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ABSTRACT

We present linear and non-linear calculations of the tidal interaction of an accretion
disc in close binary systems with mass ratios of unity and one tenth. We consider
characteristic Mach numbers of the Keplerian flow between 10 and 50 and both
inviscid discs and discs with an internal shear viscosity. We calculate the angular
momentum transfer between the disc and the companion star and indicate how the
excited spiral density waves can be understood in terms of a linear tidal response
calculation. In agreement with earlier work it is found that hot, extended discs with
Mach numbers .# <10, such as those in close binary T Tauri stars, are subject to
strong tidal coupling with the companion star, whereby the disc loses a sufficient
amount of angular momentum through shock dissipation to enable disc matter to
accrete on to the central star. For cool discs with Mach numbers .# =25, thought
typical for discs in cataclysmic variable and X-ray binaries, however, the wavelength
of the tidal response is much shorter than the length-scale of the tidal force so that the
tidal interaction becomes inefficient and, although adequate to truncate the disc, it
produces little wave-driven accretion on to the central star.

Key words: accretion, accretion discs — hydrodynamics - celestial mechanics, stellar
dynamics - binaries: close.

1 INTRODUCTION

Accretion discs are common in interacting binary systems
such as cataclysmic variables (Warner 1976), X-ray binaries
and binary T Tauri stars (Mathieu 1992) and their evolution
is regulated by angular momentum transfer processes
(Lynden-Bell & Pringle 1974). It has been known for some
time that accretion discs in close binary systems can lose
angular momentum to an orbiting exterior companion
through tidal interaction (Papaloizou & Pringle 1977; Lin &
Pringle 1976). Work on the effects of satellites on Saturn’s
rings (Goldreich & Tremaine 1978; Shu 1984) and proto-
planets in the early solar nebula (Papaloizou & Lin 1984) has
shown that this tidal interaction can result in the excitation of
waves which propagate into the disc. If the disc is inviscid,
these waves can propagate over large distances before they
dissipate. If the disc is non-self-gravitating the tidal waves
can take the character of shock waves. Because the tidally
excited spiral pattern rotates with the binary angular speed
w, which is smaller than the angular speed of the gas in the
disc, it carries negative angular momentum. Dissipation in
the shocks therefore leads to a loss of disc angular
momentum and consequent accretion of disc matter. The

companion star, which excited the negative angular
momentum waves, gains this angular momentum.

This tidally induced angular momentum transport
mechanism suggests an attractive alternative to the ad hoc
assumption that disc evolution is driven by turbulent
viscosity (Shakura & Sunyaev 1973). In order to evaluate the
validity of such a scenario, Sawada, Matsuda & Hachisu
(1986) carried out a series of numerical simulations of an
inviscid accretion disc in a close binary system of unit mass
ratio with low Mach numbers.# <10, i.e. for small ratios .#
of Keplerian speed to characteristic sound speed in their disc
material. In this limit, they found that tidally induced waves
could indeed propagate to small disc radii such that a signifi-
cant amount of angular momentum could be effectively
transported outward over an extended region in the disc.
This led the authors to suggest that disc accretion might
occur as a consequence of tidally induced shock waves
occurring in an otherwise inviscid disc. Spruit (1987, 1989)
constructed a steady state, non-axisymmetric, self-similar
disc model which involves a non-linear wave with zero
pattern speed giving dissipation and angular momentum flow
at shock discontinuities (see also Lubow & Shu 1975;
Donner 1979; Larson 1990). Although the companion’s
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tidal torque is not explicitly considered in the semi-analytic
treatments, it must be thought of as ultimately responsible for
the angular momentum flow out of the disc. Subsequent two-
dimensional numerical simulations for disc models in which
the characteristic sound speed is a significant fraction of the
Keplerian speed, lead to results that seem compatible with
these semi-analytic calculations (Sawada et al. 1987; Spruit
et al. 1987; Rozyczka & Spruit 1989; Matsuda et al. 1987,
1989; Spruit 1989).

These results were applied to the context of accretion disc
flow in cataclysmic variables (Sawada et al. 1986). It is
believed (Pringle 1981), however, that the effective Mach
numbers in observed discs in cataclysmic variables are large
(=25). In these circumstances it has been argued that the
response to tidal forcing will be considerably weakened
relative to the low Mach number case (Lin & Papaloizou
1993). This is because the characteristic wavelength of the
excited waves decreases with increasing Mach number, so
that it becomes very small compared with the scale
associated with the forcing potential. Further, from the
observed spectral evolution of cataclysmic variables, modest
values of the viscosity are inferred such that their values
correspond to viscosity parameter a>0.1 (Pringle 1981).
Under these conditions the waves could be dissipated by
viscosity, rendering the shock waves ineffective, except
possibly at large disc radii.

It is the purpose of this paper to investigate the tidal inter-
action and consequent excitation of waves in close binary
systems with mass ratio unity and one tenth. We study this
phenomenon as a function of disc size and Mach number. We
take care that our calculations have adequate resolution to
represent the shorter wavelength responses expected in the
high Mach number cases. Because we are interested in non-
self-gravitating discs with no internal shear viscosity there is
no strictly steady state solution in which the removal of
angular momentum due to tidal interaction balances the
angular momentum transported outward through the action
of shear viscosity. We therefore employ two-dimensional
evolutionary calculations using finite difference schemes
based on an Eulerian mesh rather than the Lagrangian
scheme of Lin & Papaloizou (1986), which can be used only
to find steady state solutions for viscous discs. We evolve
discs forward in time until a slowly evolving quasi-steady
state, rather than a strict steady state, is achieved. We do not
find any evidence for episodic accretion in our calculations.
We remark that, because the calculations are two-dimen-
sional, there may be neglected effects in three dimensions
which could inhibit the propagation of waves over large
radial distances. Lin, Papaloizou & Savonije (1990a,b) found
that the refraction of initially radially propagating wave-
fronts due to a sound speed variation with height tends
to make the propagation direction bend upwards. As
mentioned by these authors, this effect is most important for
waves with large azimuthal mode number m. Because these
have short wavelengths and high frequencies, they are readily
deflected to propagate over large distances vertically and are
thus susceptible to suffering shock dissipation in an extended
tenuous atmosphere. Linear waves with low m, which might
be expected when the binary companion has a significant
mass ratio, may be reflected as a result of the decreasing
density gradient at relatively small heights and thus be able to
propagate radially. But note that, if these waves become non-

linear, their profiles necessarily distort and develop short
wavelength components for which vertical propagation
might be important. This indicates that effects which might
hinder the inward propagation of waves may have been
ignored. In this sense the tidal effects found here are to be
regarded as an upper limit.

We will compare the tidal torque generated in the non-
linear evolutionary calculations with those calculated from
linear response calculations. The purpose of this approach is
to confirm that the excited waves can be understood in terms
of a linear response calculation of the type used in similar
problems arising in Saturn’s rings and the early solar nebula
(see, for example, Goldreich & Tremaine 1980). The linear
theory normally predicts that spiral waves are generated at
Lindblad resonances in the disc. For the mass ratios and
discs considered here there are no such resonances with their
centres inside the disc. Nevertheless, the centre of the 2:1
resonance (where the disc angular speed Q=2w) can be
thought of as lying in the vicinity of the boundaries of the
disc. Because the resonance has a finite width that increases
with the magnitude of the sound speed, it can still generate a
substantial wave-like spiral response in the disc. Our calcula-
tions indicate that, in large inviscid discs, wave generation
can drive substantial accretion up to small disc radii only if
the disc’s Mach number is low (<10). If the Mach number is
significantly larger than this value, as is expected in observed
discs in cataclysmic variables, wave excitation and propaga-
tion become ineffective and unable to reach small radii at
significant amplitude, unless perhaps the surface density is
very much reduced there. In addition, we have performed
some calculations using a different method with viscosity
included, and find that waves may be rapidly damped if a
viscosity comparable to that required in realistic disc models
is present in the disc.

A brief outline of this paper is as follows. In Section 2 we
give the basic equations. In Section 3 we give the relevant
parts of the theory of the linear response to tidal perturba-
tions for inviscid discs, from which the angular momentum
transfer rate between disc and binary companion is calcu-
lated. In Section 4 we describe our numerical methods and
present our numerical non-linear results. Finally, in Section
5, we present our conclusions.

2 BASIC EQUATIONS

To describe the disc response to the tidal torque of a perturb-
ing mass, we adopt a thin-disc approximation in which there
is no vertical motion. We work in a non-rotating cylindrical
coordinate system (r, @, z) defined with the origin at the
primary mass M with z being the vertical coordinate. We
define £ (=[®,pdz) and P (=[*,p dz) to be the surface
density and vertically integrated pressure, respectively. The
radial component of the equation of motion can be written

2
90, 30 Uy 9005
ot or r 0¢ r

Lop oy 104 on,
sor o Tzal3"or)
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where v, and v,=rQ are the radial and azimuthal com-
ponents of velocity, and W and vy are the gravitational
potentials due to the primary point mass and the perturbing
companion mass, respectively. We have also included the
possibility of a radial viscous force with kinematic viscosity
coefficient v,. The azimuthal component of the equation of
motion in the flat-disc model is

CLYMCVECLTIN

a r ¢ “or r *E, @)

r=0¢ r 0¢
where we allow for an azimuthal viscous force per unit mass

13 00
FV—ErZ ar(vz' ar)’

v being the shear viscosity. The perturbing gravitational
potential due to a companion with mass M, orbiting with
angular frequency o, is

GM, GM,rcos(¢— wt)
2 2 izt 2 .
r“+ D" —2rD cos(¢ — wt)] D

YT

For a barotropic equation of state P=P(Z), the local sound
speed, ¢, is a function of £ with no additional explicit
dependence on radius. It is defined through ¢?=dP/d=.
Finally, the continuity equation reads

o1 7(2rv,)+% a%(zw,,)=o. (3)

The main motion in the disc is rotation in the azimuthal
direction and its angular frequency can be deduced from
equation (1), in the limit of negligible v, and v, such that

2
v_e 1 dB d¥
r 3, dr dr’

where the subscript 0 denotes an unperturbed axisymmetric
value. In the thin-disc limit, when the sound speed of the disc
is very small, equation (2) gives Q2 ~ GM/r? =Q%, which is
just the Keplerian rotation law.

3 THE LINEAR RESPONSE OF THE DISC

Here we calculate the response of the disc after simplifying
the governing equations by linearizing them. This problem
has been considered by many authors in the context of
planetary rings, galaxies and the early solar nebula
(Goldreich & Tremaine 1978; Papaloizou & Lin 1984; Lin &
Papaloizou 1986). In the applications considered above, the
case when the mass of the orbiting companion is small has
been considered. Waves are excited at Lindblad resonances
which can be located in the disc in the low companion mass
limit.

In this paper we consider the situation when the mass of
the companion, which orbits outside the disc, is not small
and there are no Lindblad resonances in the disc. In such
cases, waves that carry negative angular momentum may still
be excited due to the finite width of the resonance, albeit less
effectively. But the process becomes less effective the lower
the sound speed in the disc.

Tidally induced shocks in close binary systems 15

3.1 Linearization of the basic equations

We linearize equations (1) and (2), neglecting viscosity, such
that

v, v, ; 9 [='c?) oy

"+ Q——-2Qu,=—— - 4
ot ¢ Vs ar(zo) ar’ (4)
and

i ' ' 2 )
a_UQ+Q a_vﬂ_,_g! d(gr)= _l __a_ Ef_ _l a_’l/) (5)
ot o¢ r dr rog\=,/ r 0¢

In the above equations, perturbed quantities are denoted by
a prime. In the unperturbed axisymmetric flow, Z=2,,v,=0
and v, = Qr. The perturbed continuity equation is

?_Ei'_i_ oz 1|9, ,
ot ¢ r

a '
a—r(wr20)+5‘l—$(20v¢)}~ (6)

There is a flux of angular momentum through a circle of
constant radius rgiven by

2n
F, =J =, viv,dg. (7)

0

To proceed further we expand vy in a Fourier series in the
azimuthal angle such that

tp=Re{ i W, explim(é — wi));.

m=0

We consider situations where the companion, with mass ratio
between 0.1 and 1, orbits outside the disc. Provided the disc
outer boundary is not too close to the companion’s orbit, the
dominant contribution comes from the term with m=2.
Then, approximately (e.g. Savonije & Papaloizou 1983),

From now on we shall assume that terms corresponding to
other values of m may be dropped, so that m=2. If we
assume that all perturbations vary as explim(¢ — wt)], and
take this factor as read, equations (4)-(6) give

1 d _2QF | K K| W

Sor dr(Zor’g',) rQ— ) [rz(Q—w)2 cz}'-rz(Q—w)2
(8)

and

dK 29K _ . 2o p_gn 3 2QW

dr+r(Q-—w) Elm(Q= o) -] dr r(Q-w)’ ©)

where K=ZX'c?/Z,, and &, =[im(Q-w)] 'v, is the
Lagrangian displacement in the radial direction.

The above two linearized equations of motion, being a
pair of first-order ordinary differential equations, require
two boundary conditions. For a disc with outer boundary
r=R at which X, vanishes smoothly, we require the
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boundary condition
g, dh

K=-—— 1
3, dr (10)

to avoid a singularity at »=R. But note that a rigid outer
boundary condition may also be used. The other boundary
condition we use is that, deep into the interior of the disc, the
forced solution takes the form of an ingoing wave. This is
presumed ultimately to damp through either non-linear or
viscous effects. The asymptotic form of the ingoing wave can
be found using a WKB approximation such that
ne”

Er={207‘6‘[m2(S2—a))Z__gzl]l/Z_}I/Z (11)

where 7 is a complex constant and

J’r, [mZ(Q _ w)z _ Q2]1/2
w=-
’ c

dr.

Here r, is an arbitrary constant radial location chosen such
that the WKB approximation is valid inside it.

In addition, we have approximated the rotation to be
Keplerian such that Q=€ . In the WKB limit the Eulerian
velocity perturbations can be found from equation (11) using

v,=im(Q-w)§,
and

K__ilmi(@- o -,
HQ—w) Q- w)(du/dr)

If we use the real parts of the above expressions in equation
(7), the flux of negative angular momentum carried by the
ingoing waves corresponds to a positive, outward flux:

Fy=nm|ny|. (12)

Equations (4) and (5) can be combined into a single
second-order ordinary differential equation which can be
solved by the method of variation of parameters. Fj; can be
determined from the solution of the unforced equations
(W,=0) that satisfies the correct boundary condition (10)
(see Papaloizou & Lin 1984). We denote the value &, for this
solution by X. At large distances from the companion, this
takes on the WKB form

vy+3QE, =

Ce*+C*e ™
{Zore|[m*(Q - )’ - Q7'

where Cis a complex constant which satisfies

_ Sorc’ [ (dx/ar)

l[m*(Q - 0 - Q7"

2
jcp==2

+Xmm%9—3f—ewﬂ}

c
We then find that
Tt rn 2
Fy=——1 Z,r8Xd 13
H 2|C|2 JR ol r (13)

where Ris the radius of the disc boundary,

od (|, 20mp
dr\ ¢ | rQ-w)c*’

and
4= Q- o)
E-r(Q-wf’
This may also be expressed, after an integration by parts, as

2
T

Fy=—"— 14
Y (14)

nsorwY
JL,d,

2
C

R

Here, we have assumed that the effect of the perturbing
potential is negligible at large distances from the companion,
and Y is equal to the value of K for the unforced solution.

We use the above formalism to calculate the linear
response of discs to tidal forcing, and equation (14) to calcu-
late the induced angular momentum transfer between disc
and companion for binaries with mass ratios of 1 and 0.1.
It is well-known that tidally excited undamped waves have
a conserved angular momentum flux or wave action (see,
for example, Goldreich & Tremaine 1978; Shu 1984 in the
context of planetary rings). Reduction of the wavelength or a
decrease in the background density as the waves propagate
inwards can then cause them to become non-linear. In the
situation considered here, however, the waves are already
non-linear when they are launched, and dissipation acts
straight away to reduce the wave action as they propagate
inwards until low amplitudes are reached. For planetary
rings, this phenomenon is documented observationally (see
Cuzzi et al. 1984) and theoretically (see Shu 1984). As the
wave action decreases, angular momentum is removed from
the disc material, causing an accretion flow.

The linear theory is strictly valid for weak forcing as
would occur for small discs. For the strong forcing of a
gaseous disc considered here, wave amplitudes are likely to
be smaller than those predicted by linear theory, because of
shock-wave dissipation. As these waves propagate inwards,
amplitude decay may cause them to become weak shocks
taking the form of a small-amplitude wave with a saw-tooth
profile (Landau & Lifshitz 1957) propagating with the sound
speed. For a barotropic equation of state P<ZX7, the rate of
energy dissipation from a tightly wound weak shock is

Ae==(y+1) rZo(Au)’,

A

where Au is the velocity difference across the shock. The
associated angular momentum loss rate per unit length from
the disc is obtained by dividing this by the product of the
wavelength of the linear m= 2 wave and (Q — w), and is thus
approximately mAe/(2rnc). This angular momentum trans-
port must cause Fy, to decrease into the disc (see Papaloizou
& Lin 1984) such that

dFy, m 3
= —_— -+ .
ar 12c(y 1) rZ,(Au)
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From equations (12) and (11), using the large m limit which
remains reasonably accurate even for m=2,

F =:rt2?0rc(u,,‘)2

f4Q-w) -

Thus

r dF; m (Au)®
LS +1)HQ~ :
F, dr 3nc2(y " @) us

where u, is the radial velocity excursion. From the above,
we see that the local scalelength on which Fj decreases
becomes comparable with the disc radius when (Au)®~
(cu?)/#. This indicates that, for high Mach numbers, the
non-linear waves become weak shocks before they have
propagated very far into the disc.

If the shock discontinuity is as much as the wave ampli-
tude, Au~u,, and the above gives Au ~ c/# only, with a
corresponding dissipation rate per unit length equivalent to
that due to a shear viscosity with a~.# ~3, neglecting
multiplicative constants of order unity. Larson (1990) finds,
however, that shock discontinuities disappear if u, is below
a critical value u,,~ 0.2c for m=2. In such a case, for high
Mach numbers we should use (Au)®~(cu3.)/#. The cor-
responding a is then ~(u,./c):# ~!'. In the large Mach
number limit, this form of a is consistent with the expression
given by Larson (1990) which is also consistent with the
results of Spruit (1987). But note that, if there is a critical
amplitude, shock dissipation may not continue even at this
level as the waves propagate inwards, if for example, there is
a surface density increase which could cause the waves to
reduce their amplitude below the critical value.

4 NON-LINEAR NUMERICAL SOLUTIONS
4.1 Numerical methods

‘We present here numerical results obtained with two numeri-
cal methods. The first is a two-dimensional explicit finite
difference scheme on an equally spaced Eulerian grid in
cylindrical coordinates, which uses the flux-vector splitting
method of van Leer (1982) to calculate the fluxes used in the
conservation-law form of the equations. The ADI method of
Beam & Warming (1978) is used to advance the equations in
time. It is based on a multidimensional, Second-order Alter-
nating Direction Implicit/Explicit hydro-code, or sapie for
short, developed by Arnold (1985). This method was ap-
plied by Heemskerk, Papaloizou & Savonije (1992) to self-
gravitating discs. There is no need for artificial viscosity
terms to be added to the equations, shocks being handled by
the internal differencing. This method solves the equations
for an ideal gas with specific heat ratio y=15/3 in conserva-
tion-law form. The model is strictly two-dimensional, pro-
ducing the barotropic equation of state with P=constant X
27, by including the required amount of local cooling in the
energy equation. This is needed because when shocks are
present they act to increase the local entropy.

We use an equally spaced grid in cylindrical coordinates,
with 200 zones in the radial direction and 64 zones in the
azimuthal direction, to integrate the set of equations given

Tidally induced shocks in close binary systems 17

above but with no viscosity. We work in a frame corotating
with the binary, with the centrifugal and Coriolis forces
included as source terms in the conservation laws. Owing to
the explicit nature of the difference scheme, the maximum
time-step Az we can take to integrate the numerical equations
is limited by the well-known Courant-Friedrich-Lewy con-
dition. In our simulations we took At =0.70A¢qg .

We remark that care needs to be taken in using this code
for non-self-gravitating discs. Angular momentum was found
to diffuse radially due to code truncation errors. This effect
is significant for surface density profiles with relatively large
gradients in them, independent of whether shocks were
present. This effect could result in an m =0 diffusive insta-
bility which produces ring-like features in the surface density
and angular momentum profiles over long time-scales. In our
calculations we rewrote the g-component of the equation of
motion as a conservation law in terms of r/?Zv,. By adopt-
ing a constant initial surface density Z,, this quantity is
initially constant (Keplerian rotation). In this way such
instabilities were avoided over the run times of our calcula-
tions.

In order to investigate the effects of viscosity on the tidal
response, we solved the equations, including additional
viscosity terms in the equations of motion (1) and (2), using a
second method. This solves the equations by explicit finite
difference techniques using operator splitting. The advection
terms are handled using van Leer’s monotonic transport
scheme (see, for example, Kley 1989). We used a strictly
polytropic equation of state and note that, for inviscid discs,
methods 1 and 2 yielded very similar characteristics for the
propagating waves induced by tidal effects over the times for
which our computations were run.

4.2 Numerical results

We now present the results of non-linear calculations of the
forced response to tidal perturbations of discs in binary
systems with mass ratios of 1.0 and 0.1 (see Table 1). The
calculations with sabie were performed for discs with varying
initial size and Mach number .#. This is here defined as the
ratio of orbital speed to sound speed at the disc inner
boundary, where r = r,, which was treated as rigid. The initial
surface density profile was taken to be uniform and equal to
2, for ry<r<r;, where r, corresponds to the outer
boundary.

Note that, because we have a simple equation of state,
P37 knowledge of the initial Mach number at the inner
boundary enables this quantity to be calculated elsewhere at
other times. If we use cxZ("U2 and the approximate
validity of Kepler’s law, we obtain

M =M (Z o[22 (ry )2

In each case the unit of mass and the unit of length were
chosen such that the total binary mass and the binary separa-
tion were unity. The unit of time is then defined by adopting
unity for the gravitational constant, so that one orbital period
corresponds to 2x time units. Because the disc is non-self-
gravitating, the results are independent of the magnitude of
the initial surface density, so any value for this may be taken.
For convenience we shall adopt a value such that the total
disc mass is unity. Note that the numerical values for tidal
torque given below scale in proportion to the disc mass. In
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Table 1. The various inviscid model calculations. .#,, is the initial
Mach number of the Keplerian rotation at the disc’s inner boundary
ry, ry is the outer disc radius, Z, is the initial constant surface
density in the disc, g is the mass ratio, whereby the (primary)
companion with the disc is the most massive, and 7 ' and 7~ Ponin
are the total tidal torques between the companion star and the disc
obtained from the linear and non-linear numerical calculations,
respectively. In our units the binary separation is unity.

Model Mg Yo To 1 Thn

q Tnonhn
1 10 1 237 0.095 0.379 7.3x1073 1.8x1073
1
1

25 4.20 0.071 0284 7.8x10~* 2.4 x 104
50 420 0.071 0.284 4.5x107* 1.4 x107*
10 0.1 1.02 0.145 0.578

50 0.1 1.02 0.145 0.578 2.6x10~3 6.0 x 10~*

O W N

each case the calculation is continued until a quasi-steady
state response is attained. This is achieved even though the
only dissipation that occurs is that due to shocks. The tidal
forcing induces a trailing spiral pattern with an associated
outward angular momentum flow which is ultimately com-
municated to the companion via a tidal torque. As expected,
effective open spirals are associated with large discs and low
Mach numbers. The ratio of outer boundary radius to inner
boundary radius is characteristically about four in these
calculations. This has been chosen for convenience and is
small compared to that expected for most examples of astro-
physical discs. However, we are primarily interested in calcu-
lating the response to tidal forcing and this range of radii is
probably reasonable for this purpose.

Model 1. This model is designed to illustrate that the local
angular momentum balance in the disc is determined by the
net result of wave transport of angular momentum and local
gravitational interaction with the companion star via a tidal
torque which can act as a source or sink of disc angular
momentum. To do so, we adopt, in model 1, a unit mass ratio
and a low initial Mach number ( ~ 10), and the disc’s outer
boundary equals the (spherical) Roche radius. In Fig. 1 we
show the surface density, which exhibits a strong two-armed
spiral at a time of 20.3 units (about three binary orbital
periods), at which time the form has become quasi-steady.
The tidally induced radial velocity perturbations in the disc
are less than 60 per cent of the sound speed, except for the
outer regions of the disc (r=0.27) where supersonic values
are attained. In these outer regions, shock dissipation gives
rise to effective absorption of angular momentum by the
companion star, which causes the matter to fall inwards. In
this way the region between the two outer spiral arms is
effectively cleared of matter. In Fig. 2 we show the
azimuthally averaged advected angular momentum flow rate
and the azimuthally averaged external applied tidal torque
density, i.e. the azimuthally averaged external torque per unit
surface in the disc as a function of radius. The positive
(outward) wave transport of angular momentum associated
with the induced trailing spiral wave allows mass to move
inwards and produces the centrally concentrated (azimu-
thally averaged) surface density profile shown in Fig. 3. The
external torque density alternates in sign, being negative in
the regions with »<0.18 and r=0.27, and positive in the
region in between. The strong decline of the angular
momentum flow for »=0.27 in Fig. 2 is caused by shock
dissipation and associated angular momentum transfer to the

companion star via the tidal torque. The residual, integrated,
tidal torque is 2 X 1073, allowing accretion on a time-scale of
about a thousand binary orbits. For comparison, the total
angular momentum transfer rate to the companion, calcu-
lated from the linear response of the initial model as
described above, using equation (14), was 7.3 X107 3. This
value is a factor of four larger than that found from the non-
linear numerical calculations. We regard this difference,
however, as being explicable by the fact that the surface
density in the non-linear calculations becomes significantly
depressed relative to the initial model at large radii (see Fig.
3). We also calculated a model with the same parameters but
with a smaller outer disc radius of 75 per cent of the
spherical Roche radius. The quasi-steady state, and the
angular momentum transfer rate to the companion were in
good agreement with those found in the model described
above. R

Model 2. This model is constructed to illustrate that the
above favourable result for tidally driven accretion is
strongly dependent on having a low Mach number and a
large disc almost filling its Roche lobe. In model 2, we choose
an initial Mach number of 25, and an outer disc radius 75
per cent of that in model 1. The quasi-steady surface density
for model 2 is shown after a time 22.96 in Fig. 4. Spiral
waves are excited but in the form of a more tightly wound
spiral than model 1. The tidally induced radial velocity
perturbations in the disc attain supersonic values for
r=0.24, i.e. in the outermost spiral arm. The region between
the spiral arms is effectively cleared of matter in this outer
part of the disc. Fig. 5 shows the azimuthally averaged
angular momentum flow rate and the azimuthally averaged
external torque density as a function of radius. The steep
decay of the angular momentum flux for »=0.25 is again
caused by shock dissipation and associated transfer of
angular momentum to the companion star via the tidal
torque in the outermost regions of the disc. The external
torque density alternates in sign in conjunction with the
spiral density wave in the disc, whereby its amplitude slowly
increases with radius, as expected. Because of the short
wavelength of the response and the long length-scale of the
exciting tidal force, cancellation leads to a small residual
integrated tidal torque 7 =2.4x 1074 which is almost an
order of magnitude less than for model 1. The value
7.8%107* for the torque follows from the linear theory
applied to the initial model. In this case the surface density in
the outer parts suffers much less depression relative to the
initial model as a result of the less effective tidal interaction.
It can be seen in Fig. 4 that the waves decay with decreasing
radius. The fact that the waves can still decay, even though
they have small amplitude as they propagate inwards, is
because they appear to develop a saw-tooth form corre-
sponding to weak shocks. This can provide residual dissipa-
tion at low amplitudes (Landau & Lifshitz 1957).

Model 3. The situation is even more extreme for model 3,
which was identical to model 2, but with a higher initial Mach
number of 50. The surface density at time 14.06 is shown in
Fig. 6. The spiral form is very tightly wrapped and decays
before the inner boundary is reached. The spiral wave ex-
tends further inward than is shown in the grey-scale plot, as
can be seen in Fig. 7, which shows the azimuthally averaged
angular momentum flux and external torque density through
the disc. Note that the external torque density in the outer
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Figure 1. Grey-scale plot of surface density distribution in the disc for model 1 at time 20.3.

parts of the disc is an order of magnitude larger than for
model 2. Cancellation effects caused by the rapidly
alternating external torque density are strong, however, so
that the residual tidal torque is rather weak at 1.4 X 1074,
somewhat smaller than the linear value F;;=4.5X 1074 The
waves are unable to affect the azimuthally averaged surface
density profile in the inner region of the disc, which is still
uniform (see Fig. 8). For this high Mach number case, super-
sonic radial velocity perturbations are induced for »=0.19.
Hence strong dissipation occurs in a more extended region
than in models 1 and 2, which contributes to the decay of the
spiral pattern in the inner regions of the disc.

It may seem paradoxical that, in the quasi-steady state, the
net tidal torque is stronger in model 1 than in models 2 and
3, even though there is less matter in the outer parts of the
disc in model 1. We believe, however, that this is a conse-
quence of the different Mach numbers in the outer regions of
the disc in these cases. At a radius of 0.27, this was round 6.8
in model 1, 16 in model 2, and 28 in model 3. Although we
should not expect a complete explanation from linear theory,
this none the less shows that, other things being equal, a
lower Mach number gives a deeper response to the tide and a
stronger torque, which approximately scales inversely with
Mach number (Table 1). This comes about from the be-
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Figure 2. The azimuthally averaged advected angular momentum flux (full line) and tidal torque density (dotted line) as a function of radius for
model 1 at time 20.3.
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Figure 3. The azimuthally averaged surface density in the disc as a function of radius for model 1 at time 20.3.

haviour of the integral in equation (13), which determines the
tidal torque. The integrand here involves a free perturbation
solution X which alternates in sign as it represents a sound
wave. The result of this is that the integral tends to zero as
the wavelength, which is proportional to 1/#, does.
Normally one expects that the integral tends to zero as 1/.#

(but it could be faster) and then, from equation (13), the
torque also tends to zero in this manner.

This result indicates that, other things being equal, there
should be a lower surface density in the outer regions of the
initially low Mach number discs compared to those with
higher Mach number, as is seen in the calculations. It is also
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Figure 4. Grey-scale plot of surface density distribution in the disc for model 2 at time 22.96.

worth noting that the product of the wavenumber and the
local radius of the excited wave is characteristically equal to
#. Thus for model 1, the distance between the outer part of
the disc and the simply (Keplerian) calculated location of the
2:1 resonance, which is at r=0.5, is about one wavelength.
Although the resonance is not in the disc and orbits would be
very strongly perturbed at its location, the increase in the
number of wavelengths between this location and the disc
edge as the Mach number increases also fits in with the
expectation that the torque will be weaker in the higher Mach
number cases.

Model 4. We also performed calculations (models 4 and 5)
for a companion mass of 0.1. In this case, because the 2:1

inner Lindblad resonance, simply calculated to be at
r=0.61, can approach the disc outer boundary, two-armed
spiral waves are more readily excited.

For model 4, with .#,, = 10, the calculation was similar to
model 1 in that it produced a strong two-armed spiral
response in the surface density, which is plotted in Fig. 9.
The azimuthally averaged surface density profile rapidly
became peaked at the inner boundary as in model 1, indicat-
ing very strong tidal effects. The tidal torque in fact
decreased to very small values as most matter was cleared
from the outer part of the disc for »> 0.4 (the region of shock
dissipation) and no meaningful comparison could be made
with linear theory.
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Figure 5. The azimuthally averaged advected angular momentum flux (solid line) and tidal torque density (dashed line) as a function of radius

for model 2 at time 22.96.

Model 5. The response, however, is much weaker in model
5, which was the same as model 4, but with an initial Mach
number, .#,, of 50. The surface density is shown in Fig. 10.
The spiral form is more tightly wound and decays before the
inner boundary is reached. Supersonic radial velocities occur
for r=0.3. The tidal torque is quite strong (6X107%)
compared to 2.6 X 1073 calculated for the initial model using
linear theory. The difference may be due to the fact that,
although the surface density profile in the inner regions is
unaffected for r<0.3, the tidal torque produced a
pronounced azimuthally averaged surface density maximum
of about 2.5 times the initial value at r=0.42 owing to the
infall of matter from the disc’s outer region (Fig. 11).

In this context we remark that the linear torques were
computed with a uniform surface density profile and a rigid
outer boundary condition, as in the initial models. This is
naturally expected to give an overestimate for the final
torques. We comment that linear calculations with smaller
outer boundary radii or tapering surface density profiles give
significantly lower torques.

4.3 The effect of shear viscosity

In order to examine the effects of viscosity on these calcula-
tions, we performed calculations for discs with varying
amounts of shear and radial viscosity using method 2.
According to linear theory, the presence of these viscosities
is expected to cause the sound waves excited by the tidal
effect to be damped (see Lin & Papaloizou 1993 and refer-
ences therein). In addition, a non-zero shear velocity causes
the disc to expand which induces an increase in the tidal
forcing. Here we use the usual alpha prescription for the
viscosity, i.e. v2=3aPQ"!, with a corresponding o, appro-
priate to the viscosity coefficient v,. To demonstrate the
reduction of wave amplitude that occurs when internal vis-

cosities are introduced, we studied model 6 using method 2,
which approximately corresponds to model 2 with a mass
ratio of unity except that r,=0.1 and r;, =0.3. The initial
Mach number at the inner boundary, for purposes of com-
parison with model 2, was 31. For this model, we adopt
a=0.01 and a,=0. In Fig. 12 we show the quasi-steady
state surface density plot. This shows a similar pattern of
wave excitation to that in model 2 except that the wave-
lengths are slightly shorter because of the somewhat smaller
sound speed. As expected, the waves are relatively
undamped in this case. Additional calculations with a smaller
value of r, showed that the waves did not propagate signifi-
cantly further in than »=0.1. We found that our results were
sensitive to internal viscosity parameters; in particular, wave
amplitudes were sensitive to the magnitude of a,as well as to
the Mach number. In Fig. 13 we show the quasi-steady state
surface density plot for model 7 which had identical para-
meters to model 6 except that 7,=0.05, a =0.1 and a,=0.4.
In this case the disc fails to truncate before the outer bound-
ary radius and wave excitation is almost completely elimi-
nated. In this series of calculations we found that for discs in
which the Mach number was three times higher, waveforms
could only be produced very close to the outer boundary.
These results, and the lack of truncation of the above model,
are consistent with results given in Lin & Papaloizou (1993),
who used a scheme with a non-zero a,.

5 DISCUSSION

We have considered time-dependent non-linear hydro-
dynamic calculations of accretion discs in close binary
systems with mass ratios of unity and 0.1. We have consid-
ered a range of disc sizes, Mach numbers and disc viscosities
with the aim of studying the excitation of waves by tidal inter-
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action. We verify wave excitation and the existence of an
m =2 spiral response for both mass ratios considered. Wave
excitation occurs, although the centre of the inner Lindblad
resonance lies outside the disc because the resonance has a
finite width and can be thought of as still partially overlapp-
ing the disc. The angular momentum fluxes generated in the
calculations are consistent with those predicted by linear
response calculations.

We find, in agreement with previous work (Sawada et al.
1987; Spruit et al. 1987; Rézyczka & Spruit 1989; Matsuda
et al. 1989; Spruit 1989), that extensive low Mach number
(<10) discs, which almost fill the Roche lobe, have signifi-
cant waves in them that can propagate to small disc radii
and transfer angular momentum outwards even when the

0

Figure 6. Grey-scale plot of surface density distribution in the disc for model 3 at time 14.1.

0.2

only dissipation that occurs is due to shocks. For internal
Mach numbers greater than about 25, however, as might
have been expected from the scaling of their effective a with
Mach number given by Spruit (1987), the waves are much
weakened and fail to propagate with significant amplitude
very far into the disc and so hardly affect the surface density
profile except at large radii. The best that could be expected
in such cases is that significant waves could reach small radii
if the surface density decreases rapidly inwards. The effect
would be significantly reduced, however, if the outer regions
of the disc were absent, as might eventually result on account
of tidal interaction over long time-scales. Thus our calcula-
tions indicate that wave-driven accretion is unlikely to be able
to proceed rapidly enough through discs with modest outer
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Figure 7. The azimuthally averaged advected angular momentum flux (solid line) and tidal torque density (dashed line) as a function of radius

for model 3 at time 14.1.
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Figure 8. The azimuthally averaged surface density in the disc as a function of radius for model 3 at time 14.1.

radii and Mach numbers = 25. This is also fully consistent
with the discussion at the end of Section 3.

In particular, although an adequate tidal torque for disc
truncation may be produced, excited waves are likely to be

too weak to play an effective role in causing accretion
through observed discs in such objects as cataclysmic
variables, in which observations require, under outburst
conditions, a viscosity parameter a of about 0.1 (Pringle
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Figure 9. Grey-scale plot of surface density distribution in the disc for model 4 at time 38.5.

1981) as well as Mach number =25. In addition, we found
that the waves are damped by internal viscosities corre-
sponding to the appropriate a parameters exceeding this
value. The presence of strong absorption lines indicates
that the disc is opaque to continuum radiation during the
outbursts (Mayo, Wickramasinghe & Whelan 1980) so that
the disc may be thermally stratified. In this case, three-
dimensional effects, such as the upward tilting of inward-
propagating wave fronts due to the vertical variation of
sound speed with height, might be important (Lin et al.
1990a,b). During the quiescence, the strong Balmer emission

lines indicate that the disc is optically thin and therefore it is
likely to have an essentially isothermal vertical structure
(Williams 1980). Although refraction is no longer effective in
this limit, the above results suggest that tidally induced waves
are unlikely to propagate far into the disc since both the
continuum (Wood et al. 1989) and line spectrum (Williams
& Ferguson 1982) indicate a low (<10*K) temperature
throughout the disc (Lin, Williams & Stover 1988) such that
the corresponding Mach number is larger than 50. Thus we
expect the tidal response of the disc to be for the most part
weak, being such that most of the tidal torque induced by the
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Figure 10. Grey-scale plot of surface density distribution in the disc for model 5 at time 20.77.

companion arises in the outer regions of the disc. Detailed
models of the emission-line profile of SS Cyg suggest that the
efficiency of non-linear dissipation increases with the disc
radius such that most of the radiation is emitted in the outer-
most region of the disc where the tidal disturbance is
dominant (Cheng & Lin 1992). This radial dependence in
the dissipation pattern is consistent with the above con-
sideration.

Although tidally induced density waves may not be the
dominant carrier of mass and angular momentum through-

out discs in cataclysmic variables, they are more likely to play
an important role in protostellar discs around T Tauri binary
stars. In typical protostellar discs, the Mach number is
relatively small (~10) (Lin & Papaloizou 1985). Thus we
might expect a strong internal disc response to the tidal
forcing of the binary. In one particular T Tauri binary star,
GW Ori, both circumstellar (interior to the binary orbit) and
circumbinary (exterior to the binary orbit) discs have been
inferred from infrared excesses in the continuum radiation
(Mathieu, Adams & Latham 1991). Quantitatively, these
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Figure 11. The azimuthally averaged surface density in the disc as a function of radius for model 5 at time 28.74.
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Figure 12. The quasi-steady state surface density in the disc as a function of radius and azimuth for model 6.

data suggest that the circumstellar disc may have a Mach
number of order 10. In this case, we anticipate that the disc
response to the tidal disturbance might be significant. With
typical values for the surface density, the excess infrared
luminosity may be entirely attributed to the dissipation of the
density waves excited by the binary’s tidal torque. Simple

estimates suggest, however, that such energy dissipation and
angular momentum transfer could lead to a rapid depletion
of the circumstellar disc if it is tidally truncated. The long-
term preservation of any observable signatures of discs
around T Tauri binary stars requires further investigation
and will be discussed elsewhere.
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Figure 13. The quasi-steady state surface density in the disc as a function of radius and azimuth for model 7.
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