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Abstract: At present, spreading of mineral fertilizers in Europe is most
commonly performed using centrifugal disk spreaders with attached vanes. The
motion of an ideal spherical homogeneous fertilizer particle along the straight vane
attached to a flat rotating disc was analyzed in this paper. The analysis was
performed in the non-inertial reference coordinate system. From the assumptions
introduced to enable analytical describing of the real particle motion as well as the
general tools of solid mechanics, the ordinary in-homogenous second-order
differential equation having constant coefficients arose. Its solution represents an
approximation of the real relative motion of the fertilizer particle along the straight
radial vane fixed to the flat horizontal disc rotating at a constant angular velocity.
However, the solution of this kind can be very useful for the optimization of
centrifugal spreader working parameters.

Key words: fertilizer particle, centrifugal disc spreader, radial vanes, differential
equation.

Introduction

Different kinds of solid fertilizer spreaders have been designed in the past.
However, it seems that centrifugal disc spreaders (Figure 1) are the most popular
fertilizing machines worldwide, as well as in Serbia. Their main advantages in
comparison with other available designs lie in lower costs, simple design and
maintenance, followed by large soil covering width per single pass (Villette et al.,
2008), over 45 [m] (Cool et al., 2016).
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A functional principle of the centrifugal fertilizer spreader is simple. The force
of gravity pulls particles downward, toward the bottom hopper orifice, placed
beyond the disk spinner eccentrically toward the rotation axis. After leaving the
hopper, particles fall down on the spinner, establishing contact with an attached
vane and a disc (Figure 1). This occurrence starts the second phase of particle
moving, controlled by a rotating vane, until particle ejection into the air. Leaving
the disc ends the second phase of a particle spreading process and starts the third
(the last) phase. It assumes a free ballistic particle flight through the air, until its
landing on the ground.
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Figure 1. A centrifugal fertilizer spreader, having a flat
disc with straight radial vanes.

Obviously, an adequate control of a fertilizer particle moving in the second
spreading phase (traveling along the disk vane) should provide the optimal particle
velocity vector at the leaving point from the vane. This vector represents the
important input data for ballistic models and influences the free flight of the
particle through the air and the fertilizer spreading pattern. This velocity can be
either predicted using the suitable mechanical model, or measured by the
appropriate experimental set-up.

This paper presents a possible approach among many other less or more
similar or quite different methods for analysis and predicting the fertilizer
spreading process by centrifugal (spinning) disc spreaders with radial vanes.
Modelling of this kind has been intensified since the middle of the 20" century. For
example, Cunningham (1962), Cunningham and Chao (1967), Dobler and Flatow
(1968) have researched the particle motion along the vane. Among others, Mennel
and Reece (1962), Griffis et al. (1983) have analyzed the ballistic flight of the
fertilizer particle through the air.

Selecting and integrating previously published partial models, Olieslagers et
al. (1996) made a more generalized model, which provided the increased prediction
accuracy of the solid fertilizer particle spreading. The model was verified
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experimentally, applying the traditional simple test method, namely the “collection
tray method”. According to this method, while the machine passes the rows of
collection trays (placed perpendicular to the travel direction) at a constant travel
speed, the fertilizer particles are collected at different transverse positions. After
weighing the amount of fertilizer in each tray of each row, the spatial distribution
pattern over the experimental plot surface can be composed.

Further improvement of the fertilizer spreading models has been continued in
the 21* century: Aphale et al. (2003), Dintwa et al. (2004), Villette et al. (2005),
Cool et al. (2014), Cool et al. (2016), etc. However, these models have been based
on the assumption that particles do not interact mutually, which may cause
prediction errors. In order to improve the predicting accuracy, an alternative
approach has been introduced. Methods of this kind include the particle
interactions in a modelling algorithm using the numerical mathematics — primarily
discrete element methods: Tijskens et al. (2005), Van Liedekerke et al. (2009), etc.
Unfortunately, quantitative simulations based on this method need physical
fertilizer characteristics as input data, which are at present difficult to measure
(Villette et al., 2008).

This work presents an analytical solution of the dynamic model that describes
the motion of a fertilizer particle along the radial vane of the centrifugal spreader
disc. This motion was analyzed in the non-inertial reference system fixed to the
spinning disc (Figure 3). Therefore, the carrying motion was accounted by
introducing the appropriate inertial forces. To facilitate the problem related to the
mathematical apparatus needed, a number of assumptions have been introduced in
the mechanical model of particle motion. Consequently, the resulting equations and
their solutions represent an appropriate approximation of the real motion, which
enables the analysis of working parameters that govern the fertilizer spreading
process.

Materials and Methods

Dynamics of a single fertilizer particle movement along a straight radial vane
attached to the horizontal flat spinning disc of a centrifugal spreader was analyzed
in this paper. Thus, only the first phase of a fertilizer spreading process was
comprehended, i.e. the model considered the motion of the particle along the vane,
until it dropped out. A particle motion model is based on the assumption of
continuous motion of a single particle along the vane, and laws of theoretical
mechanics (Beer et al., 2010; Hibbeler, 2010).

The focus of interest of this manuscript is the dynamic equation of the
fertilizer particle motion. In this particular case, the non-homogeneous second-
order differential equation of motion was solved analytically following methods of
mathematical analysis (Soare et al., 2007). The solution was applied on specific
data, processed using MS Excel.
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The last phase of a spreading process, the ballistic flight of the fertilizer
particle through the atmospheric air until its lending, has not been analyzed.
However, this model provides an additional insight in the fertilizer particle moving
over the spinning disc and its velocity vector at the leaving point from the vane.
The information on this velocity vector is important, because it influences the flight
of the particle through the air and the fertilizer spreading pattern.

Results and Discussion

The analytical model of the fertilizer particle motion is based on various
assumptions.

An individual fertilizer particle moves along the vane, mounted radially on the
horizontal flat disk. Thus, particle interactions were neglected and achieved results
approximated the real spreading process (Villette et al., 2008).

The spreading disc is rotating at a constant angular velocity wp[s™].

Fertilizer particles are ideally spherical homogeneous particles, having
constant density.

Dynamics of the spherical particle on the spreading disc is based on the
approximation of pure sliding against the vane.

According to Olieslagers et al. (1996), Aphale et al. (2003), Dintwa et al.
(2004), particles bouncing over the disc are negligible: tight continual contact
between the observed particle and the vane is established along the whole particle
travel over the disc.

The particle motion follows the well-known Newton’s second law:

—  av® _ a¥rd 4 >
m-aaz dt = dt2 =Fa=2?=1Fi' (1)

where m [kg] is the particle mass, ﬁi[N](i=1,2,...,n) are forces acting on it and
?i[m-s_z] is the absolute linear acceleration (i.e. the first derivative of the

absolute velocity vector W) and the second derivative of the position vector e of
the particle in the inertial reference coordinate system Oxyz (Figure 2).

Figure 2. Inertial coordinate system.
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Nomenclature:

Ro, R, the entrance radius of the particle and the external radius of the rotating disc [m];
r7 the radial distance from the disc center in the rotating (relative) system O&nl [m];
x,y,z the coordinates of a fertilizer particle in the inertial coordinate system [m].
Nomenclature:

ﬁ'FD, ﬁFV the friction forces between the particle and the disc and the vane, [N];

ﬁCF the centrifugal force exerted on the fertilizer particle [V];

ﬁco r the Coriollis force exerted on the fertilizer particle [V];

G, g the gravitational force [N] and acceleration [m - 5] of the particle;
m the mass of fertilizer particle [kg];

IVD, IVV the orthogonal forces of the disc and the vane exerted on the particle [N];
&, i1, {'the coordinates in the non-inertial relative system fixed to the disk [m];
wp the angular velocity of the rotating disc [s].

However, the traveling of the particle is considered in the relative reference
system O¢n( (Figure 3), fixed to the center of a spreading disc and rotating together
with the vane along which the observed fertilizer particle moves. Therefore, the
coordinate system O¢&n{ is a non-inertial reference system. This means that
Newton’s second law can be applied only by introducing the additional imaginary

“inertial” forces: the centrifugal ﬁCF [N] and Coriollis forces ﬁCOR [N] (Figure 3).

Figure 3. Forces exerted on the particle in the relative reference system.

The following real forces also act on the particle: the friction forces exerted by
the rotating disc ﬁFD [N] and the vane ﬁFV[N], particle weight G [NV], orthogonal
reactions of the disc Ny, [N] and the vane N, [N].

Thus, the motion of a fertilizer particle can be described by the vector
differential equation:

dzﬁ) B B B —_— —_ —_— E—
m.F:FFD+FFV+FCF+G+ND+NV+FC0R7 (2)
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and represented in the relative coordinate system O&n{ by three scalar equations:

dZ T
fErer'd—;:—FFD—FFV+ FCF; (3)
n: 0= Ny — Feorp=Ny = Feog; “4)
{=720=Np—G=N, =G. (5)

Equations (3), (4) and (5) govern the relative motion of the particle. To be
solved, it is necessary to previously evaluate unknown intensities of forces exerting
on the particle.

Particle weight is the multiple of the mass m [N] and the gravitational
acceleration g [m - s7]. It is vertically aligned, but oriented downward, opposite to
the axis O¢:

5:m-§:—m-g.a‘ (6)

The Coriollis force originates from the combined particle motion in the
rotating coordinate system. It depends on the carrying angular velocity €, which

is the disk angular velocity wp, and the relative linear velocity v of the particle
along the vane (Figure 2):

F_)COR=—2‘m'(5DX7)=—2'm'vr'(1)D'n—0), (7)
where ) is the unity ort-vector defining the direction of the axis Oy.

The orthogonal vane reactive force on the particle IVV is the reaction on the

influence of the Coriollis force ﬁCOR of the particle against the vane. Hence, these
two forces are collinear but of opposite direction. It follows from equations (4) and
(7) that this force (Figure 2) is:

Ny = —Feor=—(=2-m-v"-wp-7g) = 2-m-v" - wp-7g (8)

Similarly, the vector N—D) is the orthogonal reaction of a spreading disc on the
fertilizer particle, caused by the particle weight G (active force). Therefore, these
two forces are collinear but take opposite directions. Regarding equations (5) and
(6), it follows that the vector of this force (Figure 2a) is:

Np=-G=m-g-k=m-g-. 9)

The centrifugal force,

F-)CFzm'wlZ)'Tr'f—O)a (10)
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depends on the particle mass m [kg], its current radius " [m] along the vane (the
distance from the axis of disc rotation 07 = 0z), and the disc angular velocity
wp [s71].

The friction forces Fpp and Fgy are caused by simultaneous sliding of the
particle over the spreading disc and vane. They are functions of the dynamic
friction coefficients yp [—], 4y [—], and normal reactions Ny, [N], Ny [N]:

Fpp =pp-m-g, (11)
FFV=2"[lv'm'(l)D‘vr. (12)
Including equations (10), (11) and (12) in the equation (3) gives the second-

order linear inhomogeneous ordinary differential equation with constant
coefficients, which describes the relative particle motion:

da?r” dr”
o wh T =—up g (13)

A general solution of the inhomogeneous differential equation can be found as
the sum of the solution of the homogeneous equation 7, and a particular solution of
the inhomogeneous equation 77

=1ty (14)
The homogeneous part of this ordinary differential equation is

dZ,r.T' drr 2 r
oz T2y rwpr——wpr’ =0, (15)

having the solution:

wp(—py+ [1+u5 )t

1 =C -y (&) +Cy-y,(t) =Cy(t) - e + C, (1) -

ewD(—#V— 1+uf )t

(16)
where C; and C, are the unknown integration constants.

A particular solution of the inhomogeneous differential equation (13) can be
found by the method of an undetermined constant:

= C. (17)

After differentiation of the equation (17) and inclusion in the equation (13),
the particular solution of the inhomogeneous differential equation arose:

=29 (18)

P w2
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giving the general solution of the differential equation (13), which describes the
relative radial position of the fertilizer particle:

wp| —py+ /1+u2)-t 13) -<—y - /1+u2>~t .
) =Cp e ”( v )4, e TN Y + 2 (19)
D

2
The derivation of this equation gave the relative radial velocity of the particle:

(@) =v"(t) = wp - (_MV +4 1+ ,u‘z,) <Cy - ewD'<_MV+m).t T
(20)

+ wp - (_.UV - \/TMIZ/) - C, - ewD'(_“V_m)'t

The integration constants C; and C, were determined from the initial
conditions, which arose from the design and operational conditions of the analyzed
fertilizer disc spreader:

to=0 =71"(t, =0) =7r"(0) =R,, (21)

to =0 = f‘r(to = O) = TT(O) = T.OT = UOT = Vu. (22)

Namely, each fertilizer particle starts the relative motion along the vane from

its inner edge and accelerates starting from the zero radial velocity. Combining the
formulas (19), (20), (21) and (22) gave the constants C; and C,. Their introducing

in equations (19) and (20) provided the final expressions defining the relative
position and velocity of the particle along the vane:

_Hkp'g -
iy ) (oo [ on{on TR

2.y 1+pk

o — 2 .
_ (_MV— ,—1 n “‘2/) ) e(uD( uy + 1+ﬂv) tm + %, (23)

() =v"(t) =

—“p .(RO_M). e

2
2+ [1+ud “b

_a,D.<W+ m).t ) e_w,).(w-m).t]_ o)

The fertilizer particle ejection (launching) time tyx represents the traveling
time of a fertilizer particle along the whole length of a centrifugal disk spreader
vane, r" (tx) = Ry:

(Ro-122) T on{ow e
"(t,) = R - N Y/ |_ + |1+ 2). D\ ~Hv Ky Kk _
r (K) 1 2 -\/T‘u_lz/ Il( Uy Uy e
|- 2.
_ (_‘UV_ ,—1 ¥ ‘u'g,) . ewD( uy + /1+Mv> tKH +% (25)
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The absolute velocity vector v of the particle is a vector sum of the carrying
velocity v€, induced by vane and disc spinning, and the relative velocity along the
vane v (Figure 4):

va(t) = vE(E) + VT (b). (26)

Figure 4. Components of the absolute velocity vector of the fertilizer particle.

The relative velocity vector is aligned with the positive direction of the O¢
axis and the carrying velocity is aligned with the positive orientation of the axis
Op. The magnitude of the relative velocity, as a function of time, is defined by the
formula (24). Thus, its magnitude at the particle ejection point can be calculated by
substituting t = tg in the equation (24):

VT (ty) = -“wp | (Ro _ up-g> . [e—wu'<ﬂv+m)'fk . e—wD : (Mv—m)ﬁ(l’ (27)

2
2 [1+ud

@p

where the ejection time ty is defined by the formula (25).

The magnitude v¢ of the carrying velocity € vector is the multiple of the
particle radius r" and the angular velocity wp = const. of a carrying motion
(spreading disc rotation):

ve(t) = r"(t) - wp. (28)

At the ejection point, a fertilizer particle reaches the outer disc radius
r"(tx) = Ry. Therefore, at the ejection point, the magnitude v¢ of the carrying
velocity has the value:

Vc(tk) = R1 * Wp. (29)
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Therefore, the magnitude of the absolute velocity vector (Figure 4) was
evaluated using the well-known Pythagoras theorem:

v(0) = v O] + v Q=) = Vv ]2 + [v ()] (30), B31)

Its orientation is defined by the polar angle (Figure 4):

_v'@®) _ v,
tan{a, (1)) = T o—tan{a, (t)) = 2o (32), (33)
(t 360 O o
a,(t) = arctan {Z"Et;} [rad] = 5., "arctan {ZTE;} ME (34)
°(t 360 et o
a,(t,) = arctan {%} [rad] = ~— - arctan {%tg} [°]. (35)

Numerical results

All calculations, based on the presented analytical model, were performed
using MS EXCEL and the input data given in Table 1.

Table 1. Input data for the analytical model.

n [min™] Ry [m] Ry [m] Hp -] Hy -] g [ms7]

300 0.045 0.21 0.3 0.4 9.81

The radial position of the sliding fertilizer particle r™ = r"(t) was calculated
using the expression (23), as it is illustrated in Figure 5a. The total particle
traveling time tg, along the vane, is defined by the formula (25) that cannot be
solved analytically. Therefore, its solution was found numerically, using MS
EXCEL and the “sweeping method” applied to the equation (25) and the border
condition r" (tgx) = Ry, t; = 0,0927 [s].
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Figure 5. Kinematic parameters of the fertilizer particle motion along the vane,
with respect to traveling time: (a) radial position " (t); (b) —— relative
v"(t),-carrying v¢(t) and —— absolute velocity v(t).

Numerical values defining the fertilizer particle velocity vector, including
their values at the launching point, were found using expressions (24), (27), (28),
(29), (30), (31), (34) and (35), and presented in Figures 5b and 6.



94 Vera B. Cerovi¢ et al.

b
o
S

»
=
S

g
=
S

1.00

Relative velocity v [m/5s]

0.00
0.00 0.05 0.10 0.15 0.20

rm]

Figure 6. The radial velocity of the fertilizer particle along the radial vane,
with respect to its distance from the spinning axis.

As can be seen from the charts presented in Figures 5 and 6, the launching
value of the absolute velocity vector magnitude (at the ejecting point) is

va(te) = 7,93 [Z],

and its angle toward the radial vane (for an illustration, see Figure 4) is:
a,(t,) = 56,35 [°].

Conclusion

The dynamic model for evaluation of the ejection velocity vector of the
fertilizer particle from the spinning disc of a centrifugal spreader, having the flat
disk with straight radial vanes, is presented in the paper. This work will be
continued in order to develop a ballistic model of the fertilizer particle flight, which
is expected to enable the prediction of the landing distance and the fertilizer
spreading pattern.

The influence of the inclination vane angle toward the spinning disc (inclined
forward, inclined backward or orthogonal to a disk) has not been completely
resolved yet, especially when combined with the influence of a friction coefficient.
This phenomenon should be also included in the more advanced future models of
solid fertilizer spreading by disk spreaders.
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KRETANIJE CESTICE DPUBRIVA DUZ LOPATICE CENTRIFUGALNOG
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Rezime

U Evropi se za rasipanje granularnog mineralnog dubriva najcesée koriste
centrifugalni rasipaci sa lopaticama. U ovom radu je analizirano kretanje idealne,
loptaste, homogene granule dubriva duz lopatica postavljenih po rotiraju¢em disku.
Analiza je izvedena primenom neinercijalnog referentnog koordinatnog sistema.
Uvodenjem odredenih pretpostavki i primenom zakona teorijske mehanike za
opisivanje kretanja Cestice, formirana je nehomogena diferencijalna jednacina
drugog reda sa konstantnim koeficijentima. Njeno reSenje aproksimira realno
relativno kretanje Cestice dubriva duz ravnih radijalnih lopatica pri¢vrséenih za
horizontalni disk, koji se obr¢e konstantnom ugaonom brzinom. Dobijeno resenje
se svakako moze koristiti za optimizaciju radnih parametara centrifugalnog
rasipaca sa diskom.

Kljuéne reéi: granula dubriva, centrifugalni rasipa¢ sa diskom, radijalne
lopatice, diferencijalna jednacina.
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