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Traversable wormbholes in five-dimensional Lovelock theory
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In general relativity, traversable wormholes are possible provided they do not represent shortcuts in the
spacetime. Einstein equations, together with the achronal averaged null energy condition, demand to take
longer for an observer to go through the wormhole than through the ambient space. This forbids wormholes
from connecting two distant regions in the space. The situation is different when higher-curvature corrections
are considered. Here, we construct a traversable wormhole solution connecting two asymptotically flat
regions, otherwise disconnected. This geometry is an electrovacuum solution to the Lovelock theory of
gravity coupled to an Abelian gauge field. The electric flux suffices to support the wormhole throat and to
stabilize the solution. In fact, we show that, in contrast to other wormhole solutions previously found in this
theory, the one constructed here turns out to be stable under scalar perturbations. We also consider wormholes
in anti—de Sitter (AdS). We present a protection argument showing that, while stable traversable wormholes
connecting two asymptotically locally AdSs spaces do exist in the higher-curvature theory, the region of the
parameter space where such solutions are admitted lies outside the causality bounds coming from AdS/CFT.
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I. INTRODUCTION

Wormbholes are one of the most fascinating solutions of
gravitational field equations. Originally conceived as a
hypothesis on the structure of matter in classical physics
[1], wormholes have served as illustrative examples on how
abstruse the topology of spacetime can be [2], allowing us
to investigate to what extent causality, locality, and energy
conditions are interrelated [3]. These geometries have also
provided a particularly rich source of inspiration for science
fiction literature. The science fiction wormholes, however,
are radically different from those seriously considered in
theoretical physics; the main difference being their invi-
ability at macroscopic scales. The existence of wormholes
demands the violation of certain energy conditions, which
is only possible in quantum physics.

In the past few years, the interest on wormhole geom-
etries have been renewed. Both traversable and nontravers-
able wormhole geometries were recently considered in
relation to quantum gravity and notably to holography
[4-13]. In [13], an explicit example of a metastable,
traversable wormhole was constructed.' The solution

'There have been other interesting papers recently on worm-
hole geometries; see for instance [14—17] and references therein
and thereof.
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describes a pair of extremal magnetically charged black
holes connected by a long throat, in such a way that it takes
longer for an observer to go through the wormhole than
through the ambient space, as demanded by the inalienable
achronal averaged null energy condition [18]. Einstein
equations, once such an energy condition on the matter
fields was imposed, do not allow for wormholes with a
short throat. In particular, wormholes connecting two
distinct asymptotically flat regions are excluded. The
situation is different when higher-curvature corrections
to the gravitational action are taken into account. In that
case, the higher-degree2 terms can effectively act as the
exotic matter contribution needed for such wormholes
to exist.

Here, we will explicitly show that higher-curvature
models in five dimensions do allow for stable wormholes
that connect two asymptotically flat—or asymptotically
anti—de Sitter (AdS)—regions without introducing extra
exotic matter. As a working example, we will consider the
Einstein-Maxwell theory supplemented with the quadratic
Gauss-Bonnet higher-curvature terms; namely

1 S
- V=G(R =2\ — F, F*
S 16x @xy/=4( i

+ a(R,,,oR*" — 4R, R + R?)) + B, (1)

’In dimensions greater than four, higher-curvature terms do not
necessarily yield higher-order terms in the field equations. They
can well lead to second-order field equations that are nonlinear in
the second derivative of the fields.
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where B stands for the boundary term that renders the
variational problem well posed. This theory is the favorite
model to study the effects of higher-order terms in the
context of AdS5/CFT, correspondence [19,20], the reason
being that it is analytically solvable in many physically
attractive scenarios such as AdS black holes. Besides,
action (1) can be motivated from string theory: it resembles
the o/-corrected low energy effective action of heterotic
string theory, and it also appears in Calabi-Yau compacti-
fication of M theory to five dimensions.’ The specific
combination of quadratic terms in (1) is the only one that
yields second-order field equations [24,25]. As a conse-
quence, the theory is free of Ostrogradsky instabilities. It
also results as free of ghosts around its perturbative
maximally symmetric vacuum [26]. The theory, however,
exhibits some causality issues [27] and other notorious
features [28]. In [27], the causality constraints of higher-
curvature models were studied, and it was shown in
particular that a theory such as (1) has to be supplemented
with massive higher-spin fields in order to be free of
causality problems. Causal structure of Einstein-Gauss-
Bonnet (EGB) theory has also been studied in [29,30],
where different notions closely connected to causality are
studied in detail, such as the relation between Killing
horizons and characteristic hypersurfaces, hyperbolicity in
the near horizon regions.

Theory (1) is a particular case of the so-called Lovelock
theory of gravity [31], which is a natural generalization of
Einstein theory to higher dimensions [25]. It is defined as
the dimensional extension of a topological invariant that, in
virtue of the Chern-Weil generalization of the Gauss-
Bonnet theorem, computes the Euler characteristic of a
4-manifold. In such a theory, we will construct traversable
wormhole geometries supported by a Maxwell field with-
out introducing exotic matter and, as a consequence,
satisfying the energy conditions. Our wormhole solution
connects two different asymptotically flat or AdS regions.
In other words, it represents a “short” wormhole. The
impediments that one finds when trying to construct such a
solution in Einstein theory are circumvented here due to the
presence of higher-curvature terms, which suffice to sup-
port the throat. This implies, in particular, that the worm-
hole will be microscopic, i.e., with a throat of the size \/a.
The geometry still represents an exact solution to (1) which,
in contrast to other solutions found previously [32-34], is
stable under S-perturbations. It is the presence of the U(1)
charge that stabilizes the wormhole and makes the asymp-
totically flat solution possible.

The fact that the wormhole throat is of order /a raises an
immediate objection: At that scale, terms that are higher in

The first higher-curvature correction of M theory in 11
dimensions is a quartic term, R* [21,22]. When compactifying
the theory on a six-dimensional Calabi-Yau, the effective five-
dimensional theory exhibits R*> terms as those in (1); see for
instance Egs. (2.6)—(2.9) in [21]; see also Eq. (1) in [23].

the curvature would contribute, and so they cannot be
neglected. If we think of (1) as the truncation of an
ultraviolet complete theory, the effective theory would
break down at that scale. In addition, we will see that
the geometric construction of the higher-curvature worm-
holes requires one to consider certain internal patches of the
spacetime solutions to (1) that are nonperturbative, in the
sense of having S, e ~ 1/a—these solutions are some-
how analogous to the self-accelerated solutions of higher-
derivative models. However, one can in principle answer
these objections in the following way: Despite that higher-
curvature terms cannot be neglected at length scales /a,
one has the expectation that the qualitative features intro-
duced by the terms quadratic in the curvature will not be
drastically affected by the introduction of, say, quartic or
higher terms. More precisely, one can imagine a window in
the parameter space such that the wormhole throat,
although microscopic, is still larger than the length at
which quartic terms become relevant. We will adopt here a
pragmatic point of view: As in other works in which higher-
curvature actions such as (1) are considered—notably in the
context of AdSs/CFT,—and even when such actions seem
to violate the logic of effective field theory and require fine-
tuning, we will take into account that holography does not
exclude such models, and so they might in principle be
considered [35].

We should probably add that wormhole solutions in five-
dimensional EGB theory (1) have already been discussed in
the literature [36—40]. Our solutions, however, differ from
those considered before in many aspects. For example, the
main differences between the wormhole solutions consid-
ered in [36-38] and ours are the following: First, the
solutions considered therein only exist at the so-called
Chern-Simons point Aa = —3/4 [41], while our solutions
exist for a continuous range of the parameter a after the
cosmological constant has been fixed. Second, the base
manifold in the solution of [36-38] is different from those
of our examples: while we consider three-dimensional
constant curvature manifolds for the constant-time,
constant-radius foliation of the geometry, the base manifold
of the solution considered in [36-38] is the product of
a two-dimensional locally hyperbolic space H,/T" and a
circle S'. A third difference is that our solutions are
constructed by gluing together different patches, all of
them corresponding to different values of & in the spheri-
cally symmetric solution (3) below. In contrast, the solution
of [36-38] is given by a smooth C* single manifold—at
the Chern-Simons point, the different effective cosmological
constants of the higher-curvature Lovelock theory coincide.
Our solutions also differ from the class of solutions studied in
[39]. There, the authors find some conditions and no-go
propositions for the existence of wormhole-type solutions in
EGB theory coupled to matter. Those results are certainly
consistent with our finding: For instance, in proposition 2 of
[39], the point is made that the null energy condition has to be
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violated if the wormhole’s throat is embedded in the so-called
general relativity (GR) branch of EGB theory [which
corresponds to the choice £ = 1 in (3) below]. Our solution
does obey the null energy condition on the throat precisely
because its throat is embedded in the opposite branch [the
branch & = —1 of (3) below]. Related to this, itis important to
mention that the solutions we consider here also differ from
those considered in Ref. [32], where non-GR branches were
also considered: In contrast to those in [32], the solutions we
construct here have attached an asymptotic region with an
arbitrary small effective cosmological constant. In addition,
the presence of the electric flux renders our solutions stable
under scalar perturbations, unlike those in [32]; this also
makes our solutions different from those analyzed, for
instance, in [40].

This paper is organized as follows: In Sec. II, we will
consider the spherically symmetric, static solutions to the
higher-curvature theory coupled to a Maxwell field. These
solutions will be the building blocks of our geometry, while
the blinder agent will be the junction conditions derived from
the boundary term B in (1). These conditions are the
generalization of the Israel junction conditions of general
relativity. We will discuss this also in Sec. II. In Sec. III, we
will construct the wormhole by assembling different patches
of the spacetime. We will do this without resorting to exotic
matter. The electric field and the higher-curvature terms will
suffice to support the wormhole throat. In Sec. IV, we will
study the stability conditions for our wormhole solution. We
will show that, in certain regions of the parameter space, the
solution turns out to be stable under scalar perturbations.
In Sec. V, we will generalize the solution to the case of
asymptotically AdSs wormholes, and we will make some
comments in relation to AdS/CFT correspondence.

II. HIGHER-CURVATURE GRAVITY

Let us begin by considering the black hole solutions of
the theory defined by (1), namely [42,43]

ds* = g, dxtdx’ = —f(r)de* + f~'(r)dr* + r*dQ*, (2)

where dQ? is the metric on a 3-space of constant curvature
k = 0,=£1, and where the function f is given by

2 2
7(r) :k+:—a (1 +§¢1 + 16;M—8O’Q +4aA>, (3)

370 3

where ¢ = +1. Here, t € R, r € Ryo. The solution with
E=-1, k=1, and A =0, in the large r limit, tends to
the five-dimensional Reissner-Nordstrom solution of
the Einstein-Maxwell theory. The nonzero components
of the spherically symmetric electromagnetic field are
F'" = Q/r3, with Q being the electric charge. We consider”

“This is the sign compatible with string theory.

a > 0 and, mainly, asymptotically flat spacetimes which
correspond to £ = —1 solutions and vanishing cosmologi-
cal constants. These are k = 1 spherical geometries with a
branch singularity at » = rg, shielded by two horizons for
charges |Q| < Q. = V/3|M —a|, with M the Arnowitt-
Deser-Misner mass. If |Q| = Q., there is one horizon only,
and for |Q] > Q. there is a naked singularity at the radius
where the radicant in (3) vanishes; i.e., at the surface
r = rg, where rg is the largest real solution to the equation
r$(1 4 4aA/3) + r316aM — 8aQ?/3 = 0. The outer hori-
zon for |Q] < Q. is at r = ry, where

Qc Q%_Q2
V3 3

As said in the Introduction, our wormhole will be
constructed by joining together different patches of the
geometry (2). As junctures, we consider timelike shells
which separates two bulk geometries with some f_(r) and
f+(r) as in (3). These shells are described by radial
coordinate r = p(r) and time coordinates ¢ = T(7),
where the parameter 7 is the proper time on the shell
[44]. The induced metric dh> = —dt> + p*(7)dQ? is the
same from both sides, and then f¢T2¢ - f;lpz =1 at the
shell. The induced stress tensor S;; at the hypersurface is
given by

4)

—878;;=(K;j—Kh;j+2a(3J;j—Jh;j+ 2Py, K*)| £, (5)

where Latin indices label the coordinates on the joining
surface of induced metric h;;, F|* = F, —nF_, withy =
+1 depending on the relative orientation in both sides of the
shell, K;; is the extrinsic curvature tensor over the hyper-
surface at each side, and the divergence-free parts of the
Riemann tensor P;;; and the tensor J;; are defined as

Pijii = Rjju + Rjhyi — Rjihy; — Richyj + Rijhy;

1
+ ER(hikhlj — hithy;), (6)

1
Jij=3 (KKK + Ky KM K ;= 2Ky KK = KK ). (7)

Junction conditions (5), which follows from the boundary
term B in (1), are the generalization of the Israel conditions
to the case in which higher-curvature terms are
included [45].

III. WORMHOLE SOLUTION

We will construct electrovacuum wormhole solutions to
(1) with two asymptotic regions. The spacetime is sym-
metric across the throat, and outside the mouth of the
wormhole the solution corresponds to a charged, static
black hole geometry. We mainly focus on the case of

044011-3



GIRIBET, DE CELIS, and SIMEONE

PHYS. REV. D 100, 044011 (2019)

asymptotically flat configurations, but we keep track of a
nonvanishing cosmological constant to later extend it to the
case of wormholes in AdS; and make some comments in
relation to AdS/CFT.

Our solution is constructed with four bulk pieces, four
distinct patches joined by three 4-surfaces. Each piece is a
region obtained from metric (2) by removing part of the
geometry on one side of some codimension-one hypersur-
face defined at a fixed radial coordinate. The four bulk
regions are pasted to construct the geodesically complete
manifold M describing our traversable wormhole. We
denote the four regions as left exterior M, left interior

2, right interior Mk, and right exterior M¢, with their
respective coordinates x{ , for the left (L) and right (R)
bulks. Explicitly, they are

Mi = {x7/r 2 b}, ME={x3/b>r; >a},

k= {xk/a <rp <D}, k= {x&/b <z},
and the complete manifold is M = M¢ UM} UM UMS.
Each external region M  is joined to its corresponding
inner region M , at the hypersurface of a bubble X7 .. In
other words, 2 , = M} , N M¢ ,. The left bubble is
placed at r; = b and the right bubble is placed symmet-
rically at rg = b. Inner regions are also glued to each other
at the throat located at r; = a = rg, with a < b; i.e.,
¥4 = M} n M. This is depicted in Fig. 1. The junction
hypersurfaces are described as X2 = OM¢ = M|, and
b = OM% = OMk|, which define bubbles, and ¢ =
OM: |, = OML|, which corresponds to the wormhole
throat.

The metric function is f;(r, z) for interior geometries
and f,(rpg) for the exteriors, with mass parameters
M;=M;; =My, and M = M, = Mg, respectively.
The exterior metrics must belong to the general relativity
branch £, = —1 and have a vanishing cosmological con-
stant in order to have flat asymptotics and, consequently,

FIG. 1.

Scheme of the wormhole geometry.

we set A = 0. The hypersurface at the throat determines
that the inner regions must both be of the &; = +1 branch to
construct the symmetric wormhole.” The configuration
implies a throat whose radial coordinate is greater than
the branch singularity of the interior metrics, a > rg., while
bubbles’ radii must be greater than the would-be horizons
of the external black hole metrics or their singularity
surfaces; b > Max{rsﬂ, ru}.

We are looking for solutions without matter sources, so
that the construction requires zero energy density and
pressure at the bubbles and throat, implying vanishing
induced stress tensor at the shells. A Gauss law integration
of Maxwell equations across the noncharged surfaces of the
shells, §F,dX*" =0 with dx* = ri#1dQ, gives the
continuity of the electromagnetic field in the temporal
and radial 7 directions, as

(nFtr)| 2 =0, (8)

where + and — indicate the bulks at each side of the shell,
with the orientation factor 7 of each bulk region as 7 = +1
for radial coordinates pointing from left to right in the
wormhole manifold, or 7 = —1 if the radial coordinates
point in the opposite direction. The latter condition can be
given in an orthonormal frame as (7F;;), = (nF3;)_ or,
using the metric function f = —g, = g;;!, directly as
(nF,), = (nF,.)_. From the continuity of the electromag-
netic field across the shells, it is seen that the charges
are Q = Qr = —0y.

Junction conditions for a generic timelike hypersurface
separating two bulk regions with metric functions f_ and
f+, located at radial coordinate r = p = p(z), establish a
diagonal stress tensor (5) at the shell with components
given explicitly by

; =2 1+
Szznzg}m[s k+Za> —f(i))+2i>2} R
1
S) =8y =8 =n— —
4ﬂﬁ\/m
=2
< 2 (k4 1010 4 5) 4 7
20{,5 ~ L2 [)2 *
+7<f(p)+2p +k+5)] K (10)

where the dots stand for derivatives with respect to 7. For a

static timelike shell at » = p, such that [) =0andj = 0, we
obtain

3 A static throat with null or positive energy density (and a > 0)
is incompatible with bulk regions of the £ = —1 branch at both
sides of the hypersurface [32].
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A %(m\/h(p)—n_\/f_(ﬂ))

:2ﬂp
x [3 (Hg) —f+(p)—f_(p)—n+n_\/f+(p)f_(p)],
(11)
S)=54=5;

=C(p) =/ f+(p)f- (p)nm_] :
(12)

i nrmviar) s

where we used the definition

a 2
)= =22 (k4 2= 10) ) 10) 4 k= 110)
_ Q0 A

and in the last equality of (12) it is assumed that Q> and A
are the same at both sides of the hypersurface. We recall
that, despite that we are mainly interested in A = 0 and
k =1, we keep track of cosmological constant solutions
and curvature parameter k in some general expressions to
be able to compare cases, as well as for comments
on Sec. V.

We first consider vanishing stress tensor components in
the static case to apply them to the construction of the
throat. The inner regions of our wormhole have metric
functions f;(a) at the position of the throat, at r; = rz = q,
and the orientation factor for each bulk region at the throat
is given by 5;; = —1 and ng; = 1. Putting all together in
(11) and (12) the following two equations are obtained:

f.(a) :3<k+2‘2>,

) (14

(15)

On the other hand, at the left and right side bubbles placed
at r;, = b and rg = b, the exterior regions have metric
functions f,(b), while the left and right interior regions
have f;(b). The orientation factor for the bulk regions at
each bubble is given by n7;; = —1 and 57;, = —1 for the left
side bubble, and 5. = 1 and 5p; = 1 for the right side
bubble. By demanding a vanishing stress tensor, the
following two equations are obtained:

VEBVE® =3(k+ ) = £0) - 1i0). - (16)
VIBWFB) = k- C(b).

(17)

The latter four equations determine the possible configu-
rations for the wormhole spacetime. A priori, from the
simultaneous requirements in (15) and (17), we see that
there are no solutions with a vanishing charge and a
vanishing cosmological constant. Considering a nonvan-
ishing charge only, k = —1 and k = O curvatures are not
admissible either. The remaining possibility with A =0
and Q # 0 is the spherical (k = 1) wormholes which are
shown to exist and are studied below. The inclusion of
A # 0 generates a variety of possibilities commented in the
last section.

Now, let us study the space of solutions. To analyze the
wormhole construction we use the following definitions for
the configuration parameters:

a? b?
=—, =—, 18
* 4o Y 4a (18)
M,; M
m; =—-, m=—, (19)
a a
1/0)\2 dah
= (=), =222 20
1 3(40:) 3 (20)

Squaring conveniently Eq. (14), and combining it with
(15), the static equations for a general symmetric vacuum
throat are

4kx* + (4k> — m;)x + 3¢*> = 0, (21)

3(3 — 2)x% + 16kx + (4k*> —m;) = 0, (22)
with the condition x 4+ k£ > 0, not to lose the information of
the sign in the original unsquared equation. Additionally,
the requirement x > x,;, where x; = (rs,)?/(4a) is the
branch singularity corresponding to the interior radial
coordinate rg, must be considered. The latter equations
establish the relation among x, m;, g, and 1 as compatible
with a generic symmetric vacuum throat.

It is worth pointing out that the existence of the worm-
hole solutions demands the presence of the higher-
curvature terms. This is why the GR limit ¢ — 0O in the
equations above does not yield any configuration of this
class. Both finite values of the higher-curvature coupling a
and the electric charge Q are necessary for having solutions
like the ones we presented here. Nevertheless, the role played
by the higher-curvature terms and by the charge are different:
while the former are needed and are sufficient to have
wormhole solutions in five-dimensional EGB theory [46],
the latter is what, as we will see below, suffices to render the
solution stable under radial perturbations; cf. [32].

On the other hand, the vacuum bubbles at radial coor-
dinates b are constructed from the junction of an interior
metric with f;(b) = k + y(1 + 1, and an exterior f,(b) =

k+y(l1-E,), where Iys(1+%—2yigz+ﬂ)l/2 and
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E,=(1 +;"—2—27q32+l)1/2, respectively. From Egs. (16) and
(17) of the shell we read the general conditions k+y>0
and k > ¢,, with £, ={(b) = (q/y)* + yA. Additionally,
after some manipulations, we have the inequalities 7, >
E, > 1,/2. Considering these conditions, the combined
vacuum bubble equations can be expressed as

yLE, = Bk +y) - y(ly - Ey)}(ly - Ey)’ (23)
Cy +y:y(Iy_Ey)' (24)

We stress that y > y, = r%/(4a) if the charge is lower than
the critical value for the exterior metric, or if not, then
y >y, = (rs,)?/(4a) to avoid branch singularity. The latter
equations and conditions give the relations among y, m;, m,
g, and A compatible with the static vacuum bubble. Note that
the positivity of each side in (24) is fixed by the aforemen-
tioned conditions and, therefore, M < M, for the construc-
tion of the bubbles.

We are mainly interested in the spherical k = 1 solutions
with 4 = 0; the static throat configurations in this case are
described by

q* = 4x* + 323, (25)
m; =4+ 16x + 9x2. (26)
Evaluating with 4 = 0 and k = 1, the condition k > {, =

(q/y)? becomes an inequality for charge and bubble radii
which reads

gl <. (27)

and Egs. (23) and (24) give m; and m in terms of ¢ and vy,

1 7 4
m; =6y +3y*+ (6 +8y) 5~
2< ( vy
e 2\3172
Fpera-B) (e 5)]7) e
y y
1 2 4
m——(6y+3y2+(6+8y)q—2—q—4
2 yo oy

- {3(4+3y—z—§> (y+;]—j)3] ]/2)- (29)

Combining the latter functions with those obtained for m;
and ¢ in terms of x, from the shell in the throat, (25) and
(26), we establish our vacuum wormhole solutions in
parameter space. The compatible configurations are shown
in the figures presented in the next section, with the
corresponding stability analysis.

Small wormholes with 4 = 0 can be studied assuming
the existence of configurations with x <y < 1. From (25)

and (26), the interior mass and charge in this approximation
are m; ~4 + 16x and ¢° ~4x>. Under this consideration
¢, = (q/y)* =~ (2x/y)?. Besides, considering the inequality
E, > Iy/2, we have

3
m>1+dx+6x2/y +3 (3x2/2=y*/24+3x%/y), (30)

for the exterior mass. Using the latter and Eqs. (28) and (29)
to express the sum m; + m to first order in the small
parameters, we have

—0,2+ 60, +y025, (31)

where 0 =1¢, —10,'/2 + 6 ~O(1), and positive, for
0 < ¢, < 1. Defining € as a positive quantity of the same
order as x, y, and ¢ in the small wormhole, the inequality
(31) establishes that 1 > ¢,!/2 > 1 — ¢, which is consistent
with the assumptions and conditions. Finally, under this
approximation,

2020 12 =y - O(e?) (32)

and ¢*> = y* — O(¢€?). Using the latter to evaluate (29) we
obtain

m=1+4|q| — O(e?). (33)

The charge is |g| ="+ O(¢?) and, in terms of the
original parameters of the metric, a small wormhole
solution is compatible with a charge greater but approx-
imately equal to the critical value, |Q|/a~/3(M/a—1),
of the external black hole geometry. These solutions are
shown in the small parameter regions of the figures in the
next section, i.e., small dimensionless radii of the shells,
a/y/a and b/+/a, in Figs. 2(a) and 2(b), and small
dimensionless charge |Q|/a in Fig. 3(a).

IV. STABILITY ANALYSIS

The dynamics of throat and bubbles is determined from
the junction conditions by analyzing the radii a(z) and b(7)
as dynamical variables, introducing small perturbations
around the equilibrium. We will consider the method
originally introduced in [47] to study the stability of thin
shells in GR. This amounts to finding an effective potential
for the variables a(r) and b(z) and then studying the
conditions for its convexity. This method of studying the
thin shells “bounded excursion” has been considered
extensively in the GR literature—see for instance
Sec. 4.1 of [48]—and in the context of wormholes it has
been originally considered in [44]. Here, we will first
consider the stability of the throat alone, and then we add
the analysis for the bubble to determine the stability of the
complete configuration.
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FIG. 2. Solid curves represent stable configurations (only possible with supercritical charge values). Dashed curves are unstable
solutions. (a) Bubble radius against throat radius. (b) Interior mass (upper curve) and exterior mass (lower curve).

The dynamics of the throat at radius &= a(z) is
described by a* + V(&) = 0, with the effective potential

V(a)=k+x-%. (34)
which follows from S7 = 0 in (9), where we used ¥ = ai(;)’

and 1, =4/1 —f—%—éi; A. The first derivative of the
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FIG. 3.

potential evaluated at the static radius a is V'(a) =0,
while for the second derivative we obtain

| 3¢% — 4k

V// — ,
(@) dax*(k + x)

(35)

where the prime stands for the derivative with respect to the
radius of the shell. Evaluating the latter for the wormhole
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Solid curves represent stable configurations (only possible with supercritical charge values). Dashed curves are unstable

solutions. (a) Charge against external mass. (b) Bubble radii (upper curve) and throat radius (lower curve).
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configurations, with parameters given as in (25) and (26) in
the throat, the second derivative of the potential at the
equilibrium position is

8+ 9x
V" (a) = ————— >0,
(@) 4a(l + x) g

q#0,A=0,k=1, (36)
yielding stable symmetric vacuum throats in every case;
cf. [40]. The complete stability of shells in the wormhole
we are interested in will exclusively depend on stability of
the bubbles.’

Dynamics of the bubbles with radius b= b(z) is

described by b+ V(b) = 0, with the effective potential

LE, ) (37)

j

t

2
where the dynamical parameter is y = b4—g). Evaluating at

the static position of radius » we have y =y, I y=1,, and
Ey = E,. The first derivative of the potential at the
equilibrium position is V’(b) = 0, while for the second
derivative we obtain

V//(b) — l <3q2/y3 _ Iy — Ey _ 1)‘ (38)

a\l,—E, I,

The stability requirement V”(b) > 0 can be expressed
generically as

9¢*(k+y) = (& +y)Bg* +y*(3(k+y)=¢,)] >0, (39)

where we used Egs. (23) and (24), together with the
general condition ¢, +y > 0 for vacuum static bubbles.
From the latter, a general feature can be mentioned;
bubbles are unstable without electromagnetic field for
any possible value of the cosmological constant. Then,
only charged configurations would admit stable vacuum
bubbles.

The complete stability of the shells in our wormhole is
therefore obtained from the latter inequality with k = 1 and
¢y = g*/y*. The space of solutions for the electrovacuum
wormhole spacetime with flat asymptotics, together with
the stability condition, are shown in the following figures.
Figure 2 shows the dimensionless bubble radius and

For completeness, we mention here that, including cosmo-
logical constant solutions, the general symmetric throat has
A=34+4k/x —q*/x3, m; = 4k* + 4kx + 3¢*/x and is stable
if 3¢ > 4kx?, as it is given by (35) by using the general condition
k +x > 0. We note that if there were a vanishing charge, the
stability would depend exclusively on the value of the curvature
k. Particularly, if ¢ = 0 and k = 1 solutions exist only for 4 > 0
and are unstable under radial perturbations.

dimensionless mass parameters against dimensionless
throat radius a/\/a. Figure 3 shows the dimensionless
charge and shells radii against dimensionless external mass
M /a. The curves in the different sets of parameter axes
represent the wormhole solutions. Solid line curves re-
present stable configurations, and dashed lines are unstable.
Stable configurations occur only with charges greater than
the critical value given by the external asymptotically flat
black hole metric, the cases with |Q| > Q. are painted in
blue, while |Q| < Q. are in red.

The neutral equilibrium condition V”(b) =0 for the
configuration space of the bubble can be obtained by
equating to zero the left-hand side of (39) with k = 1 and
A =10. This gives the relation between y and the dimen-
sionless charge ¢ in the configuration of neutral equilib-
rium of the bubble, namely

2
Ge =2 (34200 = \/9+ 63,0~ %) (40)

By introducing this charge in the formulas for the static
configurations (28) and (29) we would obtain the mass
parameters for the neutral equilibrium curves of the bubble;
these are m = m(y,,) and m; = m;(y,.). On the other
hand, considering Egs. (25) and (26) for the static throat of
our wormhole we can write the charge in terms of interior
mass as

1
2 )3/2 — .
q°- = 43 [(28+9ml) 80 108ml] (41)

for m; > 4. Requiring these two square charges to be
the same, by evaluating the latter at m; = m;(y,.), we
achieve the neutral equilibrium point in the wormhole
space of solutions. Solving accordingly we obtain that
Ve 2 0.70 and, for the original metric parameters at
the neutral equilibrium point, we have a,, ~0.94\/a,
b,.~1.68ya, |0|, ~3.28a, M,, ~2.82a, and M,,,~
7.94a. Each of these neutral equilibrium parameters can
be read in the corresponding plotted figure. Stable worm-
holes occur with bubble radius b < b,, and charges
greater than the critical charge of the exterior black hole
manifolds. The corresponding mass and charge for these
solutions ranges in a <M < M,, and 0 < |Q| < |0|,.>
respectively.

From the stability analysis, we conclude that the U(1)
charge Q is what stabilizes the wormhole solution under
small scalar perturbations; cf. [32]. It is worth pointing out
that the stable solutions require supercritical values
|Q] > Q.. This might be relevant for some questions on
quantum gravity: In the path integral approach, one
formally defines the theory as the fluctuations about saddle
points that obey certain asymptotic conditions that define
charges at infinity. One picks such saddles from a set of
physically sensible classical solutions, typically excluding
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naked singularities and other pathological configurations.
This means that certain regions of the space of charges will
in principle be excluded. For example, solutions (2) and (3)
with |Q| > Q. are expected to develop a branch singularity,
and therefore one excludes such values of the charge.
Here, we are finding that completely regular solutions—
with two asymptotic regions—actually exist for supercriti-
cal values of the charge, and thus such a bound should be
reconsidered. Conversely, the analysis above also tells us
that wormhole solutions with |Q| < Q. are unstable,
and this means something about the uniqueness of the
solutions (2) and (3) for a given set of variables M

and Q] < Q..

V. ANTI-DE SITTER SPACE

Wormhole solutions also exist in (A)dS spacetime
provided A # 0. Probably, the most interesting examples
are the AdS wormholes, as they allow one to think of their
implications for AdS/CFT. These geometries have two
asymptotically AdSs regions of effective cosmological
constant

23—“(\/1 Fi-1). (42)

Aetr =

There are several questions one can ask about the interest
of these solutions in the context of holography: First, one
could ask whether the theory admits locally AdSs solutions
with flat base manifolds (i.e., k = 0). These solutions
correspond to the boundary being locally R!3.
Interestingly, the theory (1) with A < 0 does admit’ both
planar (k = 0) and hyperbolic (k = —1) wormhole solu-
tions. In these cases, condition (17) at the vacuum bubbles
is only compatible for negative A, while charge Q is, again,
an essential ingredient to satisfy Eq. (15) in a planar
wormhole throat. The locally AdS solution with k =1 is
also possible; it requires the presence of a nonzero
electromagnetic field, as it follows from (15).

A second question one can ask is whether the
wormhole solutions are allowed by the so-called
causality bounds. To answer this question one has to
compare the range of the dimensionless parameter 1 where

"The case k = +1 is possible with both positive and negative
A. The cases k = 0 and k = —1 are only possible with A < 0.

the stable AdSs wormholes are possible with the causality
segment®

9 7

2% < A< 5 (43)
that comes from AdSs/CFTj. It turns out that stable worm-
hole solutions can be seen to exist within the range
—1 <1< -0.83, which means that the causality bound
excludes such solutions. An interesting particular case, which
cannot be excluded by the standard causality arguments, is
A = —1. At this point of the parameter space, the theory can
be written as five-dimensional SO(4,2) Chern-Simons
gauge theory, it has a unique maximally symmetric vacuum,
and it also exhibits other special features. At this point, there
are no local degrees of freedom around the vacuum [41], and
this is why it cannot be excluded by the standard causality
arguments. AdSs wormholes at 4 = —1 have previously been
considered in the context of AdSs5/CFT,, for instance, in
Refs. [49,50]. Traversable AdSs wormholes are dual to a pair
of CFT,’s interacting with each other. In [49,50], configu-
rations in which a pair of charges is present in each copy of
the CFT, were considered. A phase transition is seen to occur
when the particles of each pair are separated from each other.
A similar phenomenon is expected to occur in the wormhole
geometries we constructed here, although there are some
differences: Appropriate boundary conditions for the string
configuration have to be considered in the nondifferentiable
junctions X . and £, and the effect of the nonvanishing
charge has to be taken into account. We plan to investigate the
holographic interpretation of the wormhole solution at 4 =
—1 in the future.
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81t is worth comparing with Ref. [19], where the cosmological
constant is denoted A = —6/L? and the coupling constant of the
Gauss-Bonnet quadratic terms is denoted @ = AggL?/2. Here, we
define the parameter A = 4Aa/3, i.e., 1 = —4Agg. Therefore, the
causality bounds on the Gauss-Bonnet coupling coming from
AdS5/CFT, reads as (43); see for instance the bound after Eq. (4.9)
of [19], which translates into the lower bound in (43). In the
notation of [19], the Chern-Simons point A = —1 reads Agg = 1/4.
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