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Abstract

In this paper it is stressed that there is no physical reason for symmetries to be linear and that Lie group theory 1s
therefore too restrictive. We illustrate this with some simple examples. Then the theory of finite W-algebras, which is an
important class of non-linear symmetries, is reviewed. In particular, we discuss both the classical and quantum theory
and elaborate on several aspects of their representation theory. Some new results are presented. These include finite
W coadjoint orbits, real forms and unitary representation of finite W-algebras and Poincaré-Birkhoff-Witt theorems for
finite W-algebras. Also we present some new finite W -algebras that are not related to si(2) embeddings. At the end of the
paper we investigate how one could construct physical theories, for example gauge field theories, that are based on

non-linear algebras.
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1. Introduction

The notion of symmetry is one of the most fundamental concepts in physics. Relativity theory for
example is based on symmetry, namely Lorentz invariance. This symmetry is the mathematical
expression of the postulate that physical laws are the same for all inertial observers. In particle
physics the principles of symmetry provide a powerful overall framework. This allows successful
classification and interpretation of an overwhelming amount of experimental data concerning the
spectrum of elementary particles. Moreover, the interactions between elementary particles are
completely determined through the principle of local gauge invariance, a central paradigm of
modern particle theory. The highly successful standard model, unifying the electro-weak and
strong interactions between elementary particles, is based on the local gauge group U(1) x SU(2)
x SU(3).

The mathematical theory concerning symmetry transformations in a physical system is group
theory. It has been developed independently in different fields of mathematics. In the context of
algebraic equations the idea of groups was used already by Lagrange in 1771, though the name
‘group’ was only introduced in 1830 by Galois. The second area in which it appeared was number
theory, with Euler (1761) and Gauss (1801) as the most important contributors. The concept found
its place in geometry in the middle of the 19th century, when Klein proposed it as a tool to classify
certain new geometrical structures that had been discovered at the time. At the end of the 19th
century, it was realized that these three group concepts were the same and this insight led to the
formation of modern abstract group theory by Lie (1870). The name of Lie has been associated to
continuous linear groups, now called Lie groups. It was Cartan who subsequently almost fully
developed this subject, though he was rather isolated for a period of about thirty years.

The simplest symmetries are those in which the physical system is symmetric under a finite
number of transformations or when it is invariant under displacement in a finite number of
‘directions’. The natural mathematical structures describing such symmetries are discrete groups
and finite-dimensional Lie groups respectively.

Group theory has been introduced in physics in the 1920s mostly through the work of Weyl and
Wigner. Apart from the obvious description of symmetries in crystals, they realized that group
theory is of utmost importance in quantum physics. Weyl writes in [ 1] on group theory in quantum
physics: “It reveals essential features which are not contingent on a special form of the dynamics
laws nor on special assumptions concerning the forces involved. We may well expect that it is just
this part of quantum physics which is most certain of a lasting place.”

Lie groups and their Lie algebras have a wide range of applications in physics. In fact, most
symmetry considerations of physical systems have up to recently been based on the application of
the theory of Lie groups and algebras. This is true for the Lorentz group in the theory of special
relativity, as well as for the groups underlying gauge theories of the fundamental interactions
between the basic constituents of matter. It is worth noting that these theories, based on linear
symmetries, in fact have highly non-linear dynamics.

In mathematics, the development of the theory of Lie groups was continued with the work of
Chevalley (1950), Serre (1966) and Dynkin. In 1967, Kac [2] and Moody independently generalized
the theory of finite-dimensional Lie algebras to the infinite-dimensional case. These so-called
affine Lie algebras have found remarkable applications in two-dimensional field theory and string
theory [3].
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For a long time, all efforts to develop the theory of symmetry in physics were restricted to the
linear case, i.e. Lie groups and Lie algebras. However, it was realized recently that the ‘Lie algebra’
might be too narrow a concept from the physical point of view. Unfortunately, the extensive
machinery developed for the analysis of linear symmetries largely breaks down in the non-linear
domain. Nevertheless, in the eighties, led by developments in string theory and solvable models,
non-linear symmetries gained importance in physics. in fact, this may be seen as part of the boom
in the field of non-linear science in mathematics and physics which started roughly in the middle of
the nineteenth century. Non-linear symmetries seem a logical next step in this field which has led to
the discovery of theories concerning for example solitary waves (solitons), chaos and turbulence,
but also non-linear gauge theories.

One type of non-linear algebra that has received much attention in recent years are the so called
quantum groups. They are obtained from ordinary Lie algebras by deforming (quantizing) the
co-Poisson structure present on any Lie algebra, or, equivalently, by deforming the space of
functions on the group manifold. These algebras have some very interesting applications in
conformal field theory but it is not this type that we will be concerned with in this paper.

Surprisingly enough, when in 1985 Zamolodchikov [4] took up the subject of non-linear
algebras, he considered infinite-dimensional W -algebras. In his work on conformal field theory, he
generalized the well-known Virasoro algebra, which is the infinite-dimensional Lie algebra asso-
ciated with the conformal symmetries in two-dimensional space-time. What he found were
non-linear infinite-dimensional algebras, that were called W-algebras. Subsequently, W-algebras
were studied in the context of string theory, the theory of integrable systems and the theory of
two-dimensional critical phenomena. For more details we refer the reader to the reviews [5~7] on
W -algebras in conformal field theory.

One important question was and still is the classification of W -algebras, in other words, to make
a complete list of all W-algebras. The most profitable approach to date is to apply the Drin-
feld—-Sokolov construction [8] to derive W -algebras starting from affine Lie algebras. It has been
shown in [9] that this construction gives rise to a large class of W-algebras. This relation between
W -algebras and affine Lie algebras in principle enables one to construct the W -algebra theory from
the theory of affine Lie algebras.

At this point, the question arose whether finite-dimensional analogues of the infinite-dimen-
sional W-algebras exist as well. The relevance of this question is apparent if one considers that the
theory of the infinite-dimensional so-called loop groups and algebras can be derived from the
finite-dimensional Lie groups and algebras underlying them. Loop groups are special cases of
infinite-dimensional groups of smooth maps from some space-time manifold X to a finite-
dimensional Lie group G, namely for X = S'. The study of infinite-dimensional groups of smooth
maps is a natural consequence of the combination of symmetry principles with locality or causality.

The group multiplication in such a group is just pointwise multiplication, i.e. if f,g € Map(X, G)
and a € G then (f.g)(a) = f(a)g(a). In quantum field theory, groups of the form Map(X, G) and
their Lie algebras Map(X, g) (where ¢ is the Lie algebra of G) arise essentially in two different ways:
through the principle of local gauge invariance, which is at the heart of modern high energy physics,
and through the theory of current groups and algebras.

Unfortunately, for generic manifolds X, surprisingly little is known about the group Map(X, G).
Especially, the representation theory of these groups is still almost unexplored. This exception to
this is the case X = S§' we mentioned above, where Map(S!,G) and Map(S?, g) are called ‘loop
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groups’ and ‘loop algebras’. Loop groups and algebras arise in simplified models of quantum field
theory in which space is taken to be one-dimensional and therefore also in string models of
elementary particles. The study of loop groups and algebras is much simpler than when X is some,
more complicated manifold. This is caused by the fact that they behave much like the ordinary
finite-dimensional Lie groups and algebras that underlie them. This remarkable fact makes
knowledge of the finite-dimensional theory essential for the study of the infinite-dimensional
theory.

For the infinite-dimensional W-algebras it was not entirely clear what the finite algebras
underlying W -algebras were and whether there was a finite version of W-theory at all. Considering
the way in which W -algebras were first introduced into physics, they really do not seem to have any
relation to the theory of loop groups and algebras. Nevertheless, the theory of W-algebras does
have a finite counterpart as has been shown in [ 10, 11]. In fact, the finite theory is remarkably rich,
and as with loop algebras, contains already several of the essential features of infinite-dimensional
W -algebra theory.

The main objective of this paper is twofold. On the one hand, we wish to convey to the reader our
view that non-linear symmetries are not only interesting in relation to theories that have a math-
ematical sophistication comparable to that of string theory, but that they play an important role
throughout physics. In fact, finitely generated non-linear symmetries already show up in very
elementary and famous physical systems.

Our second objective is to give a readable account of the classical and quantu:a theory of finite
W -algebras and to present some new results.

The outline of the paper is as follows. After some general remarks on dynamical systems and
symmetries, we illustrate by means of known examples, that many basic physical systems have
non-linear symmetry algebras. In particular, the symmetry algebras of the two-dimensional aniso-
tropic harmonic oscillator with frequency ratio 2:1 and the Kepler problem are shown to be finite
W -algebras.

Finite W -algebras can be constructed from finite Lie algebras by a procedure resembling the
constraint formalism. Precisely how this works will be the subject of chapter 3. In this chapter, we
construct and develop the classical theory of finite W-algebras. Also we show that many finite
W -algebras contain known Lie algebras as subalgebras. The question, therefore, naturally arises
whether there exist non-linear extensions of su(3) x su(2) x u(1). The answer to this question turns
out to be affirmative.

Having developed the classical theory, we turn to the quantum case and show how to quantize
finite W-algebras using the BRST formalism. In some specific cases we explicitly construct the
BRST cohomologies. Next, we consider the representation theory of quantum finite W-algebras. In
order to define unitary highest weight representations for finite W-algebras it is necessary to
consider real forms and Poincaré-Birkhoff-Witt theorems for these algebras. Having developed
this part of the theory we describe the results on Kac-determinants and character formulas that
were recently conjectured in [12]. Finally, we present some ideas about possible constructions of
theories with finite W-symmetries. In particular, we give some topological theories having finite
non-linear W-symmetries including the one recently constructed in [13], and we show how finite
W -algebras are realized in one-dimensional generalized Toda theories. We conclude with yet
another simple quantum mechanical example, which has a finite W-algebra as a spectrum
generating algebra.
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Most of the material in this review is based on existing results. New are the results described in
Sections 4.3, 5.1, the Poincaré—Birkhoff-Witt theorem in Section 5.2, part of Section 6.1 and
Sections 6.2.2 and 6.2.3.

2. Symmetries in simple physical systems

In this chapter we first briefly review some basic facts concerning algebras of conserved
quantities in elementary mechanical systems. It is explicitly stressed that there is no reason, neither
physical nor mathematical, why these algebras have to be linear. In fact, they are non-linear in
general. We then illustrate this explicitly in some examples, namely, the harmonic oscillator and the
Kepler problem.

2.1. Symmetry algebras

During the motion of a mechanical system, the generalized coordinates ¢' and the velocities ¢’
vary in time. Nevertheless, there exist functions of these quantities whose values do not change but
depend only on the initial conditions. Such functions are called ‘integrals of motion’. Integrals of
motion which do not depend explicitly on time are called conserved quantities. From now on we
will restrict ourselves to conserved quantities.

Noether’s theorem states that conserved quantities are related to symmetries. Symmetry trans-
formations leave the action invariant, i.e. S = 0. Therefore, the variation of the Lagrangian can
only be equal to a total derivative 6L = (d/dt) A(q, t). Let us consider the symmetry transformation
q' = q + dq. Then we find that

oL oL .. d
5L—a(5q+a—qéq—-a/1(q,t), (2.1)

if the Lagrangian only depends implicitly on time. Partial integration yields

d oL oL d oL
a(A(q,z) —a—qéq)(ﬁL = (-q ———_>5q. (22)

The right-hand side is equal to zero because of the Euler-Lagrange equations. Therefore, if
q satisfies the equations of motion, then

d oL
4 <A(q, t) — 34 5q> =0. (2.3)

The expression between the brackets is a conserved quantity. This is Noether’s theorem.

In the above we considered a general transformation ¢g’(g). More particularly, this transforma-
tion can consist of a set of independent transformations in different ‘directions’, labeled by
a parameter g,:

8q' = €,0.q" . (2.4)
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The conserved quantities Q,, also called ‘Noether charges’, that can be associated to all these
symmetry transformations are defined as

oL
a = Aa ) T ~. lVay .
Q (9,0 3 049 (2.5)
such that
dQ,
T 0. (2.6)

Now, classically, the time derivative of a quantity Q is given by

do
Ez{H’Q} > (27)

where the Poisson bracket of the functions f'and g is defined by

of 0 of 0
{f,g}=—f~g,-——f,~—g. (2.8)
Op; 0g  0q' Op;
Conserved quantities are therefore characterized by the fact that they Poisson-commute with the
Hamiltonian:

{Q.H}=0. (2.9)

Let {Q,} be a set of independent' conserved quantities, i.e. {Q,, H} =0. It is clear that any
polynomial P({Q,})in the conserved quantities is conserved as well. Also it follows from the Jacobi
identity

{(flght} +{g{nf}} +{n{fg}} =0, (2.10)
that

{H,{Q.,0}} =0. 2.11)

This means that the Poisson bracket of two conserved quantities is conserved. We call the set {Q, }
of conserved quantities closed if

{04, 0v} = Pay, (2.12)

where P, is some function of the quantities {Q, }. If the Poisson bracket contains some conserved
quantities which are not present in the set {Q,}, i.e. if this set is not closed, we can add these
quantities to the set and thus make it closed.

The Poisson algebra (2.12) of conserved quantities will from now on be called the classical
symmetry algebra. The quantities {Q,} are called the generators of the algebra. If an algebra has
a finite number of generators, it is said to be ‘finitely generated’. The transformations associated

!Two conserved quantities Q,(g,p) and Q,(g,p) are called independent if the vectors (0Q,/8¢,3Q,/0p) and
(0Q,/0q,0Q,/0q) are linearly independent.
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with the Noether charge Q, of the coordinates q' and momenta p; are of course given by

0.9' ={4' 0.}, Oupi=1{pi,Qu} - (2.13)
In quantum mechanics, the equivalent of Eq. (2.7) is

dg i

et 14

@ [H,0], (2.14)

where Q and H are now operators. As in the classical case, we define the symmetry algebra as the
set of independent operators {Q,} which commute with the Hamiltonian and have the property
that the commutation relations of Q, and Q, can again be expressed in terms of the operators {Q, }.

As [Q.,H] = 0 for a conserved quantity, the operator Q, will transform eigenstates of H into
(possibly different) eigenstates with equal energy. The Hilbert space of the system therefore
decomposes into a direct sum of irreducible representations of the symmetry algebra generated by
Q).

In the next section, we shall introduce linear and non-linear symmetries using some very simple
and well-known physical systems.

2.2. Harmonic oscillators

Harmonic oscillators constitute a category of very basic systems in physics. They show up in
virtually all problems with a finite or infinite number of degrees of freedom. The reason is that,
upon linearizing a generic dynamical problem harmonic oscillators approximate any arbitrary
potential in the neighbourhood of a stable equilibrium position, describing for example small
vibrations of an atom in a crystalline lattice or a nucleon in a nucleus. On the other hand, the
behavior of most continuous physical systems, such as the vibrations of an elastic medium or the
electromagnetic field in a cavity, can be described as a superposition of an infinite number of
harmonic oscillators. In this section, the idea of both linear and non-linear symmetries will be
illustrated using these elementary systems.

2.2.1. The isotropic case
Let us consider a particle of mass M moving in a quadratic potential in the (x, x,)-plane. The
Hamiltonian of this system is given by

1 1
H=m(l’f +p§)+§Mw2(xf+x§), (2.15)

where w is the angular frequency of the oscillator. In the usual quantum description of this system
one introduces the so called ‘raising’ and ‘lowering’ operators

BRVECT R Mor?t CTN m 2Mon P
M 1 M
pt= 22 i b= |22, +i ! (2.16)
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where % 1s Planck’s constant. From the canonical commutation relations between coordinates and
momenta [x;, p;] = 1hd;;, one can easily derive

[a,a']=[bb"]=1, (2.17)

and all other commutators are zero.
In terms of raising and lowering operators, the Hamiltonian reads H = (a*a + b'b + 1)hw. The
Hilbert space of the system is spanned by the states

lp.q> = (@")*(b")*2) , (2.18)

where p,q are non-negative integers and |Q2) is the ‘ground state’ (which has the property that
alQ) = b|Q2) = 0). The energy of the eigenstate |p,q) is E, , = (p + g + 1)hw. From this we see
that the states |p — r,r), where r = 0,1, ..., p all have the same energy, i.e. the energy eigenvalue
E, , has a (p + q + 1)-fold degeneracy. This leads one to conjecture the existence of a symmetry
supplying extra quantum numbers and transforming eigenstates with the same energy into each
other. We shall now discuss this symmetry. For notational convenience we take from now on
M=w=h=1.
Consider the operators

S, =ab"; S_=a'b; So=b'b—a'a. (2.19)

These quantities are conserved as is expressed by the equation 19,S; = [S;, H] = 0fori = +,0. The
commutation relations between the operators S; themselves can be easily calculated using (2.17)
and read

[So,S:]=%£28.; [S+,8-1=8,. (2.20)

Notice that the commutation relations of the operators §; are again expressions in terms of S;, so
the algebra is closed. Furthermore, these expressions are linear, such that the algebra is linear. In
fact, the commutator algebra (2.20) is nothing but su(2), the simplest example of a non-abelian
simple Lie algebra.

The theory of Lie algebras is well known and extensively described in the literature. Lie algebras
can be related to symmetry groups, called Lie groups, by an exponential map. All elements g in the
component connected to the unit element of a Lie group can be written as g = exp(a“t,), where
t, are the generators of the Lie algebras, «* are numbers and summation over the index a is
understood.

The action of the generators S, and S_ of the su(2) symmetry can be interpreted as follows. The
state of the (quantum mechanical) particle in the plane is composed of oscillations in two
directions. The operator S, decreases the oscillation in the x,-direction and increases oscillation in
the other one. It can continue this action, until the state of the particle consists only of oscillation in
the x; -direction. The operator S_ in its turn, squeezes the orbit of the particle towards oscillation
in the x,-direction.

What we can conclude from this section, is that the isotropic oscillator in two dimensions has
su(2y symmetry, which is larger than the obvious so(2) rotation symmetry in the x—y plane.
Similarly, it can be shown that the symmetry of an n-dimensional isotropic harmonic oscillator is
the Lie algebra su(n) (or u(n), if one also views the Hamiltonian itself as part of the symmetry
algebra).
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2.2.2. The anisotropic case
We will now consider a slightly more complicated case: the two-dimensional anisotropic
harmonic oscillator. The Hamiltonian of the anisotropic oscillator is given by

1
H= m(pf +p3) +iMwix? + sMw3x? . (2.21)

Again we will take M =/ = 1. In order to have degeneracy in the energy levels of E, we take
w; = 1/m and w, = 1/n, where m and n are positive integers. In terms of the raising and lowering
operators, which satisfy the commutation relations (2.17), the Hamiltonian reads

1
H-——l ata += Jrl b"b+1 ) (2.22)
m 2 n 2

If we consider the analogues of the operators (2.19) in this system, we find that the generators S, no
longer commute with the Hamiltonian H. In other words, S, are not conserved. Therefore the
algebra su(2) is not a symmetry algebra of the anisotropic oscillator.

In order to arrive at the true symmetry algebra of the anisotropic oscillator, we consider, like
[14,15], the following operators that do commute with H:

jr=amdhy, j- =@, jo= % (b*b + %) — % <a*a + %) : (2.23)
These are the generators of the symmetry algebra of the anisotropic quantum harmonic oscillator
with frequencies m and n positive integers, as was shown in [15].

For simplicity, let us consider the case that the frequencies have the fixed valuem = 2and n = 1.
Calculation of the commutation relations of the generators (2.23) for these values of m and
n produces:

[uH1=0, [jo.jul=42f., [J+,j-1=-38 +2Hjo + H> -3, (224)
with i = 0, +. After an invertible basis transformation, given by

. 1~ ; -1~ .Y 1

v TARI by Al jo=Jjo—3H, (2.25)
we obtain

[H.ji]1=0, [jo,j:+]1==2js, Lj+,j-1=j3+C, (2.26)

where C =% — $H?2 This commutator algebra is known in the literature as w [10]. We
conclude that the symmetry algebra of a two-dimensional anisotropic harmonic oscillator with
a frequency ratio m:n = 2:1 is the non-linear finite W-algebra W $?. We will return to this algebra
later in the paper. More generally, if we take m and n arbitrary positive integers we find that the
symmetry algebra is non-linear whenever m # n [15].

W is an example of a non-linear algebra. The commutators cannot be written as linear
combinations of the generators, but as linear combinations of products of generators. As it has
a finite set of generators, it is finitely-generated.
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In contrast to Lie algebras, one cannot associate a finite group to a non-linear aigebra. The only
group G which can be obtained with an exponential map from a non-linear algebra is generated not
only by the generators of this algebra, but also by their polynomials and therefore is infinitely
generated. Only then is the requirement met, that Vg; € Gg,g, = ¢3, because of the Campbell-
Baker—Hausdorff formula for the multiplication of exponential maps. While the elements of an
algebra give rise to infinitesimal transformations, group elements correspond to finite symmetry
transformations. Consequently, we cannot easily tell in the non-linear case how the transformation
works globally, though we know the infinitesimal transformations on the local level. From the
latter, one can, in principle, derive a differential equation whose solution for finite time corresponds
to transformations of the ‘finite W-group’, but these differential equations are typically non-linear
and very hard to solve explicitly.

Though the problem we considered is an clementary and a linear one, meaning that the
equations of motion are linear, its symmetry algebra turns out to be non-linear. Surprisingly
enough the study of these non-linear symmetry algebras has been taken up only recently. Most
attention has focused on non-linear extensions of su(2), see for example [16-24].

2.3. Coulomb potential

A large class of well-known dynamical systems have a Coulomb potential. Planetary motion and
the motion of a charged particle in a Coulomb field are of this type. In this section, we will consider
the symmetry algebra of this class of systems.

The Hamiltonian is given by

P’ u

goP_# 227
2m  r’ (227)

where u is a fixed constant. Due to the spherical symmetry of the potential, this system is invariant
under rotations in three dimensions. This invariance leads to the conservation of angular mo-
mentum L. We start on the classical level by considering the Poisson brackets of the dynamical
variables, which are functions on the phase space with coordinates (r,p). The algebra is given by
{Li,L;} = &3 Ly and is called so(3) (or su(2)). It is a simple Lie algebra.

However, the angular momentum L is not the only conserved quantity in this system. Let us
consider the vector R defined by

R=Lxp+u’, (2.28)

with u again the fixed constant, proportional to the central potential. Straightforward calculation
shows that this, so-called ‘Runge-Lenz vector,” also (Poisson) commutes with the Hamiltonian:
{L;,H} = {R;, H} = 0. This additional symmetry differs from the so(3) symmetry, which is a geo-
metric symmetry, i.e. which can be expressed as mappings of configuration space alone. The
symmetry transformations associated to the Runge—Lenz vector do not transform the coordinates
and momenta separately. They act on the entire phase space. The term ‘dynamical symmetries’ is
sometimes used for this type of symmetries.
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In the example of planetary motion, the Runge-Lenz vector points along the major axis of the
ellipsoid orbit of the planet and its magnitude is proportional to the eccentricity of the orbit.

In an analogous quantum case, i.e. the hydrogen atom, which is discussed in detail in [25], the
fact that the angular momentum is not the only conserved quantity is reflected by the degeneracy in
the spectrum. While the states of the Hamiltonian depend on three quantum numbers, n, I and m,
the energy depends only on n: E, ~ 1/n*. The energy is independent of m because of the so(3)
symmetry, which corresponds to the conservation of angular momentum. The degeneracy with
respect to this magnetic quantum number is present for any central potential. The absence of
dependence on [ suggests that there is another conserved quantity, which turns out to be the
Runge-Lenz vector. This degeneracy occurs only if the potential is of the form 1/r and is thereby
particular to the Coulomb potential.

Let us return to the classical symmetry algebra of L; and R;. In the first place, the algebra is only
closed if we include H in the set of generators. Secondly, we see that it is actually non-linear:

{Li,Lj} = SijkLk 5 {Rist} = “28iijLk >

2.29
{RiaLj} = &Ry, {Li,H} = {Ri,H} =0. ( )

Usually one linearizes (by a non-linear basis transformation) this algebra giving rise to the
well-known hidden so(4) symmetry in the hydrogen atom [25]. The algebra above describes the
Kepler orbit in a three-dimensional Euclidean space. Now consider the same Kepler problem on
a three-sphere S>. In [26,27] it is shown that the Poisson brackets between the components of the
R vector become

{R,’,Rj} = Eijk(—zH -+ uz)Lk . (230)

where 4 is the curvature of the sphere, which is equal to the inverse radius R of the sphere A = 1/R.
We will call this algebra the Runge—Lenz algebra. Later it will be shown that it is a finite W-algebra
(which was first remarked in [28]).

In the previous sections we have shown that even simple and well-known physical systems may
have non-linear W-symmetries. In Section 6.2 we will see yet another example, namely Toda
systems. It seems therefore to be justified to embark on a more systematic study of these algebras
and their representation theory. This will lead us to the theory of finite W -algebras.

3. Classical finite W-algebras

As we have seen in the first chapter, algebras of conserved quantities are always closed, but not
necessarily linear. This is not merely an abstract mathematical possibility; we have seen that some
of the simplest and most fundamental systems in physics exhibit non-linear symmetries. When
trying to analyze these symmetry algebras however, or perhaps to construct their irreducible
representations, one inevitably runs into trouble due to the fact that they are non-linear. New
methods are therefore needed.

In this chapter, it will be shown that many non-linear algebras, including the ones we encoun-
tered in the previous chapter, can in fact be seen as ‘reductions’ of Lie algebras. This result clearly
opens up a new possibility of analyzing them since the theory of Lie algebras is well developed. In
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the present chapter, we restrict ourselves to the classical case and leave quantization to the next
chapter.

The method we use in this chapter is to construct non-linear Poisson algebras from a canonical
linear Poisson algebra associated to any Lie algebra, the Kirillov Poisson algebra. First we give
a description in simple terms of the Kirillov Poisson algebra. Then we use a procedure very similar
to the constraint formalism called ‘Poisson reduction’, to construct linear and non-linear algebras
from this Poisson algebra. After that we discuss in detail a very interesting class of algebras which
are derived using sl(2) embeddings. These algebras are in general non-linear but they may contain
linear subalgebras which one can predict rather easily. Using this we discuss how to obtain
non-linear extensions of SU(3) x SU(2) x U(1).

3.1. Kirillov Poisson structures

Consider a system with SO(3) rotation invariance. The conserved quantities associated to this
symmetry are the three components of the angular momentum L. If one calculates the Poisson
brackets between two components of L, one finds that they satisfy

{Li,L;} = eiply . (3.1)

Now, let {I,}2_, be the generators of SO(3), i.e. I, is the infinitesimal generator of rotations around
the x“-axis. The commutator between I, and I, is given by

[Iaa Ib] = gabclc . (32)

Note that even though (3.1) is a Poisson relation and (3.2) is a commutator algebra, the structure
constants in (3.1) and (3.2) are the same. That is, the components of the angular momentum together
generate a Poisson algebra which is isomorphic to the Lie algebra of SO(3).

This example illustrates a general principle: if G is a symmetry group of some physical system,
then the Poisson brackets between the (Noether) conserved quantities {J, } have the same structure
constants as the commutator brackets between the generators {z,} of G, i.e. if [1,,] = fi¢.. then

{Ja9Jb} :facb‘]c ) (33)

which is called the Kirillov—Poisson algebra. The generators {z,} span the so-called ‘Lie algebra’
% of G. We conclude that any system with G symmetry contains the Kirillov Poisson structure as
a subalgebra.

For later use, we will now give a somewhat more formal definition of the Kirillov Poisson
structure associated to %. The reader may wish to skip this part at first reading.

Let 4 be a Lie algebra, ¥* its dual and C*(%*) the set of smooth functions on 4*. The
Kirillov—Poisson bracket between F,G € C*(9*) is defined for all £ e ¥* by

(F,G} (&) = <& [grad:F,grad.G] ), (3.4)

where (.,.) denotes the usual contraction between 4* and % and grad; F is uniquely defined by

S+ 0)em = (EgradeF (3.5)
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forall £’ € ¥*. Note that grad, F is therefore an element of ¢, which means that [grad, F, grad.G] is
well defined.

We can recover formula (3.1) as follows. Let {z,} be the basis of % and J, the element of C ®(%*)
given by J, (&) = (&, t, ), then these functions satisfy (3.1).

3.2. Poisson reduction of the Kirillov Poisson structure

Finite W-algebras are constructed by applying a procedure very similar to the Dirac constraint
formalism, called ‘Poisson reduction’, to the Kirillov Poisson structure. Essentially, what one does
1s to impose a set of first class constraints on the system. As usual, these first class constraints will
generate gauge invariances. One, therefore, looks for gauge invariant quantities. In general, the set
of gauge invariant quantities will be generated by a certain finite subset. These are the generators of
the finite W-algebra. Calculating the Poisson brackets between these generators we find that the
algebra of gauge invariant quantities is in general non-linear, i.e. the Poisson brackets close on
polynomials of the generators, not on linear combinations. This is then the finite W-algebra. Let us
now come to a more precise definition of finite W-algebras.

Let again % be some Lie algebra, ¥ < % some subalgebra and y:.¥ — C a one-dimensional
representation? of #. Let {t,} and {t, } be bases of % and .# respectively, such that {t,} < {t,}, and
let J,e C®(%*) be defined by J, (&) = (&,t,), VEe %* Again let K(¥%) = (C®(¥*),{.,.}) denote
the Kirillov Poisson algebra associated to 4.

The first step is to constrain the functions J,, corresponding to the subalgebra %, to constant
values:

¢ =J,—x(ts) =0. (3.6)

Denote the hyper-surface in ¢* determined by ¢, = O for all « by C. The set of functions on C is
equal to the set of functions on % * up to functions which are zero on C. Any function that is zero on
all of C has the form f*¢,. Let us denote the set of all these ‘zero functions’ by I:

I={f*¢,|f*eC*(¥)}. (3.7)

Since all elements of I are zero on all of C, there is no way somebody living on C can distinguish
between the functions g and g + fif f is an element of I. Mathematically, this is expressed by the
equality

C*(C) = C*(%)/I . (3.8)

This formula means that we are to identify all functions in C *(% *) that differ by an element of 1.

It is easy to show that the constraints (3.6) are all “first class’. It means that {¢,, ¢;} € I, for all
a, B. For this, remember that y is a one-dimensional representation of .#, which means that
x([testp]) = x(t)x(tg) — x(tg)x(t,) = 0. On the other hand, y([t,,t;1) = fipx(t,). From this follows

that {(f)a, d)ﬂ} :fa}i(pr

2 One can in principle also consider higher dimensional representations of % in some auxiliary algebra, see Section
4.3.4. Here, we will, for simplicity, restrict ourselves to the one-dimensional case.
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_ Obviously, I is an ideal with respect to the (abelian) multiplication map in K(%), since hf“ ¢, =
Ja. €1 for all he C*(¥), where f, = hf™

I is also a Poisson subalgebra of K(%). In order to see this, let f = f*¢, and h = h,¢, be elements
of I. Then

{f,g} = {fa’hﬁ}d)aqbﬂ + {faa ¢B}hﬂ¢a + {¢ashﬂ}fa¢ﬂ +fahﬂ{¢a’ d’ﬁ} . (39)

Obviously, the first three terms are again elements of I. That the last term is an element of I follows
from the fact that the constraints {¢,} are all first class.

Nevertheless, I is not an ideal with respect to the Poisson bracket. Consequently, the Poisson
bracket is not preserved if we divide out I. That is, the Poisson bracket on % does not induce one on
C. Physically, this is equivalent to the statement that first class constraints induce non-physical
gauge invariances, that have to be eliminated from the theory. Mathematically, one proceeds as
follows. Define the maps

X, C(%*) > C*(%¥) (3.10)
by
Xo()={da [} . (3.11)

In geometric terms the X, are the ‘Hamiltonian vector fields” associated to the constraints { ¢, },
which can be interpreted as the derivative of some function fe C ®(%*) along the direction of the
gauge invariance.

Now let [ f] denote the equivalence class f+ I, ie. [ f]e€ C*(C). Then

X,(f+D={¢s, [} +{¢a I} = Xo() + 1, (3.12)
where we used the fact that I is a Poisson subalgebra of K(%). Put differently, we therefore have
X.Lf1=[XA)], (3.13)

which means that the maps X, descend to well defined maps
X, C*(C)-C*(C). (3.14)

In geometric terms this is nothing but the statement that the Hamiltonian vector fields of the
constraints are tangent to C.
Now define the set of functions which are constant under the flow of X, i.e. gauge invariant, as

W ={[f1eC*(C)| X,[f]=0, for all &} . (3.15)

The point now is that the Kirillov—Poisson structure on C*{%*) induces naturally a Poisson
structure {.,.}* on #". Let [ f],[h] e #", then this Poisson structure is simply given by

{[/L0r1}* = T{fh}]. (3.16)

Of course, one has to show that this Poisson structure is well defined. In order to do so we have to
check two things: firstly, we have to check whether [{f,h}]€ % whenever [ f],[h]e #", and
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secondly, we have to show that the definition does not depend on the choice of the representatives
fand h. Both these checks are easily carried out and one finds that indeed the Poisson bracket
{.,.}* turns #" into a Poisson algebra. The Poisson algebra found by reducing a Kirillov—Poisson
algebra is called a finite W-algebra

W@, 2L, 0=, {.,.}*). (3.17)

In more physical terms, #" is the set of gauge invariant quantities and the Poisson bracket between
them is obtained by first calculating the Poisson bracket and then putting the constraints to zero.

It is clear that the number of finite W -algebras is huge. However, it is by no means clear that all
non-linear algebras are of this type. In fact, this is almost certainly not the case. However, as we
shall see, several interesting non-linear symmetry algebras encountered in physics, including the
ones described in the previous chapter, are finite W-algebras. Anyway, in this paper we restrict our
attention to finite W-algebras.

3.2.1. Examples
Let us now consider some examples in order to clarify the construction. First take ¢ = sl(2), the
set of traceless 2 x 2 matrices. This Lie algebra can be described as follows. It is the (complex or real)
span of three generators ¢, t_ and ¢, with commutation relations [to,t.] = +2t, and [t,,¢_]
= ty. The Kirillov—Poisson structure, therefore, reads

(JoJo b =421, {(J,J }=J,. (3.18)

The Lie algebra si(2) has several subalgebras. The most obvious one is the so-called Cartan
subalgebra spanned by ¢,. If we take .# to be the Cartan subalgebra and y = 0, then from Eq. (3.6)
we find ¢ = J,. The ideal I (see (3.7)) consists of elements of the form f(Jo,J +,J_ )¢, where fis an
arbitrary smooth function in three variables. Since dividing out I corresponds to putting the
constraints to zero, we find that C*(C) is isomorphic to the set of arbitrary smooth functions in
Jiand J_

C*(C)={f(J+,J-)| fis smooth} . (3.19)

The next step in the construction is to find the set #  of all elements in C*(C) that Poisson
commute with ¢ (after imposing the constraint). As {¢,J J_} =J,{Jo,J-} +J_{Jo,Js+} =
—J_Ji +J_J, =0, we find that #  consists of functions that depend only on the combination
J+J_-. However, as # has only one generator, J . J_, it turns out to be an abelian algebra.

In fact this is what generically happens when we choose ¢ = sl(2). If . is one of the so-called
‘Borel subalgebras’ b, spanned by t, and ¢, , then there are effectively no degrees of freedom left,
that is #” = 0. If one chooses % to be the span of ¢, or t_ (and y = 0), then #~ will again be an
abelian algebra with one generator, J,. The situation does not change for y # 0, because the
number of generators stay the same. We conclude that there are no interesting finite W-algebras
that can be derived from sl(2).

Let us therefore turn to % =sl(3). This Lie algebra is spanned by eight elements
{81,805 b tays tuys E—ny s E— g, L=y, |, WheTe oy, o, and a3 denote the three positive root vectors of si(3).
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The Kirillov—Poisson algebra reads
Uidis) =220, (I Ju} = FJua,
Jidim) = F sy JasJ s} = £2J 44, s
Uident =2J 1, Vadin) =2 4a,

{th,sjiaz ijih’ {Jixnjws}=¢]¢xza

{thla‘]?h} = iJTrxn 3 {J*Zs"]“as} = ‘]1 + J2 ?
{J+119J—a1}:J1a {J+12aJ—a2}:J2'

The most obvious choice for the subalgebra . is the Cartan subalgebra spanned by ¢, and ¢,.
Again take y = 0. According to (3.6), the constraints are then ¢, = J; and ¢, = J,. Reasoning as
before C*(C) is shown to consist of smooth functions in the variables J,,J -, ,J,,,J-,,,J,, and
J_.,. In order to construct #°, we need to find functions of these variables that Poisson commute
(after imposing the constraints) with ¢, and ¢,. In principle, sl; has dimension eight. We have
imposed two first class constraints, which brings the dimension of C down to six. As ¢, and ¢, are
first class, they generate gauge invariances, or in other words, two of the six dimensions will
correspond to gauge degrees of freedom. On eliminating these, which is essentially what construct-
ing ¥~ amounts to, we are left with four dimensions. We now look for four independent elements of
C*(C) that commute with ¢; and ¢,. It is easy to construct them. They read

Al =J1,J~11a A2:Jot2']—o<2, A3=J13J—13a BZ%(JxJJ—z,J‘xz_']Aac“Jlexz)v

(3.20)

——
Il

L (3.21)
C= 7(*]0(3‘]—9(1]—&2 + J—agt]ml']az) .
Note that there are five invariant quantities. However, the relation
C?=A,A,A5 + B? (3.22)

between the generators in (3.21) brings the number of independent dimensions back to four. In fact
this relation defines the four-dimensional surface in five-dimensional Euclidean space (with coordi-
nates C, B, A, A,, A3) on which the finite W-algebra lives.

The non-zero Poisson brackets between the generators (3.21) read

{Ai,Aiﬂ}* =2B s {Ai,B}* = Ai(Ai+1 - Ai—l) s (3-23)

where i is a cyclic index, i.e. ie {1,2,3} and i + 3 = i.

Another reduction of s/(3), and one that leads to a linear finite W-algebra, is the following. Take
& to be the span of t,, and t,, and y = 0. The constraints read J,, = J,, = 0 and C*(C) consists of
functions of J, ,J -, ,J1,J2,J—,, and J_, . Again, a simple counting argument, similar to the one
given above, leads us to look for four independent generators of #". It is easy to check that
J..J-,,,Jy and J, satisfy the requirement that they commute with the constraints. Now J, ,J _,,
and J, form an s/, algebra

{Jb‘]iz,}*:iz‘]iala {Ja(,,J~11}*:J17 (324)

while s = J; + 2J, commutes with all the other generators and thus forms a u(1). Thus we have
found that sl(2) @ u(1) is a reduction of sl(3). As we shall see later, when we discuss real forms of
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finite W-algebras this also means that su(2) @ u(1) is a reduction of su(3):
su(3) - su@) @ u(l) . (3.25)

This example is actually a special case of a more general class of reductions. Let 6 be an arbitrary
element of the Cartan subalgebra of a (semi) simple Lie algebra 4. We can use J to define
a so-called ‘grading’ on ¢. Define 4, = {x € | [, x] = nx}. It then follows that

=PD%, [%.%]<%n. (3.26)

If we now take ¥ = @n>o %, and y = 0, then all elements J, such that t, € %, will commute (after
imposing the constraints) with all ¢, = J,. This can be seen as follows. Let t, € %,, then [¢,,t,] € &,
as follows from (3.26). As all J, are constrained to zero, we find that {¢,,J,} = {J,,J,} is a linear
combination of J; which after imposing the constraints become zero. We conclude, therefore, that
this type of reduction always leads to a finite W-algebra which is isomorphic to %,. The ones, that
are most closely related to the infinite-dimensional W -algebras of conformal field theory.

The finite W-algebras considered in this section are associated to sl(2) embeddings into %.
A given sl(2) embedding fixes both .# and y which means that there is one finite W-algebra for
every sl(2) embedding. For sl(n) the number of inequivalent s/(2) embeddings is equal to the number
of partitions of the number n and this is therefore the number of finite W-algebras of this type that
one is able to extract from si(n).

3.2.2. sly-embeddings

In this section, we always take % to be a simple Lie algebra. This implies that the inner product
(x,y) = Tr(ad(x)ad(y)) (x,y € %), the so called Cartan—Killing form, is non-degenerate, i.e. there
does not exist an element y € 4 such that (x, y) = 0 for all x € 4. Therefore, any element f of ¥* can
be written as f(.) = (x,.) for some x € ¥, or, in other words, we can identify % and ¥ *. Due to this
fact we can define the Kirillov—Poisson structure on ¢ instead of on ¢ * which makes life easier in
some respects. Consider for this C*(¥) instead of C*(%*) and define the functions J* on 4 by
J4(ty) = J;. The Poisson algebra satisfied by these quantities is

{JoJ0) = £, (3.27)

where we have raised and lowered indices with the metric g,, = Tr(z,2;).
Now let there be given an sl(2) subalgebra {t,,¢.,t_} of %,

[to,ts]1=2t., [t+,t-]=to. (3.28)
If we define the spaces

4" = {xe%|[ty,x] =nx}, (3.29)
then

G=Ppe". (3.30)

The decomposition (3.30) is again a ‘grading’ of ¢, because

[9™ gm] c gntm (3.31)
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In general, the numbers n can be integers or half integers, that is ne 3Z. As in the infinite-
dimensional case, we would like to take

L =9=P g (3.32)

n>0
together with y(t,) = 1 and all others zero. However, there is a slight problem with this choice,
because the commutator of two elements of ¥ may contain ¢, , which is an element of ¥V, This
means that y would no longer be a one-dimensional representation of 4*’ and not all constraints
would be first class. Classically, this need not be a problem, because one can eliminate second class
constraints with the so-called Dirac bracket [29]. However, quantization becomes much more
involved if not all constraints are first class. Fortunately, it is possible for many Lie algebras,
among which all si(n), to replace ¥'*) and y by a new algebra 4, and a new one-dimensional
representation y:%. — C which leads to the same finite W-algebra without having to resort to
Dirac brackets. What one does is replace the ‘grading element’ ¢, by a new one, o, which is also an
element of the Cartan subalgebra [30,29]. The element § defines a grading of ¥ which is different

from the one in (3.30)

4=P,. (3.33)

where 4, = {x € 4|[6,x] = nx}. Essentially, 5 has the property that it splits ¥'*) and 4~ * into
two pieces:

9V =g ogd, 9 PV=9g Yoy ? (3.34)
and that
G%=9" 05709, 4., =9"" @I, (3.35)

i.e. ‘half’ of (+3) gets added to ¥, which becomes %, and the other half gets added to %‘* ), which
becomes ¥ + 1. Obviously,

G DY =9, (3.36)

Furthermore, ¢ is chosen such that the grading of ¢ is integral, i.e. all n in (3.33) are integers. The
one-dimensional representation y : 4, — C is taken to be the same as before, i.e. y(t, ) = 1 and zero
everywhere else. What has been done here, effectively, is that the set of second class constraints
(corresponding to %) has been split into two halves. The constraints in one half we still put to
zero. One can choose J such that they will be first class. The constraints in the other half are kept
free. However, the degrees of freedom they represent can be gauged away by the gauge invariance
generated by the first class constraints in the first half. It is not possible to find an element
o satisfying the requirements for all Lie algebras [30]. For sl(n) however, there is no problem.

We now proceed as before. Let again {t,} = {t,} U {t;} be a basis of %, where {t,} is a basis of
¥ =%, and {t,} is a basis of %, ® %_. The constraints are given as usual by ¢* = J* — x(1,).

It is clear that elements of C®(C) are smooth functions in the variables {J*}, as all the J* have
been constrained to constants. The next step is to find #”. For this we need to look for elements
W of C*(C) such that
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after imposing the constraints. This will then be the W -algebra associated to the s/(2) embedding.
In general, it is no easy task to find the complete set of elements W such that (3.37) holds. However,
in the case of finite W -algebras derived from s/(2) embeddings there turns out to be an algorithmic
procedure for doing so. For this we have to consider the gauge transformations generated by the
first class constraints ¢* Let x = x°t, be an arbitrary element of 4. The gauge transformations
generated by ¢* then act as follows on x:

8.x = (0,J)(X)ta = e{@* I} (X)1a = £{J*% T} (X)1,
= ef I (x)t, = eff xSt = ef o xt,
= eg*fixtt, = [eg™t., x"t, ]
= [et%x] - (3.38)

Now, if t,e %, , then t*€ ¥_, because ¥, and %_ are non-degenerately paired by the Cartan—
Killing form [29]. It therefore follows from (3.38) that the group of gauge transformations
generated by the first class constraints is nothing but G_ = exp(%-) and that this group acts on
¢ by group conjugation x —» gxg~!, g€ G_. Now let x be an element of C. In general it has the
form

x =ty + Y x%,, (3.39)

where x* are complex numbers. It can be shown [29] that the gauge freedom G _ can be completely
fixed by bringing x to the form

L+ Y Wi, (3.40)

t5 € %o

where 4, = {x € ¢|[t-, x] = 0}. Put differently, for every x of the form (3.39), there exists a unique
g € G_ such that gxg ™! is of the form (3.40). Since the element (3.40) is the same for any element
within a certain gauge orbit, the quantities W* must be gauge invariant. This means that they
commute with the constraints {¢* W *} = 0. By construction, the quantities W form a complete
set of generators of the finite W -algebra in question. The only thing left is, therefore, to calculate the
Poisson relations

(WaWhx = (W2 Wh} . (3.41)

The equality in Eq. (3.41) can be understood as follows. In principle, the bracket {.,.}* is simply
{.,.} where it is understood that we take ¢* after we have calculated the Poisson bracket. However,
as %, ® %_ is a subalgebra of ¢ and since the quantities W* will be polynomials only in J? as
follows from (3.39), we find that the Poisson bracket of W* and W# will not involve any J* This
justifies (3.41). It is now time for some examples.

3.2.3. Examples
As a simple example take 4 = sl,. Also take as a basis of s/(2) the matrices ¢, ¢, and 5 such that

J2 J!
J“ta=<J3 _J2>. (3.42)
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The Kirillov—Poisson structure then reads
(JLJ =—J', (JrI3 =73, (JLJ3 =—2%. (3.43)

Obviously, there is only one non-trivial s/(2) embedding into s/(2), namely the algebra itself. Now,
sl(2) splits up into three subalgebras of grade +1, 0 and —1,

si))=9"V g0 pegt-Y (3.44)

given by the span of t5,1, and t,, respectively. Note that all grades are integral, which means that
%, = 9™ The constraint becomes ¢ = J! — y(t;) =J! — 1, since t, = t,. C*(C) is given by the
smooth functions of J? and J 3. Next we look for gauge invariant functions, i.e. functions which
Poisson commute with the constraint (after imposing ¢ = 0). We do this by the method outlined
above. Let g be an arbitrary element of G _, i.e.

0
r=en(® %)=(1 7). s

We can find the gauge invariant function W by solving
gt +J%1, +J33)g =ty + Wiy (3.46)

for g and W. In matrix form, this equation reads

1 0\/J> 1 1 0\ _/0 1
(a 1><J3 —J2><—a 1>=(W 0)' (347)

This equation is satisfied if a = J?. We then find that
W=J%+J2J2 (3.48)

Note that indeed {¢, W} = {J',J® +J2J?} = —2J% + 2J'J?, such that after imposing ¢ =0
we have {¢, W} = 0. As # has only one generator, the obtained W-algebra is trivial.

In order to illustrate the construction in a slightly less trivial case consider the so-called
non-principal s/, embedding into sl;. For sly we choose the basis

J*+30° )P J!
Jo,=| g8 —yt gy |, (3.49)
J8 J7 J4—%J5

The sI(2) embedding is given by to = t5,t, =t; and t_ = tg. 9, 1s the span of tg,t+,t¢ and t4.
The grading of sl(3) with respect to this s/(2) subalgebra is

sl =9 Vee' " VpyWapeP gy, (3.50)
where
4"V =gpan{tg}, %@ =span{ts,ts}, %P =span{te,t;},

(3.51)
9V =span{t,}, %P =span{t,,t3}.
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Obviously, this grading is not integral. The element 6 can be found in the appendix and reads in
this case 0 = 3diag(1, 1, —2). The grading with respect to J is

si3)=%-,0% ® %, (3.52)
where

G_y =span{tq,tg}, %o =span{ty,ts,ty,te}, % =span{t;,t3}. (3.53)
Obviously,

g =span{t,}, % =span{ts}. (3.54)
The one dimensional representation is given by

2) =1, yx(3)=0. (3.55)
According to the standard procedure, the constraints are

pt=J'—-1=0, ¢3*=J3=0. (3.56)

Again we want to find the gauge invariant functions in the variables J2,J4,J°>, ..., J® The group of
gauge transformations G_ is given by

1 00
G.={0 1 0]. (3.57)
a b 1
As before, we solve the equation
1 0 0\ [ J*+3J° J? 1 1 0 0 w4 0 1
010 J® —2J4 0 0 1 0= ws —2w* 0
a b 1 J® J7 Jt—=3J% )\ —a —b 1 we  w’ w*t

for a,b and W'. The result reads a = 3J°% b = J? and
Wh=J*, W7=J7+3J2J°-3J2J%, 6.58)
Wé=Js, We=Js45J%J%+J%J°, '

all of which can easily be shown to be gauge invariant. These are now the generators of the finite
W -algebra.
Defining

Jr=WT, o =3WS, jo=—4W*
= —3C, = —3(WE 3w W*)
and calculating the Poisson brackets between these quantities we find
{josje}*==%2j., {j+. J-}*=js+C. (3.60)

Note that this algebra is identical to the symmetry algebra of the two-dimensional anisotropic
oscillator with frequency ratio 2: 1. It is a quadratic extension of su(2). In fact, the Jacobi identities

(3.59)
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are still satisfied if one replaces j¢ + C by an arbitrary function of j, (see also the remark at the end
of Section 2.2.2). It is not clear whether all these can be obtained from sl,-embeddings. If one
considers the sl,-embedding in sl,; ; under which the fundamental representation n + 1 branches
into 1 + n, one finds {j., j_ }* =j§ + other generators. This suggests that one can obtain ali
polynomial non-linear deformations of su(2) as a suitable quotient of finite W -algebras related to
sl,-embeddings, but we have no proof of this.

We shall now consider another example which turns out to be of unexpected physical signifi-
cance. Take ¢4 = sl(4) and choose the basis {t,} such that

17+ I8+ JS+J°® J24J3 J!
Jio 4 gt %J7_J8__J9 J4 J2_ g3
I, = g1z 4 13 g4 _lyTpgs o J5 _ geo - (3.61)
Jis J1z _ g13 Jlo _ gt __%J7_J8+J9
The sl(2) embedding we consider is to = t4, t+ =t,, t- = t;,. The grading is given by
G =4V pgOgal) (3.62)
where
G4V =span{t,,,t 3, tiart1s}, GO =span{ts,te,t7,t8,80,810-L11} 5
(3.63)

G =span{ty,t2,t3,t4} , % =%V ®span{ts,tg,t10} -

From (3.62) we see that the grading is integral, so there is no problem with second class constraints.
The one-dimensional representation yx:%'" >R is given by x(t;) =1 and x(ty) = x(t3)=
x(t4) = 0. The constraints thereforeread J! = J3 = J* = 0 and J? = 1. Performing the calculation
of # as before, we find that the finite W-algebra associated to this s/(2) embedding can be written
as

{La,Lb} :f;ach, {La,Rb} :fcabRc,

{Ra,Rb}=(—2H—C2) cach’ (364)

where a = 1,2,3 and f,*® are the structure constants of s/(2). Note that this algebra is essentially the
Runge-Lenz algebra which is the symmetry algebra of a particle moving on S* in a Coulomb
potential, as we have seen in the previous chapter.

3.2.4. Classical Miura transformation
A careful examination of Egs. (3.39) and (3.40) reveals that the gauge invariant generators W* in
general have a very specific form. Let t; be a lowest weight vector, i.e. [t-,¢;] =0, then

We=W%< + Wi, (3.65)

where W § contains all terms that only contain J fand tg€ %y, and W is the sum of the remaining
terms. Furthermore, it turns out that W # 0. From this last fact we can derive a very important
result. As the Poisson bracket of two elements of degree zero is again of degree zero, we find that we
must have

(WAEWPh, = (W5, Wi, (3.66)
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where the subscript O in { .,. } means that we throw away everything except the grade zero piece of
(whatever comes out of) the Poisson bracket. What this equation says is that the {W3} form an
algebra which is isomorphic to the algebra satisfied by the {W?*}. However, note that W§ only
contains J# of degree zero which means that what we have done is to embed the finite W -algebra
into the Kirillov—Poisson algebra of the semi-simple Lie algebra %, (denoted by K(%,)). The map

W — K(%,) (3.67)

is called the ‘classical (finite) Miura transformation’.

Let us consider an example. In the case of s/(2) we have seenthat W = J3 + J°J° = W_ 4+ W,,
where W, = J°J°. This example was trivial due to the fact that it had only one generator. More
generally, however, in the case of the so called ‘principal s/(2) embeddings’ into sl(n) we get abelian
finite W-algebras with n — 1 generators. The reason for this is that for principal embeddings, %, is
equal to the Cartan subalgebra, which is an abelian algebra. The W-algebra is therefore also
abelian. The non-trivial cases arise for the non-principal embeddings.

Take for example again the case of ¥ = sl(3) with the non-principal embedding. The generators
W * of this algebra were given in (3.58). As %, was the span of t,, ts, t, and t¢ we find that the grade 0
pieces of the generators are given by:

We=J*, W§=JS, W{=3J3J5-3J2J%, W§=3J%J5+J%JS. (3.68)
Now, defining

h=—3J%—%J%, e=J%, f=JS, s=3J%—3%J%, (3.69)
which satisfy the Poisson relations of si(2) @ u(1)

{het=e, {hf}=—f, {ef}=2n, (3.70)

we find, using Eq. (3.59), the following expressions of the generators j,, j+, j— and C in terms of
h,e, fand s:

jo=2h—2s, jr=eth—=3s), jo=3f, C=—%h*+ef+3s?). (3.71)

Using the relations (3.70), one can easily verify that these expressions indeed satisfy the algebra
(3.60). Note that due to the fact that the expressions in the right-hand side of (3.71) are quadratic in
the cases of j,. and C it is not possible to express 4, ¢, fand s similarly in terms of jg, j,,C, ie. to
invert the Miura transformation. The reason for this is that the Miura transformation is in general
a homomorphism rather than an isomorphism.

In the case of the Runge-Lenz algebra, which we constructed above as a reduction of sl(4), %, is
given by sl(2) @ sl(2) @ u(1). The explicit expressions of L* and R in terms of the generators of
%o = sl(2) @ sl(2) ® u(1) can be found in [6].

3.2.5. General form of sl(2) related finite W-algebras
Consider the plane in ¥ made up of elements of the form

X=t,+ Y x,, (3.72)

tz €%,
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where x* are complex numbers. That is, we put all J* to zero except of course J *, corresponding to
t+, which we put to 1 and J* with t; € 4,,,, which we leave unconstrained. It can be shown [29] that
this set of constraints (which is larger than the set of constraints that lead to the constraint surface
C) is completely second class, that is, none of the above mentioned constraints are first class. This
means that the original Poisson bracket on ¥, the Kirillov—Poisson bracket, induces a ‘Dirac
bracket’ on the set of elements of the form (3.72). Recall that for a set of second class constraints ¢’
the Dirac bracket between two functions f and ¢ is defined by

{falp=1{fg} —{f o} 4;{¢".9}) . (3.73)

where A;; is the inverse of the matrix AY = {¢%, ¢7}.

Now, since the set of elements of the form (3.72) is nothing but C/%_, i.e. C with all the gauge
freedom removed we find that the Dirac bracket algebra of the functions J* (for t; € %,,,) must be
isomorphic to the finite W-algebra associated to the s/(2) embedding in question.

It is possible [29] to derive an elegant general formula for the Dirac bracket algebra on %,,,, and
thus of the finite W-algebra. Let we %, and let Q; and Q, be smooth functions on %;,,. Define
grad,Q €%, = {xe¥%|[t,,x] =0} by

d
(W' grad, Q) = - 0w + w')l—o - (374

for all w € 4,,,. This uniquely defines grad,,Q, since ¥,,, and %,,, are non-degenerately paired by the
Cartan-Killing form (.,.). The finite W-algebra associated to the s/(2) embedding in question is
now (isomorphic to)

{01,025 (W) = <W, [gradel, H—ngg,gradez]) , (3.75)

where ad,(.) = [w,.]. The operator L is essentially the inverse of ad,,. There is, nevertheless,
a problem, since Ker(ad,, ) # 0. It is, however, a 1-1 map from Im(ad, ) to the image of ad,,. One
now takes L to be the inverse of ad,, in this domain of definition and then extends it to all of 4 by 0.

Note that formula (3.75) reduces to the ordinary Kirillov—Poisson bracket for the trivial s/(2)
embedding t, = t- =t, = 0. For non-trivial s/(2) embeddings however (3.75) is a highly non-
trivial and in general non-linear Poisson structure as we have seen.

3.2.6. W-coadjoint orbits

In this section, we are going to construct the coadjoint orbits of finite W-algebras associated to
sl, embeddings. First, we briefly discuss some general aspects of symplectic and coadjoint orbits
and then we show how one can construct finite W symplectic orbits from the coadjoint orbits of the
Lie algebra to which they are associated.

Suppose we are given a Poisson manifold, that is a manifold M together with a Poisson bracket
{.,.} on the space of smooth functions on M. In general, such a Poisson structure is not associated
to a symplectic form on M since the Poisson bracket can be degenerate, i.e. there may exist
functions that Poisson commute with all other functions. The Poisson bracket {.,. } does however
induce a symplectic form on certain submanifolds of M. In order to see this consider the set of
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Hamiltonian vector fields
X ()y={f,.} forfeC*M). (3.76)

Note that the set of functions on M that Poisson commute with all other functions are in the kernel
of the map f + X,. From this it follows that in every tangent space the span of all Hamiltonian
vector fields is only a subspace of the whole tangent space. We say that a Poisson structure is
regular, if the span of the set of Hamiltonian vector fields has the same dimension in every tangent
space. Obviously, a regular Poisson structure defines a tangent system on the manifold M and from
the well known relation

(X, Xgl=Xig» (3.77)

it then immediately follows that this system is integrable (in the sense of Frobenius). Therefore,
M foliates into a disjoint union of integral manifolds of the Hamiltonian vector fields. Obviously,
the restriction of the Poisson bracket to one of these integral manifolds is non-degenerate and
therefore associated to a symplectic fom. They are therefore called symplectic leaves.

The symplectic leaves play an important role in the representation theory of Poisson algebras.
A representation of a Poisson algebra is a symplectic manifold S together with a map n from the
Poisson algebra to the space of smooth functions on S that is linear and preserves both the
multiplicative and Poisson structure of the Poisson algebra. Also the Hamiltonian vector field
associated to n(f) € C*(S) must be complete (i.e. defined everywhere). A representation is called
irreducible, if span of the set {X,(,(s)| fe C®(M)} is equal to the tangent space of Sin sfor all s € S.
The role of the symplectic leaves is clarified by the following theorem [31]. If a representation of
the Poisson algebra C“(M) is irreducible, then S is symplectomorphic to a covering space of
a symplectic leaf of M.

From the above it follows that it is rather important to construct the symplectic leaves
associated to finite W -algebras. Looking at Eq. (3.75) it is clear that constructing these symplectic
orbits from scratch could be rather difficult. Luckily, we can use the fact that the symplectic orbits
of the Kirillov—Poisson structure are known (by the famous Kostant-Souriau theorem they are
nothing but the coadjoint orbits and their covering spaces) to construct these. The answer turns out
to be extremely simple and is given in the following theorem:

Theorem. Let 0 be a coadjoint orbit of the Lie algebra g, then the intersection of O and g,,, is
a symplectic orbit of the finite W-algebra W (g;t,).

Proof. Let again C = {xeg|$*(x) = 0}. The Hamiltonian vector fields X* = {¢".} form an
involutive system tangent to C and therefore C foliates. g,,, has one point in common with every leaf
and denote the canonical projection from C to g,,,, which projects an element x € C to the unique
point x’ € g,,,, by n. This map induces a map =, from the tangent bundle TC of C to the tangent
bundle Tg,, of g,,. Let f be a ‘gauge invariant’ function on C, ie. {f,@,}|c = 0 then obviously
X, ={f.}isasection of TC (i.. as a vector field it is tangent to C in every point of C). It need not
be an element of Tg;, however, but using the gauge invariance we can project it back onto the
gauge slice. This projection of X ; on to the gauge slice is given by 7,(X ;) € Tg,,. By construction,
the Dirac bracket now has the property that { f, .}* = n, (X ). What we now need to show is that
74 (X ;) is tangent to the coadjoint orbit ¢. Well, obviously we have 7,(X ;) = X, + Y, where Y is
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a tangent to the gauge orbit. Since the spaces tangent to the gauge orbits are spanned by the
Hamiltonian vector fields X * we find that Y is a tangent vector of ¢’. Because X, is by definition
a tangent vector of ¢ we see that n,(X,) is also tangent to the coadjoint orbit ¢. What we can
conclude is that the Hamiltonian vector fields on g,,, w.r.t. the reduced Poisson bracket are all
tangent to the coadjoint orbit and therefore the symplectic orbits are submanifolds of the coadjoint
orbits. The theorem now follows immediately.

Let us now recall some basic facts on coadjoint orbits of simple Lie algebras. Let f be an
adinvariant function on ¢, i.e. f(axa™ ') = f(x) for all ae G and x € g. Then we have

d d
0= 3 e ye ™m0 =3 (v + t0% M=o

d
= (grad, f,[x,y]) = ([grad, f,x],y) , (3.78)
which means that
([grad, f,grad,h],y) = {f,h}(y)=0. (3.79)

We conclude that any adinvariant function Poisson commutes with all other functions. Conversely,
any function that Poisson commutes with all others is adinvariant, because { f,h} =0 for all
h implies that X,(f) = 0 for all h, where X, is the Hamiltonian vector field associated to h, which
means that the derivative of fin all directions tangent to a symplectic orbit are zero.

Consider now the Casimir functions {C;};=1" of the Lie algebra g. Certainly, these Poisson
commute with all other functions and it can in fact be shown that the (co)adjoint (since we have
identified the Lie algebra with its dual the adjoint and coadjoint orbits coincide) orbits of maximal

dimension of the Lie algebra are given by their constant sets
C,={xeg|Cix)=p; weC;i=1,...,rank(g)} . (3.80)

Their dimension is therefore dime(g) — rank(g).

Coadjoint orbits are very important to the representation theory of (semi)simple Lie groups. In
order to see why let us recall the Borel-Weil-Bott (BWB) theorem [32]. Let G be a compact
semisimple Lie group with maximal torus 7 and let R be a finite-dimensional irreducible
representation of G. The space of highest weight vectors of R is one-dimensional (call it V'} and
furnishes a representation of T. The product space G x V is a trivial line bundle over G and its
quotient by the action of T (where (a,v) ~ (at,t " 'v) for ae G and t € T) is a holomorphic line
bundle over G/T (which is a complex manifold). Now, L. admits a G action (a, v) — (a’a, v), where
a,a’ € G and v e V, so the space of holomorphic sections of L is naturally a G representation. The
BWB theorem now states that this representation is isomorphic to R. The BWB construction has,
however, the restriction that it applies only to compact groups. There does exist however
a generalization of the BWB construction called the coadjoint method of Kirillov. In this method
one generalizes G/T to certain homogeneous spaces G/H which can be realized as coadjont orbits.
As we have mentioned above, a coadjoint orbit carries a natural (G invariant) symplectic form
w inherited from the Kirillov—Poisson structure and can therefore be seen as a phase space of some
classical mechanical system. One then attempts to quantize this symplectic manifold using the
methods of geometric quantization [33]. For this one is supposed to construct a holomorphic line
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bundle L over the coadjoint orbit such that the first Chern class of L is equal to the (cohomology
class of) w. If such a line bundle exists the coadjoint orbit is called quantizable. For a quantizable
orbit the bundle L can then be shown to admit a hermitian metric whose curvature is equal to .
The space of sections of L thus obtains a Hilbert space structure and is interpreted as the physical
Hilbert space of the quantum system associated to the coadjoint orbit. It carries a unitary
representation of the group G and in fact one attempts to construct all unitary representations in
this way. Obviously this construction is a generalization of the BWB method. Note: the fact that
generic groups have unitary irreducible representations only for a discrete set of highest weights is
translated into the fact that only a discrete set of orbits is quantizable.

From the above it is clear that the symplectic (or W-coadjoint) orbits of finite W -algebras are
extremely important especially in the study of global aspects of W-algebras. In order to see this,
note that coadjoint orbits are homogeneous spaces of the Lie group G in question, and it is
therefore tempting to interpret the symplectic orbits of W-algebras as W-homogeneous spaces.
These naturally carry much information on the global aspects of W-transformations. In the
notation used above the symplectic orbits of the finite W-algebra W (g;t,) are given by

0, =C, Gy » (3.81)

which are therefore (generically) of dimension dime(g;,,) — rank(g).

Let us give some examples. As we have seen, the finite W-algebras associated to principal sl,
embeddings are trivial in the sense that they are Poisson abelian. This means that all Hamiltonian
vector fields are zero and that all symplectic orbits are points. Again the simplest non-trivial case is
the algebra W{?. The two independent Casimir functions of sl are

C,=3Tr(J?) and C,=3Tr(J?), (3.82)

where J = J“t,. The spaces ¢, can be constructed by taking for J the constrained and gauge fixed
matrix

i 0 1
J=| G, =2j 0}. (3.83)
T G- j

One then casily finds
C,=3j*+T, C,=-2j>+G,G_ +2jT. (3.84)

Obviously dim(g,,) = 4 and introducing the variables z; =j;z, = G,; z3 = G_; z, = T we find
that

Opny ={2€C*|32] + 24 = py and 22,24 + 2,23 — 223 = Uz} (3.85)

The topological nature of these symplectic orbits becomes clearer if we insert z, = y; — 3z7 into
the second equation. We find that topologically @, ,. is equivalent to the two-dimensional surface
in C? determined by the equation

ZpZ3 = Uy — 2“121 + 82% . (3.86)
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Compare this to the coadjoint orbits of s/(2,C) which are given by [34]
ZaZy =z + 1. (3.87)

It is well known that the coadjoint orbits of s/(2, R) and su(2), which are real forms of s/(2, C), can be
found by considering the intersection of these complex coadjoint orbits with the appropriate real
subspaces of sl(2,C).

In this section we have seen that it is easy to find the coadjoint orbits of finite W-algebras by
using the fact that they are reductions of Lie algebras. Constructing these orbits would have been
much more complicated, if not practically impossible, if this information had not been used.

3.2.7. Semi-simple subalgebras of finite W-algebras

As we have seen, most finite W-algebras are non-linear, i.e. the commutation relations (Poisson
brackets) close on polynomials, not just linear combinations, of the generators. It is, however, not
uncommon for a finite W-algebra to have a linear subalgebra. We have actually already seen an
example of this in the case of the Runge-Lenz algebra which was a reduction of si(4). The
generators L in this algebra formed an sl(2) subalgebra of the Runge-Lenz algebra (which as
a whole was non-linear). In this section, we will discuss how linear subalgebras arise and how one
can predict them.

For this we need some basic facts on the theory of sl(2) embeddings. As is well known [35] s/(2)
embeddings into sl(n) are completely characterized by the way the fundamental (or defining)
representation of sl(n) branches into irreducible s/(2) representations. Furthermore, all conceivable
branchings are possible. So the fundamental (n-dimensional) representation of s/(n) can branch into
a direct sum of n,,n,,ns,... dimensional s/(2) representations as long as we have n = n; + n, +
ny + ---. The number of inequivalent sl/(2) embeddings is therefore equal to the number of
partitions of the number n. Conversely, any partition determines an s/(2) embedding up to inner
automorphisms.

We are now ready to explain when semi-simple subalgebras of finite W-algebras arise [29].
Suppose a certain sl(2) representation occurs m times in the branching of the fundamental
representation of sl/(n) then there will be an sl(m) subalgebra in the resulting finite W-algebra. For
example, in the case of the Runge-Lenz algebra one can easily check, using the explicit form of the
generators tp, ¢, and f_, that the four-dimensional fundamental representation of af{4) decom-
poses into a direct sum of two two-dimensional representations of s/(2). The partition of 4 corres-
ponding to this branching is 4 =2 + 2. The fact that the same representation occurs twice
immediately leads us to expect that there will be an sl(2) subalgebra in the resulting finite
W -algebra. Indeed, we know this to be the case. Another, rather trivial example is the case of the
trivial s/(2) embedding t, = t, = 0. This case corresponds to the partitionn =1+ 1+ --- + |, le.
the singlet of s/(2) is n-fold degenerate. We, therefore, expect an sl(n) subalgebra. This is of course
the original Lie algebra itself.

A much more interesting question is whether there exist non-linear extensions of the gauge group
SU(3) x SU(2) x U(1) of the standard model, i.e. finite W-algebras that contain its Lie algebra as
a subalgebra. The answer turns out to be affirmative. The smallest W-algebra that contains such
a subalgebra must be a reduction of at least sl(7) because we need in the branching of the
fundamental representation at least a double and a triple degeneracy. The smallest n for which it is
possible to do this is 7. The branching that does the trickis 7 =1 + 1 + 1 + 2 + 2. Due to the fact
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that the singlet ‘1’ has a threefold degeneracy and the doublet 2’ a double degeneracy we conclude
that the finite W-algebra will contain an s/(3) and an sl(2) subalgebra. The u(1) subalgebra will be
there automatically due to the fact that the second order Casimir descends to the finite W-algebra
and becomes a generator of it. The step from sl(n) to su(n) is then made by taking the appropriate
real form of the W-algebra, but we will come back to this later.

We conclude that it is not difficult to construct non-linear extensions of the gauge group of the
standard model. The next step would of course be to construct an actual gauge theory with this
non-linear gauge algebra. In doing so one might be helped by the fact that it is a reduction of, and
can be embedded into (by the Miura transformation), a Lie algebra. An obvious procedure would
therefore be to ‘break’ the symmetry of the linear theory to a non-linear subsymmetry by adding
terms to the action which are only invariant under the transformations generated by the non-linear
gauge algebra. This is the principle on which for example Toda theories base their non-linear
W -symmetry (we will come back to this later).

The W-algebra associated to the branching 7=2+2 + 1 + 1 + 1 can be embedded into (the
universal enveloping algebra of) su(5) @ su(2). One method of writing down a gauge theory based
on this W-algebra would therefore be to first consider an su(5) @ su(2) gauge theory and then to
add to its action terms invariant under the transformations generated by the W-algebra only.
A further discussion of finite W gauge theories will be postponed until Chapter 6.

4. Quantum finite W-algebras

In principle, a complete quantum description of finite W -algebras involves two things: First we
need to quantize the classical algebras constructed in the previous chapter by associating to them
appropriate non-commutative associative algebras. We come to this in a moment. The second step
is to construct the irreducible unitary representations of these quantum algebras on Hilbert spaces.

Unfortunately, the general problem of quantizing finite W-algebras is not solved. However, in
certain special cases, like the W -algebras associated to s/(2) embeddings, the quantization is known
[29]. In this chapter we discuss these results and add some new ones on finite W-algebras that are
obtained by reduction w.r.t. Cartan subalgebras. In the next chapter we discuss unitary highest
weight representations of finite W-algebras and describe some conjectures on Kac determinants
and character formulas.

In quantum mechanics, quantization amounts to replacing Poisson brackets by commutators,
sometimes denoted by

1
PORSISEY (4.

In a mathematically more sophisticated language, this amounts to replacing a Poisson algebra,
which is commutative and associative, (<, { .,. }) by an associative but non-commutative algebra
&/ depending on a parameter &, such that

[ ] Jj/h&{ jad J%O;

e if 7 denotes the natural map n: &/ — o/ /ho/ ~ o, then

{nX),n(Y)} =n((XY — YX)/h). 4.2)
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The first condition simply expresses the fact that in the limit # — 0 the original algebra is recovered
from the new one, while the second one tells you how to extract the Poisson brackets of the old
algebra from the commutators of the new algebra.

In most cases one has a set of generators for o7, and ./ is completely fixed by giving the
commutation relations of these generators.

For example, let <7, be the Kirillov—Poisson algebra K(%) associated to %, then a quantization
of this Poisson algebra is the algebra .o/ generated by J¢ and 4, subject to the commutation
relations [J4,J"] = hf*J¢ (note that here the J* are no longer functions on % but the quantum
objects associated to them). Obviously, the Jacobi identities are satisfied. Specializing to # = 1, this
algebra is precisely the universal enveloping algebra #% of 4.

To find quantizations of finite W-algebras, one can first reduce the s, Kirillov—Poisson algebra,
and then try to quantize the resulting algebras that we studied in the previous sections. On the
other hand, one can also first quantize and then constrain. We will follow the latter approach, and
thus study the reductions of the quantum Kirillov algebra

[J4J"] = hfeJe 4.3)

We want to impose the same constraints on this algebra as we imposed previously on the
Kirillov—Poisson algebra, to obtain the quantum versions of the finite W-algebras (¢4, .%.x).
Imposing constraints on quantum algebras can be done using the BRST formalism [36], which is
what we will use in the next sections. It is important to realize that we do by no means prove
uniqueness of the quantization of the finite W-algebra. There may exist other, non-equivalent
quantizations. The one that one finds by applying the BRST formalism starts with a specific
quantization of the Kirillov algebra, namely (4.3), and leads to one specific quantization of the finite
W -algebra. Clearly, this is the most natural one from the Lie-algebraic point of view, but it is an
interesting open problem to find out whether or not other quantizations of finite W -algebras exist.
One might, for example, examine what happens when one starts with a quantum group rather than
the quantum-Kirillov algebra. This might lead to g-deformations of finite W -algebras, which can
— if they exist — be seen as two-parameter quantizations of classical finite W -algebras.

4.1. BRST quantization of finite W-algebras

Recall that the constraints we want to impose read
Jr=J)=0. (4.4)

To make this into good quantum constraints, y must be promoted to a representation of the Lie
algebra . into some associative algebra, which is a quantization of the Poisson algebra in which
& was represented classically by means of y. This associative algebra will be denoted by %, . In the
cases where y = 0 or y is a one-dimensional character, this is trivial. For all other cases we will
simply assume this has been accomplished in some way or the other. Furthermore, we will take
h = 1 for simplicity; the explicit # dependence can be determined afterwards.

To set up the BRST framework we need to introduce anticommuting ghosts and antighosts
¢, and b? associated to the constraints that we want to impose [36]. They satisfy b*c; + ¢;b* = 0y
and generate the Clifford algebra CI(¥ @ ¥ *). The quantum-Kirillov algebra is just the universal
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enveloping algebra # %, and the total space on which the BRST operator acts is Q = %% ® %, ®
C ¥ ® £*). A Z grading on Q is defined by deg(J*) = deg(#,) =0, deg(c,) = +1 and
deg(h*) = —1, and we can decompose Q = (P, Q* accordingly. The BRST differential on Q is
given by d(X) = [Q, X ], where @ is the BRST charge

Q=("—xU"ea— 31 £5bcucy 4.5)
and [ .,.] denotes the graded commutator (as it always will from now on)
[A,B] = AB _(_l)degm~deg<mBA . (46)

Note that deg(Q) = 1. First-class constraints generate gauge transformations, and Q acts on
generators precisely as gauge transformations, with the parameters replaced by the anticommuting
ghosts c,. Roughly, the antighosts b* are needed to impose the first class constraints, whereas the
ghosts ¢, are needed to perform the gauge fixing on the constrained phase space.

The standard BRST complex associated to the first-class constraints is

Yo Ll -0 LICNYo LA g N 4.7)
Of interest are the cohomology groups of this complex, H*(Q;d), defined by

kerd: Q' - Q*
imd: Q% - Q¥*1~

H*Q;d) = (4.8)
By definition, the zeroth cohomology group is the quantization of the finite W-algebra. It is
straightforward to verify that the zeroth cohomology is indeed a closed, associative algebra. To
show that it is a quantization of the classical finite W -algebra is less straightforward, but can also
be done. If the gauge group H gencrated by the first class constraints acts properly on the
constrained phase space C, one expects that all higher cohomologies vanish, as they are generically
related to singularities in the quotient C/H. In particular, if y is a one-dimensional character related
to an s/, embedding, the higher cohomologies will vanish, but if it is zero, they will not. Later on we
will see examples of this phenomenon. In the mathematics literature, the cohomology of the BRST
complex is called the Hecke algebra #(9, ¥, y) associated to (¥4, .7, x). General Hecke algebras
have not been computed, apart from those where y is the one-dimensional character related to the
principal s/, embedding in . In that case it was shown by Kostant [37] that the only non-
vanishing cohomology is H%(€;d) and that it is isomorphic to the center of the universal
enveloping algebra. Recall that the center of the # % is generated by the set of independent Casimirs
of 4. This set is closely related to the generators of standard infinite W,-algebras; in that case there
is one W-field for each Casimir which form a highly non-trivial algebra [38]. We see that for finite
W -algebras the same generators survive, but that they form a trivial abelian algebra.

Since in the cases where y is a character related to an s/, embedding the BRST cohomology can
be completely calculated, we will first restrict our attention to this situation. In particular, we will
verify Kostants result, but also see that for non-principal sl, embeddings quantum finite W-
algebras are non-trivial. Later we will come back to the more general situation, in particular to
x = 0. Here, the general answer is not known, and related to some interesting and difficult open
problems in mathematics. Therefore, we will restrict our attention to a few examples to sketch the
general idea. But before that we first consider the cases related to sl, embeddings.
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4.2. Quantum finite W-algebras from sl, embeddings

As said previously, we want to compute the cohomology of (2;d). Unfortunately, this is
a difficult problem to approach directly. We therefore use a well known trick of cohomology
theory, namely we split the complex (; d) into a double complex and calculate the cohomology via
a spectral sequence argument. We will just sketch the idea, a more detailed treatment can be found
in [11]. Crucial is that the operator d can be decomposed into two anti-commuting pieces. Write

Q=00+ Qy, with
Ql = ch:x - %ﬁ'uﬁb}ycxcli ’ QO = —X(J1)61 » (49)

and define do(X) = [Qo, X ], d1(X) = [Q1, X ]. Then one can verify by explicit computation that
ds = dod; = d,dy = di = 0. Associated to this decomposition is a bigrading of @ =P, , Q'
defined by

deg(J*)=(—k, k), ift,e%,
deg(c,) =(k,1 — k), ift,e%, (4.10)
deg(b®)=(—k,k—1), ift, %,

with respect to which d, has degree (1,0) and d; has degree (0,1). Thus (2%';d,;d,) has the
structure of a double complex. Explicitly, the action of d, and d, is given by

A% = fdbe,, dile) = =3 fPepe,, dib®) =T+ f¥bicy

do(J*) = dolc,) =0, do(b*)=—x(J7). (4.11)
To simplify the algebra, it is advantageous to introduce
Je=Je+f%bicy . (4.12)

Our motivation is to introduce these new elements J¢ is twofold: first, similar expressions were
encountered in a study of the effective action for W5 gravity [39], where it turned out that the
BRST cohomology for the infinite W5 algebra case could conveniently be expressed in terms of J’s;
second, such expressions were introduced for the J¢’s that live on the Cartan subalgebra of ¢ in
[40], and simplified their analysis considerably. In terms of J we have

dl(ja) =f;"aajicx > dl(cot) = —%f;ﬁycﬁc}' ] dl(ba) = jm °
do(J*) = —f7(J) s, dole) =0, (4.13)
do(b®) = —x(J7) . (4.14)

Now that we have a double complex, we can apply the techniques of spectral sequences [41] to it,
in order to compute the cohomology of (2; d). The idea behind spectral sequences is to find a series
of complexes (Q;;D;), j =0, such that Q, = Q, such that Q;,; = H*(Q;,D;) and such that
Q. = H*(Q;d). In practice this is only a convenient technique if the spectral sequence degenerates
at some point, which means that Q; does not change anymore for j larger than some j,. If a complex
is actually a double complex, like in our case, two natural spectral sequences exist. One of these has
Dy =dy and D, = d,, the other one has Dy, = d; and D, = d,.
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The first people to propose using the theory of spectral sequences in the setting of W-algebras
were Feigin and Frenkel [40]. In fact, in this way they computed the BRST cohomology in the
infinite-dimensional case but only for the special example of the principal s/, embedding (which are
known to lead to the Wy algebras). However, their calculation has the drawback that it is very
difficult to generalize it to arbitrary embeddings and that it constructs the cohomology in an
indirect way (via commutants of screening operators). Their spectral sequence was based on
a double complex, within the notation introduced above, Dy = d; and D, = d,,. In [29] it was first
proposed to calculate the BRST cohomology using the other spectral sequence with Dy = d, and
D, =d,. As it turns out this has drastic simplifying consequences for the calculation of the
cohomology.

4.2.1. The BRST cohomology
The following theorem [29] gives the BRST cohomology on the level of vector spaces.

Theorem. As before let 9,,, = 4 be the kernel of the map ad, : % — %. Then the BRST cohomology is
given by the following isomorphisms of vector spaces

H*(Q2;d) ~ (U%,.) 00,0 - (4.15)

The computation of the BRST cohomology is simplified considerably due to the introduction of
the new set of generators J4 The simplification arises due to the fact that H*(Q;d) ~ H*(Q,eq;d),
where Q.4 is the subalgebra of Q generated by J*and ¢,. We will not prove this here, but note that
it is nothing but the statement that the antighosts b* impose the constraints. The subalgebra Q,.4 is
a quantum version of the constraint phase space we have seen previously. The reduced complex
(Q2,cq;d) 1s described by the following set of relations:

dl(j&) =f~,‘-a&jy_ca , dilc) = —%ﬁxﬂycﬂﬁ; > do(ji) = —fy&ﬂX(ﬂ)Cﬁ ,

g e o i 4.16)
do(c.) =0, [JLTFA =277, [J%¢]=—f¢,» [Cwrcs]=0.
At this stage we apply the spectral sequence technique. The inconvenient choice Dy = d; and
D, = d, would lead us to compute the cohomology of d; on Q4. This turns out to be very hard,
and in addition the spectral sequence will not degenerate ever. In other words, we would have to
compute cohomologies infinitely many times in order to find the final answer. The choice D, = d,,
and D, = d, is much more convenient, it turns out that the spectral sequence already degenerates
after the first step, i.e. after taking the D, cohomology, so that Q. = Q,. Therefore, all that remains
is to compute the d, cohomology of Q,.4. To get an idea of the d, cohomology, we rewrite dq(J%) as

do(J*) = —Tr([x(J7)t,,t*1tPcg) = —Tr([t+,t7]tPcy) . (4.17)

From this it is clear that do(J*)=0 for t*€,,. Furthermore, since t:€ % ®%- and
dim(%,,,) = dim(%,), it follows that for each B there is a linear combination a(f),J* with
do(a(p)zJ*) = c;. This can be used to prove that

Hk(Qred;d1) = ® q:[jijék,o = (%glw)ék,o . (4.18)

tz €%,
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Because the spectral sequence stops here, the total cohomology of (;d) is the same as (4.18), and
this proves theorem. We see that the ghosts ¢, have been ‘used’ to keep only the generators in %,,,.
This is the quantum counterpart of the gauge fixing procedure we saw previously.

As expected, there is only cohomology of degree zero, and furthermore, the elements of %;,, are in
one-to-one correspondence with the components of ¢ that made up the lowest weight gauge in
Chapter 1. Therefore, H*(Q2;d) really is a quantization of the finite W-algebra. What remains to be
done is to compute the algebraic structure of H*(Q2;d). What we have computed in the previous
theorem is an isomorphism of vector spaces rather than an isomorphism of algebras. The only
thing that (4.15) tells us is that the product of two elements a and b of bidegree (—p, p) and (—gq, q) 1S
given by the product structure of #%,,,, modulo terms of bidegree (—r,r) with r < p + q. To find
these lower terms we need explicit representatives of the generators of H%(Q;d) in Q. Such
representatives can be constructed using the so-called tic-tac-toe construction [41], another
important ingredient of the theory of spectral sequences: take some ¢, € 4,,,, of bidegree (—p, p).
Then do(¢o) is of bidegree (1 — p,p). Since d,do(po) = —dod (o) =0, and there is no d, co-
homology of bidegree (1 — p,p), do(do) = di(¢,) for some ¢, of bidegree (1 — p,p — 1). Now
repeat the same steps for ¢, giving a ¢, of bidegree (2 — p,p — 2), such that dy(¢,) = d(¢,). Note
that d,dy(¢,) = —dod(¢,) = —dé(¢) = 0. In this way, we find a sequence of elements ¢; of
bidegree (I — p,p — 1). The process stops at [ = p. Let

)= 3 (=1 (.19

Then dW (¢) =0, and W (@) is a representative of ¢, in H°(Q2;d). The algebraic structure of
H°(Q;d) is then determined by calculating the commutation relations of W (¢) in Q, where ¢ runs
over a basis of 4,,,. This is the quantum finite W-algebra. The non-linearity comes from the fact
that the ¢, are polynomials of order [ + 1 in the hatted generators J.

Let us now give an example of the construction described above.

4.2.2. Example

Consider again the non-principal s/, embedding into sl; associated to the following partition of
the number 3: 3 =2 + 1. We constructed the classical W-algebra associated to this embedding
earlier. We shall now quantize this Poisson algebra by the methods developed above. Take the
following basis of sl;:

5 2 ™ on
4
rata = r6 —3— r3 . (420)
r r e 15
8 7 6 2
Remember that (in the present notation) the s/, embedding is given by . =1, t, = —ts and

t- = tg. The nilpotent subalgebra ¢, is spanned by itl’ t3} 4, by{tz, ta,ts,te} and G- by {t;,t5}.
The d, cohomology of Q,.4 is generated by {J*,J7,J° J8}, and using the tic-tac-toe construction



174 J. de Boer et al./Physics Reports 272 (1996) 139-214

one finds representatives for these generators in H%(Q,.4;d):

W(j“) — j4 , W(f6) — js , W(j7) — j7 _%jzjs _%j4j2 +

W8 =J8 +5T5T5 +J2J6 —J°.
Let us illustrate the tic-tac-toe construction by working out the form of W (J7) in somewhat more
detail. Starting with J7, we find

di(J7y=J2%c, —3J%c; —3JT%; . (4.22)
To find a ¢, such that dy(¢,) equals this, one can either write down the most general form of ¢,
with arbitrary coefficients,

b1 =aJ2T* + ayJ2T% + a3 T35 + a, J4T? + asJ2T®

+ a3 T* +a.J5T% +agJ? + asJ?, (4.23)

or make a more clever guess using the form of do(J %) = 2¢, and do(J2) = —c5. In our case, this
immediately tells us that a; = a3 = a5 = ag = a; = 0, and that a, =% and a, = 3. The value of
ag and ao have to be fixed by explicit computation, and one finds

b, =1F2F5 41452 172 (4.24)

leading to the form of W (J7) in (4.21).
Let us introduce another set of generators

C=—3W(JIS—sWw(IHWJI* -1,

T2
J=,

Naj=

(4.21)

. P : sav .4 %e (4.25)
Jo==3W{UY+1, j.=W{J"), j-=3W(J°).

The commutation relations between these generators are given by
[j09j+]=2j+ 5 [jO’j—]=—2j— > [j+7j—] =.]02+C> (426)

[C.j+1=[Cj-1=1[Cjol=0.

These are precisely the same as the relations for the finite W algebra given in [10] and (2.26).
Notice that in this case the quantum relations are identical to the classical ones. The explicit
h dependence can be recovered simply by multiplying the right-hand sides of (4.26) by A.

In the appendix we also discuss the explicit quantization of all the finite W -algebras that can be
obtained from sl,. There one does encounter certain quantum effects, i.e. the quantum relations will
contain terms of order A2 or higher.

4.2.3. Quantum Miura transformation

In Section 3.2.4 we saw that there exists a realization of classical finite W-algebras in terms of the
Kirillov-Poisson algebra # (%4,). A similar Miura transformation can be constructed in the
quantum case, using the explicit form of the generators as described at the end of Section 4.2.1.
Denote by W ()% ° the part of W (¢) of bidegree (0, 0), so it is (— 1)? ¢, in the notation of (4.19). The
quantum Miura transformation is simply given by the map W (¢) —» W (¢)°°. As was shown in
[11], this map is an isomorphism of algebras. The generators J%, with & restricted to %, form an
algebra that is isomorphic to #%,, the universal enveloping algebra of %,. As we will see later, these
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facts play an important role in the representation theory of finite W-algebras. Let us illustrate the
quantum Miura transformation for the example we considered in the previous section. If we
introduce s = (J* + 3J%)/4, h=(J% — J*)/4, f=2J% and e = J?/2, then h,e, f form an sl, Lie
algebra with [h,e] =e, [h, f]1= —f and [e, f] = 2h while s commutes with everything. The
quantum Miura transformation one finds from (4.25) by restricting these expressions to their
bidegree (0,0) part reads, in terms of s, e, f, h,

C=—3(h* +zef+3fe) =58> +5s— 1,

2 - (4.27)
H=2h—-3s+1, E=-2(s—h—1)e, F=5f.

4.3. Quantum finite W-algebras not from sl, embeddings

As promised, we now turn to the more difficuit case of finite W -algebras that cannot be obtained
from sl, embeddings. Important is the case where we take y = 0, which we will study first. In
general these BRST cohomologies are very difficult to calculate. One exception to the rule is the
case where one chooses . to be the Cartan subalgebra (we considered the classical counterpart of
this case in the previous chapter). We explicitly quantize this algebra in the case of si(3).

431 =0
The BRST charge in this case reads

Q=J%,—3£bc,ey . (4.28)
The action of the differential d is given by

dJ®) =f0%,, d(c,)=—3fPcpe,, db*)=J*+f"bc,. (4.29)
To simplify the algebra, it is again advantageous to introduce

Je=J+ [ bicy . (4.30)
In terms of J we have

d(J*) =f2J%c,, dic,) = —3flcse,, db™)=J*. (4.31)

Here 7 runs over a basis of the orthocomplement ¥+ of &, % = ¥+ @ .#. Notice that in contrast
to the cases obtained from s/, embeddings, £ * need not be a closed Lie algebra itself. This makes
life extra complicated.

Although we have made a simplification by going to the hatted generators J¢, they satisfy more
complicated commutation relations than the original generators J¢. They read

[ja’ jb] :fcabjc R b“cﬂ( y_ﬁbf;y'a +f~;vaﬂfjb) ,
[Ca’ja] =f;“/5(:’f ' [bﬁa ja] :ﬁﬁabd .

Let us define #* as the vector space spanned by all products of at most p generators J¢ and

arbitrarily many ghosts and antighosts. Clearly, the differential d preserves this space. Further-

more, the relations (4.32) show that # 7% ¢ = # P*9and that the induced algebraic structure on the
quotient # 7/# P~ ! is precisely that of a set of commuting variables J¢ and anti-commuting

(4.32)
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variables b* c,. These are just the classical relations between the variables. The subspaces & ?
define a so-called filtration of 2, and associated to such a filtration is another spectral sequence
[42]. What we have shown here is that the computation of the first term in this particular sequence
is equivalent to the computation of the cohomology of d assuming classical commutation relations
between the J? and the ghosts. It would be great if the spectral sequence would degenerate after this
first step, but although we expect that this happens in many cases, we do not have a general proof.
The problem is that certain higher cohomologies will survive, and to show that the spectral
sequence degenerates one has to do an explicit computation of all the higher operators D;. To avoid
this problem we will from now on assume that the spectral sequence indeed degenerates after the
first step, but keep in mind that in all explicit examples this has to be verified explicitly.

The problem has now basically been reduced to a ‘classical cohomology’ computation. The
following observation is that we can (like in the sl, case) go to a reduced vector space consisting of
polynomials in ¢, and J7 (using the Kiinneth theorem, see also [29]). Let V.. denote the
commutative algebra freely generated by the J7. V. is nothing but the constrained phase space we
have seen previously. We want to compute the cohomology of d on V.. ® A.Z*, the last term
A Z* representing the ghosts ¢,. This particular cohomology problem is a well-known one in
mathematics. Since .Z* is an % * module in the obvious way, so is V., and the cohomologies we
are computing are nothing but the Lie algebra cohomologies H"(Z*, V. .). Alternatively, they can
be described in terms of the Ext groups Exty««(C, V1), which might be computable if we had
a resolution of V. in terms of injective #.¢* modules, but we do not know how to write down
such a resolution. In any case, if the spectral sequence degenerates after one step and we would
know these Lie algebra cohomologies, to obtain the final full result for the original problem still
requires an additional amount of work. First, we have to use a tic-tac-toe type of construction to
find the explicit generators, and secondly, we have to compute their commutation relations. In the
latter we have to be careful to identify terms which differ by a BRST exact expression. Altogether
the result of this procedure will be that the BRST cohomology is a quantum deformation of the
classical Lie algebra cohomology, granted that the spectral sequence degenerates after the first step.

Extra subtleties further arise if one wants to write down a generating basis for the quantum finite
W -algebra. The number of generators may be much smaller than the number of generators of the
corresponding classical Poisson algebra. This is due to the fact that the Poisson algebra is
commutative, and the quantum algebra is not. Take for example 4 = sl,, and .¥ = 0. In this trivial
case the classical algebra is the Kirillov—Poisson algebra based on sl,, with generators J~,J°% J .
The quantum algebra is the quantum-Kirillov algebra (4.3), but this one is generated by just J * and
J~, by virtue of the relation J° = 1/A[J*,J~]. This relation becomes singular in the limit # — 0,
explaining the apparent discrepancy between the two. Similar phenomena take place in conformal
field theory, see [43].

Since the zeroth cohomology H®(# *, V1) is simply the space (V1)*" of £ * invariants of V.,
and the quantum W-algebra is by definition the zeroth cohomology, we find that the quantum
finite W algebra, assuming the spectral sequence degenerates, is as a vector space isomorphic to
(Ve1)?". To give a basis of this space with its classical multiplication rule is a problem of the
so-called invariant theory. The answer to this question is known only for special V. and £*.
Again, this resembles closely the situation in conformal field theory as explained in [43]. Thus, even
classically we cannot in general give a minimal set of generators of the algebra (¥4, #,0).

To illustrate these rather abstract statements we will now give a few examples.
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4.3.2. The algebra (4,%%,0)

Suppose that we have chosen & as in the case of an sl, embedding, but with y = 0. This problem
is interesting for a variety of reasons. Firstly, in the case of the principal s/, embedding it is an
interesting open problem in mathematics. And secondly, it is the first term in the ‘difficult’ spectral
sequence that we encountered before in the case where y was a one-dimensional character, and
might shed some light on the W-algebras obtained from s/, embeddings. More generally, we can
look at any ¢ which is the positive eigenspace of some grading element § of the Cartan
subalgebra. The nice feature of this case is that £+ = 4~ @ %°is a closed subalgebra. That implies
that we can rigorously reduce the cohomology problem to one for the subalgebra generated by J7
and the ghosts ¢,. The classical zeroth cohomology can easily be worked out, it is just the
Kirillov—Poisson algebra based on %°. According to the spectral sequence argument above, the
quantum algebra can as a vector space be at most isomorphic to this. On the other hand, by explicit
computation one verifies that the quantum-Kirillov algebra based on 4° is contained in the
quantum algebra. Combining these two facts proves

HY%,%%,0) = u%° . (4.33)

The really difficult problem is to compute the higher cohomologies here. For this, we only know the
answer for sl,, if 47 is generated by J*. Then

H'(sl,,%%,0)=cC[J"]. (4.34)

4.3.3. The algebra (4,7 ,0)

In this example we choose ¥ = 7 to be the maximal torus of . Now, % * is no longer a closed
subalgebra. However, we are in the fortunate circumstances that J* = J*. This means in particular
that the quantum algebra is generated by expressions

Jods T, (4.35)

where J,, is the generator J7 associated to the (positive or negative) root «;, and ¥ ; = 0. To find
a minimal basis is a separate problem. For example, for sl; a set of generators is

Ar=J,J-,, As=JJoy,, As=J, 4050,
B =30 Jduin, = Judid o) (4.36)
C=2-J-0dssn, + I I J -5 —0) -
The BRST charge in this case is
Q=coHo+cHy, (4.37)

[STE N N

where Hy = [J,,,J -,,] and H; =[J,,,J_,,]. This is an example where the commutators do not
close in themselves, but only modulo BRST exact expressions. For example, when working out
[A;, C] one encounters the expression [J,,,J —,, ], which lives in the Cartan subalgebra. Elements
of the Cartan subalgebra can be moved to either the left or the right of an expression. Only if they
stand to the left or right will the resulting expression be BRST exact (it is the d of an anti-ghost
times something) and can be put equal to zero. In this way we find [ A,, C] is purely BRST exact, so
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the commutator vanishes. The final result for the quantum algebra can be conveniently expressed
as follows. Introduce

B=B+3h(A; — Ay + A3) . (4.38)
Then the brackets are
[Ai, Ais1]=20B, [A,B]l=h(Ai14i— Aidiy), (4.39)

which is indeed a quantum deformation of the classical result. The generators satisfy the following
relation

C2—B2=3(A, 4,45+ A3AA) + 5h(4, — A, + 43)%. (4.40)

It is amusing to note that in this particular case with .# equal to a maximal torus there is an exact
result for the zeroth cohomology,

HY(Y,7,0) = (U%)” |T . (4.41)

In the right hand side, we first perform a gauge fixing by looking at the centralizer of . In this
resulting algebra, 7 generates a left ideal and we can divide out by this ideal, corresponding to
imposing the constraints. Thus we have interchanged the usual order of first imposing constraints
and then gauge fixing.

4.3.4. Further finite W-algebras

The last case we have not considered so far is when y is some representation of . in a non-trivial
algebra. An example is to take ¢4 = sl3, .# equal to the upper triangular matrices, and a representa-
tion of y in the one-dimensional Heisenberg algebra generated by p and g with [p,q] = 1.
Explicitly, one can take x(J,) =p, x(J,,) = ¢, and x(J,, +.,) = 1. In this case one presumably
recovers W3, the p and g corresponding to a set of auxiliary variables that can also be introduced
in the infinite-dimensional case [44]. In fact, from the infinite-dimensional case [45] we know that
the analysis for higher dimensional representations ¥y may become more complicated in that the
spectral sequence does not degenerate after the first step any more. For certain higher dimensional
¥ that are inspired by s/, embeddings, one can nevertheless still compute the cohomology exactly.
For all other type of representations y, little is known, and this remains a region consisting of a vast
number of new unexplored finite W-algebras. If %, is isomorphic to a copy of #.Z, and y is the
isomorphism between the two, then the cohomology reduces essentially to #% <, the space of
£ invariants in 4. For some cases, this space of invariants has been studied in [46]. In addition, we
want to mention that there exists an alternative method to quantize W-algebras [31]. Using this
method one finds a faithful *-representation of the maximally non-compact real form (see next
chapter) of a given finite W-algebra.

For applications to physics we are interested in the representation theory of quantum finite
W -algebras. This is the subject of the next chapter.

5. The representation theory

We now turn to the representation theory for finite W-algebras. Physically, the representations
that are most interesting are the unitary irreducible representations on Hilbert spaces. However, as
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finite W-algebras are non-linear it is not completely obvious what unitary representations are.
Usully, a representation of a group is called unitary if all group elements are represented by unitary
operators on some Hilbert space. For finite W -algebras there is no such thing as an abstract group
which one can get by exponentiating the algebra. Nevertheless, it is possible to define the concept of
unitarity for finite W-algebras. The reason for this is that if the generators of a finite W-algebra are
represented by (finite) matrices one can exponentiate them without runing into trouble because
exp(A4) converges for any matrix A. Therefore, even though there is no formal grouplike object
associated to a finite W -algebra we can exponentiate its elements in any given representation. Now,
not every element of a complex finite W-algebra can exponentiate to a unitary matrix, as we will
explain in a moment (this is also true for the Lie algebras). It is therefore necessary to consider real
forms of finite W-algebras before one addresses the problem of constructing unitary repesenta-
tions.

Deriving finite W -algebras from compact (real) Lie algebras such as su(n) is complicated by the
fact that these Lie algebras do not admit Gaussian decompositions. The question therefore arises
whether the constructions developed up to now are physically interesting at all, as non-linear
algebras involving compact Lie algebras seem not to be included. In fact they are included. The
point is that one should consider the Lie algebras discussed above as complex Lie algebras, that is
sl(n) means si(n; C). Applying the reduction procedures one obtains complex finite W -algebras.
Only then should questions about compactness and unitarity be addressed by studying the real
forms of the complex W-algebra. As we shall see, a given finite W -algebra admits many real forms
not all of which admit unitary representations.

The next problem we address is defining the concept of a highest weight representation. For this
one needs a Poincaré-Birkhoff-Witt (PBW) like theorem for finite W-algebras. Using this we
discuss some conjectures for the Kac determinants and character formulas for finite W highest
weight modules. These conjectures were proposed in [12], although a discussion of the PBW
theorem, of real forms of finite W-algebras and some other details are lacking in [12].

5.1. Real forms and unitary representations

Let #°“ denote a complex finite W -algebra (where we explicitly specified the fact that the algebra
is a module over the complex numbers) obtained from a complex Lie algebra by the construction
discussed in the previous sections. A representation p: % “ — lin(#), where (#,{.,. ) is a (com-
plex Hilbert space), can never be such that exp(p(W)) is a unitary operator on # for all W e #".
One can see this as follows. For exp(p(W)) to be unitary, we must have

exp(p(W))" = exp(p(W))™ ", (5.1)
from which follows
pW) = —p(W). (5.2)

Suppose (5.2) holds for W e #". Now consider W' =iW. We have p(W")' = (ip(W))' =
—ip(W)' = p(W'). From this it follows that exp(p(W')) is not unitary. We see that W and iW can
never simultaneously give rise to a unitary operator.

What one needs to do is go to ‘real forms’ of % °. It is clear from the argument above, that if
exp(p(W)) is unitary, then exp(p(xW)) is also unitary, provided o is real. Real subspaces of
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W~ therefore have a chance of being represented unitarily. These real vector spaces should,
however, be invariant with respect to taking commutators. This requirement leads one to consider
the so-called anti-involutions of order 2 of #".

A two-anti-involution of a complex finite W-algebra #°© is a map w: %% — #°° such that

1 =1,
2 ow + pw;) = dw(w;) + fo(w,), (53)
Q) owiwy) = ow)o(w,),

where « and B are complex numbers and w;,w, e #°C. From (1) it follows that w has two
eigenvalues: 4+ 1. Consider the negative eigenspace of w

WE={WeW | loW)=-W}. (5.4)
This space is actually a real subspace of #°, as one can see as follows: let W € #" and « € C, then
w(@W) = —aW.If aW is to be an element of #°©, we must have & = a. We conclude that aW is

only an element of %'C if a is real.
#°€ is also closed under commutation, because

o([wy,w,]) = [o(w,), ©(w,)] (5.5
by property (3). Therefore, if w,,w, € #°¢, we find
o([wy,w2]) = —[wi,w,], (5.6)

which means that [w;,w,] is an element of ¥ if w, and w, are. #°C is therefore actually
a subalgebra of #°C. We have thus found a closed real subalgebra of #* that stands a chance of
admitting unitary representations. From now on we denote the space # '€ by # ., where we have
made Cthe o dependence explicit and in analogy with the Lie algebra case we call it a ‘real form’
of w.

A unitary representation of the real form % R is now defined as a representation of #", in some
(complex) Hilbert space »# (with inner product {.,.»), such that for all elements W e #~ X

exp(p(W))" =exp(p(W))~*, (5.7)
or, equivalently,
p(W)' = pl@(W)) = —p(W) . (5.8)

In general, not all real forms of a given #°* algebra will admit unitary representations and in this
sense the situation is similar to that in group theory.
Let us look at some examples. Consider again the (complex) finite W-algebra

Ljosj+1=%2j.:, [j+.j-1=jd+C. (5.9
This algebra has two independent anti-involutions @, and w,, given by

wy(jo) =jo , w2(jo) = —Jjo,

w1(js) =Jjz, @2(j:)=2js, (5.10)

01(C)y=C, w(C)=C.
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The negative eigenvalue eigenspace of @, is spanned by
3(=1)"" Yoy, ... O, — O, --. ) (5.11)
and
3(—i)"(oy, ... 0k, + Oy ... 0k,) (5.12)
forO0<p<nk,e{l,...,4},and n=0,1,2..., where
oy =1jg, Gy =jsy —j-, o3=1(js +j-), 04=1C. (5.13)
The non-zero commutation relations between the generators g, read

[61,0,] =205, [062,03] =20, —2ic}, [03,0,]=20,. (5.14)

This is the real form of (5.9) with respect to w;. The unitary irreducible representations of this
algebra were constructed in [10]. The two-dimensional representations read

_(i(x+1) 0> 0 J2x
T 0 =) "2"(_\/5; 0o )’

_( 0 2 (il +x?) 0
03—<i 2x 0 >’ 64_< 0 _i(l_x2)>’ (515)

where x > 0 is real. Note that exp(a,0,) 1s unitary for all real numbers «,.
Now consider w,. In this case, the negative eigenvalue eigenspace is spanned by

(=) YSk, ... Sk, — Sk, -~ Si,) (5.16)
and

3(—1)"(Sk, - S, + St .- Si,) (5.17)
with for 0 < p <nk,e{3,+,—,0},and n=0,1,2 ..., where

Ss=jo, Sy=1ij+, S_.=j., So=iC. (5.18)

The non-zero commutation relations between the generators read
[S5.8,1=+2S,, [S:,5_1=iS3+S,. (5.19)

This real form cannot have a non-trivial finite-dimensional unitary representation. In order to see
this, assume that v, is an eigenvector of S; (where we omit explicit reference to the representation
p). As S5 = —S, in a unitary representation, all eigenvalues of Sy are purely imaginary, i.e.
S3v9 = (14)vg, where A € R. Now, consider the vector S, v,. It is also an eigenvector of S5, as follows
from

S3SiUO=(SiS3izsi)v():(i}viz)sivo, (520)

but with eigenvalue iA + 2. This contradicts the fact that S; only has purely imaginary eigenvalues,
therefore S, v, must be zero. This means that the representation is at most one-dimensional.
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5.1.1. Real forms of general finite W-algebras

In the previous section we have demonstrated that real forms of a complex finite W-algebra can
be obtained from anti-involutions w. Since our construction of finite W -algebras is based on the
computation of a certain BRST cohomology, the question arises whether real forms of the Lie
algebra lying above can be used to construct ones of the finite W-algebra. In the example we just
considered, one can, however, easily convince oneself that none of the two anti-involutions comes
from any of the three real forms of s/3 (corresponding to sl(3, R), su(3) and su(1, 2)). To understand
what causes this, notice that if the BRST operator is given by d(X)=[Q,X], then an anti-
involution w of ¥ descends to an anti-involution of H*(d) iff H*(d)= H*(w(d)), where
o(d)(X) = [w(Q),X]. In particular, a sufficient condition for this to happen is that w(Q) is
proportional to Q. Put differently, an anti-involution on ¥ gives rise to one on the finite %~ algebra
(9, %,x), if o(£)=2% and [w,x] =0. For example, this shows that the anti-involution
w(X) = — X of 4 always gives rise to an anti-involution of (¢, #, 0).> It is unknown whether or not
any other anti-involutions of these algebras exist, and since we will not discuss their representation
theory in detail, we will, for the remainder of this section, focus on those W-algebras that can be
obtained from sl, embeddings. Let us denote the generators of sl, by {t_,to,f.}, and the
corresponding images in ¢ by J~,J°,J*. Furthermore, we will assume that the one-dimensional
representation y is given by y(J*) = £, where now ¢ is an arbitrary complex number. The Lie
algebra 4 can be decomposed in terms of the half-integral eigenvalues of ad(J°) as 4 = @n AL
(see also (3.30)). Naively, one would think that the choice of ¢ is irrelevant, since there is an
automorphism of ¢ where every element of 4™ is rescaled by A" for some non-zero complex
number 4, and one can use this to put £ = 1. However, this rescaling does not scale the generators
in terms of the anti-commuting variables b c, and the J° contains terms with different ad(J°)
eigenvalues. Therefore, varying & gives a one-parameter family of finite W-algebras that are not
necessarily isomorphic. An interesting situation arises when £ is purely imaginary. In that case, the
anti-involution w(X) = — X of ¥ satisfies [w, y] = 0 and gives rise to an anti-involution on the
corresponding finite W-algebra. In particular, the second anti-involution w, in (5.10) can be
obtained in this way, since for the embedding that describes the algebra W 3> it turns out that the
resulting algebras are isomorphic for all £. More explicitly, for arbitrary £ the algebra (5.9) becomes

Losj:l=%2j+, [j+,j-1=¢1j5+C. (5.21)

One sees that indeed for purely imaginary £ an anti-involution is obtained by sending each
generator X to —X. A subsequent basis transformation C - ¢~ 'C and j, — &7 'j, yields exactly
the anti-involution w, in (5.10). Notice that taking £ imaginary brings one automatically in the
basis described in Eqgs. (5.18) and (5.19).

In general, we will call the finite W-algebras that one gets for imaginary &, with their correspond-
ing anti-involution, the maximal non-compact real form of (¥4, .%, ). In analogy with the corres-
ponding situation for Lie algebras, these algebras do not have any interesting finite-dimensional
unitary representations. The argument is the same as the one we presented for the case of W3 at
the end of the previous section.

3 We assume here and in the sequel that a basis of % with real structure constants has been chosen, typically the one
corresponding to the maximal non-compact real form of ¢, which for % = sl(n,C) is sl(n, R).
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To have a more interesting representation theory, we would like to have the analogue of the
compact real form for finite W-algebras, like the anti-involution @, in (5.10). The construction of
this real form is somewhat more involved, since it cannot be induced from one on ¥. Let us denote
the parabolic subalgebra @, _, 9" of ¢ by 2, the centralizer of sl, in & by £, the restriction of
the Cartan subalgebra to # by #, and the orthocomplement of #% in # by #; (so
H = Hs @ Hx). The centralizer of # and ¥ is a direct sum of some subalgebra % (with Cartan
subalgebra #5) and the u(1) factors of #". This algebra %s plays an important role in the discussion
of the representation theory [12]. In most cases, ¥s is the subalgebra of ¢ in which the s/, is
principally embedded. " is precisely the semi-simple subalgebra of the finite W-algebra described
in Section 3.2.7.

In Section 4.2.1 we saw that the computation of the BRST cohomology could be reduced to one
for a reduced complex, where only the J¢ which are not in % appear. If there are no degree 3
subspaces in %, so that 4*(1/2) = ¢ and the grading provided by ¢, is integral, then exactly the J¢
that correspond to the parabolic algebra # appear. If the degree 3 subspaces are non-zero, then
there exists an other, equivalent formulation of the BRST cohomology involving auxiliary fields,
and one can go to a modified reduced complex, where still only generators of 2 appear. Rather
than trying to reduce an anti-involution of the whole Lie algebra ¢, we can also try to start with
one of the reduced complex and reduce that to the finite W -algebra. It is straightforward to analyze
what conditions such an anti-involution has to satisfy and one finds that any anti-involution w of
the parabolic algebra 2 gives rise to one of the finite W-algebra (¢4, &, ) if o(J ") = (£/&)J .

To prove the existence of anti-involutions is not so easy in general. For example, the existence of
the Cartan involution for ordinary Lie algebras becomes only transparent in certain distinguished
bases of the Lie algebra, like the Cartan—Weyl basis. We do not have similar distinguished bases of
# at our disposal, so that we can only conjecture the following.

There exists an anti-involution on & which restricts to the Cartan involution on .#" and to minus
the identity on #5. We will call the corresponding real form of the finite W-algebra the compact
real form.

In all known examples such an anti-involution exists. For example, in the example in the
previous section the anti-involution of 2 corresponding to the anti-involution @, in (5.10) is

a—b 0 0 a+b 0 0
w| ¢ =2a 0 = d —2a o0 |. (5.22)
¢ d a+b e ¢ a—>b

Another example is the finite W-algebra corresponding to the s/, embedding in s/, under which the
fundamental representation of sl, decomposes as 2 @ 2. In that case

(A 0\ _(B" 0
o4 0)-(% 0, o9

where A, B, C are two by two matrices.
It is an open problem to classify all possible real forms of finite W-algebras, and to prove the
existence of a compact real form in general.
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5.2. Highest weight representations

In this section we work out the construction of highest weight representations of finite W-
algebras, and the conjectured form of the Kac determinant and the Kazhdan-Lusztig conjecture
for such representations [12]. The latter relates the characters of highest weight representations to
those of irreducible representations.

The definition of highest weight representations of Lie algebras uses the decomposition of the Lie
algebra into generators corresponding to the positive roots, the negative roots and the Cartan
subalgebra. A highest weight module is built by acting on a particular vector with arbitrary
negative root generators. This vector is by definition annihilated by all the positive root generators,
and has specific eigenvalues with respect to the generators of the Cartan subalgebra. If the
Hamiltonian of a physical system would be part of the Cartan subalgebra, a physical motivation to
look at such representations would be that their energy is bounded from below.

To imitate this construction, we need a similar type of decomposition of the finite W-algebra.
The part of the Cartan subalgebra which survives in the finite W-algebra is precisely 5, and every
generator of the finite W-algebra has well-defined eigenvalues with respect to the adjoint action of
the generators of #,-. Thus we can associate to every generator of the W-algebra a root in the root
space # 3, which is the dual of #,. To find out what are the positive and negative roots, we
assume there is an automorphism of the Lie algebra ¥ which maps % into a subalgebra generated
by {E..,H, }ies, Where S is a subset of the set of simple roots of 4. From now on we will assume we
are in a basis of ¥ where this is the case. Any root « of ¢ can be orthogonally projected onto an
element (called n(x)) of the root space #%. The image of the positive roots of % under this
projection (except those which project to zero) is what we will call the positive roots of 5. This
then defines the following decomposition of the generators of the finite W-algebra

W =HW_QWo®W, . (5:24)

The same decomposition can be written down not just for the generators, but also for the universal
enveloping algebra of the W-algebra. Typically, #, contains #, a certain number of central
elements that commute with everything and do not give new roots (one of such generators is the
remnant of the quadratic Casimir of the original Lie algebra), and other elements whose adjoint
action cannot be diagonalized.

The properties of such a root-space type decomposition of the generators of the finite W-algebra
are different from those of Lie algebras. Here, there can be root spaces of dimension larger than
one, and one does not have subalgebras isomorphic to sl, corresponding to any root. In addition,
in the case of Lie algebras [E,, E;] vanishes if o 4 f is not a root or zero. Finite W -algebras, on the
other hand, satisfy non-linear relations, so even if « + f is not a root, one can still have relations of
the type [E,+,, Es—,] ~ E, Ej.

An important property that finite W-algebras share with Lie algebras is that the Poincaré—
Birkhoff-Witt theorem still holds. Choose a basis of the finite W -algebra so that the generators are
in one-to-one correspondence with elements of ker(ad, ) and have a well defined non-negative
half-integer eigenvalue with respect to —ad, . For example, choose the generators in one-to-one
correspondence with the lowest weights of the irreducible s/, representations in which ¢ decom-
poses under the action of the embedded sl,. If this basis is {W;};.;, we can order the index set I in
some arbitrary fashion, and the Poincaré-Birkhoff-Witt theorem states that a basis for the finite
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W -algebra (considered as a vector space) is given by all expressions of the type
w. W, .. W, (5.25)

where iy <i,... <i,. To prove this, we first note that from the explicit form of the generators, as
obtained from the tic-tac-toe construction, one can sece that the commutator of two generators of
—ad,, eigenvalue A, and £, does not contain generators or products of generators of —ad,
eigenvalue larger than 4; + 4,. More precisely, the linear terms have eigenvalues <4, + 4,, the
quadratic terms have eigenvalues <A, + 4, — 1, the third order terms have eigenvalues
<Ay + 4, — 2, etc. Armed with this observation the theorem can now be proven using double
induction on the number of generators and their —ad,, eigenvalue.

A particular useful ordering of the generators of the finite W-algebra is to put all generators in
# _ to the left, those corresponding to #; in the middle and those corresponding to #'; to the right.
Then one can define a highest-weight representation in the usual fashion, by acting with the
W -algebra on a particular vector | 4>, which (i) is annihilated by the generators in ¥ and (ii) has
certain eigenvalues with respect to the generators in #;,. The Poincaré-Birkhoff-Witt theorem
then tells us that the resulting module is spanned by the vectors

W W, ... W, |4, (5.26)
where i), <i,... <i,, and the W, are elements of % . This agrees precisely with the standard
definition.

At this stage we should discuss how one constructs highest weight representations of finite
W -algebras in terms of representations of 4. One possibility is to use the BRST procedure once
more. The finite W -algebra was the BRST cohomology of a certain complex constructed out of %,
and it is possible to extend this complex to one where the Lie algebra is replaced by a representa-
tion of the Lie algebra. The cohomology of this complex then automatically gives representations
of the finite W-algebra. This procedure has some disadvantages, however. Firstly, it is rather
cumbersome if one has to compute a new cohomology for every representation, and secondly,
finite-dimensional representations of % typically yield just the trivial representation of the finite
W -algebra. For a discussion, see [6].

A better procedure is to take explicit representatives for the generators of the finite ¥ -algebra,
and to use those to obtain finite W-representations as subspaces of representations of the universal
enveloping algebra of 4.* This only works if the generators form an exact closed algebra, not one
up to BRST exact terms.> The only realization which has this property is the one that one gets from
the tic-tac-toe construction in Section 4.2.1. This is not yet the complete story, however. One would
also like to get highest weight representations of the finite W-algebra from highest weight
representations of 4. However, from (4.25) one sees that C contains a lowering operator of %,

*Strictly speaking, one also needs a representation of a b* ¢, Clifford algebra, for which one can take the module
obtained by acting on a vector |0) that is annihilated by all the ¢,. In that case one never has to deal with the Clifford
algebra explicitly, and we will ignore it from now on.

*1t would, for instance, be nice if one could express the generator of the finite W-algebra corresponding to the
quadratic Casimir simply as #,,J°J°, but then the finite W-algebra no longer closes and it is in general not clear whether
the other generators can be modified in order to close the algebra.
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namely J ®. Hence C is not automatically diagonal on a highest weight of 4. To achieve this we also
have to use the quantum Miura transformation, which tells us that we can consistently restrict the
generators to their bidegree (0,0) part. If we do this, then C will be diagonal on a highest weight of
%, and we end up with a highest weight representation of the finite W -algebra. Thus, to summarize,
we can construct highest weight representations of finite W-algebras via

highest weight representations of ¥
| restriction
highest weight representations of %, (5.27)
| Miura
highest weight representations of %~

Assume from now on that we are in the basis of %5 where %; is generated by {E.,, H, }ics. The
above construction of highest weight representations of the finite W -algebra leads to a non-linear
parametrization of the eigenvalues of the generators of #; in terms of the weights of 4. This is
a correct counting of degrees of freedom: #; consists of generators obtained from % in addition to
those of . Since the sl, is principally embedded in %, we get rank(%s) generators in %, from
this, so that dim(#4) = rank(%s) + dim () = dim(s#5) + dim(# ) = rank(¥%). The #; eigen-
values corresponding to %%, are linear in terms of the ¥ weight A. The %}, eigenvalues correspond-
ing to the generators obtained from % will typically be non-linear, and be reminiscent of the
Casimirs of 9s. Indeed, the conjectured form of the Kac determinant, to be discussed in a moment,
shows that the %, eigenvalues correspond to the Wy invariants that can be constructed out of 4;
Wy is the Weyl group of %, and its action on the weights A will be discussed later.

As we said previously, every generator of the finite W -algebra has well-defined eigenvalues with
respect to the adjoint action of #, and this defines for every W-generator an root in # . The set
of roots corresponding to the generators of #. will be denoted by 4%. We will write 47 =
{(%;, ;) }ie1, where &; € A, and ; labels the potential degeneracy of such a root. The correspond-
ing generators of #7. will be denoted by W, and those of #_ by W ,. Furthermore, we will by
4% denote the set of positive roots of ¥ minus the set of positive roots of %5, and denote by = the
canonical (orthogonal) projection from the root space of ¢ to that of .#". On # 5 we can define the
Kostant partition function P(&), which is the number of inequivalent series of non-negative integers
{ti}icr such that @ = ¥, t;&;. Now consider the highest weight module generated by | A ). It consists
of the vectors

Wha W WA = WA (5.28)

with (&1, pt1) = (G2, f2) = ... > (&, tn) With respect to some ordering of the roots of A% . The states
with ¥,& = B span some finite-dimensional vector space Vj. If w denotes the anti-involution
corresponding to the compact real form of #°, and we define |[A)>" = {(A| and {A|A) = 1, then
unitarity of the highest weight representation implies that the dim(V;) x dim(V3) dimensional
matrix

Ms(A) ez 1z = <AloW L)W 14> (5.29)

is hermitian and has only positive eigenvalues. Reducibility of the highest weight representation is
indicated by zero eigenvalues of this matrix, and both unitarity and reducibility can be studied by
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looking at the so-called Kac determinant of this matrix, which we denote by Mz(A). In [12] the
following form of the Kac determinant was conjectured®

P(f — kn(w))
M) =K@ ] T (<A - <oc,o<>) , (5:30)
k>0 2edS

where K(f, A) is a positive constant and { , ) is the usual positive definite invariant inner product
on # *. The vector p, that appears in (5.30) depends on the details of the Miura transformation
and the s/, embedding. To construct it, we look at the generator of the finite W-algebra which is
written in the tic-tac-toe form of Section 4.2.1, and which differs from the quadratic Casimir
NapJ“J" of 4 by a BRST-exact quantity. The bidegree (0,0) of this generator, which appears in the
Miura transformation, has a certain eigenvalue on the highest weight state | A ). The eigenvalue in
terms of |4 is of the form

alA + py, A+ py>+b, (5.31)

for some constants a, b, and this defines p,,-. One of the properties of p,-is that the #, eigenvalues
are invariant under the following action of Wy

wA=wd+py)—py. (5.32)

This is consistent with (5.30), since one easily verifies that Mz(w - A) = Mz(A) for w e W. Thus the
Kac determinant can be rewritten as a polynomial function of the #; eigenvalues.

To illustrate the use of the Kac determinant we will now work it out in more detail for the finite
W -algebra described in Section 4.2.2.

5.2.1. Example

In this example the algebra % is generated by {t,,ts,tg}, which is not generated by
{H,,E.,}ics. Therefore we first perform an automorphism of the sl; to make sure that % is
generated by {H, ,E., }. This automorphism is

1 00 1.0 0
X->|0 0 1]X(t0 0 1 (5.33)
01 0 01 0
and the new basis of sl is
gy Fs
5 2 oo
- fa  Ts
Faty = rs 6 + > rs . (534)
e e
6 3 3

61n [12], the constant K is omitted and it is implicitly assumed that one has chosen an embedding and a Miura
transformation such that p, = p.
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Strictly speaking J’s are elements of the dual Lie algebra ¢ *. We identify the latter with the Lie
algebra via the pairing (X, Y) = tr(X Y ). Furthermore, highest weight representations of ¢ corres-
pond to lowest weight representations of ¥ *, and it is the highest weight representations of ¢ * that
give the highest weight representations of the finite W-algebra. To correct for this, we apply the
Chevalley automorphism H— —H, E,—~ E_, to 4. This leads to the following identification
between the J’s and sl3 matrices

—¥4 + rs ¥ )
ra,]az rs —F4 —¥5 Yy . (535)
e 3 2r4

The semi-simple subalgebra " is a u(l), and is spanned by t, which is proportional to
2H, + H, . Therefore, the root space # 5 is spanned by o, + 1o,. Furthermore, we find that
A5 = {o2,01 + o}, and that m(ay) = 7oy + ap) = oy + 1o,. Hence the positive roots of the
W -algebra correspond to positive multiples of 2o; + o, and we see that #; is generated by C and
jo, that #7 is generated by j, with root a, + 7a, and that % is generated by j_ with root
— (o, + 30, ). The anti-involution corresponding to the compact real form is the same as , in
(5.33).

The explicit form of the generators as given in (4.21) and (4.25) can now be used to deduce what
the eigenvalues of j, and C on a sl; highest weight state | A ) are. If we parametrize the weight A as
q1/1 + q242, where 4, , are the fundamental weights of sl5, we find for the j, and C eigenvalues h, ¢
respectively,

h=1+302q +44:), ¢=—35(aF +43 +¢:1d2) —3q: — 1. (5.36)

Alternatively, ¢ can be written as 2 A+ oy, A+ 0> + 1 and we deduce that Py = ;. There-
fore, element w of the Weyl group acts on a weight 4 as

The Weyl group is Z, and is generated by the reflection s, in the line perpendicular to o, . It acts on
41,92 as
Su(q1)=—q1+2, s,(@)=q1+q+1, (5.38)

and leaves h, ¢ invariant. ~
For the Kac determinant at § = p(a; + 30,) we find

p

M,(q1,92) = Ky(q1,92) [] (g2 +2 —Kk)(g1 + g2 + 1 — k), (5.39)

k=1

which can in agreement with our expectations be rewritten in terms of ¢, i as

M,(q1,q:) = Kp(ql,qz)@p [T (c+(h+1— k7 + 56>~ 1) (540)
k=1

This result can be compared with the results in [10] by working out explicit commutation
relations. Then one finds out that K,(q,,9,) = pl(3)”.
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The Kac determinant can now be used to obtain information about unitary and reducible
representations of the finite W-algebra.

Unitarity of a representation implies that the Kac determinant is positive for every f. In this
example the representation is spanned by { jL|4) },.  and the Kac determinant gives us the norm

M,(q1.q2) = {A1jRj21AD, (5.41)

so that positivity of the Kac determinant is here equivalent to unitarity. It follows that the highest
weight representation is unitary if (i) g, < min(—g,, — 1) or (ii) there exists a non-negative integer
r such that max(r — 2,r — 1 — q1) < g, < min(r — 1,r — gq;). If the Kac determinant has a zero at
some level p, then the norm j” A ) is zero and this vector can be consistently put equal to zero,
leading to a finite-dimensional representation of the finite W-algebra. The condition for this is that
either g, = p — 2 or q; + q, = p — 1. This leaves one parameter free which we parametrize by an
arbitrary real number x as q; +2¢, =3(p+x—2), so that h=p+x —1 and ¢ = 3(1 — p?)
— x2. When are these finite-dimensional representations unitary? From the Kac determinant we
see that if g, =p—2 then g, +g,+ 1 —k must be positive for 0 <k <p—1, and if
g1 +q, =p—1 then g, + 2 — k must be positive for 0 < k < p — 1. Therefore we find that (i)
g =p—2and g, >0 or (ii) g, + g, = p— 1 and g, > p — 3. Both possibilities imply the same
condition for x, namely 3(p + x — 2) > 2p — 4, or x > 3(p — 2). Finally, let us look at the maximal
reducible representations. These are representations where the Kac determinant has a maximal
number of zeroes, corresponding to finite-dimensional reducible representations of the finite
W -algebra. Such representations exist if for some integer [ satisfying 0 </ < p we have (i)
g:+2—p=0andq, +¢q,+1—I1=0o0r(i)gq; + g, +1 —p=0andg, + 2 — [ = 0. In terms of
x this implies p + 1 — 3 = 3(p + x — 2), or x = 3(2] — p). For this value of x the finite W-algebra
has a p-dimensional representation with an /-dimensional subrepresentation.

5.3. Characters of finite W-algebras

In this final part of the description of the representation theory of finite W-algebras we will take
a closer look at the characters of these representations. In the description of the Kac determinant
we explained that every highest weight representation can be decomposed into finite-dimensional
vector spaces V3, and the Kac determinant was defined as det{v;/v;», where the |v;)> formed
a certain distinguished basis of V. The formal character of a highest weight representation R with
highest weight A of a finite W-algebra is now defined as follows

chR =Y dim(V)e* -7 (5.42)
B

where 7 is the orthogonal projection of the weight space of ¥ on that of #". This is a formal
expression in the sense that it contains the ill-defined object exp{f). The best way to think of these
objects is that ultimately we want to view the character as a function on #, and for 1 € #, the
function exp(f) is defined as exp(f)(4) = exp({B,4>). In particular, these exponentials satisfy
the usual property exp(d)exp(f) = exp(& + B). The combination n(A) — B which appears in the
exponent in (5.42) is exactly what gives the eigenvalues of the generators in -, when acting on the
states in Vj.
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The Verma module M (A) with highest weight A is by definition the highest weight module that is
freely generated by | 4 ), so that in particular we keep all the states with zero norm. Every highest
weight module with highest weight A is a quotient of M(A), and the quotient of M(A) and its
maximal proper submodule M’(A) is an irreducible highest weight module L(A) = M(A)/M'(A).
Allirreducible highest weight modules are of the form L(A) for some A, and our goal in this section
is to study the characters of the modules L(A) in terms of the characters of the Verma modules
M(A).

The characters of the Verma modules M(A) are easily obtained, since they are freely generated
by #_, and we can use the Poincaré-Birkhoff-Witt theorem to write down a basis for M(A4) (see
(5.28)). From this one deduces that

en(A)

H&EAZV (1 - e_“) .
Non-trivial submodules of M(A) can arise if M (A) contains a singular vector, which is a vector (not
equal to |4 )) annihilated by all generators in #7. . If we denote this vector by | A", then the Verma
module M (A4) contains the submodule M (A"). If the latter would happen to be the maximal proper
submodule of M(A), we would find that L(A) = M(A)/M(A"). Since the character of a quotient of
two modules is simply the difference of the two characters, this would lead to the following identity
for characters

chL(A)=chM(A) —chM(A'). (5.44)

More general situations can occur, of course. For example, if M (A) contains three singular vectors
|A;), A4, and |43 ), and |43 ) is contained in both M(A,) and M(A;), then the maximal proper
submodule is generated by M(A;) and M(A,), but it would not be correct to subtract their
characters from M(A) to get the character of L(A4), since we would have subtracted the vectors in
M (A3) twice. Rather, the correct formula is

ch L(4) = ch M(A) — ch M(A,) — ch M(A,) + ch M(43) . (5.45)

A further complication is the possible existence of subsingular vectors. These are vectors that
become singular after modding out a module generated by singular vectors. In that case one also
needs to subtract the submodules generated by these subsingular vectors. Altogether this leads to
an expression for the character of L(A) as a linear combination of those of M(A) with integer
coefficients. Since we know the latter explicitly (5.43), this immediately yields the explicit characters
of L(A).

The character formula conjectured in [ 12] deals with the maximally degenerate representations
of the finite W-algebra. These are representations for which the Kac determinant has a maximal
number of vanishing factors. Vanishing factors in the Kac determinant are closely related to the
existence of singular vectors (the latter have zero norm), and an alternative definition of maximally
degenerate representations is those representations with a maximum number of singular vectors.
For these representations the character formulas will be the most complicated ones. A factor
{A + py, > — (k/2){a,a) in the Kac determinant vanishes (for 4 = sl,) if {A + p4-,a) is a posit-
ive integer, since every root has length two. If p denotes one half of the sum of the positive roots,
then {p,a; > = 1 for all simple roots ;. Therefore, if A + p4, = A + p, and A is a dominant integral
weight (a linear combination of the fundamental weights with nonnegative integer coefficients),

ch M(A) =

(5.43)
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then <A + p4,a> will be a positive integer for any root a. From now on we will restrict our
attention to such weights.

The Weyl group W of ¢ acts on A via (5.32). The subgroup Ws does not change the
representation of the finite W-algebra, so from that point of view we may identify weights and their
images under the action of Wg. Thus, the orbit of the weight under the Weyl group gives a set of
weights of the finite W-algebra in one-to-one correspondence with the coset W\ W, and the
conjecture is that these are precisely all the singular vectors of the representation of the finite
W -algebra.

The Weyl group is generated by the reflections in the hyperplanes perpendicular to the simple
roots. Every element of the Weyl group can be written as the product of such reflections, and the
minimal number of reflections in simple roots needed to obtain an element w of the Weyl group is
called the length of that element, /(w). A particular ordering of the elements of the Weyl group plays
an important role in the character formula, the so-called Bruhat ordering (see e.g. [47]). Write
w' - wifw = tw"and I(w) > I(w"), where t is the reflection in the hyperplane perpendicular to some
root (not necessarily simple). Then we say that w’ <w, if there is a sequence w’'—w, —

- > w,-1; —w. Now given a Weyl group Wjs associated to some subset S of the set of simple
roots, we define W* as the set of w e W such that I(sw) > I(w) for all reflections s in any hyperplane
perpendicular to any root (not necessarily simple) of %5. Any element we W can be uniquely
written as uv with ue Wy and ve W5, and WS is a set of representatives for the coset Ws\W. We
will identify W\ W with the set W5 and give it a partial ordering by restricting the Bruhat ordering
on W to W5

We can now write down the Kazhdan—Lusztig conjecture for finite W -algebras, as proposed in
[12]. It reads

ChL(t Wy AN = L (=D U(=D"IPLL)ch M(0" (Wmax" 4)) . (5.46)

o <te W\W
Here, Wi, is the longest element of W (so that wy, - 4 + p4 — p is an anti-dominant weight), and
P? .(x) are the so-called dual relative Kazhdan-Lusztig polynomials associated to Wy, see [48,49].
In [48] this character identity is proven for ordinary simple Lie algebras, when § is the empty set.

One of the implications of this character formula is that the singular vectors in M(A) are in
one-to-one correspondence with the elements of Wg\ W ~ W5, and that the Bruhat ordering tells
us precisely which singular vectors can be obtained from which other singular vectors by acting on
them with #~ .

To conclude this section we illustrate this character formula with the example studied in Sections
422 and 5.2.1. The Weyl group of sl; is S; and the Bruhat ordering on S; coincides with the
ordering with respect to the length of the elements, ie. w < w' < Il(w) < [{(w’). If we denote the
reflections in the lines perpendicular to the simple roots «; and «, by s; and s,, then Wg = {1,s,}
and W3 = {1,s,,s,s, }. We represent the highest weight as in Section 5.2.1 as 4 = g, 4; + ¢24,.
The maximal Weyl group element in s;s,s; and by explicit computation one finds that

Wmax' A = (=1 —q2)A + (=1 —q1)42,
$2" (Wmax*A) = (—q1 — q2)A1 + (g1 — 3) 42, (5.47)

5281 (Wmax*A) =2 — q1)A1 +(q1 + g2 — 1)A, .
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In view of (5.38) representations with weight s, 51 - (Wmay - 1) can be identified with those with weight
515281 " (Wmax* A) which is just A = gy 4; + ¢, 4,, and we will do so in the equations that follow. The
values of the dual relative Kazhdan—Lusztig polynomials are given by P3(1) = 1 for all ¢ < 7, with
one exception. If ¢ = 1 and 7 = s,5; then it vanishes. Substituting everything in the character
formula yields three equations

chL(—1—gq;,—1—¢q;)=chM(—1-¢q,,—1—gq,)
chL(—q, —q2,91 —3)=chM(—q: — q,,91 — 3) —chM(—~1—¢q,, -1 —¢q,) (5.48)
chL(qgy,q9,) =chM(q1,92) —chM(—q, — q2,9, — 3) .

These identities agree with the picture of the representation of this finite W-algebra as sketched at
the end of Section 5.2.1. An explicit expression for the character of L(q;,q,) is now easily obtained.
The positive root in A% is oy + 301 =3 4,, and 7(A) = (g5 + 3q1)4,. Thus

e(2’12 +q1)42/2 __ e(fh ~ gz — 6)4,/2

chL(q1,q2) = (5.49)

1 _ e—3}.z/2
The formal limit A, — 0 of the right-hand side yields g, + 2 and this is the dimension of L(g,, g, ). If
we parametrize as in the end of Section 5.2.1 the maximal reducible representations by g; =1 — 2
and g, = p — | — 1, we find that the dimension of L(q,, ¢, ) is /. This is indeed correct since for these
values of q;,q, the p-dimensional finite representation had an /-dimensional subrepresentation
which is precisely L(q;,95).

6. Constructing theories with finite #-symmetries

In Chapter 2 we have seen some finite W -algebras that appear in simple physical systems. This
happened more or less by coincidence, a priori we had no reason to expect a finite W-algebra to
show up (although anisotropic harmonic oscillators have quite generally extended non-linear
symmetry algebras for rational frequency ratios, see e.g. [15]). Here we want to pose the reverse
question, namely, can one given some finite W -algebra construct theories that have this W-algebra
as their symmetry algebra? An additional interesting question is whether or not one can build
gauge theories based on finite W -algebras. If we would succeed in constructing a gauge theory for
a finite W-algebra that contains SU(3) x SU(2) x U(1), this might be a new candidate for a Grand
Unified Theory. Such finite W -algebras certainly exist, as we briefly explained at the end of Section
3.2.7. Unfortunately, we have not succeeded in constructing a gauge theory for finite W-algebras
except in one dimension, and some topological type theories in other dimensions. In this section,
we want to sketch some of the ideas and problems involved in the construction of theories with
finite W-symmetries. This is definitively not a finished chapter in the theory of finite W -algebras,
and it will have more the character of a series of remarks than that of a finished theory.

6.1. Problems with finite W-symmetries

We start with some particular (classical) finite W-algebra given by the Poisson brackets
{(W,, Ws} = Py{W,), (6.1)
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where the P,; are certain polynomials in W,. Suppose that we have some field theory with fields ¢;
with a finite W-symmetry. This means that there are transformation rules d¢; =¥ ¢,6,¢; that
leave the action invariant, where &, is the constant parameter corresponding to the generator W,.
Associated to these transformation rules are a set of conserved currents j£ that can be found in the
usual way through the Noether procedure. The corresponding conserved charges, that generate the
symmetries, are

0, = jd"_lxjo . (6.2)

The statement that the theory is invariant under the finite W-algebra (6.1) means that the
conserved charges have to satisfy precisely (6.1), 1.e.

{Qxa Q[f} = Px/f(Qy) . (63)

It is hard to see how one could realize (6.3). The left-hand side contains two integrations | d‘ " 'x,
and one of these disappears after integrating over the delta function that arises in the equal-time
Poisson brackets. Hence, the left-hand side contains exactly one integration j d?"'x. The right-
hand side contains as many integrations | d” ' x as the degree of P,5. These two facts can only be
made to agree with each other if (i) the finite W -algebra is linear or (ii) d = 1. Case (i) is precisely
what we are not interested in, since that brings us back in the realm of ordinary Lie algebras, and
we will come back to d = 1 later. Therefore, it seems that we have some kind of no-go theorem in
dimensions d > 1. What else could we try to do? First, the above argument assumes the symmetries
are local. If one drops this assumption, it might still be possible to do something. We have not
analyzed this possibility, partly because of the problems in dealing with theories with non-local
symmetries. A second possibility is to change the definition of what we mean by a theory with finite
W -symmetries, and this will be the subject of the next section. The reader who has some knowledge
of the corresponding situation with ‘infinite’ W-algebras in two dimensions may wonder how these
escape the no-go theorem given above. The reason is that the ‘infinite’ W-algebras have an infinite
number of generators, and this makes it possible to convert the integrations that remain in the
right-hand side of (6.3) into infinite sums of generators. Since we restrict attention to finite
W -algebras with a finite number of generators, this does not provide a way out either.

6.1.1. Another definition of finite W-symmetries

In [50] an attempt was made to write down a gauge theory for a non-linear algebra which is
a deformation of su(2). This construction involved a set of scalar fields, which are not needed in the
gauge theory of pure su(2). This can be rephrased in the language of the previous paragraph by
saying that rather than looking for a theory which has (6.3) as its symmetry algebra, we look at one
which has the following algebra of symmetries

{Qa’ Q[f} = Pa)z,/i(T&)Qy » (64)

where the T; are extra scalars, one for each generator of the finite W-algebra. The T; are added by
hand. Now the left- and right-hand sides of (6.4) contain the same number of integrations and the
objection of the previous paragraph no longer applies. In some sense one might say that a minimal
finite W-multiplet necessarily involves an extra set of scalar fields. We have not yet specified what
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the polynomials P}, are. A first guess could be to require

PZB(QB)QV = aﬂ(QrS) s (65)

so that (6.4) becomes identical to (6.3) upon identifying Q, with T,. It is, however, not clear that with
this choice the Jacobi identities are satisfied. To verify the Jacobi identities, we need also the
bracket

{Qu, Ty} = Sup(T) . (6.6)

Furthermore, we assume that the equal time Poisson bracket of T, with T, vanishes. Then the
Jacobi identities give two differential equations for S and P. If we choose P as in (6.5), we cannot
give an explicit solution for S or even prove that a polynomial solution always exists. A much more
natural choice is

0
Sip(T,) = Py(T,), Poy(Ty) = a7 P(T5) (6.7)

since now the Jacobi identities {Q,,{Qs,0,}} + cycl =0 and {Q,,{Qs, T,}} + cycl = 0 follow
directly from the Jacobi identities for the original W-algebra. These conventions differ slightly from
those in {507, but agree after rescaling the deformation parameter in [50] by a factor of two. The
bracket (6.6) with S,; as in (6.7) also appeared in [13], where a study of theories with non-linear
gauge symmetries was performed and the two-dimensional non-linear gauge theory (6.25) was first
discovered. A particular nice feature of the algebra (6.4) and (6.6) is that if the original finite
W -algebra contains a semi-simple Lie subalgebra as in Section 3.2.7, it is preserved in our new
‘W-inspired’ Poisson algebra, and the new algebra could still serve as a starting point for
a non-linear Grand Unified Theory.

Is it possible to realize the algebra (6.4), (6.6) in some field theory? Although this would not be
a finite W-invariant theory in the narrow sense, it would at least be a finite W-inspired theory. If
there are no further fields in the theory apart from the scalars T,, it is natural to look at
sigma-models with Lagrangian density

P = —3G*(T,)o*T,0, T, — V(T,) . (6.8)
Invariance under the transformations generated by Q, yields the equations
30°G*P,, +3G"”*3*P,, + 3G*3’P,, =0, 3°VP,=0. (6.9)

The equation for the potential simply states that ¥V is in the center of the finite W -aigebra. If the
latter is generated by certain polynomials C;(W,), then Vis a function of these C;. The center of
a finite W-algebra from an s/, embedding consists of the Casimirs of the original Lie algebra, since
these clearly commute with the BRST operator. Of course, depending on the explicit representa-
tives one chooses to represent the W-algebra generators, the generators of the center of the
W -algebra will in general differ from the Casimirs by certain BRST-exact terms.

The solution to the first equation in (6.9) is less obvious. If the symmetry algebra is a Lie algebra
then one can choose G* to be an invariant inner product on the Lie algebra. However, Lie algebras
are special in the sense that Q, and T, transform in the same way under W -transformations. In
general, 0, transforms in the same way as 0, T,,, which differs from the way T, transforms. We have
examined two examples of non-linear algebras in detail. One of them is the finite W-algebra
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W§2) and the other one is the following non-linear deformation of sl,”

[jO’ji] = i]i ’ []+ oj—] = ¢I(J0) ’ (610)

where ¢( jo) is neither a linear nor quadratic function of j,. The center of this algebra is (classically)
generatedby C, = 2j.j- + ¢(jo ). The finite w algebra can be written in the same way as (6.10),
where now ¢ = 3j3 + Cjo and C is an additional generator that commutes with everything. The
center of this algebra is generated by C; — j. j- + ¢ and C, = C. In both cases we have explicitly
solved the differential equation for G* and we have found that the only allowed kinetic terms are in
either case of the form

Gi}.(ck)auciaﬂcj . (6.11)

These are not really interesting, since they only induce dynamics for the gauge invariant combina-
tions of T,. It would be interesting to know whether a similar result holds for all non-linear
algebras.

We can rephrase what went wrong in a different language as follows. The derivative 0, T,
transforms under Q, as

{Q)”au To(} = aﬁP",'a(T)auT[} . (612)

Let us call a tensor which transforms in this way a covariant tensor. The transformation rule for
a contravariant tensor Y” can now be determined by requiring 0, T, Y* to be invariant, yielding

(0,,Y*} =3Py (T)Y" . (6.13)

The lack of interesting invariant actions of the type (6.8) can now be rephrased by saying that there
is no interesting symmetric rank-two contravariant tensors. For Lie algebras the Killing metric
provides such a tensor, but for non-linear W-algebras this property ceases to exist. Interestingly,
there is a natural rank-two contravariant tensor in the game, namely the inverse P**(T') of the
tensor P,4(T). The latter is not invertible in general, due to the fact that the non-linear algebra may
have a center. If it has a center we will treat the generators of the center as numbers rather than
generators, so that P* can contain inverses of these, and the indices «, f range only over those
generators that are not in the center of the finite W-algebra. It is now a straightforward exercise to
verify that P* indeed transforms as a rank-two contravariant tensor. Since it is anti-symmetric
rather than symmetric we cannot use it to construct an invariant action of the type (6.8), but it can
be used to construct an invariant action in two dimensions involving an g-tensor

S = szxs‘“’P“ﬁ(T)a,, T,0,Ty. (6.14)
This is a topological action in two dimensions, as it does not depend on the two-dimensional

metric. We will come back to this and other related actions after we have introduced gauge fields
for finite W symmetries, since we are after all looking for gauge theories.

" Non-linear algebras of this type are among the few examples of non-linear algebras that are similar to finite
W-algebras and that have been studied previously, see remark at the end of Section 2.2.2.
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6.1.2. Gauge fields for finite W-symmeitries

Gauge fields appear if we want to make finite W-symmetries local, i.e. we allow the parameter of
the gauge transformations to be space-time dependent. To find the transformation rules for the
gauge fields one can for example propose a covariant derivative for T,, D, T, = 0, T, — h! Ry, (T),
and require that D, T, satisfies the same transformation rule under local W-transformations as
0, T, under global ones, in other words, it should still transform as a covariant tensor. This leads to
the following result

D, T,=0,T,— hPy(T), Oh!=0,e"—¢c"0"P,(T)h], (6.15)

where ¢ is the local parameter for the finite W-transformation generated by Q,. With these
definitions one finds indeed a structure such as (6.12),

8(D,T,) = &""P,(T)D,T, . (6.16)

It is not at all clear, however, that (6.16) (or (6.12)) is the appropriate way to define an object that
transforms ‘covariantly’ under finite W-transformations. Firstly, it is not clear how to define
another covariant derivative Df,z) so that DV(Z)Du T, transforms also covariantly, as 0,0, T, trans-
forms differently from 0, T,, already under finite W-transformations. Secondly, one could as well
consider modified transformation rules for 4’ such as

ohl = 9,6" — e70? P, (T)h] + e"(D, T,)E0(T) , (6.17)
to obtain for D, T, the following transformation rule
d(D,T,) = &"(0"P,,(T) + P,y(T)Z!)D, T, . (6.18)

If we can choose X in such a way that D, T, transforms in the same way as T,, then we can
immediately write down an invariant kinetic term for the T,, based on one of the elements of the
center of the finite W-algebra. We have, however, no clue whether this can be done or whether it is
sensible. Alternatively, one could try to fix X by requiring the gauge algebra to close on the gauge
fields. One can easily compute that

[6,,,0,,1h" = 6, hl — ele3(D, T)) X}, (6.19)
where ¢§ = 3°P,,¢]¢5 and
XM =8P,z + 3P, 2} + 3P, Z — 8*P ZV + Pz EY
—Pyrrzl v p ozl - p ozl —ap, 2 —3%0fP,, . (6.20)

Clearly, the gauge algebra closes if X = 0, but the significance of this equation for X remains to be
seen. Finally, one would like to write down an invariant action for the gauge fields, preferably in
terms of a generalized curvature, which would be a non-linear version of Yang—Mills theory. It
would be interesting to analyze for each of the possible transformation rules for the gauge fields
whether or not such invariant actions exist. An attempt in this direction was made in [50], where
an invariant action was constructed for a non-linear deformation of su(2), to first order in the
deformation parameter. However, it is not clear whether their result can be extended systematically
to an arbitrary order in the deformation parameter. Another more successful attempt [13], based
on the rules (6.15), led to a genuine invariant action in two dimensions (see (6.25) below), but
unfortunately, since it is in two dimensions and of topological type, not a very useful generalization
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of Yang—-Mills theory. Still, it might lead to new geometrical structures and a better understanding
of W symmetries, in the next section we describe the action given in [13] and a number of
generalizations of it.

6.1.3. Topological actions with finite W-symmetry

At the end of section (6.1) we already gave an example of a topological theory that is invariant
under global finite W-transformations. Since we determined the covariant derivative by requiring
that D, T, transforms as a covariant tensor, we can immediately write down an action invariant
under local W symmetries, simply by replacing in (6.14) the derivatives by covariant derivatives,
yielding

S = jdzxe“"P“/‘(T)Du T,D,T; . (6.21)

The equations of motion obtained by varying this action with respect to h, read D, T, = 0. Under
a finite W-transformation it transforms as (6.16), and hence finite W-symmetries map solutions of
the equations of motion into other solutions. Since the equations of motion follow purely from the
hi-dependent part of (6.21), this suggests that the h;-dependent as well as the A, -independent part
of (6.21) are both separately invariant under finite W-transformations. This is indeed the case, as
long as the two-surface we integrate over has no boundary. To write down the various possibilities
and their transformation rules in the most transparent way, introduce the one forms 4* = h;; dx*, so
that for example the covariant derivative of T, becomes the one-form DT, = dT, — h” P;,. We next
introduce the following three two-forms
Fy = PHT)YAT,AdT,, % = P#(T)DT,ADT,,

N (6.22)
Fur =2T,dh* + Py(TYh* AP

The integral jdzx Z;; 1s nothing but (6.21), and up to an exact form which we added for
convenience, #; and %, are, respectively, the h*-independent and h*-dependent parts of %,

,,%“v = ~971 - f{;g + 2d(T1ha) . (6‘23)

By virtue of the Jacobi identity #; is closed, d.#; = 0, but #;; and %, are not. Furthermore, the
transformation rules for the three two-forms under local finite W -transformations read

5F, = 2d(e7dT)), 6Fy =0, O6Fy; =2d(e"h'(P, — T,0"P,,)). (6.24)

Starting from these identities one can now easily write down a variety of topological actions in
arbitrary dimensions by wedging together suitable combinations of these two-forms, like an
arbitrary number of #,’s, or an arbitrary number of #;,’s. One can also couple each of the three to
a U(1) Yang-Mills field strength. Another possibility is to write down non-topological highly
interacting theories like j d*x Z;; A x F;,, where = denotes the Hodge star. The last action we
want to mention is the integral of %,

SBF = Jvdzxg;lll . (625)



198 J. de Boer et al./Physics Reports 272 (1996) 139-214

This action was proposed in [13] where it was called a version of two-dimensional dilaton gravity.
If the finite W-algebra is a quadratic extension of the Poincaré algebra, this action describes
a Yang-Mills-like formulation of R? gravity with dynamical torsion [51]. Interestingly enough, if
the finite W-algebra is a Lie algebra, the two-form & ;; is equal to Tr(BF), where B is an adjoint
scalar and F the usual Yang—Mills curvature. The gauge theory described by the corresponding
action (6.25) is sometimes called topological BF-theory and is related to Reidemeister—Ray—Singer
torsion [52] and is a tool to study moduli spaces of flat connections [53, 54]. It would be extremely
interesting to see if (6.25) actually describes a non-linear generalization of all these geometrical
structures. This would require a much better understanding of the notion of global W-transforma-
tions and the concept of a fiber bundle with a non-linear structure group, and these topics certainly
deserve a further investigation.

6.1.4. Other possibilities in d > 1
In this final section on dimensions larger than one, we will briefly indicate some other possible

approaches to the construction of invariant actions for finite W-algebras.

e In the construction sketched so far, we did not use the fact that our finite W-algebras were
obtained from a Lie algebra by imposing constraints. It would be nice if we could somehow use
this fact to our advantage. Suppose we have at our disposal a theory which is invariant under
some global symmetry algebra %. Associated to these ¥ transformations are certain conserved
charges whose Poisson brackets form precisely 4. We can impose the constraints that some of
these charges have to be equal to either zero or one, but since these constraints are non-local, it is
not obvious what the best way to impose them is. Adding the constraints with a Lagrange
multiplier to the action makes the action non-local and difficult to handle.

e Alternatively, if we would start with an action with a local symmetry based on the algebra 4, we
could try to impose constraints on the gauge fields. Putting some components of the gauge field
equal to one breaks Lorentz invariance, since the gauge field transforms as a vector, and not as
a scalar. Putting components equal to zero is only compatible with Lorentz invariance if we put
the same components equal to zero forall A,, u =0, ...,d — 1. This is such a strong requirement
that typically no interesting non-linear symmetry will be left. A possible way around these
obstructions is to perform some twisting, so that A, transforms in a non-standard way under
Lorentz transformations. Whether or not this is possible remains to be explored, but this is for
example what one does in two dimensions to get infinite W-algebras.

e Previously, we have examined the representation theory of finite W -algebras in some detail.
Given some n-dimensional unitary representation of a finite W-algebra, one can always take
fields ¢;, i = 1, ..., n that transform in this representation, and write down a finite W-invariant
term ¢;* ¢;. These are clearly not very interesting, as they are invariant under U(n) and the finite
W -algebra is realized as a subalgebra of U(n). Now one can write down terms ¢;* M;;¢; which
are also invariant under U(n) if M transforms in the adjoint representation. An interesting
question is whether one can come up with some constrained field M;; so that this term is no
longer U(n) invariant, but still invariant under finite W -transformations, so that it can be used to
break U(n) to a finite W-algebra. Another way to phrase this question is whether the finite
W-orbit on M;; is the same as the U(n) orbit, or strictly smaller?

o Can one use the fact that many finite W-algebras look as if they are deformations of some Lie
algebra? There is a one-to-one correspondence between generators of a finite W-algebra
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associated to an s/, embedding, and the generators of the Lie algebra %, (see Section 3.2.4), given
by the requirement that they belong to the same sl, orbit. We do not know whether a finite
W -algebra can always be seen as a deformation of 4,, and whether this would be useful for the
construction of actions.

e The universal enveloping algebra of a finite W-algebra can be viewed as an infinite-dimensional
Lie algebra, subject to additional relations. Can one construct a theory invariant under this
infinite-dimensional Lie algebra and systematically impose the extra relations?

Fortunately, the obstruction explained in Section 6.1 does not apply in one dimension. For the
remainder, we will examine some of the possibilities that exist in d = 1.

6.2. Finite W-invariance in d = 1

In one dimension it is possible to realize finite W-algebras in terms of conserved charges.
However, this fact in itself is not yet sufficient to construct a theory invariant under finite
W-symmetries. For that one needs a realization of finite W-algebras in terms of known objects,
such as creation and annihilation operators or generators of a Lie algebra. Or alternatively, one
can use the fact that finite W-algebras were obtained by imposing constraints on the generators of
a Lie algebra. We will now briefly examine these possibilities in turn.

6.2.1. Imposing constraints

Suppose we have some action which is invariant under the global symmetry algebra .
Associated to these global symmetries is a set of local conserved charges that obey {Q,, 0;} = f4Q..
Then we can immediately write down an action in which we impose the constraints necessary to get
the finite W-algebra (¥4, %, y) by adding to the action the term

fdtTr(A(Q — 2O + -, (6.26)

where A4 is an ¥ valued gauge field, and Q = Q,T* The dots indicate possible terms that are of
higher order in A. This action has a local gauge invariance generated by the first class constraints
Q — x(Q), under which 4 transforms as a kind of gauge field. How A transforms exactly depends on
the details of the theory. If we perform a BRST gauge fixing of this gauge symmetry then the action
becomes the original action plus a free ghost action, and the BRST operator that generates the
BRST symmetries of this action is precisely the one we used to analyze quantum finite W-algebras,
with J replaced by Q. In particular, the Hilbert space of the theory is given by the BRST
cohomology and carries a representation of the finite W-algebra. This is a genuine finite W-
invariant theory, but the W-invariance is only apparent on the level of the Hilbert space.

In some cases, one starts with theories whose symmetry algebra contains two copies of 4. When
this happens it is possible to impose constraints on both algebras, and it can happen that one can
explicitly integrate out the Lagrange multipliers, thus yielding an action without BRST symmetry
but with a finite W -invariance. One particular example is to start with the action of a point particle
moving in a group manifold. This will lead to the celebrated Toda theories, and we will describe
this example in some more detail.
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One starts with the action for a free particle moving on the group manifold G (the Lie algebra of
G is %). The metric on G is given by extending the Cartan—Killing metric (¢,,ty) = Tr(t,t,) on the
Lie algebra ¢ all over G in a left-right invariant way. This leads to the familiar action

1dg _,dg
== — . 6.27
sta) = [arte(o~ 2o ) (627)
It satisfies the following identity

S[ghl = S[g] + S[h] +fdtTr<g‘1%i—?h‘l>, (6.28)

from which one immediately deduces the equations of motion,

d/ _,dg dfdg _;\
dt(g dt) dt(dt =0 (6.29)

The action (6.27) is invariant under g — h, gh, for constant elements hy,h, € G. This leads to the
conserved currents J,J given by

dg g1 = = _,dg

J=g97 =0 and J=g7 o =T, (6.30)

The equations that express the conservation of these currents in time coincide with the equations of
motion of the system, so fixing the values of these conserved quantities completely fixes the orbit of
the particle once its position on ¢t = 0 is specified. In this sense, the free particle on a group is
a completely integrable system. The conserved quantities form a Poisson algebra [55]

{JoJ0) =f2e, (6.31)

with similar equations for J. This is precisely the Kirillov—Poisson bracket we used as a starting
point for the construction of finite W-algebras. These were obtained by imposing constraints on
the Poisson algebra (6.31), and we want to do the same here to get systems with finite W symmetry.
Actually, we already have the first explicit example at our disposal here. If we consider the trivial
embedding of s/, in SL,, then the finite W -algebra is the Kirillov—-Poisson algebra (6.31). The action
(6.27) is the generalized Toda theory for the trivial embedding. The conserved currents of this
generalized Toda theory form a Poisson algebra that is precisely the finite W -algebra associated to
the trivial embedding.

Finite W-algebras were obtained by imposing a set of first class constraints 7. (J) = x(J), where
my is the projection on .. Here we want to impose the same constraints, together with similar
constraints on J,

To(J) = x*(J) and 7w, (J)=x(J). (6.32)

There are two equivalent ways to deal with these constraints. One can either reduce the equations
of motion, or reduce the action for the free particle. Let us first reduce the equations of motion,
where we restrict our attention to the finite W-algebras obtained from an sl, embedding. If
G . denote the subgroups of G with Lie algebra ., #*, and G, the subgroup with Lie algebra 4,,
then almost every element g of G can be decomposed as g_ gog+, where g, o are elements of the
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corresponding subgroups, because G admits a generalized Gauss decomposition G = G- GoG+

{strictly speaking G- GG is only dense in G, but we will ignore this subtlety in the remainder}.
Inserting g = g_gog + into (6.32) we find

- dg +  _ _ _ dg —

! =—g3! _golt=gt——. 6.33

go "1+9o a9 got-go 9- 41 (6.33)

In the derivation of these equations one uses that n,(g_t,g-"') = t,, and a similar equation with

n,«and t_, which follow from the fact that ¢, have degree + 1. The constrained currents look like

d _ _ - _ _.d _
J:g—<t++%951+90t—901)g—1, J=g+1<f—+901%9+901t—90>g+- (6.34)

The equations of motion now become

_,dJ d dg() _ -
= 172 — [ 2J0 -1 1
O g— dt g— dt(dt gO >+[g0t—go 3t+]7
dJ d d (6.35)
0=g. agll =&(96‘%9> +[t-,90"'t+g0]1,

which are generalized finite Toda equations as will be shown in a moment.
Alternatively, one can reduce the action by writing down the following gauged version of the
action

! dg _,d
S[g A+, A_] =§JdtTr<g’1d—€g_l—£+Ai +Az>

+ JdtTr(A_(J —xIN+ AT —x*JI)+A_gAd, g™ Y. (6.36)
This action is invariant under the following transformations

g—oh-ghe, A-—>h-A_h~! —%ih:l, Ay > hi'Aih, —hzldg;' ’

(6.37)

where h, are arbitrary elements of G .. We assume here that y is either constant or zero. If y is some
higher dimensional representation, one needs in addition to (6.36) a Lagrangian describing these
additional degrees of freedom. In the case where the finite W -algebra comes from an s/, embedding
we can use the gauge invariance to put g, = g = e (where e is the unit element of the group G) in
the Gauss decomposition of g, thus we can take g = go € G,. Then from the equations of motion for
A,wefind A4, =g5't.goand A_ = got_g; ' (The terms A3 and A2 are not present in this case).
Substituting these back into the action it reduces to

1 .d . d _
S[go] =§fdtTr<gw§gol—dgT°> - jdtTr(gor_go ). (6.38)

The equations of motion for this action are indeed given by (6.35), showing the equivalence of the
two approaches.
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This generalized Toda action describes a particle moving on G, in some background potential.
Two commuting copies of the finite W-algebra leave the action (6.38) invariant and act on the
space of solutions of the equations of motion (6.35).8 An explicit proof of this will be given in the
next section. This action is only given infinitesimally, because we do not know how to exponentiate
finite W-algebras. One can, however, sometimes find subspaces of the space of solutions that
constitute a minimal orbit of the W-algebra, see for example [56] where this was worked out for
the infinite W5 algebra.

For the principal embeddings of s/, in sl,, the equations of motion reduce to ordinary finite Toda
equations of the type

2

d%q: "l
52 +oxp '21 Kiq;1=0, (6.39)
2

where i = 1,...,n — 1, K;; is the Cartan matrix of sl,, and g, = exp(q; H;).

The general solution of the equations of motion (6.35) can be constructed as follows. Let h(l) h$?
be elements of Go. Let X, be an arbitrary element of go. If go(f) is defined by the Gauss
decomposition

g-(0g01g+(t) = h§"expt(Xo + (h§") 1t he” + bt (h§) M)A, (6.40)

then go(t) is the most general solution of (6.35). The easiest way to study the action of the finite
W -algebra on these solutions, is to use the explicit transformation rules (6.58). This might provide
a valuable tool in the study of the solutions (6.40).

In the case when y = 0 in (6.36) it is not so straightforward to pick a good gauge for g, unless
Z = %", which corresponds to the case described in Section 4.3.2. Then a good gauge choice is to
pick g in Gy, and integrating out A, is trivial. The result is

1 . dgo _,d
S[g0]=§JdtTr< ldgtog 1(ft°>. (6.41)

The symmetry of this theory is %, x 4,, which is in perfect agreement with (4.33).

Finally, let us present an action which has the finite W-algebra obtained by setting the Lie
algebra generators in a Cartan subalgebra equal to zero, as discussed in Section 4.3.3. We take the
action (6.36), but since it is not easy to find a good gauge choice for g, we put A, = 0, i.e. we impose
only constraints on J, not on J. This is a special case of (6.26). A good gauge choice is then for
example g =g_g., where g, € G, and G = G_TG., is a standard Gauss decomposition of G.
Integrating out A yields the following action

_ dg dg+ _ dg . 1o 2
S[g_,g+]—JdtTr< ST dt >—fdtTr<n¢<g_ i 7 g- (6.42)

where 7 is the projection on the Lie algebra 7

8 More precisely, the symmetries of (6.38) form an algebra that is on-shell isomorphic to a finite W-algebra.
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Any of the actions in this section can in principle be used as a starting point for a theory with
local finite W-symmetries in one dimension. We are not going to discuss this here; basically one can
use the same techniques as one uses in two-dimensions to gauge infinite W -algebras, see e.g. [7].

6.2.2. Realizations of finite W-algebras in terms of lie algebras

The Miura transformation provides a realization of a finite W-algebra that comes from an s/,
embedding in terms of the generators of %, (see Section 3.2.4). Can one, given such a realization,
find an action invariant under finite W -transformations? One way is to first express the generators
of %, in terms of oscillators (see [6,57]), thereby providing a Fock realization of the finite
W -algebra. Subsequently, one can try to use the method in the next section to find an invariant
action. Alternatively, one can try to use the realization in terms of %,. An obvious guess is to look
for actions of the type

1 ~.dg, . d
S[go] = 3 JdtTr <90 ! % go! %) — fdt V{(go) - (6.43)

The kinetic part of this action has a %, x 4, invariance, and the problem is now to find a potential
V{go) that reduces this invariance to a finite W-invariance. To be able to say something more we
first need to work out some properties of the polynomials in terms of J, = (dg,/dt)gg ! that the
Miura transformation gives us and that form a realization of the finite W -algebra.

The (classical) Miura transformation can be described as follows. We start with the Kiril-
lov—Poisson algebra (6.31), and decompose Jas J_ + J, + J,, and in addition we will decompose
J_.=J_1+J_,+ -+ according to (3.33). After imposing the constraints we get J.gner =J- +
Jo + t.. The finite W-algebra is the Poisson algebra of the polynomial. P(J_,J,) that are gauge
invariant under the gauge transformations generated by the first class constraints on the con-
strained phase space, i.e. P(J_,J,) satisfies

SPU_,Jo) SPU_,Jo)
Tr(( 5I- U,

>[J—+Jo+t+78~]>=0, (6.44)

where ¢_ is an arbitrary parameter with values in 4_. We can rewrite (6.44) as

i 6P(J_,J0)+5P(J~,J0)
* oJ 6Jo

,J+J0+t+}=0, (6.45)

with 7, the projection on %,. The Miura transformation does not give P(J_,J,), but just
P(Jo) = P(J_,Jo)l;_ —o. If we insert J_ = 0 in (6.45) and then project it onto %, ,, we find

[QWUo)Jo] + [5§(JJ "),u] —o, (6.46)
O

with Q(Jo) = (6P(J -, J0)/0J - 1), —o0-
Under a small W-transformation generated by P(J,), the potential V(g,) transforms as

oP(Jo) 5V(90)>
8Jo 0gogo ')’

5V (gy) = sTr( (647)
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For the perturbed action to be W-invariant, we want this variation to be a total derivative. In order
to be able to use the identity (6.46) in (6.47), we need to require that

oV (go) _
5dodal [t+,R(go)] . (6.48)

This allows us to rewrite

0V (go) = eTr(Q(Jo) [R(go), Jo]) - (6.49)

If, in addition to (6.48), we require that

d
[R(go).Jo] = T(go) (6.50)

for some functional T(g,), then 6V (go) is a total time derivative modulo the equation of motion
dJo/dt = 0 of the unperturbed part of (6.43). We can then modify the transformation rule of g, to
cancel the equation of motion terms in 6V (g,), but this gives rise to a new variation of the potential
V(go), and we have to check that this is again a total time derivative. Clearly, this is a somewhat
cumbersome procedure and it is not clear that it terminates. One obvious solution to (6.48) and
(6.50) is the potential V (go) = Tr(got-go t+), with R(go) = got-go * and T(goe) = —R(go). We
do not know whether other simple solutions to (6.48) and (6.50) exist. Rather than verifying step by
step that (6.38) is invariant under finite W-transformations, we will give a direct proof of this. This
proof, given below, will show that the procedure sketched in this section is in general not very
efficient for finding invariant actions, but may provide some clues for finding other and better
techniques.

The Toda action was obtained by imposing constraints on both J and J. The corresponding
constraints first brought J in the form J =J_ + Jo + ¢, and subsequently in the form (6.34),
where g is a function of g, determined by (6.33). If we substitute this special constrained form of
J in the gauge invariant polynomials P(J,,J - ), then the g dependence disappears, since we are
precisely interested in G _ invariant polynomials, and we find the following polynomials in terms of
go and its time derivatives:

P(go) = P(JO,J—)lJO=(dgo/dr)ggl,1,1 = Got-gatJoz=0,J_3=0,... * (6.51)

We claim that these are precisely the conserved quantities of the Toda theory. To prove this, we
take (6.45) and deduce from it that we must in particular have

Tr<J_1 [5P(J_,J0) N SP(J_,Jo)

ST 57, J - +J0+t+]>=0. (6.52)

If we put J_, =J_3 = --- =0 in this equation, and denote

P(J—l,J0)=P(J—,J0)11_2=0,J_,=o,.., (6-53)
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etc., we find
5P(J“1sJO) 5I)(J—ZHI-'I,JO)
_ S R J_
o ([ ]
5P(J'laJ0)
il v L =0, 6.54
+[ 5.]0 3t+ O ( )
The middle term in this equation drops out, and the remainder can be rewritten as
oP(J_-1,J OP(J_y,J
I GOV IRIAUST DS TAP ) ES (6.55)
5.]—1 6']0

Now if we put J, = (dgo/dt)go * and J_, = got_gg ', then

dJo dJ_,
a U dds =g

=[Jo,J-1]. (6.56)

The first equation is the Toda equation of motion, and the second one is a straightforward
algebraic identity. Using these, (6.55) can be rewritten as

OP(J-y,J0)dJ -y  OP(J-1,J0)dJo
T 4o _
r( i, d Ve @)Y

(6.57)

and this is nothing but (d/dt) P(g,), proving that p(g,) is a conserved quantity in the Toda theory.
The transformation rules that leave (6.38) invariant can now immediately be deduced. They read

(0P, Jp)
%90 “‘9( o7,

)go . (6.58)
Jo = (dgo/dt)g5 ', J -1 = got-45 "

To verify that these transformations form indeed a finite W-algebra, we compute the variation of
another conserved quantity Q(go) = Q(J-1,J0)ls, = wgo/diigs'.s_, = gor_gs: Under the finite W-trans-
formations generated by P(g,)

d/oP oP 00 opP oQ
0Q =Tr|{ | —=|=— — el e S e I :
¢ r((dt(éJo) * [5JO’JOD<SJO * [5J0’J 1]51-) (6.59)
Using the exact identity (6.55) and the Toda equations of motion, we derive that
d /6P oP
o) =[5 68"
modulo equations of motion. Inserted into (6.59) this yields
op o0 opP o0 oP oQ
0Q=Tr||—,J_ 1 |—+|— — + |, I |- 6.61
¢ r<[51_1’1 1]6J0+[5J0’J°]5JO+[5J0’ 1]51_1 (6.61)
This corresponds exactly to the brackets of the finite W-algebra, with J_, = --- = 0. Therefore,

the symmetry transformations (6.58) form a finite W-algebra modulo field equations, i.e. the
algebra is on-shell isomorphic to a finite W -algebra.
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6.2.3. Realizations of finite W-algebras in terms of oscillators

Given a realization of a finite W -algebra in terms of a set of oscillators, or more general in terms
of the generators of an algebra <7, one can try to compute the centralizer of the W-algebra in 7,
and take any of the generators of the centralizer as the generator of time translations in some
physical system. For this to make sense one wants the generator to be Hermitian, so that it can be
identified with the Hamiltonian. Any action whose Hamiltonian is identical to this one is an action
invariant under W-transformations, provided the commutation relations found by canonical
quantization agree with those given by the algebraic structure of .. For any realization, the center
of the finite W-algebra is always a subalgebra of the centralizer in .o/, and these are the first
candidates to look at.

As an example, we can take the oscillator realization of W in Section 2.2.2. It is given by

1 -1
a(b")?, jo=3%b'b—%ata,

je=—patbt, jo=—
3 3
V3 V3 (6.62)
C=—(3a"a+3b"h)> —(3a'a +3b'b).

The center of W ¥ contains C, and the Hamiltonian of the anisotropic harmonic oscillator is given

by 2./1 — 4C. Although this is non-polynomial in terms of C, it is polynomial in terms of the
oscillators and belongs to the centralizer of the finite W -algebra. The other generator of the center
of W is C3 =& + 2jo + 3joC + 3j+ j— + 3j- j+, which is equal to h/3 — 16h3/27 with h the
Hamiltonian. This illustrates the fact that the centralizer of W;z) in the oscillator algebra is
generated by h.° It would be interesting to know whether the example of the anisotropic harmonic
oscillator can somehow be obtained as a reduction of a system with s/(3) symmetry. This would
open the door for the construction of many more examples of quantum mechanical systems with
finite W-symmetry.

To conclude, let us mention one more possibility. So far we tried to find systems with a finite
W -algebra as its symmetry algebra. We could also be less restrictive, and demand that it is just
a spectrum generating algebra. For our example of W {2, this would mean that we can also take j,
as our Hamiltonian, since j. and j_ map j, eigenstates to j, eigenstates. Incidentally, an explicit
example where this is the case is known [58]. Consider a sequence of Schrodinger operators
Li=Aj Aj + 2; where Af = +(d/dx) + f;(x) and A; is a constant. If L;A; = A L;;,; and
A; Lj=Lj+1Aj , then the A; can be used to map eigenstates of L; into those of L;, and vice
versa. Therefore, if we know the spectrum of L; we also know that of L;,,. This technique to
construct new exactly solvable Schrodinger operators from old ones is known as the factorization
method. An interesting situation arises when one imposes a kind of periodic boundary condition
on the chain of operators L;, namely if one requires L;,y = L; + g and A;,y = 4; + p for some
parameter p. If we denote L, by j, and define

jr=Af AN, jo=Ay.. A, (6.63)

°If one allows non-polynomial expressions in terms of the oscillators, this is no longer true, as can be seen from the
example e"'%, which commutes with all generators of W;Z).
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then the following relations hold

[]0,]+] = ,u]+ ’ [.]O’J'_] = _ﬂJ_ ’ (664)

N N
Jei-=11Go—A)s j-j+ =11 Uo— A+ 1).
k=1 k=1

In particular, for N = 3, the commutator of j, and j_ will be a quadratic polynomial in jo, exactly
as in the W $” algebra. The Hamiltonian j, in (6.64) is —(d2/dx?) + f + f{ + 4, where f; satisfies
the following set of coupled differential equations

A+ =+ + s,
—f S+ A=+ i+ s, (6.65)
—fi+ff A=+ A+

To solve these, first notice that the sum of these three equations is 2(fy + /> + f3) + ¢ =0, from
which one derives f, + f3 = —f; — ux/2 + k, with k some integration constant. Next, the second
equation in (6.65) can be rewritten as (f3 — f2)(f3 + f2) + (f3 +f2) + 43 — 4, = 0, or equivalently
(fs —f2)(—fi —ux/2 + k) + (—f{ — u/2) + A3 — 4, = 0. We thus have one equation for f, + f3
and one for f, — f3 in terms of f; . Solving these for f, and f; gives upon substituting these back into
the differential equations (6.65) a differential equation for f;, which turns out to be the Painleve-IV
equation. The corresponding potential in j, is then a one-gap potential. It would be interesting to
see what role the representations of W play in the spectrum of j,.

The periodicity conditions for the operators L; allow for a natural g-deformation [59]. The
corresponding Schrodinger operators have a spectrum generating algebra which is a g-deformation
of (6.64), and in particular for N = 3 one finds a g-deformation of W . The issue whether one can
g-deform arbitrary finite W-algebras is an entirely different story, which we will not discuss here,
but it is amusing to see that a g-deformation of W 5> can still occur in simple quantum mechanical
systems.
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Appendix

In this appendix we discuss the finite W-algebras that can be obtained from sl,. Using the
standard constructions developed in this chapter we calculate their relations and the quantum
Miura maps.
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Casel: 4=2+1+1
The basis of sl, we use to study this quantum algebra is

1 1 1
3Y10 —gFs — 879 Fi1 ri2 ris
3 1
I's 8r's — 8to ry Fiq
Pal, = L 3 . (A.1)
Fa Ye —3grg + 379 fi3
1 1 1
ry rs r3 —2V10 —8Fs — 879

The sI, embedding is given by t . = t;5,t, = t;oand t_ = 3¢,. The nilpotent algebra %.. is spanned
by {t13,t14,t15}> Go by {ta,...,t1,} and G_ by {t,,t,,t3}. The d; cohomology of Q.4 is generated
by J% for a=1,...,9. Representatives that are exactly d-closed, are given by W (J¢) = J* for
a=4,...,9, and by

A R A R N e R (A-2)

Introduce a new basis of fields as follows:
=zW(J®+w(J®%), H=3W(J®-Ww({J®), F=-w{J"), E=-Ww{J"),
G =-—W(J?, Gf =w({J?, G;=w({J®%, G5y =w({J*, (A.3)
C=W(J'))+3EF+3FE+H*+3U*+ 20U .

If we compute the commutators of these expressions, we find that C commutes with everything,
{E,F,H} form a sl, subalgebra and G are spin i representations for this s/, subalgebra.
U represents an extra u(1) charge. The nonvanishing commutators, with # dependence, are

[E,F]=2hH, [H,E]=hE, [H,F]=—hF,
[U,G{]=hGi, [U,Gi]=—hG;5,

n

[G1,G3]=—2hE(U +h), [G[,G,]1=2hF(U +h),
[G{,G;1=h(—C + EF + FE +2H?> + 3U? + 2HU) + h*(2H + 3U)
[G1,G3]=h(C —EF — FE —2H?*—3U?+2HU) + h*(H — 3U) .

(;li ’ [E, Gi—] = hGi+ » [F, Gi+] = hGl_ »
(A4)

Let us also present the quantum Miura transformation for this algebra. In this case, %, =
sl3 @ u(1). Standard generators of %, can be casily identified. A generator of u(l) is
s—2J8+ J9+2J10 andthesl3 generatorsareel—J e, =JS es=J% fi =0, f,=1J",
fa = hy=—3J8 +1J%%and h, = 1J8 — 1J° The convention is such that the commutation
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relations between {e;, f;, h;} are the same as those of the corresponding matrices defined by

Cq [£2] as
ae; + blﬁ + cihi =h b1 Cr — ar . (AS)
b3 bz —Cy

The quantum Miura transformation reads
U=4%(s~2hy, —4h)), H=3%h,, F=—f,, E=—e,,
Gy =—fofi — 36— 2h, —hy +30)fs, Gi =erfs+3(s+hy—hy +3h)f,,
G, =e;, G, =e;, (A.6)

24 2
+ 5(h} + hyh, + h3).

In C we again recognize the second Casimir of s/3. It is a general feature of finite W-algebras that
they contain a central element C, whose Miura transform contains the second Casimir of 4,. C is
the finite counterpart of the energy momentum tensor that every infinite W-algebra possesses.

Case2: 4=2+2
A convenient basis to study this case is

1 h .
C= <— s? + —5) +3efi +fien teafs +fren +esfs + fres)

1t 2ty e
rqy to re 111
5t5 T35 13 ris
2
rata= 2 4 2 : (A7)
, . Te T s T
! 2 2 2 2
7 To Fe Ty
"3 4 272 T3t

The sl, embedding is given by t, = t,, 4 tys, to = t10 — t1; and t_ = 3(t; + t4). The subalgebra
9, is spanned by {{;5,...,t15}, 9o by {ts,..., 11,1} and ¥- by {t;,...,14}. The d; cohomology of
Q..q is generated by J!,...,J". The d-closed representatives are W (J*) = J* for a = 5,6,7, and

(A.8)
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To display the properties of the algebra as clearly as possible, we introduce a new basis of fields
H=3w(J®, E=-w({"), F=-w{%,
Gr=WJ?, G'=wJIH—-wJ*4, G =-Ww{J?),
C=W(@FY) + WF*) +iwTOYWF) + 1w TS w7 (49
- ~ h N
+éwunwuﬂ+zwuﬂ.

Here, C is the by now a familiar central element, {E, H, F } form an s/, algebra and {G*,G° G~}
form a spin 1 representation with respect to this s/, algebra. The non-vanishing commutators are

[E,F]1=2khH, [H,E]l=hE, [HF]=—hF,
[E,G°]=2hG", [E,G 1=hG®, [F,G']=hG°, [F,G°]=2KG",

[H,G*]1=hG*, [H,G ]1=—hG™,

[G°G*]1=h(—CE + EH? + YEEF + $EFE) — 2h°E (4.10)
[G°,G™] =h(—CF + FH? + FFE + 3FEF) — 2h*F
[G",G"1=h(—CH + H® + HEF + HFE) — 2h*H

Since ¥, = sl, @ sl;, ® u(l), the quantum Miura transformation expresses this algebra in terms
of generators {el,}zl, fil, {ez,hz, f2}.s of 4. The relatron between these generators and the J*
are:  s=J1°— U, (J6+J1°+J“) hy =3(J® —J10 — Ji), 1T+ T,
e, =3J7=J%, fi =30 5 +J8and f, = 3(J° — 8). The commutation relatrons for these are
[e1, fi] = hhy, [hy,e1] = 2hey, [hy, f1] = —2hf1, and similar for {e,, h,, f>}. For the quantum
Miura transformation one then finds

H=%(h1+h2), E=—e —e,, F=—fi—f,

G* =3ehy —Seyhy + as(er —e3) + hley —ey),

=fie; —fres +asthy — ho) + h(hy — hy), (A.11)
G~ =%f1h2 - %fzhr -%S(fl —fL)=h(fi —f2),
C =(gs> +hs) + 3(e1 fi +fier + exfs + faes) + 5(h} + h3).

The infinite-dimensional version of this algebra is one of the ‘covariantly coupled’ algebras that
have been studied in [60]. The finite algebra (A.10) is almost a Lie algebra. If we assign particular
values to C and to the second Casimir C, = (H? + 3 EF + 3 FE) of the s, subalgebra spanned by
{E,H,F}, then (A.10) reduces to a Lie algebra. For a generic choice of the values of C and C, this
Lie algebra is isomorphic to sl, @ sl,. An interesting question is, whether similar phenomena occur
for different covariantly coupled algebras.



J. de Boer et al. | Physics Reports 272 (1996) 139-214 211

Case3. 4=3+1
The last non-trivial non-principal sl, embedding we consider is 4, ~ 3, @ 1,. We choose yet
another basis

's _Te r r r
Pl 8 11 12
12 3
rs
ra 7 ris Fia
raty = s (A.12)
ry rg rs 76 ¥y
272 ™ mteta
rs To s Ye 17
ry ry -+ —=+t ==

22 12 6 2

in terms of which the sl, embedding is ¢, = t;; + 15, t° = —3ts + t; and t_ = 2t;. The sub-
algebra %, is generated by {f,4,...,t15}, ¥ is generated by {t,,t,,13,19,¢10}, and %, is generated
by {t4,...,tg}. The d; cohomology is generated by J1, ..., J3 and d-closed representatives are
given by W(J*) = J* W(J3) =J5, and

WY =T+ 27370 = LTCT3 + 5773 + J4J0 v hjego —1J77° —5J4jsje
PR PR neanns 31 s e 3h o, 5ho., -
——%J4J6J8——TigJ6J6J6—+%516J7J74—jf—J4J8—-7rJ9—k~§J6J6

Boasne 3haoan 30E . ThE .

Sy el Ry By Ay e R

AT T A

We introduce a new basis

=iw(J%, Gt=w{J*, G- =wJ?», S=w{Jh,
(A.14)

C=W0ﬁ+ﬁWﬁﬂWﬁﬂ—gWﬁﬂ.

In this case, the fields are not organized according to sl, representations, because the centralizer
of this s/, embedding in sl, does not contain an sl,. Again C is a central element, and the
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nonvanishing commutators are

[U7G+] = hG+ s [UaG_] =—hG~ >

2 20 43h 29h2
+71 _ +[ _* 2
[§,G7] =hG ( 3C+—9U 5 U+ 27),
_ 2 20 ., 43h 29h2\ (A.15)
[S,G ]—h(gC—KU +—9—U—- 77 >G ,
4h 3h? 88h 1742 25h2
G711 = - - 3 2
[G*.GT1=hS =T CU+- C+ 2 US == U2+ =0 U

This 1s the first example where the brackets are no longer quadratic, but contain third order terms.
For the sake of completeness, let us also give the quantum Miura transformation for this algebra.
We identify generators {e, f,h},s1,5; of s, ® u(l) @ u(l) = G, viaf=J8 e =J* h=3J° - J®),
s, =3(J°% + J%)and s, = J7. The only non-trivial commutators between these five generators are
le, f1=hh, [h,e] = 2he and [h, f] = —2hf. The quantum Miura transformation now reads

=

h
35t + 3sih+1h? —4s3 — 5351+ 3h+52) + 2h2>f,

5h
S = —15e(8sy + 4h — 31h) f — 165(sy — h)> + 12(s; — h)s? + 4—8(s1 — h)?

h 3h , 3h? Th? (A.16)
+632(51 —h)*1—632 —‘§—52 —ﬁ(sl —h),

h
C=(ef+1fe+3h®)+ <%s% +§Sz> + (55F —hs1) -

This completes our list of finite quantum W -algebras from si,.
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Note added in proof

In a series of papers [61-65] a very interesting class of two-dimensional topological field theories
has been studied, that contain as a special case the BF theory for finite W-algebras described by
equation (6.25). To each manifold N with a Poisson structure (i.e. a smooth section of A2TN
satisfying the Jacobi identities) one can associate such a topological field theory. A finite
W -algebra with k generators defines a Poisson structure on R*, and the corresponding Poisson
sigma model is precisely (6.25). Poisson sigma models contain many interesting topological field
theories as subcases, such as two-dimensional Yang-Mills theory and the G/G gauged
Wess—Zumino-Witten theory. The Hilbert space of Poisson sigma models turns out to be
determined by the integral symplectic leaves of N. For finite W-algebras we analyzed the
symplectic leaves in Section 3.2.6. It would be very interesting to determine which of these are
integral, as this would immediately provide us with the Hilbert space of (6.25). The same leaves also
play an important role in the representation theory of finite W-algebras, suggesting that the Hilbert
space and partition function of (6.25) should have a representation theoretical interpretation, and
this might ultimately lead to a geometrical proof of some of the conjectures in Chapter 5.



