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Figure 1: (left) Test cases matrix heat map and (right) developed Kelvin-Helmholtz instability at t = 5 obtained for the different test
cases - visualization of the local enstrophy E .

1 INTRODUCTION

Direct numerical simulations of two-dimensional inviscid mixing
layers have been conducted to help understanding the different struc-
tures composing 2D turbulence and the interactions between the
vortices over time. Because of its intrinsic multiscale nature, nu-
merically simulating turbulence stemming from the Euler equations
can be a very challenging task. Common workaround for this chal-
lenge are the increase of degrees of freedom, the use of a high-order
reconstruction scheme (see e.g. [6, 12, 15]) and/or the use of a low-
dissipation Riemann solver (see e.g. [18]) for finite-volume fluxes.
However, there are many choices available to researchers and any
of these ingredients increases the walltime of the simulation. There-
fore, a thorough study of what each brings to the resolution of 2D
turbulence needs to be done in order to find the best combination
yielding the best resolution with the least computational time.

1.1 Contributions
In this ongoing work we investigate a topological data analysis ap-
proach to help the scientist choose the best combination of numerical
methods to simulate turbulence. To do so, we look into the capabili-
ties of WENO-Z [1,3,4,9] and TENO reconstruction schemes of 5th-
and 7th-order [6–8] combined with different Riemann flux solvers
(AUSM-up, HLL) [11, 18, 19]. Evaluating and comparing those
various approaches can be very costly and it uses time not spent
studying the targeted physics, i.e. here the behavior of 2D inviscid
turbulent flows. Moreover comparing the geometrically complex
shapes produced over time by a Kelvin-Helmholtz instability can be
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very tedious. This is why we offer in the present study a compari-
son procedure built on a topological abstraction of the features of
the flows that eases, if not suppresses, the difficulty of comparing
turbulent structures.

1.2 Numerical simulation of a Kelvin-Helmholtz instabil-
ity

In this study, the two-dimensional compressible unsteady Euler
equations for inviscid flows are solved. The system can be written
as (see e.g. [13]):

Ut +Fx +Gy = 0, (1)

where the subscripts indicate differentiation, U is the vector of con-
servative dimensionless variables and F and G represent the inviscid
fluxes in x− and y−direction respectively. Those vectors are defined
as follow:

U =

 ρ

ρu
ρv
ρE

 , F =

 ρu
ρu2 + p

ρuv
(ρE + p)u

 , G =

 ρv
ρuv

ρv2 + p
(ρE + p)v

 .

(2)
In the above expressions, t denotes the time and x and y are the
Cartesian coordinates. ρ denotes density, u and v denote the x− and
y−direction velocity components, E denotes the specific total energy
and p denotes the static pressure. The aforementioned mathematical
model is described as it is implemented in the in-house code HYPE-
RION (HYPERsonic vehicle design with Immersed bOuNdaries)
whose primary capabilities as a massively parallel structured solver
using immersed boundary conditions have already been discussed by
Bridel-Bertomeu [2]. The present study uses only regular Cartesian
grids with constant grid spacings in both directions of space, ∆x and
∆y, and will not rely on any immersed boundary condition during
the computations presented later. This being said, the finite-volume
method [10, 18, 20] is then employed for space discretization of the
compressible Euler equations (1).
The 2D turbulence at the heart of this study is generated using a
Kelvin-Helmholtz instability (see [14] for a complete description of
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Figure 2: (left) Segmentation by merge tree and (right) segmentation
by ascending Morse-Smale complex on the local enstrophy E of a
Kelvin-Helmholtz instability at t = 5.

the initialization) simulated with high-order low-dissipation WENO-
Z and TENO reconstruction schemes of 5th- and 7th-order - see
figure 1 for representations of the flow at t = 5. The numerical fluxes
between the cells are obtained using either the HLL or AUSM-up
Riemann solvers. To emulate turbulence in a infinite medium, all
boundary conditions are set as periodic. One common measure
of turbulence in two dimensions that we will rely on is the local
enstrophy E , defined locally as the square of the flow vorticity, i.e.
E = 0.5 |∇×u|2.

1.3 Topological Data Analysis
Topological Data Analysis (TDA) is a recent set of techniques [16]
which focus on structural features in data. Thanks to advanced
concepts such as persistent homology [5], TDA provides tools for
the multi-scale representation of the structural features of interest
such as the turbulence in a flow. It also introduces distance metrics
in between topological abstractions to compare such structures. In
this work, we used several established techniques, readily available
in the “Topology ToolKit” (TTK) [17].

2 SIMULATION COMPARISON

2.1 TDA pipeline
We first compute the enstrophy E to emphasize the features of the
turbulence located around vortices. Then we compute the persistence
diagram for each simulation and group all diagrams. We use the per-
sistence diagram distance matrix (according to the L2-Wasserstein
distance) to extract the topological distance of the enstrophy per-
sistence between all the runs. The test cases matrix heat map can
then be generated (see left part of figure 1): it gives a matrix repre-
sentation from black (topologically close) to red (topologically far)
of the aforementioned distances between each and every cases. To
complete the pipeline we use a dimension reduction filter to clearly
identify groups that are shown on figure 3.

2.2 Interpretation
As shown on figure 3, using a dimension reduction procedure, we
could distinguish 3 groups in the matrix heat map. The blue square
represents the runs done with WENO-Z of 5th- and 7th-order and
the HLL solver, the green square represents the runs done with
WENO-Z of 5th- and 7th-order and the AUSM-up solver and with
TENO of 5th- and 7th-order and the HLL solver. The last red square
groups together the runs done with the TENO of 5th- and 7th-order
and the AUSM-up solver. These 3 groups we obtain using the
topological analysis are consistent with the simple visual analysis
of the results. Indeed, the HLL is more dissipative and leads to
more difficulties in capturing the turbulence than the AUSM-up
solver. What is more, the TENO schemes are by definition more fit
to capture turbulence than the WENO-Z schemes [6] but they are
also more computationally expensive. It is interesting to see that
there are no topological differences between the results obtained
with the same reconstruction schemes but at different orders - the

Figure 3: (left) Matrix of distances between the persistence diagrams
of all numerical methods and (right) the corresponding planar view,
obtained by multi-dimensional scaling.

7th-order schemes are more computationally expensive however. We
observe on the other hand that the Riemann solver seems to be of
utmost importance to capture the turbulence properly: contrary to
changing the order of the reconstruction, changing the Riemann
solvers had a marked impact on the end result.

3 CONCLUSION AND FUTURE WORK

In this work, we showed that established methods from TDA could
be used to compare numerical methods in CFD. Based on this com-
parison we are going to focus on the 5th-order TENO scheme in
combination with the AUSM-up solver and further investigate the
turbulence more precisely while minimizing the computation time.
The ratio between a 7th-order and a 5th-order TENO scheme is in-
deed approximately 1.3 when it comes to computational time. This
TDA pipeline is now going to be used as a preliminary setup to
further investigations. Coming soon we will work with the 5th-order
TENO and the AUSM-up solver to extract vortices out of the data.
We will use the ascending Morse-Smale segmentation and the merge
tree segmentation to try and understand the energy transfer occur-
ring between the small and the big structures in two-dimensional
turbulence - see figure 2.
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