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ABSTRACT: We obtain spinning and rotating closed string solutions in AdSs x T1! back-
ground, and show how these solutions can be mapped onto rotating closed strings embedded
in configurations of intersecting branes in type IIA string theory. Then, we discuss spin-
ning closed string solutions in the UV limit of the Klebanov-Tseytlin background, and also
properties of classical solutions in the related intersecting brane constructions in the UV
limit. We comment on extensions of this analysis to the deformed conifold background,
and in the corresponding intersecting brane construction, as well as its relation to the deep
IR limit of the Klebanov-Strassler solution. We briefly discuss on the relation between
type IIA brane constructions and their related M-theory descriptions, and how solitonic
solutions are related in both descriptions.
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1. Introduction

The large N limit of SYM theories is related to supergravity solutions through AdS/CFT
duality [fl]. Particularly, the first and best understood example of this phenomenon [P] is
the duality between the large N limit of NV =4 SU(N) SYM theory in 4d and type I1IB
supergravity on AdSs x S° with N units of F5 flux through S°, being this background the
near horizon limit of a configuration of N parallel D3-branes. Essentially, the system is
considered in the decoupling limit, i.e. modes propagating on the brane world-volume and
modes propagating in the bulk are decoupled.

More recent studies have shown that it is possible to extend these ideas beyond the
supergravity approximation. In particular, certain N' = 4 SU(N) SYM theory operators
with large R-symmetry charge have been proposed to be dual to certain closed string
theory states [B], which are obtained by quantization of type IIB string theory on a pp-
wave background [ff]. The same conclusion has been reached by quantizing string theory
around certain classical solutions, leading to semi-classical limits where the string/gauge
theory duality can be extended [[f]. In particular, short spinning closed strings in AdS5
have been shown to reproduce Regge behavior. On the other hand, long spinning closed
string solutions in AdSs reproduce the logarithmic anomalous scaling dimension for twist
two SYM theory operators [[J—[f]. The last is a very important feature of the UV behavior
of asymptotically free Yang-Mills theories both, supersymmetric and non-supersymmetric,
and it is believed to be an universal property [[Ld, {.

The finding of new closed string solutions [[]-[[l], [L1-[[4] and [[L6]-[R3] has motivated
to explore different regions of the spectrum by using both sides, i.e. weakly coupled field
theory and semi-classical string solutions. In addition, rotating closed membranes have



been recently studied [[J] and [P4]-[R6], obtaining generalizations of the energy-spin rela-
tions for spinning closed strings, including the logarithmic behaviour and energy-charge
relations as well.

The interest in studying non-conformal SYM theories with less supercharges is obvious.
In fact, during the last few years, a very extensive work has been done in order to develop
the supergravity duals of field theories in the large N limit. For instance, the large N limit
of N =2 SU(N) x SU(N) SYM theory in 4d has been proposed to be dual to type IIB su-
pergravity on AdSs x S°/Zy [R4]. From the viewpoint of A" = 1 supersymmetry, the N = 2
theory contains two pairs of chiral bifundamentals and two adjoints, coupled by a cubic su-
perpotential. After adding a mass perturbation and integrating out the adjoints, the super-
potential of ' =1 SU(N) x SU(N) SYM theory in 4d is obtained. In this resulting N’ =1
theory there are chiral superfields Ay, k = 1,2 transforming in the (N, N) representation
and Bj, | = 1,2 transforming in the (N, N) representation, plus a quartic superpotential.
This theory turns out to be dual to type IIB supergravity on AdSs x TV and N units of Fj
flux through 7! [B§]. D3-branes wrapped over the 3-cycles of 75! can be identified with
baryon-like chiral operators built out of products of N chiral superfields, while a D5-brane
wrapped over a 2-cycle of T1! acts as a domain wall in AdSs (usually called fractional
D3-brane) [R9]. Moreover, the dual description of N regular plus M fractional D3-branes
at the conifold singularity is a non-conformal A" =1 SU(N + M) x SU(N) SYM theory.
This supergravity dual description reproduces the logarithmic flow of couplings found in
the field theory [B(]. In reference [B0] the leading order M /N effects were considered. Fur-
thermore, the back-reaction of the fractional branes on the gravitational background was
studied in [BI], obtaining the logarithmic RG flow of couplings found in the field theory
at all scales. In addition, Klebanov and Strassler showed how the gauge theory undergoes
repeated Seiberg-duality transformations, leading to a reduction of the rank of both gauge
groups in M units every time. They also noted that the gauge theory confines in the IR and,
its chiral symmetry breaking removes the singularity of the Klebanov-Tseytlin solution by
deforming the conifold [BJ]. More recent investigations include massive flavored fundamen-
tal quarks in the supergravity dual of N'=1 SYM theory by introducing D7-brane probes
to the Klebanov-Strassler solution, finding a discrete spectra exhibiting a mass gap of the
order of the glueball mass [B4]!. On the other hand, inspired in [f]], semi-classical solutions
of rotating closed strings in both, AdS5 and T'"! spaces have been studied [[f]. In particular,
in ref.[2Q] classical string solutions were considered in the Klebanov-Tseytlin gauge theory
compactified on S% BJ]. In ref.R1] studies related to the Klebanov-Strassler background
have been carried out. However, it has been shown that using Poincaré-like coordinates it is
not possible to reproduce the well-known field theory relation between energy and angular
momentum. The problems that one must face when studying near conformal backgrounds
are of two different types [[J. One concerns to the fact that near conformal backgrounds are
written in terms of Poincaré-like coordinates, while rotating string solutions usually become
simpler as written in global coordinates. The second problem is related to the definition
of the string theory analog of a conformal dimension for near conformal backgrounds.

1t is also very interesting the computation of the meson spectrum of an A/ = 2 SYM theory with
fundamental matter from its dual string theory on AdS5 x S® with a D7 brane probe done in ref. [@}



A complementary viewpoint in the context of type IIA string theory can be devel-
oped under the observation that there is a map from certain type IIA intersecting brane
configurations onto the conifold. In fact, time ago Bershadsky, Sadov and Vafa argued
that the conifold singularity is dual to a system of NS fivebranes intersecting over a 3+1
dimensional worldvolume [Bf]. Then, Dasgupta and Muhki [B7, have shown that a set
of parallel D3-brane probes near a conifold singularity can be mapped onto a configuration
of intersecting branes in type IIA string theory. In this formulation they explicitly derived
the field theory on the probes. Moreover, it is possible to show that brane constructions in
type IIA string theory are related to large classes of chiral and non-chiral N' = 1 field theo-
ries with quartic superpotentials [[f0]. It would be of interest to have an explicit realization
for a system of type ITA intersecting branes related to the deep IR limit of the Klebanov-
Strassler solutions. In addition, a deformation of the conifold leads to a smoothed out
intersection of two sets of NS fivebranes [[]]. Also, large N dualities for a general class of
N = 1 theories on type IIB D5-branes wrapping 2-cycles of local Calabi-Yau three-folds,
or as seen as effective field theories on D4-branes in type IIA brane configurations have
been studied [[F].

In this paper we investigate classical solutions in this complementary framework leading
to a new perspective about the dual description of ' = 1 SYM theories in 4d. We
shall show how spinning and rotating closed string solutions in certain type IIB string
theory backgrounds, which have been proposed to be dual to A/ =1 SYM theories, can be
mapped onto classical string solutions embedded in backgrounds induced by configurations
of intersecting branes in type IIA string theory. In the case of the conifold, for long string
solutions corresponding to large spin operators in the ultraviolet limit of SYM theory,
we found the expected logarithmic anomalous dimension of minimal twist operators. In
addition, infrared Regge behavior for spinning short strings is recovered. In the type ITA
intersecting brane configurations studied here, there can also be non-vanishing B-fields. We
shall therefore study this effect that provides new features of N'= 1 SYM theory spectrum
from the brane construction perspective. Different solitonic string solutions with B-fields
were previously considered in [[7, [§].

In section P] we review some results on classical solutions for closed strings in type IIB
string theory in conformal and near-conformal backgrounds. In section B| we study the
Dasgupta-Muhki map relating intersecting branes constructions to the conifold. Then, in
section .9 we obtain classical string solutions in AdS5 x T"! background, and we recover
the expected features for long and short spinning closed strings. We map the above solu-
tions onto classical solutions of rotating closed strings embedded in type ITA intersecting
brane constructions. In section B.3 we study the specific case of spinning closed strings in
AdS5 and rotating in S°. We recover the expected features for long and short spinning
closed strings. We also analyze the corresponding classical string solutions in the inter-
secting brane constructions. In section {] we discuss about extensions of the map for the
embedding of closed string solutions in the UV limit of the Klebanov-Tseytlin background.
Then, using the Ohta-Yokono map we address similar issues for the case of the deformed
conifold. Inspired in this, we also comment on classical solutions in the deep IR limit of the
Kebanov-Strassler background. Although we have not completely succeeded in obtaining



explicit relations of the form E = E(S, J) for some of the string solutions presented in this
paper, we think this work can motivate to explore more exhaustively this kind of relations
in both, conifold-like and intersecting brane backgrounds, and study the corresponding
semi-classical quantization, as well as string theory states/SYM theory operators corre-
spondence. The last section [] is devoted to a general discussion, also describing interesting
open questions related to N’ =1 SYM theory operators, and M-theory descriptions of the
above mentioned systems.

2. Rotating and spinning closed string solutions in type IIB string theory
in conformal and near-conformal backgrounds

In this section we review some results of rotating and spinning solutions for closed strings
in type IIB string theory in conformal backgrounds [[]-[ff], that can be extended to near-
conformal ones [ff. Particularly, we review the case of boosted and spinning strings in
AdS5 x S° background. One of the reasons of interest in this background is that for
long strings the anomalous scaling dimension of twist two operators behaves like £ =
S+ f(\) InS/VA+---, where VA = R?/a/, being R the AdS5 radius. We leave for section
a more extensive study of classical solutions of AdSs x T™!, and for section f] a discussion
on the solutions related to non-conformal A/ =1 SYM theories, whose supergravity duals
are the Klebanov-Tseytlin and Klebanov-Strassler backgrounds.

Let us consider the bosonic part of the Green-Schwarz superstring action in AdSs x S°

1
IB = _ﬁ /deO'LB(.YJ), (21)
where 1
Lp(z) = 5\/—gg“bGW3ax“8bx”. (2.2)

We use Minkowski signature in both, the target space and world-sheet. In the conformal
gauge we have /—gg® = n® = diag(—1,1). In global coordinates the AdS5 space-time
metric can be written as

ds%as, = R*[—cosh? pdt* + dp® + sinh? pd(Qs] ,
d = dp} + cos® B1(df3 + cos® B2df53), (2.3)

while the parametrization of S° is

ds%5 = R? [dw% + cos? U (d¢§ + cos? ¢2ng)] ,
dQYy = dip3 + cos® g (dip; + cos? Phydip?) . (2.4)

Then, for a closed spinning string in ¢ = (3 of AdS5 and boosted along the direction
© = )5 of S, one can write the ansatz

t = KT, ¢ =wr, p=vT,

p(o) = p(o + 2m), Bi=0 (i=1,2),¢9;,=0 (j=1,...,4), (2.5)



where k, w and v are constants. p is subject to the following second order equation
p" = (k% — w?) cosh psinh p, (2.6)

which is implied by eq. (R.§) below, where prime stands for derivative with respect to o.
The conformal constraints are

OXMOXY _ . (OXFOXY OXFOX"N |
oor 9o or Or o do |

(2.7)

The first equation is automatically satisfied for the above string configuration. Using the
second conformal constraint and the previous ansatz for the string solution, it is derived
the following relation

(p)? = Kk? cosh? p — w?sinh? p — 2. (2.8)

From eq. (2.§) one straightforwardly obtains

27 £0 1
27 = / do = 4/ dp . (2.9)
0 0 \/(Iiz —v2)cosh? p — (w2 — 12) sinh?

) sinh” p

There are three conserved quantities, i.e. energy, spin and R-symmetry charge J,

2T
E = \/XK/ ;i—g cosh? p = VAE, (2.10)
0

™

2w
S = \/Xw/ ;l—gsinh% = VS, (2.11)

™

J = \/Xz//27r LW (2.12)
0

2

Thus, one obtains the relation

E=2s+%s. (2.13)
1% w

At this point, one can explicitly calculate the above integrals in terms of hyper-geometric
functions. It is useful to write down the energy-spin relations for both, short and long
strings. In doing this, it is convenient to introduce a parameter n > 0, defined as

2 2
w® —r

In fact, for short strings eq. (R.13) becomes

28
S. (2.15)
e o

The above expression is valid when % R~

S < 1, and therefore eq. (B-I7) reduces to

E?~ J?+2V)S. (2.16)



This expression is the limit for short strings spinning and rotating in AdSs x S°. They
probe a small curvature region of AdS5. Moreover, if the boost energy is much smaller
than the rotational energy, i.e. v2 < S, then

2
v
ErxV2S+ ——, 2.17
2¢/28 (2:17)
which indeed is the flat-space Regge trajectory. Besides, when the boost energy is greater
than the spin (28 < v) one obtains

AS
ExJ+5S+—. 2.18
+8+ 553 (2.18)
On the other hand, for long strings, i.e. n — 0T, for v < —logn, it is obtained the relation

N v S wJ?
E~S+ TIOg (ﬁ) + VN log(5/VN)

For v = 0, it becomes the relation that, through the holographic identification £ = A

(2.19)

(where A is the scaling dimension of the corresponding SYM theory operator), leads to the
logarithmic anomalous dimension of minimal twist operators.
When log(S/v) < v < S, we obtain

A S
ExJ+S8 log® (=) . 2.20
o or2] <J ) (220
Now, it is also useful to review some issues given in refs. [f], ], relating results expressed
in global and Poincaré coordinates. In Poincaré coordinates the metric of AdSs x S°

space-time is

RZ
dsid55xs5 = Z—Q(da:mdxm + dzpdzy) , (2.21)
where m = 0,...,3 and p = 1,...,6, while 2,2, = z2. Let us consider z = z(7,0) as the

radial coordinate in the Poincaré parametrization. The transformations between Poincaré
and global coordinates of anti de Sitter space-time are the following

T .
Xo = — =cosh psint,
z
x; )
X; = =X =n;sinhp,
z

1
Xy = — (=14 2% — 22 +2?) = nysinhp, n?+n3=1,

2z

1

Xs = 2_(1 + 2% — 22 + 2?) = coshpcost
z
21‘0
tant = 9 2
1+ 22 —af + o3
1
L (2.22)

cosh pcost —nysinhp

The variables Xg, X;, X4 and X5 are the coordinates of R>%, being the metric of the AdSs
induced from the flat R?* metric by the embedding Xg + X52 — XZ-2 — X2 = 1. The unit
vector nj parametrizes the S® in AdSs.



The relation between the energy of AdSs expressed in Poincaré and global coordinates

is given by

E =V = \/—X/daé’d: \/—X/daicosth
27 27
= VA do

= (1 + 22 + 2%)Py — 220D) . (2.23)

Energy density for translations in xg is

1
= —i 2.24
Po 20, (2.24)
and dilatation charge density is given by
1 0
D= (224 2? 2.25
22201 (2" +a7), (2.25)
with 22 = —x% + x? In addition, in the Poincaré patch
Py+ K A
o 0; 0 _ Z/_?/dg(Po + Ko), (2.26)

where Ko = (22 + 22)Py — 229D. The energy density in eq. (B.23)) results

(14 22 —|—m2)22 xo
222 Or \1+224+22)°

Eq = (2.27)
In particular, for the Klebanov-Tseytlin background a very interesting solution has been
obtained [ff], derived from a deformation of a point-like string boosted along the circle
parametrized by ¢ on S°. In Poincaré coordinates we parametrize the undeformed solu-

tion as

To = tant, z = , p=t=vT, (2.28)
while, in global coordinates it reads
t=vr, p=vT. (2.29)

Similarly, a deformation of a closed string spinning in AdS5 has been considered [[f. In
Poincaré coordinates the undeformed solution is

1 . tanh p
ro = tant, 7= —, T1 =17Cos ¢, To =Trsing, r= ,
costcosh p cost
(2.30)
and in global coordinates it becomes
t=kT, ¢ =wT, p=plo), p”* = k% cosh? p — w?sinh? p. (2.31)

For this kind of solutions the energy F in global coordinates coincides with the energy in
the Poincaré ones, Py. This is so because 22 — x% + xf =1.



In addition, for certain solutions in which we shall be interested, on the side of the type
IIA brane constructions we are going to deal with configurations including non-vanishing
B-fields. In some cases, this will introduce certain corrections to the spectra of spinning and
rotating strings. For example, they will modify some energy-spin and energy-R symmetry
charge relation where the rotating strings are stretched along #; direction in T%!. So, in
this situation 6; will be a function of ¢, and the bosonic lagrangian will be

I=1Ip—

p— /deUe“bBWdlm“Bbx”, (2.32)
where € is the Levi-Civita tensor density, and B wv 1s the Neveu-Schwarz anti-symmetric
B-field. However, we shall see that for the configurations studied here the B-field term
in the action vanishes. Therefore, the only B-field contributions that will be present in
the calculation of energy, spin as well as R-symmetry charge, come from the Nambu-Goto
lagrangian, i.e. from the type IIB metric obtained after T and S-duality transformations
are applied on the NS5-NS5-D4 configuration, as we shall see explicitly in the next sec-
tion. In AdS5 x S® background non-vanishing B-fields configurations have been studied in

references [, L.

3. Brane constructions in type IIA and type IIB string theories and cla-
ssical solutions for closed strings

In this section we firstly review the Dasgupta-Mukhi construction which maps a config-
uration of intersecting branes in type ITA string theory onto a type IIB configuration of
N parallel D3-branes on the conifold singularity. Then, inspired on this construction we
map classical closed string solutions in AdS5 x T! background onto classical solutions of
strings embedded in configurations of intersecting branes in type ITA string theory.

3.1 Brane constructions and the conifold

The construction proposed by Dasgupta and Mukhi (DM) uses a version of an earlier
brane construction developed by Hanany and Witten [[[3]. DM construction enables one to
read off the spectrum and other properties of the conformal field theory on the D3-branes
world-volume at the conifold. DM argue that the conifold singularity is represented by a
configuration of two type ITA NS 5-branes rotated with respect to each other, and located
on a circle S', with D4-branes stretched between the NS 5-branes from both sides along S*.

Let us start by considering a type IIB configuration of a D3-brane stretched between
two D5-branes perpendicular to each other, and separated along x% (this is the compact
direction that parametrizes S!) as indicated below

D5 012345 —— — —
D5 0123 ————89
D3 012———6— — —

In order to obtain an explicit expression for the metric of such a configuration we use
the rules given in references [4]-[[E9], i.e. given M intersecting Dp-branes with harmonic



functions H,, one must choose the maximal set of common directions n;. The metric for

that piece has a common factor (Hy, Hp, -+ H,, )~!, where m; is the number of Dp-branes

Pmy
with n; common directions. In the present case n; is 3, corresponding to 2%, 2! and z2,
and leading to the factor (H3HsHL)™! for the piece ds?;,. Then, we must proceed in a
similar way with the second set of common directions. In this case, this is given by the

direction z?, including the factor (HsH%)~!. In this way, the metric becomes

ds® = (H3H5HL)V?[(HsHs HY) " dsyy + (Hs HE) "'dsh + (Hs) " 'dst; +
+ (H3)ds2 + ds? + (HL) ldsk) (3.1)

where we see that there is an overall factor. The harmonic functions Hs, Hs and Hf only
depend on a single overall transverse coordinate 2. Thus, all H; behave like 1+ |27|. Thus,
we have a configuration of partially intersecting branes [, [f6], B0}, [T, 51].

Next, we study the metric above under S-duality transformations leading to two per-
pendicular NS 5-branes as follows

NS5 012345 ————
NSy 0123 ----89
D3 012——-——-—6 ———

being the S-dual metric obtained by multiplying the previous one by an overall factor

(H5H}L)Y?

ds? = (Hs) V/2dsdyy + (H3)"/?ds} + (Hs) /2 Hids3s + (Hs) "/ Hs Hidsi +
+ (H3)Y?Hs HLds2 + (H3)Y? Hsds2, . (3.2)

3 so that we

Now, we obtain the T-dual version of the metric above in the direction x
get a type ITA metric corresponding to D4-branes stretched between the perpendicular NS

5-branes

ds® = (H3)_1/2d53123 + (H3)1/2H5d54215 + (H3)_1/2H5Héd5% +
+ (H3)Y?HsHLds? + (Hs)Y/? Hsds? , (3.3)

while the intersecting brane configuration is

NS5 012345 ————
NSy 0123—-—-—-—-89
D4 0123 —-——-6 —— —

At this point, we use the duality map providing the relation between the metric in type IIA
string theory, g, and the one in type IIB string theory, G, (see refs. [, B7]). Notice that
on the type ITA string theory configuration non-trivial B-fields can be expected. Thus,
there are the following relations

Grn = gmn — (96mJon — BemBen)deg. » Géo = 9gg » Gom = Bomag » (3.4)



where m and n take values from 0 to 9, except 6. In this case we assume non-zero values
of B-fields only for the components Bgs and Bgg, so that

Guw = Guv s wv=0,1,2 3,

Gos = Jog »

Gei = Beidgs » 1=4,8,

Gii = gii + Biigss »

Grr = g7,

Gus = BosBesgeg - (3.5)

Therefore, the new type IIB metric is

ds? = (H3) V/2ds?o5 + (Hs)/?| Hids?5 + HsHids? + Hsds2, +

+ (HsHL) ' (Bgadsy + Bgsdss + dsg)?| . (3.6)

Following DM we shall argue that this brane configuration is locally a D3-brane at the coni-
fold singularity. This argument is based on the following facts. Firstly, one must consider
Hj to be the harmonic function of a D3-brane localized in the 6 transverse coordinates x;,
i =4 to 9. On the other hand, H5 and H} will continue to be as before 1 + |z7|. It means
that both 5-brane harmonic functions are non-singular and they approach a constant when
27 — 0. This allows one to eliminate the 5-brane harmonic functions through a re-scaling
of the coordinates (z#, 2°) and (2%, 2%), respectively. Finally, it is worth to remark that al-
though the directions (z*, %) and (28, 2°) constitute two planes, we need to combine them
into the direct product of two 2-spheres with definite radius. This implies an enhancement
of global symmetry U(1) x U(1) to SU(2) x SU(2).

In order to complete the map we write down certain necessary redefinitions. Let us
define wy = Bgy, and similarly wg = Bgg, and determine them by solving V x & = const.
By defining &; = (w;,0,0) for i = 4 and 8, and using the curl in polar coordinates we get

the differential equation
1 9J(sinbiwy)

= t= A . 3.7

sin 01 691 cons ! ( )

We can solve it obtaining the solution sinfi;ws = — cos 014, + A,. Particularly, we can
set the constants to be A; = —D, while Ay = 0. Therefore, we get ws = D cot 6y and

wg = D cot 0y, respectively. In addition, as we have already remarked the fact that the
metric (B.§) resembles the structure of D3-branes at the conifold singularity is an encour-
aging signal in order to attempt to transform that metric in the conifold one. Through the
following redefinitions (here we will use the notation dz® = ds;)

dsy — VCsinbrdgy,  dss — VCdby, (3.8)

and

dss — VCsinfodgy,  dsg — VCdbs, (3.9)

,10,



we get the transformation

2
dsis + dsgg — C > (d6} + sin67de7) . (3.10)
=1

In addition, we identify the direction 2% on the metric (B.6]) with the Hopf fiber ¢» multiplied
by the integration constants v/C'D. We have assumed that 2% is compactified on S while,
on the other hand, the Hopf fiber takes values in the range [0,4w). Including all the
mentioned replacements we get

(Bﬁ4d84 + Bggdsg + d56)2 — CDQ(d¢ + cos 01d¢, + cos 92d¢2)2 R (311)

setting CD? = 1/9 and C = 1/6, using the redefinition x7 = logr and suitably rescaling
coordinates, we get the metric

2
1
ds? = (H3)71/2ds%123 + (H3)'? [dr2 + 7"26 Z(d@? + sin 02d¢?) +
i=1

1
+ r2§(d¢ + cos B1dpy + cosBaddn)? |, (3.12)

which turns out to be the metric of D3-branes at the conifold singularity.

At this point one interesting question arises, it is whether we can follow the DM
construction in a reverse way, i.e. starting from the conifold metric (B-1J). An interesting
point consists in breaking the SU(2) x SU(2) global symmetry down to U(1) x U(1) global
symmetry. In doing this we must guarantee that the base of the conifold S? x S3 will be
mapped onto two 2-planes plus a circle which will be related to the compact 26 coordinate in
the brane construction. The first point to notice is that the piece defining the infinitesimal
length on any of S%’s

d6? + sin” 0;d¢? (3.13)

for small values of #; looks like
d6? + 67de3 . (3.14)

This is nothing but the manifestation of the elementary fact that we can, at least locally,
break the isometry SU(2) down to U(1). So, we now can take 6; to be a radial variable
p (in the sense of polar coordinates), and by extending the metric (B.13)) for all positive
values of § we get the inversion of the relations (B.§) and (B.9). In the next section we
start discussing the rest of transformations in order to get the brane constructions for the

specific cases in which we are interested.

3.2 Classical solutions for closed strings in type ITA and type IIB backgrounds

In reference [ it has been obtained classical closed string solutions rotating around the
equatorial circle of S5, as well as, in the three-sphere parametrizing the anti de Sitter space,
and it has been understood how these solutions are related to large R-symmetry charge
and large spin operators in the dual N' =4 SU(N) SYM theory in 4d, respectively. For our

— 11 —



present program we are firstly interested in four kinds of closed string solutions rotating
and spinning in the conifold background. The first one corresponds to a closed point-like
string orbiting along . Since after undoing the DM construction the Hopf fiber is related
to the compact x° in the intersecting brane construction, this solution will be mapped onto
a point-like closed string orbiting along S*.

The second solution corresponds to a point-like closed string boosted along 6; in a 2-
cycle of T, This solution maps onto a point-like string boosted along the direction 24 (or
2%) in the type ITA brane setup. The third kind of solution that we study here is a closed
string centered in any of the two 2-spheres in 71!, and rotating around its center. When
it is transformed onto the corresponding embedding in the intersecting brane construction,
this configuration renders two types of equivalent classical closed string solutions moving
on the planes (z#,2°) and (2%, 2%), respectively. We also study the case corresponding to a
closed string rotating on the S® in AdSs, that can be understood as a closed string rotating
in the directions ', 22,23 on the type IIA intersecting brane construction.

We start from the near horizon limit of the metric (B.19). Rewriting it global coordi-
nates

2
1
ds®* = L*|— cosh? pdt* + dp* + sinh? pdQ3 + 6 E (d67? + sin 07d¢?) +
i=1

+ %(dw + cos 01dpy + cos 92d¢2)2:| ) (3.15)

where L* = (%—g) ArgsNal?.

A point-like closed string boosted along the fiber ¢ in 71!, Consider the following
parameterization for a string solution embedded in the conifold metric given by

t = KT, Y =vT,

p:07 61:¢2:O7 Z.:1727 ﬁ1,2,3:07 (316>
where 3; belongs to §23. Therefore, using the Nambu-Goto lagrangian the relation between
energy and U(1) R-symmetry charge is given by

9
E=227. (3.17)
v

Henceforth we take v\ = L? /a/, i.e. using the conifold radius instead of the S® one. Since
we are interested in studying how this £ — J relation changes when we map the conifold
onto the NS5-NS5-D4 brane system, it is useful to perform the following identifications

P VT
- = — =z
3 3 6
VCsinbjdp; — dv;,  j=1,2, i=4,8,
VCdb; — dry,  j=1,2, k=59, (3.18)

so that in this way we can write down the metric as seen by the closed point-like string
boosted along x% direction, i.e. using eq. (B-6)

ds? = —H; 2at? + Hy*(H;HY) 'da? . (3.19)
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This is a type IIB metric related to the conifold one through the map (B.1§). Here we
have parametrized the corresponding string solution as t = k7, 2% = v7/3, and 2 = 0 for
i=1,...,5,8, and 9. We take 27 to be a constant.

Now, we use the relation between the metric, G, in type IIB string theory and the one
in type IIA string theory g, i.e. , Goo = goo, Ges = gb%l = H§/2(H5Hé)_1. Therefore, the
type IIA metric reads

ds®> = —Hy "di® + Hy /* HyHda? (3.20)

being the solution a point-like closed string boosted along the compact direction z% as

above. One can easily calculate the relation

1 9k

E = =
H5Hé 14

(3.21)

Furthermore, one can apply T-duality in direction z3, and then using S-duality transforma-
tions one gets a boosted string along x5, but in the system of N D3-branes stretched along
two perpendicular D5-branes. The energy and .J become related again through eq. (B.21)),
that in the limit for |27| — 0 reduces to relation (B.17).

A point-like closed string boosted along 6; in a 2-cycle of T%!'. One can also
consider multi-spin solutions as in ref. [[2. In this paper we study the case of a single-
folded closed string only spinning in one angular direction. For a string embedded in the
conifold metric we use the ansatz

t:h}T, ¢1=W1T, w:O,
sinf; = a;, cosb; = b;, 1=1,2,
p=0, ¢ = constant , Bi,23=0. (3.22)

Therefore, the metric as seen by the string is
2 2 2,9, L o9, 0 199, 9
ds® = L* | —k*dr° + éalwldT + §blw1d7 . (3.23)
The Nambu-Goto lagrangian and action read

2 2\ \ 1/2
Lyg = L* <,@2 —w? <% + %)) . Ing = —g /dadwm. (3.24)

Energy and U(1) R-symmetry charge are given by

oL [T 1
E=- a]fZG - “2£ do ’
s 2 2
’ \/”2 —wi <%1 + %)
OLNG a% b% V[ 1
J1 Doon ( 5 + g )« o , (3.25)
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and they are related by

pe—h (3.26)

CRy
Now, let us identify v/C'sin61d¢; = 1/v6a,w1dT — dz*, where C' = 1/6, while 2% = 0 and
drs = drg = dxg = 0. Thus, the type IIB metric (B.6) as seen by the string is

ds? = —Hy "2di* + Hy*[H} + (Hs H}) ™' B, ]da?, (3.27)

where we see that a non-trivial B-field is turned on. This is Bgy = +/2/3cotf; =
\/2/3b1/a;. Since we have taken x% as a constant in the metric (B-27), the second term
in the action (32) vanishes. However, they do contribute to the energy and momentum

1
through the term %%(H5Hg)_1. The conjugate momentum related to x*, J;, corresponds
1

to a point-like string moving along z? direction. We can write again the Nambu-Goto

lagrangian and get

p= 9ENG _ /27r Hy '
2 _ )
I{ o/ \/H 1/2 1 1(4)%H1/2 (Hé %_%(HSHI) >
1/2 _

L 9Lne _widd 2 Hy/® (H} + 325 (Hs HE) ™) o
1_8(4)1 627’1’0&/ —1/2 2 927171l/2 H! 21 / ( )

Hy — gaiwiHy ( 5 5_2(H5H) >

Therefore, we get the relation
6rJ

E= el , (3.29)

2 ;4 2b -1
aywi Hs ( H + 553 (Hs Hy)

that reduces to eq. (B.26) when 6; = 7/2 and » — 0. Now, using the transformations from
the type IIB to type ITA metrics we obtain the metric as seen by the string embedded in
the NS5-NS5-D4 brane system

ds? = —H; 2at? + Hy*Hlda? | (3.30)

again, one can write the Nambu-Goto lagrangian and derive

I aﬁNG’ /27r H3 1/2
Ok oral \/H 12 9 a%w%Hg/zHg
8£NG wlal 27r H1/2H5
J = 3 6 2 . (3.31)
Wy mao! \/H—1/2 6 1w1H1/2H’
Thus,
6rJ
a1w1H3H5

After using T and S-duality transformations we get the type 1IB D5-D5-D3 system, ob-
taining again eq. (B.39). This equation coincides with eqs. (B.26) and (B.29) for 6, = m/2

corresponding to the equatorial rotation in S2 in 711
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A spinning closed string in a 2-cycle of T1!. Now we consider a closed string whose
center of mass is not moving on 71! nor in AdSs, but the string is spinning around some
isolated point, and it is stretched in 6; (of S? in the base of the conifold). Without loss of
generality, let us assume that the center of the string is at the North pole. A convenient

ansatz is

t=er, b1 = ewrT, 01 =0,(0), p(o) = plo +m),
¢o = constant , A = constant Gi =0 i=1,2,3. (3.33)

The corresponding metric (for the embedding of our string) reads

1
ds* = L? | —e%dr? + = (d92 + sin? 61d¢p?) + 5 cos® 01dd? | . (3.34)
Using the above ansatz on the second conformal constraint, we get
L? L?
—L% + F(elvi + sin? O1e*w?) + ) cos® f1e*wi =0. (3.35)
Therefore, we obtain the relation
012 1
%:62 [1— (18 sin 91+9> 2} , (3.36)
while the Nambu-Goto lagrangian now reads
\/X e [* w? n
Lng=— o o o doty, \/1— 1—8(2 +sin“6;), (3.37)
where VA = L? /a/. We can calculate the momentum conjugate to 6,
(9ENG \/X e [* \/ w? . 9
P doy/1——=(2 0 3.38
YT 00, 2By O 13 (2 sin76n), (3:38)

thus, for the maximum 6; = 7/2, dP;/do = 0, it corresponds to w? = 6. The energy and
R-symmetry charge are given by

Ezzﬁ e [P d01 |

\/1 2+Sln 01)

2WVAw e 90 (2 4 sin? 6y)
\/1 2 + sin 91)
using the maximum value for #; one can easily get
E A
e VA (3.40)

— =1+ —F.

V6 3V3 m
Now, we consider how this relation transforms in the intersecting branes setup. After using
the definitions

1 2
d.%'4 — % sin HldT, d:c5 — %dﬁl s BG4 = \/;CO'C 91 5 (3.41)
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we obtain a type IIB metric with non-trivial B-fields turned on. Since, the B-fields depend
on o through 6;, one would expect they lead to two kind of contributions to the energy,
also modifying the relation £ — J. One of the contributions should come from the B-field
term in the string action, however this is proportional to

Bﬁ4aa$66b£ﬂ4 5 (342)

which is trivially zero, since in the parametrization above x% has been taken to be a
constant. In order for the string to be coupled to that B-field, it is necessary that its
center of mass be boosted along z%, i.e. string spins in S? and moves along the fiber 9 as
well. The actual contribution to energy and J; comes directly from the type IIB metric (B.g)

ds® = —e*(H3)~Y2dr? 4 (H3)'/? x

1 1
X [éﬂé(&w% sin? 01dr? + db?) + §e wi(HsHE) ™! cos? 1dr? | (3.43)

thus, we have
= / ” da (Hs) /(1Y) 6,,
2ma’ H3 —1/2 — (H3)'/2[3 HY sin? 01 + §(H5HY)~! cos? 04w}
wie /27r do  (Hj) 3/4(H/)1/2910[ Hlsin?6; + % (H5H’) L cos? 0]
2mo/ H3 —1/2 — (H3)'/2[3 HY sin? 01 + §(H5H)~! cos? 04w}

J=—

(3.44)

In the limit when z7

— 0 the relation (B.4Q) is recovered. The corresponding type IIA
metric is obtained through the relation between type ITA and type IIB metrics, and it
corresponds to the NS5-NS5’-D4 intersecting brane system. The embedding of this spinning

closed string solution in this metric is
1
ds? = —e*(Hs)"Y2dr? + HY(H3)'/? [E(e%f sin? 0 dr? + def)] , (3.45)

which corresponds to a closed string boosted along z%. After T and S-duality transforma-
tions the metric as seen by the spinning string in the D5-D5’-D3 configuration turns out
to be

1
ds? = —e?(HsHsHL)~Y2dr? + (HL Hs)'/? (Hs)~4/? [E(e%ﬁ sin? 01dr? + d@%)] . (3.46)

also corresponding to a closed string boosted parallel to (z*, %) plane. For #; = 7/2 and
27 — 0, the E — J relations derived from metric (B.45) and (B.46) become eq. (B.40).
3.3 Spinning closed strings in AdS5; and boosted along 1) in 71!

Here we consider the situation where a closed string spins centered in S3 parametrizing
AdSs, and its center of mass moves along v in T%!. This is the most interesting situation
in terms of analyzing IR and UV limits in the dual ' = 1 SYM theory. For the embedding
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in the AdSs x TV metric we use the ansatz

= KT, fs = ¢ =wr, ¢E¢:V7-7 p(U)Ep(U+27T)
¢; = constant , 0; = constant , G; =0 1=1,2. (3.47)

We start from the conifold metric (B.15) and using conformal constraints it leads to

2 2
<§—§> = k2 cosh? p — w?sinh? p — % (3.48)
The second derivative is exactly given by eq. (R.f]). Notice that for multi-spin string
solutions even a more general rotating string ansatz is possible, if for instance we consider
the center of mass of the string boosted along 6; = n;7 and ¢; = Q;7 for ¢ = 1,2. Now, for
simplicity we take §; = 7/2, then v2/9 — v2/9+ (Q% +Q2) /6, and therefore we can proceed
in a similar way as using the ansatz (B.47), but considering several angular momenta. This
problem resembles the situations discussed in [[2] and it deserves further study in the
context of finding new non-BPS sectors in the dual field theory. The integral of eq. (B.4§)
leads to
1

27 )
2w = / do = 4/ dp . (3.49)
0 0 \/(Hz _ %2) 2 _ 12

cosh? p — (w =) sinh? p

In analogy with the case of AdSs x S° there are three conserved quantities, energy, spin
and R-symmetry charge J,

21
0

E:\/XK/ Z—UCOSh2pE\/X(€,
T

2w do )
S:\/Xw/ — sinh pE\/XS,
0 27
v [ do v
J = VA= — =VaA= 3.50
\/_9/0 27 9’ (3:50)
thus, we have the relation
E=927+%3. (3.51)
v w

Now, one can explicitly calculate the above integrals in terms of hyper-geometric functions.
It is useful to write down the energy-spin relations for both, short and long strings. We
introduce the parameter n > 0

2

2 w5
coth” pg = = =1+m, (3.52)
=9

where pg is the maximum value of p for a single folded string. Therefore, from egs. (B.5()
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we obtain the following relations

1 1
S = - R <—,§~2~——> . (3.53)

Now, we analyze the short and long string limits.
Short strings. For pg — 0 we have n > 1 from above expressions and the definition of
7 we get the relations

2 2

9 UV 1 9 9 v 1

~ — — ~ 1~ — 1 ) 3.54
K 9 + n’ w K+ 9 +1+ 7 ( )
thus w? — k? &~ 1, and using the expression for p/, an approximate short string solution

satisfies )
sinh? p ~ p? ~ pisin®o ~ ~sin’o, (3.55)

n

therefore . 05

- — < 1. (3.56)

2
o1+
Then, from eq. (B.5])) it is obtained a relation similar to eq. (B-I5)
% 28
z_ _l’_ L
2 28 Vo s
£~9 %Jr ~ + v S, (3.57)
1+2  h+2+
\/ t \/ \/ 1442

For v < 1, then S < 1 and eq. (B.57) reduces to

E* ~9J% +81(2V)\)S.. (3.58)

All these expressions become the Corresponding ones of spinning strings in S® of AdSs in
AdS5 x S® when we take 12 /9 — V2 . However, we have to remember that VAN corresponds
now to L?/a’, where L? = ,/27/16 R%. This shows that the scale is set by the conifold
instead of S°. Eq. (B:59) is the limit for short strings in AdSs x T™!. They probe the
small curvature region of AdS5. Moreover, if the boost energy is much smaller than the
rotational energy, i.e. v? < 68, then

2
Ern2S+ L 3.59
2v28 (3:59)
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which after scaling v2/9 — 12 is the flat-space Regge trajectory, as in the case of AdS5 x S°.

On the other hand, when the boost energy is greater than the spin (65 < v)
1\ AS

E~3J+S5+3(27T—=-|—. 3.60

+ 8+ ( 2) 52 (3.60)

This corresponds to a short string spinning slowly around S in AdSs and boosted very

fast along 1. It can be related to the leading quantum term in the spectrum of AdSs x T11,

in the frame boosted to the speed of light along the fiber 4. As in the case of AdS5 x S5,

the classical energy (B.60]) of the spinning string boosted along 1 should also be obtained

from the quantum spectrum of string oscillators in that boosted frame. Now, if we are

in a sector where 1 < S <« J, the quantum spectrum reproduces the classical energy.

Specifically, the S term is related to the mass term in light-cone string coordinates, in the
plane wave background. It is related to the curvature of the anti de Sitter space.

Long strings. For long strings pg is large, what implies that n < 1 and therefore,

1 1
+ —210g2 <—> )
Ui

5(1+1)log? (%) , (3.61)

I€2

X
o % o N
)

|-

+

3

and 5
w
S ——r. (3.62)
nlog

Since, as in the case of AdSs x S° there is no simple relation between energy and spin, we
must consider two limits. If v < 3log(1/n), it is obtained the relation

SAVON < S > mJ?
ErnS+ Y 00 (=) + , 3.63
= B\ T 2V og(S/VY) (3.63)
while if log(3S/v) < 3v < S, then
27\ S
E =~ log” (=) . 64
3J+S+27r2Jog <J> (3.64)

Spinning strings and brane constructions. Let us consider the following ansatz for
a closed string spinning in the (x1,x2) plane and boosted along the direction x4, embedded
in the metric (B.6) as follows

Ty = KT, V3 = wT, Te = =T, 2"(0) = 27 (0 + 2n), (3.65)

v
3
where 73 parametrizes the rotation in (x1, z2), and the rest of coordinates are fixed. Also,

we consider the string is stretched along 7.
The type IIB metric (B.G) as seen by the string is given by

2
ds® = (Hs) V2 (=K + w?)dr? + (H3)1/2(H5Hg)*1%d72 + Hy*(H;HL)da2 . (3.66)
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There is no contributions from B-fields since x4 and xg are constants. Since we are inter-
ested in the type ITA NS5-NS5’-D4 brane construction, we write the corresponding type
IIA metric as follows

d52:(Hg)’1/2(—f<;2+w2)d7-2+(H3)’1/2(H5H’) " i + Hy*(HsHY)da? . (3.67)

From the second conformal constraint it is obtained

dz7 (o) 2 1 9 9 V2
- — W~ HyH L .
( do ) HyHm, \" — ¢ g ) (3.68)

277:/ 0_4/ \/ Vs (3.69)

and therefore

2
k? —w? — HsHL %
We can also derive explicit expressions for the energy, spin and R-symmetry charge

VHsHL

27ra / \/ HyHLY u2 ’

dar( H5H’)3/2

1871'0[ / \/52 _ w2 Hé% ’

H5H’

27ra / \/ H/ 1/2 ’

(3.70)

In all the expressions above z{ is the maximum length of a single folded string.

In addition, we can consider another kind of closed string spinning in the (z1, x2) plane,
boosted along the direction xzg. In this case we consider the rotation of the string in the
(z1,x2) plane parametrized in polar coordinates (r,¢) and also stretched along r in this
plane, but unlike the example above, this is not stretched along x7.

v

xTo = KT, ¢ =wr, T6 =37, r(o) =r(c+2m). (3.71)

The metric of the type IIA NS5-NS5’-D4 brane construction, as seen by the string, becomes

2

ds? = (H3)"V?[(—=K2 4+ w?r?(0))dr? + rdo?] + (Hg)_l/Q(Hg)Hé)%dTQ . (3.72)
From the second conformal constraint we get
dr(o)\* _ Y 2(0) (3.73)
o = K2 sHs-g —w'ri(o), :

and

e[ a1
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The expressions for the energy, spin and R-symmetry charge are

H:)"1/2 pro
B = a5 23) , / & :
Ta 0 \/Ii2 —H5Hé’§ — w?r?(o)

ML Y
o

/ I
187 _ H5Hg‘§ — w2r2(o)
H:)"1/2 fro drr2
5 — 4 23) , / o . (3.75)
o 0 \//42 —H5Hé§ —w?r?(o)

For these particular string solutions we have not succeeded in obtaining explicit energy-
spin and energy-charge relations as for the previous cases. Probably, the reason could be
that our ansatze (B.65) and (B.71]) for the string solutions embedded in the intersecting
brane backgrounds, do not properly capture the corresponding features for large spin and
large R-symmetry charge operators in the dual SYM theory. It would be very interesting to
explore more general string solutions embedded in the above brane constructions related to
the conifold background, and identifying those solitons with the corresponding dual SYM
theory operators.

4. Classical string solutions and /' =1 SYM

We start with a very brief review of the Klebanov-Tseytlin solution [BI]. This takes into
account the back-reaction due to the presence of M fractional D3-branes in the set up
given by N regular D3-branes placed at the conifold singularity, i.e. it includes higher
order corrections in M/N. Starting from the type IIB supergravity action the following
ansatz for the Einstein frame metric in 10 dimension has been proposed

d82 _ L2{€§(B+4C)(du2 +€2A(u)d$md$m) +

2 2 2
1 1
+5¢%° (dw + ;1: cos eid@-) + e i§1(d9? + sin® eid@?))} , o (4)

where B = B(u) and C' = C(u). In the limit when these functions vanish the metric of
AdSs x TY is recovered. The radius L is proportional to N1/4. The case studied in B
assumes the axion C = 0, that trivially makes zero the kinetic terms for the axion and
therefore implies that xF5 A H3 = 0. On the other hand, a RR 3-form flux through the
3-cycle in T! is created due to the presence of the fractional branes [B0]. This is F3 = dCa,
and it turns out to be proportional to the closed 3-form constructed in [R9].

As it was explained in [BI]], the same equations can be derived from a 5d action,
obtaining a system of first order differential equations with general solutions depending on
u. It leads to a holographic RG flow in the dual field theoretical interpretation. Thus, let
us assume that above certain UV cut-off ug there exists a SCFT, i.e. the total number of

fractional branes is zero. One can reach this configuration by placing M fractional anti
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D3-branes at ug. Certainly, it leads to vanishing values for the functions g = %(B +4C)
and f = —%(B — C) evaluated at ug, while the coefficient of the Neveu-Schwarz B-field
T'(ug) turns out to be a constant. Moreover, after integration of the first order differential
equation for f this setting automatically generates a null function f(u) = 0. Therefore, it
implies that B = C' = 0 along the entire RG flow toward the IR. This physically means
that the internal manifold 7! is invariant during the whole RG flow, allowing only to
change its overall size. Essentially, one can choose the metric to approach the canonical
AdS5 as u — ug (A(u) — u), leading to

ds?y = e *1du® + 24 dg,, dx,, + e*1dS2, (4.2)
where in general
2 1
A(w) = Ao + qlw) + 3 f () + 5T (), (43)

while P is proportional to M and f(u) vanishing along the RG flow.

Beyond the near horizon approximation it is possible to construct asymptotically flat
solutions. For P = 0, the solution describes regular D3-branes at the conifold singularity.
On the other hand, if P # 0 there is a generalization with logarithmic running charge.

Now, let us consider the metric written in the form
ds3y = sV2(r)dz,da, + B2 (r)(dr? + r2dS3..1) . (4.4)
Comparing this metric with the one of eq. ([.J) one gets
s(r) = t0a(u)—4A(w) b)) — rAh(r). (4.5)

In addition

% = e (W) gy . (4.6)

In order to obtain an explicit solution we start integrating 7' = dT'/du = Pe~4, leading to
T(r)=T+ Plogr. (4.7)
Now, using the expression for g we get

. 1 - 1
€8 = 14 n(r) = agel@/F H4loer 4 1@+ P*logr) + 1—6P2 : (4.8)

From this equation it can be obtained an explicit expression for h

ko + P%logr

h(?“) =bo+ A ,

(4.9)

where by = (1,064@/}32 and kg = Q + P?/4. The solution for s is s(r) = h(r). Thus, the
metric (J£4) becomes

ds?y = h Y2 (r)dz,dex, + hY2(r) (dr2 + rzdS%m) , (4.10)
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where
ko + P%logr
47 ’

-1
ko = —P%*logr, = Q + PT + ZP?. (4.11)

h(r) = by +

Therefore, there is a logarithmic RG flow.

Now, let us consider how is the related type IIA brane construction. First of all,
we recall that in addition to the N regular D3 branes, there are M fractional D3 branes
located at certain value of the radial coordinate at the conifold. On the other hand, as
we have seen at the UV limit a set of M-fractional anti D3 branes has been introduced
at some radial distance ug. Thus, it effectively leads to an UV cut-off in the dual gauge
field theory, while at this UV cut-off the gauge theory is conformal invariant. For this
case, again, in the UV limit the type IIB supergravity background is AdSs x T, For the
AdSs x TH1, one started with a configuration of two perpendicular D5 branes and N D3
branes stretched between them. Then, performing S-duality one gets two perpendicular
NS5 fivebranes with N D3 branes stretched between them, and after T3 duality one gets
the two perpendicular NS5 branes plus N D4 branes stretched between them. In the
compact 28 direction the two NS5 branes are equally separated from both sides. In the
DM construction the only overall direction is =7, and this is identified with the radial
direction in the conifold supergravity background, as 7 = logr. In addition, one has the
freedom to include M fractional D4 branes, parallel to the regular ones but separated in 27
at a distance, let us say, 2. Now this leads to a bending of the perpendicular NS5 branes
as a function of 27. Now, if we introduce M fractional anti-D4 branes at certain 9317]‘/, the
bending of the NS5 branes will be compensated beyond a:?UV, and therefore recovering the
conifold (from the type IIB string theory side). At this UV point the results of section
are valid.

In addition, in ref. [[] semi-classical solutions of closed strings expanded around the
solutions presented in section B, corresponding to near-conformal backgrounds, have been
studied.

In order to explore closed string solutions around the above UV fixed point one can
define different ansatze, and use similar calculations as we have done in section B} to ob-
tain energy-spin and energy-R symmetry charge relations. It would be very interesting to
extend these studies to the deep IR limit of the Klebanov-Strassler solution. In this case
spinning string solutions has been recently studied [R1]]. Besides, one very interesting ques-
tion is whether solitonic string solutions in the deep IR of Klebanov-Strassler background
can be mapped onto intersecting brane constructions. In principle, there is not explicit su-
pergravity solutions for these brane constructions. This is in part due to the fact that the
presence of the M fractional D4 branes induce a bending on the NS5 branes in the overall
perpendicular direction. A step forward in this direction is to consider the case where no
fractional D4 branes are present. This case maps onto the deformed conifold [¢1]. We leave
the investigation of classical string solutions in these very interesting backgrounds and also
to extend the string theory states/SYM theory operators map for them for a future work.
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5. Discussion

We have studied classical solutions of closed strings boosted and spinning in the conifold
background, and also have obtained new solitonic string solutions. After applying the
Dasgupta-Mukhi map we have analyzed how these solutions transform onto a background
of D4-branes stretched between perpendicular NS fivebranes in type IIA string theory. In
these cases, the configurations have certain non-vanishing Neveu-Schwarz B-fields which
modify the spectra only in certain special cases, and particularly in the case of the type
IIB metric, in one of the steps of the DM construction. Then, we have discussed about
classical solutions of closed strings in the UV limit of the Klebanov-Tseytlin background.
By using a map also inspired in the DM construction we have been able to understand
how the logarithmic running of the couplings in the dual SYM theory is seen from the
intersecting brane construction viewpoint, and how classical closed string solutions can be
embedded in the UV limit of this background. We have also commented on the possibility
to extend these studies to the Klebanov-Strassler solution, using as a previous step the
Ohta-Yokono construction, relating the deformed conifold and intersecting brane construc-
tions.

A very interesting issue that we have not addressed in this paper concerns to the
finding of the corresponding operators in the dual A/ = 1 SYM theory. Some comments
are in order. Following the proposal of Gubser, Klebanov and Polyakov, for the case of
the conifold solution one can firstly study the case of the dual conformal field theory to
the conifold background developed by Klebanov and Witten, i.e. N'=1 SU(N) x SU(N)
SYM theory, and consider twist two operators O,. Those are the operators with the
lowest conformal dimension, and they are built out of n covariant derivatives. Classically,
their conformal dimension is A, = n + 2. Thus, they are called twist 2. On the other
hand, for these operators it is expected that the leading term in the anomalous dimensions
receives a logarithmic correction to all orders in perturbation theory and non-pertubatively
as well [f3, BJ. Therefore, A,, = n+2+ f(A)logn + ---. In the expression above there
is a functional dependence on the 't Hooft coupling. In ref. [R0] it has been discussed how
the twist two operators should behave in the UV limit of the Klebanov-Tseytlin solution
for the compact S® theory [BJ]. However, the lack of a full non-linear solution for the dual
supergravity does not allow one to test the logarithmic behavior.

On the other hand, after transforming the conifold onto the type IIA NS5-NS5’-D4
intersecting brane system, a similar analysis should be expected. In addition, these results
should also be valid in the case of the far UV limit of the Klebanov-Tseytlin background.
In terms of the analysis developed by Buchel [R(] for the IR limit of the Klebanov-Tseytlin
background of [BJ, one could expect analog results along the RG flow in Klebanov-Tseytlin
case. However, one must keep in mind that once the theory flows from the conformal point,
the identification above between the classical rotating string energy and the conformal
dimension is not completely clear. Morever, one should be aware that there are certain
potential limitations of the analysis presented here related to the physical interpretation
in terms of gauge field theory operators. In this respect we would like to enphasize that
the Dasgupta-Mukhi construction provides a local and approximate map and, therefore it
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would be very interesting to understand the global structure, as well as, the meaning of the
string motions in the type IIA NS5-NS5-D4 intersecting brane system in the corresponding
dual gauge theory.

Besides, the NS5-NS5-D4 brane configurations can be lifted to M-theory descrip-
tions [B7, Bg]. Essentially, in M-theory the NS5-NS5’-D4 system becomes two perpendicu-
lar cylindrical M5 branes plus N M5 branes, which are compactified in the 29 direction.
It is very interesting to consider a spinning and rotating closed M2 brane embedded in this
M-theory background. After the reduction to type IIA string theory, the above system
becomes a NS5-NS5’-D4 brane configuration plus a spinning and rotating closed D2 brane
embedded in the corresponding background. Then, one can think of taking 7" duality to
obtain a type IIB NS5-NS5’-D3 brane configuration plus a spinning and rotating closed
D1 brane. After S-duality, one will be left with D5-D5’-D3 system and a spinning closed
F1 brane. Therefore, we can see that other extended objects can also be considered as
solitonic solutions in the context of the Gubser, Klebanov, Polyakov’s proposal. It would
be expected that these solitonic solutions represent different SYM theory operators via the
proposed duality. For instance, in the case of dual 3d SYM theories, closed rotating M2
branes in AdSy x S7 [P4], as well as, in Minks x M [RJ], where M is a special holonomy
manifold (for instance Spin(7), CY4 fold, Hyper-Kihler manifolds [54]), have been recently
considered. One interesting remark is that for special holonomy manifolds, classical ro-
tating closed M2 branes lead to explicit classical energy-spin and energy-charge relations
that, if one trust the correspondence beyond the conformal fixed-point, reproduce the log-
arithmic behaviour of the anomalous dimension of twist two operators in the dual SYM
theories. Although, as we mentioned this is related to dual 3d SYM theories, we would
expect that a similar behavior can be found for the M-theory descriptions related to the
type ITA NS5-NS5’-D4 brane systems that we study in this paper, which are dual to 4d
SYM theories.
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