsual
process of long division.

(3) The product 1X0@99... = 999... shows that the difference

10x0999... — 0999...

is equal to 9, and so

9x00999... = 9.

Dividing by 9 we obtain

0999... = 1.

There are hidden conflicts hei®o, typified by thefirst yearmathematicstudent who
was worried bymultiplying 0999... by 10(what happens téhe nine atinfinity, the

one at theight hand endpand more worriedvhen 0999... recurringvas subtracted

from it (has the9 at the right handend beenmissed inthe subtraction?Surely
10x0[@99...is999..., not9999...?).

4) An alternative “legal” way of seeirthat 0999...=1 is consistent witthe processes
of arithmetic, is to say: if (18)/2=a, then on simplificationa=1. Now take a=0999...
and divide 1999... by 2 using the usual process of long division:

0-999 ...

251999._

18
19
18
19
18

1
etc.



Hencea = 0999... = 1.

Fractions and irrational numbers

It is easy tosee, bylong division, that the decimakxpansion of any fractiom/n,

wherem and n arc integers, is aepeating decimal. (This notion includésat of a
“terminating decimal”’,such as B000... with repeatingzeros, oralternatively as

0[4999... with repeatingnines.) The possible remainders on dividimg by n can only

be 0, 1, 2, . n—l, so with onlyn possible choices of remainder, tteculations in the

long division must eventually start tepeat. A fewexamples will clarifythis. The
converse, that any repeating decimal is a fraction, is much deeper. It is a notion usually
proved in the first year of a universitpurse. As an exampleggke 137523523523...,

where the bloclb23 repeats fronthe thirddecimal placeon. Atany given finite stage

we may write

1[37523523...523:1[37+%2§(1+Wﬂ)+...+(w%)”_1)

_ 523 (1) 0
—_ 1[37+105 Bil—ﬁ%o H

and hence prove that the infinite decimal is equal to the fraction

137 + 523 _ 1369153
1000 999000 999000

The general case may be handled by summing an infinite geopretgiession in the
sameway, but of course this proof is only possible for studevite are fully secure
with the limit process. For most sixth formers, the direct statement that every fraction is
a repeating decimal (based on practical calculations with examples) should be sufficient.

The non-repeating decimals are the irrational numbers (the fractions being called rational
numbers).Howcan one describe a non-repeataegimal? If it isnot repeating, how

can anyon&now whatall the decimaplaces are? The practical method of calculating
successive places the expansion of/2 helps hereBut how do we knowthat the
expansion for/2 does notegin to repeasfter, say, a thousanplaces ? We must
prove that/2 is not a rational number.

Virtually all the mathematicspecialists arriving at Warwick Universitgnow the
classicalproof, bycontradictionthatv2 is irrational. However, aresidual number of
students intheir third year ofhonoursmathematics stilregard certain contradiction
proofs with suspicion. Inhe case of th@roof that v2 is irrational, most firsyear
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mathematicstudents saithat theywere happy with it bythe time thathey arrived at
university. (A large number of science students proved far more sceRiedigps the
students were httle confused wherhey firstsaw the proof, but thepassage of time,
and theknowledgethat the mathematicavorld accepted th@roof, allayed theirfears.
To misquote a certain proverb, “Familiarity breeds content.”

It is clear that contradictioproofs cause problems aicceptance ipractice. The very
structure ofthe proof accentuates thiind of  conflict which wearc anxious to avoid,
because of the fact that a statenamd its negation are affirmezimultaneously. It is
most unfair toexpect students to understand such proofs whleey have little
experience of mathematicgroof and their everyday conversation contaissich
imprecision of deductivehought. Proof bycontradiction requires one tsuppose
something which is true is actually false, then showirajsuch a suppositioleads to
an impossibility.The type of thought required eyond many fifth and sixth formers
and not a few universitgtudents.Initially contradiction proofs should benade as
‘direct’ as possible.

To avoid a head-on contradictiqgeroof of the irrationality ofv2, it is possible to
disguise it by showinghat squaring aationalgives acertain special type afational,
and2is not one of these specigbes. Wewill usethe fact that every natural number
has a uniguéactorisation into primeaumbers. Nowtake any fractionm/n and show
that its square is n@t First factorisan andn into primes.Cancelling commoractors,
we cansupposethat m and n have no commorfactor. Squarem/n, then the
factorisation ofm2 hasthe same factors am, but the number ofach prime factor is
doubled.For instance24=2x3, so 24= (23x3)x(23x3) =2x32. Similarly the number
of occurrences of each prime factonfis twice the number of occurrencesninThis
identifies the squares ofrationals as those fractionshose prime factors in the
numerator and denominator occur an even numbémefs. The numbe2=2/1 is not
one of these, so it is not a square of a rationaharid not rational. Thisdirect proof”
that V2 is irrational readily extends té3, V5, and indeed to any square radp/q)
wherep andq are in their lowest terms and one or moreghaim isnot a perfect square
(for instanceV(4/7), V(3/8) etc.). It isnot hard to generalise thdirect proof to cube
roots and higheroots. By contrast manystudents findthat the classicaproof by
contradiction not only encourages conceptual conflicts but is also difficult to generalise.

Limits as numbers

The arithmetic of limits isusuallytreated adirst year university material, and students
make heavy weather of the proofs even at this level. A simple change in notation makes



the ideas far clearer and possible in the sixth form. By the arithmetic of limitsieae
the fact that

lim(sytty) = lim s+Hlim ¢,
lim(s—tp) = lim s—lim tp,,
lim(satp) = lim s, 1lim ty,

lim(syty) =limsylim tp,

provided that in the last case the denominators concernedl amn-zero.These are all
intuitively obvious,and theresultsare usedfreely at schoolevel (if not these,then

other results on limits of a similar natur&he proofs oftheseresults, however, prove

to be difficult for most first year mathematics students. This is again perhaps because of
conflict between the concepts lohit andnumbers. If welet s,—s=€,, thens,=s+e,.

Thuse, is theerror betweerthe limit s and itsnth approximations,. Then lins,=s
simply meanghat we can make therror e, smaller in size than a desiredlror €

provided we take bigger than somN. Similarly lett,=t+f,, wheret=limt,. Then
Snttn= (st€n) + (t+fn) = (stt) + (entfy).

This equation embodies all the problems, and the sisgilgion, ofthe sum of limits.
Clearly if e, andf, are small, so is tf,. But if we requires,+f,, less tharg, we cannot

guarantee this by making eachegfandf,, smaller in size tham. For instance, iboth
were fairly close tce in size, say bothie between3e ande, thene,+f,, would lie
betweeniie and 2, in particular itwould be biggethane. Errorscanadd! To get
e +f, smaller thare in size, we mustjete, andf, even smallestill, smaller thanie

each woulddo. By the limit property, this is possible by goimyen further along the
sequences, andt, until the terms are within an accuragy of s andt respectively.

It is worth considering ling—t,) also.This is usuallytreated as a trivial alteration of
the previous proof (or a subtle deduction from the other limits:

Si—th=sn+(-1)n
and

lim (—L)t,= lim(—1) lim—t,= 1.t =—t,
but in the suggested notation we have

Sitn= (s-t) + (en—Tn).
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The errore,—f, may look smaller thag, becausé, is subtracted, but this is not scejf
is positive and,, negative. Considering this caseparately illustrates that it is tbeze
of f, andf, that count, although they may be positive or negatthemselves. This
underlines the need to use the modulusaathhnumber concerned.he proof proceeds
as easily as the first case. This approach is seen to pay dividends when we write:

Sntn = (Snt+en)(t+fn) = st+ (tentsfrtenfn).

To make the errae,+sf,+e,f,, smaller than a desiregla simple approach is wet (the
modulus of)each of the three termassthan €/3. The proof then proceeds in the
standard way. The final limit, lins{ty), similarly is simplified by thigrivial change in
notation.

Sequences

It will not escape attentiothat, if every realnumber is indistinguishable from feite
decimal to a given degree atcuracy, sincéhe latter isrational, everyreal number is
indistinguishable from a rational in practical drawing. There is a vital theoretical
difference. On the real line the sequekgcéy, ..., wherek, is the approximation of 2

to n decimal places, has a limi2. On the rational linegthere is narational point which
will suffice. True, in any given picture we can findadional pointwhich seems to do.
For instance, if we were working tomaximum accuracy 01/1000, by which we
mean thatpoints lessthan 1/1000 apart are indistinguishable, thenl.414 is
indistinguishable from/2, and is indistinguishable froky for n=3 to this degree of
accuracy, 1.414 would suffice as a possible limit. But ifdeeanded a larger degree
of accuracy, say 1/10000 thém14 is ndonger a satisfactory candiddta the limit.
'the same would bee true of any ottational (in factany number £v2.) Choosen so
large thatl/10" is lessthan the difference between and V2. Thenkn+; and later
approximations must be withirl/10™1 of V2, so that they are more than
(1/10-1/10"1)=9/10"1 away froms. ‘Therefores cannot be a limit of the sequence.

'This means that although a drawing dine with only rationalnumbers marked on it
looks indistinguishable frorthe realnumber line,the sequencé,, ky, ... has no

genuine limit in the first case, but it does in the second.
Series

It will not escape attentiothat no mentiorhasbeen madef' series,one of the most
serious anomalies of the school syllabus. Sequences are diawed oreven omitted,
whilst 'Taylor seriesgeometricseries, series expansions fike exponential,sine,
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cosine, etc. are a fundamental part of sixth ferark. It is implicit in all thathasbeen
said abovethat thenotion of a sequence is more fundamental than the nofiora
series. In fact, because every series can be understood most convenitetlimas of
finite sums (so that the so called “sum” of the series is not a sum at ahehlumit of
this sequence) there is a strong case for banning the use of thésemed” altogether.
Undergraduatesnitially get the notions of “sequence” and “serieshextricably
muddled, andmany of the conflicts we havebservedmay have ariserirom the
confusion of meeting the concept of a series at a time when the morevbdsion real
numbers,decimals and fractions had not be#wne, orhad not beemunderstood. If
seriesare taughiwvhilst the various notions ofeal numbersare still in conflict, then
these conflicts are likely to batensified.If, on the otherhand amattempt is made to
present thenaterial in a suitablevay toreduce conflictor, betterstill, to he conflict-
free, then series should be able to be mastered quicklgaailg. All this suggests the
desirability of* a long gap between discussion of sequences and the related togats of
numbers decimalstc., and discussion oferies.Like all other statements in this
article, this advice should not be regarded agwescriptive but viewed with due
scepticism. Infact we believe that dogmatic statements about riethematics
curriculum will often bewrong whenapplied to a particular teacher and a particular
pupil. It is perhaps wortlstating in conclusionvhy this scepticismfollows directly
from our views on the crucial importance of conflicts between concepts.

Conclusion

‘This article hasbeen written undethe conviction, introduced i8] that those who
designdetailed curriculashould payparticular attention to the difficultieshich arise

from conscious and subconscious confli@igamples have been given of conflicts
between ‘decimal’ and ‘limit’, between ‘decimal’ and ‘fraction’, betwéammber' and
‘limit’, between ‘sequence’ and ‘series’. In some cases, the caube obnflict can be
seen to arise from a purely linguistic infelicity and the conflict might be cured by a more
careful choiceof' motivation ordefinition. In othercases,the conflictarises from a
genuine mathematical distincticior example betweesequences and series where we
advocate removing thaitial conflict by concentrating osequences firstintroducing

the term series later. In other cases again the conflict arises from particular events in the
past experience of an individupupil, and can be curednly by a sensitivaeacher
aware of the total situation. In all three types of conflict the role of the teacher in finding
a suitable resolution will be critical, and more decisive thiach factors ashoice of
syllabus, text book or audio-visuaids. Throughoutthe aim is taconstruct a schema
which isconflict free in thesensethat there exissmooth paths linking one thought to
another without thetressand instability introduced by oscillating from one concept to
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another. Mathematics is a difficldnhough subject to understand withthe additional
hazards whichare introduced by misguided attempts to provide wimeng sort of
motivation or help; the helperonscious ofthe havoc caused by conflict between
concepts will try to adopt an approach which confliegher withthe preconceptions
of the pupil nor with neighbouring mathematical material.
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