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Preface

September 2021 marks my ten-year anniversary at Science Park. My first en-
counter with my future advisor Rob Stevenson was during my second-year
project, and somehow, I've been his student ever since. It feels weird that our
official collaboration is now coming to a close. Rob, your ever-critical view
distraught me at times, but it did push me to never settle for mediocrity. Your
ability to debug code by just looking at its output still baffles me. Thank you
for allowing me to pursue a Ph.D. under your wing, and for your continuous
support and supervision this past decade. Thanks to my copromotor Chris
Stolk for being there when I had questions, and the members of my commit-
tee for reading my thesis—I look forward to discussing its results with you.

I spent the spring of 2018 in the London office of Google, working on a
research project in the field of reinforcement learning. Claudio, thanks for
taking me in as an intern, even though I had no formal education on the topic;
I had an absolute blast. Good luck in Amsterdam, I know we’ll keep in touch.

It was a strange feeling when in March 2020, we suddenly had to do our
work from home. Still, aside from teaching over Zoom, I have very fond
memories of this period. Carmen and I had just moved in together and were
spending practically every moment of every day together with our two cats.
At some point during a lunch break, we realised our Ph.D. projects had much
more in common than we previously thought. With lots of uncertainty on the
funding of her final year, we set out to apply for a grant together. We never got
the money, but perhaps the real treasure was the process itself. My gratitude
goes out to everyone that helped us during this rollercoaster.

Zoé, David, Pjotr, Raymond, Gregor, Lenny, Sonja, Anita, Tiny, and the
other colleagues: thank you for overzomeren in Coronatijd. Vera, it was fun
supervising your thesis—good luck with the rest of your studies. Marieke:
thank you for the homemade jams and inkle weaves, our many discussions,
and for running the institute. Evelien: thank you for everything you do.

After a good four years at KdVI, and some six before that at Science Park in
general, it is time to leave the place I now call home. Although I've been away
for a couple of months here and there, this is the first time I'll leave without a
definitive plan on what’s next. I look forward to being a little bored.

Raymond, sinds wij elkaar leerden kennen, hebben we praktisch elk studie-
project samen gedaan, en ik vond het geweldig. Je bent simpelweg een pro-
grammeur van wereldklasse. Je haalt m'n meest competitieve zelf naar boven,



maar bent natuurlijk ook een enorm goede vriend, en ik kijk met plezier terug
op ons avontuur in Amerika. Bedankt dat je m'n paranimf wilde zijn, en ook
bedankt voor alle gekke programmeerwedstrijdjes met Mees en Ruben; hoe
leuk dat unsigned long long nu vereeuwigd is in ons papertje [BVVW20]!

Gregor, sinds jouw komst op het instituut voelt onze groep als een groep,
en inmiddels lunchen we zelfs samen wanneer je er niet bij bent. Ik leerde je
kennen als collega, maar inmiddels zijn Olivia en jij zo veel meer. Dank jullie.

Proeflezers Gregor, Eric, Thomas, Ray, Okke, en Carmen: enorm bedankt.

Mees: elke keer dat ik iets van je lees, leer ik weer een nieuw Engels woord.
Ik ben trots dat Training BAPC blijft bestaan, zelfs nadat we alle drie weg zijn.

Eric and Rhiannon, thank you in advance for the many boat rides to come.

Daan, Djera, Tom, Michael, Okke, Pom, Nina, Erik, Floris, Menno, Deniz:
friendship is making memories together, and boy, do we have some. Zonder jullie
had mijn afgelopen decennium er flink anders uitgezien. Dank jullie voor
alle geweldige, vreemde, zwierige, zangerige, zweterige, maar vooral mooie
herinneringen tot nu toe, en alvast bedankt voor alle die we nog gaan maken.

Lieve Raoul, Nikki, Willem, en alle andere Unityers: jullie maken m'n
weekenden (en de tweede dinsdag van de maand) spannend. Dank voor alles.

Mark and Jenny, thank you for taking a gamble and welcoming me into
your home. The California adventure grew me immensely as a person. I look
back on an amazing time, all the more thanks to you as my ‘overseas family’.

Lieve Peter en Tineke, Thomas en Anne, Lennart en Tinke: dankzij jullie
heb ik er een familie bij, en leer ik dat het ook gezellig kan zijn buiten de ring!

Awi, er was geen twijfel mogelijk over wie ik zou vragen m'n paranimf
te zijn. We kennen elkaar al bijna twintig jaar en zijn praktisch samen opge-
groeid. We zijn hartstikke verschillend maar juist daardoor leer ik weer iets
elke keer dat we elkaar zien. Ik kijk enorm naar je op, en zal nooit niet lachen
om je ad rem woordgrappen. Je bent geen vriend, je bent een lotgenoot. <4lyff

Lieve papa. Je woont dan misschien ver weg in Gobabis, maar gelukkig
kunnen we elkaar altijd spreken. Het betekent enorm veel voor me dat je er
bij bent op 23 september. Lieve Jona en Tessel: we verschillen veel van elkaar,
maar toch is het altijd fijn met jullie. In Marcus” woorden—Marcus, Ziggy,
Stefan, Lasse: jullie zijn bloedtoppers. Lieve Dior, ik ben heel erg benieuwd wat
voor mens je gaat worden en kijk nu al uit naar ons gedeelde verhaal.

Lieve mama, dank je voor onvermoeibare hulp. Je bent er altijd voor me.
Zelfs nu het niet goed gaat met Flow, heb je enorm veel energie gestoken in
de opmaak van dit proefschrift. We mogen trots zijn op het resultaat. Ik zeg
het niet genoeg, dus dan maar voor altijd zwart op wit: ik hou van je.

The ideal of calm exists in a sitting cat. Doron en Jonah, dank jullie voor deze
kalmte. Eli, bedankt voor het vertrouwen; er wordt van je jongens gehouden.

Liefste Carmen. Het afgelopen jaar was een geweldige rollercoaster samen,
maar we hebben het (bijna) overleefd! Bedankt voor de steun op momenten
dat ik het niet meer zag zitten, en bedankt voor de geweldige momenten tot nu
toe. Samen met Doron en Jonah laat je me zien hoe een huis een thuis wordt. Ik
ben heel benieuwd wat voor avonturen we samen nog gaan beleven. Op dat
we nog vele vuurtjes mogen bouwen, thuistheater mogen spelen, en samen
mogen verdwalen in kronkelende dorpsstraten. Je bent mijn favoriete mens.
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Introduction

Many processes in nature and engineering are governed by partial differential
equations (PDEs). We focus on parabolic PDEs, that describe time-dependent
phenomena like heat conduction, chemical concentration, and fluid flow.
Parabolic evolution equations describe how a function evolves from a given
initial state as governed by the PDE. On a time interval I := [0, T] and spatial
domain Q C RY, given a linear elliptic spatial partial differential operator A,
an initial state uy : O — R and source term g : I x 3 — R, we aim to find
u:1xQ = R, subject to appropriate boundary conditions, that solves
{ %u—l—Au:g (onlxQ), (1.1)
u=uy (on{0} xQ). ’

Even if we know that a unique solution u exists, we can express it in closed
form only under very strict circumstances'; see also [Eval0, §7]. To under-
stand what u looks like, we turn to numerical approximation. Similar to the idea
of using many tiny line segments to approximate a circle, numerical methods
for PDEs couple many simple equations to approximate a complex equation.

Historically, parabolic evolution equations are solved using time-stepping;
see [Tho06]. One first discretizes the equation in space as to obtain a system
of coupled ordinary differential equations in time. This system is then solved
using the vast theory for ODEs. While efficient in terms of memory and com-
putational cost, time-stepping schemes take global time steps, which are in-
dependent of spatial position. As a result, these methods cannot efficiently
resolve details of u in localized regions of space and time. Moreover, being
inherently sequential, they have limited possibilities for parallel computation.

In this thesis, we take a different approach and reformulate the parabolic
evolution equation as a linear operator equation posed in space and time si-
multaneously. These space-time methods are able to increase the resolution of
discretizations locally, parallelize gracefully, and moreover produce approxi-
mations to the unknown solution that are uniformly quasi-optimal. Returning to
our circle analogy: out of all n-sided polygons inscribed in a circle, the regular
polygon is its uniformly optimal approximation, for any choice of #.

1One is reminded of the following metaphore. Milk production at a dairy farm was low, so the
farmer wrote to the local university asking for help. A multidisciplinary team of professors was assembled,
headed by a theoretical physicist, and weeks of intensive on-site investigation took place. The scholars
returned to the university, notebooks crammed with data. Shortly thereafter, the report came, stating that
“we found a solution, but it works only for spherical cows in a vacuum.”




1.1

Residual minimization

Following the pioneering works [BJ89, BJ90], recent years have seen a rapidly
growing interest in space-time methods for parabolic evolution equations. By
starting from a well-posed variational formulation of (1.1), one aims to trans-
fer fundamental properties enjoyed by numerical methods for elliptic PDEs
(like error control, a posteriori error analysis, adaptive discretization, efficient
solution) to the parabolic case. See [SY19] for a review of the recent literature.
The focal point of this thesis is the space-time minimal residual (MR) method
introduced by R. Andreev [And12]. Informally, with § some discretization
parameter and (X?, Y°) its discrete trial- and test spaces, the MR method finds

uyg = argmin | || 5w’ + Aw® = g|3, + |w’]i—o — uo||2]-
wdeX? —_

PDE residual initial residual

Considering a family (X°, Y°)sca of discrete trial- and test spaces, we would
like to have guarantees on the error ||u — ufy || of MR solutions. An appeal-
ing property is uniform quasi-optimality, meaning that MR solutions are, up to
some constant C, the best-possible approximation to u from X?:

|u — k]| < C min ||u —w®|| uniformlyin & € A.
weX?d

This raises two important questions.
(Q1) What are the conditions on (X?, Y?)sca for uniform quasi-optimality?
(Q2) Can we estimate the error ||u — u$,y || robustly, even if u is unknown?

As we will see, the conditions of (Q1) are met when Y? is stable, i.e., large
enough relative to X°. At the same time, for the sake of efficiency, we want the
dimension of Y° to be as small as possible. With this, our goal becomes finding
X? that allows an accurate approximation of %, and a corresponding stable Y°
that is also efficient, in that dim Y%/ dim X? is bounded uniformly in § € A.

The highest approximation power is held by trial spaces that adapt to the
solution at hand, with increased resolution in those regions of the space-time
cylinder where u has local details. Moreover, in view of a practical algorithm,
we want to compute (good approximations to) the MR solutions efficiently.
This raises two further questions.

(Q3) Is there a stable and efficient family (X, Y°)sc, that allows adaptivity?
(Q4) How do we construct quasi-optimal solutions as efficiently as possible?

In areas like weather prediction and measuring blood flow in humans,
we are supplied with vast amounts of data as (noisy) measurements of some
unknown function u that abides by a physical law. The process of recovering
u by fusing observations with an underlying mathematical model is known
as data assimilation. It raises the two final questions.

(Q5) How do our findings on residual minimization for parabolic evolution
equations extend to parabolic data assimilation problems?

(Q6) Are there other problems governed by parabolic PDEs that can be un-
derstood using residual minimization?

Chapter 1 Introduction



1.2 OQutline and contributions

This thesis is based on the following works.

[SW21a] R. Stevenson and J. Westerdiep

Stability of Galerkin discretizations of a mixed space-time variational

formulation of parabolic evolution equations

IMA Journal of Numerical Analysis, 41(1):28-47, 2021.
[SW21b] R. Stevenson and J. Westerdiep

Minimal residual space-time discretizations of parabolic equations:

Asymmetric spatial operators

Submitted to Computers & Mathematics with Applications, arXiv:2106.01090, 2021.
[vVW21a] R.van Venetié¢ and ]J. Westerdiep

Efficient space-time adaptivity for parabolic evolution equations

using wavelets in time and finite elements in space

Submitted to Numerical Linear Algebra with Applications, arXiv:2104.08143, 2021.
[vVW20a] R.van Venetié¢ and ]J. Westerdiep

A parallel algorithm for solving linear parabolic evolution equations

To appear in Parallel-in-Time Integration Methods, arXiv:2009.08875, 2020.
[DSW21] W. Dahmen, R. Stevenson, and ]J. Westerdiep

Accuracy controlled data assimilation for parabolic problems

To appear in Mathematics of Computation, arXiv:2105.05836, 2021.
[Wes20] J. Westerdiep

On p-Robust Saturation on Quadrangulations

Computational Methods in Applied Mathematics, 20(1):169-186, 2020.

Each chapter is essentially one of these papers, is self-contained, and can
be read independently. Notation is roughly consistent between chapters. On
average, the authors contributed equally to all works. We give a short outline.

Chapter 2: introduction on residual minimization

In this chapter, we discuss the preliminaries from an abstract point of view.
Starting from some linear operator equation posed on Hilbert spaces, we in-
troduce equivalent conditions for well-posedness of the problem, discuss its
minimal residual approximation and derive conditions for uniform quasi-optimality
(Q1). We will find the focal point to be uniform inf-sup stability of trial- and test
spaces, and shed some light on estimating the error (Q2).

We then discuss solving the arising linear systems efficiently (Q4), and
finally apply our ideas to the linear parabolic evolution equation (1.1).

Chapter 3: symmetric spatial operators and stable discretizations [SW21a]

As our first exploration into the minimal residual method for parabolic prob-
lems, we restrict ourselves to linear parabolic evolution equations with symmetric
spatial operators, so we consider (1.1) where A is self-adjoint.
We formulate sufficient conditions for uniform inf-sup stability of trial-
and test spaces, and with it, uniform quasi-optimality of MR solutions (Q1).
Moreover, we show that these conditions are satisfied when discretizing
the space-time cylinder into time slabs, where the spatial discretization can

1.2 Outline and contributions 3



4

be adapted on each slab (Q3). While this family of discretizations allows for
refinements localized in space or time, it can’t refine locally in space and time.
In [SvVW21], we find a family that can, constructed as certain spans of wavelets
in time tensorized with (locally refined) finite element functions in space.

Chapter 4: asymmetric spatial operators and error estimation [SW21b]

Next, we take on evolution equations where the spatial partial differential op-
erator A is not necessarily symmetric. We find that for these equations, MR so-
lutions are also quasi-optimal (Q1) but that the optimality constant degrades
for an increasing relative size of the antisymmetric part %(A — A’) of A.

On the other hand, in the energy norm induced by the parabolic operator,
this optimality constant is robust not only in the discretization parameter, but
also the relative size of %(A — A’). We derive sulfficient conditions for robust
error bounds (Q2), and find the Fortin interpolant to be the leading actor.

We apply this theory to convection-diffusion-reaction equations, with A as

A = _SAx + b . Vx + C.
—— ——r —~—
diffusion  convection  reaction

We think of the convection- and reaction-terms as fixed, and of the diffusion
e > 0 as a problem parameter. When convection dominates diffusion, so for ¢
small, the solution has boundary- and interior layers that we need to resolve.

Chapter 5: adaptive refinement in linear complexity [vWVW21a]

In the symmetric setting, we consider the algorithm from [SvVW21] that aims
for optimal convergence using adaptive refinement locally in space and time
(Q3). There, we construct our discretizations as the span of wavelets in time
tensorized with finite element spaces in space. The theory is elegant, but its
implementation requires diligence: the resulting system matrix is dense, so
naive matrix-vector products have quadratic complexity.

In this chapter, we discuss its implementation at optimal linear cost (Q4).
We overcome the problem of matrix-vector multiplication, and use a matrix-
free iterative solver to produce approximate MR solutions 7}, efficiently.
We highlight the interplay between algebraic error |[ug; — 03,z (Q4) and dis-
cretization error ||u — uf || (Q2) to achieve quasi-optimality, and see that these
considerations translate to a highly efficient method in practice.

Chapter 6: parallel complexity and parallel implementation [vVVW20a]

Next, we explore the minimal residual method in parallel computation (Q4).
Define parallel complexity as the asymptotic runtime of an algorithm given suf-
ficiently many parallel processors with access to a shared memory on which
communication is free. We show that on tensor-product discretizations, the
proposed algorithm runs in polylogarithmic parallel complexity. This is on
par with the best-known algorithms for elliptic problems.

Chapter 1 Introduction



This parallel complexity translates to a highly scalable algorithm in prac-
tice, and we produce a quasi-optimal solution for the heat equation with over 4
billion unknowns using over 2 thousand parallel cores in under 2 minutes.

Although stated for parabolic evolution equations with symmetric spatial oper-
ators, the results extend naturally to the setting of Chapters 4 and 7.

Chapter 7: accuracy controlled data assimilation [DSW21]

Abandoning our utopia of well-posed problems, we now turn to the ill-posed
parabolic problem where initial data is missing, but we have observational
data instead (Q5). Suppose we are given a source term g : I x Q — R and
observational data f : I X w — R on a subdomain w C Q (possibly much
smaller than Q). The data assimilation problem is to recover u : [ x () — Rs.t.
{ %u—l—Au:g (onI x ), (1.2)
u=f (onlxw). '
The catch is that (g, f) need not be consistent, in that (1.2) may not be solvable,
and we instead aim for some u that fits both data and PDE as closely as possible.
Based on our knowledge of well-posed operator equations and residual
minimization, we introduce a regularization term to arrive at a a regularized
minimal residual problem, and study the properties of its discretizations.
A crucial tool for deriving tight error bounds (Q2) is the Carleman estimate.
It allows bounding the norm of a function in our trial space away from zero by
that of its image under the problem operator. More explicitly, say A= —A, is
the negative Laplacian and u is subject to 1|y =0. Take trial- and test spaces

X := Ly(LHN(Q)NHYLHY(Q)), Y :=L(LHNQ)).

Given 7 € (0,T), define X, := Lo([, T]; H} (Q0)) N HY ([, T]; H1(Q)). Then
the Carleman estimate states that there is a constant C,],w for which

lwllx, < Cro (I 5w+ Awlly + @l yew) (@ € X).

We formulate a highly efficient practical algorithm, and finish this chapter
with extensive numerical experiments to showcase its efficacy.

Chapter 8: p-robust saturation for elliptic problems [Wes20]

In this chapter, we change gears completely and look at a topic related to (Q2)-
(Q3), but in the setting of hp-adaptivity for elliptic boundary value problems.
Classical (h-)adaptive finite element methods for these problems work as
follows. Starting from some initial partition of the problem domain into, say,
triangles, we find the best approximation of the solution in a space of globally
continuous elementwise polynomials of fixed degree. We estimate the error
in this best approximation locally on every element, and refine only those
elements that carry large error. Iterating this process guarantees error con-
vergence at the best algebraic rate possible: with N the number of degrees of
freedom, the error decays as N~° for the best possible s > 0; cf. [Ste07].

1.2 Outline and contributions




1.3

Allowing the polynomial degree to vary between elements, it is possible
to achieve exponential error decay, so proportional to exp(—aNPf) for some
«,p > 0. In [CNSV17a], Canuto, Nochetto, Stevenson, and Verani were the
first to prove instance-optimality of an hp-adaptive loop running in polynomial
time by alternating h-adaptive refinement with hp-adaptive coarsening. The
former increases the accuracy of the approximation, and the latter increases
its efficiency by removing (nearly) redundant degrees of freedom, at the ex-
pense of some accuracy. This produces a saw-tooth graph of the error, and the
sequence of solutions after each coarsening step converges exponentially.

While the hp-coarsening step of [Bin18] is a highly interesting result—in
fact, it featured heavily in both my bachelor’s and master’s theses—in this
chapter, we focus on the refinement step instead. In [CNSV17a], refinement
was driven by an error estimator with bounds sensitive to the polynomial de-
gree, resulting in a potentially exponential runtime. Instead, in [CNSV17b],
refinement is driven by a p-robust estimator. The central question to refine-
ment in polynomial complexity is which increase in local polynomial degrees en-
sures a reduction of the error in energy norm. We discuss this problem in the
setting of quadrilateral partitions that allow one hanging node per edge.

Outlook

In [SvVW21], we show uniform stability (Q3) for a particular family of spans
of wavelets in time tensorized with (locally refined) finite elements in space.
In Chapter 5, we see this can yield a very efficient algorithm, but also requires
careful implementation. It would be interesting to look at function spaces over
locally refined (prismatic) partitions of the space-time cylinder directly, so
without wavelets in the time-axis, and see if uniform stability holds here too.

We finish this chapter with an outlook of other parabolic problems that
could be solved numerically through space-time residual minimization (Q6).

Semilinear evolution equation

A natural next step is the semilinear problem of finding u that solves

Su+Au+N@u)=g (onIxQ),
u=uy (on{0} xw),

where N is some nonlinear operator, typically involving no derivatives of u.
Exciting applications are reaction-diffusion systems like the Gray—Scott model
of [GS84, Pea93] for autocatalytic reactions, or the Allen-Cahn equation [AC75]
for phase separation in metal alloys. These exhibit the Turing patterns that are
postulated to underlie the formation of patterns in animal fur and desert sand;
see also the pioneering work [Tur52] by Turing.? Another application lies in

%Interestingly, Turing seems to have known about the spherical cows metaphore of footnote 1
as well, as [Tur52, p.41] reads: “a system which has spherical symmetry, and whose state is changing
because of chemical reactions and diffusion, will remain spherically symmetrical for ever. (The same would
hold true if the state were changing according to the laws of electricity and magnetism, or of quantum me-
chanics.) It certainly cannot result in an organism such as a horse, which is not spherically symmetrical.”
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the diffusion-drift model, used in semiconduction [MRS90] and in neutron- or
electron transport for nuclear fusion; see [DL00, Ch. XXI.§5] and [Bla19].
First steps for the analysis were taken in [And12, §3.4, §4.5] and [Ste14]: As
it turns out, for ||(g, u)|| small enough, this problem behaves essentially like
a linear problem, and admits a unique solution we can find using fixed-point
iteration. It would be interesting to continue the analysis, and relate the ideas
of [GHPS18, HPSV21] for elliptic problems to parabolic evolution equations.

Goal-oriented adaptivity

In goal-oriented problems, we are interested in some quantity of interest J(u)

rather than the function u itself. Problems like these are prevalent in engi-

neering, where one might be interested in, say, the drag of an airplane, or

blood flow dynamics, where estimates of shear stress on vessel walls are used

in clinical decision-making for patients with cardiovascular disease [BFB"18].
MR solutions uf\/IR yield good approximations to J(u), as for | € X,

J(r) = ()] < 1l llufar — ullx-

In goal-oriented adaptivity, we can essentially double the rate of convergence by
‘cutting out the middleman’ and running an adaptive loop on J(u) directly. It
would be interesting to relate the ideas of [MS09, BGIP21] for elliptic prob-
lems, and [DC07, MMCP*19] for parabolic problems, to our simultaneous
solution. Our approach is especially welcoming to so-called time-domain goals
that require the entire time evolution, as it simplifies the treatment of the ad-
joint problem, and in any case allows higher approximation rates as we are not
restricted to global time steps.

Optimal control constrained by a parabolic evolution equation

Another type of problem that requires the full time evolution is optimal con-
trol constrained by a parabolic PDE; see [Lio71, §III] for an introduction on
the theory. The prototypical example is placing heaters in a room as to reach
a comfortable temperature everywhere, but many more applications exist.
Using ideas from [BG09, §11] and [GK11, BRU20, LSTY21], it would be
interesting to try adapting our space-time method to this problem.

Data assimilation for human blood flow

A powerful tool in the clinical evaluation of cardiovascular disease is non-
invasive blood flow quantification. Existing methods that can capture blood
flow patterns in three-dimensional space and time either rely on direct mea-
surements (4D flow MRI) or fluid simulations (CFD).

Neither is perfect: 4D flow MRI is progressively gaining ground in clinical
applications, but its output is still relatively noisy and low in resolution. Typi-
cal CFD simulations are based on invasively acquired and/or noisy, defective
initial- and anatomical data, with large errors as a result.

1.3 Outlook
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In an effort to increase the quality of the MRI data, assimilating flow mea-
surements with a model for fluid flow like the Navier-Stokes equations has
become a highly researched problem; see [DV13, SD18, TZA*20, ZBF'20,
BBFV20], and the recent review [KKL*21] on physics-informed machine learn-
ing for data-driven problems governed by PDEs. It would be highly relevant
to apply our space-time method to this task, and relate its performance to ex-
isting solutions.
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2.1

Preliminaries

Before diving into the results of this thesis, let’s introduce the relevant topics at
a more gentle pace. We discuss the abstract concept of residual minimization for
well-posed operator equations, formulate sufficient and necessary conditions
for uniform quasi-optimality of discrete solutions, and say a little about robust
error estimation. We then turn to solving the arising linear systems efficiently,
and finish with the application to parabolic evolution problems.

Notation

In this thesis, by C < D we mean that C can be bounded by a multiple of
D, independently of parameters which C and D may depend on. Obviously,
C 2z DisdefinedasD <C,andC~DasC <Dand C 2> D.

For Hilbert spaces U and V, by £(U, V') we denote the Hilbert space of
bounded linear mappings from U to the dual V' of V, and by Lis(U, V') its
subset of boundedly invertible linear mappings U — V’. When B € L(U, V')
is invertible with bounded inverse, we write B € Lis(U,V’). The adjoint
of B, denoted B’ € Lis(V,U’), is the unique linear operator that satisfies
(Bw)(v) = (B'v)(w) forallw € Uand v € V.

Well-posed linear operator equations

Given Hilbert spaces U and V, for convenience over IR, a bounded bilinear
formb: U x V — R, and a linear form I € V/, find a u € U such that

b(u,v) =1(v) (veV). (2.1.1)
The central question that arises is that of well-posedness of this problem:
Existence Is there a solution for any | € V'?

Uniqueness Is there only a single u for any | € V'?

Continuity Do small changes in [ correspond with small changes in u?

Because b is bounded, existence and uniqueness together imply continuity
(by the Open Mapping Theorem).

To answer this question, we take a functional-analytic perspective. Define
the linear operator B : U — V' : w — b(w,-). Then B is bounded with
|B|l = ||b||, and (2.1.1) can be recast as seeking u € U so that Bu = [ in V'.

11




2.2
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Theorem ([Bra07, Thm. 4.3]). For B € L(U, V'), the following are equivalent:
1. Problem (2.1.1) is well-posed;
2. B is invertible with bounded inverse; B € Lis(U,V’);

3. WithRy : V. — V' : v+ (-,v)y the Riesz map, for any | € V', u is the
WU-component of the solution (11, u) € V x U of the saddle point problem

ﬁ\/ zg] m — H in V' xU. (21.2)

Remark. The formulation in (2.1.2) is called a saddle point problem as (p,u) is
a saddle point of its Lagrange functional

L(v,w) := 3(Ryv)(v) + [(Bw)(v) — 1(0)]
which is to say that
L(p,w) < L(pu)<L(v,u) ((v,w)eVxU);

(, u) minimizes £ in the V-component but maximizes it in the U-component.
The name derives from the fact that the prototypical example in 2 dimensions
is a surface that curves up in one axis and down in the other, resembling the
shape of a riding saddle. O

Minimal residual approximation

When U is infinite-dimensional, we cannot be expected to construct u from I.
For that reason, the next-best thing is to find its best approximation from some
finite-dimensional subspace U’ C U, i.e. the minimizer of |u — w’ ||y over
w® € W, As u is unknown, this is generally not feasible either.

Instead, we aim for a quasi-optimal u’ € U° that satisfies

lu—1’llu < IéneigéHu—w&HU 2.21)
w

Usually, § denotes some discretization parameter and we are not interested in a
single ¢, but rather a whole family A = {d}. In that case, we aim for uniform
quasi-optimal solutions that satisfy (2.2.1) with a constant independent of the
discretization parameter 6 € A.

Remark. When'V = U and B is coercive in that (B-)(+) > || - [|§;—cf. (2.4.2)—
finding quasi-best approximations is easy: Céa’s Lemma states that the unique

1u® € WY so that Bu® = [ in U¥—the Galerkin approximation u® of u—is quasi-
(2]
L

optimal with constant ”aﬂ (even a7z when B is also symmetric); cf. [BS08,
§2.8]. For V # U, our focus, the problem is more nuanced. O
The minimizer u° of ||| — Bw® ||y over w® € U is uniformly quasi-optimal:
I = ully < 1B = Bu [y = [IB~| min [|I - Buw’ |y,
wd €U’

< B8] min lu— @y,
wdelUd
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with constant ||B||||B~1||. However, due to the the dual norm || - ||y, in gen-
eral, neither u° nor its residual || Bu’ — ||y can be computed.

There is hope, though. The idea is to find a family (V) of closed (finite-
dimensional) test spaces in V, ideally with a dimension that is proportional to
that of its corresponding trial space U?, for which ||B - ||y can be controlled
by the computable quantity || B - ||, uniformly in 6 € A, i.e.

(Bw)(v) 1Buwllye _ s

inf inf sup ——*—4+— = inf inf ———~— =: > 0. 2.2.2
B B P TBullylolly — oehwits [Bwlly, 18 222

ly

We call such families (U%, V)¢ uniformly inf-sup stable; the equivalent

inf inf sup M >0 (2.2.3)
SEA wel oLyeys lwllullvlly

is called the Ladyzhenskaya—Babuska—Brezzi (LBB) condition in literature.

Remark. The optimal test space Vgpt = R{,lBU‘S satisfies dim V? = dim U’
and the family (IU‘S,ngt)(g6 A satisfies 7% = 1. The resulting solutions equal
the minimizer of ||Bw — ||y over w € W’, and so are quasi-optimal with
constant ||B]|||B~!||. However, the construction of Vgpt is difficult unless V is
an Lp-type function space. Solutions exist by constructing projected optimal test
spaces; see the proof below for an example. %

In this discrete dual norm, consider the minimal residual approximation
Ul := argmin || Bw’ — Hlyor- (2.2.4)
wd eUd

This minimizer exists uniquely thanks to (2.2.2) and unique solvability of the
saddle-point system (2.1.2). We discuss its practical computation in §2.3. First,
we have the following result.

Theorem 2.2.1 (Inf-sup stability <= quasi-optimality [§3.3.1]). Assume B &
Lis(U,V'). A family (U°,V°);sen of proper nontrivial closed subspaces of U x
V satisfies (2.2.2) exactly when its minimal residual approximations are uniformly
quasi-optimal. In that case,

-1
5l < IBIIB—|

lu — uprllo inf |u—w’ly (ueU,déeA). (2.2.5)

wdel?
Proof. Defining the trial-to-test map T° € £(U, V?) by (T?w,v)y = (Bw)(v),
the function T°w € V? is the V-orthogonal projection onto V° of the optimal
test function R{,le. Define the projected optimal test space V’ = ranT’ lye-
Then V° € V¢ and | Bwl|ys = ||Bw||v;/ for w € WY, so (2.2.2) still holds
upon restriction to v € V°. Moreover, dimV’ = dimU? and EfV,BU5 €
5!
Lis(U°, v ). The result follows from Remark 3.3.2 (which stability constant
B
is the LBB-constant Kf from (2.2.3)) after estimating Kf > ﬁ. O

2.2 Minimal residual approximation
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In words, uniform quasi-optimality of minimal residual approximations is
equivalent to uniform inf-sup stability of the corresponding family of discrete
trial- and test spaces, so the game becomes showing (2.2.2). In the sequel, we
will often show inf-sup stability conditions using yet another equivalence.

2.2.1 Fortin interpolators
A linear operator Q° : V — V is a Fortin interpolator [For77] when
ranQ’ C V?, ||Q° < oo, (Bw’)(Q%) = (Bu’)(v) ((w’v)€ U°xV).
It is well-known that the existence of uniformly bounded Fortin interpolators
is a sufficient condition for uniform inf-sup stability. Indeed: for allv € V we
have ||Q%|ly < ||Q°||||v|lv, so that for v # 0, Hvl\lv < H(‘ﬁfl‘\'\/' Using this, we
find that for any w® € U?,

Buw®) (v Buw®)(Q% Buw®)(Q%
HBwénv,Zsup( )( ) :sup( )( ) < ||Q5\|Sup< ())( )
ozocy 19V ozeey  lollv 0xoey Q%0

Buw®)(v° 5
< 1Q°|| Supi( ” 5)( ) 1Q° 11 B ||y
O#U‘SGV‘S v ”V

J
1Bw ]y,
| Bw? ||y

. . . .1
the existence of such interpolators is also necessary:

so that > [|Q%|| =Y, uniformly in w® € W’ and § € A. It turns out that

Theorem (Fortin interpolator <= inf-sup stability [Thm. 7.3.11]). Assume
B € Lis(U, V'), let (U°, V°)scp be a family of closed subspaces of U x V. Then
there exists a family (Q°)sca of uniformly bounded Fortin interpolators exactly when
(U°, VO)sep is uniformly inf-sup stable as in (2.2.2).

2.2.2 A posteriori error estimation

To get any idea about the U-norm error ||w® — u||y in some w’ € U?. we have
to use the information available to us. The norm of the residual

HBwJ - ZH\/N

sounds promising, as its continuous counterpart has || Bw® — I||y =~ ||w’ — u||y.
In fact, boundedness of B immediately yields efficiency:

1B’ — 1l ysr = IB(w° = u) |l yer < 1B(@” —u) [y < [|B]|||” - ullu.

This means that the residual norm doesn’t overestimate the error too much. The
challenge is to show reliability, i.e., that the residual norm doesn’t underestimate
the error too much either.

IThe theorem is actually stated for B € L(U, V'), with condition (2.2.2) defined over
inf {welUd:Bw-0} - In current form, the equivalence is also found in [Bra07, 4.8-4.9].
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2.3

Property 3 of the Fortin interpolator Q° guaranteed by §2.2.1 asserts that
(1d - Q)(BU’) =0,
which, combined with boundedness of B~! and a triangle inequality, shows
lo® —ulu < 1B-H 1B’ —I]ly
< B71 (I1Q7 (B’ = D)llys + 11(1d = Q) (Bee? = )|y )
= 1B (1Q” (B = D)lyor + 1 (1d = Q"))
< 1B Q1B = Iy + 1B (1d = Q).

We see that the residual norm is reliable up to a quantity ||(Id — Q° ,)l ||y we

call data oscillation. For this result to be satisfactory, Q’S/ should have approxi-
mation properties in that, for sufficiently smooth data /, the data oscillation is of
equal or higher order than the discretization error inf sy ||’ — u||y.

This is out of reach from the abstract viewpoint taken here, but we con-
tinue the argument in §4.7.2 for the parabolic evolution problem, and in §7.3.2
for the parabolic data assimilation problem.

Solving the discretized system

Writing E9; : U° — U and E{, : V° — V for the trivial embeddings, the
minimal residual solution u$,, from (2.2.4) equals the second component of
the discrete saddle point problem of finding (pfz, u4r) € V° x U’ such that

5/ 5 5 s 5 5/
E\g FYE}/ By BEy| |me| = |Ev| iy v x U (23.1)
Ey; B'Ey, 0 UMR

Equipping the pair (U°, V?) with appropriate bases (®°,¥?), we define
B:= (B®°)(¥°), R:= (Ry¥°)(¥°), I:=I(¥).

We call B the system matrix and I the load vector. The matrix representation of
our saddle point problem is to find (u, u) € R4™ VO % REMU’ guch that

][] e -

For vectors v € RE™V° and 7w € Rdim Ué, we can write v := vT}I”S € V? and
w:=w'® € U°. In this notation, y‘SMR = p'¥° and ui,[R =u'®°.

R B
B" o

Remark. The proof of Theorem 2.2.1 reveals that with the projected optimal

test space VvV’ V?, the resulting system matrix is square and invertible, and

2.3 Solving the discretized system
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thus can be used to solve for uﬁ,[R. This idea is used extensively in discontinu-
ous Petrov-Galerkin methods, where V is a ‘broken’ (discontinuous) space and

constructing V(S is efficient. In our case, its construction is infeasible, as R{,l is
a nonlocal operator so the resulting matrix would be dense. We instead solve
the saddle point system (2.3.1) or the normal equations (2.3.2) below. 0

2.3.1 An important insight
As R is symmetric positive definite (indeed: v'Ro = (v"¥00 ¥)y = |[o"¥?|3)),
we can take the Schur complement of M w.r.t. the V°-block to isolate the U°-
block, yielding the equivalent problem of finding u € R4™ U that solves

B'R'Bu=B'R7'L (2.3.2)

Usually the exact evaluation of the action of R~! will not be feasible. How-
ever, R~! can be replaced by any spectrally equivalent K, i.e. one for which there
are 0 < rp < Rp < oo such that

0(KR) C [ra,Ra] (6 €A). (2.3.3)
Matrices like these are called optimal preconditioners and play an important role
in solving linear systems efficiently as well, as discussed below in §2.3.3.

As R™! is the matrix inducing the norm on V?', this amounts to replacing
the norm on V¢’ by the uniformly equivalent norm || - [|,s induced by K, hence

12y

_ _ !
Tl € [RyL Y] (B e V2,6 €n).
\%

Replacing R™! by K in (2.3.2) yields the problem of finding # € R4™ Uit

Si=b where S:=B'KB and b:= B'KIL

Note that in general, the solutions # and # do not coincide. However, we
deduce that @ := it' ® is the unique minimizer of [|Bw’ — Ilysr over w’ €
U%. As aresult, i is uniformly quasi-optimal, with

—1
IBIIB~"Y max(Ra, 1) o6 1y — by (5 € A).

0
u—1u < -
|| MRHU = ’)/E mln(TA,l) W EUd

The importance of this reformulation is that the matrix S is symmetric posi-
tive definite, which allows us to use an iterative solver such as Conjugate Gra-
dients [HS52] to obtain a good approximation to 3, very efficiently.

Alternatively, one can use MINRES [PS75] to solve the saddle-point sys-
tem, or Bramble—Pasciak CG [BP88], which allows nonsymmetric precondi-
tioners and offers a quantitative advantage over MINRES. When a precondi-
tioner K to R is not available, a variant of LSQR [PS82, Ben99] can be used to
solve the minimal residual problem directly.
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2.3.2

2.3.3

Matrix-free iterative solvers

One important hurdle in applications is that the dimension of trial- and test
spaces can become immense, in the order of billions. In this case, performing
a direct solve on the monolithic matrix S is prohibitively expensive.

In fact, even storing the system matrix B in memory may be out of reach.
Luckily, efficient methods exist for the matrix-free solution of linear systems.
Requiring only the action x +— Sx (and so those of B, K, and B), we solve the
linear system using an iterative method: Starting from some initial guess iy, we
generate a sequence (#;)xeN of improving approximate solutions.

For k € N, define # := #,®° € W’. Stopping after k iterations and
incurring an algebraic error ||,z — 112 ||y is acceptable, as long as it is bounded

by the discretization error inf, s ;s |[u — w’ ||y with some fixed factor A5. Then,
the resulting iterative solution is still quasi-optimal:
i "o o~ A o~
lu =l < llu - tmllo + 18w — 2o < (1+Aa) 1 — Bgellu
-1
< IB[[[B~"|| max(Ra,1) o
< (1A UL ZRED it -

Of course, computing the algebraic error is not straight-forward, as ;3
is unavailable. For Conjugate Gradients, there are methods to get accurate
bounds on the algebraic error using information already available in the loop;
see the recent work [MPT21] and references therein.

(6 € A).

Optimal preconditioning

The performance of the iterative method depends on the quality of the initial
guess, but more so on the (spectral) condition number of S defined as

x2(S) == [ISIlIS~"-
This condition number typically explodes for increasing problem size.

A preconditioner P is a matrix such that xp(PS) < #,(S). Preconditioners
are an essential tool in solving large sparse systems, as they increase the rate
of convergence of an iterative method dramatically. In fact, S is derived from
a linear operator S € L£(X?, X‘Sl), so any linear operator P € E(XJ/, X?) satis-
fying -(P-) =~ || - H?{(s, yields an optimal preconditioner P, for which 1, (PS) < 1
uniformly in § € A; cf. [Hip06].

In the most extreme case P = S~!, any iterative method is finished after
a single iteration, but computing the action x — S~ 'x is prohibitively expen-
sive. Therefore, the next best thing is an optimal preconditioner we can apply
efficiently (at cost proportional to dim X°). In our parabolic problems, these
are built using wavelets in time and multigrid in space; see [And16, SvWW21].

With an optimal preconditioner, the iterative solver reduces the algebraic
error with a fixed factor in each iteration. In this case, also estimating the
algebraic error becomes feasible by measuring ||Siy; — b||p. Indeed:

ISy = bllp = |[S( — @) |p ~ IS (e — @) l|g-1 = 2 — tl|s = [[3r — 2]l
In fact, ||Si; — b||p is already available within a preconditioned Conjugate
Gradients loop (as its variable j3).

2.3 Solving the discretized system
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2.4 Parabolic evolution problems
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Heuristically, parabolic PDEs describe time-dependent physical processes that
dissipate? over time towards some steady state described by an elliptic PDE.
We give a brief introduction on these elliptic PDEs.

Elliptic boundary-value problems

Let QO C R? be a Lipschitz domain as in [BS08, Def. 1.46]. For given forcing data
f:Q — R, wewant to find u : O — R solving the boundary-value problem

{ —Au =f (onQ),
u =0 (ondQ).

This is the Poisson equation, and it is the prototyptical elliptic PDE. Describing
the negative Laplacian —Au by its action when integrated against functions is
known as a weak formulation. Integration by parts yields the bilinear form

a:V><V—>]R:(17,§)»—>/éV1¢V§dx. (2.4.1)

Then for V := Hé (Q)), a is continuous, and coercive in that for some & > 0

a(n,n) >allyly, (mev), (24.2)

(with [ja|]] = &« = 1). For f € V' = H-1(Q), the problem to find u € V that
solves a(u, () = f(¢) for all { € V is well-posed in the sense of §2.1.

Example. Many more elliptic PDEs exist. The equation underlying many
chemical processes replaces the Laplace operator A = div V with

—divkKV +b-V +c¢,

where K models diffusion, b models convective transport, and c is a reaction term
that can also depend nonlinearly on u. We touched briefly on these reaction-
diffusion systems in the Outlook of Chapter 1, and discuss a linear convection-
dominated diffusion problem in Chapter 4. ¢

Example. The fourth-order biharmonic equation A*u = f models the equilib-
rium position of a thin elastic plate subject to a vertical force f. Complemented
with clamped boundary conditions, the corresponding bilinear form is coer-
cive on V := H3(Q), and one can use Argyris elements for its conforming
discretization. See [BS08, §5.9] for an overview.

This equation has a rich history, and Boris Galerkin (better romanized as
Galyorkin) first described his now-ubiquitous Galerkin method within this con-
text. See the excellent reviews [GW12, GK12]. O

2Dissipative here means that some notion of ‘energy’ is lost over time. This should be con-
trasted with hyperbolic equations, that conserve energy.
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24.1

Parabolic evolution problems

Let V and H be Hilbert spaces (of functions over some spatial domain) such
that the embedding V C H is dense and continuous. Applying the Riesz
representation theorem, we identify H with its dual, and find H' C V' with
dense and continuous embedding; we say V. C H ~ H' C V' is a Gelfand
triple. Denote with (-, -) the inner product on H x H and its unique extension
to V' x V, and denote the norm on H by || - ||.

Let I := (0,T) be a time interval. Let a(t;-,-) : V. x V — R denote a
bilinear form such that f — a(¢; -, -) is measurable and a(¢; -, -) is bounded and
coercive—cf. (2.4.2)—uniformly in t. Define a family of linear operators by
(A(t)-)(+) :== a(t; -, ). For an initial value uy and forcing data g, we seek u that
solves the parabolic evolution problem

{ du (1) 4 A(t)u(t)

g(t) (fortel),
1(0) = . (2.4.3)
Example (Heat equation). Taking H := L,(Q), V := H}(Q), and a from (2.4.1)
yields the prototypical parabolic heat equation %u — Ayu = g. Its evolution
problem models the temperature evolution of some object () subject to a heat
source g, as the result of thermal conductivity.

In simultaneous space-time variational form, its first equation reads as
finding u from some space X of functions of time and space such that

(Bu)(v) := A(%(f),v(f» + (A()u(t), o(t)) dt = /<g(t)fv(f)>df =:8(v)

I

for all v from another space Y. With the trace map 7; : w — w(t,-), we can
enforce the initial condition weakly by testing ’you against additional functions.
Defining A through (Au)(v) := [;(A v(t)) dt, we get the following.

Theorem ([SS09]). With X := Ly(I; V) N Hl(I,- Vand Y = Ly(L; V),

[B] u € Lis(X,Y' x H).
70

In other words, for any (g, ug) € Y' x H, the problem of finding u € X s.t.

Bl _|g
ol s] ass

is a well-posed simultaneous space-time variational formulation of (2.4.3).

Define the symmetric part of A as A; := J(A+ A’) € Lis(Y,Y’) and
9 :=B— A€ L(X,Y). We equip Y with the energy norm || - |2 := (As)(+),
so As becomes the Riesz map on Y. Equip X with the norm

11 = 110~ 1+ 11 13+ llvo - 112

Both norms are equivalent to their natural norms.

2.4 Parabolic evolution problems
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2.4.2
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We are now in the situation of the abstract introduction, with

B , and l::lg].
Up

70
Let’s apply its results. The first insight is that (2.4.4) is equivalent to the saddle
point problem of finding (y,0,u) € Y x H x X such that

U:=X, V:i=YxH, B:=

As 0 B |u g
0 Id 99| || = |ug| in Y xHxX (2.4.5)
B 9y 0] |u 0

and we can look at discrete subspaces of X and Y x H, respectively. In Chap-
ter 3, we will see that it is harmless to not discretize H at all, which is equiv-
alent to taking the Schur-complement of the H-block in (2.4.5). The resulting
saddle point problem is to find (y, 1) € Y x X such that

As B ul _ g
B"  —yv0]| |u —Ypto

The minimal residual method of Andreev

In [And12, And13, And16], R. Andreev looked at the properties of minimal
residual (MR) solutions of this parabolic problem and its efficient solution.
Take some family (X?,Y?)sca of subspaces of X x Y. In current notation, the
MR method amounts to finding

in Y xX. (2.4.6)

2

250+ 0w’ — o>

arg min || Bw® — g|
wieXd
Our abstract introduction shows that MR solutions are uniformly quasi-optimal

exactly when the family (X°, Y%)scp is uniformly inf-sup stable, i.e.
1Bl + o’ |12
JoA i 3|2 3|2
debwiexs |[Bwlly, + [lyow’|
Andreev was able to prove the following important result that reduces inf-sup
stability of the entire operator (B, ) to that of the time-derivative 9; only.
Theorem ([And13, Thm. 4.1]). Let X° C Y°. When A is symmetric and

8¢y

(2.4.7)

Y
= inf inf ———
TA T A wexe [|0sw° ||y

then the family (X°,Y?)sca is uniformly inf-sup stable, i.e., (2.4.7) holds.

>0, (2.4.8)

In Chapter 4, we show that the symmetry condition on A can be dropped.

Stable trial- and test spaces It is clear by now that the main game is to con-
struct, for every trial space X?, a test space Y? C Y that guarantees uniform
inf-sup stability of the time derivative (2.4.8). To ensure that the resulting lin-
ear system can be solved efficiently, we aim for a test space with dimension
proportional to its trial space, i.e. dim Y? < dim X° uniformly in 6 € A.

A full explanation is outside the scope of this introduction. We give an
overview of families of stable trial- and test spaces in §4.5.

Chapter 2 Preliminaries
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3.1

Stable space-time Galerkin discretizations
of parabolic PDEs

Abstract  We analyze Galerkin discretizations of a new well-posed mixed
space-time variational formulation of parabolic PDEs. For suitable pairs
of finite element trial spaces, the resulting Galerkin operators are shown to
be uniformly stable. The method is compared to two related space-time
discretization methods introduced in [IMA |. Numer. Anal., 33(1) (2013),
pp- 242-260] by R. Andreev and in [Comput. Methods Appl. Math., 15(4)
(2015), pp. 551-566] by O. Steinbach.

Introduction

In recent years one witnesses a rapidly growing interest in simultaneous space-
time methods for solving parabolic evolution equations originally introduced
in [BJ89, BJ90], see e.g. [GK11, And13, UP13, Ste15, GN16, LMN16, S517, DS18,
NS19, RS19, VR18, 5720, FK21]. Compared to classical time marching meth-
ods, space-time methods are much better suited for a massively parallel im-
plementation, and have the potential to drive adaptivity simultaneously in
space and time.

Apart from the first order system least squares formulation recently intro-
duced in [FK21], the known well-posed simultaneous space-time variational
formulations of parabolic equations in terms of partial differential operators
only, so not involving non-local operators, are not coercive. As a consequence,
it is non-trivial to find families of pairs of discrete trial- and test-spaces for
which the resulting Petrov—Galerkin discretizations are uniformly stable. The
latter is a sufficient and, as we will see, necessary condition for the Petrov—
Galerkin approximations to be quasi-optimal, i.e., to yield an up to a constant
factor best approximation to the solution from the trial space. This concept
has to be contrasted to rate optimality that, for quasi-uniform temporal and
spatial partitions, has been shown for any reasonable numerical scheme under
the assumption of sufficient regularity of the solution.

If one allows different spatial meshes at different times, then for the classi-
cal time marching schemes quasi-optimality of the numerical approximations

This chapter is a minor modification of Stability of Galerkin discretizations of a mixed
space-time variational formulation of parabolic evolution equations, R. Stevenson and J. West-
erdiep, IMA Journal of Numerical Analysis, 41(1):28-47, 2021.
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is known not to be guaranteed as demonstrated in [Dup82, Sect. 4].

In view of the difficulty in constructing stable pairs of trial- and test-spaces,
in [And13] Andreev considered minimal residual Petrov—Galerkin discretiza-
tions. They have an equivalent interpretation as Galerkin discretizations of an
extended self-adjoint mixed system, with the Riesz lift of the residual of the
primal variable being the secondary variable. This is our point of view.

A different path was followed by Steinbach in [Stel5]. Assuming a ho-
mogenous initial condition, for equal test and trial finite element spaces w.r.t.
fully general finite element meshes, there stability was shown w.r.t. a weaker
mesh-dependent norm on the trial space. As we will see, however, this has the
consequence that for some solutions of the parabolic problem these Galerkin
approximations are far from being quasi-optimal w.r.t. the (mesh-independent)
natural norm on the trial space.

In the current work, we modify Andreev’s approach by considering an
equivalent but simpler mixed system that we construct from a space-time vari-
ational formulation that follows from applying the Brézis—Ekeland—-Nayroles
principle [BE76, Nay76]. With the same trial space for the primal variable, we
show stability of the Galerkin discretization of this mixed system whilst uti-
lizing a smaller trial space for the secondary variable. In addition, the stiffness
matrix resulting from this mixed system is more sparse. In experiments, the
errors in the Galerkin solutions are nevertheless very comparable.

3.1.1 Organization

In Sect. 3.2 we derive the two self-adjoint mixed system formulations of the
parabolic problem that are central in this work. In Sect. 3.3 we give sufficient
conditions for stability of Galerkin discretizations for both systems. We pro-
vide an a priori error bound for the Galerkin discretization of the newly intro-
duced system, and improved a priori error bounds for the methods from [And13]
and [Stel5]. In Sect 3.4, we show that the crucial condition for stability (be-
ing the only condition for the newly introduced mixed system) is satisfied
for prismatic space-time finite elements whenever the generally non-uniform
partition in time is independent of the spatial location, and the generally non-
uniform spatial mesh in each time slab is such that the corresponding L,-
orthogonal projection is uniformly H!-stable. In Sect. 3.5 we present some
first simple numerical experiments for a one-dimensional spatial domain and
uniform meshes. Conclusions are presented in Sect. 3.6.

3.1.2 Notations

In this work, by C < D we will mean that C can be bounded by a multiple of
D, independently of parameters which C and D may depend on. Obviously,
C 2z DisdefinedasD <C,andC~DasC<DandC 2 D.

For normed linear spaces E and F, by L(E, F) we will denote the normed
linear space of bounded linear mappings E — F, and by Lis(E, F) its subset
of boundedly invertible linear mappings E — F. We write E — F to denote
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3.2

that E is continuously embedded into F. For simplicity only, we exclusively
consider linear spaces over the scalar field IR.

For linear spaces E and F, sequences ® = (¢;)ic; C E, ¥ = (¢i)ie; C
F, f € F/, and a linear A: E — F/, we define the column vector f(¥) :=
[f (¥i)]ic; and matrix (A®)(Y) := [(A¢;)(Yi)]ic1jej- If E = F is an inner
product space, then with R: E — E’ denoting the Riesz map, we set (¥, ®) :=
(RD)(Y) = [(Rp)) (i)licrjer = [($i, 9))]ictje)-

Space-time formulations of the parabolic evolution problem

Let V, H be separable Hilbert spaces of functions on some “spatial domain”
such that V — H with dense and compact embedding. Identifying H with its
dual, we obtain the Gelfand triple V. — H ~ H — V'.

We use the notation (-, -) to denote both the scalar product on H x H, and
its unique extension by continuity to the duality pairing on V' x V. Corre-
spondingly, the norm on H will be denoted by || - ||.

For a.e.

tel:=(0,T),

let a(t;-,-) denote a bilinear form on V x V such that for any 1, € V, t —
a(t;n,Q) is measurable on I, and such that fora.e. t € I,

la(t;n, O S Mnliviicllv (7,8 € V) (boundedness), (3.2.1)

a(tn,m) Z 115 (1€V)  (coercivity). (322)

With A(t) € Lis(V, V') being defined by (A(t)n)({) = a(t;n,{), we are
interested in solving the parabolic initial value problem to finding u such that

H O+ AU =g (teD), (323)
u(0) = uo. -

Remark 3.2.1. With i(t) := u(t)e=9, (3.2.3) is equivalent to 22 (¢) + (A(t) +

old)ii(t) = g(t)e @ (t € I), 1(0) = up. So if initially a(t;1,7) is not coercive

but only satisfies a Gdrding inequality a(t;n,1) + o(n,11) 2 ||7l|3 (1 € V), then
one can consider a transformed problem such that (3.2.2) is valid. O

In a simultaneous space-time variational formulation, the parabolic PDE
reads as finding u from a suitable space of functions of time and space s.t.

(Bw)(v) := /(%(t),v(t» Fa(tw(t),o(t)) dt

I

|
—
oQ
—
~
~—
N
Q
—~
~~
~—
Nyt
I
oQ
—~
Q
—

(3.24)
for all v from another suitable space of functions of time and space. One pos-
sibility to enforce the initial condition is by testing it against additional test
functions. A proof of the following result can be found in [SS09], cf. [DL92,
Ch.XVIIL §3] and [W1082, Ch. IV, §26] for slightly different statements.

3.2 Space-time formulations of the parabolic problem
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Theorem 3.2.2. With X := Lo(L; V)N HY L V'), Y := Ly(I; V), under condi-
tions (3.2.1) and (3.2.2) it holds that

[ 50] € Lis(X,Y' x H), (3.2.5)

where for t € I, yi: u v+ u(t,-) denotes the trace map. That is, assuming g € Y’
and ug € H, finding u € X such that

(Bu)(v1) + (u(0,-),v2) = g(v1) + (uo,v2) ((v1,v2) €Y x H),  (3.2.6)
is a well-posed variational formulation of (3.2.3).

One ingredient of the proof of this theorem is the continuity of the embed-
ding X < C(I, H), in particular implying that forany t € I, y; € L(X, H).

Defining A, As € Lis(Y,Y’) (here (3.2.2) is used), A, € L(Y,Y’), and
C,0: € L(X,Y) by

(Au)(v) == /Ia(t,'u(t),v(t)) dt, Agi= LA+ A), A =LA-A),
C:=B—A;, 9;:=B—A,

an equivalent well-posed variational formulation of the parabolic PDE is ob-
tained by applying the so-called Brézis—-Ekeland-Nayroles variational princi-
ple [BE76, Nay76], cf. also [And12, §3.2.4]. It reads as

(C'ATIC + As + vpyr)u = (Id + C' A7) g + vhuo, (3.2.7)
where the operator on the left is in Lis(X, X'), is self-adjoint and coercive.
We provide a direct proof of these facts. Since As 0 € Lis(Y x H,Y' x

0 Id

H), an equivalent formulation of (3.2.5) as a self-adjoint saddle point equation
reads as finding (y,0,u) € Y x H x X (where i and ¢ will be zero) such that

As 0 B |u g
0 Id ol |o| = |uof|, (3.2.8)
B v, 0] |u 0
or
(B'A;1B + vhy0)u = B'A; g + vhuo. (3.2.9)

Thanks to (3.2.5), this Schur complement B'A; 1B + 7)o is in Lis(X, X’), is
self-adjoint and coercive.

We show that (3.2.9) and (3.2.7) are equal. Recalling the definitions of C
and 0y, note that the right-hand sides of both equations are the same, and that
B'A;'B+ 570 =C'A;'C+ As+C+C' + 7570

= C'ATICH As+ 3+ 31+ 7070

Chapter 3 Stable space-time Galerkin discretizations of parabolic PDEs



thanks to A}, = —A,. Our claim is proven after noting that for w,v € X,
(3¢ + 91 +7p70)w) (v) = /<%(t),v(t)> + (w(t), (1)) dt + (w(0),v(0))
7

JI
- /1 $(@w(t),0(t)) dt + (w(0),0(0)) = (vryrw) (o).

As (3.2.9) was obtained as the Schur complement equation of (3.2.8), in its
form (3.2.7) it is naturally obtained as the Schur complement of the problem
of finding (A, u) € Y x X such that

As C Al
C" —(As+rrr)| |u|

Knowing that its Schur complement is in Lis(X, X’), As € Lis(Y,Y’),and C €
L(X,Y'"), we infer that the self-adjoint operator at the left hand side of (3.2.10)
isin Lis(Y x X, Y" x X/).

Substituting C = B — A; and Bu = g, we find the secondary variable to be

8
(et 76140)] . (3.2.10)

A=u.

Remark 3.2.3. When reading /7yt as 0t 4 9} + (Yo, the system (3.2.10) has re-
markable similarities to a certain preconditioned version presented in [NS19]
of a discretized parabolic PDE using the implicit Euler method in time. Ideas
concerning optimal preconditioning developed in that paper, as well as those
in [And16], can be expected to work for Galerkin discretizations of (3.2.10). O

Remark 3.2.4. In equations (3.2.8) and (3.2.9), the operator A; can be replaced
by a general self-adjoint A; € Lis(Y,Y’). With C := B — A, the equivalent
equation (3.2.7) then reads as

(C'A7IC +2As — A+ Yhyr)u = (Id + C' A7 g + vhuo,
and (3.2.10) as

As ¢ A g
c’ —(2As - As + ')/T"YT) u _(g + 76”0) ’

with solution A = u. O

In the next section, we study Galerkin discretizations of equations (3.2.8)
and (3.2.10), which then are no longer equivalent.

Since the secondary variables u and ¢ in (3.2.8) are zero, the subspaces
for their approximation do not have to satisfy any approximation properties.
Since the secondary variable A in (3.2.10) is non-zero, the subspace of Y for
its approximation has to satisfy approximation properties, and the error in its
best approximation enters the upper bound for that of its primal variable.

On the other hand, (uniform) stability will be easier to realize with equa-
tion (3.2.10) and will also be proven to hold true for A, # 0; the system matrix
will be more sparse; and the number of unknowns will be smaller.

3.2 Space-time formulations of the parabolic problem
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In order to facilitate the derivation of some quantitative results, we will
equip the spaces Y and X with the ‘energy-norms’ defined by

ol == (As0) (@), [k = [lull¥ + [eullF + u(T)|1?,

which are equivalent to the standard norms on these spaces. Correspondingly,
we measure orthogonality in Y w.r.t. the ‘energy scalar product’” (As-)(-).

3.3 Stable discretizations of the parabolic problem

3.3.1 Uniformly stable Petrov—Galerkin discretizations, quasi-best approximations

This subsection is devoted to proving the following theorem.

Theorem 3.3.1. Let W and Z be Hilbert spaces,and F € Lis(Z,W'). Let (W?, Z%)5ca
be a family of closed subspaces of W x Z such that for each 6 € A it holds that

ES/'FES € Lis(Z5, W), where E3,;: WO — W, ES: Z° — Z denote the triv-
ial embeddings. Then the collection (z°)scp of Petrov-Galerkin approximations to
z € Z, determined by Ef,v,PE‘SZz‘S = E{S,V,Pz, is quasi-optimal, ie. ||z —2z%||z <
infy ez |2 — 2°||z, uniformly inz € Z and § € A, iff

|(Fz)(w)]

inf inf sup —r—r— >0 (uniform stability).
0EN0£2z€Z0 0£wEW? HZHZ HwHW

Proof. The mapping P’ := z — z° = E%(E%/FE‘SZ)*E%,/FZ is a projector. For
{0} € 7° € Z,itholds that P° ¢ {0,1d}, and consequently, |[Id — P°|| (7, 7) =
1P| £(z,7) (see [Kat60, XZ03]). We obtain that
sup ||Z*Z‘5”Z = sup sup M
z€Z\Z9 inf25625 |z — Z(SHZ 2€Z\Z0 €70 Iz — Z‘SHZ
I—P°)z
= sup w — HP§
0#4z€7Z 2] z

(3.3.1)

l2(z,2)-

It remains to show uniform boundedness of ||P?| £(z,z) if and only if uniform
stability is valid.
The definition of P’ shows that

1P|l 2(z,2)
=~ o / /
B (B FED)TEY | w2

Further, we have that

IE= 2w 2 < [1Fllzezwry-

/ Y / B /
IS (Ey FEZ) ™" Ey |l cowrz) = I1(Esy FE) ™" Edy |l 2w 290)

! _
= 1B FE) ™ s 2
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where the last equality follows from ||E€v < 1 and, for the other

/
”ﬁ(wcwo‘/)
direction, from the fact that for given f° € W¢ the function f € W' defined

. e /
by flys := f° and flwsyx := 0 satisfies || f||w = /2]l ,ysr and f° = E9 ' f.
Then seeing that

inf  sup |(Fz)(w)] (3.3.2)

E5 ,FE5 —1-1 =
|(Ew FEZ) Hg(wwrzré) 042620 o Lpe s 1zl zllwl|w

completes the proof. O

Remark 3.3.2. In particular above analysis provides a short self-contained
proof of the quantitative results

sup, s — =2l
“1-1 < 2€Z\Z mfzéezzi lz—2°]z <
I M w2y < - P < |IFll £(z,wr).
2= b en ()]
072620 SUP0£weW Tz], [l

that were established earlier in [TV16, §2.1, in particular (2.12)]. O

Uniformly stable Galerkin discretizations of (3.2.10)

Let Y° x X° be a closed subspace of Y x X, and let E{: Y° — Y and E$: X° —

X denote the trivial embeddings. Since E‘)S//ASE‘SY € Lis(Y?, Y‘S/) (as well as
being an isometry), the Galerkin operator resulting from (3.2.10) can be fac-
torized as

B AES ES'CES, B
|(E{'CES)’ —Eisgl(Aer’Y'ﬂT)Egj -
[ Id 0
(ES'CEL) (B AsES) ! Id] °
(B AES 0
0 —E3(As+vyr)ES — (ES'CELY (B8 AES)\ES'CES, |

B N sy /
Id (E§ AsE$)'E) CE4
0 Id

(3.3.3)

We conclude that this Galerkin operator is invertible if and only if the Schur
complement

! ! / - !
EX (As +9ryr)Ex + (Ey CEX)'(EY AsEY)'EY CEL (3.3.4)

is invertible, which holds true for any X° # {0}.

3.3 Stable discretizations of the parabolic problem
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Theorem 3.3.3. Let (Y°, X°)scn be a family of closed subspaces of Y x X such that

Ya = inf inf sup _ru)(v) > 0.1 (3.3.5)
DEA {ueX?: o0} o speys |9tutllyr[[olly

Let p = pp be the root in [0,1) of

'Yi(PZ —p)+ ||Au||2£(y,y/)(P —1)+p=0,

and let
B Al (V3 Al zivn)

A (1—pa)7ra '

so that Cp = 3\@7£2 when || Aqllzeyyy = 0, and lim‘|Aa|‘£(yy/)_)°°

Then with A = u and (A°,u’) denoting the solutions of (3.2.10) and its Galerkin
discretization, respectively, it holds that

CA:OO.

A=M|2 4+ |lu—udl2 <C inf A= A2 + [|u—ad|3.
\/H ||y || HX = A(}\‘S,ﬂfs)eyéx 5\/|| ||y H HX
(3.3.6)

Proof. In view of the second inequality presented in Remark 3.3.2, we start
with bounding the norm of the continuous operator. Using Young's inequal-
ity, for (A, u) € Y x X we have

[ A6A + dgulTr + [[9GA = (As + 7pyr)ull

< SIAAIT + 31813 + 3190A1I% + 311 (As +vryr)ulk

< SUAIT +IAIR) + 3CNoel3 + [laelly + Nu(TYIZ) = 3T + [lue]%)-

Together with || Aqu ||, + || AjA[% < |\Aa||2£(y’y,)(\|/\||% + ||lul|%), it shows that

H As C
C =(As+ 777D | |l 2ivsexyrxxn
B il |1 %
I —(As+777) | lgorsexyrxxn Ar 0l zerexyxx

< V3 [ Aall g vy

To bound, in view of (3.3.2), the norm of the inverse of the Galerkin oper-
ator, we use the block-LDU factorization (3.3.3). With r := (1 + || A, ||25(y y/))/

for u € X it holds that

ICully < l0eullyr + [|Aall gy llully < V7 [lu]lx.

Here and in the following, inf {(ueX?: 30} SUPOLpcy? % should be read as 1 in the
case that {u € X%: 9;u #0} = @.
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Together with the fact that E‘SY/ASE‘SY € Lis(Y?, Y‘S/) is an isometry and again
Young’s inequality, it shows that for (A, u) € Y x X?,
1A= (B ASES) ™ EY CESally + llul
< (U DAIT + @+ Drlull + ulk
< @+ n)(IAF + lull%),
or

/ _ s/ -1
Id (E§ ASE$) 'ES CE%
0 Id

< /34 1Aall% iy v
L(YIx X0, Y% X9) LYY

Obviously, the £(Y‘5 "% X9 /, Y o X9 /)—norm of the inverse of the first factor
at the right-hand side of (3.3.3) satisfies the same bound.
For the 2nd factor, we consider the Schur complement operator. From

(ES/ ASESA)(A) = ||A|]2 for A € Y, we have for f € YO, f((ES'AsES)~1f) =
I(E AES) 1 £II2 = [|f[|%,, and so for u € X°

/ / _ / /
(B3 CER (B AcED) 5 Cf ) () = 183/ CERul,

Using that for u € X°,
2
Ny dru) (v
I8 2, = sup G > R

0A£0veY? || HY

and o
IEY AaEX””i(s' < ||Aa||2£(y,y/)||““§/r

Young’s inequality shows that

!/ —
IEY CESul}sr = (1= pa)vAloeulf + (1= pu ) AallZ y v 13
where we assumed that py > 0ie. A; # 0. It follows that
!
((Astryr)u) (u) + [|EY CESul3,
> (14 (1= o3 ") 12y 1l + (T2 + (1 = pa)r oyl
> (1= pa)vallulk (337)

where we used that 1+ (1 —p, ") ”A”HZL(Y,Y/) = (1 — pa)73 by definition of
oa- One easily verifies (3.3.7) also in the case that A; = 01i.e. pp = 0.

Since Ei/AsEf, € Lis(Y?, Y‘sl) is an isometry, and 0 < (1 — pA)’yi < 'yi <
1, we conclude that the £(Y? "5 X9, Y% x X0 )-norm of the inverse of the sec-
ond factor is bounded by (1 — pa) 17,2

In view of the second inequality presented in Remark 3.3.2 in combination
with (3.3.2), the proof is completed by collecting the derived bounds. O
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3.3.3 Galerkin discretizations of (3.2.8)

32

In Chapter 4, we generalize results to the case of A, # 0 but as in [And13,
Stel5], in this section we operate under the condition that

A=A, (3.3.8)

Following [Ste15], for a given closed subspace Y C Y we define the ‘mesh-
dependent’ norm on X by

oru)(v)?
el ye = 1l + sup 2Oy 2.
otoeye  II0lly

Note that || - |[x,y = [| - [|x-
The following result generalizes the ‘inf-sup identity’, known for Y° =Y,
see e.g. [ESV17], to mesh-dependent norms.

Lemma 3.3.4. Assuming (3.3.8), then foru € Y° N X,

u '02
Nl ys = sup EOOT 02

6
X opers I

If additionally you € H°, then

1(0),v5))?
iy = sup  (BWE)E w0 02)

(3.3.9)
0#(v1,v0) €Y x H? ”le%/ + HUZHZ
Proof. Define y € Y’ by (Asy)(v) = (3u)(v) (v € Y°). Then (Asy)(y) =

SUPg£peye (a]‘?‘g’)z. Furthermore, for v € Y°, (Bu)(v) = (As(y + u))(v) and
Y

s0, thanks to u € Y?,

wap BOE)

. (As(y+u))(y +u) = (Asy)(y) + 2(Asy) (u) + (Asu) (u)
0£veY? Py

= (Asy)(y) +20eu) (u) + (Asu) () = [|ull5 yo — [lu(0)]?

where we used that 2 [} (9su(t), u(t)) dt = [|u(T)||* — [|u(0)]>.
The second statement follows from

(Asly 410000 (0 0D _ (4, (y 4-1)) g+ ) + ()]

sup
0tomevixre o1l + o2l
thanks to u(0) € H. O

The next theorem gives sufficient conditions for existence and uniqueness
of solutions of the Galerkin discretization of (3.2.8), and provides a suboptimal
error estimate.
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Theorem 3.3.5. Assuming (3.3.8), for closed subspaces Y x H® x X° C Y x H x
X with X° C Y° and ran 7| x5 C© H?, the Galerkin discretization of (3.2.8) has a
unique solution (u°,c?,u®) € Y° x H® x X%, and with u the solution of (3.2.6),

6 . )
=1 lys <2 inf =] x

Proof. Thanks to the assumptions X° C Y and rang|ys € H°, the inf-sup
identity (3.3.9) quarantees the unique solvability of the Galerkin system.
For any u € X?, there exist unique y,, € Y, h, € H’ such that

(Asyu) (v1) + (hu,02) = (Bu)(v1) + (you,v2)  ((v1,v2) € YO x H).

We decompose Y° x H? into Z° := clos{(yy, h,): u € X°}? and its orthogonal
complement W?. Using that for any u € X° and (vy,v2) € W?, (Bu)(v1) +
(u(0),v2) = 0, one infers that for any u € X?, the inf-sup identity (3.3.9)
remains valid when the supremum is restricted to 0 # (vy,v,) € Z°. Fur-
thermore, since for any (v1,v2) € Z° there exists a z € X° with (Bz)(vy) +
(2(0),vp) # 0, we infer that u° is the unique solution of the Petrov—Galerkin
discretization of finding u° € X such that

(Bu®)(01) + (u°(0),02) = g(v1) + (g, v2)  ((v1,02) € Z°). (3.3.10)

By applying these observations consecutively, we infer that for any #° € X?,

((B(u® —%))(v1) + (u(0) — #°(0), v2))?

Juf — @ s = sup

0% (01,07)€2 [o1[I3 + (02| a1
o (B — %)) (o) + (u(0) —7°(0),02)* _ 50 -
=sup 2 P > ”” u ”Xr
04 (01,07) €25 [o1]ly + [loz]]

where we again applied (3.3.9) now for Y’ = Y. A triangle-inequality com-
pletes the proof. O

Theorem 3.3.5 can be used to demonstrate optimal rates for the error in
u® in the | - ||y ys-norm, and hence also in the Y-norm. Yet, for doing so
one needs to control the error of best approximation in the generally strictly
stronger || - || x-norm, which requires regularity conditions on the solution u
that exceeds those that are needed for optimal rates of the best approximation
in the || - || ys-norm. In other words, this theorem does not show that u’isa

quasi-best approximation from X in the || - || ys-norm, or in any other norm.

Remark 3.3.6. Theorem 3.3.5 provides a generalization, with an improved
constant, of Steinbach’s result [Ste15, Theorem 3.2]. There the case was con-
sidered that the initial value uy = 0, rang|ys = {0}, H® = {0}, and Y’ =

2In the (discontinuous) Petrov-Galerkin community, Y? x H® and Z° are known under the
names test search space (or search test space), and projected optimal test space (or approximate
optimal test space), respectively.

3.3 Stable discretizations of the parabolic problem
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X?. In that case the Galerkin discretization of (3.2.8) means solving u’ e X0
from (Bu®)(v) = g(v) (v € X°) (indeed, Z° in the proof of Theorem 3.3.5
is X? x {0}). So with this approach the forming of ‘normal equations’ as in
(3.2.9) is avoided.

In case of an inhomogeneous initial value uy € H, one may approximate
the solution as i + w’ , where ii € X is such that yyii = ug, and w® € X’ solves
(Bw®)(v) = g(v) — (Bit)(v) (v € X%). Although such a 7 € X always exists,
its practical construction becomes inconvenient for ug ¢ V. For ug € V, i can
be taken as its constant extension in time.

To investigate in the setting of [Ste15] the relation between the || - ||y ys-
and || - || x-norms, we consider X° of the form X ® X?, where X¢ is the space
of continuous piecewise linears, zero at t = 0, w.r.t. a uniform partition of 1
with mesh-size h; = ﬁ for some N; € N, and X$ C V with Ngea XJ # {0}.

Given z° € X%, Lemma 3.3.4 shows that

) ) .
sup L@ _ 2 xye

ovexe 1Z2Mxlolly — l12201x

(3.3.12)

For some arbitrary, fixed 0 # z, € ﬁ,;eAXfc, we take 20 = Zf ®zy € X°,
where z0 € X! is defined by %zf = (=1)""Yon [(i — 1)h, ihs]. Since 22 (0) = 0,
(0:2°)(v) _

l[olly

d "
also z2(T) = 0. We have ||zf|\L2(1) =~ hg, ||%||L2(I) ~ 1, supgspey

dz} _ Sl — 116 _
I3t oy lzxllve = 1122y = 128y (pyllzxllv = hs, and
dz?
a o JI’U
wp @@ _ o O ()
ozvexs N2l 0£vEX? 1ollay g pvexs 12V
dz¢
(G O o1
< sup ~ Dy

0£veX? ||U||L2(I)

Let us equip the space of piecewise constants w.r.t. the aforementioned
uniform partition with the L, (I)-normalized basis {x?} of characteristic func-

tions of the subintervals, and X{ with the set of nodal basis functions {¢¢ } nor-
_1
malized so that their maximal value is h; *. Then with G := [(x}, ¢i)1,(1)]ij =
1 1
% ol and x := \/I; [(—1)i’1]1§i§2N§, from the uniform L, (I)-stability
1
of {¢?} one infers that

dzd
39 1
sup LIV o (O8 Yy L
orvexs N0lay oy Y 2
By substituting these estimates in the right-hand side of (3.3.12), we find that

its value is ~ /hs, so that infy_,,s xs sup, LoeX Il'ifﬁi% < Vhs. As follows
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from the first inequality in Remark 3.3.2, this means that there exist solu-
tions u € X of the parabolic problem for which the errors in X-norm in these

Galerkin approximations from X° are a factor > h;% larger than these errors
in the best approximations from X°.

Numerical evidence provided by [Stel5, Table 6] indicate that in general
these Galerkin approximations are not quasi-optimal in the Y-norm either. ¢

Returning to the general setting of Theorem 3.3.5, in the following theo-
rem it will be shown that under an additional assumption quasi-optimal error
estimates are valid.

Theorem 3.3.7. Assuming (3.3.8), let (Y°, H°, X%)scp be a family of closed sub-
spaces of Y x H x X such that in addition to X% C Y9 and ran '70|X5 C H?, also
(3.3.5) is valid. Then for the Galerkin solutions (u°,c?,u’) € Y® x H® x X% of
(3.2.8) it holds that

) -1 . _5
u—u < inf ||u—1u .
Ju=ullx < 75" inf u—ilx

Proof. As we have seen in the proof of Theorem 3.3.5, thanks to the assump-
tions X’ C Y? and ran Yolxs € H?, the component 10 € X° of the Galerkin
solution of (3.2.8) is the Petrov—Galerkin solution of (3.2.6) with test space
Z° C YO x H°.

By (3.3.11), the projector P°: u — u° satisfies |[P°ulyys < |ulx. The
proof is completed by || - [|x < 7|l - | x ys on X? by assumption (3.3.5), in
combination with (3.3.1). O

In [And13], Andreev studied minimal residual Petrov—Galerkin discretiza-

3
YoHo
discretizations of (3.2.8) (cf. [CDW12], [BS14, Prop. 2.2]). In view of this, The-

orem 3.3.7 reproduces, though here with a clear-cut constant, the results from
[And13, Thms. 3.1 & 4.1].

tions of f u = . They can equivalently be interpreted as Galerkin

Remark 3.3.8. As was pointed out earlier in [And13], for practical compu-
tations it can be attractive to modify the Galerkin discretization of (3.2.8) by

replacing E‘SY/ASE‘SY by some A = Ag’ € Lis(Y?, Y‘Sl) whose inverse can be
applied cheaply (a preconditioner) 3, so that for constants 0 < ¢y < Cpr < 09,

) ¢ (A, CX] (€A ueY’).

Indeed, in that case one can solve the then explicitly available Schur comple-
ment equation with precondition CG, instead of applying the preconditioned

3For Galerkin discretizations of (3.2.10), such a replacement of E‘;/AsEéy by an equivalent
operator will result in an inconsistent discretization.

3.3 Stable discretizations of the parabolic problem
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MINRES iteration. By redefining Z° := closys, s ran in the

70 X0

proof of Theorem 3.3.5, and by taking W to be its orthogonal complement in
Y? x H? with Y? now being equipped with inner product (AJ-)(-), instead of
(3.3.11) we now estimate for any e X?,

(Ag)lEi/B]

((B(u® — %)) (v1) + (u’(0) — #°(0),v2))?

||u® — i = su
Y hmamers loal + ool

C g (B )0 ¢ ((0) — 1(0),02)

= I L oy, €Y (Agv1)(v1)% + [|o2|?

1 sup ((B(w® —))(v1) + (u(0) — #°(0), 02))?
MY 04 (0y,00)€20 (Adv1)(01)? + |22

_ sup ((B(u — %)) (v1) + (u(0) — (0),v2))?
miNCA) L (0,00)€ 20 (Adv1)(v1)? + [lvaI?

cmx( G ((B(u— %)) (v1) + (u(0) — #°(0),v3))*

= iR o (0,0) €20 [o1[[3 + 02|
max(C2,,1 _

< T =2

Consequently, a generalization of the statement of Theorem 3.3.5 reads as

6 max(Cij,l) . 6
= lye < (12K ) ing =

and that of Theorem 3.3.7 as

5 —1 [max(C}.1) . 5
Ju—u’llx <7y Wﬂgdllu—u Ix. €

Remark 3.3.9. As we have seen in the previous section, under the condition
that (3.3.5) is valid, Galerkin discretizations of (3.2.10) yield quasi-optimal ap-
proximations. Assuming A = A’, in the current section we have seen that
the same holds true for Galerkin discretizations of (3.2.8) when in addition
X% C Y% and ran Yolxs € H 9. For the latter discretization, however, a still sub-
optimal error bound is valid without assuming (3.3.5). This raises the question
whether this is also true for Galerkin discretizations of (3.2.10).

We saw that the Galerkin operator resulting from (3.2.10) is invertible when
X% # {0}. Moreover, when equipping X° with the ‘mesh-dependent’ norm
| - | x ys, by adapting the proof of Theorem 3.3.3 one can show that the opera-

tor is in Lis(Y? x X¢, Ye x XJ/) with both the operator and its inverse having
a uniformly bounded norm. Despite this result, we could not establish, how-
ever, a suboptimal error estimate similar to Theorem 3.3.5. ¢
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3.4

Finally in this section we comment on the implementation of the Galerkin
discretization of (3.2.8). This system reads as

g o e | ] R
0 Ej Ehy  Ej 10Ex | || = ES ug| (3.3.13)
E$ B'ES  E% 7v\EY 0 u 0

By eliminating ¢, it is equivalent to
/
_| Es |
—E‘;( Yoo
(3.3.14)

-1
The operator E¢, (E?{,Ef{) E‘IS{/ is the H-orthogonal projector onto H°. So
under the assumption that

5/ 5 ' pré
EY AES EY BE% [WS]
5
u

5/ / S / -1 /
/BE, £ 25 (EhEh) B 0E}

ran yg|ys € H°

which was made in Theorem 3.3.7, it can be omitted, or equivalently, it can be
pretended that H® = H, without changing the solution (1%, u%). The imple-
mentation of the resulting system

- . / 5 5!
ES'AES  EY'BES wl_| Eys (3.3.15)
EYBE, —EX1o00EY] [#] [ —EX omo) -

is easier, and it runs more efficiently than (3.3.13).

Remark 3.3.10. We can view (3.3.15) as a Galerkin discretisation of

4 B 1 V}:[ 3 1 (3.3.16)
u —Yoto

B =170
but for the analysis of the discretization error in (u°, u%) it s still useful to view
(3.3.15) before elimination of ¢°, as a Galerkin discretization of (3.2.8) which
yielded the sharp bound on this error presented in Theorem 3.3.7. %

Realization of the uniform inf-sup stability (3.3.5)

In Theorem 3.3.3 we showed that Galerkin discretizations of (3.2.10) are quasi-
optimal when (3.3.5) holds, and in Theorem 3.3.7 for Galerkin discretizations
of (3.2.8) when in addition X° C Y? and ran Yolxs € H’ (and A = AJ).

In this section we realize the condition (3.3.5) for finite element spaces
w.r.t. partitions of the space-time domain into prismatic elements. In §3.4.1
generally non-uniform partitions are considered for which the partition in
time is independent of the spatial location, and the spatial mesh in each time
slab is such that the corresponding H-orthogonal projection is uniformly V-
stable. In §3.4.2 we revisit the special case, already studied in [And13], of trial
spaces that are tensor products of temporal and spatial trial spaces.

3.4 Realization of uniform inf-sup stability
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3.4.1 Non-uniform approximation in space local in time, non-uniform
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approximation in time global in space

Theorem 3.4.1. Let O be a collection of closed subspaces Xy of V such that the
H-orthogonal projector Qx, onto Xy is in L(V, V'), with

— 1 71
ro = il 1@zl >0

FrNeEN,0O=ty<t; <---<ty=T, ()N CN,X},...,XN-1€ O, let

Xa = {u S C(I_r V) u|(ti,ti+1) € qu ® X;}
Yo .= {vely(LV): v|(ti,ti+1) €Dl ®X§c}

Then with A being the collection of all 6 = §(N, (;);,(q:);, (X1);), it holds that

(9r14) (v) (3.4.1)

inf inf > uo,

5€A {uexb: a0} o ryeys 10ty [0l
i.e. (3.3.5) is valid.

; (u,0)
Proof. [And13, Lemma 6.2] yields 07éll?efxx e p HunHvHv = ||Qx, ||£ vy

With P, denoting the Legendre polynorrual of degree 1, extended with
zero outside (—1,1), for any u € X9, atu can be written as the Ly(I; H)-

orthogonal expansion (f,x) — 2 tyliz (%)um(x) for some

u;, € Xi. Fixing e € (0, up), for each (i,n) there isav;, € X, with [|v; »||v =

||ManV/ and (Uin,Vin) > (Ho —¢) = (t,x) —
Z Z (%) v; n(x), we conclude that
—14i— 2
: 1+1+t ) . 2
(0)(2) > (o P (B ) | g Nl
i=0 n=
= (ro - €)||u||w\|v||y,
which implies the result. O

Remark 3.4.2. In view of Theorem 3.3.7, note that both X“S C Y? and (3.3.5)
are valid by taking Y° := {v € Ly(L; V): (e, i0) € Poy ® X5} O

Considering the condition on the collection O of spatial trial spaces Xy,
let us consider the typical situation that H = Ly(Q)), V = H(l)’,y(Q) ={u e
HY(Q): u = 0on vy} where Q C R is a bounded polytopal domain, and 7 is
a measurable, closed, possibly empty subset of d(). We consider X, C V to be
finite element spaces of some degree w.r.t. a family of uniformly shape regular,
and, say, conforming partitions 7 of () into, say, d-simplices, where 7 is the
union of some (d — 1)-faces of S € 7. When the partitions in this family are
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3.4.2

quasi-uniform, then using e.g. the Scott-Zhang quasi-interpolator ([SZ90]), it
is easy to demonstrate the (uniform) simultaneous approximation property

infoex, {10y + ( 5uPouex, {f ) ln = o}
sup sup ||MH < 00,
Xy €0 0£ucV 14

Writing for u € V and any v € X, Qu = v+ Q(u — v), one easily infers that
supy co [1Qxllc(v,v) < oo

The uniform boundedness of ||Qx||z(v,v) is, however, by no means re-
stricted to families of finite element spaces w.r.t. quasi-uniform partitions, and
it has been demonstrated for families of locally refined partitions, for d = 2
including those that are generated by the newest vertex bisection algorithm.
We refer to [Car01, GHS16].

Non-uniform approximation in space global in time, non-uniform
approximation in time global in space

If in Theorem 3.4.1, the spatial trial spaces X', are independent of the tempo-
ral interval (t;,t;,1), then X’ is a tensor product of trial spaces in space and
time. In that case, one shows inf-sup stability for general temporal trial spaces,
e.g. spline spaces with more global smoothness than continuity.

Theorem 3.4.3. Let O be as in Theorem 3.4.1. Given closed subspaces X; C H'(I),
O%Xt CY; C Ly(I)and Xy € O, let X° := X; @ Xy, Y0 := Y} @ Xy. Then with A
being the collection of all 6 = 6(Xy, Y, Xx), (3.4.1) is valid.

The proof of this result follows from the fact that thanks to the Kronecker
product structure of d; € L(X,Y’), for such trial spaces we have

inf sup 7@#)(0)
{ueX?: 30} o peys 198ty [I0]ly
du
SHodt
= inf S e L dt x inf  sup ﬂ (34.2)
{ueXe: 4 £0} orvey, |Gl Iolyy  0AueXx 0vex, Illvllollv
= inf su {u, 0)

0AuEXx 0Lpe X, m

(Indeed: for U and V Hilbert, T € L(U, V'), and Riesz mappings Ry;: U —
L T . . -

U, Ry: V — V', we find infy1,cy SUP(£pev % = min O'(RulT/vaT),

with R'T'R,'T € £L(U, U) being self-adjoint and non-negative. In the above

setting, it is a Kronecker product of corresponding operators acting in the

‘time” and “space’ direction, respectively.)

Remark 3.4.4 (Sparse tensor products). Instead of considering the ‘full’ tensor
product trial spaces from Theorem 3.4.3, more efficient approximations can be

found by the application of ‘sparse’ tensor products. Let X,(CO) C X,(Cl) C---be

3.4 Realization of uniform inf-sup stability
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a sequence of spaces from O, Xt(o) C X(l) - C Hl( ), and Y(O) C Y(l)

. C Ly(I) such that Y¥ O 4x% Then for X := ¥ xV o X( 9,
YO = Zi:o Yt(k) ® Xj(ffk) inf-sup stability holds true unlformly in ¢ with
inf-sup constant y¢.

Although this result follows as a special case from the analysis in [And13],

for convenience we include the argument. With Wt(k) = Yt(k) N (Yt(k_l))Lsz
for k > 0, and Wt(o) = Y(O) from the nestings of (Y, (i))i and (X(i))i one
infers that Y() = &f_, W( ) ® XY is an (Lp(I) ® H)-orthogonal decom-
position. Given y € Y([) lety = Zk o Yk be the corresponding expansion.

Fixing ¢ € (0,p0), there exist i, € Wt( ) ® X,(( Y with Wi Tk) 1y (Dol

>
(1o — &) llyxllv7elly and [[Fillyr = llyelly, and so (Ti_o vk Tieo Tk) 1y (1ot =
(mo — &)l Lo villy | Zb—o 7k lyr- The result follows from ;X € Y(). ¢

Remark 3.4.5. In view of (3.4.2), it is obvious that Theorem 3.4.3 remains valid
Jy Giodt
il (ol
formly in the pairs (X;, Y¢) that are apphed As shown in [And13], the same
holds true in the sparse tensor product case. For X; being the space of con-
tinuous piecewise linears w.r.t. some partition 7 of I, and Y; being the space
of continuous piecewise linears w.r.t. the once dyadically refined partition, an
easy computation shows that the inf-sup constant is not less than /3 /4.

Since in our experiments with the method from [And13], with this alterna-
tive choice of Y; the numerical results are slightly better than when taking Y;
to be the space of discontinuous piecewise linears w.r.t. 7, we will report on
results obtained with this alternative choice for Y;.

when 4 3 Xt € Yiisrelaxed to 1nf{uex du ) SUP_Lycy, Td E > (0 uni-

Numerical experiments

For the simplest possible case of the heat equation in one space dimension
discretized using as ‘primal’ trial space X° the space of continuous piecewise
bilinears w.r.t. a uniform partition into squares, we compare the accuracy of
approximations provided by the newly proposed method (i. e the Galerkin
discretization of (3.2.10) with trial space here denoted by Y<,, x X°) with
those obtained with the method from [And13] (i.e. the Galerkin discretiza-
tion of (3.2.8)). We implement the latter method in the form (3.3.15), i.e. after
eliminating 0°. The remaining trial space is denoted here by an dr. X X%. So
wetake T =1,ie. I = (0,1), andwithQ (0,1), H := L(Q), V := H}(Q),
a(t;n,0) == [ ' dx. With - = 7= =: € N, we set

X :={v e H'(I): ol 51m) € P} ©{v € Hy(Q): vl w1y € Pr},
Yr(iew .—{U € Lz([) v‘(ih,(i—l—l)h) S P()} ® {Z) S H(%(Q) U|(ih,(i+1)h) € Pl}/
Yinar :={v € H'(I): 0| (/2141172 € P1} © {0 € H3(Q): 0| (141m) € P11}
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Note that dim Y2,,, ~ dim X? and dim Y[‘_in qr ~ 2dim X?. The total number of
non-zeros in the whole system matrix of the new method is asymptotically a
factor 2 smaller than this number for Andreev’s method.

Prescribing both a smooth exact solution u(t, x) = e~ sin 7rx and a singu-
lar one u(t,x) = e |t — x|sin rrx, Figure 3.1 shows the errors ¢° := u — u°
in X-norm as a function of dim X°. The norms of the errors in the Galerkin

—— New method —— New method
---- Andreev's method ---- Andreev's method
1071 4
10*1 4
1072 4
103 1072 4
10t 102 103 104 10° 106 10t 10?2 103 104 10° 108

Figure 3.1 |[[e°||x vs. dim X? for both numerical methods. Left: u(t,x) =
e~ 2t sin rx. Right: u(t,x) = e 2|t — x| sin 7Tx.

solutions found by the two methods are nearly indistinguishable from one
another. Furthermore, the observed convergence rates 1/2 and 1/4, respec-
tively, are the best possible ones that in view of the polynomial degrees of X°
and Y (new method) or that of X° (Andreev’s method) and the regularity of
the solutions can be expected with the application of uniform meshes. (For
any e >0, e 2|t — x| sinmx € H2¢(I x Q) \ H3(I x Q).

For both solutions and both numerical methods, the errors ¢’ (T, -) mea-
sured in L(Q) converge with the better rate 1, i.e., these errors are asymp-
totically proportional to 1?2, see left picture in Figure 3.2. To illustrate that the
two methods yield different Galerkin solutions, we show ¢°(0, -), measured in
L(Q)-norm in the right of Figure 3.2.

1072 4 —— New method 1071 4 —— New method
---- Andreev's method ---- Andreev's method
1073 4 10-2 4
10-4 1073 4
10754 107 5
106 | 1074
10-7 1076 4
T T T T T T T T T T T T
10t 102 103 104 10° 108 10! 102 103 104 10° 108

Figure 3.2 Singular solution u(t,x) = e ?!|t — x| sin 7rx. Left: ||65(T,~)||L2(Q)
vs. dim X°. Right: ||e‘5(0,~)|\L2(Q) vs. dim X°.

The new method actually yields two approximations for u, viz. u’ and A°.
This secondary approximation is not in X, butitisin Y = L,(I; V). For both

3.5 Numerical experiments
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solutions, the errors in A° measured in Y-norm are slightly larger than in those
in u’, see left picture in Figure 3.3.

Finally, we replaced the symmetric spatial diffusion operator by a nonsym-
metric convection-diffusion operator a(t;,) := [1'¢" + py'Cdx. Letting
B := 100 and again taking the singular solution u(t,x) = e % |t — x| sin 7tx,
the errors ¢° in X-norm of both Galerkin solutions vs. dim X° are given in
Figure 3.3. We once again see that the two methods show very comparable
convergence behaviour.

—— New method, ||€®||y "\\ —— New method
---- Andreev's method

---- Andreev's methad, ||e’||y

0 J
'\, —— New method, ||lu—A%||y 10

1071 4

10714

10-2 4

1072 4 _1/4&

T T T T T T T T T T T T
10t 10?2 103 104 10° 10° 10t 10? 103 104 10° 108

Figure 3.3 Singular solution u(t,x) = e~ 2|t — x| sin 7rx. Left: |||y and ||u —
A9y vs. dim X? for the symmetric problem. Right: |e°|x vs. dim X? for the
nonsymmetric problem.

Conclusion

Three related (Petrov-) Galerkin discretizations of space-time variational for-
mulations were analyzed. The scheme introduced by Steinbach in [Stel5]
has the lowest computational cost, and applies on general space-time meshes,
but depending on the exact solution, the numerical solutions can be far from
quasi-optimal in the natural mesh-independent norm. The minimal residual
Petrov—Galerkin discretization introduced by Andreev in [And13] yields for
suitable trial and test pairs quasi-optimal approximations from the trial space.
For suitable pairs of trial spaces, Galerkin discretizations of a newly intro-
duced mixed space-time variational formulation also yield quasi-optimal ap-
proximations, but for the same accuracy at a lower computational cost than
with the method from [And13].
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4.1

Minimal residual discretizations of
asymmetric parabolic PDEs

Abstract ~ We consider a minimal residual discretization of a simultane-
ous space-time variational formulation of parabolic evolution equations.
Under the usual ‘LBB’ stability condition on pairs of trial- and test spaces
we show quasi-optimality of the numerical approximations without as-
suming symmetry of the spatial part of the differential operator. Under a
stronger LBB condition we show error estimates in an energy-norm which
are independent of this spatial differential operator.

Introduction

This chapter is about the numerical solution of parabolic evolution equations
in a simultaneous space-time variational formulation. Compared to classi-
cal time-stepping schemes, simultaneous space-time methods are much better
suited for massively parallel computation (e.g. [NS19, vWW20a]), allow for lo-
cal refinements in space and time (e.g. [SY18, G519, SvVW21, vVW21a]), and
produce numerical approximations from the trial spaces that are quasi-best.

The standard bilinear form that results from a space-time variational for-
mulation is non-coercive, which makes it difficult to construct pairs of discrete
trial and test spaces that inherit the stability of the continuous formulation.
For this reason, in [And13] R. Andreev proposed to use minimal residual dis-
cretizations. They have an equivalent interpretation as Galerkin discretiza-
tions of an extended self-adjoint, but indefinite, mixed system having as sec-
ondary variable the Riesz lift of the PDE-residual of the primal variable.

For pairs of trial spaces that satisfy a Ladyshenskaja—Babuska-Brezzi (LBB)
condition, it was shown that w.r.t. the norm on the natural solution space, be-
ing an intersection of Bochner spaces, the Galerkin solutions are quasi-best
approximations from the selected trial spaces. This LBB condition was veri-
fied in [And13] for ‘full’ and ‘sparse’ tensor products of various finite elements
spaces in space and time. The sparse tensor product setting was then general-
ized in [SvVW21, Proposition 5.1] to allow for local refinements in space and
time whilst retaining (uniform) LBB stability.

This chapter is a minor modification of Minimal residual space-time discretizations of
parabolic equations: Asymmetric spatial operators, R. Stevenson and J. Westerdiep, submitted
to Computers & Mathematics with Applications, arXiv:2106.01090.
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A different minimal residual formulation of first order system type was
introduced in [FK21], see also [GS21]. Here the various residuals are all mea-
sured in Ly-norms, meaning that they do not have to be introduced as separate
variables, and the resulting bilinear form is coercive.

Closer in spirit to [And13] are the space-time methods of [Stel5, LMN16,
BEEN19], in which error bounds are presented w.r.t. mesh-dependent norms.
In [Dev20, SZ20] space-time variational methods are presented that lead to
coercive bilinear forms based on fractional Sobolev norms of order % A first
order space-time DPG formulation of the heat equation is presented in [DS20].

A restriction imposed in [And13], as well as in the other mentioned ref-
erences apart from [BEEN19, GS21], is that the spatial part of the PDO is not
only coercive but also symmetric. In Chapter 3 we could remove the sym-
metry condition for the analysis of a related Brézis—-Ekeland-Nayroles (BEN)
([BE76, Nay76]) formulation of the parabolic PDE. In the current work, we
prove that also for the minimal residual (MR) method the symmetry condition
can be dropped. So for both MR and BEN we show that under the aforemen-
tioned LBB condition the Galerkin approximations are quasi-optimal, where
the bound on the error in the numerical approximation for BEN improves
upon the one from Chapter 3.

The error bounds for both MR and BEN degrade for increasing asymme-
try. This is not an artefact of the theory but is confirmed by numerical exper-
iments. Under a stronger LBB condition on the pair of trial spaces, however,
we will prove that the MR and BEN approximations are quasi-best w.r.t. a con-
tinuous, i.e., mesh-independent, energy-norm, uniformly in the spatial PDO.

We present numerical tests for the evolution problem governed by the sim-
ple PDE o; — €d2 4 9, +eld on (0,1)? with initial and boundary conditions,
where e is either 0 or 1. For the case that homogeneous Dirichlet boundary
conditions are prescribed at the outflow boundary x = 1, the results for very
small ¢ illustrate that quasi-optimal approximations do not necessarily mean ac-
curate approximations. Indeed the error in the computed solution is large be-
cause of the unresolved boundary layer. Minimization of the error in least-
squares energy norm causes a global spread of the error along the streamlines.
We tackle this problem by imposing these boundary conditions weakly.

Organization

In Sect. 4.2 we recall the well-posed space-time variational formulation of the
parabolic problem and study its conditioning. Under the usual LBB condi-
tion, in Sect. 4.3 we show quasi-optimality of the MR method without assum-
ing symmetry of the spatial differential operator. A similar result is shown
for BEN in Sect. 4.4. Known results concerning the verification of this LBB
condition are summarized in Sect. 4.5, together with results about optimal
preconditioning.

In Sect. 4.6 we equip the solution space with an energy norm, and, under
a stronger LBB condition, show error estimates for MR and BEN which are
independent of the spatial differential operator. We present an a posteriori
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4.2

error estimator which, under an even stronger LBB condition, is efficient and,
modulo a data-oscillation term, is reliable.

In Sect. 4.7 we apply the general theory to the example of the convection-
diffusion problem. We give pairs of trial- and test spaces which satisfy the 2nd
and 3rd mentioned LBB conditions. Finally, in Sect. 4.8 we present numerical
results for the MR method in the simple case of having a one-dimensional
spatial domain. To solve the problems caused by an unresolved boundary
layer, we modify the method by imposing a boundary condition weakly.

Notations

In this work, by C < D we will mean that C can be bounded by a multiple of
D, independently of parameters which C and D may depend on. Obviously,
C 2z DisdefinedasD S C,andC~DasC <DandC 2 D.

For normed linear spaces E and F, by L(E, F) we will denote the normed
linear space of bounded linear mappings E — F, and by Lis(E, F) its subset
of boundedly invertible linear mappings E — F. We write E < F to denote
that E is continuously embedded into F. For simplicity only, we exclusively
consider linear spaces over the scalar field R.

Well-posed variational formulation

Let V, H be separable Hilbert spaces of functions on some “spatial domain”
such that V' < H with dense embedding. Identifying H with its dual, we
obtain the Gelfand triple V < H ~ H’ < V’. We use (-, -) to denote both the
scalar product on H x H as well as its unique extension to the duality pairing
on V' x VorV x V’, and denote the norm on H by || - ||.
For a.e.
tel:=(0,T),

let a(t; -, ) denote a bilinear form on V x V such that for any 1,{ € V, t —
a(t; 17, ) is measurable on I, and such that for some ¢ € R, fora.e. t € I,

la(t;, Ol S livligly - (1,0 € V) (boundedness), (4.2.1)
a(t;n,m) +o(n,n) = Inl% (y €V)  (Gdrding inequality). (4.2.2)

With A(t) € Lis(V,V’) being defined by (A(t))({) := a(t;n,{), given
a forcing function g and an initial value ug, we are interested in solving the
parabolic initial value problem to finding u such that

u(0) = up.

{gl;(tHA(t)u(t):g(t) (tel), (4.2.3)

In a simultaneous space-time variational formulation, the parabolic PDE
reads as finding u from a suitable space of functions X of time and space s.t.

(Bw)(v) := A(%’(t),v(t)} +a(tw(t),o(t)) dt

I
—
(oo}
—~
~
=
Q
—
—~
=
=
Q.
o
I
(o}
—
(s}
S

4.2 Well-posed variational formulation
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for all v from another suitable space of functions Y of time and space. One
possibility to enforce the initial condition is by testing it against additional test
functions. A proof of the following result can be found in [SS09], cf. [DL92,
Ch.XVIIL, §3] and [W1082, Ch. 1V, §26] for slightly different statements.

Theorem 4.2.1. With X := Ly(L; V)N H(I; V'), Y := Ly(I; V), under conditions
(4.2.1) and (4.2.2) it holds that
B . ,
l ] € Lis(X,Y' x H),
70

where for t € I, y¢: u v+ u(t,-) denotes the trace map. That is, assuming g € Y’
and ug € H, finding u € X such that

Bl _ |8
o1 i

is a well-posed simultaneous space-time variational formulation of (4.2.3).

With ii(t) := u(t)e™®, (4.2.3) is equivalent to 9Z(t) + (A(t) + old)i(t) =
g(t)e @ (t € I), 7(0) = up. Since ((A(t) + old)n) (1) = |4]13, w.l.o.g. we will
always assume that, besides (4.2.1), (4.2.2) is valid for ¢ = 0, i.e., fora.e. t € I,

a(tn,n) Z s (1€ V) (coercivity). (4.2.5)
We define A, A; € Lis(Y,Y'), A, € L(Y,Y'),and C,0; € L(X,Y’) by
(Aw)(0) = [a(Gw(t),o(n)d, Asi=FA+A), A= F(A-A),
I
d:=B—A, C:=B—As=0d + A,
and equip Y with ‘energy’-scalar product (-, -)y := (As-)(+), and norm
[olly := 1/ (As0)(0).

being, thanks to (4.2.1) and (4.2.5), equivalent to the standard norm on Y.
Equipping Y’ with the resulting dual norm, A; € Lis(Y,Y’) is an isometric
isomorphism, and so for f € Y’ we have

FATT) = (AAT AT = AT FIF = IIfI1
For some constant § > 1, we equip X with norm
-1l = \/H A+ 110 13+ v - 12+ (B=Dllvo - 12

being, thanks to X < C(I; H), equivalent to the standard norm on X. In
addition, we define the energy-norm on X by

I llx = \/HB A5+ Bllvo- I17

which, thanks to Theorem 4.2.1, is indeed a norm on X.
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Proposition 4.2.2. With a := || Aa| £ (y,y1), for 0 # w € X it holds that

-1 2
(1+a(a+\/zx2+4)> < H|w|”2X§1+g(oc+\/oc2+4),
2 lwllk 2

so that, in particular, both norms are equal when A, = 0.

Proof. Using that for w,v € X,

((9 +0; + Y070)w) (0) = /I<dfw(t),v(f)> + (w(t), § (1)) dt + (w(0),v(0))

t
= [ g w(®),0(1) dt + (w(0),2(0)) = (2p17) o),
we find that
B'A; B+ Bryvo = (C'+ As) A (C + As) + Bromo
= C'A7'C+ As+ C' + C+ Broro

= C'A7IC + A5+ 9] + 9: + Bybvo
= C'A7ICH As + o5yt + (B— DYoo

(4.2.6)

Forw € X,
(C'A7 Cw) (w) = (Cw)(AT'Cw) = [[(3: + Ag)wll3r < ([[0rwllyr + allw]ly)?,

and so, for any 1 # 0, Young's inequality shows that

1Bl + Bllvowl? = ((C'ATIC+ As +aprr + (B — Do) () ) ()
< (L4 ow]3 + (1 + 573 + D[[wl + [yrw]® + (B — 1) vowl|*
Solving (1+7?) = (1+772)a?+1gives 1 +7#%> = 1+ %(zx + Va2 —|—4),

showing one of the bounds of the statement.
From

1@+ A)w[[3r > ([9rw]lys — afjwlly)? > (1 =) [0rwll3 + (1 =5~ w]|F

again by Young’s inequality, by solving 52 from 1 — 7> = (1 — 72)a? + 1 the
other bound follows. O

Remark 4.2.3. As || - ||y is defined in terms of the symmetric part A; of the
spatial differential operator A, & = || A4|| £(y,yr) measures the relative asymme-

_1 _1
try of the operator A. Indeed ||Aalz(y,y1) = [|As * AaAs * || (1, (1), 1o (5H) =
_1 _1
p(A; 2ANATTALAT ) = p(AT1ALATLA,) 2, where we used Al = —A,. O

4.2 Well-posed variational formulation 49
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Let (X‘S, Y? )sea a family of closed, proper, non-zero subspaces of X and Y,
respectively. For 6 € A, let E and E¢ denote the trivial embeddings X0 — X
and Y? — Y that we often write for clarity. We assume that

XOCY? (5en), (4.3.1)

'y po
7% = inf inf IEy %Exwllys

> 0. 4.3.2
dEA [weX?: 8tE‘)5(w;£O} ||atE§(wHY’ ( )

Furthermore, for efficiency, we assume to have a Kf/ = K‘SY/ S Eis(Y‘sl, Y‘s)
(a “‘preconditioner’), such that for some constants 0 < rp < Rp < oo,

(k) '0)(v)

—r R 5 €A, Y?), 433
(E‘f/AsE‘f,v)(v)e[rA Al (6€DveY) (4.3.3)

or, equivalently, ﬁ% € [Rgl,”gl} (beAfe Y<5’).

Noticing that ||f||io, = ((E%IASEf,)_lf), the expression

- llkg = /()5

defines an equivalent norm on Y?', and our Minimal Residual approximation
1u® € X° of the solution u € X of (4.2.4) is defined as

. Ny
u’ := argmin ||E§ (BEqw — g) H?@ + BllvoESw — %, (4.3.4)
weXxo

for some constant B > 1. Later we will see that, thanks to (4.3.2) and (4.3.3),

BESw)(ES ESw,
inf sup (BExw)(Eyo) + B{voExw,02) (4.3.5)

0£weX?d (v1,02)EYSx H \/((K‘g/)flvl)(vl) + /3H7)2||2

(even uniformly in § € A)! which implies that (4.3.4) has a unique solution.
The numerical approximation (4.3.4) was proposed in [And13]?, and further
investigated in Chapter 3. In both these references the analysis of the MR
method was restricted to the case that A, = 0. The parameter > 1 allows us
to appropriately weight both terms in the least squares minimization.

The solution u° of the MR problem is the solution of the resulting Euler—
Lagrange equations, which read as

(E B'EYKYEY BE + EY BrovoER)u’ = Ex BEYKYEY g + E‘i’ﬁvé”(‘of )
43.6

IThis follows by combining (4.3.13), (4.3.15), and (4.3.16).

; 3w
2In [And13], the norm ||yoESw — uol| reads as SUPy_L,e 70 (roBxw—toz2)

Izl

for some H D Z° D

ran Yo |ys which generalization seems not very helpful.
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as also the second component of the solution (1%, u%) € Y° x X° of

5y 3! pEd s
(K)™ - EBEY ] H [ E's
Eg B'Ey  —E% BroroEx u ,B'Yo 0
being a useful representation when no efficient preconditioner is available and
one has to resort to (K )1 = ES' ASES.

With the “projected” or “approximate” (because generally Y # Y) trial-
to-test operator T° € L(X,Y® x H) defined by

) 4.3.7)

((K§) "' Tw)(v1) + B{T°w, v2)

((v1,v2) € Y° x H), (4.3.8)

= (Bw)(E{v1) + B{rou,02)
and “projected” or “approximate” optimal test space Z° := ran T’|y;, a third
equivalent formulation of (4.3.4) (see e.g. [DG11], [BS14, Prop. 2.2], [DG14]) is
finding u’ € X° which solves the Petrov-Galerkin system

(BEXu®)(Eyv1) + B(10Exu’, v2) = g(Ey01) + Blug, v2)  ((v1,02) € Z°).
(4.3.9)
Note that (4.3.9) avoids the ‘normal equations’ (4.3.6). It will allow us to derive
a quantitatively sharp estimate for the error in u°. From (4.3.3) and (4.3.5), one

infers that supg ¢ s H ”w‘ll‘”H > 0, so that, thanks to X° being closed, Z° is a

closed subspace of Y x H. We orthogonally decompose Y° x H into Z° and
(Z%)*, where here we equip Y° with inner product ((K{)~1-)(-). From (4.3.8)
one infers that for w € X° and (v1,v;) € (Z%)%, it holds that (Bw)(vy) +
B{you,v2) =0, and so

o (BEX®)(Eyo1) + B(voE%w,va)
e)exixi \/(K$)~To1) (on) + Blloa
~ sup (BE§w)(ESvy) +[3<70E§5(w/772>.
(rea)ez 4/ ((K§) " 01) (01) + Blloa 2

(4.3.10)

Theorem 4.3.1. Under conditions (4.3.1), (4.3.2), and (4.3.3), the solution u® € X?°
of (4.3.6) exists uniquely, and satisfies

max(Rp,1) <1+§ (a2+a\/a2‘+4 ))
Ju—u’llx <

inf |lu—wlx.
min(rA,l)%((yaf) +a2 41— \/ 9ty2 2 4a24+1)2—4(y 3t) ) weXxo

(In particular, u® is the best approximation to u from X° when 'y AN=ra=Rp=1
and « = 0.)

4.3 Minimal residual (MR) method
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Remarks 4.3.2. One can verify that

o
Ta

(1+; (a2+0c\/m>> / 1+% (az-&-tx\/M) [
S
)

1 9 F) F)
: (mf>2+a2+1—¢ (102 +a2+1)2—4(1 %

V31,

which clarifies the dependence of the bound from Theorem 4.3.1 on « and 'yzf.
For @ = 0 (and B = 1), the estimate equals that of Thm. 3.3.7 & Rem. 3.3.8. O

Proof. Let u solve (4.2.4), i.e, ¢ = Bu and ug = 7ou. The mapping P° €
L(X,X) from u to the solution u® € X° of (4.3.4) or, equivalently, (4.3.6) or
(4.3.9), is a projector onto X? which, by assumption X° ¢ {0, X}, is unequal to
0 or Id. Consequently ||P°|| £ (x,x) = [[1d — P°[| z(x,x) ([Kat60, XZ03]), and

lu —u’|x = [|(1d = P°)ul|x = inf [[(Id —P°)(u —w)|/x
weXxo

To bound ||P5||£(X,x) = SUP(Lyex

< 1Pl o) inf, lu—wllx.

[P°w]x
[wlx

Using (4.3.3), (4.3.10), (4.3.9), and Proposition 4.2.2 we estimate

((BEGw?) (E§or) + BlroEgt,v2)

sup
(or,00) XS IESo1lly + Blloa
o 2
: " ((BEGw)(E§0) + BlyoEw?, 02) )
=il vevixn (K)o (or) + Blloal )2
R 2
I ((BEGw?) (E§or) + BlyoE§w?, v2))
minCad) ez (K§)7Toy)(o1) + Bloa2
2
: ((Bw)(Efor) + Blyow,v2))
= min(ry, 1), SUP -
minrad)  yezs (K§)~Tor)(01) + Blloal?
2
ma(Ro 1) ((Bw)(01) + By, 02) )
— min ] sup
(o) ey xH 01113 + Bllo2]|?
= ol < T (143 (o2 + V623 ol
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,givenw € X, let E‘)S(w‘s .= Pow.

4.3.12)



On the other hand,

((BESw?) (Egr) + BloEdw?, 02))°

sup

(01,02) YO x H IES 01113 + Bllva|?
! _ / . 2
((ASES(ES' AES) 1By BESw®) (Efor) + B(yoEw, 02) )
= Sup =
(01,02) €Y x H |ES01l13 + Bllo2||?
o, L ) 2
((ES(ES' AES) 1By BESw?, E§on)y + B(voEw’, 02) )
— (4.3.13)

(01,02) €Yo x H IESo1113 + Blloa|?
= 1E§ (B} AsE}) ' EY BESw? |} + Bllvo B’ |2
= (AES(ES AES) " ES BEGwd) (ES (B As E‘f)*lEi’BEﬂ‘ w)
+ B(EX o1 B4 ()
= ((BY'B'EJ(EY AEy) B} BEY + BEX 7070 ().

Using (4.3.1), we write EBS( = E‘5YF % with F° the trivial embedding X° — Y°.
Using B = C + As and C + C" + v{v0 = v}7y1, similar to (4.2.6) we find
/ A
EX B'EY(EY AE}) 'EYBE + EX Bro10EX

— (E@’B’Ei(E@’AsEi)*lEi’BEi + Ei'ﬁygwEi) Fo
b / (4319
—p (155 (C'EY(BY AsEY) By C + As + (vpyr + (B— 1)7670))15%) F

/ !/ !/
= EY/(C'E{ (B AES) B/ C+ As + (Y + (B—1)74m0) ) EX-

We conclude that for any 7 € (0,1],

((BS'BES (B} AEY) ' EY BEY + EX BrimoER)w’ ) ()
= 1B CEf 2, + 1B [+ vr B 2 + (B — D)l voElge? |2
> (13 0B | — | Ego? )2 + | B I + [l Elge? |2
£ (B=1) 0B’ P
> (1= )| EY B’ [ + (1 =022 + 1) | B’ I} + IrrER’ 1P (4 515
+ (B 1) o2
U B+ (1= 522 1) B [ + v B P
+ (B 1) ok
> min (1= )02 (12002 1) ) B’

4.3 Minimal residual (MR) method
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with Young’s inequality. Solving (1 — 7?) ('yaAf )2 = (1 —75"2)a® + 1 for y yields

(1— ) ()2 = ;(<vzf>2+a2 11— /(022 a2 412 —4(72»2) >0,

| (4.3.16)
Recalling (4.3.11) and ||P?|| L(X,X) = SUP(Lpex %, the proof is completed
by combining (4.3.12), (4.3.13), and (4.3.15). O

Brézis—Ekeland—Nayroles (BEN) formulation

s B g 2 .
The minimizer u € X of w— , that is equal to the
|~\/B()/0‘| [\/BMO] Y'xH q
unique solution of (4.2.4), is the unique solution of
(B'A'B+ Brgyo)u = B'AS g + Byguo. (4.4.1)

As we have seen in (4.2.6), this system is equivalent to
(C'ATICH As+9pyr + (B=1D1p70)u = (Id+ C'AT g + Brouo,  (44.2)

showing that u is the second component of the pair (A, 1) € Y x X solving

8

(g + BYhuo) (4.4.3)

A, C Al
C" —(As+yr+B=Drgvo)| |u|

Notice that A = u.

The formulation (4.4.2) of the parabolic equation can alternatively be de-
rived from the application of the Brézis—Ekeland-Nayroles variational prin-
ciple ([BE76, Nay76], cf. also [And12, §3.2.4]), which generalizes beyond the
linear, Hilbert space setting.

Given ¢ € A, we consider the Galerkin discretization of (4.4.3), i.e.,

/ / 70
(E§'CES) —E% (As + 7y + (B = D1pr0)Ex | | #

ES ASES ES'CE} A Eg
~E{ (g + Brpuo)
(4.44)

or, equivalently

/ / _ / _
ES (C’E‘f/(E‘SY AE)TEY C+ As + vy + (B — 1)7670)E§<u‘5
8/ (116 (18! 4 r6\—170! / (445)
= Ex (C Ey(Ey AsEy) ™ Ey g+g+ﬁ70uo).

Remark 4.4.1. Assuming X’ C Y? ((4.3.1)) and Kf/ = (E%’AsEg)_l, it holds
that 7° = u?, i.e., the solutions of BEN and MR are equal. Indeed, (4.3.14)
shows that in this case the operator at the left-hand side of (4.4.5) equals the
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operator in (4.3.6), and from E‘;(/ASEi(EglASE‘SY)’lE‘SY/ = E‘g(/ when X9 C Y?
one deduces that also the right-hand sides agree.

In contrast to MR, with BEN, it is not possible to replace (E‘f,/ASE‘;,)’1 by
a general preconditioner as in (4.3.7)—(4.3.6) and still obtain a quasi-best ap-
proximation to (A,u) from Y° x X%. This can be understood by noticing that
replacing A; ! in (4.4.2) by another operator changes the solution, whereas
this is not the case in (4.4.1). So for the iterative solution of BEN one has to
operate on the saddle point system (4.4.4) instead of on a symmetric positive
definite system as with MR, see (4.3.6).

On the other hand, BEN doesn’t require X% C Y9, as we will see below. ¢

The applicability of BEN for the case A, # 0 was already demonstrated in
Chapter 3. The following result gives a quantitatively better error bound.

Theorem 4.4.2. Under the sole condition (4.3.2), the solution i® € X° of (44.5)
exists uniquely, and satisfies

<1+% <a2+oc\/a2+4)) inf ||u—w|x+Vita? inf |u—o|y
weX? veY?d

lu—a°[|x < 7 = =
Ll ra -yl e r2-aG)2)

Proof. With ¢ = Bu and uy = you, using B = C + As and y,y0 = vpyr —
(C' 4 C), the right-hand side of (4.4.5) reads as

/ / _ /
B (C'EQ(EY ASE)) 'EY (C+ As) + As +2pyr + (B=1)7070 — € Ju =
/ / Y
B (C'E(EY ASE)) 'EY/C+ As + vhvr + (B— D170
+C'[E} (By AsEY) B As —1d] u
So with G(8) := C/Ef/(E‘SY/ASE‘sY)_lE@,C + As + Yryr + (B —1)7)70, we have
u > B4’ =E4 (EY G(0)EY) B (G(0) + ' [E (B AE)) ' EY A —1d] Ju,

where we already used that E%’G(&)E‘)s{ is invertible, which we verify be-
low. Since E% (ES'G(8)ES) 1ES'G(6) € L£(X, X) and ES(ES AsES)1ES A €
L(Y,Y) are projectors onto X° and Y?, respectively, the latter being orthogo-
nal, for any v € Y% and w € X? it holds that
u—a® =(1d — EL(EY G(6)EY) 'EY G (5)) (u — Ew)
+ ES(ES/G(6)ES) 1ES T [Id - E‘SY(E%SE‘SY)*E%S} (1 — ESv)
and so, also using Y® ¢ {0,Y},
= |1 < (1B GO)ER) Ml xer o) 4 11GO) ey il — wl]x
= X X L£(Xx%,X%) LXX) exe

+Clx) i lu ol .

4.4 Brézis—Ekeland—Nayroles (BEN) formulation
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For w € X, we have

!/
(G(@)w)(w) = [[ES Caoll} 5 + @l + llyrew]® + (B = 1)l vow]>
< |ICawll3 + l[wlf + vreoll* + (B — 1) | vowl|?

= ((C'AJ'CHAs + 27+ (B = D1o70)w) (w) = | B3 + Bl row]?

< (1 +1 (062 + ava? +4>) l|wl|%

by Proposition 4.2.2. Since (G(6)-)(+) is symmetric semi-positive-definite, we
conclude that [|G(0)|[z(x,x) < 1+ %(,xZ +avaZ+ 4).
For w € X¢, one deduces
(G(6)Ejw) (Ew)

/
= [|EY CESwl|% 5 + | Exwll¥ + | vrEsw||? + (B = D)llvoExwl?

0 E] 9 )
3 ((vgﬁ +a?+1- sz +a24+1)2 - 4mf>2) | ESwl%

v

by following the lines starting at the second line of (4.3.15), in particular show-
ing that E§(,G(5)E‘§( is invertible.

Finally, for w € X, ||Cw|y» < ||0iw|y + aflw|y < V1+a?|w|x. The
theorem follows by combining the above estimates. O

Stable subspaces and preconditioners

By the boundedness and coercivity assumptions (4.2.1) and (4.2.5), it holds
that [| - |ly = || - |1, (1,v)- Since with

- 3w, v) dt
Po= XY = inf J1(0rw,0) . @451

S
{weX?: 9w#0} oLpeys ||atw||L2(I;V’) ||UHL2(1;V)

consequently it holds that 'yaAf ~ infsep v°, we will summarize some known
results about settings for which infsc 7% > 0 has been demonstrated.

In the final subsection of this section we will briefly comment on the con-
struction of preconditioners at the Y-side, i.e. condition (4.3.3), and the X-side.
The preconditioner K‘;, has its application for the reduction of the saddle-point
system (4.3.7) (reading (K$) ! as Ef/,AsEf/) to the elliptic system (4.3.6), and as
an ingredient for building a preconditioner for the saddle-point system (4.4.4),
whereas K4 can be applied for preconditioning (4.3.6), and as the other ingre-
dient to construct a preconditioner for (4.4.4).

Since inf-sup conditions of the type 7° > 0, or infscp 40 > 0, will be en-
countered more often in this work, in an abstract setting we recall their rela-
tion with existence of certain Fortin interpolators, see Theorem 7.3.11.
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Proposition 4.5.1. Let A and B be closed subspaces of Hilbert spaces A and B, and
let F € L(A,B). Let

Q € L(B,B) with ranQ C Band (Id — Q')FA = 0. (4.5.2)

— (Fa)(b)
Then & := mf{aEA Fa£0} SUP0£be B TFally b5 = ||Q||£ 5,5)" Conversely, if & >
0, then there exists a projector Q as in (4.5.2), and ||Q||£(B,B) <2+1/8.

4.5.1 ‘Full’ tensor product case

Concerning the verification of infscp 40 > 0, we start with the easy case of X°
and Y? being ‘full’ tensor products of approximation spaces in time and space
(as opposed to sparse tensor products, see below). With Y} := Ly(I) and X; :=

HY(I), for Z € {X,Y} let (Z¢)sca and (Z2)sea be families of closed subspaces
of Z; and V, respectively, and let Z° := Z{ @ ZJ. Assuming that

) w'vdt
7? p— inf sup fl Z 1, (4.5.3)
{weX?: w'£0} 0£veY? Hw HLZ HUHLZ(I)
7% := inf sup (wo) 1, (4.5.4)

0£wEXS 0_Lpey? [wllv[vllv ™~
a tensor product argument shows that
=7zl

Obviously, (4.5.3) is true when 3 tX‘S C Yt‘s , which however is not a neces-
sary condition. For example, when X! is the space of continuous piecewise
linears w.r.t. some partition of I, and Yf is the space of continuous piecewise
linears w.r.t. a once dyadically refined partition, an easy computation ([And13,
Prop. 6.1]) shows that ’yf > +/3/4.

Considering, for a domain QO € RY and T € 9Q, H = L[,(Q) and V =
H)r(Q) := {v € H(Q): v|r = 0}, H'(Q)-stability of the L,(2)-orthogonal
projector onto Lagrange finite element spaces X¢ = Y? is an extensively stud-
ied subject. In view of Proposition 4.5.1, taking F to be the Riesz map H — H'
viewed as a mapping V — V/, this stability implies (4.5.4). For finite element
spaces w.r.t. shape regular quasi-uniform partitions into, say, d-simplices, where
I is the union of faces of T € T, stability follows easily from direct and inverse
estimates. It is known that this stability holds also true for (shape regular) lo-
cally refined partitions when they are sufficiently mildly graded. In [GHS16],
it is shown that in two space dimensions the meshes generated by newest
vertex bisection satisfy this requirement, see also [DST20] for extensions.

452 Sparse tensor product case

As shown in [And13, Prop. 4.2], these results for full tensor products extend
to sparse tensor products. When (Z?)sca and (Z2);sca are nested sequences of
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closed subspaces Zfo C Z‘Sl C . CZ, Z% c ZY C -+ C V which satisfy
(4.5.3)-(4.5.4), then for Z% := Y (o<, 1n, <n} Z(S"’ ® Z2" we have

. )
> min 9," min 7, On >1.
0<m<n 0<ny<n

Y

Time-slab partition case

Another extension of the full tensor product case is given by the following.
Let (X%, Y°) 5.4 be a family of pairs of closed subspaces of X and Y for which

J;(0rw, v) dt
I
Y := inf inf > 0.

SeM{weX?: 0w#0} g Lyeye ||w\|L2(1V')HUHL2 (LV)
Then if, for 6 € A, X° and Y? are such that for some finite partition I’ =
([£2_1,£]); of I, with GO (t) :=#0 | + +(#/ —#¢ ) and arbitrary J; € A we have

X° C {ucX: M|(to OG € X%},
YO D {ve Ly(LV): ol oG‘)EYé}

then 4 > 74 > 0 as one easily verifies using [,(9%,v) dt = ¥ ft (44, v) dt.

An example of this ‘time-slab partition” setting will be glven in Sect. 4 7. Thmk—
ing of the X° as being finite element spaces, notice that the condition X° C X
will require that possible ‘hanging nodes’ on the interface between different
time slabs do not carry degrees of freedom.

Generalized sparse tensor product case

Finally, we informally describe a ‘generalized” sparse tensor product setting that
allows for local refinements driven by an a posteriori error estimator. For Z €

{X, Y}, let the nested sequences of closed subspaces Zf“ C Zfl C - C 74,
Z0 C 7% C ... C Vbe equipped with hierarchical bases, meaning that the
basis for Zfi (analogously Zi") is inductively defined as the basis for Zf’” plus

a basis for a complement space of Zf’ “in Zfi. The level of the functions in the
latter basis is defined as i.

Let us consider the usual case that the diameter of the support of a hier-
archical basis function with level i is ~ 27/, and let us assign to each basis
function ¢ on level i > 0 one (or a few) parents with level i — 1 whose sup-
ports intersect the support of ¢. We now let (Z%)sca be the collection of all
spaces that are spanned by sets of product hierarchical basis functions, which
sets are downward closed (or lower) in the sense that if a product of basis func-
tions is in the set, then so are all their parents in both directions. Note that

On n . . .
the sparse tensor product spaces Y (o<, 1n,<n} Z; ' @ Zﬁ * are included in this

collection, but that it contains many more spaces.
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Under conditions on the hierarchical bases for Zfo C Zfl C .-+ C Z; for
Z € {X,Y}, which should be of wavelet-type, in [SYVW21] it is shown that to
any X° one can assign a Y’ with dim Y? < dim X?, such that 9° > 1 holds.

Preconditioners

Moving to condition (4.3.3), obviously we would like to construct Kf/ such
that it is not only a uniform preconditioner, i.e., it satisfies (4.3.3), but also
that its application can be performed in O(dim Y?) operations. In the full-
tensor product case, after selecting bases for Y? and Y?, the construction of K¢
boils down to tensorizing approximate inverses of the ‘mass matrix” in time,
which does not pose any problems, and the ‘stiffness matrix” in space. For
V = H'(Q) (or a subspace of aforementioned type), it is well-known that by
taking a multi-grid preconditioner as the approximate inverse of the stiffness
matrix the resulting K¢ satisfies our needs. A straightforward generalization
of this construction of K§ applies to spaces Y? that correspond to the time-slab
partitioning approach.

Finally, for the efficient iterative solution of (4.3.6) or (4.4.4), one needs a
K‘g( = K‘;{/ € Eis(X‘s/, X%) whose norm and norm of its inverse are uniformly
bounded, and whose application can be performed in O(dim X?) operations.
For the full and generalized sparse tensor product setting such precondition-
ers have been constructed in [And16] and [SvVW21], respectively.

Robustness

The quasi-optimality results presented in Theorems 4.3.1 and 4.4.2 for MR and
BEN degenerate when & = || Aql[£(y,yr) — 0. Aiming at results that are robust

for @ — oo, we now study convergence w.r.t. the energy-norm || - |x on X. On
its own this change of norms turns out not to be helpful. By replacing || - ||x
by || - || x in Theorems 4.3.1 and 4.4.2, and adapting their proofs in an obvious

way yields for MR the same upper bound for - lu—1lx

as we found for
inf s [lu—wllx

B el
inf _ys [lu—w]x
only slightly more favourable bound

2+4? +m/u<2+4
+a2 1/ (1 )2+a2+1)2—4(7 ) 2 wex, e e

(for u & X°), whereas instead of Theorem 4.4.2 we arrive at the

=0
= |||x< = wllx + flu = olly,

which is, however, still far from being robust.

In order to obtain robust bounds, instead of the condition ')/‘Zt > 0((4.3.2))
we now impose

ES/CEw]| s
7S = inf inf ”Y(S—X”W >0, 4.6.1)
s€b {0£weX?: CEGw#0}  ||CESw]|yr

which, when considering a family of operators A, we would like to hold uni-
formly for & — oo.

4.6 Robustness
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Theorem 4.6.1. Under conditions (4.3.1), (4.6.1), and (4.3.3), the solution u® € X°
of (4.3.6) satisfies

Ra1 -1
e = wllx <\ gy (V) ™" inf e = wllx; (462)

and under condition (4.6.1), the solution 71° € X° of (4.4.5) satisfies
llu = #llx < (v§)72{ inf llu —wllx + inf [lu— o]y }. 4.6.3)
weXo veY?d

Proof. The first estimate follows from ignoring the last inequality in (4.3.12),
and by replacing the first inequality in (4.3.15) by

/

| By CERw? |2, + | B4’ I3 + lyr Egw® I + (B = 1)l| 70w’

> (/2 I o + G+ e B’ I+ (B = D ll7oE§ )
/ _ /

= (19 ((EY'B' AT BE + EX BrmoER)w’ ) (@) = (951

Following the proof of Theorem 4.4.2, but now equipping X with || - || x,

/ 5 \—

from [|Cllzxyny < 1 1G@)lxxy < 1 and [[(ES GOO)ES) ™ xo xoy <
(7%) 2, one infers the estimate for BEN. O

We conclude that for a family of operators A robustness w.r.t. || - [|x is
obtained when (7§) ! is uniformly bounded for a = ||A,|| Ly = . A
family for which this will be realized is presented in Sect. 4.7.
A posteriori error estimation
In particular because for & = |[Aql[£(y,yy — oo meaningful a priori error

bounds for inf,_ys ||u — w|x will be hard to derive, it is important to have
(robust) a posteriori error bounds.

Let Q) € L(Y,Y) be such that ran Q% C Y’ and (Id — Q%/)BX‘S = 0. Then,

with e, (g) := ||(Id — Q%/)g”y/, for w € X% and u the solution of (4.2.4) it
holds that

!/
rallEY (g—Bw) %, + Blluo — vow| < flu —wlf} <
A , 2
(9% l.20v,v) V/Rall Y (g = Bwo)ls +ebac(8))” + Bllo — o],

which follows from ||g — Bw/||,s < [|g — Bwl|ys < ||Q‘153/(g— Bw)|lyr + €s.(g)-

0sc
Therefore, if sup;., || Q% H[Z(y,y) < 0o, then the a posteriori error estimator

£ (i, 0. ) 1= I (5 ~ Bl + Blluo — vou? (46,4
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is an efficient and, modulo the data oscillation term el.(g), reliable estimator

max(Rp,1)
min(rp,1)
formly in &« — oo, then this estimator is even robust.

of the error [|u — w||x. If sup,_, || Q4 l z(v,y) and are bounded uni-

Remark. In view of Prop. 4.5.1, the aforementioned assumptions ran Q‘; C
Y?, (Id — Q%/)BXJ =0, and sup;_, HQ%”L(y,y) < oo are equivalent to

ES'BESw
B ing inf By BExwllyr
3€A {0£wex?: BESw#0} || BESw||yr

In applications the conditions ')/Zt >0, 'yg > 0, and ’yi > 0 are increasingly
more difficult to fulfill. O

To have a meaningful reliability result, in addition we would like to find
above Qj such that, for sufficiently smooth g, the term eJ.(g) is asymptoti-
cally, i.e. for the ‘mesh-size’ tending to zero, of equal or higher order than the
approximation error inf . ys [|u — w||x. We will realize this in the setting that
will be discussed in Sect. 4.7.2.

Spatial PDOs with dominating asymmetric part

For some domain Q € R?, and T C 9Q), let
H:= Ly(Q), V := Hip(Q) == {v € HY(Q): ol = 0},
a(t;n,Q) == /OSVU -VI+(b-Vny+en)ldx, e>0, (4.7.1)
b € Loo(I; Leo(div; Q)), € € Loo(I x Q), essinf(e — £ divyb) > 0,

and |T'| > 0 when the latter essinf is zero, so that (4.2.1) and (4.2.5) are valid.
In this setting, the operators A,, As = As(¢), and so A = A(e) = As(e) + A,
are given by

(Aqw) (0) ://Q(b~vxw+%wdivxb)vdxdt,
I
(As(s)w)(v):/I/stxuwvxv—i—(e—%divxb)wvdxdt.

Thinking of b and e fixed, and variable ¢ > 0, one infers that « = a(e) — oo
when ¢ | 0 (cf. Remark 4.2.3).

In the next subsection we will construct (X%)scp € X and (Y0)sep C Y
that (essentially) satisfy inf,~ 'yg(s) > 0 as families of finite element spaces
w.rt. subdivisions of I x () into time-slabs with prismatic elements in each
slab w.r.t. generally different partitions of (2. Notice that although C = d; + A,
is independent of ¢, 7§ (¢) depends on ¢ because it is defined in terms of the

e-dependent energy-norm || - ||y = /(As(¢e)-)(+).

As a consequence of 9§ (¢) being uniformly positive, for K& ~ (ES AsES)
max(Rp,1)
min(ra,1)

quasi-optimality for MR and BEN w.r.t. the - and B-dependent || - || x-norm.

uniformly in € and 4, i.e., sup,, < oo, Theorem 4.6.1 gives e-robust

4.7 Spatial PDOs with dominating asymmetric part
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4.7.1 Realization of inf: 7§ (e) > 0
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Given a conforming partition 7 of a polytopal Q) into (essentially disjoint)

closed d-simplices, we define S}Lq as the space of all (discontinuous) piece-
wise polynomials of degree g w.r.t. 7, and, for g > 1, set

O/ P _1r 1
S7h =87 "N Hyr(Q),

where we assume that I' is the union of facesof T € 7.

Let (7%)sca, (T2)sc be a families of such partitions of Q, which are uni-
formly shape regular (which for d = 1 should be read as to satisfy a uniform
K-mesh property), and where T7¢ is a refinement of 7° of some fixed max-
imal depth in the sense that |T| 2 |T’| for 7 2 T C T' € T?, so that
dim7¢ < dim7?. On the other hand, fixing a ¢ > 1, we require that the
refinement from 7 to 7'5‘5 is sufficiently deep that it permits the construction
of a projector P,? for which

0, 0, ~1,4-1
ran Pg C STSZ,O’ ran(Id — Pq&) L0 (STZ,O +S5 q ), (4.7.2)
1Pyl r) S lwlliymy (T € TP we Ly(Q)). (47.3)

As shown in Lemma 7.5.1 and Remark 7.5.2, regardless of the refinement
rule (e.g. red-refinement of newest vertex bisection) that is (recursively) ap-
plied to create (72);c5 from (7°9)sc4, there is a refinement of some fixed
depth that suffices to satisfy (4.7.3) as well as

5 04 . _ J -1,
ran Py C {w € STSZ,O' W|uppor = 0}, ran(ld = Py) Ly, ) Spy- (474)
Condition (4.7.4) is stronger than (4.7.2), and will be relevant in Sect. 4.7.2 on
robust a posteriori error estimation.
Ford € {1,2,3} and g € {1,2,3}, and both newest vertex bisection and
red-refinement it was verified that it is sufficient that the aformentioned depth

creates in the space 8%7 , an additional number of degrees of freedom interior
S

q+d)'

toany T € T that is greater or equal to ( g

Remark 4.7.1. To satisfy condition (4.7.2)—(4.7.3) generally a smaller number
of degrees of freedom interior to any T € 7T suffices. Ford = 2 = g, in
Appendix 7.A it was shown that in order to satisfy (4.7.2)-(4.7.3) it is sufficient
to create 7. from 7° by one red-refinement, which creates only three of such
degrees of freedom, whereas to satisfy (4.7.3)-(4.7.4) six additional interior
degrees of freedom are needed. O

We show robustness of MR and BEN in a time-slab partition setting.

Theorem 4.7.2. Let H, V, and a(-;-,-) be as in (4.7.1), with constant b and con-
stante > 0. Let (T?) ;e and (T)sca be as specified above. Then if, for 6 € A, X°
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and Y° satisfy, for some finite partition I° = ([t0_,,£]); of I, and arbitrary 5; € A,

X0 C{w e C(L Hjr(Q)): Wl o) € Py(t)_1, 1) ®S b (4.7.5)
Y2 2 {0 € La(LHyr(Q)): ol s oy € Pylti_y 1) © 5;?,- Ny
S r
then inf.~g 'yg(e) > 0. Consequently the bounds (4.6.2) and (4.6.3) show quasi-

optimality of MR and BEN w.r.t. the (e- and B-dependent) norm || - || x, uniformly in
e>0and g > 1.

Proof. As follows from Proposition 4.5.1 the statement inf.~g7$(¢) > 0 is
equivalent to existence of Q‘é € L(Y,Y) with

sup]| Q% | 2(v.y) < o0, ran Q% C Y°, /I/(g(at b V)X (I—Q2)Ydxdt =0,

e>0,0€A
(4.7.6)
using that, thanks to constant b, Y = Ly(I; Hj - (Q)) is equipped with norm

(A(0) =] [Tl el

~ \@HVWHLZ(MQV + \/EHUHLZ(I;LZ(Q))-

It holds that
(3+b - V)X C {veLz(IxQ): v|(t,;71,t,;)EPq(tffl,tf)@)(Soq +S 1q 1)}.
477
Let (Q%);c denote a family of projectors such that
sup max (”Qi“L(LZ ||Qx||£ (Hy () Hér(()))> < %, (4.7.8)

IS
6 04 5 —1q 1
ran Q5 C 87.55’0, ran(Id — Qy) L, (0) ( o TS- ), 4.7.9)

and let Q° be the L, (#_,, #9)-orthogonal projector onto P, (#_;, /). Then, the
operator QZ, defined by

(QCU)l © L )xQ = (Qél ®Qx Ul ) x Q)

satisfies (4.7.6). Indeed its uniform boundedness w.r.t. the energy-norm on Y
follows by the boundedness of Q2 w.r.t. both the L,(Q)- and H'(Q)-norms.
By writing Id — Q% ® Q% = (Id — Q%) ® Id + Q% ® (Id — Q%), and using
(4.7.7) one verifies the third condition in (4.7.6).

We seek QJ of the form Q4 = Q% + Q2 + Q2Q¢ where

ran Q%,ran Q% C S

Ty rand = Q) Liq) (SY +ST. (@70)

Then from Id — Q2 = (Id — Q%) (Id — Q2), we infer that (4.7.9) is satisfied.

4.7 Spatial PDOs with dominating asymmetric part
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We take ch = Pg from (4.7.2)-(4.7.3). It satisfies the properties required
in (4.7.10). With 75 being the piecewise constant function defined by fi5|7 =
diam T (T € T?), thanks to the uniform K-mesh property of 7 € (7°);c,

(4.7.3) impl‘ies both ||h(s_1pgh(5||£(L2(Q),L2(Q)) S 1 and ||Pg‘|£(L2(Q),L2(Q)) 5 1.
Take ) as a modified Scott-Zhang quasi-interpolator onto 8(7),’? 0 ([GLO1,

Appendix]). The modification consists in setting the degrees of freedom on I’
to zero. When applied to a function from Hé r(Q)) it equals the original Scott—
Zhang interpolator ([SZ90]), but thanks to the modification it is uniformly
bounded w.r.t. L,(}), and so ||Qx||£<L2 (Q),L,()) is uniformly bounded.
Writing Q4 = Q% + P2 (Id — Q3), from 7z, ' (Id — Q%) € L(H{ (), Lo (),
hy'Pohy € L(Ly(Q),L2(Q)), and Q% € L(H) (O ) H{ r(©)) all being uni-
formly bounded, and || - || ;1) S Hh(s_l i) on ST" , we infer the uniform

1
boundedness of ”QxHﬁ(H&r(Q)rH&r(Q))' O

Next under the condition that essinf(e — % divy b) > 0, we consider the
case of variable b and e. The scaling argument that was applied directly be-
low Theorem 4.2.1 shows that it is no real restriction to assume that essinf(e —
% divy b) > 0. Although we will not be able to show inf,~ ¢ 'yg (e) > 0, this inf-
sup condition will be valid modulo a perturbation which can be dealt with us-
ing Young’s inequality similarly as in the proofs of Theorems 4.3.1 and 4.4.2.
It will result in &- (and -) robust quasi-optimality results for MR and BEN
similar as for constant b and constant ¢ > 0.

Theorem 4.7.3. Take the situation of Theorem 4.7.2, but now without assuming that
b and e are constants. Assume b € WL (I x Q)9 essinf(e — L divyb) > 0, and,
only for the case that b is time-dependent,

10 — 9] < max diam(T). (4.7.11)
TeT’

Then for MR and BEN it holds
5 Rp,1) .
e = wllx < Ty inf e = wllx,
lu—#@|lx < inf Jlu—wlx + inf u—oly,
weXo veY?d
uniformly ine > 0and g > 1.
Proof. As in the proof of Theorem 4.6.1, we follow the proofs of Theorems 4.3.1

(MR) and 4.4.2 (BEN). We only need to adapt the derivation of a lower bound
for the expression in the second line of (4.3.15).

With & = essinf(e — § divy b), it holds that

Vel Iy < I liyxoy < el v
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Let b; be the piecewise constant vector field defined by taking the average of
b over each prismatic element (tffl, tf Yyx Tfor T € T°%. Weusew + bs - Vyw
to approximate A,; then ||b — b5||Lw((t?-71,t?-)XT)d < diam(T) ||b||Wgo((t;;71/t;;)XT)d
by (4.7.11). An application of the inverse inequality on the family of spaces
(8(7)4‘70)76 4 shows that for some constant L > 0, for w € X? it holds that

(b — bs) - Vs + Jwdivy bl 1) < LIwl,(1x0)-

Because (4.7.7) is also valid for piecewise constant b, and

\ (As(e)v)(v) = \/EHVXUHLZ(IXQ)d + \/EHUHLZ(I;LZ(Q))r

only dependent on ||e — 1 div, b|| Leo(1x Q) / G, the proof of Theorem 4.7.2 shows
that for some constant v > 0, for w € X? it holds that

/
IES (3¢ + bs - Vi) Eywl| e > /|04 + by - Vi) E§w]lyr.
By combining these estimates, we find that for w € X it holds that

5/
IEY CESwllyor > v (D + b5 - V) EYwollyr — T2 | ESwll 1,1y

> y|ICESwllyr — (v + 1) Ze EYwl y1x0)
> 7| CESwlly — (v + D gl Eywlly,

and so

/
IES CESwll?, + [IEXwl} + lyrEsell + (B — 1) voExw|?

. 2
> (VICEjwlly— (v + D ¥ Ejwlly)” + [ Ewl}
+ llyrExwl + (B = 1)l yoEw]?

_ 2
> (1= )P ICE wl + { (1 = 72) (v + 125 + 1} | Eqwll}
+ yrE§w]? + (8 = 1) | voE4wl]

212

Minimizing over 7 shows that, with a? := (y + 1) z

the last expression is
greater than or equal to

H(r+e 1R s 1p ) Bl
which completes the proof. O

4.7.2 Robust a posteriori error estimation

A robust error estimator will be realized in the following limited setting.
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Consider the spaces and bilinear form a as in (4.7.1), where b is constant,
e = 0, and the polytope QO C RY is convex. For families of quasi-uniform
partitions (1%);ca of I, and (7?)sea and (72)sea of Q) as before, where 72 is a
sufficiently deep refinement of 7 that permits the construction of a projector
Pf that satisfies (4.7.3)-(4.7.4), and for some hs > 0, diam T =< hs =~ diam |

(T € T, RS 15), let X9 := S(I)gl ® S% 0 and Y9 := 5;51’1 ® Sg’,}; o For complete-
7 S
ness, SI;M denotes the space of piecewise linears w.r.t. I?, and S(I)[;l the space

of continuous piecewise linears w.r.t. I°.
In this setting, in Theorem 7.5.4 projectors Q% € L(Y,Y) have been con-

structed with ran Q% CYland (I— Q%/)BX‘S = 0. Moreover, these Q‘fg are uni-
formly bounded in Y = Ly(I; Hj -(€2)) equipped with the standard Bochner
norm, with H(%,F(Q) being equipped with ||V - ||, (- Since for the current
bilinear form a, the energy-norm || - ||y is equal to v/e|| - || Lo (LHL ()7 it holds

that supsc, 0 [1Q%| £(v,y) < o0, and so

inf 5 (¢) > 0.
infyx(e)
Let ((K§)~10)(v) = [} [o| Vo> dxdt (6 € A, v € Y9), then (¢71K$)™! =
Ei/AsEi, i.e., using preconditioner K¢ := s’llz‘}s,, Sup,< % < oo.
We show that data-oscillation is asymptotically of higher or equal order as

the approximation error in || - [[x = \/||B 12, + Bllvo - |- Noting that || -
llyr = % I - HLz(I;H},I(Q)’)’ it is natural to select B = e~ 1. Then /¢|| - || x equals

. .12 21 . 1|2 |2 — 12
\/||(at+b VX) ‘|L2(I"H(1),F(Q),)+£ H ||L2(I;H8,F(Q))+£||7T || +(1 8)”70 || 4

and so even for a general smooth u, /¢ times the approximation error cannot
be expected to be smaller than ~ /3. Since for g € L,(I; HY(Q)) N H*(I; H1(Q))

itholds that /¢ (I — Q%/)gHY/ = |(I— Q%/)gHLZ(I;H&F(Q),) < h3 (Theorem 7.5.4),

we conclude that £° (w; g, up, B) from (4.6.4) is an efficient and, modulo above
satisfactory data-oscillation term, reliable a posteriori estimator of the error in
win || - || x-norm.

Numerical experiments

We tested the minimal residual (MR) method applied to the parabolic initial
value problem with the singularly perturbed ‘spatial component’ as given in
(4.7.1). We considered the simplest case where I = Q) = (0,1), b =1, and e is
either 0 or 1, and X = S(I)gl ® S% o» Where I ¢ = 77 is a uniform partition of I
with mesh size hs. Taking always (K§)~! = Ei/ASEi, we took either
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() Y = S 11 S01 (2 X% U d¢X?) which for any fixed ¢ > 0 gives 'yA >0
(Sect. 4 5.1), so that the MR approximations are quasi-optimal approxi-
mations from the trial space w.r.t. || - || x (Thm. 4.3.1), or

(i) Y? =S, ®s7_s,,,
which even gives inf.~ ’yg (€) > 0 (Thm. 4.7.2), so that the MR approxi-

mations are quasi-optimal approximations from the trial space w.r.t. the
energy-norm || - || x also uniformly in ¢ > 0 (Thm. 4.6.1).

where T2 is a uniform partition with mesh-size /1;/3

With Remark 4.4.1, in these cases the BEN and MR methods are equivalent.

As discussed in Sect. 4.7.2, for the case that e = 0 it is natural to take the
weight B = e~ 1. Unlike with e = 0, fore = 1 and 0 # v € Y the energy-norm
V/ (Asv)(v) does not tend to zero for ¢ | 0 but converges to [|0[|1,(1.q), 0
there is no reason to let B tend to infinity for ¢ | 0, and we took g = 1.

For Y? as in (ii), in Sect. 4.7.2 it was shown that for (e, 8) = (0,e~!) it holds
that inf.~ov5(¢) > 0, and more specifically that the a posteriori error esti-
mator £° (w; g, up, B) from (4.6.4) is an efficient and, modulo a data-oscillation
term which is at least of equal order, reliable estimator of the error ||u — w||x.
Therefore to assess our numerical results, we used Y? as in Option (ii) for error
estimation, even when solving with Y? as in (i).

For (e, ) = (1,1), we numerically observed that for our model problems
the a posteriori error estimator £°(w; g, ug, f) computed with Y° as in (ii) is
efficient and reliable as, knowing that the estimator equals ||u — w/||x for Y° =
Y, we saw that further overrefinement of the test space Y° never increased the
estimated error by more than a percent. So again, regardless of whether we
took Y? as in Option (i) or (ii), we used Y? as in (ii) to compute £°(w; g, ug, B).

In experiments below, we choose ¢ = 1, 10~1,1073,107%; to compare dif-
ferent values of ¢, we show the estimated error divided by an accurate approx-

imation for | /|g[|5,+plluo|1? = flul|x-

4.8.1 Smooth problem

We take (homogeneous) Dirichlet boundary conditions at left- and right bound-
ary, i.e. T = 90, select (e, 8) = (0,e71), and prescribe the solution u(t,x) :=
(t* +1) sin(7rx) with derived data ug and g. For this problem, the best possible
error in || - || x-norm, divided by ||u|| x, decays proportionally to (dim X?)~1/2.

Figure 4.1 shows this relative estimated error as a function of dim X°. In ac-
cordance with Theorem 4.3.1, for this parabolic problem with non-symmetric
spatial part, both Option (i) and Option (ii) give solutions that converge at the
expected rate. For Option (i), however, this convergence is not uniform in ¢,
but in accordance with Theorem 4.6.1, for Option (ii) it is.

4.8.2 Internal layer problem

We choose g := 0 and g(t,x) := 11,-), select (¢, ) = (0,e71), and prescribe
a homogeneous Dirichlet boundary condition only at the left boundary x = 0,
ie. T := {0}, and so have a Neumann boundary condition at the ‘outflow’
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Option (i) Option (ii)

1071 1

102 4 5

1073 FINNNIE 12N

10! 102 103 104 10° 10? 102 103 104 10°

Figure 4.1 Relative estimated error progression for the smooth problem as func-
tion of dim X? for different diffusion rates e. Left: test space Y as in Option (i);
right: Y9 as in (ii).

boundary x = 1. Due to the jump in the forcing data, in the limit € | 0, the
solution - T, is discontinuous along the diagonal x = .

The left of Figure 4.2 shows the relative estimated error progression of Op-
tion (ii) as a function of dim X?; as Option (i) again suffers from degradation
for small € (with results very similar to the left of Figure 4.1), we omit a graph
of its error progression. Its right shows the discrete solution at s = 5% and
¢ = 107°. The solution resembles the pure transport solution quite well, with
the exception of a small artefact near x = t = 0.

1071 -
0.8
0.6
0.4
1072 4 0.2
0.0

1/2 B t

10! 102 103 104 10°

Figure 4.2 Solving the internal layer problem with Option (ii). Left: relative
estimated error progression as function of dim X° for different diffusion rates e.
Right: solution at hs = 5%—2 and e = 107°.
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4.8.3

4.8.4

Boundary layer problem

We choose ug(x) := sin(rtx) and ¢ = 0, select (e, ) = (1,1), and set ho-
mogenous Dirichlet boundary conditions on 9(), i.e. I' = {0,1}. Due to the
condition on the outflow boundary, the problem is ill-posed in the limit ¢ = 0,
hence for € small, the solution has a boundary layer at x = 1.

Figure 4.3 shows that the method fails to make progress until the boundary
layer is resolved at 5 < €. Figure 4.4 shows two discrete solutions at /15 = 5%—2
computed for Option (ii). We see that for e = 103, the boundary layer is re-
solved and the solution resembles the pure transport solution quite well, with
the exception of a small artefact near x = + = 1. For ¢ = 10° though, the
boundary layer cannot be resolved with the current (uniform) mesh, and the
solution is completely wrong. For ¢ | 0, the energy-norm of the error in an ap-

proximation w approaches \/H (0t +b- Vx)w||%2(lxn) + ||uo — 'yow||%2(0). As

a result, for streamlines that hit the outflow boundary, the method ‘chooses’
to smear the unavoidably large error as a consequence of the layer along the
whole streamline resulting in a globally bad approximation. This is a well-
known phenomenon when using a least squares method to approximate a
solution that has a sharp layer or a shock.

Option (i) Option (ii)
102 J i —_ =1
— £=10""
— £=1073
10" 5 3 £=10"°
100 4 /—\ 4 ﬁ
10—1 o4
1072 4 E
12> 12X
10! 10?2 103 104 10° 10! 107 103 104 10°

Figure 4.3 Relative estimated error progression for the boundary layer problem
as function of dim X? for different diffusion rates e. Left: test space Y as in
Option (i); right: Y? as in (ii).

Imposing outflow boundary conditions weakly

One common work-around is to resolve the problem caused by the boundary
layer is to refine the mesh strongly towards this layer. An alternative is to im-
pose at the outflow boundary the Dirichlet boundary condition only weakly,
see e.g. the references [CDW12, BS14, CEQ14, CFLQ14] where this approach
has been applied with least squares methods for stationary convection domi-
nated convection-diffusion methods. Without having a rigorous analysis we
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£=1073 £=10"°

0.8
0.6

0.4

0.2

0.0

\/
X
1

Figure 4.4 Solutions of the boundary layer problem with Option (ii) at 5 = 515.
Left: diffusion e = 1073; right: ¢ = 107°.

tried this second approach by computing, with Y? as in Option (ii),

. /
u’ = argmin ||y (BEXw — 8) 3 + Bll70Exw — uoll® + ellwo(:, 1y
weX'

Here, X9 denotes the space X9 after removing the Dirichlet boundary condi-
tion at x = 1. Figure 4.5 shows the resulting error progression, which is robust
in ¢, as well as the minimal residual solution at s = 5% and ¢ = 107°; it re-
sembles the pure transport solution quite well, and does not suffer from the
artifact present at the right of Figure 4.4.

10—1 4

1072 4

N

10! 102 103 104 10°

Figure 45 Solving the boundary layer problem with Option (ii) imposing the
outflow boundary condition weakly. Left: error progression in dim X? for different
€. Right: solution at hs = % and £ = 107°.
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Efficient space-time adaptivity for
parabolic PDEs

Abstract  Considering the space-time adaptive method for parabolic evo-
lution equations introduced in [arXiv:2101.03956 [math.NA]], this work
discusses an implementation of the method in which every step is of lin-
ear complexity. Exploiting the product structure of the space-time cylin-
der, the method allows for a family of trial spaces given as the spans of
wavelets-in-time tensorized with (locally refined) finite element spaces-
in-space. On spaces whose bases are indexed by double-trees, we derive an
algorithm that applies the resulting bilinear forms in linear complexity.
We provide extensive numerical experiments to demonstrate the linear
runtime of the resulting adaptive loop.

Source code is available at [vVW21b].

Introduction

This chapter deals with the adaptive numerical solution of parabolic evolution
equations using a simultaneous space-time variational formulation. Com-
pared to the more classical time-stepping schemes, these space-time meth-
ods are very flexible. Among other things, they are especially well-suited for
massively parallel computation ([NS19, vVW20a]), and some can guarantee
quasi-best approximations from the trial space ([And13, FK21, SZ20]).

We are interested in those space-time methods that permit adaptive re-
finement locally in space and time. Within this class, wavelet-based methods
(see [SS09, GK11, KSU15]) are attractive, as they can be shown to be gquasi-
optimal: they produce a sequence of solutions that converges at the best pos-
sible rate, at optimal linear computational cost. Moreover, they can overcome
the curse of dimensionality using a form of sparse tensor-product approximation,
solving the whole time evolution at a runtime proportional to that of solving
the corresponding stationary problem.

In [SvVW21], we constructed an r-linearly converging space-time adaptive
solver for parabolic evolution equations exploiting the product structure of

This chapter is a minor modification of Efficient space-time adaptivity for parabolic evolu-
tion equations using wavelets in time and finite elements in space, R. van Venetié and ]. West-
erdiep, submitted to Numerical Linear Algebra & Applications, arXiv:2104.08143.
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the space-time cylinder for a family of trial spaces as the spans of wavelets-in-
time tensorized with (locally refined) finite element spaces-in-space.

The principal difference between this and other wavelet-based methods is
that we use wavelets in time only, and standard finite elements in space. This
eases implementation, and alleviates the need for a suitable spatial wavelet
basis, a difficulty for general domains ([RS18a]). Unfortunately, there is no free
lunch: a proof of optimal convergence is, for our method, not yet available.

In this work we discuss an implementation of [SYvVW21] in which the dif-
ferent steps (each iteration of the linear algebraic solver, the error estimation,
Dorfler marking, and refinement of trial- and test spaces) of the adaptive al-
gorithm are of linear complexity.

Special care has to be taken for matrix-vector products. For a bilinear form
that is ‘local” and equals (a sum of) tensor-product(s) of bilinear forms in time
and space, and ‘trial” and ‘test” spaces spanned by tensor-product multi-level
bases with double-tree index sets, the resulting system matrix w.r.t. both bases
can be applied in linear complexity, even though this matrix is not sparse.
The algorithm that realizes this complexity makes a clever use of multi- to
single-scale transformations alternately in time and space. This unidirectional
principle was introduced in [BZ96] for ‘uniform’ sparse grids, so without ‘lo-
cal refinements’, and it was later extended to general downward closed or lower
sets, also called adaptive sparse grids, in [KS14]. The definition of a lower set
in [KS14], there called multi-tree, is more restrictive than our current defini-
tion that allows more localized refinements.

To the best of our knowledge, other implementations for the efficient eval-
uation of tensor-product bilinear forms (see [Pfl10, KS14, Pab15, Rek18]) are
based on the concept of hash maps. There, a hash function is used to map
basis functions to array indices. In an adaptive loop, the final set of basis func-
tions is unknown in advance so it is impossible to construct a hash function
that guarantees an upper bound on the number of hash collisions. Aiming at
true linear complexity, we implement these operations by traversing trees and
double-trees, so without the use of hash maps.

Organization

In §5.2, we look at the abstract parabolic problem, its stable discretization, and
the adaptive routine. In §5.3, we provide an abstract algorithm for the efficient
evaluation of tensor-product bilinear forms w.r.t. multilevel bases indexed on
double-trees. In §5.4, we take the heat equation as a model problem, and provide
a concrete family of trial- and test spaces with bases indexed by double-trees
that permits local space-time adaptivity. In §5.5, we discuss the practical im-
plementation of the adaptive algorithm. Finally, in §5.6, we provide extensive
numerical experiments to demonstrate linear runtime.

Notation

In this work, by C < D we will mean that C can be bounded by a multiple of
D, independently of parameters which C and D may depend on. Obviously,
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5.2

C 2 DisdefinedasD S C,andC~DasC <DandC 2 D.

For normed linear spaces E and F, by L(E, F) we will denote the normed
linear space of bounded linear mappings E — F, and by Lis(E, F) its subset
of boundedly invertible linear mappings E — F. We write E < F to denote
that E is continuously embedded into F. For simplicity only, we exclusively
consider linear spaces over the scalar field R.

Space-time adaptivity for a parabolic model problem

In this section, we summarize the relevant parts of [SVWW21, §2-5].

Let V, H be separable Hilbert spaces of functions on some “spatial do-
main” such that V — H with dense and compact embedding. Identifying
H with its dual, we obtain the Gelfand triple V < H ~ H' < V’.

For a.e.

tel:=(0,T),

let a(t;-,-) denote a bilinear form on V x V so that for any #,{ € V, t —
a(t;n,¢) is measurable on I, and such that fora.e. t € I,

la(tm,0)| S inlviigllv (7,8 € V) (boundedness),
a(t;n,n) Z |nl% (n€V)  (coercivity).
With (A(t)-)(+) := a(t;-,-) € Lis(V,V’), given a forcing function g and

initial value 1, we want to solve the parabolic initial value problem of

finding u : 1 - V such that {3?<f>+A<t>u<f>ig<t> (€D, (501
u(0) = ug.

Example 5.2.1. For the heat equation, on some spatial domain Q0 C R? we select
V= H}(Q), H := Ly(Q),and a(t;17,) := [ V- Vil dx. O

In our simultaneous space-time variational formulation, the parabolic prob-
lem is to find u that solves

(Bu)(0) := [ ($(0),0()n +albu(t), o) dt = [ (g(1),0(8)n = g(0)

I

for all v from some suitable space of functions of time and space. We can
enforce the initial condition by testing against additional test functions.

Theorem ([SS09]). With X := Ly(I; V)N HY(I; V'), Y := Ly(I; V), we have
B . /
l 1 € Lis(X,Y' x H),
Y0

where for t € I, vz u — u(t,-) denotes the trace map. In other words,
finding u € Xs.t. (Bu,you) = (g,ug) given (g ug) €Y' xH (52.2)

is a well-posed simultaneous space-time variational formulation of (5.2.1).
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We define A € Lis(Y,Y’) and 9; € Lis(X,Y’) as
(Au)(v) == /a(t;u(t),v(t))dt, and 9 := B— A.
1

Following [SVVW?21], we assume that A is self-adjoint. Morever, in view of an

efficient implementation, we assume that A is a finite sum of tensor-product

operators. If A does not have this structure, one may alternatively consider

(low-rank) tensor-product approximations of A, see e.g. [Hac12] for an overview.
We equip Y and X with ‘energy’-norms

I3 = (A, -1 = 0e- 1%+ 1 1+ e -

which are equivalent to the canonical norms on Y and X.
The solution u of (5.2.2) equals the solution of the minimization problem

u = argmin ||Bw — g3/ + [|y0w — o3, (5.2.3)
weX

which in turn is the second component of the solution of

A B ul
B" —vyvol |u|

Indeed, taking the Schur complement of (5.2.4) w.r.t. the Y-block results in the
Euler-Lagrange equations of (5.2.3).

finding (p,u) € Y x X s.t.

8 ] . (5.2.4)

_uo

Discretizations

Take a family (X%);sea of closed subspaces of X, and define

us = argmin ||Bw — g3, + | yow — uo |}, (5.2.5)
weX?
being the best approximation to u from X’ w.r.t. || - || x. Solving this problem,

however, is not feasible because of the presence of the dual norm. Therefore,
take (Y°)scn to be a family of closed subspaces of Y such that

b 0£weX? o speys 0wllyrllolly

(5.2.6)
Foré € Awith Y2 D Y%, we replace Y’ by Y in (5.2.5) yielding
u? = argmin | Bw — g2, + [0 — uol/%.
weX?d
Notice that 1% approximates us in that 4% = u; when Y° =Y.
With E% : Y® — Yand E4 : X — X denoting the trivial embeddings, u%
is the second component of the solution of

5/
u= —E% vhuo
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5.2.2

Taking the Schur complement w.r.t. the Y?-block then leads to the equation

/! ) / - ! >
EY (B'EY(Ey AES)™'EY B + vyy0) E4u® (5.2.7)
/ / < 2.

which has a unique solution (cf. [SYVW21, Lem. 3.3]) that satisfies ||u — u% ||x <
vx ||t — us| x whenever Y& D Y?; cf. Theorem 3.3.7. For now, we assume the
right-hand side of (5.2.7) to be evaluated exactly. Later, in §5.4.5, we will dis-
cuss approximation of the right-hand side.

In view of obtaining an efficient solver, we want to replace the inverses
in (5.2.7) while aiming to preserve quasi-optimality of the solution. To this
end, let K% = K%/ € Eis(Yé/, Y?) be a uniformly optimal preconditioner for

E%/AE% that can be applied in linear complexity. Then, for some x5 > 1,

1

((K$)"10)(v)

(A9)(0) ,ka] (6 €A veYd).

€ [k,

Replacing (E%/AE%)_l by K2, we denote the solution of (5.2.7) again by
u?. Tt is quasi-optimal with [lu — u®||x < % ||t — ug||x; cf. Remark 3.3.8.

Adaptive refinement loop

Our adaptive loop, given in Algorithm 5.1, takes the familiar Solve, Estimate,
Mark and refine steps, and is driven by an efficient and reliable ‘hierarchical
basis” a posteriori error estimator.

The adaptive loop below requires a saturation assumption. Define a partial

order on Aby & = § whenever X0 D X% Lets — 8 = Sbea mapping providing
saturation in that for some ¢ < 1,

lu—usllx < Cllu—usllx (6 €A). (5.2.8)

With this choice of §, we are interested in finding u® := u%’ € X that solves

! S b pd! ! S b pd!
E% (B'EyKyES B+ v)70)Ex u’ = EY (B'ESKSES g+ vuo).  (5.29)

G0, = fo=

Notice that (5.2.9) is uniquely solvable even with X? as ‘trial space’, and we
use this ‘room’ between X° and X? to our advantage. Expanding X’ to some
intermediate space X° C X° C X? yields a u° that is a better approximation to
u than u9%; of. [SVWW21, Prop. 4.2]. This function will be the successor of 1% in
our loop, and we will show that the resulting sequence of functions converges
r-linearly to u; see Algorithm 5.1 and Theorem 5.2.3.

5.2 Space-time adaptivity
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Solving Instead of solving the symmetric positive definite system (5.2.9) ex-
actly, we construct an approximate solution 72’ using Preconditioned Conju-
gate Gradients (PCG). To this end, let K% = K& € Lis(X®', X%) be a uniformly
optimal preconditioner for $%. Then ((K$) 'w)(w) =~ |w|/% = ||K$S%w]|/%
for w € X’. Writing w = K§S% (u® — v°) leads to an algebraic error estimator

B (0%) = \J(fF — S900) (K§ (0 — 58909)) = [[u® —o[lx  (o° € X%, 0 € A).
(5.2.10)
With ﬁi denoting the approximant at iteration k of the PCG loop, 8° (ﬁi) is al-
ready available as the variable ; used in computing the next search direction.

Error estimation Let ®; := {0, }1¢j, with X% @ span@®; = X° be uniformly
X-stable, i.e.,

Iz +¢" @[5 = llzl% + llel® (¢ € fa(J5),z € X, 6 € B). (5.2.11)

Define the trivial embedding P? : X% — X¢. Akin to (5.2.9), we set S99 f@,
and then the residual-based a posteriori error estimator 7 : X° — ¢5(J5), as

5! 8 16 6! ) 5! 5 6 6/
5% .= Ey (B'EYKYEy B+17070)Ex,  f* == Ex (B'EyKyEy g +1pt),

P (%) = (£ — SUP2 ) ().
(5.2.12)
For 11° close to u°, the error estimator ||#° (%) is reliable and efficient:

Lemma 5.2.2. Assume (5.2.8) and (5.2.11), % < %, and fix some ¢ > 0 small
enough. For 1° € X° satisfying B(11°) < % (|79 (129) ||, we have

I (@) || = llu—2°|x and fu—i||x S llu—u’|x (5€A).
Proof. For convenience, we write # := ¢/ (2°) and 70 := 7 (u?).
By (5.2.8), (5.2.11) and % < %, [SVVW?21, Prop. 4.4] shows that
7] = lu—ul|x (6 €A). (5.2.13)

From (5.2.11) one deduces that ||’ — #°| < |[u® — 2%||x; of. [SYWW21,
(4.13)]. By assumption, for & < 1, we find g°(1%) < ¢||#°||, revealing that
(5.2.11)
[y

) 5 (5210)5 )
1P =9 < ud — 2|5 = B (a%) < &) (52.14)

Using this, we can show reliability of the estimator by
= 2°]]x < flu—ulllx + u° = 2% x

(5213),(5.2.1 A X X (B2l
S0+ ) < 1) + 11— #) + B a0) S [
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For efficiency of the estimator, we deduce

5(5'2'13) ) 5 ) 5 ) ) ) 5
17°]] S Ml —ulflx + [|r° =27 < flu—a2°||x + [[u® — 2°[|x + [[#* —#°|

(5.2.14) s 5
Sl —a°x + ¢,

so taking & sufficiently small and kicking back ||#|| yields
1#]] < [l —2°||x- (5.2.15)
Similarly, from (5.2.13) and (5.2.14) it follows that
1711 < = u® | x- (5.2.16)
We infer quasi-optimality of #° from

5, (5214 5 ,(5:216) s
Ju—2°Nx S llu—u’llx + ¢l < [lu—u’lx. O

In the solve step, we iterate PCG until g°(119) /||#°(i2)|| is small enough. In
the algorithm below, this is ensured by the do-while loop which also avoids
the (expensive) recomputation of the residual at every PCG iteration.

Marking and refinement Denoting the output of the solve step by 7, we drive
the adaptive loop by performing Dorfler marking on the residual # := r° (%),

i.e., for some 6 € (0,1], we mark the smallest set ] C Js for which ||#|| >
0]|#||. We then construct the smallest § = & such that X contains span®s|;.

Data: 0 € (0,1],¢ € (0,1), 6 := Singe € A;

by = £9(0) = \/ (B} 9) (KGEY 9) + ol
repeat
Solve:
do
Compute 7] € X° with g2 (119) < t;/2;
ts = BO(13);
es = [[r*(a)|| + ts;
while t; > Ces;
0 .= ’;
Estimate: Set # := r°(1%);
Mark: Mark a smallest ] C J; for which ||# ||| > 0]|#];
Refine: Determine smallest § € A such that X° S X¢ @ span@y| I
ty:=es,0:=0;

Algorithm 5.1  Space-time adaptive refinement loop.
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Theorem 5.2.3 ([SvVW21, Thm. 4.9 with = 0]). Assume (5.2.8), (5.2.11). For
K . . 1 K

¢ am.i Ti. — 1 sufficiently small'zwth -1l 0 wh.en 610, th.e sequence of ap-

proximations produced by Algorithm 5.1 converges r-linearly to u, in that after every

iteration, ||u — 0| x decreases with a factor at least p < 1.

Remark 5.2.4. In practice, to ensure termination, Algorithm 5.1 has to be com-
plemented by an appropriate stopping criterium; cf. [SvWW21, Alg. 4.8]. ¢

Proof. For convenience, we denote r* := r°(u’) and # := r°(11°). The stopping
criterium of the solve step ensures that g(11%) < (||if‘5\| + B2 (1° )), so for

¢ < 1 we are in the situation of Lemma 5.2.2.
We have

o (52 ) ) o (5
I# =A< 0 < g (10 + 1 - 1),
so taking & sufficiently small and kicking back ||#° — #°|| yields
I# =7l S ¢l (52.17)

After marking, we have [|#|| < 671|#°|;||, which shows that

(5214) 5 ) 5 o(5217 5 5
SRS 101 < e+ N = #2201 eyl + &l

for & small enough, kicking back ||’ || we find for a § > 0 dependent on 6,
17151l > 611l

From [SvVW?21, Prop. 4.3] we now find that, for % — 1] 0when 6 | 0, there
isa p < 1 for which

lu—ullx < pllu—ul|x. (5.2.18)
Combining the results shows that
= 2°]|x < flu—ulllx + Ju® — 2%
(5.2.14),(5.2.16
<1

1+0(2)|lu—ul||x

14+0(2)pllu —u’||x

5.2.

"

< (14+0@)p(lu—a°llx + |u® — 2°|x)

(5.2.14),(5.2.
<8 @ 0@ lu— I,

so for ¢ small enough, p < 1, completing the proof of r-linear convergence. [
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5.2.3 Adaptive trial- and test spaces

5.3

The convergence rate of our adaptive loop is determined by the approxima-
tion properties of the family (X°)scs. We want to construct a family that al-
lows for local refinements. Here, the crucial problem is guaranteeing the inf-
sup stability condition (5.2.6). It is known that inf-sup stability is satisfied for
full tensor-products of (non-uniform) finite element spaces, and in [And13,
Prop. 4.2], this result was generalized to families of sparse tensor-products.
Unfortunately, neither family allows for adaptive refinements both locally in
time and space.

In §5.4 we will solve this by first equipping X with a tensor-product of
(infinite) bases: a wavelet basis ¥ in time, and a hierarchical basis in space.
We then construct X° as the span of a (finite) subset of this tensor-product
basis, which we grow by adding particular functions.

By imposing a double-tree constraint on the index set of the basis of X‘S, we
can apply tensor-product operators in linear complexity; see §5.3. Moreover,
this constraint implies that for our model problem the inf-sup condition (5.2.6)

is satisfied and we can construct optimal preconditioners K% and K‘)S(.

Applying linear operators in linear complexity

An efficient implementation of our adaptive loop requires the efficient ap-
plication of the operators E%/BE‘)% and E‘)S(/'y(’)'yoE‘g( appearing in (5.2.9). Both
terms are finite sums of tensor-products of operators in time and space. When
we equip our trial and test spaces with tensor-products of multilevel bases, it
turns out that we can evaluate these operators in linear complexity.

More precisely, this section will show the abstract result that given

e tensor-products ¥ := YO0 x w1 ¢ .= ¥0 x 91 of multilevel bases ¥0, 1,

Y0 1 indexed by VARVES \70, \71, and
e (finite) subsets A C VO x V1, A ¢ V? x V! that are double-trees, and
e linear operators A; : span¥’ — (span¥’)’ that are local (i € {0,1}),

we can apply the matrix ((Ag ® A1)¥|a)(¥|4) in O(#A + #A) operations
even though this matrix is not uniformly sparse.

Example. For our model problem, ¥° and ¥° will be wavelets for H'(I) or
Ly(I) in time, and ¥' = ¥! will be a hierarchical finite element basis for
H} () in space. We will apply the result of this section to the operators (o
and B = 9; + A. O

We will achieve this complexity using a variant of the unidirectional prin-
ciple. Denote with 15 the extension with zeros of a vector supported on A to
oneon V? x V1, and with R, its adjoint; define I and R 5 analogously. Define

A; = (AY)(¥). We will split Ag in its upper and strictly lower triangular
parts Up and Ly, so that

R[\(AQ ®A)Ip = R;\(Lo ®Id)(Id ® Aq)Iz + R;\(Uo ®1d)(Id ® A1)IA.

5.3 Applying linear operators in linear complexity

81




I 53.1

82

This in itself is useless, as (Id ® A1)l maps into a space which dimension we
cannot control. However, the restriction R5 gives us elbow room: in Theo-
rem 5.3.7 we construct double-trees £, © with #Z + #0 < #A + #A s.t.

Ri(Up®1d)(Id ® A1)In = Rx(Uy ®1d)Rele(Id @ A1)I,. o

These right hand sides we can apply efficiently, and their application boils
down to applications of Ly, Uy, and A; in a single coordinate direction only.
Simple matrix-vector products are inefficient though, as these matrices are
again not uniformly sparse. However, by using the properties of a double-
tree and the sparsity of the operator in single scale, we can evaluate Uy, Ly and
A1 in linear time; see §5.3.1.

We follow the structure of [KS14, §3], which applies the aforementioned
idea to multi-trees though with a slightly more restrictive definition of a tree.
For readability, we defer the proofs of Theorems 5.3.3-5.3.7 to Appendix 5.A.

Applying linear operators on trees

Let ¥ be a (multilevel) collection of functions on some domain Q.

Example 5.3.1. In our application, Q will be either the time interval I with ¥
being a collection of wavelets, or the spatial domain (), in which case ¥ is a
collection of hierarchical basis functions. ¢

Writing ¥ = {¢) : A € V}, we assume that the i, are locally supported in
the sense that with |[A| € IN( denoting the level of A,

sup 21M diam supp ¢, < oo, (5.3.2)
AEV

sup sup#{A € V: [A| = £ Asupp ¥y N B(x;27) # @} < co. (5.3.3)
EGNO XGQ

We will refer to the functions 1, as being wavelets, although not necessarily
they have vanishing moments or other specific wavelet properties.

For ¢/ € Ny, and any A C V, weset Ay := {A € A : |A] = (} and
Agpp = {A € A:|A| > £}, and write ¥, := ¥|y,.

For ¢ € Ny, we assume a collection ®y = {¢, : A € Ay}, whose members
will be referred to as being scaling functions, with

span®y 1 2 span® U¥y g, Po=Yo (Ap:= Vo), (5.3.4)
sup sup 2‘ diam supp ¢, < oo, (5.3.5)
(eNg AeA,
sup sup#{A € Ay : supp p) N B(x;27%) # @} < oo, (5.3.6)
LeNy xeQ

{Prlz : A € Ay, pp|x # 0} is independent (£ C Q open, £ € Ny). (5.3.7)
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W.Lo.g. we assume that the index sets A, for different ¢ are mutually disjoint,
and set ® = Ugpen, Py with index set A := Uy, A For A € A, we set
|A| :=¢when A € Ay.

Viewing ¥, &, as column vectors, the assumptions we made so far guar-
antee the existence of matrices py, q, such that

(@ )T (8)T] = @) [pe a,

where the number of non-zeros per row and column of p, and g, is finite,
uniformly in the rows and columns and in ¢ € IN (here also (5.3.7) has been
used). We refer to p, as the prolongation matrix. Columns of p, contain the mask
of the scaling functions, and those of g, contain the mask of the wavelets.

To each A € V with |A| > 0, we associate one or more y € V with || =
Al =1 and |supp ¢, Nsupp ¢;,| > 0. We call u a parent of A, and so A a child
of u. To each A € V, we associate some neighbourhood S(A) of supp ¥, with

diameter < 2-1*, such that for |A| > 0, S(A) C Uyeparent(1)S(1)-

Remark. Such a neighborhood always exists even when a child has only
one parent. With C := sup,., 2" dlamsupp ¢y and S(A) := {x € Q :
dist(x, supp ¢, ) < C271M}, for pa parentof A and x € S(A), dist(x, supp Pu) <
dist(x, supp ¢, ) + diam supp ¢, < 2C2-1M = 27l ie., x € S(p). O

Definition 5.3.2 (Tree). A finite A C V; is called an {-tree, or simply a tree
when ¢ = 0, when for any A € A its parents in V4 are in A. This is not a tree
in the graph-theoretical sense, but rather in the family history sense. ¢

Example (Hierarchical basis in 1D). Figure 5.1 shows an example multilevel
collection ¥ of functions defined on the interval [0,1]. Its index set V5 with
parent-child relations is shown left, with a tree A C V5 visualised in red. This
collection is called the hierarchical basis. With S(A) := supp i, for A € V3, the
hierarchical basis satisfies conditions mentioned above. ¢

/=0 (0,0) (0,1) S P 1]
(=1
(=2
(=3
Index set V5 and tree A C V5 Multilevel functions ¥ Scaling functions ®

Figure 5.1 Hierarchical basis for the interval [0, 1].
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A routine eval Let (¥,®) and (¥, ®) satisfy the conditions of the previ-
ous subsection, and let A: span® — (span®)’ be local in that (Au)(v) =
(Aut|suppo)(v). Typically, A is a (partial) differential operator in variational
form; e.g. A € L(HY(I),Ly(I)") with (Au)(v) = [, %ovdt. For trees A C V
and A € V, we want to apply the matrix (A¥|) (¥

&) efficiently.

Just for brevity of the following argument, assume ¥ = ¥ and ® = ®. The
matrix (AY|A)(¥]a) is not uniformly sparse, so a straight-forward matrix-
vector product is not of linear complexity. However, for A a uniform tree up
to level /,ie. A = {A € V : [A| < ¢}, a solution is provided by the multi- to
single-scale transform T characterized by ¥|5 = T '@, through the equality
(AY|A)(¥|p) = TT(AD,)(P,)T, as the transforms can be applied in linear
complexity and the single-scale matrix is uniformly sparse.

For general trees however, we don’t have dim®, < dim Y|, so the pre-
vious approach is not of linear complexity. Clever level-by-level multi-to-
singlescale transformations and the prolongation of only relevant functions
does allow applying (A%¥|4)(¥|5) at linear cost; see Algorithm 5.2 below.

On several places the restriction of a vector (of scalars or of functions) to
its indices in some subset of the index set should be read as the vector of full
length where the entries with indices outside this subset are replaced by zeros.
For index sets A and A, matrix m € R¥A*#A and subset II C A, we write

supp(m,IT) C A for the index set corresponding to the image of m under
{x|11: x € R¥}.

Data: { € N, ITC Ay 1,11 C Ay_y, (-trees A C Vypand A C Vyy,
deRML c e R¥A,
Result: [e, f] where e = (Au)(d
5 ui= qu)h’I—Q—CT‘P‘A.
if [TUA # @ then
Mg = {A e11: ‘suppgﬁ/\ N Upen, S(p )‘ >0}, 1, = IT\ ITp

Ip:={A €lIl: \supp% N ( ek, S(1) Unert, Suppfﬁw)\ >0}
I, :=1IT\IIp
I1 := supp(§,, I1p) Usupp(d, Ay)
11 := supp(py, I1g) Usupp(as, Ay)
d = pyd|r, + qc|a, )
le, f]:=eval(A)(£+1,IL Agyap, IL Agyay,dcla,, )

el | | (AP (Ply, )d
e — = VT

e|fIB (pg )ﬁ

o [f A | [@elx
Algorithm 5.2 Function eval(A).

). f = (Au)(¥

]\)’ with

S
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Remark. Let A C V, A C V be trees, and ¢ € £5(A), then

(AY|7) (¥

/“\)C:eval(A)(l,[v\(),/v\lT,Ao,AlT,C|A0,C|A1T). O

Theorem 5.3.3. A call of eval yields the output as specified, at the cost of O(H#IT +
#A + #I1 4 #A) operations.

Proof. See Appendix 5.A. O

Routines evalupp, evallow For A: span® — (span®)’ local and linear, set
= (AY)(¥) = [(Ap) @A) pevxy

aswellas U := [(Apy)($2)]]r)<|p) and L := [(Apu) (P2)]jr)5 1y S0 A = L+ U.
As sketched in the introduction of this section, this splitting is going to be
necessary for the application of system matrices in the tensor-product setting;
cf. (5.3.1). Algorithms 5.3 and 5.4 below evaluate U and L in linear complexity.

Data: £ € N, ITC Ay, 11 C Ap_q, U-trees A C Vypand A C Vs,
de R c e R¥A,
Result: [e, f] where e = (Au)(d

u:=d' @+ c s

ﬁ), f = u|AXAC’ with

if ITUA # o then

[p:={\ell: ‘suppJ)A N UVGA/@S(V)‘ >0}, IT4 := 11\ Ip

IT := supp(y, ITp) Usupp(d, Ar)

11 := supp(qr, Ar)

d = qeca, o

le, f] := evalupp(A)(¢ + 1,11 Apiap, IL Agyar,d cla,, )
e|1-[ _ |(A®[m) (P A)d
e|n (AD[ry) (Plpy,)d + (8] €)1y

:[ﬂA, ] qg> ]

Algonthm 5.3 Function evalupp(A).

Remark. Let A C V, A C V be trees, and ¢ € /5(A), then

U|[“\><AC = evalupp(A)(l,/v\o, [v\lT, AOIAlT/C|AorC|A1T>' O
Theorem 5.3.4. A call of evalupp yields the output as specified, at the cost of
O(HTT+ #A + #I1 + #A) operations.
Proof. See Appendix 5.A. O
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Data: £ € N, IT C Ay_q, (-trees A C Vypand A C Vi, d € R
c € R¥A,
Result: f = (AD|r)(¥|5)d + L[5, ¢
if ITUA # @ then
I :={Aell: ‘supp4),\ N UHGMSV(M)‘ >0},
11 := supp(py, I1p) U supp(ar, A)
Ly := supp(p, Ip)
L1 := supp(ds, Ar)
d:=ped|, + quf,C|Af
e := (AP|my ) (D) ped|m,

_ | fla,
Ry

~

_ @ el ]
evallow(A) (f +1, Aé+1T’ 11, AerlTl d, C|A€+IT)

Algorithm 5.4 Function evallow(A).

Remark. Let A C V, A C V be trees, and ¢ € /5(A), then

Ll]\xAC = evallow(A)(l, AlTIAO/ AlT’C‘AO’C|A1¢)' <>
Theorem 5.3.5. A call of evallow yields the output as specified, at the cost of
O(#A + #I1 4 #A) operations.
Proof. See Appendix 5.A. O

Applying tensor-product operators on double-trees

Fori € {0,1}, let A;: span®; — span @/ be local and linear and let
A = (AY) (%) = [(AY) By eyt ey = Li+ Ui,
where Ul' = KAi)/LV]‘/\‘S‘V‘ and Li = [(Ai>/\r]"]‘/\‘>‘ﬂ" Set —i:=1—1i.

Definition 5.3.6 (Double-tree). Define the coordinate projector P;(bo, b1) := b;.
Wecall A C {\70 x V1 v0 x v V0 x vl V0 x v1} a double-tree when for i €

{0,1} and any u € P_;A, the fiber
Aiy = Pi(P-i|a) H{u}

is a tree (in V' or Vi), i.e., A is a double-tree when ‘frozen’ in each of its coor-
dinates, at any value of that coordinate, it is a tree in the other coordinate. O

From A = U‘uepﬂ,A(PﬁdA)_l{ﬂ}, we have DA = Uyep  AA,, which, be-
ing a union of trees, is a tree itself. See also Figure 5.2.

For a subset <1 of a (double) index set O, let I 2 denote the extension oper-
ator with zeros of a vector supported on < to one on ¢, and let R% denotes its
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Figure 5.2 With V5 from Fig. 5.1: V5 X V5 in black; a double-tree A C V5 X V5
in red; the projection PyA in gray, and a fiber Ay, for € Py A in brown.

:

(formal) adjoint, being the restriction operator of a vector supported on ¢ to
one on <. Since the set ¢ will always be clear from the context, we will denote
these operators simply by I and R.

As sketched in the introduction of this section, the pieces are now in place
to apply R4 (Ao ® A1) in linear complexity.

Theorem 5.3.7. Let A € V0 x V!, A c VO x V! be finite double-trees. Then

2= U (0« U Ais),

A€PA < %
0 {Hemiui=i 41, 180G0ns0 ) >0 }

e:= {J <{# € Po)A : 3y € Agy st |y = |ul, [S°(n) NS ()| > 0} x {A}),
AEPA

are double-trees with #Z < #A and #© < #A, and

Ry (A ® A1)Ia =R (Lo ®1d)IzRx (Id © Ay) s+
R4 (1d ® A;)IgRe (U @ 1d)I4.

Proof. See Appendix 5.A. O

Applying R4 (Lo ® Id)Iz boils down to applying R Koy Loly,, for every
p € PEZNPA. Such an application can be performed in O(#A, + #Z)
operations by means of a call of evallow(Ay); see also Algorithm 5.9. Since
Yuev, #Ao,,, + #E0,, = #A + #Z, we conclude that the application of Rx (Lo ®
Id) Iy, can be performed in O (#A + #XL) operations.

Similarly, applications of Ry (Id ® A;)Ia, R4 (Id ® Aj)lg, and Rg(Uy &
Id)I using calls of eval(A;), eval(A;), and evalupp(Ag) respectively, can
be done in O(#L + #A), O(#A + #@), and O(#© + #A) operations. From
#% < #A and #0 < #A we conclude the following.

Corollary 53.8. Let A ¢ VO x V!, A c VO x V! be finite double-trees, then
Ry (Ao ® Aq)Ia can be applied in O (#A + #A) operations.
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The heat equation and practical realization

In this section, we consider the numerical approximation of the heat equation

du

a () = (Axu)(t) =g(t) (tel),

{ w(0) — o, (5.4.1)

For some bounded domain Q0 C R?, we take H := L,(Q) and V := H}(Q), so

that X = Lp(I; H}(Q)) N HY(LHY(Q)) and Y = Ly(I; H}(Q)). We define
at;n,0) : / Vi -V dx,

and aim to solve the parabolic initial value problem (5.2.1) numerically. The
bilinear forms present in our variational formulation (5.2.4) satisfy

A=M®Ay, B=Di®@My+A, and 7y = G ® My

where
(Myo)(w) = /1 vwdt, (Dw)(w) == / dwdt, (G)(w) := v(0)w(0),
(Ax)(C / Vi Vidy, (Myy)(C / 7 dx. (54.2)

In this section, we first construct suitable tensor-product bases for X and Y
which functions are wavelets in time and hierarchical finite element functions
in space. We then build our discrete ‘trial’ and “test’ spaces (X, Y%)scp as the
span of subsets of these tensor-product bases. We finish with concrete precon-
ditioners K4 and K%, the basis necessary for error estimation in the adaptive
loop, and evaluation of the right-hand side of (5.2.9) using interpolants.

Wavelets in time

We construct piecewise linear wavelet bases ¥ for H!(I) and ZE for Ly (1).

Basis on the trial side For X, we choose the three-point wavelet from [Ste98];
for completeness, we include its construction. For ¢ > 0, define the scaling
functions as the nodal continuous piecewise linears w.r.t. a uniform partition
into 2¢ subintervals, i.e., o = {Pum :0<n< 2} with Do) (k271 = 6y,
for 0 < k < 2. Set £g := ®F, and X, := {0} : A := (£,n) with0 < n < 2/}
with oy = 0y ) for £ > 1 as in the right of Figure 5.3. Note that each tree-point
wavelet o) is a linear combination of three nodal functions from CID?
By imposing the parent-child structure

Adg A <= |A|+1=|A| and |suppo, Nsuppoy| >0, (5.4.3)

on any two indices A, A, we get the tree shown left in Figure 5.3.
Define X := Uy>oXy, Vy := {A : 0y € X}, and S(0)) := supp o). We see
that X satisfies (5.3.2)—(5.3.3) and that the CI>Z satisfy (5.3.4)—(5.3.7). Moreover,

one can show that X is a Riesz basis for Lz( ) (cf. [Ste98, Thm. 4.2]), and that
{2-1Mg) } is a Riesz basis for H!(I) (cf. [Ste98, Thm. 4.3]).
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=0 O ==, e~

(o
=1 %DIO O Uen) Oleat-1-1)
(=2 /E
=3

Figure 5.3 Left: three-point wavelet index set Vy with parent-child relations;
right: three-point wavelets.

Basis on the test side  We construct an L, (I)-orthonormal basis E.

For ¢ > 0, define the (discontinuous) piecewise linear scaling functions
w.r.t. a uniform partition into 2° subintervals by ®F := {pum:0<n< 201}
where ¢ o) (t) := Tjg1)(t) and ¢ 1) (t) = V3(2t — 1)1j91), and for £ > 1,
P(eon) (B) 7= $(0,0)(2°t — k) and Py opi1) () = d(o1)(2°t — k). Let Zy := DF,
and define Z1 := {{(y ), §(1,1)} as in the right of Figure 5.4. For £ > 2, we take
By = {8 : 0 <n <2} with

Eoany (1) := 2002 0 (27— k), Epapp)(t) =202z (25— k).

The resulting & := Uy>(Z is an orthonormal basis for Ly (I), and together
with its scaling functions U,®%, the conditions from §5.3.1 are satisfied with
S(¢u) = supp&y. We impose a parent-child relation analogously to (5.4.3);
see the left of Figure 5.4.

£=0 V37 $01) Ve S,
&(0,0)
/=1
0 =2 @0
¢(1,0)
t= IV I Y I I 7\/5 7\/6,

L A O T U A W A W A Y A Y

Figure 5.4 Left: orthonormal wavelet index set V= with parent-child relations;
right: the wavelets at levels 0 and 1.

Finite elements in space

Let T be the family of all conforming partitions of () into triangles that can be
created by Newest Vertex Bisection from some given conforming initial tri-
angulation 7, with an assignment of newest vertices satisfying the matching
condition; cf. [Ste08].
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Define ¥ := Uyer{T : T € T}. For T € %, set gen(T) as the num-
ber of bisections needed to create T from its ‘ancestor’ T’ € 7T, . With 0 the
set of all vertices of all T € %, for v € M we set gen(v) := min{gen(T) :
visavertexof T € T}.

Any v € 91 with gen(v) > 0 is the midpoint of an edge e, of one or two
T € T with gen(T) = gen(v) — 1. The set of newest vertices 7 of these T,
so those vertices of T with || = gen(v) — 1, are defined as the parents of v,
denoted 7 <y v. The set of godparents of v, denoted gp(v), are defined as the
two endpoints of e,. Vertices with gen(v) = 0 have no parents or godparents.

Example 5.4.1. In Fig. 5.5, the parents of v4 are v; and v3 and its godparents
are v, vp; the sole parent of vs is v4, and its godparents are vy and v3. O

Proposition ([DKS16]). An (essentially) non-overlapping partition T of Q into
triangles is in T if and only if the set N of vertices of all T € T forms a tree in the
sense of §5.3.1, meaning that it contains every vertex of generation zero as well as all
parents of any v € N see also Figure 5.5.

Vo V1 V2 V3 V3 (%) Ve

X X

v

1 7

V4
Vg Vs
vz
Yo V1
N7 T Ti T T

Figure 5.5 Vertex tree Ny and its triangulation 7 shown level-by-level.

Let O be the collection of spaces W7 of continuous piecewise linears over
T € T vanishing on dQ). For v € 91, we set ¢, as that continuous piecewise
linear function on the uniform partition T, :== {T € T : gen(T) = gen(v)} € T
for which ¢, (7) = 6,y for 7 € T,. Setting Ny := I\ (Y, the collection {¢, :
v € Ny} is known as the hierarchical basis. For T € T, write N7 := N7 \ 0Q
and Y7 := {¢ : v € Ny }; itholds that Wy = span¥7.

Applying stiffness matrices The hierarchical basis satisfies conditions (5.3.2)
and (5.3.3), and so, the application of stiffness matrices (A¥7)(¥ 1) for A €
{Ay, My} can be done through eval(A).! However, the computation in The-
orem 5.3.7 does not involve the lower and upper parts of A. This crucial in-
sight allows for a faster and easier approach using standard finite element
techniques: span¥7 is a continuous piecewise linear finite element space,
so it has a canonical single-scale basis ®1 := span{¢$y,} characterized by
¢1v(V) = dyp for ¥ € Ny, for which the application of (AP )(P7) at lin-
ear cost using local element matrices is standard. This is different from the

1This would require the definition of a suitable single-scale basis.
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general setting in §5.3.1, in that dim®7 = dim ¥ also for locally refined
triangulations. With T the transformation defined by ¥+ = T &7, we find

(A¥7)(¥7) =T (A®T)(P7)T. (5.4.4)

We can apply T in linear complexity by iterating over the vertices bottom-up
while applying elementary local transformations in which not parent-child,
but godparent-child relations play a role.

Inf-sup stable family of trial- and test spaces

With ¥ and & from §5.4.1 and Yo, := {9y : v € Ny} from §5.4.2, we find that
X = span(X ® ¥Yo,) and Y = span(E ® Yo,). We now turn to the construc-
tion of X% and Y?.

Definition 5.4.2. For a double-tree A° C Vy x N, define A := A° \ Vg x 0Q).
We construct our ‘trial” space as

X := span{oy @ ¢y : (A,v) € Ad}.
Defining the double-tree A‘;,O C Vz X Ng as
Afo:={(1v) :3(Av) € Ay, p € Vz, |u| = |A], [supp &y Nsuppay| > 03,
we set the ‘test’ space to be Y0 = Y°(X?) := span{&, @ ¢, : (4, v) € A‘;O}. %

Theorem 5.4.3 ([SYVW21, Props. 5.2, 5.3]). Define A := {5 : A° C Vg x

M is a double-tree} equipped with the partial ordering & < § <= A° C AY
With X° and Y° as above, uniform inf-sup stability holds; cf. (5.2.6).

Definition 5.4.4. Given a double-tree A° C Vs, X N, we define A2 DA by
adding, for (A,v) € A? and any child A of A and descendant 7 of v up to
generation 2, all pairs (A, v) and (A, 7). We expect this choice of X? to provide
saturation; cf. (5.2.8).

Preconditioners

We follow [SvVW21, §5.6] for the construction of optimal preconditioners K¢

for Ei/AEf, and K for $% necessary for solving (5.2.9). With notation from
Definition 5.3.6, we equip X° and Y? with bases

U oa ®‘]§’§L with ‘I"f\ ={y,:ve (Ag)LA},
/\EP()AS

U ) Cu ®‘I"; with ‘I’f, ={y,:ve (Ai,o)l,y}-
}lEP()AY’O

5.4 The heat equation and practical realization
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In matrix form, the preconditioners from [SvVW21, §5.6] then satisfy

where K = (A})™

K, = blockdiag[K}],,cp as
where K§ =~ (A4 +2MMm4)~?

0 . : 0 A0 o
K% = blockdlag[K/\A)\K)\])\epoAg
with A% := (ALY5)(¥5), A} = (Ax¥9)(¥9), and M§ = (My¥4)(¥9). Suit-
able spatial preconditioners K% are provided by multigrid methods. In [OR00]
it was shown that for quasi-uniform meshes, under a ‘full-regularity’ assump-
tion, a multiplicative multigrid method yields suitable Kf\, and we assume

these results to transfer to our locally refined triangulations 7 € T. In §5.5.1,
we detail our linear-complexity multigrid implementation following [WZ17].

Right-hand side

We follow [SvVW21, §6.4]. For g € C(I x ), ug € C(Q)), we can approximate
the right-hand side of (5.2.9) by interpolants, avoiding quadrature issues.
The procedure of §5.4.2 for constructing the hierarchical basis ¥ := {y :
v € I} can be applied in time as well, yielding the basis {¢) : A € V5} from
Figure 5.1 which index set V5 coincides with Vy. We construct {¢, : v € 9} C
C(Q))’ biorthogonal to Ye, with ¢, := 6, — Yscgp(v) 07/ 2. In time, define {Pr:
A € V5} C C(I)" analogously. Define the vectors g := [() @ Py)(g)] (Av)ea?
and ug := [y (uo)],, p,as- Upon replacing (g,up) in (5.2.9) by the 1nterp01ants

53 = Z g()\,y)lp/\ ® llJV/ 5”0 = Z uO,VlIJU/
(Av)en’ veP A°

we can evaluate its right-hand side in linear complexity through the quantities

[<§V ® ¢V'5g>L2(IXQ)](]J,V)EA§O = RA(E/O(Mt ® MX)IA‘Sg/

[720) (v, o) 1y (0] (1 0yeng = 02 (0)wu] ) p

where  w = (Mx¥q|p, os) (F|p o0 )t00-

Two-level basis

We now discuss the construction of a uniformly X-stable basis ©s, needed
in the local error estimator #° of (5.2.12). Following [SvVW21, §6.3], define a
modified hierarchical basis {{, : v € Ny} by

v d
Z{ve‘ﬁ apv} { iv di Py

#HreN:vanv}

lzz’v = 1y when gen(y) =0, else @V =Py —

Forany 7 € T, Wr = span{¢, : v € N7 o} = span¥7 and the transformation
from modified to unmodified hierarchical basis can be performed in linear
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complexity. For T = T € T, d € {,(N7o\ N7p) and v € Wy, [SYVW21,
Lem. 6.7] shows that

o+ L dutful ) = 2l gy + 1412

A ey (5.4.5)
||U+Zv dVlPVH%{—l(Q) ~ ”vH%{—l(Q) +Zv4 gen( )|dV|2/

where the constants in the ~-symbols depend on max _ {gen(T) — gen(T)}
{T>ICTEeT}

only. We then construct a basis for X2 © X? as

@5 = {en0r @ Py : (A,v) € AS\ AJ}  with 1 1),

ey

Define the gradedness of a double-tree A° C Vs x MNas the smallest Ly € N
for which every (A,v) € A° with 7 an ancestor of v with gen(v) — gen(¥) = L,
it holds that (A, 7) € A° for all A <y A. Thanks to X being a (scaled) Riesz basis
for Ly(I) and H'(I), together with the H'(Q)- and H~!(Q)-stable splittings
of (5.4.5), it holds that

_ )
Iz + ¢ @k = llzll% + llel® (e € L2(Ag\ AD), z € X°),

with the constant in the ~-symbol dependent on L; only, so when L; is uni-
formly bounded, condition (5.2.11) is satisfied.

Implementation

A tree-based implementation of the aforementioned adaptive algorithm in
C++ can be found at [vVW21b]. In this section, we describe our design choices
for a linear complexity implementation.

Trees and linear operators in one axis

In §5.3, we consider an abstract multilevel collection ¥ indexed on Vy. En-
dowed with a parent-child relation, V has a tree-like structure that we call a
mother tree; see also Figures 5.3 and 5.4.

In our applications, the support of a wavelet ¢, is a union of simplices of
generation |A|. In time, these simplices are subintervals of I found by dyadic
refinement. In space, they are elements of ¥, the collection of all triangles
found by newest vertex bisection. Endowed with the natural parent-child
relation, both collections of simplices have a tree structure we call the domain
mother tree. Every wavelet ¢, stores references to the simplices T of generation
|A| that make up its support; conversely, every T stores a reference to ¢,.

Every mother tree V is stored once in memory, and every node A € V
stores references to its parents, children, and siblings. We treat the mother tree
as infinite by lazy initialization, constructing new nodes as they are needed.

5.5 Implementation
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Trees We store a tree A C V using the parent-child relation, and additionally,
at each A € A store a reference to the corresponding node in V. This allows us
to compare different trees subject to the same mother tree. This tree-like rep-
resentation does not allow direct access of arbitrary nodes: in any operation,
we traverse A from its roots in breadth-first, or level-wise, order.

Tree operations One important operation is the union of one tree A into an-
other A. This can be implemented by traversing both trees simultaneously in
breadth-first order. The union allows us to easily perform high-level opera-
tions, such as vector addition: given two vectors ¢ € £3(A), d € £,(A) on the
same mother tree V, we use the union to perform ¢ := ¢ + d. See Figure 5.6
for an example.

2 3 1 2

Figure 5.6 Left: ¢ € £5(A) for A C V5; Middle: d € £5(A) for A C V5; Right:
in-place sum ¢:=c+d.

Tree operations in time The routines eval, evalupp, and evallow from §5.3.1
involve various level-wise index sets (represented as arrays of references into
their mother trees) like ITg = {A € IT: | supp ¢ N Uyen,S(p)| > 0}. We con-
structed such sets efficiently using the domain mother tree; see Algorithm 5.5.

We can apply the linear operators appearing in the routines of §5.3.1 effi-
ciently by again traversing the domain mother tree; for example, Algorithm 5.6
details a matrix-free application of (A®|r7)(d

)

Operations in space  We can construct a triangulation 7 from a vertex tree N
in linear complexity. First mark every v € Ny in its mother tree, then traverse
the domain mother tree T. A triangle T visited in this traversal is in 7 exactly
when the newest vertex of its children is not marked.

For the preconditioners Ki and Kﬁ\ from §5.4.4 we use multigrid. We apply
multiplicative V-cycle multigrid, in each cycle applying one pre- and one post
Gauss-Seidel smoother with reversed ordering of the unknowns.

To obtain a linear cost algorithm, at level k we restrict smoothing to the
vertices of generation k and their godparents, cf. [WZ17]. For 7 € T consider
W, the space of continuous piecewise linears w.r.t. 7, zero on d(), equipped
with single-scale basis ®7. With L = L(7) := maxrc7 gen(T), define

T, =To<T1 = <T=TCT
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Data: / € N, 1T C Ag,l,/\g C Vy.
Result: [IT,,I1g] where IT, = IT\ T3,
I = {A € IT: [ supp §1 NUyen, S(1)| > 0}.
ﬁA = ﬁB =
foru € Ay do
for T € ¢;,.support do // We have S(y;) = supp ¢y,.
T.parent.marked := true;
for A € ITdo
if 3T € ¢, .support with T.marked = true then
ITp.insert(\);
else IT4.insert(A);
forp € Ay do
for T € ¢,.support do T.parent.marked := false;

Algorithm 5.5 The construction of IT.

Data: Index sets IT C Ay, IT C Ay, d € ¢5(I1), local and linear
A: span® — spand’.
Result: e = (AD|11) (P|;)d
for A € I1do ¢,.data := dy;
for u € I1do
e, :=0;
for T € ¢,.support do
for ¢, € T.functions(Ay) do
/! {pr: A€ Dy, |supppyNT| >0}
ey := ey + A(Pr)(Pulr) - pa.data;
for A c Il do ¢,.data :=0;

Algorithm 5.6 The computation of e = (A®|r7) (P

)d.

where 7j_ is constructed from 7; by removing all vertices v € N7, for which
gen(v) = k. For 1 < k < L, let Mj be the set of new vertices and their godpar-
ents, i.e,, My := UveNTk\Nﬁ( ) {v} Ugp(v), and let My := My \ 0Q) be the set

of interior vertices. We consider the multilevel decomposition, cf. [WZ17],

L
Wz =Wz + Z Z spangy,, where ¢r, = ¢7, .- (5.5.1)
k=1 VeMk,O

For 1 < k < L, let Py be the prolongation matrix, i.e., the matrix represen-
tation of the embedding W7, | — Wy, and enumerate the vertices My as

(vi)iX,. Algorithm 5.7 details a (non-recursive) implementation of a single
multiplicative V-cycle for the multilevel decomposition (5.5.1) using Gauss—
Seidel smoothing. We assume the availability of an efficient coarse-grid solver;
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in our application, a direct solve suffices. For linear complexity, we use in-
place vector updates restricted to non-zeros.

Note that this multigrid method is given in terms of the single-scale basis
@; it can be transformed to the hierarchical basis ¥ using (5.4.4). Multiple
V-cycles are done by setting 1 := 0 and iterating 1y := MG(A, f — Auy_1).

Data: Some f € W7 and a linear operator A: Wy — W,
Result: u = u' &7 € Wr, the result of a single V-cycle applied to f.

r:=f(Pr);
forL>k>1do
forv = 1/,1,...,1/,?" do
Tk = Tv;
€y = rk,v/(A(Pk,v)((Pk,v);
rim 1 — e, (Ady) (D7)
ri= P;r;

Solve (A®7,)(®7)u =1;

for1 <k<Ldo
u := Pru;
forv = 1/,’:",. .., v} do
Uy 1= Uy + €y,
Uy =y + (rk,v - (Agbk,v)(u—rq)ﬁ))/(A¢k,v)(¢k,v);

Algorithm 5.7 Single multiplicative V-cycle multigrid MG(A, f).

5.5.2 Double-trees and tensor-product operators
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For every node in a double-tree A C VY x V!, we store a reference to the
underlying pair of nodes in their mother trees. This allows growing double-
trees intuitively, and allows comparing different double-trees over the same
pair of mother trees. C++ templates allow us to re-use much of the tree code
without runtime performance loss.

In §5.3.2 we saw how to apply a tensor-product operator using the double-
trees & and ©. Construction of X is illustrated in Algorithm 5.8, and evalu-
ation of the operator then reduces to the four simple steps of Algorithm 5.9.

Memory optimizations As the memory consumption of a double-tree is signif-
icant, at around 280 bytes per node, we want to have as few double-trees in
memory as possible. By storing the nodes of A in a persistent container, ev-
ery node is uniquely identified with its index in the container. This induces a
bijection R*A 5 /,(A) and allows us to overlay multiple vectors on the same
underlying double-tree in a memory-friendly way.

The X generated by Algorithm 5.8 for the application of a tensor-product
operator can play the role of ® necessary for the application of its transpose
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Data: A c VO x V1, A € VO x V1
Result: I for application of Theorem 5.3.7 with A and A.
L:=PAx{vePA:|v=0}
for A € L.project(0) do
for T € ¢,.support do
fory € T.functions(\V/‘OM) do
Y.fiber(l, A).union(A.fiber(l, i);

Algorithm 5.8 Function GenerateSigma(A, A).

Data: A € VO x VI, A c VO x V!, c € (M), d € 6r(A).
L := GenerateSigma(A, A);
0= GenerateTheta(A, A);

s:=0¢€ {H(Z);
t:=0¢€ ((0);
l:=0¢ KZ(A),

do eval(A;)(s.fiber(1,A), c.fiber(1,A));
do evallow(Ay)(l.fiber(0, ), s.fiber(0, p));
do evalupp(Ay)(t.fiber (0, u), c.fiber (0, i));
do eval(A;)(d.fiber(1,A), t.fiber(1,A));

for A € s.project
for u € lL.project
for i € t.project
for A € d.project
d=d+1;

Algorithm 5.9 Algorithm to evaluate d = Rx(Ag ® Aq)Iac.

0
1
1

NN A
~— — .

0

—
~—

operator (and vice versa). This allows tensor-product operators and their
transposes to share the double-trees X and ©.

With these insights, our implementation of the heat equation has at most 5
different double-trees in memory.

5.5.3 The adaptive loop

In the refine step of the adaptive loop, we first mark a set | of nodes in A2\ A°
using Dorfler marking (possible in linear complexity; cf. [PP20]). We then
refine A° to the smallest double-tree containing J:

1. mark all nodes in A? that are also present in A? ((ii) in Fig.5.7);

2. from every node in J, traverse top-down in level-wise order, until hitting
an already marked node. Mark all nodes along the way ((iii)—(iv));

3. union the marked nodes of A2 into A’ ((v) in Fig.5.7).

As #A% < #A° and we visit every node of A2 at most twice, the traversal is
linear in #A°. See also Figure 5.7.
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I 5.6.1

98

Hy, Hi, H, B, HH L

Figure 5.7 Refinement of a double-tree with underlying unary mother trees. Left
to right: (i) A?; (i) A% with nodes in A2\ A’ in white; (iii) nodes in | marked in
red; (iv) nodes marked in the top-down traversal; (v) refined A°.

Numerical experiments

We consider the heat equation (5.4.1), and assess our implementation of the
adaptive Algorithm 5.1 for its numerical solution. Complementing the con-
vergence results gathered in [SYVW21, §7], here we provide results on the
practical performance of the adaptive loop. Results were gathered on a multi-
core 2.2 GHz machine, provided by the Dutch national e-infrastructure with
the support of SURF Cooperative.

The adaptive loop

We summarize the main results from [SYvVW21, §7]. We run Algorithm 5.1
with 0 = % and & = }. We consider four problems.
In the smooth problem, we select Q) := [0, 1]? and prescribe the solution

u(t,x,y) = (1+ tz)x(l —x)y(1—y).

In the moving peak problem, we select Q) := [0, 1]?> with prescribed solution

u(t,x,y) == x(1 = x)y(1 —y) exp(=100[(x — ) + (y — )*));

u is essentially zero outside a small strip along the diagonal (0,0,0)—-(1,1,1).
In the cylinder problem, we select Q := [—1,1]%\ [~1,0]? with data

up =0, and g(Lxy) =t -Tra 044

The solution has singularities in the re-entrant corner and along the wall of
the cylinder {(t,x,y) : x> + y> = 1/4}.

In the singular problem, we select Q) := [—1,1]?\ [~1,0]? with data up = 1
and g = 0; the solution then has singularities along {0} x 0Q and I x {(0,0)}.
This problem especially is interesting, as uniform refinement makes almost no
progress. The adaptive algorithm performs very well. Looking at Figure 5.8,
we see strong adaptivity towards the singularities, and observe basis func-
tions with a barycenter at t = 2714 ~ 1074,

Convergence To estimate the error ||u — i1’ x, we measure the residual error
estimator ||r°(4)|| from (5.2.12); see also Lemma 5.2.2. In the left pane of
Figure 5.9, for the first three problems, we observe a convergence rate of 1/2,

Chapter 5 Efficient space-time adaptivity for parabolic PDEs



PR T T
B8 ©®o &N
log,(time)

|
-
'S

Figure 5.8 Barycenters of supports of basis functions o) ® ¢, spanning X° of
dimension 81074 for the singular problem. Left: a top-down view, with a 10x
zoom to the origin; right: centers in spacetime, logarithmic in time.
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Figure 5.9 Error convergence and peak memory usage of the adaptive loop for
the four problems of §5.6.1.

which is the best that can be expected from our family of trial spaces (X?)sca-
For the singular problem, the reduced rate 0.4 is found; it is unknown if a
better rate can be expected.

Memory The right pane of Figure 5.9 shows peak memory consumption af-
ter every iteration of the adaptive algorithm. We see that it is linear in dim X?,
stabilizing to around 15kB per degree of freedom. This is relatively high due
to our implementation based on double-trees. In fact, the double-trees to-
gether make up around 85% of the total memory. For the singular problem,

the largest double-tree A% occupies around 40% of the total memory.

5.6 Numerical experiments
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Figure 5.10 Time (in ms) per DoF of bilinear form evaluations in time.

5.6.2 Linearity of operations

100

The majority of our runtime is spent in the application of bilinear forms. In
this section, we measure the application times to assert their linear complexity.

In time We select three sequences {Ay}, {Ar}, {Ar} of trees in Vy, one
uniformly refined and two graded towards the left and right respectively. For
each such tree A C Vg, we define a corresponding tree A := {y € Vg : 3\ €
A, |Al = [ul,[supp &y Nsupp oy | > 0} C Va.

We select the bilinear forms M; and D; from (5.4.2), and run the algorithms
from §5.3.1. We see in Figure 5.10 that the runtime per degree of freedom
stabilizes to 1073 ms, essentially independent of the bilinear form and the
trees. We suspect the increase until 107 degrees of freedom has to do with
cache locality.

In space  On the L-shaped domain Q := [—1,1]2\ [-1,0]?, we select two se-
quences of hierarchical basis trees, one uniformly refined and the other refined
by a standard adaptive loop on —Au =1, u[yn = 0.

For a hierarchical basis tree ¥ = {¢,, : v € Ny}, we denote the stiffness
matrix (V¥7, V¥7)1,q) as A7. We measure the runtime of the conversion
from vertex tree N to triangulation 7 (cf. §5.5.1), the application time of A7
through (5.4.4), and that of multigrid on A7 (with 1 and 3 V-cycles) through
Algorithm 5.7. Figure 5.11 confirms that the relative runtime of every opera-
tion is essentially independent of the refinement strategy. Interesting is again
the increase until 10° degrees of freedom.

In space-time Solving (5.2.9) using PCG requires the application of the four
linear operators E%BE5 , E§</7670E5 , K‘)S(, and K%. For the first two, Corol-
lary 5.3.8 asserts that their application time is of linear complexity, while for
the preconditioners K$ and K%, this follows from block-diagonality of their
matrix representation.

We run the adaptive algorithm on the four problems of §5.6.1. Figure 5.12
shows that the application time of the aforementioned operators is essentially
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Figure 5.11  Time (in ms) per DoF of important operations in space, for uniform
and adaptive refinements.

Time [ms] per DoF

-3 ] /- . ]
10 o \ﬂ_,;,-.‘s'“"’ S moving peak
- ~ .
_——r cylinder
—— singular

102 103 104 10° 106 107 102 103 104 10° 106 107

Figure 5.12  Time (in ms) per DoF of the four bilinear forms applied in the solve
step of the adaptive algorithm.

independent of the problem, even though the underlying double-trees differ
vastly. Note the increase in relative runtime until 10° degrees of freedom.

Figure 5.13 shows the runtimes of the solve, estimate, mark and refine
steps of the adaptive loop. We confirm that each step is of linear complex-
ity, and that the total runtime is governed by the solve and estimate steps.

Shared-memory parallelism

Most of our execution time is spent applying the linear operators from Fig-
ure 5.12. We can obtain a significant speedup with multithreading. In Algo-
rithm 5.9, all fibers inside each of the four for-loops are disjoint, and we can
easily parallelize each loop using OpenMP.

We run the parallel code on the smooth and singular problems. The right
pane of Figure 5.14 shows decent parallel performance for the singular prob-
lem, with 10x speedup at 16 cores. The left pane however reveals a load
balancing issue: as u is smooth, the two fibers (A3)1 y with [A| = 0 contain the
majority of the degrees of freedom. This results in poor parallel efficiency for
the first and fourth loop in Algorithm 5.9.

5.6 Numerical experiments
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Figure 5.14 Speedup and time (in ms) per DoF of the solve step in the adaptive
loop, for different number of parallel processors.

Conclusion

We discussed an implementation of a space-time adaptive solver for parabolic
evolution equations where every step is of linear complexity.

We constructed a family of trial spaces spanned by tensor-products of
wavelets in time and hierarchical basis functions in space. The resulting adap-
tive loop is able to resolve singularities locally in space and time, and we
proved its r-linear convergence.

After imposing a double-tree constraint on the index set of the trial spaces,
we devised an abstract algorithm that is able to apply the system matrices in
linear complexity. We achieve this complexity in practice by a tree-based im-
plementation. The numerical results show high performance of the adaptive
loop as a whole.
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5.A  Proofs of Theorems in §5.3

Theorem 5.3.3. A call of eval yields the output as specified, at the cost of O(H#IT +
#A + #I1+ #A) operations.

Proof. By locality of the collections @ and ¥, and sparsity of the matrices j,
and §;, we see that #11 < #11p + #A, < #A, +#A,. So after sufficiently many
recursive calls, the current set ITU A will be empty. For use later, we note that
similarly #IT < #11p + #A, S #A, + #1015 +#A, S #A, +#A,.

For ITU A = &, the call produces nothing, which is correct.

Now let ITU A # @. From A being an /-tree, the definitions of S(-) and
I14, and the locality of A, one has

elyy, = (Au)(@lyy,) = (A(d" @) (Plyy,).

By choice of I we have

T
u:=d qD'H—'— C|Xf+1T1Y|A(+1T = (d|l—IB)Tq)|HB + CTlP|A =u- (dh—IA)Tq)'HA'

The recursive call yields e = (Ag)(<b|ﬂ), and f = (Au) (‘T’\A/HT). From A
being an (-tree, the definitions of S(-) and I1y4, and the locality of A, we have

(Au)(¥1x,,) = (Au)(¥lx,,),

The definition of I'T shows that

and so in particular f[5, ,, = f.

éle :(ﬁzéﬁ) ﬁB’ \Tli\ér:(qzéﬂ) [\[
We conclude that
fl, = (Aw)(¥lx,) = (Aw)(Flz,) = (3] e) 5,

and from | supp ¢ Nsupp ¢ | = 0 for (A, p) € I14 x I, that

elyy, = (Au)(®

I“IB) = (Au) (&)|I“IB) = (132—2) |1“IB'

From the assumptions on the collections ®, ®, ¥, and ¥, and their conse-
quences on the sparsity of the matrices py, p;, q¢, and g, one infers that the
total cost of the evaluations of the statements in eval is O(#I 1+ #A, + #11 +
#A,) plus the cost of the recursive call. Using #IT+ #I1 < #A, + #A, and
induction, we conclude the second statement of the theorem. O

Theorem 5.3.4. A call of evalupp yields the output as specified, at the cost of
O(#I1 + #A + #I1 + #A) operations.

5.A Proofs of Theorems in §5.3
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Proof. By locality of the collections & and ¥, and sparsity of the matrices

and §;, we see that #1T < #ITp +#A, < #A, +#A,. So after sufficiently many

recursive calls, the current set TTU A will be empty. Notice that #I1 < #A,.
ForITU A = &, the call produces nothing, which is correct.

_ Now let TUA # @. From A being an /-tree, the definitions of S(-) and

I1,4, and the locality of A, one has

1) = (AW ®[n) (Bl

e

11, = (Au)(®

By definition of I we have

u:=d o+ C|1T\H1¢‘P|Af+n =c"¥|p=u—d o|.

The recursive call yields e= (Au)(CI>|H) and f=U 4
The definition of I'T shows that

Ay xAgiy |A/+1T flA/JrlT

Sy, = (B Dlpy)lyy,  Flx, = @ Plipls,-
We conclude that
fls, = (ATEIN)(¥l5,) = (Au)(F5,) = (a]e) 5,0
and
eliy, = (Au)(Dlyy,) = (Au)(Dlyy,) + (AT @|r)) (Pl
= (v e)lri, + (AT @I (@, ).

From the assumptions on the collections ®, &, ¥, and ¥, and their conse-
quences on the sparsity of the matrices p,, p;, qs, and gy, one infers that the
total cost of the evaluations of the statements in eval is O(#I1+ #A, + #I1 +
#A,) plus the cost of the recursive call. Using #11 + #I1 < #A, + #A, and
induction, we conclude the second statement of the theorem. ]

Theorem 5.3.5. A call of evallow yields the output as specified, at the cost of
O(#A +#I1 4 #A) operations.

Proof. Notice that #IT < #A, + #11p < #A, +#A,.
For ITUA = &, the call produces nothing, which is correct.
Now let ITU A # @. The definitions of IT and Il show that
flx, = (A@|m)(¥lx,)d = (AP[n) (Y4, )d|r,

= (4 (A, (@|)pedln, ) |5, = (o),

Chapter 5 Efficient space-time adaptivity for parabolic PDEs



From A being an /-tree, the definitions of S(-) and 1, and the locality of
a, and for the third equality, the definition of I, one has

= a(TlA[+]T’¢‘H)d _'_ L|Ag+1TXAgC|AA‘ + LlA[+1TXA[+1TC|A[+1T
= (A®[n) (Y

= (A®|p) (¥

[\[+1T)d‘ng+(AT‘A[)(lP|]\[+1T)C|A/+L|/V\£+1T ><A£+1TC AerlT

Az+1¢)d + L|Az+1¢ XAK+1TC‘A€+1T
= evallow(A) (E -+ 1’[\f+1T’ 11, A5+1T’ d, C|AF+1T)

by induction.

From the assumptions on the collections P, ¥, and ¥, and their conse-
quences on the sparsity of the matrices py, q;, and §y, one easily infers that
the total cost of the evaluations of the statements in evallow is O (#A, + #IT +
#A,) plus the cost of the recursive call. Using #I1 < #A, + #A, and induction,
we conclude the second statement of the theorem. O

Theorem 5.3.7. Let A c V0 x V!, A ¢ VO x ! be finite double-trees. Then

2= U (0x U Ais),

AEPA o <
’ {remaui=n+1,180G0ns0 ) >0 |

o~ | <{# € Po& - 3y € Mgy st 7] = [ul, 18°(n) N S2(7)| > 0} {A}),

AEPA
are double-trees with #% < #A and #O < #A, and

R;\(Ao ® Aq)la :RA(LO ®1d) xRy (Id ® Aq)Ia+
R[\(Id@)Al)I@R@(UO ®1d)I4.

Proof. We write

Rx(Ag® A1)Ian =Rx((Lo + Up) ® A1)Ia
—Ry (Lo ®1d)(1d @ Ap) Iz + (.A.1)
R4 (1d ® Ap) (Ug ® 1d) 5. (5.A.2)

Considering (5.A.1), the range of (Id ® Aj)Ip consists of vectors whose
entries with first index outside PyA are zero. In view of the subsequent ap-
plication of Ly ® Id, furthermore only those indices (A,y) € PyA x v of
these vectors might be relevant for which 3(p,y) € A e vy € A1y, with
| > |)\| and |s°( YN SYA)| > 0. Indeed |S°(u) NS°(A)| = O implies
| supp lpﬂ Nsuppy| = 0, and so AQ(IPV,IIJA) 0. If for given (A,7) such
a pair (u,7y) exists for |u| > |A|, then such a pair exists for |u| = |A| +1as
well, because A, is a tree, and S%(3/) O S%(u) for any ancestor 3’ of . In
order words, the condition |y| > |A| can be read as |u| = |A| 4+ 1. The set of
(A, ) that we just described is given by the set Z, and so we infer that

Ri(Lo®1d)(1d ® Aq)Ip = R4 (Lo ©1d)IgRs (Id © Aq)I4.

5.A Proofs of Theorems in §5.3
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Now let (A,7) € E. Using that PyA is a tree, and S°(A) C S°(A’) for any
ancestor A’ of A, we infer that (A’,) € E. Using that for any u € PyA, Ay,
is a tree, we infer that for any ancestor 7/ of 7y, (A,7/) € X, so that X is a
double-tree.

For y € V°, the number of A € VO with [u| = [A| +1and |59 () N S°(A)| >
0 is uniformly bounded, from which we infer that #Z < LyuerA #/v\l,;, = #A.

Considering (5.A.2), the range of (Uy ® Id)IA consists of vectors that can
only have non-zero entries for indices (1, 1) € ¥ x P A for which there exists
a7y € Mgy with |y| > |u| and [S(u) N'SO(7)| > 0. Since Ag, is a tree, and
S%(y") D S°(y) for any ancestor 7' of 7, equivalently |y| > || can be read as
|| = |p|. Furthermore, in view of the subsequent application of R (Id ® Ay),
it suffices to consider those indices (3, A) with u € PyA. The set of (y, A) that
we just described is given by the set ®, and so we infer that

Ry (Id @ Ap)(Ug ®1d)I5 = Ry (Id © A;)IgRe (Uy ® 1d)I4.

Now let (3,A) € ©. If A is an ancestor of A, then from PyA being a tree,
and Ag ) C Ag, wehave (1, A’) € @. If i/ is an ancestor of y, then from PyA
being a tree, and S°(y’) D S°(u), we infer that (1/,A) € ©, and thus that @ is
a double-tree.

For v € V9, the number of i € V° with || = || and |S°(u) N S%(7)| > 0is
uniformly bounded, from which we infer that #0 < Y ycp A #A0) = #A. O

Chapter 5 Efficient space-time adaptivity for parabolic PDEs
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6

6.1

A space-time parallel algorithm for
parabolic PDEs

Abstract ~ We present an algorithm for the solution of a simultaneous
space-time discretization of linear parabolic evolution equations with a
symmetric differential operator in space. Building on earlier work, we re-
cast this discretization into a Schur-complement equation whose solution
is a quasi-optimal approximation to the weak solution of the equation at
hand. Choosing a tensor-product discretization, we arrive at a remarkably
simple linear system. Using wavelets in time and standard finite elements
in space, we solve the resulting system in linear complexity on a single
processor, and in polylogarithmic complexity when parallelized in both
space and time. We complement these theoretical findings with large-
scale parallel computations showing the effectiveness of the method.
Source code is available at [vVW20b].

Introduction

This chapter deals with solving parabolic evolution equations numerically in
a time-parallel fashion using tensor-product discretizations. Time-parallel al-
gorithms for solving parabolic evolution equations have become a focal point
following the enormous increase in parallel computing power. Spatial paral-
lelism is a ubiquitous component in large-scale computations, but when spa-
tial parallelism is exhausted, parallelization of the time axis is of interest.

Time-stepping methods first discretize the problem in space, and then solve
the arising system of coupled ODEs sequentially. This immediately reveals a
primary source of difficulty for time-parallel computation.

Alternatively, one can solve simultaneously in space and time. Originally
introduced in [B]J89, BJ90], these space-time methods are very flexible: some
can guarantee quasi-best approximations, meaning that their error is propor-
tional to that of the best approximation from the trial space [And13, DS18,
FK21, SZ20], or drive adaptive routines [SY18, RS19]. Many are especially
well-suited for time-parallel computation [GN16, NS19]. Since the first con-
tribution to time-parallel algorithms [Nie64] in 1964, many methods suitable
for parallel computation have surfaced; see the review [Gan15].

This chapter is a minor modification of A parallel algorithm for solving linear parabolic
evolution equations, R. van Venetié and J. Westerdiep, to appear in Parallel-in-Time Integration
Methods, arXiv:2009.08875.
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Parallel complexity ~The (serial) complexity of an algorithm measures asymp-
totic runtime on a single processor in terms of the input size. Parallel complexity
measures asymptotic runtime given sufficiently many parallel processors hav-
ing access to a shared memory, i.e., assuming communication is free.

In the current context of tensor-product discretizations of parabolic PDEs,
we write N; and Ny for the number of unknowns in time and space.

The parareal method [LMTO01] aims at time-parallelism by alternating a
serial coarse-grid solve with fine-grid computations in parallel. Each itera-
tion has a time-parallel complexity of O(y/N;Ny), and combined with paral-
lel multigrid in space, a parallel complexity of O(y/N;log Ny). The popular
MGRIT algorithm extends these ideas to multiple levels in time; cf. [FFK*14].

Recently, Neumdiller and Smears proposed an iterative algorithm that uses
a Fast Fourier Transform in time. Each iteration runs in O(N¢log(N¢)Ny) on a
serial computer, and parallel in time, in O(log(N;)Ny). By incorporating par-
allel multigrid in space, its parallel runtime is reduced to O(log N; + log Ny ).

Our contribution  We study the variational formulation introduced in Chap-
ter 3 which was based on work by Andreev [And13, And16]. In [SvVW21] and
Chapter 5, we studied this formulation in the context of space-time adaptiv-
ity and its efficient implementation in serial and on shared-memory parallel
computers. The current chapter instead focuses on its massively parallel im-
plementation and time-parallel performance.

Our method has remarkable similarities with the approach of [NS19], and
the most essential difference is the substitution of their Fast Fourier Transform
by our Fast Wavelet Transform. The strengths of both methods include a solid
inf-sup theory that enables quasi-optimal approximate solutions from the trial
space, ease of implementation, and excellent parallel performance in practice.

Our method has another strength: based on a wavelet transform, for fixed
algebraic tolerance, it runs serially in linear complexity. Parallel in time, in
complexity O(log(N;)Ny); parallel in space and time, in O(log(N;Ny)). More-
over, when solving to an algebraic error proportional to the discretization er-
ror, incorporating a nested iteration (cf. [Hac85, Ch. 5]) results in complexities
O(N¢Ny), O(log(N;)Ny), and O(log’(N;N,)) respectively. This is on par with
best-known results on parallel complexity for elliptic problems; cf. [Bra81].

Organization of this chapter In§6.2, we introduce the problem, derive a saddle-
point formulation, and provide sufficient conditions for quasi-optimality of
discrete solutions. In §6.3, we detail on the efficient computation of these dis-
crete solutions. In §6.4 we take a concrete example—the reaction-diffusion
equation—and analyze the serial and parallel complexity of our algorithm. In
§6.5, we test these theoretical findings in practice. We conclude in §6.6.

Notations For normed linear spaces U and V, in this chapter for convenience
over R, £(U, V) will denote the space of bounded linear mappings U — V en-
dowed with the operator norm || - || £,y The subset of invertible operators
in L(U, V) with inverses in L(V, U) will be denoted as Lis(U, V).

Chapter 6 A space-time parallel algorithm for parabolic PDEs



6.2

6.2.1

Given a finite-dimensional subspace U’ of a normed linear space U, we de-
note the trivial embedding U° — U by EJ,. For a basis ®’—viewed formally
as a column vector—of U’, we define the synthesis operator as

Fgo REMUY 110 ¢y T @0 = Y e
ped®
Equip R4™ U’ with the Euclidean inner product and identify (R4™ U*Y with

Rétim U’ using the corresponding Riesz map. We find the adjoint of Fgs, the
analysis operator, to satisfy

(Fas)'+ (U°) — REMU £y £(@0) 1= [£()] -

For quantities f and g, by f < g, we mean that f < C - ¢ with a constant
that does not depend on parameters that f and ¢ may depend on. By f < g,
we mean that f < g and ¢ < f. For matrices A and B € RN*N, by A =~ B we
will denote spectral equivalence, i.e. xT Ax = x " Bx for all x € RV,

Quasi-best approximations to the parabolic problem

Let V, H be separable Hilbert spaces of functions on a spatial domain so that V'
is continuously embedded in H, i.e. V — H, with dense compact embedding.
Identifying H with its dual yields the Gelfand triple V — H ~ H' — V.
For a.e.
tel:=(0,T),

let a(t;-,-) denote a bilinear form on V x V so that for any #,{ € V, t —
a(t;n,) is measurable on I, and such that fora.e. t € I,

la(t; 7, ) S nliviiclly - (n,C € V) (boundedness),
a(t;n,n) 2 % (neV)  (coercivity).

With (A(t)-)(+) := a(t;-,-) € Lis(V,V’), given a forcing function ¢ and
initial value u(, we want to solve the parabolic initial value problem of

du —
finding u: 1 - Vst { HOTAWuUD =g (D (o)
u(0) = up.
An equivalent self-adjoint saddle-point system

In a simultaneous space-time variational formulation, the parabolic problem
reads as finding u from a suitable space of functions of time and space s.t.

(Bo)(v) = [($(0),0()n +altw(t), o) dt = [(5(0),0()n = g(o)

I I

for all v from another suitable space of functions of time and space. We can
enforce the initial condition by testing against additional test functions.

6.2 Quasi-best approximations to the parabolic problem
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Theorem 6.2.1 ([SS09]). With Y := L,(I; V), X :== YN H'(I; V"), we have

B
Yo

where fort € I, y;: u — u(t, ) denotes the trace map. In other words,

€ Lis(X,Y' x H),

finding u € X s.t. (Bu,you) = (g,up) given (gup) €Y' xH (6.2.2)
is a well-posed simultaneous space-time variational formulation of (6.2.1).
We define A € Lis(Y,Y’) and o; € Lis(X,Y’) as
(Au)(v) = /Ia(t;u(t),v(t))dt, and 9 :=B— A.

Following Chapter 3, we assume that A is symmetric. This is however not a
necessary assumption, and the results extend naturally to the nonsymmetric
case discussed in Chapter 4. We can reformulate (6.2.2) as the self-adjoint
saddle point problem

A 0 B |v g
finding (v,0,u) € Y X H X X s.t. 0 Id 99| |o| = [ug|. (6.2.3)
B vy 0] |u 0

By taking a Schur complement w.r.t. the H-block, we can reformulate this as

A B (2 g
A

We equip Y and X with ‘energy’-norms

finding (v,u) € Y x X s.t.

15 = (A9, -1 =0 1% + 11+ llvr - I

which are equivalent to the canonical norms on Y and X.

Uniformly quasi-optimal Galerkin discretizations

Our numerical scheme is based on the saddle-point formulation (6.2.4). Let
(Y?, X%) 5ea be a collection of closed subspaces of Y x X satisfying

XY, 9XPcyY’ (beA), (6.2.5)

and 1> qp:=inf inf sup M > 0. (6.2.6)
b 0£ueX? o speys 19n]ly[lolly

Remark 6.2.2. Tn §3.4, we verify these conditions for X and Y? being tensor-
products of (locally refined) finite element spaces in time and space. In [SvWVW21],
we verify them for X¢ and Y? being adaptive sparse grids, allowing adaptive re-
finement locally in space and time simultaneously.

Chapter 6 A space-time parallel algorithm for parabolic PDEs



6.3

6.3.1

Foré € A, let (0‘5,ﬁ5) € Y% x X9 solve the Galerkin discretization of (6.2.4):

EyAE,  Ej'BE} ] [vi] = l B ] . (6.2.7)
E& B'Ey —E% vov0E% | |# —E vpto
The solution (v?,%°) of (6.2.7) exists uniquely, and is uniformly quasi-optimal in
that ||u — 7°||x < 7" inf,, cxo |4 — us|x forall § € A.
Instead of solving a matrix representation of (6.2.7) using e.g. precondi-
tioned MINRES, we opt for a computationally more attractive method. Taking

the Schur complement w.r.t. the Y°-block in (6.2.7), and replacing (E‘f/IAEf/) -1
in the resulting formulation by a preconditioner K{ that can be applied cheaply,
we arrive at the Schur complement formulation of finding u’ € X° s.t.

/ ; / / '
EX (B'EYKYEY B + 7070 Ex u’ = EX (B'EYKVEY g +0u0) . (62.8)

=:86 =:f¢

The resulting operator S° € Lis(X?, X? ,) is self-adjoint and elliptic. Given a
self-adjoint operator K¢ € LY, Yo satisfying, for some x5 > 1,

(k) '0)(v)
(Av)(v)

the solution u° of (6.2.8) exists uniquely as well. In fact, the following holds.

€kl kal (€A, veY?), (6.2.9)

Theorem 6.2.3 (Remark 3.3.8). Take (Y0 x X%)sca satisfying (6.2.5)~(6.2.6), and
K¢ satisfying (6.2.9). Solutions u’ € X° of (6.2.8) are uniformly quasi-optimal:

Ju=ullx < 2 inf [u—uslx (6 €d)
)

Solving efficiently on tensor-product discretizations

We assume that X’ := X ® X¢ and Y? := Y’ ® Y{ are tensor-products, and for
ease of presentation, we assume that the spatial discretizations on X° and Y°
coincide, i.e. Xf( = Y;f, reducing (6.2.5) to Xf C Yf and d%Xf C Yf.

We equip X? with a basis ®¢, X with ®¢, and Y? with Z°.

Construction of K
With O := <E‘5,E‘5>L2(I), Ay = (P, %)y, and K, ~ Ay ! uniformly in , take
Ky = 0" '®K,.

Then K = FoyquKy (Faspgs) € LYY, Y0) satisfies (6.2.9); cf. [SyWW21,
§5.6.1]. When E? is orthogonal, O is diagonal and can be inverted exactly. For

standard finite element bases @, suitable K, that can be applied efficiently
(at linear cost) are provided by symmetric multigrid methods.

6.3 Solving efficiently
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Preconditioning the Schur complement formulation

We will solve a matrix representation of (6.2.8) with an iterative solver, thus
requiring a preconditioner. Inspired by the constructions of [And16, NS19],

we build an optimal self-adjoint coercive preconditioner K§ € C(X‘Sl, X%) asa
wavelet-in-time block-diagonal matrix with multigrid-in-space blocks.

Let U be a separable Hilbert space of functions over some domain. A given
collection ¥ = {¢ }re vy, is a Riesz basis for U when

spant = U, and |[c[(vy) = le" ||y forall ¢ € f(Vy).

Thinking of ¥ being a basis of wavelet-type, for indices A € Vv, its level is
denoted |A| € Ng. We call ¥ uniformly local when for all A € V,

diam(supp ) <27, #{p € vy : [u| = |A|, | supp 9, Nsupp ] > 0} < 1.

Assume X := {0, : A € Vy} is a uniformly local Riesz basis for L, (I) with
{2 Mgy : A € Vs } Riesz for H!(I). Writing w € X as Lacvy 01 @ w, for some
wy € V, we define the bounded, symmetric, and coercive bilinear form

(Dx ), a@w))( ), ou®vyu) = ), (wp, vr)v + 4wy, 00) .
AEVy HEVE AEVy,

The operator D} := Ef(/DXEf( is in Lis(X°, X‘Sl). Its norm and that of its
inverse are bounded uniformly in § € A. When X = span¥? ® ®} for some
2% :={0y: A € Vg } C %, the matrix representation of Dg( wrt X0 @ @ is

(Frswas) Dy Froaas = D = blockdiag[Ay + 4" (@, DY vilaev,,-

Theorem 6.3.1 ([SYVW21, §5.6.2]). Define My := (@3, ). With matrices
K;~ (Ax+ 2iM )~ uniformly in 6 € A and j € Ny, it follows that

D}—(1 ~ KX = blOdeiag[KM\AxK|A|])\€\/25'

We find the optimal preconditioner K := Fys a0 Kx (Fys )€ Lis(X%, X9).

In [ORO00] it was shown that under a ‘full-regularity” assumption, for quasi-
uniform meshes, a multiplicative multigrid method yields K; satisfying the
conditions of Thm. 6.3.1, which can moreover be applied in linear time.

Wavelets in time

The preconditioner Kx requires X? to be equipped with a wavelet basis ¥°,
whereas one typically uses a different (single-scale) basis ®) on X?. To bridge
this gap, a basis transformation from X’ to ®? is required. We define the
wavelet transform as W; := (fq);s)_lfz(s.l

n literature, this transform is typically called an inverse wavelet transform.
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6.3.4

6.4

Define V; := span{c) € X : |A| < j}. Equip each V; with a (single-scale)
basis ®;, and assume that ! = ®; for some |, so that X0 = Vj. Since
Vi1 = Vj @ spanX; where ¥; := {0, : |A| = j}, there exist matrices P; and Q;
such that <I>T CI>T j and ‘I’ = CIDT lQ], with M; := [P;|Q;] invertible.

Writing v € V] in both forms v = ¢y Po+ Z djT‘Y]- and v = c}'—q)], the
transformation W; := W mapping wavelet coordinates (c] , dj,..., dﬁl) to
single-scale coordinates c; satisfies

=M, [W{)l 121]' and W, :=Id. (6.3.1)

Uniform locality of X implies uniform sparsity of the M;, i.e. with O(1) nonze-
ros per row and column. Then, assuming a geometrical increase in dim V; in
terms of j, which is true in the concrete setting below, matrix-vector products
x — W;x can be performed (serially) in linear complexity; cf. [Ste03].

Solving the system

The matrix representation of S°,f? from (6.2.8) w.r.t. a basis ®¢ ® ®¢ of X? is

Si= (Fapoat)'S Foyuar and fi= (Fosoay) f*

Envisioning an iterative solver, usin Dg §6.3.2 we have a preconditioner in terms
of the wavelet-in-time basis £° ® ®9. In this basis, we define

§:= (Froipes) S Froggs and  fi= (Fropqs) f- (6.3.2)

These two forms are related: with the transform W := W; ® Id,, we have
S=W'SWand f = W' f, and the matrix representation of (6.2.8) becomes

findingw st Sw = f. (6.3.3)

We can then recover the solution in single-scale coordinates as u = Ww.

We use Preconditioned Conjugate Gradients (PCG), with preconditioner
Kx, to solve (6.3.3). Given an algebraic error tolerance ¢ > 0 and current guess
Wy, We monitor rkTK xrr < €2 where Ty 1= f — ka. This data is available
within PCG, and is a stopping criterium: with ui = Frogapi Wk € X°, we see

K = (f = SU) (K (f — $u)) ~ [l — % (63.4)

with = following from [SvVW21, (4.12)]. Then [[u®—ul|x Se

A concrete setting: the reaction-diffusion equation

On a bounded Lipschitz domain Q C R, take H := L(Q), V := H}(Q), and

a(t;n, ) : /DV}y V4 cyldx

6.4 A concrete setting
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where D = D' € R%* is positive definite, and ¢ > 0.2 We note that A(t) is
symmetric and coercive. W.l.o.g. we take I := (0,1),i.e. T := 1.

Fix p;, px € IN. With {7;} the family of quasi-uniform partitions of I into
subintervals, and {7 } that of conforming quasi-uniform triangulations of ),
we take A as the collection of pairs (77, Zq). We construct trial- and test spaces

X =XoXx, Y=Y oX’
where, with IP,; L(T') the space of piecewise degree-p polynomials on 7,
X{ = HY(I) NP, (T), X§:=Hi(Q)NP, (Ta), Y{:=P, (T1).

These spaces satisfy condition (6.2.5), and the spatial discretizations on X° and
Y? coincide. For this choice of A, condition (6.2.6) follows from Theorem 3.4.3.

For X¢, we choose @) to be the Lagrange basis of degree p; on 7Tj; for X2,
we choose @ to be that of degree py on 7. An orthogonal basis E° for Y7
may be built as piecewise shifted Legendre polynomials of degree p; w.r.t. 7;.

For p; = 1, one finds a suitable wavelet basis X in [Ste98]. For p; > 1, one
can split the basis into lowest- and higher-order parts and do the transform on
the lowest-order part only, or build higher-order wavelets directly; cf. [Dij09].

Owing to the tensor-product structure of X° and Y? and of the operators
A and 9y, the matrix of our formulation becomes remarkably simple.

Lemma 6.4.1. Define g := (‘F?@@?})/g’ uy == ®2(0) ® (up, CDfC)LZ(Q), and
Ti= ($00,8) 0, Ni= (@®),5) 1,0, To:=of(0)@(0)
My = (%, D)1, 0), Ax:= (D}, D)y, B:=TR@M,+N®A,.
With Ky := O~! ® K, from §6.3.1, we can write S and f from §6.3.4 as
S=B'KyB+Ty®M,, f=B'Kyg-+u.
Note that N and T are non-square, T is very sparse, and T is bidiagonal.

In fact, assumption (6.2.5) allows us to write S in an even simpler form.

Lemma 6.4.2. The matrix S can be written as

S=A; @ (MK :My) + M; @ (AxKyAy) + LT ® (MK Ay)
+ L ® (AxKxMy) + Ty @ My

where
L:= <d%q>f/(pf>Lz(I)’ M; = <q)frq>?>L2(I)/ Ay < dq)t’ dtq>5>L2( I)-

This matrix representation does not depend on Y? or E° at all.

2This is easily generalized to variable coefficients, but notation becomes more obtuse.
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Proof. The expansion of B := T ® My + N ® Ay in S yields a sum of five
Kronecker products, one of which is

(T" @ My)Ky(T® Ay) = (TTO7'N) ® (M K,A,).

We show that TTQ’lN = L', similar arguments hold for the other terms.
Thanks to X{ C Y, we can take the trivial embedding F{ : X/ — Y{. With

T x{ =YY, (TPu)(v) = (§u,0) 0,
M:YE =YY, (MPu) (o) = (u,0) ),
we find O = (Fgs)' MO Fgy, N = (Fos) MOF) Fopg and T = (Fes )/ T Fgg, 50

_ /
TTO"IN = (fcpf)’T‘s Fffq)f = (P, §D1),y=L". O

Parallel complexity

The parallel complexity of our algorithm is the asymptotic runtime of solv-
ing (6.3.3) for u € RNtNx in terms of N; := dim Xf and N, := dim Xfc, given
sufficiently many parallel processors and assuming no communication cost.

We understand the serial (resp. parallel) cost of a matrix B, denoted Cj
(resp. Cg), as the asymptotic runtime of performing x — Bx € RY in terms of
N, on a single (resp. sufficiently many) processors at no communication cost.
For uniformly sparse matrices, i.e. with O(1) nonzeros per row and column, the
serial costis O(N); the parallel costis O(1) (compute cells of Bx concurrently).

From Theorem 6.3.1, we see that K is such that x(KxS) < 1 uniformly in
5 € A. Therefore, for a given algebraic error tolerance ¢, we require O(loge 1)
PCG iterations. Assuming that the parallel cost of matrices dominates that of
vector addition and inner products, the parallel complexity of a single PCG
iteration is dominated by the cost of applying Ky and 8. As § = W' SW, our
algorithm runs in complexity

Ologe ' [Ci, + Cyyr +C§+Ciy]) (0 € {s, p}). (6.4.1)
Theorem 6.4.3. For fixed algebraic error tolerance e > 0, our solver runs in
o serial complexity O(N¢Ny);

o time-parallel complexity O(log(N;)Ny);
o space-time-parallel complexity O(log(N¢Nx)).

Proof. We absorb the constant factor loge ™! of (6.4.1) into O. We analyse the
cost of every matrix separately.

The (inverse) wavelet transform ~ As W = W; ® Idy, its serial cost is O (Cyy, Nx).
For this wavelet, x — W;x has linear serial cost (cf. §6.3.3), so C},, = O(N;Ny).
Using (6.3.1), we write W as the composition of | matrices, each uniformly
sparse and hence at parallel cost O(1). Because the mesh in time is quasi-
uniform, we have | < log N;. We find Cf:vt = O(]) = O(log Ny), so the time-
parallel cost of W equals O(log(N;)Ny). By exploiting spatial parallelism as
well, we find CJ;, = O(log N;). Analogous arguments hold for W,' and W '.

6.4 A concrete setting
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The preconditioner  Recall that K := blockdiag[K|, AxK|,(]5. Since the cost
of K; is independent of j, we see that

City = O(Ni- (2Cx, +C3,)) = O2NiCk, + NiNy).

Implementing the K; as typical multiplicative multigrid solvers with linear
serial cost, we find C}‘<X = O(N¢Ny).

Through temporal parallelism, we can apply each block of Kx concur-
rently, resulting in a time-parallel cost of O(ZC;], +C%,) = O(Ny).

By parallelizing in space too, we reduce the cost of the uniformly sparse
Ay to O(1). The parallel cost of multiplicative multigrid on quasi-uniform
triangulations is O(log Ny ); cf. [MFL191]. It follows that CIp<X = O(log Ny).

The Schur matrix  Using Lemma 6.4.1, we write S = BTKyB + Ty ® My where
B =T ® My, + N ® Ay, which immediately reveals that

$=Cyr +Ck, +Cp +Ci, - Coy = O(NiNx + Ci, ), and
cl =max{cl. +Cf +C}, Cf -Ch}=0(Ck)

as every matrix except Ky is uniformly sparse. With arguments similar to the
previous paragraph, we see that Ky (and hence S) has serial cost O(N;Ny),
time-parallel cost O(Ny), and space-time-parallel cost O(log Ny). 0O

Solving to higher accuracy

Instead of fixing the algebraic error tolerance, maybe more realistic is is to de-
sire a solution #° € X° for which the error is proportional to the discretization
error, ie. ||u — @ x < inf,, cxo [lu —us|x-

Assuming that this error decays with a (problem-dependent) rate s > 0,
Le. inf, cyo [[u —uslx < (NeNx)~%, then the same holds for the solution ul
of (6.2.8); cf. Thm. 6.2.3. When the algebraic error tolerance decays as € <
(NtNy) %, a triangle inequality and (6.3.4) show that the error of our solution
i1’ obtained by PCG decays at rate s too.

In this case, loge ™! = O(log(N¢Ny)); (6.4.1) and the proof of Theorem 6.4.3
yield that the solver has superlinear serial complexity O(N;Nylog(N;Ny)),
time-parallel complexity O(log?(N;)log(Ny)Ny), and polylogarithmic com-
plexity O(log’(N;Ny)) parallel in space and time.

For elliptic PDEs, algorithms are available that offer quasi-optimal solu-
tions, serially in linear complexity O(Ny)—the cost of a serial solve to fixed
algebraic error—and in parallel in O(log?Ny), by combining a nested iteration
with parallel multigrid; cf. [Hac85, Ch. 5] and [Bra81].

In [HVW95], the question is posed whether “good serial algorithms for
parabolic PDEs are intrinsically as parallel as good serial algorithms for ellip-
tic PDEs”, basically asking if the lower bound O (log?(N;Ny)) can be attained
by an algorithm running serially in O(N;Ny); see [Wor91, §2.2] for details.
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6.5.1

6.5.2

Nested iteration drives down the serial complexity of our algorithm to a
linear O(N;Ny), and improves the time-parallel complexity to O (log(N¢) Ny).3
This is on par with the best-known results for elliptic problems, so we answer
the question posed in [HVW95] in the affirmative.

Numerical experiments

We take the simple heat equation, i.e. D = Idy and ¢ = 0. We select p; = px =
1, i.e. lowest order finite elements in space and time. We will use the 3-point
wavelet introduced in [Ste98].

We implemented our algorithm in Python using the open source finite el-
ement library NGSolve [Sch14] for meshing and discretization of the bilinear
forms in space and time, MPI through mpi4py [DPS05] for distributed com-
putations, and SciPy [Vir20] for the sparse matrix-vector computations. The
source code is available at [vVW20b].

Preconditioner calibration on a 2D problem

Our wavelet-in-time, multigrid-in-space preconditioner is optimal, so we have
x2(KxS) < 1. Here we will investigate this condition number quantitatively.

As a model problem, we partition the temporal interval I uniformly into
2/ subintervals. We consider the domain Q := [0,1]? triangulated uniformly
into 4K triangles. Set N; := dim X¢ = 2/ + 1 and Ny := dim X = (2K — 1)2.

We start by using direct inverses K; = (Ay +2/My) ™! and Ky = A; ' to
determine the best possible condition numbers. We found that replacing K;
by K} = (xAx+ 2iM,)~! for a = 0.3 gave better conditioning; see also the left
of Table 6.5.1. At the right of Table 6.5.1, we see that the condition numbers
are very robust with respect to spatial refinements, but less so for refinements
in time. Still, at N; = 16129, we observe a modest x;(Kx8) of 8.74.

Replacing the direct inverses with multigrid solvers, we found a good
balance between speed and conditioning at 2 V-cycles with 3 Gauss—-Seidel
smoothing steps per grid. We decided to use these for our experiments.

Time-parallel results

We perform computations on Cartesius, the Dutch supercomputer. Each node
has 64GB of memory and 12 cores (at 2 threads per core) running at 2.6GHz.
Using the preconditioner detailed above, we iterate PCG on (6.3.3) with S
computed as in Lemma 6.4.2, until achieving an algebraic error of ¢ = 10~°;
see also §6.3.4. For the spatial multigrid solvers, we use 2 V-cycles with 3
Gauss—-Seidel smoothing steps per grid.

3Interestingly, nested iteration offers no improvements parallel in space and time, with com-
plexity still O (log%(N;iNy)).

6.5 Numerical experiments
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501 Ny =65 129 257 513 1025 2049 4097 8193

40 ~ Ny=49 634 7.05 753 789 815 837 860 878
225 633 689 755 791 814 838 857 873

301

961 6.14 6.89 755 793 815 838 857 874
20 1 3969 614 707 756 787 816 838 857 874
10 - 16129 6.14 652 755 786 816 837 857 874

0.0 0.2 0.4 0.6 0.8 1.0
a

Table 6.1 Condition numbers x,(KxS). Left: fixed Ny = 1025, Ny = 961 for
varying . Right: fixed « = 0.3 for varying N; and Ny.

Memory-efficient time-parallel implementation For X € RN-*Ni  denote the
vector obtained by stacking columns of X vertically by Vec(X) € RN:Nx,
For memory efficency, we do not build the Kronecker matrices By ® By of
Lemma 6.4.2 directly, but instead perform matrix-vector products using

(B; @ By) Vec(X) = Vec(By(B;X ")) = (Id; ® By) Vec(B;X ).  (6.5.1)

Each parallel processor stores only a subset of the temporal degrees of free-
dom, i.e. a subset of columns of X. When By is uniformly sparse, which holds
true for all our temporal matrices, using (6.5.1) we evaluate (B; @ By) Vec(X)
in O(Cy ) operations parallel in time: on each parallel processor, we compute

‘our’ columns of Y := B;X ' by receiving the necessary columns of X from
neighbouring processors, and then compute B,Y " without communication.
The preconditioner K is block-diagonal, making its time-parallel applica-
tion trivial. Representing the wavelet transform of §6.3.3 as the composition of
J Kronecker products allows a time-parallel implementation using the above.

2D problem  We select Q) := [0, 1]? with a uniform triangulation 7q, and we
triangulate I uniformly into 7;. We select the smooth solution

u(t, x,y) := exp(—2m2t) sin(7rx) sin(7ry),

so the problem has vanishing forcing data g.

Table 6.2 details the strong scaling results, i.e. fixing the problem size and
increasing the number of processors P. We triangulate I into 24 time slabs,
yielding Ny = 16385 temporal degrees of freedom, and Q) into 4% triangles,
yielding a X{ of dimension Ny = 65 025. The resulting system has 1065 434 625
degrees of freedom and our solver reaches the algebraic error tolerance after
16 iterations. In perfect strong scaling, the total number of CPU-hours remains
constant. Even at 2 048 processors, we observe a parallel efficiency of around
92.9%, solving this system in a modest 11.7 CPU-hours. Acquiring strong scal-
ing results on a single node was not possible due to memory limitations.

Table 6.3 details the weak scaling results, i.e. fixing the problem size per
processor and increasing the number of processors. In perfect weak scaling,
the time per iteration should remain constant. We observe a slight increase in
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P Ni Ny N = NN, its time(s) time/it(s) CPU-hrs

1-16 16385 65025 1065434625 out of memory

32 16385 65025 1065434625 16 1224.85 76.55 10.89
64 16385 65025 1065434625 16 615.73 38.48 10.95
128 16385 65025 1065434625 16 309.81 19.36 11.02
256 16385 65025 1065434625 16  163.20 10.20 11.61
512 16385 65025 1065434625 16 96.54 6.03 13.73
512 16385 65025 1065434625 16 96.50 6.03 13.72
1024 16385 65025 1065434625 16 45.27 2.83 12.88
2048 16385 65025 1065434625 16 20.59 1.29 11.72

Table 6.2 Strong scaling results for the 2D problem.

P N; N, N = N;N, its time(s) time/it(s) CPU-hrs
L 1 9 261121 2350089 8 33.36 417 0.01
8 2 17 261121 4439057 11 46.66 4.24 0.03
K 4 33 261121 8616993 12 54.60 4.55 0.06
%o 8 65 261121 16972865 13 65.52 5.04 0.15
@ 16 129 261121 33684609 13 86.94 6.69 0.39
" 32 257 261121 67108097 14 93.56 6.68 0.83
—%’ 64 513 261121 133955073 14 94.45 6.75 1.68
8 128 1025 261121 267649025 14 93.85 6.70 3.34
.%i 256 2049 261121 535036929 15 101.81 6.79 7.24
= 512 4097 261121 1069812737 15 101.71 6.78 14.47
g 1024 8193 261121 2139364353 16 108.32 6.77 30.81
2048 16385 261121 4278467585 16  109.59 6.85 62.34
Table 6.3 Weak scaling results for the 2D problem.
P N; Ny N = N;N, its time(s) time/it(s) CPU-hrs
1-64 16385 250047 4097020095 out of memory

128 16385 250047 4097020095 18 3308.49 174.13 117.64

256 16385 250047 4097020095 18 1655.92 87.15 117.75

512 16385 250047 4097020095 18 895.01 4711 127.29

1024 16385 250047 4097020095 18 451.59 23.77 128.45

2048 16385 250047 4097020095 18 221.12 12.28 125.80

Table 6.4 Strong scaling results for the 3D problem.

P N Ny N = NN, its time(s) time/it(s) CPU-hrs

16 129 250047 32256063 15 183.65 12.24 0.82

32 257 250047 64262079 16  196.26 12.27 1.74

64 513 250047 128274111 16 197.55 12.35 3.51

128 1025 250047 256298175 17 210.21 12.37 7.47

256 2049 250047 512346303 17  209.56 12.33 14.90

512 4097 250047 1024442559 17 210.14 12.36 29.89

1024 8193 250047 2048635071 18 221.77 12.32 63.08

2048 16385 250047 4097020095 18 221.12 12.28 125.80

Table 6.5 Weak scaling results for the 3D problem.
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time per iteration on a single node, but when scaling to multiple nodes, we
observe a near-perfect parallel efficiency of around 96.7%, solving the final
system with 4278 467 585 degrees of freedom in a mere 109 seconds.

3D problem  We select Q) := [0, 1]?, and prescribe the solution
u(t, x,y,z) == exp(—37%t) sin(7x) sin(7ry) sin(71z),

so the problem has vanishing forcing data g.

Table 6.4 shows the strong scaling results. We triangulate I uniformly into
214 time slabs, and Q) uniformly into 8° tetrahedra. The arising system has
N = 4097020095 unknowns, which we solve to tolerance in 18 iterations.
The results are comparable to those in two dimensions, albeit a factor two
slower at similar problem sizes.

Table 6.5 shows the weak scaling results for the 3D problem. As in the
two-dimensional case, we observe excellent scaling properties, and see that
the time per iteration is nearly constant.

6.6 Conclusion

We have presented a framework for solving linear parabolic evolution equa-
tions massively in parallel. Based on earlier ideas [And16, NS19] and Chap-
ter 3, we found a remarkably simple symmetric Schur-complement equation.
With a tensor-product discretization of the space-time cylinder using standard
finite elements in time and space together with a wavelet-in-time multigrid-
in-space preconditioner, we were able to solve the arising systems to fixed
accuracy in a uniformly bounded number of PCG steps.

We found that our algorithm runs in linear complexity on a single pro-
cessor. Moreover, when sufficiently many parallel processors are available and
communication is free, its runtime scales logarithmically in the discretization
size. This complexity translates to a highly efficient algorithm in practice.

The numerical experiments serve as a showcase for the described space-
time method, and exhibit its excellent time-parallelism by solving a linear sys-
tem with over four billion unknowns in just 109 seconds, using just over two
thousand parallel processors. By incorporating spatial parallelism as well, we
expect these results to scale well to much larger problems.

Although performed in the rather restrictive setting of the heat equation
discretized using piecewise linear polynomials on uniform triangulations, the
parallel framework already allows solving more general linear parabolic PDEs
using polynomials of varying degree on locally refined (tensor-product) meshes.
In this more general setting, we envision load balancing to become the main
hurdle in achieving good scaling results.
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7 Accuracy controlled data assimilation for
parabolic PDEs

Abstract  This chapter is concerned with the recovery of (approximate)
solutions to parabolic problems from incomplete and possibly inconsis-
tent observational data, given on a time-space cylinder that is a strict sub-
set of the computational domain under consideration. Unlike previous
approaches to this and related problems our starting point is a reqularized
least squares formulation in a continuous infinite-dimensional setting that is
based on stable variational time-space formulations of the parabolic PDE.
This allows us to derive a priori as well as a posteriori error bounds for
the recovered states with respect to a certain reference solution. In these
bounds the regularization parameter is disentangled from the underlying
discretization. An important ingredient for the derivation of a posteriori
bounds is the construction of suitable Fortin operators which allow us to
control oscillation errors stemming from the discretization of dual norms.
Moreover, the variational framework allows us to contrive precondition-
ers for the discrete problems whose application can be performed in linear
time, and for which the condition numbers of the preconditioned systems
are uniformly proportional to that of the regularized continuous problem.
In particular, we provide suitable stopping criteria for the iterative solvers
based on the a posteriori error bounds. The presented numerical experi-
ments quantify the theoretical findings and demonstrate the performance
of the numerical scheme in relation with the underlying discretization and
regularization.

7.1 Introduction

7.1.1 Background

Ever-increasing computational resources encourage considering more and more
complex mathematical models for the simulation or prediction of physical or
technological processes. However, striving for increasing quantifiable accu-
racy such models typically exhibit significant bias or are incomplete in that
important model data or accurate constitutive laws are missing. It is all too

This chapter is a minor modification of Accuracy controlled data assimilation for parabolic
problems, W. Dahmen, R. Stevenson, and ]. Westerdiep, to appear in Mathematics of Computation,
arXiv:2105.05836.
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natural to gather complementary information from data provided by also ever-
improving sensor capabilities. Such a process of fusing models and data is of-
ten referred to as data assimilation which seems to originate from climatology
[Dal94, LLDO06]. In this context, streaming data are used to stabilize otherwise
chaotic dynamical systems for prediction purposes, typically with the aid of
(statistical) filtering techniques. While this is still an expanding and vibrant
research area [Maj16], the notion of data assimilation is by now understood
in a wider sense referring to efforts of improving quantifiable information ex-
traction from synthesizing model-based and data driven approaches. Incom-
pleteness of underlying models or model deficiencies could come in different
forms. For instance, one could lack model data such as initial conditions, or
the model involves uncalibrated coefficients represented e.g. by a parameter-
dependent family of coefficients.

In this chapter we focus on such a problem scenario where the physical
law takes the form of a parabolic partial differential equation (PDE), in the
simplest case just the heat equation in combination with a known source term.
We then assume that the state of interest, a (near-)solution to this PDE, can be
observed on some restricted time-space cylinder while its initial conditions are
unknown. We are then interested in recovering the partially observed state on
the whole time-space domain from the given information.

This problem is known to be (mildly) ill-posed. This or related prob-
lems have been treated in numerous articles. In particular, the recent work in
[BO18, BIHO18] proposes a finite element method with built-in mesh-dependent
regularization terms has been a primary motivation for the present chapter.
Moreover, similar concepts for an analogous data-assimilation problem asso-
ciated with the wave equation have been applied in [BFMO21]. Consider-
ing first a semi-discretization in [BO18], the main results for a fully discrete
scheme in [BIHO18] provide a priori estimates for the recovered state on a
domain that excludes a small region around the location of initial data.

The results obtained in the present chapter, although similar in nature, are
instead based on a different approach and exhibit a few noteworthy distinc-
tions explained below. In fact, our starting point is the formulation of a regu-
larized estimation problem in terms of a least squares functional in an infinite-
dimensional function space setting. We postpone for a moment the particular
role of the regularization parameter in the present context and remark first
that our approach resembles a number of other prior studies of ill-posed oper-
ator equations, that are also based on a Tikhonov reqularization in terms of sim-
ilar mixed variational formulations, see e.g. [BBFD15, BR18, BLO18, DHH13,
MS17]. These contributions are typically formulated in more general setting
(see e.g. [BR18]), covering also problems that exhibit a stronger level of ill-
posedness such as the Cauchy problem for second order elliptic equations, or
the backward heat equation. Although a direct comparison with these works
is therefore difficult, there are noteworthy relevant conceptual links as well as
distinctions that we will briefly comment on next.

For instance, in [BR18], one arrives at a similar mixed formulation as in the
present chapter exploiting then, however, just coercivity where, for a regular-
izing term || - ||, the coercivity constant decreases proportionally to the regu-
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larization parameter. The results in [BBFD15] for related numerical schemes
indeed confirm a corresponding adverse dependence of error bounds on the
regularization parameter. Moreover, these bounds are obtained only under
additional reqularity assumptions. In contrast, our approach is based on nu-
merically realizing inf-sup stability needed to handle dual norms, resulting in
the present context in e-independent error estimates without any a priori ad-
ditional regularity assumptions.

This hints at the perhaps main principal distinction from the above prior
related work. Our guiding theme is that, how well one can solve the inverse
problem, depends on the condition of the corresponding forward problem
(already on an infinite-dimensional level), in the present context a parabolic
initial-boundary value problem. Specifically, this requires identifying first a
suitable pair X, Y of (infinite-dimensional) trial- and test-spaces, for which the
forward operator takes X onto the dual Y’ of Y, without imposing any “excess
regularity” assumptions on the solution beyond membership to X. This is tan-
tamount to a stable variational formulation of the forward problem in the sense
of the Babuska—Necas theorem. We briefly refer to this as “natural mapping
properties”. Drawing on the works of [And13, RS18b] and Chapter 3, the
present approach is solely based on such natural mapping properties. As a
consequence, the basic error analysis is independent of any data-consistency
assumptions or of the regularity of solutions in the case of consistent data,
which in general never occur in practice.

In summary, the guiding “general hope” is that, just exploiting natural
mapping properties rather than assuming any excess regularity, should “help”
minimizing the necessary amount of regularization in an inverse problem.
This in turn, is intimately related to the central motivation of this chapter,
namely the development of efficient and certifiable numerical methods that
should not rely on unverifiable assumptions. In a nutshell, for the particular
problem type at hand, significant consequences of a stable variational formu-
lation of the forward problem are: the proposed numerical solvers exhibit a fa-
vorable quantifiable performance to be commented on further below; regard-
less of data consistency and without imposing any regularity assumptions we
derive sharp a priori error bounds that do not degrade when the regulariza-
tion parameter tends to zero; there is no need for tuning parameters inside
any mesh-dependent stabilization terms; we can derive computable a posteri-
ori error bounds that are valid without any excess regularity assumptions, for
arbitrary (inconsistent) data, and, in the present particular inverse problem,
are independent of the regularization parameter.

However, it should be emphasized that our “general hope” could so far
be realized only for the current rather mildly ill-posed problem class. The
following remarks elaborate a bit more on some of the related aspects.

(i) Respecting natural mapping properties reveals, in particular, that a unique
minimizer of the objective functional exists for any arbitrarily small requlariza-
tion parameter and even for a vanishing regularization parameter. In fact, a least
squares formulation by itself turns out to be already a sufficient regulariza-
tion. However, the condition number of corresponding discrete systems may in-
crease with decreasing regularization parameter. Our numerical experiments
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will shed some light on this interdependence. We use this insight to develop
efficient preconditioners for the discrete problems. In fact, within the limita-
tions of the infinite-dimensional formulation the solvers will be seen to exhibit
a quasi-optimal performance for any fixed regularization parameter. Even for
the mildly-ill posed problem under consideration this seems to be unprece-
dented in the literature. In that sense, the primary role of a non-vanishing
regularization parameter for us is to facilitate a rigorous performance analy-
sis of the iterative solver in favor of its quantitative improvement.

(ii) A stable infinite dimensional variational formulation is also an essential
prerequisite for deriving rigorous a posteriori regularity-free - meaning they
are valid without any excess regularity assumptions - error bounds for the
recovered states. As shown later, such bounds can be used, in particular, to
identify suitable stopping criteria for iterative solvers. Finally, we demon-
strate some practical consequences of regularity-free computable a posteriori
bounds in Section 7.6. We indicate their use for estimating data consistency
errors as well as for choosing the regularization parameter in a way that accu-
racy of the results is not compromized in any essential way while enhancing
solver performance.

(iii) Respecting natural mapping properties allows to “disentangle” dis-
cretization and regularization by studying the intrinsic necessary “strength”
of the regularization in the infinite-dimensional setting. Moreover, it turns
out that additional regularization beyond the least squares formulation is not
necessary on the infinite-dimensional level, persists to remain true for the pro-
posed inf-sup stable discretizations. Choosing nevertheless a positive regu-
larization parameter in favor of a better and rigorously founded solver per-
formance, still requires a balanced choice so as to warrant optimal achiev-
able accuracy of the state estimate. Our formulation reveals that the relevant
balance criterion is then the achievable approximation accuracy of the trial
space. Only sufficiently high regularity, typically hard to check in practice,
allows one to express this quantity in terms of a uniform mesh-size. Our ap-
proach will be seen to offer more flexibility and potentially different choices of
regularization parameters than those stemming from the a priori fixed mesh-
dependent approach in [BO18, BIHO18] or [DHH13]. This concerns, for in-
stance, adaptively refined meshes or higher order discretizations.

A perhaps more subtle further consequence of exploiting natural mapping
properties are somewhat stronger a priori estimates than those obtained in pre-
vious works.

Of course, the robustness of our results with respect to the regularization
parameter reflects the mild degree of ill-posedness of the data-assimilation
problem under consideration. This cannot be expected to carry over to less
stable problems in exactly the same fashion. We claim though that important
elements will persist to hold, for instance, for conditionally stable problems.
In particular, non-vanishing regularization parameters will then be essential
and regularity-free a posteriori bounds will be all the more important for ar-
riving at properly balanced choices in the spirit of the strategy indicated in
Section 7.6. A detailed discussion is beyond the scope of this chapter and is
therefore deferred to forthcoming work.
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7.1.2

7.1.3

7.2

Layout

In Section 7.2 we present a stable weak time-space formulation of a parabolic
model problem and introduce the data assimilation problem considered in
this work. Based on these findings we propose in Section 7.3 a regularized
least squares formulation of the state estimation task. This formulation permits
model as well as data errors as the recovered states are neither required to sat-
isfy the parabolic equation exactly nor to match the data. We then derive a pri-
ori as well as a posteriori error estimates for the infinite-dimensional minimizer
as well as for the minimizer over a finite dimensional trial space revealing the
basic interplay between model inconsistencies, data errors, and regularization
strength.

Since the “ideal” infinite-dimensional objective functional involves a dual-
norm a practical numerical method needs to handle this term. We show that
a proper discretization of the dual norm is tantamount to identifying a stable
Fortin operator. For the given formulation of the parabolic problem this turns
out to impose theoretical limitations on discretizations based on a standard
second order variational formulation. Therefore we consider in Section 7.4 an
equivalent first order system least squares formulation. Section 7.5 is devoted
to the construction of Fortin operators for both settings. Moreover, we present
in Sections 7.3.4 and 7.4.2 effective preconditioners for the iterative solution of
the arising discrete problems along with suitable stopping criteria. Section 7.6
is devoted to numerical experiments that quantify the theoretical findings and
illustrate the performance of the numerical schemes, in particular, depending
on the choice of the regularization parameter which, in principal, could be
chosen as zero. We conclude in Section 7.7 with a brief discussion of several
ramifications of the results, including the application of a posteriori bounds
for estimating data-consistency errors.

Notations

In this work, by C < D we will mean that C can be bounded by a multiple of
D, independently of parameters which C and D may depend on. Exceptions
are given by the parameters 77 and w in the Carleman estimate (7.2.7), the
polynomial degrees of various finite element spaces, and the dimension 4 of
the spatial domain Q). Obviously, C 2 D is defined as D < C,and C < D as
C<DandC 2 D.

For normed linear spaces E and F, by L(E, F) we will denote the normed
linear space of bounded linear mappings E — F, and by Lis(E, F) its subset
of boundedly invertible linear mappings E — F. We write E — F to denote
that E is continuously embedded into F. For simplicity only, we exclusively
consider linear spaces over the scalar field R.

Problem formulation and preview

For a given domain Q C R? and time-horizon T > 0, let I := [0, T]. Let
a(t;-,-) denote a bilinear form on H}(Q) x H}(Q) such that for any 6,{ €
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H}(Q), the function t — a(t;6,{) is measurable on I. Moreover, we assume
that for almostall t € I, a(t;-,-): H}(Q) x H}(Q)) — R is bounded and coercive,
ie.

la(t:0, )| < 1161l o 1]l ey (6.8 € H(Q)), (72.1)

a(1;6,0) 2 1101171 0 (6 € Hy(Q)), (7.2.2)

hold with constants independent of ¢t € I. By Lax Milgram’s Theorem, the

operator A(t), defined by (A(t)0)() := a(t6,7), (6, { € H}(Q)), belongs to
Lis(H}(Q), H1(Q)).

Before discussing the parabolic data assimilation problem, we recall some

facts about a time-space variational formulation of the parabolic initial value
problem—the corresponding forward problem—of the form

L)+ A(t)z(t) = h(t) (t€lae.), (7.23)
Y0z = Zo,
with trace map 7y;: z — z(t). With the spaces
X := Ly(LH} Q) NHYLHY(Q)), Y :=L(;HY{(Q)),

the operator B defined by

(B)(0) := [ $(D((1) +alt;w(t),0(1) dt,

belongs to £(X,Y’). Recall also that

X < C(LLy(Q)) (7.2.4)
with the latter space being equipped with the norm on Lo (I; L2(Q))). In par-
ticular, this implies that 7; € L(X, Ly(Q)), with a norm that is uniformly
bounded in t € I. The resulting weak formulation of (7.2.3) reads as

Bz=h, 79z =z,

and it is known (e.g. see [DL92, Ch.XVIII, §3], [W1082, Ch. IV, §26], [SS09]) to
be well-posed in the sense that

l 50] € Lis(X,Y' x Lr(Q)). (7.2.5)

Turning to the data assimilation problem, suppose in what follows that
w C Q) is a fixed non-empty sub-domain (possibly much smaller than (2) and
that we are given data f € Ly(I x w) as well as g € Y. The data-assimilation
problem considered in this chapter is to seek a state u € X, that approximately
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satisfies Bu = g, while also closely agreeing with f in Ly(I x w), see [BO1S,
BIHO18]. To make this precise, ideally one would like to solve

)+ A(tu(t) =g(t) (t€lae.), (7.2.6)

u()lw = () (£ ). -
However, in general such data (g, f) may be inconsistent, i.e., (7.2.6) has no
solution and is therefore ill-posed. To put this formally, denoting by Iy, the
restriction of a function on I x () to a function on I X w, we have I', €
L(X,Ly(I x w)), ie., Ty is bounded on X. However, the range of the oper-
ator

B = er ] € L(X,Y x Ly(I x @))
w
induced by (7.2.6), is a strict subset of Y/ x L (I x w).
Before addressing this issue, it is instructive to understand the case of a
consistent pair (g, f) € ran B, i.e., when there existsa u € X such that (g, f) =
(Bu,Tu).

Remark 7.2.1. Any data consistent pair (g, f) € ran B,, determines a unique
state u € X satisfying (7.2.6).

That this is indeed the case can be derived from the following crucial tool
that has been employed in prior related studies such as [BO18, BIHO18] and
will be heavily used in what follows as well. For 7 € (0, T) let

Xy = La([n, T]; Hy () N HY ([, TL HH(Q)).

Fixing both # and a subdomain w C (), a version of the so-called Carleman
Estimate says in the present terms

[wllx, S ITwwllL,1xw) + 1Bwlly (w € X). (7.2.7)

Remark 7.2.2. The validity of (7.2.7) has been established in [BO18, Thm. 2]
for the heat operator (i.e., a(t;6,() = [ VO(t) - V{(t)dx) and Q C R being
a convex polytope. It holds in greater generality though. For instance, the ar-
gument in the proof of [BO18, Lemma 7] still works when () is star-shaped
w.rt. an xg € () and any open w C () that contains x(. In what follows up to
this point we will tacitly assume at this point suitable problem specifications
that guarantee the validity of (7.2.7) without further mentioning. %

Returning to the uniqueness of u given consistent data (g, f), suppose
there exist two solutions, then their difference e € X satisfies |[Twe||1,(1xw) +

|| Bellyr = 0, meaning in view of (7.2.7) that [le[|x, = 0, and so thanks to X; —
C([y, T]; L2(Q2)), thate(t) = 0 for t € [, T|. From X — C([0, T]; L»(Q2)), and
the fact that # > 0 is arbitrary, it follows that e = 0.
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However, the nature of the Carleman Estimate indicates that one cannot
stably recover the trace you which would then together with g stably recover
u. In fact, one may convince oneself that significantly different initial data
(far) outside w may give rise to homogeneous solutions of (7.2.3) that hardly
differ on I x w. Thus, even for a state u € X from (nearly) consistent data
(g, f) € Y x Lr(I x w) we cannot expect to find an accurate numerical ap-
proximation to u on the whole time-space cylinder I x (). Moreover, any per-
turbation of the data may land outside ran B,,.

In practice, neither will the data/measurements (g, f) € Y’ x Lp(I x w) be
exact, nor will the observed state behind f satisfy the model—here a parabolic
PDE—exactly. Thus, in general a pair of data (g, f) € Y’ x Ly(I x w) allows
one to recover any hypothetical source u € X only within some uncertainty. A
central theme in this article is to quantify this uncertainty (theoretically and
numerically) by properly exploiting the information provided by the PDE
model, and the data. While any such assimilation attempt rests on the ba-
sic hypothesis that the data (g, f) are “close” in Y’ x L (I x w) to a consistent
pair (Bu, u|;xw) € ran B, for some u € X, this “closeness” is generally not
known beforehand.

To perform such a recovery we formulate in the next section a family of
regularizations of the ill-posed problem (7.2.6) involving a parameter ¢ > 0,
taking data errors and model bias into account. We then show, first on the
continuous infinite-dimensional level, that for each ¢ > 0 there exists a unique
regularized solution u; € X. Letting this precede an actual discrete scheme,
will be important for a number of issues, such as the design of efficient iter-
ative solvers, the derivation of a posteriori error bounds, as well as disentan-
gling regularization and discretization in favor of an overall good balance of
uncertainties. Aside from the question what a preferable choice of ¢ would
be in that latter respect, a central issue will be to assess the quality of a regu-
larized state 1, and of its approximation u?® from a given finite-dimensional
trial space X° C X provided by our numerical scheme.

To that end, recall that generally (for inconsistent data) the idealized as-
similation problem (7.2.6) has no solution. So whatever state u € X may be
used to “explain” the data, should be viewed as a candidate or reference state
that is connected with the recovery task through the consistency error

econs (1) := /1Bt = glI3, + [Tt = fI2, ;.. (7.2.8)
At the heart of our analysis is then an a priori estimate of the type

HL{ —ug < eCODS(u) + egpprox(u) + 8”’70””@(0)/ (7.2.9)

where eapprox( u) denotes the error of the best approximation to u from X’ in
X, thereby implicitly quantifying the regularity of the state u. Recall that, as
always, the constant in this estimate absorbed by the <-symbol may depend
on 7 > 0, but neither on u nor on ¢.

It is important to note that (7.2.9) is valid for any u € X, not making use
of the assumption that (Bu,I',u) be close to (g, f). It is of evident value, of
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7.3

course, for states u with small or at least moderate consistency error. This
suggests singling out a particular state

Up 1= arg min econs (1)
ueX

that minimizes the consistency error. As in the case of consistent data, we will
see that 1 is unique, and, and as is suggested by its notation, it will turn out to
be the limit for ¢ | 0 of the regularized solutions u, that will be defined later.
One reason for not confining the error estimates—or perhaps better termed
distance estimates—to the specific state 1 is the potential significant model
bias. In fact, we view it as a strength to keep (7.2.9) general since this cov-
ers automatically various somewhat specialized scenarios. For instance, if the
data were exact, i.e., econs(1t9) = 0, (7.2.9), for u = 1y, shows the dependence
of the error just on € and the choice of the discretization. Moreover, if the
model is exact (or the model bias is negligible compared with data accuracy)
it will later be seen how to get a “nearly-computable” bound for econs (o)
and hence an idea of the model bias (due to g) and measurement errors in f.
Another case of interest is u = u, because this is the “compromise-solution”
suggested by the chosen regularization and targeted by the numerical scheme.

Finally, while in principle, € can be chosen as small as we wish (even zero),
it will be seen to benefit solving the discrete problems by choosing ¢ as large
as possible so as to remain just dominated, ideally, by econs (140), in practice, by
the announced a posteriori bounds.

Regularized least squares

Knowing that the data assimilation problem is ill-posed and taking the pre-
ceding considerations into account, we consider for some parameter ¢ > 0 the
regularized least squares problem of finding the minimizer u, over X of

Ge: w s [1Bw — g%+ [Tww — I 1y + E 10wl 0y 73D)

where, as before, T',, is the restriction of a function on I x () to a function on
I x w. The resulting Euler-Lagrange equations read as

(Bute—g, Bw)y+ (Twtte — f, Tw®) 1 (1xw) +€ (Yote, YoW) 1,0y =0 (w € X).
(73.2)
Since T, € L(X, Ly(I X w)), and on account of (7.2.5), for w € X it holds that

2wl < 1Bl + ITwwl2, 1) + El70w]2, ) S max(1, ) el
(7.3.3)
By the Lax-Milgram Lemma, we thus know that for ¢ > 0 the minimizer u,

exists uniquely, and satisfies

el S max(e™, 1) (llglhyr + I fllLycrcas )- (7.34)

!We could have included additional weights in front of the first terms that could reflect a
priori knowledge on model- or data-fidelity. Since this would not affect the subsequent develop-
ments we disregard this option for simplicity of exposition.

Ixw
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Selecting any reference state 1 € X, similar to (7.3.4) one finds for e > 0

= ellx S max(e™, 1) (ellvoul gy + econs (1)),

see (7.2.8). This result is by no means satisfactory. With the aid of (7.2.7), much
better bounds will be established for [|u — u¢| x, -

Remark 7.3.1. Also for e = 0, the minimizer ug of Gy(+) = econs(+)? over X
exists uniquely. Indeed, suppose there are two minimizers. Then, by (7.3.2),
their difference e satisfies

<B€0, Bw>y/ + <rw60, Fww>L2(wa) =0 (w € X),
and so ||Twepl|? Ly(Ixw) T | Beo||3, = 0. As we have seen, using (7.2.4) and (7.2.7)
this implies ¢y = 0. ¢
A frequently used tool reads as follows.

Lemma 7.3.2. For any w € X one has

[u —wllx, S/ Go(w) + econs(u).

Proof. (7.2.7) and a triangle-inequality for the norm [| - ||, (1,c) <y yield

it = wll, S el = 0) 2, 1y + B = 0) B < 1/Go(w) + econs(n)

which confirms the claim. O

Taking as reference state u = u,, we obtain the following a posteriori bound.

Proposition 7.3.3. For e > 0and w € X, one has

[te — wlix, S 1/ Ge(w).

Proof. The proof follows from Lemma 7.3.2 and

Go(®) + econs (ite) < \/Ge(w) +1/Gelute) < 21/Ge(w). O

The same arguments, used to show for ¢ > 0 existence and uniqueness of
the minimizer u, of G, over X, show for any closed subspace X° C X unique-
ness of the minimizer 1 of G, over X°. An a priori bound for |Ju — u?|| x, foran
arbitrary reference state # € X is given in the next proposition.

Proposition 7.3.4. It holds that

||u - ugHX,? S eCOnS(”) + egpprox(”) + SH’)/OuHLz(Q)

where

5 .
eapprox(u) = ;}21)1?5 [u—wlx

denotes the corresponding approximation error of the state u.
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Proof. Let Py; denote the X-orthogonal projector onto X°, then using B €
L(X,Y") and (7.2.4), we infer that

VGo(ud) <1/Ge(uf) < \/Ge(Pyou)
<|[B(u = Pxsu) [y + [|Bu = &llyr + | f = Twte|ly(1xw)+
(ITw(u — Pysu) 1, (1xw) + €llr0(# = Pystt)[|1,(0) + €llvoull )
S/eflpprox(u) + €cons (1) + SH’YO“HLZ(Q)r

which together with Lemma 7.3.2 completes the proof. O

At this point we note that because of the presence of the dual norm || - ||+ in
Ge, neither u nor the a posteriori bound for |u; — w||x, from Proposition 7.3.3

for e.g. w = ul can be computed. Both problems are going to be tackled in the
next two subsections.

Remark 7.3.5. Although the upper bound from Proposition 7.3.4 is minimal
for ¢ = 0, a reason for nevertheless taking ¢ > 0, say of the order of the
expected magnitude of econs (1) + egppmx(u), is to enhance the numerical sta-

bility of solving the Euler-Lagrange equations. O

Remark 7.3.6. Notice that even when econs (#) = 0 and ¢ = 0, Proposition 7.3.4
does not show that u is a quasi-best approximation to u from X°. Indeed the

norm || - ||x used to define egpprox(u) differs from the norm || - [|x, in which
6

u — u§ is measured. O

We conclude this section with a few comments on the behavior of 1, when
¢ tends to zero. First, note that the consistency error of u, approaches the
minimal consistency error econs(19) when ¢ — 0 because

econs 1te) < 1/ Ge(te) < \/Geluto) < econs (tt0) + e[ T0tll (.

In particular, a first trivial consequence of Proposition 7.3.4 is that, for consis-
tent and exact data, i.e., econs(119) = 0, u, tends to the state 1 in Xy for any
1 > 0. Even without the assumption econs (10) = 0, a stronger result is derived
in the following remark.

Remark 7.3.7. One has ||ug — u¢||x — 0ase — 0. %

Proof. We remark first that /G, T-converges to /Gy =: F. In fact, let (¢,)eN
tend to zero. The functionals F, := /G, : X — R4 are uniformly coercive
(in the sense of optimization, meaning that F,(w) — oo for ||w|x — o). Let
(wn)nenN be any sequence in X with limit w € X. Then

F(w) = Fa(wn) < F(w) — F(wy) < \/I\B(w = wn) [0 + 17 (w —wn) |17,

Slw—wyl|lx, n €N,

Ixw)
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so that F(w) < liminf,_e Fy(wy). Moreover, for any w € X there exists a
sequence (wy)yeN in X such that F(w) > limsup, ., Fy(wy), as can be seen
by simply taking w, = w. Thus, by the main Theorem of I'-convergence,
minimizers of F,;, converge to the minimizer of F. ]

Thus, trying to solve the regularized problem, with ¢ as small as possible
incidentally favors ug as target state. Thus, it is of interest to estimate econs (o)
(see Corollary 7.3.14 below) since a relatively large econs(140) weakens the rel-
evance of ug, favoring correspondingly larger regularization parameters.

Discretizing the dual norm

Minimizing G, over X’ does not correspond to a practical method because
the dual norm || - ||y» cannot be evaluated. Therefore, given a family of finite
dimensional subspaces (X°)sca of X, the idea is to find a family (Y?)scp of
finite dimensional subspaces of Y, ideally with dim Y° < dim X, such that
|Bw||yr can be controlled for w € X’ by the computable quantity | Bwl|ys-
This is ensured whenever

inf inf up M >0 (7.3.5)
deA {weXd: Bw#0} 0£ueY? | Bw[y: HV”Y

is valid.
In the subsequent discussion we make heavy use of the Riesz isometry
R € Lis(Y,Y’), defined by

(Ro)(w) := (v, w)y := /I/Qva -Vewdxdt, (v,weY).

Introducing auxiliary variables for y = R™1(¢ — Bug) € Y, 0, = f — Tue €
Ly(I X w), and v = —youe € Ly(Q) gives rise to a mixed formulation of the
problem of finding the minimizer u, over X of G defined in (7.3.1) in terms of
the saddle point system

R 0 0 B Ue g
0 I 0 T 0

Se (,uer O, Ve, Ule) 1= 0 0 I 8’)(:; Vi = {)_ (7.3.6)
B T, ey 0 Ue 0

(see [CDW12, Sect. 2.2]). (Equivalently, (7.3.6) characterizes the critical point
of the Lagrangian obtained when inserting in G, these variables and append-
ing corresponding constraints by Lagrange multipliers.)

Remark 7.3.8. Eliminating the second and third variable from (7.3.6), one ar-
rives at the equivalent more compact formulation

R B Pe| _ g
B’ _(rfurw + 82')’6')’0) U _rfuf/

It serves in Section 7.3.4 as the starting point for a numerical scheme. ¢
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Theorem 7.3.9. Let (7.3.5) be valid. For ul® the ( unique) minimizer over X° of
6
GE =W ||BZU - g”ia‘/ + ”rww _f”%z(lxw) + ‘C’zHr)/OwH%z(Q)'

one has

e — 2

Xy S eCOHS(”) + egpprox(”) + SHIYOMHLZ(Q)'

(We recall that, as always, the constant absorbed by the S-symbol may (actually will)
depend on w and 7, but notone > 0oré € A.)

Proof. Denoting the block-diagonal operator comprized of the leading 3 x 3
block in S by D, the operator S, can be rewritten as

D C

=lc o

7

where C, € E(X, Y x Ly(I x w) X LZ(Q)) is defined by

(Cew) (p,0,v) := (Bw) (1) + (Fow, 0) 1, (1xw) + €{70W, V) 1, (02)-

With the usual identification of Ly(I X w) and Lp(Q)) with their duals, D is
just the isometric Riesz isomorphism between Y x L (I x w) x Ly(Q)) and its
dual. Equipping X with the (e-dependent) “energy”-norm

lelle == /IBwl, + [Twwl?, ;) + 70wl 0,

one verifies that ||[Cew||yr 1, (1xw)x L, () = [[w]le, so that in particular C satis-
fies an “inf-sup” condition. Consequently, the operator S, on the left hand side
of (7.3.6) is a boundedly invertible mapping from Y x Ly(I X w) x Ly(Q)) x
(X, |l llle) to its dual (uniformly in €).

Analogously to the continuous case, the minimizer u%? of G¢ equals the

fourth component of the solution (;42"5, 93"5, vf "5, ug"s) of the Galerkin discretiza-

tion of (7.3.6) with trial space Y° x Ly(I x w) x Ly(Q) x X°. Thanks to (7.3.5),
for w € X% we have

sup B+ Lot O) iy + 000 Do)
y ~ &r
07'5(11,9,17)€Y‘5><L2(I><w)XLZ(Q)\/HﬁH% + ”0”%2(1“)) i ||17||%2(Q)

so that the so-called Ladyzhenskaya—Babuska-Brezzi condition is satisfied.
Therefore, the discretization of the saddle-point system is uniformly stable, so

0,0 5,0 5,0 0,0
[pe—pe Iy + 110 — 02 M| 1y (1xew) + Ve = ve 1y () + e — ug” e
< min —filly + lue — @
S min e il + e = al a7

< llmelly + min [Jue —alle = [lg — Buely + min [Jue — .
iaeX® qeXo
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From (7.2.7), we have

=l x, < M= lle < llu— uelle + llue — ulle,
where, by (7.3.7),
llue = uZlle S 118 = Buellyr + [lu — welle + min [u — afle,
neX

IS ||g - BuSHY/ + |Hu - u€|H€ + egpprox(u)/

where we have used || ||c < || ||x. By applying a triangle-inequality for the
2 2 2 ;
norm \/|| 13+ 112, 1) + 2201+ [, ) ome infers that

g = Buellys + lle = welle < \/Go(1e) 4/ Ge(w) 4/ Ge(me) < 3y/Ge(w)
< 3(econs () + ‘C'H’)/OuHLZ(Q))'

The proof is completed by combining the last three displayed formulas. O

Remark 7.3.10. Let (X°)scp = (X%),en be so that U, X% = X and X% C
X%n+1 (Vn). Let (Yo),cn be a corresponding sequence so that (7.3.5) is valid,

UpY% =Y and Y% C Y%+ (Vn), and let (en)nen be so that lim,_e €4 = 0.

Then im0 Go(u‘gz o) = limy o0 Ge, (ufﬁ ) = Go(1g) = econs (1) O

Proof. For convenience writing (6,¢) = (0n,€n), for ¢ € {0, ¢} we write

Go(uo) — Ge(u2®) = Go(uo) — Gg(ue) + Ge (ue) — Ge (ul?).

Since lim;, o || g — t¢|| x = 0 by Remark 7.3.7, and hence lim;, o || 10 — He||y =
limy, e || B(1o — ue)||yr = 0, we have limy, o0 Gg(ue) = Go(up). As shown in
(7.3.7), it holds that

Gz(u G <u—u‘5 min — |y + ||ue — @
|Ge(ue) — Ge(ud®)| < || ¢ |||eN(ﬁ,ﬂ)€Y5Xx5Hue flly + [lue — il

S omin e — filly + [Jue — it x
(i) €YOxX?

< - + ||Up — Uel|x +  min —f|ly + |lup —tjjx — 0
1110 = pelly =+ lluo — wel|x (ﬁ,ﬁ)ewxxéﬂﬂo flly + [luo — allx

for n — co. O

The above results hinge on the validity of (7.3.5). When A(t) = Aisa
spatial (second order elliptic) differential operator with constant coefficients on
a convex polytopal domain Q, and X° is a lowest order finite element space
w.r.t. quasi-uniform prismatic elements, we will be able to verify in §7.5.2 the
inf-sup condition (7.3.5).

Since we are able to show (7.3.5) only under such restrictive conditions
on Q) and the trial spaces X°, we will consider in Sect. 7.4 a First Order System
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Least Squares formulation of the data assimilation problem, for which we show
a corresponding inf-sup condition in more general situations in §7.5.3.

Stability of the discretization, and hence (7.3.5), is in particular intimately
connected with a posteriori accuracy control. A well-known tool for establish-
ing (7.3.5) is the identification of suitable Fortin operators which also serve to
define appropriate notions of data oscillation as discussed next.

Fortin operators, error estimation, and data-oscillation

It is well-known that existence of uniformly bounded Fortin interpolators is a
sufficient condition for the inf-sup condition (7.3.5) to hold. In the next theorem
it is shown that existence of such interpolators is also a necessary condition,
and quantitative statements are provided.

Theorem 7.3.11. Let
Q° € £(Y,Y) with ran Q° Y and (BX®) ((Id - QJ)Y) —0. (738)
. B _
Then v = inf (x5 a0} SUPOLpeve HB(wlz\l;i)/(Hyﬂ)Hy = ||Q5H£(1Y,Y)'

Conwversely, when 'y‘s > 0, then there exists a Q‘S as in (7.3.8), which is a projector,
and [|Q° || v,y <2+1/7°.

Proof. If a Q° as in (7.3.8) exists, then for w € X? it holds that

Bw Bw)(Q° Bw
Bl = sup PO _ qup K oy ) sup B,
oruey klly  ozuey  lplly ozweys My
or Y’ > 1Q°N 2y -

Now let 4° > 0. Equipping X° /ker B with ||B - || (voy, 8iven pu € Y consider
the problem: find (u?, [w°]) € Y x X? /ker B that solves

( [yfw_ﬂ) h;f,i}

One verifies that Q° := y +  is a projector and satisfies (7.3.8), and so what
remains is to bound its norm.

Denoting by If(: Y’ — Y and If(: X% /ker B — X/Kker B the trivial embed-
dings, in operator language the above system reads as

(I3)'RI <1¢>'st21 st] _ [(@)’Ru].

R B

B0 =0 ((g° [@°]) € Y’ x X°/kerB). (7.3.9)

(I$)'B'IS 0 (1%)'B'u

One verifies that B’ := (I$)'BI$: X°/ker B — (Y?)’ is an isometry, and fur-
thermore that R® := (I$)'RI$: YO — (Y°) is an isometric isomorphism.
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1,5 . . .
Therefore, the Schur complement S° := BY'R9""BY is an isometric isomor-
phism. From

c—1 o -1 /I s—1
u = RO R+ B8 (1) B — BYRYT (1) Ry |,
||(I‘5) RH[: Yo'y <1,and
(I B | £ v, (x5 pxer By = IBI | £x6 jicer By

[[Bwlly|plly 5

— su = 1/’)’ ’
(wexs b0y 0Aners (Bw) (1)

we conclude that ||°||y < (2+ 1/9%)| u||y which completes the proof. O

Lemma 7.3.12. Let (X°,Y%)scn C X x Y satisfy (7.3.5), and let (Q%)sen be a
corresponding family of uniformly bounded Fortin interpolators as in (7.3.8). With

edse(g) = | (1d — Q”")glly2

one has for any e > 0 and w € X,

\/ \/G(S OSC )

Proof. Thanks to (Id — Q°")BX? = 0, the proof follows from

/ /
1Bw —gllyr < 1Q° (Bw — g)lly + [ (1d — Q°)glly
<NQ°N £y IBw = gllyor + edse(g)- H

Together Proposition 7.3.3 and Lemma 7.3.12 show the following bound.

Corollary 7.3.13. In the situation of Lemma 7.3.12, one has for e > 0 and w € X°,

HuS w||X17N G(s( )+ ésc(g)

Lemma 7.3.12 can also be used to compute an a posteriori upper bound,
modulo data-oscillation, for the minimal consistency error.

Corollary 7.3.14. Adhering to the setting in Lemma 7.3.12, one has for any w € X°

econs(”O) S \/ Gg(w) + egsc(g)'

Proof. The proof follows from econs(10) = /Go(ug) < 1/Go(w) and an appli-
cation of Lemma 7.3.12. O

2 A similar data-oscillation term appears in [CDG14] within the derivation of a posteriori error
estimators for minimal residual methods w.r.t. a dual norm (as our norm on Y’).
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7.3.3

Using Prop. 7.3.4 or Theorem 7.3.9, this upper bound on econs (49) narrows
the range for appropriate regularization parameters balancing accuracy of the
state estimator and the condition of corresponding discrete systems.

In the light of the error bound from Theorem 7.3.9 the above observations
hint at further desirable properties of the family (Y?);c5 associated with given
trial spaces (X°);ca. Namely, they should permit the construction of uni-
formly bounded Fortin interpolators Q°, as in (7.3.8), for which in addition,

gsc(g) = O<egpprox(u))r or even egsc<g) = O(Egpprox(u)) (7.3.10)

hold for sufficiently smooth g. For the model case mentioned at the end of
§7.3.1,in §7.5.2 we construct (Y°)sc4 satisfying both (7.3.8) and (7.3.10).

e

Comparisons with the Forward Problem
To show that the solution of the least squares problem

argmin || Bw — hHié, + [[row — ZO||%2(Q)

weXo

is a quasi-best approximation from X° to the solution of the initial-value prob-
lem (7.2.3), the corresponding inf-sup condition reads as

B + (70w,
inf inf sup (Bw)(p) + (0w 2@ (7.3.11)

OB 0£wEX? sy yeyoxiya) @I UKy + 2[5 0)

The inf-sup condition (7.3.5) which is relevant for our data-assimilation
problem implies (7.3.11). The converse is true when yow = 0 for allw € X°. If
there is no reason to assume that the target solution u of our data-assimilation
problem vanishes at t = 0, then however this is not a relevant case.

As shown in Chapter 4, sufficient conditions for (7.3.11) are X® C Y° and

(9rw) (1)

inf inf  sup ——— >0
e osmext o subys Tomelvrllully

This latter inf-sup condition can be realized in far more general discretization
settings than we are able to show (7.3.5).

Even for the initial-value problem, a benefit of having (7.3.5), i.e. (7.3.8), is
that it gives rise to the efficient and, up to a data-oscillation term, reliable a
posteriori error bound

VIBw =1, + 0w — 2], ) S

Iz = wlix S y/IBw — Kl + ll7ow — 202, ) + 05’ ().

where z is the solution of (7.2.3), and w is any element of X°.
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7.3.4 Numerical Solution of the Discrete Problem

As in Remark 7.3.8, by eliminating the second and third variable from the
Galerkin discretization of (7.3.6) with trial space Y° x Ly(I x w) x Lo(Q) x X?,

the minimizer uS 9 of G¢ over X° can be found as the second component of the
solution (2, ul?®) € Y% x X° of

0,0 ~ ~ ~
[ﬁéts] - [I{Zf] m =0 ((#,a) €Y’ xX.

To solve thls system, we need to select bases. Let ®Y= {p) 47%/ ‘. .} and

R B
B" —(T,Tw +&7)70)

X = {4)1 ,¢X°,...} denote ordered bases, formally viewed as column vec-
tors, for Y¢ and X°. Write u2® = (yﬁ"s)TCDY&, ul® = (ufg"s)TCDX(S, and define the
vectors g% := g(CDYb), fi = f(CIDXA|1Xw), the matrices R® := (R@YA)(qDW) =
0 0 0 0 0 0
(@Y, 07 )y)ij, BY = (BOX)(@Y"), M} = (To®*, T(u®X)}, (1) and
0 .
M, = (70®@X’, 7o X )15(02)- Then (pd ,u?‘s) is the solution of

R B mol_| 8 (7.3.12)
B (ML M) | (w2 T | -f] ~

Remark 7.3.15. Using that ||Bul® — 8llysr = || 1#2?||y, one verifies that for any

g > 0, the a posteriori estimate from Corollary 7.3.13 for the deviation of uf"s
from u; can be evaluated as

G (1) <R5u“,m> (M, g, ug”?)
= 20u?, 1) + I 1) + 8 (M0, ug?).

This will later be used in the numerical experiments. O

For spatial domains with dimension d > 1, the realization of any reason-
able accuracy gives rise to system sizes that require resorting to an iterative
solver. When employing a discretization based on a partition of the time-space
cylinder into “time slabs”, the availability of a uniformly spectrally equivalent
preconditioner K§ ~ (R®)~! that can be applied at linear cost, is actually a
mild assumption.

All properties we have derived for the solution of (7.3.12) remain valid
when we replace R’ in this system by (K4) ™!, because this replacement amounts
to replacing the Y-norm on Y° by an equivalent norm. Therefore, despite this
replacement, we continue to denote the solution vector and corresponding

function in X° by u? and ul? = (ug"s)TCI)XJ, respectively.
To approximate u? we apply Preconditioned Conjugate Gradients to the
Schur complement equation

T 5 5 T
(B K{B’ + M} +&*M’ ) ul’ = fo + B K@gf . (7.3.13)
N————
G):= n.=
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7.4

We use a preconditioner K‘g( that is the representation of a uniformly bound-
edly invertible operator X" — X9, with X% and X%’ being equipped with
®X’ and the corresponding dual basis. Again, under the time-slab restriction,

such preconditioners Kg( of wavelet-in-time, multigrid-in-space type, that can
be applied at linear cost, have been constructed in [AT15, SvVW21]. Assum-

ing (7.3.5) (even (7.3.11) sulffices), it follows from (7.3.3) that Amax (K%Gg) <
max(1,e2) and Apin (K% G?) > €2. Consequently, the number of iterations that

is sufficient to reduce an initial algebraic error by a factor p in the || (Gg)% -
norm? can be bounded by < e !logp 1.

To derive a stopping criterion for the iteration, for #0° = u2* let e := u* —
#ll r=n — u‘g 0 7 = (i1 2‘5)T<1>X ,and the algebmzc errore := ud® — 7.

Then, from (7.3.5) we have that

G3(e) < 1Bell2y + [Twel, 1) + 706l 0

T 1
= ((B"'R* B+ M}, + M) Jee)
NT o
~ <(B‘) KB’ + M} +82M55m)e,e> = (Gle,e).
Moreover, for e # 0, we have*

<G‘5e e)

max(l,s )~ 1< )\maX(K‘S G’S) (r Q r)
X

< Amin(K4GS) ™' S 72 (7.3.14)

Taking 1o as the reference state, the iteration should ideally be stopped

as soon as the algebraic error is dommated by |lug — ue’ x,- Ignoring data-

oscillation, as an indication that 7% is indeed close enough to u? we accept
that the respective upper bounds from Corollary 7.3.13 are close enough, i.e.,

/G (27 satisties \/G(a3°) S \/G§(ul®). Using \/G3(1%) < /G3 (ul?) +

\/G§(e), and the above bound for G (e), we conclude that for the latter to hold
true it suffices when for a sufficiently small constant y > 0,

(r, Kr) < pe? Go(11g°).
Since we expect (7.3.14) to be pessimistic, we simply take » = 1 and thus will
stop the iterative solver as soon as (r, K4r) < €2G{ (i 700).
First order system least squares (FOSLS) form

In view of the difficulty to demonstrate the inf-sup condition (7.3.5) in general
settings for the second order weak formulation of the data assimilation prob-

3 A reduction of the desired factor p can be achieved by applying a nested iteration approach.

4Instead of the possibly very pessimistic upper bound in (7.3.14), that moreover requires es-
timating Amin (K‘; G‘g), one may consult [GM97, MT13, AKO01] for methods to accurately estimate
(Gle, e) using data that is obtained in the PCG iteration.
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lem, we consider in this section a regularized FOSLS formulation. Its analysis
builds to a large extent on the concepts used in Section 7.3.

Forb € Leo(I x Q)?, ¢ € Loo(I x Q), and uniformly positive definite K =
KT € Leo(I x Q)4 we consider a(t; 0, ) as in (7.2.1)~(7.2.2) of the form

a(£:6,0) :/QKV9~VCdx+(b-V0+c9)§dx. (7.4.1)

Adhering to the definitions of the spaces X, Y from the previous sections, we
abbreviate Z := Ly(I; Ly(Q)%) and define the operator C € £L(X x Z,Y') as

C(w,q)(v) // otwv +q - Vv + (b- Vyw + cw)vdxdt. (74.2)
We define the corresponding least squares functional He: X x Z — R as
He(w,q) ==
IC(w,9) — g3 + g — KVxwll% + [Taw — £IB 1y + 0010

The following simple observations allow us to tie the analysis of the corre-
sponding minimization problem to the the concepts of the previous section.

Remark 7.4.1. One has forany w € X
C(w,KVyw)(v) = (Bw)(v), veY,

and more generally, for any (w,q,{) € X x Z x Y/,

Clw,q) = t(v) = (Bw)(v) — L(v) + | _(q—KViw) Vivdrdt.

Hence
B =ty < 1w, ) = iy + o= [ [ (9= KVsw) - Vodxatly

< [IC(w,q) — Ly + [lg — KVxwl|z,
(7.4.3)

which, with ¢ = g in particular implies that
He¢(w, KV, w) = G¢(w) < 2H¢(w,q), forany q € Z. ¢ (744)
Using (7.4.3), one infers from (7.3.3) that

2 I+l KV sl Tl 100
~ ol + a2

ax(1,¢€?).

By an application of the Lax-Milgram Lemma, we conclude that for e > 0 the
minimizer (i, p,) over X x Z of He exists uniquely, and satisfies

7ellx +llpelz < max(e™, D (lglly + 1 Ly (1))
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as well as, for any reference state u € X,

= tiellx + KV = pll S max(e™, 1) (el oty + econs(1) )

Again, using (7.2.7), much better bounds will be established for [u — |, -

Remark 7.4.2. Also for ¢ = 0, the minimizer (i, p,) exists uniquely. Indeed,
let there be two minimizers of Hy over X x Z. Then their difference (e, ep)
is a homogeneous solution of the corresponding Euler—Lagrange equations,
so [[Cleo, e0) [+ + lleo — KVxeoll% + [[Tweollf, 1,y = 0, and so [[Beo[l3, +

IITweo ||%2(wa) = 0, which we know implies ey = 0, and so ey = 0. %

Ixw)

Proposition 7.4.3. Forany w € X, q € Z one has

Hu - wHX,, ~ HO(w q) +ec0ns( )

In particular, for ¢ > 0, we have the a posteriori bound
[ — w”X,7 S\ He(w, q).

Proof. Lemma 7.3.2 gives |[u — w|[x, < /Go(w) + €cons(1), and Go(w) <
2Hy(w, q) by (7.4.4). The second result follows from

v/ Ho(w, q) + econs (i) \/Hqu —I—\/G£ (i)

S\/Hs( w,q) + V2\/He(ite, p,) < (14 V2)\/He(w, q). O

The same arguments used to show for ¢ > 0 existence and uniqueness of
the minimizer (i, p,) of He over X x Z show for any closed subspace X° x
7% C X x Z uniqueness of the minimizer (1, p¢) of He over X° x Z°. Ana
priori bound for ||u — 17[;5”)(}7 for an arbitrary reference state u € X is given in
the next proposition.

Proposition 7.4.4. It holds that
Hu — g ||X;7 ~ eCOIlS(u) + égpprox(u) + 8||r)/0u||LZ(Q)

where e'gpprox(u) P= N gy e x6 20 (|1 — Wl x 4+ [[KVat — g 2.
Proof. Let Py; and P,; denote the X- respectively Z-orthogonal projector onto
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X° respectively Z°. Then we have

\/He(Pyatt, PoKV g1
< ||C(Pxstt, Pys KV yut) — C(u, KV x11) + Bu — g||yr
+ ||Pys KV xu — KV yut + KV xu — KV Pysit]| z
+ [[Teo(Pxott — ) + Teott — 1, (1) + €ll10Pxott || 1, (02)
< | C(Pysu —u, Pys KV xu — KV xut) ||y + || Bu — gllys
+ |PzsKVxu — KV x| z + [[KVx(u — Pxsu) | z
+ 1T (Pxstt — ) |1y (1) + 1Tt = fllzy (1xw)
+ellvo(u — Pyxsut) ||,y + €llvoull )

S S||70u|‘L2(Q) + eCOIlS(”) + e_gpprox(u)r

where we have used C € L(X x Z,Y'), KV € L(Z,X), and (7.2.4). Since by

Proposition 7.4.3, ||u — @2 ||x, < 1/ He(#, p?) + econs(u) and since, by defini-

tion, Hg(ﬂg, pg) < Hg¢(Pysu, P,sKV 1), the proof is completed. O
Since the definition of H, incorporates the dual norm || - ||y neither its

minimizer (i, p¢) over X° x Z° can be computed, nor the a posteriori error
bound from Proposition 7.4.3 can be evaluated. In the next subsection both
problems will be tackled by discretizing this dual norm.

Remark 7.4.5. Our FOSLS formulation of the data-assimilation problem has
been based on the fact that a well-posed FOSLS formulation of the initial-value
problem (7.2.3), with (A(#)8)({) = a(t;6,{) of the form (7.4.1), is given by

argmin [|C(w,q) — gll% + g = KVxw|% + 0w — 2017 )
(wqg)eXxZ

see [RS18b, Lem. 2.3 and Rem. 2.4]. Notice that with well-posedness we mean
that (w,q) — (C(w,q),q9 — KV,w, yow) € Lis(X x Z,Y' x Z x Ly(Q))). In
the recent work [FK21] it was shown that an alternative well-posed FOSLS
formulation for this problem? is given by

argmin [[C(w,q) = 8l17, (11,(q)) + 14 = KVxwllZ + [|y0w — z0l17, -
{(wqg)eXxZ:
dw—divy g€l (LLy(Q))}

Applying the latter formulation to the data-assimilation setting would offer
the important advantage that there is no need to discretize the dual norm
| [[y. On the other hand, error estimates for such a formulation would be
based on the estimate [|wl|x, < [[Towl|r,(1xw) + [IBwllL,(1,L,(q)), Which is a
weaker version of the Carleman estimate ||wl|x, < [[Twwl|1,(1xw) + [[Bw|ly:

5The result given in [FK21] for the heat equation immediately generalizes to the more gen-
eral parabolic problem under consideration, see [GS21]. Surjectivity of (w,q) — (C(w,q),q —
KV w, vow) has also been shown in the latter work.
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Furthermore, in view of an iterative solution process, a likely non-trivial issue
is the development of optimal preconditioners for the space {(w,q) € X x
Z: 0w —divy q € Ly(I; La(Q))) } equipped with the graph norm.

7.4.1 Discretizing the dual norm

Given a family of finite dimensional subspaces (X° x Z%)scp of X x Z, for
each § € A we seek a finite dimensional subspace Y° C Y, with dimY? <
dim X° + dim Z?, such that in analogy to (7.3.5)

inf inf up Clw, q) () > 0. (7.4.5)
6€8 04(w,)exix 70 o syeyo IC(@, @)y [[plly

Theorem 7.4.6. Let (7.4.5) be valid. For (ﬂg’ , p2?) denoting the (unique) minimizer
over X° x 79 of

HY := (w,q)
1C(0,q) — 812 + 19 — KV sl + [Tato = £I2, 10y + llm0wl
it holds that

||u — ﬂg’(SHX,I 5 econs(u) + Egpprox(u) + ‘C’H’YOMHX'

Proof. Equipping X x Z with “energy”-norm

(e, q)llle == \/IIC(wfq)H AHla—KVulZ+Towl? ) ) Tl rowlE,

analogously to the proof of Theorem 7.3.9, in particular following the same
reasoning that leads to (7.3.7), one concludes that

i (e, pe) — (@2, pI) e S g — Cite, pe)lly

+ min [l pe) = (w,q)[lle.  (7:4.6)
(w,q)eX0xZ0

From (7.2.7), the triangle—inequality, and (7.4.3) we have

= a2 x,, < llu = delle + e — a2

< V2(Jll(u, KV xu) — (e, Pg)|H|s + (e, pe) — (@2, p2)le)
From (7.4.6) one infers
Il (#e, pe)— (2, ) e
S 118 = Clae, po) llyr + lll (u, KV xu) — (e, p) llle + approx (),

where we have used that ||| [[l¢ < || || xxz- Anapplication of a triangle-inequality
for the norm \/H 57 + 112 + V1T 1y + €21,

Ixw) Q) gives

lg—Clite, po)llyr + I (1, KV xt) = (e, p) e
< \Ho(te, p) + \/Hel, KV ) + 1/ He(ie, p,)

< 34/ He(u, KV yu) = 34/ Ge(u) < 3(econs(u) + eH'YO”HLz(Q))-
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Combining the last three displayed fomulas completes the proof. O

Similar to Sect. 7.3.2, a necessary and sufficient condition for (7.4.5) to hold
is the existence of a family of uniformly bounded Fortin interpolators, i.e.,

Q% e LY, Y%), (C(X*x 2°))((1d = Q")Y) =0, sup|Q’[lg(yy) < o

seA
(7.4.7)
Similar to Corollary 7.3.13, we have the following a posteriori error bound.

Proposition 7.4.7. Let (X, Z°,Y?)sep C X x Z x Y satisfy (7.4.5), and let (Q%)sen
be a corresponding family of Fortin interpolators as in (7.4.7). Then with

Ehsc() = (1d = Q")gllvr,

forany (w, q) € X° x Z° it holds that

e — wllx, S \/HE(w, ) + 2sc(8)-

Proof. From [|C(w, q) = glly < |Q° | £(v,x)lIC(w, 4) = 8llgs + &5 () and Propo-
sition 7.4.3 the proof follows. O

Bearing the a priori error bound from Theorem 7.4.6 in mind, this result
shows that a desirable additional property of the sequence of spaces (Y°)sca,
associated with a given sequence of trial spaces (X’ x Z%)sca, gives rise to
Fortin interpolators Q°, asin (7.4.7), warranting for sufficiently smooth g

Egsc (8) = O(égpprox(u> ), or even Egsc (8) = O(égpprox> (u).
We conclude by remarking that, in analogy to the second order formula-

tion, condition (7.4.5) is sufficient for the well-posedness of the corresponding
forward problem, and gives in addition an a posteriori error bound.

Remark. Concerning the initial-value problem (7.2.3), if (7.4.5) holds, then

argmin [|C(w, q) = hlf3s + g = KVxw|Z + 170w — 207, )
(w,q)eX?xZ?

is a quasi-best approximation to (z, KV,z) € X x Z from X° x Z%, and for any
(w,q) € X° x Z°, we have

€@, ) = hZy + g = KV all2 + 0w — 202, o
< llz— wllx + KV sz ~ g1l
< \JIC(w, ) = By + 19 = K0l + [0 — 2], ) + Eelh). O
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7.4.2 Numerical Solution of the Discrete Problem

Recalling the Riesz operator R € Lis(Y,Y’), we can compute a2

component of the solution (A%, 12, p?®) € ¥ x X% x 7% of the linear system

as the second

R Cu Cp | |2 g A
Cl, —(ViKAVi+ Tl Tu+e*vyr0) ViK| |ad?| — |-Thf i| =0,
C, KV, —ld | | poe 0 p

(A, 4, p) € YO x X° x Z°), where for C(-,-) defined by (7.4.2), (C,w)(v) :=
C(w,0)(v) and (Cpq)(v) := C(0,¢)(0).

With ordered bases CIDW CDXJ and ®Z° for Y‘s X9, and Z°, and the known
or obvious notations A%?, ﬂ‘g 2, p, g = g(dDY ), fi,, R, C°, C‘5 M% , and
M5, and J° = (K KOV, @X) ) a, L 1= <1<vxc1>X"1<vxc1>X‘5> Ly(qyir and
N? = (dDZ,édDZé)LZ(Q)d, we find (A%, a%?, p%?) as the solution of

R c C | a0 %

T €
C, —(L+M} +&My) J° | || =|-F]. (7.4.8)
¢’ Pl —N°| [P

Similar to Sect. 7.3.4, one expresses the a postenorl error bound \/ He(”, ps )

(modulo &.(g)) in terms of the vectors A2, #2°, and po?

As in Sect. 7.3.4, in the above system we replace R’ by a uniform precon-
ditioner (K$)~!, whilst keeping the notation for the resulting solution vector
and corresponding function in Y? x X x Z°, and apply Preconditioned Con-
jugate Gradients to the symmetric positive definite Schur complement system

—05,0 T
H || = fo e f(If}g (7.4.9)
pe Yg
where
5 5T 5 T
o [T ME, +EMS 4G KL G KSCp - )

€

e N A e
C, KyC,—]J N°+C, KyC,
With K% from Sect. 7.3.4, and K being spectrally equivalent to the inverse of

0 K
are bounded from above and below, up to constant factors, by max(1, 82) and
€, respectively.

~5§ 0,0 ~ . 6,0 ~0,0 ~
For iy’ =~ ul’, po° ~ p%°, with e, = ul® — iig”, ep = P —po, ey =

6
the mass matrix of ®Z’, the eigenvalues of the preconditioned system Ky O ] H

(eu)TdDXA, ep:= (e p)TCIDZ , we apply (7.2.7) and the arguments from the proof
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7.5.1
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of Proposition 7.4.3 to obtain

HeuHX S Hrweuan Ixw) "‘HBeuH%ﬂ
< Tweull 2(wa)+||C(eu,ep)||§,/—0—Hep — KV.eulk
HrweuHLZ(zxw "’HC(eurep)H%M“‘Hep — KVeu|%

< HFwEuHLZ

1wy TlICew ep) [Tt llep = KVxeulF o+ voeulF, o)

~ {( H® €u

where the last “~

€y
4 7
€p

”-symbol reads as an equality for (K$)~! = R°.
Ty fw + CTKYg
rp|

C, K38 P
2\ —1 ry K$ Ty
max(1, &%) Ao X S
"] | KZrp

< H(gS €y , €y g2 Ty , K;)i(fu ,
ep|’lep rp| | K51y
uniformly in J.

Remark 7.4.8. A reasonable stopping criterion can be determined by the same
reasoning as used in Section 7.3.4. Ignoring again data oscillation we use the

For the residuals

1 —H? li”] it then holds that

a posteriori bound from Proposition 7.4.7 to see whether the pair (ai'é, po0) is
sufficiently close to (ug’é, pg"s). Specifically, we stop the iteration as soon as

i) < e ). o

Construction of a suitable Fortin interpolator

The spaces X° and Y?, or X°, Z% and Y?, that we are going to employ, will be fi-
nite element spaces w.r.t. a partition of the time-space cylinder into ‘time slabs’
with each time-slab being partitioned into prismatic elements. As a prepara-
tion for the derivation of a suitable Fortin interpolator for both the standard
second order formulation from §7.3 and the first order order formulation from
§7.4, we start with constructing certain biorthogonal projectors acting on the
spatial domain.

Construction of auxiliary biorthogonal projectors

Let (7%)sea, (TE)sen be a families of conforming, uniformly shape regular
partitions of Q ¢ R? into, say, closed d-simplices, where 7'5‘5 is a refinement
of 7° (denoted by 7° < T2) of some fixed maximal depth in the sense that
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IT| 2 |T'| for T¢ > T C T' € T°. Thus, one still has dim 7¢ < dim 7°. On
the other hand, setting
o :=sup sup sup iul
. | ll/
OCA T'eTP {TeTS: TCT'}

we assume that ¢ is sufficiently small, so that refinement is sufficiently fine.
Thanks to the conformity and the uniform shape regularity, for d > 1 we

know that adjacent T, T" € T? (or 7'5‘5 ) with TN T" # & have uniformly com-

parable sizes. For d = 1, we impose this uniform ‘K-mesh property” explicitly.
Given a conforming partition 7 of Q) into closed d-simplices, we define

ST as the space of all piecewise polynomials of degree g w.r.t. 7, and for

g > 1, set ST,O = 57-1 TN H}(Q). With 97 we denote the mesh skeleton
Ugrer9T. Next we construct projectors whose range is included in a con-
forming finite element space of prescribed degree on the refined partition and
which vanish on the skeleton of the coarse partition. Moreover, the range of
their adjoints contains all piecewise polynomials of the same degree on the
coarse partition, as specified next.

Lemma 7.5.1. Let ¢ > 1. Then, for a sufficiently small, but fixed o there exists a
family of projectors (Pg )sen with

1, 0,
ran st ) ST‘S 4, ranPL‘; C{we STSZ,O: wlys =0}, (7.5.1)
1Pyl Ly S @iy (T € T2, w € Ly(Q)). (7.52)

Proof. Let T' € T°. Given p € Py4(T'), let ps € HL(T’) denote its continuous
piecewise polynomial interpolant of degree g w.r.t. to the partition ’7;‘5 |7 using
the canonical selection of the interpolation points, where on 9T’ the interpola-
tion values are replaced by zeros.

Obviously, p and ps coincide on each T € T¢|p for which TN 9T = @.
Now consider T € 7'5‘5 |77 with TN 0T’ # @. Equivalence of norms on finite
dimensional spaces, and standard homogeneity arguments show that

1 1 1y =1
lp = psllLyry = 1T12 M = pslliwiry SITIENPILg ey = ITIZIT 2Pl (-

Using the uniform shape regularity of 72 and the definition of o, we arrive at

lp— PSH%Z(T/) = Z lp— PSHL2 (T) ~ S ‘Tl/d||p||L2 )
{TETS|p: TAOT £}

From this closeness of p and pg, one infers that for ¢ sufficiently small,

inf sup (P P)y(r)
0APEPAT) s pes gy P2 1P o)
7%,0

>1, (7.5.3)
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which implies there is a (uniform) L, (T”)-Riesz collection of functions in S TZ N
S /

HJ(T') that is biorthogonal to the L, (T)-normalized nodal basis for P, (T").
Taking PZ,S ' restricted to T' to be the corresponding biorthogonal projector
onto Py(T'), it has all three stated properties. O

As shown in the above lemma, the projectors Pg exist when ’7'5‘5 is a refine-

ment of T° of sufficient fixed depth. Hence, the size of the resulting linear sys-
tems remains uniformly proportional to dim X°, with a proportionality factor
depending on ¢. In applications, one needs to know which depth suffices. The
usual procedure to construct a partition 7 of the closure of a (polytopal) do-
main () is to recursively apply some fixed ‘affine equivalent” refinement rule
to each simplex in an initial (conforming) partition of (). With this approach,
the partition of each T’ € T formed by its “descendants’ of some fixed gener-
ation ¢ > 1 falls into a fixed finite number of classes 7;1(T'), ..., Ty n(o) (T')
By using that the left-hand side of (7.5.3) is invariant under affine transforma-
tions, fixing a reference d-simplex T’ and a refinement procedure of the above
type, given a degree g and a generation /, it suffices to check whether

“(q/ Z) lnf 1nf Sup <p’ p>L2(T,)

~ >0,
1<]<N( ) 0#pePy(T )O?éf’EH(%(T/)mHTeU]-(T’)P‘I(D HPHLZ(T/)HPHLZ(T/)

Remark 7.5.2. Ford € {1,2,3}, g € {1,2,3,4}, and both newest-vertex bisec-
tion and red-refinement, we have calculated the minimal ¢ such that (g, () >
0. In all cases but one, this minimal ¢ equals the minimal generation for which
dim H}(T') N re7; () Py(T) > dimPy(T’). Only ford = 3, g = 4, and
newest vertex bisection, for one of the three classes it was necessary to in-
crease this generation by one in order to ensure uniform inf-sup stability. ¢

Remark 7.5.3. For the construction of the Fortin interpolator in the FOSLS

case, it will be sufficient to replace the conditions (7.5.1)-(7.5.2) on the projec-

tors from Lemma 7.5.1 by the somewhat weaker ones
—-1,4-1

ranP‘5 DS’q +S , ranP‘SCST’ZO,

175 P 7s | 21 () 10 (0)) S 1 (7.5.5)

(7.5.4)

where 715 is the piecewise constant function defined by 5|7 = diam T (T €
7). Note that because of the uniform ‘K-mesh property’, (7.5.5) is implied by
local L;-stability of the form

IP2wl 1) S lwlliy((xen: apm<damry) (T € T, w € L(Q)), (7.5.6)

which, in particular, is implied by (7.5.2).
For d = 1, the codimension of S ’q o TS ’q Yin 8 Tis 1 wheng = 1,
or 0 when g > 1. Since we do not expect to beneflt from the relaxation of the
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7.5.2

i 5 049 . — ) 0,9 _
condition raan C{we 87.55,0. w|aT<> =0} to raan - 87_55,(), ford =1, we

doubt that the relaxed conditions hold for any less deep refinement 7 of 77.

For d > 1 and any fixed degree g, however, the aforementioned codimen-
sion is ~ dim S 7(51 ‘7, and we may hope that a less deep refinement 79 of 7°
suffices to satisfy the relaxed conditions.

So far we have studied this issue in one particular exampleof d = 2,4 = 2,
and the red-refinement rule. For this case, we could show the existence of the
projectors from Lemma 7.5.1 when 7¢ is created by applying two recursive
red-refinements to each triangle from 7°. In the appendix, we show that orne
red-refinement already satisfies the relaxed conditions (7.5.4) and (7.5.6). ¢

Remark. When Pq& is an Lp-orthogonal projector onto a finite element space,
(7.5.5) is known to ensure its H!-stability (see e.g. [BY14]). O

0,4 -1g4-1 : 0.9 -1,0
Remark. Spaces of type 87_6’0 +8,," , ormore precisely 87'5,0 +8,,", have
been used as approximation spaces for the pressure in Stokes solvers to ensure

local mass conservation (see e.g. [Chel4]). O

Remark. Also for the construction of the Fortin interpolator for the standard

second order formulation, it suffices when ran P; "> 8(7).’2 ot S;}’q*l instead

of ran P;f D S,;;’g . The second condition in (7.5.1) turns out to be essential. ¢

Standard, second order formulation

For this formulation our construction of a suitable Fortin interpolator will be
restricted to second order elliptic spatial differential operators with constant
coefficients on convex domains, and lowest order finite elements w.r.t. parti-
tions of the time-space cylinder that are Cartesian products of a quasi-uniform
temporal mesh and a quasi-uniform conforming, uniformly shape regular spa-
tial mesh into d-simplices.

Consider the families of partitions (7°)sca and (7¢)sca of O C RY of
§7.5.1. Assuming them to be quasi-uniform, we set hs := maxq 7 diam T’
(not to be confused with the piecewise constant function 7).

Let (Z°%)scp be a family of quasi-uniform partitions of I into subintervals,

where the lengths of the subintervals in Z° are =~ h;. We denote by Sz_jl'q and
ng the space of all piecewise polynomials or continuous piecewise polyno-
mials of degree g w.r.t. Z°, respectively.

Theorem 7.5.4. Let QO C R? be a convex polytope, a(t;8,) be of the form (7.4.1)

for constant K, b and ¢, and let X° := Sg'él ® S%,O C Xand Y° := SI}L] ®

S%},O C Y, where T is a sufficiently deep refinement of T° such that a projector P

as in Lemma 7.5.1 exists. Then, a Fortin interpolator Q° as in (7.3.8) exists, and for
g € F:=Ly(I) ® HY(Q) N H2(I) ® H1(Q), it holds that e} () < h3.

0osc
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Remark. For this (X°)sca, and a sufficiently smooth u we have egpprox(u) <
hs where i 1n general an approximation error of higher cannot be expected. So
indeed, eJ..(g) is of higher order as desired, cf. (7.3.10).

Proof. We will construct uniformly bounded Q¢ € £(Ly(I),Ly(I)) and QS €
L(HAQ),H}(Q)) withran Q¢ C SI}M, ran Q) C 3% , and
g/

01 5 . 0,1 o
<SI‘, ,ran(Id — Qt)>L2(I) =0= <dtSI" ,ran(Id — Qt)>L2(I),

(Sp+ S%O,ran(ld—Qf()>L2(Q> = 0= (KV,8%, Viran(ld—Q}) )

Then one verifies that Q° := Qf ® Qi satisfies the conditions in (7.3.8).
A valid choice for Q¢ is given by the L, (I)-orthogonal projector onto 81_51’1.
It satisfies in addition

I(1d — Q7)' ||£ H2() L (1)) S F5- (7.5.8)

We seek ch as Q;M + Q I 4 Q 4 with ran Q % ran Q S SOT} s.t.

SI
1921 i) H) S 1 [Hd = Q" (Q),Ly() S Hes (7.5.9)
<KVXST(, o Vxran(ld — Q¢ )>L _— (7.5.10)
2
@) S 10d = Q) | 2en(ayray) S For (7.5.11)
1,0 } 1 B,

<ST,50+STJO,ran(Id—Qx )>L2(Q) 0= <KVXST(, o Varan Qy >L2(Q)d'
(7.5.12)

One easily verifies that

Id — Q) = (Id — Q) (1d — Q2*),

which, together with the first relation in (7.5.12), yields the first relation in
(7.5.7). Moreover, from (7.5.10) and the second relation in (7.5.12) one deduces
the second relation (7.5.7).

Similarly, observing that Q) = 40 4+ 0B%(1d — 04°) in combination

with (7.5.9), ||Qf’5||£(L2(Q),L2(Q)) < 1, and the inverse inequality || || ;1) <
_ , 5 .

hy 1l IL,(c0) O S%%’O > ran Q5?, one infers that ”QiHL‘(Hé(Q),Hé(Q)) < 1. Thus,
all claimed properties of Q2 have been verified.

Before turning to Q4 and QF°, we estimate ed..(g). For g € F, we have

1(1d — Q°)'glly < 1(1d — Q%) [l z(r oy lIglF = I1d = Q°ll £y, I8 -

Writing

Id—Q° = (Id® (Id — Q%))(Q} @ 1d) + (Id — Q%) ® 1d,
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from Ly(I) ® HY(Q)" < F/, H*(I) @ H}(Q) — F/, and [|Q} || £(1,(1),1,(1)) < 1
we infer

1d—Q° [l v,y SITAR (A= Q) | £y, 1, (Nt ()
+)(1d—Q9) ®1d|| £y, 12 (1yeHy ()
= HId—ch||z:(H3(Q),H1(Q)’) +[1d-Qf l2(wa(n,m2(1y)
< 1A= Q% Il 2100, 1) 114 = Q2 | a3 0,10 ()

A=) | k21, L (1))
< hshs+h2,

where we have used (7.5.8), (7.5.9), and (7.5.11).

We now identify the operators Qf"s, Q,If/‘). For Qf"s, we take the ‘Galerkin’
projector onto 8%,0, i.e. the orthogonal projector w.r.t. (KVy+, Vi) - It
satisfies (7.5.10), and HQ?"SHE(H(%(Q),H(%(Q)) =1

Thanks to () being a convex polytope, the homogeneous Dirichlet prob-
lem with operator — div KV is H?-regular. Indeed, by making a linear coordi-
nate transformation that transforms the convex polytope into another convex
polytope ([Ash15]), the operator reads as —A for which the regularity result is
well-known. Consequently the usual Aubin-Nitsche duality argument shows

13d = Q¢*)oll 0y S sV (Id = Q)] 1y < sl Vol e

for v € H}(Q). This verifies the validity of (7.5.9).
Next, we take QE"S = Pf as constructed in Lemma 7.5.1. It satisfies ran P{s C
8(7)’;},0’ \|Pf||£(L2(Q),L2(Q)) < 1, and ran Pf, 2 S,;}’l. The last property shows

the first condition in (7.5.12). Using the uniform boundedness, one concludes

l(1d — P{S)'wHLZ(Q) N i;f]] [w —vllL,) < hslwl gy,
s N
7'1)

which is the second condition in (7.5.11). The second condition in (7.5.12)
follows by an element-wise integration-by-parts from w75 = 0 for any w €

ran Pf ,and the fact that S%!

7 ¢ is a space of continuous piecewise linears. [

FOSLS formulation

We construct a suitable Fortin interpolator for the FOSLS formulation of our
data assimilation problem. In contrast to the standard second order formula-
tion, we allow now non-convex domains 2, higher order finite element spaces
w.r.t. possibly non-quasi-uniform partitions into prismatic elements. How-
ever, the time-space cylinder must be partitioned into time slabs.

6This argument is the sole reason the theorem is restricted to lowest order trial spaces X°.
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Theorem 7.5.5. As in Theorem 7.5.4, let a(t; 0, {) be of the form (7.4.1) for constant

K, b and c. For (I° = (([t, tf+l])i)5€A being a family of partitions of I, we consider

(X2)senr (Z°)sen, and (Y0)sen that satisfy
X0 {w e C(LHy()): wl s ) € Poltd, 1) @S8A Y, (7513)
) ,
YOY 2 {oeYiv|pp )€ Py, 8,1) ® 872‘?{,0},7
7% C {q € Ly(I; H(div; Q)): Al ) € Pyo1 (8,8, ® 2‘751,}, (7.5.14)

where div Zg, C S ’q ! and where for each i, T is some partition from (T°)sc

with corresponding reﬁnement 7'S (Td)sen-
Then for T2 being a sufficiently deep reﬁnement of T? such that a projector Pj; as
in Remark 7.5.3 exists, a Fortin interpolator Q° as in (7.4.7) exists, and

—(5 2 < 2
eosc 2 Z { inf Hg - PH 0 46 T
i preg \PEP(E K, )L (T') La(f 1) T")

/
Fdam TPt e P }
Remark 7.5.6. In view of balancing the approximation rates for smooth func-
tions by X? in X and Z? in Z, for X° and Z° being the spaces on the right-hand
side of (7.5.13) or (7.5.14) (in the latter case, possibly with ¢ € L, (I; H(div; (}))
reading as g € C(I; H(div;()))), a natural choice for Zqﬂ is the Raviart—
Thomas space of index g or the Brezzi-Douglas-Marini finite element space
of index min(1,g — 1) w.r.t. 7°.

Notice that with these definitions of X% and Z?, for sufficiently smooth g
the local oscillation error is of higher order than the expected local approxi-
mation error by X? in X and Z° in Z.

Proof. For (w,q) € Xx 7%, 0 €Y, taking Zg,(,»]_ C H(div; Q) into account,
integration-by-parts shows

// aw divxq+b-wa+cw>vdxdt.

Now let (Q)sca denote a family of operators Q) € L(H}(Q), H}(Q)) with
uniformly bounded norm, with the properties

+877ran(ld — Q) ) =0.  (7.5.15)

_ 0,
ran Q% C STSZ o <ST‘5O

Moreover, let in be the L (I)-orthogonal projector onto P (# Then, the

g i’ z+1)
operator Q° defined by

(Qtsv”(tf,tf YxQ) (Qq ®Qx) | (t,8,)x Qv

7If it were not for guaranteeing an oscillation error of higher order, then the polynomial de-
gree in the time direction could be reduced to g — 1.
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satisfies the conditions of (7.4.7).
We again seek Q2 of the form Q% = Q2 4+ Q8¢ 1 98234 where

ran O ran OB* ¢ 81

Ton <Soq +85 L= 1ran(Id QB )> =0.

L(Q2)
Then from Id — Q" (1d — Q%) (1d — Q2), we infer that (7.5.15) is satisfied.

We take Q47 to be the Scott-Zhang quasi-interpolator onto 8> . and

T
B0 — Pg from Remark 7.5.3. Writing Q) = 240 4 P‘?(Id — Qe ), 1Sm1form
boundedness of Q5 € L(H}(Q), H}(Q)), 1i; 1 (1d — Q27) € L(H}(Q), LZ(Q)),
as well as hgngh(g € L(L2(Q), L2(Q)), and || - [| i) £ [yt 1,0 on S
imply the uniform boundedness of Q% € L(H}(Q), H} (Q)).

For p; € Py(0,£0,1) ® Lo(Q)), i € Lo (t, 0, 1) ® S;(sli’qfl, andy €Y, we have

TS0

(¢0d-Qw), —;T/zﬂ< ((1d - Q) @1d)(g — p:).y )
+L ¥ ((ded-p))(g—p), Q@ (1d— 0iy)

i TreT

Lo((#, tfﬂ)xT’)

N 7
La((E,,)<T")

since P, (2, 0 1) is reproduced by Qq, and S 5 vt by P‘5 The first double
S
sum is bounded by a constant multiple of

VMT’ rilg =Pl s e W lEaixr)

ly
On account of ||h5Pg iy 1||£(L2(Q),L2(Q>) <land

11d — Q)| ) < (diam T")[o] 1

. AV
U{T”e?'b[: T”mT’#z}T )

one sees that the second double sum is bounded by a constant multiple of
\/Zi ZT’ET‘SI' (dlam T/)ZHg — Pi ||i2((t;-5,tf+l)><T’) HyHYr ShOWing the result. [

Numerical experiments

We investigate our formulations for solving the data assimilation problem nu-
merically. As underlying parabolic equation we select a simple heat equation
posed on a spatial domain Q C R?, and we take T = 1, i.e. I = [0, 1].

We use NGSolve, [Sch97, Sch14], to assemble the system matrices and for
spatial multigrid. We employ a preconditioned conjugate gradient scheme for
solving the corresponding Schur complement systems (7.3.13) from §7.3.4 and
(7.4.9) from §7.4.2.
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7.6.1 Unit interval

158

We start with the simplest possible situation where d = 1, and Q := [0, 1].
We subdivide I and Q into 1/hs € N equal subintervals yielding Z° and 77
respectively. We then select our discrete spaces as tensor-product spaces

0,1 0,1
X =88

5 - 11 0,1 .— ¢—L0 01
Yoy Y= V=S, @SU, 20:=8 08y (761)

0/

with 7 found from 7° by recursively bisecting every subinterval £ times.
As follows from Sect. 7.5, in our current setting, for both second order

and FOSLS formulation, for £ > 2 uniformly bounded Fortin interpolators
exist, i.e., (7.3.8) or (7.4.7) are satisfied, so that the minimizers u§’5 e X°
and (%, p2?) € X° x Z°% of G¢ or H? exist uniquely, and satisfy the a pri-
ori bounds from Theorem 7.3.9 or Theorem 7.4.6, as well as the a posteriori
bounds from Corollary 7.3.13 and Proposition 7.4.7. Moreover, these Fortin
interpolators can be selected such that for sufficiently smooth datum g the
order of the data-oscillation term €% (g) or & (g), that are present in the a

posteriori bounds, exceeds the generally best possible approximation order

that can be expected. Consequently, for ¢ = 2 the expressions Gg(uf"s) or

H}§ (@, p2?) are, modulo a constant factor and oscillation terms of higher
order, upper bounds for the X;-norm of eg = ug — ug’b or é‘g = ug — ﬁg"s.

We will use this fact to explore in subsequent experiments also whether it
would actually be harmful in practice to take £<2 (resulting in lower compu-
tational cost). Note that the choice of the refinement level £ in Yg or Yf affects,
on the one hand, the quality of the numerical solution 1%? and, on the other
hand, the reliability of the a posteriori error bound. We will denote below by
{ the refinement level used to compute ug"s, and by L the refinement level in
Y? or Y? used to compute the a posteriori error bounds. Since these ‘reliable’ a
posteriori error bounds with L = 2 apply to any function from X° (taking for
the second argument of H? any argument from Z°), we have also used them,
in particular, to assess the quality of the numerical approximations based on
taking Y or Y§ instead of Y3 or Y{.

Equipping 82_51’1 with basis ®¢, and S%},o with @, the representation of

the Riesz isometry Y% — Y9 reads as R’ = (@2, ¢?>L2(1) @ (VP?, VCD@LZ(Q)""
Taking ®? to be Ly(I)-orthogonal, the first factor is diagonal and can be in-
verted directly. With MGS =~ (V®S, V®S)~!  a symmetric spatial multi-

12(0)
grid solver, we define K§ := (®?, d >221( n® MG. = (R%)~!, which can be

applied at linear cost. As explained in §7.3.4 and §7.4.2, all considerations
concerning the discrete approximations u2 or (2, p??) remain valid when
R’ in the matrix vector systems (7.3.12) or (7.4.8), that define these approxi-
mations, is replaced by (K$)~!, and despite this replacement we continue to

denote them by uf"s and (ﬂg"s’ pf"s ).
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Figure 7.1 Estimated errors for the unit interval problem with consistent data.

Equipping X’ and Z° with similar tensor product bases, for the efficient

iterative solution of the Schur complements (7.3.13) or (7.4.9) that define u's J

or (2%, p®9), for W € {X, Z} we use a preconditioner K%, that can be applied
at linear cost and that is uniformly spectrally equivalent to the inverse of the
representation of the Riesz isometry W’ — W¢'. The construction of K‘% does
not pose any difficulties, and for the construction of K%, that builds on a sym-
metric spatial multigrid solver that is robust for diffusion-reaction problems

and the use of a wavelet basis in time that is stable in Ly(I) and H!(I), we
refer to [SVVW21].

Consistent data  As a first test we prescribe the solution

u(t,x) = (24 1) sin(mx), (7.6.2)

take w = [1, 3] and use data (g, f) that are consistent with 1. We computed ul?®

and (i1%?, p2?) for € = h;, being the largest value of ¢ (up to a constant factor)
for which we expect that the regularization doesn’t spoil the order of conver-
gence. Indeed, we expect that eappmx(u) ~ eapprox( u) =~ hs. For both the sec-
ond order and the FOSLS formulation, F1gure 7.1 depicts the a posteriori error

estimators \/G‘S ) and \/H‘s (@, p2) for (£,L) € {(2,2),(0,2),(0,0)} as

a function of dim X‘S ~ h;? 5 - The two formulations show very similar per-
formance. Moreover, the observed convergence rate 1/2 is the best possible
given our discretization of piecewise linears on uniform meshes. Concerning
the choices for £ and L, the results for L = 2, that give reliable a posteriori
error bounds, indicate that there is hardly any difference in the numerical ap-
proximations for test spaces Y3 or Y¢, respectively, Y{ or Y, i.e., for £ = 2 or
¢ = 0, so that we will take ¢ = 0 in the sequel. For the second order formula-
tion, the value of the a posteriori estimator evaluated for L = 0 is significantly
smaller than that for L = 2, but it shows qualitatively the same behaviour. In
view of this observation, we will also use L = 0 in what follows.

7.6 Numerical experiments
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Second-order formulation FOSLS formulation
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Figure 7.2 Condition numbers of the preconditioned system for a number of reg-
ularization parameters.

System conditioning  To see how the choice of ¢ affects the condition number of
the preconditioned systems (7.3.13) and (7.4.9), we computed these condition
numbers for various ¢ and decreasing mesh sizes. The results depicted in
Figure 7.2 illustrate that for fixed £ > 0, the condition numbers are uniformly
bounded. We show the values for ¢ = 2; for £ = 0, they are very similar. It
also reveals that the growth in terms of ¢ is far more modest than the upper
bound ~ &2 on the condition numbers we found in Sect. 7.3.4 and 7.4.2.

Inconsistent data  In case of inconsistent data, there exists no state that exactly
explains the data, and econs(#9) > 0. In this case, it does not make sense to
approximate 1y within a tolerance that is significantly smaller than econs(40).
Considering for the second order formulation the a priori estimate

g — ud?®

Xy S econs(MO) + egpprox(uO) + EH’)’OMOHLZ(Q)

from Theorem 7.3.9 and taking the fact into account that choosing ¢ small has
an only moderate effect on the conditioning of the preconditioned linear sys-
tem, in the following we take ¢ of the order of the best possible approximation
error that can be expected, so that e[| youol|r, () < egpprox(uo). Then ideally

we would like to stop refining our mesh as soon as egpprox(uo) A Ceons(Up)-
In order to achieve this we use the a posteriori error estimator. From Corol-
lary 7.3.14 we know that

econs(”O) ,S Gg(u‘f"s) + egsc (g)r

where, following the reasoning from the proof of Proposition 7.3.4,

V&) < \/62u%) < \JGo(Pysno) < \/GelPyaro)

SJ egpprox<u0) + eCOHS(u()) + ‘SH’)/OMHLZ(O)'
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Figure 7.3 Estimated errors for the interval problem for varying inconsistent data.

We selected (Y%)5ep such that, in any case for sufficiently smooth g, the or-
der of €..(g) is equal or higher than the generally best possible order of the
approximation error, so that €. (g) < egpprox(uo). In view of our earlier as-
sumption on ¢, we conclude that

econs (10) S GS(M?"S) < econs (o) + egpprox(uo)'

Exploiting a common uniform or adaptive refinement strategy, it can be
expected that egpprox(uo) decays with a certain algebraic rate p < 1. Unless
econs (1) is very large, it can therefore be expected that in the early stage of

the iteration the a posteriori error estimator |/ G§ (ug'é) decays with this rate,

whose value therefore can be monitored. By contrast, as soon as egppmx(uo)
has been reduced to Cecons(1g) for some constant C > 0, the reduction of

v/ Gg(ug’é) in the next step cannot be expected to be better than lli—ccp Taking
C = 1/3, our strategy will therefore be to stop the iteration as soon as the

observed reduction of /G (u‘?) is worse than i—ccp

We have implemented this strategy, and a similar one for the FOSLS for-
mulation, where we apply the discrete spaces as in (7.6.1), take ¢ = h;, and
again consider the unit interval problem (7.6.2) but now perturb the measured
state f = u|;«, by adding A1 to it for various values of A.

From the results in Figure 7.3 we see that the error estimators decrease at
first, but then stagnate in the aforementioned sense, at which point we exit
the refinement loop (indicated by a x-sign). Further refinement (indicated
by the thin dashed lines) is not very useful, and the error estimators stabilize
to a value just below A|w|!/2, being the Ly(I x Q)-norm of the perturbation
we added to the consistent f. Knowing that the error estimator converges to
econs (1o) (see Remark 7.3.10), we conclude that (0,1) € Y’ x Ly (I x w) is close
to orthogonal to ran B,,. We note that / = L = 2 produces very similar results.

7.6 Numerical experiments
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Figure 7.4 Estimated errors for the consistent unit square problem with w :=

[%, %]2 using piecewise linears and quadratics.

Unit square

We choose Q) := (0,1)2. We again subdivide I into 1/hs € N equal subinter-
vals yielding Z°, and Q) first into 1/h; x 1/hs squares and then into 2/h? tri-
angles by connecting the lower left and the upper right corner in each square
yielding 7. For a polynomial degree g, we take ¢ = h. Following the discus-
sion in Sect. 7.6.1, we select £ = L = 0 and take our discrete spaces as

5. c04 0.9 5. o lA 0.9 o . o La-1 0.q
X =Syl oS, =SS, V=8 e S,

and Zf; = I}l’qfl ® Z;’,(;, with Zz.é the BDM space of index min(1,q4 — 1).
Note that the degree g — 1 in the temporal direction of YV‘; guarantees an oscil-
lation error of the same order as the approximation error, cf. Footnote 7.

We define the preconditioners K‘f,, K9, and K‘)S( similar as in the 1D case.

Consistent data  We select w := [}, 3]? with prescribed solution u(t, x,y) :=

(3 + 1) sin(7tx) sin(7ty) and consistent data (g, f). Figure 7.4 shows for both
formulations and g € {1,2} the error estimators as a function of dim X’ ~
h5_3. The choice of preconditioners allows us to reach the desired tolerance
(r,K%r) < 2G4(12°) = 5.937 - 1071 for a system with 268 434 945 unknowns
in only 96 iterations. The two formulations again exhibit similar performance,
and the observed rate q/3 is the best possible, in line with Theorem 7.5.5.
Moreover, we see that while theory is incomplete for the second order formu-
lation in practice it works well also for piecewise quadratics.

Thanks to X; — C([r,1],L2(Q2)), the time-slice errors ||e§(t)||L2(Q) and
& (t) |1, () are bounded by multiples of €], or [|&] x,, respectively. Fig-
ure 7.5 shows these time-slice errors for both formulations using piecewise
linears, i.e., g = 1. We see that for both formulations, the time-slice errors
converge with the better rate 2/3, and that these errors deteriorate for ¢ \, 0.

Chapter 7 Accuracy controlled data assimilation for parabolic PDEs
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Figure 7.5 Time-slice errors for the consistent unit square problem with w :=

(3.3

using piecewise linears.

1072 .

1073 4

1074 4

10—5 .

— linears
—-=—=- quadratics

W=

10° 104 10° 10° 107 108
dimx?®

104 10° 10° 107 108
dimx?®

Figure 7.6 Second order formulation for the consistent unit square problem with

w = [7 2]2. Left: error estimators; right: time-slice errors.

167 16

This deterioration becomes much stronger when diamw — 0: taking for

example w := [%, 19—6]2, Figure 7.6 shows that while the error estimators re-
main nearly unchanged, the time-slice errors fan-out an order of magnitude
more than in the case of w := [, 3]2.

Inconsistent data Finally, we return to the case of inconsistent observational

data. Again taking u(t,x,y) := (£ + 1)sin(rx)sin(7ty) and w = [L, 37,
we select consistent forcing data ¢ := Bu but perturbed observational data

f := u|1xw + AL. Running the strategy outlined in Sect. 7.6.1 with C = 1/3,
with uniform refinements and choosing & = h;, yields the results of Figure 7.7.
We see a situation very similar to the unit interval case: the error estimators
decrease at first and then stagnate, at which point we exit the refinement loop.
Error estimators again stabilize at around A|w|!/2.

7.6 Numerical experiments
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Figure 7.7 Estimated errors for the square problem for varying inconsistent data.

Concluding remarks

We saw that basing data assimilation for parabolic problems on time-space
formulations that are stable at a continuous level, and related regularized
least squares functionals, has a number of conceptual advantages: one ob-
tains improved a priori error estimates as well as a posteriori error bounds.
Among other things the latter ones are important for determining suitable
stopping criteria for iterative solvers. Moreover, the design of corresponding
preconditioners is based on the infinite-dimensional variational formulation.
We showed that for each fixed regularization parameter e the preconditioner is
optimal relative to the condition of the regularized problem so that the numer-
ical complexity remains under control. Moreover, the regularization parame-
ter is disentangled from the discretizations, so one can optimize its choice.

Furthermore, it will be interesting to relate the present results to the re-
cent state estimation concepts in [BCD*11, CDD*19, MPPY15] providing er-
ror bounds in the full energy norm || - || x at the expense of certain stability
factors reflecting a geometric relation between X and a certain space of func-
tionals providing the data which, in turn, quantifies the “visibility” of the true
states by the sensors. A further important issue is to explore the use of the ob-
tained “static” methods for “dynamic data assimilation”. In this context the
underlying stable variational formulations are expected to be crucial for the
use of certified reduced models.

A price for building on the above “natural” variational formulations—in
the sense that no excess regularity is implied—is to properly discretize dual
norms. As pointed out earlier in Remark 7.4.5, this is avoided in [FK21] by
replacing the term ||C(w, q) — §||2, in He(w; q) (for K = Id) by the L,-residual
IC(w,q) — g||%2( I,(00)) BeINg reduced to using then a somewhat weaker ver-

sion of the Carleman estimate, we would obtain a statement similar to that
in Corollary 7.4.4, but with an approximation error Egpprox(u) measured in a
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somewhat stronger norm

min |[u—wl|x+ || Vxu—qllz+|0su—Lu—(drw—divy q) |1, (1,1, (0))-
{(w,q)eXx 79
drw—divy g€La (IL2(Q))}

Finally, optimal preconditioning in the space {(w,q) € X° x Z°: 9;w —
divy g € Ly(I; L2(Q2)) }, equipped with the graph norm, is a challenge.

On the other hand, we also have the standard, second order formulation
whose implementation is cheaper, and at least in the above experiments per-
forms well also in cases beyond the regime so far covered by theory.

Construction of the biorthogonal projector as in Remark 7.5.3 for
d = q = 2 and one red-refinement

: 0,2
A basis for 87_5,0

the usual nodal basis for P;(T’), and the union over the internal edges of 7
of the continuous piecewise quadratic bubble associated to that edge, whose
support extends to the two neighbouring triangles in 7°. Indeed, one easily
verifies that this set of functions is linearly independent, and that each func-

. . 0,2 I R
tion from either 87_5/0 or ST5 is in its span.

We consider the restriction of this basis to one T" € T?, and subsequently
transfer it into a collection of functions on a ‘reference triangle’ T with |T| =1

by an affine transformation. We denote the resulting functions as indicated in

the left of Figure 7.8.

e

+ S;}’l is given by the sum of the union over T" € 7 of

le/olo e 0 4

10D
e

0 0

NG
Nl=
NG
[NE

Figure 7.8 Left: Basis functions at the ‘primal side’ with the indices of the missing
basis functions obtained by permuting the barycentric coordinates. Right: Notation
at the ‘dual side’.

At the “dual side’, we consider the nodal basis of the continuous piecewise
quadratics w.r.t. the red-refinement of T, where we omit the basis functions
associated to the vertices of T. We denote these basis functions as indicated in
the right of Figure 7.8.

We now apply the following transformations:

1. On the primal side, we redefine

A

7
110 ClioT 10 (v1,00 +20,1,0) + 350,01,

0

NI
D=
NG

7.A Construction of a biorthogonal projector
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and update e; ;1 and e, 1 1 analogously. As a consequence, we obtain
203 0.2:2

span{e%l%,o, 6%,0,% , 60,%,% } 1L span{ﬁl,oro, 50[1/0, 170,0,1 } .

2. On the dual side, we redefine

~ 1 ~ 7 ~
€114 7561140 mm€a1,t+e
110 ¢ mly10 ~ o183 10 o)

13
44

1 1}and

1202
€114,61,1,6,11} became biorthogonal. The functions e_, 3 1

{ 2307 jroljl'oxj/j} . & . ﬂ(g.qlo
any permutation 7r, will not play any role anymore, and will be ignored.

and update €10} and &, 11 analogously. Then {e% 10€10,17

) for

3. On the dual side, we redefine

01,0,0 3 =1 —1{ |D100
270,1,0 — 12 -1 3 -1 ?70,1,0
Tp,0,1 -1 =1 3] |%o0a

Now, {01,0,0, 00,1,0, 90,0,1 } and {51[0/0, 50[1[0, ?70’0,1 } are biorthogonal.

After these 3 steps, the 6 x 6 ‘local generalized mass matrix’ that contains
the L, (T)-inner products between all primal functions, grouped into v- and e-
functions, and all (remaining) dual functions, grouped into 9- and é-functions,
Id 351d— 31

has the 2 x 2 block structure , with 1 the 3 x 3 all-ones ma-

trix (and with the é-functions ordered as the ‘opposite” v-functions). The in-
vertibility of this matrix confirms that both collections of 6 primal and 6 dual
functions are linearly independent.

We use these primal and dual functions on the reference triangle T to con-
struct collections of primal and dual functions on Q) by the usual lifting by
means of an affine bijection between T and any T’ € 7°. When doing so, we
connect the functions of e or é-type continuously over ‘their” edges, and omit
them on edges on 9.

Each function of v or 9-type is supported on one T’ € 7°, and we multiply

them by the factor | T’ |’% The functions of e or é-type are supported on two

adjacent T/, T" € T°, and we multiply them by the factor (|T'| + |T" -z

By construction, the resulting primal and dual collections, denoted by @°
and @°, are uniformly Ly(Q)-Riesz systems, with mass matrices whose ex-
tremal eigenvalues are inside the interval spanned by the extremal eigenval-
ues of the corresponding primal or dual mass matrices on the reference trian-
gle.

5 _ Q02 -1, %6 02 : 5
Furthermore, span®’ = ST5,0 + 8,7, and span®’® C 87'5‘5,0’ with T¢

being constructed from 7° by one uniform red-refinement.
The generalized mass matrix, i.e., the matrix with the L,(Q)-inner prod-
ucts between all primal functions, grouped into v- and e-functions, and all
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dual functions, grouped into ¢- and é-functions, has the 2 x 2 block struc-

ture llg f; . The uniform L,(Q)-Riesz basis property of both ®° and &°
shows that the spectral norm of the non-zero off-diagonal block is uniformly

Id —x

0 Id

dual uniformly L,(Q)-Riesz systems that are biorthogonal, where span ®° =
0,2 ~1,1 % 0,2

STJ,O + STJ and span &’ C STS‘S,O'

bounded. By now redefining ®° < [ 1 ®°, we obtain primal and

In view of the supports of the dual functions, and those of the primal
functions before the last transformation, we infer that the support of a func-
tion in @° is contained in either one T’ € T? (d-type), or in the union of
two triangles from 7? that share an edge (é-type), and that the support of
a function in ®° is contained in either the union of two triangles from 77 that
share an edge (e-type), or in the union of T" € 7? and those at most three
T" € T° that share an edge with T'. We conclude that the biorthogonal pro-
jector P9 : u +— (u, CI>5>L2(Q)CT>5 satisfies both conditions (7.5.4) and (7.5.6).

7.A Construction of a biorthogonal projector
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8.1

On p-robust saturation on
quadrangulations for elliptic PDEs

Abstract  For the Poisson problem in two dimensions, posed on a do-
main partitioned into axis-aligned rectangles with up to one hanging node
per edge, we envision an efficient error reduction step in an instance-
optimal ip-adaptive finite element method. Central to this is the problem:
Which increase in local polynomial degree ensures p-robust contraction of
the error in energy norm? We reduce this problem to a small number of
saturation problems on the reference square, and provide strong numeri-
cal evidence for their solution.

Introduction

We consider the Poisson model problem of finding u : () — R that satisfies
—Au=f inQ, u=0 onadQ), (8.1.1)

where () C IR? is a connected union of a finite number of essentially disjoint
axis-aligned rectangles, and f € Ly(Q)). Given a 1-irregular quadrangulation
T of the domain into essentially disjoint axis-aligned rectangles, let U7 be
the space of continuous piecewise polynomials of variable degree w.r.t. 7 that
vanish on the domain boundary, and let uy € Uyt be its best approximation
of u in energy norm. We are interested in the following contraction problem:

Problem Which (hp-)refinement T of T ensures contraction of the energy er-
ror, in that
[Vu = Vuz|,q) < al|Vu = Vur|lr,q)

for some fixed « < 1 independent of 7 and its local polynomial degrees?
It is well known that this problem is equivalent to the saturation problem of
finding T for which

|Vur = Vuz|,) < pllVu = Vur|,q) forsome p>1;

in this work, we will study the saturation problem, posed locally on a patch
of rectangles around a given vertex.

This chapter is a minor modification of On p-Robust Saturation on Quadrangulations,
J. Westerdiep, Computational Methods in Applied Mathematics, 20(1):169-186, 2020.
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The idea of hp-adaptive finite element methods started gaining momen-
tum in the eighties with the seminal works of Babuska and colleagues [GB86a,
GB86b]. They showed that for certain elliptic boundary value problems, care-
ful a priori decisions between h-refinement and p-enrichment can yield a se-
quence of finite element solutions that exhibit an exponential convergence rate
with respect to the number of degrees of freedom (DoFs).

Since then, a lot of research has been done on hp-adaptive refinement
driven by a posteriori error estimates, but despite the interest, it was not
until 2015 that Canuto, Nochetto, Stevenson and Verani [CNSV17a] proved
the instance optimality—and with it, exponential convergence—of one such
method. The method alternates between (i) a module that refines the trian-
gulation to reduce the energy error with a sufficiently large fixed factor, and
(i) an hp-coarsening strategy developed by Binev [Bin18] that essentially re-
moves near-redundant degrees of freedom to yield an instance optimal trian-
gulation. The sequence of triangulations found after each hp-coarsening step
then exhibits the desired exponential decay.

In [CNSV17a], the error reducer of step (i) was a typical h-adaptive loop
driven by an element-based Dorfler marking, using the a posteriori error esti-
mator of Melenk and Wohlmuth [MWO01]. The efficiency of this error estimator
is known to be sensitive to polynomial degrees, which can lead to a runtime
that grows exponentially in the number of DoFs.

In [CNSV17b], Canuto et al. explore a different error reduction strategy.
It is an adaptive p-enrichment loop driven by a vertex-based Dorfler mark-
ing using the equilibrated flux estimator, which was shown to be p-robust in
[BPS09]. They show that solving a number of local saturation problems, posed
on patches around a vertex in terms of dual norms of residuals, leads to an
efficient error reducer. They were able to reduce the problem, stated on tri-
angulations without hanging nodes, to three problems on a reference trian-
gle, and provided numerical results indicating that uniform saturation holds
when increasing the local degree p to p + [Ap] for any constant A > 0, but
that an additive quantity of the form p + # is insufficient.

Finally, in [CNSV19], Canuto et al. present a theoretical result solving slightly
ill-fitted variant on one of the reference problems. Whereas the former two
works discuss partitions of the domain into triangles, the latter proves a result
on the reference square instead. As a first step towards repairing this incon-
sistency, the present work considers quadrangulations. Our goal of adaptive
approximation requires us to consider partitions with hanging nodes, which
introduce complications. A key contribution in this regard has been made by
Dolejsi, Ern and Vohralik in [DEV16].

Contributions

This work has two related goals. In a larger context, we take a step in the di-
rection of a polynomial-time ip-adaptive FEM with exponential convergence
rates. In particular, we are interested in finding an efficient error reducer.
To this end, we reduce the saturation problem to a small number of problems
on the reference square, and provide numerical results suggesting these prob-
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8.2

8.2.1

8.2.2

lems may be solvable theoretically. We detail the computational aspect as well,
so that the numerical results are easily reproducible.

On a lower level, this work aims extends the reduction to reference prob-
lems of [CNSV17b] from regular triangulations equipped with polynomials of
certain total degree to the situation of 1-irregular quadrangulations with poly-
nomials of certain degree in each variable separately. Allowing 1-irregularity
makes for a rather involved adaptation of the original result, as the refined
regular patches are not necessarily composed of elements containing the orig-
inal vertex.

Organisation

In §2, we will establish our notation. In §3, we show a contractive property
within (hp-)adaptive finite element context, under a local patch-based satura-
tion assumption. In §4, we reduce the local saturation assumption to bound-
edness of a small number of reference saturation coefficients. In §5, we discuss
the computation of these coefficients, and in §6 we show numerical results
suggesting that these quantities are in fact bounded.

Notation and setup

In this work, A < B means that A is bounded by at most a multiple of B,
independently of parameters of A and B,and A < Bmeans A < Band B < A.

Quadrangulations

We consider partitions 7 of the domain into closed axis-aligned rectangles.
We impose that Ty N'T; = & for T;, T, € 7T distinct, and allow irregularity
along shared edges, meaning that T; N T, may be empty, a shared vertex, or
part of a shared edge. Irregularity allows for highly adaptive quadrangula-
tions, but to ensure p-robustness of our main result, we restrict ourselves to
1-irregqularity: every element edge may contain up to one hanging node—a ver-
tex in the interior of a neighbor’s edge.

To avoid pathological situations, we lastly assume that every 7 is found
from a regular initial quadrangulation (i.e., without hanging nodes) by means
of repeated red-refinement (subdivision into four similar rectangles), thus au-
tomatically ensuring uniform shape regularity. We collect the family of such
quadrangulations in the set T. See Figure 8.1 for a few examples.

The set of nonhanging vertices of a quadrangulation 7 € T form the set
V7, and V?rXt (resp. V%I-“) is its subset of boundary (resp. interior) vertices. The
edges of 7 form the set 7.

Polynomials on quadrangulations

For T € T € T, write Q, ,(T) for the space of polynomials on T of degree

at most p and p’ in the two canonical coordinates. Define Q,(T) := Qp,(T).
Equip each T with a local polynomial degree pr = pr 7 for which pr > 1,

8.2 Notation and setup
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(a) (b) (© (d)

Figure 8.1 (a) Regular initial quadrangulation 7, € T of a square domain; (b)
1-irregular quadrangulation found from 7, through red-refinement; (c) quadrangu-
lation found from 7, that is not 1-irregular; (d) typical “pathological” quadrangu-
lation excluded from this chapter.

and write p+ := (pr)reT for the collection of these local degrees. Then with
Q, ; (T) := I1re7 Qp; (T) the space of broken piecewise polynomials over 7
of degree at most pr on every element, we introduce the finite-dimensional
subspace Uy of H}(Q)) as

Ur := Hy(Q)NQ,(T) (T €T).

Denote with u € H}(Q) the weak solution to (8.1.1), and its Galerkin approx-
imation as uy € Urg.

Patches

Let ¢, be the hat function characterized by ¢, € C(Q) N Q; (7)) and . () =
Ogp for all b € V7. Let w, = w4 be its support, and denote with 7, C 7T the
quadrangulation restricted to w,; we call this set a patch. For each nonhanging
vertex a € V7, write

Po:=p7, = (PT)TeT,  Pai=maxp,.

We decompose the patch edges E1.:= {e € E7: e C w,} as
EXi=lec &1 e Cowy}, EM =&\ EX
We decompose exterior edges into Dirichlet and Neumann edges, through
gext,D — {e c Sext = 8} gext,N . 5ext \ gext,D
a ° a N 4 a ° a a 4
giving rise to the local spaces

v e HY (wy) : (0, 1), = o} a € yint,

Hl(w,) ==
+(n) veHl(wu):v|e:Oone€S§Xt'D} ae Ve
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8.3

ay

an !

as

(T ®) 7oy =Tay (@ Toyand Tz, (d) Toy and T,

Figure 8.2 Example refined patches. (a) Example quadrangulation with three
vertices. (b) Regular patch 7, of interior vertex a; € V%‘—“ that equals its smallest
regular refinement 7;1. (c) 1-irregular patch T, of a; € V%r-‘t; ’7;,2 is a refinement
of Ts, denoted by dashed lines. (d) Patch of boundary vertex a3 € V', The thick
ggxt,D : g;xt,N.

black line indicates edges in the double line edges in

Remark 8.2.1. Our definition of H!(w,) differs from its definition in, e.g.,
[CNSV17b, DEV16] when a € V?‘t. In previous works, functions in H (w,)
vanish on the entire part dw, N d(}; in our case, they vanish only on those
edges e C dw, NI for which a € e. Nonetheless, relevant dual norm prop-
erties of the residual in §8.3 carry over to our case.

Refined patches

Given Ty, define the refined patch T, as the smallest regular red-refinement of
7a,and leteach T € 7, inherit its local degree p; from its parent in 7,. The key
insight of considering the regular refinement 7, instead of 7, was proposed
in [DEV16] and allows us to write the discrete residual below as a sum of inner
products with local polynomials.

For the edge sets é’;nt, et ESXUN gextD define their -variants as the set of
children edges; e.g., £ := {¢ € £ : Je € E s.t. ¢ C e}. See Figure 8.2 for
a few examples.

Reduction to local saturation problems

This section follows the same general structure of [CNSV17b, §3—4]; proofs are
omitted for brevity but follow analogously to their counterpart in [CNSV17b].

For w a proper subset of ), let (-, ), denote the L, (w)- or [Ly(w)]?*-inner
product, and |||/, its norm. Unless mentioned otherwise, closed subspaces
of H'(w) on which ||V|| is equivalent to ||| («w) are equipped with the

H'(w)-seminorm || - [ := || V|0

8.3 Reduction to local saturation problems
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Residual

For & € £, we denote with [-] the jump operator and with 1y a unit normal
vector of é. We then define the global and localized residuals as

r7(v) = (f,0)a — (Vur, Vo)a, 1a(0) = rr(e0) (v€ H(Q)),

and observe that after integration by parts, the localized residual satisfies

ra(0) = Z ($a(f + Aur),v 7+ Z (Yo [Vur -ns],0)s.

TeT, seéint

The following result, first discovered in [CF99] in a slightly different formula-
tion, shows that the residual dual norms |[ra[ ;1 (,,,)» may be used as a posteri-

ori error indicators.

Proposition (Reliability & Efficiency [CNSV17b, Prop. 3.1]). There is some con-
stant Cogr > 0 with

e —urly <3 Y el Irallin ey < Cetllt = urlla, (a € Vr).
acVr

Data oscillation and discrete residual

For a rectangle T, define Hg as the Ly(T)-orthogonal projection onto Q,(T).
The approximation I1y f to f is then piecewise defined through (Il f)[7 :=

HZT fl#- The difference between f and its approximation is quantified by the
data oscillation, defined as

osc(f, T)? th

TeT,

T3
pyiiT®

We study the discrete residual, computed on discrete data Iy f instead of f:

Fa(0) == Y (pr.0)p+ Y. (P 0)e (v € H'(wa)) (8.3.1)

TeT, segint
where

Pp = lPa(HZTerAMT) € Qp1(T), and ¢y :=¢u [Vur - ne] € Py, 41(0).

Proposition (Residual Discrepancy [CNSV17b, Corol. 3.4]). There exists a con-
stant Cose > 0 with

). ||”a||H1(w ). ||”a||H1 ) < Cosc0se(f, T).

acVr acVr
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8.3.3 A theoretical AFEM
We envision an abstract adaptive FEM that loops
SOLVE - ESTIMATE - MARK - REFINE,

driven by the vertex-based a posteriori error indicators ||7a| 1, ) The fol-

lowing result provides sufficient conditions for p-robust contraction of the er-
ror in energy norm. This AFEM can serve as an efficient error reducer in an
instance-optimal hp-AFEM through a coarsening step; cf [Bin18].

Proposition 8.3.1 (Contraction of AFEM [CNSV17b, Prop. 4.1]). Take constants
6 € (0,1] and p € [1, 00). Suppose for some A € (0, %scp), we have

(a) small data oscillation:

osc(f,T) <A | & 7l o
acVr

(b) Dorfler marking: a set M C V7 of marked vertices satisfying

Y 7l > allZa oy

aeM acVr

(c) local saturation: a closed subspace U D Ur of H}(Q) that saturates each resid-
ual dual norm:

17all 1 o,y < OITall it ()T, (@ € M)

Then, with w € U the Galerkin approximation of the solution u of (8.1.1), we have
contraction,

2
_ 0 — CoscAp
u—1u <ul|lu—u , a=wa(0,0,A) = 4|1— ,
e ~Tlio < allu —urlla, &= a(6,p,A) J <3Ceﬁ(1+cosc ) p>

meaning the error is reduced by a factor a, uniformly bounded away from 1.

Remark. Assumption (a) is usually satisfied [CNSV17b, Rem. 4.2], and the
Dorfler marking for (b) can be constructed by ordering vertices by |7l 1,/
so we focus on (c). Given a function g : N — IN such that

H”uHHl (wa)! < PHT’aH[Hl wa)ﬂ‘Q a(pa+1)+ L(TD)Y (aeM),

then, (c) is satisfied for any Uy C U C H}(Q) with
Hl (w,) mQ et 1) (Ta) € Hi(wa) NUlw, (a € M).

In Theorem 8.4.2 below, we reduce existence of g to a small number of
saturation problems on the reference square. Under this assumption, U can
be constructed as Uy, where 7" is found through the following REFINE step:
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(i) for each a € M, replace 7, by its smallest regular red-refinement Tos
(i) for eacha € M, foreach T € T;, increase p; to q(ps + 1) + 1;
(iii) Take 7 the smallest 1-irregular red-refinement of the resulting mesh.

The numerical results of §8.6 suggest that the aforementioned reference
problems are solved for q(p) := p + [Ap] for any A > 0. Each REFINE step
multiplies the number of elements by not more than a factor 4, and the local
degrees by (up to) a constant factor 1+ [A]. Therefore, the dimension of the
local finite element space is multiplied by not more than a factor 4(1 + [A])?;

since the number of REFINE steps necessary for a fixed error reduction factor

0 € (0,1) is bounded by M < Hggi ], leading to an efficient error reducer. <

Equivalent computable error quantities

The localized discrete residuals 7, provide, by their dual norms ||| 1 (wa)'”

reliable and efficient error indicators which can drive an AFEM. These dual
norms are, however, not computable.
For p > 0 and a rectangle T, the Raviart-Thomas space of degree p is

RT(T) := Qpy1,p(T) X Qpp1(T) C H(div; T).

The following results underline the importance of this space for p-robustness.

Lemma 8.3.2 (p-Robust Inverse of Divergence [BPS09, Thm. 5]). Let T be a
rectangle. For ¢ € Q,(T), there isa o € RT,(T) with

dive =g, [l < 1(g )7l

Lemma 8.3.3 (p-Robust Raviart-Thomas Extension [CM10, Corol. 3.4]).

Take T a rectangle with edges {ey1, ey, e3,e4}, and take 7y the union of one or more
edges. Suppose we have a ¢ € Ly () such that ¢|. € P, (e) for all edges e C vy, and
when v = 9T, also (¢, 1) = 0. Then thereis a o € RT,(T) with

dive =0, (c-nr)ly=9¢, |olrs inf [kalbe
{TGH(div;T):divT:O,(T-nT)|7:<p}

Remark. Lemma 8.3.3 follows from a careful reading of [CDDOS, §3.3-3.4],
where we sum over only those polynomial lifts U; that correspond with an
edge in 7. Their result is on tangential derivatives and H (curl; T), but rotating
over 90° recovers our result for the normal derivatives and H(div; T). %

In [DEV16], Dolejsi et al. use these two lemmas (stated on triangles) to find
a Raviart-Thomas flux o4 € [Ty.7, RT)p, (T) with p-robust norm equivalence
loallw, = ||7all H!(w,y~ and present an efficient algorithm for its construction.
The error indicators || o ||w, can be computed, and so can drive an AFEM.
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8.4

8.4.1

8.4.2

8.4.3

Reduction to reference problems

In this section, we prove the main theorem of this work, reducing the local
p-robust saturation problem to a small number of saturation problems on the
reference square.

Saturation coefficients

Let T := [~1,1]? be the reference square. For a closed subspace .# C H'(T)
on which the H'(T)-seminorm is a norm, a finite-dimensional subspace ¥ C
', and a set of functionals . C ., define the saturation coefficient

which, if bounded, shows that ¥ is large enough to saturate # over &.

Lemma 8.4.1 (Saturation extends to rectangles). Forany T € T € T,

Fl .o AN A oA
sup IF]l~ < x2(B)S(2,V,F)
rez IElly

where Fr(x) := Bx + b is an affine mapping from T to T, and 5,V , F are deter-
mined by the pull-back, pull-back, resp. push-forward; cf. [BS08, p. 82]. In words,
saturation on the reference square extends to uniformly shape regular rectangles.

Enumerating the interior edges of a refined patch

Refined patches will play an integral role in the proof of the forthcoming The-
orem. Take a € V7, and let 7. be its refined patch. We will construct an
enumeration of the interior edges &M of 7T, as (¢;)!,, where n, := #£", and
for each interior edge, choose a specific square T; € 7, adjacent to ¢;.

Because every patch 7; is a 1-irregular collection of axis-aligned rectangles,
there is only a finite number of different refined patch types. In fact, it can be
shown that up to rotation/flipping of 7, all patches fall in one of the thirteen
types on the right of Figure 8.3.

Overlay the vertex a with the 4 in the 4 x 4 grid to the left of Figure 8.3.
Then every ¢ € 5’2{“ inherits a number 1 < k(i) < 24 from the grid. We then
enumerate (¢;), in increasing order of the values k(i), and we choose T; as
the square above or to the left of &; (whichever is applicable).

Main theorem

Let T be a rectangle. When v C 9T with meas(y) > 0, the space H(lw(T)

denotes the closure in H'(T) of the smooth functions on T that vanish on
7. By abuse of notation, when £& = {7} is a collection of such parts of the
boundary, Hé, ¢(T) will denote the closure of smooth functions that vanish on
every v separately.
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SN BREE ENa. EEE
24 21 14 3 a a | a 1 a a
22 17 8 : : :
20 19 13 2 T o

a ; w
16 15 7 w a a i a a a
12 11 10 1 |—*”T’ il e .

dil @

Figure 8.3 Left: a 4 x 4 grid with vertex 4, and enumeration of its interior edges.
Right: the thirteen fundamentally different refined patch types, with the double
line indicating Neumann edges gant’N of the patch boundary, and the thick black
line Dirichlet edges £&P. We enumerate interior edges of a patch by overlaying
its vertex a with 4 in the left grid, and numbering them in increasing order.

For brevity, write the restriction of H!(w,) to piecewise polynomials as
Hl,p(ﬁl) := H}(w,) ﬂle(ﬁ) (peN, acVr).

We enumerate the edges of the reference square T as Ep = (é1,67,63,64),in
counterclockwise fashion, starting from the rightmost edge.

Theorem 8.4.2 (Reduction of p-robust saturation). Given the sets

Ni={ec& E+0), EP={{a), {6} {6}, {6658)},
(8.4.1)
of subsets of £, define the reference saturation coefficients

5(5Ap)q 7S(H0£( )H%,s(T)ﬁQq(T)f{hH@'hﬁ:4)GQ” }> (6 e B

S8 = S(H (1), Hy e (1)NQq(F), (> (9, 1), : ¢ € P (21)}) (€ € EP)
s .fS(Hl( )/R,Qy(T)/R, {lt— (¢, h)o, : ¢ € Pp(éy /]R)
If for some function q : N — IN, it holds that

. (B) (©)
Epnalp Epalp) £€E } J {Sm(p)} <

$ :=sup max s g eE@ st®
pmax {5, pus:
then we have p-robust saturation, in that

”raHHl (wa)! < Hra”Hiq (ra +1)+1(7;)/ (8.4.2)

dependent on S, but independent of the quadrangulation T and its local degrees.
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Outline of proof

Our proof is similar in taste to [BPS09, Thm. 7] and [CNSV17b, Thm. 7.1],
with some details requiring a more involved approach. We will perform three
steps. Write, as in (8.3.1),

(o) = ¥ (prodp+ L (9n0)e (0€ H(wn))

TeTs segint

for some ¢5 € Qp.11 (T) and ¢y € Py, +1(é). In Step (A) below, we bound the
dual norm of the set of element terms; in Steps (B) and (C), we do the same
for the set of edge terms. Throughout the proof, we will use the assumption
py = 1 to find that, for interior vertices a € yint the residual vanishes on
constants (i, € Uy so 7,(1) = 7(,1) = 7(¢a) = 0).

In Step (A), we employ sup, maxg p(s) S < oo to find, on every

Epa(p)
rectangle T € 7;, a functional 73 € H!(w,)" with

Fr

< 7 ¥ v =
Hg(wayN||ra||H1,q(m+1)(7;), and 73(1) =0, (8.4.3)

that removes the T-contribution from 7,, in the sense that the residual 7§°> =
ZTGTH 7y satisfies, for v € HY (w,),

7a(v) — ?L(IO) (v)=), (qbéo),v)g for some <p§0) € Py, 1(6). (8.4.4)

segint
In Step (B), we use the enumeration (éj);zil of the interior edges £"t where

Ny 1= #g;“t. Atstepi € {1,...,n, — 1}, we use Sup, Maxg g (s) S( ) < o0

B
Epalp)
and Lemma 8.4.3 below to find a functional 75, = 7, , € H}(w,)" with

s < ||# 2 s =
g, Hl(w”),NHraHHi,q(ng)H(n)/ and re,.(ﬂ) 0, (845)

(i-1)

that removes the é;-contribution from #; ~/ while not re-introducing contri-
butions on edges ¢; for j < i, in the sense that the residual ffll) = 7,&171) + 7

satisfies, for v € H.(w,),
7a(0) —7,§i)(v) =) é?,v)evj for some ¢§;) € Pp,11(¢). (8.4.6)
j>i+1

Lastly, in Step (C), the final iteration i = n,, we make a distinction. When
a € V' is a boundary vertex, we construct a 7, € H!(w,)' for which (8.4.5)

and (8.4.6) hold once more. Then through the triangle inequality, #T, < 16,
and #£"t < 24 we find

Mg
||7’a||H,1(wa)/ < TEHT’T”H,{(%)/ +];||7’éj||H,1(w,,)/ S ||r”||Hi,q(p,,+1)+1(77)”
a
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(©)

Whena € th is an interior vertex, we use sup,, Sp a(p) < t0 bound

170 =76 by < WPl oy (8:4.7)
which implies that
ng—1
allpn gy < 170 = 2" gy + X 1P 1y Hwn)
TeT,
Shallen

In either case, we conclude that (8.4.2) must hold.

Extension lemma

Proving, in particular, inequality (8.4.5) requires some creativity. Assume
for now that a is a boundary vertex (the other case is handled in the main
proof). We will require the intermediate result that for some specific finite-
dimensional subspace of polynomials % C H'(T;), there is, for each v € ¥, a
piecewise polynomial Ev € H!(w,) with

IE0]lw, < llolly,, and <4>§?"”,v>éi=n<Ev>—f§‘”<Ev>-

Our approach is the following. Note that (qbe ,0)¢; is an inner product
over a single edge, whereas 7,(Ev) — rél 1)(Ev) is a sum of inner products
(gbg_l), EU>gj on interior edges ¢&; with j > i (see (8.4.6)). The desired equality

holds for all v € #; surely when Ev extends v (i r= ), 5 = 0

for every j > i+ 1. Moreover, a € V!, so Ev € H!(w,) should vanish on all
edges in EXYD This gives rise to the set of patch (resp. local) Dirichlet edges,

En =P u{gedimijziv1}, EXP=EDn& (i=1,..,m),

and for v that vanishes on all local Dirichlet edges, Ev then vanishes on all
patch Dirichlet edges ¢ € S D Existence of this Ev depends on the enumeration
(&)i, of interior edges. The following lemma shows that with our particular
construction, we can build a suitable E.

Lemma 8.4.3 (Bounded polynomial extension). Let T4 be one of the thirteen re-
fined patch types of Figure 8.3. Let ng, (&)1, and (T;)" be as defined in §8.4.2.
For each square T:, we enumerate its edges as (e1, ep, e3, eq), in counterclockwise fash-

ion, starting from the rightmost edge.
For1l <i<mn,—1,andi = n, when a is an external vertex, we have:

sloc,D - . . . .
1. The set &, is nonempty. In fact, one of five situations occurs:

@) E°P = {er, e, 3}, (0) E577 = {eg 05,04}, () E577 = {ez 03},

(d) EV;OZ.C’D = {ey} and e3 € EXYN, (e) év’[llof’D = {e3} and e; € EXUN,
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2. There is a bounded linear map
E: HoglocD( i) ﬂQq(pqul (T) - H (wll) mQ P +1 +1(7;)

so that for all v, its extension Ev vanishes on patch Dirichlet edges; specifically,

Ev

s = &D
1. =0 [Evllw, 7, Evlg=0 (¢ € &)

~

Proof. A careful visual inspection of the enumeration for each of the thirteen
patch types of Figure 8.3 shows that condition (1) holds: by enumerating the
edges right-to-left, bottom-to-top, we ensure e and e3 are (situations (a—c))

both in EXYP or equal to some &; for j > i, or (situations (d—e)) when T; is in
q j J
the topmost row or leftmost column, either ¢, or e3 is in gf"t’N , but never both.

EEEEmga EmEEmg LLLLLS
€ €2 L] €2 ] € [ - €2 ]
v v — n v n v = __ v n
e3 Ti e e3 Ti e T : e3 Tiel B : e3 Ti e I 3 m e3 Ti e :
e4 ey ey ey ey ey L] €4
-----. —————: ————— a ——————:
u - u I L] I . I L]
. ol - . I u I . I u
= T - = I u I . I u
" u " "a
| | | | |
" y " "a
EEEEE  E R R R R R R N R R L R R R R R U R R N R ' N R R R RN N NN

(a) (b) (© (d) (e)

Figure 8.4 The different extensions of Lemma 8.4.3: (a) 5;01-C’D = {e1, e, €3},
(b) EFP = {ex ez e}, (€) EFP = {er s}, (d) EFP = {ea} o3 € EXN, (e)
5;01-C’D ={e3},en € ngt’N. The full thick line on 9T; denotes its local Dirichlet

boundary EV;OiC’D, and the dashed thick line shows the Dirichlet boundary of the

. . . . %extN
extension; double lines indicate edges in £, .

By the first result of this Lemma, there are essentially five cases to look
at. See Figure 8.4. Denote with .7 the union of squares in the appropriate
case. Letv € H1 Vh,CD( 1) N Qy(p,+1) (T;). We will use multiple reflections of

v to find a p1ecew1se polynomial v € H'(7) (of degree q(p, + 1) + 1) that
vanishes on the part of 0.7 denoted by the thick line. Restricting v to .7 N w,
(because .7 may contain squares outside 7;) yields a function that vanishes
on the edges & € £ with ¢ C 9.7, so that we can easily zero-extend v| T Nws

to EUEHl(a)a)mQ q(pa+1) +1(7V:1)'

The choice of T; ensures that ¢&; is its right or bottom edge. Moreover, the
enumeration is bottom-right to top-left, so that every patch Dirichlet edge is
positioned either above or to the left of T;. On the other hand, the support
of our extension Ev is—as we will shortly see—to the right or bottom of T
Therefore, Ev necessarily vanishes on all of £ [?l

It remains to construct v with the properties above, for each situation.

(a) Denote with 7, T the reflections of v and T across e4 Then v|,24 = v\g4
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vanishes on all of 9(T; U T), is continuous globally, and polynomial on
both squares separately.

(b) The proof of this case is analogous to that of (a).

(c) Denote with ¢4 the reflection of e4 across e;. Denote with 7 the extension
of v on T; U T. The extension v of U across e4 U ey is the desired function.

(d) Denote with 7, T,ez,%,a the reflections of v, T, e, €3, e4 across ey, respec-
tively. Let ¢ € Q1(T) be a decay function defined by ¢[, = 1 and ¢|z = 0.
Then B B

(0P)ey = vle,, VP € H&,aua(T) NQy(p,+1)+1(T),

£, =007 :=0pisa

and we thus see that the function o defined by ©
continuous polynomial extension of v that moreover vanishes on e3. Its
norm satisfies H\E\HTI ot Sl 7, (proof is analogous to [EV15, (3.29)]). The

desired function v is found as the extension of T across e U .

(e) The proof of this case is analogous to that of (d). O

Proof of Theorem 8.4.2
We proceed in several steps.
Step (A0) For every T € 7T,, we will find our functional 7y € H.(w,)’

by constructing a Raviart-Thomas flux oy € RTpaH(’IV"), and write 74 (v)
(03, Vo);. Let T € Ta.

Step (A1) We construct 7. By Lemma 8.3.2, there is a O'(TU € RTy, 11 (T) with
. 1 1

By definition, #; has no contributions on the exterior edges of 7} However,
) can have a nonzero normal component on edges in g%"t. Let’s resolve this.
Without loss of generality we assume SviTnt # @, so the Galerkin problem

(24

—
o e

(Vwy, Vo) p = Fp(v) := ) ((7(1) ‘ny,0)s (v € Hy) where H5 1= Hé gim(T),
T

has a unique solution wy € 7% for which it follows directly that

— (1) 3 ext
sy Vwpeng = —oyny for &€ £

divVw; =0, [lwglly < ||F;

IWhen f:'iT“' = &, then 7, consists of a single element T, in which case H1 (wa) = Hé et (T)

so that we may invoke the assumption sup, Séfx)t pa(p) < oo directly to find the saturation re-
sult (8.4.2).
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Now, integration by parts tells us that
Fy(v) = (div (T(Tl),v>T + <0'(T1),VU>T (ve ).
Then, through (8.4.8) and (for the final inequality) H}(T) C %, we have
IFrl ey < div el )l + Il
< 2|3, )r

so that [[wy|l¢ < [[{¢4 - >

¢ € Ly(v)

inga U'(TZ) € RT,, ;1(T) for which

lr S 1Dz dxlle + 1K@r Dxllyry

jfT/

egexte

g = —0'53)

-ny, and take T := Vwy, yield-

Ty = oW -ny for &€ ESX, Htfv

@_o L@
4 T

div oy ¥ f
(8.4.9)
so that oy := 0_(Tl )+ (T(TZ ) has bounded norm, with normal components van-

1+ S K )y

ishing on S%Xt. We then define 73 € H}(w,)" and 7Y e HY(w,) as

?T( ) <0T/ vv>T and Ta : Z }’T
TeT

Step (A2) We verify (8.4.4). Partial integration yields that for v € H}(w,),

o) = —(pp )+ L (9800, where @)= oponp € Py ().

Therefore, r( ) removes all element contributions from 7;; it follows that in-

(0

deed, #; — 7; ’ is a sum of contributions over (interior) edges:

Fa0) =74 (0) = L (e 0)e — {90, 0)e = 1 (91”, 0)e (0 € HE(wa)).

segint (Te)eTs xé‘m* segint
(0) . 0 oo (0) 5
Now, every ¢, is a sum of polynomials ¢, so indeed ¢, * € IPp, 11 (é).

Step (A3) We verify (8.4.3). By definition, 77(1) = 0. Cauchy-Schwarz,
(8.4.8), and (8.4.9) imply

< egly = ot + o

1+ S Kpp )l

x(wa)’

Moreover, giT“t # &, hence it can be identified with aset £ € ]E(A from (8.4.1).

By assumption, sup,, Sé p) (1) S < §, so that through Lemma 8.4.1, we find

(Pr, )1

[{P7 )t where 74 1= 3N QQ(PLﬁl)(T)‘
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Every v € ”I/T vanishes on interior edges; write its zero-extension to w; as
7 € H'(w,). Then

1 x = v — <5,1]>wa aec Vint,
H, gy (Ta) 0= {v, a eV
By 7,(1) = 0 for a € VI, we have (¢3,0); = 74(7) = 74(7); moreover,
llolly = lIollw,, so

<4)V/’0>V 711(5)
s Vel = sup 01 001] . |
orvery 10l orocy, I1Pllw,

[7a(w)|

o Tolle,

Ta)"

< sup

=Vl
O#weHilq(WH)

A+
Chaining the dual norm inequalities in this step yields (8.4.3).

Step (B0) We traverse the interior edges £ in the order (evj)}zl constructed

in §8.4.2. Let (T])yil be the sequence of squares for each ¢;.

At each iteration of the traversal, we use result (1) of Lemma 8.4.3 to re-
move the é&;-contribution from the previous residual by—in a fashion similar
to Step (Al)—solving a local Galerkin problem and constructing a Raviart—
Thomas flux o; with specific properties. The resulting functional 7;, € H} (w,)’
will be found as (o}, VZ)>Ti. We then use result (2) of the Lemma to establish
the dual norm bound of (8.4.5), similar to Step (A3).

We continue by induction. Leti = 1.

Step (B1) We construct 7. By result (1) of Lemma 8.4.3, we have EV;OI-C’D + O,
so the problem

<Vw(i),Vv>Tl_ = <¢§j_1),v>gi (ve ) where = HS 510;,D(Ti)
‘ T (84.10)
has a unique solution wl) e ¢ for which it holds that div Vwl) = 0, and

VZU(Z) My = _4)51?1) on¢;,

flwt

A [

A Vw(i)-nTl_:Oon é]‘Eg%nt:j<i},
i i

; t,N
Vi) ~ny, =0on g;x .

i

By Lemma 8.3.3, thereisa ; € RT, 41 (T;) with the same normal components
on gTi \ S;CZC’D as Vw(), such that

. i—1
divei =0, |oily, S 405 " dalle (8.4.11)
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We then define 75, € H}(w,)" and i) e H}(w,) as
7, (0) = (03, Vo), and 7 (0) == 7V (0) + 75, (0) (v € H(wa)).

Step (B2) Let us look at (8.4.6). In light of (8.4.4) when i = 1, or (8.4.6) for
i > 2, suppose we have

N (-1 i—1 i—1 y
7a(v) —r[(f )(v) = ;(4;;’ ),v>,;]. for some <p£]l ) e Pp11(¢) (ve Hl(wy)).
j>i
. (8.4.12)
Using that v € H!(w,) vanishes along edges in E?‘t’D , and considering the
normal components of ¢, integration by parts yields (8.4.6):

h,(v)—?b(f)(v):{7u(v)—1’£i_l)(v)}—?ez() Y (9s o) — (o mp 0,

1

j>i
=Y (! —(oi ny,0) — Z:(Ui M, 0
j>i ev]'Gg%';'t:]'>i
= Z 4)5 /0)e — Z<0-l nTi’v>é]‘

j>i+1 5 egmt]

>Zl<4>e , >g] for some gbg) E]I’pa+1(éj).
j>i+

Step (B3) We verify (8.4.5). By definition, 7 (1) = 0. Moreover, by result
(1) of Lemma 8.4.3, c‘:';oic’D corresponds with an £ € E(®) from (8.4.1).2 By

assumption, Sé ;ﬁl 4(pat1) < §,50 (8.4.11) and Lemma 8.4.1 yield

zl)

Pl oy < Mlerilly, S 1608, Valloer S 149870, el

where 7 1= S N Qy(p,+1) (T;). To establish (8.4.5), it suffices to show

||<4’g_1) > ”yl < ||7’a — 7’,11 1)HHl (7“—)/, (8413)

*q(pa+1)+1

as by 7, —?,gi_l): 7a —750) —I—Z;;% ?gj, a triangle inequality, (8.4.5), and #7, < 16,

~ ~(i—1 ~
I7a =7l ity S Iallgn

< _
7:1)’ ”rﬂ rtl HHl *,q(pﬂ+1)+1(

(pa+1) +1( q(pa+1)+1 771)/'

We proceed as in Step (A3). Take v € #;. Result (2) of Lemma 8.4.3 guaran-
tees a bounded extension from v to a Ev € H'(w,) N Q a(pat1)+1 (72) that van-

ishes on interior edges ¢; with j > i. Moreover, Ev is zero on edges ¢ € getb

2The set c‘f;”f’D is in one of five states, whereas E(®) has four; situation (a) and (b) of
Lemma 8.4.3 correspond with the same £ € E®),

8.4 Reduction to reference problems
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ext

whenever a € V&, so that in fact

L= Ev— (Ev, 1), ac Vit
1 O ’ Wy s
H, ey (Ta) 2 0:= {Ev qcpet

with [[0]|w, = [[Evllw, S '
Now, 7,(1) — ?,gl_l)(ﬂ) = 0 whena € Vi, so 7,(7) — 77[(11_1)(5) = 7,(Ev) —
r,g )(Ev) Moreover, Ev|s, =

¢ = 0for j > i, so almost all terms
of (8.4.12) vanish when we plug in Ev, which yields 7,(Ev) — ?L(,i_l)(Ev) =
(8", Ev)y, = (95", 0)s,. Then, (8.4.13) follows by

(i-1) <<P(l 1) >ei’ 74(0) —rb(zl 1)(71)
H<¢éi /'>ev,'H'1/’,’ = sup Ssup —
0AveY; otvet;  lTllw,
< lIra = ra ”Hiq@ iy (Ta)”

Step (B4) We repeat Steps (B1)-(B3) fori € {2,...,n, — 1}, at each step find-
ing functionals 75, and 17,51) for which (8.4.5) and (8.4.6) hold.

Step (C) When a € V24, the results of Lemma 8.4.3 are satisfied once more
for i = n,. This allows us to repeat Steps (B1)~(B3) for a 7, € HY (w,)
satisfying (8.4.5) and (8.4.6).
When a € ViTnt, we cannot continue the iteration; the set Ejzic’D is empty so
we cannot solve (8.4.10). However, from (8.4.6), we find for v € H}(w,),
7a(v) — 7,91”_1)(0) = <¢§n“_l)/v>éna for some <pen” R

Nna

€ Pp,41(&).
With [[o—(v, 1), |y, <lv]lw, and <¢§fj713 1)s, =0 (by 74(1) zozftgnrl)(u)),

(g

ena ’ >E’n,; HH1 wﬂ)

< IK (n“_l)w)g,m\L%/a where %, := H'(T,,)/R.

The fact <¢("“ 1 ,1)s,, = 0 also allows us to use S]EJ )q(p oy < $ and invoke
Lemma 8.4.1 yielding, with %, := J¢;, N Qq(pa+t1) (Tw,),

1) 1)
198, Ve o, S 1 Ve I

Any v € ¥, has zero mean, so reﬂectmg across every row and column of
T yields a mean-zero extension v € H £ (7}) with, by #7; < 16, norm

I5llw, = V#Tallolly,, <

q(pa+1)
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8.5.1

Finally, by (¢, (n” 2 )8, = <4)€n ,0)¢,.» we have the dual norm bound

(@i, B),

-1 €n
L T B < sup
: o ol e, mvmwa
(ng—1) .
<8 Dol
then, through the triangle inequality, we find
ng—1) y 5 5 ny—1) 5
Mo oy < Wl + I
< o
HraHqu(p Jr1)(771)/-
Chaining the dual norm inequalities in Step (C) then yields (8.4.7). (|

Computation of reference saturation coefficients

In this section, we detail on the numerical computation of the saturation co-
efficient S(%Z Y, F ). To allow computation of this coefficient, we first write
it as the solution to a generalized Eigenvalue problem. We then discuss the
construction of bases for the spaces /#, ¥, and . involved in the specific sat-
uration coefficients of Theorem 8.4.2.

An equivalent problem

In our applications, . is a finite-dimensional subspace of /' rather than just a
subset, allowing us to write S(J7, 7, %) as sup (. .« .. Bl ., Since
g ( ) p{PGyﬂ‘Fan/:l}” ”jf/

 is finite-dimensional, this supremum is attained, so we may equivalently
solve the problem of finding the largest 0 < u = S(J¢, ¥,.% ) such that

for some 0 # EFe 7, HﬁHz/ =

(8.5.1)

Proposition 8.5.1 (Equivalent Eigenvalue problem). Let &, &, and ¥. 4 be
bases for the three spaces. For U € {7, 7'}, define stiffness- and load matrices

#da

Agi=(V3g, VEq)r = (V8,0 V0], 7y

Loi=T4(8g) = [0i(0)] -

ij

Then problem (8.5.1) is equivalent to finding the largest generalized Eigenvalue u? of
R, F = W’RyF, where Ry :=LpAg L} (8.5.2)

Proof. For U € {#,V} and F € .F, take uy = uy(F) the unique solution to

A

<VHH, VZ)H>T = ﬁ(’(’)a) (Z)a c U)

8.5 Computation of reference saturation coefficients
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8.5.3
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Recalling that we equip U with || - |3 := [|V-|3, and so U’ with its dual
norm, |||y = 4l Write ' = F'S ; and up = ”LTIEH; then uLTIACl =
(Vupg, VEg)¢ = F(Ey) = IiTLH' or AE[”H = LEF. Now, Ay is invertible,
souy = Ay 'LLF. Wesee [|F|12, = [lug[|3 = u}Aquy = FTLyA; "LLF =
F TRHP, reducing problem (8.5.1) to finding the largest y > 0 s.t.

T
F' R ,F

for some F # 0, FTRJgP = szTRnf;P — yZ =2,
F R,F

which, as both R , and R, are symmetric positive-definite, is a Rayleigh
quotient for the generalized Eigenvalue problem of (8.5.2) (cf. [Li15]). O

Discrete saturation coefficients

In all of the cases of Theorem 8.4.2, the space ./ is an infinite-dimensional
closed subspace of H'(T), so computing S(.#, ¥,.#) by means of (8.5.2) will
likely not be possible. However, the following result shows that we may re-
strict ourselves to a finite-dimensional subspace that is large enough.

Lemma 8.5.2. Since % is a finite-dimensional subspace of H',a compactness argu-
ment shows that the discrete saturation coefficient S(A# NQu(T),V,F) tends to
S(A#,V,ZF) forr — co.

Bases for the subspaces

Solving (8.5.2) hinges on computing the stiffness matrix A ,» and load matrix
L., which depend on the choice of basis. In practice, we are able to choose
these bases as tensor products. For instance, when & , =: 2l @ 52, we see

=1 d=1 =2 =2 =1 =1 -2 =2
A, ={(Le", L8N 0 (F )+ (B2 @ (52, £5%);,

where [ := [—1,1], so that T = [ x I, and with ® denoting the Kronecker
product. Essentially, computation of the saturation coefficient boils down to
computing a number of inner products.

Define L as the kth Legendre polynomial, with deg Ly = k and L(1) = 1.
The functions

r(x) ==k + 3Lk(x), (k>0

then constitute an L, ([)-orthonormal basis called the Legendre basis. More-
over, the functions

() = k=3 [ a9 ds = s (L) < L), (k2 2)

constitute an orthonormal basis with respect to the H!()-seminorm which
we call the Babuska—Shen basis. With respect to the Ly (I)-inner product, this
basis is quasi-orthogonal in that

<€k1§m>f =0« k—m % {—2,0,2}, and <(pk,(:m>i =0<«=k—m §Z {0,2}.
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We can supplement the Babuska-Shen basis with & (x) = $v/2(1 — x) to find
an orthonormal basis for Hé {1}( I), and with & (x) := & (—x) for a basis for

0 (- 1}( [). The supplemented functions are L, ()-orthogonal to &, for m > 4.

Recall the saturation coefficients from Theorem 8.4.2. The space ¥ is in
every case just ./ restricted to Polynomlals of lower degree, so we will focus
on building bases for /# and %

(A)
E,pqr

A= Hle(T)NQ(T), F:={h— (¢,h)g:¢p€QyuT)} C A

First discrete coefficient S Denote

A tensorized basis E , = & 2! ® B2 for A is readily constructed through the
Babuska—Shen basis, supplemented to account for boundary conditions, up to
degree r in each coordinate.

Choosing @ := ®! @ ®? with ®! := ®? the Legendre basis up to degree
p, we set X 5 := (®, ). Then, the load matrix can be computed from L , =
(®,E )¢ = (@ E); @ (@2, 52);.

(B)
E.pqr

(4)

gpqrsoits

Second discrete coefficient Sg The space 7 is the same as in S

basis Z ,, = E! ® &2 is readily constructed. For % := {h = (P, ), 1P € ]Pp(él)},

we choose the basis = 4 := (®, -);, with ® the Legendre basis for P, (é1). Then

Ly =(®E ), =E(1)®(P,E); where E!(x):= (§(x))zeqm - (853)

The polynomials ¢ € E! with deg¢ > 2 have &(1) = 0, so L is sparse with
entire zero rows.

Third discrete coefficient 51(7 q),

X:={x081— (€1, 1), ¢ — (G2 V)., &r— (Cr, 1)1}, where xo:= 1/V2

which is a basis for Q, (1), (almost) orthogonal w.r.t. the H' ([)-seminorm, with
every element except xo having zero mean. The set &, := X x X\ {0 ® X0}
then consists of linearly independent polynomials with zero mean, and is of
correct cardinality, hence a basis for /Z. Legendre polynomials ¢y of degree
k > 1 have mean zero, so @, := {¢y : 1 < k < p} is a basis for P, (&) /R, and

Y s = (Ds, )¢ a basis for G = {h = (P, h)s P € ]Pp(él)/]R}. Its load
matrix is formed analogously to (8.5.3).

To create a basis for .7 := Q,(T) /R, we build

Numerical verification

In Theorem 8.4.2, we showed that patch-based p-robust saturation holds, un-
der the assumption that a number of quantities on the reference square are

8.6 Numerical verification
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finite. More specifically, we are interested in finding a function g : N — N
such that the saturation coefficients

s g®) 5©

A B

(cf. Thm. 8.4.2) are uniformly bounded in p. Unable to compute the limit p —
oo, we resort to computing them for a number of large but finite values of p,
and extrapolate from this progression. Moreover, with our current approach,
we are unable to compute the above quantities, so we instead compute the
discrete saturation coefficients

N I R (o)

Epar SFpar Spar (E€ EW, FeE®)

(cf. Lemma 8.5.2) for values of r that are large relative to p and g, and expect
to see r-stabilization of the discrete coefficient to its “continuous” counterpart.

In [CNSV17b], it was shown that (for a slightly different setting), a strategy
of the form g(p) = p +n with n € N is insufficient, whereas for any A > 0,
the choice q(p) = p + [Ap] exhibits saturation. This motivates our choice to
run numerical computations for

alp)=pr+4, qp)=p+I[p/71, 4a(p)=2p.

By symmetry, we have five different configurations of sets of edges in IE(4):
gl = {él}/ 52 = {élléZ}/ 83 = {é1/é3}/
54 = {él,éz, 63} ’ 55 = {él,éz, ég,, é4} .

Moreover, enumerating the elements of E(P) as
Fri=A&}, Fo:={&}, F3:={&,&}, Fs:={& 6,0},

we conclude that there are 5 + 4 + 1 = 10 reference problems to investigate.

Results were gathered using the sparse matrix library scipy.sparse with
float64 matrices, using linalg.spsolve and linalg.eigsh, with default set-
tings. Sparsity of the matrices ensures highly accurate results.

See Table 8.6 for the computed results. First we study the r-stabilization
by means of the three ‘hardest’” problems (ordered by saturation coefficient
for p =4, g = 8, r = 16). There is little difference between r = 2g, r = 4g, and
r = 8¢, indicating that » = 24 is sufficient.

Choosing g = p + 4 is insufficient for p-robust saturation: for every prob-
lem, the discrete saturation coefficients increase as a function of p. For the two
strategies ¢ = p + [5] and g = 2p, we see that these coefficients decrease as a
function of p, strongly suggesting p-robust saturation for p — co. For q = 2p,
these values even tend to 1, indicating full saturation.
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Summary

My partner and I live in an apartment in Amsterdam. See its floor plan below.
It’s a regular 1900s apartment: the walls are well-insulated (the windows not
so much), and there are heaters in the kitchen, living room, and bedroom.

Imagine we just came back from a winter holiday and turn on the heaters.
The apartment starts warming up—more so near heaters, less so near win-
dows. How does its temperature evolve as a result?

The temperature of the apartment is governed by a parabolic partial dif-
ferential equation. These equations model time-dependent phenomena like
heat conduction, chemical concentration, and fluid flow. Parabolic evolution
equations describe how a function evolves from a given initial state as gov-
erned by the PDE. It is generally impossible to solve such problems using pen
and paper, so to understand their solution, we turn to numerical approximation.

Initially, the apartment has the ambient temperature. We turn our heaters
to some constant setting, and model the temperature of the apartment using
a heat equation'; its space-time minimal residual approximation is shown in the
figure. The apartment is relatively well-heated, except for the bedroom.?
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IThis illustration is heavily inspired by [GW12, §8]. T apologize to my physicist friends, as
modeling the temperature of our apartment using the heat equation likely oversimplifies matters.
2We know this all too well, and in fact, are working on getting double glazing.
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Historically, parabolic evolution equations are solved numerically through
time-stepping. Here, one first discretizes the problem in space to obtain a cou-
pled system of ordinary differential equations in time, which is then solved
using an ODE-solver. A drawback of these methods is that they are unable to
efficiently resolve details of the solution localized in space and time, such as
the high temperature gradients near the heaters just after turning them on.

We take a different approach and consider the equation in space and time
simultaneously. Space-time methods can resolve these local details, and even
produce approximations that are, up to some constant, the best possible. In
this thesis, we focus on the minimal residual (MR) method introduced in [And12].

Chapter 2 We discuss the preliminaries from an abstract viewpoint. Starting
from some linear operator equation posed on Hilbert spaces, we introduce
equivalent conditions for well-posedness of the problem, discuss its MR approx-
imation and derive conditions for uniform quasi-optimality.

Chapter 3 Next, for parabolic equations with a symmetric spatial partial dif-
ferential operator (like our temperature model), we show that uniform quasi-
optimality reduces to uniform stability of trial- and test spaces. We verify this
condition for discretizations of the space-time cylinder into time slabs.

Chapter 4 We then take on evolution problems where the spatial partial dif-
ferential operator is not necessarily symmetric. We find that also for these
problems, MR solutions are quasi-optimal. As an application, we consider a
convection-diffusion-reaction equation.

Chapter 5 We now consider adaptive refinement locally in space and time,
and aim for optimal convergence at optimal linear cost. We use a matrix-free iter-
ative solver to produce approximate MR solutions that are still quasi-optimal,
and see that this translates to a highly efficient algorithm in practice.

Chapter 6 We then explore the MR method in parallel computation. We show
that our method has a polylogarithmic parallel complexity, which is on par
with the best-known algorithms for elliptic problems. The result is a highly
scalable algorithm producing a solution for the heat equation with over four
billion unknowns on over two thousand parallel cores in under two minutes.

Chapter 7 We turn to the ill-posed data assimilation problem of recovering
some unknown state from (noisy) observational data and a known underlying
parabolic evolution equation; somewhat like inferring the temperature in the
kitchen just from looking at the thermostat in the living room.

Chapter 8 We finish with a chapter on p-robust saturation for the Poisson equa-
tion, discussing which increase in local polynomial degrees ensures error re-
duction. We derive sufficient conditions, reduce them to conditions on a refer-
ence square, and provide numerical evidence that these hold.
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Samenvatting

Carmen en ik wonen in een appartement in Amsterdam. Zie de plattegrond
hieronder. Het is typisch jaren-1900: de muren zijn goed geisoleerd (de ramen
helaas niet), en we hebben cv’s in de keuken, woonkamer, en slaapkamer.

Stel je voor: we komen net terug van vakantie. We hebben het koud, en
doen de verwarming aan. Het huis warmt op—wat sneller in de buurt van de
cv, wat minder snel bij ramen. Maar hoe verspreidt de warmte zich precies?

De temperatuur van ons huis wordt bepaald door een parabolische partiéle
differentiaalvergelijking. Deze vergelijkingen modelleren tijdsafhankelijke pro-
cessen zoals warmtegeleiding en vloeistofstroming. Hun evolutievergelijkingen
beschrijven hoe een functie zich ontwikkelt vanuit e.o.a. beginstaat. Het is
typisch onmogelijk om deze problemen met pen en papier op te lossen. Om
te snappen hoe zo’'n oplossing werkt, maken we een numerieke benadering.

In eerste instantie is het huis zo warm als de buitenlucht. We zetten de
verwarming aan, en modelleren het temperatuurverloop van het huis met
de warmtevergelijking'; de figuur laat z'n ruimte-tijd kleinste residu-benadering
zien. Ons huis is relatief goed verwarmd, behalve de slaapkamer.?
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kouder warmer
IDeze illustratie is flink geinspireerd door [GW12, §8]. Mijn excuses tegen m'n natuurkunde-
vrienden: de warmtevergelijking is hoogstwaarschijnlijk een veel te simplistisch model.
2Dit weten we maar al te goed. Sterker nog, we zijn bezig om dubbel glas te laten zetten.
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Historisch lost men parabolische evolutievergelijkingen op met tijdstap-
pers. Je discretiseert het probleem eerst in ruimte, en krijgt dan een gekoppeld
systeem van gewone differentiaalvergelijkingen in tijd. Dit systeem los je dan
op met een ODE-solver. Een belangrijk nadeel is dat het niet lukt om efficiént
details in de oplossing weer te geven die lokaal in ruimte en tijd zitten, zoals
't grote temperatuurverschil in de buurt van de cv wanneer die net aanslaat.

Wij nemen een andere route, en beschouwen de vergelijking tegelijk in
ruimte en tijd. Ruimte-tijdmethodes kunnen deze lokale details wel weergeven,
en vinden zelfs oplossingen die quasi-best (op een constante na, zo goed als
maar kan) zijn. In dit proefschrift bekijken we de methode van Andreev, en
noemen die de kleinste residu-methode (MR-methode, van minimal residual).

Hoofdstuk 2 We beginnen abstract, bij een lineaire operatorvergelijking tussen
Hilbertruimtes. We bepalen equivalente eisen voor goedgesteldheid van het
probleem, bespreken wat een MR-benadering precies is, en bepalen wanneer
deze uniform quasi-best is.

Hoofdstuk 3 Voor parabolische evolutievergelijkingen waarbij de ruimtelijke
differentiaaloperator symmetrisch is (zoals in ons warmtemodel) zien we dat
MR-benaderingen uniform quasi-best zijn voor uniform stabiele zoek- en testruimtes.
We bewijzen dit voor opdelingen van de ruimte-tijdcylinder in tijdsplakjes.

Hoofdstuk 4 Nu bekijken we evolutievergelijkingen waar de ruimtelijke op-
erator niet symmetrisch is. We vinden dat MR-benaderingen voor dit soort
vergelijkingen ook uniform quasi-best zijn. Als toepassing bekijken we een
convectie-diffusie-reactievergelijking.

Hoofdstuk 5 Dan bekijken we verfijning adaptief in ruimte-tijd, en mikken op
optimale convergentie in optimale lineaire tijd. We gebruiken een iteratief proces
zonder matrices om benaderingen van MR-benaderingen te vinden die ook
quasi-best zijn, en zien dat dit vertaalt naar een enorm efficiént algoritme.

Hoofdstuk 6 We verkennen de MR-methode op een parallele computer. We
zien dat onze methode een polylogaritmische parallele complexiteit heeft,
even snel als de beste resultaten voor elliptische problemen. Het resultaat is een
algoritme dat meer dan 2000 processoren tegelijk gebruikt om een probleem
met meer dan 4 miljard onbekenden op te lossen in minder dan 2 minuten.

Hoofdstuk 7 We bekijken nu het slechtgestelde data assimilatie-probleem. We
willen een onbekende functie herleiden vanuit (ruizige) metingen en een bek-
ende parabolische evolutievergelijking. Een beetje zoals bepalen hoe warm
hetis in de keuken door enkel te kijken naar een thermostaat in de woonkamer.

Hoofdstuk 8 We eindigen met een hoofdstuk over p-robuuste verzadiging voor
de Poissonvergelijking, dus hoe we lokale polynomiale graden moeten verhogen
om verzekerd te zijn van foutverlaging. We zien dat deze vraag reduceert tot
eisen op een referentievierkant, en geven numeriek bewijs dat deze kloppen.
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