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Abstract

We show that if a sequence of piecewise affine linear processes converges in the
strong sense with a positive rate to a stochastic process which is strongly Hoélder con-
tinuous in time, then this sequence converges in the strong sense even with respect
to much stronger Holder norms and the convergence rate is essentially reduced by
the Holder exponent. Our first application hereof establishes pathwise convergence
rates for spectral Galerkin approximations of stochastic partial differential equa-
tions. Our second application derives strong convergence rates of multilevel Monte
Carlo approximations of expectations of Banach space valued stochastic processes.
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1 Introduction

In this article we study convergence rates for general stochastic processes in Hélder norms.
In particular, in the main results of this work (see Corollary and Corollary in Sub-
section below) we reveal estimates for uniform Holder errors of general stochastic pro-
cesses. In this introductory section we now sketch these results and thereafter outline sev-
eral applications of the general estimates, which can be found in subsequent sections of this
article (see Corollary in Subsection , Corollary in Subsection , and Corol-
lary in Subsection below). To illustrate the key results of this work, we consider
the following framework throughout this section. Let T' € (0,00) be a real number, let
(2, .7 ,P) be a probability space, let (E, ||-||;) be an R-Banach space, and for every func-

tion f:[0,7] — E and every natural number N € N ={1,2,3,...} let [f]y: [0,T] = E
be the function which satisfies for all n € {0,1,..., N — 1}, t € [”T (nH)T} that
vt = (n +1- %) SOw) + (7 =) f(—("}”T) (L.1)

-----

Theorem 1.1. Assume the above setting. Then for all p € (1,00), e € (Yp, 1], a €
[0, — 1/p) there exists C € (0,00) such that it holds for all 5 € [e,1], N € N and all
(Z, |||l g)-strongly measurable stochastic processes X,Y : [0,T] x Q — E with continuous
sample paths that

(&1 ~ W) o] )

€ -8
<CN <n€{§,1117§7N}||X"T Yar || o,y 2V ||X||<ﬁ<[o,T],|-||$p(P;|.|E>>>~

(1.2)

The Holder and ZP-norms in ((1.2]) are to be understood in the usual sense (see Sub-
section below for details). Theorem is a direct consequence of the more general
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result in Corollary in Subsection [2.2] below, which establishes an estimate similar to
(1.2) also for the case of non-equidistant time grids. Moreover, Corollary in Subsec-

: . . . . Up .
tlonprov1des an estimate similar to (1.2)) but with (E[||X —Y||Ifa( ])7" instead
of (E[|X — [Y]n
norm of Y occurring on the right hand side. Theorem has a number of applications in

the numerical approximation of stochastic processes, as the next corollary, Corollary [1.2]
clarifies. Corollary [1.2] follows immediately from Theorem [I.1

0,711l &)
%a([o 7] H-IIE)l)l/ " on the left hand side and with an appropriate Holder

Corollary 1.2. Assume the above setting, let f € (0,1], and let X: [0,T] x Q@ — E and
YV 0, T] x Q — E, N €N, be (Z, ||| p)-strongly measurable stochastic processes with
continuous sample paths which satisfy for all p € (1,00) that VN € N: YV = [Y¥]|y and

3 _ VN
X CEO.TN 1| 2p (o1 ) "l‘]svlé% {N ne{(?,lll,l.?.,N}HX% Y%H_yp(xp;”.”,ﬂ) < 0. (1.3)
Then it holds for all p,e € (0,00) that
l/p
sup | NA—¢ (E{ sup || X; — Y;NH%}) < 00. (1.4)
NeN t€[0,77]

It is assumed in that a sequence of affine linearly interpolated (&, ||-|| ;)-strongly
measurable stochastic processes (V) yen converges for every p € (1,00) in Z7(P; ||| ;) to
an (.#, ||| p)-strongly measurable stochastic process X with a positive rate uniformly on
all grid points and that this process X admits corresponding temporal Holder regularity.
Corollary then shows that these assumptions are sufficient to obtain convergence for
every p € (1,00) in the uniform LP(P; [||| o o.71,,,))-2orm with essentially the same rate.
Corollary in Subsection below implies this result as a special case and includes
the case of non-equidistant time grids. Moreover, Corollary proves an analogous
conclusion for convergence in uniform Holder norms, where the obtained convergence rate
is reduced by the considered Holder exponent. Corollary below demonstrates how
this principle can be applied to Euler-Maryuama approximations for stochastic differential
equations (SDEs) with globally Lipschitz coefficients. Arguments related to Corollary
can be found in Lemma A1 in Bally, Millet, & Sanz-Solé [4] and in the second display on
page 325 in [9).

Corollary is particularly useful for the study of stochastic partial differential equa-
tions (SPDEs). In general, a solution of an SPDE fails to be a semi-martingale. As a
consequence, Doob’s maximal inequality cannot be applied to obtain estimates with re-
spect to the L*(P; Illeqo.m, 4, orm. However, convergence rates with respect to the
C([0,T7, ||~HL2(P;H,”E))—norm are often feasible and Corollary can then be applied to ob-
tain convergence rates with respect to the L?(IP; Ille o, ,))-orm. Estimates with re-
spect to the L?(IP; ||- ||c([o,T],||,”E))—norm are useful for using standard localisation arguments
in order to extend results for SPDEs with globally Lipschitz continuous nonlinearities to
results for SPDEs with nonlinearities that are only Lipschitz continuous on bounded sets.
We demonstrate this in Corollary in Subsection below in the case of pathwise
convergence rates for Galerkin approximations. To be more specific, Corollary proves
essentially sharp pathwise convergence rates for spatial Galerkin and noise approxima-
tions for a large class of SPDEs with non-globally Lipschitz continuous nonlinearities.
For example, Corollary applies to stochastic Burgers, stochastic Ginzburg-Landau,
stochastic Kuramoto-Sivashinsky, and Cahn-Hilliard-Cook equations.
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Another prominent application of Corollary are multilevel Monte Carlo methods
in Banach spaces. For a random variable X € Z2(P;|-||;) convergence in Z*(P; ||| )
of Monte Carlo approximations of the expectation E[X] € E has only been established
if E' has so-called (Rademacher) type p for some p € (1,2] and in this case the conver-
gence rate is given by 1 — 1/p (see, e.g., Heinrich [15] or Corollary in Subsection
below). However, the space C([0,T], E) fails to have type p for any p € (1,2]. If X
has more sample path regularity, this problem can nevertheless be bypassed. More pre-
cisely, if it holds for some a € (0,1], p € (Ya,0) that X € Z*(P; [ [wawr(o.1),)> then
Monte Carlo approximations of E[X] € W*P([0,T], E) have been shown to converge in
22 (P, I[lweso77,)) With rate 1 —1/minf2,} and, by the Sobolev embedding theorem, also
converge in .Z*(P; Illeo.m,4,)) With the same rate. Here for any real numbers a € (0, 1],
p € (1a,00) we denote by W*P([0,T], E') the Sobolev space with regularity parameter
a and integrability parameter p of continuous functions from [0,7] to E. Informally
speaking, in order to gain control over the variances appearing in multilevel Monte Carlo
approximations it is therefore sufficient for the approximations to converge with respect to
the L*(P; I lza (0.7, ,))-orm for some v € (0, 1]. For more details, we refer the reader
to Section 5] and, in particular, to Corollary [5.15, which formalises this approach for the
case of multilevel Monte Carlo approximations of expectations of Banach space valued
stochastic processes.

Finally, we mention a few results in the literature which employ some findings from
this article. In particular, Corollary in this article is applied in the proof of Corol-
lary 6.3 in Jentzen & Pusnik [26] to prove uniform convergence in probability for spatial
spectral Galerkin approximations of stochastic evolution equations (SEEs) with semi-
globally Lipschitz continuous coefficients (see Proposition 6.4 in Jentzen & Pusnik [26]).
Moreover, Corollary in this article is employed in Subsection 5.2 and Subsection 5.3
in [7] for transferring initial value regularity results for finite-dimensional stochastic dif-
ferential equations to the case of infinite-dimensional SPDEs using the examples of the
stochastic Burgers equation and the Cahn-Hilliard-Cook equation. Furthermore, Corol-
lary in this article is used in the proof of Corollary 5.2 in Hutzenthaler, Jentzen, &
Salimova [19] to establish essentially sharp uniform strong convergence rates for spatial
spectral Galerkin approximations of linear stochastic heat equations.

1.1 Notation

In this subsection we introduce some of the notation which we use throughout this article.
For two sets A and B we denote by M(A, B) the set of all mappings from A to B.
For measurable spaces (€1, #1) and (€, %) we denote by #(.%,.%5) the set of all
F1 /- Fy-measurable mappings from €2; to . For topological spaces (E,&) and (F, %)
we denote by A(FE) the Borel g-algebra on (E,&) and we denote by C(F, F) the set
of all continuous functions from E to F. We denote by |-|: R — [0,00) the absolute
value function on R. We denote by I': (0,00) — (0,00) the gamma function, that is,
we denote by I': (0,00) — (0,00) the function which satisfies for all z € (0,00) that
[(z) = [;7t@Yetdt. We denote by &: [0,00) — [0,00), 7 € (0,00), the mappings
which satisfy for all r € (0,00), z € [0, 00) that

1/2 1
(=)t 2?T(r) | 2" (T(r))? 2
éle] = (; m> B (1+F(r+1) T+t > (1.5)

(cf. Chapter 7 in Henry [17]). As a notational device to condense the statements and proofs
of many results in this article in a mathematically rigorous way, we next introduce the
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notion of an extendedly semi-normed vector space, which, roughly speaking, corresponds
to a vector space with a semi-norm-type function that is allowed to attain infinity. For

a field K € {R,C}, a K-vector space V', and a mapping ||-|| : V' — [0, co] which satisfies
for all v,w € {u€eV: |jul| <oo}, A € K that ||[Av] = /[Re(N)]? + [Im(\)]? ||lv|| and
lv 4+ wl| < [jv]| + ||w]] we call ||-]] an extended semi-norm on V and we call (V,||-]|) an

extendedly semi-normed vector space. For a measure space (€2,.%, i), a measurable space
(S,),aset R C S, and a function f: Q2 — R we denote by [f], » the set given by

flur={9€ #(F,7): (A€ F: u(A) =0 and {w € Q: f(w) # g(w)} C A)}.
(1.6)
For a measure space (€2,.%, 1), a normed vector space (V,|-||;/), and real numbers p €
0,00), g € (0,00) we denote by Z°(u; [|-l,,) the set given by

L2 |lly) = {f € M(Q,V): fis (Z,]]l)-strongly measurable}, (1.7)

we denote by ||| 44 0 L% ||llyy) — [0,00] the mapping which satisfies for all

fe L% |-lly) that

#5{1-1ly)

l/q
lonpins = | [ 1£En(@)] € 0,001 (18)

we denote by Z9(y; ||-||,,) the set given by

L s |-lly) = {f € go(ﬂ; I-lly): ’|f"$q(ﬂ;||.\\v) < OO}> (1.9)
we denote by LP(y; ||-||,,) the set given by

(i |lly) = {{g € LG - lly) = wlf # 9) = 03 € L%(ps [Illy): f € L7(ws ||-||v()}, |
1.10
and we denote by ||| ;4 ) LO(;]|lly,) — [0, 00] the function which satisfies for all

fe L% lly) that

||{g S XO(M [[ly): w(f #g) = O}HLQ(N;”'”\/) = Hf”-fq(mH'IIv) € [0, oc]. (1.11)

wsill-lly

Note that for every p € [1,00), every measure space (£2,.%, 1), and every normed vector
space (V. ||-[y,) it holds that (Z° (s [lly ) [l oy, ) @0 (LG -1 )s 1l o, ) are
extendedly semi-normed vector spaces. For a real number T' € [0, 00), a measurable space
(S,-7), anormed vector space (V, [|-||;,), and a mapping X : [0, 7] xS — V which satisfies
for all t € [0,7] that X;: S — V is an (-, |-||,/)-strongly measurable mapping we call
X an (<, ||||,,)-strongly measurable stochastic process. For a metric space (M,d), an
extendedly semi-normed vector space (E, ||-||), a real number r € [0,1], and a set A C
(0,00) we denote by |’|<@”T»A(M7||.||) ) |'|(gr(M,H.||) ’ ||'||C(M,H.||) ) H'HW(M,H-”) : M(M, E) — [0, 00]
the mappings which satisfy for all f € M(M, E) that

| flgragay = Sup({W: e1,ea € M, d(er,e2) € A} U {0}) €[0,00], (1.12)
[ ler ey = 1 lenom oy € 1009, (1.13)
I leqaegp = sup({ILF(E) < € € 2} U {0}) € [0.50]. (1.14)

1 lgrar gy = W oy + 1l € 105 0€] (1.15)



and we denote by € (M, ||-]|) the set given by

G (M, ) = {f € COME): | fllgraryy < o0} (1.16)

For Hilbert spaces (Hy, (-, )m,, ||l ,), i € {1,2}, we denote by (HS(Hy, Ha), (-, ) us(# )
I las iy r,)) the Hilbert space of Hilbert-Schmidt operators from Hy to Hs. For a real
number 7' € (0, 00) we denote by &7 the set given by

Pr={0C10,T]: {0,T} C 6 and #(6) < co}. (1.17)

We denote by dimax, dmin: Urec0,00) Pr — R the functions which satisfy for all 0 =
{90, 0,... ,9#(9)_1} € UTE(QOO)QZT with 0y < 0; < ... < 9#(9)_1 that

dmax(0) = a 0;,—0;_ and  dyin(0) = i 0;,—0;_1|. (1.18
©) je{ml,fl.,a?(e)fl}’ 1= 0] ! ©) je{l,ﬁ}ﬁw)fl}' il (L18)
For a normed vector space (E, ||-||z), an element 68 = {6y, 61,...,040)-1} € Ureo,00)Pr

with g < 61 < ... < Og@)-1, and a function f: [0,04)-1] — E we denote by [fs:
[0,9#(9)_1] — E the piecewise affine linear interpolation of f|¢g,0,..., 06)_1}+ that is, we
denote by [flg: [0,04@)-1] — E the function which satisfies for all j € {1,2,...,040)-1},

ENS [93',1,93'] that
(05 = 8)F(05=1) (s = 0-1)](0;)

[flo(s) = (6; —6,_1) (0, —0;_1)

(1.19)

2 Convergence in Holder norms for Banach space
valued stochastic processes

2.1 Error bounds for the Holder norm

Lemma 2.1 (An interpolation-type inequality). Consider the notation in Subsectz’on
let (E,||-||z) be a normed vector space, let (M,d) be a metric space, let f: M — E be a
function, and let ¢ € (0,00), «, 5,7 € [0,1] satisfy o < B <. Then

|/

(2.1)

a—p Y-8
GO ) = max{c [flgatcoorag i € |f %”%(O*C](M,H-IIE)}

and
[Fleaaiig = maX{C%B [ fligatecoranpig € \f!wo,o(M,H.”E)} : (22)

Proof of Lemma[2.1 First of all, note that it holds for all e;,eo € M with d(ej,es) €
(¢, 00) that

H a—p3 a—
3 E < ‘d(el7 62)’ ’f’gaﬂa,(c,oo)(M7||.HE) <c p ’f‘(ga,(c,oo)(M’H_”E) . (23)

(e1, 62)|7_B |f|<m,<0,c](M,||.HE) <cf |f’<g%(0,c](M,||.\|E) : (2.4)

Combining ([2.3) and (2.4)) shows (2.1)). The proof of (2.2)) is analogous. This finishes the
proof of Lemma [2.1] n



Lemma 2.2 (Approximation error for affine linear interpolation). Consider the notation
in Subsection [1.1], let T € (0,00), € Pr, a € [0,1], let (E, ||| z) be a normed vector
space, and let f: [0,T] — E be a function. Then

dmaxe &3
< [ Lo | ot - (2.5)

Proof of Lemma[2.9. Throughout this proof let N € N, 6y,6,...,0y € [0,T] be the
real numbers which satisfy 0 = 6y < 6; < ... < Oy = T and 0 = {6y,01,...,0N}, let
s € [0,T]\ 0, let j € {1,2,..., N} be the natural number such that s € (6;_1,6;), and
let g: [0,1] — R be the function which satisfies for all u € [0,1] that g(u) = (1 — u) u* +
u (1 —u)®. Observe that the concavity of the function [0,00) 3 x +— z* € R shows for all
u € [0,1] that

I1f = Uflellcqon i

2% u) = (1—u) 2u)*+u(2(1 —u)* < (1 —u)2u+u2(l —u))®

= (du(l —u))*=(1—-(2u—1)»)*< 1. (2:6)
Note that this proves that
1£(s) = [flo(s)]lx < (9 9] 51 (s) = FOi-D)llp + P S (s) = fO)
< o2 (8 = 00) " U lgeqor ) + 0t (05 = 5) |f|%a<[o,T1,n~uE> 1)
= (g (G=t5)" + 0t (@) ) (6 = 60) " ooy, |
= 9(5752) (0= 02) " 1 floqornn < (5 Wlgagory i, -
The proof of Lemma is thus completed. [

The next result, Corollary provides estimates for the Holder norm differences
of two functions by using the difference of the two functions on suitable grid points.
Corollary 2.3]is a consequence of Lemma [2.1] and Lemma [2.2]

Corollary 2.3. Consider the notation in Subsection let T € (0,0), 0 € P, €
0,1], « € [0,0], let (E,||-]|z) be a normed vector space, and let f,g:[0,T] — E be
functions. Then

|f = 9leeqom iy

do (8] (2.8)
< T {igg’ £ ) = 9@l 5 + 22505 (1 fles oy + |9|w([o,T},-||E>)}

and
If— 9||<ga([o,T],||.||E) (2.9)
= [\dmax< o T 1} {Sgelg 1) = 9Ol + 22525 (| Fles oz, + |g|<gﬂ<[o,TL~||E>)}
Proof of Corollary|2.3. Lemma and the triangle inequality ensure that

|f = 9lgaqorii,)

< maX{|dmax(9)|_a | = glig0.@max(@.00) (0,771 ) | max ()"~ | f = g|<€5([D,T],||~HE)} (2.10)
< maX{2 |dmax ()| || f — 9||C([07T],II-IIE)= ‘dmax(9)|ﬂ_a (|f|<zfﬁ([0,T],ll~HE) + |g|<€5([0,T],||~HE))} .



In addition, observe that Lemma and the triangle inequality assure that

1/ = glleqoriig < I = Follegom iy + 117l = 19loll oy oy + 119l = alleqom i,y
< Sup 1F() — g(t)l| + | L@ (If s ot + 19les o)) - (2.11)

Inserting (2.11)) into (2.10]) yields inequality (2.8). Moreover, adding inequality ({2.8])
and (2.11) results in inequality (2.9). This finishes the proof of Corollary [2.3| O

Lemma 2.4. Consider the notation in Subsection let (E,|||lg) be a normed vector
space, let T,c € (0,00), a € [0,1], 8 € Py, N € N, by,...,0n € [0,T] satisfy 0 = 0y <
. <Oy =T and 0 = {by,...,0n}, and let f: [0,T] — E be a function. Then

|[f]f?|(ga,<o,c1([o,T},H.||E) < dCT:Q) [Supj6{1,2 ..... N} 1£(0;) — f(ej—1>HE]- (2.12)
Proof of Lemma([2.4. Observe that it holds for all s,¢ € [0,T] with ¢ — s € (0, ¢] that

136t = (Aol _ [Misana(lFe)' () du

|t —s|* |t —s|*
_ sl [suPueseno 1(Lflo) ()]l ]
- |t — sl
(2.13)
0;)— f(0;_
o]y L0 56Dl
jeftae.Ny 05— 0]
1£0) = 105
< sup 0;,)— f(8;_ :
dmin(0) |jeq1,2,....N} J0;) = J6i-Dlle
This completes the proof of Lemma [2.4] O

Lemma 2.5. Consider the notation in Subsection let (E,|||lg) be a normed vector
space, let T € (0,00), a € [0,1], 0 € Pr, and let f: [0, T] — E be a function. Then

(U loligaqo.r i < 1 lgaqom, -

Proof of Lemma[2.5. Throughout this proof let N € N, 0y, 0y,...,0x € [0,T] be the real
numbers which satisfy 0 = 6y < 0; < ... < Oy = T and 0 = {0y, 6;,...,0x} and let
n:[0,7] — N and p: [0,7] — [0, 1] be the functions which satisfy for all ¢ € [0, T] that

t— O
n(t) =min{k € {1,2,....N}: t € [f_1,6,]}  and p(t):ﬁ, (2.14)
n(t) — Yn(t)—1

Note that it holds for all ¢ € [0, 7] that

[flo(t) = (L= p(t) - f(Ony—1) + p(t) - f(Onw)) = f(On=1) + p(t) - (f(Oniry) — f(en(tz—l))-



Hence, we obtain for all ¢1,t, € [0,T] with ¢; < to and n(t;) = n(ty) that

1LAlo(t) = LloCt)llp = || [(X = p(t1)) - f(Ongery—1) + p(t1) - f(Onier))]
= [(L = p(t2)) - f(Ouger)—1) + p(t2) - f O] ||
= H(P(tz) —p(t1)) - f(Ongey—1) + (p(t1) — p(t2)) - f(gn(tl))HE
= |p(t1) = p(t2)] - || f Oncer)—1) — f(Onier)||
< lp(ts) = pC | Flgaqoy iy [Ont)-1 = Ongen|” (2.16)
= [p(t1) — P(t2)|1_a |f|£o‘ (10,7011 ) }(P(tl) — p(t2)) - (Qn(tl) - Qn(tl)—1)|a
< |f|<ga (0,101 5) | (t1) = p(t2)) - (en(tl) - Qn(tl)—l) ’a
= |f|<ga([o,T],||.||E) ’tl — On(t)-1 — (t2 - Qn(tl)—l) ‘a
= flgaqor g 0 =22l
Moreover, ensures for all ¢,t, € [0,7] with n(t;) < n(t2) that

[1f10(t2) = o)l = [ = (1)) - £ Onery1) + p(t1) - f(Oner))]

— (1= plt2)) - f(Buaay1) + p(tz) FOn)] |1
< (1= (1)) (1 = plt2)) £ Brter-1) = £ O+ (1) plt2) £ Ori)) = FBuc)]
+ (1= p(t1)) p(t2) Hf n(t1) —1) — f(@ n(t2) HE + p(t1) (1 = p(t2)) Hf(en(tl)) N f(@ (t2)=1 H
< flgaqoryy {0 = p(t0) (1= p(t2)) 1Onge)—1 = Ona)-1|" + p(t1) p(t2) [Oner) — Oneoy ™
+ (1= p(t)) p(t2) (e 1 = Ono)|* + p(82) (1 = p(£2)) Onier) = Onay [} (2.17)

The concavity of the function (—o0,0] 3 z — |z|* € R hence proves for all ¢;,t, € [0,7]
with n(t1) < n(t2) that

1[flo(t1) = [flo(2) &
< ‘fl(ga([O,T],H»”E) |(1 — p(t1)) (1 = p(t2)) (en(tl)—l - en(tg)—l) + p(t1) p(t2) (en(m) - 9n(t2))
+ (1= p(t1)) p(t2) (9 (t)-1 = On(z)) + p(t1) (1= p(t2)) (Onta) = Oni)—1)|”
= |flgaqomm11,) (1= p(t1)) Oney)—1 + p(t1) Ongry) — (1= p(t2)) Ongray—1 — p(t2) e |
= fleo o1, (2.18)

N Bni)—1 + p(t1) [Ouit) — Onr)—1] } = {Oniea)—1 + p(t2) [Bnits) = Oniea)—1] }|”
= flgaqor i, 0 — 2l

Combining this and ([2.16)) completes the proof of Lemma 2.5 ]

Lemma 2.6 (Approximations by piecewise affine linear functions). Consider the notation
in Subsection let (E,|-|lz) be a normed vector space, let T € (0,00), a € [0,1],
B € la,1], 0 € Pr, and let f,g: [0,T] — E be functions. Then

dmax (0)' —a
L = (ol qory ) < 2= sup || £(£) = 9(t)] 5+ 2 |dmax (O | flgs o,
([ ] ” HE) mm( ) teo ([ ] ” HE)

(2.19)

and
1f = 9lollge o,
dtnax 0 170‘
< (% + 1) sup |[£(t) = 9(®)ll + (m + 2%) (e (O | Flegs o, 11,

(2.20)



Proof of Lemma[2.6. Throughout this proof let N € N, 6, 01,...,0x € [0,T] be the real
numbers which satisfy 0 = 0y < 0; < ... <0y =T and 0 = {0y,01,...,0n}. Note that
Lemma [2.1| implies that

|f = [9]9‘<KO¢([O,T] ) S maX{|dmax(9)|_a |f = [g]9|(@”0»(dmax(9)v°°)([O,T},HvHE)7

il e

(2.21)
s (O~ 1 = (918l 5.0 moen oty 1) b
Next note that Lemma 2.2 ensures that
|f = Lgloligo.camaxorcoro,r 1) < 21 = Llellgo
< 2f = [Aollcqoyi, T 2 11fle = l9loll o,
<2 |dmaTX(9)‘B \flgs o,y T2 sup 1f(t) =g & (2.22)

B dmaX(Q)
< 2 O)] W lgoomy 1, 275 gy Sl (0) = 9Bl

Moreover, observe that Lemma [2.4) and Lemma [2.5] imply that

|f = [9]9|%ﬁ,(o,dmax(e>]([O,T],”.HE) <|f- [f]9|%ff([o,T},H-||E) +f - g]e|%57(Uadmax(9)]([07T]7||-HE)
< Wlesqornng * 1flolesqor g

1-5
+ e sup ||[£(6)) — 9(6)] = [£(6;1) — 9(6;-0)] || 5 (2.23)
je{1,2,..,N}
2 ynax (0)

Substituting (2.23) and (2.22) into (2.21)) proves (2.19)). It thus remains to prove esti-
mate (2.20)). For this note that Lemma yields that

1f = lolleqoryn, < I = elleqoz i, 1o = 9ellcqor i,

dl’[)ax 6 /B 2:24
< |dus®)| \flgs oy, + sup 1f () =9l g- (2:24)

Combining (2.19) and (2.24)) shows (2.20)). The proof of Lemma [2.6]is thus completed. [

2.2 Upper error bounds for stochastic processes with Holder
continuous sample paths

We now turn to the result announced in the introduction which provides convergence
of stochastic processes in Holder norms given convergence on the grid points. For this
we first recall the Kolmogorov-Chentsov continuity theorem, cf., e.g., Revuz & Yor [35,
Theorem 1.2.1 and its proof].

Theorem 2.7 (Kolmogorov-Chentsov continuity theorem). Consider the notation in Sub-
section . There exists a function E = (E1p.08)Tpaser: R* = R such that for every
T €[0,00), p € (1,00), 5 € (Yp,1], every Banach space (E, ||-||z), every probability space
(Q,.Z,P), and every X € €°(|0,T], ||-H$p(ﬂm;”,HE)) there exists an (F,||-|| z)-strongly mea-
surable stochastic process Y : [0,T] x Q — E with continuous sample paths such that it
holds for every a € [0, 8 — 1/p) that

l/p
(E[HYH%%[O,TL||~||E>}) < Erpas [ X e 0111 gogeyy ) <© and (2.95)
Vie[0,T]: P(X, = V) = 1.
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The next result, Corollary , follows directly from Corollary (withT =T,0 =20,
B=v a=p8E=L'P|g), f=(0T]>t—{Zec L% |p): P(Z#X, - V) =
0} € LP(P;[|-lg)), g = 0 for p € [1,00), 6 € [0,1], v € [8,1] and (F, ||-[| p)-strongly mea-
surable stochastic processes X, Y : [0, T|xQ — Ewith V¢ € [0,T]: || X;—Y; || 2o ,) < 00
in the notation of Corollary and the Kolmogorov-Chentsov continuity theorem (see
Theorem [2.7] above).

Corollary 2.8 (Grid point approximations). Consider the notation in Subsectz’on let
T € (0,00), 0 € Pp, let (Q, F,P) be a probability space, and let (E,|-||z) be a Banach
space. Then
(1) it holds for allp € [1,00), B € [0,1], v € [B,1] and all (F, ||-|| 5)-strongly measurable
stochastic processes X,Y : [0,T] x Q@ — E that

||X - YH%B([O,T} < (2 |dmaX(9>’_B + 1> [Suptee ||Xt - }/;HXP(IR”HE)

Mareig) S
;
+ s O (X101 + Y @101 (2:26)

(it) and it holds for all p € (1,00), B € (Yp, 1], a € [0,5 —Yp), v € [B,1] and all
(Z, ||| g)-strongly measurable stochastic processes X,Y : [0,T] x Q — E with con-
tinuous sample paths that

l/p
p = _
(E[HX - Y||<ga([0,T],II~HE)]) < Erpas | X Y||w([07T1,||~||gp<p;u‘HEp

< Erpas (2 dmax( O] + 1) [sup1cy X = Vil zoge (2:27)
Y
+ ’dmaX(9>’ ( ‘X|<€’Y([0,TLH'||B_<gp(]p>;”AHE)) + ’Y’%W([O,T}7H'||zp(]1>;“AHE)) ):| :

The next result, Corollary 2.9] follows directly from Lemma 2.6 (with E = LP(P; [|-|| ),
T—T,a=8,8=0=0 ] (0,15t {Z€L°Fy): P(Z+ X, - Xo) -
0y € LP(Pi|llg), g = (0,T] 3t = {Z € L%P;|-|p): P(Z # [Y]o(t) — Xo) =
0} € D(B:|llp) for p € [1,00), # € [0,1], 7 € [8,1] and (Z, || )-strongly mea-
surable stochastic processes X,Y: [0,7] x Q@ — E with sup,c [|X; — Yill.zr@y ), +
| X CHOTLI ) op ey ) < OO 1 the notation of Lemma and the Kolmogorov-Chentsov

continuity theorem (see Theorem [2.7| above).

Corollary 2.9 (Piecewise affine linear stochastic processes). Consider the notation in
Subsection let T € (0,00), 8 € Prp, let (2, F,P) be a probability space, and let
(E,|Illg) be a Banach space. Then

(1) it holds for allp € [1,00), B € [0,1], v € [B,1] and all (F, ||-|| z)-strongly measurable
stochastic processes X, Y : [0,T] x Q — E that

2 |dmax (0)' "
1X = I Tollgm oy S |20 + 1 Sup [ Xe = Yill o)

+ 2 |dmax ()] + 277] |dinax (O] | X | 0.1

-l er @i )

(ii) and it holds for all p € (1,00), 5 € (Yp, 1], @ € [0,8 — Yp), v € [B,1] and all
(Z, ||| g)-strongly measurable stochastic processes X,Y : [0,T] x Q — E with con-
tinuous sample paths that

1/17 — 2 dmax 0 1-8
<E[HX — [Y]allp%a([ojm.“ )D < :T,p,a,5<[—| dmii ;' + 1} sup || Xy — Yill 2oy )
B (9) rc0
+ [21dinax ()] +277] |duax(0) ] ’X’%””([O,T],II-IIgp(]p;H.HE)))' (2.29)
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In in Corollarywe assume beside other assumptions that « is strictly smaller
than ~. In general, this assumption cannot be omitted. To give an example, let (2, . %, P)
be a probability space and let W: [0, 1] X Q2 — R be a one-dimensional standard Brownian
motion with continuous sample paths. Then it clearly holds for all p € [1,00) that
“WH‘6’1/2([071]»”'||zp(u»-\<\)) < oo. However, the fact that the sample paths of the Brownian
motion are P-a.s. not 1/2-Hélder continuous (cf., e.g., Revuz & Yor [35, Theorem 1.2.7]
and, e.g., Arcones [3, Corollary 3.1]) ensures that it holds for all § € £;, p € (0, 00) that
E[|W — [W]9||;1/2([0,1]7\'|)} = 00. The following corollary is related to Lemma A1 in Bally,

Millet, & Sanz-Solé [4].

Corollary 2.10 (ZP-convergence in Holder norms for a fixed p € [1,00)). Consider the
notation in Subsection let T € (0,0), p € [1,00), B € [0,1], let (2,.7,P) be a
probability space, let (E,||-||z) be a Banach space, and let YN:[0,T] x Q@ — E, N €
No, be (F, ||| z)-strongly measurable stochastic processes with continuous sample paths
which satisfy imsupy_, o [V 48 < oo andVt e [0,T]: limsupy_, [|¥;'—

Y;N’|$P(P;H~|IE) =0. Then

OTL N 2 By-11 )

(i) it holds that |Y°|qs < limsupy_ o0 [YV |45

[O:T]:”‘”gp(p;u.”E)) [O:T]:”'ng(p;u.”E)) < 00,

(i) it holds for all a € [0, 1]N(—00, ) that imsupy_, HYO—YN\!sfa([0,T],\|-||$p(p;”.HE)) =0,
(111) and it holds for all o € [0,1] N (=00, 8 — 1/p) that
limsupE|[|Y? — YN||’fa([O’T]1H'”E) = 0. (2.30)

N—oo

Proof of Corollary[2.10. Throughout this proof let 0" € P,
which satisfies for all n € N that 6" = {0, %, %, . %,T}

assumption that V¢ € [0,7]: limsupy_,. [V — YV 2v@y,)
that limsupy_. [V |¢s( ) < 00 ensure that

€ N, be the sequence
Pr. Observe that the
0 and the assumption

| Mm 3

O.TL M 2 ey -1 )

|:||}QO_Y50||=TP(P%\|‘\\E):|

Y ls 0.1, )T e
s s . <. ti ﬁ
LPE-l g) 5,t€[0,1], o

s#t

= su |:1im SUPN 00 ”(YtN_YSN)‘i‘(}/tO_}/tN)'F(YsN_Yso)”:%p(P;H'HE) :|

p [t—s|P (2'31)
5,t€[0,77,
s#t

< lim sup |YN|<gﬁ([O7T}
N—oo

< sup limsup

s,t€[0,T7], N—oo
s#t

-l p @i ) <

YN =Yl op @)1 )
fi—sI?

This establishes Item . In the next step we prove Item . We apply Item (i) in
Corollary 2.8/ to obtain for all « € [0, 8], n, N € N that

1Y =Y llgo o000 ey ) < (2 1 dmax (@) + 1) [SuptEG" Do ol PPE:
ny|8 0 N
1o ) (Y ks @211 e+ 1Y 600710 e )]

< (QTW + 1) supyegn ||V — YN | 2o1,) (2.32)

nfa

T8~ T8 0 N
+ ( e+ n—a> (Y lea o1 o) T 1Y 2001 poe000)

12



Item (i) and the assumption that V¢ € [0,7]: limsupy_, [|Y;" = Y| 2o py,) = 0 hence
imply for all « € [0, 8], n € N that

timsup [Y° = Y™ ooy 11 sy < |2 +1] [lim supsup ||V — Y,V | 2oy
N—o0 N—oo tefn

o 57 1.
+ [4,3;_(1 + QnLﬂ] lim sup ‘YN’(za”ﬁ([O,T] (2.33)

msu aH'”ZP(]P;H‘HE))

_ |4aTB-@ 2Tﬁ
- [ Tt ] lim sup |Y I%B(0T]=||'H:£P(]P’;H»||E)) < 0.
N—o0

Hence, we obtain for all « € [0,1] N (—o0, #) that

- 0_ N 1 : 0 _ VN
hﬁfipuy -y H(go‘([ovT]’”'HzP(P;H-HE))_hflnfogph?_fipuy Y lige 0,101 v ey )

{hm sup = 4+ lim sup ] limsup | YV |46 OT M gz ) = 0. (2.34)

n—oo n— 00 N—o0

This shows Item . It thus remains to establish Item to complete the proof of
Corollary [2.10} For this we apply the first inequality in Item (ii) in Corollary to
obtain for all r € (1/p,00) N (—o0, ], a € [0,7 — 1/p), N € N that

l/p _
<]E [HYO _ YNH%C*([O,T],H-HE)]) < Erpar ||Y'O _ YN||Cgr([0’T]’II.”$F(P$H‘HE)). (235)
This and Item imply for all r € (1/p,00) N (=00, 5), a € [0,7 — 1/p) that

. 0 N - : 0 N
hms‘lpE[”Y = Yl ||E>} < Erpar)” B sup [V =Yl 0,11, g ) =

N—oo

(2.36)
This establishes Item ({il). The proof of Corollary is thus completed. O

The next result, Corollary below, is a consequence from Corollary and Corol-
lary 2.9

Corollary 2.11 (Convergence rates with respect to Hélder norms). Consider the nota-
tion in Subsection [1.1], let T € (0,00), p € (1,00), B € (Yp, 1], (ON)nven € Pr satisfy
lim SUp y_y o0 dmax (%) = 0, let (2, F,P) be a probability space, let (E, ||-||;) be a Banach
space, let YN:[0,T] x Q — E, N € Ny, be (Z,|||)-strongly measurable stochastic
processes with continuous sample paths which satisfy Yy € LP(P; ||| ) and

-8
|YO\%6([O,T],II~Hzp(u»;u»nm) + ]Svlég [’dmawa)‘ SUPtepn HYtO - YtNHXP(P;ILHE)] < oo, (2.37)

and assume ([supNeN ‘YN’Qaﬂ,ﬁ([O’T}’H,”ng(P;HAHE)) < oo} or [s.upNGN dinax (07) /g (06V) < 00 and
VN € N: YV = [Y¥]yv]). Then it holds for all a € [0, 3 — 1/p), € € (0,00) that

(B—a—1/p—e /e
Sup { [”YN”%Q (0.1, ||E>} + |dmax (6™ (E[”YO - YN”pa([o,T],n-nE)D } =
(2.38)
Proof of Corollary[2.11. Throughout this proof let ¢y € [0,00), ¢1,¢co € [0,00] be the

extended real numbers given by

-8
€0 = [Y2ler ot niryg ) T SUP “dmax(@N)\ supegy |V — W“”“”'”EJ !

dinax (0V) N
cmgm [P | I i,

(2.39)
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Next we observe that Item (i) in Corollary [2.8| ensures for all r € (Y/p, 8], o € [0, 7 — 1/p),
N € N that

p .
<IE[||Y° — YN||pa([O,T],”.HE)]) < Erpa (2 |dinax (07) ]+ 1) [Sl;g 1Y = YN 2oy
te

+ | duna (™)) (

N
)+ Y |(fﬁ([0»T]y'||2P(P;||.|E)))1
Ny [(B=T) Ny|B N
T,p,o,r <2 }dmax(e )| + |dmax<9 )‘ ) [CO + |Y |<§B([O,T}
T.p,o,r <2 }dmax(eN”(ﬁir) + |dmax(0N)‘IB> [CO + 02]

— S (24 [ (0™)]") | (0™)| 7 [0 + 3] .

IA
(1]

,H~||$p(w.HE))} (2.40)

IN
(1]

This implies for all r € (Y/p, 8], a € [0, — 1/p) that

—~(8-7) el _ o .
sup [|dmax(9N)’ (E [Hyo _ YN||pa([o,T],||~||E)D } < Erpar (24+T")[co+ca)

NeN
(2.41)
Hence, we obtain for all a € [0, 5 — /p), r € (a + /p, ] that
a1 /p—[r—a—1 Yp
SUP | |dimax (6™ e /p])<IE[ YO —ynN o~ D }
= [| )| | % o,11,111,) (2.42)
< Erpaatipti—a-ip) 3+ T) (co + c2).
This shows for all & € [0, 8 —1/p), € € (0,8 — o — 1/p] that
—(B—ax—1/p— /p
A (0N E’(E[YO—YN . D ]
sup {\ (6")] I e or111,) (2.43)

S ET7p7a7a+1/p+g (3 + T) (Co + CQ) .

In the next step we note that Item in Corollary proves for all r € (Yp, ], a €
[0,7 —1/p), N € N that

p Ny|l—r
0 N p = 2 dmax(a 0 N
(E[1Y° = 0 ™ov ooy, |) - < HT,W,T([—' e O 4 1) sup 1V = Y| ooy

teoN

—r - B
+ [21dmax(07) |77 + 277] [dinax (6™)) ’Yo\wqo,mrgp(p;.lEg)- (2.44)

This implies for all r € (Y/p, 8], a € [0,7 — /p), N € N that

B[ - v o))
Jox 7o (0,71l )

Ny|1—r
< o | (0™))| HTPM(% 1 2| doan (0|7 + 2—5) (2.45)
< 2CO ’dmax eN ‘ ‘—‘Tpar ( c1+ ‘dmax eN)l 1) .

Hence, we obtain for all r € (1/p, 8], o € [0,7 — 1/p) that

Ny|[—(B=T 0 N p v
SUP || dmax(6™)| ( [HY ¥ on |7 a([o,TLME)D

NeN
<2¢0Erpar(c1+14+T")<2¢)Erpar2+T +c1).

(2.46)

14



This shows for all a € [0, 8 — Y/p), r € (o + 1/p, 5] that

—(B—a—1/p—[r—a—1/p v
sup [’dmawa)‘ (B8 p—| Y D(E[HYO YN 9N||pa (0.T],- HE)]) }

NeN (2.47)
S 2 Co ET,p,a,a+1/p+[r—a—1/p] (2 -+ T —+ Cl) .
This establishes for all a € [0, 5 — 1/p), € € (0,58 — o — /p] that
l/p
sup |l (6|79 (B [ YO (YN[ 1) ]
e ¢ “ )| { Jo~ |7 o (0,711 5) (2.48)
< 2co ET,Pya,aJrl/ers (2 + T+ Cl) :
Combining (2.43)) and (2.48)) assures for all « € [0, 5 — 1/p), € € (0,00) that
(B—a=/p—e) /o
zsvlg:; deax QN)| (E[HY“ YNHPa (OTL ”E)D } < 0. (2.49)

In addition, note that the assumption that Yy € ZP(P;|||;), the assumption that
Y5 (0,7,- lmgeq ) < O the assumption that Y? has continuous sample paths, and
K ) E

Theorem [2.7 ensure for all & € [0, 5 —1/p) that E[HY()Hpa 0T s >] < 0o. This and ([2.49)
complete the proof of Corollary [2.11]

The next result, Corollary below, illustrates Corollary through a simple
example. For this note that standard results for the Euler-Maruyama method show under
suitable hypotheses for every p € [2,00), 5 € [0,1/2] that condition in Corollary [2.11]
with uniform time steps is satisfied (cf., e.g., Section 10.6 in Kloeden & Platen [29]). The
convergence rate established in Corollary (see below) is essentially sharp; see
Proposition below. Corollary is related to Theorem 1.2 in [8] and Theorem 1.1
in [9].

Corollary 2.12 (Euler-Maruyama method). Consider the notation in Subsection
let T € (0,00), d,m € N, let (Q,.%,P) be a probability space with a normal filtration
(F)iepr), let W [0,T] x @ = R™ be an m-dimensional standard (F)tefo,r)-Brownian
motion with continuous sample paths, let u: RY — R and o: RT — R¥>™ be globally
Lipschitz continuous functions, let X: [0,T] x Q@ — R? be an (t%)te[oyT]/%(Rd) adapted
stochastic process with continuous sample paths which satisfiesVp € [1,00): E[|| Xo|[2.] <

oo and which satisfies for all t € [0,T] that

[Xilp zrey = {Xo + /OtM(Xs) dS} + /OtU(Xs)dWm (2.50)

P,%(R4)

and let YN [0,T] x Q@ — RY N € N, be mappings which satisfy for all N € N, n €

{0,1,....,N -1}, te[*L (”“ | that Y = X and
YN =Y+ (=) p(Yi) + (5 —n) o (Vi) (Wisor — War). (2.51)

Then it holds for all a € [0,1/2), € € (0,00), p € [1,00) that

—Q—E& 1/17
sup {NW (E[HX - YN’|%Q([O7T]7||_||M)D ] < 00. (2.52)

NeN
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2.3 Lower error bounds for stochastic processes with Holder
continuous sample paths

In this subsection we comment on the optimality of the convergence rate provided by
Corollary and Corollary [2.12] respectively. In particular, in the setting of Corol-
lary 2.12, Theorem 3 in Miiller-Gronbach [32] shows in the case o = 0 that there exists
a class of SDEs for which the factors N/>=¢, N € N, on the left hand side of the esti-

mate can at best — up to a constant — be replaced by the factors %, N € N.
In Proposition below we show for every a € [0,1/2) in the simple case of pn = 0 and
c=(R>z—~1€R)in Corollarythat the factors N'/2~¢=¢ N € N, on the left hand
side of the estimate can at best — up to a constant — be replaced by the factors

N'2=« N e N. Our proof of Proposition uses the following elementary lemma.

Lemma 2.13. Consider the notation in Subsection let T € (0,00), p € [1,00),

€ [0,1], let (Q,7,P) be a probability space, let (E,|-||z) be a normed vector space,
and let X:[0,T] x Q = E be an (Z, ||| p)-strongly measurable stochastic process with
continuous sample paths. Then

1/p
Yp—1
max{|X‘%)O‘([0aT]aH'||zp(1p>;|\.\|E))7 20/~ HXHcﬁa([OvT]’H'||zp(]p>;|\.||E))} < (E[HXH%Q([O,T],H-HE)]> :
(2.53)

The proof of Lemma [2.13]is clear. Instead we now present the promised proposition
on the optimality of the convergence rate estimate in Corollary [2.12]

Proposition 2.14. Consider the notation in Subsection[1.1], let T € (0,00), let (Q, F,P)
be a probability space, let W: [0,T] x Q@ — R be a one-dimensional standard Brownian
motion with continuous sample paths, and let WV : [0,T] x Q = R, N € N, be mappings
which satisfy for all N € N, n € {0,1,...,N — 1}, ¢t € [2F, W} that

W = (n +1- %) -W% + (% - n) 'W("?)T' (2.54)

Then it holds for all a € [0,/2], p € [1,00), N € {2,3,4,...} that

N Well om ey,
||W -W ||C([OvT}vH'”o%P(]P;H)) = %7 (255)
‘WﬁWN|<€O‘([07T]aH‘ng(pH)) (1/2—(1)(1/2*0‘) |: 1
HIL € —,1} , 2.56
NOYD T |Wr gpeyy, 20 (1-)7Y T (V2 (2:56)
W =W llwa o1l lgp@) _ 1o, (f2—a)/2-2) [L 2+Ta} (2.57)
N e | Wr | gpeyyy,  2NT T 22 (1-a)07) v2) 2 | '
Lp
(E[HW_WN”fga([o T |.|)]) (1/2704)(1/2—0‘) 1
7, S 1
N e Wl ooy © 2% (a0 = V3 (2.58)

Proof of Proposition[2.14]. Throughout this proof let f: [0,1/2] — (0,00) be the function
12—

which satisfies for all z € [0,1/2] that f(z) = % and let g,: (0,1 - R, a €

[0,1/2], be the functions which satisfy for all z,y € (0,1], a € [0, /2] that

r(1-2)+y(d-y)

) (2.59)

9o, y) =
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We first prove . For this observe that it holds for all N € N, n € {0,1,..., N — 1},
t € [nL, (DT that

T

) (W — ) + 1= 8 (W, i)

Wi= W =Wi—(n+1=5F) War = (‘F = n) - Wenr
(2.60)

This and the fact that

) TY. . Wy —wN _ Wrller @)
VNEN: Ve (0,5): Vpe o0 | T Hﬂm;m = Wrlerern (361

imply that it holds for all N € N, p € [1,00) that

HW o WNHC (OTLIN 2p ey-p)) = SUPye(o,T7] ”Wt - WtNH-fp(P?H)

= SUP¢¢(0,Z] HWt WNH,s,ﬂp(m ) ”WT“% [SuPte[o,%] HWt WN“.,s,ﬂz ®]-)) ]

- HWT”:/Z;(P—;H) [Supte[o x ‘ (Wt W%) (=)W ‘z?(m;l-)]

- el g g [(5)° (5 =)+ (- 9)"+1] ] o
_ —”WT”&?%@‘ D |:t21ép1 \/ 2-(1—t)+(1 —t)2-t)]

_ HWT”\/%(P‘ ) Lz%pl \/7} ||WTH$P<P| D

This establishes (2.55). In the next step we prove (2.56). For this observe that ([2.60))
shows for all N € {2,3,4,...}, n € {1,2,...,.N =1}, t; € [0, %], to € [%F, ("Jg\; £y
p € [1,00) that

I

[(We, = W) = (War = WD) || g ey
_ H t2N <W(n+1)T _ th) (n +1— t2N) . <Wt2 - W%)
N
t1N - unN _ .
+ (WT W“) (%7 = 1) W Zv (Bl

- : 2.63

VT

— HWTH\%VP(P;H) [(M —n) (n 41— 8Y)§ul (] ul) } %.

Moreover, ensures for all N € N, t1,¢5 € [0, %], p € [1,00) with ¢; < {5 that
(W, = W) = (Wa, = W) || ooy
- H(Wt2 —% Wy ) N <Wt1 ~r Wﬁ)Hﬂ(ﬂw-)

_ Wrllere).) (t1—t2)N
_T Wtz_th—i_T'

Nz (®i)-)
IWrllep .
L (2.64)

17



T

(1 XY - w = W)+ X (W - W) + BN

M2yl

2 12
= _”WT||\=-/'Z%’<P;|~|> U1 + & tz)N‘ (ty —t1) + [t1— tzl N? (% ) 4l tz\ N2 .tl]

1/2
_ ”WT”;-/?%’(P;LI) . [1 + 2(t1— tz)N + (t1—t2)? N2 + [t1— t2|N . (% 4t — tg)] by — 751)1/2

T2

1/2
— ||WT||\7?%’<P;|~|> , (1 4 (h—j@)N) Sty — 1)

Combining (2.63) and (2.64]) proves for all N € {2,3,4,...}, a € [0,Y/2], p € [1,00) that
[(We, = W) = (W, = W)

ey

w—-wv|_. = sup
| ‘% ([0, TLIIl 2w @y.)) t1,t2€[0,T], t1 <t ’tl — t2|a
N N
_ sup H (Wt? B Wtz ) o (th o th ) pr(IP;H)
t1€[0, L], t2€[0,T], t1<t2 |t1 B t2|a
3
- (12N (y 2N\ 0N (| 6N\
_ Wrllgren [0 sup (1+< 1 Tz)N) . T ( - 1) (2 7 )J; T (1 T )
= Q0= T Ca—1) s 2@
VT b1,t2€00. 5], (ta—t1) 6100, Z). N (ta—t1)
t1<t2 tQG(% %
(2.65)
This implies for all N € {2,3,4,...}, a« € [0,1/2], p € [1,00) that
N
‘W w ‘(@oo‘ ([0, TLI N 2p (s.)
3
9a 1-— —1)(2 — 1-—
— —HWTH:;’;(P?"‘) ‘%}(1 2 )max sup —< (20{?)), sup y ) y) —;x( 7)
ze(0,1] z€[0,1], (y — )
y€(1,2]
1
2
1, 1-— 2 — 1 1-—
_ HWT‘%(P;\-D |%|(2 ) max Sup M’ Sup y( (y + )) + LU( — ZC)
v€(01] T wefo)],  ([y+1] —[1 —a])
y€(0,1]
(2.66)

Hence, we obtain for all N € {2,3,4,...}, a € [0,Y/2], p € [1,00) that
W —

62 (0,701l o s1.1)

_ 1
1a 1— 1— 1-— :
— —”WT”&Y;(PH‘U ‘%}(2 ) maxq sup —y( ) y), sup sup x( x) +y2(a y>
I ve©1] Y €01 ye(0,1] (z+y)
- 1/2
14 1— 1—
= Wrlgenn |21 sup s ZE— DN ”] (267)
z€[0,1] y€(0,1] r+y

1/2
= NPT W || 2o ey [ SUD ol Y)

x,y€(0,1]

To complete the proof of ([2.56)), we study a few properties of the functions g,, o € [0,1/2].
Note that it holds for all xz,y € [0, 1] that

2

x(l—x)—i—y(l—y):(x—i—y)(l—x;y) - (x_zy) gz(%)(u“’;y). (2.68)

18



In addition, observe that it holds for all a € [0,1/2], z € (0,1) that

D (201 —2)) = (1-2a) 272 (1 — 2) = 20729 = —2(1 — a) [»— £22] 72 (2.69)

0z | e

Combining this with (2.68]) ensures for all « € [0,1/2], z,y € (0, 1] that

r(l—o)+y(l—y _9q) (T HY\1T2 Tty
golz,y) = ( ) 2(a )<2(1 2)< > (1_ )
(z +y) 2 2
<2120 qup [-0-39(1 - ] =202 ] Oy ma) o

z€(0,1]
90 T 12—a1(1-20) 1g— ) (W/2—a) ] 2 9
= 27 (4527 ] = (S| = [P,
This proves for all a € [0, /2] that

F@) = sup 221721 = 2)] = sup gulwa) < sup_galeny) < F@F. (271)
z€(0,1] z€(0,1] z,y€(0,1]

This shows for all « € [0, /2] that

U ga(w,y) = sup ga(z,7) = [f(e)]. (2.72)

x,y€(0,1] z€(0,1]
Next note that it holds for all € (0,1/2) that
fla)=exp((3 —a) -In(3 —a) + (@—1) - In(1 — a) — a-In(2)). (2.73)
Moreover, observe that it holds for all a € (0,1/2) that

2((t-a) Imn(i-a)+(a—1)-In(l —a)—a-In(2))
=-In({—a)-1+h(l-a)+1-I@2)=h(l-—a)—In(3 —a) —In(2) (2.74)
=1In({2) > 0.

1—2a

This and (2.73) ensure that f is strictly increasing. Equation (2.72)) hence proves for all
a € [0,1/2] that

Sup ga(w,y) = sup_ga(w,2) = [f(a))" € [|FO)F,
z,y€(0,1] z€(0,1]

Putting this into (2.67)) establishes (2.56)). Combining (2.55) with (2.56)) proves (2.57)).
Moreover, (2.56) and Lemma imply (2.58). The proof of Proposition is thus

completed. O]

IGF) =k e

3 Basic results for mild solutions of SEEs

In this section we collect a number of elementary results for mild solution processes of
SEEs, most of which are well-known.
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3.1 Temporal regularity of solutions of SEEs

Proposition 3.1. Consider the notation in Subsection let (H,(-,")y,l) and
(U, -,y I-ly) be separable R-Hilbert spaces, let HH C H be a non-empty orthonormal
basis of H, let \: H — R be a function with suppcgAp < 0, let A: D(A) C H — H
be the linear operator which satisfies D(A) = {v € H: ZheH|>‘h<h’U>H|2 < oo} and
Vo e D(A): Av =3 cu Anlh,v)mh, let (Hp, () g s [l ), 7 € R, be a family of inter-
polation spaces associated to —A (cf., e.g., |30, Section 3.7]), let T € (0,00), p € [2,00),
vyeR, nel0l),pely—ry, FeCH,H,_,), Be C(H,HSU, Hp)) satisfy
|F|?51(Hw||'\\H7,n) + |B|(51(Hm\|'||HS(U,H5)) < 00, let (2, F,P) be a probability space with a nor-
mal filtration (F)icpo,r), let (Wi)iepo,r) be an Idy-cylindrical (Q, F, P, (F)icpo,r)- Wiener
process, and let X : [0, T] xQ — H, be an (F)icp,r)/PB(H,)-predictable stochastic process
which satisfies for all t € [0,T] that supeo 1y [| Xs | 2o@y)1,) < 00 and

t
[Xt]Pr%(H'v) = |:etAXO + / ]l{f(f lett=AF(Xy)| rr, du<oo} e(tis)AF<X3) ds
’ BAH) (31)

t
+ / VA B(X,) AW,
0

Then it holds for all v € [y, min{l+~v—n,1/2+B}), € € [0,min{l +vy—n—r,1/24+5—1r})
that inf o P(Xs € Hy) =1 and

s (H(th — "4 X0) Lix, emy — (Xi, — €24 Xo) Jl{xtgeHr}Hﬂ(P;-an)

t1,t2€[0,T), |t —ta|”
t1#£t2
9 T (+y—n—r=—¢)
< [sup E X ) ze@iiy, )] P — (3.2)
s€[0,T] [ (I+y—n—1—¢)

p(p— D) T

< .
1428 —2r — 2002 =

+ |:Sup ||B(XS)||fp(]P’§||'Hs(U,Hﬂ)):| (

s€[0,T7]
Proof of Proposition[3.1. Note that the fact that it holds for all u € [0, 1] that

sup t“[|(=A)“e" iy <1 and  sup t4|(—A) (e = Idg)|lpm) < 1 (3.3)
te(0,T] t€(0,7)

(cf., e.g., |34] Lemma 12.36]) implies that it holds for all r € [y,1+~v—1n), e € [0,1 4+~
—n—r),t1 €[0,T), ty € (t1,T] that

t1
t1—s)A
/0 L et A Py ducoey €1 F(Xs) ds

to
ta—s)A
_/0 L2 et P () ducocy € F(Xs) ds

LY (B3| z,.)

to t1
g/t He(tg—s)AF(Xs)HXP(P;”.Hr)ds—i—/o He(h—s)A(IdH%n—e(tz—tl)A)F(XS)||$F(P;H.”HT)dS

to t1
< { sup || F(Xs)ll.ze @y, )} U (ty — s)77""ds +/ (t— 8)7 1 (ty — tl)ads}
y=n t 0

s€[0,7

(3.4)

(t2 _ tl)(lﬂfnfr) (t2 _ tl)s(tl)(lﬂnTE)}

— lsup HF(XS)Hzp(P;-nHM)H Tty —n—1) Qtv—n—r—c)

s€[0,T]
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2T(1+7_n_7’_6) (tQ — t1>€
(I+y—n—r—c¢) }

Moreover, ({3.3)) ensures for all r € [y,1/2+ ), e € [0,Y/2+ 8 —7r), t; € [0,T), t2 € (11,7
that

< |: sup ||F(X5)||$P(P;||-H’Y_n)} |:

s€[0,7

2

t1 to
/ =B (X,) AW, — / e2=)AB(X,) dW,
0 0

L2 (Bl ,.)

t2
p(p=1) (t2—s)A 2
< 2 /t ||€ ’ B(XS)HXP(P;H'”HS(U,HT))ds
1

+ P(PQ—l). /t1 He(tl—s)A (IdHB _ e(tz—t1)A)B ds
0

2
(XS) Hﬁp(P§||‘”HS(U,Hr))
(3.5)

2

—1

< p(p2 ){ sup HB(XS)H,S,”P(P;|-||HS(U,Hg>)}
s€[0,T]

to t
. |:/ (tg — 3)(25—21”) ds + / (tl _ S)(Qﬁ—Qr—Qa) (tg . 751)25 d3:|

t1 0
2 T(1+2672r725) (tg _ tl)Zs
(1428 —2r —2¢) }

Combining (3.4) and (3.5)) completes the proof of Proposition [3.1] O

Corollary 3.2. Consider the notation in Subsection let (H,(,)g,llllg) and
(U, (-, ) I-ly) be separable R-Hilbert spaces, let H C H be a non-empty orthonormal
basis of H, let A\: H — R be a function with supyeg A < 0, let A: D(A) € H —
H be the linear operator which satisfies D(A) = {v € H: ZheH]Ah<h,v>H|2 < oo}
and Vv € D(A): Av = Y, g Alh,v)ph, let (Hy, () g SNy ), 7 € R, be a fam-
ily of interpolation spaces associated to —A, let T € (0,00), p € [2,0), v € R, n €
0,1), B € [y =1/2,9], 6 € [y,00), F € C(Hy,H,—,), B € C(H,,HS(U, Hg)) satisfy
\Elerem, 1, )+ |B"51(Hw\l~IIHS(UH ) <00, let (2, F,P) be a probability space with a nor-
v=n B

mal filtration (F)ico), let (Wi)ieor) be an Idy-cylindrical (Q, 7, P, (F)icio.1))- Wiener
process, and let X: [0,T] x Q — H, be an (F)icpo,r/#(H,)-predictable stochastic pro-
cess which satisfies for all t € [0,T] that supsepo 1y || Xsllr@n,) < 00, Xo(€2) C Hs,
]E[||X0||%5] < 00, and

2

1

< p(p2 )lsup ||B(Xs)||ffp(]}b§|'||HS(U,H5)):| l
s€[0,T]

t
[(Xile. ) = [etAXOJF / L et P () ducoo) € F (Xs)dé‘]
’ BAH) (3.6)

t
+ / VA B(X,) AW,
0

Then it holds for all r € [y, min{l14+~—n,1/245}), e € [0,min{l+~vy—n—r,Y2+ 3 —r})
that infsc o P(Xs € Hy) =1 and

. max{r+e—4,
lmin{ty, t2}| {rte=0.0} 1L¢x, ey Xe, — H{theHT}th|‘$P(1P’;H-||Hr)
|t —ta|”

sup

t1,t2€(0,T7],
t1#t2

2 T(l+’y—n—min{6,r+a}) (3 7)

< | X Al F(X, .
S H OH.ZP(IP%H IIHmm{Mﬁ}) + LSBPT] || ( )ng(p:,” ”wan) (

l+v—n—r—e¢)
P (p _ 1) T(1/2+,87min{5,r+5})
(1428 —2r —2¢)"

+ [ sup HB(XS)|’$”(P§||'HS(U,Hg)):| =

s€[0,T7]
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Proof of Corollary[3.3, The fact that Vu € [0,1]: (sup,iq t“Il(—A)"e"| L@y < 1 and

SUD;e(0,7] | (= A) (et — Idg) || < 1) ensures for all r € [y, min{l +~ —n,/2+ 5}),
e € [0,min{l +~v—n—r,1/2+ [ —r}) that

] min{ty, £} [rextrre=o0k(ehAx, — etQAXO)”f”(P;H-IIHT)
sup €
t1,t2€[0,T] |t1 _tQ‘

t1#to

< sup
t1,t2€[0,7T7,
t1<te

< Sup (|t1|max{r+s—§,0} ||<_A)r+s—min{5,r+6} etlAHL(H) ||X0H$p(]p;||.”H )) (38)
t1,t2€(0,T7, in{8,r+e}
t1<to

= sup <‘t1|max{r+576,0}H(_A)max{rJrsfé,O} etlAHL

H ‘tl |max{7‘+6—6,0} (_A)r—min{é,'r+6} (6t1A o 6t2A)
( [ty — tof°

e HXonp(P;n-Hmin{éw}))

X, " )
H v (P
t1€(0,T] ( )H ol P 5,04y

< [ Xoller@iins,,, 5000

Combining this with the triangle inequality and Proposition|3.1|proves for all » € [y, min{1
+y—=n,Y2+}), € € [0,min{l 4+~ —n—r,/24 3 —r}) that inf,c o P(X, € H,) =1 and

. max{r+e—4,
<|m1n{t1,t2}] {r+e=0.0} H]l{theHr}th - H{XzQEHT}thHXP(HD;IHIHA)

sup
t1,t2€[0,T7, |t1 - tZ‘E
t15£t
: max{r+e—4,0 A A
. ] min{ty, ¢} mextrt==00} (eh Xo - X @hn,) | | pmaxtrre-s0)
oy t2€[0,T] |t1 - t2’
t1#t2
1(Xs, — "4 Xo) Lix, emy — (KXo, — €24 X0) Ty, ey l2n ), )
sSup z - (3.9)
tl,tQG[O,T], |t1 - t2|
t1#ts

9 T (1+y—n—min{d,r+e})
(I+y=n—7r—¢)

< | Xollzv ey F(X,) |l zv .
< || Xollzv e H,,ﬁn{é,,,ﬂ})JrLi}é%] (X )l v e ||HM>]

D (p _ 1) T(1/2+ﬁ—min{6,r+5})
B(X,)||.2r .- < 00.
+ LEEPT] H ( )Hﬁ (5] ||HS(U,H5)):| (1 + 2ﬁ — o — 28)1/2 oo
The proof of Corollary [3.2]is thus completed. O
3.2 A priori bounds for solutions of SEEs
Lemma 3.3. Consider the notation in Subsection and let B: (0,00)* — (0,00)

and E,: [0,00) — [0,00), n € (—o00,1), be the functzons which satisfy for all n €
(—00,1), z,y € (0,00), z € [0,00) that B(z,y) f t@=D(1 — =D dt and E,(2) =
1+ 35 2" e B(1 — n, k(1 — ) +1). Then it holds for all n € (—o0,1), z € [0,00)

that \/Eq,(2?) = &q—y)(2)

Proof of Lemma([3.3. Note that the fact that Vz,y € (0,00): B(z,y) = % implies
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that it holds for all € (—o0, 1), € [0,00) that
o] n—1
) =1+ Z(xQ)” H B(1—n,k(1—n)+1)

20 1—n>+1) — 2" [0 —n)"
—1+; H k+1 — )+ 1) :1+;F(n(1—n)+1) (3.10)

Z (n _2]1) [6ta—n) @”2

n=0
The proof of Lemma is thus completed. O]

Proposition 3.4 (A priori bounds). Consider the notation in Subsection let
(H, (-, g, I'lg) and (U, (-, )y, Illy) be separable R-Hilbert spaces, let H C H be a
non-empty orthonormal basis of H, let \: H — R be a function with sup,cy A < 0,
let A: D(A) C H — H be the linear operator which satisfies D(A) = {v € H:

S ones (b, v) | < 0o} and Vv € D(A): Av =3, Mn(h v) b, let (He, () s L),

r € R, be a family of interpolation spaces associated to —A, let T € (0,00), p € [2,00),

veR, ne(0,1), FeC(Hy, Hyy), B C(Hy, S, Hyp)) satisfy [Fler, 1y, )+

| Bl (5, |l )y < 00, let (2,7 ,P) be a probability space with a normal filtration
v <U7Hw7’fl/2>

(F)icor, let (Wiiep,r be an Idy-cylindrical (2, P, (F)ico,r))- Wiener process, and
let X:[0,T] x Q — Hy be an (F)icpo,n/B(H.,)-predictable stochastic process which sat-
isfies for all t € [0,T] that supepo,r | Xs || 2o @i)-)1.,) < 00 and

t
[Xile am,) = [etAXO + / L Jett-0a P, ducoe € (X) ds
0 BAU) - (3.11)

t
+ / eIAB(X,) AW,
0
Then

sup [[max{L, |1, s, < V2 ||max{1, | Xo s,
te[0,7)

(3.12)

2P (B3|-])

T1-n3 IF (o)l e, - 1B lusw,m,_y)
- E(1-n) |: Vi-n (Seulg) max{1, ”’U“HW} + T p(p = 1) { sup max{l,HvH;,]Tj/2 < 0.
vy

vEH,

Proof of Proposition[3.4 The Burkholder-Davis-Gundy-type inequality in Lemma 7.7 in
Da Prato & Zabczyk [10], the fact that Yu € [0,1]: supye o t“|(=A)“e" ||y < 1, and
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Holder’s inequality imply that it holds for all ¢ € [0, 7] that

Hma‘X{17 ||Xt||H'y}H$P(IP,||)
t
< [Jmax{L, | Xolla, }| oo +/0 P o) 08

1/2
p@=DT [ ¢ 9a 2
P LB g

- gt ) , &
< [lmax{L, 1 Xoll s, } | gy + [m/ﬂ (t—s)" HF(XS)”XP(P;II-IIHW,,)ds} (3.13)

1/2

) d5:|
t ) 1/2
< [Jmax{1, HXOHHV}HW(P;H) ™ [/0 (t = 5) 7" |[max{1, HXSHHV}H‘ZP(IF’;LD ds]
' (=) |F )| p(p—1) 1B las,z _n/2)
{ = (feufﬁ max{l,nvﬁm}) R = ra i |
This and the fact that Va,b € R: (a + b)? < 2 (a® + b?) prove for all ¢t € [0, T] that
2 2
Hmax{l, HXtHH“/}H_ZP(IP’;\-D <2 HmaX{lv HXOHH“/}“XP(IP’;\-|)

t
o= e 1l Y 3.1

2
ST IF@) ., — IBO)llasw,m., )
' { T (f;;ﬁ max{l,—||vﬁHJ}> +vplp—1) (S“p max (Lol ¥ :

vEH,

p (P — 1) ! - 2
V] [ = 9 B B,

E.g., Lemma 2.6 in Andersson, Jentzen, & Kurniawan [2] and Lemma[3.3 hence complete
the proof of Proposition [3.4] O

3.3 A strong perturbation estimate for SEEs

Proposition 3.5 (Perturbation estimate). Consider the notation in Subsection let
(H, (-, > Illg) and (U, (-,)y, Ily) be separable R-Hilbert spaces, let H C H be a
non-empty orthonormal basis of H, let \: H — R be a function with sup,cy A < 0,
let A: D(A) C H — H be the linear operator which satisfies D(A) = {v € H:

ZheH |)‘h<h> U>H|2 < OO} andVwv € D(A) Av = ZheH /\h<h7U>Hh: let (Hra <'7 '>Hr ) HHHT);
r € R, be a family of interpolation spaces associated to —A, let T € [0,00), p € [2,00),
veR nel0,1), FeC(Hy, Hy), B C(Hy, S, Hyp)) satisfy [Fler, 1, )+
|B|%1(H7,||-||HS(U’H77W2>
(F)icp), let (Wi)iepr be an Idy-cylindrical (Q, %, P, (F)icpm)- Wiener process, and
let X', X?:[0,T] x Q — H, be (F)iepo.r)/P(H,)-predictable stochastic processes which
satisfy Maxpe(1 2y SUPse(o 7] ||X§”§/p(P;”.”H“/) < 0o. Then

)y < 00, let (2, F,P) be a probability space with a normal filtration

sup Hth — th
]

2P (P
oo ®illls,)

T2 F g (a1
3

)
< S { J=n =4 /T p(p = 1) [ Bl g,
V2 sup

te(0,7)

~||HS<U,HW_,W>>}

t
—s)A
X [ s A F O ) (3.15)
0 P.B(H,)
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t t
_ /0 e(t*S)AB(Xsl) dWs — { |:Xt2 — /(; ]l{fg ||€(t_T)AF(XT‘2)||H,YdT<OO}€(t75)AF(XS2) ds

t
— / =914 B(X?) dWs}
0

P, % (H.)

< Q.
Lol ,)

Proof of Proposition 3.5 Throughout this proof we assume w.l.o.g. that T # 0 and
throughout this proof let «/: H,,; C H, — H, be the linear operator which sat-
isfies for all v € H,yy that @v = >, w M ((—=An)"h,v) g, (=An)77h.  Observe that
(Hyiys 5 )ty 5 Il )s 7 € R, s a family of interpolation spaces associated to —o/.
This, Lemma , and Proposition 2.7 in Andersson, Jentzen, & Kurniawan [2] show for
all € € (0,00) that

1 2
tes(l(l)%} HXt — X pr(]P;H'”H»Y)

T2 F gt iy gy
Sg(ln){ = sup t"[|(=)"e" ||,

te(0,T]
+ VT =1p(p = 1) (1Bl ..
. \/5 sup

te(0,7

te) sup t"/2||<—d>"/QeW||L<H7>]

s, ) T <) S0

t
—s)o
{th—/ l{fg’||e(t*T>WF(X})||H,Ydr<oo}€(t ) F(Xsl)ds} (3.16)
0 P,%(H.)

t t
_ /0 e(t—s)ﬂB(XSl) dWy — { |:Xt2 — /0 ﬂ{fg ||e(t*T>WF(XT2)||H7dr<oo}€(t_s)ﬂF(X52) d5:|

t
— / e“—SWB(Xf)dWS}
0

P,B(H,)

Lo (Bl )

The fact that Vu € [0,1]: supeo (=) " ||,y < 1 hence proves (3.15). The
proof of Proposition [3.5] is thus completed. O

3.4 Existence of continuous solutions of SEEs

The next result, Proposition below, proves the existence of continuous solution pro-
cesses of SPDEs (see, e.g., Theorem 7.1 in van Neerven, Veraar, & Weis [37] for a similar
result in a more general framework).

Proposition 3.6. Consider the notation in Subsection let (H,(,)u,|Illg) and
(U, (-, )u, Ill;) be separable R-Hilbert spaces, let H C H be a non-empty orthonormal basis
of H, let T € (0,00), p € [2,00), let (Q,.F,P) be a probability space with a normal filtra-
tion (Fi)icpor), let (We)epr) be an Idy-cylindrical (2, F P, (F)ico,r)- Wiener process,
let \: H — R be a function with sup,cg Ap < 0, let A: D(A) C H — H be the linear op-
erator which satisfies D(A) = {v € H: Y, | n(h, vl < oo} and Vv € D(A): Av =
> nen Anlh,vyah, let (He, () g 5|l ), 7 € R, be a family of interpolation spaces asso-
ciated to —A, and lety € R, n € [0,1), F € C(H,,H,—,;), B € C(H,,HS(U, H,_.})), § €
M(Fo, B(H,)) satisfy |F|<g1(H’W”'HHV,W)+|B’(gl(H’Y’”'”HS(U,H,Y_WQ)) < 00. Then there exists an
(F1)iepr)/PB(H.,)-adapted stochastic process X : [0,T] x Q — H., with continuous sample

paths which satisfies for allt € [0,T] that [ X|pam,) = [etA§+f(f =P (X,) ds]P%,(H )t
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[y e)AB(X,) AW, and

sup] ||max{1, ||Xt||Hv}||ZP(P;|~\) <V2 Hmax{l, Hg“Hv}”fP(P;H)

tel0, T

(3.17)
T1-1,/3 IF) e — IBW)las@w, 1., _p o)
'60(177)|:\/71n (SEUFIID _max{l,n—vﬂH:} + /T p(p — 1) | sup max{1,||v||;,y;/2 :
veltly

vEH,

Proof of Proposition[3.6. Throughout this proof let ,, € %, n € Ny, be the sets which
satisfy for all n € Ny that Q, = {[|{||z, < n} and let &,: Q@ — H,, n € N, be the map-
pings which satisfy for all n € N that &, = £ 1g,. Note that it holds for all ¢ € [0, 00),
n € N that E[||§n||q | <n? < oo. E.g., Theorem 5.1 in Jentzen & Kloeden [27], Propo-
sition |3.1| and the Kolmogorov—Chentsov continuity theorem (see Theorem [2.7] . ) hence
ensure that there exist (%)co,r)/%#(H,)-adapted stochastic processes with continuous
sample paths X": [0,T] x @ — H,, n € N, which satisfy for all n € N, ¢t € [0,T] that
SUDse(0,7] E[HX;L”%J < 00 and

t t
(X{' e 20, = { A0 + / (t=9Ap(X") ds } + / IAB(XM AW, (3.18)
0 P,B(H~) 0
Observe that it holds for all k € N, n,m € {k,k+1,...}, t € [0,7] that

t
(X7 = X LndJeny = | [P (10, X0) = F(Lo, X7 Lo, 05
0 P,%(H.) (319)

t
+/ eI B(10, X") — B(1g, X™)] Lo, dW..
0

Proposition 2.1 in Jentzen & Kurniawan [25] hence shows for all £ € N, n,m € {k, k +
1,...} that

sup [|(X{" — X{") lﬂngp(um;”.HH )y = 0. (3.20)
t€[0,T] v

This implies that
P(Vk eN:Vnme{k k+1,...}: 1q, { sup || X{ — X{"| 4 } = 0) = 1. (3.21)
te[0,T) 7

Next let Y': [0, 7] x Q — H, be the mapping which satisfies for all (¢,w) € [0,T] x Q that

= X{'(w) Lo, W) (3.22)

Note that it holds for all n € N that

Lo, sup [[Y; = X{||g, = sup |[Y;1q, — X{" Lo, ||a,
t€[0,T] t€[0,T

ZX Lona,- 1] — X' 1g,

(Xf - th) ]lﬂk\ﬂkﬂ
k=1

= sup
t€[0,T)

= sup
te[0,7)

(3.23)

H, H,

_Z |:]le Sup HXk Xy |’Hw:| ]]'Qk\Qk 1

1 t€[0,T
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This and (3.21)) show that

P(Vn € N: 1o, sup [|Y; — X{'[#, :0) = 1.

te[0,7)

Hence, we obtain for all n € N, ¢ € [0, 7] that

[Yt Ilﬂn]]}",%'(Hn,) = [th ILQn]Pv%)(H“/)

r t t
= ( e, + / e(t_S)AF(Xf)ds} + / et=HAB(X™) dWs> 1o,
L 0 P,%(H.) 0

- : t
= < et e + / =941 F(XT) ds] + / =941 B(X™) dWs> 1lg,
L 0 P,%(H.) 0

r t t
= ( et + / e<t—S>AF(YS)ds} + / e“—S)AB(YS)dWS) 1g,.
L 0 P,%(H.) 0

This implies for all ¢ € [0, 7] that

t t
Yilea,) = [et“‘§+ / e“‘s)"‘F(Ys)ds] + / e B(Y,) AW
0 P,%(H~) 0

Next note that (3.24)) and Proposition ensure for all n € N that

s {113, gy = 00 {110 ol Y
< tSEéIJT] Hmax{l, | X3 HHW}HXP(IP’;\-D <V2 Hmax{l, Hf"HHW}H,fP(IP;H)

T1-1/2 1F (W) ller, — 1B lasw, ., _ /2)
- Sl [ﬁ <S€u§ maxfL iy | T VI — 1) sup L)) |-
velly

veH

This and Fatou’s lemma imply for all ¢ € [0, 7] that

||max{1, Yl e,

}H.,z)p(]pu) Hhmlnfmax{l IY: Lo, |la, }

’zp(w-)
< liminf [max{1, [[; ﬂﬂn”Hw}H,zﬂp(P;\.D < V2||max{1, ||§||H~/}H$P(IP‘;\-|)

— IF@ln, IBs(w,ir,
- 77)[ =T <S€u§ max{L ol T Tt=mp(p — 1) sup T ) |-
velly

veH.

The proof of Proposition is thus completed.

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

[]

3.5 Uniqueness of left-continuous solutions of SEEs with semi-

globally Lipschitz continuous coefficients

The proof of the next result, Proposition [3.7] is similar to the proof of Theorem 7.4 in
Da Prato & Zabczyk [10] (also see, e.g., Lemma 8.2 in van Neerven, Veraar, & Weis [37]

for an analogous result in a more general framework).

Proposition 3.7 (Local solutions). Consider the notation in Subsection let
(H, o Il g) and (UG p s Hlly) be separable R-Hilbert spaces, let H € H be a
non-empty orthonormal basis of H, let \: H — R be a function with sup,cy An < 0,
let A: D(A) € H — H be the linear operator which satisfies D(A) = {v € H:
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> hem [An(h, vyl < 0o} andVv € D(A): Av =%, cu Mn(hyv)h, let (Hy, () g |l )
r € R, be a family of interpolation spaces associated to —A, let T € (0,00), v €
R, n € [0,1), F € C(Hy,H,—,), B € C(H,,HS(U, H,_s)) satisfy for all bounded
sets £ C H, that |F|gle g, I, ) |Bleler (&, s, ) < OO let (Q,.7,P) be a
probability space with a normal ﬁltmtzon (F)iecpr, let (Wt)teoT] be an Idy-cylindrical
(Q, F,P,(Fi)eo,m)- Wiener process, let 7,: Q — [0,T], k € {1,2}, be (F)icp,m-stopping
times, and let X*: [0,T) x Q — H,, k € {1,2}, be (F)icjo11/PB(H,)-adapted stochastic
processes with left-continuous and bounded sample paths which satisfy for all k € {1,2},
t €[0,T) that

t
(X Lpzry ooy = | [€4X0 4+ | Lisany 4P (XE) ds
) ( ’Y) 0 P,%(HA/) (3 29)

t
- / ]l{s<7k} e(t_S)AB<X§) dWS) ﬂ{tSTk}‘
0

Then P(Vt < [O, T] :H-{Xl =X2} Xmln{t e} T ]1{X1 =X2} Xmm{t T 72}) =1
Corollary [3.8]is an immediate consequence from Proposition [3.7]

Corollary 3.8 (Continuous solutions). Consider the notation in Subsection let
(H, (-, g Illg) and (U, (-, -)p, IFly) be separable R-Hilbert spaces, let H C H be a
non-empty orthonormal basis of H, let \: H — R be a function with sup,cyAn < 0,
let A: D(A) € H — H be the linear operator which satisfies D(A) = {v € H:
> nem | AR, VY| < oo} andVv € D(A): Av =3, cu An(hyv)h, let (Hy, () g o |l )
r € R, be a family of interpolation spaces associated to —A, let T € (0,00), v €
R, n € [0,1), F € C(Hy,H,—,), B € C(H,,HS(U, H,_s)) satisfy for all bounded
sets E C H, that |F|gley s, b, ) |B| |1 < oo, let (,.7,P) be a
probability space with a normal ﬁltmtwn (F)iepr, let (Wt)tGOT] be an Idy-cylindrical
(Q, F,P,(Fi)cpo,n)- Wiener process, and let Xk 0,7 x Q@ — H,, k € {1,2}, be

(,ﬁzt)te[OT/%’( v)-adapted stochastic processes with continuous sample paths which sat-
isfy for all k € {1,2}, t € [0, T that

Bl s (o, )

t t
(X em00,) = {e”‘XH / e“‘SMF(Xf)ds} + / IMB(XE) AW, (3.30)
0 P,%(Ho) 0

Then P(Vt € [0,T]: X} = X}?) = 1.

4 Convergence in Holder norms for Galerkin approx-
imations

4.1 Setting

Consider the notation in Subsection [L.I} let (H, (-, ), |-|l;) and (U, (-, -)u, ||I-|l;) be
separable R-Hilbert spaces, let H C H be a non-empty orthonormal basis of H, let
T,v € (0,00), let (Q2,.%,P) be a probability space with a normal filtration (.%;)cjo,r), let
(Wi)tepo,r be an Idy-cylindrical (€2, .7, P, (% )icjo,17)-Wiener process, let A: H — R be a
function with supj,cy An, < 0, let A: D(A) C H — H be the linear operator which satisfies

D(A) = {v €H: Y |[Mlho)ul* < oo} (4.1)

heH
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and which satisfies for all v € D(A) that

Av =" Ny (h,v) b, (4.2)

heH

let (Hy, (,)g s [I'll.), € R, be a family of interpolation spaces associated to —A, let
vER, a€0,1), 8 €012, y € [812), FeCH, H, ), BeC(H,HSU,H,_5))
satisfy for all bounded sets ¥ C H,, that

1Elelor @i, )+ I1Bleler@ s, ) < (4.3)

let Hy € H, N € Ny, be sets which satisfy Hy = H and supycy N* sup({1/|>\h\: h €
H\Hy} U {0}) < oo, let Py € L(Huminfoy-13)s N € No, and Py € L(U), N € Ny, be
linear operators which satisfy for all N € Ny, v € H that

Py(v) = > (hv)yh, (4.4)

heHy

and let XV: [0,T]xQ — H,, N € Ny, be (F;)icpo)/PB(H,)-adapted stochastic processes
with continuous sample paths which satisfy for all N € Ny, ¢ € [0, 7] that

t
(X = {MPNX(?Jr /0 =Py F(X ) ds]

t
P B, )+ /O APy B(XN) 22y AW,

(4.5)

P,%(H.,

4.2 Strong convergence in Holder norms for Galerkin approxi-
mations of SEEs with globally Lipschitz continuous nonlin-
earities

The next lemma, Lemma below, follows directly from, e.g., Proposition and, e.g.,
Corollary

Lemma 4.1. Assume the setting in Subsection[{.1], let p € [2,00), n € max{a,243},1),
N € Ny, and assume that

0
E[IX0ll%, ]+ 1Fler i, )+ [Bler o s, ) < 0 (4.6)
Then
ts[%%} Hmax{l, ”XtNHHy} Zp(Py|)) < \/§HmaX{17 ||X(())||H'y} Z£p(Pyl) (47)
S k]
T1-n/3 lF)a. — I1B(0) PN lusw, b, )
'@@“")[ N (5&? wttitn,y ) F VIR =D S Ty ) |
Y vy

Lemma 4.2. Assume the setting in Subsection[{.1], let p € [2,00), n € max{a,28},1),
N € Ny, and assume that

0
E[IX0W5, ] + [Fler i, ) 1Bloran s wn, ) < 00 (4.8)
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Then

sup || X7 — XtNHw(nw;n-uH) [\/_ sup {|(Po — Pu) X0||$”1P’H-IIH7)

t€[0,T] t€[0,]
T2 X\ /p(p-1) ( |B()(Zo — Pn)llnsw.b, )
+—2 "1+ sup || XY zre: sup -
Vi—2x i X ] -l ez, vert, 1+ [[olla,
TN2IE e )
- S { = VIR = DBl s, ) ||°@0||L<U>] < o0
(4.9)
Proof of Lemmal[{.3 First of all, observe that Lemma [.1] ensures that
tS[%pT] max{|| X} || zr(e,. i) ||XtN||gp([P;||.HH7)} < 0. (4.10)
€

We can hence apply Proposition to obtain that
0 N
Sup Xy — X "
P
Tl—"\/i|PNF(~)‘<€l(H,Y -1l g ;

Aele, ) - — )
Sg(l_n)[ — = /T p(p 1)|PNB()%I<51(HW,||~HS(U,HVW))]

t
V2 sup {Xf— / =94 Py F(X0) ds]
0

te[0,7)

t
— / e =94 Py B(X0) 2y AW,
PA(Hy) /0

t t
- { / e Py F(XY) ds—XtN] + / APy B(XN) 22, AW,
0 P#(H,) 0

Lo (B 1,
(4.11)
This shows that
0
sup ||X; o0 (p.
Sop, [ t llzo@iy,)
T2t (.
< &) [ = -+ VvIT'p(p—1) ’B|Cgl(H'Y?”'”HS(U,HW_WQ)) HWOHL(U)}
t
V2 sup ||[(Py = Po)XY) s +/ IAPNB(XN) (P — Py)
te[0,T] 7 0 LP (B[]l .,)
(4.12)

The Burkholder-Davis-Gundy-type inequality in Lemma 7.7 in Da Prato & Zabczyk
hence implies that

0 __
sup || X, (.
o | t e,
TV N2IF g1 a1y
B 5(117){ T+ /T p(p — 1) \B!%1<H7,H~||HS<U,HW_W>> ||3ZO”L(U>}
0
V2 [ sup || (Py — Pn)X; ||$p @) (4.13)
te[0,7)

t
+ sup ||[B(X)[Py— & . p(p-1) sup/ t—s) X ds|.
i | B(X.)[ 2 N]||XP(P7H'”HS(U,H,Y_X)) E A A ( )

This and (4.10) complete the proof of Lemma . H
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Corollary 4.3. Assume the setting in Subsection let ¥ € [0,min{l — «,1/2 — }),
p € [2,00), and assume that X§(Q2) C H,1y and

0
EIXoN5, o] + Flerc, i, )+ 1Bler s < (4.14)
sup sup N7 B()(2 — ) lnsw o < 00. (4.15)
NeN veH, 1"' V]| &,

Then it holds that

sup sup (| F(X) | zeiy,_ ) + 1B Pnllzr@iiuswn, ) <00 (416)

NeNg te[0,T) 7=x)

and

sup sup (Nm HX? — XtNpr(P;ll'HHV)) < o0. (4.17)
NeN te[0,T]

Proof of Corollary[{.3. Combining the assumptions that XJ(Q) C H,,y and E [||X8||’I’{WM}
< oo with, e.g., Proposition and, e.g., Corollary ensures that Vt € [0,7]: IP’(XtO €

H,i9) =1 and supte[O’T]IE[H]I{X%HWMX?H%WW] < o0o. This and the assumption that

supyen NV sup({Yixl: h € H\Hy} U {0}) < oo imply that

sup sup [N‘ﬂH Py — Py)X}

< sup sup [N =4  (Pola, — PN|H7>HL(HW) IIIL{x?eHM}X?Hgm;||-HM)}

< [sup N* H<_A)71(Ide _PN|HW)||i(HA,)} [ Sup H]1{XtO€H7+19}X19HXP(P;“'”H +ﬂ)] (4.18)

NeN t€[0,T]
_ Y ) G 0
= |5 8 fsup (s € E\EN) U (0))] [[p [eszen X3 \\ﬂ@;n.w)]

< 00.
In addition, observe that (4.14]) m, and Lemma ensure that

sup sup || X7V || 2oy ) < OO (4.19)
NeNyp te[0,T)]

The triangle inequality and again ) hence prove that

sup sup HB(XtN)«@NHXZ’(P;IIMHS(U,H )

NeNy te[0,7] 7=x)
HB(U)WNHHS(U,H _y)

(1+ sup sup | X" || 2oy, >) <Sup SUD

NeNo te[0,T] NeNg veHy i

(4.20)

<1+ sup sup || X, || 2o g, >)

NeNp te[0,T]

”B(U)HHS(U,H,Y_X)”LO?OHL(U) ||B(U)(WO—9ZN)||HS(U,HW_X)
. (sup ol + sup sup ol < 0.
veH. NeNg veH,

In the next step we combine (4.19)), (4.18)), and (4.15) with Lemma 4.2 to obtain that
SUD yen, SUDse(o,7] (N“9 | X2 — X;V“_gp([p;”.”H’y)) < 0. (4.21)

Furthermore, observe that ([{.19) assures that supyey, Supseior) | F (X))l e, ) <
) ’Y_a

oo. This, (4.20), and (4.21]) complete the proof of Corollary m

31



The next result, Corollary [£.4] proves strong convergence rates in Holder norms for
spatial spectral Galerkin approximations of SEEs with globally Lipschitz continuous non-
linearities. Note in the setting of Corollary that, e.g., Becker et al. [5, Theorem 1.1
and Lemma 2.6] show in the case ¢« = 2, § = 0 that the convergence rate established
in (4.23)) is essentially sharp (cf., e.g., Conus, Jentzen, & Kurniawan [6, Lemma 7.2]).

Corollary 4.4. Assume the setting in Subsection let ¥ € (0,min{l — o, 12 — B}),
p € (/9,00), and assume that XJ(Q) C H, .y, E[||X8||§{7+ﬁ} < 00, |Fler |, )y < oo,

| Bl (i, s, ) < 005 and

|B(v) Pnllusw,m,_s) + NV | B(w)(Po — Pn)lusw,a, )
1+ [|v]|,

sup sup
NeNwveH,

] <o (4.22)
Then it holds for all 6 € [0,9 —1/p), € € (0,00) that

l/p
Np L (9—6—1/p—e¢) 0 _ yNjyp
sup lE[”X ||%6<[0,T1,||~||H7>]+N (B[1x - x ||%’6<[07T1,||~HH7>]) ]<°°'
(4.23)

Proof of Corollary[4.4. Throughout this proof let n € R be the real number given by
n = max{a, 26} and let 6N € Pr, N € N, be a sequence of sets such that

sup
NeN

Amax (ON) N~

< 00. 4.24
{ N~ * dmin(eN)} > ( )
In particular, this ensures that limsupy_,. dmax(#™) = 0. In addition, Corollary
proves that

sup {‘dmax(QNH

NeN

dmax(eN) - L
< [sup %} (sup sup N7 [| X7 — vameb;||-Hw>) (4.25)
NeN NEeN tegN

v,
sup || X7 — vallzpmnrnm)]
teoN

9
< [Sup dmN—(_gN)} <Sup sup N IIX?—XZVHzp(Pﬂm)) < o0.
NeN NeNte[0,T)

Next note that, e.g., Corollary (3.2 shows for all N € Ny, ¢ € (0, min{1 —n, /2 — 5}) that

[min{ty, ta }| OO XN — XN oy, )
sup - 2 (4.26)
t1,t2€[0,77, |t1 - t2’
t1#t2
9 T (+y=—n—min{y+9,7+¢})
< ||xN n +1s PyF(XN
< | Xo" l.2e ey i 0. p) LEE% || N (X, )||.,$,”P(]P>;H~||H77n) (1—n—c¢)

— 1) 7(/2y=p—min{y+d,y+e})
n {sup |PvBGX) 2] velp— ) < oo,

sel07] IP’;||-||Hs(U,HW_ﬁ))1 (1 98— 26)1/2

This and the fact that min{l — 7,2 — g} = min{l — max{«a, 28},1/2 — f} = min{l —
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a,l/2 — B} > 9 > 0 imply that

(HXZIV - Xngpm;anW))
sup  sup

9
NeNy t1,t2€[0,T7], |t1 - t2’
t1#£t2

9 T(1=n=79)
< sup | X || zr @y + {Su sup || F(XN)||.zv . ]— (4.27)
NegoH o ler@iin, ) Negose[o% (X e e, ) A=y =0
p(p—1)T=0=

(1—28—29)"

+ | sup sup ||B(XM)Px|| 2oy }
|:N€Nose[0,T] ” ( ) ” P (]| HHs(U7H7_£))

Corollary and estimate (4.22)) hence prove that

N
]3161150\)( [0 O ey11, )
X0 F(XY e
< " + | sup su - (1=n—1)
< 1 X5llze i, ) {Nego sup I1E (X)) L2e e |Hw)} 1—n—0) (4.28)

— 1) 70/2=8-0)
Vp(p—1) _

(1—28—29)" -

+ | sup sup ||B(XM)Px|| 2o ]
[NeNose[O,T] ” ( ) ” P (]| ||HS(U,H77H))

This, (4.25), and the fact that ¢ € (1/p, 1] allow us to apply Corollary to obtain for
all § € [0,9 —1/p), € € (0,00) that

su ]E[XN? }
Neld X s o, 141,

, (4.29)
N —(79—5—1/17—6) 0 N ?
+ | (0™ (E[HX - X ”p%é([o,ﬂ,uwmg})

< 00.

Combining this with the fact that sup NeN[dmj\}‘—gN)} < oo completes the proof of Corol-

lary 4.4 O

4.3 Almost sure convergence in Holder norms for Galerkin ap-
proximations of SEEs with semi-globally Lipschitz continu-
ous nonlinearities

The proof of the following corollary employs a standard localisation argument; see, e.g.,
(13, 133].

Corollary 4.5. Assume the setting in Subsection let 9 € (0,min{l — a,1/2 — G}),
assume that P(Xg € va) =1, and assume for all non-empty bounded sets E C H., that

I1B(v) Pn|luswa,_s) + N | Bw)(Po — Pn)|lusw, i, —y)
14 [Jv]| &,

sup sup
NeNveE

] < 00. (4.30)
Then it holds for all § € [0,7), € € (0,00) that

]P’(sup [NL(ﬁiaig) HXO — XNH%”‘S([O,TLH-HH ):| < OO) =1. (431)
NeN v
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Proof of Corollary[{.5 Throughout this proof we assume w.lo.g. that X§(Q) C H, .,
let 6 € [0,9), let ¢, nr: H — H,, 7 € R, M € (0,00), be the mappings which satisfy for
allr € R, M € (0,00), v € H, that

M+l }, (4.32)

-v(V) =v-ming 1, —
P (0) { T el

let &0 Q — Hy, M € N, be the mappings which satisfy for all M € N that & =
G0 (XD), let Fay: Hy — H, o, M € N, and By : H, — HS(U, H,_3), M € N, be the
mappings which satisfy for all M € N that Fy; = F o ¢, and By = B o ¢y, and let
Su € H,, M € N, be the sets which satisfy for all M € N that Sy, = {v € Hy: [[v]|g, <
M + 1}. Observe that it holds for all v,w € H,, M € N that

16,01 (V) = Gy e (W)l
v (L [Jwll ) min{1 + fofla,, M+ 1} —w (1 + |vfla,) min{t + fwl[g,, M +1}
(Lt {Joll,) (T + flwlla,) H,

<|lv—wlg,

w [(1+ fell,) minfL+ ol M + 1} = (14 o]l minfL + i, M + 1)]
L+ Toll,) (1 + ewolr,)

H’Y
< flv— w”m
Ot ol min{3 ol D+ 1) = (14 ol min{1 + [, M + 1))
1+ [lvllz,)
(4.33)
This ensures for all v,w € H,, M € N that
[05,01(v) = Dy na (W)l
~ in{1 4 M+ 1
<v—uwll, + lwlle, = [vlla, | min{ + [Jv]|m, ¥
Y (L +[[vlle,)
(14 J[olle,) [ming1 + o, M + 1} — ming1 + ], M + 1}
n (4.34)
1+ [lvllz,)
< v —wlg, +[lwllw, — vl

+ |min{1 + ||v||g,, M + 1} — min{1 + [Jw|| gz, M + 1}|
<3|v- w”m :
Hence, we obtain for all M € N that | ar|s(a., < 3. This, the fact that VM €
N: | Flsalersalin, )+ 1Blsslorulilusw.n, ) + 19varleram, i,y < oo, and the fact
that VM € N: ¢, y(H,) C Sy ensure that it holds for all M € N, p € [1,00) that

< 00. (4.35)

)

|FM|‘€1(H.Y,H-||HW7Q) + |BM|<51(H7,||.HHS(U,H7_5)) +E[IEumll ]

E.g., Proposition hence proves that there exist (%;)icpo,r/%(H,)-adapted stochastic
processes 2 VM. [0,T] x Q — H,, N € Ny, M € N, with continuous sample paths such
that it holds for all N € Ng, M € N, t € [0, T] that

¢
[%N’M]IP’ B(H,) letAPNfM +/ APy Fy (2 ds
”” Y 0

P,%(Hy) (4.36)
t
+/ €(t75)APNBM(¢%/SN’M)¢@N dWs

0
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(cf., e.g., Theorem 7.1 in van Neerven, Veraar, & Weis [37]). We now introduce a bit more
notation. Let 7y Q@ — [0,7], M € N, N € Ny, be the mappings which satisfy for all
M €N, N € N, that

TN = mln{T]l{”XoHH SM},imf({te[o,T]:HggfwumzM}u{T})}, (4.37)

let T € .% be the set given by

T =

[Nneno Unen Nmeqarvi4t,. 3 {7vm = T} N [ﬂMeN,NeNo {H‘%N’MH‘K‘;([O,T],H-HHW) < OOH
A [rververo ({1X8N00 > MU VEE 0,T): 20 = XNotirvan )]

N [ﬂM,neN {SUPNEN (N O=0=m) || 20— %N’M||<56([0,T],H.||HW)) < OO}] ; (4.38)

let #: 7T — N be the mapping which satisfies for all w € 7" that

M (w) =min{ M € NN (|| X0 (w)|#,,,,00): Vm € {M,M+1,...}: Tom(w) =T}, (4.39)

and let .4 : T — N be the mapping which satisfies for all
wel C {m e Q: |:\V/M e N: limsupy_, o, ||%O’M(m) - %N’MOU)||<56([07T],||.||H4{) = 0]}
that

N (w) = mind N € Ni supepnnin,.y 1270299 @) = 2729 0) oo, < 1}
(4.40)
Observe that ensures for all w € T, N € No, M € N, t € [0,7ym(w)] with
M > | X0() i, that
2 (w) = X (). (4.41)
This, the fact that Vw € N € Ng: AIM e N:Vm e {M, M +1,...}: nm(w) =T, and
the fact that Vw € T, N € No,m € N: [ 27 (w)]l¢s(o.11,).1,,.) < 0© prove that it holds
forall w € T, N € N, that ’

X @)l o111,y < 0 (4.42)
Next note that ensures for all w € 1, M € { A (w), # (w) +1,...} that
@) =T and M > #(w) > || X3(W)|la, - (4.43)
This and show for all w € ¥, M € {# (w), #(w) +1,...},t €[0,T] that
20 (w) = X (w) = 2" (). (4.44)
This, , and ( m prove for all w € 7" that
supieo ) | 255 ()ll, = supiep ) 1277 @)la, < A (). (4.45)

The triangle inequality and (4.40|) hence assure for allw € T, N € {4 (w), A (w)+1,...}
that

2 M (w 2. (w 2 (w
< supye 12757 (W), + suprepor 12277 (w) — 22V N W) |, (4.46)

< supyery 1277 W)l +1 < A (w) + 1 < 24 ().
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This and the fact that Vw € T | X(w)|la,,, < A (w) < 2.4 (w) prove for all w €

T, N € {HN(w), N (w)+1,...} that Tno s (w) = T. Again the fact that Vw €

T | XQ(w)la, .y < A (w) < 2.4 (w) and ([4.41)) hence show for allw € ', N € { A (w), A (w)+
1,...}, t € [0,7] that %N’Q‘%(w)(w) = XMN(w). This and (4.44) prove for all w € 7,

e € (0,00) that

supyen N7 X0 w) = XN (W)lles 0,111,
,,,,,, iy N7 IX (@) = XY ()l o)
+ SUPNe{ 4 (w), # (w)+1,...} N9 | X0 (w) — XN(M)H(ﬁ([o,:r’],n-HHv) (4.47)
< [ (W) [HXO(W) (0,11,

T SUPNe{ 4 (W), (w)+1,...} N0=0=<) ||5{0’M/(°J) (w) — N ) (w)||%6([o,T],||.||H7)-

@O T SUPNe, e X (@)

Combining this with (4.42)) and (4.38) ensures for all w € T, ¢ € (0, 00) that
supy ey N7 | X0(w) = XV (@)l oz,
19 N (w
< (A )]7 Zal IX N @)les 1) (4.48)

+ SUPN el (), h (@) +1,..3 V Wm0 | 20RO () — g N2 ) (@) llgs (fo, 7 < 0.

)

It thus remains to prove that IP’(T) = 1 to complete the proof of Corollary 4.5 For this
observe that the assumption (4.30)) shows for all M € N that

| Bar (v) P s, ) + N || Bag (0) (P — %)HHSW,HH)]

sup sup

NeNweH, 1+ [Jv]|m,
B(v) P N ||B(v)(Py — P (4.49)
v + N* v —
< sup sup | B(v) Px |nsw.m,_s) | B(v)(Z N lasw.a, ) .
NeNveS)y, 1 + H/UHH’Y

Corollary [4.4 hence proves for all p € (1/9,00), r € [0,9 — 1/p), € € (0,00), M € N that

l/p
N,M ||p L (9—r—¢) 0,M N,M ||p
sup {E[“% e oty + (B2 = 2 o)) ] < 00,

(4.50)
A standard Borel-Cantelli-type argument (see, e.g., Lemma 2.1 in Kloeden & Neuenkirch
[28]) hence ensures for all € € (0,00), M € N that

P(supyen (V'O 2709 = 275 ooy, ) < 00) = 1. (4.51)

Hence, we obtain that
]P(V M,TL € N: SUP N eN [waiéil/n) HELVO’M — ‘%N7MH‘55([0,TLH-||H,Y)} < OO) =1. (452)

In addition, (4.50) proves for all N € Ny, M € N that }P’(%N’M € ¢°([0, T, ||||H7)) =1.
This, in turn, ensures that

]P’(VM €N,N € Ng: ZNM ¢ ([0, T, H-HHW)) ~ 1. (4.53)
Next observe that it holds for all ¢ € [0,T], M € N, N € Ny that
[(/{J)//;N,M _ etAPN%O,M]

P,%(H.) Lie<rn o}
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t
/ Lisary sy 4Py By (2NM) Py dWs> L{t<ry ar) (4.54)
0

t
/ ]l{S<TN,M} e(tis)APNF(%sN’M) d5:|
P.%(H~)

t
+ / Liscry €V PyB(ZNM) Py dWs) Liicry ar}-
0
E.g., Proposition [3.7] hence shows for all N € Ny, M € N that

. N,M N _
P(Vt € [0.7): Lpyvar_yy, 2, 1, %N,M:Xév}xmm{w,m) —1  (4.55)

min{t,TNyM} - 0

(cf., e.g., Lemma 8.2 in van Neerven, Veraar, & Weis [37]). This implies for all N € Ny,
M € N that

P{IXN ., > MYU{Vte[0,T]: ZN0 XNnirwan ) = 1. (4.56)

min{t,TN,M} =

Hence, we obtain that

P(Nwenvers [ {1 X8 N0 > MPU{YEE 0,T]: 200 = X tirnan}]) = 1
(4.57)

In the next step we combine this with (4.37)) to obtain for all M € N, N € Ny that
P(TN,M - min{T Ll <oy mE({t € 0, T]: X1, > M} U {T})}) = 1. (4.58)

This shows for all N € Ny, M, My € N with M; < M, that IP’(TNMl < TN’MQ) = 1. This,

[(.58), and the fact that Vw € Q, N € No: supycpor [ X (W) |z, < oo imply that it holds
for all N € Ny that ]P’( Unmen NimegM,M+1,. 3 {TNm = T}) = 1. This, in turn, proves that

P( Nyeny Unren Mmefasnrt,. {Tvm =T}) = 1. (4.59)

Combining (4.59), (4.53), ([.57), and (4.52) proves that P(7") = 1. The proof of Corol-
lary 4.5| is thus completed. [l

5 Cubature methods in Banach spaces

We first discuss in Subsection [5.1] a number of preliminary definitions related to the
Monte Carlo method in Banach spaces. In Subsection [5.2] we present an elementary
error estimate for the Monte Carlo method in Corollary In Subsection [5.3] we then
illustrate how expectations of Banach space valued functions of stochastic processes can
be approximated.
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5.1 Preliminaries

As mentioned in the introduction, the rate of convergence of Monte Carlo approximations
in a Banach space depends on the so-called type of the Banach space; cf., e.g., Section 9.2
in Ledoux & Talagrand [30]. In order to define the type of a Banach space, we first
reconsider a few concepts from the literature.

Definition 5.1. Let (2,.#,P) be a probability space, let J be a set, and let rj: Q —
{=1,1}, j € J, be a family of independent random variables with ¥j € J: IP’(rj = 1) =
P(r; = —1). Then we say that (r;);e; is a P-Rademacher family.

Definition 5.2. Let p € (0,00) and let (E, ||-||z) be an R-Banach space. Then we denote
by Z,(E) € [0,00] the extended real number given by

3 probability space (0, F,P):
dP-Rademacher family (r;)en:
Ty(E)=sup| S r€[0,00): Fk e N:Jzy,29,...,2, € E\{0}: » U{0} (5.1)
_ (Bl i)
(Shllasli) "

and we call I,(E) the type p-constant of E.

Definition 5.3. Let p € (0,00) and let (E,||-||z) be an R-Banach space which satisfies
Tp(E) < 0o. Then we say that (E, ||-||z) has type p (we say that E has type p).

Note that it holds for all p € (0,00), all R-Banach spaces (E, ||-||z) with type p, all
probability spaces (€2,.%,P), all P-Rademacher families (7;);jen, and all &k € N, x4, o,

..., Tk € F that
k

E Tj[L‘j

Jj=1

k Yp
< J(E) (Z ||l’j||%> : (5.2)

In addition, observe that it holds for all R-Banach spaces (E, ||-||z), all probability spaces
(Q, #,P), all P-Rademacher families (7;);en, and all p € [2,00), k € N, x € E\{0} that

k
T
< HEH S E G
— k l/p
b e

In particular, it holds for all p € (2, 00) and all R-Banach spaces (E, ||-|| ;) with £ # {0}
that 7,(E) = oco. Furthermore, observe that Jensen’s inequality together with the fact
that it holds for all normed R-vector spaces (E, ||-||) and all p € (0,00), ¢ € [p, o),
keN, zq,...,z, € E that

2P (Bl 5)

k
1z] sz—l dIRZ _ k2 |z — L(/2=1/p) (5.3)
K7l K7l -

Tp(E)

(S lal) < (S ) (5.4

assures that it holds for all R-Banach spaces (E, ||-|| ;) and all p, ¢ € (0, 00) with p < ¢ that
Ip(E) < F,(F). Hence, it holds for every R-Banach space (£, |-||z) that the function
(0,00) 2 p — Z,(E) € [0,00] is non-decreasing. This and the triangle inequality ensure
for all p € (0,1] and all R-Banach spaces (E, |-||) with £ # {0} that Z,(F) = 1. In
particular, note that it holds for all R-Banach spaces (E, ||-|| ) that sup,cq1) Zp(E) <
1 < oco. Additionally, observe that it holds for all p € (0,2] and all R-Hilbert spaces
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(H, ;) Il ) with H # {0} that ,(H) = 1. Furthermore, we note that it holds
for every probability space (Q2,.7,P), every p,q € [l,00), and every R-Banach space
(E, |||l 5) with type ¢ that LP(P; ||-||z) has type min{p, ¢}; cf., e.g., Proposition 7.1.4 in
Hytonen et al. [24], Section 9.2 in Ledoux & Talagrand [30], or Theorem 6.2.14 in Albiac

& Kalton [1]. In particular, it holds for every p € [1,00) and every probability space
(Q,.7,P) that LP(P;|-|) has type min{p, 2}.

Definition 5.4. Let p,q € (0,00). Then we denote by J,, € [0,00] the extended real
number given by

JR-Banach space (E, ||-||5):
3 probability space (2, F,P):
Hpq=sup{ r € [0,00): 3P-Rademacher family (rj)jen: 3k € N: (5.5)

E(I Sy ryesl%])
da1,29,..., 0, € F 0:7’:( - E
b « € E\{0} (B[ 25, 18]

1/q

and we call 7, , the (p,q)-Kahane-Khintchine constant.

The celebrated Kahane-Khintchine inequality asserts that it holds for all p, ¢ € (0, c0)
that J7,, < oo; see, e.g., Theorem 6.2.5 in Albiac & Kalton [1]. Observe that Jensen’s
inequality ensures for all p, ¢ € (0, 00) with p < ¢ that %, , = 1. The nontrivial assertion
of the Kahane-Khintchine inequality is the fact that it holds for all p,q € (0,00) with
p > q that ., , < oo. In our analysis below we also use the following two abbreviations.

Definition 5.5. Let p,q € (0,00) and let (E,|-||5) be an R-Banach space. Then we
denote by O, ,(F) € [0,00] the extended real number given by O, (E) = 2.T,(E)J, .

Definition 5.6. Let (Q,.#,P) be a probability space, let p € (0,00), let (E,|-||z) be an
R-Banach space, and let X € LY P;|||l,). Then we denote by o, 5(X) € [0,00] the
extended real number given by o, (X) = (E[||X — E[X]||%] )%.

5.2 Monte Carlo methods in Banach spaces

In this subsection we collect a few elementary results on sums of random variables with
values in Banach spaces. The next result, Lemma below, can be found, e.g., in
Section 2.2 of Ledoux & Talagrand [30].

Lemma 5.7 (Symmetrisation lemma). Consider the notation in Subsection let
(E, |||l z) be an R-Banach space, let (Q, F,P) be a probability space, let £, & € ZL°(P; ||| )
be independent mappings which satisfy ]E[||g||E} < oo and E[€] = 0, and let ¢: [0, 00) —
[0,00) be a conver and non-decreasing function. Then

Ele(léllz)] <E[e(l€ —£€llp)]. (5.6)
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Proof of Lemma[5.7. Jensen’s inequality assures that

E[p(l€l,)] = E[p(l¢ - Efd] (H | ¢) - é@)pias) E)P(dw)
<[ (/ 6w - &@)], B(d >)P<dw>
// (l€(w) — £@)]] ) P(d5) P(dw)
) ) (5.7)
-/ [ ﬂ?? (). £@)) el w) ~ £l ) P(ds) P(dw)
= [ e e ) e = ol (6) @) (6B )
/E J— )< 9 ol = yll ) (6 E)(P)) (A, dy) = E[w(l€ — £]1)]-
This completes the proof of Lemma O

Corollary 5.8 (Symmetrisation corollary). Let (E,|:||5) be an R-Banach space, let
(Q,.Z,P) be a probability space, let £, € L (P;||||,) be independent and identically
distributed mappings which satisfy E[{] = 0, and let p: [0,00) — [0,00) be a conver and
non-decreasing function. Then

Elo(l€llz)] < Ele(l€ = Ellg)] <Ele2€ll)]- (5.8)
Proof of Corollary[5.8. Lemma [5.7 shows that

Elp(l€ll5)] <E[p(I€ = Elln)] < E[e(El g + 1€l )] = Elp(3 21I€ls + 5 211€11 )]
<E[302éll) + 5 22lEIR)] = 3E[e1IElR)] + 3 E[¢ 21l 5)]  (5:9)
=3 E[p2[I€llz)] + 3 E[02 &l n)] = Ele2€]l5)]-

The proof of Corollary is thus completed. O

As a straightforward application we obtain the following randomisation result, cf., e.g.,
Lemma 6.3 in Ledoux & Talagrand [30].

Lemma 5.9 (Randomisation). Let (E, ||-||z) be an R-Banach space, let (2,.%,P) be a
probability space, let k € N, let & € ZLYP;||g), 7 € {1,...,k}, satisfy for all j €
{1,...,k} that E[¢;] = 0, and let r;: Q@ — {—1,1}, j € {1,...,k}, be a P-Rademacher
family such that &1,&s, ..., &, 1,79, ..., are independent. Then it holds for all p €
[1,00) that

(5.10)

2P (Pl g) 2P (P3|l g)

Proof of Lemma[5.9. Throughout this proof let (2, F, P) = (2 x Q,. 7 @ Z,PRP), let
rj: Q@ — {—1,1}, 7 € {1,...,k}, be the mappings which satisfy for all w = (w,®) € Q,
je{1,...,k} that rj(w) = rj(w), and let &;: @ — E, j € {1,...,k}, and £;: Q — E,
j € {1,...,k}, be the mappings which satisfy for all w = (w,w) € 2, 7 € {1,...,k} that
£i(w) = &(w) and €;(w) = &(@). The fact that

&—§& :i=0

I'j L=

{0,1} x {1,...,k} 3 (i,§) — { (5.11)
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is a family of independent mappings and the fact that Vj € {1,...,k}: (§ — éj)(P) =
(& — &;)(P) prove for all p € [1,00) that

Z 6]( )} I;P(dw)
/ Zl e e T @ E@) —E(@)]) (@) [€(w) - &(w)] I;P(dw)
:/<{—1 xB)F {152 ]luizo[(fni(sjféj)}(n)’f(zj“""ﬁZﬁj ;

(v, & — &, ... 1, & — 51:)( ))(dz1, day, . .., dzg, day)

p

e g ita) % (5.12)
{=11} {-1.1} =&, .
(& - o ka)(( ><P>)<dzk> (60— E)(P)) () (1) (P)) (d21)

Ui 0[(_1)i(5j—5j)](ﬂ)E(xj) E E

( & — €k)( ))(dxk) ((51 - él)(P))<dI1)

- /Ek le Ve G () E<(€1 — & & = G)(P)) (A, day)
- [t - | paw

j=1

Furthermore, the fact that Z _1&: Q2 — E and Z iz €] (2 — FE are independent, the

facts that anZJ E(w W), P(dw) < oo and [ Y " E(w)P(dw) = 0, Lemma
and (5.12)) imply that it holds for all p € [1,00) that

k k k
26 26 <|2&-8)
=t ey =t e,y i 22l )
k
> i + (5.13)
J=1 2P (Pl i) 2P (Pl g) 2P (Pl g)
2P (B )
The proof of Lemma is thus completed. O

The next result, Proposition below, is the key to estimating the statistical error
term in the Banach space valued Monte Carlo method in the next subsection. Proposi-
tion is similar to, e.g., Proposition 9.11 in Ledoux & Talagrand [30].

Proposition 5.10 (Sums of independent, centred, Banach space valued random vari-
ables). Let k € N, g € [1,2], let (E, ||-||5) be an R-Banach space with type q, let (2, .7, P)
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be a probability space, and let & € LYP;||-|z), 7 € {1,...,k}, be independent mappings
which satisfy for all j € {1,...,k} that E[§;] = 0. Then it holds for all p € [g,00) that

k k a
Zéj < @P,q(E) (Z||§j”?gp(]p;||.||E)> . (5.14)
=1

j=1

Proof of Proposition[5.10. Throughout this proof let (€2,.%,P) be a probability space, let
Ty Q — {-1,1}, j € {1,...,k}, be a P-Rademacher family, and let & Qx Q — E,
jge{l,....k},and r;: QX Q — {—1,1}, j € {1,...,k}, be the mappings which satisfy
for all w = (w, @) € AxQ, j € {1,...,k} that &(w) = &(w) and r;(w) = r;(D).
Lemma and the triangle inequality show for all p € [¢, c0) that

k K
> g >

2P (Pl g)

k
= <2(> 1
J=1 2P (B g) J=1 27 (PRB||-|| ) g=1 2 (PRB|||| )
k P Yp
“o( [[Snose] e
Q1= 27(B)-ll )
k P Lp
S2%ﬁ</‘§:wO®W) ~ P@@) (5.15)
Q=1 LBl )
k /q k /q
< 275,47 (E) (ZH@H%) =270 T3(E) | Y_lIE
= 2r(®) =1 274 (i)
k Ya
< 206,474(E) ZHfjH?gp(P;||.||E)> :
j=1
This finishes the proof of Proposition [5.10 O

The result in Corollary below is a direct consequence of Proposition [5.10}

Corollary 5.11 (Sums of independent Banach space valued random variables). Let M €
N, ¢ € [1,2], let (E, ||-||z) be an R-Banach space with type q, let (2, .F,P) be a probability
space, and let & € LYP;|lg), 7 € {1,..., M}, be independent. Then it holds for all
p € [q,00) that

M M Ya
Op,E (Z 5]) < @p,q(E> <Z|UP7E(£j)|q) : (5-16)

Jj=1

Corollary 5.12 (Monte Carlo methods in Banach spaces). Let M € N, g € [1,2], let
(E,|Illg) be an R-Banach space with type q, let (Q,.F#,P) be a probability space, and let
& e LYP ), J € {L,..., M}, be independent and identically distributed. Then it
holds for all p € [q,00) that

E&] - % >4

j=1

_ 0855 8) _ 6pu(B)0ps(&)
B M - MY

(5.17)

2P(Blg)

Results on lower and upper error bounds related to Corollary can be found, e.g.,
in Theorem 1 in Daun & Heinrich [11] and in Corollary 2 in Heinrich & Hinrichs [16]. Note
that Corollary does not imply convergence if the underlying Banach space (E, ||| z)
has only type 1, in the sense that it holds for all ¢ € (1, 00) that 7, (E) = oo.
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5.3 Multilevel Monte Carlo methods in Banach spaces

In many situations the work required to obtain a certain accuracy of an approximation
using the Monte Carlo method can be reduced by using a multilevel Monte Carlo method.
Heinrich [14} |15] was first to observe this and established multilevel Monte Carlo methods
concerning convergence in a Banach (function) space. However, these methods do not ap-
ply to SDEs. Then Giles |12] derived the complexity reduction of multilevel Monte Carlo
methods for SDEs. The minor contribution of Proposition below to the literature
on multilevel Monte Carlo methods is to combine the approaches of Heinrich [14] and
of Giles [12] into a single result on multilevel Monte Carlo methods in Banach spaces.

The useful observation of Proposition |5.13| generalises the discussion in Section 4 of Hein-
rich [15].

Proposition 5.13 (Abstract multilevel Monte Carlo methods in Banach spaces). Let
q € [1,2], let (2, F,P) be a probability space, let (Vi,|-|ly.) be an R-Banach space with
type q, let (Va, |- HV2> be an R-Banach space with Vi C Vs, continuously, let v € V,, L € N,
My, ..., My €N, and for every £ € {1,..., L} let Dyy € LN (P;|||y,), k € {1,..., My},
be independent and identically distributed. Then it holds for all p € [q,00) that

L 1 M,
-2 2D
/=1 k=1

L
v—Y E[Dy]
/=1

Proof of Proposition[5.13. The triangle inequality and Corollary imply for all p €
[q,00) that

XP(IF’,HH‘Q) (5 18)

pV1 DZI
Mg 1- 1/‘1

Mh

< +||IdV1||L(V1,V2 pa(V1)

Vs (=1

L M,
=1 k=1 L2 (Pl lly,)
L L 1 M,
< U_ZE[D“ ZED“]_ZEZD“
(=1 Vo =1 =1 k=1 XP(RH'HVQ) (5 19)
L L 1 M, '
S v — Z E[De 1 + ||Idvl ||L(V1,V2) Z E[DKJ] B M Z D&k
P " =1 £ =1 22 ®ly,)
L L D
vi(De)
<|v = 2EDal| vl Ora(V) X AT T
=1 Va = (M)
This completes the proof of Proposition [5.13] O

Corollary 5.14 (Multilevel Monte Carlo methods in Banach spaces). Consider the no-
tation in Subsection let q € [1,2], L € Ng, Mo, My, ..., Mpi1,Ng,N1,...,Np €N, let
(Q2, 7,P) be a probability space, let (Vi, || |ly.), i € {1,2}, be separable R-Banach spaces
such that (V1, ||||y,) has type q and such that Vi C V, continuously, let (Vs, ||||y,) be an
R-Banach space, let f € M (B(V3), B(Va)), g € M(B(V5), BWN)), X € M (F,B(V35))
satisfy B[|| f(X)Ily,] < oo, for every n € N let Y™'* € . 4(F,B(Vs)), k € N, | € Ny,
satisfy E[lg(Y™"1)|l,,] < oo, assume that YNk 'k € N, are independent and identically
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distributed, and assume for every £ € NN [0, L] that (YNe-nbk Y Nebk) ) e N, [ € N,
are independent and identically distributed. Then it holds for all p € [q,00) that

Mo L M,
BIACO] = 5 D o004) = 37 3 o t4) - g 4]
= =1 ke 22 |y,)
< ||BLA(X)] = E[g(y VO], (5.20)
L N, 0,1
9p, 1 9(YN001 Ip, V1 Q(YNZ()l) —g(Y (=1
+ ||Idy, ||L(V1’V2) O,4(V1) ( ¢ v + Z A ))
=1
< B (0] - Elgr 1],
L Ny,0,1
QHQ(X)”gp(p;H.HVI) 4||9(Y e )7g(X)||$p(]P’;H~Hv1)
+ v, ||L(V1’V2) Opa(V1) ( (M)~ T Z (min{ M, M1 }) =4 :

=0
Proof of Corollary[5.1]]. Proposition and the identity

E[g(YMON] = E[g(y ™)) + ) E[g(YNe0) — g(y Nen )] (5.21)

(=1

imply the first inequality in ([5.20). Next note that the triangle inequality implies for all
e ZYPs|-ly,), p € lg,00) that oy, (§) < 2 ||€||$p([[l>;”.”v1). This and again the triangle
inequality show for all p € [¢, 00) that

L N, ,0,1
gpvl szom +ngvl g(YNeoy gy Ne-1) ))
YA (Mg)t—Ya
=1
No.0.1) L Np,0,1y_ oy Ne—1)-0:1
2[la0 00N | ey Z 2 (v e0t)—g(r )ng(p;n-nvl)
- (Mo)1="/a (My)1=/a
=1
219Xl pe, 2 |g(yNo0 ) —g(x
- 9 zp ey, +2 [l o€ )=9( )Hfmw;uwvl) (5.22)
= (Mo)t—V/a
L Ny,0,1y_ Neg—1):0:1y
2||9(Y )=a( )ng(p;m|v1)+2Hg(Y ) g(X)Héf’P(P;\H\vl)

2
=1

(Mg)L="a

L Ny,0,1y_
4||g(Y %) —g( )H:fp(ﬂ”;l\-\lvl)

=T a7 ZZ (min{ My, Moy )70

=0

219X zp 111, )

This implies the second inequality in (5.20)). The proof of Corollary is thus completed.
O

Corollary 5.15 (Convergence of multilevel Monte Carlo approximations). Consider the
notation in Subsection [1.1, let T € (0,00), 8 € (0,1], a € (0,8), ¢,r € [0,00), let
(Q,.7,P) be a probability space, let (E,||-||z) be a separable R-Banach space with type
2, let X:[0,T] x Q — E be a stochastic process with continuous sample paths which
satisfies for all p € [1,00), v € [0, 8) that X € €7 ([0,T], 1 2o @y, ) for every N € N,
0 €Ny, k € Nlet YNER:[0,T] x Q — E be a stochastic process which satisfies for all

ne{0,1,...,N—1}, t e [oL DT e [1,00), p€[0,8) that
VI = (1= )V () VR 52
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P M,0,1
g ) o
assume for every Ni, No € N that (YNEE YN26R) k€ N, ¢ € Ny, are independent
and identically distributed, and let f: C([0,T], E) — C([0,T),E) be a B(C([0,T],E))/
B(C([0,T), E))-measurable function which satisfies for all v,w € €*([0,T],|-||5) that
f(), f(w) € ([0, T, ||| p) and

1F (0) = F(@)lliga oz 1) < € (1 Hllvllgagom g + ”w||%a([o,Tm~||E>> v = wllgaqom, i)

(5.25)
Then it holds that
[“f( Miga o, HE)] < 00, (5.26)
it holds for allp € [1,00), p € [0, 5 — «) that
1/p
]Svlé%{ ( [Hf( ) = FOVY O Y e oy )D ] < 00, (5.27)
and it holds for all p € [1,00), v € [0,a), p € [0, 8 — «) that
2L
aup |2 500 ] 0] - 3210520
LeN k=1
o ) s (5.28)
0 (1)
Z E f Y2 ,Z,k)gLfE}Z/Q ,Z,k) ] < 0.
V(0,711 &)

Proof of Corollary[5.15. Throughout this prooflet v € [0,a), § € (v, 252), let C1([0, T}, E)
be the R-vector space of continuously Fréchet differentiable functions from [0, 7] to E, let
Il o1 o,y CH([0, T, E) — [0, 00) be the function which satisfies for all v € C*([0,T], E)

that Hchl (0,T,E) — HUHC 1 T v/ ||C([0T 101l ) , let WEYe0((0,T], E) be the

Sobolev space with regularity parameter (e+v)/2 € (0,1) and integrability parameter
4/(a—y) € (4,00) of continuous functions from [0, 7] to E, let

et nzasa o rym | L WY@ ([0, 7], B) — [0, 00)

be the function which satisfies for all v € W*/2¥@=([0, T|, E) that

T =

= lo(®) = v(s)l5

||U||W(a+w)/24/a D([0.7].E [/ lo(t)] & dt+/ / : mﬂ dtds , (5.29)
— S a—y

let Vi, Vo C€7([0,T], ||| z) be the sets given by V; = W/24@=(]0, T], E) and
—vu(t

Vo=<qve?([0,T],]|lg): limsup sup lv(s) U(,Y)HE =0 (5.30)

n—oo  s,t€[0,T7], 0<|s—t|<l/n s —t|

(cf., e.g., Lunardi [31, Section 0.2]), let ||-||;,: Vi — [0,00) be the function given by
-y, = - hyesnzara—m qoyms 1t Il : V2 = [0,00) be the function which satisfies for

all v € V; that [jv]|,, = HUHW([QTLII-HE)’ let (V3,]]|y,) be the R-Banach space given by

(‘/37 ”HV3> = (C([Oa T]> E)? H'HC([O,T],H-HE)}C([O’TLE))7 (531)
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and let §: V3 — V5 and g: V5 — V; be the functions which satisfy for all v € V3 that
f(v) = g(v) = Lga(or|),)(v)f(v). Observe that the Kolmogorov-Chentsov continuity
theorem (see Theorem together with the assumptions that X € Mpei,00) MNyepo,g)
¢"(10, T, ] | vy I )) and that X has continuous sample paths implies for all p € [1, 00)

that E[|| X7 G (0.1 )] < 00. This, assumption (5.25), Holder’s inequality, and Corol-
lary [2.11] show for all p € [1,00), p € [0, 8 — ) that

sup (N7 E[[10) = 907 oy 1| )

NeN

< sup {Np< [Hf( ) = FOY YO Y e o1 “E)])%}

NeN

r N,0,1¢|7
=3 {NP(EK"U + I X e o + IV oozt

NeN
N1 P\ Yp
X -v Hcgaao,T},ME)) D (5.32)

1/(2p) 1/(2p)
2pr 2pr
[ ( [HXH%pa (0,77, |- HE)]) + ]Svlép< [HYNO 1H<5pa (10,77, |- ||E)]> ]

1/(2p)
. sup [NP(E[HX YV Z, o ||E>D } = oo

NeN

Assumption ((5.25]) also ensures for all p € [1,00) that

E[Hf( MNegaqo.z1,- HE] ( [Hf( Wz oz, ||E)D1/p (5.33)
< NF O llgaqoay iy +¢ {(E[||X||%a<[o,T1,||~||E>])Vp ( [||X||<£?f1[0T LI ||E)D1/p] < 00.

Next note that (Vi,]-[|,,) is a separable R-Banach space with type 2. In addition,
the fact that (C'([0, T, E), ||llc1(oz7.) 15 @ separable R-Banach space, the fact that

CY([0,T],E) C¢7([0,T], ]|l ) continuously, and the fact that

7 ([0,T]]-l )

CY([0,T],E) =V (5.34)

(cf., e.g., Lunardi [31, Proposition 0.2.1]) prove that (V5, ||-||;,) is a separable R-Banach
space. Moreover, the Sobolev embedding theorem proves that Vi C €°([0, 71, ]|l z)
continuously. This and the fact that 4°([0,7],|||z) € Va continuously establish that
V1 C V, continuously. Combining with and the fact that €*([0,77, ||||z) €
Vi continuously hence implies for all p € [1,00), p € [0,8 — @) that E[[[f(X)ll,,] +

supyen E[[lg(Y YO, ] < o0, ||g(X)||$p(]P;H,”V1) < 00, and

sup (N7E[[{(X) =gV 1, ] ) +sup (¥ []9(X) = g (V™) | ey, ) < 00- (5:35)
NeN NeN 1

Furthermore, observe that it holds for all L € N, p € [0, 3 — ) \ {1} that

L L
el _L 1_ _ L _o(3-p)L |3 —plL —Lmin{p, 5}
E (23) D) 2(L 5)22 5 E 2(2 p)Z:2 5 1 2?1 — 9~ Lmln{p }1-2""2~ < 2 _17
3-1 [1-20-2| |1—2—2|

(5.36)
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and

L
D COREP R e (5.37)

=1
Combining Corollary [5.14] with (5.35]), (5.36)), and (5.37) implies ([5.28). This finishes the
proof of Corollary [5.15] m

Corollary can be applied to many SDEs. Under general conditions on the coeffi-
cient functions of the SDEs (see, e.g., Theorem 1.3 and Subsection 3.1 in [18]), suitable
stopped-tamed Euler approximations (cf. (6) in [23] or (10) in [21]) converge in the strong
sense with convergence rate /2. We note that the classical Euler-Maruyama approxima-
tions do not satisfy condition for most SDEs with superlinearly growing coefficients;
see Theorem 2.1 in [20] and Theorem 2.1 in [22]. Moreover, under general conditions on
the coefficients it holds that the solution process is strongly !/2-Hélder continuous in time.
In conclusion, provided that a suitable numerical scheme is employed, Corollary can
be applied to many SDEs with § = 1/2.
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