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GENERALIZED SOLUTIONS OF RICCATI EQUALITIES AND
INEQUALITIES

D. Z. AROV, M. A. KAASHOEK, AND D. R. PIK

Dedicated to Yurii Makarovich Berezanskii on the occasion of his 90th birthday

ABSTRACT. The Riccati inequality and equality are studied for infinite dimensional
linear discrete time stationary systems with respect to the scattering supply rate. The
results obtained are an addition to and based on our earlier work on the Kalman—
Yakubovich-Popov inequality in [6]. The main theorems are closely related to the
results of Yu. M. Arlinskil in [3]. The main difference is that we do not assume the
original system to be a passive scattering system, and we allow the solutions of the
Riccati inequality and equality to satisfy weaker conditions.

1. INTRODUCTION AND MAIN THEOREMS

This paper is an addition to [6]. Throughout ¥ = (A, B,C, D; X,U,)) is a shorthand
notation for the linear discrete time-invariant system

Tpt1 = Ax, + Buy,
%

Here A: X - X, B:U—>X,C:X —Yand D:U — Y are bounded linear operators
acting between separable Hilbert spaces. The operator A is called the state operator, B
and C are referred to as input operator and output operator, respectively, and D is called
the feed through operator. The spaces X, U, and ) are called state space, input space,
and output space, respectively. By definition the transfer function of the system ¥ is the
operator-valued function

(1.1) (n=0,1,2,...).

0s:(\) = D+ AC(I — AA)"'B.

Note that Oy is an L£(U,))-valued function which is defined and analytic on the open
set consisting of all A € C such that I — AA is boundedly invertible. In particular, 0y is
analytic in an open neighborhood of zero.

With the system ¥ = (A, B,C, D; X,U,)) we associate the linear manifolds Im (A|B)
and Ker (C|A) which are defined as follows

(1.2) Im (A|B) =span{Im A"B | n > 0}, Ker(C|A) = m Ker CA™.

n>0
Recall that ¥ is minimal if Im (A|B) is dense in X (i.e., ¥ is controllable) and Ker (C|A) =
{0} (ie., ¥ is observable); cf., Theorem 2.1 in [6]. Finally, we denote by M (3) the system
matriz associated with X, that is, M (X) is the 2 x 2 operator matrix defined by

TN
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(1.3) M(T) = [
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In this paper we are interested in systems that are passive (or, in an other terminology,
dissipative) with respect to the scattering supply rate function w(u,y) = |lul® — ||y||*.
The latter means that for each initial condition zy and each input sequence wug, u1, us, . . .
we have

@nstll? = l2all? < a2 = lyall?s 7 =0,1,2,....

where z,,11 and y,, are determined from u,, and x,, via the system equations in (1.1) In
that case the associate system matrix is a contractive operator from X @ U into X & ).
The converse is also true. In other words, the system X is passive if and only if the
operator My is a contraction. Moreover, in that case its transfer function Ay is a Schur
class function.

Our main theorems given below concern the Riccati equality and Riccati inequality for
discrete time systems with a scattering supply rate. Analogous results may be obtained
for other supply rates, e.g., impedance and transmission supply rates, and for continuous
time systems. For these different supply rate functions see, e.g., the papers [7], [8] and
the references therein.

Definition 1.1. Let ¥ = (A, B,C,D; X, U,Y). A (possibly unbounded) selfadjoint ope-
rator H in X is said to be a generalized solution of the Riccati equation associated to X
if the following four conditions are satisfied:

(C1) the operator H is positive as a selfadjoint operator, i.e, (Hz,x) > 0 for each
0#£xz€D(H);

(C2) AD(H'Y?) c D(HY?) and BU c D(H/?);

(C3) the operator §s(H) = Iy — D*D — (HY2B)*H'/2B is bounded and nonnegative,
and

(1.4) (D*C + (Hl/QB)*Hl/ZA)D(Hl/Q) c 52(H)1/2U;

(C4) for each x € D(H?) we have

|22 |[? = |2 Ax]|? — || Ca]|?

1.5
( ) _ ||(5E(H)1/2)[71] (D*C+(H1/QB)*H1/2A)I’”2

Here and in the sequel D(H) stands for the domain of the operator H. Since H is a
positive selfadjoint operator, we know from the theory of operators (possibly unbounded)
on Hilbert spaces (see, e.g., Chapter XII in [16]) that H'/? is well-defined and a positive
selfadjoint operator too. Moreover,

D(H) = {xz € D(H'?) | H'?2 € D(H'?)},
Hz=H'Y*(H'?z) (x€ D(H)).

The latter two properties define H'/? uniquely.

Note that (C1) and (C2) imply that the operator H'/2B is a bounded operator from
U into X, and the hence the operator dx(H) defined in (C3) is automatically bounded.

The symbol [—1] appearing in the right hand side of the inequality (1.7) means that the
term involved is the Moore-Penrose pseudo-inverse of the nonnegative bounded operator
os(H )1/ 2. See the final paragraph of the present section for the definition of this notion.
Note that dx(H) can be a zero operator (see Theorem 5.4).

In what follows we refer to (1.5) as the Riccati equality associated to . By REx we
shall denote the set of all generalized solutions H of the Riccati equation associated to
3. If H € REy, then

(1.6) Im (A|B) € D(H'Y?) and Im(A*|C*) c D(H/?).
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The first inclusion follows from condition (C2). The second inclusion in (1.6) requires a
proof which will be given in the next section; see Lemma 2.3.
By RES, we denote the subset of REyx; consisting of all H € REy; such that the following

two additional conditions are satisfied:

(a) both H'/?Im (A|B) and (H~/?)Im (A*|C*) are dense in X

(b) the linear manifold Tm (A|B) is a core for the operator H'/2,
By definition (see, e.g., Section I11.5.2 in [19]) condition (b) means that the linear mani-
fold {(u, H'/?u) | u € Im (A|B)} is dense in the graph of H'/? with respect to the graph
norm. Note that the sets H'/2Tm (A|B) and (H~/?)Im (A*|C*) are well defined because
of (1.6). For a better understanding of condition (a) we refer to Lemma 2.3 in Section 2
below. We shall prove the following theorems.

Theorem 1.2. Let ¥ = (A,B,C,D; X, U,Y) be a minimal system. If the set REx
is nonempty, then the transfer function Ox coincides with a Schur class function in a
neighborhood of zero.

Theorem 1.3. Let ¥ = (A, B,C,D; X, U,)) be a minimal system, and assume that its
transfer function coincides with a Schur class function in a neighborhood of zero. Then
the set RES. is nonempty and this set contains a minimal element with respect to the
usual partial ordering of (possibly unbounded) nonnegative selfadjoint operators.

Let us recall (see [19, page 330] or [6, Section 5 |) the definition of the ordering referred
to in the previous theorem. Let H;, Hs be non-negative selfadjoint operators acting in
a Hilbert space X'. Then, by definition, H; < Hs means that

If H; and Hy are bounded, then H; < Hs is equivalent to H; < Hs.

To prove the above two theorems it will be convenient first to consider the Riccati
inequality associated to ¥. This inequality appears when the equality sign in (1.5) is
replaced by a “greater than equal to” sign. In other words condition (C4) in Definition
1.1 is replaced by

or each x € we nave
CI4) f h D(HY/? h
|HY2z||? — |HY2 Az|? — || Cz|?

(1.7)
> | (6E(H)1/2)[_1] (D*C + (Hl/QB)*H1/2A>:UH2, x € D(HV?).

We shall say that a selfadjoint operator H acting in X is a generalized solution of the Ric-
cati inequality associated to ¥ when conditions (C1), (C2), (C3), and (CI4) are satisfied.
By Rly we shall denote the set of all generalized solutions H of the Riccati inequality as-
sociated to X. Furthermore, RI, will denote the subset of Rly; consisting of all H € Rly
such the two additional conditions (a) and (b) above are satisfied. Clearly, the following
inclusions hold:

(1.8) REy C RIy, RES CRIS..
These inclusions will allow us to derive Theorems 1.2 and 1.3 as corollaries of the following

two results.

Theorem 1.4. Let ¥ = (A,B,C,D; X,U,Y) be a minimal system. Then the set Rly; is
nonemepty if and only if the transfer function of Ox, coincides with a Schur class function
in a neighborhood of zero.

Theorem 1.5. Let ¥ = (A, B,C,D; X,U,)Y) be a minimal system, and assume that its
transfer function coincides with a Schur class function in a neighborhood of zero. Then
the set RIS, is nonempty and this set contains a minimal element H, and a mazimal
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element H, with respect to the usual ordering of nonnegative operators. Furthermore,
the minimal element H, in RIS, belongs to the set REs,.

In Section 3 we shall show that the Riccati inequality is closely related to the Kalman—
Yakubovich-Popov inequality. This allows us to prove (see the first paragraph after
Theorem 3.1 in Section 3) that Theorem 1.4 is equivalent to Theorem 1.2 in [6], and that
Theorem 1.5, except for its final statement, is equivalent to Theorem 5.1 in [6]. The final
statement of Theorem 1.5 will be proved in Section 4.

As we mentioned, Theorems 1.2 and 1.3 appear as corollaries of Theorems 1.4 and
1.5. Indeed, if REy is nonempty, then the same holds true for Ry because of the first
inclusion in (1.8). But then Theorem 1.4 tells us that fx coincides with a Schur class
function in a neighborhood of zero, which proves Theorem 1.2. Thus Theorem 1.2 is
covered by the “if part” of Theorem 1.4. In a similar way, using the second inclusion in
(1.8) and the final statement of Theorem 1.5, one sees that Theorem 1.3 is covered by
Theorem 1.5.

The paper consists of seven sections including the present introduction and an appen-
dix. In Section 2 the set Rly is related to the set of H-passive systems. Furthermore,
given H € Rly we give a necessary and sufficient condition on H in order that H € REgy.
In Section 3 we make explicit the relation between the Riccati inequality and the Kalman-
Yakubovic-Popov inequality which allows us to show that Theorem 1.4 is equivalent to
Theorem 1.2. in [6] and Theorem 1.5 (except for the final statement) is equivalent to
Theorem 5.1 in [6]. The final statement in Theorem 1.5 is proved in Section 4. In Section
5, using the last part of Theorem 7.1 in [6], we present a necessary and sufficient condition
for RIS, to consist of a single element only, and we specify this result for the case when 6
is an inner or a co-inner function. Examples illustrating the general theory are given in
Section 6. In the Appendix we review a number of results regarding 2 x 2 nonnegative
operator matrices and related Schur complements that are used in the present paper.

Moore—Penrose pseudo-inverse. Let A be a bounded selfadjoint operator on a
Hilbert space X. Put X; = AX and X, = X © X);. Since A is selfadjoint, X, is the
null space of A. It follows that relative to the Hilbert space orthogonal direct sum
X = X, @ X, the operator A has the following 2 x 2 operator matrix representation:

_ A1 0 . Xl Xl
0 am i o) 8]
The fact that X5 is the null space of A, implies that the operator A; maps X7 in one-to-

one way into itself and A; ] is equal to the range of A which is dense in X;. By A=l
we denote the closed linear operator given by

-1
[-1] _ Al 0 X ImA1 Xl
4 [O 0HX2 - |3
We call A=Y the Moore-Penrose pseudo-inverse of A. Tts domain D(A[7Y) is the
linear space Im A; @ AX,. Note that Al=1 is a selfadjoint operator, possibly unbounded.
Furthermore, Al=1] is a zero operator if and only if A is a zero operator.

Now assume that A is a bounded selfadjoint operator on X which is nonnegative.
Then Al-1 is nonnegative too, and the square roots A2 and (A[=1)1/2 are well-defined.

Note that the spaces AX and A/2X coincide. Using the latter and the operator matrix
representation (1.9), it is not difficult to show that

(1.10) (A1/2)[*1] _ (A[fl])l/Z.

In particular, these two operators have the same domain.
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2. THE SET Rly; AND RELATED H-PASSIVE SYSTEMS

Let ¥ = (A, B,C,D; X,U,Y) be a linear discrete time-invariant system, and let H €
Rls. Since H is a positive operator, the same is true for H'/2, and both H and H'/? are
one-to-one. It follows (cf., the first paragraph of Subsection 4.1 in [6]) that the following
operators are well defined:

(2.1) A :ImHY? 5 X, AgH'?c=H'?Az (z € D(H'?)),
(2.2) Cyp:ImHY? - Y, CyHY?z=Cx (xe€DHY?)),
(2.3) By :U— X, Bpu=HY?Bu (ueld).

From condition (CI4) we see that
I2l12 = |Agzl? = |Cuzl? >0 (2 € Im HY/?),

Thus Ay and Cy are bounded in norm by one on Im H'/2. Since Im H'/? is dense in
X, we can extend Ay and Cy by continuity to contractions on X which also will be
denoted by Agy and Cp. From the second part of condition (C2) it follows that By is
well defined bounded operator, and the first part of condition (C3) implies that By is a
contractive operator mapping U into X'. Put

(2.4) Yy = (An,Bu,Cu,D; X U,Y).

We shall call ¥y the system associated with ¥ and H. Recall that the system matrix
M (X g) associated with Xy is given by

_|Ag Bm| |X X
v = [ B E] - ]
Definition 2.1. In the sequel the system X will be called H-passive when X g is passive.
In other words, ¥ is H-passive if and only if M (Xq;) is contractive.
Theorem 2.2. Let H € Rly. Then the system ¥ is H-passive. Furthermore, H € REx
if and only if
(2.5) inf{|| B] 1> = [|M(Zg) {ﬂ 1% |ue U} =0 (xe€di).

Proof. We split the proof into two parts. First we show that the system ¥ is H-passive.

PART 1. Using the definitions in (2.1), (2.2), and (2.3) we see that condition (C3) can
be rephrased as

(C3’) the operator 6x(H) = Iy — D*D — B}; By is bounded and nonnegative, and
(2.6) (D*Cy + B Az € 0s(H)Y U (2 € Tm HY/?).
Similarly, (CI4) can be rephrased as
121 = 1 Am2l* = |Crr 2|

> | (62(}1)1/2) (D Cy + By Ar)z||? (2 € Im HY?).

Next, put

a=1Iyv—A4yAy —CyCy, B=—A4By—C4yD, §=>06x(H).
Then
(2.8) R = Iyqu — M(Sy)*M(Sy) = {g g] .

In order to prove that the system X is H-passive we have to show that the 2 x 2 operator
matrix in the right hand side of (2.8) is nonnegative. To do this we apply Proposition A.1.



100 D. Z. AROV, M. A. KAASHOEK, AND D. R. PIK

Note that
(az,2) = (z,2) — (A Apz,z2) — (CxChz, 2)

= l2I? = |1Auz|> = |Cuz|? >0 (2 € ImHY?).

Since Im H'/? is dense in X and the operators Ay and Cg are bounded, the preceding
inequality shows, by continuity, that

(aw, 2) = 2|® = |[Anz]* - |[Crz* 20 (v € X).

Hence oo > 0. We already know that § = dx(H) is nonnegative too. Next, note that (2.6)
and (2.7) yield

(2.9) Bz e oMU (2 eImHY?),
(2.10) (az, 2) > |0V U2 (2 e ImHY/?).

Recall that § is bounded and nonnegative. Thus dg := 0|35 is a one-to-one operator
on Imé§ and the range Im dy is dense in Im §. Since

(6Y/2)-1 — (gl _ {501/2 0} : [Imfs] . [Imd} 7

0 0 Ker ¢ Ker ¢

we conclude that the range of (5/2)[1 is a subset of Imd. Now define
Ty : o/?(Im H'/?) — Im 9,

(2.11)

Lo(a'/?z) = (0V2)FUp*z, 2 e Im HY2,

According to the identity (2.10) the operator Iy is well defined and I'y is a contraction.
Observe that

al2(Im HY/2) = al/? (ImHl/Q) =al/2X¥ =aX =Ima.
But then, by continuity, the contraction I'g extends to a contraction f‘B mapping Im «
into Im § and such that
51/2F6a1/22 _ 51/2F0a1/2z _ 51/2(61/2)[71%*2 =B*2 (z€ ImH1/2)
Here we used that §'/2(§'/2)[=1 is the orthogonal projection onto Im §1/2 and the fact
that Im $* C Im 61/2 which follows from (2.9). Since Im H'/? is dense in X' and the

operators il/ 211‘3041/ 2 and B* are bounded operators, we conclude, by continuity, that
B* = 6/2I'ya!/?. Finally, define I' : X — U by

(212) F|m = f‘\(; and 1—‘|Ker04 = 0.

Then I' : X — U is a contraction satisfying conditions (a) and (b) in Proposition A.1,
and hence we can apply Proposition A.1 with T' = R to show that the operator R in
(2.8) is nonnegative. Hence M (X ) is a contraction, and the first part of the proposition
is proved.

PART 2. In this part given H € Rly we show that H € REy if and only if (2.5) holds.
Since H € Rly we can freely use the operators introduced in the previous part. In
particular, R is the operator defined by (2.8) and I' is the contraction defined by (2.12).

First we assume that H € REx. This implies (see condition (C4)) that we have
equality in (2.7) and in (2.10), and hence the operator 'y defined in (2.11) is an isometry.
But then, following the reasoning in the previous part of the proof, we see that 1:\6, the
continuous extension of I'y to Im «, is an isometry too, and thus the operator I' defined
by (2.12) is a partial isometry with initial space Im . But then the Schur complement
Z =al/? - F*F)a1/2 is the zero operator, and we can apply Proposition A.2 to show
that (2.5) holds.
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The converse implication follows in a similar way reversing the arguments. Indeed,
assume (2.5) holds. Then Proposition A.2 tells us that the Schur complement of R
supported by X is equal to zero. Here R is given by (2.8). Thus o'/?(I — T"T")a!/? = 0,
where I' is the minimal contraction determined by R, which in our case is the contraction
defined by (2.12). Thus I is a partial isometry with initial space Im a.. It follows that
Ty defined by (2.11) also is an isometry. But then we have equality in (2.10) and hence
also in (2.7), Thus condition (C4) is satisfied which implies that H € REy. O

We conclude this section with the following lemma. For the definition of the notion
of pseudo-similarity we refer to [6, Section 3].

Lemma 2.3. Let ¥ = (A,B,C,D; X,U,Y) be a minimal system, and let H € Rly.
Then the systems ¥ and Xg are pseudo-similar and H'/? is a pseudo-similarity from ¥
to Xg. Furthermore, the inclusions in (1.6) are satisfied, and X is minimal if and only
if both HY/?Im (A|B) and (H'Y/?)~'Im (A*|C*) are dense in X.

Proof. Put S = H'/2. To prove that S is a pseudo-similarity from ¥ to ¥z we have to
check (see formulas (3.1)—(3.4) in [6]) the following properties:

(2.13) D(S) =X, ImS = X;

(2.14) AD(S) C D(S5), SAx = AgSz, x € D(S);
(2.15) BU C D(S), SB = By;

(2.16) Cr=CySz, x€D(5).

Condition (C1) in Definition 1.1 implies that H'/?(X — X) is a closed, injective, densely
defined operator, and its range is dense in X. Since S = H'/?, it follows that (2.13)
holds. Formulas (2.14) and (2.15) follow from condition (C2) in Definition 1.1 using the
definitions of Ay and By in (2.1) and (2.3), respectively. Formula (2.16) follows from
the definition of C'g in (2.2). Thus S = H'/? is a pseudo-similarity from ¥ to Xp.

The identities in the right hand side of (2.14) and (2.15) tell us that Im (A|B) is a
subset of D(H'/?). Thus the the first inclusion in (1.6) holds true. Furthermore, we have

Im (Ap|By) =span{Im A} By | n=0,1,2,...}
= span {Im H/2A"B | n =0,1,2,...} = H/?Im (A|B).
This implies that ¥z is controllable if and only if H/?Tm (A|B) is dense in X.
Next we apply the final part of Proposition 3.1 in [6]. It follows that S—' = H~1/2

is a pseudo-similarity from Yy to ¥. But then (S~1)* = H~'/2 is a pseudo-similarity
from ¥* to(Xy)*, where

(2.17) ¥ = (A", C*,B*,D*; X, Y, U),
(2.18) Xu)" = (4%,Ch, By, D*; X, Y, U).
In particular, using (2.14) and (2.15), we have
A*D(H™Y?) c D(H™Y?), H Y?Aw=AyH Y%z, zeDHY?);
C*Y cDH™Y?, HV?2Cr=Cf.
Thus ITm (A*|C*) € D(H~'/2), and hence the second inclusion in (1.6) holds true. Fur-
thermore, using the same calculation for A}, Cy as for Ay, By in the previous para-

graph, we obtain Tm (A%|C%) = H~/2Im (A*|C*), which shows that ¥ is observable
if and only if the space H~/2Im (A*|C*) is dense in X. This completes the proof. [

The system X* defined by (2.17) is called the adjoint of the system ¥. Using the main
results of the next section we shall derive some further properties of the adjoint system
at the end of Section 4.
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3. THE KALMAN-YAKUBOVICH-POPOV INEQUALITY

The Riccati inequality is closely related to the Kalman—Yakubovich—Popov inequality
(for short, KYP inequality). Recall (see Section 1 of [6]) that a (possibly unbounded)
selfadjoint operator H acting in X is called a generalized solution of the KYP inequality
associated to ¥ if conditions (C1) and (C2) are satisfied, and

(3.1) Ks(H) M >0, zeDHY?), uel,

where

R - Lot | I

Note that condition (C2) tells us that Az + Bu € D(H'/?) whenever x and u are as in
(3.1). Thus Kx(H) is well defined. See [10] for continuous time analogues of the results
in [6].

In what follows KYPy; denotes the set of all generalized solution of the KYP inequality
associated to X. We shall prove the following theorem.

Theorem 3.1. A selfadjoint operator H acting on X belongs to Rly if and only if H
belongs to KYPyx, that is, RIy = KYPy.

When Theorem 3.1 is proved, then Theorem 1.4 is proved too. In fact, if Theorem 3.1
is proved, then Theorem 1.4 is equivalent to Theorem 1.2. in [6]. Analogously, Theorem
1.5 (except for the final sentence) is equivalent to Theorem 5.1 in [6]. The statement in
the final sentence of Theorem 1.5 will be proved in the next section.

We shall denote by KYPS, the set of all H in KYPy, that satisfy the additional condi-
tions (a) and (b) appearing in the paragraph preceding Theorem 1.2. From Lemma 2.3
we know that condition (a) just means that Xy is minimal. It follows that KYP%. coin-
cides with the set which in [6] is denoted by G gl,ié]oré see [6, formulas (5.1) and (5.2)].

Using Theorem 3.1 and the definitions of the sets RI5, and KYPS, we obtain the following
corollary.

Corollary 3.2. A selfadjoint operator H acting on X belongs to RIS, if and only if H
belongs to KYPS,, that is, RI3, = KYPS,.

In order to prove Theorem 3.1 we need some preliminaries. Assume that H € KYPsy.
By specifying (3.1) for the vectors (x,0) and (0, u) we see that

1H 2] — |HY 2 Ax|* — | C2|® 2 0 (x € D(H'?)),

lull® = | Dul® = | H?Bul* > 0 (u € U).

As we proved in Subsection 4.1 of [6], this allows one to define operators Ay, By and
Cpy in the same way as in the paragraphs preceding Proposition 2.2. Also in this setting
the resulting system Y, defined as in (2.4), is called the the system associated with X
and H. The following lemma, which is the analogue of the first part of Proposition 2.2
with H € KYPy, in place of H € Rly, is covered by Proposition 4.2 in [6].

Lemma 3.3. Let H € KYPyx. Then the system Y g associated with ¥ and H is passive.

Proof of Theorem 3.1. We split the proof into to parts. In the first part we show that
H € Ry implies that H € KYPys. The second part proves the reverse implication.

PArT 1. Let H € Rly, and let ¥y = (Ay, By, Cu, D; X,U,Y) be the system associated
with ¥ and H € Rly. In particular, H satisfies conditions (C1) and (C2). Thus it
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remains to prove (3.1). In order to that, fix x € D(H'/?) and u € U. Then

woan [ =17 I ElE-m R [e B e
A e R ] e
U S e

But, by Theorem 2.2, the system matrix M (X ) is a contraction. It follows that
/24 /24
|| [AH BH} {H ] <] {H ] |, zeD@EY?), weu.

Thus (3.1) holds true.

PART 2. Let H € KYPy, and let ¥y = (A, By, Cy, D; X,U,Y) be the system associ-

ated with ¥ and H € KYPy. Since H € KYPyx, we know that conditions (C1) and (C2)

are satisfied. It remains to check (C3) and (CI4). According to Lemma 3.3, the system

matrix M (3p) is a contraction. This implies that the operator T' defined by

Iy — A5 Ay —C;Cy —A5 By —ChHD
—By Ay — D*Cy Iy — B} By — D*D

is a bounded nonnegative operator on the Hilbert space direct sum X & . This allows

us to apply Proposition A.1 with

(34) o = IX - *HAH - C;ICH, ﬁ = _A;[BH - C}}D
(3.5) 6 =1Iy — BBy — D*D.

(3.3) T=

Since T defined by (3.3) is nonnegative, Proposition A.1 tells us that « and § are non-
negative, and there exists a contraction I' mapping & into ¢/ such that

(3.6) Kerl' D Kera, ImT cImd, A*=46Y?Tal/2
Since H'/?2B = By is a well-defined bounded operator (see (2.3)), we have
os(H) =1y — D*D — (H'?B)*HY?B = I,; — D*D — B};By =4,

and hence dx,(H) = ¢ is bounded and nonnegative because T' given by (3.3) is bounded
and nonnegative. Furthermore, the inclusion (1.4) follows from the identity in the third
part of (3.6). To see this, note the equality 8* = §'/2I'a!/? implies that Im £* C Im 6%/2.
Specifying this inclusion for 8 and ¢ given by (3.4) and (3.5), respectively, and using
0x(H) = § we obtain

(D*C+ (H1/2B)*H1/2A)D(H1/2)
- ( “ Bp + C;;D)Im HY2 € Im (A} By + C3yD) C Im oy, (H)Y2.

This proves the inclusion (1.4). Thus (C3) is satisfied.
It remains to prove the inequality (1.7). To do this we first observe that with our
choice of H, the inequality (1.7) is equivalent to

I21* = | Am2l|* = [|[Crr2]®
> |0s(H)YH "N D*Cy + B Aw)z||?, 2z € ImHY?

Thus, using the two identities in (3.4) and dx(H) = J, in order to prove (1.7) we have to
show that

(3.7 ||a1/2z|| > ||(51/2)[_1}6*z||, 2z eImHY?.
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But 8* = §/2T'a!/? yields (6'/2)713* = T'a'/2. Since I is a contraction, we see that
the inequality in (3.7) holds for any z € X. Thus condition (CI4) is also satisfied. O

Theorem 3.4. The set Rlx # 0 if and only if ¥ is pseudo-similar to a passive system.

Proof. We know (Theorem 4.1 in [6]) that this is true for KYPy in place of Rls. By
Theorem 3.1, we have RIyz = KYPyx. Hence the result is also true for Rly in place of
KYPs. O

4. PROOF OF THE FINAL STATEMENT IN THEOREM 1.5
The following proposition covers the final statement in Theorem 1.5.

Proposition 4.1. Let ¥ = (A, B,C,D; X,U,Y) be a minimal system, and assume that
its transfer function coincides with a Schur class function in a neighborhood of zero.
If H, is a minimal element in RIS, with respect to the usual ordering of nonnegative
operators, then H, € REs,.

For the proof of the above proposition we need Lemma 4.2 below which is an addition
to [4, Theorem 5.1]. Recall (cf., Section 2 of [6]) that a discrete time linear system X
is called a realization of a Schur class function # whenever the transfer function of %
coincides with 6 in a neighborhood of zero. For the definition of an optimal passive
system we refer to Section 3 in [4].

Lemma 4.2. Let ¥ = (A,B,C,D, X, U,Y) be a minimal and optimal passive discrete
time linear system. Then

(4.1) inf {|| m 12— | M() m 12| ue u} =0 (zedX).

The above lenma has been established in item (1) of [3, Corollary 7.3] using results of
M. G. Krein on shorted operators; cf., the final paragraph of the appendix (Section A).
In the present paper we give a proof based on the functional model of minimal passive
optimal systems derived in [6].

Proof. Let ¥ = (A, B,C,D,X,U,Y) be a minimal and optimal, and let 0y, be its transfer
function. Since ¥ is passive, fx belongs to the Schur class S(U, ), that is, 0y is analytic
on the open unit disc D and |s(z)| < 1 for all z € D. This allows us to replace ¥ by
its restricted shift model. Indeed, let 8 = Ox;, and let X, = (Ao, Bo, Co, D, X, U, ) be
the minimal and optimal realization of 6 given by Theorem 5.1 in [4]. Then 3 and ¥,
are unitary equivalent by Theorem 3.2 in [4], and hence it suffices to prove Lemma 4.2
for X, in place of X.

Let us recall the construction of ¥, given in the paragraph preceding Theorem 5.1
in [4]. For this purpose we need the de Branges-Rovnyak space H(0) := {f € H?()) |
| 70y < oo}, where H?(Y) is the standard Hardy spaces of YV-valued functions on the
open unit disc D with square summable Taylor coefficients and

(4.2) 1120y = sup{lf + OnllZr2p) — Inllir o | 1 € H2U)}-
Let us list a few properties (see, e.g., [1, Chapter 2] and [12, Section 2]) of the space
H(0):
(a) the space #H(0) a Hilbert space with the Hilbert space norm || - [|3,(s) being given
by (4.2) and H(6) is contractively embedded in H?());
(b) the space H(f) is invariant under the backward-shift operator on H?()), that is,
if f € H(6), then the function f, f(z) = 2~ (f(z) — £(0)), also belongs to H(0);
(c) for each u € U the function A(-)u, where 6(z) = 2! (6(z) — 6(0)), belongs to
H(D).
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Furthermore, we need the Hankel operator Gy mapping K?2(U) into H?(U). Here
K*(U) = L*(U) © H*(U),

and for any separable Hilbert space F we denote by L?(F) the Hilbert space of measurable
F-valued functions f on the unit circle T such that || f(-)||? is Lebesgue integrable on T,
and with the norm on L?(F) being defined by

1912 = o [ steniPar
2w Jo
The action of Gy is given by
Gof = P2(y)0f, f € K*(U),

where Pp2(y is the orthogonal projection of L*(Y) onto H?(Y). Using the norm (4.2)
and items (b) and (c) above it follows (see, e.g., [4, Lemma 5.2]) that the range of the
Hankel operator Gy is contained in the model space H(6).

We are now ready to define the system 3,. By definition, the state space X, is the
closure of Im Gy in H(6) and

Ao 1 Xy — X, (Aoz)(2) = 27 Yz(2) — 2(0)) (z € &);

Bo:U — X, (Bou)(z) = 2710(2) — 0(0))u  (u € U);
Co: Xy — ), Cox =2(0) (xz € X,);
D:U—Y, Du=00)u (uel).

These operators are all well defined, and ¥, = (4., Bo, Co, D, X,,U,Y) is the minimal
and optimal realization of 6 given by Theorem 5.1 in [4].

Now let us prove Lemma 4.2 with X, in place of ¥. Let n € H2(U). We decompose
n as n(z) = u + z7(z), where u = 7(0) and 7j(z) = 27! (n(z) —n(0)). Note that the
constant function u and the function z7j(z) are perpendicular in H2(U), and thus
(4.3) 170220y = Nl + 17l 7o )
Next observe that

(z + 0n)(2) = 2(0) + 6(0)n(0) + (x(2) — =(0))
+ (0(2) — 0(0))n(0) + 6(2) (n(2) — 1(0)).

Furthermore, using 7(z) = u + 27(z) and the definitions of the operators Ao, B,, Co, D
given above we see that

2(0) + 6(0)(0) = Cow + Du,  a(2) — 2(0) = 2(Aur)(2),
(6(=) — 0(0))n(0) = =(Bou)(2),

It follows that
(4.4) |z + 977\@[2(3,) = ||Coz 4 Dul|® + || Aoz + Bou + 977“%1202).
Using the identities (4.3) and (4.4) we see that

I+ 0nll 32y — 0132 00
= (I Cot+ Dl = ull?) + (| Ao + Bow+ 0l 3, — il ) -
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But then, using the definition of the norm || - [|3(s) in (4.2), we obtain
e ly0) = sup { (ICow + Dull? — Jul?
+ (||on + Bow + 0|32y — ||ﬁ||§,2(u)) lwel, ie H?(U)}
— sup {||Cox + Dull® + || Ao + Boull2g) — llull* | u € u}.
We conclude that
it { el + Il = 101(22) 5] Parous | €24} =0,
This proves the lemma for 3., and hence we are done. O

Proof of Proposition 4.1. Let H, be a minimal element in RIS, with respect to the usual
ordering of nonnegative operators. It suffices to show that H, € REyx. Recall that
RI5 = KYP$, by Corollary 3.2, and that KYPg; coincides with the set GICR' - used in
Section 5 of [6]; see the paragraph before Corollary 3.2. These facts allow us to use the
final part of item (ii) in [4, Propositon 5.8]. It follows that ¥, is a minimal and optimal
passive system. But then we know from Lemma 4.2 that equation (4.1) holds with X g,

in place of 3, and we can apply Proposition 2.2 to conclude that H, € REx. O

The equalities RIs; = KY Ps, and RI3 = KY Pg, proved in Section 3, Theorem 3.1
and Corollary 3.2, allow us to extend results proved in Section 4 of [6] to the setting
considered in the present paper. Among other things this provides the following addition
to Theorem 1.5 for the adjoint system.

Theorem 4.3. Let ¥ = (A, B,C,D; X, U,)) be a discrete time-invariant system, and
let X* = (A*,C*,B*, D*; X, Y,U) be its adjoint system. Then the transfer function of
Y* is given by Os = 03, where 05(\) = 0s(\)*, and X is minimal if and only if ¥* is
minimal. Furthermore, assuming 3 is minimal and Rls is non-empty, we have

(4.5) RIS. = {H ' | H € RIS}

Finally, if H, and H, are the minimal and mazimal elements in RIS, then Hy' and
H;' are the minimal and mazimal elements in RIS,.

The analogue of (4.5) for the Riccati equality in place of the Riccati inequality, i.e.,
with RI replaced by RE, does not hold. See (6.8) in the final paragraph of Example 6.1.

5. A CRITERION FOR UNIQUENESS AND INNER FUNCTIONS

Let ¥ be a minimal realization of an inner function #. In this section we show that
in that case RI3 consists of a single element, H, say, and we prove that dx(H,) = 0.
Since RI3 is equal to the set g/cgjgore appearing in [6], we shall show that the first
statement can be obtained as a corollary of the final part of Theorem 7.1 in [6]. The
second statement is proved in the second part of this section.

Let us recall the final part of [6, Theorem 7.1]. This requires some preliminaries, which
we take from [8, pages 164, 165] with some minor changes. Let 6 be an arbitrary function
in SU,Y), not necessarily inner. It is known [21, Section V.4] that there exist a Hilbert
space F, C U and a function ¢, € S(U, F,) with the following three properties:

(a) @r(2)*pr(2) < Iy — 0(2)*0(2) for each z € Dj
(b) for any Schur class function ¢ € S(U,G), where G is a Hilbert space, such that
w(2)*¢(z) < Iy — 0(2)*0(2) for each z € D, we have

w(2)"p(z) < @r(2)"pr(z) foreach =z e D
(c) Im,(0) = F,.
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Here, the inequalities are understood in the sense of bounded selfadjoint operators on
Hilbert spaces. The function ¢, can be normalized by the condition ¢, (0)|£, is positive.
With this additional normalization, the function ¢, is uniquely defined (see [21]). From
[21] we also know that properties (a), (b), (¢) imply that the function ¢, (z) is outer.

In a similar way one defines a maximal factor ¢; from the left. Indeed, there exist a
Hilbert space F; C Y and a function ¢; € S(F;,)) with the following three properties:

(@) @i(2)pi(2)* < Iy —0(2)0(2)* for each z € Dy

(b’) for any Schur class function ¢ € S(G’,)), where G’ is a Hilbert space, such that

(2)Y(2)* < Iy — 0(2)0(2)* for each z € D, we have

Y(2)W(2)" < Iy —0(2)0(2)" for each 2z € Dj

(¢) Imyy(0)* = Fi.
In this case the function ¢;(Z)* is an outer function, and normalization is obtained by
requiring ¢;(0)*| 7, to be a positive operator.

The functions ¢, and ¢; are called the right and left defect functions of 0; see [2,
page 213] and the references given therein.

Given 0 € S(U, ) and the defect functions ¢, € S(U, F;) and ¢; € S(F;,)), we know
from [13] that there exists a function hg in the space L (F;, F;.) of bounded measurable
operator-valued functions defined on the unit circle with values in £(F;, ;) such that
the block operator matrix

2 o= e aio) <[]~ 1]

is contractive almost everywhere for ¢ € T. Moreover, according to [13], the operator
function hg defined above is unique. We call hy the coupling function defined by 6.

Let 6 € S(U,)), and let hy be the coupling function defined above. Using [8, The-
orem 1.1] and RIS = glcgjgore, the final part of Theorem 7.1 in [6] yields the following
theorem.

Theorem 5.1. Let 6 € S(U,)), and let ¥ be a minimal realization of 0. Then RIS
consists of a single element if and only if the following condition is satisfied:

(C) the coupling function hy defined by 0 is the boundary value of a function from
the Schur class S(Fy, F.).

Here F; and F, are the Hilbert space appearing in (5.1).

Condition (C) above is item (iii) in [8, Theorem 1.1]. Note that condition (C) does
not depend on the particular choice of the minimal system Y. As the proof of Theorem
7.1 in [6] shows, Theorem 5.1 above can be viewed as a corollary of the equivalence of
items (i) and (iii) in [8, Theorem 1.1].

Remark 5.2. If one of the spaces F; and F, consists of the zero vector only, then the
coupling function ho defined by 0 is zero. Hence condition (C) is trivially satisfied and,
by Theorem 5.1, the set RIS consists of one element only for any minimal realization

of 6.

Corollary 5.3. Let 6 be a scalar Schur class function. Then the defect functions ¢,
and ¢; coincide. Furthermore, ¢, = ¢; = 0 if and only if the function log(1 — |0(-)]) is
not Lebesgue integrable on the unit circle, and in that case the set RI3. consists of one
element only for any minimal realization of 6.

Proof. The fact that ¢, and ¢; coincide follows directly from the fact that scalar func-
tions commute. Now assume that ¢, # 0. Then log|e,(-)| € L*(T); see, e.g., [14,
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Theorem 1.2]. Using log ()| = 2log|¢(-)| for any ¢, we see that log |, (-)|* € L*(T).
But then, since

lor()F <1=0()° (z€D) = |or(QF <1-0(O)F (C€Tae),
it follows that log(1 — |0(+)|?) belongs to L!(T). Next use

log(1 = [0()[*) = log(1 — [6()]) +log(1 + [6()]).
The preceding identity together with the fact that log(1+|0(-)|) belongs to L!(T) shows
that log(1 — |6(-)]) € L(T).

Conversely, assume that log(1 — |6(-)|) € L'(T). Then the factorization problem
lo(2)]? < 1—160(2)|? has a nonzero solution ¢ in H*> by Theorem 1.2 in [14] or Proposi-
tion V.7.1 (b) in [21], and hence, ¢, is not zero.

We conclude that ¢, = 0 if and only if log(1 — |6(-)|) &€ L*(T). The final part of the
corollary now follows directly from Remark 5.2 above. ]

Now assume that 6 € S(U,)) is inner. Then Iy — (¢)*6(¢) = 0 almost everywhere
for ¢ € T, and hence the space F, consists of the zero element only. Thus, by the
above remark, the set RIS, consists of one element only. This proves the first part of the
following theorem.

Theorem 5.4. Let ¥ be a minimal realization of the inner function § € S(U,Y). Then
RIS, consists of a single element, Hy say, and ds(Ho,) = 0.

Proof. Tt remains to prove 0x(H,) = 0. Since the function 6 is inner, we know from the
Sz-Nagy—Foias model theory [21] that 6 has an observable realization

21 = (AlthCl,D;Xlaum)})
such that its system matrix M (X;) is unitary. Now put Xjo = Im (4|B;). Relative to

the Hilbert space direct sum Xy = X19® X5 the operators Ay, By, C; admit the following
block matrix representations:

A | |&o X0
(5.2) A1—|:0 *]|:X1l0:|_>|:Xll0:|7
310} [Xm} {Xw]
5.3 B, = U LGy =[Ch A )

Put X9 = (A1, Bio, Cr0, D; X10,U,Y). The above construction implies that 3qq is
controllable. Furthermore, since ¥, is observable, the same holds true for ¥13. Thus
Y10 is a minimal system. Moreover , the transfer function of X1( is equal to the transfer
function of ¥;. Thus X1 is a minimal realization of 6.

Using the terminology of Section 2.1 in [4], the system X1q is the first minimal restric-
tion of the system ¥. But then, by [4, Theorem 3.2], the system 3 is a minimal and
optimal realization of 6.

We claim that M (X10) is an isometry. To see this note that

Iy, — ATA - CICh = {IX“) N ATO‘ilo — C1oCo j 7

A1B, + C;p = |HoBio T ChD
11 1 * )

Iy — BfB, — D*D = I, — Bi{yBio — D*D.

Since My, is unitary, the operators in the left hand side of the three identities above are
all zero. Thus

Txyy — AfgA10 — C1pCr0 =0, AfoBig + CiyD =0, Iy — BjyBio—D"D =0.
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This shows that M (X31p) is an isometry.
Now use that the systems Y19 and Xy, are unitarily equivalent (see Theorem 3.2
in [4]). Tt follows that M(X,) is an isometry which implies that dx(H,) = 0. O

Remark 5.5. Using Proposition 4 in [9] and taking into account Theorem 5.1, it can
be shown that the two statements in Theorem 5.4 remain true if the condition 0 is inner
is replaced by the condition that the right defect function p, of 6 is zero or, equivalently,
that F,. = {0}. In fact, with some minor changes the same proof can be used to derive
this more general result. Indeed, from the Sz-Nagy-Foias model theory we know that
0 is the transfer function of a simple conservative realization 1. Here conservative
means that the system matrizc My, is unitary. Furthermore, it is known (item (a) in [9,
Proposition 4]) that the condition F, = {0} implies that ¥1 is observable. But then, as in
the proof of Theorem 5.4, we construct the system X1g, show that My, is an isometry,
and conclude that ds(Ho) = 0.

Corollary 5.6. Let 0 € S(U,Y) be co-inner, and let ¥ be a minimal realization of 0.
Then RIS, consists of a single element, Hy say, and ds-(Hy ') = 0.

Proof. Assume 0 € S(U,Y) is co-inner. Then Iy, — 6(¢)0(¢)* = 0 almost everywhere for
¢ € T, and hence the space F; consists of the zero element only. The latter implies (see
Remark 5.2) that RIS, consists of a single element.

Next we use Theorem 4.3. Recall that 6~(\) = 8(\)* for A € D. The fact that 6 is

co-inner, implies that 8~ is inner. Indeed, we have

6 is co-inner <= 6({)0(¢)* = I almost everywhere on T

<= 0(¢)0(¢)* = I almost everywhere on T

< 07(¢)*0~(¢) = I almost everywhere on T

<= 0~ is inner.
Since ¥ is a minimal realization of #, the system ¥* is a minimal realization for 6~.
Now let Hq be the (unique) element in RI5. From (4.5) it follows that H, ! belongs to

RIS.. But ¥* is a minimal realization of an inner function. Hence, dx«(H, 1) = 0 by
Theorem 5.4. ]

Note that the first statement in the above corollary can also be proved by using the
duality argument used in the second paragraph of the above proof.

In general, the second part of Theorem 5.4 is not true for a co-inner function. See
Example 6.3 in the next section.

Remark 5.7. Finally, again with minor changes, one can prove that Corollary 5.6
remains true if the condition 0 is co-inner is replaced by the condition that F, = {0}.

6. EXAMPLES

In this section we present a few examples. Throughout 6 is a Schur class function and
¥ =(A,B,C,D;X,U,Y) is a minimal realization of 6. In the first three examples the
state space X will be finite dimensional. In that case a positive operator on X will be
bounded and boundedly invertible, and the Riccati equality can be rewritten as

(6.1) ax(H) — B(H)*0x(H)! ™ Bs(H) = 0,
where
as(H)=H - A*HA—-C*C, PBx(H)=D'C+ B"HA,
ox(H)=1—-D*D— B*HB.
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Furthermore, if X is finite dimensional, then H € REy if and only if H is a positive
operator on X, the operator dx(H) is nonnegative, and H satisfies (6.1). Similarly, if
X is finite dimensional, then H € Rly, if and only if H is a positive operator on X', the
operator dx(H) is nonnegative, and

(6.2) as(H) — Bo(H)*0s(H)! s (H) > 0.

As before, the symbol [—1] denotes the Moore—Penrose inverse.

Example 6.1. We present a simple scalar example showing that the maximal solution
in RIy may not belong to REy;. To do this we use the scalar function 6 given by [4,
eq. (3.3)], i.e.,

O(N\) = (2A+4) (A +8)7 L.
From [4] we know that 0 is a Schur class function (in fact, |§(A)| < 6/7 < 1 for all A € D)
and a minimal realization of 6 is given by

1 31
. Y=(—=,1,—, =; .
(63) ( 8’ 716’27(:7@7@)
For this choice of ¥ the set REy is a singleton and Rly; is an interval
3 3 3
4 Ey =< — Iy = el
(6 ) REs {64} and Ry [6474:|

In particular, the maximal solution H, of the Riccati inequality does not belong REs;.

To prove (6.4) let h be a positive real number viewed as a positive operator on C.
Then

9 1 1/3 3
ash) = gy (-7) s =5 (§-n). o) =5 -
Note that dx(h) > 0 if and only if A < 3/4. The Moore-Penrose inverse of d(h) is given

by
§ _ _1
s (b)Y = (G=h) h#3/4) ¢
0 (h=3/4)
For h = 3/4 the right hand sides of both (6.1) and (6.2) are zero, and the left hand sides
are strictly positive. Thus 3/4 ¢ REyx and 3/4 € Rly. Next, let 0 < h < 3/4. Then,
respectively, (6.1) and (6.2) reduce to

o ) A ()
6 S )L E ) () e

Equation (6.5) has h = 3/64 as its unique solution in the interval 0 < h < 3/4, which
proves the first equality in (6.4). All solutions h of (6.6) are given by h > 3/64. Together
with 0 < h < 3/4 this yields the second equality in (6.4).

Let X* be the adjoint of the system X given by (6.3), i.e.,

. 13 1
- (_§7 Ev 17 év(ca (C7C)
For this choice we have the following analogue of (6.4)
4 4 64
(67) REZ* = {3} and RIE = |:3, 3:| .

By Theorem 4.3 the second identity in (6.7) follows from the second identity in (6.4).
The first identity in (6.4) cannot be obtained in this way but this identity is proved in
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a similar way as the first identity in (6.7) is proved. We omit the further details. Note
that in this case

(6.8) REy. # {H ' | H € REg}.
Example 6.2. We consider the scalar function
Aab
0()\):1_76;2ab, Where 0<a<b<1, CL2—|—b2:1.

The function 6 is a Schur clas function, and 6 is the transfer function of the system
(A, B,C,D;C? C,C), where

A:B g} B:m, c=[0 b, D=0

The system X is a passive minimal realization of 6, and hence H; = Iz is a solution of
the Riccati equality associated to . We shall see that there are three other solutions,
namely:

1| (Q-ab)2 (b—a) 1| A—-ab)2  —(b—a)/t

H2:7 , H3:7
a? (b—a)\/g 1—ab a? —(b—a)\/g 1—ab

1 [pt 0
Hy = a4 {0 a2b2] '

We shall see that H; < H; < Hy, j = 2,3. It follows from Theorem 1.5 that Hy = I¢2 is
the minimal optimal solution, and thus H; is the minimal element in Rly. It turns out
that H, also belongs to Rly and is the maximal element in Rls;.

Qo

To derive the results mentioned above, put

H= {xl ”32} :
T3 X4

By assumption H is positive definite. In particular, Tz = x5. In this case we have

x — b’ xo — abx
:z:; - abxz x4 fale N 62] . Bs(H) = [abzy a’zs],

Ss(H) =1 —a’xy.

(i) = |

Recall that ds;(H) = 1 — a®zy is required to be non-negative, and the associate Riccati
equality is the identity

(6.9) [xl — by Ty — abrs ] ~ (1 a2ag)Y [azb%i adbryxs

3 —abry x4 —axy — b2 adbroxy atzoxs |

Since H is positive definite, x4 > 0. Together with 1 — a2z, > 0 this implies that
0 < x4 <a 2 But z4 = a~? is excluded, because in that case the Riccati equation (6.9)
has no solution which can be proved by direct checking. Therefore we may assume that
0 < 24 < a2, and hence the Moore-Penrose inverse in (6.9) is a usual inverse. But then,
with elementary computations or using the computer algebra program Mathematica, it
is straightforward to show that the matrices Hj;, j = 1,2,3,4, are the only solutions of
the Riccati equality (6.9).

Since Hy; and Hj3 have the same diagonal entries, neither Ho < Hs nor H; < Hs.
Indeed, if Hy < Hs, then Hs — Hs is a nonnegative operator of the form (A.1) with zero
diagonal entries. But then, by Proposition A.1, the off diagonal entrties are zero too, and
hence Hy, = H3 which is not true. In a similar way one shows that Hs < Hs is excluded.
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The fact that H, is the maximal element in Rlsx; can be obtained from Theorem 4.3 by
showing that H, ! is the minimal element of RIx~. Note that is this case

o = <[2 g] , m 0 al ,0;((:2,@,@).

Example 6.3. Let 6(z) = [z 0]. Then 6(2)0(z)* = 1 for each z € T, and thus 6 is
co-inner. We show that the statement in the second part of Theorem 5.4 does not hold
for this co-inner function 0. To do this put

A=0:C—C, B=[l 0/:C*—=C, C=1:C—C,
D=1[0 0]:C*=C.

Then the system ¥ = (A4, B,C, D;C,C?,C) is a minimal realization of § and its system
matrix

M(X) = [(1) (1) 8] is a co-isometry.

Thus, by Corollary 5.6 above, RI5, = {1}. But in this case

s(1)=Ic: —D*D~ B*B = [(1) ﬂ - H 1 0] = [8 (1)]

Thus dx(1) is non-zero.

Example 6.4. We present an example of a minimal passive system X such that H € Rly
while X7 is not minimal. In particular, RIS will be a proper subset of RIx. The transfer
function 6 of the system involved will be of the form 8(\) = AK, where K is a contraction.
The latter allows us to use results from [5, Section 2.3].

Throughout éi is the Hilbert space of all complex valued sequences that are square

summable in absolute value. Furthermore, R and S are the linear operators acting in éﬁ_
defined by

(6.10) D(R) = {z € £% | (z0,221,322,...) € (2}, Ra = (0,20,271,372,...);
DS)={w+az | eC, v=(1,1/2,1/3,...), ze€D(R)}, and
(6.11) S(A\v+x) = Aeg + Rz, where ¢ = (1,0,0,0,...).

The operators R and S are both closed densely defined linear operators and both are
one-to-one. Furthermore,

D(R) C D(S), Slpry =R, D[R)#D(S)# %, ImS=ImS=1¢3.

Since S is densely defined, its adjoint S* is well defined. In what follows ¢/ and ) denote
the spaces D(R) and D(S*) endowed with the corresponding graph norms. Thus

1/2
lzllee = (lz]|* + [|Rz]*) ", = € D(R),
lzlly = (lz[I* +[|5*]*) ", = € D(s").
Next, put X = Ei, and define the canonical embeddings

X
Ty U — {X]’ WU = []gu}’ u € D(R),

X «
Ty:y*) |:X:|’ VY = |:S:Zy:|7 yED(S )
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Note that both 74 and 7y are isometries. We also need the projections

m=[r o m LX and =0 I]: m Y
Given we these operators we consider the system
¥ =(0,B,C,0;X,U,Y), where
(6.12) B=ILin :U—X and C=(llary)" : X = ).

Clearly, B and C are contractions, and hence the system matrix M (X) is a contraction
too. It follows that ¥ is passive. Note that Im B = D(R), and hence Im B = D(R) = X.
Furthermore, Im C* = Im S, and thus Im C* = X. The latter implies that C' is one-to-
one. We conclude that the system ¥ is minimal. Finally, the transfer function of ¥ is
the Schur class function 6 given by 6(\) = A\C'B.

Next we consider a second system

S = (o,é,é,o;x,u,y), where
(6.13) B=Thn :U—X and C=(Iimy)" : X — ).

Note that Im B = Im R. Thus Im R is not dense in X, and hence the system S is not
minimal.

Proposition 6.5. The systems ¥ and ) defined by (6.12) and (6.13), respectively, have
the same transfer function, and the operator S defined by (6.11) is a pseudo-similarity

from X to X.

Now put H = (§*S)'/2. Then we know from [6, Proposition 4.5] that H € KYPy,
and thus H € Rly, by Theorem 3.1. Moreover, Xy is unitarily equivalent to ¥. In
particular, Xy is not minimal, and thus H ¢ RIs,.

The above proposition can be obtained by applying the result of [5, Section 2.3.1].
For sake of completeness we present the proof. In order to do this it will be convenient
first to prove the following lemma.

Lemma 6.6. Let a € D(S) and let x € X. Then the following three statements are
equivalent:

(6.14) (a) Tyllza =z, (b) plliSa = x,

(6.15) (¢c) x € D(SS*) and (I+ 55"z = Sa.

In particular, 75150 = 75l Sa for each a € D(S).

Proof. We split the proof into two parts.

PART 1. We prove the equivalence of items (a) and (¢). To do this we use the fact
(see formula (5.9) in [19, page 168]) that there exist (unique) vectors z; € D(S*) and
x2 € D(S) such that

x 0 _ T 75’132
610 o= ] =[]+ [ 5]
Note that 73,II5a = 1. The identity (6.16) is equivalent to
(6.17) 1 =Sry and a=S"z; + x5.

Since a € D(S) and x5 € D(S), the second identity in (6.17) shows that S*z1 =a—x9 €
D(S). Thus x; € D(SS*) and using the first identity in (6.17) we obtain

Sa = SS5*x; + Sxe = (I +55)z1.
We conclude that (I + S5*)z = Sa with z = ;.
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Conversely, assume = € D(S55*) satisfies (I + S5*)z = Sa. Put z1 = z and define
29 = a— S*xy. Then x5 € D(S) and
Sz =Sa— 85"z, =Sa— (I +55)x1 +x1 = z1.
Thus the two identities in (6.17) are satisfied which implies that (6.16) holds. Hence
yllsa =z = 2. 0
PART 2. We prove 73117 Sa = 75I13a. Again using formula (5.9) in [19, page 168], there
exist (unique) vectors x1 € D(S*) and x5 € D(S) such that

o, _ |Sal | = —Sz
o e ][] [
The latter identity is equivalent to
(6.19) Sa=x1—Sxy and xo=-5"21.

Since xo € D(S), the second identity in (6.19) shows that z; € D(SS*) and Sz =
—S55*x1. Using this fact the first identity in (6.19) yields
Sa=x1+ 852, =T+ 55" ).

But then we can apply the result of the previous part to show that 75l = x1. On
the other hand, from (6.18) it follows that 73,117 Sa is also equal to x;. Hence we have
TylliSa = 73Il5a as desired. Together the two parts prove the lemma. O

Proof of Proposition 6.5. Recall that S is one-to-one and has a dense range. Therefore,
since 3 and X are given by (6.12) and (6.13), respectively, it suffices to show that
(6.20) BUCD(S), B=SB and CSa=Ca (a€cD(S)).

Take u € U (= D(R)). Then

u

Bu = HlTL{u = H1 |:R'LL

] =u € D(R) C D(S) and
Ru

This proves the first part of (6.20). To prove the second part, let a € D(S). Using
Lemma 6.6 we have

CSa = (I17y)*Sa = 7311} Sa = m3Ila = (Iy7y)*a = Ca.

SBu:Squuzl_[g[ :|:H2TL{U,:§’U/.

Hence S is a pseudo-similarity from ¥ to S In particular, the two systems have the
same transfer function, i.e., CB = CB. (]

APPENDIX A

In this appendix we review a number of results regarding 2 x 2 nonnegative operator
matrices that are used in the present paper. In particular, we shall consider Schur
complements for such operators. Throughout we assume that o : X - X, 8 : U — X,
6 : U — U are bounded Hilbert space operators and T is the bounded operator defined
by

(A1) r= L/? ﬂ : m - m '

Proposition A.1. The operator T is nonnegative if and only if o and § are nonnegative
and there exists a contraction I' : X — U such that

(a) KerI' D Kera and ImT' C Tm 4,

(b) pg* = 6/2Tal/?.
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Moreover, in that case T' is uniquely determined by conditions (a) and (b).

If T is nonnegative and I is the contraction satisfying the two conditions in the above
proposition, then we call I' the minimal contraction determined by T'. For the proof of
the proposition see the proof of [17, Theorem XVI.1.1], of [11, Lemma 2.4.4] or of [15,
Lemma A.1].

Assume T is nonnegative, and let I' be the minimal contraction determined by T
Then the operator A on X given by

(A.2) A =a/?(I —T*T)al/?

is called the Schur complement of T supported by X. If § is invertible, then A =
a — B671B*, which is the classical Schur complement formula (see, e.g., [18, Lemma
A.1.2])). From formula (A.2) it follows that the Schur complement A = 0 if and only if T
is a partial isometry with initial space equal to Im a.

Proposition A.2. Let T be nonnegative. The Schur complement of T supported by X
is also given by

(A.3) <Ax7m>:inf{<TB],[ﬂ>|u€Z/l}7 reX.
Proof. By direct checking one proves that

7 [x 21 A 0] [ Ix 0
Lo sV |0 Iy |Dal/? 820

Using this identity we see that
T T x|, A 0 Iy 0 T Iy 0 T
< ul’ lu > - < Iy Fa1/2 51/2 ul’ Fa1/2 51/2 U >

y A 0 T T )
- Iyl | Tal 2z + 624 [Tal/ 22 + 6124
= (Az,z) + [Ttz + 6'/2u|2.

o

o

Thus for x € X and u € U we have

(A.4) (Az,z) < (T m , m> < (Az,z) + T2z + 6202,
Now fix € X. Recall that InT € Imé = Im61/2. Thus T'a!/2z € Im61/2. Tt follows
that there exist a sequence wuy, ug,... in U such that

lim ||[Tat/2z + 62w, | = 0.
n—oo
But then (A.4) shows that (A.3) holds. O

The notion of a Schur complement is closely related that of a shorted operator as de-
fined by M. G. Krein in [20]. In fact, if T is nonnegative, then A is the Schur complement
of T supported by X if and only if

A0
o

is the shorted operator corresponding to T and X. This follows from formula (A.3); see
Section 2 in [3] for further details.

Acknowledgments. The authors thank the referee for his/her careful reading of the
paper. The remarks of the referee are incorporated in the paragraph directly after
Lemma 4.2 and in Remarks 5.5 and 5.7.
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