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ON THE CATEGORY O FOR RATIONAL CHEREDNIK ALGEBRAS

VICTOR GINZBURG, NICOLAS GUAY, ERIC OPDAM AND RAPHAEL ROUQUIER

ABsSTRACT. We study the category O of representations of the rational Cherednik algebra Ay
attached to a complex reflection group W. We construct an exact functor, called Knizhnik-
Zamolodchikov functor: O — Hw-mod, where Hyy is the (finite) ITwahori-Hecke algebra associ-
ated to W. We prove that the Knizhnik-Zamolodchikov functor induces an equivalence between
O/O¢or, the quotient of @ by the subcategory of Ap-modules supported on the discriminant,
and the category of finite-dimensional Hy-modules. The standard Aw -modules go, under this
equivalence, to certain modules arising in Kazhdan-Lusztig theory of “cells”, provided W is a
Weyl group and the Hecke algebra Hys has equal parameters. We prove that the category O
is equivalent to the module category over a finite dimensional algebra, a generalized ” ¢-Schur
algebra” associated to W.
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1. INTRODUCTION

Let W be a complex reflection group acting on a vector space V. Let Ay denote the rational

Cherednik algebra introduced in [ELd] as a certain deformation of D(V) x W, the cross-product
1
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of W with the algebra of polynomial differential operators on V. The algebra Ay can be also
realized as an algebra of operators (Dunkl operators) acting on polynomial functions on V.
When W is a Weyl group, Aw is a rational degeneration of the double affine Hecke algebra.

A nice category O of Ay-modules has been discovered in [DuUp], cf. also [ReELGH]. It shares
many similarities with the Bernstein-Gelfand-Gelfand category O for a finite-dimensional semi-
simple Lie algebra.

We develop a general approach to the category O for a rational Cherednik algebra, similar
in spirit to Soergel’s analysis, see [Rall], of the category O in the Lie algebra case. Specifically,
in addition to the algebra Ay, we consider an appropriate (finite) Hecke algebra Hy , and
construct an exact functor KZ : O — Hy-mod, that may be thought of as a Cherednik algebra
analogue of the functor V of [Rall]. One of our main results says that the functor KZ is fully
faithful on projectives. Thus, the (noncommutative!l) Hecke algebra plays, in our case, the
role similar to that the coinvariant algebra (= cohomology of the flag manifold) plays in the
Lie algebra case. It is also interesting to note that, in both cases, the algebra in question is
Frobenius.

To prove our results, in J we develop some basic representation theory over a ground ring
(which is not necessarily a field) of a general associative algebra with a triangular decompo-
sition. This generalizes earlier work of the second author [(Zid] and of the last two authors
(unpublished). Such generality will be essential for us in order to use deformation arguments

in §Al The results of section f are applied to Cherednik algebras in §82

In gl we explain how to generalize some classical constructions for D(V'), the Weyl algebra,
(such as characteristic varieties, duality) to the rational Cherednik algebra. We study two
kinds of dualities. One of them is related to Fourier transform while the other, much more
important one, generalizes the usual (Verdier type) duality on D-modules. This enables us to
show that the Ringel dual of category O is a category O for the dual reflection group. We also
give a formula for the dimension of the characteristic variety involving only the highest weight
structure of O.

Our most important results are concentrated in g We use the de Rham functor for
Knizhnik-Zamolodchikov type D-modules over the complement of the ramification locus in V.
This way, we relate the category O with a Hecke algebra. We prove that the category O can
be recovered from its quotient by the subcategory of objects with non-maximal characteristic
variety (Theorem B=d and Corollary BE3).

Then, we obtain a “double centralizer” Theorem BEXl asserting in particular that the category
O is equivalent to the category of modules over the endomorphism ring of some Hecke algebra
module. A crucial point is the proof that the de Rham functor sends the D-modules coming
from objects of O to representations of the braid group that factor through the Hecke algebra

(Theorem BE=IJ).

In a different perspective, our results provide a solution to the problem of associating a
generalized “g-Schur algebra” to an arbitrary finite complex reflection group W. This seems to
be new even when W is a Weyl group (except for types A, B). For instance, let W be the Weyl
group of an irreducible simply-laced root system. Then, the data defining the Cherednik algebra
Aw reduces to a single complex parameter ¢ € C. In this case, Hy is the standard Iwahori-
Hecke algebra of W, specialised at the parameter ¢ = ¢?™¢. If ¢ is a rational number, then ¢ is a
root of unity, and the corresponding category Hy-mod becomes quite complicated. Our results
show that the category O for Ay may be viewed as a natural “quasi-hereditary cover” of the
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category Hyp-mod, which is not itself quasi-hereditary. As a consequence, the decomposition
matrices of Hecke algebras (in characteristic 0) are triangular (Corollary BEZId). We remark that,
in view of [ZESZ], one might have expected on general grounds that the category Hy-mod only
has a “stratified cover”, which is weaker than having a “quasi-hereditary cover”.

The reader should be reminded that, in type A, a well-known “quasi-hereditary cover” of
Hw-mod is provided by the ¢-Schur algebra. We expect that the latter category is equivalent
to the category O. Furthermore, for an arbitrary finite Weyl group W, we prove in @l that the
KZ-functor sends the standard modules in O to modules over the Hecke algebra (with equal
parameters) that can be described via Kazhdan-Lusztig’s theory of cells. It follows in particular
that, in type A, the standard modules in category O go to Specht (or ‘dual Specht’, depending
on the sign of parameter ‘c’) Hy-modules, introduced in [LLH].

Acknowledgments. The second named author gratefully acknowledges the financial support of the
Fonds NATEQ. The third named author was partially supported by a Pioner grant of the Netherlands Organi-
zation for Scientific Research (NWO).

2. CATEGORY O

2.1. Algebras with triangular decomposition. In this section, we assume given an asso-
ciative algebra A with a triangular decomposition. We study a category O(A) of A-modules,
similar to the Bernstein-Gelfand-Gelfand category O for a complex semi-simple Lie algebra.
The main result of this section is Theorem EI™ below, saying that the category O(A) is a
highest weight category (in the sense of [LESH]).

Throughout this section B let ko be an algebraically closed field and £ a commutative noe-
therian kg-algebra.

Let A be a graded k-algebra with three graded subalgebras B, B and H such that

A=B® H® B as k-modules
B and B are projective over k
BoH=H@Band H®B=B®H
B=68,., B, B = D<o B;,and By = By = k and H C A,.
H =k @y, H(ko) where H(ko) is a finite dimensional semi-simple split ko-algebra
the grading on A is inner, i.e., there exists 0 € Ag such that A; = {u € A|Ju—ud = iu}.
We denote by BH and BH the subalgebras B® H and B H. We put B = B_,;. We denote
by Trr(H (ko)) the set of isomorphism classes of finite dimensional simple H(ko)-modules. We
put =0 — dy with & € B®@ H® B>° and 9y € Z(H). For I € Trr(H ko)), we denote by cg
the scalar by which dy acts on k @y, E.
The theory developped here is closely related to the one developped by Soergel [RaZ, §3-6] in

the case where g is a graded Lie algebra with go reductive, A = U(g), B =U(gs0), B = U(g<o)
and H = U(go)."

2.2. Locally nilpotent modules. We denote by O™ the full subcategory of the category of
A-modules consisting of those modules that are locally nilpotent for B, i.e., an A-module M
is in O™ if for every m € M, there exists n > 0 such that B>" - m = 0. This is a Serre
subcategory of the category of A-modules.

n the Lie algebra case, the algebra H = U(go) is not finite dimensional. One then has to restrict oneself to
the consideration of H-semisimple A-modules only. The theory developed below easily extends to such a case.
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Remark 2.1. The canonical functor D*(O™™) — Db'(A) is not faithful in general. Nevertheless,
for i = 0,1, and any M, M’ € O™, one still has Ext,, (M, M') = Ext' (M, M").

2.3. Standard modules.

2.3.1. Let h € H. We denote by ¢, : B — B ® H C A the map defined by ¢,(b) = h @ b.
Similarly, we denote by ¢, : B — H @ B C A the map defined by ¢,(b) = b ® h.

Let E be an H-module. The augmentation B — B/B>° = k induces a morphism of algebras
BH — H and we view E as a BH-module by restriction via this morphism. All simple BH-
modules that are locally nilpotent over B are obtained by this construction, starting with £ a
simple H-module.

We put

A(E)=Indj, E=A@py E.

The canonical isomorphism A(F) = B @ E is an isomorphism of graded B H-modules (F is
viewed in degree 0), where B acts by multiplication on B and the action of h € H is given by
opOplg: BOE —-BoHoyp E=B®E.

We now put V(£) = Homgry, (A, E) = 6D, Homgr%H(A, F) (this is also the submodule of
elements of Hompgy (A, ) that are locally finite for B). Here, E is viewed as a BH-module via
the canonical morphism BH —» (B/Bso) ® H = H.

We have an isomorphism of graded BH-modules V(E) = Homy(B,k) @ E where B acts
by left multiplication on Homy (B, k) and the action of h € H is given by f @ e — (b @ e —

(1@ f)(en(b))e).

The A-module A(F) is a graded module, generated by its degree 0 component. The A-
module V(FE) is also graded. Both A(FE) and V(FE) are concentrated in non-negative degrees,
hence are locally nilpotent for B.

2.3.2.  We have
Extly(A(E), V(F)) ~ Extl, (Resgy A(E), F) ~ Exts, (IndB B, F) ~ Exti (E, F).

It follows that, when k is a field and F, F' are simple, then
(1) Exty(A(E),V(F)=0ifi#0or ¢ F and Homu(A(E),V(E)) ~ k.

Let N be any A-module. We have
(2) Hom4(A(E), N) = Hompg(E, Resgy N)
2.3.3. A A-iltration for a A-module M is a filtration 0 = My C M, C --- C M, = M with
My /M; ~ A(k @y, E;) for some E; € Irr(H(ko)). We denote by O the full subcategory of

O™ of objects with a A-filtration.
Given an H-module I and n > 0, we also consider more general modules

A(E) =Indgy ((B/B™") @y B)
The modules A, (k @, F') have a A-filtration, when F is a finite dimensional H (kq)-module.

For N a A-module, we have
HomA(An(E), N) :> HomBH<(B/B>n) ®k E, N)
As a consequence, we have a characterization of B-locally nilpotent A-modules :

Proposition 2.2. Let N be a A-module. Then, the following are equivalent
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e N isin O™
e N is a quotient of a (possibily infinite) sum of A,(E)’s
e N has an ascending filtration whose successive quotients are quotients of A(E)’s.

2.4. Graded modules.

2.4.1. Given o € k and M a A-module, define generalized weight spaces in M by
Wo(M)={m e M | (0 —a)"m =0 for n > 0}.

Let O be the full subcategory of O™ consisting of those modules M such that M = Y ner Wa (M)
where W, (M) is finitely generated over k, for every a € k. This is a Serre subcategory of the
category of A-modules.

Let O be the category of graded A-modules that are in @. This is a Serre subcategory of
the category of graded A-modules.

Let O be the full subcategory of O consisting of those objects M such that M; C W,_,(M)
for all i. Note that this amounts to requiring that 0 — (¢ + ¢p — a) acts nilpotently on
Homgrjq(k @k, F, M) for F' € Trr(H(kg)), since d and dy commute.

More generally, if I is a subset of k&, we denote by O! the full subcategory of @ consisting of
those objects M such that M; C Y ., Wi_.(M).

We denote by A(E) the graded version of A(E) (it is generated in degree 0 and has no terms
in negative degrees). Further, write (r) for ‘grading shift by r’ of a graded vector space.

Lemma 2.3. Let E € Irr(H (ko). We have A(k @y, E)(r) € O,

Proof. Note that 0’ acts as zero on A(k ko l?)o, since B~ acts as zero on it. So, d acts as —cp
on it. It follows that d acts by i — cg on B;A(k @, E)o = A(k @, F); and we are done. 0

2.4.2. Let P be the quotient of UEehr(H(kO))(cE + Z) by the equivalence relation given as the
transitive closure of the relation : a ~ §if o — 3 is not invertible.

We make the following assumption until the end of SEZ

Hypothesis 1. We assume that c¢g ~ ¢g + n for some n € Z implies n = 0 (this holds for
example when k is a local ring of characteristic zero).

Proposition 2.4. We have O = D.cr o,

The image by the canonical functor @ — O of Ot is a full subcategory O*+% independent
ofn € Z.

We have O = @aEP/Z O 2 and the forgetful functor O* = O*Z s an equivalence.

Proof. Let M be an object of O. Let @ € P and M* =3 . .. W,(M). By Lemma B3 and
Proposition B we have a decomposition M = @aEP/Z M*? as A-modules.
Similarly, given M € O, we have M = D.cr M* where
M® = @ Z(Wi—a(M) N MZ) € (/N)a.
i a€a
Given M € O**Z we put a grading on M by setting M; = > W (M) (here we use the

assumption on k). This defines an element of O* and completes the proof of the proposition. [

a€i—a

We denote by p, : @ — O the projection functor.
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2.4.3.  We now give a construction of projective objects (under Hypothesis H).

Lemma 2.5. Let a € P and d € Z. There is an integer r such that the canonical map
Hom(A,,(H)(—d), M) — My

is an isomorphism for all m > r and M € O°.

Proof. Replacing M by M(d) and a by a + d, we can assume that d = 0.
There is an integer r such that p,(A(H)(r’)) = 0 for ' > r. The exact sequence

0= AB™@ H)(m) = A, (H) = A,_1(H) =0
shows that the canonical map
Hom(A,(H), M) = Hom(A,,(H), M)
is an isomorphism for any M € O and m > r. Equivalently, the canonical map
Homp(B/B2", M) = Homg(B/B=", M)
is an isomorphism. Since M is locally B-nilpotent, this gives an isomorphism
Hom(A,,(H), M) 5 M.
O

Corollary 2.6. Let £ € lrr(H (ko)) and a € cg +Z. Then, the object Pa( A (K Qk E){a — cg))
of O% is independent of v, forr > 0. It is projective, has a filtration by modules A(k @k F)(r)
and has a quotient isomorphic to A(k @k, F)(a — cg).

Corollary 2.7. Let F € Irr(H(ko)). Then, forr >0, the module A,.(k @y, ) has a projective
direct summand which is A-filtered and has a quotient isomorphic to A(k @y, F).

Corollary 2.8. There is an integer r such that A, (H) contains a progenerator of O as a direct
summand.

Lemma 2.9. Let E,F € Irr(H(ko)) such that Exty(A(k @, E), Ak Qg F)) # 0. Then,

cF — cp 15 6 positive integer.

Proof. By Lemma=land Proposition B2 we have Ext},(A(k @y, E), A(k@y, F)) = 0if cp—cg

is not an integer. Assume now ¢y — c¢g is an integer. Then
Extt (A(k Qg ), Ak @y 1)) =~ Ext5(A(k @4y £), Alk @4y F){cr — cg))
~ ExtY (A(k @r, E), Ak @, F)lcr — c)),
by Lemma BE=J and Proposition E8 Now,
Exty(A(k @, E), A(k @p, F)cp — cg)) ~ Exthy(k @x, E,Respr Ak @, F)(cr — cg)).
If the last Ext' is non zero, then ¢p — cp is a positive integer. O

Corollary 2.10. Assume k is a field. Let E € Irv(H). Then, L(E) has a projective cover
P(E) with a filtration Qo =0 C Q1 C -+ C Qq = P(F) such that Q;/Qi—1 ~ A(F;) for some
F; e Irr(H), ¢p, — cg is a positive integer for i # d and Fy = F.
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Proof. We know already that there is an indecomposable projective module P(FE) as in the
statement satisfying all assumptions but the one on ¢g — cg, by Corollary EZ4

Take r # d maximal such that Q,/Q,_1 ~ A(F') with ¢ — ¢g not a positive integer. By
Lemma B the extension of P(F)/Q,_1 by A(F) splits. So, we have a surjective morphism
P(E) — A(F) @& A(F). This is impossible since P(F) is indecomposable and projective. O

2.5. Highest weight theory.

2.5.1.  We assume here that k is a field.

For F a simple H-module, all proper submodules of A(F) are graded submodules by Propo-
sition 2 hence are contained in A(E)so. Consequently, A(E) has a unique maximal proper
submodule, hence a unique simple quotient which we denote by L(F).

It follows from (M) that L(E) is the unique simple submodule of V(FE) and that L(F) % L(F)
for £ 2 F.

Proposition 2.11. The simple objects of O™ are the L(E) for E € Irr(H).

Proof. Let N € O™, Then there is a simple H-module £ such that Hompp(E,Resgy N) # 0.
By (B), it follows that every simple object of O™ is a quotient of A(E) for some simple H-module
E. O

2.5.2. Let M be a A-module. Let p(M) be the set of elements of M annihilated by B>°. This
is an H-submodule of M.

Lemma 2.12. Let M be a A-module and E an H-module. Then,
o M is a quotient of A(F) if and only if there is a morphism of H-modules ¢ : E — p(M)
such that M = Ap(FE) ;
o [fkisa field and E is simple, then M ~ L(FE) if and only if M = Ap(M) and p(M) ~ E.
In particular, Ap(M) is the largest submodule of M that is a quotient of A(F') for some H-
module F'.

Proof. The first assertion follows from (@) and the isomorphism
Hompp(F,Respy M) ~ Hompy(E, p(M)).

Now, we assume k is a field and F is simple.

Assume p(M) ~ E and M = Ap(M). Then, M is in O™. Let N be a non-zero submodule
of M. We have 0 # p(N) C p(M), hence p(N) = p(M) and N = M. So, M is simple and
isomorphic to L(FE) since M is a quotient of A(F).

Assume M ~ L[(F). Since dimy Hom(A(F),L(F)) = 1 if £ ~ F, and this Hom-space
vanishes otherwise, it follows from (H) that p(M) ~ E. O

Let M{0} = 0 and define by induction N{i} = M/M{i}, L{i} = Ap(N{¢}) and M{i 4+ 1}
as the inverse image of L{ir} in M. We have obtained a sequence of submodules of M, 0 =
M{0} Cc M{l}C---C M.

Since A(F) is locally nilpotent for B, the following proposition is clear. It describes how the
objects of O™ are constructed from A(FE)’s (cf Proposition EZ).

Proposition 2.13. A A-module M is locally nilpotent for B if and only if | J, M{1} = M, i.e.,

if M has a filtration whose successive quotients are quotients of A(FE)’s.



8 VICTOR GINZBURG, NICOLAS GUAY, ERIC OPDAM AND RAPHAEL ROUQUIER

Lemma 2.14. Assume k is a field. Every A-module quotient M of A(FE) has a finite Jordan-
Holder series 0 = M° C M' C --- C MY = M with quotients M*/M‘~' ~ L(F};) such that
F; € Irr(kW), ¢g — cp is a positive integer for i # d and Fy = E.

Proof. By Proposition Bl we can assume cp — cg € Z. From Proposition EE4 it follows that

M inherits a grading from A(F) (with My # 0 and Mo = 0). Note that since 0’ acts as zero
on p(M), we have p(M) C @Felrr(H) M,

cp—Cp*

We will first show that M has a simple submodule.

Take ¢ maximal such that p(M); # 0 and F' a simple H-submodule of p(M);. Let L = AF.
Then, p(L) C p(M) N Ms; and p(L) C F' & Ls;, hence p(L) = I'. It follows from Lemma 2
that L ~ L(F') and we are done.

Cp—Cp*
We put M’ = M/L. We have d(M') < d(M). So, the lemma follows by induction on
d(M). O

2.6. Properties of category O. We assume here in §ZH that £ is a field. We now derive
structural properties of our categories.
2.6.1.

Corollary 2.15. Every object of O™ has an ascending filtration whose successive quotients are
semi-simple.

Proof. Follows from Lemma B and Proposition EE2 O
Corollary 2.16. FEvery object of O has a finite Jordan-Holder series.

Proof. The multiplicity of L(E) in a filtration of M € O given by Corollary B is bounded by
dimW_.. (M), hence the filtration must be finite. O

Corollary 2.17. The category O is generated by the L(E)(r), with r = cp — a.
Proof. Follows from Lemma EE3 and Proposition EEX O

Corollary 2.18. Given a € k, the full abelian Serre subcategory of the category of A-modules
generated by the L(E) with cp € a + Z is O*FZ.

2.6.2.

Theorem 2.19. The category O is a highest weight category (in the sense of [LESI]) with
respect to the relation: E < F if cp — cg 1s a positive integer.

Proof. Follows from Corollary B and Lemma I g

The standard and costandard objects are the A(F) and V(FE). There are projective modules
P(FE), injective modules I(F), tilting modules T'(F). We have reciprocity formulas, cf. [CESIL
Theorem 3.11]:

[[(E):V(F)]=[A(F): L(F)] and [P(E):A(F)] =[V(F): L(E).
Corollary 2.20. Ifcg —cp € Z — {0} for all E, F € Irr(H(ko)), then O is semi-simple.

Proposition 2.21. Let M € O. The following assertions are equivalent
o M has a A-filtration
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o Exti(M,V(H)) =0 fori>0
o Exty,(M,V(H))=0 B
e the restriction of M to B is free.

Proof. The equivalence between the first three assertions is classical. The remaining equiva-

lences follow from the isomorphism Extg, (M, V(H)) = Extl (M, V(H)) = Extg(M, k). O
2.6.3. From Proposition B2 we deduce

Lemma 2.22. Let M € O™, The following conditions are equivalent
e MecO
o M is finitely generated as a A-module
o M is finitely generated as a B-module.

Lemma 2.23. There is r > 0 such that for all M € O, a € k and m in the generalized
eigenspace for 0" for the eigenvalue a, then (0" — a)"m = 0.

Proof. The action of & on A(H) is semi-simple. It follows that, given r > 0, « € k and
m € A,(H) in the generalized eigenspace for 0’ for the eigenvalue a, then (0" — a)"m = 0.

Now, by Corollary BZd there is some integer r such that every object of O is a quotient of
A, (H)! for some 1. O

Proposition 2.24. There is r > 0 such that every module in O™ is generated by the kernel
of BZ". Further, there is an integer r > 0 such that for M € O™, we have M{i} = M{r} for
1>,

Proof. Let v > 0 such that every projective indecomposable object in O is a quotient of
A,_1(H). This means that every object in O is generated by the kernel of B2". Now, consider
M € O™ and m € M. Let N be the A-submodule of M generated by m. This is in O, hence
m is in the submodule of N generated by the kernel of B2". O

Proposition 2.25. Every object in O is generated by the 0-generalized eigenspace of 0.

Proof. Tt is enough to prove the proposition for projective indecomposable objects in O, hence
for A,’s, where it is obvious. O

2.6.4. Let Q be a progenerator for O (cf Corollary BEH) and I' = (End4 Q)°PP. Then, I' is a

finitely generated projective O-module. We have mutually inverse standard equivalences
(3) Hom(Q,—): O = Imod, Q @r (—): -mod = O.
Let now X be a (non-necessarily finitely generated) I-module. Then, @ @r X is a quotient

of QU for some set I, where X is a quotient of '), Now, Q) is in O™. So, the functor
Q @r (=) : I-Mod — A-Mod takes values in O™ and we have equivalences

~

Hom(Q,—): O™ 5 I'-Mod, @ @r —: [-Mod = O™,
3. RATIONAL CHEREDNIK ALGEBRAS

3.1. Basic definitions. Let V be a finite dimensional vector space and W C GL(V) a finite
complex reflection group. Let A be the set of reflecting hyperplanes of W. Given H € A,
let Wi C W be the subgroup formed by the elements of W that fix H pointwise. We choose

vy € V such that Cvy is a Wy-stable complement to H. Also, let ay € V* be a linear form
with kernel H.
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Let £ be a noetherian commutative C-algebra. The group W acts naturally on A and on
the group algebra KW, by conjugation. Let v : A — kW, H — ~p, be a W-equivariant map
such that vy is an element of AWy C kW with trace zero, for each H € A.

Given v as above, one introduces an associative k-algebra A(V,~), the rational Cherednik
algebra. It is defined as the quotient of k @c T(V & V*) x W, the cross-product of W with

k-tensor algebra, by the relations

[&n]=0for EneV, [z,y] =0 for z,y € V7

[€,2] = (£, 2) + Z M’m

HeA <UH’aH>

Remark 3.1. Let Refl C W denote the set of (pseudo)-reflections. Clearly Refl is an AdW-
stable subset. Giving v as above is equivalent to giving a W-invariant function ¢ : Refl —
k., g — ¢, such that vy = EgEWH\{l} ¢y - g. One may use the function ¢ instead of v, and

write v, € V, resp. a, € V*, instead of vy, resp. agy, for any g € Wy ~ {1}. Then the last
commutation relation in the algebra A(V,~) reads:

o= ()4 3 - S0l

gERefl <U.g7 a9>

which is essentially the commutation relation used in [ELGd]. In case of a Weyl group W,
in [ELGE BeEfCh [Gad], the coefficients ¢, (o a root) were used instead of the ¢,’s. Then,
vy = —2¢,g for H the kernel of o and ¢ the associated reflection.

Remark 3.2. Put ey = |Wy|. Denote by ep; = iZwEWH det(w)’w the idempotent of
CWp associated to the character detﬁ/éH. Given ~ as above, there is a unique family {ky,; =
kri(Y) }rea/w o<i<ey of elements of k such that kyo = kye,, =0 and

vo =en Y _ (k1 (y) = kui(7))em .

We observe that v can be recovered from the kp;(v)’s by the formula

W=y, (2 det(w)” - (k41 (y) = kH,j(’Y))) w.

weWg—{1} \ j=0
This way, we get back to the definition of [DuUp].

Introduce free commutative positively graded k-algebras P = k @c S(V*) = @5, Pi and
B=k@cS(V)= B0 7. We have a triangular decomposition A = P @y kW @ B as k-modules
[EEG1 Theorem 1.3].

For H € A, we put

eH—l

ag(y) = Z ey - kpi(y) e € k[Wy] and  z(y) = Z ap(y) € Z(EW).

=1 HeA

We denote by Irr(kW) a complete set of representatives of isomorphism classes of simple

EW-modules.
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For E € Irr(CW), we denote by ¢g = ¢g(y) the scalar by which z(v) acts on k @c F. The
elements ag(v), z(v), and cg(y), may be thought of as functions of the coefficients kp,; =
kmi(y) (through their dependence on «). In particular, it was shown in [DuOUp, Lemma 2.5]
that cg, expressed as a function of the kp;’s, is a linear function with non-negative integer
coefficients.

Below, we will often use simplified notations and write A for A(y), kg, for kgi(v), and =
for z(v), etc.

We introduce a grading on A by putting V* in degree 1, V' in degree —1 and W in degree
0 (thus, the induced grading on the subalgebra P C A coincides with the standard one on P,
while the induced grading on the subalgebra 8 C A differs by a sign from the standard one
on B).2

Let eur, = >3 b0 be the “deformed Euler vector field”, where B is a basis of V and {b" }1¢5
is the dual basis. We also put eu = eup — z. The elements eu, and eu commute with W. Note
that >, [0,6Y] =dimV + >, vm.

We have

(4) leu, (] = —¢ and [eu, 2] =z for £ € V and z € V™.
This shows the grading on A is “inner”, i.e., A; = {a € A | [eu,a] = ¢ - a}.
3.2. Category O for the rational Cherednik algebra.

3.2.1.  We apply now the results of §@in the special case: A = A =A(V,vy), B=8, B =P,
H=FkW,ky=C, Hky) = CW, 0 =eu, & = eu;, and dy = z. In particular, we have the
category O(v) := O(A(V,~)), which was first considered, in the setup of Cherednik algebras,
in [Du0d].

For any (commutative) algebra map ¢ : k — k', there is a base extension functor O(y) —

O (7)) given by A(¥ (7)) @a (—).

3.2.2. Assume k is a field. Since @ and O have finite global dimension (Theorem EX), the
Grothendieck group of the category of modules coincides with the Grothendieck group Ky of
projective modules.

We have a morphism of Z-modules f : Ko(O) — Z[[q]][¢""] @ Ko(CW) given by taking the
graded character of the restriction of the module to W :

M > Y g dim Homgw (E, M;)[E].
Eelr(kW) i
Set [P]:= 3" gt 2o q¢* dim Homyw (E, P;)-[E]. This is an invertible element of Z[[¢]][¢7!] ®
Ko(CW), and for any F' € Irr(kW), we have f([A(F)]) = [P]-[F]. Since the classes of standard
modules generate the Ko-group, we obtain an isomorphism [lﬁf : Ko(O) = Zlg, ¢ @ Ko(CW).

Let k[(ky)i<icey—1] be the polynomial ring in the indeterminates kg ; with ko gy = ko
for w € W. We have a canonical evaluation morphism k[(kg ;)] — k given by the choice of
parameters. Let m be the kernel of that morphism, R the completion of k[(kg ;)] at m, and K
the field of fractions of R.

We have a decomposition map Ko(Of) = Ko(O). It sends [A(K @¢ F)] to [A(k @c E)].

2We use superscripts to indicate the standard (non-negative) grading on B, and subscripts to denote the
gradings on A and P. Thus, putting formally _; := 8’ one recovers compatibility: 8; = 8N A;.
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Proposition 3.3. Assume k is a field. Then, [A(E)] = [V(F)] and [P(E)] = [{(E)] for any
EW -module E.

Proof. We first consider the equality [A(F)] = [V(F)]. The corresponding statement for K is
true, since the category is semi-simple in that case. Hence the modules are determined, up to
isomorphism, by their socle (resp. by their head).

The statement for k follows by using the decomposition map.

Now, the equality [P(F)] = [[(F)] follows, using the reciprocity formulas (JZR=). O

4. DUALITY, TILTINGS, AND PROJECTIVES
4.1. Ringel duality. We keep the setup of &I with £ being a field. We make the following

two additional assumptions
° WehaveB@H@BzB@H@B:A;
e The subalgebra B C A is Gorenstein (with parameter n), i.e., there exists an integer n
such that

E if 1=n

0 if 7 #n.

The Gorenstein condition implies that, for any I € Irr(H), viewed as a BH-module via the
projection BH — H, we have Extyz,(F, BH) = 0, for all ¢ # n; moreover, Exty,(E, BH) =
E’. where E’ is a right BH-module such that dim £’ = dim E.

Assume further that the algebra A has finite homological dimension. Thus (see [B]]), there
is a well-defined duality functor

RHomy(—, A): D’(A-mod) = D°(A°PP-mod)°PP.

Exty(k, B) = {

Furthermore, this functor is an equivalence with inverse R Hom goep (—, A).

The triangular decomposition A =B ®@ H ® B gives a similar decomposition A°PP = BovrP @)
H°PP @ B°PP_for the opposite algebras. Therefore, we may consider the category O(A°PP) and,
for any simple right H-module E’, introduce the standard A°PP-module

APP(E') = Ind{gyom E' = E' ©py A,
and also the projective object PPP(E’) € O(A°PP), the tilting object T°PP(E') € O(A°PP), etc.

Lemma 4.1. The functor R Homy(—, A[n]) sends A(E) to A°PP(E®), for E a finite-dimensional
H-module.

Proof. Using that A is free as a left BH-module, we compute
Exty (A(E), A) 5 Extiyy(E, A) 5 Extyy(E, BH) ©pg A.

We see that this space vanishes for ¢« # n, and for i = n we get RHomyu (A(E), A[n]) ~
B’ @pr A = A°PP(E"). O

We would like to use the duality functor R Hom4(—, A[n]) to obtain a functor D*(O(A)) —
DP(O(A°PP))°PP_ To this end, we will exploit a general result below valid for arbitrary highest
weight categories (a contravariant version of Ringel duality [E4, §6]).

Given an additive category C, let K*(C) be the corresponding homotopy category of bounded
complexes in C.
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Proposition 4.2. Let A and A’ be two quasi-hereditary algebras and C = A-mod, C' = A’-mod
the associated highest weight categories. Let F' be a contravariant equivalence between the exact
categories of A-filtered objects I : C® = (C'*)°PP. Then,

o [ restricts to equivalences

C-proj = (C'-tilt)°PP and  C-tilt = (C'-proj)°PP

o  The canonical equivalences K°(C-proj) = D*(C) and K*(C'-tilt) = D®(C'), yield an equiv-
alence of derived categories
D:D"C) = DM (C)ere.

o Let T = F(A), an (A @ A")-module. Then, we have D = RHomu(—,T) and D™ =
RHoma(—,T). Via duality (A-mod) = (A°PP)-mod°"P, the functor D identifies C°PP with the
Ringel dual of C'.
Proof. Let M € C®. Then, M is projective if and only if Ext'(M, A(E)) = 0 for every standard
object A(F) of C (indeed, if 0 = M’ — P — M — 0 is an exact sequence with P projective,
then M’ is A-filtered, hence the sequence splits). The module F(M) is tilting if and only if
Ext'(A(E"), F(M)) = 0 for every standard object A(E') of C'. We deduce that M is projective
if and only if F(M) is tilting.

So, F' restricts to equivalences C-proj = (C'-tilt)°PP and C-tilt = (C’-proj)°PP.

The last assertions of the Proposition are clear. O

We can now apply this construction to the category O(A). Specifically, Lemma I im-
plies that the functor R Hom4(—, A[n]) restricts to an equivalence O(A)2> = (O A°PP)2)oPP,
Therefore, using Proposition 2 we immediately obtain the following

Proposition 4.3. The functor R Homa(—, A[n])°PP restricts to equivalences
O(A)-proj = (O(A°PP)-tilt)PP  and  O(A)-tilt = (O(A°PP)-proj)°P.

The canonical equivalences K*(O(A)-proj) = DY(O(A)) and K*(O(A°PP)-tilt) = D (O(A°PP))
induce an equivalence D : D*(O(A)) 5 DP(O(APP))°PP. such that A(E) — A°PP(E), P(E)
TPP(E"), and T(E) s PPP(E). O
Corollary 4.4. The category O(A°PP)°PP is the Ringel dual of O(A). O
4.2. Naive duality for Cherednik algebras. Recall the setup of 823

Denote by (=) : CWW = CW the anti-involution given by w + w' := w™! for w € W.

In this section, we compare the algebras A = A(V,~) and A(V*,~T). This will provide us

with means to switch between left and right modules, between 8-locally finite and P-locally
finite modules.

The anti-involution (=)' : CW 5 CW extends to an isomorphism
(5) ()T A SARH™ | Vot =€ Visarma, Wowe w
Remark 4.5. If all pseudo-reflections of W have order 2, then v = ~.
Further, we define an isomorphism of k-algebras reversing the gradings by
P AV,y) = AV AT
Vaémsé Visamae, Wow— w b
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Remark 4.6. When V is self-dual, an isomorphism of CW-modules F': V' 5 V* extends to
an algebra isomorphism (Fourier transform)

F:AV,y) S AV, y)

Vot FE), Voo —Fa), W3wr w.
The functor F. restricts to an equivalence O(V,~) = O(V* ~41).

4.2.1. Given M € O™, denote by MV the k-submodule of P-locally nilpotent elements of
Homy(M, k). This is a right A-module. Via ., this becomes a left A(V* yT)-module. If M is
graded, then MY = Homgr} (M, k).

Thus we have defined a functor (analogous of the standard duality on the category O in the
Lie algebra case):

(6) (=)Y - O(Viy) = OV o f)re

When £ is a field, this functor is an equivalence.

Given a kW-module F, we use the notation £V = Homy(FE, k) for the dual kW-module.
Proposition 4.7. We have A(E)Y 5 V(EY) for any kW -module E. If k is a field, then
L(E)Y 5 L(EY), P(E)Y S I(EY), [(E)" S P(EY), V(E) S A(EY), T(E)Y S T(EY).

Proof. We have
Homgr} (A @gw E, k) = Homgr{gpyore (A, Homy (£, k)

and the first part of the proposition follows.

The second assertion follows from the characterization of L(F) (resp. L(EY)) as the unique
simple quotient (resp. submodule) of A(E) (resp. V(EY)). The other assertions are immediate
consequences of the homological characterizations of the objects and/or the existence of suitable
filtrations. O

Note that the functor (—)" restricts to a functor O(V,v) — O(V*,41)°PP. When £ is a field,
it is an equivalence. A compatible choice of progenerators for O(V,~) and O(V*,~41) gives then
an isomorphism between the algebra I'(V) for O(V,~) and the oppposite algebra I'(V*)°PP for

OV, ") (cf 2Tl

Corollary 4.8. Let E and F' be two simple kW -modules. Then, the multiplicity of A(F) in a
A-filtration of P(F), for O(V,v), is equal to the multiplicity of L(FY) in a composition series
of A(EY), for O(V* A1),

Proof. By S8 the multiplicity of V(EY) in a V-filtration of I(F") is equal to the multiplicity
of L(FY) in a composition series of A(EY).

The functor (—)" sends P(F') to I(F") and A(F) to V(EY) (Proposition &) and the result
follows. O

Remark 4.9. When k is a field and W is real, we obtain, via Fourier transform, a duality on O™
and on O. Since all complex representations of W are self-dual, we have then A(E)Y = V(E).

4.3. Homological properties of Cherednik algebras.
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4.3.1. The rational Cherednik algebra is a deformation of the cross-product of W with the
Weyl algebra of polynomial differential operators on V. In particular, there is a standard
increasing filtration on A with W placed in degree 0 and V' & V* in degree 1. The associated
graded ring, grA, is isomorphic to S(V & V*) x W [ELLL §1]. It follows (see [B]], [Bd, §V.2.2]),
that A is left and right noetherian, provided k is noetherian. Since V* @ V' is a smooth variety
of dimension 2dim V', the algebra A has homological dimension at most 2dim V. Furthermore,
the usual results and concepts on D-modules (characteristic variety, duality) also make sense
for A, even though the algebra grA is not commutative.

4.3.2. We assume k is a field, and put n = dim V. The algebras 8 and P are clearly Gorenstein
with parameter n. Moreover, we have Extf(k,8) ~ A"V*. Hence, E* = A"V* @ Homy(E, k) =
A"V*®@ EY, for any finite dimensional W-module F.

It will be useful to compose the functor R Homa(,)(—,A(7y)) with the anti-involution (—)T,
see (H), to get the following composite equivalence
(7) RHomA(W)(—,A(’y))T: DY (A(y)-mod) = D°(A(7)°PP-mod)°P* 5 DP(A(y")-mod)°PP.

From Proposition 2 we immediately obtain the following

Proposition 4.10. The functor R Homa(—,A[n])" gives rise to an equivalence
D D*(O(7)) = D"(O(y1)P. 0
We further introduce an equivalence
(=)o D: D(O(V,7)) = D'(O(V*,7))
such that
A(E) —» VA"V @c F)
T(E)— I(A"V @c¢c E)
P(E)— T(A"V @c F)
In particular, we obtain (cf. Corollary E)

Corollary 4.11. The category O(V*,v) is the Ringel dual of O(V, ). O
Remark 4.12. Note that if W is real, then O is its own Ringel dual.

4.3.3. Semiregular bimodule. Write P® = &; Hom(P;, k) for the graded dual of P, and form the
vector space R := P® @, BW. Let us fix an isomorphism of C-vector spaces A"V = C. We
have the following canonical isomorphisms:

Homgrlyy (A, A"V @c BW) = Homgry (P, BW) & P® @, BIW 5 P® @p A.

The first two isomorphisms define a left A-module structure on R, and the last one defines a

right A-module structure on R. It is possible to check by explicit calculations that the left

and right A-module structures commute, so that R becomes an A-bimodule. It is a Cherednik

algebra analogue of the semiregular bimodule, considered in [, [8a7] in the Lie algebra case.
From the isomorphisms of A-modules

R@a A(E) = R @gw E = Homgrgy (A, A"V @ E)
we deduce

Proposition 4.13. The functor M +— Homgr} (R @a M, k) (= left A(V,y1)-module) sends
A(E) to A(AN"'V* @¢c EY). O
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4.3.4. Given M a finitely generated A-module, a good filtration of M is a structure of filtered
A-module on M such that grM is a finitely generated grA-module. The characteristic variety
Ch(M) is the support of grM, viewed as a W-equivariant sheaf on V*@&V (a closed subvariety).
It is well defined, i.e., is independent of the choice of the good filtration (every finitely generated
A-module admits a good filtration). Note that Bernstein’s inequality: dim Ch(M) > dim V does
not hold in general. Further, for M in O, the complex D(M) has zero homology outside the
degrees 0,...,n.

Let T'= @, T'(F) where E runs over the simple kW -modules.
Corollary 4.14. Let M € O. Then, dim Ch(M) = dimV — min{i | Extl, (T, M) # 0}.

Proof. Let R = End(T)°PP. The functor R Home(T,—) : D*(O) = D°(R-mod) is an equiv-
alence. Composing with the inverse of (—)¥ o D we obtain an equivalence D*(O(V* ~)) &
DP(R-mod) that restricts to an equivalence O(V*,v) = R-mod. We see that min{i |

Extl (T, M) # 0} = min{i | H'(DM) # 0}, where the RHS is equal to min{i | Exty(M,A) #
0} —dim V by the definition of D. The result now follows from the well-known formula, see e.g
[B1: dim Ch(M) = 2dimV — min{i | Exty(M,A) # 0}. O

5. HECKE ALGEBRAS VIA MONODROMY

5.1. Localisation.

51.1. Let Vieg =V —UUpea H and Prog = k[Vigg] = Pl(ag')]mea- The algebra structure on A
extends to an algebra structure on Aeg = Preg @3 B @ kW
We denote by

M — Mieg = Areg ©a M : A-Mod — Ac-Mod

the localisation functor. Note that Resp,,, Mieg = Preg @p M. Note also that every element of
M,eg can be written as a” @ m for some r <0, m € M, where o = HHeA ag. This makes the
localisation functor have specially good properties.

The restriction functor A,e-Mod — A-Mod is a right adjoint to the localisation functor. It
is fully faithful. The adjunction morphism coincides with the natural localisation morphism
M — M,e, of A-modules. Its kernel is M., the submodule of M of elements whose support is
contained in V' — V.. Denote by (A-Mod),, the full subcategory of A-Mod of objects M such
that M,.; = 0. The following is clear.

Lemma 5.1. The localisation functor induces an equivalence
A-Mod /(A-Mod )or =+ Aseg-Mod .

The category O is a Serre subcategory of A-Mod. Let Oy, = O N (A-Mod)tor. Then, the
canonical functor O/Oor — A-Mod /(A-Mod o, is fully faithful. Consequently, the canonical
functor

O/Otor — Areg—MOd

is fully faithful, with image a full abelian subcategory closed under taking subobjects and
quotients (but in general not closed under extensions).
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5.1.2. When k is a field, we have a commutative diagram

RHomp(—,A)T

~

D*(A(y)-mod) D*(A(y")-mod)°PP

, l ]%Honi/\lreg(—7A1reg)T b t l o
D (A(V)reg_mod) D (A(ﬁy )reg_mOd) °r

~

where the vertical arrows are given by localisation.

5.1.3.

~

Lemma 5.2. Assume k is a field. Then, (—)Y restricts to an equivalence Oior(V,y) —
Otor(v*77T)0pp.

Proof. Let M € O. We put a grading on M (Proposition EZH). Since M is a finitely generated
graded P-module (Lemma B2Z), the dimension of Ch(M ), the characteristic variety of M, can
be obtained from the growth of the function ¢ — dim M;. In particular, M € O, if and only
if lim; o0 (il_dimv - dim MZ> = 0. Such a property is preserved by (—). O

Denote by V : O — O = O/Oor, M + M, the quotient functor (the notation V has
been used by Soergel [Rall] for an analogous functor in the Lie algebra setup). The functor

V admits, by the standard ‘abstract nonsense’, both a left adjoint and right adjoint functors
TV, VT: 0= 0.

Theorem 5.3. Assume k is a field, and Q) is a projective in O. Then, the canonical adjunction

morphism a : Q — V(Q) is an isomorphism. In particular, for any object M in O, the
following canonical morphism is an isomorphism

(8) V.: Homo(M,Q) = Homa (M, Q).
Proof. By B for any two objects M, (), of O, we have a canonical isomorphism
HOIH@(M, Q) :> HomAreg(Mrega Qreg)-

Assume () has a A-filtration. Then it is free over P and thus has no non-zero submodule
lying in Oy, hence V, is injective.

Assume furthermore that M has a V-filtration. Then MY has a A-filtration (Proposition
), hence has no non-zero submodule lying in Oiop. Since (—)Y restricts to an equivalence
Oior(V,7) = Otor(V*,41)PP (Lemma BZ), it follows that M has no non-zero quotient lying in
Otor- This shows that V., in (H) is an isomorphism.

From now on, we assume that @) is projective. It follows that Q' = D(Q) is tilting (Proposi-
tion ), hence V-filtered.

Now let M be a A-filtered object. Then, M’ = D(M) is A-filtered. We apply the result on
V., that we have already proved, to O(~'). This yields, by duality (cf §EI=), that (H) is an
isomorphism, for any A-filtered object M.

Since any projective is A-filtered, for any two projective objects P, () in O, we have estab-
lished the isomorphisms

Vo«
(9) HomO(Pv Q) = Hom@(p, Q)

adjunction

Homo (P, VT (Q)).
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The above isomorphisms imply, in particular, that, for any indecomposable projective P,

we have dim Home (P, Q) = dim Home (P, VT(Q)). It follows readily that the objects @ and
VT(Q) have the same composition factors with the same multiplicities.

We can finally prove that the canonical adjunction map a : Q — V'(Q) is an isomorphism.
By the previous paragraph, it suffices to show that « is injective. To this end, put K := ker(a),
and assume K # 0. Let L(F) be a simple submodule in K, and P(FE) — L(FE), its projective
cover. By construction, the composite map ¢ : P(F) - L(F) — K — @ is nonzero. This map
g € Homo(P(F), Q) goes, under the isomorphism between the left-hand and right-hand sides
of (H), to the map a-g: P(E) = K — Q % VT(Q). But the latter map is the zero map since
K = ker(a), which contradicts the fact that (H) is an isomorphism. Thus, ker(a) = 0, and the

Theorem is proved. O

Remark 5.4. In general, the assumption that ) is projective cannot be replaced by the weaker
assumption that it is A-filtered (already for W = Z/2Z). Nevertheless, see Proposition B

Corollary 5.5. Let X be a progenerator of O and € := (Ends X)°P.  Then there is an
equivalence O = (£-mod )°PP.

Proof. The preceding theorem implies that (Endep X)°PP 5 € since projective modules are
A-filtered. Hence we can use category equivalences (H). O

5.2. Dunkl operators.

5.2.1.  One has an A-action on the vector space P, hence an $-action, arising via the identifi-
cation P = A(k). One finds, in particular, that the action of £ € V on P is given by the Dunkl
operator

Tg = 65 + Z 7<§7QH>'GH € D(‘/reg) b W,
o
HeA
where D(V,e,) stands for the algebra of regular differential operators on V.., acted upon by W
in a natural way, and ay € kW is viewed as an element of D(V;e,) x W. It follows that T;(P) C P
(as part of A-action on P = A(k)); furthermore, this A-action on P is known (Cherednik, [ELGH
Proposition 4.5]) to be faithful:

Theorem 5.6. The A-representation A(k) is faithful. Thus, the natural action of PW on P
extends to an injective algebra morphism it : A — k @c D(Vieg) X W which maps £ € V to Tk.
The map i induces an algebra isomorphism Aceg — k @c D(Vieg) 3 W.

5.2.2. We consider M = Indﬁw X =P® X, where X is locally nilpotent and finitely generated
as an B-module, free over k. The action of £ € V on p@ v, p € P and v € X is given by

Epov)=patv+dp) v+ > enlbmi - kH,j)aH(f)

(84
H 0<ij<em—1 H

emi(p) @ en;(v).

Using Dunkl operators, ¢.e., via the isomorphism of Theorem BEl we have a structure of W-
equivariant (k @c D(Vieg))-module on M,.,. The corresponding connection is given by

O =¢— Z a%f) ( Z enkmiiemi @ en ;).
H

0<ij<er—1
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Hence

ay(§)

afg

De(p@v) =p@Eo+q%(p)@v—Y > ek, p@emi(v).
H i
For the rest of 88 we assume that &£ = C.
The following result is well-known to experts, but we could not find an appropriate reference
in the literature.

Proposition 5.7. The above formula for 0: defines a W -equivariant integrable algebraic con-
nection on M with reqular singularities.

Proof. All the claims follow from the construction, with the exception of the assertion that the
singularities of the connection are regular. The connection has visibly only simple poles at the
reflection hyperplanes, hence it suffices to prove the regularity at infinity with respect to some
(hence any, see [De]) compactification of V.

Consider the W-equivariant compactification Y = P(C+ V) of V, and extend M to the free
Oy-module My := Oy ® X. Using a filtration of X we can reduce to the case where X = F is
simple.

A straightforward computation shows that with respect to the extension My of M and with
respect to any standard coordinate patch on Y, the poles at infinity are also simple in this
case. U

5.2.3.  We define a morphism of abelian groups r : Ko(O) — Z by r([A(FE)]) = dim F, for
E € Irr(CW).

Lemma 5.8. Let M € O. Then, M, is a vector bundle of rank r([M]) on Vie,.

Proof. Since M, is a finitely generated C[V;ez]-module with a connection, it is a vector bundle.
Now, taking the rank of that vector bundle induces a morphism Ko(O) — Z, which takes
the correct value on A(FE). a

5.2.4.

Proposition 5.9. Assume kp; — kg ;+ % g7, forall He Aand all0 <i# j<eyg—1. Let
N be a A-filtered object in O. Then, for any M € O, we have Homo(M, N) = Homg(M, N).

Proof. Assume first that M is also a A-filtered object. Then, we can write M = IndQWX
and N = IndQWY with X, Y finite dimensional 81/-modules, nilpotent over . The space
Homa(M, N) is the intersection of Homp(M, N) = P @ Homy(X,Y') with Homa,,,(M;eg, Nreg).
As in the proof of Theorem BEd we have to show that any element U of HomPreg(]Wreg7 Nieg)
that commutes with the action of A,.; extends to a P-morphism M — N. Observe that W is
nothing but a flat, W-invariant section of the connection on HomAreg(]Wreg7 Nieg)-

The residue of this connection on a hyperplane H € A is constant, and has eigenvalue
ep(kpi — km;) on Homy(X;,Y;), where X; is the summand of X of Wy-type detﬁ/éH (and
likewise for Y;).

Locally near a generic point p of H we expand ¥ = EDZO ol W, with U; holomorphic on H
near p, of Wy-type dethH, and with ¥;, not identically zero on H. From the lowest order term
of the equation 9,,(¥) = 0 we see that there exist ¢, j such that i — j = [ mod(eyZ), and such
that lo 4+ eg(kp; — km;) = 0. Thus [ = 0 and W is regular on H. This completes the proof of
the Proposition in the special case where both M and N are A-filtered.
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The general case follows from the special case above by repeating the part of the argument
from the proof of Theorem BZY starting with formula (H). O

Remark 5.10. The condition of the Proposition is equivalent to the semi-simplicity of the
Hecke algebra H(Wg) of Wy. One could conjecture that this assumption can be replaced by

the assumption that KZ(N) is a projective H (W )-module (this would still not cover completely
Theorem BEZ3).

Remark 5.11. If ey = 2 for all H, then the condition of the Proposition reads: ky ¢ % + 7.

5.2.5. Let C[(kg,)i<i<cy-1] be the polynomial ring in the indeterminates ky; with k) =
ky,; for w € W. We have a canonical morphism of C-algebras C[(kpy ;)] — C, kg, — ky,;. Let
m be the kernel of that morphism and R the completion of C[(kg ;)] at the maximal ideal m.
Fix 29 € Vieg, and let By = m((Vieg/W, 20) be the Artin braid group associated to W.
Let Hr = Hr(W,V,v) be the Hecke algebra of W over R, that is the quotient of R[Bw] by

the relations
€g— 1

(1= 1) J] (T = det(s)™ - e*m™5) = 0
J=1
for H € A, s € W the reflection around H with non-trivial eigenvalue ¢*™/¢# and T an s-
generator of the monodromy around H, cf [BrMaKad §4.C]|. Note that the parameters differ
from [BeMaRaod] because we will be using the horizontal sections functor instead of the solution
functor.

We put Hx = Hr @r K, where K is the field of fractions of R and H = Hr @r (R/m).

Remark 5.12. It is known that Hp is free of rank |W| over R for all W that do not have
an irreducible component of type G719, G2a. 27, G2, G31. 34 in Shephard-Todd notation (in
these cases, the statement is conjectural) [N].

5.3. The Knizhnik-Zamolodchikov functor. Let M be a (C[Vie] x W)-module, free of
finite rank over P, = C[Vieg]. Let V: M — M ®¢ R be an R-linear integrable connection.
Then, the horizontal sections of V define, via the monodromy representation, an RBy-module
L, free over R.

Let Vo : M — M be the special fiber of V. Then, the horizontal sections of Vy is the
CBw-module L @g (R/m).

Let Vi : M — K @c M be the generic fiber of V. Then, the horizontal sections of Vg is
the K Byy-module L @ K.

Taking horizontal sections defines an exact functor from the category of W-equivariant vector
bundles on R @¢ Vieg with an integrable connection to the category of RBw-modules that are
free of finite rank over K.

Since the connection on A(R ®¢ E)ee has regular singularities it follows that the connection
on My, has regular singularities for any M € O3.

Composing with the localisation functor, we obtain an exact functor KZg from O% to the
category of RBw-modules that are free of finite rank over R.

Similarly, we obtain exact functors KZ : O — CBw-mod and KZg : O — K By-mod.

It is well-known (cf. e.g. [BriaRad Theorem 4.12]) that the representation of K By on
KZg (A(K @c F)) factors through Hx to give a representation corresponding (via Tits” defor-
mation Theorem) to the representation £ of CW. Recall that H = Hr @g (R/m).
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Theorem 5.13 (Hecke algebra action). The functor KZ : O — CBy-mod factors through a
Junctor KZ : O/Oyor — H-mod. Similarly, the functor KZx : O — K Bw-mod factors through
a functor KZg : Ok [(Ok )tor — Hr-mod.

For M € O3, the action of RBw on KZr(M) factors through Hr.

We have a commutative diagram

OI( i H](—mOd
IX”@R— T TI((@R_
KZgr

(’)1% ‘Hpr-mod
C®R_l lC®R_
@ i H-mod

Proof. First, Oor (and (Of )ior) are the kernels of localisation.

When M = A(K ®c FE), then, we have the Knizhnik-Zamolodchikov connection and the
representation KZx (M) factors through Hyg. Since O is semi-simple (Corollary EZZ), it follows
that the action on KZg (M) factors through Hy for any M in Ok.

We now consider the case of a A-filtered module M of Or. We know that the action of K By
on K @rKZr(M) ~ KZk (K @r M) factors through Hy. Since KZr(M) is free over R, it follows
that the action of RBw on KZr(M) factors through Hp.

From this result, we deduce that the action of CBy, on KZ(A"(CW)) = C@rKZr(A"(RW))
factors through H. Since every indecomposable projective object of O is a direct summand of
A"(CW) for appropriate r (Corollary E), it follows that the action of CBy on KZ(M) factors
through H for every projective M, hence for every M in O. g

5.4. Main results. In this subsection we assume that dimH = |W/|, cf. Remark B2

The functor KZ : O — H-mod is exact. Hence, it is represented by a projective Fgz € O. In
other words, there exists an algebra morphism ¢ : H — (Endp FPxz)°P? such that the functor
KZ is isomorphic to Homo( Pz, —).

We know also, see §BI that the functor KZ factors through O/Oy. — H-mod.

Theorem 5.14. The functor KZ induces an equivalence: O/Oqor = H-mod.
This Theorem is equivalent to
Theorem 5.15. The morphism ¢ : H — (Endo Pxz)°PP is an algebra isomorphism.

Proof of Theorems IR Recall that the horizontal sections functor gives an equivalence
from the category of vector bundles over Vi.,/W with a regular integrable connection to the
category of finite-dimensional C By -modules (Riemann-Hilbert correspondence, [ld Theorems
[.2.17 and 11.5.9]).

We deduce from $E that KZ : O/Oor — H is a fully faithful exact functor with image a
full subcategory closed under taking subobjects and quotients. Furthermore, Pxz, the image of
Piz in O/ Oy, is a progenerator of O/Oyp. Thus, Theorem B follows from Theorem B

To prove Theorem B observe that the morphism ¢ is surjective. Indeed, let C’ be a full
subcategory of an abelian category C, closed under taking quotients, and "/ a left adjoint to
the inclusion F' : ¢’ < C. Then the adjunction morphism 5 : Ide — Fo(TF) is surjective, since
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n(X) is the canonical map from X to its largest quotient in C’. This proves surjectivity of the
morphism ¢ above.
Further, we have

Pa= @B (dimKZ(L(E)))P(E).

Eelr(CW)
Hence, we compute
dim(Endo Fxz) = @ dimKZ(L(F)) dimKZ(L(F)) dim Hom(P(E), P(F))
= @ dimKZ(L(F)) dimKZ(L(F))[P(F) : A(G)][A(G) : L(F)]
= @ dimKZ(L(F)) dimKZ(L(F)[V(G) : L(E)][A(G) : L(F)]

= P dimkz(V(G)) dimKZ(A(G))
G
Now, the restrictions of V(G) and A(G) to Vi, are vector bundles of rank dim ' (Proposi-
tion B and Lemma B3), hence dim(Endp FPz) = |W| = dimH. This shows that ¢ is an

isomorphism. Note that this rank computation can also be achieved by deformation to B. O

The following result shows that the category O can be completely recovered from H and a
certain H-module :

Theorem 5.16 (Double-centralizer property). Let ) be a projective in O. Then, the
canonical map Home (M, Q) — Homy (KZ(M), KZ(Q)) is an isomorphism, for any M € O.
Furthermore, if X is a progenerator for O, then, we have an equivalence

(Endy KZ(X))Opp—mod = 0.
Proof. The first part follows from Theorems B2l and BEX and the second from Corollary B3 O

Remark 5.17. We conjecture that, if W = 5,,, then O is equivalent to the category of finitely-
generated modules over the associated g-Schur algebra. That would imply, in particular, that if
kpq = ki < 0 is a negative real constant, then the Cherednik algebras A(.S,,) with parameters
ki and k; — 1, respectively, are Morita equivalent.

Let Z(H) denote the center of the algebra H and Z(O) the center of category O (i.e. the
algebra of endomorphisms of the identity functor Idp).

Corollary 5.18. The canonical morphism Z(O) — Endo Py induces an isomorphism Z(QO) =
Z(H). In particular, the functor KZ induces a bijection between blocks of O and blocks of H.

Proof. This follows immediately from Theorem B2 : given two rings B and C and a (B, C)-
bimodule M such that the canonical morphisms B = Endgoss (M) and C' = (Endg M)°PP are
isomorphisms, then we have a canonical isomorphism Z(B) = Z(C). O

The decomposition matrix Ko(Ok) — Ko(O) is triangular. We deduce the triangularity of
decomposition matrices of Hecke algebras, in characteristic 0 :

Corollary 5.19. The decomposition matriz Ko(Hr) — Ko(H) is triangular.
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5.4.1. KZ-functor and Twisl. Let ¢ be a one-dimensional character of W and 7, : CW S Cw
the automorphism given by w +— ((w) - w for w € W. This extends to an isomorphism

T 3A(7):>A(T<(’Y))a Vaémé Viscarma, Wowe ((w)-w.

¢

We obtain an equivalence O(y) = O(7,(v)), sending V(L) to V(E @ ("), where V' stands for
any of the symbols: LAV, P I, T.

For H € A, let dg € {1,...,en} such that (w, = detfl{{,}]. Define an automorphism 7, of
D(V,.) @ W by

Pof=f, Woww ((w) w

and 65 — 65 — Z OéH(f)

(a4
H H

€Hem ' €H " kHﬁH—dH for f eV.

(for notation, see Remark BE). We have a commutative diagram

AT) L D(V,,) 1 W
A(r. (7)) ——D(V,, ) 1 W

Given M a (D(V,,,) x W)-module, then (7, ).M S M Dow,, A(CTH

reg reg ®

This self-equivalence of the category of W-equivariant bundles with a regular singular con-
nection on V., corresponds, via the horizontal sections functor, to the automorphism of CBy
given by

T — e_zi”kHveH—dHﬁ(s)_lT
for H € A, s € W the reflection around H with non-trivial eigenvalue ¢*™/¢# and T an s-
generator of the monodromy around H. This induces an isomorphism H(() : H(W,v) =
H(W,7,(7)) and the following diagram is commutative :

(Tg)*

O(v) = O(r.(7))

(

H(W,~)-mod H?C) H(W, 7, (v))-mod

5.4.2. KZ-functor and Duality. We have a commutative diagram

(Tdet)*oRHomA(v) (—A()T

~

DY(A(7)-mod)

D" (A(aer(71))-mod)PP

|

DP((D(Vieg) 3 W)-coh) DP((D(Vieg) 3 W )-coh)opp

where the vertical arrows are given by localisation followed by the Dunkl operator isomorphism
2 of Theorem B2 and the bottom horizontal arrow is the classical D-module duality.
Consider the isomorphism CBwy — (CBw )°PP given by T+ det(s) te2™ 11
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for H € A, s € W the reflection around H with non-trivial eigenvalue e™/*# and T an
s-generator of the monodromy around H. It induces an isomorphism
H(') = H(W,y) = HW,51)PP.
We conclude that we have a commutative diagram

D' (O(7)) 2 Db (O(1))or

DY (H(W.7)) D (H(W.AT))erP

H(1)

On the other hand, by Lemma B2 we know that (—)" preserves O, hence descends to
the quotient category O/Oiqr, i.e., there is an equivalence ® making the following diagram
commute:

o(V,7)

H(W, V,~v)-mod = H(W, V*,41)-mod PP

®

Further, choose a W-invariant hermitian form on V', i.e., a semi-linear W-equivariant iso-
morphism s : V' = V*. Then, we get an isomorphism m(Vieg/W, 29) — Wl(Kzg/W,ﬁ(xo)). It
induces an isomorphism H(x) : H(W,V,~) = H(W,V*,5). Composing with H(T), we obtain
an isomorphism H(k e (—)1) : H(W,V,v) = H(W, V=, 41)°PP_which we denote below by .

Remark 5.20. One could conjecture that the two functors ® and . are isomorphic (they
induce the same maps at the level of Grothendieck groups).

5.4.3. The A-module Pyz and Duality. Let Irr(W, V,~) C Irr(W) denote the subset formed by all
E € Ter(W) such that L(E)eg # 0. We have a bijection Irr(W, V,~) = Ter(W, V>, 41), E — EVY
(Proposition =1 and Lemma B). Thus, Pz = @Eehr(wyﬁ)(dim KZ(L(E))) - P(E).

To make the dependence on V and v explicit, we will write Pxz = Pez(V, 7).

Proposition 5.21. (i) We have D(P(V,7)) =~ Pez(V,A1) and Pea(V, 7)Y ~ Pea(V*,7). In
particular, Pgz is both projective and injective.
(i) For E € Irr(W), the following are equivalent
E e lrr(W,V,7)
L(E) is a submodule of a standard module
P(E) is a submodule of Pxz
P(FE) is injective
P(E)
I(F) is projective
I(F) is tilting

Proof. The first claim follows from A Proposition B2 then implies that Pz is injective.
The considerations above imply that if £ € Irr(W,V,v), then P(FE) is injective and tilting.
The assertions about [(F) follow by applying (—)".
We know that if L(FE) is a submodule of a A-filtered module or a quotient of a V-filtered
module, then £ € Irr(W, V,~).

is tilting
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This shows that any of the assertions about P(E) or [(F) implies that £ € Irr(W,V,~). O

6. RELATION TO KAZHDAN-LUSZTIG THEORY OF CELLS

We review some parts of Kazhdan-Lusztig and Lusztig’s theory of Weyl group representations.
6.1. Lusztig’s algebra 7.

6.1.1. Let (W, S) be a finite Weyl group, H be its Hecke algebra, a Z[v, v™!]-algebra with basis
{T,}wew and relations

Tl = Ty if l{ww') = l(w) +(w') and (Ty+ 1)(Ts, — v*) =0 for s € S.

Lusztig associated to W a Z-ring 7, usually referred to as asymptotic Hecke algebra, Ll
§2.3]. Let w : H — Z[v,v" ] @z J be Lusztig’s morphism of Z[v,v~!]-algebras i, §2.4].

The ring Q ®z J is semi-simple and the morphism Idg) ®w is an isomorphism.

For any commutative Q[v,v™']-algebra R we put Hg := R @z, ,-1] H.

Definition 6.1. The Hr-modules S(M) = w*(R@q M), for M a simple Q @z J-module, will

be referred to as standard Hp-modules.”

When R = Q(v), then the standard Hp-modules are simple and this gives a bijection from
the set of simple (Q @z J )-modules to the set of simple (Q(v) @z, ,—1] H)-modules.

Similarly, taking K = Q[v,v~']/(v—1), we obtain a bijection from the set of simple (Q@zJ )-
modules to the set of simple QW-modules.

We will identify these sets of simple modules via these bijections.

We have an order <;p on W constructed in [Balil p.167]. We denote by C the set of
two-sided cells of W and by < the order on C coming from <pp.

Let {Cy }wew be the Kazhdan-Lusztig basis for H. Let I be an ideal of C, i.e., a subset such
that given ¢ < ¢/, then ¢/ € [ = c € . We put H! = P Z[v,v"!C,. This is a two-sided
ideal of H [l p.137].

The ring J comes with a Z-basis {{,}wew and we put J. = @, . Zty. This is a block of
J and J = @ .o Jo- The corresponding partition of the set of simple (Q ®z J)-modules is
called the partition into families.

Given [ an ideal of C, we denote by I° the set of ¢ € I such that there is ¢ € I with ¢ < ¢'.

The following is a slight reformulation of [Ludl §1.4] :

cel wee

Proposition 6.2. Let [ be an ideal of C. Then, the assignment t,, — Cy, induces an isomor-
phism of H-modules

@ w” (Z[v, v g j9> = HI/HIO.
cel-1I°
In particular, the (Qv,v™'] @z, ,-1] H)-module Qv,v™"] @gzp, -1 (H!/H!") is a direct sum
of standard Hgqj,,,—11-modules.

This proposition gives a characterization of standard Hqp,,,—1j-modules via the Hecke algebra
filtration coming from two-sided cells.

3There seems to be no name for such modules in the literature.
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6.1.2. Next, we consider filtrations coming from certain functions on the set of two-sided cells.

Definition 6.3. A sorting function f: W — Z is a function constant on two-sided cells and
such that ¢’ < c= f(c) > f(c).

Given a sorting function f, we put H%i = @wEW,f(w)>i R-Cy, and H3' := @wewﬂw)x R-C,.
Then, H%i is a two-sided ideal of Hg, since [ = {c € C | f(c) > i} is an ideal. Similarly, H3' is
a two-sided ideal of Hp. Furthermore, [° C {c € C | f(c) > ¢}. Consequently, we deduce from
Proposition B :

Corollary 6.4. We have an isomorphism of H-modules
@ w” (Z[v, v @y jg> 5 7_[22’/7_[%‘

c€eC,f(g)=t
In particular, the (Qlv,v™] Qg ,—11 H)-module Qlv,v™] @z, -1 (HZ'/H>") is a direct sum
of standard Hqpy,—1)-modules.

Thus, we have another characterization of standard Hqp, ,~1]-modules via the Hecke algebra
filtration coming from f.

Let F be the set of families of irreducible characters of W. We transfer the concepts associated
with C to F via the canonical bijection between C and F.

In particular, we have a function f :Irr(W) — Z constant on families.

We have H2' = Hﬂ(@f(E)Zi epQ(v)Dzp,o-11H), where eg is the primitive central idempotent
of Q(v) @zpy,,-1] H that acts as 1 on the simple (Q(v) @zy,,-1] H)-module corresponding to F.

This shows that, if R is a localisation of Q[v,v™'], then the filtration on Hr = R @zj,,,-1) H
given by f can be recovered without using the Kazhdan-Lusztig basis. We obtain

Proposition 6.5. Let R be a localisation of Qv,v™'] and P be a projective Hr-module. Let
Q= (resp. Q') be the sum of the simple submodules E of Q(v) @r P such that f(E) > 1 (resp.
f(E)>1). ' '

Then, (PN Q2 /(P NQ>") is a direct sum of standard Hr-modules. O

Thus, any sorting function yields a characterization of the standard Hp-modules without
using the Kazhdan-Lusztig basis.

6.1.3. Given E € Irr(W), we denote by ap (resp. Ag) the lowest (resp. highest) power of ¢
in the generic degree of £ Ll §4.1.1].

By L Theorem 5.4 and Corollary 6.3 (b)], Lusztig’s a-function is a sorting function. The
corresponding filtrations on projective modules have been considered in [GeRau].

Write £ < E’ for the order on F arising from <y, via the canonical bijection between C and
F. The following Lemma is a classical result :

Lemma 6.6. Let B, E' € F. If E < L', then ag > ag and Ag > Apg:.

Proof. By [Balil, Remark 3.3(a)], we have v <y w if and only if wow <pr wov, where wy is
the element of maximal length. Left multiplication by wy induces a automorphism of C. The
corresponding automorphism of F is tensor product by det [Ludl Lemma 5.14]. It follows that
E < E"if and only if £’ @ det < F @ det (cf also [Badd, Proposition 2.25]).
We have Ay = N — aggdet, where N is the number of positive roots of W Ll 5.11.5].
The Lemma is now a consequence of the fact that £ < E' = ag > ag). O
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We deduce there is another sorting function :

Proposition 6.7. The function ag + Ag is a sorting function.

6.2. Standard modules for the Hecke algebra via KZ-functor.

6.2.1.  We consider the setting of 88 with ky 1 = ky independent of H. According to Bzl
§4.21 and Proposition 4.1] we have

Cp = kl(aE + AE)
We can finally identify the images of the standard modules A(F) of O via KZ :

Theorem 6.8. Assume kpy 1 is a positive real number independent of H. Let E € Irr(CW).
Then, KZ(A(E)) = S(E).

Proof. We prove the result for R local complete as in J82Z instead of C. The A-filtration
of projective objects of Or becomes, via KZg, the filtration of Proposition B for the sorting
function f(F) = ag+ Ag and the associated quotients are direct sums of standard Hg-modules.
It follows that the modules KZR(A(R @ F)) for £ € Irr(W) coincide with the standard Hp-
modules. Since KZx (A(K @ F)) S K® S(E) (cf the remark before Theorem BZLd)), we deduce
the Theorem. O

Remark 6.9. If the number kg (which is independent of H) is non-real, then the category
O and the algebra H are both semi-simple, hence it is still true that KZ(A(F)) ~ S(FE). If the
number is non-positive real, then a similar approach shows that KZ(A(F)) ~ S(E)*.

Corollary 6.10. Assume kg, is a positive real number and W has type A,. Then, KZ(A(FE))
is isomorphic to the Specht module corresponding to E.

Proof. The result is a consequence of [Nzl [Gald], where it is proven that the module S(FE) is a
Specht module. Alternatively, any projective H-module is known to have a filtration by Specht
modules such that the order of terms in the filtration is compatible with the dominance order
on partitions. The claim of the Corollary can be easily deduced from this by comparing with
the order relation on two-sided cells. O

Corollary 6.11. [f KZ(L(E)) # 0, then KZ(P(FE)) is a projective H-module and, for any
F e Irr(W), we have [S(F) : KZ(L(E))] = [P(E) : A(F))].

Proof. This is an immediate consequence of Theorem B the reciprocity formula in §ZRZA and

Proposition BE3 O
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