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Three-Body Recombination of Ultracold Atoms to a Weakly Bounds Level

P.O. FedicheV;? M. W. Reynolds, and G. V. Shlyapniko\?
'vVan der Waals-Zeeman Institute, University of Amsterdam, Valckenierstraat 65-67, 1018 XE Amsterdam, The Netherlands

2Russian Research Center Kurchatov Institute, Kurchatov Square, 123182 Moscow, Russia
(Received 5 March 1996

We discuss three-body recombination of ultracold atoms to a weakly beuedel. In this case,
characterized by large and positive scattering lergtbr pair interaction, we find a repulsive effective
potential for three-body collisions, which strongly reduces the recombination probability. In the zero
temperature limit we obtain a universal relation, independent of the detailed shape of the interaction
potential, for the (event) rate constant of three-body recombinatiqn:= 3.9/a*/m, wherem is the
atom mass. [S0031-9007(96)01315-4]

PACS numbers: 34.50.—s, 82.20.Pm

Three-body recombination, the process in which tworecombination rate constamt... At the same time, for
atoms form a bound state and a third one carries awalarge positivea we find a repulsive effective potential
the binding energy, is an important issue in the physicgor three-body collisions, which strongly reduceg.. In
of ultracold gases. This process represents the initighe limit of ultralow initial energie <« gy, we obtain a
stage in the formation of clusters intermediate in sizeuniversal relation independent of the detailed shape of the
between individual atoms and bulk matter. Three-bodyinteraction potentiala,., = 3.9%a*/m.
recombination limits achievable densities in high-field- The dependencey.. « a* can be understood from
seeking spin-polarized atomic hydrogen [1,2] and inqualitative arguments. For atoms of equal mass the energy
trapped alkali atom gases (see [3], and references thereiopnservation law for the recombination process reads
and, hence, places limitations on the possibilities to .
observe Bose-Einstein condensation in these systems. 3h%ky/4m = &, ()

_ Extensive theoretical studies of three-body recomblna\-Nherekf ~ 1/a is the final-state momentum of the third
tion in ultracold hydrogen [1,2] and alkalis [3] showed I
; atom relative to the center of mass of the molecule.
that the rate constant of this process,., strongly de- o X
X : . Recombination to a weakly bound level occurs in a
pends on the shape of the potential of interaction between . . . ;
) . . collision between two atoms, when a third atom is located
atoms and on the energies of bound states in this poten- . : - .
. . A .. inside a sphere of radius~ « around the colliding pair.
tial. In alkalis the recombination is caused by elastic in- . : .
o . ) .. For such locations of the third atom, characterized by
teratomic interaction, and in the zero temperature limit e . 3 . ) .
. ) ’ . a statistical weightv ~ nl° (n is the gas density), this
aec Varies approximately ag- [3], wherea is the scat- o

h - . atom and one of the colliding atoms form the weakly

tering length for pair interaction.

Al these studies, except one in spin-polarized hydro_bound state with probability of order unity. The number

) ) ) of recombination events per unit time and unit volume,
gen (see [2]), rely on Jastrow-like approximations for

= 3 i 3 _
the initial-state wave function of three colliding atoms, e 7 @rec/t”, CaN be estimated asov (n/”), whereo
87ra* is the cross section for pair collisions. One may put

Recent progress in the quantum three-body problem forelomtyv ~ hik;/m, which giveSa. ~ 8fia*/m.
the case where only zero orbital angular momenta o - g .
. . . o One can also understand qualitatively the existence of
particle motion are important [4] opens a possibility for : . . -
a repulsive effective potential for three-body collisions

rigorous calculations of three-body recombination in UI'and the reduction ofy In the mean field picture the
H H H rec-
tracold atomic gases. In th|§ L'etter_ we consider th.elnteraction in a three-body system at (maximum of the
gxtraordmary case of recombination (induced by E’las'“(fhree) interparticle separatioms>> R, can be written as
interaction between atoms) to a weakly boundevel. ¢

2 — 3 “ H e

The term “weakly bound” means that the sizeof the Awhinea/m, wheren, ~ 1/r° is the "particle density
. . ; ) ; inside a sphere of radius. For a > 0 this interaction
diatomic molecule in this state is much larger than the

characteristic radius of interactia®, (the phase shift for IS repul35|ve, which makes the statlst_lcal Welgljbjmalller
: . . than n/° and decreases the numerical coefficient in the
s-wave scattering comes from distangess R,). In this

: ) . above estimate fora,.. The tail of the three-body
gisde;ntginsecrgtt;ongg (I;:gtk; és ?%?'t've and related to thgffective pot(_antial at > a was found ir_l [6]. Arguments_
T clearly showing the absence of any “kinematic” repulsion
a = fi/Jmes ~ | > R, 1) independent of the value and signaofre given in [7].
A particular system that should exhibit three-body
(m is the atom mass), and elasticWave) scattering in recombination to a weakly bound level is a gas (or
pair collisions is resonantly enhanced at collision energiea beam) of helium atoms. The He-He potential of

E < gg. As we show, larger and!/ imply a rather large interactionV(r) has a well with a depth of 11 K. There
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free motion of the third atom relative to the center of mass

of the molecule formed in the recombination event. Both
0 .

Y andyy” can be written as a sum of three components,

each expressed in terms of one of the three different sets

of coordinates (see Fig. 1):

g = gxy) + g(x\y) + gx"y"), (4)

FIG. 1 Three possible sets of coordinates for a three-body
system. The relative coordinates arebetween two particles, 0 -
andy, between their center of mass and the third particle. gy = (1/V3)[d(x,y) + ¢(x,y) + ¢(x",y")],
5

¢ (x,y) = olx) expliks - y),

is only one bound state in this well, with orbital angular
momentum; = 0 and binding energy, = 1.3 mK (see ] ]
[8], and references therein). The scattering lengtks ~ Where ¢y is the wave function of the weakly bound
100 A found for this potential satisfies criterion (1). The Molecular state. The interaction between colliding atoms
existence of thee, dimer, the world’s largest diatomic 1S regarded as a sum of pair interactiob$r). The
molecule { ~ 50 A), has been established experimentallyguantity V' is the part of the interaction which is not
[9]. Another system which is likely to have three-body involved in constructing the wave function (5)_, i.e., if th_e
recombination to a weakly boundlevel is spin-polarized = molecule is formed by atoms 1 and 2 [the first term in
metastable triplet helium, a gas of helium atoms in theEd: (9)], thenV = V(r; — r3) + V(r; — r3), etc. Using
23§ state with spins aligned. The interaction potentialEd- (5),

[10] for a pair of spin-polarized H&’S) atoms supports N K/ - x
an s level with binding energy, =~ 2 mK, which leads Tiy = 2\/§f d’xd’x"ifro(x) COE( > >
to a ~ 100 A and important consequences for the decay
kinetics of this system [11]. X V(x')exp(—iky - x); . (6)
We confine ourselves to three-body recombination of o . o
identical atoms at collision energigs < &, to a weakly The initial wave function of the triple is best repre-
bound moleculas level. In this case the recombination sented in hyperspherical coordinates. The hyperradius,
rate constantr. can be found from the equation defined asp = (x?/2 + 2y2/3)/2, is invariant with re-

3 52 5 spect to the transformationsy — x’,y’ — x”,y". The
3_ 2w dky |T-f|25<3h ky ) n hyperangles are defined as= arctari+/3x/2y), and sim-

V, = UpecN™ — —/—— — & —
ree e hi ()3 4m °)6 ilarly for o’ anda”. ForE < g, only zero orbital angu-

lar momenta of the particle motion are important, and the

3 wave functionyy can be written as [4]
Here n®/6 stands for the number of triples in the
gas, Ty = f¢iV¢/J}O)*d3xd3x’ is the T-matrix element =y Falp) ‘PA(a,p) ‘ 6
for three-body recombination, the coordinatasx’) are 1 V6 sina cosa

specified in Fig. 1,; is the true wave function of the
initial state of the triple, and4,(co) is the wave function of The functions®,(«, p) are determined by the equation

|
’D)(a, 2m _ 4 [m/2-Im/6=al
_# + =S V(2 psina)p?| Prla.p) + —= f da'®,(a’,p) | = Mp)Pa(a,p), (8)
da h \/§ |7/3—al
|
ith bound ditions®, (0, p) = ®,(7/2,p) =0 7?59  Ap) —4
wi oun .ary. cog/zl ionsd  ( f) A A7/2,p) -~ 22, (/J)2 Fi(p) =0. (9)
and normalizationy;’” |®,(a, p)|?da = /4. The sum ap p ap p

in Eq. (7) is over all eigenvalues corresponding to three

free atoms at infinite interparticle separation. At ultralowThe function F,(p) should be finite for
collision energies the lowest such(p) alone gives a p — 0 and is normalized such thatF,(p) — 1
very good approximation, and we can confine ourselvefor p — <.

to this A. Then the functionF,(p) can be found from In our case the pair interaction potentia(r) supports
the (hyper)radial equation in which the quantitfp) a weakly bounds level, and the scattering length is
serves as an effective potential [4]. Under the conditiorpositive and much larger than the characteristic radius of
E < gq at interparticle distances much smaller than theiiinteractionr, for this potential. Fop > R, the function

de Broglie wavelength this equation reads D, (a, p) takes the form (cf. [4])
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Paler, p) = [g(p)sin[\/x(a - 7/2)],

¢(p)al(v3p/a)sinm A/ D xo(V2 pa) + (8/V3)sin(m/A/6)],

a<R€/p9

a>R./p, (10)

|
where g(p) = [1 + sin(w/A)/7/A]"V2 and yo(r) is

are related by Eq. (1), the wave function of the bound

the solution of the Schrodinger equation for the relativemolecular state at distances> R, is

motion of a pair of particles,
R0 29
[——(—2 + >+V(r)}(o() 0, (1)
m \ dr

r dr
normalized such thayy — 1 — a/r asr — . Match-
ing the wave functions (10) at = R./p < 1, to zero
order inR./p we obtain the following relation fon(p)
at distancep > R, (cf. [4]):

Q sm(ﬁ 2> + \% SIﬂ(\/— > VA cos<x/— )

(12)

Forp > a this equation yields\(p) = 4 + 48a/\2mp,
and thus the potential term in Eq. (9) varies @&°.
Equation (12) is universal in the sense thatdepends

only on the ratiop/a, but not on the detailed shape

of V(r). The same statement holds féh(p) at dis-
tancesp > R..

For infinite separation between particles, i.e., for—
% and all hyperangles larger th&/p, we havey/A = 2
and®,(a, p) = sin2a. Accordingly, from Eg. (7) with
Fi(p) — 1, eachy in Eq. (4) becomes equal tg2/3,
and the initial wave functiony; — J6.

The “effective potential’A(p) and the functionF,(p)
for three ground-state He atoms €& 100 A) are pre-
sented in Figs. 2 and 3. The potentid(r) was taken
from [8]. For p = 100 A our numerically calculated
A(p) coincides (within 10%) with that following from
Eqg. (12), ensuring a universal dependencé pfon p/a.
As A(p) is repulsive,F, is strongly attenuated at < a
(see Fig. 3). This leads to a strong reductionjpfwhen
all three particles are within a sphere of radius.

We first consider the theoretical limit of weak binding,

where the scattering length and the binding energy,

0.1 1 10 100
pla

FIG. 2. The effective potential as a function ofp/a. The

¢— Le f) (13)

and the final momentunt, = 2/y/3a. From Eq. (13)
one can see that the distance between the two atoms
which will form the bound state should be of order

To take away the binding energy the third atom should
approach one of them to a distance of order The
main contribution to the integral in Eq. (6) comes from
distancesx ~ a andx’ ~ R, << a. Therefore we may
put p = \/mL a=a"=/3, and o' = /3x'/2x.
Then the initial wave function takes the form

Polx) =

g = (1/V3) xox\Ex(vV2x//3 ),

with Fy(z) = zF(z)g(z) siny/A(z) /2] and z = p/a.
Puting k,x' =0 and using [d&x'V(x')xo(x') =
4mh*a/m, from Eq.(6) we obtain Ti =
48732 12a%/2G /m, where

(14)

G = [ desine VD exp— 3R . (19)
The main contribution to this integral comes fram- 1
(p ~ a), where) andF, (and, hencef,) are universal
functions of p/a. ThereforeG is a universal number
independent of the potentidl'(r). Direct calculation
yields G = 0.0364. With the aboveT;; and G, from
Eqg. (3) we arrive at the recombination rate constant

5127°G* h "
N

The dependencea,.. « a*, instead of aw. * a?,
is a consequence of the recombination to a weakly

h
Uec = =~ 3. 9 —a* (16)

F(p)
0.1

0.01
0.001

0.0001

0.1 1 10 100
pla

FIG. 3. The wave function¥,(p/a) obtained from Eq. (9).

solid curve is obtained from Eq. (8) using the ground state HeThe solid curve corresponds #fp) for the ground state He-

He potential § = 100 A), and the dashed from Eq. (12).

He potential, and the dashed curveMi) from Eq. (12).
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bound s level and can be also obtained within the A(p) and F,(p) determined for the He-He interaction
Jastrow approximation for the initial wave function: (solid curves in Figs. 2 and 3), gives a correction of 10%.
iy = 6xo(x)xo(x)xo(x"). This approximation was The samel is obtained for three-body recombination of
proved to be a good approach for atomic hydrogen [2Bpin-polarized HE3S) atoms. In this case the result is
and was later used for alkali atoms [3]. In our caseless accurate, since the characteristic radius of interaction
instead of Eq. (14), in the theoretical limit,/a — 0 we  is somewhat largerR, ~ 35 A).
obtain iy = /6xo(x')xd(x) and arrive at Eq. (16), with Qualitatively, the picture of an effective repulsion in
4 orders of magnitude larger numerical coefficient. Suchihree-body collisions, implying a strong reduction in the
a very large discrepancy occurs because both results arecombination rate constant, can be valid for systems with
determined by distances ~ a, where in our (rigorous) positive scattering lengtla ~ R,. One can find such
theory ¢; is strongly reduced by the repulsive effective systems among the ultracold alkali atom gases.
potential (see above). In the Jastrow approximation We acknowledge stimulating discussions with J. T. M.
this reduction is not present. On the contrag¢, is  Walraven. The research of M. W.R. is supported by the
resonantly enhanced at distanoes< a. Thus for large Royal Netherlands Academy of Arts and Sciences. This
scattering lengtla > R, the Jastrow approximation does work was supported by the Dutch Foundation FOM, by
not give a correct picture of three-body collisions andNWO through Project NWO-047-003.036, by INTAS and
is not adequate to describe recombination to a weaklpy the Russian Foundation for Basic Studies.
bounds level.
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