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Abstract 
The extents to which different rate constants limit the steady-state rate of an isolated enzyme can be quantified as the control coefficients of those 

constants and elemental steps. We have found that the sum of the control coefficients of rate constants characterising unidirectional rates depleting 
a particular enzyme intermediate is equal to the concentration of that enzyme intermediate as a fraction of the total enzyme concentration. Together 
with simple measurements this powerful relation may be used (i) to estimate certain enzyme intermediate levels, in particular the free enzyme 
concentration, and (ii) to estimate the control coefficients of rate constants and steps. 
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1. Introduction 

The steady-state rate of an isolated enzyme or trans- 
porter may be limited by one or more rate constants or 
steps within the protein. The analysis of rate limitation 
within enzymes, transporters and other functional pro- 
teins is central to an understanding of their control, reg- 
ulation and function. This analysis has been based on the 
paradigm that an enzyme will have a single rate-limiting 
step, and has used various ad hoc and non-quantitative 
rules for identifying such a step. However, it has been 
shown recently that many enzymes and transporters do 
not have a single rate-limiting step, but rather the rate 
is partially limited by several rate constants, and the 
distribution of control between rate constants and steps 
changes dramatically with conditions [l-3]. Thus it is 
necessary to have a quantitative definition of the extent 
of rate limitation by a rate constant or step, and some 
method of measuring this extent. A simple, quantitative 
definition of the extent of rate limitation has been pro- 
posed [3-51, and these extents have been called the con- 
trol coefficients of the rate constants or steps. A number 
of relations between the kinetic parameters of an enzyme 
and the control coefficients have been derived [5,6]. 
However it still remains difficult to measure the control 
coefficients of steps and rate constants experimen- 
tally. 

In this paper we show that there is a simple relation 
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between the control coefficients of enzyme rate constants 
and the level of enzyme intermediates. This powerful 
relation allows the control coefficients to be estimated 
from measured enzyme intermediate levels or other sim- 
ple enzyme manipulations. Alternatively the relation 
may be used to estimate the free enzyme concentration 
from simple steady-state rate measurements. 

2. Theoretical background 

An enzyme may have intermediate forms or states 
which we will designate as Ei. The same symbol will 
denote the concentration of i-th enzyme state, and e will 
designate the total concentration of the enzyme, i.e. the 
sum of all states, e = E, + E, + . . + E,,,. Every elemental 
step (i) corresponds to the interconversion of a pair of 
the enzyme intermediates (Es and E,): 

/i 
(Scheme 1) 

with the net rate (vi): 

vi= v+~- v_i=k+,.Es-k_i.Ep (1) 

Here v+~, k+i and v_~, k+ are the unidirectional rates and 
rate constants in the forward and the reverse direction 
of the i-th step. When ligands are involved in a transition, 
k+i (and similarly, k.+) equals k:i. Lj, where kIi is the ‘true’ 
elemental rate constant of the second order and Lj is the 
substrate, effector or product concentration which is 
taken to be constant. 
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The extent to which a step (i) within an enzyme or 
transporter limits the steady-state enzyme rate (flux J) 
can be quantified by relating simultaneous 1% change in 
the forward and reverse rate constants of that step to the 
resulting percent 
extrapolates the 
small change: 

change in the flux. A strict definition 
percent change to an infinitesimally 

(2) 

<is referred to as the control coefficient of the step i over 
the flux J. For unbranched mechanisms the control coef- 
ficient of any step can assume any value between 0 and 
1. For any mechanism the sum of the control coefficients 
over all the steps is equal to 1 [3,5-71. 

If the forward and reverse rate constants are changed 
independently the corresponding control coefficients will 
quantify the extent to which each of the rate constants 
limits the flux: 

C$ and CYi are referred to as the control coefficient of the 
rate constants. When a step involves the binding of a 
ligand to the enzyme (e.g. the substrate) the control coef- 
ficient of the rate constant involving binding can be 
measured directly by changing the concentration of the 
ligand (see below). For unbranched mechanisms of a 
reaction, forward rate constants have positive control 
coefficients and reverse rate constants have negative co- 
efficients (i.e. increasing these rate constants decrease the 
net rate of the enzyme). From Eqs. (2) and (3) it follows 
that the control coefficient of the step is equal to the sum 
of the control coefficients of forward and reverse rate 

constants: 

cy = c,“, + ci (4) 

3. The relation 

If Ek is not a branch point in the kinetic diagram of 
the mechanism of a reaction, 

i .i 
-Ek - (Scheme 2) 

it can be shown that [5] (see Appendix): 

C!, + C$ = Ede (5) 

i.e. the sum of the control coefficients of unidirectional 
rates flowing away from (depleting) any intermediate is 
equal the concentration of that intermediate as a fraction 
of the total enzyme concentration (e). More generally 

when an intermediate is connected to more than two 
other intermediates [5], 

/ 
+Ek - 

/ 

(Scheme 3) 

i.e. when Ek is at a branch point of the mechanism, its 
concentration is given by: 

CC,“, = Ede (6) 
all unidirectional 

rates flowing away from Ek 

where the sum is over the control coefficients of all the 
rate constants characterising unidirectional fluxes away 
from the intermediate Ek. 

Eqs. (5) and (6) show that if enzyme intermediate lev- 
els can be measured then these measurements can be 
used to estimate control coefficients, or inversely if con- 
trol coefficients can be measured independently then en- 
zyme intermediate levels can be estimated. The following 
sections illustrate how this can be done. 

4. Estimation of free enzyme concentration from control 
coefficients of substrate and product binding 

Eq. (5) can be applied to the free enzyme (E,) (when 
E, is not a branch point) to give the following equa- 
tion: 

E,le = C,!, + C-“,, (7) 

C+, is the control coefficient of the rate constant involv- 
ing binding of the first substrate, and C-, is the control 
coefficient of the rate constant involving binding of the 
last product. C+, can be estimated in any condition (as 
long as substrates bind in a fixed order) by fractionally 
changing the substrate concentration (S) and measuring 
the change in the steady-state rate (J) of the enzyme. The 
control coefficient is given by: 

C,: = (dJIJ)I(dSIS), (8) 

The subscript P specifies that the product concentration 
is kept constant. Similarly C-, can be measured by fol- 
lowing the dependence of enzyme rate on product con- 

centration (P), as: 

C-J = (dJIJ)l(dPIP), (9) 

Thus the free enzyme concentration can be estimated as: 

E,le = ((dJ/J)I(dS/S)), + ((dJ/J)I(dPIP))s (10) 
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This equation can also be applied to initial rate measure- 
ments, i.e. when product concentration (P) is zero. In this 
case the corresponding control coefficient (C-,) is equal 
to zero. 

Interestingly, the same results can be achieved more 
simply by diluting the suspension and measuring the 
response of the steady-state reaction rate (J) to volume 
(Vo change (cf. [S]): 

E,le = -(dJlJ)l(d VII V-r, + p (11) 

the factor p is equal to -1 or 0 depending on whether the 
flux is calculated per volume unit or per mg of protein, 
respectively. 

The same logic can be used to estimate the steady state 
concentration of the second free intermediate (E*) of a 
two substrate two product ping-pong mechanism (Scheme 
4): 

k*,,S, k +2 k*,,S, k +4 

E=ES -EVES I- I E(Scheme4) 

k-1 k*_,P, k_, ’ k_,P, 

Then. 

E* /e = C-: + CJ3 

C_” and C,: are estimated by measuring the dependence of 
enzyme rate on P, and S,. 

5. Estimation of control coefficients from enzyme 
intermediate concentrations 

Eqs. (5) and (6) relate the control coefficients of the 
rate constants involved in depleting an enzyme interme- 
diate to the concentration of that intermediate. If the 
fractional concentration of some intermediate (EJ is 
measured to be 01 then it follows from Eq. (5) (for a 
non-branch point intermediate) that the control coeffi- 
cient of the rate constant forward from Ej must be 
greater than a. This follows because the control coeffi- 
cient of backward rate constants are necessarily negative. 
In unbranched mechanisms control coefficients of the 
steps can not exceed +l [5]. Consequently, if Ej is meas- 
ured to be virtually equal to 1 (i.e. almost all the enzyme 
is in the one form E,) then C+j must be equal to 1 and 
C_ (i _ ,) must be equal to 0. Since the concentration of the 
next intermediate (E,, ,) must be virtually 0 and the 
ratio - C_j/C+j is proportional to Ej+ ,lEj it follows 
that C_j must be 0 [6]. By the same logic the control 
coefficients of rate constants of all other steps must al- 
most equal 0. 

6. Illustration 

We shall first illustrate the use of the method for the 
simplest two step mechanism of an enzyme (Scheme 5): 

k:,S k +2 

EeES-E 

k-1 k*_,P 
(Scheme 5) 

The control coefficients, C+, and C_2, can be estimated 
by measuring the dependence of enzyme rate on S and 
P and these control coefficients can be used to measure 
the concentration of the free enzyme at the operational 
steady state (see Eqs. (8-10)). Then the concentration of 
ES can be estimated. The ratio of the control coefficients 
of reverse and forward rate constants of any particular 
step is equal to minus the disequilibrium ratio of that 

step [5,6]: 

C:,lC_: =- WES)stea+ stateWES)eq = - KWES)steac_,y state 

(12) 

where K, = k:,S/k_, is the (apparent) equilibrium con- 
stant of step 1. K, can be estimated from C+, and C_2 
measured in the operational steady state, together with 
the knowledge of the free-energy difference 
(LIG = ,uu, - yp) of the total reaction S to P: 

K, = -(CJ, + CA2. exp(dGIRT))l(C$ + C_<) (13) 

From Eqs. (12) and (13) we can estimate C-, and, then 
C+, (using that the sum of all the control coefficients is 
equal to 1). Importantly, knowledge of all the control 
coefficients together with the steady-state reaction rate 
allows us to estimate all the rate constants. 

For a particular 3 step mechanism (Scheme 6): 

KS k+z k +3 

EeES-EP-E 

k-1 k-z k*_,P 
(Scheme 6) 

the ability to measure ES or EP would be sufficient to 
determine all the control coefficients. The concentration 
of the free enzyme can be estimated at the operational 
steady state by measuring C+, and C-,. Because there are 
only three intermediates, the ability to estimate E and 
measure one other intermediate (e.g. ES) fixes the con- 
centration of the other intermediate (EP). Measuring the 
concentration of ES at the operational steady state and 
at equilibrium allows us to estimate the disequilibrium 
ratios over the elemental steps. Using these ratios we 
can estimate C_, and C+, and, then all other control 
coefficients. 

Alternatively, one may use the data on the concentra- 
tions of enzyme intermediates and reaction rates meas- 
ured at least at two different steady states to determine 
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the rate constants directly from Eq. 1. Then, all the con- directly measured the control coefficients can still be 
trol coefficients can also be determined. estimated. 

7. Discussion 

We have shown that there is a simple relationship 
between enzyme intermediate levels and the control coef- 
ficients of rate constants. We have illustrated the use of 
this relation to estimate the control coefficients in very 
simple enzyme mechanisms. However, this relationship 
can also be used to estimate the control coefficients in 
more complex mechanisms when combined either with 
knowledge of the rate constants of substrate and product 
binding or with the use of non-metabolized analogs of 
substrates and/or products (in order to estimate the con- 
centration of the enzyme intermediate to which the ana- 
log binds). Importantly, using these approaches even in 
the case when none of the enzyme intermediates can be 
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Appendix 

We shall use an approach developed in [5]. Let in the initial steady state of the reaction the concentration of the 
intermediate Ek be increased by a factor A. Simultaneously we decrease by the same factor (2) all the rate constants 
characterising the unidirectional rates flowing away from the intermediate Ek (Schemes 2 and 3). Then, the new steady 
state will be attained with the same values of all the rates and the same concentrations of all other intermediates (E,, 
j # k) as in the initial steady state. The new values of parameters (rate constants and the total enzyme concentration) 
are related through: 

k,, (A) = k+il/Z, k-, (A) = k-,//Z 

e(A)= ,zE,+E,M)=e+(A-l).E, (Al) 

The enzyme rate (J) is a unique function of these parameters. Using Eq. (Al) and the definitions (3) of the main text, 
one may express the derivative of the flux with respect to 1 (at /z = 1) through the responses to the corresponding 
parameter changes: 

0 = dlnJ/dld = - CC,“, + EJe 
all unidirectmnal 

rates flowing away from Ek 
WI 

Using this equation one arrives at Eqs. (5) and (6) of the main text. These equations can be used to estimate the enzyme 
intermediate levels in any condition except thermodynamic equilibrium (see [S]). At thermodynamic equilibrium 
additional information is required for such estimations (see Eq. (13) of the main text and Kholodenko et al., in 
preparation). 


