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Fragmentation in jets at NNLO
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2Institute for Theoretical Physics, University of Amsterdam,
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Beam and jet functions in soft-collinear effective theory describe collinear initial- and final-state
radiation (jets), and enter in factorization theorems for N-jet production, the Higgs pT spectrum, etc. We
show that they may directly be calculated as phase-space integrals of QCD splitting functions. At next-to-
leading order (NLO) all computations are trivial, as we demonstrate explicitly for the beam function, the
transverse-momentum-dependent beam function, the jet function, and the fragmenting jet function. This
approach also highlights the role of crossing symmetry in these calculations. At next-to-next-to leading
order (NNLO) we reproduce the quark jet function and calculate the fragmenting quark jet function for the
first time. Here we use two methods: a direct phase-space integration and a reduction to master integrals
that are computed using differential equations.

DOI: 10.1103/PhysRevD.90.054029 PACS numbers: 12.39.St, 12.38.Cy, 13.87.Ce, 13.87.Fh

I. INTRODUCTION

All LHC processes involve QCD in some way: through
the parton distribution functions (PDFs) describing the
composition of the colliding protons in terms of quarks and
gluons, through energetic collinear radiation (jet produc-
tion), or through soft radiation effects, etc. Often there are
hierarchies between scales of observables, e.g., the jet mass
mJ is typically much smaller than the transverse momen-
tum of the jet pJ

T . This leads to large logarithms (of e.g.,
mJ=pJ

T) in the perturbative expansion of the cross section
that require resummation. Soft-collinear effective theory
(SCET) [1–4] is a convenient framework for achieving
higher-order logarithmic resummation and treating non-
perturbative corrections; see e.g., Refs. [5–7]. In SCET,
initial- and final-state collinear radiation is described by
beam functions B and jet functions J.
This paper focusses on the calculation of B and J by

exploiting a new relationship with splitting functions.
These calculations have many phenomenological applica-
tions, for example, the beam and jet function (schemati-
cally) enter in the factorization formula for the cross section
of pp → X þ N jets (with X nonhadronic) as [8]

σ ¼
X
κ

Z
dΦNþXtr½ĤκŜ

κ
N � ⊗

�
BκaBκb

YN
J¼1

JκJ

�
: ð1Þ

Here Ĥ contains the tree-level partonic process plus short-
distance virtual corrections and Ŝ describes soft radiation
effects. The phase-space is denoted by dΦNþX, the trace is
over color configurations, and the dependence on the
partonic process is labelled by κ. Whereas Ĥ and Ŝ depend
on the full partonic process (including color configuration),
each beam function only depends on the flavor κa;b of the
colliding parton and each jet function only on the parton κJ
that initiates the jet. The convolution between the soft

function and the beam and jet functions arises because
measurements typically constrain the “sum” of collinear
and soft radiation.
Equation (1) is valid for energetic well-separated beams

and jets, receiving corrections that are suppressed by e.g.,
ðmJ=pJ

TÞ2. It enables resummation by separating the cross
section into contributions involving a single scale. This is
accomplished by evaluating each object (Ĥ, Ŝ, B, J) at its
natural scale and evolving it to some common scale using
the renormalization group evolution. The order at which the
resummation can be carried out is limited by the order at
which each of the ingredients is known.
We can also analyze the process described by Eq. (1)

using the universality of collinear limits of QCD ampli-
tudes [9–11] (we will need the collinear limits of tree-level
and one-loop [12–18] amplitudes as well as the triple-
collinear limits of tree-level amplitudes [19,20]). The
contribution to the cross section in Eq. (1) from the tree-
level process plus real and virtual corrections collinear to
one specific jet J, can be written as

σc ¼
X
κ

Z
dΦNþXσ

ð0Þ
κ fκafκb

×
X
m

X
κc

Sκc
Z

dΦc
mσ

c
m;κc : ð2Þ

Here σð0Þκ is the tree-level partonic cross section, f is a PDF,
σcm;κc is the κJ → κc splitting function (apart from an overall
factor) where κc consists of m partons, dΦc

m is the m-body
collinear phase space, and Sκc is a symmetry factor. The
first line of Eq. (2) thus contains the tree-level cross section,
producing the parton κJ that initiates a jet. The second line
describes the collinear radiation produced by κJ that builds
up this jet. A similar equation holds for collinear initial-
state radiation.
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By comparing the factorized form of the collinear
radiation in Eq. (2) to the SCET cross section in
Eq. (1), we establish a relationship between the jet function
and the splitting functions. To this end, we need the tree-

level results tr½Ĥð0Þ
κ Ŝκð0ÞN � ¼ σð0Þκ δð…Þ, Jð0ÞκJ ∼ δð…Þ and

Bð0Þ
κa;b ¼ fκa;bδð…Þ. Each δð…Þ encodes the measurement

on the soft radiation, or collinear final- or initial-state
radiation, which is trivial at leading order. For example,

Jð0ÞκJ ðs; μÞ ¼ δðsÞ when the invariant mass s of the jet is
constrained. We conclude that

JκJ ¼
X
m

X
κc

Sκc
Z

dΦc
mσ

c
m;κcδð…Þ: ð3Þ

In this equation δð…Þ denotes the measurement imposed on
the collinear final-state radiation in the jet, e.g., δð…Þ →
δðs − sκcÞ when the invariant mass s is measured. There is
an analogue of Eq. (3) for the beam function. The
appropriate splitting function can be obtained from the
one in Eq. (3) by crossing, but the collinear phase space
needs to be replaced by its initial-state version.
It is instructive to compare Eq. (3) to the field-theoretic

definition of the quark jet function in SCET [4]

Jqðs ¼ p−pþ;μÞ ¼ ð2πÞ2
Nc

Z
dy−

2p− e
ipþy−=2

× tr

�
0

����n̄2W†
n

�
y−

nμ

2

�
ξn

�
y−

nμ

2

�

× ½δðp−þ P̄nÞδ2ðPn⊥Þξ̄nð0ÞWnð0Þ�
����0
�
;

ð4Þ
where the invariant mass s of the collinear radiation is
measured. Here, n ¼ ð1; n̂Þ, n̄ ¼ ð1;−n̂Þ with n̂ the jet
direction, ξn is the collinear quark field, andPn picks out the
large “label” momentum. The Wilson line Wn sums longi-
tudinal gluon n̄ · A emissions and is necessary to ensure
gauge invariance. In Eq. (3), we are explicitly integrating a
gauge-invariant quantity (as long as we restrict ourselves to
spin-averaged splitting functions). However, the association
of the splitting function with the process-independent dia-
grams describing one virtual parton splitting into several real
ones is only valid in a gauge in which gluons are explicitly
transverse [e.g., n̄ · A ¼ 0, for which Wn ¼ 1 in Eq. (4)].
The argument underlying Eq. (3) only uses that the

collinear approximation is valid for the collinear functions
in the factorization theorem. It thus extends to arbitrary
beam and jet functions. One example we study in this paper
is the fragmenting jet function Gh

i , which describes the
momentum fraction z of an energetic hadron h in a jet. This
leads to an additional measurement delta function δðz − zhÞ
in Eqs. (3) and (4) compared to the regular jet function.
Factorization theorems for processes involving jets can
straightforwardly be extended to describe fragmentation as
well, by replacing Ji → Gh

i [21].

Even though normal QCD Feynman rules can be used to
calculate the jet function from its definition in Eq. (4), it is not
so easy for the uninitiated researcher. By contrast, Eq. (3)
allows one to obtain the desired result by a straightforward
phase-space integral. In practice the calculation involving
Eq. (3) is also significantly easier at next-to-leading order
(NLO), as we demonstrate explicitly in Sec. III. However, at
next-to-next-to-leading order (NNLO) the difficulty will
strongly depend on the details of the measurement. In addition
to a direct phase-space integration, we also perform a reduction
to master integrals which (in the case of the fragmenting jet
function) are then computed using differential equations. It
turns out that for the (fragmenting) jet function calculation the
phase space restrictions are no impediment to the use of well-
established techniques, and the fragmenting jet function can be
expressed in terms of standard harmonic polylogarithms.
In this paper we will compute the following:
(i) The jet function Jqðs; μÞ [4] where the invariant

mass s of a quark jet is constrained. We reproduce
the known results at NLO [22,23] in Eq. (14) and
NNLO [24] in Eq. (44).

(ii) The fragmenting jet function Gh
qðs; z; μÞ [21] where

the momentum fraction z of a hadron h in the jet is
also measured. The NLO results of Ref. [25] are
reproduced in Eq. (13) and NNLO results are
obtained for the first time in Sec. IV F. This agrees
with the NNLO fragmentation of a light quark into
heavy quarks calculated in Ref. [26].1

(iii) The beam function Bqðx; ~k2⊥; μÞ [27–31] describing
the transverse momentum ~k⊥ of the colliding
quark. This is essentially the transverse momentum
dependent parton distribution function (TMD PDF)

for ~k⊥ ≫ ΛQCD. We reproduce the NLO results of
Ref. [27] in Eq. (27). (The NNLO results have
recently been calculated [32,33].)

(iv) The beam function Bqðt; x; μÞ [34,35] describing the
dependence on the momentum fraction x and trans-
verse virtuality t of the colliding parton. We rederive
the NLO results of Ref. [36], shown in Eq. (21). (The
NNLO results are now known [37,38].)

Beam and jet functions involving more general phase-space
restrictions (such as jet algorithms) have been considered
in phenomenological applications. We will briefly discuss
some examples in the conclusions. At NLO their calculation
will benefit from the method developed in this paper, though
at NNLO it will depend on the details of the observable.
In Sec. II, we briefly discuss the renormalization of these

objects, as well as their matching onto PDFs (for the beam
functions) and fragmentation functions (for the fragmenting
jet function). The LO splitting functions are used in Sec. III
to perform the NLO calculations of these objects.

1We thank E. Mereghetti for pointing out a contribution to the
NNLO matching coefficient that was omitted in the original
submission of this article.
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In Sec. IV this is extended to NNLO for the jet func-
tion and fragmenting jet function. We conclude in Sec. V.
The definition and properties of plus distributions and
harmonic polylogarithms can be found in Appendix A
and Appendix B, respectively. Intermediate results for the
NNLO calculation of the jet function and fragmenting jet
function using integral reduction are given in Appendixes C
and D and in electronic form accompanying this paper. The
IR divergences of the NNLO fragmenting jet function are
given in Appendix E and provide an important cross-check.

II. RENORMALIZATION AND MATCHING

We perform our calculations using dimensional regu-
larization, removing UV divergences with the modified
minimal subtraction scheme (MS). The Jqðs; μÞ, Gh

qðs; z; μÞ
and Bqðt; x; μÞ have the same renormalization ZJq [21,36]

Jqðs; μÞ ¼
Z

∞

0

ds0ZJqðs0; μÞJq;bareðs − s0Þ;

Gh
qðs; z; μÞ ¼

Z
∞

0

ds0ZJqðs0; μÞGh
q;bareðs − s0; z; μÞ;

Bqðt; x; μÞ ¼
Z

∞

0

dt0ZJqðt0; μÞBq;bareðt − t0; x; μÞ: ð5Þ

The TMD beam function Bqðx; ~k2⊥; μÞ is quite different as it
has both UV and rapidity divergences. We will use the
approach of Refs. [29,39] to perform the renormalization,
to which we refer the reader for further details.
The perturbative calculation of Gh

qðs; z; μÞ, Bqðt; x; μÞ
and Bqðx; ~k2⊥; μÞ involves replacing the outgoing hadron h
or incoming proton by a parton. (For the beam functions we
will denote the incoming parton i by Bq=i in our calcu-
lations.) The corresponding IR divergences are removed by
matching onto fragmentation functions and PDFs,

Gh
qðs; z; μÞ ¼

X
j

Z
1

z

dz0

z0
J qj

�
s;
z
z0
; μ

�
Dh

j ðz0; μÞ;

Bqðt; x; μÞ ¼
X
j

Z
1

x

dx0

x0
Iqj

�
t;
x
x0
; μ

�
fjðx0; μÞ;

Bqðx; ~k2⊥; μ; νÞ ¼
X
j

Z
1

x

dx0

x0
Iqj

�
x
x0
; ~k2⊥; μ; ν

�
fjðx0; μÞ:

ð6Þ

An important cross-check on our calculation is pro-
vided by the quark number and momentum sum rules
[21,25,40] which translate directly to the matching
coefficients J ij asZ

dz½J qqðs; z; μÞ − J qq̄ðs; z; μÞ� ¼ Jqðs; μÞ;Z
dz
X
i

zJ qiðs; z; μÞ ¼ Jqðs; μÞ: ð7Þ

Here (and throughout this paper) we remove the
spurious factor of 2ð2πÞ3 in the definition of the
fragmenting jet function and matching coefficients
in Ref. [21].

III. BEAM AND JET FUNCTION AT NLO

A. Splitting function and phase space

The real radiation i� → jk in the collinear limit factors
off the squared matrix element and is (in MS) given
by [41]

σc2ðs; zÞ ¼
�
μ2eγE

4π

�
ϵ 2g2

s
PjkðzÞ; ð8Þ

where the LO splitting function is [42,43]

Pð0Þ
q�→qgðs; zÞ≡ 1

s
Pð0Þ
qg ðzÞ ¼ CF

s

�
1þ z2

1 − z
− ϵð1 − zÞ

�
: ð9Þ

Here s ≥ 0 is the timelike virtuality of the initial
parton i� (the jet mass) and 0 ≤ z ≤ 1 the momentum
fraction of the final parton j. The corresponding
collinear phase space for the final-state radiation is
given by [41]

dΦc
2ðs; zÞ ¼ dsdz

½zð1 − zÞs�−ϵ
ð4πÞ2−ϵΓð1 − ϵÞ : ð10Þ

B. (Fragmenting) jet function

We obtain the (fragmenting) jet function by combining
these pieces and imposing the appropriate final-state
measurement. In the fragmenting jet function both s and
z are measured, so we just expand

Gqð1Þ
q;bareðs; zÞ ¼

Z
dΦc

2ðs0; z0Þσc2ðs0; z0Þδðs − s0Þδðz − z0Þ

¼
�
μ2eγE

4π

�
ϵ ½zð1 − zÞs�−ϵ
ð4πÞ2−ϵΓð1 − ϵÞ

2g2

s
Pð0Þ
qg ðzÞ

¼ αsCF

2π

μ2ϵ

s1þϵ

	
−
2

ϵ
δð1 − zÞ þ ð1þ z2ÞL0ð1 − zÞ þ ϵ

�
−ð1þ z2Þ

�
L1ð1 − zÞ þ ln z

1 − z

�
þ π2

6
δð1 − zÞ þ z − 1

�
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þ ϵ2
�
1

2
ð1þ z2Þ

�
L2ð1 − zÞ þ ln2½zð1 − zÞ� − ln2ð1 − zÞ

1 − z
−
π2

6
L0ð1 − zÞ

�
þ 2

3
ζ3δð1 − zÞ þ ð1 − zÞ ln½zð1 − zÞ�

�

þ ϵ3
�
1

6
ð1þ z2Þ

�
−L3ð1 − zÞ þ ln3ð1 − zÞ − ln3½zð1 − zÞ�

1 − z
þ π2

2

�
L1ð1 − zÞ þ ln z

1 − z

�
− 2ζ3L0ð1 − zÞ

�

−
π4

720
δð1 − zÞ − 1

2
ð1 − zÞ

�
ln2½zð1 − zÞ� − π2

6

��
þOðϵ4Þ




¼ αsCF

2π

	
2

ϵ2
δðsÞδð1 − zÞ − 1

ϵ

�
2

μ2
L0

�
s
μ2

�
δð1 − zÞ þ δðsÞð1þ z2ÞL0ð1 − zÞ

�
þ 2

μ2
L1

�
s
μ2

�
δð1 − zÞ

þ 1

μ2
L0

�
s
μ2

�
ð1þ z2ÞL0ð1 − zÞ þ δðsÞ

�
ð1þ z2ÞL1ð1 − zÞ þ 1þ z2

1 − z
ln zþ 1 − z −

π2

6
δð1 − zÞ

�

þOðϵÞ: ð11Þ

Here we used Eq. (A3) to perform the expansion in plus
distributions Ln [defined in Eq. (A1)]. The virtual correc-
tions are scaleless and vanish. We remind the reader that we
have changed the normalization of the fragmenting jet
function (and matching coefficients) with respect to
Ref. [21], removing the spurious factor of 2ð2πÞ3.
Equation (11) contains UV divergences, which are

removed by renormalization, and IR divergences, which
cancel in the matching onto fragmentation functions in
Eq. (6). Because the one-loop renormalized fragmentation

functions Djð1Þ
i are pure IR divergences (in dimensional

regularization), the finite part of Eq. (11) is the one-loop

matching coefficient J ð1Þ
qq

Gjð1Þ
q ðs; z; μÞjϵ0 ¼

X
i

Z
dz0J ð1Þ

qi

�
s;
z
z0
; μ

�
Djð0Þ

i ðz0; μÞ

¼ J ð1Þ
qj ðs; z; μÞ: ð12Þ

We therefore find

J ð1Þ
qq ðs;z;μÞ¼ αsCF

2π

	
2

μ2
L1

�
s
μ2

�
δð1− zÞþ 1

μ2
L0

�
s
μ2

�

× ð1þ z2ÞL0ð1− zÞþδðsÞ
�
ð1þ z2ÞL1ð1− zÞ

þ1þ z2

1− z
lnzþ1− z−

π2

6
δð1−zÞ

�

; ð13Þ

in agreement with Refs. [25,44]. The other matching
coefficient for quark jets follows from the symmetry

relation J ð1Þ
qg ðs; z; μÞ ¼ J ð1Þ

qq ðs; 1 − z; μÞ. Note that the limit
z → 0 does not require regularization, so the plus pre-
scription may be dropped in this case.
The jet function only measures the invariant mass s. We

can obtain the jet function Jq by integrating the finite terms2

of Eq. (11) over the momentum fraction z,

Z
dzJ ð1Þ

qq ðs; z; μÞ ¼ αsCF

2π

�
2

μ2
L1

�
s
μ2

�
−

3

2μ2
L0

�
s
μ2

�

þ
�
7

2
−
π2

2

�
δðsÞ

�

¼ Jð1Þq ðs; μÞ; ð14Þ

which is the quark number sum rule in Eq. (7).

C. Beam function

In the beam function the initial parton taken out of the
proton can be treated on shell and instead the parton
entering the hard interaction has a (spacelike) virtuality.
The splitting functions can be obtained from their all-
outgoing counterparts by crossing symmetry. If we denote
the momentum fraction of the virtual parton entering the
hard interaction as x, i.e., the collinear limit is given by
pj → ð1 − xÞpi, the crossing relation reads

Pi→k�jð2pi · pj; xÞ ¼ ð−1ÞΔfPk�→ijð−2pi · pj; 1=xÞ; ð15Þ

where Δf is the difference in the number of incoming
fermions, and we use conventions in which both incoming
and outgoing momenta have positive energy. We will use
the transverse virtuality of the colliding parton (with respect
to the beam axis) t ¼ 2xpi · pj to parametrize the collinear
phase space below. We also have to keep track of the
changes in the color and spin averaging factors, e.g., for
g → q�q̄ we have an additional factor of

2N
ðd − 2ÞðN2 − 1Þ ¼

1

1 − ϵ

TF

CF
; ð16Þ

since we now need to average over the colors and spins of
an initial gluon rather than quark.
For the triple-collinear splitting functions, the crossing

relation reads

2Phase-space integration and operator renormalization do not
commute in general. For example, the bare fragmenting jet function
integrated over s produces the partonic fragmentation function,
which has a very different renormalization structure than Eq. (5).
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Pi→l�jkðx ¼ 1 − zj − zk; zj; zk; 2pi · pj; 2pi · pk; 2pj · pkÞ

¼ ð−1ÞΔfPl�→ijk

�
1

x
;

−zj
1 − zj − zk

;
−zk

1 − zj − zk
;−2pi · pj;−2pi · pk; 2pj · pk

�
; ð17Þ

with the collinear limit given by pj → zjpi, pk → zkpi. The two-particle collinear phase space is

dΦc;ISR
2 ðt; xÞ ¼ dtdx

½ð1 − xÞt=x�−ϵ
ð4πÞ2−ϵΓð1 − ϵÞ : ð18Þ

Note that this cannot be obtained by crossing Eq. (10).
Combining these ingredients we find for q → q�g

Bð1Þ
q=q;bareðt; xÞ ¼

Z
dΦc;ISR

2 ðt0; x0Þσc2
�
−
t0

x0
;
1

x0

�
δðt − t0Þδðx − x0Þ

¼
�
μ2eγE

4π

�
ϵ ½ð1 − xÞt=x�−ϵ
ð4πÞ2−ϵΓð1 − ϵÞ

2g2

−t=x
Pð0Þ
qg

�
1

x

�

¼ αsCF

2π

�
1 − ϵ2

π2

12
þOðϵ3Þ

�
μ2ϵ

t1þϵ ½ð1 − xÞ=x�−ϵ
�
1þ x2

1 − x
− ϵð1 − xÞ

�

¼ αsCF

2π

	
2

ϵ2
δðtÞδð1 − xÞ − 1

ϵ

�
2

μ2
L0

�
t
μ2

�
δð1 − xÞ þ δðtÞð1þ x2ÞL0ð1 − xÞ

�
þ 2

μ2
L1

�
t
μ2

�
δð1 − xÞ

þ 1

μ2
L0

�
t
μ2

�
ð1þ x2ÞL0ð1 − xÞ þ δðtÞ

�
ð1þ x2ÞL1ð1 − xÞ − 1þ x2

1 − x
ln xþ 1 − x −

π2

6
δð1 − xÞ

�

: ð19Þ

Since the only change compared to J qq is the phase space, only the sign of the ln x term is affected. For g → q�q̄,

Bð1Þ
q=g;bareðt; xÞ ¼ −

1

1 − ϵ

TF

CF

Z
dΦc;ISR

2 ðt0; x0Þσc2
�
−
t0

x0
;
x0 − 1

x0

�
δðt − t0Þδðx − x0Þ

¼ −
1

1 − ϵ

TF

CF

�
μ2eγE

4π

�
ϵ ½ð1 − xÞt=x�−ϵ
ð4πÞ2−ϵΓð1 − ϵÞ

2g2

−t=x
Pð0Þ
qg

�
x − 1

x

�

¼ αsTF

2π
ð1þ ϵþOðϵ2ÞÞ μ

2ϵ

t1þϵ ½ð1 − xÞ=x�−ϵ½x2 þ ð1 − xÞ2 − ϵ�

¼ αsTF

2π

	�
−
1

ϵ
δðtÞ þ 1

μ2
L0

�
t
μ2

��
ðx2 þ ð1 − xÞ2Þ þ δðtÞ

�
ðx2 þ ð1 − xÞ2Þ

�
ln
1 − x
x

− 1

�
þ 1

�

: ð20Þ

The UVand IR divergences are again removed by renormalization and matching onto PDFs. The finite terms of Eqs. (19)

and (20) reproduce the matching coefficients I ð1Þ
qq and I ð1Þ

qg calculated in Ref. [36]

I ð1Þ
qq ðt; x; μÞ ¼ αsCF

2π

	
2

μ2
L1

�
t
μ2

�
δð1 − xÞ þ 1

μ2
L0

�
t
μ2

�
ð1þ x2ÞL0ð1 − xÞ

þ δðtÞ
�
ð1þ x2ÞL1ð1 − xÞ − 1þ x2

1 − x
ln xþ 1 − x −

π2

6
δð1 − xÞ

�

;

I ð1Þ
qg ðt; x; μÞ ¼ αsTF

2π

	
1

μ2
L0

�
t
μ2

�
ðx2 þ ð1 − xÞ2Þ þ δðtÞ

�
ðx2 þ ð1 − xÞ2Þ

�
ln
1 − x
x

− 1

�
þ 1

�

: ð21Þ

D. TMD beam function

We now consider the beam function where instead of the transverse virtuality t, the transverse momentum k⊥ of the
colliding parton is measured. These beam functions have rapidity (light-cone) divergences that may be regularized using
e.g., [39,45–48]. The regulator in Ref. [48] only affects the phase space and not the amplitude, making it the most suitable
for our approach. We will use a slightly modified version of this regulator
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Z
ddkθðk0Þδðk2Þ →

Z
ddkθðk0Þδðk2Þ

�
ν

2kz

�
η

; ð22Þ

where kz is the momentum component along the energetic
direction. At one-loop the kinematics are fully constrained
by x and t, such that

~k2⊥ ¼ 1 − x
x

t: ð23Þ

The rapidity-regulated phase space for the initial state is
then given by

dΦc;ISR
2 ð~k2⊥; xÞ ¼ dΦc;ISR

2

�
t ¼ x

1 − x
~k2⊥; x

��
ν

ð1 − xÞp−

�
η

¼
�

ν

p−

�
η

d~k2⊥dx
xð1 − xÞ−1−ηð~k2⊥Þ−ϵ
ð4πÞ2−ϵΓð1 − ϵÞ ; ð24Þ

where we used that in the collinear limit 2kz ¼ kþ þ k− ¼
k−þ power corrections, and p− is the large light-cone
component of the incoming quark. (The rapidity divergence
occurs for x → 1, which is unregulated when η ¼ 0.) This
leads to

Bð1Þ
q=q;bareðx; ~k2⊥Þ ¼

Z
dΦc;ISR

2 ð ~k02⊥; x0Þσc2
�
−

~k02⊥
ð1− x0Þ ;

1

x0

�
δð~k2⊥ − ~k02⊥Þδðx− x0Þ

¼
�

ν

p−

�
η
�
μ2eγE

4π

�
ϵ xð1− xÞ−1−ηð~k2⊥Þ−ϵ

ð4πÞ2−ϵΓð1− ϵÞ
2g2

−~k2⊥=ð1− xÞ
Pð0Þ
qg

�
1

x

�

¼ αsCF

2π

eϵγE

Γð1− ϵÞ
�

ν

p−

�
η μ2ϵ

ð~k2⊥Þ1þϵ
ð1− xÞ−η

�
1þ x2

1− x
− ϵð1− xÞ

�

¼ αsCF

2π

�
−
1

ϵ
δð~k2⊥Þ þ

1

μ2
L0

�~k2⊥
μ2

���
δð1− xÞ

�
−
2

η
þ 2 ln

p−

ν

�
þ ð1þ x2ÞL0ð1− xÞ − ϵð1− xÞ

�
þOðη; ϵÞ:

ð25Þ
Similarly,

Bð1Þ
q=g;bareðx; ~k2⊥Þ ¼ −

1

1 − ϵ

TF

CF

Z
dΦc;ISR

2 ð~k02⊥; x0Þσc2
�
−

~k02⊥
ð1 − x0Þ ;

x0 − 1

x0

�
δð~k2⊥ − ~k02⊥Þδðx − x0Þ

¼ −
1

1 − ϵ

TF

CF

�
ν

p−

�
η
�
μ2eγE

4π

�
ϵ xð1 − xÞ−1−ηð~k2⊥Þ−ϵ

ð4πÞ2−ϵΓð1 − ϵÞ
2g2

−~k2⊥=ð1 − xÞ
Pð0Þ
qg

�
x − 1

x

�

¼ αsTF

2π

eϵγE

Γð2 − ϵÞ
�

ν

p−

�
η μ2ϵ

ð~k2⊥Þ1þϵ
ð1 − xÞ−η½x2 þ ð1 − xÞ2 − ϵ�

¼ αsTF

2π

�
−
1

ϵ
δð~k2⊥Þ þ

1

μ2
L0

�~k2⊥
μ2

��
½x2 þ ð1 − xÞ2 − 2ϵxð1 − xÞ� þOðη; ϵÞ: ð26Þ

Following the prescription in Ref. [39], the 1=η and 1=ϵUV
get removed by the (rapidity) renormalization. Sub-
sequently, the 1=ϵIR cancels in the matching onto PDFs,
leaving as matching coefficient

I ð1Þ
qq ðx; ~k2⊥; μ; νÞ ¼

αsCF

2π

	
1

μ2
L0

�~k2⊥
μ2

��
ð1þ x2ÞL0ð1 − xÞ

þ 2δð1 − xÞ lnp
−

ν

�
þ δð~k2⊥Þð1 − xÞ



;

I ð1Þ
qg ðx; ~k2⊥; μ; νÞ ¼

αsTF

2π

	
1

μ2
L0

�~k2⊥
μ2

�
½x2 þ ð1 − xÞ2�

þ 2δð~k2⊥Þxð1 − xÞ


: ð27Þ

Using the Fourier transforms in Eq. (A5) and adding the
contribution of the one-loop soft function, one finds
agreement with Eqs. (38) and (39) of Ref. [27]. We note
that the soft function S vanishes for the regulator chosen
in Ref. [27]. Its contribution is

ffiffiffi
S

p
for each beam

function (in impact-parameter space) and can be ob-
tained from Eq. (5.62) of Ref. [29] by replacing
CA → CF,

Sð~k2⊥; μ; μÞ ¼ δð~k2⊥Þ þ
αsCF

π

�
−

1

μ2
L1

�~k2⊥
μ2

�

þ 1

μ2
L0

�~k2⊥
μ2

�
ln
ν2

μ2
−
π2

12
δð~k2⊥Þ

�
þOðα2sÞ:

ð28Þ
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IV. (FRAGMENTING) JET FUNCTION AT NNLO

A. Splitting functions and phase space

At two-loop order we have contributions with two real
emissions, a real-virtual correction and a purely virtual
correction. The latter vanishes again in dimensional regu-
larization. Starting with two real emissions, the collinear
phase space for nonidentical particles is given by [49]

dΦc
3 ¼ ds123ds12ds13ds23δðs123 − s12 − s13 − s23Þ

× dz1dz2dz3δð1 − z1 − z2 − z3Þ

×
4Θð−ΔÞð−ΔÞ−1

2
−ϵ

ð4πÞ5−2ϵΓð1 − 2ϵÞ ; ð29Þ

where

Δ ¼ ðz3s12 − z1s23 − z2s13Þ2 − 4z1z2s13s23; ð30Þ

with s123 ≥ 0 the total invariant mass, sij ≥ 0 the invariant
mass of partons i, and j and 0 ≤ zi ≤ 1 the momentum
fraction of parton i. The collinear part of a squared matrix
element factors off and is given by

σc3;ijk ¼
�
μ2eγE

4π

�
2ϵ 4g4

s2123
Pijk; ð31Þ

where the LO splitting functions for q� → ijk are [19,20]

Pq̄0q0q ¼ CFTF
s123
2s12

�
−
½z1ðs12 þ 2s23Þ − z2ðs12 þ 2s13Þ�2

ðz1 þ z2Þ2s12s123
þ 4z3 þ ðz1 − z2Þ2

z1 þ z2
þ ð1 − 2ϵÞ

�
z1 þ z2 −

s12
s123

��
;

Pq̄qq ¼ ðPq̄0q0q þ 2 ↔ 3Þ þ PðidÞ
q̄qq;

PðidÞ
q̄qq ¼ CF

�
CF −

1

2
CA

�	
ð1 − ϵÞ

�
2s23
s12

− ϵ

�
þ s123

s12

�
1þ z21
1 − z2

−
2z2

1 − z3
− ϵ

�ð1 − z3Þ2
1 − z2

þ 1þ z1 −
2z2

1 − z3

�
− ϵ2ð1 − z3Þ

�

−
s2123

2s12s13
z1

�
1þ z21

ð1 − z2Þð1 − z3Þ
− ϵ

�
1þ 2

1 − z2
1 − z3

�
− ϵ2

�

þ ð2 ↔ 3Þ;

Pggq ¼ C2
F

	
s2123

2s13s23
z3

�
1þ z23
z1z2

− ϵ
z21 þ z22
z1z2

− ϵð1þ ϵÞ
�
þ ð1 − ϵÞ

�
ϵ − ð1 − ϵÞ s23

s13

�
þ s123

s13

�
z3ð1 − z1Þ þ ð1 − z2Þ3

z1z2

− ϵðz21 þ z1z2 þ z22Þ
1 − z2
z1z2

þ ϵ2ð1þ z3Þ
�


þ CFCA

	
ð1 − ϵÞ

�½z1ðs12 þ 2s23Þ − z2ðs12 þ 2s13Þ�2
4ðz1 þ z2Þ2s212

þ 1

4
−
ϵ

2

�

þ s2123
2s12s13

�
2z3 þ ð1 − ϵÞð1 − z3Þ2

z2
þ 2ð1 − z2Þ þ ð1 − ϵÞz22

1 − z3

�
−

s2123
4s13s23

z3

�
2z3 þ ð1 − ϵÞð1 − z3Þ2

z1z2
þ ϵð1 − ϵÞ

�

þ s123
2s12

�
ð1 − ϵÞ z1ð2 − 2z1 þ z21Þ − z2ð6 − 6z2 þ z22Þ

z2ð1 − z3Þ
þ 2ϵ

z3ðz1 − 2z2Þ − z2
z2ð1 − z3Þ

�
þ s123
2s13

�
ð1 − ϵÞ ð1 − z2Þ3 þ z23 − z2

z2ð1 − z3Þ

− ϵ

�
2ð1 − z2Þðz2 − z3Þ

z2ð1 − z3Þ
− z1 þ z2

�
−
z3ð1 − z1Þ þ ð1 − z2Þ3

z1z2
þ ϵð1 − z2Þ

�
z21 þ z22
z1z2

− ϵ

��

þ ð1 ↔ 2Þ: ð32Þ

The real-virtual contributions have the same two-body phase space in Eq. (10) and can be written as a correction to the
splitting function Pð0Þ

qg (we use the explicit form given in [18])

Pð1Þ
qg ¼

�μ2eγE
s



ϵ 2g2

ð4πÞ2
πΓð1− ϵÞ

ϵ tanðπϵÞΓð1− 2ϵÞCF

	�
1þ z2

1− z
− ϵð1− zÞ

�
½ðCF −CAÞ

�
1−

ϵ2

1− 2ϵ




þðCA − 2CFÞ2F1

�
1;−ϵ; 1− ϵ;−

1− z
z



−CA2F1

�
1;−ϵ; 1− ϵ;−

z
1− z



þCF

�
þðCF −CAÞ

zð1þ zÞ
1− z

ϵ2

1− 2ϵ



: ð33Þ

B. Calculational technique

The real-virtual corrections to the (fragmenting) jet
function only involve a two-particle final state. Their
calculation proceeds along the same lines as in Sec. III
and is straightforward to carry out. The double real
emission contributions are more challenging and have been

calculated in two ways. In the direct phase space integra-
tion, we start by performing the integration over the
invariants sij in 4 − 2ϵ dimensions using the analytic
results in the appendix of Ref. [50]. We carry out the
integrals over the momentum fractions by first extracting
the singular behavior in the soft/collinear limits, expanding
in ϵ using the plus distribution expansion in Eq. (A3) and
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integrating the regularized expressions. Hypergeometric
functions are expanded in ϵ with the aid of the HYPEXP
and HPL packages [51,52]. Some additional details are
given in Secs. IV C and IV E along with the presentation of
the results.
Alternatively, we use the reverse-unitarity approach

for phase-space integrals [53–56] to perform a reduction
to master integrals for the jet function and the fragment-
ing jet function integrals separately. We use both FIRE

[57] and REDUZE [58,59] for this purpose. For the jet
function, the resulting master integrals are obtained by
performing the phase-space integration for arbitrary ϵ.
For the fragmenting jet function, we use a combination
of direct integration and differential equations [60–66]
to obtain the master integrals. Additional details are
provided in Appendixes C and D.

C. Bare jet function calculation

In the jet function the total invariant mass s is fixed, the
other phase-space variables are integrated over, and the
contributions from the various channels are summed,

Jq;bareðsÞ ¼
Z

dΦc
2ðs0Þσc2ðs0Þδðs − s0Þ

þ
X
ij

Sijq

Z
dΦc

3σ
c
3;ijqδðs − s123Þ þOðα3sÞ;

ð34Þ
where ij runs over fgg; ūu; d̄d;…g and Sijq is an identical
particle factor.
We start with Pq̄0q0q which only has a collinear diver-

gence described by ð1 − z3Þ−1−2ϵ. After expanding this in ϵ
using Eq. (A3) the remaining integrals are regular,

Z
dΦc

3σ
c
3;q̄0q0qδðs − s123Þ

¼
Z

ds12ds13ds23dz1dz2dz3δðs123 − s12 − s13 − s23Þδð1 − z1 − z2 − z3Þ
4Θð−ΔÞð−ΔÞ−1

2
−ϵ

ð4πÞ5−2ϵΓð1 − 2ϵÞ
�
μ2eγE

4π

�
2ϵ 4g4

s2123
Pq̄0q0q

¼ α2sCFTF

ð4πÞ2
ðμ2eγEÞ2ϵ
Γð1 − 2ϵÞ

4

s1þ2ϵ
123

Z
1

0

dz1

Z
1−z1

0

dz3
1

ð1 − z3Þ1þ2ϵ

×
ð1þ z23Þ½z21 þ ð1 − z1 − z3Þ2� − 2ϵ½ð1 − z3 þ z23Þð1 − z3Þ2 − ð1 − 6z3 þ z23Þz1ð1 − z1 − z3Þ� þ ϵ2ð1 − z3Þ4

ϵð2ϵ − 1Þzϵ1zϵ3ð1 − z1 − z3Þϵð1 − z3Þ3−2ϵ

¼ α2sCFTF

ð4πÞ2
ðμ2eγEÞ2ϵ
Γð1 − 2ϵÞ

4

s1þ2ϵ
123

Z
1

0

dz3

Z
1−z3

0

dz1

�
−

1

2ϵ
δð1 − z3Þ þ L0ð1 − z3Þ þOðϵÞ

�	
−
1

ϵ

ð1þ z23Þ½z21 þ ð1 − z1 − z3Þ2�
ð1 − z3Þ3

×

�
1þ 2ϵþ ϵ ln

ð1 − z3Þ2
z1z3ð1 − z1 − z3Þ

�
þ 2½ð1 − z3 þ z23Þð1 − z3Þ2 − ð1 − 6z3 þ z23Þz1ð1 − z1 − z3Þ�

ð1 − z3Þ3
þOðϵÞ




¼ α2sCFTF

ð4πÞ2
μ4ϵ

s1þ2ϵ
123

�
8

3ϵ2
þ 76

9ϵ
þ 746

27
−
20

9
π2 þ ϵ

�
7081

81
−
190

27
π2 −

256

9
ζ3

�
þOðϵ2Þ

�
: ð35Þ

On the second to last line we suppressed the OðϵÞ terms for brevity, though they are of course necessary to obtain the final
expression. For q → q̄qqwe get a contribution equal to Eq. (35), as well as an additional interference contribution described
by PðidÞ

q̄qq. This interference contribution has neither collinear nor soft divergences in zi, so we may directly expand in ϵ

1

2

Z
dΦc

3σ
c
3;q̄qqðidÞδðs − s123Þ

¼ 1

2

Z
ds12ds13ds23dz1dz2dz3δðs123 − s12 − s13 − s23Þδð1 − z1 − z2 − z3Þ

4Θð−ΔÞð−ΔÞ−1
2
−ϵ

ð4πÞ5−2ϵΓð1 − 2ϵÞ
�
μ2eγE

4π

�
2ϵ 4g4

s2123
PðidÞ
q̄qq

¼ α2sCFðCF − 1
2
CAÞ

ð4πÞ2
ðμ2eγEÞ2ϵ
Γð1 − 2ϵÞ

4

s1þ2ϵ
123

Z
1

0

dz1

Z
1−z1

0

dz2
z−ϵ1 z−ϵ2 ð1 − z1 − z2Þ−ϵ

ϵð1 − 2ϵÞð1 − z2Þðz1 þ z2Þ2
½ð1 − 2ϵÞz−ϵ1 ð1 − z2Þϵðz1 þ z2Þ1þϵ

× ½1þ z21 − ϵð1 − z2Þð2þ z1 − z2Þ − ϵ2ð1 − z2Þðz1 þ z2Þ�2F1

�
−ϵ;−ϵ; 1 − ϵ;

z2ð1 − z1 − z2Þ
ð1 − z2Þðz1 þ z2Þ

�
− ðz1 þ z2Þðz21 þ 1Þ þ ϵð3z31 þ 6z21z2 þ 4z1z22 þ z32 − z21 − 4z1z2 þ z22 þ 5z1 þ z2Þ
− ϵ2ð2z31 þ 6z21z2 þ 6z1z22 þ 2z32 − 4z1z2 þ 4z1Þ − ϵ3ðz1 þ z2Þ2ð1 − z2Þ�

¼ α2sCFðCF − 1
2
CAÞ

ð4πÞ2
μ4ϵ

s1þ2ϵ
123

�
13 − 2π2 þ 8ζ3 þ ϵ

�
175

2
− 4π2 − 84ζ3 þ

11

15
π4
�
þOðϵ2Þ

�
: ð36Þ
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The symmetry factor Sq̄qq ¼ 1=2 for identical quarks cancels against the permutation (2 ↔ 3) inside PðidÞ
q̄qq. We will separate

the calculation of Pggq by color structure. The C2
F color structure has two soft divergences z−1−ϵ1 z−1−ϵ2 , yielding

1

2

Z
dΦc

3σ
c
3;ggq;C2

F
δðs − s123Þ

¼ 1

2

Z
ds12ds13ds23dz1dz2dz3δðs123 − s12 − s13 − s23Þδð1 − z1 − z2 − z3Þ

4Θð−ΔÞð−ΔÞ−1
2
−ϵ

ð4πÞ5−2ϵΓð1 − 2ϵÞ
�
μ2eγE

4π

�
2ϵ 4g4

s2123
P
C2
F

ggq

¼ α2sC2
F

ð4πÞ2
ðμ2eγEÞ2ϵ
Γð1 − 2ϵÞ

4

s1þ2ϵ
123

Z
1

0

dz1

Z
1−z1

0

dz2
1

z1þϵ
1 z1þϵ

2

×
ð1 − z1 − z2Þ−ϵ

ϵð1 − 2ϵÞð1 − z2Þ2
�
ð2ϵ − 1Þð1 − z1Þϵð1 − z2Þ2þϵð1 − z1 − z2Þ−ϵ

× ½ð1 − ϵÞðz1 þ z2Þ2 þ 2ð1 − z1 − z2Þ þ ϵð1 − ϵÞz1z2�2F1

�
−ϵ;−ϵ; 1 − ϵ;

z1z2
ð1 − z1Þð1 − z2Þ

�
− z42 þ 4z32 − z21 − 2z1z2

− 7z22 þ 2z1 þ 6z2 − 2þ ϵð3z42 þ z1z32 − z21z2 − z1z22 − 10z32 þ 3z21 þ 4z1z2 þ 15z22 − 4z1 − 12z2 þ 4Þ

þ ϵ2ð−z21z22 − 2z1z32 − 2z42 þ 2z21z2 þ 2z1z22 þ 4z32 − 2z21 − 2z22Þ þ ϵ3z1z2ð1 − z2Þð2 − z1 − z2Þ
�

¼ α2sC2
F

ð4πÞ2
μ4ϵ

s1þ2ϵ
123

�
−
16

ϵ3
−
24

ϵ2
þ 1

ϵ

�
−75þ 40

3
π2
�
−
417

2
þ 20π2 þ 464

3
ζ3

þ ϵ

�
−
2275

4
þ 125

2
π2 þ 256ζ3 −

122

45
π4
�
þOðϵ2Þ

�
; ð37Þ

where the symmetry factor of 1=2 cancels against the permutation (1 ↔ 2). The calculation of the CFCA color structure is
more complicated and is split up into parts (a)–(e) which have different singular structures,

1

2

Z
dΦc

3σ
c
3;ggq;CFCA

δðs− s123Þ

¼
Z

ds12ds13ds23dz1dz2dz3δðs123 − s12 − s13 − s23Þδð1− z1 − z2 − z3Þ
4Θð−ΔÞð−ΔÞ−1

2
−ϵ

ð4πÞ5−2ϵΓð1− 2ϵÞ
�
μ2eγE

4π

�
2ϵ 4g4

s2123
CFCA

×

	
ð1− ϵÞ

�½z1ðs12 þ 2s23Þ− z2ðs12 þ 2s13Þ�2
4ðz1 þ z2Þ2s212

þ 1

4
−
ϵ

2

�
ðaÞ

−
s2123

4s13s23
z3

�
2z3 þ ð1− ϵÞð1− z3Þ2

z1z2
þ ϵð1− ϵÞ

�
þ s123
2s13

�
−
z3ð1− z1Þ þ ð1− z2Þ3

z1z2
þ ϵð1− z2Þ

�
z21 þ z22
z1z2

− ϵ

��
ðbÞ

þ s123
2s12

�
ð1− ϵÞ z1ð2− 2z1 þ z21Þ− z2ð6− 6z2 þ z22Þ

z2ð1− z3Þ
þ 2ϵ

z3ðz1 − 2z2Þ− z2
z2ð1− z3Þ

�
þ s123
2s13

�
ð1− ϵÞ ð1− z2Þ3 þ z23 − z2

z2ð1− z3Þ
ðcÞ

− ϵ

�
2ð1− z2Þðz2 − z3Þ

z2ð1− z3Þ
− z1 þ z2

��
þ
�

s2123
2s12s13

2ð1− z2Þ þ ð1− ϵÞz22
1− z3

�
ðdÞ

þ
�

s2123
2s12s13

2z3 þ ð1− ϵÞð1− z3Þ2
z2

�
ðeÞ




¼ α2sCFCA

ð4πÞ2
ðμ2eγEÞ2ϵ
Γð1− 2ϵÞ

4

s1þ2ϵ
123

Z
1

0

dz1dz2dz3δð1− z1 − z2 − z3Þ

×

	
1

ð1− z3Þ1þ2ϵ ×
ðϵ− 1Þz−ϵ1 z−ϵ3 ð1− z1 − z3Þ−ϵ

2ϵð1− 2ϵÞð1− z3Þ3−2ϵ
½4z1z3ð1− z1 − z3Þ ðaÞ

þ ϵ½−ð1− z3Þ2ð1þ z23Þ þ 2z1ð1þ z3Þ2ð1− z1 − z3Þ� þ ϵ2ð1− z3Þ4�

þ 1

z1þϵ
1 z1þϵ

2

×
ð1− z1 − z2Þ−ϵ
2ϵð1− z2Þ

�
ð1− z1Þϵð1− z2Þ1þϵð1− z1 − z2Þ−ϵ½ð1− ϵÞðz1 þ z2Þ2 þ 2ð1− z1 − z2Þ þ ϵð1− ϵÞz1z2� ðbÞ

× 2F1

�
− ϵ;−ϵ; 1− ϵ;

z1z2
ð1− z1Þð1− z2Þ

�
− z32þ z21þ z1z2 þ 3z22 − 2z1 − 4z2 þ 2− ϵð1− z2Þðz21 þ z22Þ þ ϵ2z1z2ð1− z2Þ

�
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þð1− z2− z3Þ−ϵ
z1þϵ
2 ð1− z3Þ

×
z−ϵ3

2ϵð1− z2Þð1− z3Þ
½−2z42−4z32z3−3z22z

2
3−z2z33þ10z32þ8z22z3þ4z2z23þ2z33−17z22−7z2z3−2z23 ðcÞ

þ12z2þ2z3−2þ ϵð2z42þ4z32z3þ5z23z
2
2þ2z2z33−10z32−16z22z3−11z2z23−2z33þ15z22þ18z2z3þ6z23−9z2−6z3þ2Þ�

−
ð1− z1− z3Þ−ϵ
z1þ2ϵ
1 ð1− z3Þ1−ϵ

×
1

ϵ
z−ϵ3 ðz1þ z3Þϵ½2ðz1þ z3Þþð1− ϵÞð1− z1− z3Þ2�2F1

�
−ϵ;−ϵ;1− ϵ;

z3ð1− z1−z3Þ
ð1−z3Þðz1þ z3Þ

�
ðdÞ

þðz1þ z2Þϵ
z1þ2ϵ
1 z1þϵ

2

×
ð1− z2Þϵð1− z1− z2Þ−ϵ

ϵ
½2ðz1þ z2−1Þ− ð1−ϵÞðz1þ z2Þ2�2F1

�
−ϵ;−ϵ;1− ϵ;

z2ð1− z1−z2Þ
ð1−z2Þðz1þ z2Þ

�
ðeÞ

¼ α2sCFCA

ð4πÞ2
μ4ϵ

s1þ2ϵ
123

	�
2

3ϵ2
þ22

9ϵ
þ242

27
−
5

9
π2þ ϵ

�
2401

81
−
55

27
π2−

64

9
ζ3

�
þOðϵ2Þ

�
ðaÞ

þ
�
8

ϵ3
þ12

ϵ2
þ1

ϵ

�
77

2
−
20

3
π2
�
þ435

4
−10π2−

232

3
ζ3−37.8ϵþOðϵ2Þ

�
ðbÞ

þ
�
−
4

ϵ3
−
14

ϵ2
þ1

ϵ

�
−
245

6
þ2π2

�
−
4295

36
þ35

3
π2þ128

3
ζ3þ ϵ

�
−
75851

216
þ1225

36
π2þ448

3
ζ3−

31

90
π4
�
þOðϵ2Þ

�
ðcÞ

þ
�
−
2

ϵ3
−
3

ϵ2
þ1

ϵ
ðπ2−13Þ−41þ3

2
π2−

20

3
ζ3−134.8ϵþOðϵ2Þ

�
ðdÞ

þ
�
−
6

ϵ3
−
9

ϵ2
þ1

ϵ
ð−29þ5π2Þ−75þ15

2
π2þ64ζ3þ118.6ϵþOðϵ2Þ

�
ðeÞ

¼ α2sCFCA

ð4πÞ2
μ4ϵ

s1þ2ϵ
123

�
−
4

ϵ3
−
40

3ϵ2
þ1

ϵ

�
−
377

9
þ8

3
π2
�
−
3175

27
þ91

9
π2þ68

3
ζ3

þ ϵ

�
−
51337

162
þ1741

54
π2þ902

9
ζ3−

41

90
π4
�
þOðϵ2Þ

�
: ð38Þ

In the last line we have displayed the analytic result
obtained from the reduction to master integrals that agrees
with the partially numerical result ðaÞ þ � � � þ ðeÞ within
integration errors. We have kept the labels (a)–(e) through-
out to allow one to keep track of the various terms
contributing to PCFCA

ggq . The first factor for each term shows
the singular structure, which we expand using Eq. (A3). For
terms (c) through (e) it is convenient to first perform a
change of variables:

ðcÞ r ¼ ð1 − z3Þ2; w ¼ z2
1 − z3

;Z
1

0

dz3

Z
1−z3

0

dz2
ð1 − z2 − z3Þ−ϵ
z1þϵ
2 ð1 − z3Þ

¼
Z

1

0

dr
Z

1

0

dw
ð1 − wÞ−ϵ
2r1þϵw1þϵ ;

ðdÞ r ¼ ð1 − z3Þ2; v ¼ z1
1 − z3

;

Z
1

0

dz3

Z
1−z3

0

dz1
ð1 − z1 − z3Þ−ϵ
z1þ2ϵ
1 ð1 − z3Þ1−ϵ

¼
Z

1

0

dr
Z

1

0

dv
ð1 − vÞ−ϵ
2r1þϵv1þ2ϵ ;

ðeÞ a ¼ z1 þ z2; b ¼ z1 − z2
z1 þ z2

;Z
1

0

dz1

Z
1−z1

0

dz2
ðz1 þ z2Þϵ
z1þ2ϵ
1 z1þϵ

2

¼
Z

1

0

da
Z

1

−1
db

21þ3ϵ

a1þ2ϵð1 − bÞ1þϵð1þ bÞ1þ2ϵ : ð39Þ

This eliminates the overlap of divergences which would
prevent an expansion in plus distributions. For example, the
divergences in term (e) at ða; bÞ ¼ ð0; 1Þ and ð0;−1Þwould
otherwise coincide at ðz1; z2Þ ¼ ð0; 0Þ.
The calculation of the real-virtual corrections follows

similar (but simpler) steps:
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Z
dΦc

2ðsÞσcð1Þ2 ðs0Þδðs − s0Þ

¼
Z

1

0

dz
½zð1 − zÞs�−ϵ

ð4πÞ2−ϵΓð1 − ϵÞ
�
μ2eγE

4π

�
ϵ 2g2

s
Pð1Þ
qg

¼ α2sCF

ð4πÞ2
ðμ2eγEÞ2ϵ
Γð1 − 2ϵÞ

4

s1þ2ϵ

Z
1

0

dz
1

ð1 − zÞ1þ2ϵ × z−ϵð1 − zÞϵ π

ϵ tanðπϵÞ
	
½1þ z2 − ϵð1 − zÞ2�

�
ðCF − CAÞ

�
1 −

ϵ2

1 − 2ϵ

�

þ ðCA − 2CFÞ2F1

�
1;−ϵ; 1 − ϵ;−

1 − z
z

�
− CA2F1

�
1;−ϵ; 1 − ϵ;−

z
1 − z

�
þ CF

�
þ ðCF − CAÞ

ϵ2

1 − 2ϵ
zð1þ zÞ




¼ α2sCF

ð4πÞ2
μ4ϵ

s1þ2ϵ

	
CF

�
1

ϵ

�
10 −

8

3
π2
�
þ 40 − 80ζ3 þ ϵ

�
122 −

25

3
π2 −

8

15
π4
��

þ CA

�
4

ϵ3
þ 6

ϵ2
þ 1

ϵ
ð16 − 2π2Þ þ 40 − 5π2 þ 64

3
ζ3 þ ϵ

�
94 −

40

3
π2 − 28ζ3 þ

91

90
π4
��

þOðϵ2Þ


: ð40Þ

Adding up Eqs. (35), (36), (37), (38), and (40), we obtain the two-loop contribution to the bare jet function,

Jq;bareðsÞ ¼ δðsÞ þ Zα
αsCF

4π

μ2ϵ

s1þϵ

�
−
4

ϵ
− 3þ ϵð−7þ π2Þ þ ϵ2

�
−14þ 3

4
π2 þ 28

3
ζ3

�
þ ϵ3

�
−28þ 7

4
π2 þ 7ζ3 þ

1

24
π4
��

þ Z2
α
α2sCF

ð4πÞ2
μ4ϵ

s1þ2ϵ

	
CF

�
−
16

ϵ3
−
24

ϵ2
þ 1

ϵ

�
−65þ 32

3
π2
�
−
311

2
þ 18π2 þ 248

3
ζ3 þ ϵ

�
−
1437

4
þ 301

6
π2

−
113

45
π4 þ 172ζ3

��
þ CA

�
−

22

3ϵ2
þ 1

ϵ

�
−
233

9
þ 2

3
π2
�
−
4541

54
þ 55

9
π2 þ 40ζ3 þ ϵ

�
−
86393

324
þ 1129

54
π2

þ 17

90
π4 þ 1028

9
ζ3

��
þ TFnf

�
8

3ϵ2
þ 76

9ϵ
þ 746

27
−
20

9
π2 þ ϵ

�
7081

81
−
190

27
π2 −

256

9
ζ3

��
þOðϵ2Þ



þOðα3sÞ:

ð41Þ

Here we also included all the relevant orders in ϵ of the one-loop jet function beyond the finite terms in Eq. (14), and have
taken the renormalization of the coupling constant into account

Zα ¼ 1 −
αs
4π

β0
ϵ
þOðα2sÞ ¼ 1 −

αs
4π

1

ϵ

�
11

3
CA −

4

3
TFnf

�
þOðα2sÞ: ð42Þ

D. Renormalized jet function

The final result for the jet function can be obtained from Eq. (41) by expanding s in plus distributions using Eq. (A3) and
renormalizing

Jqðs;μÞ ¼
Z

∞

0

ds0ZJqðs0;μÞJq;bareðs− s0Þ;

ZJqðs0;μÞ ¼ δðs0Þ þ αsCF

4π

�
4

ϵ

1

μ2
L0

�
s0

μ2

�
− δðs0Þ

�
4

ϵ2
þ 3

ϵ

��
þ α2sCF

ð4πÞ2
	
CF

�
1

μ2
L1

�
s0

μ2

�
16

ϵ2
þ 1

μ2
L0

�
s0

μ2

��
−
16

ϵ3
−
12

ϵ2

�

þ δðs0Þ
�
8

ϵ4
þ 12

ϵ3
þ 1

ϵ2

�
9

2
−
4

3
π2
�
þ 1

ϵ

�
−
3

4
þ π2 − 12ζ3

���
þCA

�
1

μ2
L0

�
s0

μ2

��
−
22

3

1

ϵ2
þ 1

ϵ

�
134

9
−
2

3
π2
��

þ δðs0Þ
�
11

ϵ3
þ 1

ϵ2

�
−
35

18
þ π2

3

�
þ 1

ϵ

�
−
1769

108
−
11

18
π2 þ 20ζ3

���

þ TFnf

�
1

μ2
L0

�
s0

μ2

��
8

3

1

ϵ2
−
40

9

1

ϵ

�
þ δðs0Þ

�
−
4

ϵ3
þ 2

9

1

ϵ2
þ 1

ϵ

�
121

27
þ 2

9
π2
���


þOðα3sÞ: ð43Þ
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To obtain the contribution induced by the one-loop renormalization, it is easiest to use Eq. (A4). The remainingOðϵ0Þ terms
give the renormalized jet function

Jð2Þq ðs; μÞ ¼ α2sCF

ð4πÞ2
	
8CF

1

μ2
L3

�
s
μ2

�
þ 1

μ2
L2

�
s
μ2

��
−18CF −

22

3
CA þ 8

3
TFnf

�

þ 1

μ2
L1

�
s
μ2

��
CF

�
37 −

20

3
π2
�
þ CA

�
367

9
þ 4

3
π2
�
−
116

9
TFnf

�

þ 1

μ2
L0

�
s
μ2

��
CF

�
−
45

2
þ 7π2 − 8ζ3

�
þ CA

�
−
3155

54
þ 22

9
π2 þ 40ζ3

�
þ TFnf

�
494

27
−
8

9
π2
��

þ δðsÞ
�
CF

�
205

8
−
67

6
π2 þ 14

15
π4 − 18ζ3

�
þ CA

�
53129

648
−
208

27
π2 −

17

180
π4 −

206

9
ζ3

�

þ TFnf

�
−
4057

162
þ 68

27
π2 þ 16

9
ζ3

��

: ð44Þ

This reproduces the well-known result of Ref. [24].
From ZJq we can calculate the anomalous dimension,

γJqðs; μÞ ¼
Z

ds0Z−1
Jq
ðs − s0; μÞμ d

dμ
ZJqðs0; μÞ

¼ αsCF

4π

	�
−8þ αs

4π

�
CA

�
−
536

9
þ 8

3
π2
�
þ 160

9
TFnf

��
1

μ2
L0

�
s
μ2

�

þ
�
6þ αs

4π

�
CFð3 − 4π2 þ 48ζ3Þ þ CA

�
1769

27
þ 22

9
π2 − 80ζ3

�
þ TFnf

�
−
484

27
−
8

9
π2
���

δðsÞ


: ð45Þ

Here we used μdαs=dμ ¼ −2αs½ϵþ αsβ0=ð4πÞ þOðα2sÞ�, the derivative of plus distributions in Eq. (A6) and the
convolution identities in Appendix B of Ref. [67]. This expression for γJ is in agreement with Ref. [68].

E. Bare fragmenting jet function

In the fragmenting jet function we measure both the invariant mass of the jet and the momentum fraction of one of the
partons,

Gk
q;bareðsÞ ¼

Z
dΦc

2ðs0; z0Þσc2ðs0; z0Þδðs − s0Þ½δk;qδðz − z0Þ þ δk;gδðzþ z0 − 1Þ�

þ
X
ij

Sijq

Z
dΦc

3σ
c
3;ijqδðs − s123Þ½δk;iδðz − z1Þ þ δk;jδðz − z2Þ þ δk;qδðz − z3Þ� þOðα3sÞ; ð46Þ

where ij runs over fgg; ūu; d̄d;…g. At variance with
the jet function case, the momentum fraction z is not
integrated over. Below we give the results in a form
regular for both z → 0 and z → 1, which were obtained
using the reverse-unitarity approach to phase space
integrals. The regularity at z ¼ 0 is not necessary
since it never enters in Eq. (6), but it allows an
additional check with the corresponding contribution
to the bare jet function. For the direct integration

approach, we performed the calculation for 0<z< 1,
which simplifies the calculation compared to the jet
function by e.g., removing the complication of over-

lapping singularities in PCFCA
ggq . We then turned the

result into plus distributions and fixed the coefficient
of δð1 − zÞ using the quark-number sum rule in Eq. (7).
Starting with Pq̄0q0q, we first consider the case where the

momentum fraction of q0 or q̄0 is measured,
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Z
dΦc

3σ
c
3;q̄0q0qδðs − s123Þδðz − z1Þ ¼

Z
dΦc

3σ
c
3;q̄0q0qδðs − s123Þδðz − z2Þ

¼ α2sCFTF

ð4πÞ2
μ4ϵ

s1þ2ϵ
123

	
1

ϵ2
8

3
δðzÞ þ 1

ϵ

�
−
4

3
δðzÞ − 16

3
L0ðzÞ − 8ð1þ zÞH0 þ

4

3
ð4z2 þ 3z − 3Þ

�

−
4

9
ð3þ π2ÞδðzÞ þ 8

3
L0ðzÞ þ

32

3
L1ðzÞ þ 24ð1þ zÞH0;0 − 16ð1þ zÞH2 −

8

3

1 − z
z

ð4z2 þ 7zþ 4ÞH1

þ 4ð3þ zÞH0 −
8

3
ðz2 − 8zþ 8 − π2ð1þ zÞÞ þ ϵ

�
2

9
δðzÞð−32ζ3 þ π2Þ þ 8

9
ð3þ π2ÞL0ðzÞ −

16

3
L1ðzÞ

−
32

3
L2ðzÞ þ 16ð1þ zÞζ3 − 56ð1þ zÞH0;0;0 − 32ð1þ zÞH2;1 þ 16ð1þ zÞH2;0 −

16

3

1 − z
z

ð4z2 þ 7zþ 4ÞH1;1

þ 8

3

1 − z
z

ð4þ 4z2 þ 7zÞH1;0 −
4

3
ð8z2 þ 15zþ 21ÞH0;0 þ 48ð1þ zÞH3 þ

8

3

1

z
ð3z2 þ 9zþ 8ÞH2

þ 16

3

1 − z
z

ðz2 − 7zþ 1ÞH1 −
4

3
ð10z − 22þ π2ð1þ zÞÞH0 −

2

9
ð12z2 − 126zþ 126þ π2ð20z2 þ 21zþ 3ÞÞ

�

þOðϵ2Þ


: ð47Þ

The harmonic polylogarithms H are defined in Appendix B, and we have suppressed their argument z for brevity.
Measuring the momentum fraction of q leads toZ

dΦc
3σ

c
3;q̄0q0qδðs − s123Þδðz − z3Þ

¼ α2sCFTF

ð4πÞ2
μ4ϵ

s1þ2ϵ

	
1

ϵ2
8

3
δð1 − zÞ þ 1

ϵ

�
40

9
δð1 − zÞ − 16

3
L0ð1 − zÞ þ 8

3
ð1þ zÞ

�
−

4

27
ð−56þ 9π2Þδð1 − zÞ

−
80

9
L0ð1 − zÞ þ 32

3
L1ð1 − zÞ þ 16

3
ð1þ zÞH1 þ

8

3

1þ z2

1 − z
H0 þ

40

9
ð1þ zÞ

þ ϵ

�
−

4

81
δð1 − zÞð−328þ 252ζ3 þ 45π2Þ þ 8

27
ð−56þ 9π2ÞL0ð1 − zÞ þ 160

9
L1ð1 − zÞ − 32

3
L2ð1 − zÞ

þ 32

3
ð1þ zÞH1;1 þ

8

9

1þ z2

1 − z
ð6H1;0 − 3H0;0 þ 6H2 þ 5H0Þ þ

80

9
ð1þ zÞH1 −

4

27
ð−74z − 38þ 9π2ð1þ zÞÞ

�

þOðϵ2Þ


: ð48Þ

Moving on to PðidÞ
q̄qq, the measurement of the momentum fraction of q̄ yields

1

2

Z
dΦc

3σ
c
3;q̄qqðidÞδðs − s123Þδðz − z1Þ

¼ α2sCFðCF − 1
2
CAÞ

ð4πÞ2
μ4ϵ

s1þ2ϵ

	
1þ z2

1þ z

�
8H0;0 − 16H−1;0 −

4

3
π2
�
þ 16ð1 − zÞ þ 8ð1þ zÞH0

þ ϵ

�
1þ z2

1þ z

�
−40H0;0;0 þ 48H−1;0;0 − 32H−1;2 þ 32H−2;0 þ 16H3 þ

16

3
π2H−1 − 24ζ3

�
− 32ð1þ zÞH0;0

þ16ð1þ zÞH−1;0 þ 16ð1þ zÞH2 þ 32ð1 − zÞH1 þ 4ðz − 7ÞH0 −
4

3
π2ð1þ zÞ þ 4ð1 − zÞ

�
þOðϵ2Þ



: ð49Þ

When the momentum fraction of a quark is measured, we find
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1

2

Z
dΦc

3σ
c
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ð50Þ

Next we consider the C2
F color structure in q� → ggq. Measuring the momentum fraction of one of the gluons,
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: ð51Þ

When instead the momentum fraction of the quark is measured, we find
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For the CFCA color structure of q� → ggq, when the momentum fraction of one of the gluons is measured, we find
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For the momentum fraction of the quark we find
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For the real-virtual corrections, we do not need to perform any integrals, but simply expand in ϵ. We first consider the case
where the momentum fraction z of the quark is measured,
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: ð55Þ

The expression for when the momentum fraction of the gluon is measured instead can be obtained by z → 1 − z.

F. Renormalization and matching of fragmenting jet function

As stated in Eq. (5), the renormalization of the fragmenting jet function does not depend on the momentum fraction z and
is identical to that of the jet function in (43). The 1=ϵ poles that remain after renormalization are IR divergences, which
cancel in the matching in Eq. (6),

Gið2Þ
q ðs; z; μÞ ¼ J ð2Þ

qi ðs; z; μÞ þ
X
j

Z
1

z

dz0

z0
J ð1Þ

qj

�
s;
z
z0
; μ

�
Dið1Þ

j ðz0; μÞ þ δðsÞDið2Þ
q ðz; μÞ: ð56Þ

We have worked out the second and third terms on the right-hand side of Eq. (56) in Appendix E and verified that their poles

agree with those of the renormalized fragmenting jet function. The finite terms of Gið2Þ
q minus the finite contribution from the

convolution of J ð1Þ
qj with Di;ð1Þ

j give the two-loop matching coefficients J ð2Þ
qi , which are given below.

Starting with J ð2Þ
qq , we separate its contributions by color structure,
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qq0 þ nfTFg
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qq;TF

Þ; ð57Þ

where for later convenience we keep the secondary-quark contribution gð2Þqq0 separate. The ingredients are given by
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The matching coefficient J qq̄ that describes the contribution from the antiquark fragmentation function (of the same
flavor as the quark) has the following form:
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The secondary quark contribution gð2Þqq0 was given above in Eq. (61). The interference contribution is given by
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4

3
π2

1þ z2

1þ z

�
: ð63Þ

The contribution involving fragmentation from an (anti)quark of a different flavor q0 ≠ q is given by

J ð2Þ
qq0 ðs; z; μÞ ¼ J ð2Þ

qq̄0 ðs; z; μÞ ¼
α2sCFTF

ð4πÞ2
1

μ2
gð2Þqq0 : ð64Þ

For the matching J qg onto gluon fragmentation functions, we have

J ð2Þ
qg ðs; z; μÞ ¼ α2sCF

ð4πÞ2
1

μ2
ðCFg

ð2Þ
qg;CF

þ CAg
ð2Þ
qg;CA

Þ; ð65Þ

with

gð2Þqg;CF
¼ δ

�
s
μ2

��
−24þ 19zþ π2ð6 − 16zþ z2Þ

3z
þ
�
−4π2ð3 − 4zþ 2z2Þ

3z
þ 28þ 3z − 13z2

z

�
H0

þ
�
4π2ð2 − 2zþ z2Þ

z
−
4ð7 − 7zþ 3z2Þ

z

�
H1 þ

4ð3 − 2z2Þ
z

H2 − ð16 − 13zÞH0;0 −
2ð12 − 16zþ z2Þ

z
H1;1

−
16

z
H3 þ

4ð2 − 2zþ z2Þ
z

H1;2 −
8ð2 − 2zþ z2Þ

z
H2;0 þ

4ð12 − 10zþ 5z2Þ
z

H2;1 þ 10ð2 − zÞH0;0;0

þ 16ð2 − 2zþ z2ÞH1;0;0

z
−
4ð2 − 2zþ z2ÞH1;1;0

z
−
20ð2 − 2zþ z2ÞH1;1;1

z
þ 4ð4 − 2zþ z2Þζ3

z

�

þ L0

�
s
μ2

��
−4π2ð5 − 6zþ 3z2Þ

3z
þ 2ð14 − 15zþ 6z2Þ

z
−
12

z
H0 þ

2ð12 − 16zþ 3z2Þ
z

H1 þ 8ð2 − zÞH0;0
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−
4ð8 − 6zþ 3z2Þ

z
H2 þ

8ð2 − 2zþ z2Þ
z

H1;0 þ
16ð2 − 2zþ z2Þ

z
H1;1

�
þ L1

�
s
μ2

��
−2ð12 − 16zþ 3z2Þ

z

þ 4ð4 − 2zþ z2Þ
z

H0 −
16ð2 − 2zþ z2Þ

z
H1

�
þ L2

�
s
μ2

�
12ð2 − 2zþ z2Þ

z
; ð66Þ

gð2Þqg;CA
¼ δ

�
s
μ2

��
2π2ð−3 − 6zþ z2Þ

3z
þ 2ð1169 − 723z − 204z2 − 269z3Þ

27z
þ 4π2ð2þ 2zþ z2Þ

3z
H−1

þ
�
−8π2ð1þ zþ z2Þ

3z
þ 2ð152þ 405zþ 171z2 þ 62z3Þ

9z

�
H0 −

2ð26þ 57z − 48z2 − 26z3Þ
9z

H1

þ 4ð40 − 6z − 3z2 − 4z3Þ
3z

H2 þ 4zH−1;0 −
2ð80þ 48zþ 15z2Þ

3z
H0;0 − 12zH1;0 −

4ð31 − 24z − 4z3Þ
3z

H1;1

−
8ð2þ 2zþ z2Þ

z
H−1;2 þ

8ð2þ 2zþ z2Þ
z

H−2;0 þ
8ð6þ 4zþ 5z2Þ

z
H3 þ

8ð2 − 2zþ z2Þ
z

H1;2

−
8ð2 − 2zþ z2Þ

z
H2;0 −

4ð6þ 2zþ 5z2Þ
z

H2;1 þ
12ð2þ 2zþ z2Þ

z
H−1;0;0 −

20ð4þ 2zþ 3z2Þ
z

H0;0;0

−
12ð2 − 2zþ z2Þ

z
H1;0;0 þ

16ð2 − 2zþ z2Þ
z

H1;1;0 −
4ð2 − 2zþ z2Þ

z
H1;1;1 −

8ð8 − zþ 5z2Þζ3
z

�

þ L0

�
s
μ2

��
−4π2ð2þ zÞ

3
þ 4ð13þ 33z − 24z2 − 13z3Þ

9z
−
8ð20 − 3z − 3z2 − 2z3Þ

3z
H0

þ 4ð1 − zÞð31þ 7zþ 4z2Þ
3z

H1 þ
16ð1þ zþ z2Þ

z
H2 þ

8ð2þ 2zþ z2Þ
z

H−1;0 −
8ð6þ 4zþ 5z2Þ

z
H0;0

−
16ð2 − 2zþ z2Þ

z
H1;0 þ

8ð2 − 2zþ z2Þ
z

H1;1

�

þ L1

�
s
μ2

��
−4ð1 − zÞð31þ 7zþ 4z2Þ

3z
−
16ð1þ zþ z2Þ

z
H0 −

8ð2 − 2zþ z2Þ
z

H1

�
: ð67Þ

We have verified that these results satisfy the quark number and momentum sum rules of Eq. (7), providing an important
cross-check. In terms of the ingredients above, these sum rules read:Z

dz½J ð2Þ
qq − J ð2Þ

qq̄ �ðs; z; μÞ ¼ Jð2Þq ðs; μÞ;Z
dzz½J ð2Þ

qq þ J ð2Þ
qq̄ þ ðnf − 1ÞðJ ð2Þ

qq0 þ J ð2Þ
qq̄0 Þ þ J ð2Þ

qg �ðs; z; μÞ ¼ Jð2Þq ðs; μÞ: ð68Þ

V. DISCUSSION AND CONCLUSION

In this paper, we have pointed out that beam and jet
functions in SCET can be calculated by integrating the well-
known QCD splitting functions over the appropriate collin-
ear phase space. To demonstrate the utility of this approach,
we have first shown that it reduces the computation of NLO
beam and jet functions to expansions in ϵ, using the
(fragmenting) quark jet function and the (TMD) quark beam
function as examples. At NNLO, we have calculated the
quark fragmenting jet function for the first time. This result is
checked by verifying the cancellation of IR poles in the

matching onto fragmentation functions and by using sum
rules that relate it to the known quark jet function.
More general beam and jet functions than what we have

considered in this paper have found applications in phe-
nomenology. Beam functions differential in both the trans-
verse virtuality and the transverse momentum [69–71]
entered in a calculation of the Higgs pT spectrum [69]
and a recent event shape study in deep-inelastic scattering
[72]. The generalization of the fragmenting jet function
where both momentum fractions in the double real con-
tribution are measured would for example enter in the
description of jet charge at NNLO [73,74]. In addition, one
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could study jet functions and beam functions in the
presence of a jet algorithm; see e.g., Refs. [75–77].
Splitting functions in dense QCD matter were calculated
in Ref. [78], and so one could envision including medium
effects on jet functions in this way. The approach discussed
here is certainly advantageous at NLO, but it will depend
on the details of the measurement whether that remains true
at NNLO.
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APPENDIX A: PLUS DISTRIBUTIONS

The plus distributions are defined as

LnðaÞ≡
�
lnna
a

�
þ

¼ lim
b→0

�
θða − bÞlnna

a
þ δða − bÞ ln

nþ1b
nþ 1

�
ðA1Þ

and satisfy the boundary conditionZ
1

0

daLnðaÞ ¼ 0: ðA2Þ

We will use the following plus distribution expansion:

1

a1þϵ ¼ −
1

ϵ
δðaÞ þ L0ðaÞ − ϵL1ðaÞ

þ ϵ2

2
L2ðaÞ −

ϵ3

6
L3ðaÞ þOðϵ4Þ; ðA3Þ

as well asZ
a

0

dbL0ðbÞða − bÞ−1−ϵ ¼
Z

1

0

db
ða − bÞ−1−ϵ − a−1−ϵ

b

þ
Z

a

1

db
ða − bÞ−1−ϵ

b

¼
�
−ψð−ϵÞ − γE −

d
dϵ

�
1

a1þϵ :

ðA4Þ
The transverse momentum plus distributions can be
converted to impact-parameter space using the Fourier
transforms

4π

Z
d2~k2⊥
ð2πÞ2 e

i~b⊥·~k⊥δ2ð~k2⊥Þ ¼ 1;

4π

Z
d2~k2⊥
ð2πÞ2 e

i~b⊥·~k⊥L0ð~k2⊥Þ ¼ −L⊥;

4π

Z
d2~k2⊥
ð2πÞ2 e

i~b⊥·~k⊥L1ð~k2⊥Þ ¼
1

2
L2⊥; ðA5Þ

where L⊥ ¼ lnð~b2⊥e2γE=4Þ. The following derivative of
plus distributions is useful for calculating the anomalous
dimensions:

μ
d
dμ

�
1

μ2
Ln

�
s
μ2

��
¼

(
− 2n

μ2
Ln−1ð sμ2Þ n > 0;

−2δðsÞ n ¼ 0:
ðA6Þ

APPENDIX B: HARMONIC POLYOGARITHMS

Harmonic polylogarithms [79] reduce to logarithms for
weight one:

H1ðzÞ ¼ − ln ð1 − zÞ;
H0ðzÞ ¼ ln z;

H−1ðzÞ ¼ ln ð1þ zÞ: ðB1Þ
Writing higher weights as vectors b1;…; bw ≡ ~b, with
bi ∈ f1; 0;−1g, the harmonic polylogarithms of weight
w are defined through

H~0w
ðzÞ ¼ 1

w!
lnwz; ðB2Þ

and recursively for ~c ¼ ða; ~bÞ ≠ ~0w by

Ha;~bðzÞ ¼
Z

z

0

dtfaðtÞH~bðtÞ ðB3Þ

with the integration kernels

f1ðtÞ ¼
1

1 − t
; f0ðtÞ ¼

1

t
; f−1ðtÞ ¼

1

1þ t
: ðB4Þ

Weight vectors with zeros to the left of 1 or −1 are
abbreviated:

H…;~0w;�1;…ðzÞ≡ H…;�ð1þwÞ;…ðzÞ; ðB5Þ

and we omit the argument z if there is no potential for
confusion.

APPENDIX C: QUARK JET FUNCTION AT NNLO

The integral reduction for the jet function calculation in
Sec. IV C can be performed for the kinematics q → p1;
p2; p3; p4, keeping s123 fixed. After integral reduction the
expansion to first order in s123=s1234 is performed. We have
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Z
dΦc

3σ
c
3;q̄0q0qδðs − s123Þ ¼

α2sCFTF

ð4πÞ2
μ4ϵ

s1þ2ϵ

2ð1 − ϵÞ2ð2 − 4ϵþ ϵ2Þ
ϵ2ð3 − 2ϵÞ I1;

1

2

Z
dΦc

3σ
c
3;q̄qqðidÞδðs − s123Þ ¼

α2sCFðCF − CA=2Þ
ð4πÞ2

μ4ϵ

s1þ2ϵ I
ðidÞ
q̄qq;

1

2

Z
dΦc

3σ
c
3;qggδðs − s123Þ ¼

α2sCF

ð4πÞ2
μ4ϵ

s1þ2ϵ ðCFI
C2
F

qgg þ CAI
CFCA
qgg Þ; ðC1Þ

which have the following decomposition into master integrals:

IðidÞq̄qq ¼
4 − 38ϵþ 136ϵ2 − 207ϵ3 þ 120ϵ4 − 6ϵ5 − 9ϵ6 þ 2ϵ7

2ϵ3ð1 − ϵÞð1 − 2ϵÞ I1 þ
1 − 6ϵþ 6ϵ2

ϵð1 − ϵÞ I2 −
1 − 6ϵþ 6ϵ2

ϵð1 − ϵÞ I3

−
1 − 9ϵþ 9ϵ2

ð1 − 2ϵÞð1 − ϵÞ I4 þ I6;

I
C2
F

qgg ¼ 8 − 112ϵþ 607ϵ2 − 1541ϵ3 þ 1772ϵ4 − 647ϵ5 − 134ϵ6 þ 8ϵ7

2ϵ3ð1 − 4ϵÞð1 − 2ϵÞ I1 þ
1 − ϵ

1 − 4ϵ
I4 þ

1 − ϵ

1 − 4ϵ
I5 þ I7;

ICFCA
qgg ¼ 96 − 1148ϵþ 5476ϵ2 − 13443ϵ3 þ 18033ϵ4 − 12497ϵ5 þ 3524ϵ6 − 132ϵ7 þ 16ϵ8

4ϵ3ð1 − 4ϵÞð1 − 2ϵÞð−3þ 2ϵÞ I1

þ 1 − 6ϵþ 4ϵ2 − 8ϵ3

2ð1 − 4ϵÞð1 − 2ϵÞ I4 −
1 − ϵ

2ð1 − 4ϵÞ I5 −
1

2
I7: ðC2Þ

The integrals are defined as

Ik ¼ N IΓð1 − 2ϵÞ28−4ϵπ4−ϵs−1þ2ϵ

Z
dΦc

3δðs123 − sÞbk ðC3Þ

where we have N I ¼ 4e2ϵγE=Γð1 − 2ϵÞ and

~b ¼
	
1;

1

1 − z1
;

1

1 − z1

1

1 − z2
;

s123
s23ð1 − z3Þ

;
s123

s13ð1 − z1Þz3
;

s2123
s12s23ð1 − z1Þð1 − z3Þ

;
s2123

s12s13z2z3



: ðC4Þ

They evaluate to

I1=N I ¼
Γð1 − ϵÞ3

ð1 − 2ϵÞΓð3 − 3ϵÞ ; ðC5Þ

I2=N I ¼
Γð1 − ϵÞ3

ð1 − 2ϵÞ2Γð2 − 3ϵÞ ; ðC6Þ

I3=N I ¼
Γð1 − ϵÞ3

ð1 − 2ϵÞ2Γð2 − 3ϵÞ 3F2ð1; 1 − 2ϵ; 1 − ϵ; 2 − 3ϵ; 2 − 2ϵ; 1Þ; ðC7Þ

I4=N I ¼ −
Γð1 − ϵÞ3

ϵð1 − 2ϵÞΓð2 − 3ϵÞ 3F2ð1; 1 − 2ϵ; 1 − ϵ; 2 − 3ϵ; 2 − 2ϵ; 1Þ; ðC8Þ

I5=N I ¼ −
Γð1 − ϵÞ3
ϵ3Γð1 − 3ϵÞ 3F2ð1;−2ϵ;−ϵ; 1 − 3ϵ; 1 − 2ϵ;−1Þ; ðC9Þ

I6=N I ¼ −
Γð1 − 2ϵÞΓð1 − ϵÞ2

ϵ3Γð1 − 4ϵÞ 4F3ð1 − ϵ;−2ϵ;−2ϵ;−2ϵ; 1 − 2ϵ; 1 − 2ϵ;−4ϵ; 1Þ; ðC10Þ
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I7=N I ¼ −
6

ϵ3
Γð1 − ϵÞ3
Γð1 − 3ϵÞ þ

1

ϵ3
Γð1 − 2ϵÞ2Γð1 − ϵÞΓð1þ ϵÞ

Γð1 − 4ϵÞ 3F2ð−2ϵ;−2ϵ;−2ϵ; 1 − 2ϵ;−4ϵ; 1Þ

−
2

ϵð1 − ϵÞð1þ ϵÞ
Γð1 − ϵÞ3
Γð1 − 3ϵÞ 4F3ð1; 1 − ϵ; 1 − ϵ; 1 − ϵ; 1 − 3ϵ; 2 − ϵ; 2þ ϵ; 1Þ: ðC11Þ

APPENDIX D: QUARK FRAGMENTING JET
FUNCTION AT NNLO

Similar to the jet function case, the integral reduction for
the fragmenting jet function in Sec. IV E can be performed
for the kinematics q → p1; p2; p3; p4, keeping s123 and s14
fixed. After the integral reduction, the expansion to first
order in s123=s1234 is performed. (The integrated splitting
functions in terms of master integrals are given in the
Supplemental Material [80].) We denote

F½b� ¼ N
Z

dΦ1→4δðs − s123Þδðs14 − zðs1234 − s123ÞÞb

¼
X
j

�
s123
s1234

�
j
F½b�ðjÞ ðD1Þ

where N is a normalization factor (not equal to N I).
At variance with the jet function, for some integrals
subleading coefficients in s123=s1234 remain after reduction
and expansion.
The integrals are obtained either by direct integration or

by solving the differential equation in z (in some cases
order by order in ϵ). The integrals show up multiplied by
various powers of z and 1 − z. We pull out factors of either

z or 1 − z from the integrals such that z−1−aϵ or ð1 − zÞ−1−aϵ
can be expanded in distributions using Eq. (A3). The
expansion of factors z−1−aϵ is not necessary for the cal-
culation at hand, but it allows us to check that the integral
over z reproduces the corresponding contribution to the jet
function.
For all the integrals there is an integer m such that

ð1 − zÞmþ2ϵF→
z→1

k at arbitrary ϵ. The constant can be
determined by direct integration in 4 − 2ϵ dimensions
(starting for example from the explicit parametrization of
the 1 → 4 phase space in Ref. [81]) in all cases. The
analogous statement is not true for z → 0. In almost all
cases, the leading behavior at z ¼ 0 was determined from
the explicit phase space parametrization. The exception to
this is F½1=ðs12s13s124Þ� for which the form with explicit
factors of z was determined from the form with explicit
factors of 1 − z, using the corresponding contribution to the
jet function as additional input.
The normalization of the integrals is the same as that

for the jet function, such that e.g.,
R
dzF½1�ð1Þ ¼ I1. For

the integrals that have been determined only to finite order
in ϵ, we do not display all the required orders below, since
the full expressions are contained in the Supplemental
Material [80].

F½1�ð1Þ=N I ¼ z−ϵð1 − zÞ1−2ϵ 1

ð1 − 2ϵÞ2
Γð1 − ϵÞ2
Γð1 − 2ϵÞ ; ðD2Þ

F½1�ð2Þ=N I ¼ −z−ϵð1 − zÞ1−2ϵ Γð1 − ϵÞ2
Γð2 − 2ϵÞ ; ðD3Þ

F½1�ð3Þ=N I ¼ −z−ϵð1 − zÞ1−2ϵϵ Γð1 − ϵÞ2
Γð2 − 2ϵÞ ; ðD4Þ

F

�
1

s12

�ð0Þ
=N I ¼ −z−ϵð1 − zÞ1−2ϵ 1

ϵ

Γð1 − ϵÞ2
Γð2 − 2ϵÞ 2F1ð1; 1 − ϵ; 2 − 2ϵ; 1 − zÞ; ðD5Þ

F

�
1

s12

�ð1Þ
=N I ¼ z−ϵð1 − zÞ1−2ϵ 1

ϵ

Γð1 − ϵÞ2
Γð1 − 2ϵÞ 2F1ð1; 1 − ϵ; 2 − 2ϵ; 1 − zÞ; ðD6Þ

F
�
1

s12

�ð2Þ
=N I ¼ z−ϵð1 − zÞ1−2ϵ Γð1 − ϵÞ2

Γð1 − 2ϵÞ 2F1ð1; 1 − ϵ; 2 − 2ϵ; 1 − zÞ; ðD7Þ

F

�
1

s12

�ð3Þ
=N I ¼ z−ϵð1 − zÞ1−2ϵ 1þ 2ϵ

3

Γð1 − ϵÞ2
Γð1 − 2ϵÞ 2F1ð1; 1 − ϵ; 2 − 2ϵ; 1 − zÞ; ðD8Þ
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F

�
1

s124

�ð4Þ
=N I ¼

ð1þ 4ϵÞð3 − 9ϵ − 8ϵ2 þ 8ϵ3Þ
12ϵð1 − 2ϵÞð3 − 2ϵÞ

Γð1 − ϵÞ2
Γð1 − 2ϵÞ

× ½z−ϵð1 − zÞ−1−2ϵð1þ zÞ − 2z1−ϵð1 − zÞ−1−2ϵ2F1ð1;−ϵ;−2ϵ; 1 − zÞ�; ðD9Þ

F
�
s12
s124

�ð2Þ
=N I ¼ z−ϵð1 − zÞ1−2ϵ 1

2ð1 − 2ϵÞ2
Γð1 − ϵÞ2
Γð1 − 2ϵÞ ; ðD10Þ

F

�
s12
s124

�ð3Þ
=N I ¼ −z−ϵð1 − zÞ1−2ϵ 2 − 7ϵþ 4ϵ2

2ð1 − 2ϵÞ2ð3 − 2ϵÞ
Γð1 − ϵÞ2
Γð1 − 2ϵÞ ; ðD11Þ

F

�
s12
s124

�ð4Þ
=N I ¼ −z−ϵð1 − zÞ1−2ϵ 1þ ϵ − 12ϵ2 þ 8ϵ3

4ð1 − 2ϵÞ2ð3 − 2ϵÞ
Γð1 − ϵÞ2
Γð1 − 2ϵÞ ; ðD12Þ

F

�
s13
s124

�ð2Þ
=N I ¼

1

2ϵð1 − 2ϵÞ2
Γð1 − ϵÞ2
Γð1 − 2ϵÞ ½−z

−ϵð1 − zÞ−1−2ϵðð1þ zÞ2 − ϵð1þ 6zþ z2ÞÞ

þ 2ð1 − 2ϵÞz1−ϵð1 − zÞ−1−2ϵð1þ zÞ2F1ð1;−ϵ;−2ϵ; 1 − zÞ�; ðD13Þ

F

�
s13
s124

�ð3Þ
=N I ¼

1

2ϵð1 − 2ϵÞ2ð3 − 2ϵÞ
Γð1 − ϵÞ2
Γð1 − 2ϵÞ

× ½z−ϵð1 − zÞ−1−2ϵð2ð1þ zÞ2 − 3ϵð3þ zÞð1þ 3zÞ þ ϵ2ð11þ 58zþ 11z2Þ − 4ϵ3ð1þ 6zþ z2ÞÞ
− 4ð1 − 2ϵÞð1 − 4ϵþ 2ϵ2Þz1−ϵð1 − zÞ−1−2ϵð1þ zÞ2F1ð1;−ϵ;−2ϵ; 1 − zÞ�; ðD14Þ

F

�
s13
s124

�ð4Þ
=N I ¼

1

4ϵð1 − 2ϵÞ2ð3 − 2ϵÞ
Γð1 − ϵÞ2
Γð1 − 2ϵÞ

× ½z−ϵð1 − zÞ−1−2ϵðð1þ zÞ2 − 4ϵz − ϵ2ð13þ 46zþ 13z2Þ þ 20ϵ3ð1þ 6zþ z2Þ − 8ϵ4ð1þ 6zþ z2ÞÞ
− 2ð1 − 2ϵÞð1þ ϵ − 16ϵ2 þ 8ϵ3Þz1−ϵð1 − zÞ−1−2ϵð1þ zÞ2F1ð1;−ϵ;−2ϵ; 1 − zÞ�; ðD15Þ

F
�

1

s13s124
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ϵ
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1
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1
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�
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2
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1
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ϵ
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ϵ2
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Γð1 − 2ϵÞ 3F2ðϵ; ϵ; 2ϵ; 1þ ϵ; 1þ ϵ; zÞ; ðD21Þ
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z
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z
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�
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�
1

ϵ2
−
2

ϵ
logð1 − zÞ þOðϵ0Þ

�
; ðD22Þ

F

�
1

s12s23s34

�ð−1Þ
=N I ¼ ð1 − zÞ−1−2ϵ

�
3

ϵ2
−
2

ϵ
log zþOðϵ0Þ

�

¼ z−2ϵ
�
−

1

ϵ2
1
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þ 2

ϵ
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�
þ z−ϵ

�
4

ϵ2
1

1 − z
−
8

ϵ

logð1 − zÞ
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�
; ðD23Þ

F

�
1

s12s13s124

�ð−1Þ
=N I ¼ ð1 − zÞ1−2ϵ

�
2

ϵ

log z
zð1 − zÞ þOðϵ0Þ

�

¼ 2z−1−2ϵΓð1 − ϵÞΓðϵÞ logðzÞ þ z−1−2ϵ
�
4H2 þ 4H−1;0 −

π2

3
þOðϵ1Þ

�
: ðD24Þ

APPENDIX E: MATCHING CORRECTIONS
FOR THE NNLO QUARK FRAGMENTING

JET FUNCTION

In addition to the two-loop matching coefficient
J ð2Þ

qi ðs; z; μÞ that we want to extract, the right-hand side
of Eq. (56) also involves the two-loop fragmentation
function and a cross term between the one-loop matching
coefficient and the one-loop fragmentation function, which
we work out in this appendix. The IR divergences provide
an important cross-check on our results and the finite terms
enter in the determination of the matching coefficients.
In pure dimensional regularization all radiative correc-

tions to the fragmentation function are scaleless and vanish,

Dj
i;bareðzÞ ¼ δi;jδð1 − zÞ: ðE1Þ

Beyond the tree-level contribution, the renormalized frag-
mentation function thus only consists of 1=ϵIR poles, which
must exactly cancel the 1=ϵUV poles in the bare fragmen-
tation function,

Dj
iðz;μÞ ¼

Z
1

z

dz0

z0
ZD
ik

�
z
z0
;μ

�
Dj

k;bareðz0Þ ¼ ZD
ijðz;μÞ: ðE2Þ

We can thus obtain the renormalized fragmentation func-
tion from its known renormalization,

μ
d
dμ

Dj
iðz; μÞ ¼

X
k

Z
1

z

dz0

z0
γDikðz0; μÞDj

k;bare

�
z
z0

�
;

γDikðz0; μÞ ¼
X
l

Z
1

z0

dz00

z00
ðZDÞ−1il

�
z0

z00
; μ

�
μ
d
dμ

ZD
lkðz00; μÞ

¼ αs
π
pð0Þ
ki ðzÞ þ

α2s
2π2

pð1Þ
ki ðzÞ þOðα3sÞ: ðE3Þ

The splitting functions pki that enter here are collected in
Eqs. (E5) and (E7), and are not the same as in the main
text (though they are obviously related). To avoid
confusion we denote them with a lower case p. Note
that the convention for the indices ki in the subscript is
also different from the main text. From Eq. (E3) we can
obtain the renormalization Z factor and thus the frag-
mentation function,

Dj
iðz; μÞ ¼ δi;jδð1 − zÞ − αs

2π

1

ϵ
pð0Þ
ji ðzÞ

þ
�
αs
2π

�
2
�
−

1

2ϵ
pð1Þ
ji ðzÞ þ

β0
4ϵ2

pð0Þ
ji ðzÞ

þ 1

2ϵ2

Z
1

z

dz0

z0
pð0Þ
jk ðz0Þpð0Þ

ki

�
z
z0

��
: ðE4Þ

The LO splitting functions are given by [43]

pð0Þ
qq ðzÞ ¼ CF½ð1þ z2ÞL0ð1 − zÞ þ 3

2
δð1 − zÞ�;

pð0Þ
gq ðzÞ ¼ CF

1þ ð1 − zÞ2
z

;

pð0Þ
gg ðzÞ ¼ 2CA

�
zL0ð1 − zÞ þ 1 − z

z
þ zð1 − zÞ

�

þ 1

2
β0δð1 − zÞ;

pð0Þ
qg ðzÞ ¼ TF½z2 þ ð1 − zÞ2�; ðE5Þ

where z → 1 (but not z → 0) is regulated. The convolu-
tions of splitting functions that enter in Eq. (E4) are
given by
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z

dz0

z0
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�
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�
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F
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�
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4
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3

�
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�
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�
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�
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Z
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z

dz0
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pð0Þ
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gq

�
z
z0

�
¼ CFTF

�
2ð1þ zÞ ln z − 4

3
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3z

�
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Z
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�
z
z0

�
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F

�
2p̄ð0Þ
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2
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�
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Z
1

z

dz0

z0
pð0Þ
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gq

�
z
z0

�
¼ 2CFCA

�
p̄ð0Þ
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�
2zþ 2þ 2

z

�
ln zþ 2

3
z2 þ 1

2
zþ 4 −

31

6z

�
þ β0

2
pð0Þ
gq ðzÞ; ðE6Þ

where p̄ð0Þ
ij ðzÞ denote the splitting functions in Eq. (E5) without the overall color factor. The NLO splitting functions for

0 < z < 1 are3 [82,84] (given in electronic form e.g., accompanying [85])

pð1Þ
qq ðzÞ ¼ PVð1Þ

qq ðzÞ þ PSð1Þ
qq ðzÞ; pð1Þ

qq̄ ðzÞ ¼ PVð1Þ
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qq ðzÞ;

pVð1Þ
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F
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2
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2
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2
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2
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2
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6
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18
−
π2

6

�
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3
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�

þ CFTFnf

�
−
�
2

3
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3
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�
;

pVð1Þ
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�
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2
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pSð1Þ
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�
−
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�
ln zþ 56

9
z2 þ 4z − 8 −

20

9z

�
;

pð1Þ
gq ðzÞ ¼ C2

F

�
−
1

2
þ 9

2
zþ

�
−8þ 1

2
z

�
ln zþ 2z lnð1 − zÞ þ

�
1 −

1

2
z

�
ln2z

þ
�
ln2ð1 − zÞ þ 4 ln z lnð1 − zÞ þ 8Li2ð1 − zÞ − 4π2

3

�
p̄ð0Þ
gq ðzÞ

�

þ CFCA

�
62

9
−
35

18
z −

44

9
z2 þ

�
2þ 12zþ 8

3
z2
�
ln z − 2z lnð1 − zÞ − ð4þ zÞln2zþ p̄ð0Þ

gq ð−zÞS2ðzÞ

þ
�
−2 ln z lnð1 − zÞ − 3 ln z −

3

2
ln2z − ln2ð1 − zÞ − 8Li2ð1 − zÞ þ 7π2

6
þ 17

18

�
p̄ð0Þ
gq ðzÞ

�
; ðE7Þ

where

S2ðzÞ ¼ −2Li2ð−zÞ þ
1

2
ln2z − 2 ln z lnð1þ zÞ − π2

6
: ðE8Þ

The endpoint contribution for z ¼ 1 in Eq. (E7) can be fixed by the sum rules for the fragmentation functions. The
convolutions of matching coefficients with the LO splitting functions that enter in Eq. (56) are given by
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; ðE9Þ

3The published version of Ref. [82] contains some misprints [83].
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The OðϵÞ terms in Jqij are needed, because they give a finite correction to the matching coefficients. We have also used
the MATHEMATICA package [86] to perform the necessary convolutions.
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