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Abstract 

A new approach for inducing a thermal transport model, for the ion heat diffusivity as an example, 

for magnetically confined high-temperature plasmas has been further pursued after its initial proposal 

in Ref. [1]. It has been based on a statistical approach utilizing the accumulated experimental transport 

analyses database. Two approaches are described in this paper: (1) placing a priority on reproducing 

the ion heat diffusivity with higher accuracy for better reproduction of ion temperature profiles, and 

(2) attempting to acquire a physics interpretation through variable selections and the dependence of 

the ion heat diffusivity on them. Such progress will foster the study of a practical transport model for 

the real-time control and the provision for guidance to the parameter dependence to be pursued by 

large-scale cutting-edge simulations.  

 

Keywords: transport model, ion heat diffusivity, statistical approach, log-linear multivariate regression, 

Akaike’s Information criterion (AIC) 

 

1. Introduction 

Many transport models for magnetically-confined high-temperature plasmas have been proposed. 

These models are conventionally based on first-principle considerations, and/or heuristic deduction 

from plausible and responsible physics mechanisms for causing transport. Recently, machine-learning 

(ML) or data-driven approach has been implemented by utilizing accumulated database in experiments 

and simulations such as Refs. [2,3]. However, it should be concluded that none of these models have 

provided accurate and satisfactory models, because neither single first-principle equation nor physics 

phenomenon is enough for describing complicated phenomena in actual confined plasmas. Further,  

ML techniques often are “black-boxes,” which have weaknesses regarding physics interpretations.  

In this paper, progress on a statistical approach originally proposed in Ref. [1] is described by 

extending and improving statistical analyses. The database for this study is a transport analyses 

database, which can be considered as a mixture of experimental (actual) and light-simulation results, 

in terms of utilizing experimental measurements of density and temperature profiles, and numerical 
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analyses results on heating deposition profiles for NBI (neutral beam injection). Then the ion heat 

diffusivity is estimated by assuming a simple diffusive picture, utilizing those profiles: the calculated 

heating deposition, density and ion temperature gradient.  

Here brief description is provided for the comparison between neural network (NN, one of the ML 

approaches such as used in [2,3]) and the currently employed statistical approach (SA). Both 

approaches prescribe a set of variables as “inputs” to NN and “explanatory variables” to SA. The NN 

is trained with providing outputs simultaneously and does not prescribe any of direct functional forms 

between “inputs” and “outputs”. The NN is based on basis activation (or transfer) function (such as 

sigmoid) and weights on “neurons”. Learning capability can be controlled and improved, depending 

on width and depth of multi-layers. On the other hand, the statistical approach in this Letter does 

prescribe a functional form (log-linear) with available and plausible variables to perform multivariate 

regression analysis. In this sense, modelling capability is limited compared to NN, but apparent 

functional forms can be easily obtained, by which physics interpretation can be considered as 

described in Sec. 4. It should be noted here that the log-linear form is just an example of prescribed 

functional forms, and there is a plenty of other possibilities for functional forms, which may increase 

the modelling capability.  

The paper is organized as follows: The previous scaling law is revisited in Sec. 2, in terms of the 

application of Akaike’s Information Criterion (AIC) [4] to confirm the relevance of AIC for statistical 

analyses in the subsequent sections. In Sec. 3, it is explained how the database for this study is 

formulated with its basic characteristics on parameter distributions. Section 4 deals with statistical 

analyses in two folds, the first being for placing a priority on reproducing the ion heat diffusivity 

(values) with higher accuracy. The second is for attempting to acquire physics interpretations (trends) 

through variable selections. Finally, summary and discussion are provided in Sec. 5.  

 

2. Revisiting a previous scaling law based on Akaike’s Information Criterion 

AIC is the measure for the relative quality of statistical models for a given dataset. It has been 

employed to consider a balance between the complexity in the model and the goodness of fit of the 

model. The definition of the AIC is given as follows:  

AIC = -2 ln L + 2k, 

where L is the maximum likelihood, and k is the number of free parameters. Practically, the minimum 

AIC selects an “optimal” model among many candidates. More precisely, AICc (AIC with a correction 

for small sample sizes) [5] is used in this paper. It should be noted here that Bayesian Information 

Criterion (BIC) is also defined similarly, but 2k in AIC is to be replaced by kln(n), where n is the 

number of sample size [6]. In the following discussion, AICc values are referred, however, BIC gives 

the same tendency with almost the same values as those of AICc due to small sample size (~3000).  

Before implementing the AIC estimate in the current study, the previous scaling law for the energy 
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confinement time is revisited to confirm its relevance. An example of a scaling law for this 

examination is the so-called ISS04 [7], which was derived through log-linear multivariate regression 

based on the energy confinement time database formulated by contributions from several helical 

devices. The ISS04 scaling law is expressed as  

𝜏! = 0.134𝑎"."$𝑅%.&'𝑃(%.&)𝑛*,,-.%./' 𝐵%.$'(𝜄/2𝜋)%.'),    (1) 

by employing engineering parameters. Here, 𝜏! ,	a, R, P, 𝑛*,,-., B and ι/(2π) are energy confinement 

time [s], plasma minor and major radii [m], absorbed heating power [MW], line-averaged electron 

density [1019 m-3], magnetic field strength [T], and rotational transform at the 2/3 of the plasma minor 

radius. In Ref. [7], the goodness of the candidate models is compared by root mean square error 

(RMSE) of the fit. Thus, the ISS04 scaling is revisited here by means of AIC, by comparing possible 

models using the above-mentioned 6 engineering variables.  

Figure 1 shows the evolution of AICc value as a function of the number of variables adopted in the 

model. It clearly indicates that the maximum number of variables, six in this case, gives the minimum 

AICc value. It means that the model with all six variables (expression (1)) is an optimal model among 

all the candidates which are possible with these 6 variables. Thus, ISS04 scaling law (expression (1)) 

is statistically supported also by means of AICc. The AIC is recognized as a useful and powerful 

measure for selecting reasonable modelling, which is utilized in the subsequent sections. It should be 

noted that “the minimum AIC” condition is practically interpreted as the one with “the lowest AIC” 

among a priori prepared physically relevant explanatory variables. This applies here and the 

subsequent sections.  

 
Fig. 1: The evolution of AICc values as a function of the number of variables employed in ISS04 

(expression (1)).  

 

3. Description of database for this study 

The database considered in this paper is the same as that used in Ref. [1]. For convenience, relevant 

plots for this database are reproduced in Fig. 2 from Ref. [1]. This is the database (about 3000 data) 
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for the ion thermal diffusivity, 𝜒0, constructed by considering approximately 200 time slices in 31 

discharges in Large Helical Device (LHD) [8]. These 31 discharges are sampled from experiments 

targeting high ion-temperature (high-Ti) with 2.75 T, and 200 time slices are corresponding to those 

with ion temperature profile measurement in 31 discharges. The Ti, electron temperature (Te) and 

electron density (ne) at core region range, ~2 to ~7 keV, ~2.5 to ~4 keV, and ~1x to ~1.7x1019 m-3, 

respectively. As recognized in Fig. 2, the range of Te is smaller than that of Ti, which results in the 

smaller range of explanatory variables and then poorer statistical properties. Thus, in this letter, let me 

focus for inducing a model statistically only on ion thermal diffusivity. This database is qualitatively 

different from that of the energy confinement time, 𝜏!, in terms of considering all the profiles (ion 

and electron temperature, and electron density). The database is formulated through the development 

and extensive applications of the integrated transport analysis suite, TASK3D-a (“a” stands for 

experimental “A”nalysis) [9] to LHD plasmas. The variables to be employed as explanatory variables 

for the regression analyses in this paper are all dimensionless. They are summarized in Table 1 with 

explanations. The plasma beta, one of the usual dimensionless parameters, is not included in Table 1 

since it is not used in this paper due to its limited expansion in the database. However, equilibrium 

changes are appropriately taken into account since transport analyses in TASK3D-a are performed 

based on experimentally reconstructed (mapped) equilibria by utilizing measured electron temperature 

profiles (so-called TSMAP system) [10].  
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Fig. 2: All the data points of employed database for (a) Ti, (b) Te, (c) ne and then (d) 𝜒0, which are 

reproduced from Ref. [1]. 

 

Table 1: The list of variables to be employed as explanatory variables for the regression analyses in 

this paper.  

 

It should be noted again that all of these variables are local values (that is, taking profiles into 

consideration), and are not the averaged values as in the energy confinement time database. The above 

five variables in Table 1 are related to plasma parameters, which are calculated from measured (and 

then fitted) profiles. The four variables below are related to the properties of magnetic configurations, 

and they are evaluated in modules for equilibrium in TASK3D-a (more precisely, VMEC [11] and 

GIOTA [12], as shown in Fig. 1 of Ref. [9]).  

As a basis for grasping the fundamental feature of these variables, scatter plot matrix (after 

transferring variables to logarithmic scale for executing log-linear regression analyses afterwards) is 

shown in Fig. 3. The following features can be recognized from this figure.  

(1) The range of log ρi* is small, which is mostly due to taking these values from experiments 

performed around 2.75 T only, targeting higher values of Ti. Addition of results from experiments 

performed at lower magnetic field strength certainly increases the size of the database. However, 

in such a case, the range of Ti becomes rather limited.  

(2) The wedge-shaped distribution is recognized in log ρi* - log (Te/Ti). The change of distribution 

seen at lower log ρi* values are coming from data close to the plasma edge (say, reff/a99>0.9), 

where reff corresponds to the radius of the equivalent simple (i.e., circular cross section) torus in 

which the same volume is enclosed for the flux surface of interest, and a99 is the effective minor 

radius inside of which 99 % of the electron pressure is enclosed.  

Variables Explanations 

ni* Ion collision frequency normalized by its banana-plateau boundary 

ρi* Ion Larmor radius normalized by plasma minor radius 

Te/Ti Temperature ratio (electron to ion) 

R/LTi Normalized inverse scale length of the ion temperature gradient with R being the geometrical 

center of the outermost flux surface  

R/Lne Normalized inverse scale length of the electron density gradient 

ι/2π Rotational transform 

𝜖1 Main helicity of magnetic configuration 

𝜖2 Toroidicity of magnetic configuration  

𝜖*33 Effective helicity 
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(3) The four variables (at right bottom corner) related to magnetic configurations have strong 

collinearity (in particular, among 𝜖1 , 𝜖2 , and 𝜖*33 ). This is mainly because the employed 

magnetic configuration for this database is fixed as that with vacuum magnetic axis position of 

3.6 m for targeting higher values of Ti.  

 

 
Fig. 3: Scatter plot matrix (after transferring variables to logarithmic scale for executing log-linear 

regression analyses afterwards) for all of nine variables listed in Table 1. The ellipses appearing 

in each panel are 95 % density ellipses, in which 95 % of data points are enclosed.  

 

4. Model induction based on statistical approach 

As attempted in Ref. [1], an inductive approach to acquire a simple expression for 𝜒0  is also 

performed in this section. The different features than those of Ref. [1] are 𝜒0 is normalized by 𝑟*33" 𝜔4 

(having dimension of m2/s, with 𝜔4 being the ion cyclotron frequency), and the AIC is considered as 

a measure for the reasonable model selection. Although the existence of a strong collinearity among 

some variables is known from Fig. 3, a priori selection of variables is not performed, and then all nine 

variables are kept considered to be subject to the AIC estimate. Fig. 4(a) shows the evolution of AICc 



7 
 

value, which shows the step-shaped decrease according to the addition of variables. The details for the 

contribution of each variable will be described later. The finding from Fig. 4(a) is that goodness of the 

model using all nine variables is supported by AIC, although models using seven or eight variables 

give similar AICc value. Figure 4(b) shows the comparison of 5!
6"##
$ 7%

 values between database 

(vertical) and predicted (with 9 variables) values. The coefficient of determination, R2, reaches as high 

as 0.95, with RMSE of 0.1941. These values are statistically promising, and better than those in Ref. 

[1]. The induced regression expression with all 9 variables is  

𝜒0
𝑟*33" 𝜔4

= 10("8.9	𝜈4∗(%.&/𝜌4∗(;.'"(𝑇* 𝑇4⁄ ))."&(𝑅/𝐿<4)().$8(𝑅/𝐿=*)%.%;;(𝜄/2𝜋))."8𝜖1(".%'𝜖2('./&𝜖*33).&'	(2). 

It should be emphasized that this single line expression reproduces, with rather high value of R2, as 

much as 3000 𝜒0 data which are covering core to the edge of plasmas included in the database. Thus, 

it can be powerfully used to reproduce or even predict Ti profiles in the plasma parameter regime 

covered by the database as shown in Fig. 2. Such systematic “validation” calculations should be 

demonstrated in the near future after this new way of inducing a thermal transport model is widely 

evaluated. When and if the fit to the database (or to the reproduction) is pursued with a high priority, 

such as after the extensive “learning” experiments, this approach that omits no available variables even 

with the existence of collinearity, is worthwhile as shown in Fig. 4(b). It should be emphasized that 

the extrapolation cannot be assured since this is just a regression fit to the database. Thus, expression 

(2) is not applicable beyond the employed database (Fig. 2), neither on other devices nor other 

operation scenario even in LHD. This approach needs “leaning” experiments for accumulating 

database to be regressed. The strong dependence of energy confinement time on magnetic field 

strength is also the out of scope, since the employed database is only on configurations with 2.75 T 

(cf., Sec. 3). However, expression (2) is a simple and good model for the employed database in LHD 

for the operation scenario targeting high-Ti.  
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Fig. 4(a): The evolution of AICc value as a function of the number of variables for all nine variables 

listed in Table 1 and used in expression (2).  

 

 
Fig. 4(b): The comparison of log(𝜒0 /𝑟*33" 𝜔4) values between TASK3D-a analysis database and the 

regression results based on expression (2). 

 

 

The single line expression, expression (2), is easy to use for the reproduction of entire Ti profiles. 

However,  when it comes to attempting a physics interpretation of the regression result, keeping a 

smaller number of variables having larger influence for the regression should be pursued. In this regard, 

an approach for pursuing this is explained below. As pointed out in Ref. [13], it would be worthwhile 

to divide the database radially, reflecting physics phenomenon such as the formation of ion internal 
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transport barrier [14]. For this, the database for reff/a99<0.35 (404 data, roughly inside ion internal 

transport barrier) is utilized in the following discussion.  

As shown in Fig. 1, the evolution of AICc value according to the addition of explanatory variables 

can be obtained through searching for the minimum value of AICc. The influence of variables onto 

the regression fit can be quantitatively measured by utilizing this information.  

Figure 5(a) shows the comparison of 5!
6"##
$ 7%

 values between database (vertical) and predicted (with 

all nine variables) values. This is the case for the minimum AICc with all nine variables kept. The 

coefficient of determination, R2, reaches as high as 0.93, which is comparable to that in Fig. 4(b). The 

evolution of AICc values are shown in Fig. 5(b). The first three points correspond to ni*, ρi* and Te/Ti, 

as a priori utilized in Ref. [1]. Along the way reaching the AICc minimum state, two obvious sudden 

decreases of AICc are found. They correspond to the inclusion of R/LTi (4th point) and 𝜖1 (7th point, 

weaker influence than R/LTi though), both of which should be kept in the regression. Since a strong 

collinearity (0.835) exists between ni* and ρi*, as shown in Fig. 5(c), one of these two variables (ρi* 

in this case) is kept. Thus, the regression with 4 variables, (ρi*, Te/Ti, R/LTi and 𝜖1) is performed by 

K=4 cross validation in which dataset is divided into four groups, and three out of four groups are 

subsequently used for regression, and the remaining one group is used for its validation. Then the  

obtained four models are averaged. Result is shown in Fig. 5(d), worsening the goodness of a model 

a bit than that for a case with all nine variables, as indicated by R2 of 0.87 and RMSE of 0.188. 

However, R2 is keeping a practically high value. Table 2 summarizes goodness of models by varying 

the total number of variables (9, 4 and 3 with 4 variations). For cases with 3 variables, it is clearly 

shown that excluding R/LTi significantly worsens the goodness, as is expected from AICc consideration 

(Fig. 5(b)). If R/LTi is kept in the regression with 3 variables, any other combinations of 2 variables 

give similar goodness values (somewhat better if ρi*is excluded, possibly due to the narrow range of 

ρi*in the current database). In such a way, several regression results could be considered for their 

relevance and implications for physical interpretation.  

Here, the regression expression for the case of 4 variables,  

5!
6"##
$ 7%

= 10(%.)/	𝜌4∗&.'"(𝑇* 𝑇4⁄ )/.;/(𝑅/𝐿<4)(".)&𝜖1().;/			(3), 

is selected for discussing possible physics interpretations. The negative power of R/LTi would be 

physically interpreted as that the ion heat diffusivity in ion internal transport barrier decreases as the 

ion temperature gradient becomes larger (or its scale length becomes smaller making R/LTi larger) [14]. 

The increase of heat diffusivity (then the decrease of the ion temperature gradient) for increasing Te/Ti 

has also been recognized experimentally in LHD [14]. Large value of power of ρi* is considered to 

indicate that the ion heat diffusivity becomes larger as the ion temperature becomes higher. The 𝜖1 

itself currently does not cover any of the changes of magnetic configurations (cf., description (3) in 
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Sec. 3). However, its exclusion worsens the goodness as seen in Table 2. Based on these considerations, 

expression (3) statistically infers complicated balance between ion temperature (and its ratio to 

electron temperature, as well) and its gradient and the feature of transport barrier formation, in a single 

line expression. It would be interesting to check this kind of regression results could be reasonable 

against large-scale cutting-edge simulations when they accumulate plenty of simulation results.  

 It should be mentioned here that it has not been possible to obtain satisfactory goodness of fits with 

limited number (eg., 4 for reff/a99<0.35 as described above) of explanatory variables for outer radial 

regions such as 0.4<reff/a99<0.6 and 0.7<reff/a99<0.9. This is clearly due to the rather narrow range of  

Ti in the employed database for those regions. Extending database would resolve this, and the similar 

deduction of physics interpretations will be tried then.  

 

 

Fig. 5(a): The comparison of log(𝜒0 /𝑟*33" 𝜔4) values between TASK3D-a analysis database and the 

regression results based on expression (2) for database for reff/a99<0.35. 
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Fig. 5(b): The evolution of AICc value as a function of the number of variables for all nine variables 

listed in Table 1 and used in expression (2). 

 

 
Fig. 5(c): Scatter plot matrix (after transferring variables to logarithmic scale for executing log-linear 

regression analyses afterwards) for ni* and ρi* for database for reff/a99<0.35. 
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Fig. 5(d): The comparison of log(𝜒0 /𝑟*33" 𝜔4) values between TASK3D-a analysis database and the 

regression results based on expression (3) for database for reff/a99<0.35. 

 

 

Number of variables R2 RMSE AICc 

9 0.93 0.146 -394.1 

4 (ρi*, Te/Ti, R/LTi, 𝜖1)  0.87 0.188 -197.3 

3 (ρi*,     R/LTi, 𝜖1) 0.8 0.234 -19.6 

3 (ρi*, Te/Ti, R/LTi   )  0.81 0.234 -19.6 

3 (   Te/Ti, R/LTi, 𝜖1)  0.84 0.213 -98.9 

3 (ρi*, Te/Ti,      𝜖1)  0.69 0.296 168.6 

Table 2: Summary of goodness of models (R2, RMSE, and AICc) for varying the total number of 

variables (nine, four and three with four combinations) for database for reff/a99<0.35. 

 

5. Summary and discussion  

The statistical approach for inducing a transport model (for the ion heat diffusivity, as an example) 

has been progressed based on its initial publication [1] in two folds. One is the reproducibility of the 

values themselves, and the other is the link to the physics interpretation through selection of variables 

by means of application of AIC.  

This approach, by nature, provides practical description of ion heat diffusivity over the parameter 

range which is covered by analyses database, and does not guarantee the predictability beyond such a 

parameter range. In other words, this approach is for reproduction purposes, based on “learning” 

experiments. However, it is indeed rather simple, and this approach itself (not the obtained expressions 

in this Letter) could be used as guidance for the real-time operation of current devices and even of 
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future fusion reactors, if it could provide learning experiments in its initial phase of operation. 

Moreover, the induced parameter dependence, which are power to the selected variables, could 

establish a link to the rigorous cutting-edge transport simulations, in terms of providing a guidance for 

expected parameter dependence to be reproduced by them. 

In the meantime, the database has been extended through the extensive applications of the integrated 

transport analysis suite, TASK3D-a, to the progressing LHD experiments. The covered parameter 

ranges will be expanded accordingly, which would provide further opportunity to extend this approach, 

for example, for the electron heat transport and for the particle transport.  
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