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We show that relativistic magnetohydrodynamics (MHD) can be recast as a novel theory of superfluidity.
This new theory formulates MHD just in terms of conservation equations, including dissipative effects, by
introducing appropriate variables such as a magnetic scalar potential, and providing necessary and
sufficient conditions to obtain equilibrium configurations. We show that this scalar potential can be
interpreted as a Goldstone mode originating from the spontaneous breaking of a one-form symmetry, and
present the most generic constitutive relations at one derivative order for a parity-preserving plasma in this

new superfluid formulation.
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Relativistic magnetohydrodynamics (MHD) provides a
universal framework to study plasma physics in astrophysi-
cal settings as well as in laboratory experiments [1]. As an
effective theory for interactions between electromagnetic
and thermal degrees of freedom of matter, MHD describes
the coupling of Maxwell’s equations to hydrodynamics.
For most of its applications, MHD is formulated under the
assumption that the electric fields are Debye screened and
are therefore weak or short ranged, while the magnetic
fields could be arbitrary, and that the plasma is electrically
neutral at hydrodynamic length scales. Formulations of
MHD under these assumptions have been extensively
studied and have a wide range of applicability. However,
the structural foundations and transport properties of MHD
have only recently received considerable attention [2-5].
The main purpose of this Letter is to present an equivalent
formulation of dissipative MHD as a system of (higher-
form) conservation equations, which is better suited for
numerical analyses, and to resolve certain underlying
technical issues in the definition of hydrostatic equilibrium.

Traditional treatments of MHD are formulated in terms
of a stress tensor 7" and charge current J¥, subject to
energy-momentum conservation, Maxwell’s equations, and
Bianchi identity (e.g., see Ref. [4]),

VI =F"],  JF T =0, eV,F,, =0.
(1

)

Here, the components of F,, are the electromagnetic fields
and J%,, is a conserved external charge source (e.g., a lattice
of ions) satisfying V,J&,, = 0. The charge current J* can be
split into V, F* + Jt ;> Where Jh ., is the contribution
from matter fields, converting Maxwell’s equations into
their better known form. The Bianchi identity is solved by
introducing the photon field such that £, = 20),A,;, while
the remaining 8 equations govern the dynamics of the
temperature 7, chemical potential y, fluid velocity u#, and
gauge field A,. In usual MHD applications, JE,, is taken to
be zero while y is fixed such that the electric charge
vanishes at hydrodynamic length scales.

In practice, however, for instance in numerical approaches,
Maxwell’s equations can be used to eliminate x and Debye-
screened electric fields E, = F,, u” from the system, leaving
ut, T, and magnetic fields B* = %e"””"ubF o t0 be the only
relevant fields. The dynamics for u* and T is governed by
energy-momentum conservation, while that for B# by the
Bianchi identity (see, e.g., Refs. [6,7]).

Extrapolating this line of thought, the authors of Ref. [3]
(see also Ref. [2]), inspired by the framework of general-
ized global symmetries [8], proposed a formulation of
MHD in terms of string or one-form fluids [2-5,8,9]. The
key observation is that once Maxwell’s equations in Eq. (1)
are explicitly solved by setting J# = —J%,, the dynamics of
MHD effectively reduces to that of a fluid with a global
one-form symmetry. To wit, by defining a two-form current
JW = %E”WMF 10> and identifying the external charge source

where H,,, = 30),b,, is the field

as Jh, = ée"””"H
strength associated with a background two-form gauge

vpo>
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The dynamical variables of MHD in this string fluid
formulation are the string chemical potential @ and the
vector characterizing the direction of strings A* (with
Wh,=1 and u’h,=0), in addition to «* and T.
Heuristically, 4* corresponds to the direction of magnetic
fields, while @ is a chemical potential conjugate to their
strength

oP B*

- _ el Mo
w = —2|B| 352 + 0(9), h = 18| +009), (3)
where P(T, B?) is the pressure of MHD. The string fluid
pressure defined later in Eq. (5) is related to MHD pressure
as p(T,w) = P(T,B?) —2|B|*?0P/0B*> + O(d). These
relations admit corrections at higher derivative orders.

If we switch off the sources H,,, = 0, Eq. (2) with the
ideal order constitutive relations (5) and equation of
state P(T,B%) = P(T) -1B? or p(T.w) = P(T) + 1w’
reduces to the system of equations given in Ref. [6]. The
first equation is the well-known energy-momentum con-
servation. The spatial components of the second equation
can be seen as the induction equation, while the time
component as the no-monopole constraint of Ref. [6].

As pointed out in Ref. [5], the string fluid variables @
and h*, while consistent, are not well suited for describing
equilibrium configurations in MHD. In particular, a generic
string fluid equilibrium configuration cannot be derived
from a hydrostatic partition function within the framework
of Ref. [3]. Such equilibrium configurations serve as initial
conditions in numerical simulations of hydrodynamics, so
it is crucial that we identify the appropriately suited degrees
of freedom. In this Letter, we introduce a more natural pair
of fields: gauge-non-invariant one-form chemical potential
#, and “scalar Goldstone™ ¢ such that

wh, = w, — T0,¢. (4)

When coupled to a time-independent background, we find
that in equilibrium y,, /T = b,,, while @ plays a role similar
to that of a “magnetic scalar potential” and is solved for
using the no-monopole constraint. Drawing a comparison
with the Goldstone phase field in typical superfluids, we
formulate a novel theory of one-form superfluidity, where
the underlying global one-form symmetry is spontaneously
broken leading to a one-form Goldstone mode ¢, [8,10,11].
We show that the existence of this mode gives rise to a well-
defined hydrostatic sector for string fluids, when viewed
as a limit of one-form superfluids where only a part of the
one-form symmetry is broken, with the associated scalar
Goldstone ¢ = u’¢,/T.

Finally, while the traditional and string fluid formula-
tions of MHD can easily be shown to be equivalent at ideal
order as described above, at higher derivative orders this
equivalence is quite nontrivial. It has only been established in
the dissipative sector for linear fluctuations (Kubo formulas)

in a state with ¢ = 0 [4]. We show an exact correspondence
between MHD and our improved formulation of string fluids.
The crucial ingredients of this correspondence are presented
in this Letter, while further details are relegated to a
companion publication [12].

String fluids and equilibrium.—One-form hydrodynam-
ics is governed by the equations of motion (2) and
respective constitutive relations, that is, the most generic
expressions for (7#,J#) in terms of (7T, u",w,h") and
(Y- b)) allowed by symmetries and the second law of
thermodynamics. At ideal order, these relations read

™ = (e 4+ p)u*u* + pg” — wph*h* + O(09),
JH = 2pult ! + 0(0), (5)

where p(T,w) is an arbitrary function, while ¢(7, @) and
p(T, @) are determined by the thermodynamic relations
€+ p=Ts+ wp and dp = sdT + pdw. The associated
entropy current S¥ = su* is trivially conserved (see Ref. [3]
for more details).

Hydrodynamics is the study of small fluctuations of a
quantum system around thermodynamic equilibrium and
hence it is important to understand how to describe
equilibrium configurations. As usual, one assumes the
existence of an arbitrary time coordinate ¢ such that
9u <0,0,9,, = 0,b,, =0, and u*/T = &. However, this
is not sufficient to attain equilibrium in string fluids since
the conservation of string charge V,(Tph*) = 0, arising
from the no-monopole constraint in Eq. (2), is not satisfied.
To circumvent this issue, the authors of Ref. [3] specialized
to backgrounds that further admit a spatial coordinate z
such that 9.g,, = 9,b,, = 0 with g,, = 0 and obtained an
equilibrium solution by setting 7* = §&:/ V/9z: and
@/T = b, /\/q.;. However, this “equilibrium solution,”
besides being only a subset of the solutions to
V,(Tph*) = 0, generically contributes to entropy produc-
tion [5], which an equilibrium fluid configuration, by
definition, cannot. For example, consider a particular
dissipative correction to J#* obtained in Ref. [3],

5}’(’{’) > —r A AV {ZTVU, (? h6]> + u,lHipg} . (6)

Here, r; >0 is a dissipative transport coefficient and
AW = g™ + utu¥ — h*h*. Tt may be explicitly checked
that this term does not vanish when evaluated on the
equilibrium solution of Ref. [3]. Therefore, it must be
imposed to vanish by hand as an ad hoc constraint on
equilibrium backgrounds, in addition to requiring an
isometry along the coordinate z. An infinite cascade of
similar conditions show up at every derivative order [5].
Thus, in contrast to the case of typical charged fluids, the
hydrostatic sector of string fluids is ill defined. We show
that there is a first-principles derivation of equilibrium
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configurations that do not require ad hoc constraints nor
existence of a preferred coordinate z.

Revisiting string fluids.—Some of the issues mentioned
have an analogue in superfluid dynamics. In this context,
had we considered the components of the superfluid
velocity & as fundamental degrees of freedom, ignorant
of its definition &, = 9,¢ + A, in terms of the Goldstone
mode ¢, we could be tempted to introduce a preferred z
coordinate in equilibrium to align & with. However, it is
precisely ¢ that leads to well-defined equilibrium configu-
rations for superfluids [13].

These considerations lead us to reevaluate whether the
string fluid variables (7', u#, w, h*) describe a symmetry-
unbroken phase or if the underlying one-form symmetry is
spontaneously broken. In order to identify the correct
hydrodynamic fields in a symmetry-unbroken phase, we
follow the approach of Ref. [14] for usual charged fluids. In
this setting, the fields (7', u*, u) can be exchanged by a set
of symmetry parameters B = (f*, A¥), where g = u*/T
and A? = u/T — p*A,,. Under the action of an infinitesimal
symmetry transformation X = (y#, A¥), with x* being
a diffeomorphism and A a gauge transformation, they
transform according to Syf* =£,4* and SyA =
£;{Aﬂ —£;A%. It may be explicitly checked that §yu =
£,p and therefore that y is gauge invariant. Motivated by
this, in the symmetry-unbroken phase of string fluids we
consider the fields B = (*,A}) and introduce the one-
form chemical potential y, via the relation

Ch = N+ by (7)

Given the transformation property o XAﬁ = £){Aﬁ - £,;A’,§
under the action of X = (y#, A}), it is straightforward to
check that Sy, = £,u, — TO,(#*Af). Hence, unlike usual
charged fluids, u, is not gauge invariant and cannot
correspond to (@, h*) of string fluids. Specifically, we
cannot construct a gauge-invariant vector that would
replace 7* in Eq. (5) using just g,

In order to construct a gauge-invariant vector, we need to
introduce a scalar field ¢ that transforms in the nontrivial
manner Sy = x*0,¢p — BN} This allows for the defini-
tion of the gauge-invariant combination given in Eq. (4).
The scalar ¢ is accompanied by its own equation of motion,
which, following Ref. [15], reads Szp = O(9) implying
that u*h, = O(0). Using a part of the redefinition freedom
in u,, one may set u*h, = 0 exactly, thus reproducing the
variables of string fluids. We learn that instead of treating w
and h* as fundamental hydrodynamic variables in string
fluids, we should instead work with x, and ¢. This also
leads to well-defined equilibrium configurations given
by w*/T =&/ and p,/T = b,, along with ¢ = ¢, which
solves the expected ideal order Poisson’s equation
V”(Tph”) =0, i.e., the no-monopole constraint of [6]

1 72
=0, (VA b= ) = 0. (8
On this solution, the term in Eq. (6) vanishes. The intro-
duction of ¢ through Eq. (4) provides an improved version
of the string fluids formulated in Ref. [3].

The transformation of ¢ under the action of X" involves
the hydrodynamic field ¥, suggesting that, unlike usual
superfluids, ¢ is not a fundamental variable. In fact, in
equilibrium, under a gauge transformation the scalar field
transforms as ¢ — ¢ — A, hinting that ¢ might be better
understood as the time component of a vector Goldstone
mode ¢,, embedded into a larger theory in which the one-
form symmetry is spontaneously broken.

One-form superfluids.—As pointed out in Refs. [8,10,11],
the Goldstone mode corresponding to the spontaneous
breaking of a one-form symmetry is a dynamical U(1) gauge
field ¢,. Under the action of the set of one-form symmetry
parameters &', the Goldstone ¢, transforms analogous to its
zero-form counterpart

5X(p;4 = £)((p;4 - AI); (9)

Thus, the scalar ¢ appearing in Eq. (4) is in fact given by
@ = P'¢p,. We can define the gauge-invariant covariant
derivative of ¢,

g;w = 28[/4(#1/] + byw (10)

which is a higher-form analogue of the superfluid velocity
and transforms simply as 6x&,, = £,&,,.

The dynamics of one-form superfluids is also governed
by Eq. (2) with constitutive relations written in terms of
the hydrodynamic fields T,u",¢,,, and wh, defined in
Eq. (4), supplemented with the equation of motion for ¢,,.
Formulating the off-shell second law of thermodynamics
analogous to zero-form superfluids [15], one can straight-
forwardly derive this equation at ideal order

W', = wh, + 0(0). (11)

This is a higher-form analogue of the Josephson equation
for superfluids. Note that the condition u*h, = O(9) of
string fluids follows from here. Using Eq. (11), we can
remove wh, from the independent set of hydrodynamic
variables in favor of {, = ¢, u”. Hence, the dynamics of
one-form superfluids is governed by Eq. (2) alone, along
with the off-shell second law of thermodynamics

1 1
V,N# = ET”U‘SBQW + EJW&B‘):W + A4, Az0. (12)

Here, N* =S*+ (1/T)T"u, — (1/T)J*¢, is the free
energy current and
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569,41/ = Zv(ﬂﬂv)v 5B§;w = _ZVM(gy]/T> +ﬂpHp/4v' (13)

Equation (12) requires that for a given set of constitutive
relations (7*, J*) in terms of (T, u*,&,,. g,,), there must
exist a free energy current N* and a positive semidefinite
quadratic form A such that Eq. (12) is satisfied.

In order to discuss the constitutive relations of a
one-form superfluid in four spacetime dimensions, we
decompose &, = 2up,l,) — eﬂyp(,u’f". A generic one-form
superfluid can depend on both ¢, and ¢, arbitrarily but here
we mention two special cases that find a direct application
in plasma physics. The “string fluid limit” is the case in
which the constitutive relations depend on ¢, = —wh,, but
not on ¢ » which, as we show below, is dual to MHD.
Formally, removing ¢ , from the constitutive relations
means that the one-form symmetry is only broken along
the timelike direction p# while the spatial part of the
symmetry is left intact. This gives rise to the improved
string fluid theory described earlier where ¢ = ¢, is
introduced according to Eq. (4). Another interesting case
is the “electric limit,” in which the hierarchy of gradients
£, =0(1) and ¢, = O(9) is assumed. This latter case,
where the full one-form symmetry is broken, can be shown
to be equivalent to plasma in the absence of free charges
[12]. Focusing on the former string fluid limit, we note that
there are two Lorentz and gauge invariant scalars at ideal
order, namely, T and w =  /¢,{¥, on which the free energy
current N* = N(T,w)p* can depend. Using Eq. (12) we
find the ideal order constitutive relations Eq. (5). Thus, at
ideal order, one-form superfluids in this limit reduce to
string fluid dynamics, which continues to be the case at
higher orders.

One-derivative string fluids.—We parametrize the non-
hydrostatic corrections to the one-form superfluid constit-
utive relations as

ST}, = Sf A" + Sth'h* + 26 h) + v,

87, = 2mlnt) 4 s (14)

All the tensor structures appearing here are transverse to u/
and h*. Recall that we had used part of the redefinition
freedom in y,, around Eq. (4) to set u*h, = 0. In writing
Eq. (14), we also used the residual freedom in y,, along with
that in #* and T to work in an analogue of the “Landau
frame” and set uﬂéT’(‘l” )= uM(SJ’(‘ 1D) = 0. When working with
full one-form superfluids, we can instead choose to use the
redefinition of y, to make Eq. (11) exact, at the expense of
having uﬂéJ’(‘f) #0 [12].

Restring ourselves to derivative corrections that respect
CP invariance [16], in the nonhydrostatic sector we find

5 = ~T/2(LL A" + L h)ds0),

5t = ~T/2(L A 4+ Hh)650.

" = =T () A" + 7)€" ) B S 3G s

M = T A 4 7Y B

# = =T(n A5Gy, — i1 W) A5G,

§ = —Try AV A S 5E,,. (15)

where e = €*?u,h,. Using Egs. (12), we obtain exactly
the same constraints and number of dissipative transport
coefficients as for string fluids I in Refs. [3,4].

The hydrostatic sector of the theory has not been
considered in Refs. [3,4]. This sector is described by a
hydrostatic effective action for the Goldstone mode.
Aligning the fluid velocity with a timelike Killing vector,
up to first order in derivatives, this action is

S = /d4X\/_g<p - %eﬂld”uﬂHy/lo' _ﬂeﬂya,uul/> ’ (16)

where a(T,w) and f(T,w) are hydrostatic transport
coefficients. Contrary to Refs. [3,5], no assumptions
regarding the presence of spatial isometries in the back-
ground are necessary. Extremizing Eq. (16) with respect
to ¢ yields its equation of motion in equilibrium, which
improves Eq. (8) due to the a and . Equation (16)
characterizes all equilibrium configurations of MHD and
guarantees that all nonhydrostatic contributions in Eq. (15)
vanish. We will now show that one-form superfluidity in
the string fluid limit is exactly equivalent to MHD.

MHD/string fluid correspondence—The dynamics of
MHD is determined by the equations of motion (1) where
A, is a dynamical gauge field. In this setting, B is treated
as O(1) while E* as O(0). The constitutive relations of
MHD are solutions of the off-shell second law of thermo-
dynamics

1
ViNp = 5 050, + J*0pA, + A, A20. (17)

Recalling that J* = %e"””"F s and Jhy = ée‘“’”Hw
together with

1 H
Nﬂ:N’l(/IHD_? ”y§v+?‘]gxt’ (18)

it follows that Eq. (17) in MHD is equivalent to Eq. (12),
provided that Maxwell’s equations, J* + Jh,, =0, are
taken on shell. Formally, this requires solving for x and
E* using Maxwell’s equations, after which the remaining
fields u*, T, and B* can be mapped to u*, T, w, and h* of
string fluids, modulo hydrodynamic frame transformations

[12]. Given that identification of Egs. (17) and (12), the
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equivalence between the most generic constitutive relations
allowed by it also follows.

As an example, we consider the first order charge current
J# in parity-invariant MHD [4]

oM R
JH = (q + 8—;261’“/"73,1%8;,146) ut — e°0 (wu,B,)

+ (0, B" + 6y B*B* + 6¢""°u,B,)V, + O(0),
(19)

where M, is a hydrostatic transport coefficient while o,
0|, and & are dissipative ones. The remaining parameters
obey the thermodynamic relations dP = sdT + qdu —
wd|B|, where P is the fluid pressure in MHD. We have
also defined B* = B*/|B|, B* = ¢"* + u"u* — B*B*, and
V# = E¥ —TP*9,(u/T). Projecting Eq. (19) along u*, we
have that ¢(T,u,B?) = O(d), which can be formally
solved by pu = uy(T,B*)+ O(9) [17]. In turn, one can
determine E* by projecting Eq. (19) transverse to u*.
Comparing this result with F** = — % e"reJ . together with
Eq. (15), we can identify B* = ph* + O(9) and the trans-

port coefficients
. o | sT 2
ot +&\e+p)

T \?( -o 2 1
7= N . 6~2+ﬂ , r=—, (20)
e+p) \o]+6- T o

where p = P + wp. The remaining transport coefficients
in Eq. (15) can be identified by comparing the stress tensor
T# in the two formulations. Using the results of Ref. [4],
explicitly, we find

a = Hy, ﬂ:pMQ+wa’ ry

2 2 2
(L—gl—gﬂl, Cx—€1+52—§'l1—§’72’

4 4 4
C'XZC1+§'11, CH251+4’2+§771+§7727 (21)

where £y, {», 11, and 7, have been defined in Ref. [4].
The other four coefficients 7, 7, 77, , and 77 map one-to-
one with those denoted by the same symbols in Ref. [4].
Hence, we see that at one-derivative order, MHD is entirely
equivalent to one-form superfluids in the string fluid limit.

Note that the equivalence between the two formulations,
even just in the dissipative sector, required the presence of
the hydrostatic coefficient a in one-form superfluids, which
captures a nonzero y = g in an MHD configuration. This
coefficient was absent in all the previous discussions on
string fluids [2-4], thereby the equivalence only holding
in a state with g, = 0 of MHD. Furthermore, the authors
of Ref. [4] focused only on the dissipative sector and
considered this equivalence at the linearized level [18].
However, here we have provided the exact nonlinear map

between transport coefficients, including the hydrostatic
sector which had not been previously analyzed.

Outlook.—In this Letter we have formulated a theory of
one-form superfluidity and illustrated how MHD can be
understood as a particular sector of this theory. This dual
formulation is in many ways a better and cleaner descrip-
tion of MHD as it makes all the global symmetries of MHD
manifest, eliminates the nonpropagating fields u and E*,
and the electric fields being O(J) becomes a consequence
rather than an assumption. Most importantly, unlike the
conventional formulation, in the superfluid formulation, the
constitutive relations are directly obtained for the physi-
cally observable electromagnetic fields, which consider-
ably simplifies the computation of correlation functions.

This description of MHD as superfluidity is entirely
based on conservation equations, even when including
dissipation effects. Together with the understanding of the
necessary conditions for equilibrium, it can provide initial
configurations for obtaining interesting insights in the
context of astrophysical phenomena using numerical sim-
ulations (e.g., Ref. [19]). As a proof of concept, we obtain
an equilibrium configuration (i.e., without dissipation) of a
slowly rotating magnetized star on a flat background
9w = N> by, = 0. The equilibrium configuration corre-
sponds to u” /T = & 4+ w(yk — x&;) and u, /T = 0, where
o is a small angular velocity along the z axis. Assuming an
equation of state p = p,,(T) — (1/2y)w?* with constant
magnetic susceptibility y, we can find a solution of Eq. (8)
for the scalar Goldstone as ¢y = —zcosa + (x — wty)
sina + O(w?), leading to wh, = cosady, — sina(5;—
wys!, — wt5),) + O(w?). The angle a parametrizes the
misalignment of the magnetic axis (direction of strings)
with the rotational axis of the star. For a nonzero «, the
vector £, is not aligned along a spacelike isometry neither
with a linear combination of isometries as in Refs. [3,9],
and hence necessitates the new theory that we have
presented in this Letter. We also note that in the traditional
formulation of MHD, one would be required to solve
Maxwell’s equations for equilibrium configurations of
Ay, and typically simplifications such as working within
the force-free electrodynamics (FFE) regime are imposed.
On the other hand, using the framework proposed here,
we have reduced the problem of finding equilibrium
configurations to the problem of finding solutions to a
scalar Poisson’s equation (8). This is a considerable leap
forward towards providing appropriate initial conditions for
numerical simulations in arbitrary spacetime backgrounds.
More generally, we expect this theory to be useful for
obtaining new analytic equilibrium solutions for accretion
disks surrounding Kerr black holes or magnetised stars
such as pulsars, and to probe mechanisms of energy
transport therein by studying fluctuations around such
solutions including the effects of dissipation.
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