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Abstract. The Petrova (2000) model to calculate pulse profiles is extended to a variable emission height model to make it
physically self-consistent. In this context variable means that the emission height is no longer considered to be the same for
different magnetic field lines. The pulse profiles calculated using this new model seem to be less realistic due to affectising e
and cannot be used to fit (typical) multifrequency pulsar observations. Apart from the foctigicictlee general morphology

of pulse profiles is not greatlyfi@cted by introducing a variable emission height. Additional extensions of the model will be
needed to be able to fit observations, and several suggestions are made.
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1. Introduction Furthermore it was shown that the observed phenomenon of

) ) ) _high frequency core splitting could be afiext of refraction.
Arons & Barnard (1986) have derived the dispersion relation The emission height is an important ingredient in calcu-

for three wave modes which can propagate through the plas1 g pulse profiles. The emission height is frequency depen-

of a pul_sar magnetosphere: th_e ordinary sut_)luminous MO%Ent; i.e. there is radius-to-frequency mapping (Cordes 1978).
(sulblumlnousOO—mc()jde), tr:je ﬁrdmary sudperlummc:jus T(Odeéw'asma waves with higher frequencies are excited closer to the
_Flj_ﬁr U)I’I'III’]OL(;S d-mo €) aﬂ?e t i ext_raor blnaryfmo € ( 'fmg Qar. The observed frequency dependence of pulse profiles is of-
k?l “mode does SOt rbre racnpdn, gf re rac'Tlon ofthe o very complex, perhaps more complex than can be expected
suh ummo;s O-n;o ican i;ggs'_rira eblln pulsar rgagn"HB'm just radius-to-frequency mapping. Because refraction it-
spheres ( arnarh & lrons )- he sud umlniusd -m; &if is a frequency dependent phenomenon, a more complex
pannot _escapet € pulsar maﬁ?”etosp ere due to Lan au ,quahency dependence of pulse profiles can be expected if re-
ing, so it does not contribute directly to the observed em'ss'c&hction is important in pulsar magnetospheres. Otiieces
Lyubarskii (1996) has shown that the subluminous O-mOgg; -4 he understood by taking into account refraction are the

can be converted into the superluminous O-mode — which Ggl, rence of orthogonal polarization modes (Petrova 2001)
escape the magnetosphere — by induced scattefimjasma and the spectral breaks of pulsars (Petrova 2002).

particles. As p0|.nted out by Bar_nard & Arons (1986) refraction To link the observed pulse profiles to the shape of the emis-
of the superluminous O-mode is less severe than for the sublu- . . )
n region, so as to be able to check emission theories, one

minous O-mode. It can, however, be important in the presenfrc']%st know the refractive properties of pulsar magnetospheres
of a transverse plasma density gradient. brop P 9 b '

) This calls for the development of improved refraction models.
For the superluminous O-mode Petrova (2000) (hereafieg nqted by P2000, the emission surface at one observing fre-

P2000) shows how pulse profiles can be calculated taking irﬁ%ency should be, strictly speaking, an isodensity surface of
account the transverse plasma density gradient. This moggl jasma distribution. Yet, for simplicity, a constant emis-
demonstrated that complex profiles can be produced by a *sigls, hejght (CEH) was assumed in P2000, in the expectation
ple” ring-shaped emission region (as predicted by Rudermgn, the qualitative features of profile formation would not be
& Sutherland 1975), and thus that the wealth of observedgiive to that assumption. In the present paper we do adopt
pulse profile shapes may be due tdfelient magnetospheric, g rface of constant density as required for self-consistency
conditions rather than more complex emission region-shapgsine refractive model, and we investigate thEeets on the

pulse morphology. This “variable” emission height (VEH) ap-
Send @print requests toP. Weltevrede, pears to introduce a focusinffect which causes the profiles to
e-mail:wltvrede@science.uva.nl have unrealistically sharp edges. As a consequence, the VEH
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Magnetic Axis while from the Hamilton equations one finds
(oo xn, 3(L+m)° (60— xn)
dr 2 2 Aq
doy, N dInN
r— = —— [6(1-n) (ba —xn) — A2 , (2)
g da AR noAn Axn
where
4(1-n)N
AL = (1+7)°- — 2
0
r A, = 4n(1+m)
X Y
Peragye 8 =3%,/2 Al - o _
‘~f‘£sgic,, oo N e‘-\g‘\cj‘,é/” The radial plasma density derivative has been omitted, be-
\‘\d\’f"e > Xo cw\aff’f‘/ -7 cause it can be neglected for the plasma density we will adopt
\ L7 (P2000). The parameteris related to the component of the
: N\ ) X s wave vectok in the direction of the local magnetic field and is
ALY T defined as
o\ ) " n=2y2(1-nmy) ®)
ry F ‘ with y > 1 the Lorentz factor of the outflowing plasma,
ty andn; = ckj/w wherew is the frequency of the plasma
wave. The refractive index is = (n? + n?)Y2, where paral-

I
lel/perpendicular is with respect to the local magnetic field. It

Fig. 1. The ray at positionr( y) is propagating in the directiof This is assumed that, is such that; < 2,2. The plasma waves

ray was emitted atrg, yo) and the field line through this point is indi- .
cated byys. The plasma density peaks at the characteristic field Iing‘%e assumed to be generated close to the local Lorentz-shifted

indicated byy.. The anglesc. and ys are defined at = 1 and the Plasma frequencyy v,
anglesyo andé, at the emission heigh.
4ane2

) . . Wp =
model cannot be used to fit multifrequency pulsar observations m

without relaxing additional restrictive assumptions, a number h e the el h he el
of which are discussed at the end of the paper. With e the electron chargen the electron rest mass amg
' the particle number density (electrons plus positrons) of the

plasma. The ratio

: (4)

2. Refraction model w

. f= 5
2.1. The ray equations wp Y ©)

The refraction model below is essentially that of P2000, agtiould then be close to unity.
we refer to that paper for details. The plasma distribution and Equations (1) and (2) aneormalized i.e. the coordinates
the magnetic field are assumed to be axisymmetric around thg,, andé,, as well as the plasma number density distribu-
magnetic pole, so the refraction model can be described in twgn N, are normalized to their values at the emission height
dimensions. A position on a ray trajectory is indicated by theo y = yoxn andé = 6y6,). The emission height can be dif-
polar coordinatesandy, and the direction along the trajectoryferent for diferent rays as will be discussed in Sect. 2.3, so in
by 6 (see Fig. 1). this contextthe emission height is the emission height of the
The geometrical optics description applies and the tinggrticular ray that is being considered. The valuet afdy at
evolution of these quantities is given by the Hamiltothe emission height are denotedfgsand o respectively. All
equations. For a highly magnetized ultrarelativistic electroangles are assumed to be small compared to 1 throughout this
positron plasma, which is cold in the proper restframe, the djsaper, so the propagation direction of the plasma waves should
persion relation has been derived by Arons & Barnard (1988lays be nearly parallel to the magnetic axis.
and the associated Hamilton equations by Barnard & Arons For the superluminous O-mode which is considered here,
(1986). On the condition that the plasma flows with the samgcannot be larger than 1, thereforés required to be positive
velocity for all field lines and when rays are emitted parallel {@r zero). At the emission height (wheie= y, = N = 1) the

the local (dipolar) magnetic field, the dispersion law describirglution of the dispersion relation follows immediately and we
the two ordinary wave modes can be written as (P2000)  have for the superluminous O-mode

4N 9
1—- — & — 2,220 _ 2:0’ 1 _ 2/fo—1 for 0< fg<2
77( f02(1+n)2) 7407 (6h —xn) @ o {0 ol o (6)
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0.001 0.01 01 1

Fig. 2. Rays (dashed) with the observing frequency are generated at the emission height and are refracted toward lower plasma densities. The
scale is in units emission height and the gray scale indicates the hollow cone plasma density. The plasma density is proportional to the numbers
of the gray scale bar. The plots on the left are for the CEH model, the plots on the right are for the VEH model, the top plots are calculated with
xc = 0.03 and the bottom plots with, = 0.01. The other input parameters ayes 30, fo = 0.5,&; = 3, &, = 4.

Note thaty is continuous afy = 2. The solution of the disper- and its derivative with respect jg, is

sion relation applicable above the emission height is given .

the general solution of the cubic (A.1). P - X —Xe VT sign)
Equations (1) and (2) describe, to first ordeyinandd,, Oxn (e VI)?

the refraction of an ordinary (both the sub- and superluminousie parameters required to calculate a single ray trajectory are

plasma wave. The two fierential equations fogn(r) andén(r)  those of the plasma density distributiop( &1 and &), the

can be solved numerically if(r) is known. As noted above, plasma outflow Lorentz factoy, the frequency of the plasma

can be calculated analytically from the dispersion equation. \Wawe (expressed irfp) and the start positionyo of the ray.

use a fourth order Runge-Kutta method with adaptive stepsiglving Eqgs. (1) and (2) with the start conditiph = 6, = 1

control (Press et al. 1986) to solve the set dfediential equa- will give the ray trajectory.

tions. For the plasma density distribution we adopt the hollow plasma waves are refracted toward lower plasma densities

(10)

cone model (P2000) in the magnetosphere until refraction becomesiicient due

N, Wl = ve VF 2 to the decreasing plasma density along its trajectory. As can be
Np = — exp[—e(—) ] (7) seenin Fig. 2 refraction results in a redistribution of rays; i.e.

r Xe VT the rays are no longer equi-spaced above the emission height

whereN, is the particle number density at € 1,y = yo). andtwo _“conal components” of outer rays and a “core compo-
This plasma density is Gaussian shaped around a “charadi@nt” of inner rays are formed.

istic field line” indicated byy.. The decrease of the plasma

ggtnsny may be dierent for the inner and outer regions, so W8 5 (calculation of the pulse profiles

g1 for [yl < ycF T_he e!fect qf refraction is quantified.in a _plot .of the fin_al ray
&2 for [l = xevF ° (8) direction (Fig. 3). Here the propagation directigrat a height
) } o where refraction has become ffieient is plotted versugs.
Equations (2) do not contam, so the whole problem is inde-The initial ray position (o, yo) Corresponds to a value gf by

pendent of the scaling of However, in Eq. (7). is defined at acing back the field line from the emission heightrte: 1
r = 1. The normalized plasma density is given by (see Fig. 1).

N ~ Nolx,1) 9 Both inside and outside the characteristic field line cone
.r) = Np(xo- o) ©) refraction is toward lower plasma densities, which results in a
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Constant emission height (CEH) Variable emission height (VEH)

X =003 X =001 X¢ =0.03
T T T T T T

01 * 01 01 l 01 *
0.05- B 0051 / 0051 B 0051 (/\f
0 0 0
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X¢ =001
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Fig. 3. The final propagation directiofy versusys for both the VEH and the CEH model, for two valuesyqf In these ploty ranges from
x</5 to 5y./2 and the other parameters are the same as for Fig. 2. The final propagation déeistiarradians angs in units y..

steepening of the final ray direction plot ngar= y.. Inside For this geometry the pulse longitudeis equal to the final
the plasma cone the rays are refracted toward the magnetic aaisdirectiond;. Because of this choice of geometry and the
and the innermost rays may even intersect the magnetic axissisymmetry, all the information of the beam-pattern is in the
that case the final ray direction plot crosses the dine 0. calculated pulse profiles. The model itself is independent of
For small values of;, rays originating from several discreteandg, only the mapping betweefandé; changes.
values ofys leave the magnetosphere in the same direction and
at the corresponding pulse longitud&erent parts of the emis- . L .
sion ring can be observed simultaneously. Note that the finZaT?' Variable emission height model
ray direction curve for the opposite half of the emission ring ifhe model described above may be applied with both a con-
found by mirroring the curve with respect to the lhe= 0. If  stant (CEH) and a variable emission height (VEH), but (as we
the final ray direction plot crosses this line, some parts of batlill argue) a VEH is needed to make the model self-consistent.
sides of the emission ring have the saneln that case both The requirement of a VEH was not met in P2000; it is the basic
sides of the emission ring can be observed simultaneouslycénceptual dference between the model presented here and
the impact angl@ is small enough. the P2000 model. Itsfiect on the pulse profiles turns out to be
If the curve in Fig. 3 is horizontal at thés value corre- appreciable, as discussed below.
sponding to the line of sigh®{os), a large part of the emis-  The emission height can be derived when a plasma density
sion surface is observed simultaneously while if the curve déstribution has been specified. The plasma density decreases
steep only a small part is observed. This means that the alr—3, so the local plasma frequency decreases away from the
served intensity in the pulse profile is proportional to the valugar resulting in the excitation of plasma waves with higher fre-
of dys/dé; até: = 6 os which is just an energy conservatiomuencies closer to the star. This results in rays propagating in
argument (P2000). a direction which is more aligned with the magnetic axis at the
Apart from refraction &ects the pulse profile will dependemission height. But there is anothdlieet involved in the fre-
on the intensity distribution at the emission height. If the paguency dependence of the pulse profile morphology: refraction
production is somehow related to the observed coherent mécomes more prominent.
crowave radiation (Ruderman & Sutherland 1975), then simi- The assumption that botk) andy are constant implies
lar distributions for the plasma density and the intensity at thigat plasma waves of one particular frequency are generated at

emission height can be expected such as (P2000) one particular equi-plasma density surface (Egs. (4) and (5)).
2 Because a transverse plasma density gradient is needed for re:
W, = exp(—sT (M) ] (11) fraction, the emission height of a given frequency varies with
Xc polar angleyo. If the magnetic field is dipolar, we have

This corresponds to an emission ring which peaks at the ch/%—: Ys o, (12)
acteristic field lines and its thickness is set'ByForYT = 1
the intensity distribution follows exactly the plasma densitwhere ys is shown in Fig. 1. Combining the plasma den-
distribution. The shape is Gaussian as a function of the fiediy (Eq. (7)) with Egs. (4) and (5) at the emission height,
line parameteys, but the choice of another parameter (suciind using Eq. (12) leads to the following expression for
as the length along the emission surface) is also conceivalie emission height
However for simplicity the parametgg is used. As will be dis- 5
cussed later on, the conclusions do not depend on this choices _ 3 exp[—e(IXS| —Xc)
The refraction model is axisymmetric around the magneti@
axis, so the beam-pattern of the pulsar is also axisymmetric 4y 2N
around the same axis. The shape of observed pulse profilesRfe= BALAEE R
pends on how the line of sight cuts the magnetic pole of the star.
We only consider the most simple geometry; i.e. the magneBecause and f, are assumed to be constaRshould be con-
axis is orthogonal to the rotation axis € 90°) and the line of stant and is not constant. As noted earlier, the whole prob-
sight cuts the magnetic pole centrally (impact amgjle 90°). lem is independent of the scalergfsoR can be set equal to 1.

Xc

— (13)
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Constant emission height (CEH) Varable emission height (VEH)
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Fig. 4. Pulse profiles for dferenty. (a smally. corresponds to a high observing frequency) for both the CEH and the VEH model. For the top

row ys ranges fromy./2 to 3y./2 with T = 0 (all field lines having equal intensity) and for the bottom pawanges fromy./5 to 5y./2 with

T = 1 (intensity coupled to the plasma density). The other parameters are the same as in Figs. 2 and 3. The scale is such that the integrated
intensity is the same for all profiles.

The frequency dependence of the pulse profiles is then in tamponent consists of “mixed” rays; i.e. the order of the beams
parametey. (P2000) changes. This is true for both a VEH and a CEH.

13 (14) In Fig. 2 one can see that refraction becomes more promi-
nent for higher frequencies (lowgt). This can also be seen
The ray trajectory is solved as a function of the distance i Fig. 3 where the final propagation direction of rays versus
the star, expressed in units of the emission height afidréint s is plotted. The curve becomes more complex for loyer
X< correspond to relative observing frequencies. The physi€sides this refractivefiect, a lower emission height implies
emission height can be calculated from Eq. (13) wNerand smaller propagation anglést the emission height, resulting in
w are specified. narrower pulse profiles with increasing frequency (decreasing
The emission surface specified by Eq. (13) correspondstig in Fig. 4. This is again true for both a VEH and a CEH.

an isodensity surface, so the plasma density distribution has The pulse profiles in Fig. 4 for a CEH are more spiky than
a more prominent role in this VEH model than in the CEhhe pulse profiles presented in P2000. The main reason for this

model. Apart from causing refraction, it also determines thethe higher resolution of the calculations presented here.

shape of the emission surface. .
b ) , There are three reasons why the profiles, for both a VEH
Refraction becomes more severe for the inner and outer

rays in the VEH model, because the plasma gradients are Iar%%d a CEH, are spiky. First of all, if the intensity distribution

at lower emission heights. Moreover a lower emission heig the emission heightis flat, the emission ring has sharp edges

- . N resulting in sharp edges in the pulse profile. THie@ can be
implies that the rays are emitted closer to, and are initially ProR yuced by making larger (see Eq. (11)), as is seen in the bot-

agating more aligned with the magnetic axis. For the inner rays . . :
gating g mag . . al¥)m row of Fig. 4. Making the paramet®rlarger results in the
this means that the rays can intersect the magnetic axis more

easily. For the outer rays there are two counteractifegts. A edge of the intensity distribution becoming Gaussian blurred.
lower emission height implies that the rays are refracted in a The secondféect is caused by rays crossing the magnetic
more outward direction, but at the same time the rays are aR¥S, so this applies especially to the core component. This
emitted more aligned to the magnetic axis. means that at certain pulse longitude both sides of the emission
ring can be seen simultaneously. When the number of sides vis-
ible changes at a particular pulse longitude, a step in intensity
3. Results appears in the pulse profile. Thi§ect can again be reduced by

Model calculations of pulse profiles for both a VEH and a CEIfcreasindr’ as can be seen in the bottom row of Fig. 4.

are presented in Fig. 4 for the most simple geomegry: (0° The last éfect contributing to the spikiness of the profiles is

anda = 90°). For this geometry the pulse longitudes equal afocusing &ect. If a large patch of the emission ring is focused

to the final ray directior. at one pulse longitude, a peak is observed. This focudtiegte
Observationally the core component behave$edintly corresponds to a horizontal part in the final ray direction curve;

from conal components, both in the frequency dependence@yfs emitted at a range gf are focused to a singlg. At high

its morphology and in its polarization properties. This is whéitequencies this can be seen for the innermost rays (Fig. 3),

can be expected from refraction (P2000), because the coaeising peaks in the core component.

Xc & w
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Constant emission height  Variable emission heigh  should be large. At high frequenci&sshould be at least5

% ‘ CEH) % ‘(VE‘H) ‘ and at the lowest frequencieg (= 0.03) T should be at least
| | ~15. A largeY physically means that only the middle part of
25 ] 25 ] the emission ring is producing coherent microwave radiation,

although the whole ring is producing streams of particles. Such
a scenario is in conflict with the expectation that pair produc-
5 . 5 R tion and coherent emission are related.

A VEH leads to stronger refraction. Besides introducing a
VEH refraction can also be increased by changing the values of

20 1 20— 1

10 1 10 1

sk 1 sk : £1, &2, fo ory in the CEH model. Experimenting with a range of

values of these parameters did not lead to the formation of the
%lo8 6420 246810 086420 2460810 sharp edge of the profiles with a CEH. Therefore the focusing
© | q‘a[o‘leg‘:]] | " | (p[<‘:|eg]‘ effect is a typical property of the VEH model.

4. Discussion

2r ] or ] Contrary to the expectation expressed in P2000, the qualita-
5E | 15k | tive features of profile formation turn out to befférent for

the VEH and the CEH refraction models. Although the VEH
1o i 1o 1 is a physical improvement in the sense that it makes the emis-

sion model self-consistent, the profiles obtained are less realis-
tic. The model, therefore, needs further improvements before it
0o a0 2468 w0 006220 2768 10 can serve as a tool to fit (typical) multifrequency pulsar obser-
@[deg] @[deg] vations.
Fig. 5. Pulse profiles calculated for the case of no refraction. For the The most.pronouncedﬁierence between the CEH E,md the
top rowys ranges fromye/2 to 3ye/2 with ' = 0 and for the bottom VEH quel is that fo_r the VEH model the rays emitted at
row ys ranges fromy./5 to S¢e/2 with ' = 1. These profiles have beenthe outside of the emission surface do not form the edges of
calculated fopy. = 0.02. The other parameters and the normalizatiofie pulse profile. The edges of the pulse profiles in the VEH
of the profiles are the same as in Fig. 4. model are generated by a focusirfieet causing the edges to
be sharp. If the thickness of the emission ring at the emission
height were much thinner than the thickness of the plasma cone
By comparing the pulse profiles for the VEH and the CEHt the emission height the sharp edges would disappear, but this
model in Fig. 4, the most striking fierence is the conal com-seems physically unrealistic.
ponents. The edges of the VEH profiles are very sharp, and in- It must be noted that the results depend strongly on the
troducing a largér will not reduce their sharpness. The reasoplasma distribution adopted. The density profile not only
can be found in Fig. 3. The curves for the VEH model showa@auses refraction, but it also determines the shape of the emis-
global maximum ays ~ 1.5. Because itis a maximum, there ission surface. If the plasma density fal more slowly than the
focusing and because the maximum is global, the peaks oc@aussian distribution assumed here, the results may be more
at the edges of the profile. realistic although in that case refraction will be less prominent.
As discussed in Sect. 2.3, there are two counteracting ef- Several other ffects could contribute to smoother pulse
fects for the outer rays in the VEH model. A lower emissioprofiles. There are probably more frequencies generated at one
height makes the outward directed refraction stronger, but fsint in the magnetosphere, so there would lgrange rather
propagation angle is more aligned with the magnetic axistatin a fixedf, value. Also the rays are not emitted strictly
the emission height. The reason for the global maximum is thigned with the magnetic field lines, rather there will be an
the latter &ect dominates for the outermost rays. elementary beam pattern of finite angular width. A beam pat-
This focusing &ect due to the variable emission height isern with a width ofy~* can be considerable compared with the
also visible in the pulse profiles of Fig. 5, which were calcypulse width (for a plasma outflow Lorentz factpr~ 30 the
lated without using refraction. The focusing is caused by theam is about2wide). If the outflow Lorentz factor is éier-
geometry of the emission surface, not by the intensity distent for diferent field lines, the shape of the emission surface is
bution at the emission height (Eq. (11)). This means that tldhanged. Moreover refraction becomes more complex, because
focusing is independent of the precise form of Eq. (11), aftddepends on gradients of thefactor as well as gradients in
therefore also of the choice to use the field line paramgierthe plasma density (Barnard & Arons 1986).
instead of for example the length along the emission surface in
this equation. i ) Arﬁpendix A: Analytical solution of the normalized
The edges of the profiles are produced by rays emitted fro dis . |ati
persion relation
xs ~ 1.5 and the rays are focused, so there should be only very
little radiation produced agts ~ 1.5 to avoid the sharp edge.The normalized dispersion relation (1) is of the third degree
This means that the emission ring should be very thinY'soin n, so the analytical solution aof is given by the cubic.

(&}
T
I

(3}
T
I




P. Weltevrede et al.: Thedfect of a variable emission height on pulse morphology 479

The solution for the superluminous O-mode (the solution witkcknowledgementsiVe thank Svetlana Petrova for making available

positiven; at the emission height) is her code and for her valuable comments as referee of this article. We
also thank her as well as Joeri van Leeuwen, Ramachandran and John
ay . . .
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