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ABSTRACT: We study the large N limit of the superconformal index of a large class of 5d
N = 1 superconformal field theories and show it is given by the square of the partition
function on the squashed five-sphere. We show this simple relation implies a Cardy formula
in 5d, which is valid in an “extended” regime in which fugacities are finite and N is large.
For theories with weakly coupled gravity duals we conjecture this large N Cardy formula
universally accounts for the microscopic entropy of spinning black holes in AdSg. We check
this explicitly for known black hole solutions in massive type ITA and type IIB string theory,
carrying two angular momenta and one electric charge, and predict the entropy of black
holes carrying multiple electric charges, yet to be constructed. We also discuss large NV
properties of the Sg’ X g partition function, extending previous results to theories with
type IIB duals.
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1 Introduction and summary

The large N expansion is one of the most powerful nonperturbative tools in quantum
field theory [1]. In the N — oo limit, some theories become exactly solvable or can be
recast in terms of a dual description with a standard perturbative expansion. The large N
expansion is, however, more than a technical tool; it has also led to enormous insights into
the dynamics of quantum field theories when the number of degrees of freedom at each point
is large. A prime example is the gauge/gravity duality in which a large number of quantum
degrees of freedom are reorganized into semiclassical gravitational degrees of freedom.

In this paper, we study universal aspects of 5d A/ = 1 supersymmetric gauge theories
that emerge at large IN. Our calculations are purely field theoretic and do not assume
holography. However, they have interesting holographic applications, in particular for the
counting of microstates of black holes in AdSg.

Given a d-dimensional supersymmetric quantum field theory, two important observ-
ables are the S¢ partition function and the superconformal index, or S~ ! x S partition
function with supersymmetric boundary conditions. For the theories we consider, these
can be computed exactly via supersymmetric localization, which reduces the path integral



to a matrix model.! The physical interpretation of these two observables is quite differ-
ent. While the (odd-dimensional) sphere partition function is a measure of the number
of degrees of freedom [3-5], the superconformal index counts the number of certain BPS
operators in the theory [6, 7]. Correspondingly, one would not expect these two observ-
ables, or the corresponding N x N matrix models computing them, to be related in any
simple way. Although this is true for finite IV, in the large N limit we will show that for a
large class of 5d A/ = 1 theories the matrix models are in fact closely related.? As we shall
discuss, in a certain region of parameter space where the matrix models are dominated by
a single saddle, it follows that the superconformal index is simply the square of the sphere

partition function:
2
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On the Lh.s. the parameters v; correspond to chemical potentials for flavor symmetries
and €; 2 are (complexified) squashing parameters of the 5%, On the r.h.s. the parameters
vy correspond to masses for the same flavor symmetries and & are squashing parameters of
the S°. Note the physical meaning of the flavor parameters on both sides is quite different
and the map is formal.

As we discuss below, one of the implications of this relation is the universal, large N

formula
2(req +reg +1)3 .
log Zga  xs1(vi) = — e, LS () (1.2)
where mj = % and Fgs () is the free energy® of the mass-deformed theory on

the round S®. This result holds for a vast class of theories engineered in massive type IIA
and type IIB string theory and at finite €; 2 and r. We note the close analogy with the
2d Cardy formula, log Zg1 5y~ % ¢, where now Fgs(my) plays the role of the 2d (trial)
central charge c.

As noted, the underlying matrix models controlling the sphere partition function and
the superconformal index are quite distinct and we do not expect a simple relation at
finite N. The universality of the relations above are thus an emergent property at large
N.* This can be understood holographically as the universality of the Bekenstein-Hawking
entropy formula. This formula is universal in the sense that it follows from a weakly
coupled, semiclassical, analysis. It therefore holds regardless of how the black hole is
realized microscopically, either in massive type IIA or type IIB string theory, or any other
setup in a consistent theory of quantum gravity. Now, just like the Bekenstein-Hawking
entropy of black holes in AdS3 follows universally from the 2d Cardy formula, we expect the
entropy of (spinning) black holes in asymptotically AdSg to follow universally from (1.2).5
For black holes that are known one can check this is indeed the case. We conjecture this

1See [2] for a review of localization in various dimensions.

2As discussed in section 3 this does not hold for 5d gauge theories with a 6d UV completion.

3Throughout the paper we define F = —log Z.

4See [8-12] for other large N universal relations.

5As reviewed below, SCFTs in 5d are strongly coupled in the UV and large N is sufficient for a weakly
coupled gravity dual.



formula accounts for the entropy of generic spinning, electrically charged, BPS black holes
in asymptotically AdSg, yet to be constructed, and discuss an example in section 4. It
would be interesting to study subleading corrections in the 1/N expansion both in the field
theory and in the supergravity side.

The formula (1.2) is consistent with the result in [13], where the superconformal index
of 5d SCFTs engineered in massive type ITA string theory was studied at large N and in a
Cardy-like limit, |1 2| < 1.5 We emphasize the result above holds at finite €12 and r. We
thus refer to (1.2) as the “extended,” or large N, Cardy formula in 5d. This is reminiscent
of the extended Cardy regime for the 2d Cardy formula, in which N is taken to be large
but 3 is finite [23].

We also discuss another interesting 5d observable: the S x X partition function [11],
where Y4 is a topologically twisted Riemann surface of genus g. Again, we will show
that for theories with UV completions as 5d SCFTs, this partition function is completely
controlled, at large N, by the mass-deformed partition function on Sg, with an appropriate
map of parameters. This holds for a large class of quiver gauge theories, including theories
with massive type ITA duals as well as with type IIB duals. As we discuss in section 5
our results strongly suggest that the compactification of both classes of 5d SCFTs lead to
novel 3d SCFTs which would be interesting to characterize in detail.

The paper is organized as follows. In section 2 we review basic elements of 5d N =1
theories and localization results. In section 3 we study the large N limit of the super-
conformal index and prove the 5d Cardy formula. In section 4 we discuss holographic
implications, in particular for the entropy of spinning black holes in AdSg. Finally, in
section 5 we discuss the large N limit of the S3 x ¥4 partition function. We provide some
technical details in appendices A and B.

2 Review of the 5d Nekrasov partition function and S°

Five-dimensional gauge theories are trivial in the IR and perturbatively non-renormalizable.
At the non-perturbative level, however, string theory predicts that various supersymmetric
gauge theories are UV completed by nontrivial SCFTs [24, 25]. Since in 5d the gauge
coupling constant squared, g%M, has units of length the UV SCFTs are strongly coupled.
There have been important efforts in recent years to classify these 5d SCFTs [26-28] and
to develop nonperturbative tools to study them, in particular supersymmetric localization
techniques on various backgrounds.”

An important role is played by the instanton partition function [29] on the Q2-deformed

2
€1,€2
tions. For various manifolds M5 the path integral localizes around certain fixed points,
2
€1,€2
is then obtained by appropriately gluing copies of the instanton partition function and (for

background, C x S}, which serves as a basic building block for various partition func-

where the geometry locally looks like a copy of C x S!. The partition function on Ms

6See [14-18] for 4d Cardy formulas in the large temperature and other Cardy-like limits and [19-22] for
applications to the study of black holes in AdSs.
"See Contributions [14-16] in [2] for a review of results in 5d and a complete list of references.



compact M5) by integrating/summing over gauge configurations:

ert ¢ ins )
M5 ‘WG‘ Z%QW’LJ} ([p:2><5'1( ()7y()7qg)7qg))zc2>t<51( (), (),qg),q;))7 (21)

2mwiry 2miry

where x = e are gauge variables, y = e are flavor fugacities, and q12 = e2mire1,2
are the equivariant parameters. The precise gluing conditions on the parameters, and the
sum/integration over gauge variables and the contour C depend on the specific choice of
Ms. We will focus on the (squashed) S® [30-37], S* x S! [38-41], and S x ¥, [11], with
¥y a topologically twisted Riemann surface of genus 9.2 The perturbative part consists of

a classical and 1-loop contribution,

pert  _ ~classical ~1-loop
Z(C2><Sl C2xS1 Z(C2><Sl . (2.2)

As we discuss below, the classical contribution will not play an important role in our setup.

The 1-loop term receives contributions from both 5d A" = 1 vector and hypermultiplets,
which are given by”

~1/2
-loo 1/2 1/2 —p —1.1/2 1/2
Zégxﬁfhyp(x,y;Q1,QQ): H {(—fﬁpy%/ q2/ ;Cll,cl2) (—!E Py 1q1/ ‘12/ §q17q2):| )

PER
1-loop,vec o —a 1/2
ZaoRC@ana) =[] |@ @asane) @ Saa)] (2.3)
acAd(G)’

where p runs over weights of the gauge representation R and « runs over nonzero roots of
the gauge group G, we denote 2 = ¢?™"P(*) and the (q1, q2)-factorial symbol is defined by

(zana2) = [ (1—zal'a5?), el <1,[a2f <1, (2.4)
k1,k2>0

If either |qi| > 1 or |q2| > 1 other product representations are used (see appendix B). An
important role will be played by the elliptic gamma function, defined as

(CI1CI2Z71; q1,92)

[(2;q1,92) = (2.5)
(2591,92)
and which satisfies the interesting modular property [45]
(g._i gz)
F(Z _ eQmu g = e27rie1 qe = 827Ti€2) _ e*iﬂQ(u;el,eg) €1’ €17 €1 (26)

F(u—el,_i _ﬂ) ’

€2 7 €’ €
where @ is a cubic polynomial defined in (B.15).

The instanton contribution can be explicitly characterized but is more involved. How-
ever, as we review below, one expects sectors with a nonzero instanton number to be
subdominant in the large N limit and thus from now on we focus only on the perturbative
contribution in the zero instanton sector.

8Strictly speaking in this approach one can only obtain the case g = 0. An A-model perspective, however,
leads to the expression for arbitrary genus [11]. Some partial results were previously obtained in [42, 43].
See also [44] for recent developments.

9Here we follow the regularization and conventions of [11]. The minus sign in front of z** is due to the
half-integer shifts of KK momenta by the hypermultiplet R-charge when uplifting the 4d instanton partition
function from 4d to 5d [37].



2.1 Mass deformed squashed S°
Let us first review how to construct the partition function on the squashed S° (here we
follow the review [46]). The squashed S° is defined by

w%]21|2+w%]22|2+w§]23|2 =1, (2.7)

where 21, 29, 23 are coordinates in an embedding C* and & = (w;,ws,w3) are squashing
parameters, with units of mass 1. The Sg partition function is obtained by gluing three
copies, with parameters

eQm' u/wi 627Tiw3/w1 e27riw2/w1 /=1
x(@) — e?ﬂiu/wz , qge) — e27riw1/wz , qéé) — e27riw3/w2 { =9 , (28)
eQm' u/ws 6271'1' w1 /w3 e27ri wa /w3 /=3

where u is the gauge variable, with units of mass 1. We have set the mass parameters m to
zero for now, which can be easily restored later by shifting the gauge variable ©v — u + m.
We consider complexified squashing parameters and assume, for concreteness,

Im<w1> >0, Im(w > >0, Im(w ) >0. (2.9)
w3 w3 w1

Let us consider the contribution from the vector multiplet. With the choice (2.9) and
gluing the three copies above one has

(@art 0z )@ o0y g s ar o) (@ qazian, a2) (@™ a1, a2)] 4
Zé—g)loop,vec _ H ) 12 )
? a€Ad(G) [(m“ a2;07 ', a2) (@ ay ar qz)} "

(2.10)

where the label (¢) indicates that each function is evaluated at the corresponding copy. To
extract the leading behavior in the large IV limit it is useful to first rewrite this expression
by introducing the elliptic gamma function (2.5), as follows:

zhoomsee _ T (z=qy ay s ql_l_vlqz_l_)gz)(fa; q1,92)(3) [ _lr(flj q2:q7 5 92) (1) ]1/2'
@ acAd(G) (z7q1 591, 92)() L(z% a7, dy ) )l (@ 91925 91, 92) (3

(2.11)
Now, using the modular property (2.6) and other shift properties of the elliptic gamma
function in appendix B, one can show that

o 1 1/2
71F(;i1 2i 41 92)() — % Qe+ Q) (2.12)
L(z%5q7 7,95 ) )l (@ 91925 91, 92) (3)
where
Qe +Qm —Qu=Q(Is -3 —2)+Q(L+o+ 20 2) - + -2, 2)
_ ud SWiot W2 w?ot + wiws + wiws + wgwgu n Wtot (wlwg + wiws + wgwg)
Wiwows  2wiwaws 2w wows 4w waws ’

(2.13)



with wiot = w1 + w2 + w3 and we used the expression for @ in (B.15). It is easy to check
that this combination is precisely a Bernoulli polynomial, B33, given in (B.20). Thus, the
1-loop contribution from the vector can be written as

Zl-loopwec _ H 67%33,3(*01@)@)

g5 (wia; qi, qg)(g) . (2.14)
“ a€Ad(G)

Y
Il w
HE

The contribution from the hypermultiplet can be obtained from that of the vector, by the
replacement a(u) — p(u)4+m — “5t. Then, the total 1-loop contribution can be written as

Zé;oop erwmd) T ] H (33_0‘;1?; Q/Q)(e) | (2.15)
a€Ad(G) pER (=1 (—95 Py~lay ", Cl17€|2)(g)

where _ .
¥ (um|@) — H H o~ & B3.3(—a(u)|@)+F Bs,z(—p(u) —m+ L&) (2.16)
a€Ad(G) peR
Before studying the large N limit of (2.15), which will be dominated by the prefactor
e¥, we review the role of the classical and instanton contributions at large N. This is subtle
and depends on the theory under consideration. On the one hand, to access the UV fixed
point one would want to take the strong coupling limit, g%M > R, where R is the size of
the S°. In this limit the classical Yang-Mills action vanishes and gives no contribution to
the partition function. On the other hand, instanton effects generally become important at
strong coupling, and should therefore be taken into account in describing the UV physics.
However, the instanton sum is controlled not by the bare gauge coupling constant but by
the effective gauge coupling constant, which is shifted by 1-loop effects and varies over
the Coulomb branch [24]. Taking this into account, the upshot of the analysis in [5]
is that for a large class of theories, including those arising from D4-D8-O8 systems in
massive type IIA string theory [24] and those arising from (p, g)-fivebrane webs in type
IIB string theory [47-49], there is a large N regime where both the classical and instanton
contributions are suppressed:

Zgléassical ~1, Zg'?t ~1. (2.17)

It is important to note that this is not the case for all 5d gauge theories, in particular the
maximal SYM theory. For this theory, in the regime in which instantons are suppressed,
the classical contribution is of the same order in N as the 1-loop contribution and thus
cannot be ignored [50]. In fact, in this case g3, = 27 (3 is identified with an emergent circle
of radius 5 and the gauge theory is UV completed by the 6d (2,0) theory on Sé rather
than by a 5d SCFT [51, 52].1°

In what follows we restrict ourselves to theories for which the classical as well as
instanton contributions in the UV are suppressed at large N. Then, the large N limit of the
partition function is dominated by the large N behavior of the 1-loop determinants (2.15).

10This is also the case for other 5d V' = 1 gauge theories such as the Seiberg theory with Ny = 8 or theories
of class Sk, which have UV completions as 6d theories. All such theories are excluded in our analysis.



Studies of the S® partition function reveal that at large N the matrix model is dominated
by complex saddles, u;, which are large and imaginary.!! Let us write u; = io; with
o; € R and take the eigenvalues to be ordered as o1 > o9 > ... > on. Consider then, say,
the contributions from the positive roots, a > 0, and in the limit o; — —oc. Assuming
Rew; > 0 the (q1, g2)-Pochhammer symbols simply become 1 and the leading contribution
arises from the exponential factor in (2.15). For negative roots, or in the limit o; — 0o, one
performs the analogous manipulations to bring the expression into the same form as (2.15)
but with 0; — —o; and the large N limit is again controlled by the prefactor, e¥(~i—ml¥),
For a general theory with gauge group G and hypermultiplets in gauge representations

R, the final result is that in the large N limit,

Zgs ~ H H H o Fv((0)|@)~Fr (p(o)~ lm1|w) (2.18)

a€Ad(G) T peR;

where m; are mass parameters for each flavor symmetry acting on the hypermultiplet and

T 3 ﬂ(wfot + wiwy + wiws + wows) x>
)

Fy(z|&) = sgn(x) ( x” —

6W1WQ(,U3 12&)1&)2&)3

2,2, 2
Fy(z|@) = —sgn(x) < T By mwi wy + w?’)x) .

6w1w2w3 24&)1&)2&)3

(2.19)

This result was obtained in [35, 55] by similar manipulations.
Let us briefly set m; = 0. Then, it was shown that for a large class of theories at large
N the dependence on the squashing parameters factors out in a simple way [55, 56]:

Py = Yot g (2.20)
53 27w wows S0 '
where Fgs is the free energy of the theory on the round S° of unit radius, & = (1,1,1).
Let us see exactly for which class of theories this factorization holds. Rescaling the gauge
variable x — “tz we have

i} 3 3
Fy («]@) = Wﬁm sgn () [6953 - = (14 1@) ] : o)
3 |
Fu(old) = 51— sgn(e) | ~To* = 2 (4 - @) o]

where f(&) = (wiw2 +wiws +w2w3)wt_0%. Thus, the condition for the overall factorization of
the squashing parameters is that when the contributions from the vector and hypermultiplet
are combined, the term proportional to f(&) is subleading in the 1/N expansion, i.e.,

lim ZaeAd(G)’ la(o)] = > ZpeRl 1p(o)]
N=00 3 qeady 1(0)P =221 2 per, 1p(0)

L Ty 100N = T e, 1P
N0 Yoeaaay 1(0) + 3 31 X per, 10(0))]

"See [5] for theories in massive type ITA and [53, 54] for theories in type IIB.

=0,
(2.22)




Requiring that this holds everywhere on the Coulomb branch leads to a constraint on
the quiver, which depends on the type of gauge groups and matter representations. This
condition is satisfied for theories constructed both in massive type IIA and type IIB string
theory and we shall assume it holds for all theories we consider.'? As we shall discuss, this
condition also appears in the large N analysis of the superconformal index and the Sg’ X Xg
partition function.

Turning mass parameters mj; back on, we see that for any such theories at large N the
squashed S° matrix model is dominated by the saddle configuration,

OF(6) _
o = 0} : (2.23)

{7} = {a

where

3
F(6) = 27w1t§)t2w:3! > Fy (@) + YY) Fu(p6) - lml)] ; (2.24)
aeAd(G) I peR;

with ¢ = ﬁa, mr = %mh and Fy p(z) = Fypg(z|1,1,1), which control the round S°
partition function [5]. One may solve these saddle equations explicitly for specific theories
but we will not need the explicit solutions here.!® Thus, we have shown the relation between

the mass-deformed partition functions

F _ & 3my
55 (m1) = Feo . (2.25)

27w wows Wrot

This relation will be useful in the next sections.

3 The superconformal index at large N

We now turn to the main subject of the paper, the large N limit of the superconformal
index. The superconformal index is defined as [7, 38|

Fe*/g{Q,QT} (1]1+R Jo+R , Q1 qk7 (31)

Tsa(y1,q;91,92) = Tr (—1) q 95" " yr

where the trace is taken over the Hilbert space of the theory quantized on S* and F is the
fermion number.'® The operators J; o are the generators of the SO(2) x SO(2) C SO(5)
Cartan of rotations of the S*, R is the generator of the Cartan of the SU(2) z R-symmetry,
and Q)7 are the generators in the Cartan of the flavor group, all with their corresponding
fugacities. The charges R and Ji2 are quantized to be half-integers. The parameter ¢
is a fugacity for the topological U(1) symmetry of 5d theories, with k the corresponding
instanton number, which will play no role in the large N limit. By standard arguments,

12Gee [11] for explicit examples with various gauge groups.

13See [5] for SCFTs in massive type IIA, [54] for theories in IIB, and [57-60] for the inclusion of mass
deformations.

“Our specific choice of fermion number is (—1) = ¢*™ as in [61] for 4d N' = 2 theories. More

F _ gmi(J14J2)

conventional choices such as (—1) are related to this by (complex) redefinitions of chemical

potentials.



the index receives contributions only from %—BPS states, annihilated by the supercharges
Q and Qf = S and is thus independent of the parameter 5. The anticommutator reads
{9, QT} =A—J —Jy— 3R, with A the conformal dimension. It additionally follows
from the 5d superconformal algebra (see appendix A) that the states contributing to the
index satisfy

J1+3R>0, JL+3R>0, Ji+.Jy>0. (3.2)

States saturating any of these inequalities preserve additional supersymmetry.
The index can alternatively be expressed as a path integral of the Euclidean action
on 5211,52 x S} where €12 are identified with complexified squashing parameters of the sS4

and r is the radius of the S'. The path integral on this background can be evaluated by

supersymmetric localization, which localizes it on the north and south pole of the 531’62,

where the space locally looks like the 5d {2-deformed background with parameters e o.
The superconformal index thus takes the form (2.1) with two copies of Nekrasov partition
functions with parameters (see [46] for a review):

627rzru

27 , —
_ 0_ ) o0 _ )% t=1 (3.3)
—2miru ’ Yy —2miry ’ 4i -1 ? :
e e q; (=2

0

where q; = €2™"¢. We will work with complexified fugacities, with the identifications

1 1 1
we~u+ -, vVe~U A+ — €12~ €2+ —. (3.4)
r r r
We then restrict the real part of fugacities to the domains 0 < Reu < %, 0 < Rev < %,
and 0 < Reeja < % Gluing these two copies the classical contribution cancels out and the
perturbative contribution is given entirely by the 1-loop determinants. We shall assume
that instanton contributions are suppressed at large /N and thus the dominant contribution
is entirely from the perturbative sector.!> We take

|q1]<1, |q2|<1 = Ime; >0, Ime >0. (35)

Then, from (2.3) the vector contribution reads

Zl—loop,vec

4 1
361,62 XS’I‘

= I [e*awae)eaw)

a€AA(G)

- H (7% q1,92)° ' -
aeAd(G) [(x* q192; 91, 92)

1/2

)

1/2

(@07t 0z )@ e g )| o

5The instanton contribution at large N was studied in detail in [13] for the Seiberg theories, showing
they are indeed suppressed at large N, as for the sphere partition function. We assume this holds more
generally, which is supported by our results.



The contribution from the hypermultiplet is obtained by replacing ra(u) — rp(u) + rv —

%(rq + rea + 1) and taking the inverse. The total perturbative partition function is then

ert _ \Il u,v|@ (I_a; q1, q2)2
Zgs xSt~ TWe |j§d“1 (i) H H 172, 1/2 ’ (3.7)

€1,€ 1
b acad(Gy per (—27Py~ oy ;q1,92)2

where

U (u,v|@)

0., (1/2 1/2
H H a:yql 95’791, 92) (3.8)

a€Ad(G) peR ['(z® q192; 91, 92)

e

mirui| = 1, for each i. To evaluate

and the integration contour is around the unit circles, |e
this integral at large N we perform a saddle-point approximation.

Now, to analyze the large N limit we write u; = i0; and expand the functions for
0; — %00, as in the case of S° in section 2.1. Arguing as for the case of S°, the (g1, q2)-
Pochhammer symbols in (3.7) are subleading and the 1-loop determinants are dominated by
the prefactor (3.8), which in this case is more complicated than its S° counterpart (2.16).
We derive the asymptotics of the elliptic gamma function in appendix B.1 and which
turns out to be dominated by the Bernoulli polynomial B3 3. The basic idea is to relate
this function to Barnes’ triple gamma function via (B.21), whose asymptotics was studied
in [62] and is reproduced in (B.23). Considering the positive roots and weights we can
write the function in (3.8) in the u — —ioco limit as

1/2_1/2, . .
I(=2’yq," a9y "3 q1,92) ~ o3 Bas(—a(u)|ere2,r )+ 5 By s(—p(u)—v—g (e1+eatr™ ) ere2,r ")
['(z q1492; 91, 92) ’

(3.9)
where we have assumed the quiver constraint (2.22). For negative roots and weights, or
in the limit v — 400, one simply repeats the manipulations above with v — —u. For a
general theory with gauge group G and hypermultiplets in gauge representations R the
superconformal index at large N is then given by

ZS4 Sl ~ H H H €_2FV G’)|€1,62, )—2FH(p(0')—Z‘V[‘61,62,7’71), (310)

€1,€2
a€Ad(G) I pER;

where the functions Fyy and Fp were defined in (2.19) and the v; are fugacities for the
flavor symmetries acting on each hypermultiplet. Note this is precisely the square of the
integrand (2.18) for the squashed sphere at large N, with the identifications

W= (617621T_1)> mp=1vr. (311)

The fugacity parameters, vy, are mapped to masses, my, for the same symmetries in the
sphere partition function. These have different physical interpretations on both sides and
thus the map is formal. We also note that the mapping of squashing parameters is compat-
ible with the assumptions (2.9) and (3.5).!6 Then, we have shown that, to leading order

160ne can repeat the analysis for all other choices and the final conclusion is unchanged.
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in N, the matrix models for the superconformal index and sphere partition function are
related by

2
Zg1  yaliovr) = | Zgs (io,vr)| - (3.12)
el @=(eq,e2,7 1)
Given this relation, it is clear that the saddle (2.23) for the sphere partition function in
this limit is also a saddle for the superconformal index. Furthermore, when there is a single
saddle dominating the matrix models, we arrive at the rather remarkable conclusion that
the superconformal index is the square of the (mass-deformed) sphere partition function:

2
Zsa xsi(vr) = |Zgs vr)| (3.13)

€12 F=(eq,ep,r 1)

to leading order in the 1/N expansion.

3.1 A large N Cardy formula

We now point out an interesting consequence of (3.13). As reviewed in section 2.1, for any
quiver gauge theory satisfying (2.22), the squashed and round sphere partition functions
are related at large N by (2.25). For any such theory, it then follows that

2(rey +reg +1)3
277“26162

lOg Zséllyezxs}. (V[) ~ — F55 (m[) y (314)

3
TEL +Zéz+1 :
in the literature. For the case of theories with massive ITA duals the formula (3.14) is

where m; = This result encapsulates and extends a number of observations
consistent with the expression for the superconformal index derived in [13], which was
studied in the large N and Cardy-like limit |e; 2| < 1.

We emphasize that our result holds for a vast class of theories, including those arising
in massive type IIA as well as type IIB string theory, and for finite €12 and r.17 As
discussed in the Introduction, this is reminiscent of the extended regime of the 2d Cardy
formula [23]. We conjecture that the 5d extended Cardy formula universally accounts for
the entropy of spinning black holes in AdSg, just like the 2d Cardy formula universally
accounts for the entropy of black holes in AdSs. It would be interesting to study whether
there is an underlying “modular property” which explains the 5d Cardy formula, perhaps
along similar lines to what has been observed for 4d N' = 4 SYM in [66, 67] and more
recently for A/ = 1 theories [68]. This may also be useful in establishing the precise regime
of validity of (3.14) away from the Cardy-like limit.

We comment in passing that a relation analogous to (3.13) has been shown to hold in
3d, relating the large N superconformal index, Zgz, g1, in the Cardy-like limit |w| < 1,
to the squashed S® partition function in the interesting paper [69]. The results discussed
here, and the holographic arguments in [12], suggest that at large N the 3d relation may
hold in an extended regime as well. It would be interesting to study this in detail.

1" This was anticipated from holography in [12], based on the results in [63-65].
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Comment on other possible large N contributions. One should keep in mind that
the analysis carried out above does not necessarily reveal all complex saddles contributing
to the superconformal index at large IN. For instance, a similar matrix model — in terms
of elliptic gamma functions — controls the supersymmetric index in 4d. An alternative
representation of the index in terms of a Bethe ansatz formula [66], however, reveals the
existence of additional eigenvalue configurations at large N which are not directly visible
as saddles in the original representation of the index but are nonetheless important. This
has also been understood in a different approach in [67]. Thus, it is possible that a sim-
ilar reformulation of the 5d supersymmetric index may reveal such additional eigenvalue
configurations. These other configurations, if they exist, may in fact become dominant in
certain regions of the space of complex fugacities. This would place a constraint on the
region in fugacity space in which (3.14) holds. A more systematic approach to studying
additional complex saddles could be carried out, for instance, by Picard-Lefschetz theory.
It would be interesting to study if any such methods reveal additional configurations and
their precise region of dominance, which lies beyond the scope of this paper. Nonetheless,
the saddle (2.23), which leads to the contribution (3.14) in the index, always exists even
if it may not be the dominant contribution in all of parameter space. As we discuss in
section 4 this saddle has a holographic interpretation as a single-center black hole.

3.2 Microcanonical partition function

Let us briefly review how to extract the microscopic entropy. From the Hamiltonian rep-
resentation of the index (3.1) and denoting q; 2 = e = w12 with Re wio < 0, it
follows that it takes the form

Zsél!wzxsﬂl/[) = Z Q(Jl,JQ,QR,Q]) ewl]leWZJQ(BVRQReleI s (315)
BPS states
where we defined the R-symmetry fugacity vp = w; + we + 2min, with n = £1, and
Q(J1, J2,Qr, Q) is the degeneracy of %—BPS states with angular momenta J; 2, R-charge
@R, and flavor charges (J;. In the canonical ensemble the fugacities are fixed and all é—BPS
states with charges satisfying (3.2) contribute to the partition function.
Since we are interested in the degeneracy of a particular state with given charges
(Ji2,Qr,Qr), we go to the microcanonical ensemble. This is obtained by

Q(Jla J27 QR7 Q[)
[ dvdvndins dr

g4 gl (VI) e—W1J1 e—OJQJQe—I/RQRe—V[QI 6)\((.01+UJ2—1/R+27T’L77/)

c 2mi 2wt 2mi 2mi Tene2 )

(3.16)

where we temporarily relaxed the supersymmetry constraint, imposing it by the Lagrange
multiplier A. The entropy is defined, as usual, by the logarithm of the microcanonical
partition function. The contour C is chosen so that the integral is convergent and we
assume it can be deformed to pass through saddles of the integrand. Then, in the large N
limit the integral can be evaluated by the saddle-point approximation,

S =log Q) ~ log ZsilwzXsl(V])—wljl—wQJQ—I/RQR—Z/[Q[—I—)\(UJl—}—wQ—I/R—}—Q?Tin) , (3.17)
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subject to the usual Legendre transform relations. We can now consider the contribution
from the saddle leading to (3.14)
3
VR

S~ ————Fos(vy) —w1J1 —waJo —vRrQRr —viQr + AMwi +wa —vr+2min).  (3.18)
271w Wo

Universal sector. Setting all flavor fugacities to zero, vy = 0, is special. In this case,
the superconformal index is concerned only with the degeneracy of BPS states with fixed
R-charge Qg and angular momenta J; 2 (and hence fixed A) and is oblivious to any flavor
quantum numbers the states may carry. Since the stress-energy tensor multiplet is a
universal sector of all SCFTs, and following the terminology of [10, 12], we refer to this as
the universal case. Using (3.14) the saddle equations read

1 ¢ 1 ¢
0=A—J) + ——2—Fgs, 0=A—Jy+———Fes,

1T WiW2 1T Wiwy

1 ? .
0=A+Qr+ — Fgs 0 =wi +ws — 3p + 2min,

1T W1Ww9

where Fgs is the free energy of the theory on the round S° with all mass-deformation
parameters set to zero and we defined vr = 3. Then, at the saddle

S = 2minA, (3.19)

and the entropy is determined by the Lagrange multiplier A\. To determine A we take
products of the equations above,

T 3

A=J)A=Jz) = —F(A + Qr)”. (3.20)

S5
The solution to this cubic equation for A is generically complex and thus the entropy is not
real. Demanding a purely imaginary A and assuming J; 2 and Qg to be real, the complex
conjugate equation reads

s
A+ )+ o) = —F (A —Qr)>. (3.21)
SS
Taking the difference of the two equations gives a quadratic equation for A, with two roots.
This gives
24
J1+Jo \/(Jl + J2)% + 12;2§R
S

S = 27nFgs (3.22)

3Qr
For the all known theories, Fgs < 0 at large V. Then, depending on the sign of n and Qg,
one chooses the root so that the entropy is positive. Plugging in the solutions for A in any
of the equations above leads to a nonlinear constraint among Ji 2 and Q.
Taking ratios of the saddle equations leads to the simple equations for the rotational
fugacities,
P _ S — 2minJy ® S — 2minJs (3.23)
wi S+ 2minQr’ wo S +2minQpr ’

In the next section we discuss holographic applications in the study of black holes.
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4 Black hole entropy

In this section, we discuss the implications of the large N Cardy formula in holography, in
particular for the microscopic counting of black hole entropy. In the context of holography,
the rigid background S* x S' is seen as specifying the boundary of a six-dimensional
quantum gravitational theory in asymptotically locally AdSg. In the regime in which the
dual bulk theory is weakly coupled, the partition function of the boundary field theory can
then be reorganized as a sum over semiclassical gravitational saddles of the bulk theory,

~ —Ip(vr;wi,w2)
Zsa 251 (V1) Yo ; (4.1)

gravitational
saddles

where Ig is the Euclidean on-shell action of the gravitational saddle and the chemical
potentials in the field theory are identified with the asymptotic values of the dual gauge
fields defining the boundary conditions. In general, there may be various gravitational
saddles contributing to (4.1), with their relative weight varying over the space of fugacities.
An interesting question is which gravitational saddles precisely contribute and how they
can be extracted from the field theory partition function.

A full understanding of this is out of reach at the moment, requiring both a full classi-
fication of the gravitational saddles as well as the corresponding field theory configurations
(see discussion at the end of section 3.1). Our claim here is that the contribution leading
to (3.13) (or (3.14)) is dual to the single-center BPS black hole, carrying two angular mo-
menta and multiple electric charges. For this to be true the contribution (3.14) to the matrix
model should equal the Euclidean on-shell action of the corresponding black hole, i.e.,

3

Ig(viywi,we) = Fqs(vr) . (4.2)

1TWI W9

The parameter ¢ corresponds to the chemical potential associated to electric charge under
the graviphoton and is fixed in terms of the rotational fugacities w2 by supersymmetry.
The parameters vy should be identified with chemical potentials for additional electric
charges. Unfortunately, no spinning black holes with multiple electric charges are known
at the moment and we cannot test (4.2) directly. However, in the important case v; = 0
the black hole is known and there is perfect agreement as we discuss in more detail below.

Another quantity of physical interest is, of course, the Bekenstein-Hawking entropy
of the Lorentzian solution. This is somewhat subtle since (supersymmetric) Euclidean
black holes in AdS do not typically admit a regular continuation to Lorentzian signature
unless an additional extremality constraint is imposed, as discussed in [13, 63, 65, 70, 71]
in various dimensions. As in those cases we expect the superconformal index to be aware
of the extremality constraint, as we discuss below.

4.1 The universal spinning black hole

Let us consider the universal case, v = 0, discussed at the end of section 3. On the
supergravity side this corresponds to setting all vector multiplets of the theory to zero,
which is a consistent truncation to minimal 6d F'(4) gauged supergravity, containing only
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the gravity multiplet. A spinning black hole solution in this theory was constructed in [72],
carrying two angular momenta and an electric charge under the graviphoton, which is dual
to the SU(2)r R-symmetry. The renormalized Euclidean on-shell action of this solution
was recently computed in [65]. Reinstating Newton’s constant, it is given in terms of the
rotational and electric chemical potentials by

: 3 3
mop 1 ¢
Ig = = — Fgs 4.3
E 3G(6) (%) LT w12 5 ( )
where in the second equality we used Fgs = —%, with Fgs the free energy of the

undeformed SCFT on the round S°, and 3¢ = vy is identified with the R-symmetry fugacity
in the superconformal index (3.15). This precisely matches the field theory result (4.2) for
vr = 0. Furthermore, this match holds for finite wy > and irrespective of the uplift of the
6d solution, either to massive type ITA or type IIB string theory, as argued in [12].1® This
justifies our claim that the eigenvalue configuration (2.23), leading to (3.14) is dual to a
single-center black hole.

We note that the eigenvalue configuration (2.23) exists for generic wy o, in particular,
in the Cardy-like limit |w; 2| < 1 studied in [13], which corresponds to black holes that are
large compared to the size of AdS. Thus, we have shown the saddle persists beyond the
Cardy-like limit as the black hole becomes smaller, thus accounting for the extended validity
of the 5d Cardy formula. It is possible, however, that when the black hole shrinks beyond a
critical size, other supergravity configurations with the same asymptotic charges may exist
and even dominate the canonical ensemble, leading to a corresponding phase transition in
the field theory. It would be interesting to study if such supergravity configurations exist.
From now on we focus on the single-center black hole.

The match between the field theory free energy and the supergravity on-shell action
of the single-center black hole is sufficient to give a microscopic derivation of the black
hole’s entropy, and regardless of its size. This is because the supersymmetric black hole
satisfies the quantum statistical relation [72] (see [63, 65] for a detailed discussion of the

supersymmetric case),”

Spu = —Ig —wi1J1 —wada — 3pQ, (4.4)

Area

where Sppg = G, is the Bekenstein-Hawking entropy. Setting vy = 0 in (3.18) and

comparing to (4.4) it is then automatic that the field theory degeneracy reproduces the
Bekenstein-Hawking entropy: S = log .20 The fact that the black hole entropy can be
obtained by the Legendre transform (4.4) was first observed in [63, 65]. The field theoretical
derivation above is an explanation of this observation.

8The information of the particular uplift is encoded in the expression for Newton’s constant G 6y in terms
of the 10d geometry, which can be obtained by the uplift results of [73] for massive type ITA and [74-77]
for type IIB.

¥90ur definition of Q differs by a factor 3 compared to these references.

20 A5 discussed in section 3.2, here we assume the constraint among .J; 2 and Qg that ensures the entropy
is real.
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We emphasize that Sgy = log 2 holds regardless of the uplift to 10d. This simple
observation accounts for the microscopic entropy of an infinite class of black holes, large
or small, in both massive type IIA and type IIB string theory.

4.2 A mesonic spinning black hole in massive type ITA

We now consider an example with nonzero flavor fugacities. As a simple example we con-
sider the Seiberg theory [24], consisting of a single 5d N' = 1 vector multiplet in the adjoint
of the gauge group Sp(N) ~ USp(2N), Ny < 7 hypermultiplets in the fundamental repre-
sentation, and one hypermultiplet in the antisymmetric representation. The global flavor
symmetry is SU(2) s x SO(2N¢) x U(1)t0p, where the first factor acts on the antisymmetric
hypermultiplet, the second factor on the fundamental hypermultiplets, and the last factor
is a topological symmetry. In full generality, one may turn on all fugacities in the Cartan
of this large flavor group. For simplicity here we turn on a fugacity only for the Cartan of
the mesonic SU(2) /7, which is translated by the map (3.14) into turning on a real mass for
this symmetry in the S® partition function. The mass-deformed partition function on the
round S° was computed in [57] (see also [59, 60]):

271(9 + 41 2 \3/2
Fgs (rag) = — VELICRE D YRSV +O(N3/?), (4.5)
15,/8 — N;
where Mg is the mass parameter for the antisymmetric hypermultiplet. With vag = @ hag
and

A1 = 3p + 2ivag, Ay = 30 — 2ivag, (4.6)

we have 3/

3
@ A (A149)

F = 4.7
imulwg 5 (mAS) 27i7rw1w2 5% ( )

where Fgs = Fgs(mag = 0) is the free energy at the 5d conformal point.
The field theoretical entropy is now determined by extremizing
(A149)%? 1 :
S = ——Fg—wJi —waJo— A1Q1 — A2Q2 + MNw1 +w2 — 5 (A1 +A2) +27in), (4.8)

271w wo
with respect to the chemical potentials wq 2 and Aj 2 and the Lagrange multiplier A, which
we have included to ensure the supersymmetric constraint on the index. This is consistent
with the proposal in [64] and the derivation in the large N and |wy 2| < 1 limit in [13].
This leads to the equations

(A1A2)3/2 (A1A2)3/2
O=X—J;——F—F O=\—Jy— ~—""SF
! 27i7rw%w2 5% 2 27i7rw1w§ 52
1 3 (A1Ag)? 1 3 (A1Ag)%?
0==X\ - F 0==X\ - F
2N @ T A, Yimwnan L5 2N T2 T SR, iy L5

and the constraint wy + wy — %(Al + Ag) + 2min = 0. At the extremum,

S =2minA. (4.9)
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Thus, to determine the entropy it suffices to find A. Taking products of the equations above
one can easily write an equation for A in terms of the charges:

3 3
(A= J1)*(\ — Jo)2F&s = —6472 @ + Q1> (; + Q2> : (4.10)

The solution to this sixth-order polynomial equation for A is generically complex and thus
the entropy (4.9) is not real. Requiring a purely imaginary value for A and taking the
complex conjugate equation (assuming Q12 and J; o real), we get

A o) 3
(A4 J1)2(\ + Jo)?*Fas = —64n° (2 - Q1> (2 - Q2) : (4.11)
Taking the difference of (4.10) and (4.11), and assuming A # 0, we have
3e(Q1 + Qo)A — 4 [16(1 + J2) — e(@1 + Q2)(QF +8Q1 Q2 + Q3)| X
—16 [A1 (N + Do) — 3eQIQB(Q1 + Q) =0, (412)
— 6472

g F2 .
S5
via (4.9). Then, plugging the solution into (4.10) or (4.11) leads to a nonlinear constraint

where ¢ This equation can be easily solved for A, which determines the entropy

among the angular momenta and electric charges that ensures the entropy is real. Based
on similar analyses for other spinning black holes in AdSs [70, 71] and AdS, [63, 65] we
expect this constraint to correspond to an extremal (zero temperature) limit.2! It would
be interesting to construct this solution, derive the extremal constraint, and match the
entropy above.

5 The S x ¥, partition function

In this section, we briefly review the results [11] for the S} x ¥, partition function and
observe that the results there can be written compactly in terms of the squashed S° par-
tition function. For a general theory with gauge group G and hypermultiplets in gauge
representations R the perturbative partition function is given by:

Zggrizg: Sooat T s(a@ —i@) ™ IT IT so (o) +wr) %, (5.1)

UWESBE acAd(GQ)’ I peERy

where sp(x) is the double sine function, = %(b +b7Y), v and iy are a fugacity and a
quantized flux for flavor symmetry, respectively, and the sum is over solutions to the Bethe

equations
t
X ) OWesire
Spp = {04 | Hy(@)=exp 2mT(u) =1, a=1,...,rg ¢ /Wg, (5.2
a

21Sce [64] for a pedagogical exposition and review of existing results.
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where ngjw is the perturbative twisted superpotential, given by
b

WET (0,9) = W @)+ 3 e 4 i) — Y el +1). (53)
I pER; a€Ad(G)
The variables with and without “tilde” are related by @& = iQ 'u and 7 = iQ 'v. The
classical contribution is given by
o 1 5. . 1 -
nggajiggal(u) = —§Q2fyu2 — 6Q2Trcg(u3) , (5.4)
and the functions sp(z) and g,(z) are related by
log sp(—iQx) = 2mig; () . (5.5)
To study the large N limit, we will need only the asymptotic behavior of g(z), as & — +ioco,
14 4Q?
AT e - 172)] u) . (5.6)

1 1 1
gt + ) — £ <— EQ%&“ + ZQQMQ +7 G

The function H is a Hessian contribution, which is subleading in the large N limit and
hence we ignore (see [11] for details). Similarly, we assume instanton corrections are sup-
pressed at large IV in the remainder of this section we shall always omit the label “pert”

to avoid clutter.
The large N limit of this observable was studied in [11]. Here we simply point out that

the results there can be written compactly as??
4 20
: V) ~ —F — .
WS?XRQ (V) 277T Sg:(b,b_l,Q) <3Q> I (5 7)
N - R N 8VVS3><]R2 (’;)
log Zgays, (7)i ~ 2m(g — 1) | 3Wssxpe (V) + > (R =) 571;[ ; (5.8)

I

where Fgs (m) is the free energy of the theory on Sg, deformed by a mass parameter

m. Here Wgs, go (v) = Was w2 (11, 7) denotes the twisted superpotential, evaluated at the
vacua (5.2). The universal twist corresponds to setting

n,=0=rp, (5.9)
which in particular implies
8 2
log Zgs 5, & —§(g —1)Q"log Zgs . (5.10)

This universal relation between partition functions holds for any 5d theory with a weakly
coupled gravity dual, including theories engineered in both massive type IIA and type 11B
string theory.

22Gimilar results appear for topologically twisted indices in 3d [78, 79] and in 5d [80].
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Proof of (5.8). We begin by rewriting (5.1) as (ignoring the Hessian contribution):

log Zgs s, = — 2 2milg — Dgyla(@) +1)+ > > 2mi(g — 1)irgy(p(a) + 1)
acAd(G) I peR;
. . o W e (D)
= Z Z 2mi(g — 1)(111 -7 1)g{)(p(u) +rr)=2m(g—1) Z (nj — U 1)57;
I peR; T 1
(5.11)

where the second line follows by using the large N constraint (2.22) to solve the Bethe
equations (5.2) (with the classical contribution in (5.3) being considered subleading) and
the overall i is removed as the prime stands for % —i5= a~ It is useful to introduce an

extended set of fugacities, I/}t, defined by??
vp =1+, U +0; =2. (5.12)

The sum appearing in (5.11) runs over an independent set of o’s. We can rewrite the n;-

independent piece in terms of the extended set by using the following summation relation?*

L WVssype (V)

ow 2 2(D)
ZZ vr 8~:i: = Z (D] I ) Sayj{ . (5.13)
1

In addition, one can see that ng,sz (7) is homogeneous of degree 3 in the extended

variables ﬁ;c, ie.,
8WS3><R2( )

Z Z = 3Wsp gz (V) - (5.14)

To show this, focus on (5.3) (ignoring the subleading classical contribution) where the
functions g, are expanded using (5.6). The important points are that the quadratic term
in @ cancels out to leading order and, assuming (2.22), the linear terms in @ from the
vector and hypermultiplet combine into the form () I v ;7 )a. Thus, only a cubic and

/23 brings the dependence on

this linear term remain. Then, rescaling @ — (3, 7] ;)
the fugacities into an overall factor of (3°; 7 #;)%? in the twisted superpotential, which
proves the claim. This holds for theories in both massive type IIA and type IIB string

theory.?> Finally, combining (5.11), (5.13) and (5.14), we obtain (5.8).

Comment on novel 3d SCFTs and holography. The Sg’ X ¥4 partition function
can be interpreted as the Sg’ partition function of the 3d SCFTs obtained by twisted
compactification of the 5d SCFTs on ¥ and flowing to the IR. These 3d theories are then
labelled by the UV theory one started with in 5d and the compactification data such as
discrete fluxes, n, on the Riemann surface:

TE) LT g [TW)} ) [7-;3‘1} , (5.15)

23This definition is so that the coefficient 1 — #* = 7T~ in (5.6) is homogeneous in these variables.

24This relation follows by differentiating W(#) and imposing the constraint on # in different order. A
similar trick is used to prove the relation for 3d topologically twisted index in [79].

25See [11] for explicit examples in massive type ITA.

~19 —



Determining whether this procedure actually leads to interacting 3d SCFTs in the IR is a
nontrivial problem. At large N one can gain some insights into this question as the explicit
RG flow from 5d to 3d can be constructed holographically as a solution of 6d F'(4) minimal
gauged supergravity interpolating between locally AdS¢ and AdSs x 4. As shown in [10]
properties of the supergravity solution imply the relation Fgs, s = —%(g — 1)Fgs, which
exactly matches the large N relation (5.10), for the round sphere b = 1. This strongly
suggests that the fixed points Tz(jcg are nontrivial and strongly interacting, both in the
massive type IIA and type IIB constructions. Note the scaling with N of the 3d partition
function is inherited from 5d and thus is given by N°/2 and N*, respectively. It would be
interesting to uncover whether these theories admit a purely three-dimensional description.

Acknowledgments

We would like to thank Nikolay Bobev, Zohar Komargodski, and Guli Lockhart for discus-
sions. The work of PMC is supported by Nederlandse Organisatie voor Wetenschappelijk
Onderzoek (NWO) via a Vidi grant and is also part of the Delta ITP consortium, a pro-
gram of the NWO that is funded by the Dutch Ministry of Education, Culture and Science
(OCW).

A Superconformal algebra

The superconformal algebra contains the supercharges Qﬁz and S'', which in radial quan-
tization are conjugates of each other, 7 = (Q/). They satisfy [7] (here we follow
conventions in [38])

[Q). SBY = GL.6AD + 254 M, — 357, Ry5". (A1)

where D is the generator of dilations, M, are the generators of SO(5) rotations, and R BA
are generators of SU(2)r. Explicitly,

{91, (Q%)T} =A+J+ J2 - 3R,
{95,(Q)"} =A—Ji — )2 - 3R,
{an (Qg)T} =A—-J1+J2+3R,
(0} (9D} =A+J1 — J» +3R.

One now chooses a supercharge, O, out of the set above and defines the corresponding

(A.2)

index which is, by construction, invariant under the supercharge Q. The index defined
in (3.1) corresponds to choosing @ = @} and thus receives contributions only from states
satisfying

A—J—J—3R=0. (A.3)

Imposing this relation in the other three anticommutators, and assuming unitarity, implies
that the states contributing to the index also satisfy

Ji+3R >0, Jo+3R >0, Ji+Jy>0. (A.4)

If any of these inequalities is saturated the state preserves additional supersymmetry.
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B Special functions and asymptotics

Here we collect some results for the special functions used in the main text, mostly follow-
ing [45], and derive the asymptotic behavior of the elliptic gamma function.
We begin with the g-Pochhammer symbol (z;q), defined by

(z:q) = [Tiso(1 — 2a") lql <1 (B.1)
[Tizo(1 —2zg7%7H)7 lal > 1
where z and q are complex variables. It satisfies the following properties, for |q| # 1,
(az:0) = (1 =2) " (=za),  (ma7)=(aza)". (B.2)
The g-Pochhammer symbol can be used to define the elliptic theta function:
0(z:0) = (239)(a2"";0). (B.3)

One can define multiple g-Pochhammer symbols. In particular, the double (g1, q2)-
Pochhammer symbol is defined as

[Tk, ko>0(1 — qu Cl2 ?) lg1] < 1,[q2 <1
(1 - zq; g2 l91] > 1, |q2| > 1
(2391, 92) = i a0 b | (B.4)
[k, ko>0(1 — qu o )~ lg1] < 1,[q2 > 1
[T ymo(1 — 207" 1ah) lq1] > 1,]q2] < 1
With these definitions, various identities follow:
(z1q1,92) = (zay 500 a2) 7t (z5a1,92) = (207 'ag e ey ) (B5)
(q12;:01,d2) = (2:92) 7" (z391,92) , (922501,d2) = (2;91) 7 (2391, 92) -
The elliptic gamma function is defined as
(9192215 q1, q2)
T (2;q1,92) = . B.6
) (Zv qi, q2) ( )
We often use the shorthand notation
[(ujer, e2) =T (2 = €™ qp = 7™, gg = €27) (B.7)
It satisfies the following “shift” properties:
D(u+1ser,e2) =T'(us €1, €2) (B.8)
F(u+61;61, 2) =9<u762) (u 61,62) (B.Q)
D(u+ e2;€1,€2) = O(u; €1)T (u €1,€2), (B.10)
D(e; —ujer, e2) = O(us ;)" (u €1,€6) ", (B.11)
[(e1 + €2 —ujer,e2) =D (u, 61,62) , (B.12)

- 21 —



and the “inversion” properties:
D(u; —e1,€62) =T'(e2 — uj€q, €2), D(user,—€2) =T'(e1 —user,e9). (B.13)

All these formulae hold for u € C and ¢; € C\R. The elliptic gamma function also satisfies
a “modular” property for ¢;, E—f, €1+ e2 € C\R [45]:

(g. _1 gz)
D(u;er, e2) = e~ imQ(uie1,€2) ‘’ ea’e

F(“*EI —T _ﬂ) , (B.14)
€ €2 €2
where
B ud B 61—|—62—1u2 (e1 —|—62—1)2—|—6162—61—62u_ (e14+e2—1)(e160—€1 —€3)
N 36162 26162 66162 126162 '
(B.15)

Another relevant function is Barnes’ multiple gamma function, defined as

OCnr (s, u|d)
0s

P (uli) = exp (

(B.16)
The asymptotics of Barnes’ multiple gamma function as |u| — oo was studied by Ruijse-
naars in [62]. It was shown there that I"j;(u|d) admits the expansion

M-1 M n
L (=M \ BMn 1
log Lar(ul) = = —Bu (W) logu-+ (S D = Zl 7O\ )

(B 17)
which holds for Reu > 0, Rew; > 0, |arg(u)| < 7, and where By ,(u|d) are the multiple
Bernoulli polynomials, defined by the generating function

tM ut

TN 7;) . (B.18)

The By, (u|@) are polynomials of degree n in the variable v and symmetric in wy, - -+ ,wpys.
Two useful properties are the rescaling and shift properties, [81]

By (rulrd) = r”_MBM,n(ukD') , B (wiot — uld) = (=1)" By (uld), (B.19)

where wiot = Zf\i 1 wi. The relevant polynomials for our purposes are, explicitly:

1 - U Wtot
Bg}o (u\w) = s Bg}l (u\w) = — s
Wi1wWaws Wi1Waows 2(«]1(«]2(«]3
2 2
N U Wtot Wit TwWiws +wiws +waws
3372 (u\w) = — < u+ tot , (BQO)
wWiwaws Wi1wWaws 6w1w2w3
3 2
By (ul) u 3wrot 2+wtot+w1w2+w1w3+w2w3u Whot (W1we +w w3 +waw3)
3,3 = - - .
’ Wiwaws  2wiwows 2w1 Wows3 dwiwows
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B.1 Asymptotics of the elliptic gamma function

Combining the results reviewed above one can easily derive the asymptotics of the elliptic
gamma function, which controls the large IV limit of the superconformal index. The crucial
relation for us is an identity relating Barnes’ triple gamma function, I'3(u|d), to the elliptic

gamma function, I'(u; €1, €2). Assuming Ime; > 0 one can show that (see Corollary 6.2
in [82]):

Fg(u’ €1, €2, 1)F3(1 — u| — €1, —€9, 1)
Ds(—u+ 2€ey|€1,60, 1)T3(1 +u—2eq| — €1, —€2,1)

eiﬂR(u—eHel,eg)

D(u;er, e2) = , (B.21)

where €} = (€1 + €2) and R is the cubic polynomial

v3 e 4ed—2
36162 126162

1
R(v|er,e2) = 6 (B3s(vtes|er,e,1)—Bsg(—v+ep|er,e,1)) =

(B.22)
Explicitly, using (B.17) for M = 3 and (B.20), one has
1 11 3 2
log's(u|&) ~ — Bs 3(u|d)logu— u? Wiot 2 _ Wior FW1Wa Funws Wt u.
3! ’ 36&)1&)2&)3 8LL)1LL)2LL)3 12&)1&)2&)3
(B.23)

Using this asymptotic expression for each of the factors in (B.21), and choosing the branch
log(—u) = —im + log(u), one sees that the contributions from first term in (B.23) combine
with the polynomial R into a single Bernoulli polynomial, Bs3(—u|ey,ea,771). On the
other hand, the remaining polynomial contributions in (B.23) mostly cancel out, leaving
only a linear term in u. Precisely, one finds that in the limit |u| — oo,

D(2 q102; 1, d2) = D(ru + reg + reg; rey, reg) & ¢ Pral-ulaear D) (B.24)

where L(u) = 2’:(15:’#‘“2 u. We also used the rescaling property of the Bernoulli polyno-
mial, B3 3(ru|rd) = Bs3(u|d), and dropped O(1) terms. Note that after combining the
contribution from the vector and hypermultiplet the linear term £(u) is subleading in N
for the quivers we consider, due to the requirement (2.22). This is the main asymptotic

formula used in the study of the superconformal index at large N.
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