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ABSTRACT OF DISSERTATION 

 

Research on Power System State Estimation Problems – Series-Compensated 

Transmission Line Parameter and Load Model Parameter Estimation 

 

Transmission line and load model parameters are essential inputs to power system 

modeling and simulation, control, protection, operation, optimization, and planning. These 

parameters usually vary over time or under different operating conditions. Thus, reliable 

estimation methods are desired to ensure the accuracy of those parameters. This research focuses 

on estimation for transmission line parameters and the ZIP load model. The proposed estimation 

methods can use both online measurements and historical data of a specified duration. The 

parameters of long transmission lines with different series-compensation configurations are 

estimated using linear methods and optimal estimators with bad data detection capability. 

Additionally, Kalman filter estimation methods have been proposed to improve the estimation 

accuracy and to track the dynamically changing line parameters under the effect of measurement 

noises. The estimation methods are tested with data generated using Matlab Simulink. For the ZIP 

load model parameter estimation, theoretical formulation for the aggregate ZIP load model has 

been established. The least squares, optimization, neural network, and Kalman filter methods have 

been investigated to estimate ZIP parameters and been verified based on OpenDSS simulation data. 
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CHAPTER 1 INTRODUCTION 

1.1 Transmission Line Parameter Estimation  

1.1.1 Background 

Transmission line and load model parameters are essential inputs to power system 

modeling and simulation, control, protection, operation, optimization, and planning. These 

parameters usually vary over time or under different operating conditions. Thus, reliable 

estimation methods are desired to ensure the accuracy of those parameters. 

An electric power system can be divided into three parts: power generation, power 

transmission, and power consumption. Power transmission can be further divided into two parts: 

transmission (transmitting power from the power plant to substations) and distribution 

(distributing power from substation to customer). Transmission line parameters including series 

impedance, series reactance, and shunt susceptance are required by a variety of power system 

analysis applications, including power flow and contingency analysis for efficient and reliable 

operation and optimal planning [2], protective relaying applications [3][4], and impedance-based 

fault location detection [5][6][7][8][9]. Thus, the accuracy of transmission line parameters is 

critical, and estimation algorithms with high accuracy are strongly desired.  

1.1.2 Review of Transmission Line Parameter Estimation 

Transmission line parameter estimation methods can be classified into offline methods and 

online methods. Offline methods estimate line parameters based on factors such as conductor 

dimensions and line length under an assumed ambient environment. However, offline methods can 
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be inaccurate and unreliable due to the discrepancy between the assumed conditions and the actual 

conditions. 

Hence, to estimate transmission line parameters accurately, the estimation methods need 

to adapt to the changes in conditions. To accommodate the changes in ambient environmental 

conditions and obtain line parameters in real-time, some online estimation algorithms have been 

proposed in [1], [11], [12], and [13]-[15]. The authors in [1],[12], and [14] proposed methods based 

on linear estimation theory. The method that was presented in [1] estimates positive sequence line 

parameters using the linear least squares method. A linear method was proposed in [12] to estimate 

transmission line parameters for non-compensated and series-compensated lines. An optimal 

estimator was also proposed as well to detect and identify possible measurement errors in [12]. 

The author of [12] proposed a linear estimation method for transposed lines based on distributed 

parameter line model.  

Non-linear estimation methods for estimating positive sequence transmission line 

parameters have been proposed in [11], [13], and [15]. In [11], methods of using both synchronized 

and unsynchronized voltage and current measurements to estimate line parameters were proposed. 

In [13], the author proposed a method for the detection and identification of bad measurements. 

The author of [15] proposed a non-linear estimation method that can detect and identify bad 

measurement data and minimize the impact of measurement errors. Moreover, a method of 

optimizing the scheme of Phasor Measurement Units (PMUs) placement in the system was 

proposed. The goal is to minimize the number of PMUs that need to be installed.  

1.1.3 Motivation and Objectives 

First, most existing transmission line estimation methods are developed for non-

compensated transmission lines. However, in real power systems, ultra-high voltage transmission 
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lines are series compensated. Therefore, it is important to develop estimation methods for series 

compensated transmission lines. This research puts forward an optimal estimator for different 

series-compensated lines. Considering the potential of the exitance of bad measurements, a bad 

detection method is introduced. In addition, Kalman filter based approaches are proposed to 

improve the estimation performance under the effect of measurement noise. 

Second, most estimation methods are proposed under the assumption that line parameters 

are static. However, line parameters are continuously changing over time with varying loading and 

weather conditions. This research proposes Kalman filtering based methods that employ voltage 

and current measurements from line terminals and require no extra information to track parameters 

of long transmission lines dynamically. In addition, the proposed methods are applicable to 

transmission lines with different series compensation configurations. 

1.2 ZIP Load Model Parameter Estimation 

1.2.1 Background 

Load modeling is important to power system control, planning, and analysis. It describes 

the relationship between the power and voltage in a load bus using mathematical representation 

[10]. Constant impedance, constant current, constant power (ZIP) load modeling has been widely 

used in steady-state and dynamic studies [17]. The ZIP load model is used in the optimal power 

flow study [18], feeder load forecasting [19], and voltage stability analysis [20]. In [36], the authors 

proposed an equivalent modeling method for multi-port area load based on the extended 

generalized ZIP load model. The authors of [65] used the ZIP load model in evaluating the impact 

of load models on power transfer limits. The ZIP load parameters are also useful for examining 

the benefits of conservation through voltage reduction (CVR) and voltage and var optimization 

(VVO) program [21][22][23]. Therefore, it is crucial to have accurate ZIP load model parameters.  
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1.2.2 Review of ZIP Load Model Parameter Estimation 

Various estimation methods have been used to estimate ZIP parameters. An optimization 

method was proposed in [24] to estimate ZIP parameters. The algorithm is tested on a two-bus 

system. The least squares method was proposed in [25] to determine the ZIP coefficients for 

residential appliances. In [26], the time-varying ZIP parameters were estimated using a neural 

network method with sliding window using the single-phase data at a transformer.  

The individual load models are used in power system distribution system analysis such as 

integrating distributed energy resources with improved power quality and reliability. The 

household appliances and industrial equipment were tested in the laboratory by varying the voltage 

to find individual ZIP parameters in [25]. In [29], a method for estimating individual ZIP load 

model by analyzing the load switching events across the distribution feeder is proposed. In [30], 

the authors developed a ZIP load model for residential house appliances.  

The feeder-level aggregate load model is also very important as it is used in various 

distribution and transmission system analyses. In [28], the authors proposed a hybrid learning 

algorithm that combines the genetic algorithm (GA) and the nonlinear Levenberg–Marquardt (L-

M) algorithm for the aggregate ZIP load model estimation. In [27], the household and feeder level 

ZIP parameters are obtained by aggregating the appliance-level ZIP parameters.  

1.2.3 Motivation and Objectives 

For the aggregate ZIP parameter estimation studies in power systems, it is common to use 

the three-phase average voltage as the voltage variable for the ZIP load model. However, little 

research has focused on the theoretical formulation for the aggregate ZIP load and how different 

factors can contribute to the estimation results. Apparently, the voltage of one phase will not 

determine the power consumed by a load at another phase. Thus, the use of average voltage can 
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cause uncertainty in ZIP parameter estimation in unbalanced systems, which should be carefully 

analyzed. Moreover, the load connection type (star or delta) can also affect the estimation results. 

The measurement noise, load unbalance, voltage unbalance, and load connection types are 

examined in detail in this research.  

1.3 Dissertation Outline 

The remainder of this dissertation is organized as follows:  

In Chapter 2, the optimal estimator and bad data detection techniques for transmission line 

parameter estimation are introduced first. Then, the Kalman filter based transmission line 

parameter estimation approaches for lines with different series compensated configurations are 

discussed. Additionally, the Kalman filter based line parameter tracking methods are proposed to 

track dynamically changing line parameters.  

Chapter 3 presents the case studies for the proposed transmission line parameter estimation 

methods. Different series compensated transmission line models are built in Matlab Simscape 

Electrical. The proposed estimation methods are implemented in Matlab to estimate line 

parameters using simulation from the models.   

Chapter 4 is dedicated to ZIP load parameter estimation. The different ZIP load model 

parameter estimation methods (including least squares, optimization, Kalman filter, neural 

network) are discussed. Then theoretical formulation for aggregate ZIP load model is studied. The 

analysis for aggregate ZIP load model.  

Chapter 5 the case studies for ZIP load model parameter estimation. The IEEE 13-bus and 

34-bus systems are simulated in OpenDSS with loads set to ZIP load model. The proposed ZIP 
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parameter estimation methods are implemented in Matlab to estimate the ZIP load model 

parameters. The estimation results are analyzed and explained in detail. 

Chapter 6 presents the final conclusion for this research. 
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CHAPTER 2 PROPOSED TRANSMISSION LINE 

PARAMETER ESTIMATION METHODS 

Series compensation is a way of increasing power transfer capacity by connecting series 

capacitors in series with the line. As discussed before, the series compensator can be installed at 

different positions of a transmission line.  

In Section 2.1 and 2.2, linear estimation methods were proposed for mid-compensated line 

and two-end compensated line. Additionally in Section 2.1, an optimal estimator method is 

proposed to estimate the line parameters for the mid-compensated line; a bad data detection method 

is proposed to eliminate bad measurements. In Section 2.3, the Kalman filter based approaches 

were proposed for different compensated lines; Also, a Kalman filter based tracking method is 

introduced to track dynamically changing line parameters.  

2.1 Mid-Compensated Line 

 

Figure 2.1 The schematic diagram for a two-bus system with a series compensator installed at the 

middle of the transmission line. 

A two-bus system is shown in Figure 2.1, where 𝑃 is the sending end and 𝑄 is the receiving 

end. 𝐸𝑃 and 𝐸𝑄 are the Thevenin equivalent sources. PMUs are installed at both ends for recording 

the synchronized voltage and current phasors. Line parameters including series resistance, series 

𝐸𝑃 

𝑄 

𝐸𝑄 

𝑃 
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reactance, and shunt susceptance, can be obtained based on the line’s positive-sequence equivalent 

π circuit. 

 

Figure 2.2 The equivalent-𝜋 circuit of the positive sequence network of the mid-compensated line 

with known 𝑍𝑐𝑎𝑝. 

Figure 2.2 shows the equivalent 𝜋  circuit of the positive sequence network of a 

transmission line with a series compensator installed at the middle of the transmission line. In this 

figure, 𝑉𝑃 and 𝐼𝑃 are the positive sequence voltage and current at the sending end 𝑃, while 𝑉𝑄 and 

𝐼𝑄 are the positive sequence voltage and current at the receiving end 𝑄. The voltage and current at 

both ends are measured by PMUs. In addition, 𝑍 and 𝑌 represent the positive sequence series 

impedance and shunt admittance of each equivalent 𝜋 circuit, and 𝑍𝑐𝑎𝑝 is the series impedance of 

the series compensator. Based on the distributed parameter line model in [31], 𝑍 and 𝑌 can be 

expressed as follows: 

 𝑍 = 𝑍𝑐 sinh(𝛾𝑙) (2.1) 

 
𝑌

2
=

tanh(𝛾𝑙/2)

𝑍𝑐
 (2.2) 

 𝑍𝑐 = √𝑧1/𝑦1 (2.3) 

④ 

𝑍𝑐𝑎𝑝 
𝑍 

𝑉𝑃 𝑉𝑄 

𝑃 𝑄 

𝑌

2
 

𝐼𝑃 𝐼𝑄 
𝑉𝑅 

𝑌

2
 

𝑌

2
 

𝑌

2
 

𝑍 

𝑉𝑆 

① ② ③ 
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 𝛾 = √𝑧1𝑦1 (2.4) 

where 𝑍𝑐  and 𝛾  are the characteristic impedance and the propagation constant of the line 

respectively, z1  is the positive sequence series impedance per unit length, 𝑦1  is the positive 

sequence shunt admittance per unit length, and 𝑙 is half the length of the line. 

2.1.1 Methods for the Case of Known Impedance of Series Compensator 

2.1.1.1 Linear Method 

For simplicity, we define the unknown variables 𝑎 =
𝑌

2
+

1

𝑍
 and 𝑏 =

1

𝑍
. Assume that 𝑍𝑐𝑎𝑝 

is known and 𝑌𝑐𝑎𝑝 =
1

𝑍𝑐𝑎𝑝
. 

The voltage and current at each node of this power transmission network can be related by 

the admittance matrix as 

 

[

𝐼𝑃
𝐼𝑄
0
0

] =

[
 
 
 

𝑎 0 −𝑏 0
0 𝑎 0 −𝑏

−𝑏 0 𝑎 + 𝑌𝑐𝑎𝑝 −𝑌𝑐𝑎𝑝

0 −𝑏 −𝑌𝑐𝑎𝑝 𝑎 + 𝑌𝑐𝑎𝑝]
 
 
 
[

𝑉𝑃

𝑉𝑄

𝑉𝑅

𝑉𝑆

]  

 

(2.5) 

Use node elimination technique, the following equation can be obtained 

 [
𝐼𝑃
𝐼𝑄

] = [
𝐴 B
B 𝐴

] [
𝑉𝑃

𝑉𝑄
] (2.6) 

where  

 𝐴 = 𝑎 −
𝑏2

𝑎
+

𝑌𝑐𝑎𝑝𝑏2

𝑎2 + 2𝑎𝑌𝑐𝑎𝑝
 (2.7) 

 𝐵 = −
𝑏2𝑌𝑐𝑎𝑝

𝑎2 + 2𝑎𝑌𝑐𝑎𝑝
 (2.8) 
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Eq. (2.6) can be rewritten as 

 [
𝐼𝑃
𝐼𝑄

] = [
𝑉𝑃 𝑉𝑄

𝑉𝑄 𝑉𝑃
] [

𝐴
𝐵
] (2.9) 

Hence, 𝐴 and 𝐵 can be determined by 

 [
𝐴
𝐵
]  = [

𝑉𝑃 𝑉𝑄

𝑉𝑄 𝑉𝑃
]
−1

[
𝐼𝑃
𝐼𝑄

] (2.10) 

Consequently, 𝑎 and 𝑏 can be calculated as 

 𝑎 =
𝐴 − 𝐵

1 + 𝐵 𝑌𝑐𝑎𝑝⁄
 (2.11) 

 𝑏 = √−𝐵(𝑎2 + 2𝑎𝑌𝑐𝑎𝑝) 𝑌𝑐𝑎𝑝⁄  (2.12) 

Once 𝑎 and 𝑏 are known, 𝑍 and 
𝑌

2
 can be obtained by  

 𝑍 =  
1

𝑏
 (2.13) 

 
𝑌

2
= 𝑎 − 𝑏 (2.14) 

Denote 𝑐 as the product of 𝑍 and 
𝑌

2
. From (2.13) and (2.14), we have 

 𝑐 =
𝑍𝑌

2
= 𝑍𝑐 sinh(𝛾𝑙)

tanh(𝛾𝑙/2)

𝑍𝑐
= sinh(𝛾𝑙) tanh(𝛾𝑙/2)  (2.15) 

Let 𝑑 = 𝛾𝑙 and rewrite (2.15) as 

 𝑒2𝑑 − (2 + 2c)𝑒𝑑 + 1 = 0 (2.16) 
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Solving the quadratic equation (2.16) gives two solutions for 𝑒𝑑, from which we can compute two 

possible values for 𝛾 using (2.17). However, only one of them is correct. The real part of the correct 

value is greater than zero while the real part of the incorrect value is less than zero. 

 𝛾 =
1

𝑙
ln(𝑒𝑑) (2.17) 

Consequently, the characteristic impedance can be calculated based on (2.1) as 

 𝑍𝑐 =
𝑍

sinh(𝛾𝑙)
 (2.18) 

Finally, the line parameters are solved using (2.3) and (2.4)  

 𝑧1 = 𝑍𝑐𝛾 (2.19) 

 𝑦1 =
𝛾

𝑍𝑐
 (2.20) 

2.1.1.2 Optimal Estimator and Bad Data Detection 

When we have 𝑛 (𝑛 ≥ 2) sets of measurements, the optimization of measurements and line 

parameters can be performed. Define measurement vector 𝑀 as 

 𝑀 = [𝑉𝑃1
, 𝐼𝑃1

, 𝑉𝑄1
, 𝐼𝑄1

, … , 𝑉𝑃𝑛
, 𝐼𝑃𝑛

, 𝑉𝑄𝑛
, 𝐼𝑄𝑛

] (2.21) 

where 𝑉𝑃𝑖
, 𝐼𝑃𝑖

, 𝑉𝑄𝑖
, and 𝐼𝑄𝑖

 are the voltage and current at both ends of the 𝑖𝑡ℎ  set measurement. 

Define the state to be estimated as 

 𝑋 = [𝑥1, 𝑥2, … , 𝑥8n, 𝑥8𝑛+1, 𝑥8𝑛+2, 𝑥8𝑛+3]
𝑇 (2.22) 

where 𝑥1, … , 𝑥8𝑛  represent the magnitude and angle of the total 4𝑛  measurements, 𝑥8𝑛+1 

represents the series resistance 𝑅𝑒(𝑧1) , 𝑥8𝑛+2  represents series reactance 𝐼𝑚(𝑧1)  and 𝑥8𝑛+3 

represents shunt susceptance 𝐼𝑚(𝑦1). 
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Define 𝐹 as the function vector. 𝐹4𝑖−3 to 𝐹4𝑖 are defined as the real and imaginary part of 

Eq. (2.7) and Eq. (2.8) for the 𝑖𝑡ℎ set measurement. The remaining function vectors can be defined 

as 

 𝐹4𝑛+2𝑖−1(𝑋) = 𝑅𝑒(𝑥2𝑖−1𝑒
𝑗𝑥2𝑖),       𝑖 = 1,… , 4𝑛 (2.23) 

 𝐹4𝑛+2𝑖(𝑋) = 𝐼𝑚(𝑥2𝑖−1𝑒
𝑗𝑥2𝑖), 𝑖 = 1,… , 4𝑛 (2.24) 

Define Y as the measurement vector, 

 𝑌𝑖 = 0, 𝑖 = 1,… , 4𝑛 (2.25) 

 𝑌4𝑛+2𝑖−1 = 𝑅𝑒(𝑀𝑖), 𝑖 = 1,… ,4𝑛  (2.26) 

 𝑌4𝑛+2𝑖 = 𝐼𝑚(𝑀𝑖), 𝑖 = 1,… , 4𝑛 (2.27) 

The relationship between the measurement vector and the function vector can be represented by 

 𝑌 = 𝐹(𝑋) + 𝜇 (2.28) 

where 𝜇 is the measurement error which depends on meter accuracy. 

The optimization is achieved by finding the minimum value of cost function 𝐽 

 𝐽 = (𝐹(𝑋) − 𝑌)𝑅−1(𝐹(𝑋) − 𝑌) (2.29) 

where R is the Covariance matrix for all measurements. Then Eq. (2.29) can be solved by using 

the Newton-Raphson method and the optimal estimation for measurements and line parameters 

can be obtained.  

To detect and identify bad data, we use Chi-Square Test. First, we calculate the expected 

value of the cost function 𝐸𝐽 and the estimated value of the cost function 𝐶𝐽. Then a threshold value 
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of 𝜒𝑘,𝛼
2  can be obtained based on the number of degrees of freedom k, a desired confidence level 

𝛼, and the Chi-Square distribution. If 𝐶𝐽 ≥ 𝜒𝑘,𝛼
2 , then there is a probability of (1 − 𝛼) for the 

presence of bad data. The bad measurement has the greatest standardized error. 

 

2.1.2 Method for the Case of Known Current Through Series Compensator  

In this case, 𝑍𝑐𝑎𝑝 is considered as an unknown, but the current through the capacitor is 

considered as known. Note that the voltage at the capacitor location is not known. Figure 2.3 shows 

the same model as in Figure 2.2 except here we know the current through the capacitor available. 

 

Figure 2.3 The equivalent-𝜋 circuit of the positive sequence network of the mid-compensated line 

with known 𝐼𝑅. 

We define the unknown variables 𝑎 =
𝑌

2
+

1

𝑍
 and 𝑏 =

1

𝑍
 as before. Again, we write KCL 

equations for the four nodes as follows. 

For node ①, 

 𝐼𝑃 =
𝑌

2
𝑉𝑃 +

1

𝑍
(𝑉𝑃 − 𝑉𝑅) = 𝑎𝑉𝑃 − 𝑏𝑉𝑅 (2.30) 

For node ②, 

𝑍𝑐𝑎𝑝 𝑍 

𝑉𝑃 𝑉𝑄 

𝑃 𝑄 

𝑌

2
 

𝐼𝑃 𝐼𝑄 
𝑉𝑅 

𝑌

2
 

𝑌

2
 

𝑌

2
 

𝑍 

𝑉𝑆 
① ② ③ ④ 

𝐼𝑅 −𝐼𝑅 
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 𝐼𝑅 =
1

𝑍
(𝑉𝑅 − 𝑉𝑃) +

𝑌

2
𝑉𝑅 = −𝑏𝑉𝑃 + 𝑎𝑉𝑅 (2.31) 

For node ③, 

 𝐼𝑄 =
𝑌

2
𝑉𝑄 +

1

𝑍
(𝑉𝑄 − 𝑉𝑆) = 𝑎𝑉𝑄𝑠 − 𝑏𝑉𝑆 (2.32) 

For node ④, 

 −𝐼𝑅 =
1

𝑍
(𝑉𝑆 − 𝑉𝑄) +

𝑌

2
𝑉𝑆 = −𝑏𝑉𝑄 + 𝑎𝑉𝑆 (2.33) 

Based on (2.30) and (2.31), 𝑉𝑅 can be eliminated 

 𝑎𝐼𝑃 + 𝑏𝐼𝑅 = (𝑎2 − 𝑏2)𝑉𝑃 (2.34) 

Based on (2.32) and (2.33), 𝑉𝑆 can be eliminated 

 𝑎𝐼𝑄 − 𝑏𝐼𝑅 = (𝑎2 − 𝑏2)𝑉𝑄 (2.35) 

Multiply 𝑉𝑄  to (2.34) and 𝑉𝑃  to (2.35), then subtract the resultant equations. Then 𝑎  can be 

expressed in terms of 𝑏,  

 𝑎 =
𝐼𝑅(𝑉𝑃 + 𝑉𝑄)

𝐼𝑄𝑉𝑃 − 𝐼𝑃𝑉𝑄
𝑏 (2.36) 

This indicates that 𝑎 and 𝑏 are proportional to each other. Let the proportional constant be 𝐶, i.e., 

 𝐶 =
𝐼𝑅(𝑉𝑃 + 𝑉𝑄)

𝐼𝑄𝑉𝑃 − 𝐼𝑃𝑉𝑄
 (2.37) 

In fact, 𝐶 is obtained through measurements. Hence, it can be used to determine 𝑎 and 𝑏. To this 

end, substitute 𝑎 = 𝐶𝑏 for 𝑎 in (2.34), we get 
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 𝑏 =
𝐶𝐼𝑃 + 𝐼𝑅

(𝐶2 − 1)𝑉𝑃
 (2.38) 

2.2 Two-End Equivalent Compensated Line 

The two-end equivalent compensation is the case where two same series compensators are 

installed at both ends of a transmission line. Figure 2.4 shows the equivalent 𝜋 circuit of the 

positive sequence network of a transmission line with two-end equivalent compensation during 

normal operations. 𝑌𝑐𝑎𝑝 is the admittance of each capacitor. In this method, the known quantities 

are voltages and currents at the two terminals. We will determine 𝑌 , 𝑍 , and 𝑌𝑐𝑎𝑝  from the 

measurements. 

 

Figure 2.4 The equivalent-𝜋 circuit of the positive sequence network of the two-end equivalent 

compensated line. 

Based on Kirchhoff’s Current Law(KCL), we can write the following equations for each 

node. 

For node ①, 

 𝐼𝑃 = (𝑉𝑃 − 𝑉1)𝑌𝑐𝑎𝑝 = 𝑌𝑐𝑎𝑝𝑉𝑃 − 𝑌𝑐𝑎𝑝𝑉1  (2.39) 

For node ②, 

𝑌𝑐𝑎𝑝 𝑌𝑐𝑎𝑝 𝑍 

𝑉𝑃 𝑉𝑄 

𝑃 𝑄 

𝑌

2
 

𝑌

2
 

𝐼𝑃 𝐼𝑄 𝑉1 𝑉2 
① ② 

③ ④ 
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 𝐼𝑄 = (𝑉𝑄 − 𝑉2)𝑌𝑐𝑎𝑝 = 𝑌𝑐𝑎𝑝𝑉𝑄 − 𝑌𝑐𝑎𝑝𝑉2 (2.40) 

For node ③, 

 

0 = 𝑌𝑐𝑎𝑝(𝑉1 − 𝑉𝑃) +
𝑌

2
𝑉1 +

1

𝑍
(𝑉1 − 𝑉2)

= −𝑌𝑐𝑎𝑝𝑉𝑃 + (𝑌𝑐𝑎𝑝 +
𝑌

2
+

1

𝑍
)𝑉1 −

1

𝑍
𝑉2 

(2.41) 

For node ④, 

 
0 = 𝑌𝑐𝑎𝑝(𝑉2 − 𝑉𝑄) +

𝑌

2
𝑉2 +

1

𝑍
(𝑉2 − 𝑉1)

= −𝑌𝑐𝑎𝑝𝑉𝑄 + (𝑌𝑐𝑎𝑝 +
𝑌

2
+

1

𝑍
)𝑉2 −

1

𝑍
𝑉1 

 

(2.42) 

In vector-matrix form, (2.39) – (2.42) become 

 

[

𝐼𝑃
𝐼𝑄
0
0

] =

[
 
 
 
 
 
 

𝑌𝑐𝑎𝑝 0 −𝑌𝑐𝑎𝑝 0

0 𝑌𝑐𝑎𝑝 0 −𝑌𝑐𝑎𝑝

−𝑌𝑐𝑎𝑝 0
𝑌

2
+

1

𝑍
+

1

𝑍𝑐𝑎𝑝
−

1

𝑍

0 −𝑌𝑐𝑎𝑝 −
1

𝑍

𝑌

2
+

1

𝑍
+

1

𝑍𝑐𝑎𝑝]
 
 
 
 
 
 

[

𝑉𝑃

𝑉𝑄

𝑉1

𝑉2

]  

 

 

(2.43) 

Use node elimination technique, (2.43) can be reduced to the following form  

 
[
𝐼𝑃
𝐼𝑄

] = [
𝐴 𝐵
𝐵 𝐴

] [
𝑉𝑃

𝑉𝑄
] 

(2.44) 

The node elimination process is given below. First, let 𝑎 =
𝑌

2
+

1

𝑍
 and 𝑏 =

1

𝑍
, (2.39) – (2.42) can be 

rewritten as  

 𝐼𝑃 = 𝑌𝑐𝑎𝑝𝑉𝑃 − 𝑌𝑐𝑎𝑝𝑉1 (2.45) 
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 𝐼𝑄 = 𝑌𝑐𝑎𝑝𝑉𝑄 − 𝑌𝑐𝑎𝑝𝑉2 (2.46) 

 0 = −𝑌𝑐𝑎𝑝𝑉𝑃 + (𝑌𝑐𝑎𝑝 + 𝑎)𝑉1 − 𝑏𝑉2 (2.47) 

 0 = −𝑌𝑐𝑎𝑝𝑉𝑄 + (𝑌𝑐𝑎𝑝 + 𝑎)𝑉2 − 𝑏𝑉1 (2.48) 

Based on (2.48), 𝑉2 can be expressed in terms of 𝑉𝑄 and 𝑉1  

 𝑉2 =
𝑌𝑐𝑎𝑝

𝑌𝑐𝑎𝑝 + 𝑎
𝑉𝑄 +

𝑏

𝑌𝑐𝑎𝑝 + 𝑎
𝑉1 (2.49) 

Substitute (2.49) for 𝑉2, (2.47) can be rewritten as  

 0 = −𝑌𝑐𝑎𝑝𝑉𝑃 + (𝑌𝑐𝑎𝑝 + 𝑎)𝑉1 − 𝑏 (
𝑌𝑐𝑎𝑝

𝑌𝑐𝑎𝑝 + 𝑎
𝑉𝑄 +

𝑏

𝑌𝑐𝑎𝑝 + 𝑎
𝑉1) (2.50) 

Based on (2.50), 𝑉1 can be expressed in terms of 𝑉𝑃 and 𝑉𝑄  

 𝑉1 =
𝑌𝑐𝑎𝑝(𝑌𝑐𝑎𝑝 + 𝑎)

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

𝑉𝑃 +
𝑌𝑐𝑎𝑝𝑏

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

𝑉𝑄 (2.51) 

Substitute (2.49) for 𝑉2 and then (2.51) for 𝑉1 in (2.45), 𝐼𝑄 can be expressed in terms of 𝑉𝑃 and 𝑉𝑄  

 𝐼𝑄 = −
𝑌𝑐𝑎𝑝

2𝑏

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

𝑉𝑃 + (𝑌𝑐𝑎𝑝 −
𝑌𝑐𝑎𝑝

2(𝑌𝑐𝑎𝑝 + 𝑎)

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

)𝑉𝑄   (2.52) 

Substitute (2.51) for 𝑉1 in (2.45), 𝐼𝑃 can be expressed in terms of 𝑉𝑃 and 𝑉𝑄  

 𝐼𝑃 = (𝑌𝑐𝑎𝑝 −
𝑌𝑐𝑎𝑝

2(𝑌𝑐𝑎𝑝 + 𝑎)

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

)𝑉𝑃 −
𝑌𝑐𝑎𝑝

2𝑏

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

𝑉𝑄 (2.53) 

In vector-matrix form (2.52) and (2.53) become 
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[
𝐼𝑃
𝐼𝑄

] =

[
 
 
 
 
 𝑌𝑐𝑎𝑝 −

𝑌𝑐𝑎𝑝
2(𝑌𝑐𝑎𝑝 + 𝑎)

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

−
𝑌𝑐𝑎𝑝

2𝑏

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

−
𝑌𝑐𝑎𝑝

2𝑏

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

𝑌𝑐𝑎𝑝 −
𝑌𝑐𝑎𝑝

2(𝑌𝑐𝑎𝑝 + 𝑎)

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2]

 
 
 
 
 

[
𝑉𝑃

𝑉𝑄
]  

 

(2.54) 

Let 

 𝐴 = 𝑌𝑐𝑎𝑝 −
𝑌𝑐𝑎𝑝

2(𝑌𝑐𝑎𝑝 + 𝑎)

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

 (2.55) 

 𝐵 = −
𝑌𝑐𝑎𝑝

2𝑏

(𝑌𝑐𝑎𝑝 + 𝑎)
2
− 𝑏2

 (2.56) 

Then (2.54) is in the form of (2.44). Based on (2.55) and (2.56), (2.54) represents two linear 

equations, 

 
{
𝐼𝑃 = 𝐴𝑉𝑃 + 𝐵𝑉𝑄 = 𝑉𝑃 ∙ 𝐴 + 𝑉𝑄 ∙ 𝐵

𝐼𝑄 = 𝐵𝑉𝑃 + 𝐴𝑉𝑄 = 𝑉𝑄 ∙ 𝐴 + 𝑉𝑃 ∙ 𝐵
 

(2.57) 

Therefore, the following equation can be obtained  

 
[
𝐼𝑃
𝐼𝑄

] = [
𝑉𝑃 𝑉𝑄

𝑉𝑄 𝑉𝑃
] [

𝐴
𝐵
] 

(2.58) 

Consequently, 𝐴 and 𝐵 can be determined as 

 
[
𝐴
𝐵
] = [

𝑉𝑃 𝑉𝑄

𝑉𝑄 𝑉𝑃
]
−1

[
𝐼𝑃
𝐼𝑄

] 
(2.59) 

Eq. (2.59) is a key equation for line parameter estimation. It allows us to determine 𝐴 and 𝐵 from 

the measurements of 𝑉𝑃, 𝑉𝑄, 𝐼𝑃, and 𝐼𝑄. Once 𝐴 and 𝐵 are known, the values of 𝑎, 𝑏, and 𝑌𝑐𝑎𝑝 can 

be solved by using the Matlab fsolve function from (2.55) and (2.56). Based on 𝑎 and 𝑏, line 

parameters including positive sequence series impedance per unit length z1 and positive sequence 
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shunt admittance per unit length 𝑦1 can be solved by using the same approach as described in 

Section 2.1.  

2.3 Kalman Filter Estimation Methods for Transmission line Parameters  

The Kalman filter method is defined by two steps: prediction and update. Define the state 

to be estimated as 𝑥. In the first step, the priori estimate for the state at time 𝑘 is predicted based 

on the state at time 𝑘 − 1 by using (2.60); In this case, the line parameters are assumed to be static; 

Thus, �̂�𝑘
− will be predicted to have the same value as �̂�𝑘−1; the priori error covariance at time 𝑘 is 

calculated based on (2.61):  

 �̂�𝑘
− = �̂�𝑘−1 (2.60) 

 𝑃𝑘
− = 𝑃𝑘−1 + 𝑄 (2.61) 

where the subscript 𝑘 is the instant, the superscript – means priori, �̂� means the estimate for 𝑥, 𝑃 

is the error covariance, and 𝑄  is the process noise covariance. Then the Kalman gain 𝐾 , the 

posteriori estimate �̂� and the posteriori error covariance 𝑃 at instant 𝑘 is calculated by (2.62)-

(2.64), 

 𝐾𝑘 = 𝑃𝑘
−𝐻𝑘

𝑇(𝐻𝑘𝑃𝑘
−𝐻𝑘

𝑇 + 𝑅)−1 (2.62) 

 �̂�𝑘 = �̂�𝑘
− + 𝐾𝑘(𝑤𝑘 − 𝐻𝑘�̂�𝑘

−) (2.63) 

 𝑃𝑘 = (𝐼 − 𝐾𝑘𝐻𝑘)𝑃𝑘
− (2.64) 

where 𝑅 is the observation noise covariance, 𝐼 is the identity matrix, 𝐻 is the observation matrix, 

and 𝑤 is the observation vector. For the next time step 𝑘 + 1, the estimated value �̂�𝑘 will be used 

to compute �̂�𝑘+1
−  like in (2.60), and so forth. 



20 

 

In the following subsections, the Kalman filter line parameter estimation methods for the 

non-compensated transmission line and different types of series-compensated transmission lines 

will be discussed. Since the estimation process is described by the five questions (2.60)–(2.64), 

the most important task for the following subsections is to define the state to be estimated 𝑥𝑘, the 

measurement vector 𝑤𝑘, and the measurement matrix 𝐻𝑘. After estimation, the line parameters can 

be obtained using (2.13) – (2.20). 

2.3.1 Kalman Filter for Non-Compensated Transmission Line 

 The equivalent-𝜋 circuit of the non-compensated system is shown in Figure 2.5. 

 

Figure 2.5 The equivalent-𝜋 circuit of the positive sequence network of the non-compensated 

transmission line.  

In this circuit, the voltages and currents at the two buses can be related using the admittance 

matrix of the system.  

 [
𝐼𝑃
𝐼𝑄

] = [

1

𝑍
+

𝑌

2
−

1

𝑍

−
1

𝑍

1

𝑍
+

𝑌

2

] [
𝑉𝑃

𝑉𝑄
] (2.65) 

Let 𝑎 =
1

𝑍
+

𝑌

2
 and 𝑏 = −

1

𝑍
. Eq. (2.65) becomes 

𝑍 

𝑌

2
 

𝑌

2
 

𝑃 𝑄 
𝐼𝑄 

𝑉𝑃 𝑉𝑄 

𝐼𝑃 
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 [
𝐼𝑃
𝐼𝑄

] = [
𝑎 𝑏
𝑏 𝑎

] [
𝑉𝑃

𝑉𝑄
] (2.66) 

Eq. (2.66) can be rewritten as,  

 [
𝐼𝑃
𝐼𝑄

] = [
𝑉𝑃 𝑉𝑄

𝑉𝑄 𝑉𝑃
] [

𝑎
𝑏
] 

 

(2.67) 

Define the state to be estimated as 𝑥 = [
𝑎
𝑏
] . Assume that 𝑁  sets of measurements 

(𝐼𝑃1
, 𝐼𝑄1

, 𝑉𝑃1
, 𝑉𝑄1

, … , 𝐼𝑃𝑁
, 𝐼𝑄𝑁

, 𝑉𝑃𝑁
, 𝑉𝑄𝑁

)  are available. Then the 𝑘𝑡ℎ  (1 ≤ 𝑘 ≤ 𝑁)  true state is 

denoted as 𝑥𝑘=[
𝑎𝑘

𝑏𝑘
]. In addition, 𝐻𝑘 = [

𝑉𝑃𝑘
𝑉𝑄𝑘

𝑉𝑄𝑘
𝑉𝑃𝑘

] and 𝑍𝑘 = [
𝐼𝑃𝑘

𝐼𝑄𝑘

]. 

2.3.2 Kalman Filter for One-End Compensated Line 

 

Figure 2.6 The equivalent-π circuit of the positive sequence network of the one-end compensated 

line. 

The circuit diagram of the one-end compensated line is shown in Figure 2.6. The voltage 

and the current measurements at both ends are related by the admittance matrix,  

 [
𝐼𝑃
𝐼𝑄

] = [

𝑌

2
+

1

𝑍
−

1

𝑍

−
1

𝑍

𝑌

2
+

1

𝑍

] [
𝑉𝑃

𝑉𝑄 − 𝐼𝑄𝑍𝑐𝑎𝑝
] (2.68) 

 

  

 

𝑉𝑃 𝑉𝑄 

𝑄 𝑃 
𝐼𝑄 𝐼𝑃 
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Let 𝑎 =
𝑌

2
+

1

𝑍
 and 𝑏 =

1

𝑍
, then (2.68) can be expressed as 

 [
𝐼𝑃
𝐼𝑄

]  = [
𝑎 −𝑏

−𝑏 𝑎
] [

𝑉𝑃

𝑉𝑄 − 𝐼𝑄𝑍𝑐𝑎𝑝
] (2.69) 

Two equations can be obtained from the above,  

 𝐼𝑃  = 𝑉𝑃 ∙ 𝑎 − 𝑉𝑄 ∙ 𝑏 + 𝐼𝑄 ∙ 𝑏𝑍𝑐𝑎𝑝 (2.70) 

 𝐼𝑄  = 𝑉𝑄 ∙ 𝑎 − 𝑉𝑃 ∙ 𝑏 − 𝐼𝑄 ∙ 𝑎𝑍𝑐𝑎𝑝 (2.71) 

Rearrange (2.70) and (2.71) in vector-matrix form, we have 

 [
𝐼𝑃
𝐼𝑄

]  = [
𝑉𝑃 −𝑉𝑄 𝐼𝑄 0

𝑉𝑄 −𝑉𝑃 0 −𝐼𝑄
] [

𝑎
𝑏

𝑏𝑍𝑐𝑎𝑝

𝑎𝑍𝑐𝑎𝑝

] (2.72) 

To effectively estimate the line parameters, at least two sets of voltage and current 

measurements from both ends are required. The first set of measurements are denoted as 𝑉𝑃1
, 𝑉𝑄1

, 

𝐼𝑃1
, 𝐼𝑄1

 , and the second set of measurements are denoted as 𝑉𝑃2
, 𝑉𝑄2

, 𝐼𝑃2
, 𝐼𝑄2

. 

For the two sets of measurements, (2.72) can be rewritten as 

 

[
 
 
 
 
𝐼𝑃1

𝐼𝑄1

𝐼𝑃2

𝐼𝑄2]
 
 
 
 

=

[
 
 
 
 
𝑉𝑃1

𝑉𝑄1

𝑉𝑃2

𝑉𝑄2

−𝑉𝑄1

−𝑉𝑃1

−𝑉𝑄2

−𝑉𝑃2

−𝐼𝑄1

0
−𝐼𝑄2

0

0
−𝐼𝑄1

0
−𝐼𝑄2]

 
 
 
 

[

𝑎
𝑏
𝑔
ℎ

] (2.73) 

where 𝑔 = 𝑏𝑍𝑐𝑎𝑝 , and ℎ = 𝑎𝑍𝑐𝑎𝑝. 

The problem is formulated as (2.73). For Kalman filter, we define the true state to be 

estimated as 𝑥 = [𝑎 𝑏 𝑔 ℎ]𝑇 . Assume that we have 𝑁 (𝑁 ≥ 2)  sets of measurements 

(𝐼𝑃1
, 𝐼𝑄1

, 𝑉𝑃1
, 𝑉𝑄1

, … , 𝐼𝑃𝑁
, 𝐼𝑄𝑁

, 𝑉𝑃𝑁
, 𝑉𝑄𝑁

) . Then the 𝑘𝑡ℎ  (1 ≤ 𝑘 ≤
𝑁

2
)  true state is denoted as 

𝑥𝑘=[𝑎𝑘 𝑏𝑘 𝑔𝑘 ℎ𝑘]𝑇, which is corresponding to the (2𝑘 − 1)𝑡ℎ and (2𝑘)𝑡ℎ measurement sets. 
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Like previously, we specify the same five equations for the Kalman filter. The difference is in the 

𝑧𝑘 and 𝐻𝑘, for which we have 𝑧𝑘 =

[
 
 
 
 
𝐼𝑃2𝑘−1

𝐼𝑄2𝑘−1

𝐼𝑃2𝑘

𝐼𝑄2𝑘 ]
 
 
 
 

 and 𝐻𝑘 =

[
 
 
 
 
𝑉𝑃2𝑘−1

𝑉𝑄2𝑘−1
−𝐼𝑄2𝑘−1

0

𝑉𝑄2𝑘−1
𝑉𝑃2𝑘−1

0 −𝐼𝑄2𝑘−1

𝑉𝑃2𝑘
𝑉𝑄2𝑘

−𝐼𝑄2𝑘
0

𝑉𝑄2𝑘
𝑉𝑃2𝑘

0 −𝐼𝑄2𝑘 ]
 
 
 
 

. 

After the 𝑘𝑡ℎ recursion, we can obtain [�̂�𝑘 �̂�𝑘 �̂�𝑘 ℎ̂𝑘]𝑇. Similarly, the line parameters 

can be obtained using the same technique as described in Section 2.1.1. 

2.3.3 Kalman Filter for Mid-Compensated Line (Known Series Compensator)  

The circuit diagram of the mid-compensated line (known series compensator) is shown in 

Figure 2.2. The problem is formulated as (2.9). Define the state to be estimated as 𝑥 = [
𝐴
𝐵
] . 

Assume that 𝑁 sets of measurements (𝐼𝑃1
, 𝐼𝑄1

, 𝑉𝑃1
, 𝑉𝑄1

, … , 𝐼𝑃𝑁
, 𝐼𝑄𝑁

, 𝑉𝑃𝑁
, 𝑉𝑄𝑁

) are available. Then 

the 𝑘𝑡ℎ (1 ≤ 𝑘 ≤ 𝑁) true state is denoted as 𝑥𝑘=[
𝐴𝑘

𝐵𝑘
]. Here, 𝑧𝑘=[

𝐼𝑃𝑘

𝐼𝑄𝑘

] and 𝐻𝑘 = [
𝑉𝑃𝑘

𝑉𝑄𝑘

𝑉𝑄𝑘
𝑉𝑃𝑘

]. The 

estimated state [�̂�𝑘 �̂�𝑘]
𝑇  can be obtained after the 𝑘𝑡ℎ  recursion. Finally, �̂�𝑘  and �̂�𝑘  can be 

obtained using (2.11) and (2.12).  

2.3.4 Kalman Filter for Mid-Compensated Line (Known Current Through Series 

Compensator)  

The circuit diagram of the mid-compensated line (known series compensator current) is 

shown in Figure 2.3. To use the Kalman filter, first, we define the states to be estimated as 𝑥 =

[
𝑎
𝑏
]. Assume that there are 𝑁 sets of measurements (𝐼𝑃1

, 𝐼𝑄1
, 𝑉𝑃1

, 𝑉𝑄1
, 𝑉𝑄1

, 𝐼𝑅1
, …, 𝐼𝑃𝑁

, 𝐼𝑄𝑁
, 𝑉𝑃𝑁

, 

𝑉𝑄𝑁
, 𝐼𝑅𝑁

). Then the 𝑘𝑡ℎ  (1 ≤ 𝑘 ≤ 𝑁)  true state is denoted as 𝑥𝑘 = [
𝑎𝑘

𝑏𝑘
] , 𝐻𝑘 =

[
𝐼𝑄𝑘

𝑉𝑃𝑘
− 𝐼𝑃𝑘

𝑉𝑄𝑘
0

0 (𝐶�̅�
2 − 1)𝑉𝑃𝑘

], and 𝑧𝑘 = [
𝐼𝑅𝑘

(𝑉𝑃𝑘
+ 𝑉𝑄𝑘

)𝑏𝑘
̅̅ ̅

𝐶𝑘
̅̅ ̅𝐼𝑃𝑘

+ 𝐼𝑅𝑘

]. 
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2.3.5 Kalman Filter for Two-End Compensated Line 

The circuit diagram of the two-end line is shown in Figure 2.4. Define the state to be 

estimated as 𝑥 = [
𝐴
𝐵
]. Assume that there are 𝑁 sets of measurements (𝐼𝑃1

, 𝐼𝑄1
, 𝑉𝑃1

, 𝑉𝑄1
, …, 𝐼𝑃𝑁

, 𝐼𝑄𝑁
, 

𝑉𝑃𝑁
, 𝑉𝑄𝑁

). Then the 𝑘𝑡ℎ (1 ≤ 𝑘 ≤ 𝑁) true state is denoted as 𝑥𝑘=[
𝐴𝑘

𝐵𝑘
]. Similarly, we build the 

five equations of the Kalman filter. Here, 𝑧𝑘=[
𝐼𝑃𝑘

𝐼𝑄𝑘

] and 𝐻𝑘 = [
𝑉𝑃𝑘

𝑉𝑄𝑘

𝑉𝑄𝑘
𝑉𝑃𝑘

]. Once the estimates of 

𝐴 and 𝐵 are available, the line parameters can be solved using the following steps. For (2.55) and 

(2.56), we substitute the three line parameters 𝑟1, 𝑥1, and 𝑦1 for Y and Z using (2.1) – (2.4) . Then 

separating (2.55) and (2.56) into the real and imaginary parts, we get four new equations. The four 

equations can be solved using nonlinear equation solving techniques. 

2.3.6 Kalman Filter Tracking for Transmission Line Parameters 

To dynamically track the state without knowing any information between the states at 

instant 𝑘 and 𝑘 − 1, it is critical to make the most of measurements. Regular Kalman filtering 

technique yields slow tracking performance as shown in case studies that will be presented in 

Section 3. To improve the tracking performance of the Kalman filter, the following two adjustment 

methods are proposed. 

The first solution is to use the adjusted Kalman gain method, which increases the Kalman 

gain 𝐾 . While the priori estimate �̂�𝑘
−  gets pulled away from the actual value by the previous 

estimate �̂�𝑘−1, it is reasonable to add more weight to the current measurements. The concept of 

adjusting the Kalman gain has already been considered previously (such as in [32]). In our work, 

a factor 𝐷 (𝐷 > 1 ) is introduced as follows: 

 �̂�𝑘
− = �̂�𝑘−1 + 𝐷𝐾𝑘(𝑤𝑘 − 𝐻�̂�𝑘−1) (2.74) 
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The second solution is to use the fast Kalman method, which considers the direction in which the 

line parameters are moving toward, i.e., taking (�̂�𝑘
− − �̂�𝑘−𝑛) into account, where 𝑛 ≥ 1. Thus,  

 �̂�𝑘 = �̂�𝑘
− + 𝐾𝑘(𝑤𝑘 − 𝐻𝑘�̂�𝑘

−) + 𝑈(�̂�𝑘 − �̂�𝑘−𝑛) (2.75) 

where the variable 𝑈 is used to adjust the weight of (�̂�𝑘
− − �̂�𝑘−𝑛). By rearranging the terms, �̂�𝑘 

can be expressed as 

 
�̂�𝑘 =

1

1 − 𝑈
�̂�𝑘

− +
1

1 − 𝑈
𝐾𝑘(𝑤𝑘 − 𝐻�̂�𝑘

−) −
𝑈

1 − 𝑈
�̂�𝑘−𝑛 

(2.76) 

For the first 𝑛  estimations (when 𝑘 − 𝑛 < 0 ), �̂�𝑘−𝑛  is set to zero. Note that while 

increasing the value of 𝐷  and 𝑈  can increase the ability of dynamic tracking, it also brings 

instability to the algorithm. In the case studies, the value of 𝐷 and 𝑈 are chosen to balance the 

performance of dynamic tracking and stability. The choice of optimal process noise covariance 𝑄 

and measurement noise covariance 𝑅 can be found in [33]–[35]. 

In the following subsections, Kalman filter formulation is presented for different line 

configurations with and without series compensators, based on which the states and then the line 

parameters will be derived. 
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CHAPTER 3 TRANSMISSION LINE 

PARAMETER ESTIMATION CASE STUDIES 

In this chapter, we will discuss the process of transmission line parameter estimation and 

present the preliminary results. Based on the equations from the previous chapters, Matlab 

programs are written to implement the proposed estimation algorithms to estimate the transmission 

line parameters. The programs take measurement data, which are obtained through simulation of 

transmission line models in Matlab Simulink, as inputs. In other words, the Matlab Simulink 

simulation is a way to provide the measurements. As a result, the simulation process includes the 

following steps (also shown in Figure 3.1): 

(1) Build the transmission line model in Matlab Simulink and run the simulation to get the 

voltages and currents (the measurements).  

(2) Use the measured data as input to the program to estimate the desired parameters (If 

measurement error needs to be considered, we will introduce some noise to certain measurement 

quantities).  

(3) Produce results and calculate the estimation errors.  
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Figure 3.1 The process of line parameter estimation. 

The parameters of the simulated transmission line model used in the simulations are displayed in 

Table 3.1.  

 Table 3.1 Transmission line parameters used in the simulations 

Total Line Length 350 km 

Base Voltage 500 kV 

Base Power 1000MVA 

System Frequency 60 Hz 

Positive Sequence 

Parameters  

R (Ω/mile) L (H/mile) C (F/mile) 

0.249168 0.00156277 19.469 × 10−9 

 

Matlab Simulink Model 

Matlab Program 

(Implementation of  the 

proposed algorithms ) 

𝑉𝑃: voltage measurement at sending end 

Actual line parameters  

𝑧1 positive sequence series impedance per unit length 

𝑦1 positive sequence shunt admittance per unit length 

𝑧0 zero sequence series impedance per unit length 

𝑦0 zero sequence shunt admittance per unit length 

𝐼𝑃: current measurement at sending end 

𝑉𝑄: voltage measurement at receiving end 

𝐼𝑄: current measurement at receiving end 

Output 

Estimated line parameters  

𝑧Ƹ1: estimation of 𝑧1 

�̂�1: estimation of 𝑦1 

  

Output 

Input 

Input 
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3.1 Estimation Results for the Mid-Compensated Line 

In this Section, the line parameters of the transmission line with mid-compensation are 

estimated using the two methods described in Section 2.3. The estimation results will be given in 

Section 3.3.1 and Section 3.3.2 respectively. 

3.1.1 Estimation Results for the Case of Known Impedance of Series Compensator 

First, we test the estimation methods using measurements directly from PMUs. As we can 

see from Table 3.2, all line parameters can be estimated accurately. 

Table 3.2 The estimation results for mid-compensated line with known impedance of the series 

compensator 

Line Parameters Actual Values Estimated Values  Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 9.9455 × 10−4 0.85% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.3570 × 10−3 0.01% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8349 × 10−3 0.00% 

 

Next, we consider the effect of measurement errors. Table 3.3 shows the line parameter 

estimation results using one set of measurements for mid-compensated line where there is a 1% 

current measurement error at the sending end (measurement current magnitude is 99% of the actual 

current magnitude). In this case, all three parameters can still be estimated accurately. 
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Table 3.3 The estimation results for mid-compensated line with known impedance of the series 

compensator with 1% current error  

Line Parameters Actual Values Estimated Values  Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 1.0009 × 10−3 0.42% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.3604 × 10−3 0.16% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8360 × 10−3 0.06% 

 

Table 3.8 shows the line parameter estimation results using one set of measurements for 

mid-compensated line where there is a 1% voltage measurement error at the sending end 

(measurement voltage magnitude is 99% of the actual voltage magnitude). In this case, only shunt 

susceptance can be estimated with a small error. 

Table 3.4 The estimation results for mid-compensated line with known impedance of the series 

compensator with 1% voltage error  

Line Parameters Actual Values Estimated Values  Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 1.0768 × 10−3 8.04% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.3041 × 10−3 −2.23% 
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Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8446 × 10−3 0.53% 

 

3.1.2 Estimation Results for the Case of Known Current Through Series Compensator 

In this section, we estimate line parameters of mid-compensated transmission line when 

we have the current measurement at the series compensator. Table 3.5 shows the estimated results 

are very close to the actual line parameters.  

Table 3.5 The estimation results for mid-compensated line with known current at the series 

compensator 

Line Parameters Actual Values Estimated Values  Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 9.9455 × 10−4 0.85% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.3570 × 10−3 0.01% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8349 × 10−3 0.00% 

 

In practical applications, there may be measurement errors to the parameters. Table 3.6 

shows the line parameter estimation results using one set of measurements for mid-compensated 

line where there is a 1% current measurement error at sending end (measurement current 

magnitude is 99% of the actual current magnitude). In this situation, only shunt susceptance can 

be estimated accurately. 
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Table 3.6 The estimation results for mid-compensated line with known current at the series 

compensator with 1% current error  

Line Parameters Actual Values Estimated Values  Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 6.8644 × 10−4 −16.02% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 1.6225 × 10−3 −15.50% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8468 × 10−3 0.32% 

 

Then we apply a 1% error on voltage measurements at the sending end. Table 3.7 shows 

that only the shunt susceptance can be estimated accurately in this case. 

Table 3.7 The estimation results for mid-compensated line with known current at the series 

compensator with 1% voltage error  

Line Parameters Actual Values Estimated Values  Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 1.1639 × 10−3 16.77% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.2519 × 10−3 −4.44% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8453 × 10−3 0.57% 
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3.2 Estimation Results for the Two-End Equivalent Compensated Line 

In this Section, line parameters of transmission line with two-end compensation is 

estimated using the proposed algorithm in Section 2.1.2. As discussed, this method uses the Matlab 

fsolve function, which requires a set of initial inputs of estimated line parameters. In the actual 

situation, we may have transmission line parameters that are close to their actual values. Here, we 

assume that we have some difference to the initial inputs within ±10% of the actual values. The 

initial inputs of series impedance and shunt susceptance are 90% of their actual values, and series 

reactance and series compensator’s admittance are 110% of their actual values. As we can see in 

Table 3.8, the estimated values are still very accurate with all the estimation errors equal to 0%. 

Table 3.8 The estimation results for two-end compensated line  

Line Parameters Actual Values Estimated Values  Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 9.9667 × 10−4 0.00% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.3566 × 10−3 0.00% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8349 × 10−3 0.00% 

Series 

Compensator’s 

Admittance (p.u.) 

 

8.6718 

 

8.6718 

 

0.00% 
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3.3 Kalman Filter Estimation Results for Transmission Line Parameters 

3.3.1 Kalman Filter Estimation Results for Non-Compensated Line  

In this section, the proposed method for the non-compensated line is studied. First, no 

measurement noises are added to voltage and current data. The estimated line parameters are very 

close to their true values as shown in Table 3.9. 

Table 3.9 The estimation results for non-compensated transmission line using Kalman filter 

Line Parameters Actual Values 

Estimated 

Values 

Estimation 

Errors 

Series Resistance (p.u./mile) 9.9667 × 10−4 9.8815 × 10−4 0.80% 

Series Reactance (p.u./mile) 2.3566 × 10−3 2.3584 × 10−3 0.08% 

Shunt Susceptance (p.u./mile) 1.8349 × 10−3 1.8348 × 10−3 0.01% 

 

Then the voltage and current data from the simulation are added with Gaussian white noise 

to create 20 sets of new measurements. The standard deviation of the magnitude measurement 

error and the angle measurement error are denoted by 𝜎𝑚𝑎𝑔  and 𝜎𝑡ℎ𝑒𝑡𝑎 . We define 𝜎𝑚𝑎𝑔 =

|𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡| × 0.5%, and 𝜎𝑡ℎ𝑒𝑡𝑎 = 0.2° ( 𝜎𝑡ℎ𝑒𝑡𝑎 is selected as the equivalent of 10𝜇𝑠, which 

is calculated by (3.1) ). The estimation results for the two unknown variables 𝑎 and 𝑏 are shown 

in Figure 3.2 – Figure 3.5. Both variables can be estimated accurately while the estimation results 

of the direct calculation appear to be more greatly affected by measurement noises.  
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 10𝜇𝑠 ×
60 𝑐𝑦𝑐𝑙𝑒𝑠

106 𝜇𝑠
 ×

360°

1 𝑐𝑦𝑐𝑙𝑒
≈ 0.2° (3.1) 

 

 

Figure 3.2 The estimation results for the real part of the variable 𝑎 for non-compensated line. 

 

Figure 3.3 The estimation results for the imaginary part of the variable 𝑎 for non-compensated 

line. 
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Figure 3.4 The estimation results for the real part of the variable 𝑏 for non-compensated line. 

 

 

Figure 3.5 The estimation results for the imaginary part of the variable 𝑏 for non-compensated 

line. 

The estimated a and b are then used to calculate the line parameters. The estimation results 

for the line parameters are shown in Figure 3.6 – Figure 3.8. We can see that the estimation 

accuracy of all three line parameters is improved by using the Kalman filter. 
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Figure 3.6 The estimation results for 𝑟1 for the non-compensated line. 

 

Figure 3.7 The estimation results for 𝑥1 for the non-compensated line. 
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Figure 3.8 The estimation results for 𝑦1 for the non-compensated line. 

The estimated line parameters of the 20th measurements are shown in Table 3.10. It is 

shown that all the parameters have been estimated reliably. 

Table 3.10 Line parameters obtained from the 20th estimation results for the non-compensated 

line with noises in measurements using the Kalman filter 

Line Parameters Actual Values 

Estimated 

Values 

Estimation 

Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 9.7420 × 10−4 2.25% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.3836 × 10−3 1.27% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8366 × 10−3 0.09% 
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3.3.2 Kalman Filter Estimation Results for One End-Compensated Line 

The proposed method for the one-end compensated line is studied in this section. First, the 

estimation is performed for the measurements without any noise. The line parameters estimation 

results of the Kalman filter are displayed in Table 3.11. It is shown that all the three line parameters 

and the compensator parameter can be estimated accurately. 

Table 3.11 Line parameters obtained from estimation results for the one-end compensated line 

without noise in measurements using the Kalman filter  

Line Parameters Actual Values Estimated Values Estimation Errors 

Series Resistance (p.u./mile) 9.9667 × 10−4 9.8829 × 10−4 0.84% 

Series Reactance (p.u./mile) 2.3566 × 10−3 2.3581 × 10−3 0.07% 

Shunt Susceptance (p.u./mile) 1.8349 × 10−3 1.8348 × 10−3 0.00% 

Capacitance of Series 

Compensator (p.u./mile) 

4.6006 × 10−5 4.6019 × 10−5 0.03% 

 

Then Gaussian white noises are added to the measurements. The estimates for the real and 

imaginary parts of the four unknown variables 𝑎, 𝑏, 𝑔, and ℎ are shown in Figure 3.9 – Figure 

3.16. We can see that the estimation results of the direct calculation are considerably affected by 

measurement noises. The estimates of the proposed method are getting very close to the actual 

values after the initial several estimates.  
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Figure 3.9 The estimation results for the real part of the variable 𝑎 for one-end compensated line. 

 

Figure 3.10 The estimation results for the imaginary part of the variable 𝑎  for one-end 

compensated line. 
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Figure 3.11 The estimation results for the real part of the variable 𝑏 for one-end compensated line. 

 

Figure 3.12 The estimation results for the imaginary part of the variable 𝑏  for one-end 

compensated line. 
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Figure 3.13 The estimation results for the real part of the variable 𝑔 for one-end compensated line. 

 

Figure 3.14 The estimation results for the imaginary part of the variable 𝑔  for one-end 

compensated line. 
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Figure 3.15 The estimation results for the real part of the variable ℎ for one-end compensated line. 

 

Figure 3.16 The estimation results for the imaginary part of the variable ℎ  for one-end 

compensated line. 

The estimated line parameters are shown in Figure 3.17 – Figure 3.20. Evidently, the 

proposed Kalman filter method produces accurate estimates. 
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Figure 3.17 The estimation results for 𝑟1 of one-end compensated line. 

 

Figure 3.18 The estimation results for 𝑥1 of one-end compensated line. 
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Figure 3.19 The estimation results for 𝑦1 of one-end compensated line. 

 

Figure 3.20 The estimation results for 𝑍𝑐𝑎𝑝 of one-end compensated line. 

The 20th estimation results details are shown in Table 3.12. As we can see, the estimation 

results of the proposed method for the one-end compensated line are very close to the actual values. 
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Table 3.12 Line parameters obtained from the 20th estimation results for the one-end 

compensated line with noises in measurements using the Kalman filter 

Line Parameters Actual Values Estimated Values Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 1.0332 × 10−3 3.67% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.4271 × 10−3 2.98% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8223 × 10−3 −0.69% 

Capacitance of 

Series Compensator 

(p.u./mile) 

4.6006 × 10−5 4.3905 × 10−5 −4.57% 

 

3.3.3 Kalman Filter Estimation Results for Mid-Compensated Line (Known Series 

compensator) 

The proposed method for the mid-compensated line is studied in this section. First, the 

proposed method is used to perform estimation when there are no noises in the measurements. The 

estimation results are very accurate as shown in Table 3.13.  
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Table 3.13 Line parameters obtained from estimation results for the mid-compensated line 

without noise in measurements using the Kalman filter  

Line Parameters Actual Values Estimated Values Estimation Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 9.9455 × 10−4 0.84% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.3571 × 10−3 0.07% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8349 × 10−3 0.00% 

 

Then the voltage and current measurements are added with noise. The estimates for the 

variables 𝐴 and 𝐵 are shown in Figure 3.21 – Figure 3.24. It can be seen that the proposed method 

generates accurate results. 

 

Figure 3.21 The estimation results for the real part of the variable 𝐴 for the mid-compensated line. 
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Figure 3.22 The estimation results for the imaginary part of the variable 𝐴  for the mid-

compensated line. 

 

Figure 3.23 The estimation results for the real part of the variable 𝐵 for the mid-compensated line. 
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Figure 3.24 The estimation results for the imaginary part of the variable 𝐵  for the mid-

compensated line. 

 Figure 3.25 – Figure 3.27 show the estimates for the three line parameters. It is clear that 

the estimation results of the proposed method are more stable and accurate. 

 
Figure 3.25 The estimation results for 𝑟1 for the mid-compensated line. 
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Figure 3.26 The estimation results for 𝑥1 for the mid-compensated line. 

 

Figure 3.27 The estimation results for 𝑦1 for the mid-compensated line. 

The 20th estimation results are shown in Table 3.14. All three line parameters can be 

estimated accurately under the effect of measurement noises. 
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Table 3.14 Line parameters obtained from the 20th estimation results for the mid-compensated 

line with noises in measurements using the Kalman filter 

Line Parameters Actual Values 

Estimated 

Values 

Estimation 

Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 1.0332 × 10−3 2.98% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.4271 × 10−3 −0.64% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8223 × 10−3 0.03% 

 

3.3.4 Kalman Filter Estimation Results for Mid-Compensated Line (Known Current 

Through Series Compensator)  

The proposed method for the mid-compensated line is studied in this section. First, we add 

a magnitude noise with the standard deviation 𝜎𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 = 0.1% × magnitude  of  the 

measurement and an angle noise with the standard deviation 𝜎𝑎𝑛𝑔𝑙𝑒 = 0.2 ° (= 10 𝜇𝑠) to each 

measurement. The estimation results of the real and imaginary parts of the variables 𝑎 and 𝑏 are 

shown in Figure 3.28 – Figure 3.32. The estimation results of the proposed Kalman filter based 

method and direct calculation, and the actual values are compared in each plot. 
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Figure 3.28 The estimation results for the real part of the variable 𝑎 for the mid-compensated line. 

 

Figure 3.29 The estimation results for the real part of the variable 𝑎 for the mid-compensated line. 
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Figure 3.30 The estimation results for the imaginary part of the variable 𝑎 for the mid-compensated 

line. 

 

Figure 3.31 The estimation results for the real part of the variable 𝑏 for the mid-compensated line. 
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Figure 3.32 The estimation results for the imaginary part of the variable 𝑏 for the mid-compensated 

line. 

The estimation results for both the variables of the Kalman filter are getting closer to the 

actual values after several measurements. Based on the estimated variables, the three line 

parameters are calculated, and the results are shown in Figure 3.33–Figure 3.35. 

 

Figure 3.33 The estimation results for 𝑟1 for the mid-compensated line. 
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Figure 3.34 The estimation results for 𝑥1 for the mid-compensated line. 

 

Figure 3.35 The estimation results for 𝑦1 for the mid-compensated line. 

In Figure 3.33 and Figure 3.34, the proposed Kalman filter method has much better 

estimation accuracy than direct calculation after a few measurements. The estimation errors have 

been greatly reduced by the proposed method. From Figure 3.35, we can observe that both the 

Kalman filter method and the direct calculation method yield similarly accurate results for 𝑦1. 

Table II shows the results of the proposed method estimated at the 20th measurements set. 
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Table 3.15 Line parameters obtained from estimation results for the mid-compensated line with 

noise in measurements using Kalman filter at the 20th measurements 

Line Parameters Actual Values 

Estimated 

Values 

Estimation 

Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 9.5204 × 10−4 6.41% 

Series Reactance 

(p.u./mile) 

2.3566 × 10−3 2.3694 × 10−3 3.37% 

Shunt Susceptance 

(p.u./mile) 

1.8349 × 10−3 1.8372 × 10−3 0.05% 

 

3.3.5 Kalman Filter Estimation Results for Two-End Compensated Line  

In this section, the estimation results of the two-end compensated line are studied. Again, 

each measurement is added with a magnitude noise with the standard deviation 𝜎𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 = 

0.1%× magnitude of the measurement and an angle noise with the standard deviation 𝜎𝑎𝑛𝑔𝑙𝑒 =

0.2 °. The estimation result of proposed methods and direct calculation for the variables 𝐴 and 𝐵 

are shown in Figure 3.36 – Figure 3.39. 
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Figure 3.36 The estimation results for the real part of the variable 𝐴 for the two-end compensated 

line. 

 

Figure 3.37 The estimation results for the imaginary part of the variable 𝐴  for the two-end 

compensated line. 
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Figure 3.38 The estimation results for the real part of the variable 𝐵 for the two-end compensated 

line. 

 

Figure 3.39 The estimation results for the imaginary part of the variable 𝐵  for the two-end 

compensated line. 

As these figures show, the estimates of the proposed method converge to the actual value 

while the estimates of direct calculation are sensitive to the added noise. Then the line parameters 

including 𝑟1, 𝑥1, 𝑦1, and 𝑌𝑐𝑎𝑝 can be obtained by the proposed method. The results are shown in 

Figure 3.40 – Figure 3.43.  
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Figure 3.40 The estimation results for 𝑟1 for the two-end compensated line. 

 

Figure 3.41 The estimation results for 𝑥1 for the two-end compensated line. 
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Figure 3.42 The estimation results for 𝑦1 for the two-end compensated line. 

 

Figure 3.43 The estimation results for 𝑌𝑐𝑎𝑝 for the two-end compensated line. 

From Figure 3.40, we can see that the estimation accuracy for 𝑟1 has been improved 

greatly by the proposed method compared to the direct calculation. While in Figure 3.41 – Figure 

3.43, both methods have the same estimation accuracy for estimating 𝑥1, 𝑦1, and 𝑌𝑐𝑎𝑝, which 

means the estimates for those three parameters are not very sensitive to the noise in the PMU 

measurements. The line parameters calculated from the Kalman filter at the 20th measurement sets 

are displayed in Table 3.16. 
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 Table 3.16 Line parameters obtained from estimation results for the two-end 

compensated line with noise in measurements using Kalman filter at the 20th measurements 

Line Parameters Actual Values Estimated Values 
Estimation 

Errors 

Series Resistance 

(p.u./mile) 

9.9667 × 10−4 9.9449 × 10−4 −0.42% 

Series Reactance 

(p.u./mile) 
2.3566 × 10−3 2.2229 × 10−3 −5.41% 

Shunt Susceptance 

(p.u./mile) 
1.8349 × 10−3 1.7426 × 10−3 −5.03% 

Capacitance of Series 

Compensator 

(p.u./mile) 

8.6718 × 10−5 9.8632 × 10−5 13.74% 

 

3.4 Kalman Filter Tracking Results for Transmission Line Parameters 

This section presents evaluation studies based on simulated data. Different line 

configurations were built using Matlab Simscape Electrical and the proposed algorithms were 

implemented in Matlab. The actual parameters of the transmission line are shown in Table 3.1. 

Simulation studies were run to generate voltage and current phasor measurements during varying 

operating conditions. The measurements were added with normally distributed random noises. 

Each random noise consists of two parts: the magnitude noise and the angle noise. Both noises 

have their mean set to zero. For the magnitude noise, its mean 𝜇𝑚𝑎𝑔 = 0 and its standard deviation 

𝜎𝑚𝑎𝑔  varies for each case; for the angle noise, its mean 𝜇𝑎𝑛𝑔𝑙𝑒 = 0 and its standard deviation 

𝜎𝑎𝑛𝑔𝑙𝑒 = 0.2°.  

Since the series resistance is more susceptible to the change of loading and weather 

conditions when compared to the series reactance and shunt susceptance, we only changed the 

series resistance dynamically while the series reactance and shunt susceptance were kept static. In 
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all the simulations, the series resistance was first set to its normal value and then changed to 120%, 

150%, 100%, and 80% of its normal value during different periods.  

For each case study, the estimation results of the normal Kalman filter method, adjusted 

Kalman filter method, and fast Kalman filter method (the parameter 𝑛 is set to 2 for all cases) were 

compared. 

3.4.1 Kalman Filter Tracking Results for Non-Compensated Transmission Line 

The parameters used for the non-compensated line are shown in Table 3.17. The variables 

𝐷 ,  𝑈1 , 𝑈2  correspond to Adjusted Kalman gain method, Fast KF1 and Fast KF2 method, 

respectively. 

Table 3.17 The parameters of the proposed methods and the random noise used for the non-

compensated line  

Parameter  𝐷  𝑈1  𝑈2  𝜎𝑚𝑎𝑔  

Value 20 0.4 0.3 0.5%  

 

The estimation results for the parameters of the non-compensated line are shown in Figure 

3.44 –Figure 3.46. The adjusted Kalman gain method has the best performance among all the 

methods when tracking the dynamically changing series resistance. 
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Figure 3.44 The tracking results for the positive sequence series resistance of the non-compensated 

line. 

 

 

Figure 3.45 The tracking results for the positive sequence series reactance of the non-compensated 

line. 
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Figure 3.46 The tracking results for the positive sequence shunt susceptance of the non-

compensated line. 

3.4.2 Kalman Filter Tracking Results for One-End Compensated Line 

The parameters used for the one-end compensated line are shown in Table 3.18. 

Table 3.18 The parameters of the proposed methods and the random noise used for the one-end 

compensated line 

Parameter  𝐷  𝑈1  𝑈2  𝜎𝑚𝑎𝑔 

Value 10 0.4 0.3 0.1% 

 

The tracking results for the positive sequence series resistance, series reactance, shunt 

susceptance, and the reactance of the series compensator of the one-end compensated line are 

shown in Figure 3.47–Figure 3.50. From the results, we can see that the proposed methods are able 

to track the dynamically changing line parameters accurately and quickly. 
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Figure 3.47 The tracking results for the positive sequence series resistance of the one-end 

compensated line. 

 

Figure 3.48 The tracking results for the positive sequence series reactance of the one-end 

compensated line. 
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Figure 3.49 The tracking results for the positive sequence shunt susceptance of the one-end 

compensated line. 

 

Figure 3.50 The tracking results for the positive sequence reactance of the series compensator of 

the one-end compensated line. 

 

3.4.3 Kalman Filter Tracking Results for Mid-Compensated Line (Know Series 

Compensator) 

The parameters used for the proposed method for the mid-compensated line are displayed 

in Table 4. 
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Table 3.19 The parameters of the proposed methods and the random noise used for the mid-

compensated line with known series compensator 

Parameter  𝐷  𝑈1  𝑈2  𝜎𝑚𝑎𝑔 

Value 10 0.4 0.3 0.5% 

 

The tracking results for the positive sequence series resistance, series reactance, and shunt 

susceptance of the mid-compensated line with known impedance of series compensator are shown 

in Figure 3.51–Figure 3.53. The results show that the proposed methods have the capability to 

track the changing line parameters. 

 

Figure 3.51 The tracking results for the positive sequence series resistance of the mid-compensated 

Line with known series compensator. 
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Figure 3.52 The tracking results for the positive sequence series reactance of the mid-compensated 

line with known series compensator. 

 

 

Figure 3.53 The tracking results for the positive sequence shunt susceptance of the mid-

compensated line with known series compensator. 
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3.4.4 Kalman Filter Tracking Results for Mid-Compensated Line (Known Current 

Through Series Compensator) 

The parameters used for the proposed method for the mid-compensated line with known 

current through series compensator are displayed in Table 3.20. 

Table 3.20 The parameters of the proposed methods and the random noise used for the mid-

compensated line with known current through series compensator 

Parameter  𝐷  𝑈1  𝑈2  𝜎𝑚𝑎𝑔 

Value 10 0.3 0.2 0.1% 

 

The tracking results for the positive sequence series resistance, series reactance, and shunt 

susceptance of the one-end compensated line are shown in Figure 3.54–Figure 3.56. The proposed 

methods can successfully track the dynamic line parameters. 

 

Figure 3.54 The tracking results for the positive sequence series resistance of the mid-compensated 

line with known current through series compensator. 
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Figure 3.55 The tracking results for the positive sequence series reactance of the mid-compensated 

line with known current through series compensator. 

 

Figure 3.56 The tracking results for the positive sequence shunt susceptance of the mid-

compensated line with known current through series compensator. 

3.4.5 Kalman Filter Tracking Results for Two-end Compensated Line  

The parameters used for the proposed tracking methods for the two-end compensated line 

are displayed in Table 3.21. 
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Table 3.21 The parameters of the proposed methods and the random noise used for the two-end 

compensated line 

Parameter  𝐷  𝑈1  𝑈2  𝜎𝑚𝑎𝑔 

Value 10 0.3 0.2 0.5% 

 

The tracking results for the positive sequence series resistance, series reactance, shunt 

susceptance, and the reactance of the series compensator of the two-end compensated line are 

shown in Figure 3.57–Figure 3.58. All three line parameters can be tracked successfully by the 

proposed method. 

 

Figure 3.57 The tracking results for the positive sequence series resistance of the two-end 

compensated line. 
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Figure 3.58 The tracking results for the positive sequence series reactance of the two-end 

compensated line. 

 

Figure 3.59 The tracking results for the positive sequence shunt susceptance of the two-end 

compensated line. 
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CHAPTER 4 ZIP LOAD MODEL PARAMETER 

ESTIMATION 

4.1 ZIP Load Model and Parameter Estimation for a Single Load 

A single load can have two possible connection types. One is star connected, which is 

connected between a phase and the neutral. Another type is delta connected, which is connected 

between two different phases.  

The ZIP load model for a single load is described by (4.1) and (4.2), where |𝑉|, 𝑃, and 𝑄 

are the voltage magnitude, real power, reactive power, as measured.  

 𝑃 = 𝑃0 (𝑎𝑝 (
|𝑉|

𝑉0
)

2

+ 𝑏𝑝 (
|𝑉|

𝑉0
) + 𝑐𝑝) (4.1) 

 𝑄 = 𝑄0 (𝑎𝑞 (
|𝑉|

𝑉0
)

2

+ 𝑏𝑞 (
|𝑉|

𝑉0
) + 𝑐𝑞) (4.2) 

where 𝑃0 , 𝑄0, 𝑉0 are the base real power, base reactive power, and base voltage. 𝑎, 𝑏, and 𝑐 are 

the ZIP parameters and their sum is equal to 1. Subscripts 𝑝 and 𝑞 to the ZIP parameters indicate 

values for real and reactive power, respectively. 

In (4.1) and (4.2), for a star-connected single load, 𝑉 represents the phase to neutral voltage, 

and 𝑃 and 𝑄 represent the phase real and reactive power; for a delta-connected single load, 𝑉 

should be the voltage difference between the two phases, and 𝑃 and 𝑄 are the sums of the real and 

reactive power measured at each phase. For example, suppose that a load is connected between 

phase 𝐵 and 𝐶. Equation (4.1) may be more explicitly written as 
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 𝑃𝐵 + 𝑃𝐶 = 𝑃0 (𝑎𝑝 (
|𝑉𝐵𝐶|

√3𝑉0

)

2

+ 𝑏𝑝 (
|𝑉𝐵𝐶|

√3𝑉0

) + 𝑐𝑝) (4.3) 

 𝑉𝐵𝐶 = 𝑉𝐵 − 𝑉𝐶 (4.4) 

where, 𝑃𝐵 and 𝑃𝐶 are phase B and C real power, √3𝑉0 denotes the base voltage of the delta load, 

and 𝑉𝐵𝐶 is phase B to C voltage. 

However, in practical applications, the phase angle of voltage may not always be available, 

and only phase voltage magnitude is measured. Thus the line to line voltage cannot be calculated. 

In this case, the average voltage magnitude of phase B and C is often used in the ZIP load model, 

i.e., |𝑉𝐵𝐶𝑎𝑣𝑔
| in (4.5). For balanced cases, 𝑉𝑐 = 𝑉𝐵∠ − 120°, we have 

 |𝑉𝐵𝐶𝑎𝑣𝑔
| =

|𝑉𝐵| + |𝑉𝑐|

2𝑉0
=

|𝑉𝐵|

𝑉0
 (4.5) 

which is the same as 
|𝑉𝐵𝐶|

√3𝑉0
. Therefore, using average magnitude will get identical results as using 

line-to-line voltage in the ZIP model for balanced voltage cases. Different results may be yielded 

for unbalanced cases, which will be further explained later. 

In the following sections, the three commonly used estimation methods for the ZIP load 

model are discussed. A window size 𝑛 is selected for each estimation, i.e., 𝑛 sets of measurements 

are used for each estimation. It is assumed that the ZIP load model parameters remain constant, 

i.e., 𝑎, 𝑏, 𝑐, 𝑃0, and 𝑄0 stay unchanged during the period of taking the 𝑛 sets of measurements, 

although ZIP parameters may change over time.  
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4.1.1 Least Squares Method  

The least squares method has been described in [25], [29], [36], [37] to estimate ZIP 

parameters based on the matrix equation 𝑍 = 𝐻𝑥. In summary, we have 

 𝑍 = [𝑃1, 𝑃2, … , 𝑃𝑛]𝑇 (4.6) 

 𝐻 =

[
 
 
 
 
 
 
 
 (

|𝑉1|

𝑉0
)

2
|𝑉1|

𝑉0
1

(
|𝑉2|

𝑉0
)

2
|𝑉2|

𝑉0
1

⋮ ⋮ ⋮

(
|𝑉𝑛|

𝑉0
)

2
|𝑉𝑛|

𝑉0
1
]
 
 
 
 
 
 
 
 

 (4.7) 

 𝑥 = [

𝑎𝑝𝑃0

𝑏𝑝𝑃0

𝑐𝑝𝑃0

] (4.8) 

where 𝑍 consists of measured real power, 𝐻 is composed of voltage measurements, and 𝑥 is the 

unknown vector. The solution of the least squares method is given by  

 𝑥 = (𝐻𝑇𝐻)−1𝐻𝑇𝑍 (4.9) 

Once 𝑥 is obtained, 𝑃0 is calculated as the sum of 𝑥, which implies that the sum of 𝑎𝑝, 𝑏𝑝 and 𝑐𝑝 

is one. The ZIP parameters 𝑎𝑝, 𝑏𝑝 and 𝑐𝑝 are calculated by dividing 𝑥 by 𝑃0. 

4.1.2 Optimization Method 

The optimization method has been used in [24] to estimate ZIP parameters and works 

similarly to the theory of the least squares method. For a window size of 𝑛, (4.10) can be written 

based on the ZIP load model.  
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[

𝑓1
𝑓2
⋮
𝑓𝑛

] = [

𝑃1

𝑃2

⋮
𝑃𝑛

] −

[
 
 
 
 
 
 
 
 (

|𝑉1|

𝑉0
)

2
|𝑉1|

𝑉0
1

(
|𝑉2|

𝑉0
)

2
|𝑉2|

𝑉0
1

⋮ ⋮ ⋮

(
|𝑉𝑛|

𝑉0
)

2
|𝑉𝑛|

𝑉0
1
]
 
 
 
 
 
 
 
 

[

𝑎𝑝𝑃0

𝑏𝑝𝑃0

𝑐𝑝𝑃0

] 

 

 

(4.10) 

where 𝑓 is the difference between the measured 𝑃 and the estimated 𝑃(calculated by using the 

measured voltage and estimated ZIP parameters). The optimization method will produce the 

estimation results that minimize 𝑓1(𝑥)2 + 𝑓2(𝑥)2 + ⋯+ 𝑓𝑛(𝑥)2 . Constraints can be easily 

imposed including 𝑎𝑝 + 𝑏𝑝 + 𝑐𝑝=1 and 𝑎𝑝, 𝑏𝑝, and 𝑐𝑝 being non-negative for loads. 

 

4.1.3 Extension to Least Squares and Optimization Method 

For practical applications, if we only want to obtain an average set of ZIP parameters, then 

the following method can be used. 

We assume that for every 𝑁1 consecutive time points, e.g., 4 points, 𝑃0 remains constant. 

Suppose we have a total of 𝑛 sets of measurements, say 2 sets, each of which contains such 𝑁1 

points. Then the total number of measurements will be 𝑛𝑁1. We have 

 

 

𝑃1 = 𝑃01
[𝑎𝑝 (

|𝑉1|

𝑉0
)
2

+ 𝑏𝑝 (
|𝑉1|

𝑉0
) + 𝑐𝑝] 

𝑃2 = 𝑃01
[𝑎𝑝 (

|𝑉2|

𝑉0
)
2

+ 𝑏𝑝 (
|𝑉2|

𝑉0
) + 𝑐𝑝] 

… 

(4.11) 
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𝑃𝑁1
= 𝑃0𝑁1

[𝑎𝑝 (
|𝑉𝑁1

|

𝑉0
)

2

+ 𝑏𝑝 (
|𝑉𝑁1

|

𝑉0
) + 𝑐𝑝] 

… 

𝑃(𝑘−1)∗𝑁1+𝑖 = 𝑃0𝑘 [𝑎𝑝 (
|𝑉(𝑘−1)∗𝑁1+𝑖|

𝑉0
)

2

+ 𝑏𝑝 (
|𝑉(𝑘−1)∗𝑁1+𝑖|

𝑉0
) + 𝑐𝑝] 

 
where, 𝑎𝑝 + 𝑏𝑝 + 𝑐𝑝 = 1, 𝑘 = 1,… , 𝑛 is measurement set index, and 𝑖 = 1,… , 𝑁1 are time points 

within each measurement set. The number of equations: 𝑛𝑁1 and the number of the unknown 

variables is 𝑃0𝑘 , 𝑎𝑝, 𝑏𝑝 ,  𝑐𝑝 , a total of 𝑛 + 3  unknowns. Then either the least squares or 

optimization method can be used to solve for the unknowns. 

In another variant, one of the ZIP parameters can be eliminated, so that the power can be 

written using any two of the ZIP parameters. For example, in (4.12), 𝑐𝑝 is eliminated and the ZIP 

load model is represented by 𝑎𝑝 and 𝑏𝑝. 

 𝑃𝑁1
= 𝑃01 {𝑎𝑝 [(

|𝑉𝑁1
|

𝑉0
)

2

− 1] + 𝑏𝑝 [(
|𝑉𝑁1

|

𝑉0
) − 1] + 1} (4.12) 

 

4.1.4 Kalman Filter Method 

Similar to the Kalman filter method used for estimating line parameters, the Kalman filter 

method for ZIP load model parameters is also based on the five questions (2.60)–(2.64), which 

have been explained in Section 2.3.6. In this section, we just need to define the state to be estimated 
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𝑥𝑘 = [

𝑎𝑝𝑃0

𝑏𝑝𝑃0

𝑐𝑝𝑃0

], the measurement vector 𝑤𝑘 = [𝑃1, 𝑃2, … , 𝑃𝑛]𝑇 , and the measurement matrix 𝐻𝑘 =

[
 
 
 
 
 
 (

|𝑉1|

𝑉0
)
2 |𝑉1|

𝑉0
1

(
|𝑉2|

𝑉0
)
2 |𝑉2|

𝑉0
1

⋮ ⋮ ⋮

(
|𝑉𝑛|

𝑉0
)
2 |𝑉𝑛|

𝑉0
1]
 
 
 
 
 
 

.  

4.1.5 Neural Network Method 

The neural network has been used in [26], [54] to estimate the ZIP parameters. The 

structure of the proposed neural network is shown in Figure 4.1. It has two inputs ((
𝑉

𝑉0
)
2

,
𝑉

𝑉0
) and 

one output 𝑃. The measured voltages and powers are used as training data to train the neural 

network. The neural network will be trained for every 𝑛 sets of measurements. After training, the 

weights and bias can be extracted from the trained neural network, from which the ZIP parameters 

can be obtained. 

 

Figure 4.1 The structure of the neural network for ZIP load modeling. 

4.1.6 Measurement Noises 

In this section, the ZIP parameter estimation is studied under the effect of measurement 

noise. To this end, the ZIP parameters and base power are kept constant: 𝑎𝑝 = 0.25, 𝑏𝑝 = 0.15, 

(
𝑉

𝑉0
)
2

 

𝑉

𝑉0
 

𝑎𝑃𝑃0 

𝑏𝑃𝑃0 
+𝑐𝑃𝑃0 

𝑃 
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𝑐𝑝 = 0.60, 𝑃0 = 110. The base voltage is 120 𝑉. The estimation is performed using the least 

squares method. The noise is added to both power and voltage measurements and is defined as 

normally distributed random numbers with the mean 𝜇 = 0  and the standard deviation 𝜎 =

0.01% of the measurement magnitude. With very small measurement noises, the estimation error 

can be substantial as shown in Figure 4.2.  

 

Figure 4.2 The ZIP estimation results for a single load with measurement noise (blue: estimated 

values; red: actual values). 

For example, for the 3rd estimate, the voltage and power measurements without noises are: 

(114.6535, 114.3669, 117.1774, 116.7569) 𝑉 and (106.8690, 106.7042, 108.3334, 108.0877) 𝑊. 

The estimated ZIP parameters and 𝑃0 are: (0.2497, 0.1506, 0.5997) and 109.9998 𝑊, which are 

very close to the actual ZIP parameters. The mean squared error (MSE) is 5.61 × 10−8. Then, the 

ZIP parameters are estimated using voltage and power measurements with noises, which are: 

(114.6320, 114.3859, 117.1775, 116.7657) 𝑉 and(106.8867, 106.6926, 108.3361, 108.0999) 𝑊. 
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The estimated ZIP parameters and 𝑃0 are: (-3.2461, 6.8988, -2.6527) and 109.5718 𝑊. The MSE 

is 2.24 × 10−4. If we use the actual ZIP and base power value (0.25, 0.15, 0.60, 110), the MSE 

is calculated as 3.67 × 10−4. Therefore, the estimated values indeed yield smaller MSE than true 

values do, even though they deviate from true values. 

4.2 ZIP Load Model and Parameter Estimation for Aggregate Load 

In a power system, the measurement at a single load might not always be available. 

Therefore, there is the need of having a ZIP load model for several loads. Based on the modeling 

for a single load, we can also derive the ZIP load model for several loads connected together, i.e., 

aggregate load.  

This section presents the ZIP load model and parameter estimation for aggregate load. 

Section 4.2.1 discusses a single delta load continuing from Section 4.1.  

4.2.1 ZIP Load Model for a Single Delta Load 

This section studies a single load connected between two phases. In this case, the load is 

connected between phase B and C, as shown in Figure 4.3. Suppose that the load has base power 

𝑃0 = 100𝑘𝑊, base line to line voltage 𝑉0𝐿𝐿 = 4.16𝑘𝑉, and the ZIP parameters 𝑎𝑝 = 0.2, 𝑎𝑝 =

0.5, and 𝑐𝑝 = 0.3.  

 

Figure 4.3 The circuit diagram of a single delta load. 

𝑉𝐴 

𝑉𝐵 

𝑉𝐶 



80 

 

The following subsections study the ZIP estimation for single delta under the balanced and 

different unbalanced voltage conditions. For each subsection, the ZIP parameters of the single 

delta load are estimated using the average voltage. The line-to-line voltage has also been used in 

estimation, but the results are not presented in each subsection since it always gives accurate results. 

All the estimation results are produced by using the least squares method. 

4.2.1.1 Balanced Voltages Condition 

In this section, the ZIP parameter estimation for a single delta load is studied under the 

balanced voltage condition. The voltage and power data used for estimation are shown in Table 

4.1.  

Table 4.1 Voltage and power data for the single delta load under the balanced voltage condition  

|𝑉𝐵| (kV) ∠𝑉𝐵 (degree) |𝑉𝐶| (kV) ∠𝑉𝐶  (degree) 𝑃 (kW) 

2.2800 -120 2.2800 120 95.4882 

2.4480 -120 2.4480 120 101.7395 

2.5680 -120 2.5680 120 106.3245 

2.6400 -120 2.6400 120 109.1235 

 

If we use the line to line voltage magnitude, the estimated ZIP parameters are:𝑎𝑝 =

0.2000, 𝑏𝑝 = 0.5000, and 𝑐𝑝 = 0.3000. If we use the average voltage magnitudes, the estimated 

ZIP parameters are: 𝑎𝑝 = 0.1998, 𝑏𝑝 = 0.5000, and 𝑐𝑝 = 0.3002. The results show that using 

average voltage for estimation can provide good estimation accuracy.  
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4.2.1.2 Unbalanced Voltages Condition (Unbalanced Magnitudes) 

This section studies the effect of the unbalanced voltage magnitudes on ZIP parameter 

estimation for a single delta load. The estimated ZIP parameters are: 𝑎𝑝 = 0.1993, 𝑏𝑝 = 0.5012, 

and 𝑐𝑝 = 0.2995. 

Table 4.2 Voltage and power data for the single delta load under the unbalanced voltage 

magnitude condition 

|𝑉𝐵| 

(kV) 

∠𝑉𝐵 

(degree) 

|𝑉𝐶| (kV) ∠𝑉𝐶  (degree) 𝑃 (kW) Voltage unbalance 

2.2572 -120 2.2800 120 95.0714 0.50% 

2.3998 -120 2.4480 120 100.8314 1.00% 

2.5423 -120 2.5680 120 105.8296 0.50% 

2.5898 -120 2.6400 120 108.1460 0.96% 

 

4.2.1.3 Unbalanced Voltages Condition (Unbalanced Angles) 

The effect of unbalanced voltage angle on ZIP parameter estimation is studied in this case. 

The four sets of measurements used for estimation are shown in Table 4.3. The estimated 𝑎𝑝 =

0.4171 ,  𝑏𝑝 = 0.0488 , and 𝑐𝑝 = 0.5341 . Table 4.4 shows another set of measurements with 

voltage angle unbalance, and the estimated 𝑎𝑝 = 0.2020, 𝑏𝑝 = 0.5005, and 𝑐𝑝 = 0.2975.  

In the first case, the voltage angle unbalance is relatively small compared to the second 

case. But the unbalance is varying and the estimation results deviate a lot from the theoretical 

values. For the second case, as long as the voltage angle unbalance is invariant, the estimation 

results are promising although the voltage angle unbalance is large. 
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Table 4.3 Voltage and power data for the single delta load under the unbalanced voltage angle 

condition one 

|𝑉𝐵| 

(kV) 

∠𝑉𝐵 (degree) |𝑉𝐶| 

(kV) 

∠𝑉𝐶  (degree) 𝑃 (kW) 

2.2800 -119 2.2800 120 95.9062 

2.4480 -119.3 2.4480 120 102.0643 

2.5680 -119.5 2.5680 120 106.5736 

2.6400 -119.2 2.6400 120 109.5377 

 

Table 4.4 Voltage and power data for the single delta load under the unbalanced voltage angle 

condition two 

|𝑉𝐵| 

(kV) 

∠𝑉𝐵 

(degree) 

|𝑉𝐶| 

(kV) 

∠𝑉𝐶  (degree) 𝑃 (kW) 

2.2800 -118 2.2800 120 95.9062 

2.4480 -118 2.4480 120 102.1105 

2.5680 -118 2.5680 120 106.7717 

2.6400 -118 2.6400 120 109.4862 
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4.2.2 Aggregate ZIP Load Model for Three-Phase Star Load 

 

Figure 4.4 The circuit diagram for a three-phase star load. 

In this section, the aggregate ZIP load model for the three-phase star-connected load is 

discussed. Figure 4.4 shows the circuit diagram. The individual ZIP load models for the real power 

of three single loads connected at phase A, B, and C can be described by (4.13)–(4.15)  

 𝑃𝐴 = 𝑃0𝐴
(𝑎𝑝𝐴

(
|𝑉𝐴|

𝑉0
)

2

+ 𝑏𝑝𝐴
(
|𝑉𝐴|

𝑉0
) + 𝑐𝑝𝐴

) (4.13) 

 𝑃𝐵 = 𝑃0𝐵
(𝑎𝑝𝐵

(
|𝑉𝐵|

𝑉0
)

2

+ 𝑏𝑝𝐵
(
|𝑉𝐵|

𝑉0
) + 𝑐𝑝𝐵

) (4.14) 

 𝑃𝐶 = 𝑃0𝐶
(𝑎𝑝𝐶

(
|𝑉𝐶|

𝑉0
)

2

+ 𝑏𝑝𝐶
(
|𝑉𝐶|

𝑉0
) + 𝑐𝑝𝐶

) (4.15) 

It is hard to obtain an analytical form of ZIP load model for an aggregate ZIP load as in the single 

ZIP load model unless the three-phase voltages are balanced. So, if |𝑉𝐴| = |𝑉𝐵| = |𝑉𝐶| = 𝑉, then 

we can obtain  (4.16) by summing (4.13)–(4.15). 

 𝑃𝐴𝑔𝑔 = 𝑃0𝐴𝑔𝑔
(𝑎𝑝𝐴𝑔𝑔

(
𝑉

𝑉0
)
2

+ 𝑏𝑝𝐴𝑔𝑔

𝑉

𝑉0
+ 𝑐𝑝𝐴𝑔𝑔

)  (4.16) 

where  

 𝑃𝐴𝑔𝑔 = 𝑃𝐴 + 𝑃𝐵 + 𝑃𝐶  (4.17) 

 𝑃0𝐴𝑔𝑔
= 𝑃0𝐴

+ 𝑃0𝐵
+ 𝑃0𝐶

 (4.18) 

𝑉𝐴 

𝑉𝐵 

𝑉𝐶 
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 𝑎𝑝𝐴𝑔𝑔
=

𝑃0𝐴
𝑎𝑝𝐴

+ 𝑃0𝐵
𝑎𝑝𝐵

+ 𝑃0𝐶
𝑎𝑝𝐶

𝑃0𝐴
+ 𝑃0𝐵

+ 𝑃0𝐶

 (4.19) 

 𝑏𝑝𝐴𝑔𝑔
=

𝑃0𝐴
𝑏𝑝𝐴

+ 𝑃0𝐵
𝑏𝑝𝐵

+ 𝑃0𝐶
𝑎𝑝𝐶

𝑃0𝐴
+ 𝑃0𝐵

+ 𝑃0𝐶

 (4.20) 

 𝑐𝑝𝐴𝑔𝑔
=

𝑃0𝐴
𝑐𝑝𝐴

+ 𝑃0𝐵
𝑐𝑝𝐵

+ 𝑃0𝐶
𝑐𝑝𝐶

𝑃0𝐴
+ 𝑃0𝐵

+ 𝑃0𝐶

 (4.21) 

The aggregate ZIP parameters are the weighted averages of the individual ZIP parameters of each 

load while the weights are the base power of each load. For the unbalanced system, the average 

three-phase voltage magnitude can be used: 

 
𝑉 =

|𝑉𝐴| + |𝑉𝐵| + |𝑉𝐶|

3
 

(4.22) 

Next, we studied the ZIP parameter estimation for the three-phase star load with four 

different configurations. The single loads at phase A, B, and C can have the same or different base 

power (𝑃0) and same or different ZIP parameters, which make up the four configurations. For each 

configuration, the ZIP parameter estimation is performed using the balanced and unbalanced 

voltage data shown in Table 4.5. The voltage unbalance [55] is calculated by  

 𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒 % =
𝑚𝑎𝑥 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 𝑎𝑣𝑔. 𝑉

𝑎𝑣𝑔. 𝑉
 (4.23) 

The estimation results are shown in Table 4.6–Table 4.9. The fourth row of every table is 

for the calculated theoretical ZIP parameters based on (4.19)–(4.21). It can be seen that the ZIP 

parameters can be estimated accurately under balanced voltages condition for all four 

configurations. However, under the condition of the unbalanced voltage, the ZIP parameters can 

only be estimated without much deviation for the three-phase loads with the same 𝑃0 and the same 

ZIP parameters configuration. 
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Table 4.5 Three-phase balanced and unbalanced voltages 

Balanced Voltages Case Unbalanced Voltages Case 

|𝑉𝐴| (kV) |𝑉𝐵| (kV) |𝑉𝐶| (kV) |𝑉𝐴| (kV) |𝑉𝐵| (kV) |𝑉𝐶| (kV) Voltage 

unbalance 

2.3040 2.3040 2.3040 2.3040 2.2560 2.3520 2.08% 

2.4240 2.4240 2.4240 2.4240 2.3520 2.4720 2.64% 

2.5200 2.5200 2.5200 2.5200 2.4480 2.5920 2.85% 

2.6160 2.6160 2.6160 2.6160 2.5680 2.6400 1.53% 

 

Table 4.6 The ZIP parameters of each load and the estimation results for the three-phase star load 

(same 𝑃0 and same ZIP parameters) 

 𝑎𝑝 𝑏𝑝 𝑐𝑝 𝑃0(𝑘𝑊) 

Load connected at phase A  0.4 0.2  0.4 120 

Load connected at phase B  0.4 0.2  0.4 120 

Load connected at phase C  0.4 0.2  0.4 120 

Calculated Aggregate ZIP 0.4 0.2  0.4 360 

Estimated Aggregate ZIP (balanced voltages case) 0.4 0.2 0.4 360 

Estimated Aggregate ZIP (unbalanced voltages case) 0.36 0.27 0.37 360.07 
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Table 4.7 The ZIP parameters of each load and the estimation results for the three-phase star load 

(same 𝑃0 and different ZIP parameters) 

 𝑎𝑝 𝑏𝑝 𝑐𝑝 𝑃0(𝑘𝑊) 

Load connected at phase A  0.4 0.2  0.4 120 

Load connected at phase B  0.6 0.3  0.1 120 

Load connected at phase C  0.2 0.3 0.5 120 

Calculated Aggregate ZIP 0.40 0.27  0.33 360 

Estimated Aggregate ZIP (balanced voltages case) 0.40 0.27  0.33 360 

Estimated Aggregate ZIP (unbalanced voltages case) 1.14 -1.25 1.10 357.37 

 

 

Table 4.8 The ZIP parameters of each load and the estimation results for the three-phase star load 

(different 𝑃0 and same ZIP parameters) 

 𝑎𝑝 𝑏𝑝 𝑐𝑝 𝑃0(𝑘𝑊) 

Load connected at phase A  0.4 0.2  0.4 120 

Load connected at phase B  0.4 0.2  0.4 150 

Load connected at phase C  0.4 0.2  0.4 80 

Calculated Aggregate ZIP 0.4 0.2  0.4 350 

Estimated Aggregate ZIP (balanced voltages case) 0.4 0.2  0.4 350 

Estimated Aggregate ZIP (unbalanced voltages case) 0.94 -0.90 0.96 348.12 
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Table 4.9 The ZIP parameters of each load and the estimation results for the three-phase star load 

(different 𝑃0 and different ZIP parameters) 

 𝑎𝑝 𝑏𝑝 𝑐𝑝 𝑃0(𝑘𝑊) 

Load connected at phase A  0.4 0.2  0.4 120 

Load connected at phase B  0.6 0.3  0.1 150 

Load connected at phase C  0.2 0.3 0.5 80 

Calculated Aggregate ZIP 0.44 0.27  0.29 350 

Estimated Aggregate ZIP (balanced voltages case) 0.44 0.27  0.29 350 

Estimated Aggregate ZIP (unbalanced voltages case) 1.80 -2.52 1.71 345.32 

 

4.2.3 Aggregate ZIP Load Model for Three-Phase Delta Load 

 

Figure 4.5 The circuit diagram for a three-phase delta load. 

This section presents the aggregate ZIP load model for the real power of the three-phase aggregate 

delta loads. The circuit diagram is shown in Figure 4.5. The individual ZIP load model of the three 

loads can be expressed as in (4.24)–(4.26) 

 𝑃𝐴𝐵 = 𝑃0𝐴𝐵
(𝑎𝑝𝐴𝐵

(
|𝑉𝐴𝐵|

√3𝑉0

)

2

+ 𝑏𝑝𝐴𝐵
(
|𝑉𝐴𝐵|

√3𝑉0

) + 𝑐𝑝𝐴𝐵
) (4.24) 

𝑉𝐴 

𝑉𝐵 

𝑉𝐶 
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 𝑃𝐵𝐶 = 𝑃0𝐵𝐶
(𝑎𝑝𝐵𝐶

(
|𝑉𝐵𝐶|

√3𝑉0

)

2

+ 𝑏𝑝𝐵𝐶
(
|𝑉𝐵𝐶|

√3𝑉0

) + 𝑐𝑝𝐵𝐶
) (4.25) 

 𝑃𝐴𝐶 = 𝑃0𝐴𝐶
(𝑎𝑝𝐴𝐶

(
|𝑉𝐴𝐶|

√3𝑉0

)

2

+ 𝑏𝑝𝐴𝐶
(
|𝑉𝐴𝐶|

√3𝑉0

) + 𝑐𝑝𝐴𝐶
) (4.26) 

If the three-phase voltages are balanced, i.e., |𝑉𝐴| = |𝑉𝐵| = |𝑉𝐶| = 𝑉, then (4.24)–(4.26) can be 

rewritten as (4.27)–(4.29).  

 𝑃𝐴𝐵 = 𝑃0𝐴𝐵
(𝑎𝑝𝐴𝐵

(
𝑉

𝑉0
)
2

+ 𝑏𝑝𝐴𝐵
(
𝑉

𝑉0
) + 𝑐𝑝𝐴𝐵

) (4.27) 

 𝑃𝐵𝐶 = 𝑃0𝐵𝐶
(𝑎𝑝𝐵𝐶

(
𝑉

𝑉0
)
2

+ 𝑏𝑝𝐵𝐶
(
𝑉

𝑉0
) + 𝑐𝑝𝐵𝐶

) (4.28) 

 𝑃𝐴𝐶 = 𝑃0𝐴𝐶
(𝑎𝑝𝐴𝐶

(
𝑉

𝑉0
)
2

+ 𝑏𝑝𝐴𝐶
(
𝑉

𝑉0
) + 𝑐𝑝𝐴𝐶

) (4.29) 

Then an analytical form of aggregate ZIP load model can be obtained by summing (4.27)-(4.29)  

 
𝑃𝐴𝑔𝑔 = 𝑃0𝐴𝑔𝑔

(𝑎𝑝𝐴𝑔𝑔
(
𝑉

𝑉0
)
2

+ 𝑏𝑝𝐴𝑔𝑔

𝑉

𝑉0
+ 𝑐𝑝𝐴𝑔𝑔

) 
 

(4.30) 

where  

 𝑃𝐴𝑔𝑔 = 𝑃𝐴𝐵 + 𝑃𝐵𝐶 + 𝑃𝐴𝐶 (4.31) 

 𝑃0𝐴𝑔𝑔
= 𝑃0𝐴𝐵

+ 𝑃0𝐵𝐶
+ 𝑃0𝐴𝐶

 (4.32) 
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 𝑎𝑝𝐴𝑔𝑔
=

𝑃0𝐴𝐵
𝑎𝑝𝐴𝐵

+ 𝑃0𝐵𝐶
𝑎𝑝𝐵𝐶

+ 𝑃0𝐴𝐶
𝑎𝑝𝐴𝐶

𝑃0𝐴𝐵
+ 𝑃0𝐵𝐶

+ 𝑃0𝐴𝐶

 (4.33) 

 𝑏𝑝𝐴𝑔𝑔
=

𝑃0𝐴𝐵
𝑎𝑝𝐴𝐵

+ 𝑃0𝐵𝐶
𝑎𝑝𝐵𝐶

+ 𝑃0𝐴𝐶
𝑎𝑝𝐴𝐶

𝑃0𝐴𝐵
+ 𝑃0𝐵𝐶

+ 𝑃0𝐴𝐶

 (4.34) 

 𝑐𝑝𝐴𝑔𝑔
=

𝑃0𝐴𝐵
𝑎𝑝𝐴𝐵

+ 𝑃0𝐵𝐶
𝑎𝑝𝐵𝐶

+ 𝑃0𝐴𝐶
𝑎𝑝𝐴𝐶

𝑃0𝐴𝐵
+ 𝑃0𝐵𝐶

+ 𝑃0𝐴𝐶

 (4.35) 

For the case of unbalanced voltages, we can use the three-phase average voltage as the voltage 

variable for the ZIP load model for the three-phase delta load. 

The ZIP parameter estimation for the three-phase delta load is also studied for the four 

different configurations under balanced and unbalanced voltages conditions using the voltage data 

in Table 4.5. The results are shown in Table 4.10–Table 4.13 From the results, we have similar 

observations: the voltage unbalance can cause the estimated ZIP parameters to deviate from the 

theoretical ZIP parameters, and the deviation is minimum for the three-phase load with the same 

base power and same ZIP parameters configuration.  

Table 4.10 The ZIP parameters of each load and the estimation results for the three-phase delta 

load (same 𝑃0 and same ZIP parameters)  

 𝑎𝑝 𝑏𝑝 𝑐𝑝 𝑃0(𝑘𝑊) 

Load connected at phase A and B  0.4 0.2  0.4 120 

Load connected at phase B and C 0.4 0.2  0.4 120 

Load connected at phase A and C 0.4 0.2  0.4 120 

Calculated Aggregate ZIP 0.4 0.2  0.4 360 

Estimated Aggregate ZIP (balanced voltages case) 0.40 0.20 0.40 359.73 
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Estimated Aggregate ZIP (unbalanced voltages case) 0.38 0.24 0.38 359.77 

 

Table 4.11 The ZIP parameters of each load and the estimation results for the three-phase delta 

load (same 𝑃0 and different ZIP parameters)  

 𝑎𝑝 𝑏𝑝 𝑐𝑝 𝑃0(𝑘𝑊) 

Load connected at phase A and B  0.4 0.2  0.4 120 

Load connected at phase B and C 0.6 0.3  0.1 120 

Load connected at phase A and C 0.2 0.3 0.5 120 

Calculated Aggregate ZIP 0.40 0.27  0.33 360 

Estimated Aggregate ZIP (balanced voltages case) 0.40 0.27 0.33 359.71 

Estimated Aggregate ZIP (unbalanced voltages case) 0.53 0.00 0.47 359.20 

 

Table 4.12 The ZIP parameters of each load and the estimation results for the three-phase delta 

load (different 𝑃0 and same ZIP parameters)  

 𝑎𝑝 𝑏𝑝 𝑐𝑝 𝑃0(𝑘𝑊) 

Load connected at phase A and B  0.4 0.2  0.4 120 

Load connected at phase B and C 0.4 0.2  0.4 150 

Load connected at phase A and C 0.4 0.2  0.4 80 

Calculated Aggregate ZIP 0.4 0.2  0.4 350 

Estimated Aggregate ZIP (balanced voltages case) 0.40 0.20 0.40 349.74 

Estimated Aggregate ZIP (unbalanced voltages case) 0.55 -0.10 0.55 349.19 
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Table 4.13 The ZIP parameters of each load and the estimation results for the three-phase delta 

load (different 𝑃0 and same ZIP parameters)  

 𝑎𝑝 𝑏𝑝 𝑐𝑝 𝑃0(𝑘𝑊) 

Load connected at phase A and B  0.4 0.2  0.4 120 

Load connected at phase B and C 0.6 0.3  0.1 150 

Load connected at phase A and C 0.2 0.3 0.5 80 

Calculated Aggregate ZIP 0.44 0.27  0.29 350 

Estimated Aggregate ZIP (balanced voltages case) 0.44 0.27 0.30 349.70 

Estimated Aggregate ZIP (unbalanced voltages case) 0.69 -0.24 0.55 348.76 

 

4.2.4 Aggregate ZIP Load Model for Multiple Three-Phase Star Loads 

This section studies the aggregate ZIP load model for multiple three-phase star-connected 

balanced loads in power systems. Suppose there are 𝑛 three-phase balanced star loads connected 

together. Assume that |𝑉𝐴| = |𝑉𝐵| = |𝑉𝐶| = 𝑉. The real power of each three-phase load are 𝑃𝑖 (𝑖 =

1, 2, … , 𝑛); the ZIP parameters and base power of the ZIP model for three each load are 𝑃0𝑖
 and 

(𝑎𝑝𝑖
, 𝑏𝑝𝑖

, 𝑐𝑝𝑖
). The power of each three-phase star-connected load can be expressed as  

 𝑃𝑖 = 𝑃0𝑖
(𝑎𝑝𝑖

(
|𝑉|

𝑉0
)

2

+ 𝑏𝑝𝑖

|𝑉|

𝑉0
+ 𝑐𝑝𝑖

) (4.36) 

Then the aggregate ZIP load model for the multiple three-phase loads can be expressed as 

 𝑃𝐴𝑔𝑔 = 𝑃0𝐴𝑔𝑔
(𝑎𝑝𝐴𝑔𝑔

(
|𝑉|

𝑉0
)

2

+ 𝑏𝑝𝐴𝑔𝑔

|𝑉|

𝑉0
+ 𝑐𝑝𝐴𝑔𝑔

)  (4.37) 

where  
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 𝑃𝐴𝑔𝑔 = ∑𝑃𝑖

𝑛

𝑖=1

 (4.38) 

 𝑃0𝐴𝑔𝑔
= ∑𝑃0𝑖

𝑛

𝑖=1

 (4.39) 

 𝑎𝑝𝐴𝑔𝑔
=

∑ 𝑃0𝑖
𝑎𝑝𝑖

𝑛
𝑖=1

∑ 𝑃0𝑖
𝑛
𝑖=1

 (4.40) 

 𝑏𝑝𝐴𝑔𝑔
=

∑ 𝑃0𝑖
𝑏𝑝𝑖

𝑛
𝑖=1

∑ 𝑃0𝑖
𝑛
𝑖=1

 (4.41) 

 𝑐𝑝𝐴𝑔𝑔
=

∑ 𝑃0𝑖
𝑐𝑝𝑖

𝑛
𝑖=1

∑ 𝑃0𝑖
𝑛
𝑖=1

 (4.42) 

If the ZIP parameters of all loads are the same, then the aggregate ZIP parameters will also be the 

same as the ZIP parameters of each load despite what the base power of each load is and how the 

base power of each load changes with time.  

If all loads do not have the same ZIP parameters, the aggregate ZIP parameters will only 

keep constant if the base power of each load is constant or the ratio between the base powers of all 

loads are constant. For unbalanced system, we can use the three-phase average voltage as the 

voltage variable for the ZIP load model. 

4.2.5 Aggregate ZIP Load Model for Multiple Three-Phase Delta Loads 

The aggregate ZIP load model for multiple three-phase delta connected loads is the same 

as the aggregate ZIP load model for multiple three-phase star loads as given by  (4.37) under the 

assumption that the system voltages are balanced. 
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4.2.6 Aggregate ZIP Load Model for Multiple Three-Phase Star and Delta Loads 

The aggregate ZIP load model for multiple three-phase star and delta loads can also be 

described by  (4.37) since the aggregate ZIP load model for both multiple star loads and multiple 

delta loads can be described by  (4.37). 

4.2.7 Aggregate ZIP Load Model for Multiple Star Loads 

In this case, the aggregate ZIP load model for multiple three-phase and single-phase star 

connected loads are studied. Figure 4.6 shows the circuit diagram. 

 

Figure 4.6 The circuit diagram of three-phase and single-phase star loads. 

First, the aggregate ZIP load model can be obtained for each phase. Suppose that 𝑛 single 

loads are connected to phase A and the voltage drop on the line is ignored. Thus all loads will have 

the same voltage, and the general form of load 𝑖 (𝑖 = 1, 2, … , 𝑛 ) connected to Phase A can be 

described by (4.43) 

 𝑃𝐴𝑖
= 𝑃0𝐴𝑖

(𝑎𝑝𝐴𝑖
(
|𝑉𝐴|

𝑉0
)

2

+ 𝑏𝑝𝐴𝑖

|𝑉𝐴|

𝑉0
+ 𝑐𝑝𝐴𝑖

) (4.43) 

Then the aggregate ZIP load model can be obtained  

𝑉𝐴 

𝑉𝐵 

𝑉𝐶 
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 𝑃𝐴𝐴𝑔𝑔
= 𝑃0𝐴𝐴𝑔𝑔

(𝑎𝑝𝐴𝐴𝑔𝑔
(
|𝑉𝐴|

𝑉0
)

2

+ 𝑏𝑝𝐴𝐴𝑔𝑔

|𝑉𝐴|

𝑉0
+ 𝑐𝑝𝐴𝐴𝑔𝑔

) (4.44) 

where 

 𝑃𝐴𝐴𝑔𝑔
= ∑𝑃𝐴𝑖

𝑛

𝑖=1

 (4.45) 

 𝑃0𝐴𝐴𝑔𝑔
= ∑𝑃0𝐴𝑖

𝑛

𝑖=1

 (4.46) 

 𝑎𝑝𝐴𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝑖
𝑎𝑝𝐴𝑖

𝑛
𝑖=1

∑ 𝑃0𝐴𝑖

𝑛
𝑖=1

 (4.47) 

 𝑏𝑝𝐴𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝑖
𝑏𝑝𝐴𝑖

𝑛
𝑖=1

∑ 𝑃0𝐴𝑖

𝑛
𝑖=1

 (4.48) 

 𝑐𝑝𝐴𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝑖
𝑐𝑝𝐴𝑖

𝑛
𝑖=1

∑ 𝑃0𝐴𝑖

𝑛
𝑖=1

 (4.49) 

The aggregate ZIP load model can be derived similarly for the loads connected at phase B to 

neutral and phase C to neutral. Suppose 𝑉𝐴 = 𝑉𝐵 = 𝑉𝐶 = 𝑉 and there are 𝑚 loads and 𝑘 loads 

connected at Phase B and C, respectively, the ZIP load model for multiple star aggregate loads can 

be represented by (4.50) 

 𝑃𝐴𝑔𝑔 = 𝑃0𝐴𝑔𝑔
(𝑎𝑝𝐴𝑔𝑔

(
𝑉

𝑉0
)
2

+ 𝑏𝑝𝐴𝑔𝑔

𝑉

𝑉0
+ 𝑐𝑝𝐴𝑔𝑔

) (4.50) 

where  

 𝑃𝐴𝑔𝑔 = ∑𝑃𝐴𝑖

𝑛

𝑖=1

+ ∑𝑃𝐵𝑖

𝑚

𝑖=1

+ ∑𝑃𝐶𝑖

𝑘

𝑖=1

 (4.51) 
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 𝑃0𝐴𝑔𝑔
= ∑𝑃0𝐴𝑖

𝑛

𝑖=1

+ ∑𝑃0𝐵𝑖

𝑚

𝑖=1

+ ∑𝑃0𝐶𝑖

𝑘

𝑖=1

 (4.52) 

 𝑎𝑝𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝑖
𝑎𝑝𝐴𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝑖

𝑎𝑝𝐵𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐶𝑖

𝑎𝑝𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

 (4.53) 

 𝑏𝑝𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝑖
𝑏𝑝𝐴𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝑖

𝑏𝑝𝐵𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐶𝑖

𝑏𝑝𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

 (4.54) 

 𝑐𝑝𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝑖
𝑐𝑝𝐴𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝑖

𝑐𝑝𝐵𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐶𝑖

𝑐𝑝𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

 (4.55) 

The aggregate base power is the sum of the base power of each load, and the aggregate ZIP 

parameters are the weighted averages of the ZIP parameters of each load while the weights are the 

base power of each load. If all loads have the same ZIP parameters, the aggregate ZIP load model 

will have the same ZIP parameters regardless of the base power of each load. 

 

4.2.8 Aggregate ZIP Load Model for Multiple Delta Loads 

In this case, the aggregate ZIP load model for multiple delta-connected loads (three-phase 

and single delta loads) are studied. The circuit diagram is shown in Figure 4.7. 

 

Figure 4.7 The circuit diagram of three-phase delta loads. 

First, the aggregate ZIP load model can be obtained for every two phases. Suppose that 𝑛 

single delta loads are connected between Phase A and B. Thus, all loads will have the same line-

𝑉𝐴 

𝑉𝐵 

𝑉𝐶 
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to-line voltage and the general form of load 𝑖 (𝑖 = 1, 2, … , 𝑛 ) connected to Phase A and B can be 

described by (4.56) 

 𝑃𝐴𝐵𝑖
= 𝑃0𝐴𝐵𝑖

(𝑎𝑝𝐴𝐵𝑖
(
|𝑉𝐴𝐵|

√3𝑉0

)

2

+ 𝑏𝑝𝐴𝐵𝑖

|𝑉𝐴𝐵|

√3𝑉0

+ 𝑐𝑝𝐴𝐵𝑖
) (4.56) 

Then the aggregate ZIP load model can be obtained  

𝑃𝐴𝐵𝐴𝑔𝑔
= 𝑃0𝐴𝐵𝐴𝑔𝑔

(𝑎𝑝𝐴𝐵𝐴𝑔𝑔
(
|𝑉𝐴𝐵|

√3𝑉0

)

2

+ 𝑏𝑝𝐴𝐵𝐴𝑔𝑔

|𝑉𝐴𝐵|

√3𝑉0

+ 𝑐𝑝𝐴𝐵𝐴𝑔𝑔
) (4.57) 

where 

 𝑃𝐴𝐵𝐴𝑔𝑔
= ∑𝑃𝐴𝐵𝑖

𝑛

𝑖=1

 (4.58) 

 𝑃0𝐴𝐵𝐴𝑔𝑔
= ∑𝑃0𝐴𝐵𝑖

𝑛

𝑖=1

 (4.59) 

 𝑎𝑝𝐴𝐵𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝐵𝑖
𝑎𝑝𝐴𝐵𝑖

𝑛
𝑖=1

∑ 𝑃0𝐴𝐵𝑖

𝑛
𝑖=1

 

 

(4.60) 

 𝑏𝑝𝐴𝐵𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝐵𝑖
𝑏𝑝𝐴𝐵𝑖

𝑛
𝑖=1

∑ 𝑃0𝐴𝐵𝑖

𝑛
𝑖=1

 

 

(4.61) 

 𝑐𝑝𝐴𝐵𝐴𝑔𝑔
=

∑ 𝑃0𝐴𝐵𝑖
𝑐𝑝𝐴𝐵𝑖

𝑛
𝑖=1

∑ 𝑃0𝐴𝐵𝑖

𝑛
𝑖=1

 

 

(4.62) 

The aggregate ZIP load model can be derived similarly for the loads connected at phase 

BC and phase AC loads. Then if we can assume |𝑉𝐴| = |𝑉𝐵| = |𝑉𝐶| = 𝑉 (consequently 
|𝑉𝐴𝐵|

√3𝑉0
=

𝑉

𝑉0
 ) 
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the aggregate ZIP load model for all three phases can be obtained by summing phase AB, BC, and 

AC loads. If there are 𝑚 and 𝑘 loads connected at phase BC and phase AC, the aggregate ZIP load 

model for all three-phase can be expressed as  

 𝑃𝐴𝑔𝑔 = 𝑃0𝐴𝑔𝑔
(𝑎𝑝𝐴𝑔𝑔

(
𝑉

𝑉0
)
2

+ 𝑏𝑝𝐴𝑔𝑔

𝑉

𝑉0
+ 𝑐𝑝𝐴𝑔𝑔

) (4.63) 

where  

𝑃𝐴𝑔𝑔 = ∑𝑃𝐴𝐵𝑖

𝑛

𝑖=1

+ ∑𝑃𝐵𝐶𝑖

𝑚

𝑖=1

+ ∑𝑃𝐴𝐶𝑖

𝑘

𝑖=1

 (4.64) 

𝑃0𝐴𝑔𝑔
= ∑𝑃0𝐴𝐵𝑖

𝑛

𝑖=1

+ ∑𝑃0𝐵𝐶𝑖

𝑚

𝑖=1

+ ∑𝑃0𝐴𝐶𝑖

𝑘

𝑖=1

 (4.65) 

𝑎𝑝𝐴𝑔𝑔
= 

∑ 𝑃0𝐴𝐵𝑖
𝑎𝑝𝐴𝐵𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝐶𝑖

𝑎𝑝𝐵𝐶𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐴𝐶𝑖

𝑎𝑝𝐴𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

 

(4.66) 

𝑏𝑝𝐴𝑔𝑔
= 

∑ 𝑃0𝐴𝐵𝑖
𝑏𝑝𝐴𝐵𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝐶𝑖

𝑏𝑝𝐵𝐶𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐴𝐶𝑖

𝑏𝑝𝐴𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

 

(4.67) 

𝑐𝑝𝐴𝑔𝑔
= 

∑ 𝑃0𝐴𝐵𝑖
𝑐𝑝𝐴𝐵𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝐶𝑖

𝑐𝑝𝐵𝐶𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐴𝐶𝑖

𝑐𝑝𝐴𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

 

(4.68) 

The aggregate base power is the sum of the base power of each load, and the aggregate ZIP 

parameters are the weighted averages of the ZIP parameters of each load while the weight is the 
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base power of each load. If all loads have the same ZIP parameters, the aggregate ZIP load model 

will have the same ZIP parameters despite what base power each load has. 

4.2.9 Aggregate ZIP Load Model for Multiple Star and Delta Loads 

 

Figure 4.8 The circuit diagram of three-phase star and delta loads. 

The circuit diagram of star and delta connected loads is shown in Figure 4.8. As we can 

learn from the previous derivation from Section 4.2.7 and 4.2.8, the analytical form of the 

aggregate ZIP load model can only be obtained if we assume the three-phase voltages are balanced. 

Based on this assumption, we can express the aggregate ZIP load model as  

 𝑃𝐴𝑔𝑔 = 𝑃0𝐴𝑔𝑔
(𝑎𝑝𝐴𝑔𝑔

(
𝑉

𝑉0
)
2

+ 𝑏𝑝𝐴𝑔𝑔

𝑉

𝑉0
+ 𝑐𝑝𝐴𝑔𝑔

) (4.69) 

where  

 𝑃𝐴𝑔𝑔 = ∑𝑃𝐴𝑖

𝑛

𝑖=1

+ ∑𝑃𝐵𝑖

𝑚

𝑖=1

+ ∑𝑃𝐶𝑖

𝑘

𝑖=1

+ ∑𝑃𝐴𝐵𝑖

𝑛2

𝑖=1

+ ∑𝑃𝐵𝐶𝑖

𝑚2

𝑖=1

+ ∑𝑃𝐴𝐶𝑖

𝑘2

𝑖=1

 (4.70) 

 𝑃0𝐴𝑔𝑔
= ∑𝑃0𝐴𝑖

𝑛

𝑖=1

+ ∑𝑃0𝐵𝑖

𝑚

𝑖=1

+ ∑𝑃0𝐶𝑖

𝑘

𝑖=1

+ ∑𝑃0𝐴𝐵𝑖

𝑛2

𝑖=1

+ ∑𝑃0𝐵𝐶𝑖

𝑚2

𝑖=1

+ ∑𝑃0𝐴𝐶𝑖

𝑘2

𝑖=1

 (4.71) 

 

𝑎𝑝𝐴𝑔𝑔
= 

(4.72) 

𝑉𝐴 

𝑉𝐵 

𝑉𝐶 
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∑ 𝑃0𝐴𝑖
𝑎𝑝𝐴𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝑖

𝑎𝑝𝐵𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐶𝑖

𝑎𝑝𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

+
∑ 𝑃0𝐴𝐵𝑖

𝑎𝑝𝐴𝐵𝑖

𝑛2
𝑖=1 + ∑ 𝑃0𝐵𝐶𝑖

𝑎𝑝𝐵𝐶𝑖

𝑚2
𝑖=1 + ∑ 𝑃0𝐴𝐶𝑖

𝑎𝑝𝐴𝐶𝑖

𝑘2
𝑖=1

𝑃0𝐴𝑔𝑔

 

 

𝑏𝑝𝐴𝑔𝑔
= 

∑ 𝑃0𝐴𝑖
𝑏𝑝𝐴𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝑖

𝑏𝑝𝐵𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐶𝑖

𝑏𝑝𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

+
∑ 𝑃0𝐴𝐵𝑖

𝑏𝑝𝐴𝐵𝑖

𝑛2
𝑖=1 + ∑ 𝑃0𝐵𝐶𝑖

𝑏𝑝𝐵𝐶𝑖

𝑚2
𝑖=1 + ∑ 𝑃0𝐴𝐶𝑖

𝑏𝑝𝐴𝐶𝑖

𝑘2
𝑖=1

𝑃0𝐴𝑔𝑔

 

(4.73) 

 

𝑐𝑝𝐴𝑔𝑔
= 

∑ 𝑃0𝐴𝑖
𝑐𝑝𝐴𝑖

𝑛
𝑖=1 + ∑ 𝑃0𝐵𝑖

𝑐𝑝𝐵𝑖

𝑚
𝑖=1 + ∑ 𝑃0𝐶𝑖

𝑐𝑝𝐶𝑖

𝑘
𝑖=1

𝑃0𝐴𝑔𝑔

+
∑ 𝑃0𝐴𝐵𝑖

𝑐𝑝𝐴𝐵𝑖

𝑛2
𝑖=1 + ∑ 𝑃0𝐵𝐶𝑖

𝑐𝑝𝐵𝐶𝑖

𝑚2
𝑖=1 + ∑ 𝑃0𝐴𝐶𝑖

𝑐𝑝𝐴𝐶𝑖

𝑘2
𝑖=1

𝑃0𝐴𝑔𝑔

 

(4.74) 

For the circuit with three-phase balanced voltages, the aggregate ZIP parameters are the 

weighted averages of the ZIP parameters of each load while the weight is the base power of each 

load; the weight of each load solely depends on the base power of that load no matter what the 

connection type (delta or wye) is. If all loads have the same ZIP parameters, the aggregate ZIP 

load model will have the same ZIP parameters despite what base power each load has. 

4.2.10 Aggregate ZIP Load Model for Reactive Power 

Since Equation (4.1) and (4.2) are completely analogous, all the previous discussions 

regarding the ZIP load model for real power are applicable to the ZIP model for reactive power. 
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Special attention is given to reactive power compensating devices as follows, when calculating the 

aggregate ZIP for a load together with the reactive power compensating device. 

4.2.10.1 Reactive Power Compensating Device Modeled as Constant Q 

In this scenario, the reactive compensating device is modeled as a constant Q source. An 

example will be a power electronics based reactive power compensator that is capable of regulating 

its reactive power output. 

Suppose there is a single load connected between phase B and neutral; the load has base 

power 𝑄01
= 100kVar, ZIP parameter 𝑎𝑞1

= 0.2, 𝑏𝑞1
= 0.5, and 𝑐𝑞1

= 0.3. A constant Q source 

is connected in parallel to the load with 𝑄02
= −30 kVar, 𝑎𝑞2

= 0, 𝑏𝑞2
= 0.0, and 𝑐𝑞2

= 1.0. The 

aggregate ZIP parameters are found to be 𝑎𝑞 = 0.2857 ,  𝑏𝑞 = 0.7143 , and 𝑐𝑞 = 0 . If 𝑄02 =

−120 kVar, 𝑎𝑞2
= 0.0, 𝑏𝑞2

= 0.0, and 𝑐𝑞2
= 1.0, The aggregate ZIP parameters are found to be 

𝑎𝑞 = −1, 𝑏𝑞 = −2.5, and 𝑐𝑞 = 4.5. 

The examples manifest that the aggregate ZIP parameters can be negative for reactive 

power when there is a large capacitor bank connected with loads. 

4.2.10.2 Reactive Power Compensating Device Modeled as Constant Impedance 

In this scenario, the reactive compensating device is modeled as a constant impedance load. 

An example will be a regular capacitor bank, whose reactive power is proportional to the square 

of the terminal voltage. 

Suppose there is a single load connected between phase B and neutral. Suppose the load 

has base power 𝑄01
= 100kVar, ZIP parameter 𝑎𝑞1

= 0.2, 𝑏𝑞1
= 0.5, and 𝑐𝑞1

= 0.3. A 𝑄 source 

is connected in parallel to the load with 𝑄02
= −30 kVar, 𝑎𝑞2

= 1.0, 𝑏𝑞2
= 0.0, and 𝑐𝑞2

= 0.0. 
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The aggregate ZIP parameters are found to be: 𝑎𝑞 = 0.2857, 𝑏𝑞 = 0.7143, and 𝑐𝑞 = 0. If 𝑄02 =

−120 kVar, 𝑎𝑞2 = 1.0, 𝑏𝑞2 = 0.0, and 𝑐𝑞2 = 0.0, The combined ZIP parameters are found to be: 

𝑎𝑞 = 5, 𝑏𝑞 = 2.5, and 𝑐𝑞 = −1.5. 

4.2.11 Aggregate ZIP Load Model for a Load Combined with Real Power Source 

This section discusses the calculation for the aggregate ZIP parameters for a load together 

with the real power injecting device such as a PV generator. The real power injecting device is 

modeled as a constant P. 

Suppose there is a single load connected between phase B and neutral. Suppose the load 

has base power 𝑃01 = 100kW, ZIP parameter 𝑎𝑝1 = 0.2, 𝑏𝑝1 = 0.5, and 𝑐𝑝1 = 0.3. A constant P 

source is connected in parallel to the load with 𝑃02 = −40 𝑘𝑊, 𝑎𝑝2 = 0.0, 𝑏𝑝2 = 0.0, and 𝑐𝑝2 =

1.0 . The combined ZIP parameters are found to be: 𝑎𝑝 = 0.3333 , 𝑏𝑝 = 0.8333 , and 𝑐𝑝 =

−0.1666. If the real power source has 𝑃02 = −120 𝑘𝑊, 𝑎𝑝2 = 0.0, 𝑏𝑝2 = 0.0, and 𝑐𝑝2 = 1.0. 

The combined ZIP parameters are found to be: 𝑎𝑝 = −1, 𝑏𝑝 = −2.5, and 𝑐𝑝 = 4.5. 
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CHAPTER 5 ZIP LOAD MODEL PARAMETER 

ESTIMATION CASE STUDIES 

We choose the IEEE 13 and 34 bus systems for the case studies. The configuration of the 

13-bus system is displayed in Figure 5.1. The ZIP parameters of loads are predefined in the 

OpenDSS simulation program. Thus the estimation performance can not only be assessed by the 

estimation error for the power but also be evaluated by comparing the estimated ZIP parameters 

with the preset ZIP parameters. 

The measurements data used in estimation are generated using OpenDSS Simulation. The 

base power 𝑃0 and 𝑄0 are changing hourly while the ZIP load model coefficients (𝑎, 𝑏, 𝑐) are kept 

constant. The window size of each estimation 𝑛 is set to 4. The measurements are taken every 15 

minutes for a day. Some cases will only show the estimation results for the ZIP load model for P 

since the results for 𝑄 are similar. 

 

Figure 5.1 Configuration of IEEE 13-bus test feeder. [56] 
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5.1 IEEE 13-Bus Test Feeder 

5.1.1 Single Load 

5.1.1.1 Single Star Load 

In this case, the single star loads in the IEEE 13-bus system, i.e., loads at bus 645, 611, 652, 

which are connected between one phase and neutral, are studied. The estimated ZIP parameters 

for real power using the three different methods are shown in Figure 5.2. We can see that all three 

methods can estimate the ZIP parameters accurately. Based on the estimated ZIP parameters, the 

estimated power is computed. The estimated power is then compared with the measured power to 

compute the absolute percentage error. The errors are also shown in Figure 5.2. The estimation 

results for reactive power are similar and thus are not shown here. 

 

(a) Least squares method 
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(b) Optimization method 

 

(c) Neural network method 
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(d) Estimation error 

Figure 5.2 ZIP load model estimation results for the real power of the single star loads. 

5.1.1.2 Single Delta Load 

In this case, the single delta loads connected between 2 different cases are studied. They 

are the loads at bus 646 and 692. In Figure 5.3, lines “load 646” and “load 692” are estimated using 

the average voltage of the 2 phases while “load 646 2” and “load 692 2” are estimated using the 

line-to-line voltage. From the figure, we can see that the estimation results using line-to-line 

voltage are more accurate than using the average phase voltage.  
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(a) Least squares method 

 

(b) Optimization method 
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(c) Neural network method 

 

(d) Estimation error 

Figure 5.3 ZIP load model estimation results for the real power of the phase-to-phase loads. 
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5.1.2 Aggregate Load 

5.1.2.1 Three-Phase Star Load 

In this case, the ZIP load model for the three-phase star loads at bus 634, 670, and 675 are 

estimated using the average phase voltage and the sum of three-phase power.  

The base real and reactive power of all three loads at each phase are shown in Table 5.1 

and Table 5.2, respectively. Among the three three-phase star loads, load 634 is the most balanced 

while load 670 is the most unbalanced. 

Table 5.1 The base real power of the three-phase star loads of the IEEE 13-bus system 

Load Phase A 𝑃0(𝑘𝑊) Phase B 𝑃0(𝑘𝑊) Phase C 𝑃0(𝑘𝑊) 

634 160  120 120 

670 17 66 117 

675 485 68 290 

 

Table 5.2 The base reactive power of the three-phase star loads of the IEEE 13-bus system 

Load Phase A 

𝑄0 (𝑘𝑉𝑎𝑟) 

Phase B 

𝑄0 (𝑘𝑉𝑎𝑟) 

Phase C 

𝑄0 (𝑘𝑉𝑎𝑟) 

634 110 90 90 

670 10 38 68 

675 190 60 212 

 

The estimation results using the three methods are shown in Figure 5.4. As expected, we can see 

that the estimated results differ from the calculated results due to load unbalanced. For bus 634, 

the estimated results are close to the calculated results, as it has the smallest load unbalance.  
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(a) Least squares method 

 

(b) Optimization method 
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(c) Neural network method 

 

(d) Estimation error 

Figure 5.4 ZIP load model estimation results for the real power of the three-phase Y-connected 

loads. 
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5.1.2.2 Three-Phase Delta Load 

In this case, the load at bus 671, which is the only three-phase ∆-connected load in the 

IEEE 13-bus system, is studied. The estimation results are shown in Figure 5.5. The actual ZIP 

parameters are computed using  (4.30). All three methods can estimate the aggregate ZIP 

parameters accurately. 

 

(a) Least squares method 

 

(b) Optimization method 
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(c) Neural network method 

 

(d) Estimation error 

Figure 5.5 ZIP load model estimation results for the real power of the three-phase ∆-connected 

loads. 
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5.1.2.3 Multiple Loads 1 

In this case, the aggregate load models for the loads at bus 645 and 646 are studied. Load 

645 is a single star load, which is connected between phase B and neutral, while load 646 is a 

single delta load, which is connected between phase B and C. The aggregate load is estimated 

using the average voltage of phase B and C at bus 632 and the power from bus 632 to 645. The 

(𝑎𝑝, 𝑏𝑝, 𝑐𝑝) for 645 and 646 are both set to (0.2, 0.6, 0.2), with their 𝑃0 set to 170𝑘𝑊 and 230𝑘𝑊.  

The estimation results are shown in Figure 5.6. From the results, we can see that the 

estimation for each load is accurate while the estimated aggregate ZIP parameters deviate from 

our expectations. The reason is that this aggregate load consists of both phase-to-neutral and phase-

to-phase loads, which means the ZIP load model for the first load is a function of phase B and C 

voltage while the second load only depends on phase B. Thus using the phase B and C average 

voltage as the voltage for the aggregate ZIP load model is inappropriate. But we also cannot choose 

only phase B voltage as the voltage for the aggregate ZIP load model as the load at bus 646 is also 

dependent on phase C. 

 

(a) Least squares method 
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(b) Optimization method 

 

(c) Neural network method 



115 

 

 

(d) Estimation error 

Figure 5.6 ZIP load model estimation results for the real power of the aggregate load . 

5.1.2.4 Multiple Loads 2 

In this case, we changed the load at 646 from phase-to-phase (BC) load to phase-B-to-

neutral load. The purpose of this case study is to demonstrate that the aggregate load can be 

estimated more accurately when they are all phase-to-neutral connected especially at the same 

phase. The load at bus 645 is also a phase-B-to-neutral load. The (𝑎𝑝, 𝑏𝑝, 𝑐𝑝) for 645 and 646 are 

set to (0.2, 0.6, 0.2) and (0.5, 0.2, 0.3), respectively. The loads have their 𝑃0 set to 170 kW and 

230 kW, respectively. For the easiness of demonstration, both 𝑃0 will change hourly but according 

to the same set of multipliers. In this way, the aggregate (𝑎𝑝, 𝑏𝑝, 𝑐𝑝)  can remain at 

(0.3725, 0.37, 0.2575) . However, if 𝑃01
 and 𝑃02

 vary based on different multipliers, then the 

aggregate (𝑎𝑝, 𝑏𝑝, 𝑐𝑝) will not be static.  

The estimation results are shown in Figure 5.7. As expected, the aggregate ZIP parameters, 

as well as the ZIP parameters of each load, can be estimated accurately. The estimation results for 
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each load are based on the voltage and power measured at each load. The aggregate ZIP parameters 

are estimated using the phase B power flowing from bus 632 to bus 645 and the phase B voltage 

at bus 632.  

 

(a) Least squares method 

 

(b) Optimization method 
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(c) Neural network method 

 

(d) Estimation error 

Figure 5.7 ZIP load model estimation results for the real power of the case aggregate load. 
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5.2 IEEE 34-Bus Test Feeder 

 

Figure 5.8 Configuration of IEEE 34-bus test feeder. 

The case studies are also performed based on the IEEE 34-bus system. The distributed 

loads along the lines in the system are modeled as a load located at the middle of those lines. Since 

there is just one three-phase delta load in the IEEE 13-bus system, the ZIP parameter estimation 

for the three-phase delta load is also studied in the IEEE 34-bus system. The configuration of the 

IEEE 34-bus system is shown in Figure 5.8. 

5.2.1 Aggregate Load 

5.2.1.1 Three-Phase Delta Load 

The ZIP parameter estimation for the three-phase delta loads in the 34-bus system, i.e., 

loads 848, 890, and 830, is studied in this section. The ZIP parameter estimation results for real 

power are shown in Figure 5.9. The estimation results for reactive power are similar and thus are 

not shown. The ZIP parameters of load 848 and 890 can be estimated accurately while the results 

for load 830 deviate from the theoretically calculated ZIP parameters. The average voltage 

magnitude unbalance for load 848, 890, and 830 in the 24 hours are 1.66%, 1.54%, and 1.64%. 

Voltage unbalance is not the only reason for the deviation of estimated ZIP parameters. The other 
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reason is the load unbalance. Among the three loads, loads 848 and 890 are balanced while load 

830 is unbalanced as shown in Table 5.3 and Table 5.4, respectively. The results are consistent 

with our findings in Section 4.2.3. 

 

(a) Least squares method 

 

(b) Optimization method 



120 

 

 

(c) Neural network method 

 

(d) Estimation error 

Figure 5.9 ZIP load model estimation results for the real power of load 848, 890, and 890. 
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Table 5.3 The base real power of the three-phase delta loads of the IEEE 34-bus system 

Load Phase A 𝑃0(𝑘𝑊) Phase B 𝑃0(𝑘𝑊) Phase C 𝑃0(𝑘𝑊) 

848 20  20 20 

890 150 150 150 

830 10 10 25 

  

Table 5.4 The base reactive power of the three-phase delta loads of IEEE 34-bus system 

Load Phase A 𝑄0 (𝑘𝑉𝑎𝑟) Phase B 𝑄0 (𝑘𝑉𝑎𝑟) Phase C 𝑄0 (𝑘𝑉𝑎𝑟) 

848 16 16 16 

890 75 75 75 

830 5 5 10 
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CHAPTER 6 CONCLUSION 

Transmission line and load model parameters are essential inputs to power system 

modeling and simulation, control, protection, operation, optimization, and planning. The accuracy 

of those parameters can determine the quality of those power system studies. The two common 

power system estimation problems – transmission line parameter and ZIP load model parameter – 

have been studied in detail in this research.  

For the transmission line parameter part, a linear estimation method and an optimal 

estimator method were proposed for estimating transmission line parameters. Considering the 

potential presence of bad measurements, a bad data detection and identification method is 

considered to eliminate the bad data. For improving estimating accuracy under noise conditions, 

Kalman filter based methods were proposed to estimate line parameters for transmission lines with 

different series compensation configurations.  

Moreover, considering that the resistance of line parameters can change dynamically due 

to changing ambient environment in real-world, two modified Kalman based filter approaches 

were proposed to track the changing line parameters. The estimation results based on the 

simulation data show that both methods are able to track the varying line parameters even under 

the effect of measurement noise. 

For ZIP load parameter estimation, the aggregate ZIP load model has been 

comprehensively studied with respect to the connection types of loads in this research. The 

estimation for the aggregate ZIP load model is studied under load unbalance and voltage unbalance 

conditions. Factors that affect estimation accuracy for different scenarios have been investigated. 
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Simulated data based on the IEEE 13-bus and the IEEE 34-bus system have been used to 

demonstrate and evaluate the proposed methods. 
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