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Abstract

We show that inference on risk premia in linear factor models that is based on the Fama-MacBeth
and GLS risk premia estimators is misleading when the f’s are small and/or the number of assets
is large. We propose novel statistics that remain trustworthy in these cases. The inadequacy of
Fama-MacBeth and GLS based Wald statistics is highlighted in a power comparison and using daily
portfolio returns from Jagannathan and Wang (1996). The power comparison shows that the Fama-
MacBeth and GLS Wald statistics can be severly size distorted. The daily portfolio returns from
Jagannathan and Wang (1996) reveal a large discrepancy between the 95% confidence sets for the
risk premia that result from the different statistics. The Fama-MacBeth and GLS Wald statistics
imply tight 95% confidence sets for the risk premia on the yield premium and labor income growth
that only contain small values while the 95% confidence sets that result from statistics that remain
trustworthy in case of small §’s imply much larger 95% confidence sets at considerably higher values
of the risk premia.

1 Introduction

Linear factor models are amongst the most commonly used statistical models in finance, see e.g. Lintner
(1965), Fama and MacBeth (1973), Gibbons (1982), Shanken (1992), Fama and French (1992,1993,1996)
and Jagannathan and Wang (1996). This results as many well-known financial models, like, for example,
the capital asset pricing model, imply a linear factor structure for the asset returns. Linear factor models
imply risk premia for the different factors that result from a cross-sectional regression of the asset returns
on the factor 5’s where the 8’s are obtained from a time-series regression of the asset returns on the
factors. This two step procedure is typically referred to as the Fama-MacBeth (FM) regression, see
Fama and MacBeth (1973). Linear regression estimates are sensitive to collinearity of the explanatory
variables so the estimates of the risk premia that result from a FM regression are sensitive to collinearity
of the 8’s. Collinearity of the 8’s occurs when they are close or equal to zero. Kan and Zhang (1999),
for example, show that the estimates of the risk premia that result from a FM regression are erroneous
when the ’s are zero and the expected asset returns are non-zero.

FM regressions lead to misleading risk premia estimates in more cases than just the one indicated
by Kan and Zhang (1999). We show that FM risk premia estimates are spurious whenever the [’s
are relatively small and this is further aggravated when the number of assets is large. Hence, even for
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size-able values of the §’s, the risk premia estimates can be misleading when the number of assets is
large. The FM risk premia estimates that are obtained in such settings are typically too small and their
95% confidence sets indicate an erroneous high level of precision. The erroneous level of precision of the
confidence sets shows that statistical inference based on standard t-statistics is misguiding and that the
large sample distribution of the t-statistic differs from the normal one. We therefore propose a set of
statistics whose large sample distributions remain unaltered when the 8’s are close to zero. Thus these
statistics can be used in a trustworthy manner.

The paper is organized as follows. In the second section, we discuss the FM and Generalized
Least Squares (GLS) risk premia estimators and construct their large sample distributions when the
B’s are small. These large sample distributions are non-standard and imply that Wald statistics, like,
for example, the t-statistic, are misleading when the 5’s are small or when the number of assets is
large. The third section proposes a number of novel statistics whose large sample distributions remain
unaltered when the §’s are small and/or the number of assets is large. These statistics are based on
the Generalized Method of Moment (GMM) and instrumental variable statistics that are proposed in
Kleibergen (2002,2005a) and Moreira (2003). The fourth section conducts a size and power comparison.
It illustrates the size distortions of the Wald t-statistics that result from the FM and GLS risk premia
estimators. The fifth section generalizes the test statistics to allow for tests on some of the risk premia.
The sixth section uses data from Jagannathan and Wang (1999) to estimate a linear factor model for the
daily portfolio returns. It shows, that because of the large number of portfolios and the relatively small
B’s of the yield premium and labor income growth, that the FM and GLS risk premia estimators for the
risk premia on the yield premium and labor income growth are downward biased and lead to small 95%
confidence sets at rather low values. The 95% confidence sets of the statistics that remain trustworthy
in case of many portfolios and small 3’s indicate much larger 95% confidence sets at considerably higher
values of the risk premia. This shows the importance of usage of these statistics for inference on the
risk premia.

We use the following notation throughout the paper: E(a) is the expected value of the random
variable a, vec(A) stands for the column vectorization of the 7' X n dimensional matrix A, vec(A) =
(a)...al) when A = (ay...ay,), vecinv,((a} ...al,)") = A, Pa = A(AA)"rA" and My = Iy — Py for
a full rank matrix A and the T x T identity matrix I, ¢, is a n X 1 vector of ones, “?” indicates

9 b

convergence in probability, “7 indicates convergence in distribution and “=" implies equality in large
a

samples.

2 Risk Premia estimators and small 3’s

We analyze the FM estimator in a GMM setting, see e.g. Hansen (1982). We therefore specify the
moments of the factor related (excess) assets returns' as, see e.g. Cochrane (2001),

E(Rt> = LnAl + B)\F
cov(Ry, Fy) = Bvar(Fy) (1)
E(R) = pp,

with Ry : the n x 1 vector of (excess) asset returns, F; : the k x 1 vector of factors, A\; : the zero-g
return, Ar : the k x 1 vector of factor risk premia, £ : the n x k matrix of asset ’s, up : the k x 1 vector
of factor means, 1, : a n X 1 vector of ones and ¢ : the time index of the observation, t =1,...,T. The

LAll asset returns are in deviation from the riskless return.



moments conditions (1) result from a linear factor model for the asset returns and factors,

Ry = tni + B(F — pp + Ap) +
Fr= pp+u

(2)

with u; and v : n x 1 and k x 1 vectors of disturbances which we assume to be identically and
independently distributed with mean zero and n x n and k x k dimensional covariance matrices A and
Ver. Because 3 :cov(Rt,Ft)var(Ft)_l, the covariance between the disturbances u; and v; is equal to
BVrp. The linear factor model (2) can as well be specified as
Ri—ish—BF,—F+F —pp+Xp) =u Ry —tnhi — B(Fy+ Ap) =&
< (3)
Fe—prp =u Fr—pp =

where [}, = F;, — F, F = %Zle F,, e, = u + Pvand v = %ZZ;I v¢. Because of the specification
of 3, weighted averages of ¢; and v; are uncorrelated in large samples. We therefore use the latter
specification in (3) to make an assumption about the behavior of the disturbances of the linear factor
model (2) in large samples.

Assumption 1. When the number of time series observations T becomes large,

1

1T ( F ) ® (Ry — tnd1 — B(Fy + Ar)) . R
VT 2=

Fi —py 73
with (¢ © ¢ @) ~ N(0,V) and

VZ((Q%@Q) V;)F)’ (5)

with Q = (8;11 8;};) = (;F VFFT;F%> (k+ 1) x(k+1), Q:nxn, Vpp: k x k, Vpp =var(F;) and

Q=A-pVprf.

Assumption 1 is a central limit theorem for the disturbances of the linear factor model (2) interacted
with a constant and the factors. It holds under rather mild conditions, like, for example, Assumptions 1
and 2 from Shanken (1992). Because of the independence of the disturbances over time and their finite
variance, Assumption 1 holds under the linear factor model (2) with a constant covariance matrix as
well. Appendix A shows the implications of Assumption 1 for a central limit theorem for the orginal
specification of the linear factor model (2).

For time series observations of R; and F;, t =1,...,T, the FM two-pass methodology estimates the

. _ _ _1-1
risk premia using a least squares time-series regression estimate of 3, § = Zthl R.F/ {Zle F;F J’} ,
with Ry = Ry — R, R = % Zthl R;. Given B, estimators for Ay and A are obtained by regressing the

average value of Ry, R, on (i, : ),

()= B)]l (i BYR (6)



Lemma 1. When Assumption 1 holds, the average returns, R, the least squares estimator of the assets
B’s, B, and the average factors, F, converge in distribution as described by

R - Ln{\l - BAF ¢R
VI veeli-p) | = | s | (7)
F—py VY

where Y, ¥g and Yp are n x 1, nk X 1 and k x 1 independent random vectors that have normal
distributions with mean zero and covariance matrices, 2, Vp, }% ® Q and Vep.

Proof. see Appendix B. m

Lemma 1 corresponds with Lemma 1 of Shanken (1992). We use Lemma 1 to derive the properties
of the FM risk premia estimator.

When the §’s have size-able values, the FM risk premia estimator has a normal limiting distribution
so Wald t-tests perform adequately. Kan and Zhang (1999) show that the large sample distribution
of the FM risk premia estimator is notably different when the 3’s are equal to zero and E(R) equals
some n X 1 vector of constants ¢. The behavior of the FM risk premia estimator differs in other cases
as well. It results from the dependence of the FM risk premia estimator on the ’s. This dependence
is similar to the dependence of the two stage least squares estimator on the quality of the instruments
in econometrics. There is an extensive econometrics literature that discusses the behavior of the two
stage least squares estimator under limit sequences where the quality of the instruments depends on the
sample size, see e.g. Phillips (1989), Bekker (1994) and Staiger and Stock (1997). Theorem 1 states the
behavior of the FM risk premia estimator in three similar cases for the 5’s. The first case corresponds
with Kan and Zhang (1999) and has a zero value of the S-vector. The second case has relatively small
but non-zero elements of the g-vector. We therefore specify the 5’s such that they decrease with the
sample size which is analogous to the weak instruments of Staiger and Stock (1999) so we refer to this
case as weak (3’s. The third case has all 3’s equal to zero except for a fixed fraction of the assets.

Theorem 1. When Assumptions 1 and 2 hold, the behavior of the FM risk premia estimator (6) in
large samples is characterized by:

1. When =0 and

(a) E(R) =ty :

VT (A =) Tat
< le 1 >7 ([%M g] WM, YR, (8)

and the order of finite moments of the limit behavior of Ap is equal to n — k while the mean
of the limit behavior of A\ equals zero when n > k.

(b) E(R) =c:

I 1 L1y
3 \/T/()\1 - Eb/fg ’ = / \/_a 17 (o 9)
Ap — VTV M, gl WM, ¢ | d (WM, Vs~ WM,
where Wz =vecinvg (1), a = t;, My in, b = My ,tp.

2. When B has a weak value such that 8 = B = ﬁB, with B a fized full rank n X k matriz, and



(a) B(R) = tnh1+ BAp :

( N )=

( (B4 W) M, (B+ Uy (B+T,) M, ) (¥ = VsAr).

and the order of finite moments of the limit behavior of A is equal to n — k.
(b) E(R) =c:
VT (A — L¥/c)
Ar = VT[(B+U,) M, (B +U,)| (B + V) M,,c

1 13/ (11>
— ( ’ ﬁab / )¢R7
4\ [(B+W,) M, (B+ Wy (B+W,)' M,

where Wz =vecinvg (1g), a = 1, Mp1wyin, b= Mpyw,tn.
3. When g = (501), with By :ny X k, ny is fived and 7 — c, the bias of Ap equals
(8181 + W) W (kg — Ap), (12)
with W = [limp,—ootr(2Q)] Viph.

Proof. see Appendix C. m

Theorem 1 shows that the large sample distribution of the FM risk premia estimator differs sub-
stantially from normality in case of zero, weak or many (’s. First, Theorem 1 shows that zero or weak
values of § alter the convergence rate of the risk premia estimator. When the moment conditions apply,
so E(R) = 1\ (1a) or E(R) = inA1 + SAp (2a), Theorem 1 shows that the risk premia estimator \p
converges to a random variable instead of the convergence at rate v/T to the true value A in case of
size-able values of 3. When the moment conditions do not apply, so E(R) = ¢ in (1b) and (2b), the
risk premia estimator Ap diverges at rate v/T both in case of zero or weak (’s. This extends Kan and
Zhang (1999) who show that the risk premia estimator Ar diverges when S equals zero and E (R)=c
which corresponds with (1b). Second, Theorem 1 shows that the random variable where the risk premia
estimator \p converges to depends on the number of assets since the number of finite moments of this
random variable depends on the number of assets. Hence, when we add assets with zero §’s, the density
of the risk premia estimator becomes more concentrated. The dependence on the number of assets is
further indicated in the third case which shows that the FM risk premia estimator is biased towards pp
when the number of assets is large and the §’s are only non-zero for a relatively small number of assets.

Although we do not observe the stylized settings from Theorem 1 in practice, Theorem 1 shows that
the standard limit theory, that is used to conduct tests on the risk premia using the FM estimator,
becomes unreliable when the 3’s are rather small and/or only a fraction of the §’s differs from zero.
To illustrate the consequences of Theorem 1, we compute the empirical distribution of the risk premia
estimator \p for some simulated data-sets. We therefore simulate data from the model,

Ry =c+ BF; + ¢4, t=1,...,T, (13)

with F(F}) = 0 and where the £;’s are independent realizations of N (0, 2) distributed random variables.
The parameter settings that we use for the simulated data-sets are obtained from Jagannathan and Wang



(1996). Unlike other factor models like those in, for example, Fama and French (1992,1993,1996), the
factor model in Jagannathan and Wang (1996) involves factors that do not consist of portfolio returns,
i.e. the yield premium and labor income growth. We can therefore estimate the risk premia on these
factors which explains why we use Jagannathan and Wang (1996) to illustrate the convergence issues
with the FM estimator and test statistics. )

Panel 1: Shapes of densities of Ar for small or zero values of 5.
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Figure 1.1: Density of Ap when =0, \; =1.24 Figure 1.2: Density of Ap when =0, \; =1.24

and T' = 330 (solid line), 990 (dashed), 1880 and E(R) = ¢ ~ N(0,0.25%1,), T = 330 (solid

(dashed-dotted), 3300 (solid with plusses) line), 990 (dashed), 1880 (dashed-dotted), 3300
(solid with plusses)
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Figure 1.3: Density of \p with A\p =1, \; = 1.24,  Figure 1.4: Density Ap with E(R) = (tpM1 + B,

f=1(0.30...0) and n = 2 (solid with plusses), +c) with Ay = 1.24, 5 =(0.30...0),

10 (dashed-dotted), 24 (dashed), 100 (solidline) ¢ ~ N(0.0.041,), and n = 2 (solid with plusses),
10 (dashed-dotted), 24 (dashed), 100 (solidline)

The data-set of Jagannathan and Wang (1996) consists of monthly observations from July 1963-
December 1990 of the return on hundred size and § sorted portfolios so T = 330. In this simulation
experiment, the (demeaned) return on the value weighted portfolio is the only factor. The covariance
matrix €2 results from regressing the size and (3-sorted portfolio returns on a constant and the return on
the value weighted portfolio. Figures 1.1-1.4 in Panel 1 show the different elements of Theorem 1. The



value of A; that is used for the simulated data-sets results from the FM-estimator (6) when applied to
the data from Jagannathan and Wang (1996).

Figure 1.1 contains the sampling density of A for different values of the sample size T. It illustrates
Case la of Theorem 1. Figure 1.1 shows that Ap converges to a random variable when $ = 0, the
model is correctly specified and T' converges to mﬁmty since it reflects no convergence of the samphng
distribution towards a point mass. The density of A F 1is centered around zero because the mean of A F
is equal to zero as indicated by Theorem 1. Since [ is equal to zero, Ag is not identified so the density
of A F is centered around a value of A\g that contains no information about A\p.

Figure 1.2 illustrates the divergence of A as indicated by Case 1b of Theorem 1. In Figure 1.2, 3 =0
and E(R) equals a realization of a normal distributed random variable with mean zero and covariance
matrix (0.25)21,. Figure 1.2 shows that the variance of Ar rises when the sample size increases. Hence,
Ar converges to (plus or minus) infinity when the sample size converges to infinity. Figure 1.2 coincides
with Kan and Zhang (1999).

Figure 1.3 shows the influence of adding assets whose 5’s equal zero to a factor model whose assets
have rather small values of 5. The 3’s are therefore specified such that only the first one is small and
non-zero, 3, = 0.3. All other elements of 3 are equal to zero, 8y = ... = 3,, = 0. Figure 1.3 shows
the sampling density of A for various values of n while only the 3 of the first asset is unequal to zero.
Figure 1.3 thus corresponds with Case 3 of Theorem 1. For small values of n, n = 2, the density of Ap is
centered around the true value of Ag that is equal to one. When we increase the number of assets n by
adding assets with a zero value of 3, the density of Ar becomes centered around zero which equals pp.
Figure 1.3 illustrates the issue of estimating a risk premia for a factor that matters only for a fraction
of the assets. Figure 1.3 shows that this estimate becomes more biased when we add assets for which
the factor is irrelevant.

Figure 1.4 shows the consequences of misspecification for the parameter setting that is used in
Figure 1.3. We therefore added some misspecification to the E(R), E(R) = (tn\1 + 3 + ¢), where c is
a realization of a N(0,0.04I,) distributed random vector. All remaining parameter values are identical
to the ones that are used for Figure 1.3. Figure 1.4 shows that the density of Ap moves towards zero
and that its’ variance increases when we add assets with zero 8’s and the model is misspecified. Figure
1.4 reveals a combined effect of the phenomena present in Figures 1.2 and 1.3.

The odd behavior of the FM risk premia estimator for small or zero values of the 5’s holds for other
risk premia estimators as well. The behavior of the GLS risk premia estimator,

(2) = mre0ai 2] i pran (14

is qualitively similar to the behavior of the FM risk premia estimator for small or zero values of the 3’s.
Theorem 2 states the behavior of the GLS risk premia estimator (14) for such cases.

Theorem 2. When Assumptions 1 and 2 hold, the behavior of the GLS risk premia estimator (14) in
large samples in case of zero or weak (’s is characterized by:

1. When 8 =0 and
(a) E(R) = tyA1:

~ 1 1/
TGy — A Jrab
( (§ ! > 7 ( (W02 M Q*%f)—l\lﬂ OM_ Q73 )wR’ (13)
F B 0% B B Q 34,

ln



50 \p converges to a multi-variate t distributed random variable with location 0, scale param-
eter Qll,pQ}}j and n-k degrees of freedom and the mean of the limit behavior of \r equals
zero when n > k.

(b) E(R)=c:
VT (i - Ly 3¢)
Ap — \/T(\Iﬂﬁﬂ—aMﬂ,%mQ—%szB)*l%Q—aM y, Qe q o

n

. _1 _1 _1 _
where Vg :vecmvk(wﬁ), a=u,9 2M97%\Ij QO 20, =M 1%9 T, Q1R :QH—QH:QF}:QFL

2. When B has a weak value such that 8 = ﬁB and

(a) E(R) =t + ﬁB)\F :

~ 11
< \/T(/\l _)\1) > — 1 1 ﬁab, 1
AP — AR d (B+Wp)Q2M 4 Q72(B + W) (B + Vp) Q2 M,y
1
Q7 2(Yps+Ys(p— Ar)).

and the order of finite moments of the limit behavior of Ap — p is equal to n — k.
(b) E(R) =c:

VT (A — Ly02¢)
N _1 _1 _ _1 _1
>\F — \/T[(B —+ \PB)IQ 2M97%L 072 (B + \I/B)] 1(B + \IJB)IQ 2MQ 1 Q7 2¢ (18)

"1y
—==b
VT @ _1
— 1 1 _ 1 QO 2¢p,
d ([(B—l—\llg)’Q IM, g Q7F(B+ Up)) YB+¥g)Q My R
o 1 o-1 . - _1
where Vg =vecinvy (Vg), a = 1, 2M97%(B+\IIB) 2ip, b= a3 (Bruy) 2y,

Proof. see Appendix D. m

Theorems 1 and 2 show that the dependence of the risk premia estimators on the 3’s makes statistical
inference that is based on standard Wald ¢ statistics unreliable when the 5’s are small. This emphasizes
the need for statistics that remain reliable when the §’s are small.

3 Tests of the risk premium

Theorems 1 and 2 show that the usual risk premia estimators converge to random variables for small
and zero values of the §’s when the sample size gets large. The convergence of Wald and t-statistics
to test hypothezes on the risk premia is therefore non-standard for small or zero values of the 8’s. To
overcome this problem, we propose some alternative statistics to test a hypothesis on the risk premia,
like, for example, Hog : Ar = Apo. Since our interest is on the risk premia A, we remove A\; from the



model by removing the return on the n-th asset and taking all other asset returns in deviation from the
return on the n-th asset.”> The moment conditions then become

E(R:) =BAp
cov(Ry, Fy) = Bvar(F}) (19)
E(Ft) = HE,

with Rt = th - l/n—ant and B = ,31 - Ln—lﬁna for Rt = ( llt ;ﬁ/)/, 5 = (Bll B;L)/, th : (n — 1) X 1,
Rpt:1x1,By:(n—1)xk, B, :1xk Under Hy: \p = App, a least squares estimator for B is given by

B =1 Ru(Fr+ Aro) |11 (Fy + Aro)(F) + Aro) | (20)

We use As§umption 1 to determine the joint behavior of the average returns and the least squares
estimator B under Hy : A\p = Ap in large samples.

Lemma 2. Under Ho : A\p = App and when Assumption 1 holds,

R —ﬁ/\F,o YR
VT | vec(B - B) - | ¥s |
F—pp Vg

where Y, g and Y are independent (n — 1) x 1, (n — 1)k x 1 and k x 1 normal distributed random
vectors with mean zero and covariance matrices (1 — )\'F’OQ()\F)FF)\F,O) ® Y, QAp)rr ® X and Vip,

with Q()\F)FF = [limTﬁooE (% ZtT:1(Ft + )\F)(Ft + )\F)/>i| and X = 1 — tp—1Win — wnlL;L,l +

ln—1Wnnth,_1 for Q = (f}; ::LZ) ,Qu:(n=1)x(n—1), wip =w,y:1x(n—1) and wp, : 1 x 1.

Proof. see Appendix E. m
The Wald statistic that is based on the FM risk premia estimator to test Ho : Ap = Apg reads

FM-W(Ar) = (Ar — Apo)var(Ar) L (Ar — Aro). (21)

For size-able full rank values of 8 and under Hy : Ap = Ap o, FM-W(Ap) converges in distribution to a
x2(k) distributed random variable when the sample size gets large. Theorem 1 shows that Ap converges
to a non-normal distributed random variable that is centered around zero for weak and zero values of the
B’s. The Wald statistic Wrm(Apo) does therefore not converge to a x%(m) distributed random variable
for such values of the ’s. It implies that the Wald statistic is unreliable for conducting inference in
these cases. To indicate a solution to this problem, we note that the Wald statistic that tests Hy can
be specified as

FM-W(Apo) = (R — v — BAro)BO1B (R — unhi — BAro), (22)

with © = (B/QB — BQun (4 0) L QB) /(1 + 5\/1:(% Zle FyF))~'Ar) and where Q is a least squares
covariance matrix estimator of €, = T ST (Ry — BF})(R; — BF}), see Shanken (1992). Lemma
1 shows that R — txyA1 — BArg and B are independently distributed in large samples. Because of this
dependence, R — ¢ Nj\l — B/\ F0, is, however, not independent of B in large samples which explains the

2The results are invariant with respect to the asset return that is dropped and with respect to which all assets returns
are taken in deviation from.



convergence issues with the Wald statistic when the sample size gets large and the ’s are relatively
small.

Lemma 2 shows that R — BA ro and B are independently distributed when the sample size gets large.
Statistics that are based on R — BA ro and/or B therefore possess better convergence properties than
the Wald-statistic. We propose a few of these statistics which are based on the GMM and instrumental
variable statistics that are proposed in Kleibergen (2002, 2005a) and Moreira (2003). Since the factor
model is not accomodated by the GMM framework from Kleibergen (2005a), the statistics do not result
directly from the GMM and instrumental variable statistics.

Fama-MacBeth LM statistic The independence of R — B Fo and B in large samples implies that
we can base a statistic with convenient properties on their product.

Theorem 3. Under Ho: A\p = Apo and when Assumption 1 holds,

— T 5 _ R A gn 3
FM-LM(App) = S VSTE VS v, (R — BApo)B(BYXB) B'(R— BArp), (23)
where Q\r) = & S (B + Ap)(Fr + Ap) and ¥ = 722 S5 (Ry — B(E; + Aro)) (Re — B(Fy + Aro)),
converges to a x2(m) distributed random variable when the sample size gets large for all values of the
B’s.

Proof. results from the independence of R — B\ Fo and B shown in Lemma 2 and that Q()\ F) —

p
Q) and ¥ — X. m
p

The FM-Lagrange multiplier (LM) statistic is based on the FM-Wald statistic in (22) which explains
why we refer to it as a Fama-MacBeth LM statistic. Compared with the FM-Wald statistic (22), the
primary differences are the estimators of the 3’s, B instead of B , and that \; is no longer present since
it has been removed by taking the returns in deviation from the returns on the n-th asset. Identical to
the FM risk premia estimator, FM-LM(AF) is not invariant to transformations of the asset returns so
it differs in this respect from the standard LM statistics which are invariant to transformations.

GLS-LM statistic The GLS risk premia estimator (14) is invariant to transformations of the asset
returns so we obtain an invariant LM statistic by incorporating the inverse of the covariance matrix in

(23).

Theorem 4. Under Ho : A\p = Apo and when Assumption 1 holds,

GLS-LM(Arp) = L (R — BAro)'S"'1B(B

Sy las-1p _ 53
T T NreO0r) i Aro S7IB) BY TR - BArg),  (24)

converges to a x*(m) distributed random variable when the sample size gets large for all values of the
B’s.
Proof. results from the independence of R — B Fo and B shown in Lemma 2. m

Unlike the FM-LM statistic (23), the GLS-LM statistic (24) is invariant to transformations of the
asset returns. The GLS-LM statistic (24) does, however, depend on the inverse of the covariance matrix
> which can be of a large dimension and therefore difficult to obtain. For example, this is a 99x99
matrix in Jagannathan and Wang (1996).
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Factor AR statistic When the disturbances in the linear factor model (2) are normally distributed
with mean zero and covariance matrix €2, we can construct the likelihood function of A1, Ap, 8 and €,
see e.g. Gibbons (1982). In an identical manner, we can construct the likelihood function for a linear
factor model in which the expected asset returns are not restricted to be equal to 1, A1 + SAp. After
concentrating with respect to A; and (3, the difference between the logarithms of the likelihoods of the
unrestricted linear factor model and the restricted factor model under Hg : Ap = Ap is proportional

to3:

FA = L R — BAro)'S"Y (R — BApy).
R(Aro) = T5—50m o, (R~ BAR) 2R = BAr) (25)
We refer to this statistic as the factor AR statistic (FAR) since it is similar to the Anderson-Rubin
statistic, see Anderson and Rubin (1949), in the instrumental variables regression model. The FAR
statistic is proportional to the square of the Hansen-Jagannathan distance evaluated at App when we
use X as the covariance matrix estimator, see Hansen and Jagannathan (1997)

Theorem 5. Under Hy : A\p = Apo and when Assumption 1 holds, the Factor AR statistic (25)
converges to a x*(n — 1) distributed random variable when the sample size gets large for all values of
the B’s.

Proof. results from the large sample behavior of R — B Fpo stated in Lemma 2. m

Because of the relationship between the FAR statistic (25) and the likelihood function, minimizing
the FAR statistic over Ap is identical to maximizing the likelihood. Hence, the maximum likelihood
estimator for Apg is obtained by minimizing FAR(Ar) over Agy.

Misspecification factor pricing tests The GLS-LM statistic (24) is a quadratic form of the deriva-
tive of FAR(Ap) since?
BAL,EOFAR(/\F,O) = (R —BApo)E7 15, (26)

) . 7 1 ) e
with ¢ = 217/\%70Q(/\F);})\F‘0 1 + 7——FAR(App)| . The GLS-LM statistic is therefore equal to zero

at the maximum likelihood estimator of Ap from Gibbons (1982) which also minimizes FAR(Arp).
Besides the maximum likelihood estimator, the GLS-LM statistic is also equal to zero at other values
of Ao which set the derivative of the likelihood to zero, like, for example, local maxima and inflexion
points. This hampers inference using the GLS-LM statistic.

To overcome the difficulty with the GLS-LM statistic, it is convenient to conduct a pre-test that
verifies the validity of the moment conditions E(R;) = BAp at Ap = A which are part of the moment
equations (19). A statistic that is well suited for this purpose is the factor pricing statistic

JGLS(Arpo) = FAR(Apo) — GLS-LM(Apy). (27)

Theorem 6. Under Hy : A\p = Apo and when Assumption 1 holds, the factor pricing JGLS(Ap)
statistic (27) converges to a x*(n — k — 1) distributed random variable that is independently distributed
of the x*(k) distributed random variable where GLS-LM (Apo) (24) converges to when the sample size
gets large for all possible values of the [’s.

Proof. results from the large sample behavior of R — B ro documented in Lemma 2. The indepen-
dence from GLS-LM(Ag,) results since JGLS(Ap) projects S3 (R — BArg) on the space orthogonal
to 5728 where GLS-LM(Af,) projects it onto. m

¥We refer to Appendix G for the construction of FAR(Ar,0).
Ysee Appendix F for a proof.
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The factor pricing statistic tests E(R;) = BAr for a pre-specified value of the risk premia Ap. The
FM-LM statistic can be used as well for this purpose

JFM(Aro) = FAR(Aro) — FM-LM(Agp). (28)

Theorem 7. Under Hy : A\p = Apo and when Assumption 1 holds, the factor pricing JFM (App)
statistic (28) converges to a x*(n — k — 1) distributed random variable that is independently distributed
of the x2(k) distributed random variable where FM-LM (Aro) (23) converges to when the sample size
gets large for all possible values of the [’s.

Proof. results from the large sample behavior of R — BA ro documented in Lemma 2. The inde-
pendence from FM-LM(Ap ) results since JEM(Apg) projects 52 (R — BAr) on the space orthogonal
to 32 B where FM-LM(AFpg) projects it onto. m

The factor pricing statistics JGLS(Apo) and JEM(Ar) resolve the inferential problems with the
GLS-LM and FM-LM statistics when we use them as pre-tests before we apply the GLS-LM and
FM-LM statistics. A test which tests the adequacy of the moment conditions and Hp : Ap = App
with (1 — «) x 100% significance then results by applying the JGLS(Ar ) or JFM(Afp) statistics with
(1 —ay) x 100% significance and in case we do not reject, we apply the GLS-LM(Ap) or FM-LM(Af)
statistics with (1—agpn ) x 100% significance, where (1—a)) = (1—ay)(1—apym) so @ = aj+arv+ajapn ~
aj + ara, see Kleibergen (2005a,b).

Conditional likelihood ratio statistic The likelihood ratio statistic to test Hy : A\p = Ap against
Hi : Ar # Arp equals twice the difference between the logarithms of the concentrated likelihoods under
H; and Hy :

LR(AF0) = 2 [maxy, In Lies(Ar) — In Lres(Aro)] - (29)

When k = 1, the likelihood ratio statistic can be specified as®

CLR(\ro) = 3 [FAR(Aro) = 1(Aro) + /(FAR(AR0) + *(Ar0))” — Sr(Aro)JFAR(AR0) |, (30)

with 1(Aro) = Q(A\r) 7B’ Y18, which corresponds with the conditional likelihood (CLR) ratio statistic
of Moreira (2003) for the linear instrumental variables regresssion model.

Theorem 8. Under Hy : A\p = Apo, k = 1, Assumption 1 and given r(Apy), the conditional likelihood
ratio statistic CLR(Aro) (30) converges to the random variable:

% (o + ent1 —t(Aro) + V(or + i1 +1(AF0))2 — 2(Ar0)en k1] » (31)

where @, and @, are independent x?(k) and x*(n — k — 1) distributed random variables, when the
sample size gets large.

Proof. results from the large sample behavior of R — B/\F,o documented in Lemma 2 and that
FAR<)‘F70> 7 Pk + Pn—k—1 JFAR()‘RO) 7 Pn—f—1- 0

The expression of the large sample distribution of the CLR statistic in Theorem 8 only applies when
k = 1. It provides a tight upperbound on the large sample distribution of the CLR statistic when
r(Ar) is a statistic that tests for the rank of B using B when k exceeds one, see Kleibergen (2005b).
The conditional distribution of the CLR statistic (31) is straightforward to simulate from and results
from simulating independent x?(k) and x2(n — k — 1) distributed random variables which are alongside
r(Arp) used to compute the expression in (31).

Psee Appendix G for a derivation of the expression of CLR(Ar,0).
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Kan and Zhang Misspecification The factor pricing JGLS and JFM statistics, which test the
hypothesis of factor pricing at Ho : A = Ag, and the FAR statistic, which tests the joint hypothesis of
factor pricing and Hp, have power against the misspecification analyzed by Kan and Zhang (1999). The
combinations of the JGLS and GLS-LM statistics and JEM and FM-LM statistics, that were proposed
to overcome the spurious power declines of the GLS-LM and FM-LM statistics, therefore also provide
power against misspecification of the asset returns.

4 Power and Size Comparison

We analyze the size and power of the different statistics in a simulation experiment that is based on
Jagannathan and Wang (1996). We therefore generate assets returns from the one factor asset pricing
model

Ry = 1\ + B(F; + Ap) + &, t=1,...,T, (32)

with R; the n x 1 vector of asset returns, S the n x 1 vector of 5’s, A1 the zero- return, Ar the risk
premium and the disturbances ¢; are independently normal distributed with mean zero and covariance
matrix {2. We use parameter settings that are obtained from the data used by Jagannathan and Wang
(1996) so n = 100, T = 330, F; is the demeaned return on the value weighted portfolio, A\; equals the
FM estimate A\; and equals the least squares covariance matrix estimator.

We generate asset returns from the linear factor model (32) for three different values of 3, 1. § =
BVW, 2. 8= 0.253yw and 3. 8 = 0.153yyy, with BVW the least squares estimator for the 3’s of the asset
returns with respect to the value weighted portfolio. We use a range of values of Arp and the different
statistics that we discussed previously to test Hg : \p = 3 with 95% significance.

The power curves in Panel 2 reveal the issues involved with the different statistics. The lefthandside
of Panel 2, which consists of Figures 2.1, 2.3 and 2.5, displays the power curves of the FM and GLS
based Wald and LM statistics. The righthandside of Panel 2, which consists of Figures 2.2, 2.4 and 2.6,
displays the power curves of the CLR, FAR and combinations of the JGLS and GLS-LM statistics and
the JFM and FM-LM statistics. These combinations are such that a 99% critical value is applied to
JGLS and JFM and a 96% critical value to GLS-LM and FM-LM so the overall size of the tests equals
5%.

The power curves of the FM and GLS Wald statistics in Figure 2.1 show that the rejection frequency
of the FM Wald statistic is approximately 5% at Ap = 3 while the size of the GLS Wald statistic differs
considerably from 5%. Hence, the GLS Wald statistic is size distorted. Figures 2.3 and 2.5 show that
both Wald statistics are size distorted for smaller values of § while the FM and GLS-LM statistics are
not size distorted. These Figures also demonstrate a spurious decline of power of the FM and GLS-LM
statistics at values of A\p which are considerable different from the hypothesized value of three. These
power declines result because the FM and GLS LM statistics are proportional to the derivatives of resp.
(R— BAp) (R — BAr) and the FAR statistic with respect to Ap. Hence, the FM and GLS-LM statistics
are equal to zero at minima, maxima and inflexion points of these statistics which explains the spurious
power declines of the FM and GLS-LM statistics.

It is remarkable that the GLS Wald statistics is already size distorted when 5 equals BVW in Figure
2.1. This size distortion results to a large extent from the inversion of the 100x100 covariance matrix
Q). Appendix H explains why this size distortion does not occur for the FM-GLS and the other statistics
which contain the inverse of the 99x99 matrix 3.
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Panel 2: Power curves of statistics that test Hop : Ap = 3 with 95% significance

Figure 2.1
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Figures 2.1, 2.3, 2.5: Power curves of FM-W
(solid), GLS-W (dashed), FM-LM (dashed-dotted)
and GLS-LM (solid with plusses) statistics.
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Figures 2.2, 2.4 and 2.6 only contain power curves of statistics whose large sample distributions are
unaffected by small or zero values of the 8’s. These Figures therefore reveal no size distortion of any of
the depicted statistics. Figures 2.2-2.6 show that the power of the FAR statistic is in general below the
power of the other (combinations of) statistics but the FAR statistic has similar power than the other
statistics when the ’s are very small. The smaller power of the FAR statistic in case of reasonably
large B’s results from the larger degree of freedom parameter of its large sample distribution compared
to the other statistics.

Figures 2.2-2.6 show that the combinations of the JGLS and GLS-LM statistics and JFM and
FM-LM statistics overcome the spurious power decline of the GLS-LM and FM-LM statistics. These
combined statistics therefore perform appropriately and also provide power against misspecification, i.e.
no factor pricing. The combination of the JGLS and GLS-LM statistics and the CLR statistics have
comparable power curves and outperform the combination of the JFM and FM-LM statistics. We note
that the CLR statistic has no power against misspecification.

The power curves in Panel 2 clearly show the appeal of the statistics proposed in the previous
section. Compared to the FM-Wald statistic, the optimal configuration of the statistics, which are the
combined JGLS and GLS-LM statistics and the CLR statistic, do not indicate any sacrifice of power to
improve the size. For example, in Figure 2.1, these statistics already dominate the FM-Wald statistic
in terms of power. This continues to hold in the other Figures where the FM-Wald statistics becomes
eventually enormously size distorted for very small values of the §’s.

5 'Tests on some risk premia

The statistics that we proposed sofar test hypothezes that are specified on all risk premia, Hg : Ap = Ap.
Instead of testing hypothezes specified on all parameters, we often want to test hypothezes that are

specified on sub-sets of the parameters, for example, Hj : 0p = 0po, where \p = (V5 : 0, with
vi ik, x1; 0p0, 0 1 kg x 1 and k =k, + ky. Kleibergen (2005c) shows that the limiting distributions
of the sub-set statistics in the linear instrumental variables regression model are boundedly pivotal
(similar) when the partialled out parameter (vp) are estimated by maximum likelihood. This result
extends to the linear factor model. The maximum likelihood estimator for v given Hj : 0 = 0y,
Vr(0F,0), results from the first order condition for v that results from (26), so

(R —B)Y~"1B, =0, (33)

Or0 0r0

BB P 5 (e(0 B, (7r(0 5, (7r(0 -1
with B:(NBV D By) = Zle Ry(F, + ( Fo(Ff),o)))/ [ZJT:l(Fj + ( P F’O)))<Fj + ( 7 F,o)))/} B, (n—
1) X ky, Bp : (n — 1) x kyg. The maximum likelihood estimator 7 (0r) seems complicated to con-

struct but, since it corresponds with the maximum likelihood estimator of Gibbons (1982), results in a
straightforward manner from an eigenvalue problem, see Appendix G.

Theorem 9. Under H : 0p = 0pp, when Assumption 1 holds and Vp(0po) is a mazimum likelihood
estimate of v, the large sample distribution(s) of

1. FM-LM((0p(0r0) : 0pp)) and GLS-LM((0p(0r0) : 0pg)') are bounded from above by x*(kq)
distributions.

2. FAR((vp(0r0) : 0)') is bounded from above by a x*(n — k, — 1) distribution.
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3. JFM((0p(0p0) : 07F0)) and JGLS((0p(0r0) : 00)’) are bounded from above by x*(n—k —1)
distributions which are independent from the large sample distributions of FM-LM((Dp(0Fp) :
0p0)) and GLS-LM((0p(0rp) : 0Fp)).

4. CLR((0p(0p0) : 0%g)) given r((0p(0rp) : 0rp)) is bounded from above by

1 [% o — r(7r(Or0) | Oo))+

\/(9%9 +@n g1 H1((TF(Or0) : Or0))* = 4(TF(Or0) : Or0))Pnr1] >

where ¢y, and p,__; are independent x2(ko) and x*(n — k — 1) distributed random variables.

for all possible values of By.
Proof. see Kleibergen (2005¢). m

Theorem 9 shows that the statistics that we constructed previously can still be used to conduct tests
on some of the risk premia and become conservative when we do so. This results holds for all possible
values of the 3’s.

6 Confidence sets of the risk premia from Jagannathan and Wang
(1996)

When we specify a range of values of Apg, or 6, we can use the statistics to construct an asymptotic
confidence set for Ap, or 8. The (1 — ) x 100% asymptotic confidence set contains all values of Mg,
or 0Fo, for which the value of the statistic that is used to test Ho : Ap = App, or Hj : 0 = Opp, is
below its (1 — a) x 100% asymptotic critical value.

We construct the asymptotic confidence sets for the risk premia for the asset returns from Jagan-
nathan and Wang (1996). Jagannathan and Wang (1996) use the factor model,

Ry = 1y A1 +size x \s + B(F; + Ar) + &, t=1,...,T, (34)

to describe the return on hundred size and 5 sorted portfolios that are collected into the vector of asset
returns Ry, so n = 100, for three hundred and thirty monthly observations, so T = 330. The n x 1
vector size reflects the relative size of the different portfolios and is constant over time. The k x 1 vector
of (demeaned) factors F} contains three different factors: the return on a value weighted portfolio, the
yield premium between low and high grade corporate bonds and the growth of per capita labor income.
Since our interest is on the risk premia Ap, we remove A\; and As from the factor model (34) in an
analogous manner as by taking the returns in deviation from the n-th asset return as we proposed
previously to remove A1. The removal of the size factor implies that the value of n in the degrees of
freedom parameters of the (bounding) limiting distributions in Theorem 9 reduces to n — 1.
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Panel 3: One minus p-value plots for Ay, Aprem and Aapor-
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Panel 3 contains the p-value plots of the tests on the different risk premia. Figures 3.1 and 3.2 in
Panel 3 show the p-value plots of tests of the hypothesis Hg : A\yw = Avw,0, Where Ayy is the risk premium
on the value weighted portfolio, for a range of values of Ay o. Figures 3.3 and 3.4 contain the p-value
plots of tests of Hp : Aprem = Aprem,0, Where Aprem is the risk premium on the yield premium, for a range
of values of Aprem,0 and Figures 3.5 and 3.6 contain the p-value plots of tests of Hg : Ajabor = Alabor,0,
where Ajaphor is the risk premium on the labor income growth, for a range of values of Appor0. The
tests of the hypotheses on the risk premia are all conducted in the linear factor model (34) and thus
test only one element of the vector of risk premia. The maximum likelihood estimator is used for the
other risk premia. The p-values therefore result from the bounding limiting distributions in Theorem
9 and are thus conservative. The p-values for the CLR statistic where obtained by using its bounding

conditional limiting distribution given r((7r(0F0)" : 0pp)") which is computed for a large range of values

of r((r(0F0) : 0F)'). All Figures in Panel 3 contain a dotted line at 95% whose intersection with the
p-value plots reveals the 95% confidence set.

Figures 3.1 and 3.2 show the p-values for tests on the risk premium of the value weighted return.
Figure 3.1 (and Figures 3.3 and 3.5) contain the p-value plots that result from the FM-W, GLS-W,
FM-LM and GLS-LM statistics. Most of the p-value plots in Figure 3.1 are rather similar which results
since the (’s of the value weighted return are sizeable. The main difference between the p-value plots
of the FM and GLS Wald statistics and the GLS-LM statistic is therefore that the latter leads to a
larger 95% confidence set. The p-value plot of the FM-LM statistic is rather strange and given its
inferior behavior in the power study compared to the size-correct GLS-LM and CLR statistics, we do
not discuss this statistic any further. All statistics do not reject the hypothesis of a zero risk premium
at the 95% significance level which is as expected since the risk premium on portfolio returns, like the
value weighted index, is typically assumed to be equal to zero.

Figure 3.2 (and Figures 3.4, 3.6) only contains p-value plots of statistics that remain size-correct in
case of small and/or many f’s, i.e. the GLS-LM, CLR, JGLS and FAR statistics. The p-value plots of
the JGLS and FAR statistic are all rather low which is due to the large degree of freedom parameter
of their (bounding) x? limiting distributions, i.e. 95 and 96. These p-value plots show that the factor
pricing hypothesis is not rejected. The p-value plots of the GLS-LM and CLR statistic are very similar
which results since the conditioning statistic which is used in the CLR statistic is rather large.

Figures 3.3 and 3.4 show the p-values for tests of the risk premium on the yield premium. The
p-value plots in Figure 3.3 differ considerably and show that, because of the rather small 5’s of the
yield premium which are probably also only non-zero for a fraction of the large number of portfolios,
there is a considerable downward bias in the FM and GLS risk premium estimators which results since
Ar exceeds pp in the bias expression in Theorem 1.3. The maximum likelihood estimate of the risk
premium, which is the value of the risk premium where the p-value plot of GLS-LM equals zero, is
therefore considerably larger than the FM estimate, which is the value of the risk premium where the
p-value plot of FM-W equals zero. The GLS-LM statistic therefore leads to a much larger confidence
set for the risk premium on the yield premium which also lies at considerably larger values.

Figure 3.4 shows the p-values for tests on the risk premium using the size correct GLS-LM, CLR,
JGLS and FAR statistics. The p-value plots shows that the results from the CLR statistic are similar to
that of the GLS-LM statistic. The p-values that result from the JGLS and FAR reveal that the factors
are the only priced elements and factor pricing is thus not rejected.

Figures 3.5 and 3.6 show the p-values for tests of the risk premium on labor income growth. Because
the 5’s on labor income growth are rather small and are probably only non-zero for a fraction of the large
number of portfolios, there is again a considerable downward bias in the FM and GLS risk premium
estimators. The p-value plots that result from the FM and GLS Wald statistics and the GLS-LM
statistic differ therefore considerably. The 95% confidence set that results from the GLS-LM statistic
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is much larger than the one that results from the FM Wald statistic and contains much larger values
of the risk premium. It is striking to see that the intersection of both confidence sets is empty. The
p-value plot of the CLR statistic in Figure 3.6 is similar to that of the GLS-LM statistic. The JGLS and
FAR statistics in Figure 3.6 show that no mispricing is occuring and that factor pricing is not rejected.

Panel 3 shows the importance of using the size-correct statistics that we introduced previously.
Because of the large number of portfolios in the Jagannathan-Wang data , the bias in the FM risk
premia estimator becomes considerable when the 5’s of the associated factors are small or only non-zero
for a fraction of the portfolios. The Wald statistic based on the FM risk premia estimator therefore
becomes size distorted and unreliable in these cases. The statistics that we introduced remain size-
correct and lead to inference that is centered around the maximum likelihood estimator of Gibbons
(1982). These statistics therefore do a better job in reflecting the risk premium on the factor whose
B’s are relatively small and/or only matter for a fraction of the assets. This is nicely shown for the
Jagannathan-Wang data where the confidence sets that result from the FM Wald statistic show that
the risk premia are almost negligible while the confidence sets that result from the CLR and GLS-LM
statistics indicate sizeable and thus important risk premia. This shows that the usage of improved
inferential procedures can lead to more interesting conclusions.

7 Conclusions

We reveal the inadequacy of standard inferential procedures that are based on the FM and GLS risk
premia estimators when the 3’s are small and/or the number of assets is large. We propose some new
statistics whose large sample distributions remain trustworthy in such cases. We apply these statistics
to the size and [ sorted portfolio return series from Jagannathan and Wang (1996). The confidence
sets that result from the FM and GLS Wald statistics show that the risk premia are rather small and
perhaps negligible. The confidence set that result from the new statistics indicate a more interesting
conclusion as they indicate much larger values of the risk premia which thus show that the risk premia
are important.

The linear factor models analyzed in this paper assume a constant covariance matrix of the asset
returns over time. We will relax this assumption in future work.
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Appendix

A. Assumption 1. The central limit theorem for the specification of the linear factor model (2)
implied by Assumption 1 reads

Ft_,uf
o E—
Ft_,uf
Ft—uf
_ 1 Zf_1<; >®(Rt_LnA1_B(Ft+)\F))—Z$_1<;1 >®5(F_NF)
VT t . t
D1 Fr — 1y
(ﬁzzﬂl<;}/>®(fitbn)\lB(Ft—l-)\p))\/T(}:h) B(F_NF)
\/T(F_Nf)
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I s — (hp ® B)pp | -
PFr

which results in convergence to a normal distributed random vector with mean zero and covariance

matrix
1 ) / < 0 0 > —BVFrr
® (2 + BV + ® Q
( < Lr  Ppip @+ BVerf) 0 Vrr —(up ® B)VrR .
—Vrrf  —Ver(pr @ B) Vrr

B. Proof of Lemma 1. Assumption 1 states that

! — tn\1 — B(E; PR
ﬁZ?1((Ft)®(Rt nA B(F—i—/\F)))7 (9%’)7

By —pp PF
with (¢ ¢ ¢F)" ~ N(0,V). We pre-multiply it with

1 0
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to obtain, since >, It =0, 8=, Rel{ (35 FiF}) ™,
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with Qpr1 = limy oo B(% 32;_; FyF)), that

R— Ln)A\l - BAr wR
VT [ vec(B—B) — | v |
F—pp VY

where 9, ¥3 and ¢ are independent n x 1, nk X 1 and k x 1 normal distributed random vectors with
mean 0 and covariance matrices, 2, Q}%l ®Q and Vrp.

C. Proof of Theorem 1. To analyze the behavior of the FM estimator, we rephraze Lemma 1 as

RA tp A1+ Bk YR
vee(B) | = vee(B) |+ o= | vs | +on(R),
F ur Vg

where = implies equality in large samples and op(%) indicates that all other elements are of a lower
a

1
order than NG

1. B =0. We use that since (¢, : %\Pﬁ)’(m : %\I’g) = (\/i\II;ZLn fl; j;)
-1
|:(Ln A ACE ﬁqfﬁ)} =
( a! —a~ 1y b Vs (W W)~ )

R
= T(VM;, W)~

with a = L;LM%L”.
la. E(R) =ty and

M
AF

#\pﬁ) (Ln : ﬁqfﬁ)} (tn & 7=08) (tnh1 + J=tp)

[ —a e, U (W Ws)
VT (WM, W) 122 (M W)t

L Ln)\l + T an
Ln)\l + T\IﬂﬂwR)
a)\l + —= b’¢R)
I\II/M ¢R
\/1_1 ’
= Ta )
a ( 0 (\II’M Wg)~ 1%Min> R

where W5 =vecinvy(yg) and b = My ,in, S0, since Y5 and 1)y are independent,

VT =)\ Jrat y
Ar d (UM, W) LM, )

Since ¢ g is a normal distributed random vector that is independent of Wg, the moments of limiting
distribution of A\r are determined by the moments of (\Il’ﬁMin\IIB)A\I/BM When (2 is an identity

in*
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matrix, \I%Mln Vg is a Wishart distributed random matrix with n — 1 degrees of freedom and scale
matrix Qpr, see e.g. Muirhead (1982). Hence, (WM, \115)*1\11’5Min is the square root of the inverse of
the Wishart distributed random matrix. To proof the order of finite moments of this matrix, we use an
alternative definition of a multi-variate ¢ distributed random variable.

A multi-variate t distributed random k x 1 vector x with v degrees, k x k dimensional scale matrix

Y~ ! and k x 1 scale vector a can be defined by
r=a+ W*%z,

where z ~ N(0, ) and independent of the k& x k Wishart distributed random matrix W with v+ k — 1
degrees of freedom and scale matrix 3. Since the moments of the multi-variate ¢ exist up to order v, the
moments of the square root of the inverted-Wishart thus exist up to order v + k£ — 1. This definition of
a multi-variate t distributed random matrix results from the definition of a matric-variate ¢ distributed
random matrix, see e.g. Zellner (1971) and Dréze and Richard (1983).

In our case W = \If%MZn Vs which is a k x k Wishart distributed matrix with n — 1 degrees of
freedom. The moments of (W3 M;, \115)*1\1123M¢n exist therefore up to order n —1 —k+1 = n — k which

holds as well for the moments of A\p. The difference of the covariance matrix of € from the identity
matrix does not change the order of finite moments.
1b. When f is equal to zero and E(R) =

( XX; > - [“n PUCE B)}l (tn: B)'R

-1
= [ st ) (o Fp¥aYe+ v

at —a 4 \I/5<\I// \Ilg)
= g _\/_(\I’/ )—1 ‘I"flbn T(\IJ/BM,L”\I’ﬂ) )

e+ —anR
%xp' c+ T‘Ifﬁqu)
a We+ %a*lb’@bR
+ (UM, W) 1) UM, Yy )
lbl )
“ 1 @bR
Yg) WL M,

VI(UM;, U)W g) WM,
1g7
2b

VT(VM;, V) ) WM, ) T s, v,

VIEIH

and

VT (A - $¥e) Jrat
3 / i11 —1\/ - / \/_ 1/ ¢R
Ap = VT (W M;, W) W)Y WM, c | d (WM, W)~ 1) 1 WM,

so A\p diverges when T gets large.
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B, with B a n x k matrix of full rank and E(R) = t,\1 + %B)\F SO

D
)
@
Il
Sl

)< [0 8] iR
(

-1
B9l i+ W] (ot B+ W) o+ Fe(BAr + )
a” —a ! TL;Z(B—G—\IJB)((B—F\Ifﬁ),(B—{—\I’B))_l
\F[(Bwfﬁ) Mbn(B—HIJB)]’lM (B+W,) M, (B+ ¥,
1
\/_

UptnA1 + \/1— U (BAF + %:)
(B+ \I/B) p A1+ 7 (B + \I/B) (BAFp +vR))

“Hah + JnaW(BAR + ) )

“ ( ((B+Ws) M, (B+U3) " (B +Ws) M, (BAr + vg))
< 1 lbl

A1
+ VT a BAp +
) ( ((B+Ws)M,, (B + U5) " (B+ W5y M, ) (BAr+v)
with a = ¢, M(p1wz)tn, b = M(p1gs)tn, SO,
VT (A1 — A =1y
( A( ' 1) ) - / \/T / 1, 3/ (wRﬂ_‘IJ/@/\F)‘
AF — AR d (B4 93)(B+Vg)| 1 (B+ Vg) (I, — zunb)

In this case (B + ¥g)'(B + ¥g) has a non-central Wishart distribution when Q = I,, which has no
implications for the order of the finite moments compared to the case when B = 0. Hence, the moments

of \p exist up to order n — k.
2b. =L B with B a n x k matrix of full rank and E(R) = c:

-1
= [{Ln L (B + Up)] [ | J(B+ qfﬁ)]] b+ G2 (B +Ug)) (¢ + Frivp)
a! —a " WTu,(B+ V) ((B+W,) (B+Uy))""
VT(B+ W, M, (B+w,) 2 (B+Wy) M, (B+W,) "

( L C+—L VR \
( J=(B+ V) c+ L(B+ Ug)¢p) >

*1b/C+ —lb/wR
o ( [(B+Ug) M, (B+ W) " (B+ V)M, [VTec+ 1] >

lb/ >
a _ C+
(B4 W) M, (B+ U, (B+TU,) M,

\}Tib, Vg
[(B+Uy) M, (B+T,)] " (B+T,) M,

with @ = 1, M(p 1w ,)tn, b= M(p1w4)tn, and

< A VT(h = M) >
Ar = VT((B +Ws)' (B +Wg)] (B + W) (In — gunl)e
1 lb/

- \/Ta 1 @bR’
d \ [(B+Yg)(B+¥g)| " (B+Vs) (In — gtnb')
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3. = (’%1), with 8; : n1 x 1 and E(R) = t,\1 + BAp. The specification of the FM risk premia
estimator is

( AAF ) [ [“n LUCE B)]l (tn P BYR

-1
- [[Ln )+ ) () + ﬁw] (i () + 2 08)) (tn s + (BAp +wg)) + 0p().

We construct the limit of the two different elements of (i‘;) We assume that n; remains fixed and that

- W, W = [hmn—wotd%())] VF_FI’7 % -6
p

the following limits hold when n and T become large: Ys¥s

ni

7+ — 0 such that %5’1\1151 - 0, ﬁﬁ’lam — 0 such that %

1 . . 1
(379 on () + )l ((3) + 0] (72) =
1 ﬁ%ﬁl + %(ﬁ%q’ﬁ)
T Blm + T(FmWiin)  BLBy+ F=Bi0s, + J= W) By + $2

. AT .
wﬁh.tbl = ﬁﬁ’lbmd + J= (G2 i), Br = 1By + J=B1¥s, + = Tp A1 + £—2, Ug, = (In, 1 0)Tp,
anda 1ts 1mverse reads
(1=6 B o)™t —(1 =0y By 'or) 10y By
—(By1 — biby) "t (By — byb))~t '
1 191 1 1 191

The large sample behavior of the second part of the FM estimator reads

1
(F9) Gt () + p0a)) (nda + () Ar + i) =
(? (1)> / ! L%Ln);l N Lgllﬁll/\F /+ ﬁL;ﬂ/’If ! 1\
Brtm A+ B161AF + 5010k, + 75 Vptn M + =W B1AF + 7V VR
Vi + ﬁﬁﬁLm)\F + ﬁﬁ%@ﬁﬁ:
ﬂlle)\l + nlBl)\F + ﬁﬂlﬂl)lgl + \}—\Pflgbn)\l + \/1— , Bl)\F + \}T\IIIQ\IIR
1

Blbn + I "
Lo, >A1+< / \/‘I; 1 \/_\/_ AF+
nT = B B161 + 7 °+ \/— 5161 + \/—51‘1’51

L ; 11,
0 VT vatns T Tt VR,
| pwews | (p—Ar)—| ,w¥ Ap+ | YTV =
( T ) B+ A, e R, + VYR
b Vs
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where Wg, = (I, : 0)¥ k. The combined behavior for the estimator then results as
5\1 — (=0 770 T ((B 1 it (B L -1
( A ) N <{1) [<{1> [on 2 ((F) + 7= 98)] [n * ((F) + =P5)] (€1>

F
D) (e () + G 26)) (d + () Ar + Fmto)

Sl

- ﬁo) (1=6)B; o)™t —(1 =8By o) 10, By
01 —(Bl — blbll)flbl (Bl — blb/l)fl
1 | 0 Tt ¥s

va L=by B o)™ —(1 = by By o)W By 0
vn 0 ( 11 Y1 11 01 154 . B
) * ( 0 1) ( —(By — byb)) by (By — byb)) ! ) wws | (ke —Ar)+

. <ﬁ 0) < (L=6 By o) ™t —=by(By —biby) ™ > TR VR
01 —(Bl — blbll)_lbl (Bl — blbll)_l ﬁﬁlleal« + %\I/IB\I/R* )

WL
When we now use that % —=- LW, ﬁﬂll‘llﬁl — 0, by — 0, By — 811 + W, we obtain that the bias
P P P P

of the FM risk premia estimator equals (818 + W)™ 'W (up — Ar).
D. Proof of Theorem 2.

_ ‘ D1 1o-1¢, : _1 _ [ 40N Qs
1. 8 =0. We use that since (¢, : ﬁ\llg) Q  (up - ﬁ\llg) = (%%len g%ﬂ_wﬁ) ,
-1
[(Ln ﬁlﬂg)/gfl(% : %\115) =
-1

/9717,,
(—\/T(\II’BQ‘%MQ% O B0y 1 T(WLQTEM y QW)

ln

a — Ta_lL;lQ_I\I’B(\I/'BQ_l\IIB)_I )

with a = L%QféM(r
la. E(R) = t,A\1 and since Q — €,
p

_1
1. Q7 24,
R

-1
: [(Ln ﬁ\ﬂg)/ﬁfl(% %\Pf@)} (Ln %\IJB)/Qfl(Ln)\l + %@bR)

a1 —VTa ', Q1 Wa(V0 1 0g) !
— ! _lbn
o\ VT(WQ M, Qi) T(W0EM Q7 R,)
L QA+ %L;Q_lw}z
VRO A+ F U0 )
a (al + %b/ﬁ_%wR)
= _1 _1 _ _1 _1
a (LpQ72M 3 Q730p) 1%?1”‘%—%%9 2R
/
At Jral 1
_ Q
@ < 0 >+ ( (ULQ73M_; Q 3W0s) 1WL,O0EM Vn
8 Q" 2y, B Q 24y
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where Vg =vecinvy(13) and b= M_ 1 Q_%Ln, S0

Q 20,
N 1 1p/
_ L1
(7G5 (wain, o Tamwarty,, )2
AP d (,B 2 Q_%Ln 2 5) B 3 Q_%Ln

Since g is a normal distributed random vector that is independent of Wg. The random matrix
(\I/’BﬁféMgf% Qfé\PB)_l\IJ’ﬁQ*%MST% is the square root of the inverse of the Wishart distributed
ln ln

random matrix (Qfé\lfg)’ M97 1 LanéllfB which has a Wishart distributed matrix with n — 1 degrees of
freedom a{ld scale matrix Q@ pp. Hence, it results from the proof of Theorem 1 that the limiting distri-
bution of Ar is a multi-variate ¢ distribution with n — k degrees of freedom, location 0 and scale matrix
Qu.rQpp With Qi1.p = Q11 — Q1FQ}}:QF1-

1b. When S is equal to zero and E(R) = c:

< ;; ) = [(Ln By B)}l (n  BYOR

-1
= [(Ln A AU CE %\Ifﬁ)} (tn & = TB) Q7 (tnh1 + J=tR)

a! — Ta*IL;LQA\I/B(\IJ’ﬂQ*I\IIﬁ)*I
= /! —an 1 1
o \ VT My Rl T(W0TEM y QB)
lL;lQ*cl%— 1T1L;LQ*111¢R
I O— I O—
- a L OTEM et ﬁb’Q*%@[)R)
o\ (WTEM QTR TNW0TIM Q72 (VTe+ vp)
B a 0 3e
o \ VTwoim y othwg) ey ade )T
M1y “
\/ITab QO 2y
(\IIIBQ_5M 1 Q_iqfﬁ)fl\l/IQ_EMQ_l

and . )
VT (A — a1 2¢)
N 1 1 1 1 —
AR — \/T(%Q—aMQ,%MQ—aqfﬁ)*lmgg—aMQ,%an—ac d

=

11y
1 1\/Tab 1 1/}R
(PpQ72M 4 Q3 0g) W0 My Q7

2un Q7 24,

and Ap diverges when T gets large.
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= %B, with B a n x k matrix of full rank and E(R) = 1, A1 + \/I—B SO

~

b=
§1)z[unfﬁyﬂ—lunfﬁ)]_l(  Byo'R
(

VRS

~

- [[Ln (B ) e | (B W) } (B +95)) Q7 (i + J=(BAF + )

-1
a
= / 71Ln
a (—\/T(<3+\115)'Q%MQ Q7 (B 4 W)

—VTa Y, Q7Y (B + Up) (5 + W) QB+ Up)) !
T((B + Uy 3M_, 0-5(B + )

1
Q 24,
AR ST %L’HQ* (BAp +g)
%(BJF\IJB)Q L + & (B—i—\IJB)’Q*l(B)\F—i—wR))
B “Hah + Fra” WO (BAr +vp))
a ((B+\115)'Q*%MQ_%MQ (B+\115))_1(B+\Ifg)’Q*%MQ_%LnQ*%(B)\F+1,Z)R))
/
)\1 ) \/Tab _1
= + _1 _1 _ _1 Q7 2(BAr +9Yp).
(s (((Bwﬁm iy, 0B ) (B vy, )
Hence,
VT (A — A1)
~ —
)\F — >\F d
L1y )
T ) O3 (g — Uphp).

( (B+Wp)Q 2M__y Q72(B+ W) H(B+ W) Q2 M,,

tn

In this case (B + ¥3) (B + ¥g) has a non-central Wishart distribution regardless of the value of €.

Hence, the moments of A exist up to order n — k.
2b. g = ﬁB, with B a n x k matrix of full rank and E(R) =

(32) =i prae: ﬁ)]_l wibR

tnt (B Ye) 2  n  Im(BH )| (it (B )Y Q7 e+ Tthp))

A

A

I

a1
ro—1
V(B + WY 3M,y 03(B + W) gl
~VTa 5,07 (B + Up) (B + W) (B + ¥g)) !
((B+\115)’Q*5M y Q72 (B+Tg))

Qfﬁbn

a

( Qe+ TL Qg )
F(B+ W) Q7 e+ (B + W) Q g

_ a (V' 2e+ ﬁm—w}z) )
@\ ((B+9p)M,,(B+Up) (B +Vs)M,,)(VTc+pp))

LyQ~—z¢
= _1 _1 _ _1 1
a (x/T((B—I—\IIB)’Q M, 3, 9 2(B1+1\115)) (B + )0 Moy O 2c>
b/
VTa -1
+ _1 _1 _ _1 Q7 29p,
(((B—I—\Ifﬂ)’Q PM 3 Q72(B+ ) H(B+ Up)Q 2MQ%M> R

tn
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with a = L%Q_%M 1 Q_%Ln, b=M Q" 24,, and
Q3 (B+¥p) Q3 (B+¥p)
VT(A — Lraac)
N _1 _1 _ _1 1
Ar — VT ((B+ ¥g)Q 2My_y O 2(B+ V) Y B+¥s)/Q 2 M -y, Qe

Q
Jrav 1
Ta 1
— 1 _1 _ _1 QO 29Yp.
d (((BJF%)’Q PM_y (B A+ V) (B A+ Us)Q My ) R

tn Q 24,

E. Proof of Lemma 2. Assumption 1 states that

1 _, Y- YR
jfzfl((ﬂ)w& Y B(Ftﬂp)))7 (%)’

Fy—pp YR

with (¢ ¢} ¢F)" ~ N(0,V). We take all asset returns in deviation from the n-th asset return so

1  R(E PR
o ()omosmonn ) (),
Fe—pp Yp

with o = Jnwg, 05 = (Ix®Jn)pg with J,, = (Iy-1 D —tp—1) 50 (P P Pl 1 ) ~ N(0,diag(Q @ &, Vpr))
with 3 = J,QJ),. We pre-multiply the result from Assumption 1 with

1 0
_ _ -1 _ _ _ -1 |®I, 0
( [% 31 (Fj + Aro) (Fj + /\F,o)'} (Aro = F) [% 31 (B + Aro) (Fy + AF,O)’] ) "
0 I

to obtain under Hyp : Ap = Ao that

R — B\p £r
ﬁ(vec(l%B)); (55)7
F—pp §r

where B =3Y"1_ Ri(Fy + Aro) (3 -1 (Fj + Aro) (Fj + Aro)) ! and (6% : &5 & &) ~ N(0,diag(Q(Ar) ®
Y, Vpr)) and

Q(A\r) = limr . E -

FSL A Ean)] Ae [FEEF AR E A+ AR

_ <Q(>\F)11 Q(/\F)1F>
QAr)F1 QAR)FF )

Hence, under Hy : A\p = App, 7_3—5’)\}7,0 = R—BAp—(B—B)\r s0 \/T(ﬁ—BAEo) - Er—(Np®I,_1)¢p,

( 1 N [% ZtT:1(Ft + Ap)(F + AF)} - )}
1

I / !/
which is independent of &z since <[1) _’}]1:,0> (AF) ([1) _?:,0> =diag(1 — NpoQAr)FrAF0, QAF)FF), 50

R —BAp Vg
\/T(VG(BB));’ (1/15>,
— KF Vr
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where 15, 15 and ¥ are independent (n — 1) x 1, (n — 1)k x 1 and k x 1 normal distributed random
vectors with mean zero and covariance matrices, (1 — /\}:,OQ(AF)FFAF,O) ® 3, QA\rp)rr ® X and Vrp.

F. The derivative of the FAR statistic with respect to Ar. To obtain the derivative of

FAR(Apo) = (R — BApo)S~H(R — BAro),

T
1=Xp 0 QAF) ppAro

we first construct the derivatives of its different elements with respect to Ar.

Tl = givee [0 Re(F+ Aro) (S0 (Fy + Aro)(Fy + Aro)') |

= (Z V(Ej+ Apo)(Fy + Aro)) ' @ In—l} %%_OVGC [Zthl Ri(Fy + /\F,O)/}
+ [Ik @ N Re(Fy + Aro) } 3;’1,0%(3 [(Z]T:l’(ﬁj + Ap0)(Fj + Apo))
= (Z L(Fj+ Ar0)(Fj + Apo) )t @ Tﬁ}
+ [Ik @30 Ri(Fy + )\F,O),} m‘?p,ovec [(Z]T:l(ﬁj + Aro) (Fj + )‘F,O)/)_l]
= _(Zle(pj + Ar0)(Fj + Aro)) ' ® Tﬁ}

~2 (ST, (F) + Aro) (5 + Ara)) ™ © TBAr |

=T [(Z?ﬂ(Fj + Ar0) (Fj + Aro)) @ (R — B)\F,O)}

[ o @Ur)ikAra] = —2Xo(d S4By + Ara) (B + Aro)) -
(Xpp ® Nino) g=vee | (3 X7y (Fy + Aro) (Fy + Aro)') ™!
= —2\po(3 XL (F +Ar0) (Fj + Aro) ) g
(1- %o(% Sy (Fy + Aro)(Fj + Aro)') ko)
2( k 1 Zt 1(Rt B(Ft + )‘FO)) ® B)
~2(r— Zt L (Ri = B(Ey + Ap)) (Fi + Apo) © 1)
= 27z 1215 1(Rt B(F; + Arp)) ® B)
= 2(T 7/; 1((R B/\F,O) ® B)

since Y. (Re — B(Fy 4+ Apo))(F; + Apg) = 0 and F = 0.
Hence,

dvec(E)
Nk

T—

%,ROFAR(/\F,O) = _Q{H,F - Q(T ——— (R — BApo)'S 7' B+

AF) 5 pAF0

T / 5 _ R 1a—1y dvec(B)
1_)\,1?70Q()\F);-*}>\F,0< F,0 ® (R B)‘F,O) % ) 6>‘/17,0

T N P

(1-Np g OOF) p e Ar0)? (R = BApo)'S"H(R — BArp)

0 N .
59— [1 = Moo Q) Aro] + 1 e
(R~ BApoYS™ @ (R — BAr > e
_ T B $o173

SV TEYS I v {(R~Baroys1B+

[ FolT Zyrzl(ﬁj +Ar0)(Fj 4+ Ar0)) 1 @ (R — BAro)'S (R — BAry)
—_ |: /F,O(% Z;:l(ﬁj + )\F,O)(F_} + )\F,O) )FF(R B)‘FO) (R BAFO)
(771 (R = BAro)S (R = BAro) © (R — BApo)'S

'B)
- T 1 ~
- 21_)‘,}770Q()‘F);“}?>‘F,0 [1 t TR FAR()\F’()) (R BAFO) X8
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G. The specification of FAR(Ar) and CLR()\rp). After concentrating with respect to B = (c :
B), the log-likelihood of the unrestricted model

Rie=B() + e,

under independent normal distributed disturbances with mean zero and covariance matrix 3, is pro-
portional to

N N !/
In Lopres(B) = ¢x — L In [S| — Ltr [2—1 S (Rt - B(I;lt)) (Rt - B(é)) } ,

R -1
with B = S | Ry (I;Et)/ [ZJTZI (l%]) (];l]),} and ¢, = —2 In(27). To determine the difference with the

log-likelihood of the restricted model, we specify B( }%) as

N

B(H) = SLR) [T (G (R

| )] ()
= SR [T (550 ()| (i)
= Zzﬂ:lRi(FiJrl/\Ro)/ <8 %QF;)(/\F,O) +(—QFF(A1F,0)AF,O)
71— %,oQFF(AF,o)AFyo)fl(_QFF(,\lF,O)AFﬁo),} (FHIAF,O)

= B(F;+ AFo) + (R — ?)\F,O)(l - )‘/F,OQFF(/\F,O)/\F,O)_I
1 = NeoQrr(Ar0)(Ft 4+ Aro)),

1

(
S O _|iNsT (7 7 1 p 1T ‘ 1 VA
with Qrr(Aro) = |7 > =1 (Ft + Apo)(Fr + Arp) ,B=5> 1R (Fi+AF,o) Qrr(Arp). Hence,

. . /
In Eunres(2> + %ln |E’ —Cp = —%tl‘ |:El Z?:l (Rt - B(}%)) <Rt - B(}%’t)) :|

~ _ ~ _ /
= —3tr (2L (R = B+ Aro) ) (Re = B(F: + Aro)) ] ~1 !

1—>\}:,0QFF(>\F,0)>\F,0 x
_ ~ ~ _ - _ !/
{—tr ST (R = BApo) (1 = NgQrr(Aro) (Fr + Arp)) <Rt — B(F; + /\F,o)) ]
—tr 2L (Re = BF 4+ Ar0)) (1= (Fi + Aro) Qrr(Aro)Aro) (R — BAro)|
1 —1 T D) 5 / A =
G O < [E 2 =1 (R = BAro)(1 = NpoQrr(Aro) (Fr + Aro))
(1= (Fi 4+ Aro) Qrr(Aro)Aro) (R — B)\F,O)} }
_ 1 1T _R(E  A(E o 1
N 2tr > Zt:l (Rt B(Ft * )\F’())) (Rt B(Ft + )\F’O)) ] 2 1—)\/1:’0QFF(>\F,O)>\F,O X
{—tr SR — BApo)T(R — BApo — XF’OB%A’ROB’)}
_ P B 7 3 5 By 1
tr [2 (R — BApo — BApo + BAro)T(R — BAp) } L T v e
—+tr [2_1(7?, — B)\F’O)T(l — /F70QFF()\F,O>/\F,O>(7§' — B/\F,0>/] }

o _ '
= _%tr [El Z?:l (Rt - B(Fi + AF,O)) (Rt —B(F + /\F’O)> ] * %1*>\IF OQFZ;(/\F,O))‘F,O
tr [2_1(7_3 — B)\Eo)(ﬁ, — BAF,O)/}
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where we used that Zitr:l F; = 0. Since the log-likelihood of the restricted model reads
T 1 1T 3(F 3(F !
In Lros(2,AF) = ¢z — ZIn|%| — Ltr {2 ST (Rt —B(F, + AF,O)) (Rt — B(F, + ARO)) ] ,

the FAR statistic equals:
FAR(Apo) = 2[In Lunres(X) — In Lres (X, Ap)] -

CLR(App). We construct the maximal value of the likelihood of the restricted model. We therefore
concentrate the likelihood with respect to the different parameters. The log-likelihood reads

I Lyes (5, Ar, B) = ex = S (S| = Str [S71 XL, (Re = B+ Ar)) (R = B(Fy + Ar))'|.

When we substitute the maximum likelihood estimator for B into the expression of the likelihood, the
concentrated likelihood of (X, Ap) becomes

I Lyes (B AF) = ex = S (S| = e[S XL (Re = B(F + Ar) ) (Re=B(F; + Ar))'|.
The maximum likelihood estimator of X is
S=1Y0 (Rt — B(F, + )\F)) (Re — B(Fy + Ap))’
and the concentrated likelihood of Ar reads

In ‘Cres(AF) = Cgp— %hl |2-]| - %tl‘ [InT_l]
= cr—Zh|X,

with ¢p = ¢x — 5. The determinant of Y can be decomposed as
~ -~ _ ~ _ /
£ = [AXL, (Rt — B(F: + /\F)) (Rt — B(F + AF)) ‘
1

= |ESLIRR - [F S RaF A+ )| [ S5 B+ A (F o+ ey |

_ !
[% S Ru(Fy + AF)'] ‘
% SRR, % ST Re(FytAp)
B Ay Ru(Fitdp) 20 (Fetdp) (FrtAp)

I'IL 0
= = -1 ~ _ = -1
(—[% S (FBeAxp)(Fetdp) ] 2 S Ru(FArp) (5 S (Fetrr)(FitAr)] >
= In 7[% Zthl RtR;]_l% ZtT:1 Rt(Ft+>\F)' %2321 RiR; %Zthl Ri(FitAr)
0 Iiy = S Ru(F+Ap) * T (B r) (FAXr)

I 0
(—[% S (Betrr) (Fear) ] S0 Re(Fetap) [2 S0, (FetAr)(Fetdp)]
_ _ _ —1
= [ RiR} '% Soioy (B + Ap)(Fr+ Ap) — Sy #(Fy + Ap) R, [% > RtRi}

LS Ru(F + Ap) B

LS (B + Ap)(F + Ap)

such that the minimal value of || as a function of A results from the characteristic polynomial

0[50 ()] - S R s PSR ]| = o
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where ¥ = # Zthl R¢R,. We express the characteristic polynomial as a function of R — BAgg and B
which does not affect the roots 6;,i =1,..., k.

0 XL (B)E)] - [FEL GRS [F LR —0¢
(,\Flk> [‘9 Zt 1(}7{)( ) TZt 1(Ft)RtE YT Zt 1Rt( )/} ()\IFI(L>/:H =0<
0 (AIF QFF(AF > (% Y ' Ff+AF R')E_l(% ZL%HF)R;)I =0«
o e 9( F Qi AF>> (1 ZL(;%HF)R;)E_l
(1 L FtHF)R/)’] (1 fAFQFF Ar) ) AN
o (g @FF&F>-1) (e o) = (e f o) | =0
0L+t ( Ei%(ﬁ_mﬂw oo =4 BQrr(Ar) )l
DR~ BAR) G BEBQer () )| =0
o1~ (0000 -0,

with . 1
r(Ar) = TQFF(/\F)% [ ST 173157%} BQrr(\r)~2,

—1
. _ A 11 5_ 13 1
sOp) = TOpr(Ap) 3B [T ztzlnﬂzt} (R~ BAr) e

-

When k = 1, the characteristic polynomial reads

1 (FAROA) s’ _
O - F (00 =0«
(0 — FAR( P))(0 = 71(Ar)) = s(Ap)s(Ar)’ =0«

6 — 04 (FAR(Ar) +r(Ar)) + 72 [FAR(AR)r(Ar) — s(Ap)s(Ar)'] =0,
and the roots of the polynomial are characterized by

0= 5=[FAR(Ap) +1(Ap)E
\/ (FAR(Ar) +1r(Ap))? — 4r(Ar) (FAR(\p) — GLS—LM()\F))] .

The largest root, which leads to the minimal value of |X|, is therefore equal to

Omax = 55 [FAR(AR) + r(Ap)+
\/ (FAR(AF) 4+ r(Ar))? — 4r(Ap) (FAR(\p) — GLS-LM(AF))} .

and the maximal value of the likelihood of the restricted model is

maxy, In Lies (X, Ap) = ¢p — %ln [miny . |X|]
= cr— LAY ReRy| - TIn(1 — Omax)
~ CT——IH th 1RtR/ + 5 emax
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To simplify the value of the likelihood under Hp : Ap = Apo, we decompose the determinant of the
estimator of ¥ under Hy :

F S0 (Re = B(F + Ar0)) (R~ BFy + Aro) )
= |4 i ReRy — {% St Re(Fy + )\F,O)} [% Simy (Fr+ Aro) (Fy + )\F,o)/} B
[% S Ri(Fi + )\F,o)]/
=+ 3 RiRy QAFF()\F,O)}

Qrr(Aro) ™" - [% >ty Re(Fy + )\F,o)/}, [% i Rﬂzi] b [% >t Re(Fy+ /\F,o)’} ’
= AL RRY| | I, — Qrr(Ap) 2B’ {% S RtRQ} - BQrr(Ar)~?
= |7 X ReRY| [ Iy — 72 ()]

When k£ = 1, we can therefore characterize the likelihood ratio statistic for testing Ho : Ap = Ao
against Hy : Ap # App by

LR(Aro)

=2 [max,\F ln »Cres()\F>_ 111 £res()\F,O)]

~2[er = 50 |3 ST RaRY| + Limax — or + S (|3 SRR
~2er = T b SRRy + Fimax — or + S n |3 ST, RiR;
~ 2 [%Hmax — %r()\p)]

~ [FAR(/\E()) — T(AF,O) + \/(FAR()\F,[)) + I‘()\F,O))Q — 41“(/\F70) (FAR(/\Fyo) — GLS—LM()\F,())):| .

[T, = 4r0r)] )|
+ Tt — 40|

H. Size distortions of statistics that result from the inversion of a high dimensional covari-
ance matrix. The expression of the GLS Wald statistic is

GLS—W(ARQ) = (R — //nj\l — ﬁAFp)/Qflﬁ(:)*lB/Q*%R — Lnj\l — B)\Ro),

!/

~

— B (1) T, 1B, The expression for € is:
Q= 7y Yo (B — BE) (R — BE).

To understand the size distortion of GLS-W, we specify it using matrix notation:

O-1

=

with © :B

GLSW(ro) = |$ep(R = g (At + NpoB) = FF)| @1AOF 01 | (R = ir(adl, + NpoB) — BB Yir

with R = (Ry... Ry, F' = (F{...Fp), so /pF' = 0, and Q@ = 7= R'M|, - R. When T equals n,
Qis a T x T matrix of rank T" — 2 since M(LT ) is a T x T matrix of rank T" — 2. The eigenvectors
associated with the zero eigenvalues of M (up F) A€ spanned by ¢ and F'. The eigenvectors associated

with the zero eigenvalues of ) are obtained by specifying R as

R=P

(e

F)R + M(LT F)R'
The first part of this specification of R, P(LT F)Rv is mapped onto zero when R is multiplied by M, (o B

When T = n, the eigenvectors that are associated with a zero value of Q) are therefore spanned by
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R (v F ) and the eigenvectors that belong to the non-zero eigenvalues are spanned by the orthogonal
complement of R'(up F ). For large values of n smaller than T Q is non-singular but will have two
relatively small eigenvalues whose eigenvectors are spanned by R'(cp F ). In the GLS-Wald statistic,
Q1 is post-multiplied by (R — vp(A + B,AF,O) — Fﬁ/)’LT. This vector lies in the span of R/ (v F) which
is the eigenvector associated with the smallest eigenvalues of Q or put differently the largest eigenvalues
of 1. This shows that the large size distortion of the GLS-Wald statistics results from the association

between (R — /,T(j\l + B/)\ F0) — F B,)’ vr and the eigenvectors that belong to the largest eigenvalues of
O-1.
When we use the covariance matrix estimator,

S = 7 S (R = B(Fy + M) (Re — B(E; + Aro))'s
the matrix expression of this covariance matrix estimator reads

o 1 /
Q=719=R MF‘-{-LT)\/F,OR'
with R = (R} ... Ry Since (R — (F 4 tpApo)B') is not spanned by R/(F +~LT)\IF’O), VAR — (F +
trAr0)B’) is not associated with the eigenvector of the largest eigenvalue of Y~! and therefore all
statistics that use ¥ ~! perform appropriately despite the inversion of a large dimensional matrix.
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