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Abstract. In this work we discuss the emergence of p-wave superfluids of identical fermions in 2D lattices. The optical lattice
potential manifests itself in an interplay between an increase in the density of states on the Fermi surface and the modification of
the fermion-fermion interaction (scattering) amplitude. The density of states is enhanced due to an increase of the effective mass of
atoms. In deep lattices, for short-range interacting atoms the scattering amplitude is strongly reduced compared to free space due
to a small overlap of wavefunctions of fermions sitting in the neighboring lattice sites, which suppresses the p-wave superfluidity.
However, we show that for a moderate lattice depth there is still a possibility to create atomic p-wave superfluids with sizable
transition temperatures. The situation is drastically different for fermionic polar molecules. Being dressed with a microwave field,
they acquire a dipole-dipole attractive tail in the interaction potential. Then, due to a long-range character of the dipole-dipole
interaction, the effect of the suppression of the scattering amplitude in 2D lattices is absent. This leads to the emergence of a stable
topological px + ipy superfluid of identical microwave-dressed polar molecules.

Introduction

The creation of px + ipy atomic or molecular topological superfluids in 2D optical lattices can be a promising
path for quantum information processing [1, 2], since addressing qubits in the lattice should be much easier than
in the gas phase. For short-range interacting atomic fermions, the effect of the lattice potential on the formation of
a superfluid phase of atomic fermions has been actively discussed [3–10]. In particular, for the s-wave pairing of
spin-1/2 fermions an increase in the depth of the optical potential results in a stronger atom localization and hence in
increasing the on-site interaction. At the same time, the tunneling becomes weaker. The combined effect of these two
factors is a strong increase in the critical temperature [3–5]. This has been observed in the MIT experiment [6]. For the
lattice filling somewhat smaller than unity, the physical picture can be rephrased as follows. An increase in the lattice
depth increases an effective mass of atoms and, hence, makes the density of states (DOS) larger. The effective fermion-
fermion scattering amplitude is also increasing. The critical temperature in the BCS approach is Tc ∝ exp [−1/λc],
where λc is proportional to the product of the (modulus of) the scattering amplitude and the DOS on the Fermi surface.
Thus, an increase in the lattice potential increases the critical temperature.

On the contrary, for identical fermions in fairly deep lattices (tight-binding model) the fermion-fermion scattering
amplitude is strongly reduced. In the lowest band approach two fermions do not occupy the same lattice site, and the
amplitude is proportional to a very small overlap of the wavefunctions of fermions sitting in the neighboring sites.
This suppresses the p-wave superfluid pairing for fairly small filling factors in deep lattices, which is consistent with
numerical calculations of Ref. [5]. Nevertheless, there remains a question about an interplay between an increase of
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the DOS and the modification of the fermion-fermion scattering amplitude for moderate lattice depths. However, in
sinusoidal optical lattices single particle states are described by complicated Mathieu functions, which complicates
the analysis. Therefore, we study identical fermionic atoms in a 2D version of the Kronig-Penney model allowing a
transparent physical picture for moderate lattice depths.

For microwave-dressed polar molecules the long-range character of the acquired attractive dipole-dipole inter-
molecular interaction strongly changes the situation. The interaction amplitude is not suppressed even in deep lattices,
and a collisionally stable px + ipy superfluid may emerge.

The work is organized as follows. First, we discuss superfluidity of identical atomic fermions in a 2D lattice.
We describe a general approach for studying superfluidity of 2D lattice fermions. We then show how the ordinary
tight-binding optical lattice promotes the s-wave superfluidity of spin-1/2 fermionic atoms and suppresses the p-wave
superfluidity of spinless fermions. Second, we develop a theory of p-wave superfluidity of spinless fermions in the 2D
Kronig-Penney lattice and discuss inelastic decay processes. We discuss p-wave superfluidity of identical microwave-
dressed polar molecules and show that the long-range character of the dipole-dipole attraction leads to similar results
regarding the critical temperature as in free space. Finally, we summarize the main results of our work. The results of
this work are based on Refs. [11, 12].

Superfluidity of identical fermionic atoms in a 2D lattice

General relations and qualitative arguments

Let us first present a general framework for the investigation of superfluid pairing of weakly interacting lattice
fermions. We will do this for 2D identical (spinless) fermions, having in mind that the approach for spin-1/2 fermions
is very similar. The Hamiltonian of the system is

Ĥ = Ĥ0 + Ĥint, (1)

and the single particle part is given by (hereinafter in this Section we put � = 1 and set the normalization volume
(surface) equal to unity):

Ĥ0 =

∫
d2r ψ̂†(r )

[
− ∇

2

2m
+ U(r) − μ

]
ψ̂(r), (2)

with μ being the chemical potential, m the particle mass, U(r) the 2D periodic lattice potential, and ψ̂(r) the fermionic
field operator. The term Ĥint describes the interaction between particles:

Ĥint =
1

2

∫
d2rd2r′ ψ̂†(r)ψ̂†(r′)V(r − r′)ψ̂(r′)ψ̂(r), (3)

where V(r − r′) is the potential of interparticle interaction of radius r0.
In the absence of interactions, fermions in the periodic potential U(r) fill single particle energy levels εν(k)

determined by the Schrödinger equation:

[
− ∇

2

2m
+ U(r)

]
χνk(r) = εν(k)χνk(r). (4)

Here ν = 0, 1, 2, . . . numerates energy bands, the wave vector k = {kx, ky} takes values within the Brillouin zone:

{−π/b < ki < π/b; i = x, y}, (5)

and b is the lattice period. The eigenfunctions χνk(r) obey the periodicity condition

χνk(r + Rn) = χνk(r) exp [ikRn], (6)

where n = (nx, ny) is the index of the lattice site, with integer nx, ny. In the described Bloch basis the field operator
reads:

ψ̂(r)=
∑
ν,k

âνkχνk(r), (7)

with âνk being the annihilation operator of fermions with quasimomentum k in the energy band ν.
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We assume a dilute regime where the 2D density n is such that nb2 � 1, and all fermions are in the lowest
Brillouin zone (hereinafter we omit the corresponding index ν = 0). In the low momentum limit (small filling factor)
that we consider, their Fermi energy EF is small compared to the energy bandwidth EB. The lattice potential amplitude
U0 is assumed to be sufficiently large, so that both EF and EB are smaller than the gap between the first and second
lattice bands. The single particle dispersion relation then takes the form:

Ek =
k2

2m∗
, (8)

where m∗ > m is the effective mass.
In 2D the transition of a Fermi gas from the normal to superfluid state is set by the Kosterlitz-Thouless mech-

anism. However, in the weakly interacting regime the Kosterlitz-Thouless transition temperature is very close to Tc
calculated in the Bardeen-Cooper-Schrieffer (BCS) approach [13]. We then reduce the Hamiltonian given by Eqs. (2)
and (3) to the standard BCS form:

ĤBCS =
∑

k

{
(Ek − μ)â†kâk +

1

2

[
â†kâ†−kΔ(k) + h.c.

]}
, (9)

where the momentum-space order parameter Δ(k) is given by

Δ(k) =
∑

k ′
V(k,k′)〈â−k′ âk′ 〉, Δ(k) = −Δ(−k), (10)

with V(k,k′) being the matrix element of the interaction potential between the corresponding states.
The Hamiltonian (9) is then decomposed in a set of independent quadratic Hamiltonians and the anomalous

averages are determined by the standard BCS expressions:

〈â−kâk〉 = −Δ(k)K(k), (11)

where K(k) = tanh[E(k)/2T ]/2E(k), and

E(k) =

√
(Ek − μ)2 + |Δν(�k)|2 (12)

is the energy of excitation with quasimomentum k. From Eqs. (10) and (11) we have an equation for Δ(k) (gap
equation):

Δ(k) = −
∑

k′
V(k,k′)K(k′)Δ(k′). (13)

Eq. (13) can be expressed [14, 15] in terms of the effective off-shell scattering amplitude f (k′,k) of a fermion pair
with momenta k and −k defined as

f (k′,k) =

∫
d2r1d2r2Φ

(0)∗
k′ (r1, r2)V(r1 − r2)Φk(r1, r2). (14)

Here

Φ
(0)
k (r1, r2) = χk(r1)χ−k(r2), (15)

is the wavefunction of a pair of non-interacting fermions with quasimomenta k and −k. The quantity Φk(r1, r2) is the

true (i.e., accounting for the interaction) wavefunction, which develops from the incident wavefunction Φ
(0)
k (r1, r2) of

a free pair. The wavefunction Φk(r1, r2) satisfies the Schrödinger equation

[Ĥ12 − 2Ek]Φk(r1, r2) = 0, (16)

with the two-particle Hamiltonian:

Ĥ12 = −
∇2

1 + ∇2
2

2m
+ U(r1) + U(r2) + V(r1−r2). (17)
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The renormalized gap equation for the function Δ(k) then takes the form similar to that in free space (see Refs. [14,15]
and references therein):

Δ(k) =

∫
d2k′

(2π)2
f (k′,k)Δ(k′)

{
K(k′) − 1

2(Ek′ − Ek)

}
. (18)

In the weakly interacting regime the chemical potential coincides with the Fermi energy EF = k2
F/2m∗, where

kF =
√

4πn is the Fermi momentum. Note that here we omit a correction to the bare interparticle interaction due
to polarization of the medium by colliding particles [16].

We will see below that the scattering amplitude and the corresponding critical temperature of the superfluid tran-
sition of lattice fermions depend drastically on the presence or absence of spin and on the pairing angular momentum.
Before analyzing various regimes, we discuss the situation in general.

The efficiency of superfluid pairing first of all depends on the symmetry of the order parameter. For the pairing
with orbital angular momentum l we have

Δ(k)→ Δl(k) exp
[
ilφk

]
, (19)

where φk is the angle of the vector k with respect to the quantization axis. Integrating Eq. (18) over φk and φk′ we
obtain the same equation in which Δ(k) and Δ(k′) are replaced with Δl(k) and Δl(k′), and f (k′,k) is replaced with its
l-wave part

fl(k′, k) =

∫
dφkdφk′

(2π)2
f (k′,k) exp

[
ilφk − ilφk′

]
. (20)

Alternatively, we can write

fl(k′, k) =

∫
d2r1d2r2Φ

(0)∗
lk′ (r1, r2)V(|r1 − r2|)Φlk(r1, r2). (21)

where the l-wave parts of the wavefunctions, Φ
(0)
lk′ and Φlk, are given by

Φ
(0)
lk′ (r1, r2) =

∫
dφk′

2π
Φ

(0)
k′ (r1, r2) exp

[
ilφk′

]
, (22)

Φlk(r1, r2) =

∫
dφk

2π
Φk(r1, r2) exp

[
ilφk

]
. (23)

As well as in free space (see Ref. [14, 15]), we turn from fl(k′, k) to the (real) function

f̃l(k′, k) = fl(k′, k) [1 − i tan δ(k)] , (24)

where δ(k) is the scattering phase shift. This leads to the gap equation:

Δl(k) = −P
∫

d2k′

(2π)2
f̃l(k′, k)Δl(k′)

{
K(k′) − 1

Ek′ − Ek

}
, (25)

where the symbol P denotes the principal value of the integral.
In order to estimate the critical temperature Tc, we first put k = kF and notice that the main contribution to the

integral over k′ in Eq. (25) comes from k′ close to kF . At temperatures T tending to the critical temperature Tc from
below, we put E(k′) = |Ek′ − EF | in K(k′). Then for the pairing channel related to the interaction with orbital angular
momentum l, we have the following estimate:

Tc ∼ EF exp

[
− 1

λc

]
, λc = ρ(kF)| fl(kF)|. (26)

The quantity ρ(kF)=m∗/2π is the effective density of states on the Fermi surface, and fl(kF) is the on-shell l-wave scat-
tering amplitude of lattice fermions. The derivation for spin-1/2 fermions with attractive intercomponent interaction
leads to the same gap equations (18), (25) and estimate (26) in which

Δ(k) =
∑

k′
V(k,k′)〈â↓−k′ â↑k′ 〉 (27)
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and f (k′,k), fl(k′, k) are the amplitudes of the intercomponent interaction.
Eq. (26) shows that compared to free space we have an additional pre-exponential factor m/m∗ < 1. Assuming

that the lattice amplitude fl(kF) and the free-space amplitude f 0
l (kF) are related to each other as

fl(kF) = Rl f 0
l (kF), (28)

we see that the exponential factor λc in Eq. (26) becomes

λc = Rl
m∗

m
λ0

c , (29)

where 1/λ0
c is the BCS exponent in free space. Below we compare Tc in various lattice setups with the critical tem-

perature in free space.

Short-range interacting atomic fermions in a deep 2D lattice

We start with the analysis of superfluid pairing in deep 2D lattices. As an example, we consider a quadratic lattice
with the lattice potential of the form:

U(r) = U0

[
cos

(
2π

b
x
)
+ cos

(
2π

b
y
)]
. (30)

For sufficiently deep lattices, the single particle wavefunction has the Wannier form:

χk(r) =
1√N

∑
j

φ0(r − R j) exp[ikR j], (31)

where the ground state wavefunction in the lattice cell has an extention ξ0 and is given by

φ0(r) =
1√
πξ0

exp

⎡⎢⎢⎢⎢⎣− r2

2ξ2
0

⎤⎥⎥⎥⎥⎦ . (32)

Using a general formula for the effective mass from Ref. [17], for a deep potential of the form (30) one obtains:

m∗

m
 πξ

2
0

b2
exp

⎡⎢⎢⎢⎢⎣ 2

π2

b2

ξ2
0

⎤⎥⎥⎥⎥⎦ . (33)

We will consider fermionic atoms interacting with each other via a short-range potential V(r) of radius r0 and
assume the following hierarchy of length scales:

r0 � ξ0 < b < 1/kF . (34)

We first discuss the s-wave pairing of spin-1/2 fermions with attractive intercomponent interaction (l = 0).
Turning to Eq. (21) for l = 0, we notice that the main contribution to the s-wave scattering amplitude in the

lattice comes from the interaction between spin-up and spin-down fermions sitting in one and the same lattice site.

The wavefunctions Φ
(0)
0k′ and Φ0k can be written as

Φ
(0)
0k′ (r1, r2) = χ0(r1)χ0(r2), (35)

Φ0k(r1, r2) = χ0(r1)χ0(r2)ζ0(|r1 − r2|), (36)

where the function ζ0(|r1−r2|) is a solution of the Schrödinger equation for the s-wave relative motion of two particles
in free space at zero energy, and it is tending to unity for interatomic separations greatly exceeding r0. We put l = 0
in Eq. (21) and integrate over r = r1 − r2 and r+ = (r1 + r2)/2. Then, owing to the inequality r0 � ξ0, this equation is
reduced to

f0(k′, k) =

∫
d2r V(r)ζ(r)

∫
d2r+|χ0(r+)|4. (37)
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Recalling that in the low momentum limit the free space scattering amplitude is given by

f 0
0 =

∫
V(r)ζ(r)d2r (38)

and using Eq. (31) for the function χ0(r), we obtain for the ratio of the lattice to free space amplitude:

Rl=0 =
1

2π

b2

ξ2
0

. (39)

Therefore, according to Eqs. (29) and (33) the BCS exponent λ−1
c becomes smaller than in free space by the following

factor:

Rl=0

m∗

m
 1

2
exp

⎡⎢⎢⎢⎢⎣ 2

π2

b2

ξ2
0

⎤⎥⎥⎥⎥⎦ . (40)

For example, taking b/ξ0 = 4 the BCS exponent λ−1
c decreases by a factor of 0.08, whereas the effective mass

becomes higher by a factor of 5 compared to the bare mass m (see Fig. 1). Then, for 6Li atoms at density 108 cm−2

(b  250 nm, kFb  0.5) we have the Fermi energy ∼ 40 nK. Assuming that the free space BCS exponent is about 30
and the related critical temperature is practically zero, in the lattice we obtain Tc ∼ 3 nK. We thus see that the lattice
setup may strongly promote the s-wave superfluidity of spin-1/2 fermions.

b/ξ0

λ0
c

λc

s wave

p wave

Fig. 1. The ratio of the BCS exponent in the tight–binding sinusoidal lattice to the BCS exponent in free space,
λ0

c/λc, at the same density and short-range coupling strength.

The situation with p-wave superfluidity of identical fermions is drastically different. In the single band approx-
imation (tight binding model) two such fermions can not occupy one and the same lattice site. This is clearly seen

using the functions χk(r1) and χ−k(r2) from Eq. (31) at the same R j, so that the wavefunction Φ
(0)
k′ (r1, r2) becomes

independent of k′. Therefore, the p-wave part of this wavefunction Φ
(0)
1k′ and the p-wave scattering amplitude f1(k′, k)

following from Eqs. (22) and (21) at l = 1 are equal to zero.
The main contribution to the interaction amplitude then comes from the overlap of the wavefunctions of fermions

sitting in the neighbouring sites. We then use Eqs. (31) and (32) and write:

Φ
(0)
k′ (r1, r2) = χk′ (r1)χ−k′ (r2) =

1

Nπξ2
0

∑
i, j

exp

⎧⎪⎪⎨⎪⎪⎩−
(r1 − Ri)

2

2ξ2
0

− (r2 − R j)
2

2ξ2
0

− ik′b j

⎫⎪⎪⎬⎪⎪⎭ , (41)

with b j = R j−Ri and Ri,R j being the coordinates of the sites i and j. For the short-range interaction between particles
the main contribution to the scattering amplitude comes from distances r1, r2 that are very close to each other, and for
given i, j both coordinates should be close to (R j + Ri)/2. Therefore, Eq. (41) is conveniently rewritten as

Φ
(0)
k′ (r1, r2) =

1

Nπξ2
0

∑
i, j

exp
{
− ik′b j −

r2
+ j

ξ2
0

− r2

4ξ2
0

− b2

4ξ2
0

− rb j

2ξ2
0

}
, (42)

020022-6



where r = r1 − r2, r+ j = r+ − (Ri + R j/2, r+ = (r1 + r2)/2, and the summation is performed over the sites j that are
nearest neighbours of the site i. Assuming the conditions k′b � 1 and r ∼ r0 � ξ20/b � ξ0, for the p-wave part of this
wavefunction equation (22) at l = 1 gives:

Φ
(0)
1k′ (r, r+, φr) =

k′rb2

N8πξ4
0

∑
i, j

exp

⎧⎪⎪⎨⎪⎪⎩−
r2
+ j

ξ2
0

− b2

4ξ2
0

⎫⎪⎪⎬⎪⎪⎭ [exp(iφr) + exp(−iφr + 2iφ j)], (43)

where φr and φ j are the angles of the vectors r and b with respect to the quantization axis. The p-wave part of the true
relative-motion wavefunction Φk(r1, r2) under the same conditions is given by

Φ1k(r, r+, φr) =
b2

N4πξ4
0

ζ1(r)
∑
i′, j′

exp

⎧⎪⎪⎨⎪⎪⎩−
r2
+ j′

ξ2
0

− b2

4ξ2
0

⎫⎪⎪⎬⎪⎪⎭ [exp(iφr) + exp(−iφr + 2iφ j)]. (44)

The function ζ1(r) is a solution of the Schrödinger equation for the p-wave relative motion of two particles at energy
tending to zero in free space. Sufficiently far from resonance, where the on-shell scattering amplitude satisfies the
inequality m| f1(k)| � 1, the function ζ1(r) becomes kr/2 at distances r � r0.

Looking at the product of the free and true relative-motion wavefunctions we notice that the main contribution
to the scattering amplitude (21) comes from the terms in which Ri + R j = Ri′ + R j′ , i.e. r+ j = r+ j′ . This is realized
for i = i′, j = j′ or i′ = j, j′ = i. Then, recalling that for k′r0 � 1 and kr0 � 1 the free space off-shell scattering
amplitude is

f 0
1 (k′, k) =

∫
V(r)(k′r/2)ζ1(r)d2r, (45)

we first integrate each term of the sum over i, j, i′ j′ in the product Φ
(0)∗
1k′ Φ1k over d2r and d2r+ in Eq. (21). After that we

make a summation over the neighbouring sites j and over the sites i and take into account that N = 1/b2. Eventually,
this gives for the ratio of the lattice to free space p-wave amplitude:

Rl=1 =
1

2π

(
b
ξ0

)6

exp

⎡⎢⎢⎢⎢⎣− b2

2ξ2
0

⎤⎥⎥⎥⎥⎦ . (46)

Thus, with the help of Eq. (33) the inverse BCS exponent in the lattice becomes:

λc = Rl=1

m∗

m
λ0

c =
λ0

c

2

(
b
ξ0

)4

exp

⎡⎢⎢⎢⎢⎣−cb2

ξ2
0

⎤⎥⎥⎥⎥⎦ , (47)

where c  0.3.
We now clearly see that the inverse BCS exponent λc in the lattice is exponentially small compared to its value

in free space. In particular, already for b/ξ0 = 5 the ratio λ0
c/λc it is about 6, which practically suppresses p-wave

superfluidity of identical fermions (see Fig. 1). However, this ratio rapidly reduces with decreasing the ratio b/ξ0 and
becomes ∼ 1 for b/ξ0 = 4. It is therefore interesting to analyze more carefully the case of moderate lattice depths.

Superfluid p-wave pairing in the 2D Kronig-Penney lattice

We will do so using a 2D version of the Kronig-Penney model, namely a superposition of two 1D Kronig-Penney
lattices (in the x and y directions, respectively), with a δ-functional form of potential barriers:

U(x, y) = U0b
+∞∑

j=−∞

[
δ(x − jb) + δ(y − jb)

]
. (48)

With the eigenfunctions being piecewise plane waves, the 1D Kronig-Penney potential is used in ultracold atom
theory (see, e.g. [18–21]) to mimic sinusoidal potentials. The model (48) catches the key physics and allows for
transparent calculations. The latter circumstance is a great advantage compared to sinusoidal lattices where single
particle states are described by complicated Mathieu functions. The considered model allows us to investigate two
important questions. The first question is about an interplay between an increase of the DOS and the modification of

020022-7



/

m∗/m

λ0
c/λ

δ
c

G

Fig. 2. The ratio of the BCS exponent in the 2D δ-functional Kronig-Penney lattice to the BCS exponent in free space,
λ0

c/λ
δ
c, at the same density and short-range coupling strength. The solid blue curve shows λ0

c/λ
δ
c as a function of the lattice depth G,

and the dashed red curve the effective mass m∗/m versus G. The dotted parts of these curves show our expectation at G � 1,
where the single-band approximation used in our calculations does not work.

the fermion-fermion interaction for moderate lattice depths. The second one is the stability of the system with respect
to collisional losses.

Single-particle energies in the periodic potential (48) are represented as

Ek = E(kx) + E(ky), (49)

where E(kx,y) > 0 is the dispersion relation for the 1D Kronig–Penney model. It follows from the equation (see, e.g.,
Ref. [17]):

cos(qb) +G
sin(qb)

qb
= cos(kb), (50)

where q=
√

2mE(k) > 0, and G = mU0b2. As well as in the previous section, we consider a dilute regime where the
filling factor is ν = nb2�1 and the fermions fill only a small energy interval near the bottom of the lowest Brillouin
zone. Then the energy counted from the bottom of the zone is given by Eq. (8) and for the effective mass Eq. (50)
yields:

m∗

m
≈ tan(η/2)

η

[
1 +

sin η

η

]
, (51)

with η being the smallest root of the equation:

η tan(η/2) = G. (52)

Actually, η = q0b where q0 follows from Eq. (50) at k = 0.

For m∗ � m we have m∗/m = G/π2, which means that the quantity G should be very large. Then the width of
the lowest Brillouin zone is EB = 2/m∗b2 and it is much larger than the Fermi energy EF = k2/2m∗ for kFb < 0.5.
The gap between the lowest and second zones is EG = 3π2/2mb2 and it greatly exceeds EB and EF . Note that even
for m∗  1.3m (G  5) we have EG close to 4EB, and the ratio EF/EB is significantly smaller than unity if kFb < 0.5.
This justifies the single-band approximation and the use of the quadratic dispersion relation (8).

Single-particle wavefunctions χk(r) are of the form χk(r) = χkx (x)χky (y), where

χkx (x)=

√
2 sin (η/2)√
1 + sin η/η

j=+∞∑
j=−∞

Aj(x) exp [ikx jb]

{
eiqbeiq(x− jb)

eiqb − eikxb −
e−iqbe−iq(x− jb)

e−iqb − eikxb

}
(53)

is the exact eigenfunction of the 1D Kronig-Penney model, with Aj(x) = 1 for ( j − 1)b < x < jb and zero otherwise.

The function χky (y) has a similar form. For k′b � 1 and kb � 1 the p-wave parts of the wavefunctions, Φ
(0)
1k′ and Φ1k,
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following from Eqs. (15), (22), and (23) at l = 1 turn out to be

Φ
(0)
1k′ = ik′r

η cot(η/2)

[1 + sin η/η]2

∞∑
jx, jy=−∞

Ajx (x+)Ajy (y+)

{
cos φr cos2

(
q0y+ − jyb +

b
2

)
+ i sin φr cos2

(
q0x+ − jxb +

b
2

)}
;

Φ1k = 2iζ1(r)
η cot(η/2)

[1 + sin η/η]2

∞∑
jx, jy=−∞

Ajx (x+)Ajy (y+)

{
cos φr cos2

(
q0y+ − jyb +

b
2

)
+ i sin φr cos2

(
q0x+ − jxb +

b
2

)}
,

where the function ζ1(r) is defined after equation (44). For the ratio of the lattice to free space scattering amplitude
we then obtain:

Rl=1 =
η2 cot2 (η/2)[
1 + sin η/η

]4

[
3

2
+

2 sin η

η
+

sin 2η

4η

]
, (54)

and using Eq. (51) the inverse BCS exponent in the lattice is expressed through the inverse BCS exponent in free space
as

λδc = Rl=1

m∗

m
λ0

c =
η cot(η/2)[

1 + sin η/η
]3

[
3

2
+

2 sin η

η
+

sin 2η

4η

]
λ0

c . (55)

In the extreme limit of G � 1 we have η  (π − 2π/G), so that Rl=1  π4/G2 and λδc/λ
0
c  π2/G � 1. We thus

arrive at the same conclusion as in the previous section for sinusoidal lattices: in a very deep lattice the p-wave pairing
of identical fermions is suppressed. However, even for G  20 the BCS exponent in the lattice exceeds the exponent
in free space only by a factor of 1.7 at the same density and short-range coupling strength (see Fig. 2). It is thus crucial
to understand what happens with the rates of inelastic decay processes in the lattice setup.

A detailed derivation of the rates of two-body inelastic relaxation and three-body recombination is given in
Ref. [12]. We obtain that in the lattice the two-body inelastic relaxation is reduced by a factor of F2 compared to free
space:

W lat
2 = F2(η)W free

2 . (56)

The function F2(η) is displayed in Fig. 3 versus the lattice depth G, which is related to η by Eq. (52).
The relation between the three-body recombination decay rate in free space and the one in the 2D lattice reads:

W lat
3 = W free

3 F3(η). (57)

The function F3 is shown in Fig. 3 versus the lattice depth G related to η by Eq. (52). The results of this Section
indicate that both two-body and three-body inelastic collisions are significantly suppressed in the lattice setup even at
moderate depths.

The obtained results indicate that there are possibilities to create the superfluid topological px + ipy phase of
atomic lattice fermions. In deep lattices the p-wave superfluid pairing is suppressed and even for moderate lattice
depths the BCS exponent is larger than in free space at the same density and short-range coupling strength. However,
the lattice setup significantly reduces the inelastic collisional losses, so that one can get closer to the p-wave Feshbach
resonance and increase the interaction strength without inducing a rapid decay of the system.

For ultracold 6Li the p-wave resonance is observed for atoms in the lowest hyperfine state (1/2, 1/2) [22–28],
and the only decay channel is three-body recombination. In the 2D Kronig-Penney lattice with the depth G  12 and
the period b  200 nm (m∗/m  2 and Rl=1m∗/m ≈ 0.7), at kFb  0.5 the Fermi energy is close to 100 nK and the 2D
density is about 0.5× 108 cm−2. Slightly away from the Feshbach resonance (at the scattering volume Vsc  8× 10−15

cm3) we are still in the weakly interacting regime, and the 3D recombination rate constant is α3D
rec ∼ 10−24 cm6/s [22].

Then, using Eq. (26) and the quasi2D scattering amplitude expressed through Vsc and the tight confinement length
l0 =

√
1/mω0 [29], for the confinement frequency ω0100 kHz we obtain the BCS critical temperature Tc  5 nK.

The 2D recombination rate constant is α2D
rec ≈ F3α

3D
rec/
√

3πl20 and with F3  0.05 at G  12 we arrive at the decay time

τrec ∼ 1/α2D
recn2 approaching 1 second.

The p-wave Feshbach resonance for 40K occurs between atoms in the excited hyperfine state (9/2,−7/2).
Therefore, there is also a decay due to two-body relaxation. For the same parameters as in the discussed Li case
(G,Vsc, l0, b, n) we then have the Fermi energy EF  20 nK, and the BCS transition temperature approaches 1 nK.
Using experimental values for the relaxation and recombination rate constants in 3D [30] and retransforming them to
the 2D lattice case, we obtain the relaxation and recombination times of the order of seconds.
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/ξ

F (2)

F (3)

G

Fig. 3. Coefficients F (2) and F (3) as functions of the lattice depth G. The dotted parts of the curves show our
expectation at G � 1, where the single-band approximation used in our calculations does not work.

P-wave superfluids of fermionic polar molecules in a 2D lattice

Scattering problem for microwave-dressed polar molecules in 2D lattices

We will consider identical fermionic polar molecules in a 2D lattice of period b. Being dressed with a microwave
field, they acquire an attractive dipole-dipole tail in the interaction potential [14, 15, 31, 32]:

V(r) = −d2/r3. (58)

Here d is an effective dipole moment, and we assume that Eq. (58) is valid at intermolecular distances r � b.
In the low momentum limit at a small filling factor the system of lattice polar molecules is equivalent to that of

molecules with effective mass m∗ in free space. We now demonstrate this explicitly by the calculation of the off-shell
scattering amplitude f (k′,k). For our problem the main part of the scattering amplitude can be obtained in the Born
approximation [14, 15].

In the lattice the scattering amplitude is, strictly speaking, the function of both incoming quasimomenta q1,q2

and outgoing quasimomenta q′1,q
′
2. However, in the low-momentum limit where qb � 1, taking into account the

momentum conservation law the amplitude becomes the function of only relative momenta k=(q1−q2)/2 and k′=(q′1−
q′2)/2. For the off-shell scattering amplitude the first Born approximation gives:

f (k′,k) = S
∫
χ∗q′

1
(r1)χ∗q′

2
(r2)V(r1 − r2)χq1

(r1)χq2
(r2)d2r1d2r2 = −d2b4

S

∑
r j,r′j

exp[i(q1 − q′1)r j + i(q2q′2)r′j]
|r j − r′j|3

, (59)

where V(r1 − r2) is given by Eq. (58), and S is the surface area. The last line of Eq. (59) is obtained assuming the
tight-binding regime, where the single particle wavefunction is

χq(r) =
1√
N

∑
j

Φ0(r − r j) exp
[
iqr j

]
. (60)

Here, the index j labels the lattice sites located at the points r j, and N = S/b2 is the total number of sites. The particle
wavefunction in a given site j has extension ξ0 and is expressed as

Φ0(r − r j) = (1/
√
πξ0) exp[−(r − r j)

2/2ξ20]. (61)

In the low-momentum limit we may replace the summation over j and j′ by the integration over d2r j and d2r′j taking

into account that b2 ∑
j transforms into

∫
d2r j. This immediately yields

f (k′,k) = −d2

∫
exp[i(k − k′)r]

d2r
r3
, (62)
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and the p-wave part of the scattering amplitude is obtained multiplying Eq. (62) by exp(−iφ) and integrating over
dφ/2π, where φ is the angle between the vectors k and k′. This is the same result as in free space (see, e.g., Refs. [14,
15]). The on-shell amplitude (k = k′) can be written as

f (k) = −(8�2/3m∗)kr∗eff , (63)

where r∗
eff
= m∗d2/�2 is the effective dipole-dipole distance in the lattice. The applicability of the Born approximation

assumes that kr∗
eff
� 1, which is clearly seen by calculating the second order correction to the scattering amplitude.

Up to the terms ∼ (kr∗
eff

)2, the on-shell scattering amplitude following form the solution of the scattering problem
for particles with mass m∗, is given by [14, 15]:

f (k) = −8

3

�
2

m
kr∗ +

π

2

�
2

m
(kr∗)2 ln (Bkr∗) , (64)

where the numerical coefficient B comes from short-range physics. For calculating B we introduce a perfectly reflect-
ing wall at intermolecular distances r ∼ b, which takes into account that two fermions practically can not get to one
and the same lattice site. The coefficient B depends on the ratio r∗

eff
/b, and we show this dependence in Fig. 4a.

(a) (b)

r∗eff/b r∗eff/b

B κ

Fig. 4. Coefficients B and κ as functions of r∗
eff
/b.

P-wave pairing of microwave-dressed polar molecules in a 2D lattice

Being dressed with a microwave field, polar molecules acquire an attractive dipole-dipole tail in the interaction
potential. This leads to superfluid p-wave pairing of identical molecules. In free space the emerging ground state is
the topological px + ipy superfluid, and the leading part of the scattering amplitude can be obtained in the first Born
approximation [14, 15]. We assume the weakly interacting regime at a small filling factor in the lattice, kFb � 1.

The Hamiltonian of the system is Ĥ = Ĥ0 + Ĥint, with

Ĥ0 =
∑

q
εqâ†qâq, (65)

where âq, â†q are the annihilation and creation operators of a molecule with quasimomentum q, and εq is the single

particle energy. In the low momentum limit we have εq = �
2q2/2m∗, where m∗ > m is the effective mass in the lowest

Bloch band. The quantity Ĥint describes the interaction between the molecules and is given by

Ĥint = −1

2

∑
r j�r′j

ψ̂†(r j)ψ̂
†(r′j)

d2

|r j − r′j|3
ψ̂(r′j)ψ̂(r j), (66)

where ψ̂(r j) is the field operator of a particle in the lattice site j located at r j in the coordinate space. At a small filling

factor in the low momentum limit, the main contribution to the matrix elements of Ĥint comes from intermolecular
distances |r j − r′j| � b. Therefore, we may replace the summation over r j and r′j by the integration over d2r j and d2r′j.
As a result the Hamiltonian of the system reduces to

Ĥ = −
∫

�
2

2m∗
ψ̂†(r)∇2ψ̂(r)d2r − d2

2

∫
d2rd2r ′

|r − r′|3 ψ̂
†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r), (67)
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where the first term in the right hand side is Ĥ0 (65) rewritten in the coordinate space. We thus see that the problem
becomes equivalent to that of particles with mass m∗ in free space.

The scattering amplitude at k = kF is obtained from the solution of the scattering problem in the lattice. For
particles that have mass m∗, the amplitude is written as follows:

f (kF)= − 8

3

�
2

m∗
kFr∗eff +

π

2

�
2

m∗
(kFr∗eff)2 ln

(
BkFr∗eff

)
, (68)

where kFr∗
eff
� 1, and B is a numerical coefficient coming from short-range physics. Since for weak interactions two

fermions practically do not get to the same lattice site, for calculating B we may introduce a perfectly reflecting wall
at intermolecular distances r ∼ b. For the superfluid pairing the most important are particle momenta ∼kF . Therefore,
the low-momentum limit requires the inequality kFb � 1. The the coefficient B as the of function r∗

eff
/b is shown in

Fig. 4.
The treatment of the superfluid pairing is the same as in Ref. [14], including the Gorkov-Melik-Barkhudarov

correction [16]. We should only replace the mass m with m∗. The expression for the critical temperature then becomes:

Tc = EF
κ

(kFr∗
eff

)9π2/64
exp

[
− 3π

4kFr∗
eff

]
, (69)

where κ  0.19B−9π2/64. The coefficient κ is displayed in Fig. 4b as a function of r∗
eff
/b. There are two important

differences of equation (69) from a similar equation in free space obtained in Ref. [14]. First, the Fermi energy EF is
smaller by a factor of m/m∗, and the effective dipole-dipole distance r∗

eff
is larger than the dipole-dipole distance in free

space by m∗/m. Second, the coefficient B and, hence, κ in free space is obtained from the solution of the Schrödinger
equation in the full microwave-induced potential of interaction between two molecules, whereas here B follows from
the fact that the relative wavefunction is zero for r ≤ b (perfectly reflecting wall).

It is clear that for the same 2D density n (and kF) the critical temperature in the lattice is larger than in free space
because the BCS exponent in Eq. (69) is smaller. However, in ordinary optical lattices one has the lattice constant
b � 200 nm. In this case, for m∗/m ≈ 2 (still the tight binding case with b/ξ0 ≈ 3, where ξ0 is the extension of the
particle wavefunction in the lattice site) and at a fairly small filling factor (let say, kFb = 0.35) the Fermi energy for
the lightest alkaline polar molecules NaLi is about 10 nK (n ≈ 2 × 107 cm−2). Then, for kFr∗

eff
approaching unity the

critical temperature is of the order of a nanokelvin (for kFb = 0.35 and r∗
eff
/b ≈ 3 Fig. 4 gives κ ∼ 1).

Concluding remarks

The critical temperature of proposed p-wave lattice superfluids was estimated on the level of a few nanokelvins,
which is fairly low. The situation is quite different in recently introduced subwavelength lattices, where the lattice
constant can be as small as b  50 nm [20, 21, 33–42]. This strongly increases all energy scales. Then, in the case
of fermionic atoms for kFb = 0.5 the density and the Fermi energy will be higher by an order of magnitude. Hence,
departing from the Feshbach resonance one gets the same BCS exponent as in the ordinary lattice, and the critical
temperature for 6Li will be ∼50 nK. The recombination time is again on the level of a second.

Note that there is a (second-order) process, in which the interaction between two identical fermions belonging to
the lowest Bloch band provides a virtual transfer of one of them to a higher band. Then, the two fermions may get to
the same lattice site and undergo the inelastic process of collisional relaxation. The rate constant of this second-order
process is roughly equal to the rate constant in free space, multiplied by the ratio of the scattering amplitude (divided
by the elementary cell area) to the frequency of the potential well in a given lattice site (the difference in the energies
of the Bloch bands). This ratio originates from the virtual transfer of one of the fermions to a higher band and does
not exceed (ξ/b)2. Even in not a deep lattice, where m∗/m is 2 or 3, we have (ξ/b)2 < 0.1. Typical values of the rate
constant of inelastic relaxation in free space are ∼ 10−8−10−9 cm2/s [14], and hence in the lattice it will be lower than
10−9 or even 10−10 cm2/s. Thus, the rate of this process is rather low and for densities approaching 109 cm−2 the decay
time will be on the level of seconds or even tens of seconds.

For NaLi molecules taking b = 50 nm and kFb = 0.35, the Fermi energy exceeds 200 nK (n ≈ 4 × 108 cm−2).
Then, for the same κ ∼ 1 and kFr∗

eff
approaching unity we have Tc ∼ 20 nK, which is twice as high as in free space.

An additional advantage of the lattice system is the foreseen quantum information processing, since addressing qubits
in the lattice is much easier than in free space.
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Superfluidity itself can be detected in the same way as in the case of s-wave superfluids [43, 44]. Rotating the
px + ipy superfluid and inducing the appearance of vortices one can find signatures of Majorana modes on the vortex
cores in the RF absorption spectrum [45]. Eventually, one can think of revealing the structure of the order parameter
by visualizing vortex-related dips in the density profile on the approach to the strongly interacting regime, where these
dips should be pronounced at least in time-of-flight experiments.
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