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Fragmentation in jets at NNLO
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(Received 18 July 2014; published 30 September 2014)

Beam and jet functions in soft-collinear effective theory describe collinear initial- and final-state
radiation (jets), and enter in factorization theorems for N-jet production, the Higgs ps spectrum, etc. We
show that they may directly be calculated as phase-space integrals of QCD splitting functions. At next-to-
leading order (NLO) all computations are trivial, as we demonstrate explicitly for the beam function, the
transverse-momentum-dependent beam function, the jet function, and the fragmenting jet function. This
approach also highlights the role of crossing symmetry in these calculations. At next-to-next-to leading
order (NNLO) we reproduce the quark jet function and calculate the fragmenting quark jet function for the
first time. Here we use two methods: a direct phase-space integration and a reduction to master integrals

that are computed using differential equations.

DOI: 10.1103/PhysRevD.90.054029

I. INTRODUCTION

All LHC processes involve QCD in some way: through
the parton distribution functions (PDFs) describing the
composition of the colliding protons in terms of quarks and
gluons, through energetic collinear radiation (jet produc-
tion), or through soft radiation effects, etc. Often there are
hierarchies between scales of observables, e.g., the jet mass
my is typically much smaller than the transverse momen-
tum of the jet p7. This leads to large logarithms (of e.g.,
my/p7) in the perturbative expansion of the cross section
that require resummation. Soft-collinear effective theory
(SCET) [1-4] is a convenient framework for achieving
higher-order logarithmic resummation and treating non-
perturbative corrections; see e.g., Refs. [5-7]. In SCET,
initial- and final-state collinear radiation is described by
beam functions B and jet functions J.

This paper focusses on the calculation of B and J by
exploiting a new relationship with splitting functions.
These calculations have many phenomenological applica-
tions, for example, the beam and jet function (schemati-
cally) enter in the factorization formula for the cross section
of pp - X + N jets (with X nonhadronic) as [§]

N
o= / Py, xtr[A,S}] ® [BKaBK,, 11 JK,] ()
K J=1

Here H contains the tree-level partonic process plus short-
distance virtual corrections and S describes soft radiation
effects. The phase-space is denoted by d®,_ x, the trace is
over color configurations, and the dependence on the
partonic process is labelled by k. Whereas A and § depend
on the full partonic process (including color configuration),
each beam function only depends on the flavor «, ;, of the
colliding parton and each jet function only on the parton «;
that initiates the jet. The convolution between the soft

1550-7998/2014/90(5)/054029(28)

054029-1

PACS numbers: 12.39.St, 12.38.Cy, 13.87.Ce, 13.87.Fh

function and the beam and jet functions arises because
measurements typically constrain the “sum” of collinear
and soft radiation.

Equation (1) is valid for energetic well-separated beams
and jets, receiving corrections that are suppressed by e.g.,
(my/p7)?. It enables resummation by separating the cross
section into contributions involving a single scale. This is
accomplished by evaluating each object (H, S, B, J) at its
natural scale and evolving it to some common scale using
the renormalization group evolution. The order at which the
resummation can be carried out is limited by the order at
which each of the ingredients is known.

We can also analyze the process described by Eq. (1)
using the universality of collinear limits of QCD ampli-
tudes [9-11] (we will need the collinear limits of tree-level
and one-loop [12-18] amplitudes as well as the triple-
collinear limits of tree-level amplitudes [19,20]). The
contribution to the cross section in Eq. (1) from the tree-
level process plus real and virtual corrections collinear to
one specific jet J, can be written as

=y / APy, xol fo fr,

XY NS / ddS,0¢, . (2)
(0)

Here o, is the tree-level partonic cross section, f is a PDF,
0y 18 the k; — «© splitting function (apart from an overall
factor) where ¢ consists of m partons, d®, is the m-body
collinear phase space, and S,c is a symmetry factor. The
first line of Eq. (2) thus contains the tree-level cross section,
producing the parton x; that initiates a jet. The second line
describes the collinear radiation produced by «; that builds
up this jet. A similar equation holds for collinear initial-

state radiation.

© 2014 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.90.054029
http://dx.doi.org/10.1103/PhysRevD.90.054029
http://dx.doi.org/10.1103/PhysRevD.90.054029
http://dx.doi.org/10.1103/PhysRevD.90.054029

MATHIAS RITZMANN AND WOUTER J. WAALEWIJN

By comparing the factorized form of the collinear
radiation in Eq. (2) to the SCET cross section in
Eq. (1), we establish a relationship between the jet function
and the splitting functions. To this end, we need the tree-

level results tr[IfI,go)SKN(O)] :0£0>5(...), J,(fj))~5(...) and
m = fx,,0(...). Bach §(...) encodes the measurement

on the soft radiation, or collinear final- or initial-state
radiation, which is trivial at leading order. For example,

J,(fj))(s,u) = §(s) when the invariant mass s of the jet is
constrained. We conclude that

=> Z S /d@fna;wa(...). (3)

In this equation §(...) denotes the measurement imposed on
the collinear final-state radiation in the jet, e.g., 6(...) —
5(s — s) when the invariant mass s is measured. There is
an analogue of Eq. (3) for the beam function. The
appropriate splitting function can be obtained from the
one in Eq. (3) by crossing, but the collinear phase space
needs to be replaced by its initial-state version.

It is instructive to compare Eq. (3) to the field-theoretic
definition of the quark jet function in SCET [4]

@0 [dy
N. / 2p~
(2

< [5(p=+ 72)5%7@)&(0)%(0)}jo>,
)

where the invariant mass s of the collinear radiation is
measured. Here, n = (1,7), n = (1,—/) with 2 the jet
direction, &, is the collinear quark field, and P,, picks out the
large “label” momentum. The Wilson line W, sums longi-
tudinal gluon 7 - A emissions and is necessary to ensure
gauge invariance. In Eq. (3), we are explicitly integrating a
gauge-invariant quantity (as long as we restrict ourselves to
spin-averaged splitting functions). However, the association
of the splitting function with the process-independent dia-
grams describing one virtual parton splitting into several real
ones is only valid in a gauge in which gluons are explicitly
transverse [e.g., 1- A = 0, for which W, =1 in Eq. (4)].

The argument underlying Eq. (3) only uses that the
collinear approximation is valid for the collinear functions
in the factorization theorem. It thus extends to arbitrary
beam and jet functions. One example we study in this paper
is the fragmenting jet function g?, which describes the
momentum fraction z of an energetic hadron £ in a jet. This
leads to an additional measurement delta function 5(z — z;,)
in Egs. (3) and (4) compared to the regular jet function.
Factorization theorems for processes involving jets can
straightforwardly be extended to describe fragmentation as
well, by replacing J; — G [21].

N
Py /2

J(s=ppt.u)=
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Even though normal QCD Feynman rules can be used to
calculate the jet function from its definition in Eq. (4), it is not
so easy for the uninitiated researcher. By contrast, Eq. (3)
allows one to obtain the desired result by a straightforward
phase-space integral. In practice the calculation involving
Eq. (3) is also significantly easier at next-to-leading order
(NLO), as we demonstrate explicitly in Sec. IIl. However, at
next-to-next-to-leading order (NNLO) the difficulty will
strongly depend on the details of the measurement. In addition
to a direct phase-space integration, we also perform a reduction
to master integrals which (in the case of the fragmenting jet
function) are then computed using differential equations. It
turns out that for the (fragmenting) jet function calculation the
phase space restrictions are no impediment to the use of well-
established techniques, and the fragmenting jet function can be
expressed in terms of standard harmonic polylogarithms.

In this paper we will compute the following:

(i) The jet function J,(s,u) [4] where the invariant
mass s of a quark jet is constrained. We reproduce
the known results at NLO [22,23] in Eq. (14) and
NNLO [24] in Eq. (44).

(ii) The fragmenting jet function Gl'(s,z, u) [21] where
the momentum fraction z of a hadron /% in the jet is
also measured. The NLO results of Ref. [25] are
reproduced in Eq. (13) and NNLO results are
obtained for the first time in Sec. IV F. This agrees
with the NNLO fragmentation of a hght quark into
heavy quarks calculated in Ref [26].!

(iii) The beam function B, (x, k J_,,u) [27-31] describing

the transverse momentum k 1 of the colliding
quark. This is essentially the transverse momentum
dependent parton distribution function (TMD PDF)

for k 1 > Agcp. We reproduce the NLO results of
Ref. [27] in Eq. (27). (The NNLO results have
recently been calculated [32,33].)

(iv) The beam function B, (¢, x, ) [34,35] describing the
dependence on the momentum fraction x and trans-
verse virtuality ¢ of the colliding parton. We rederive
the NLO results of Ref. [36], shown in Eq. (21). (The
NNLO results are now known [37,38].)

Beam and jet functions involving more general phase-space
restrictions (such as jet algorithms) have been considered
in phenomenological applications. We will briefly discuss
some examples in the conclusions. At NLO their calculation
will benefit from the method developed in this paper, though
at NNLO it will depend on the details of the observable.
In Sec. II, we briefly discuss the renormalization of these
objects, as well as their matching onto PDFs (for the beam
functions) and fragmentation functions (for the fragmenting
jet function). The LO splitting functions are used in Sec. I1I
to perform the NLO calculations of these objects.

'"We thank E. Mereghetti for pointing out a contribution to the
NNLO matching coefficient that was omitted in the original
submission of this article.
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In Sec. IV this is extended to NNLO for the jet func-
tion and fragmenting jet function. We conclude in Sec. V.
The definition and properties of plus distributions and
harmonic polylogarithms can be found in Appendix A
and Appendix B, respectively. Intermediate results for the
NNLO calculation of the jet function and fragmenting jet
function using integral reduction are given in Appendixes C
and D and in electronic form accompanying this paper. The
IR divergences of the NNLO fragmenting jet function are
given in Appendix E and provide an important cross-check.

II. RENORMALIZATION AND MATCHING

We perform our calculations using dimensional regu-
larization, removing UV divergences with the modified
minimal subtraction scheme (MS). The J,, (s, i), Gl (s. z, )
and Bq(t, x, u) have the same renormalization Z 7, [21,36]

Jy(so) = / A5Z5, (5" 1) g e (5 — ),

g%@m_/dﬂmmw%w—ﬂwx

0

Byltx) = [T A0Z, (F Byt = Cox)(5)

The TMD beam function B, (x, K ) is quite different as it
has both UV and rapidity divergences. We will use the
approach of Refs. [29,39] to perform the renormalization,
to which we refer the reader for further details.

The perturbatlve calculation of Gi(s,z,u), B,(t,x, )
and B, (x, % ., u) involves replacing the outgoing hadron h
or incoming proton by a parton. (For the beam functions we
will denote the incoming parton i by B,/ in our calcu-
lations.) The corresponding IR divergences are removed by
matching onto fragmentation functions and PDFs,

1d7 Z ,
Gi(s.2.1) :Z/ T (Sl
i 4
'dx’ X
B, (150 z/ 2 (15 ) £

ldx X =
X kJ_ HV) Z/ (;’kj_,,“”/>fj(x/7ﬂ)'

(6)
|

one(5:2) = [ 40S(5. ) (5" )ols = )0z = )
7

[Z(l - Z)S]_e 2—g2P¢(](;)(Z)

dr ) (4n)>"T(1—¢€) s

2e 2
~Z501 =
2n s'“{ € (1-2)+
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An important cross-check on our calculation is pro-
vided by the quark number and momentum sum rules
[21,25,40] which translate directly to the matching
coefficients J ij as

[ Tl = gl ) = (5.0,

/dZZqui(stvﬂ) =Jyls.m). (7)

Here (and throughout this paper) we remove the
spurious factor of 2(2z)? in the definition of the
fragmenting jet function and matching coefficients
in Ref. [21].

III. BEAM AND JET FUNCTION AT NLO
A. Splitting function and phase space

The real radiation i* — jk in the collinear limit factors
off the squared matrix element and is (in MS) given
by [41]

2 ,7E € 2
e\ € 2g
) 29 p (o), (®)

o3(s:2) = < 47 s

where the LO splitting function is [42,43]

1
P (5.2 =Py (@) =

CF 1+ 22
q =499

| O

Here s >0 is the timelike virtuality of the initial
parton * (the jet mass) and 0 <z <1 the momentum
fraction of the final parton j. The corresponding
collinear phase space for the final-state radiation is
given by [41]

[Z(l _Z)S]_e (10)

a3 @) T(1—¢)

s,7) =dsdz

B. (Fragmenting) jet function

We obtain the (fragmenting) jet function by combining
these pieces and imposing the appropriate final-state
measurement. In the fragmenting jet function both s and
z are measured, so we just expand

Inz

(1+22)Ly(1 -72) +€{—(1 +zz)<£1(1 -7) +—> +%25(1 —7)+z-1

1-z
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relpea) (b -g+ M) 2 r o) 4 2as -2 + (-2 k1 - )
+€3E<1+Z2)<_£’3(1_Z)+ln3(1_Z)l__lnj[Z(l_ZH %Z{EI(I_Z)_F;H_Z} —2§3£0(1—Z)>

p

" 720 “‘Z>‘%<1‘Z>(ln2[z<1—z>]-%2)] +o<€4>}

S EUOLIER R RV CA L IR R BT P CR] v CALIEE

+’%50 (}%) (1 +22)Lo(1 = 2) +5(s) {(1 +2)L(1=2) + L+2

Here we used Eq. (A3) to perform the expansion in plus
distributions £,, [defined in Eq. (A1)]. The virtual correc-
tions are scaleless and vanish. We remind the reader that we
have changed the normalization of the fragmenting jet
function (and matching coefficients) with respect to
Ref. [21], removing the spurious factor of 2(27).
Equation (11) contains UV divergences, which are
removed by renormalization, and IR divergences, which
cancel in the matching onto fragmentation functions in
Eq. (6). Because the one-loop renormalized fragmentation
functions D{m are pure IR divergences (in dimensional
regularization), the finite part of Eq. (11) is the one-loop

matching coefficient 7 E;q)

| N
61" szl =3 [0 (5.5 D1
_ £
=T, (5,2, 1)

We therefore find
1 a,Crp 2 s 1 s
Thne =5 (o0 -8 ()

x (1422 Lo(1—2)+6(s) [(1 +2)Li(1-2)

(12)

1422 7>
1 1l—z——6(1- 1
+ T nz+1-z 65( Z)}}, (13)

in agreement with Refs. [25,44]. The other matching
coefficient for quark jets follows from the symmetry

relation jfilg) (s,z,1) = j(qlq> (5,1 =z, u). Note that the limit
z = 0 does not require regularization, so the plus pre-
scription may be dropped in this case.

The jet function only measures the invariant mass s. We
can obtain the jet function J, by integrating the finite terms’
of Eq. (11) over the momentum fraction z,

“Phase-space integration and operator renormalization do not
commute in general. For example, the bare fragmenting jet function
integrated over s produces the partonic fragmentation function,
which has a very different renormalization structure than Eq. (5).

2
1= lnz—l—l—z—gé(l—z)}}vh(’)(e). (11)

a,Cr |2 s 3 s

e =252 (50 (?) “5%(2)
(1P
2 2

§ (s.0),

which is the quark number sum rule in Eq. (7).

C. Beam function

In the beam function the initial parton taken out of the
proton can be treated on shell and instead the parton
entering the hard interaction has a (spacelike) virtuality.
The splitting functions can be obtained from their all-
outgoing counterparts by crossing symmetry. If we denote
the momentum fraction of the virtual parton entering the
hard interaction as x, i.e., the collinear limit is given by
pj = (1 =x)p;, the crossing relation reads

Piwij2pi-pj.x) = (=1)%Pp_;i(=2p; - pj. 1/x), (15)

where Ay is the difference in the number of incoming
fermions, and we use conventions in which both incoming
and outgoing momenta have positive energy. We will use
the transverse virtuality of the colliding parton (with respect
to the beam axis) t = 2xp; - p; to parametrize the collinear
phase space below. We also have to keep track of the
changes in the color and spin averaging factors, e.g., for
g — ¢g*g we have an additional factor of

2N 1 Ty
(d=2)(N*=1) 1-€Cf’

(16)

since we now need to average over the colors and spins of
an initial gluon rather than quark.

For the triple-collinear splitting functions, the crossing
relation reads

054029-4
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Pipj(x=1=2; =242, 2. 2P; - Pj»2Pi * Pr- 2P * Pi)
1 —Zj —Zk

= _1 AfP*—H” ) ’ ’_2 i’ '7_2 i’ 12 i ° 5 17
(=D P, /k(x [z, -5 1=g—z 2P Pi=2Pi Pe2p; pk> (17)

with the collinear limit given by p; — z;p;, px = zxp;. The two-particle collinear phase space is

[(1 = x)t/x]™

dPSR (1, x) = drdx H——2 L0
2 () (47T (1 —¢)

Note that this cannot be obtained by crossing Eq. (10).
Combining these ingredients we find for ¢ — ¢*g

/

1 c. c 1
B et:3) = [ 0550, ) 5 (———) (1= 1)3(x = x)

R 1

- “sziF (1 - engr 0(63)> t’fi [(1—x)/x]"¢ Flt’j —e(l - x)]
= L Sowa0 =)~ | 2 0ot =+ 801+ )81 =] + 21 a1 =)

+/32£0 <,utz>(] +x3)Lo(1 —x) +8(1) [(1 +x) L (1 -x) - 11_t); Inx+ 1 —x—%é(l —x)} } (19)

Since the only change compared to 7, is the phase space, only the sign of the Inx term is affected. For g — ¢*g,

B et x) = = 1 ieg—i AR (7, x)o$ (-i—%) 5(1—1)5(x — x')
) A )
:“;—?(1+e+0(62)>t’fi[(1—x)/x}—e[xu(1—x)2—e]
~Tr Ly s o () [+ (1= op) w802+ (-0 (n =2 1) w1 b o)

7 | e u X

The UV and IR divergences are again removed by renormalization and matching onto PDFs. The finite terms of Egs. (19)
and (20) reproduce the matching coefficients Z, ;1,1) and 7, (qlq) calculated in Ref. [36]
(1) _ag Cr (2 t 1 t
Iqq (I,X,IJ) - o {2£1 I'? 6(1 — X) +/,?£0 /? (1 + x2)£0(1 — .X')

u

+ (1) [(1 + %)Ly (1=x) = llt)f Inx+1-x —”625(1 —X)] }

T (13, p) = L {%50 (}%) o2 + (1= x)%) + 6(1) {(ﬁ +(1=x?) (ml = 1) + 1] } (21)

D. TMD beam function

We now consider the beam function where instead of the transverse virtuality ¢, the transverse momentum k; of the
colliding parton is measured. These beam functions have rapidity (light-cone) divergences that may be regularized using
e.g., [39,45-48]. The regulator in Ref. [48] only affects the phase space and not the amplitude, making it the most suitable
for our approach. We will use a slightly modified version of this regulator

054029-5
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n
/ dkO(k0)5(K*) — / d4k6( ko)é(k2)<2kz) (22)

where k° is the momentum component along the energetic
direction. At one-loop the kinematics are fully constrained
by x and ¢, such that

1—x

K= t. (23)
The rapidity-regulated phase space for the initial state is
then given by

PHYSICAL REVIEW D 90, 054029 (2014)

dDSSR (K7, x) = dBS™SR (t =<

)
e

(=0T
)
where we used that in the collinear limit 2k* = k* + k= =
k~+ power corrections, and p~ is the large light-cone
component of the incoming quark. (The rapidity divergence
occurs for x — 1, which is unregulated when 5 = 0.) This
leads to

(24)

)
22 ) . K 1 -5
B(ql/>q,bare(X, kl) :/d(p%ISR(k/L,x/)O-z <_rjix/) x>5(kl k/ )6()( )C/)
_ (Ly(uzen)w(l —) ) 28 Lo (1)
p7) \4r ) (o) T(l-e) _i5/(1-x) ~ \x
asCF e€TE v\ ”26 ~ 1+X2
= P 1 — n _ 1 _
2z T(1-¢) <p‘> (lzi)we( %) [1 —x e(1-x)
C 1 k 2 -
=&t [——5(k )+ Eo( L)] [5(1 —x) (——+21np—> +(1+x3)Lo(1=x)—€(l =x)| +O(n,e).
2n € u? u? n v
25)
Similarly,
(1) 72 1 Tp ISR 72 ’z/i X=1\_=2 =2
Byfgpare( K1) = =7 | 497K X)) <_m—’> ok = k1)8(x =)
__ L Tr vy prer\ex(1—x) (k) 24 PO x—1
1—eCe\p7) \dx ) @ T(1-¢) 2 1-x “\ x
a;Tp et ( v >" w . 2
= — ] =5— {0 -x)"x"+(1-x)"—¢
2r T(2—¢€) \p~ (ki)lﬂ( )7 ( ) ]
Tr[ 1 - 1 (K
==F [——5<ki> +— Lo (—l)} 2+ (1= 2)2 = 2ex(1 = )] + On. ). 26)
2w € M 2

Following the prescription in Ref. [39], the 1/7 and 1/eyy
get removed by the (rapidity) renormalization. Sub-
sequently, the 1/er cancels in the matching onto PDFs,
leaving as matching coefficient

1 a,C 1 %2
Ti (e K pw) == F {;EO (M—§> [(1 +22)Lo(1 - x)
+25(1 —x) lnp—y_} +o(K1)(1 - x)}
22
D¢, 72 aTp [ 1 kL
Zyq (x’ ki, u, ) = 2ﬂ_F {/7»60 (?) [)C2 + (1 - x)z]
+ 25(%1)}((1 - x)} (27)

|

Using the Fourier transforms in Eq. (A5) and adding the
contribution of the one-loop soft function, one finds
agreement with Eqgs. (38) and (39) of Ref. [27]. We note
that the soft function S vanishes for the regulator chosen
in Ref. [27]. Its contribution is /S for each beam
function (in impact-parameter space) and can be ob-
tained from Eq. (5.62) of Ref. [29] by replacing

CA g CF,
72
, o a,Ce[ 1 (K
S(EL ) = 3() + 245% |, ()
H H
72
1 k 2
+—2£0 (_12_> IIIIJ2 5(kj_):| + O( 2)
wU\p) n

(28)

054029-6



FRAGMENTATION IN JETS AT NNLO
IV. (FRAGMENTING) JET FUNCTION AT NNLO
A. Splitting functions and phase space

At two-loop order we have contributions with two real
emissions, a real-virtual correction and a purely virtual
correction. The latter vanishes again in dimensional regu-
larization. Starting with two real emissions, the collinear
phase space for nonidentical particles is given by [49]

d®§ = dsp3dsiods 3dsy3d(sins — S12 — 513 — 523)
x dz1dz,dz38(1 — 2y — 20 — 23)

40(-A)(-A)
" 4n) 2 T(1 = 2¢)°

(29)

[21 (512 + 2523) — 22(s512 + 2513)]?

PHYSICAL REVIEW D 90, 054029 (2014)

where
_ 2
A= (23512 — 21823 — 22513)” — 42122513523, (30)

with 5153 > O the total invariant mass, s;; > 0 the invariant
mass of partons i, and j and 0 < z; <1 the momentum

fraction of parton i. The collinear part of a squared matrix
element factors off and is given by

207\ 2€ 4 g*

pe g

05 ijk = <_> - Pijks (31)
" 4r sty

where the LO splitting functions for ¢g* — ijk are [19,20]

Pyg, = CpTpaB S123 [

2515 (21 + 22)%5128123

Pq (Pq/qrq+2<—)3)+quq,

473 + (z) — 22)? s
+=3 & 2)+(1—2€)<z1+zZ—£>],

21+ 22 $123

( d) 1 2S23 5123 1+Z%
=Cp|Cr—=C 1- — - — —
qqq F< F— A>{( €)<s12 6) + 5 L—Zz

22y (1-2)° 223 ) > ]
—€ +1+2z - —e(l-z
(U ) - e-z)

2 2
533 { 1+ z3 ( 1- z) 2”
- z 142 —€ + (2 < 3),
2512813 ! (1-2)(1 —23) -2z ( )
2 1 2 2 2 1— 1— 3
B C2{ 513 Zs{ +tz_ 4 +z2_€(1 +e)} L0 _6)[6_(1 _e)sé] R {13( z1) + (1 = 2,)
2513523 2122 2122 S13 S13 2122

1
—e(B+ 7120+ 23)

—2 421+ z3)] } + CFCA{(I —¢) <[Z‘(s12 *20) ~ o+ 29 1 5)

2122 4(z) + 22)%s%, 4 2

J Sk F@+U—@O—@V+%Pﬂﬁ+0—dé}_S% @F@+ﬂ—dﬂ—ay+dufﬂ

2512513 22 l—2z3 4513503 2122
+sll|:(1_6)21(2_2Z1+Z%)_Z2(6_6Z2+Z%) ) 23(21—222)—22] Slﬁ[u_e)(l_zzf'f'%_zz

PAND) (1 = z3) (1 = z3) 2513 (1 —z3)

2(1 — — 1-— 1-2)° 2 2
—e ( 22)(Z2 Z3)_Z1+Z2 _23( Zl)+( ZZ) +€<1_Z2> <] +Z2_€ +(1 (_)2) (32)
22(1 —23) 2122 2122

The real-virtual contributions have the same two-body phase space in Eq. (10) and can be written as a correction to the
splitting function ng) (we use the explicit form given in [18])

(1) (HPeF\e 2¢° al'(1—¢) 1+22
Pyg = ( ) 2 Cr
s (4r)* etan(ze)(1 - 2¢) -z

1_
+(CA—2CF)2F1<1, - e——) CA2F1(1
Z

B. Calculational technique
The real-virtual corrections to the (fragmenting) jet
function only involve a two-particle final state. Their
calculation proceeds along the same lines as in Sec. III
and is straightforward to carry out. The double real
emission contributions are more challenging and have been

—e(1 —Z):| [(CF_CA)(I 1 i26)

el—¢—

2

z(1+z) €
-z 1—26}' (33)
|

calculated in two ways. In the direct phase space integra-
tion, we start by performing the integration over the
invariants s;; in 4 —2e¢ dimensions using the analytic
results in the appendix of Ref. [50]. We carry out the
integrals over the momentum fractions by first extracting
the singular behavior in the soft/collinear limits, expanding
in € using the plus distribution expansion in Eq. (A3) and

) +CF] +(Cr=Cy)
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integrating the regularized expressions. Hypergeometric
functions are expanded in e with the aid of the HYPEXP
and HPL packages [51,52]. Some additional details are
given in Secs. IV C and IV E along with the presentation of
the results.

Alternatively, we use the reverse-unitarity approach
for phase-space integrals [53—-56] to perform a reduction
to master integrals for the jet function and the fragment-
ing jet function integrals separately. We use both FIRE
[57] and REDUZE [58,59] for this purpose. For the jet
function, the resulting master integrals are obtained by
performing the phase-space integration for arbitrary e.
For the fragmenting jet function, we use a combination
of direct integration and differential equations [60—66]
to obtain the master integrals. Additional details are
provided in Appendixes C and D.

/d(b303 7q 6(5' - S123)

= /dSlzdS13d523d21dedZ35(S123 =812 =813 — 523)5(1 —Z21 22— 13)

2CFTF //l e”)ze / d / -2
= Z Z
(ar)? T(1-2¢)s ! (1= zg)

4R+ (=2 - z))

>1+2e

—2e[(1=z3+23)(1 — 23)* =

PHYSICAL REVIEW D 90, 054029 (2014)

C. Bare jet function calculation

In the jet function the total invariant mass s is fixed, the
other phase-space variables are integrated over, and the
contributions from the various channels are summed,

Jypane(s) = / 45 (57) 05 (5')3(s — )
3 Sy [ 05085,3(5 = 512) + O,
ij

(34)
where ij runs over {gg, itu, dd, . is an identical
particle factor.

We start with Pz, which only has a collinear diver-
gence described by (1 — z3)~!72¢. After expanding this in e

using Eq. (A3) the remaining integrals are regular,

..} and S;

ijq

40(=A)(=A) ¢ (pPere\ 2 4g*
26) !l

- P
(4ﬂ)5—2€r(1 _ 3%23 94949

(1-6z3+23)z1(1 — 2y — z3)] + €*(1 — z3)*

€(2e — 1)z§z5(1 —zy — z3)¢(1 — z3)*7%

G CpTy (WPers)*™

(47)? T(1-2¢) sl

(1 —13)2

/ dZ3/l Sz, [_%5(1_13)"‘50(1 —z;)+(’)(e)}{_é(1+25)[z%+(1_zl — )]

(1 —13)3
- (1 — 6Z3 + Z3)Z]

X [1+2€+eln

] n 2[(1 =23+ 23)(1 — z3)*

(1-2z—z3)] }
+O(e)

21231 =21 — z3) (1-z3)°
RCpTp y* [8 76 746 20 , (7081 256
§ 2 2~ 5o e 20 . 35
(4n)? s}ge{ %27 9" +€< 81 g*) Ofe )} (35)

On the second to last line we suppressed the O(e) terms for brevity, though they are of course necessary to obtain the final
expressmn For ¢ — ggq we get a contribution equal to Eq. (35), as well as an additional interference contribution described

d)
by Play-

1
2/d¢303 2aa(0)0(8 ~ $123)

2

1
= /d512d513d323d21dedZ35(S123 — 812 =813 — 323)5(1 —Z31 — 22— Zs)

7751 =z — )¢

This interference contribution has neither collinear nor soft divergences in z;, so we may directly expand in €

40(-A)(-A)T¢ <ll2€”>264g4p(id)

(47)372T(1 — 2¢) \ 4n S%23 94

a%CF(CF—%CA) ﬂ Zele)? / d /' Zld
@n)?  T(1-20)s52 Jy & =

x[1+22—e(1—2)(2+z21 —22) — (1 — 22)(z1 + 22)],F) (—6, —e;1—¢;

— (21 +22)(z] + 1) +e(32) + 6272, +42123 + 23 -

e(1=2¢)(1 = 25)(z1 + 22)?

5 [(1=2€)z7°(1 = 22)%(z, + 7)1t

. 2(l =z —25) )

(1-2)(z1 +22)

4 —422+ 23+ 50 +22)

— €227} + 62325 + 62,25 + 223 — 4712, +4zy) — € (21 + 22)*(1 — 25)]

a2Cr(Cr—1Cy) 175 1
_ F((4;)2 2 A) S/f+2€ |:13 271. + 8C3 + €<7—47t — 842:3 +Bﬂ' > + 0(62):| (36)
123
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The symmetry factor S;,, = 1/2 for identical quarks cancels against the permutation (2 <> 3) inside qu; We will separate

the calculation of P, by color structure. The C% color structure has two soft divergences 771767517, yielding
1
z/d(bgag,ggq,CZF(S(S — S123)
1
= —/d512d513d523d11dedZ35(5123 =S =813 = 523)0(1 =21 —22 — 23)

2
2C2 /l e”E / d /1 4 (l — 21— zz)_e (26— 1)(1 _ )6(1 _ )2+€(1 . )—e
ez o e s ta TR

40(-A)(-A)T¢ <ﬂzen>ze 4q°

P
(47)>7%T(1 = 2¢) \ 4n 2, M

S123

. 2122
,(1 -z2)(1 - 2)
=75+ 22+ 62, =2+ ¢(325 + 2123 — zi2 — 2173 — 1023 + 327 + 4225 + 1523 — 4z, — 122, + 4)

X [(1 —6)(Z1 +Zz)2 + 2(1 — 2 _ZQ) +€(1 —€)Z122]2F1 <—€, —€; 1—¢ > —Zg +4Z% _Z% - 22112

+ e (=2125 = 22123 — 283 + 22720 + 220125 + 45 — 221 = 253) + €n2(1 =) (2 -z - Zz)}

202 e 16 24 1 40 417 464
it Al |:—————|— ( =75 + 2) ——+207Z2+?C3
€

- (4m)? sl € € 3 2
2275 125 122
+€(—T+T 2+256C3—Eﬂ ) +O(€2):|7 (37)

where the symmetry factor of 1/2 cancels against the permutation (1 <> 2). The calculation of the C-C, color structure is
more complicated and is split up into parts (a)—(e) which have different singular structures,

1
E/dq)gGg‘ggq’chAa(S —S123)

40(=A)(=A)7¢ [uerr\\ 2 44
= /dSlzdS13d523d21dedZ35(S123 — 51— 813 = 523)8(1 =21 — 25— 23) (4”()5_2312(1 226) < ) ——CrCy

5123
(21 (512 +2823) — 22(s12 +2513))* 1 €>
x<(l—e€ - = a
O a2 “
2 2 1-¢)(1-23)2 1— 1—2,)3 2.2
_ S Zs[ z+(1-e)(1-2z35) +€(1_€>] +S1£[_z3( 2)+(1-2) +€(1_Z2)<Z1+Zz_€>] (b)
4513573 2122 2513 2122 2122
_'_Slﬁ[(l_e)Zl(z_zZl+Z%)_12(6_612+Z%)+2613(Zl_212)_Z2:| S123 [(1_ >(1—Zz)3+Z§—Zz (0)
251, (1 -2z3) (1 -2z3) 2513 (1 -2z3)
(Usmeza) ] [ 20 0o0d) s r0-00-5)] |
2(1-2z3) 2512513 1—z; @ 12512513 %) (e)

a?CpCy (UPe'e)?e 4 1
=== dz;dz,dz36(1 —2; — 20 —
(4ﬂ)2 F(1—2€)s1;32€A 21d2,dz36(1 — 2y — 2 — 23)

y 1 (e=1)ziz3(1 =21 —23)7¢ a
{( (a)

1 —Za)lﬂe x 2e(1-2¢)(1 _Z3)3—2e [421Z3(1 -7 —z3)
+e[—(1=23)*(1 +23) + 221 (1 +23)*(1 — 21 — z3)] + €*(1 — 23)*]

1 (1-2;—2,)°
Z}+€Zl+e 26‘(1 —Zz)

[(1 —2) (1 =2)" (1 =z —2)“[(1 =€) (21 + 22)* +2(1 =21 —22) +e(1 —€)z125] (b)

212
X2F1<— €, —€,]—€,(]_ZI)](T_ZZ)> —Z%+Z%+ZIZ2+3Z% —2Z1 —4ZZ+2—€(1 —Zz)(Z% +Z%) +€2Z]Z2(1 —Zz)
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—€

3¢
2e(1-2)(1—23)

(1-2—-1z)
1+e(l —Z3)

+ (223 —42323 —

3Z223

PHYSICAL REVIEW D 90, 054029 (2014)

2234+ 1023 + 82323 + 42,23 + 223 — 1725 — 72023 - 223 (c)

+ 122, + 223 -2+ €(225 + 42323 + 52325 + 22023 — 1023 — 162323 — 11223 — 223 + 1523 + 182523 + 623 — 92, — 623+ 2)]

(I-z—z) 1 > ( le—a—@)>
- : - + 2(z1+z3)+(1—€)(1 =2, — Fi| —e,—€l-—¢,———F7—— d
Z}+26(1_Z3)l_€ Z3 “(z1+23)°2(z1 +23) +( Y1 =21 —23)%,F, (1-23)(z1 + 23) (d)
(21+2) (I1-2)(1-z1—-2)° > ( Zz(l—zl—Zz)>
2z1+z2—=1)—(1—¢€)(z;+z Fi|—-€—€1—¢————"— e
Z%+2€Z£+e € [ ( 1 2 ) ( )( 1 2) ]2 1 (1_Z2)(21+Z2) ( )
a?CpCy p* 2 22 242 5 2 2401 55 64
=4 I R /e T O(e?
(4n)? Hie{[3 R T 6( 81 27" 9‘§3>Jr (e)} (@)
(8 12 1/77 20 435 232
+ _6_3+€_2+g<7_?”2> +T— 1072 ——C3—37 8¢+ O(e ):| (b)
4 14 1/ 245 4295 35 128 75851 1225 448
A T R , P gt B Wi ___2_ O(e2
+_e3¢¥+e< 6_%ﬂ> 36 7373 éV3+€< 216 ' 36 6 >+ “)} ()
2 3 1 3 20
+ —3——2+—(7r2—13)—41+—7r2——é_,’3—134.8€+(’)(€2) (d)
| € € 2 3
6 9 1 ) 15 , )
+ ——3——2+E(—29+5ﬂ' )—75+7ﬂ' +64(3+118.6¢+ O(e?) (e)
e €
a?CpC, p* 4 40 1/ 377 8 ,\ 3175 91 2, 68
T @) s {‘2‘@*2(‘7*5”) o7 toT T3S
51337 1741 24 902 41 5
—_— —3—— . 38
e( 162 | 54 9 ¢ g0" >‘¥CX€)] (38)
In the last line we have displayed the analytic result - 23 (1—z, —z3)7°
obtained from the reduction to master integrals that agrees / dz; / %
with the partially numerical result (a) + - - - + (e) within (1-2)!
integration errors. We have kept the labels (a)—(e) through- d (I—-v)—°
out to allow one to keep track of the various terms " 2r1+€ 14+2¢°
contributing to ng‘rqc". The first factor for each term shows (€)a=1z + -2
the singular structure, which we expand using Eq. (A3). For ¢)a=umTa Zl _|_ [N
terms (c) through (e) it is convenient to first perform a -z
: ) v (2 o)
change of variables: / dz / 42 et ZF2e v
27 1+3e
() r=(1-zP w=—>r :/d/db 2 39
1 -z 0 a . a1+2€<1 _ b)1+e(1 + b)1+2s' (39)
o [, L)
3 e - Z3) This eliminates the overlap of divergences which would

/ dr/ 2rl+e l+e

(d) r=(1-2z3), p ="

I—Z’;

prevent an expansion in plus distributions. For example, the
divergences in term (e) at (a, b) = (0, 1) and (0, —1) would
otherwise coincide at (z;,z;) = (0,0).

The calculation of the real-virtual corrections follows
similar (but simpler) steps:
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1
[ 50105 0 - )

(L =2)s e (rPer\e2gt
- A G (1 =) ( in ) g Fos
a2Cr (Uere)’c 4 1 1 _ 7 €2
= (471)219(11 _ ;6) s1+2sA dz (1—z)+% xz¢(1 - Z)Setan(ﬂe) {[1 + 22 —e(l -2)7] [(CF —Cy) (1 B 26)

-z z 2

€
+(CA—2CF)2F1<1,—€;1 —6,—7) _CAzFl(lv —€,; 1 - €, —1—> +CF:| (CF—CA)mZ(] +Z)}

2Cr 1 8 25, 8,

4 6 1 64 40 1
+CA —3+—2+—(16—2ﬂ'2)+4O-57[2+_C3+€ 94——77,' 28€g 0 +O(€2) . (40)
e € € 3 3 90

Adding up Egs. (35), (36), (37), (38), and (40), we obtain the two-loop contribution to the bare jet function,

Cp e [ 4 3 28 1
ysae(s) = 8(5) + 2, Fﬂs[___3+€(—7+ﬂ2)+€2<_14+_”2+?C3> (e ge ey

47 € 4
+ 25 Ci ¢+2€{CF|: 16 24 ( 65—|—¥ﬂ2> —%4—187[ +§C3 <_$+%7I2
_1_13][ +172§;)} + C4 { 1(—2%3+§n2> —% %n + 4045 + ( %Jr%nz
+ 17 1028 >] +Tpnf[3 2+;2—|—72476—290ﬂ2—|—6<7g?1—12970 2_25653” O(e )}—I—(’)(a?).

(41)

Here we also included all the relevant orders in € of the one-loop jet function beyond the finite terms in Eq. (14), and have
taken the renormalization of the coupling constant into account

Z, =1 —4—S@+O(a ) = 1_0‘_1<3 C,— iTan> +O0(a2). (42)

T € dr e 3

D. Renormalized jet function

The final result for the jet function can be obtained from Eq. (41) by expanding s in plus distributions using Eq. (A3) and
renormalizing

T (sp) = / 4525, (5" 1) e (5 = ),

oo L ) anls A BB S

- 34 e e (535
- (5] e o)
LA R R G TR 25| R
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To obtain the contribution induced by the one-loop renormalization, it is easiest to use Eq. (A4). The remaining O(e”) terms

give the renormalized jet function

2
) _a;Cp 1 s 1 s 22 8
Jq (S,,M) = (47[)2 {SCF/?£3 </7> +/7£2 - —ISCF—?CA +§Tan
1 s 20 367 4 116
— L (5 |ce(37-Z2 ) + ¢ S ) - =271
+ﬂ2 1</‘2>[F< 3ﬂ>+ A<9 +3”> 9 an]

1 s 45 3155 22 494 8
+/7£0 <}7> |:CF <—7+7ﬂ'2 —SC3> + CA <—?+5ﬂ'2 +40C3) +Tpnf<7—§ﬂ2>:|

205 67 14 53129 208 17 206
+§(s)[Cp<———ﬂ2+—ﬂ4—18C3> +CA< Bl )

8 6 15

4057 68 , 16
Tpn (-2l 22 4 22 .
+ F”f< 162 27" +9@”

This reproduces the well-known result of Ref. [24].
From Z; we can calculate the anomalous dimension,

d
(o) = [ 5251 =g 20 (5 )

4 _ =277
648 27 180" "9

(44)

a,Cr o 536 8 160 1 s
~ i H‘“E(CA(TW*)+—TF"f>L7£°<ﬁ7>

+ {6 —l—Z—; (CF(3 —4x% +48L3) + Cy <%§9+29—27r2 - 80§3> + Tpny (—@ —§7[2>>:|5(S)}. (45)

27 9

Here we used uda,/du = —2a,le + a,fy/(4x) + O(a?)], the derivative of plus distributions in Eq. (A6) and the
convolution identities in Appendix B of Ref. [67]. This expression for y; is in agreement with Ref. [68].

E. Bare fragmenting jet function

In the fragmenting jet function we measure both the invariant mass of the jet and the momentum fraction of one of the

partons,

Gabare(8) = /d‘P%(SC 2)o5(s", 2)0(s = 8)[6r.q6(2 = 2') + G y8(z + 2/ = 1)]

+ Zsi/’q / A0S ;,6(s = 5123)[61:8(2 = 21) + 8k j6(2 = 22) + 8 48(z — 23)] + O(a), (46)
ij

where ij runs over {gg,iu.dd,...}. At variance with
the jet function case, the momentum fraction z is not
integrated over. Below we give the results in a form
regular for both z - 0 and z — 1, which were obtained
using the reverse-unitarity approach to phase space
integrals. The regularity at z =0 is not necessary
since it never enters in Eq. (6), but it allows an
additional check with the corresponding contribution
to the bare jet function. For the direct integration

[
approach, we performed the calculation for 0 <z <1,
which simplifies the calculation compared to the jet

function by e.g., removing the complication of over-

lapping singularities in P?;;ICA. We then turned the

result into plus distributions and fixed the coefficient

of §(1 — z) using the quark-number sum rule in Eq. (7).
Starting with Py, we first consider the case where the
momentum fraction of ¢’ or g’ is measured,
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/d@gﬁg/ / 5(5' - S123)5(Z - Zl) = /d®§6§.qlq/q5(s - 5123)5(Z - 22)

& CeTy p 18 1| 4 16 4, 5
= o s - -38(1 Hy + - (4 -
(47)? 1+2€{ 235( )‘1'6[ 35(2) 3/30(2) 8(1+72) o+3( > +3z-3)

8 32 81—z

4
- 5 (3 + 7[2)5(Z) + §£0(Z) + ?El(Z) + 24(1 + Z)HO,O - 16(1 + Z)H - gT (4Z + 7z + 4)

+4(3 4+ 2)H, —g(z2 —-87+8—-rm*(1+2z) +e |:§5(Z)(—32€3 + %) + g (3+7%)Ly(z) - ?ﬁl(z)

32 161 —
—?ﬁz(z) +16(1 +2)¢3 = 56(1 + 2)Ho 00 — 32(1 + 2)Hy; + 16(1 + 2)Hy —?TZ(‘LZZ +7z+4)H;
81 —Z b 4 2 81 2
+§T (4+4z°+72)H o — 3 (82 + 15z +21)Hy o + 48(1 + z)H; + §Z<3Z +9z + 8)H,
161z 4 2 ,
+?T( —7z+ 1)H, —5(101—22+7r(1+z)) —§(12z — 1267 + 126 + 7%(20z%> + 21z + 3))
+ O(€2>}. (47)

The harmonic polylogarithms H are defined in Appendix B, and we have suppressed their argument z for brevity.
Measuring the momentum fraction of ¢ leads to

[ 49568 1,005 = szl - )

QRCrTp p* (18 1[40 16 8 4

: Sl =) - |21 =) == Lo(1—2) + 2 (1 — (=56 +92%)5(1 —
e {ESau -9+ [Da -9 - Be-9+ Sa ] - essroman -

80 16 81+ 40
—750(1—2)‘1'7[,1(1—Z)+?(1 )H]+§17ZH0+6(1+Z)

.8 160

te —8—15(1—z)( 328+ 2524, + 455%) + 3 (=56 + 97)Lo(1 = 2) + - Ly (1—z)——£2(1-z)

32 81+ 0
+?<1 +Z)H1 1 +§ 1 Z (6H1’0 - 3H0,0 +6H2 + 5H0) +3<1 +Z)H —E(—74Z - 38 +97T2(1 +Z))
+(’)(€2)}. (48)

Moving on to Péq;, the measurement of the momentum fraction of g yields

1
E/dq’gdg.qqq(id)fs(s —5123)8(2 — 21)

6 Cp(Cp—5Cy) p {1 +2°

4
(8H0’0 - 16H_1’0 - §ﬂ2> + 16(1 - Z) + 8(1 + Z)HO

(477)2 s1+2e 1+z
1+ 72 16
—|— € 1 + p —40H0q0’0 + 48H_1‘00 32H 12 + 32H 2.0 + 16H3 + ?ﬂ' - 2463 - 32(1 + Z)HO,O
4
+16(1 + z)H_; o + 16(1 + z)H, + 32(1 — z)H; +4(z — 7)H, — 5”2(1 +2)+4(1- z)] + O<€2)}. (49)

When the momentum fraction of a quark is measured, we find
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1
z/dégag,t}qq(id)(s(s - S123>[5(Z - Z2> + 5(2 - 23)}

_ a@Cp(Cp—3Cy) {41 + 72 2 —5z72

h 6H, ( + 72) — 4
(4r)? sit2e 31—z( Lo+ 7) -z

Hy + 4(8z — 7)

1+22 8 8
+ e[ 1+ Z (24c3 —24Hy 0 = 16Hy + 16H;, - 7°H, - §”2Ho> —8(1 = 2)Hyo +8(8z - 7)H,
—Z

2-572
+ 1

1 4,1
— (12H, — 8H,) +41—_Z(1012 —13z+9)H, —§7r21—_z(6z2 —2z-1)+4(17z - 15)] + 0(62)}.
(50)

Next we consider the C% color structure in g* — ggq. Measuring the momentum fraction of one of the gluons,

1
5/ d@gag,ygqycié(s —5123)[6(z = 21) + 8(z2 — 22)]

_ ((ic)%; sﬁ‘; {— 613 328(z) + 612 [—246(z) 4 32L(z) + 16(z = 2)] + é {g(zﬂz —7)8(z) + 24Ly(2)-32L,(2)

1 4
+ 322 (z22 =2z +2)H; — 12(z = 2)Hy — 2(16 + Z)] + gé(z)(112C3 +97% — 84)
1
= 8(27% = 7)Lo(z) = 24L,(2) + 16£L,(2) + 8; (22 =2z +2)(8H;, = 3H) o) +4(z = 2)Hy,
1 1 28
- 8; (322 - 62+ 8)H, — 42 (z2 + 16z — 12)H, + 2(16 + 7z)H, —?HZ(Z -2)+6(z-9)

4 4
+e —gé(z)(168 —84¢5 + it = 21x%) — gﬁo(z)(11253 + 972 — 84) + 8(222 = 7)L,(2)

248
3
1 1 1
+8E (Zz - 2Z + Z)H]’0,0 + 12(Z - 2)H0’0’0 —_ 162 (3Z2 - 6Z + 8)H2,1 + 82 (3Z2 - 6Z + S)HZ,O

16 1 1
+12L5(z) = ?53(2) - (2=2)¢5+ 1282 (2=2z+2)H;,,; - 482(22 —2z+2)H;

1 1 1

—482(22 - 2Z + 2)H1.2 - 8E(Z2 + 16Z - 12)H11 - 4E(Z2 - 16Z + 12)H10 - 2(16 + 19Z)H0’0
1., 1 ) 1., 56,1,

+82(8 +z° —2z)H; +4E(—12+7Z + 162)H, + 42(31 — 277+ 28) -3 E(Z -2z+2) |H,

+ (6(5 +2)+ 23—67r2(z - 2)>H0 +2(=52 +3z) + 7*(16 — 3z)} - 0(62)}. (51)

When instead the momentum fraction of the quark is measured, we find

1
—/ d@ggc 6(S - 5123)5(2 - Z3)

2 3.999,C
a;Cr p* 1 1 1.,
= (dn)? s —5165(1 -2) +?[32Eo(1 —2z)—16(1 +z)] +2 8725(1 — z) — 64L,(1 —z) — 32(1 + 2)H,

5432 224 1422

—4 _ZZ H, - 8(1 —z)] 7501 = 2)Cs = 1622Lo(1 = 2) + 64L(1 = 2) = 64(1 + 2)Hyy =32 _ZZ H,,
5-22 54322 28 2

+47 _ZZ Hoo—8 1—ZZ H, —16(1 — 2)H; + 8(1 —Z)H0+?7r2(1 +2)+4(l—z) +e _5”45(1 ~2)

448 128 837 —257 1-13z°

— ¢ —128(1 H —4
3 -2 {3 (1+2)H; 12

—Tgsﬁo(l —z)+32727L (1 —Z)—Tﬁs(l —-z)+ Ho 0
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142 5+32
+325 —ZZ (Hyp0—2H;,—2H, 1) + _ZZ (=16Hy, + 8H,) + (1 = 2)(=32H,; + 16H, o + 16H,)
5_,2 2 ,15+172°
+85 _Z’Z H; + (167%(1 +2) 4+ 8(1 — 2))H, + <§n2%+4(1 + 3Z)>H0 +4r?(1-2) +28(1 - 2)
+ 0(&)}. (52)

For the CrC, color structure of g* — ggq, when the momentum fraction of one of the gluons is measured, we find

3 [ 9865 005 = 512)f0(z = 2) + 3z = 2)
{—%w&HEJ—%&Q+8@@H4@—%

@Gy e
- (4”)2 s1+2€
112

124 1 8
+- [5 (=3 +47%)8(z) + Tﬁo(z)Jrz%Z (z2 =2z +2)H; +8(4 +z2)H, — 3 (222 4+ 32+ 12)

+ %5(2)(4853 +317%) + 4(1 = %) Lo(2)

248 22742 242742
~ 5 L1() ~ 16L5(2) + 8%(21{1,1 —H,,) + S%H_LO —40(2 + 2)Hy + 16(4 + 2)H,

81 4 2
+37 (31 =473 — 672 — 247)H, — 4(4 + 3z)Hy + 3 (4 + 622 —13z) — §;z2(6 +7z)
Z

1 2 8 248
+e [Eé(z)(—60 + 248085 — 97* + 157°) — 6£0(z)(—48§3 +312%) + = (=3 + 221 L, (2) + T£z(z)

w

22742

16 z
- ?(5 +22)¢5 + L (32H,;; —24H, ;o + 8H; oo — 16H, ,)

64
+—£3(Z)

3

2 4+27+2
+7

8
B <—24H_1,0’0 + 16H_1’2 - 16H_2’0 - §7Z2H_1> + 8(22 + 1SZ)H()7()'() + 32(4 + Z)HZ,I

81 4 1
t37 (423 + 622 + 24z = 31)(H, , — 2H, ;) + 3 (82% + 457 + 84)Hg o — 8zH_, o — 16E (572 + 10z + 4)H;
z

(1-2)(2z=3)(1 + 3z)
z

81 1 4
—gg(gzz + 12Z + 62)H2 —_ 8 (322 + 6Z + 2)H2,0 + <§(1SZ —_ 16) + 477,'2Z> HO

1 8 4 8
—(47[22(Z2—2Z+2)+§ >H1+§ﬂ2(10z2+2lz+72)—l-g(l—z)} +(9(€2)}. (53)

For the momentum fraction of the quark we find

1
E/d(pgag,ggq,CpCAé(s - S123)6(Z - Z3)

@Gy e
- (471.)2 S1+2€

{—61345(1 -72) +€l2 {—%6(1 —2) +8Ly(1 —z) —4(1 +2)

| S

Wl

—l—é |:§(12ﬂ'2 —67)5(1 —z) +43—4£0(1 —z)—16L,(1—z)—-8(1+2)H, —= (17 + 52)]

1 4
+57.0(1 = 2)(1044¢; + 9977 ~ 808) —?51(1 = 2) =g (1222 = 67)Lo(1 = 2) + 16£5(1 = 2)

1422 4 2114272 2 ,522-3 2
H, o+ Hoo) —= (17 +52)H, — == H,—=2225 72 _2(94 4 49
l—z( 10 +Hop) 3( +5z)H, 3 1oz om37 9( +49z)

- 16(1 + Z)Hl.l —4
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1 2
+ ¢ o701 = (2772085 + 1537* + 60307” — 48560) — 2= Lo(1 — 2) (10445 + 99a” ~ 808)

810
8 813 16
51222 = 67),(1 g+ c2<1 ~2) ——£3<1 —z>—§j—_zc3 ~32(1 + 2)Hy,
1+ 27 8 8 1 5
+ 1 — P (_8H1,1.0 + 4H0’0‘0 - 4H1.0y0 - 8H'; — 8H1.2) - §(17 + SZ)HI,I - 51——1(4 + 4Z + 3Z)H1’0
2 1 4222 + 11 4 16
——10 12z = 17)H ——H —— (%4 +4 — (1 H
372 (102 + 12z JHoo — 312 2+< 9(9+9z)+3ﬂ(+z)) |

21 4 147 1 1 2
ST (42 49) — — 72 Hy — =722 —— (72 + 20z — 21) — — (629 + 233 2) 5. 54
<91 (4z* + 9z +49) 37 1—z> 0737 1—z( 77+ 20z ) 27( 9+ Z)]+O(€)} (54)

For the real-virtual corrections, we do not need to perform any integrals, but simply expand in €. We first consider the case
where the momentum fraction z of the quark is measured,

[ 5505 s )ots - 56z - )

aCp p* Z+1(8 , . 4,
= ()2 s {CF{ 12 (Elnz + 8Liy(z) — 12In°z —37 ) -8(1—2z)Inz —4]

+Cy {;35(1 -z) —64—2(1 +22)Lo(1 - 2) +é(8(1 +22)L(1-2z) —22%5(1 — 2) + 4(1 - 2))

~8(1+ ) La(1 = 2) + 2231+ D)Ll = 2) = 2 E35(1 ~2)

2 +1
—z

+ (—8Li2(z)—81n(1 —-2) an+4ln2Z+§ﬂ'2) -8(1—-z)In(1-2) —1—4] +(’)(€)}. (55)

The expression for when the momentum fraction of the gluon is measured instead can be obtained by z - 1 — z.

F. Renormalization and matching of fragmenting jet function

As stated in Eq. (5), the renormalization of the fragmenting jet function does not depend on the momentum fraction z and
is identical to that of the jet function in (43). The 1/e poles that remain after renormalization are IR divergences, which
cancel in the matching in Eq. (6),

i 1dz i i
Gq(2)(s,z,/4) q, (s,2,1 +Z/ —qu ( , ,,/4>Dj(1)(zf,/4)+5(s)Dq(2>(z,/4). (56)

We have worked out the second and third terms on the right-hand side of Eq. (56) in Appendix E and verified that their poles

agree with those of the renormalized fragmenting jet function. The finite terms of 92(2) minus the finite contribution from the

convolution of J E]1j> with D;?( ) give the two-loop matching coefficients ,_7 which are given below.

qi
Starting with J (qzq) we separate its contributions by color structure,

2Cp 1
(471')F 212 (Crhac, *+Cas

()
q9.Ca

+ TF9< )+ ”fTFQE,q) T,.)s (57)

where for later convenience we keep the secondary-quark contribution g((f;, separate. The ingredients are given by
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7 2072
gg,q)cF _5Q‘ )[ - 8(1 = 2) +3203L0(1 —Z)——ﬁ (1=2) +8L5(1 —2) +24(1 + 2)Hy

30
2 1 3+ 572 2 1 1
+16 +ZZH1,1,O+4 1” Hy g0 = 107 i ZZ Hyoo + 8 1” Hy - 12 +2 “Hag+8 1” H,
2 1+ 522
~ 12(1 = 9)Hy = 7= (12~ 142 = 7)Ho + 4 < 3+121—_Z(1—z—z2)H2
2, 2
T (P(=3+722) +33 =69z + 3622 )H, — = (2(3 + 522) + 21 — 42z + 3922)H
+3(1_Z)(7r( +7z%) + z+ 36z)H, 3(1—1)(7[( +5z2°) + z+39z°)H,
2 . 5-T7-2 1
Il T 4164102 —— + 34(1 - 2)
3 11—z 1-z2
20 43+ 2*
+£0 <Iu > |:32€35(1 —Z) +24£2(1 - Z) —?7[2,60(1 —Z) %Hz - 24(1 +Z)H1.1
1 1+ 272 4
Fa2(1+2)—24(1-2) -8 1+Z Hyp— 16— +e —Hyp— - (4=5:-2 )HO]
s 20
+ L, e 48L, (1—z)—?7z 6(1 —z) +24(1 + 2)H; +4(1 + 2)H,
VL, <l%> 24L0(1 —2) — 12(1 + 2)] + 8L, (%)5(1 —2). (58)

2 1
g —5( >[27 (3785 + 3327 —404)Lo(1 = 2) + 75 (187" — 198075 — 6037? + 4856)5(1 ~ 2)

4 22 2 2
—?Lz(l - Z) —5(37[2 - 67)£1(1 —Z) +—(1 +Z)H1‘1 —4(1 +Z)H2 +—(85 + 319Z) _§ﬂ2(4+ Z)

3
54922 147 1422 1+z 1+22 11

+2€’§ I—Z —41 H]10—|—101 HOOO_41 H20—|—41 ZH1.2_§17_Z

22 2 ,3+z 2 1 2 ,1+22
“2 -1+ 147) — =22 H 107 — 129z + 80 H
+(9( 14) =g 1—z> l+<91—z( 92+ 80%) — 37 l—z) 0}

(—35 + 122 "’ ZQ)HO’O

+ L Q%) [% (378C5 + 3372 — 404)5(1 — 2) —?51(1 ~2) —%(37:2 —67)Lo(1 - 2) —23—2<1 +2)H,

4 2 1+ 72
44 4 22 22
L (S) -2 Lo(1=2) == (B2 =6T)0(1 —2) + = (1 +2) | ==Ly (5 )6(1 = 2), (59)
P 3 9 3 372\
2 8 80 8
gy = 5(%) {8—1(18053 +457° = 328)5(1 — 2) + 3 La(1 = 2) =5 L1(1 = 2) = 5 (37> = 28) Lo (1 = 2)
8 16 4 4 41+ 22 4 1 )
—g(]—|—Z)H11—?(1+4Z)H1—E(19+37Z)+97[ (1+Z) 3 1_ 0'0—51—%(11—122"‘112 )H0:|
16 8 8 16
+£0(/%> [3 L (1—z)——£0( )——(3;:2—28)5(1—z)+§(1+z)H1+3(1+4z)]
80 8 8
(%) [reti--Fau-a-Sa+a] +5e(3)a -, (60)
P 9 3 372\
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2 s\ [-272%(2+3z)  2(1 —2)(107 + 239z +287z%)  [47*(1 +2z) —4(7+ 90z + 817 + 312°)
g 5B = 5 ) - + + H()
4 2 3 27z 3 9z

4(1 - 2522 4(4 =37 - 1272 — 47 2(8 — 37 — 1522
N (1=2)(7+67z+ 5z)H1_ (4-3z-12z Z)H2—16(1+z)H3+ (8-3z SZ)Ho,o
9z 3z 3z
4(1 —z)(4+ 7z + 422
+ (=2 3 : Z)H1.1+8<1+Z)H2,1+20(1+Z)H0,0,0+8(1+Z)53}
4r2(1 41— 25:2)  4(4—37— 1222 —473)H
Lz, % m°(1+z) 4(1-2)(7+67z+ 52)+ (4-3z Z Z’) 0 _8(1 + 2)H,
3 9z 3z
4(1—2)(4 + 7z + 422)H 41— 2)(4 + Tz + 422
_ 4= 3zZ ) ‘+16(1+z)H0,0}+£1(/%>{( 2 3 : Z)Jr8(1+z)Ho‘ (61)

The matching coefficient 7 ,; that describes the contribution from the antiquark fragmentation function (of the same
flavor as the quark) has the following form:

a2Cr 1 2 2
e (Cr Ca/2)92) i + Trgi): (62)

T (s z.m) =

2

The secondary quark contribution g,

was given above in Eq. (61). The interference contribution is given by

2
0 =023 ) | 1600+ 2o = 801+ H.10 = 801 + )My = 1601 = ), =27 + Mg + 52201+

1+ 22 8
+ 1—:»Z (1253 + 20H0,0,0 - 24H_1.0,0 + 16H_1.2 - ]6H_2’0 - 8H3 —_ §7T2H_l> - 2(] —_ Z):|
B : :
s 14 72 1+ 72 4 147
Lol — ) [8(1 Hy + 16(1 — 8—Hyg—16—H_ (-7 . 63
# o5 [s00+ Do+ 1601 =2+ 85 S o = 167 b - S 1 (63)
The contribution involving fragmentation from an (anti)quark of a different flavor ¢’ # ¢ is given by
2
2 2 aSC Tr 1 2
Jf]q)r(s,z,ﬂ) = j(qq)r(s,z,ﬂ) = ﬁ;gf]q) (64)
For the matching 7 ,, onto gluon fragmentation functions, we have
2
2 a;Cr 1 2 2
jgg) (s,z,p1) = (4”)2? (Cpgég),cF + CAggg%cA)v (65)
with
2 2 2 2 2
2 s (6 — 16z + z%) —4r°(3 —4z+2z%) 28+3z-13z
=0(—=)|-24+19 H
Jagcr (qu> { e 3z " 3z * z 0
4r?(2 -2 2 4(7-77+37 43 -27° 2(12-16 2
+ < 22t 7) HT-Tit 3 )>Hl LAB=2) (16— 130)Hy - 2 )y
b4 z z
16 42-2z+ 22 8(2—-2z+7* 4(12 =10z + 522
—ZH3+(ZZZ)H12— ( ZZ Dy 4+ M ZZ )ty 4+ 1002 = 2)Ho oo
N 162-2z+2)H 09 4(2-2z+2)H; 10 20(2-2z+2°)H;, N 4(4 -2z + z2)c3]
Z b4 Z Z
—472(5 -6z +37%) 2(14—15z+6z%) 12 2(12 — 16z + 37>
+£0<)%>[ Gl 3ZZ+ e ZZ+ Z)—7H0+ ( ZZ+ M, 1 82— 2)Hyg
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4(8 — 6z + 372
_H8=62437)

8(2-2 2 16(2-2 2 -2(12 - 16z + 372
+#HM>+&HM] ”1(52)[ (12 - 16z +32°)
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z z z
4(4 -2 2 162 -2 2 12(2 -2 2
N ( z—I—z)HO_ ( z+Z)H1]+£2<_2> ( z—f—z)’ (66)
z z 7 z
272(=3 =62+ 27%)  2(1169 — 723z —204z% —269z%)  4n°(2+2z+ 72
02 =8 7 et ) 2 2 =204z G) A2ty
49-%a 3z 27z 3z
—872%(1 +z+22)  2(152 + 405z + 1712% + 627°) 2(26 + 57z — 487% — 267°)
+ + Hy - H,
3z 9z 9z
4(40 — 67 — 372 — 473 2(80 + 48z + 1572 4(31 — 247 — 47
+ ( 37 )H2+42H—1,0— ( )H0,0—122H1,0— ( 3z )H1,1
8(2+2z+4 22 8(2+2z+72° 8(6 + 4z + 5z° 8(2—-2z+2°
BLCRE Ay )H—1.2 + Bat2ete) )H—z,o + ( )H3 + ( )HI,Z
z z z z
8(2-2z+7%) 4(6 + 2z +57%) 12(2 + 2z + 2%) 20(4 + 27 + 3z%)
- H2,0 - H2,1 -1,0,0 — HO,O,O
z z z z
12(2 =22+ 2%) 16(2 — 2z + 22) 4(2-2z+7%) 8(8 —z+52%)¢;
- HI,O.O 1,1,0 — Hl.l,l -
z z z z
s\ [47*(2+2z) 4(13+337-2472-137%) 8(20-37-3z2-273
()[R 4 )8 e
3 9z 3z
4(1 —z)(31 + 7z + 472 16(1 2 8(2+2z+72 8(6 + 4z + 57°
N (1=2)31 47z + Z)H1+ ( +z+z)H2+ 2+ Z+Z)H_1,o— (6+4z+ Z)Ho,o
3z Z Z
16(2 -2z + 72 8(2-2z+ 2
_16@z2zt )y 822y
z z
—4(1-2)(31 47 472 16(1 2 8(2-2 2
+£1Q%)[ (1—-2)( 3Z+ z+4z2°)  16( +Zz+z)H0_ ( ZZ+Z)H1 ' (67)

We have verified that these results satisfy the quark number and momentum sum rules of Eq. (7), providing an important
cross-check. In terms of the ingredients above, these sum rules read:

[ 417 = T s ) = 1 s

/ a2l 7% + 7Y+ (= DT+ D) + T s, 2om) = I (5., (68)

V. DISCUSSION AND CONCLUSION

In this paper, we have pointed out that beam and jet
functions in SCET can be calculated by integrating the well-
known QCD splitting functions over the appropriate collin-
ear phase space. To demonstrate the utility of this approach,
we have first shown that it reduces the computation of NLO
beam and jet functions to expansions in e, using the
(fragmenting) quark jet function and the (TMD) quark beam
function as examples. At NNLO, we have calculated the
quark fragmenting jet function for the first time. This result is
checked by verifying the cancellation of IR poles in the

matching onto fragmentation functions and by using sum
rules that relate it to the known quark jet function.

More general beam and jet functions than what we have
considered in this paper have found applications in phe-
nomenology. Beam functions differential in both the trans-
verse virtuality and the transverse momentum [69-71]
entered in a calculation of the Higgs pr spectrum [69]
and a recent event shape study in deep-inelastic scattering
[72]. The generalization of the fragmenting jet function
where both momentum fractions in the double real con-
tribution are measured would for example enter in the
description of jet charge at NNLO [73,74]. In addition, one
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could study jet functions and beam functions in the
presence of a jet algorithm; see e.g., Refs. [75-77].
Splitting functions in dense QCD matter were calculated
in Ref. [78], and so one could envision including medium
effects on jet functions in this way. The approach discussed
here is certainly advantageous at NLO, but it will depend
on the details of the measurement whether that remains true
at NNLO.
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APPENDIX A: PLUS DISTRIBUTIONS

The plus distributions are defined as

£(a) = {ln”a} +

a

lnn+1 b

. [6(a—b)In"a
=lim|———— - Al
blll(])|: a +8(a b)n+1 (A1)
and satisfy the boundary condition
1
/ dal,(a) = 0. (A2)
0

We will use the following plus distribution expansion:

# = —éé(a) + Loy(a) —eLy(a)
+S L) - S Lafa) 1O, (43)

as well as

/a dbLy(b)(a — b)~1=¢ = A‘ G b)—l; _ gl

0
a (a—b)=¢
db—F——
+ [ .

— v -] e
(A%)

The transverse momentum plus distributions can be
converted to impact-parameter space using the Fourier
transforms

PHYSICAL REVIEW D 90, 054029 (2014)
272

Ak Gox o2
in [ Gt R @) =1

R g
4ﬂ/ (27r)L2 etrkifo(kl) =—Ly,
2

&K o
in [ G R n@) =512,

where L, = ln(ZieZVE /4). The following derivative of
plus distributions is useful for calculating the anomalous
dimensions:

pl Liﬁ <i>} LG5 n>0,
du [y "\ —25(s) n=0.

APPENDIX B: HARMONIC POLYOGARITHMS

(AS)

(A6)

Harmonic polylogarithms [79] reduce to logarithms for
weight one:
H;(z) = —In(1 -2),
Ho(z) =1Inz,

H_((z) =In(1 +2). (B1)

Writing higher weights as vectors by, ..., b, = l; with
b; € {1,0,—1}, the harmonic polylogarithms of weight
w are defined through

H; (2) = ilnwz, (B2)
and recursively for ¢ = (a, 1;) #0, by
H,;0) = [, om;0) (83)
with the integration kernels
1 1 1
fl(t)::7 fo(f):;y f—1(f):1—+[- (B4)

Weight vectors with zeros to the left of 1 or —1 are
abbreviated:

:I:I(Z) =H +04w..(2) (B3)

[=})

ey

and we omit the argument z if there is no potential for
confusion.

APPENDIX C: QUARK JET FUNCTION AT NNLO

The integral reduction for the jet function calculation in
Sec. IV C can be performed for the kinematics g — p;,
P2, P3» Pa, keeping s,3 fixed. After integral reduction the
expansion to first order in 5153 /5234 is performed. We have
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L @CrTr p* 2(1—€)?(2—4e +€2)
/d<1>363,q/q/q5(8 —513) = (4][)2 g1+2€ 62(3 — 2¢) 1
1 G Cr(Cr = Cy/2) 1* g
2/d©§0§,qqq(id)5(8 —S123) = (47)? g1+2€ Tagq-
1 c ¢ a%CF :“46 o CrCy
E/ d¢353.qgg5(s = S123) = WW (Crlggy + Calggy™), (C1)

which have the following decomposition into master integrals:

i _ 4 —38¢ + 136€> — 207¢* + 120e* — 6> — 9¢® + 2¢7 1 — 6€ + 6€> 1 — 6e + 6€>

294 263(1 —€)(1 = 2¢) 1t e(l-¢) 2 e(l1-—¢)
1 —9¢ + 9¢?
-1+ I,
(I—2e)(1—ec) 4116
8- 112¢ + 607> — 1541€* + 1772¢* — 647> — 134€6—|—8€7I L 1-¢ L+ 1—-¢ Lot 1
4909 263(1 — 4¢€)(1 — 2¢) P —4et 1 -4 T
[CrCa _ 96 — 1148¢ + 5476€% — 13443 + 18033¢* — 12497 + 3524¢° — 132¢” + 16¢8 7
o 463 (1 — 4€)(1 — 2€) (=3 + 2¢) !
1 — 6€ + 4¢* — 8¢ 1-¢ 1
I, — Is —=1;. C2
+2(1—4€)(1—2€) YT 2(1-4e) 27 (€2)
The integrals are defined as
Ik = N]F(l - 26)28_467[4_€S_1+2€ / d@§5(3123 - S)bk (C3)

where we have A, = 47 /T(1 — 2¢) and

B {1 1 1 1 5123 $123 13 Sha } (C4)
Il—zi 1=z711-2 S23(1—Z3) 513<1—11)Z3 S12523(1—Zl)(1—23) $128132223

They evaluate to

INT =73 —rz(:);(?i 3e)” (C5)

LN =73 _22;2;(62)3— 30)" (C6)

LN, = T _22;2;(23_ 35 JFy(11=2e,1—€,2 —3e,2 = 2e; 1), (C7)
LN, = T _Féi);(e;_ sl =261 -2 =3e.2-2610) (C8)
Is/N,) = —%31@(1,-2& e 1= 36, 1—2ei—1), (C9)

1N, = - L= 2000 = 6)24F3(1 —e,=2¢,~2¢,~2¢,1 — 26,1 — 2¢, —4e; 1), (C10)

e’T(1 — 4e)
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/Ny =- +

ST(1-3¢) ¢
2 r(l-e)?
Ce(l—e)(1+6e)T(1 - 3e)

APPENDIX D: QUARK FRAGMENTING JET
FUNCTION AT NNLO

Similar to the jet function case, the integral reduction for
the fragmenting jet function in Sec. IV E can be performed
for the kinematics ¢ — py, p», P3, P4, keeping s1,3 and 54
fixed. After the integral reduction, the expansion to first
order in s153/81234 is performed. (The integrated splitting
functions in terms of master integrals are given in the
Supplemental Material [80].) We denote

F[b] = N/dq)l—»45(s — 5123)0(514 — 2(51234 — 5123))b
- Z(M)jp[b](ﬁ

D1
$1234 ( )

where N is a normalization factor (not equal to N).
At variance with the jet function, for some integrals
subleading coefficients in s,3/5234 remain after reduction
and expansion.

The integrals are obtained either by direct integration or
by solving the differential equation in z (in some cases
order by order in €). The integrals show up multiplied by
various powers of z and 1 — z. We pull out factors of either

6 T(1—¢)® 1T(1—-2¢)T(1—e)l(1+e)
e (1 - 4de)

JFi(ll—-el—-el—-€1-3¢,2-¢2+¢€1).

JF,(—2¢,—2¢,—2¢,1 — 2¢, —4e; 1)

(C11)

zor 1 — z from the integrals such that z7'=%€ or (1 — z)~!-¢¢
can be expanded in distributions using Eq. (A3). The
expansion of factors z7!=% is not necessary for the cal-
culation at hand, but it allows us to check that the integral
over z reproduces the corresponding contribution to the jet
function.

For all the integrals there is an integer m such that

(1 —z)mt2F S at arbitrary €. The constant can be
determined by direct integration in 4 —2¢ dimensions
(starting for example from the explicit parametrization of
the 1 — 4 phase space in Ref. [81]) in all cases. The
analogous statement is not true for z — 0. In almost all
cases, the leading behavior at z = 0 was determined from
the explicit phase space parametrization. The exception to
this is F[1/(s125135124)] for which the form with explicit
factors of z was determined from the form with explicit
factors of 1 — z, using the corresponding contribution to the
jet function as additional input.

The normalization of the integrals is the same as that
for the jet function, such that e.g., [dzF[1]") = 1,. For
the integrals that have been determined only to finite order
in €, we do not display all the required orders below, since
the full expressions are contained in the Supplemental
Material [80].

RN, = (-2 T (02

PN, = (1= L0 = (D3)

FII® /N, = =z7(1 —1)1_25611:((21__;:)62), (D4)

F&] N = =1 - @F%%fﬁ, l—e2-21—2), (Ds)
F LL] YN = e - z)l-%lmm(l, l—e2-261—-2), (D6)
FLH YN = -z)l—ze%zﬂu, l—e2—21-2), (D7)

F {i] N = (1 - 2)1—2€¥£E;—:2€)€;2F, (1.1—e.2-2¢;1—2), (D8)
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17® (1+4€)(3 —9¢ — 8¢ + 8¢ I'(1 —¢)?
F — /N[Z
S104 12¢(1 —2¢)(3 — 2¢) I'(1-2e)
X [27(1 = 2)7 (1 4+ 2) = 22"7¢(1 = 2) 7172, F (1, —e, =2e5 1 = 2)), (D9)
[512]®@ e |2 1 (1 —e¢)?
F|-2 = 77¢(1 = 7)!-% , D10
_slzj N = =) S P = 2e) (D10)
s12 | e 1o 2—Te+4e* T(1-e)?
F|2= = —77¢(1 —7)!"% , D11
Lm_ INi=-7(1-2) 2(1 = 2¢)*(3 — 2¢) (1 — 2¢) (D11)
s1p | @) _ e L +e=126* + 86 T(1 —¢)?
F|—2 = —7(1—g)\"% , D12
[3124_ N1 == =) 3 3G —20) (1 = 20) (b12)
513 |2 1 rl-e?  _ -1-2 2 2
F|-2 = —77¢(1 - (1 —e(1+6
2 NG = sy = 7 (P el 4 6242)
+2(1 =2€)z'7¢(1 — 2)7172¢(1 + 2),F, (1, =€, =2¢; 1 — 7)), (D13)
(3) 1 I'(1—¢)?
F[SA} IN; = B (1-¢)
S124 26(1 —26) (3—2€)F(1 —26)
x [77¢(1 = 2)7172¢(2(1 + 2)> = 3e(3 + 2)(1 + 3z) + €>(11 + 58z + 1122) — 4e3(1 + 62 + 72))
—4(1=2¢e)(1 —4e +2e*)72'7¢(1 — 2)7172¢(1 + 2),F, (1, —e, =2¢; 1 — 2)], (D14)
S13 (4) 1 F(]—E)z
F|l—| /N;=
lej [N 4e(1 —2€)2(3 — 2¢) (1 — 2¢)
X [z7¢(1 = 2)7172¢((1 + z)* — 4ez — €*(13 4 462 + 132%) + 206 (1 + 62 + z2) — 8¢*(1 + 62 + 2%))
=2(1=2¢)(1 +e—16€* +8e*)z!7¢(1 — 2)7172¢(1 + 2),F, (1, —¢, 2¢; 1 — 7)), (D15)
1 70 2 7% 2771 =2)'72 (1 —e)?
F =-= (1 —e)(1 = F/(1,1-¢,14+¢7), (D16
A ara 0 + 3T ST T R M —at van., (019
11O 1 (1 —e)?
Fl—— =l — gy e L F (—2¢,—¢,1-26;1-2), D17
[523S24S124] /N €2Z ( 2 F(1—2€)2 1( “e ‘ 2 ( )
1 ] 1 T(1—¢)? 1T(1 —¢)?
Fl— = (1) e m (1 =) F, (1,1 —e,2 = 26,1 —2), (D18
L14S34S23J /N €2F(1—2€)Z (1=2) €F(2—2€)Z (=2 5A( ‘ 1=z, (DI8)
1 0) 127761 —2)7(1=-3z)T(1 —e)?>  1z717%(1-2)
Fl—1 — — (1 —e)r(1
|:S12S34S134i| /NI 62 1+Z F 1—26) 62 1+Z ( €) ( +€)
1 Z—2—€(1 _ Z)2—2e 1—*(1 _ 6)2
— F (1, —€.¢€; D1
T T2 (1, - e52), (D19)
1 ) 1 I(1—e¢)?
Fl—— =7 (=)L F(1,1—e1=2¢1-72), D20
[5125248234] /N €2Z (-2 r(1-2¢)? ! ‘ ‘ 9 (D20)

1 (=1 2 I'l1—-e? 1 I'(1—¢€)’T'(1 +¢)?
F /NI — 72_1_6(1 _ Z)—Ze ( 6) _|_73Z—l—25 ( 6) ( 6‘)
S12513524 € F(l - 26) € F(l - 2€)F(2€)
2 o 2 __el—‘(l—e)2
+ZZ i 2F(1—€)F(1+€)logz—€—21 1 =30 F,(e,e,2¢,14+¢€,1+¢€7z), (D21)
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F -
$125235134

1
e
$12523834
2log(1 —z2)

|7 =25
(L

](_l)//\h (1) <€3_2 - %logz + 0(€O)>

_ —2¢ _l 1 + —
c l—z € 11—z

APPENDIX E: MATCHING CORRECTIONS
FOR THE NNLO QUARK FRAGMENTING
JET FUNCTION

In addition to the two-loop matching coefficient
J Ejzi)(s, z,u) that we want to extract, the right-hand side
of Eq. (56) also involves the two-loop fragmentation
function and a cross term between the one-loop matching
coefficient and the one-loop fragmentation function, which
we work out in this appendix. The IR divergences provide
an important cross-check on our results and the finite terms
enter in the determination of the matching coefficients.

In pure dimensional regularization all radiative correc-
tions to the fragmentation function are scaleless and vanish,

D{bare( ) = 5115(1 - Z)‘ (El)
Beyond the tree-level contribution, the renormalized frag-
mentation function thus only consists of 1/e poles, which
must exactly cancel the 1/eyy poles in the bare fragmen-
tation function,

Z

j tdz’_ [z j / D
Di(z,u) = —Zix ?,M Dk,bare(z):Zij(Z’ﬂ)' (E2)
Z

We can thus obtain the renormalized fragmentation func-
tion from its known renormalization,

<
DJZ/J Z/ Z ﬂDibdre(f)
le// 7 d
=3 [T @ (Gonng 2

2
0y (0) a5 (1)
=— P (2) +5 2P (2) + O(aj).  (E3)

(4 1
“1‘0( )>+Z <€21—Z g

1 (=1) 2 1
P ] g (2
$125135124 ez(l1-z
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(D22)

8log(1 —
og(1-2)

0(60)>, (D23)

1-z

) + (9(60)>
= 26711 (e log(@) + 271 (4 + 41110 - i o).

(D24)

The splitting functions p;; that enter here are collected in
Egs. (ES) and (E7), and are not the same as in the main
text (though they are obviously related). To avoid
confusion we denote them with a lower case p. Note
that the convention for the indices ki in the subscript is
also different from the main text. From Eq. (E3) we can
obtain the renormalization Z factor and thus the frag-
mentation function,

asl (0)
e ~Dji (2)

A 2 1 :B() (0)
() @+ e

L [1d2 o)y 02
+2—€2 . 7pjk (Z/)pki Z . (E4)

D(z.p) = 8,;8(1 = 2) =

The LO splitting functions are given by [43]

CAI1 + Lol =2) + 5801~ 2]

14+ (1=2)?
qu()—CF%’

P (z) =

1_
pég)(z) =2C,|zLo(1 = 2) +TZ+ 72(1 —2)

1
+ 3001 =2,

P (z) = T2 + (1 - 2)%), (ES)

where z — 1 (but not z — 0) is regulated. The convolu-
tions of splitting functions that enter in Eq. (E4) are
given by
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1dy/ 9 222 4
/Z—Z,pé?(z’)p(qz)(Z) CZ[( )El(l—z)+6£0(1—z)+<1—%>6(1—z)+<3z+3—1—)lnz—z—5},

leI 0 0 Z 4 4
7pgq)(z’)pgq> ? :CFTF 2(1+Z)1HZ—§ZZ_Z+1+3_Z s

Z

1d7 b4 _ 2
7p§3)(2’)p§(? <Z,> =C% [2p§3)(Z) In(1-z)+(2-z)Inz- >+ 2} ,
Z
1dy , 2 2 1
Z 0PI (2) = 20504 [P ()In(1=2) = (22 42+ ) Inz+522 4= cra-t +&P§?}(z), (E6)
: Z Z z 3 2 6z 2

where pl ; (z) denote the splitting functions in Eq. (E5) without the overall color factor. The NLO splitting functions for
0<z<1are [82,84] (given in electronic form e.g., accompanying [85])

1 V(1 S(1 1 V(1 S(1 1 S(1
Pad (@) =Pu @)+ Pi (). P @) =P @)+ Pa (x). pl(e) = Pl(z) = Pay(2),

3 7 3
p;/q(l)(z):C%KZlnzln(l—z)+zlnz—21nzz)pgoq)(z) (2 2>lnz+2( +z)ln2z—5(1—z)}

67 _(0 20
+CFCA[<21n z+glnz+ﬁ—g>pgq)( )+(1+z)lnz+?(1—z)}

2 10 4
+ CFTan|: <31nZ+ 9 >p£/(2])(1) _5(1 —Z):| s

Pi (@) = CF(CF—%) 2540 (=2)$>(2) +2(1 +2) Inz + 4(1 - 2)],

20

8 56
piy) (2) = CpT [(1 + z)In’z + <—§zz —9z—5> lnz+3z +4z-8 —Q—J

1 9 1 1
P(glq)() C2 {_E—kzz—k<—8+Ez>lnz+211n(1—z)+<1_5Z>ln2z

+ <1n2(1 —2z)+4Inzln(1 - z) + 8Lis(1 — 2) —4—”2>p<g°q>(z)]

3
62 35 44 8
+CFCA[9 1_8Z_3Z + <2+12z+§zz> lnz—ZZln(l—z)—(4+z)ln2z+i7£/(c)1)(—z)S2(z)
3 7 17
+ (—2lnzln(l—z)—3lnz—§lnzz—ln2(l—z) 8L12(1—z)+%+18) (O>(z)], (E7)

where
2

. 1
S,(z) = —2Liy(—2) +§ln2z—21nzln(1 +2) -5 (E8)

The endpoint contribution for z =1 in Eq. (E7) can be fixed by the sum rules for the fragmentation functions. The
convolutions of matching coefficients with the LO splitting functions that enter in Eq. (56) are given by

/Zldzjq, ( ,Z,,u>p§?)(2’)
3 ()l o))
<[ep [ S () snto]+ o() 6o () o+ 0@} @

>The published version of Ref. [82] contains some misprints [83].
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where

Jaqq(2) = Cp {6[5(1 —2)+3L,(1—z) = *Ly(1 —2) + (—%24— 453)5(1 -2)

3 322 +1 2 4+6z-1 1 27?
— i 2(1 — e — > T 1Ipn2 I (1 = -
(1—|—z)<L12(z)—|—3ln (1 z)+21n(1 )) 2(1_Z>ln z+ 20 -2) lnz—|—2(1 7)+ 3 (1+2)
8 3 47> 2 16 4
teq—3L(1-0) =S L-)+ 5 Li1-2)+ 7 - (B et -2)
3 4 3 90
722 5 322+ 1 272 +2 . . 522 +3
+ i i ()— et ng(l—z) i_—; L13<Zf1> + (z+ 1)Liy(z) In(1 — 2) — cr L12( )Inz
3z2—5 3 522+ 3 5 322 +1 3 ) 7 1, 5
mln (l—z)—mln (l—z)lnz+6(1_z)ln 7+ (=5z+4)Liy(z) + 1477 In?(1-72)
572 —16z+5 2?2 +6z-1 772 -3 11
2 T~ )z = SR 2 24 22 ) (1 -
- -39 4(1=72) +<6(1—z)” 3F 2) n(l=2)

722 +5 20 13 5 29z° +7
- 1 =) - —4z+4
+< (- ) +Zz+2> nz+<24 8)” 3(1_2)63 7+ ;

(e sirar B w3y (242 +13+4+—2
3ZZ3zZ9Z33Z933

(z+ 1)[2Li5(1 — z) — 2Li5(z) —gln 7+ 2Liy(z)(In(1 =z) +1Inz) +In*(1 = z)Inz
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8
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3

4 2 5 2
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The O(e) terms in J
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qij are needed, because they give a finite correction to the matching coefficients. We have also used

the MATHEMATICA package [86] to perform the necessary convolutions.
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