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Abstract

This thesis deals with the problem of approximating germs of real or complex analytic
spaces by Nash or algebraic germs. In particular, we investigate the problem of
approximating analytic germs in various ways while preserving the Hilbert-Samuel
function, which is of importance in the resolution of singularities. We first show that
analytic germs that are complete intersections can be arbitrarily closely approximated
by algebraic germs which are complete intersections with the same Hilbert-Samuel
function. We then show that analytic germs whose local rings are Cohen-Macaulay
can be arbitrarily closely approximated by Nash germs whose local rings are Cohen-
Macaulay and have the same Hilbert-Samuel function. Finally we prove that we may
approximate arbitrary analytic germs by topologically equisingular Nash germs which

have the same Hilbert-Samuel function.

Keywords:analytic space, Hilbert-Samuel function, approximation, Nash,

Cohen-Macaulay, complete intersection
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Summary for Lay Audience

Replacing geometric objects with simpler ones that share some properties with the
original is an important operation in many branches of geometry. When the simpler
replacement can be derived from the original by stopping a limiting process, it is
called an approximation. In this thesis we deal with the local approximations of real or
complex analytic spaces which preserve various properties. “Local” here indicates that
we are interested in approximations near a point as opposed to global approximations
that are approximations over some finite region of space. Analytic spaces near a
point are defined by finite sets of power series. We look for approximations that
preserve (i) the algebro-geometric class of the original, i.e., Complete Intersection
or Cohen-Macaulay or (ii) the topological type of the original. In both cases we
also impose the requirement that the approximants have the same Hilbert-Samuel
function as the original. This additional constraint is motivated by the fact that
the Hilbert-Samuel function is thought of as a measure of how singular an analytic
space is near a point and plays an important role in Hironaka’s seminal work on
desingularization of analytic spaces. We approximate the original analytic space by
approximating the power series that define it near a point. We show that it is possible
to find approximations of the form (i) and (ii) whose defining power series belong to
an algebraically simpler class than those of the original. Specifically, in the case of
Complete Intersections we show that we can approximate the original set of defining
power series by polynomials. In the other cases we show that the approximating power

series can be chosen to be Nash, i.e., power series satisfying a polynomial equation.
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Chapter 1

Introduction

For an analytic space X C K" (for K =R or C), its germ at a point a € X, denoted
by X,, is defined by a finite set of convergent power series, and describes the local
behaviour of X at the point a. The main question considered in this thesis is whether,
given a germ of an analytic space X,, we can find a germ X, that is defined by
polynomials or algebraic power series, such that X, shares certain specified algebro-
geometric properties with X,. A standard approach to such problems in analytic
geometry is to consider approximations X, to X,, defined by polynomials or algebraic
power series that are p-degree (for u € N) approximations to the defining convergent
power series of X,. Then by choosing i to be sufficiently large one can expect to
find germs X, that have the same algebro-geometric properties as X,. Indeed, the
construction of such algebraic approximations to analytic objects is one of the central
problems in analytic geometry.

Specifically, in this thesis we consider approximation of the germs of (real or
complex) analytic spaces, X,, by Nash germs, or even algebraic germs, which are

equisingular with X, in the sense of the Hilbert-Samuel function. Recall that, for an
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analytic germ X, the Hilbert-Samuel function Hx , is defined as

OX,a

m77+1 ’

Hx .(n) = dimg forallp e N,

where Ox , is the local ring of X at a, with the maximal ideal m. The Hilbert-Samuel
function encodes many important algebro-geometric properties of the germ and may
be regarded as a measure of its singularity. It plays a central role in resolution of
singularities (see [10]).

Let K=R or C, let = (xy,...,2,) and let K{z} denote the ring of convergent
power series in variables z. If X is an analytic germ at 0 in K", its local ring Ox  is
of the form K{x}/I for some ideal I in K{z}. Let K(z) denote the ring of algebraic
power series, that is, the convergent power series algebraic over the ring of polynomials
K[z]. One says that the germ Xy is Nash if the ideal I can be generated by elements
of K(z). If I can be generated by polynomials then we call the germ Xy algebraic.

In our first series of results, we deal with singularities of special types. Namely,
those whose local ring is Cohen-Macaulay, or even better, a complete intersection.
We prove that a complete intersection singularity can be arbitrarily closely approxi-
mated by algebraic germs which are also complete intersections and share the same
Hilbert-Samuel function (Theorem 3.1.3). Polynomial approximation is not possible,
in general, for Cohen-Macaulay singularities (see Example 3.2.2). The next best thing
is approximation by Nash germs. In Theorem 3.2.1, we show that a Cohen-Macaulay
singularity can be arbitrarily closely approximated by Nash germs which are also
Cohen-Macaulay and share the same Hilbert-Samuel function.

We also consider the problem of the approximation of an analytic singularity X
by Nash germs which are homeomorphic with X,. We give a variant of Mostowski’s
theorem [22], Theorem 3.4.1, showing that every analytic germ X, C K{ can be

arbitrarily closely approximated by a Nash germ X, C K, such that the pairs (K™, X)



and (K", X ) are topologically equivalent near zero, and the Hilbert-Samuel functions
Hy o and Hy  coincide. This may be combined with the other results that we prove.

When dealing with questions about the Hilbert-Samuel function of the ring K{z}/1,
it is convenient to work with the so-called diagram of initial exponents of I, a com-
binatorial representation of the ideal I, denoted 91(1), which we recall in Section 2.4.
Indeed, the Hilbert-Samuel function of K{z}/I may be read off from the sub-level
sets of (the complement of) (/) (Lemma 2.8.3). The diagram itself is, in turn,
uniquely determined by a standard basis of I, which is a special generating set of
I (see Section 2.5). Our key tool in establishing Hilbert-Samuel equisingularity of a
given germ and its approximants is a theorem of T. Becker [5], which gives a criterion
for a collection {Fy,...,F;} C I to form a standard basis of I in terms of finitely
many equations that depend polynomially on the F;. It is therefore well suited for an
application of the classical Algebraic Artin Approximation.

We call X a Cohen-Macaulay (resp. complete intersection) singularity when the
local ring Oy is Cohen-Macaulay (resp. a complete intersection); see Section 3.1
for definitions. The finite determinacy of the Hilbert-Samuel function of a complete
intersection follows already from the work of Srinivas and Trivedi [31]. We give a new
proof of this fact here, because it can also be applied in the Cohen-Macaulay case,
which is new. Roughly speaking, we combine the equivalence of Cohen-Macaulayness
and flatness (Remark 3.1.2) with a corollary to Hironaka’s flatness criterion (Proposi-
tion 2.4.11), to show that with respect to a certain total ordering on N” the diagrams
of I and its suitable approximation I, coincide. We then show (Proposition 2.8.8) that
this equality implies equality of the diagrams with respect to the standard ordering,
and hence equality of the Hilbert-Samuel functions.

Finally, in the proof of Theorem 3.4.1, we combine the above Becker criterion with
the original strategy of Mostowski, based on Ploski’s parametrized Artin approxima-

tion [27] and a theorem of Varchenko stating that the algebraic equisingularity of
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Zariski implies the topological equisingularity [32]. We use the modern exposition
of Mostowski’s theorem, due to Bilski, Parusinski and Rond [12], where the original
Ptoski theorem is replaced with a more powerful Theorem 2.6.1.

The structure of the thesis is as follows: Chapter 2 develops background material
that establishes the setting in which we are working, and some essential propositions
which we use as tools in the proofs of the main results. Chapter 3 contains the proofs
of the main approximation results of this thesis. In Chapter 4 we explore consequences
of these results and present two possible directions of future work. In Appendix A
we present certain definitions and theorems from local algebra that we use at various

points in the thesis.



Chapter 2

Background

In this chapter we present the basic theory of real and complex analytic sets and
spaces, their germs and the germs of functions defined on them. Many well known
results are presented without proofs. We also present other original results that we
use in the proofs of the main approximation theorems in Chapter 3. For these we

include complete proofs.

2.1 Basic Theory of Real and Complex Analytic
sets and germs

In this section we present certain basic results in the theory of real and complex
analytic sets. These are presented here without proof. There are various well known
references on the theory of real and complex analytic sets and spaces, in particular
we point the reader to [23], which was our primary source for the current section.
This choice was made because of the fact that care is taken by the author in [23] to
clearly separate the theory into parts that apply to both K = R, C, and parts that

specifically only apply to K = C and K = R.
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2.1.1 Analytic Sets - General Theory

We consider first results and definitions that are valid both in the case when the field

K =R or C. Throughout this section K = R or C.

Definition 2.1.1. A function defined in an open set 2 C K" is called analytic if for

every point p € () there is a neighborhood U of p and a power series that converges

to f on U. That is,
flz) = an(x —p)* forallx e U. (2.1.1)

The power series on the right in the above equation is then called the Taylor series of

f atp.

Remark 2.1.2. In the case when K = C analytic functions are called holomorphic

functions.

Definition 2.1.3. A subset A of an open set Q C K" is called an analytic set if
for any p € Q there exists an open neighborhood U of p and a collection of functions

fis-.y fr analytic on U such that,
ANU ={z € Ulfi(z) =--- = fi(x) =0} (2.1.2)

Remark 2.1.4. [t is easy to see that an analytic set A C €2 is closed in 2.

Proposition 2.1.5. If 2 C K" is a connected open set and A C ) is an analytic

subset of  then Q\ A is dense in €.

Definition 2.1.6. A point p in an analytic set A is called a simple (or regular) point
of A if the functions fi,..., fs defining A in some neighborhood U of p may be taken
so that the differentials dfi(p),...,dfs(p) are linearly independent. Points of A that

are not reqular are called singular.
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Remark 2.1.7. It is a consequence of the above definition that an analytic set A is
an analytic manifold in some neighborhood about every simple point. We define the

dimension of A at a simple point to be the dimension of this analytic manifold.
The dimension of an analytic set has two equivalent definitions:

Definition 2.1.8. The dimension dim, A, of an analytic set A at a point p is defined

as either:
(1) dim, A := the highest dimension of A as a manifold at simple points near p.
(2) dim, A = the highest codimension of a plane P through p such that p is an

isolated point of AN P.

There is also a global notion of the dimension of an analytic set which is defined

in an intuitive way:

Definition 2.1.9. The dimension of an analytic set A C Q@ C K" is dim A =

sup{dim, A : p € A}.

In this thesis, the set of singular points of an analytic set A is denoted by Sing(A).

2.1.2 Local Properties of Analytic sets

It is desirable to have tools to analyze the properties of an analytic set near a particular
point. The mathematical object that formalizes the notion of a ”set near a point” is

a germ.

Definition 2.1.10. Suppose X s a topological space, and p € X. Consider the

equivalence relation ~, on the set of subsets of X, P(X),

A ~, B iff there is an open set U, with p € U such that ANU =BNU. (2.1.3)

The elements of P(X)/ ~, are called set germs at p. The equivalence class of A €
P(X) is denoted by A,.
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We note the following regarding germs:

Remark 2.1.11. (1) We write A, C B, when A C B for some representatives A

and B of A, and B, respectively.

(2) We set A,NB, = (ANB), and A, U B, = (AU B),. Also, the cartesian
product of germs can be defined A, x By := (A X B)(p,q). These can be shown to

be well-defined (i.e., independent of the representatives chosen for A, and B,)
(3) A, # 0 iff p is in the closure of A, i.e., p € A.
(4) Representatives of X, are exactly those sets A C X which satisfy p € int(A).
We also have the notion of function germs which is defined as follows:

Definition 2.1.12. Let X be a topological space, p € X and F(X,p) be the collection
of all pairs (U, f) where U is an open neighborhood of p and f : U — K. Consider

the equivalence relation ~, on F(X,p),

(U, f) ~, (W, g) iff there is an open neighborhood V' of p such that f|y = g|v.
(2.1.4)

The elements of F(X,p)/ ~, are called function germs at p. The equivalence class

of (U, f) is denoted as f,.
Some useful facts about function germs are:

Remark 2.1.13. (1) f, + g, = ([ + 9)p, [o9p = ([9)p, are well defined (i.e.,
independent of the choice of representatives). Also, f,/g9, = (f/g)p is well

defined provided g is non-zero in some neighborhood of p.

(2) We say that the function germ f, vanishes on A, and write f,|a, = 0 if some

representative (U, f) of f, vanishes on ANU where A is a representative of A,.

(3) The notion of the image f,(A,) is in general not well defined.
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2.1.3 Germs of Analytic Functions

Let x = (z1,...,x,). We denote by K{x} the ring of all power series ) _ c,z® which
converge for || < J, where § > 0 may depend on the power series in question. We
write O, for the ring of germs of analytic functions at 0 € K". We may identify K{z}

with O,, via the Taylor series expansion at 0.

Definition 2.1.14. An analytic K-algebra R is a K-algebra isomorphic to a quotient
of K{z}. That is,

1

Il

R (2.1.5)

where I = (f1,..., fs) is a finitely generated ideal of K{x}.
In what follows we shall need the notion of a regular germ.

Definition 2.1.15. Let f(z,w) € K{z,w} = K{z1,...,zm, w}. We say that f is
regular of order d in w if f(0,w) = h(w)w? with h(w) # 0. We say that f is regular

in w if it is reqular of order d in w for some d.

Two results of much utility in the theory of analytic function germs are the Weier-

strass Division Theorem and the Weierstrass Preparation Theorem.

Theorem 2.1.16. (Weierstrass Division Theorem) If f € K{x} is reqular of order
d in x,, then g(x,) = f(0,...,0,2,) = 2%h(x,) where h(z,) € K{x,} is a unit, and,

for any ¢ € K{z} there exist an a € K{x} and by, ..., by € K{z1,..., 2,1} such that

d
p=a-f+> b (2.1.6)
v=1

Furthermore, the a and b, are uniquely determined.

Theorem 2.1.17. (Weierstrass Preparation Theorem) With f as in Theorem 2.1.16,



10 CHAPTER 2. BACKGROUND

there exist a unit u € K{z} and ay,...,aq € K{21,..., 2, 1} such that

d
f=u- (xi + Za,,a:ff”) (2.1.7)
v=1

Furthermore, the u and a, are uniquely determained.

Definition 2.1.18. If ay,...,a, € K{xy,..., 2,1} with a,(0) = 0 for all v and
P =i+ Zizl a,xd7", then P is called a distinguished polynomial with respect to

Ty,

Suppose a € K", we denote by O, , the ring of germs of analytic functions at a.
From the remarks in the beginning of the section we have a canonical isomorphism
K{zy —a1,...,x, —an} = O,, via the Taylor series expansion of germs f € O,
about a. As a consequence of this isomorphism, O, , is a local ring. Some useful

properties of O, , that can be obtained from Theorem 2.1.17 are:

Proposition 2.1.19. (1) O, is a Noetherian ring.
(2) Oy is a regular local ring with dim O, , = n.
(3) On. is an integral domain.

(4) Ona is a unique factorization domain.

(5) Every non-constant f € K{z} = O, with f(0) = 0 is reqular (after a linear

change of coordinates at worst) with respect to some x;.

2.1.4 Germs of Analytic Sets (General Theory)

In this section 2 C K™ is an open set and .S C 2 is an analytic set. Also, a is a point

in €. All the results in this section are valid for both K =R and K = C.

Definition 2.1.20. The germ of an analytic set S C Q) at a point a € Q) is called an

analytic set germ.
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Further, in what follows we shall denote by I = I(S,) C O,,, the set of germs of

analytic functions vanishing on S,. I forms an ideal in O, ,.
Remark 2.1.21. S, C S if and only if 1(S,) D I(S)).

Definition 2.1.22. An analytic set germ S, is called irreducible if whenever there

are two analytic germs S, and Sy, such that Sq = S1,U Sa, then one of them must

be S,.
Lemma 2.1.23. S, is irreducible if and only if 1(S,) C Oy is a prime ideal.

Proposition 2.1.24. Let S, be an analytic set germ, then S, can be written as a
finite union S, = U*_| S, , of irreducible analytic set germs such that S,o ¢ Uty Sy

Further, this decomposition is uniquely determined up to order.

Definition 2.1.25. For S,, an analytic set germ, the germs S,, in Proposition

2.1.24, are called the irreducible components of .S,.

Proposition 2.1.26. Suppose I is a non-zero ideal of O,,, p < n, and R, is the image
of K{z1,...,2,} via the canonical isomorphism K{z} = O,,. Let O, = O, N R,. Let
A= 0,/I. Then we have a morphism n: O, — A induced by the canonical injection
O, — O,. Further, after a linear change of coordinates in K" there is an integer

0 <po < n such that n: Op, — A makes A into a finite Op, module.

Remark 2.1.27. The necessary and sufficient condition that the coordinates satisfy
the condition of Proposition 2.1.26 is that I N O,, = 0 and for any r > py there exists

a Qr(zy,...,x.) € Op_q[x,| NI which is distinguished in x,.

Suppose that €2 C K" is an open set and S C () is an analytic set with 0 € S.
Further we suppose that Sy is an irreducible germ, that is, I = I(Sy) C O,, is a prime
ideal. Also, we assume that we choose the coordinates referred to in Prop. 2.1.26.

Then we have,
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Proposition 2.1.28. There is a fundamental system of neighborhoods, U = U’ x U"
where U' C KP and U" C K"P, of 0 such that if m : SOU — U’ is the restriction
of the projection of U onto U’ then 7 is a proper map and every fibre of =, = (z')

where ' € U’ is a finite set.

Proposition 2.1.29. The integer py of Proposition 2.1.26 for I = I(S,) where S, is

wrreducible is dimg S.

Definition 2.1.30. Let S, be an irreducible analytic set germ. The integer py of
Proposition 2.1.26, with respect to I = I(S,) is called the dimension of S, and is

denoted dim S,,.

We observe here that by definition dim S, = dim, S for an irreducible analytic set

germ S,. We may now define the dimension of an arbitrary analytic set germ,

Definition 2.1.31. Let S, be an analytic set germ with irreducible components S, ,
forv=1,....k. The number p = max{dim S, , : v = 1,...,k} is called the dimen-

sion of S, and is denoted dim S,,.

It turns out that this notion too coincides with the geometric definition of dimen-

sion at a point of an analytic set,

Theorem 2.1.32. Let S C 2 C K" be an analytic set germ with €2 an open set. If

a € S then dim S, = dim, S (See Definition 2.1.8).

2.1.5 Germs of analytic sets (Case K = C)

In this section we focus on the case when K = C. We shall see that complex analytic
sets have some very nice properties not shared with their real analytic counterparts,
including a very direct relationship between their geometry and algebra. In this entire

section () will be an open set in C".
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Proposition 2.1.33. If S C Q2 C C" is a compler analytic set and 0 € S with S
irreducible then the projection m of Proposition 2.1.28 satisfies m(S NU) = U’ (with

U, U’ as in Prop. 2.1.28).

Theorem 2.1.34. (Riickert’s Nullstellensatz) Let I be any ideal in O,, and Sy = S(I)
be the complex analytic germ defined by the set of common zeros of a finite set of

generators of I. Then I(Sp) = rad([).

Definition 2.1.35. Let S C 2 C C" be a complex analytic set. A function f on S
1s called complex analytic or holomorphic at a € S if there is a neighborhood U of a

in Q and a complex analytic function F defined on U such that F|sqy = f|snu-

We usually denote the ring of germs of complex analytic functions at a € S by

Os.-

Remark 2.1.36. We have the following,
Osa = 0,/1(S,). (2.1.8)
Hence Og, is an analytic C-algebra.

2.1.6 Germs of Analytic Sets (Case K = R)

In this section we shall describe the concept of complexification of a real analytic set
germ. This is an essential tool that has much utility in the study of the properties of
real analytic set germs.

Suppose A, is the germ of an analytic set at a point a € R". We may identify R"
with the subset of points in C" whose coordinates have zero imaginary part. With this
identification we can consider R™ as a subset of C". In order to distinguish between
the R and C cases we shall denote the ring of germs of real analytic functions at

a € R* C C" by OF and the ring of complex analytic functions vanishing at a by

n,a
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(QSG. Further we shall denote the ideal in (’)5@ of real analytic functions vanishing on

A, by T®(A,).

Proposition 2.1.37. There is a unique germ A, of a complex analytic set at a €
R™ C C™ such that A, D A, and for which any germ g € OS@ which vanishes on
A, also vanishes on A,. Further we have A, N R = A, and any germ of a complex

analytic set S, which contains A, also contains A,. Also, if I(fla) = I%(A,) is the

ideal of OF  of germs of holomorphic functions which vanish on A, then we have

I(A,) = I°(A,) = I*(A,) @ C. (2.1.9)
Definition 2.1.38. The germ A, in Proposition 2.1.37 is called the complexification
of Aq.

Proposition 2.1.39. If A, is irreducible as a real analytic set germ then A, is irre-
ducible as a complex analytic germ. If A, = U, A, , is the decomposition of A, into
its 1rreducible components and flw is the complezification of A, , then fla = Ul,flm

15 the decomposition of A, into its irreducible components.

We shall denote the dimension of the germ A, by dimg A, and that of fla as a

complex analytic germ by dime A,. With this notation we have,
Proposition 2.1.40. dimr A, = dim¢ A,.
As a direct consequence of this we have,

Corollary 2.1.41. If A is a real analytic set in an open set Q@ C R"™ then every point

a € 2 has a neighborhood U such that for each b € U we have dimg A, < dimg A,.

It is important to note at this juncture that not all complex analytic set germs
are complexifications of real analytic set germs. The following result tells us when

they are in the irreducible case.
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Proposition 2.1.42. Let S, be an irreducible complex analytic set germ at a € C™.
Then S, is the complexification of a real analytic set germ A, if and only if S, NR"

contains a germ B, with dimg B, = dim¢ .S, .

2.2 Analytic Spaces

In this section we generalize the notion of an analytic set so that we obtain a tighter
correspondence between algebra and geometry. For the remainder of this section we
will assume that K = R or C. Suppose that 9, is the germ of an analytic set at a € K"
and that f, is the germ of an analytic function on K" such that f"|s, = 0. Then we
have f,|s, = 0. That is, f™ € I(S,), implies that f € I(S,) for all positive integers
m. Therefore we don’t have a one to one correspondence with all local analytic K-
algebras and germs of analytic sets. What we do have is a correspondence between
analytic set germs and local analytic K-algebras without nilpotents (i.e., those which

are reduced). This is the motivation for the definition of an analytic space.

Definition 2.2.1. An analytic space (over K) is a ringed space X = (|X|,Ox) (i.e.,
a Hausdorff topological space along with a sheaf of rings Ox on | X|) which is locally
isomorphic to a ringed space Z defined as follows: Let U be an open set of K", and
let fi,..., fx be analytic functions on U (also denoted as (fi,...,fr) € O(U)). Let
|Z| be the zero set of the f; and Oz = Oy/I restricted to |Z|, where I is the ideal

sheaf generated by the f;.

Definition 2.2.2. A morphism of analytic spaces ¢ : X — Y is a pair ¢ = (|6, ¢*),
where |p| : | X| — |Y] is a continuous mapping, and ¢* : Oy — |¢|.Ox is a sheaf

homomorphism.

It is a consequence of the above definitions that the germs of analytic spaces are in

one to one correspondence with the set of all local analytic K-algebras K{x}/I, with
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x = (x1,...,%,), where I is an ideal in K{z}, and morphisms of germs of analytic
spaces correspond to homomorphisms of local analytic K-algebras.

Definition 2.2.1 is from [7]. It should be noted at this point that this definition is
slightly simpler than the definition of an analytic space that is used in some current
literature (see, for example,[15]). This simplification is made to avoid a discussion of
coherence in the case when K = R. Since we are only concerned with local results
in this thesis, this simplified definition suffices, and allows us to avoid a lengthy
digression focussed on issues that would have no involvement in the rest of the present
work.

The following definitions establish the terminology that we use later when dis-

cussing our notion of approximation of germs of analytic spaces.

Definition 2.2.3. We call the germ of a K-analytic space X C K" at a an analytic

germ and denote it by X,.

Definition 2.2.4. If the local ring Ox, of an analytic germ X, is isomorphic to
K{z}/I where I = (hy,...,hs) and h; € K(z) then we call X, a Nash germ.

Definition 2.2.5. If the local ring Ox, of an analytic germ X, is isomorphic to
K{x}/I where I = (hy,...,hs) and h; € K[z]| then we call X, an algebraic germ.

2.3 Whitney’s Tangent Cones

In [35] Whitney introduces the notion of a tangent cone at a point in a complex
analytic set. This is a notion that generalizes the tangent space associated to a point
in an analytic manifold. Tangent cones provide information about the nature of
analytic sets at singular points and they have an algebraic structure associated with
them that will be used in the sequel. In this section we will be specifically working

with complex analytic sets in some open set in C™.
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Definition 2.3.1. A cone K in C" is a set of vectors such that if v € K and a € C
then av € K. A cone from p € C"is a set of points p + v where v is any vector of

Some cone.

Definition 2.3.2. Given a complex analytic set S C 2 C C™, with €2 open andp € S
the tangent cone C'(S,p) of S at p is the set of vectors v with the following property:
There are sequences {p;} of points of S and scalars {a;} such that a;(p — p;) — v as

7 — 00.

The above definition clearly implies that C'(.S,p) is closed. Tangent cones have a
remarkable algebraic realization that we shall have occasion to use in our later work.
If f is a holomorphic function in a neighborhood of a point p € C” then we may

expand f in a power series about p as follows:

fo+v) =+ (4 B = f(p), (2.3.1)

where fém} is a homogeneous polynomial of degree m in vy, ..., v,, the components of

v.

Definition 2.3.3. The initial polynomial of f at p, denoted by fl[,*} s equal to f;,[,m]

where m is the smallest integer with flgm} = 0.
Given the above we have the following result [35, Theorem 10.7],

Theorem 2.3.4. Given a complex analytic set S C Q C C" and p € S, C(S,p) is

the set of solutions of f,L*} (x) =0, for all f whose germs at p are in 1(S).

We note that, in general, a set f; generating I(.S,) may be insufficient to generate

C(S,p). The following are some basic properties of tangent cones:
Lemma 2.3.5. For complex analytic sets S, T C 2 C C":

(1) C(T,p) CC(S,p) ifpeT CS,
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(2) C(SUT,p)=C(S,p)UC(T,p) ifpe SUT,
(3) C(SNT,p)Cc C(S,p)NC(T,p)ifpe SNT,

(4) [35, Lemma 8.11] dim C'(S,p) = dim, S if p € S and dim, S > 1.

2.4 Hironaka’s division algorithm and diagram of
initial exponents

Let K =R or C. Let A denote the field K or the ring K{y} of convergent power series
in variables y = (y1,...,ym). Let A{z} denote the ring of convergent power series in
variables z = (z1, ..., z) with coefficients in A (i.e., K{z} or K{y, z}, depending on
A). We will write 2 for 20" ... 2%, where a = (o, ..., ay) € N¥.

The mapping A 5 F(y) — F(0) € K= A ®4K of evaluation of the y variables at

0 induces an evaluation mapping

A{z} 3 F =Y F,(y)z" = F(0)= Y F.(0)z" € K{z}.

aeNF a€eNF
(In case A =K, this is just the identity mapping.)

Definition 2.4.1. For an ideal I in A{z}, we call I(0) = {F(0) : F € I} in K{z},

the evaluated ideal.

Definition 2.4.2. A function on KF, A(a) = 25:1 Ajaj, for some \j > 0, is called

a positive linear form on K.

Given such A, we will regard N¥ as endowed with the total ordering defined by

the lexicographic ordering of the (k + 1)-tuples (A(a), ag, ..., ).

Definition 2.4.3. For a non-zero F' =% . Fuz® € A{z}, suppF = {a € N*:

F, # 0} is called the support of F.
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Definition 2.4.4. For F € A{z}, the minimum (with respect to the above total

ordering) over all a € suppF is called its initial exponent and denoted exp, F'.

Similarly,
suppF(0) = {a € N*: F,(0) #0} and exp,F(0) = miny{a € suppF(0)},

for the evaluated series. We have suppF'(0) C suppF’, and hence exp, F' < exp, F'(0).
We will write simply expF and expF'(0) instead of exp, F' and exp, F'(0), when A(«a) =

la] = a1 + -+ + .

We now recall Hironaka’s division algorithm.

Theorem 2.4.5 ([7, Thm.3.1,3.4]). Let A be any positive linear form on K*. Let
Gy,...,Gy € A{z}, and let o == exp, G;(0), 1 < i < t. Then, for every F € A{z},
there exist unique Q1,...,Q, R € A{z} such that

t
F=> QGi+R, (2.4.1)
=1

o' +supp@; C A;, 1<i<t, and suppR C A,

where
i—1

Ay =o' + NF, A; = (Oéi+Nk)\UAj for i > 2,

j=1

and A = NF\ |J/_, A,

Definition 2.4.6. For an ideal I in A{z},
NA(l) = {exp F: F e I\ {0}}.

is called the diagram of initial exponents of I relative to A.
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Similarly, for the evaluated ideal 1(0), we set

MA(1(0)) = {exppF(0): F € I, F(0) # 0}.

We will write 91(1) and 9(1(0)) instead of Iy (1) and N (1(0)), when A(a) = |a| =
ay + -+ .

Note that every diagram M, (I) satisfies the equality DM (1) + N¥ = 9N, (I). (In-
deed, for a € 9 (I) and v € N*, one can choose F € I with exp,F' = «; then

2VF € I, hence oo + 7 = exp, (27 F) is in M\ (1).)

Remark 2.4.7. [t is easy to show that, for every ideal I in A{z} and for every
positive linear form A, there exists a unique smallest (finite) set V(1) C N (1) such
that Vo(I) + NF = 9, (1) (see, e.g., [7, Lem. 3.8]). The elements of VA(I) are called

the vertices of the diagram ().

Corollary 2.4.8 ([7, Cor.3.9]). Let A be any positive linear form on K*. Let I be an
ideal in K{z}, and let o', ... o € N* be the vertices of the diagram 9 (I). Choose
G, € I such that exp,G; = o, 1 <i <t, and let {A;, A} denote the partition of N¥
determined by the o, as above. Then, Mu(I) = J'_; A; and the G; generate the ideal
1.

Proof. The equality DM, (1) = U§:1 A; follows immediately from Remark 2.4.7. Ac-
cording to Theorem 2.4.5, any F € K{z} can be written as F = >_'_, Q;G; + Rp,
where suppRr C A. Therefore, F' € [ if and only if Rrp € I. But suppRr C A =
NF\ M, (I), hence Ry € I if and only if Rp = 0. O

The remainder of this section will be concerned with the algebraic notion of flat-

ness. First we recall its definition.

Definition 2.4.9. A module M over a Noetherian ring A is called flat when, for
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every exact sequence

0N —-N-—=N"—=0

of A-modules, the sequence
0— N @AM — NRM — N'" @M — 0

18 also exact.

The following result of Hironaka expresses flatness in terms of his division algo-

rithm.

Theorem 2.4.10 ([7, Thm.7.9]). Let I be an ideal in A{z}. Let A be any positive
linear form on K*, and let o', ... o' be the vertices of MA(1(0)). Let Gy,...,Gy €1

be such that exp,G;(0) = of, 1 <i <t. Then, the following are equivalent:
(i) A{z}/I is flat as an A-module

(ii) For any F € I, the remainder of F after division (2.4.1) by Gy, ..., Gy is zero.

Let now = = (x1,...,2,), n > 2. Fix k € {1,...,n — 1}. To simplify notation,
let ) denote variables (x1,...,2;), and & the remaining (2j41,...,2,). In what
follows, we will regard elements of K{z} either as power series in all the variables
r with coefficients in K, written F' = ZBGN" fgmﬁ, fs € K, or as power series in
variables ;) with coefficients in K{Z}, written F' = }_ . Fo(2)zf), Fo(2) € K{2}.

For I € K{z}, we will denote by F(0) the series with variables & evaluated
at 0. That is, if ' = }° o Fa(Z)zfy then F(0) = > o Fa(0)zfy; € K{zp}

Equivalently, if F'= 3, fs2” then

FO)= > fs’ € K{ap}

BENkx{0}n—Fk

(i.e., the sum is over those § = (54, ..., 5,) for which x4 = - =3, =0).
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To avoid confusion, for F' € K{x}, we will denote its support as an element of
K{Z}{xp} by suppyF, and the support as an element of K{z} as suppy.#. That

is,
suppye ' = {a € N¥: F(%) # 0} and suppy.F' = {3 € N": fz #0}.

Note that a positive linear form A(S) = > ", \;5; on K" gives rise to a positive form

Zle \;3; on K*. By a slight abuse of notation, we will denote the latter also by A.

Proposition 2.4.11. Let I be an ideal in K{z}, let 1 < k < n, and let & denote the

variables (Tpy1, ..., Tp).

(i) If there exist a positive linear form A on K" and a set D C NF such that

MA(I) = D x Nk then K{z}/I is a flat K{Z}-module.

(ii) If K{x}/I is a flat K{Z}-module, then there exist ly € N and a set D C NF

such that, for all 1 > ly, the diagram 2Ma(I) with respect to the linear form
k n

A(B) = Zﬁi + Z 1B; satisfies Mp(I) = D x N=F,
i=1

j=k+1
Remark 2.4.12. Note that if A is such that Mx(I) = D x N*™* for some D C N,
then necessarily D = 9 (1(0)).

Proof. For the proof of (i), we will need the following well known corollary to the
classical “local criterion for flatness” (see, e.g., [7, Cor.7.6]): K{z}/I is flat as a
K{z}-module if and only if I N (2)K{z} C (z)-I.

Suppose that F' € I'N(7)K{z}. Then, F(0) = 0. Let 8,..., 8" € NF x {0}""* be
the vertices of 95 ([), and let Gy,...,G; € I be such that exp,G; = 81, 1 < i < t.
By Theorem 2.4.5 and Corollary 2.4.8, there are Qq,...,Q; € K{z} such that F' =
22:1 Q;G; and the sets 8° + suppy.Q; are pairwise disjoint.

Write 3° = (af,0), where o' € N¥ 1 <4 < t. It follows that the sets o' +

suppyt@:(0) in N* are also pairwise disjoint, and hence the initial exponents
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exp,Qi(0)G;(0) = exp,Q;(0) + o' are pairwise distinct. On the other hand,
S Qi(0)Gi(0) = F(0) = 0. This is only possible if Q;(0) = 0 for all i. In other
words, Q; € (#)K{z}. Hence F = >'_, Q;G, is in ()-I, which proves (i).

Suppose now that K{xz}/I is K{z}-flat. Let A(a) = |a| for a € N¥, and let
al, ..., al be the vertices of 9(1(0)) = 9, (1(0)). Let {A;, A} be the partition of N*
determined by the o' as in Theorem 2.4.5. Let [y = 1 + max{|a’| : i = 1,...,t}, let

[ > ly be arbitrary, and set

k n
A(B) = ZBH‘ Z 15; .

j=k+1

Set f° == (a’,0) = (at,...,a},0,...,0) € N*, 1 < i < t. We will show that the
vertices of 95 (1) are precisely {3!,..., 5}

Let Gy,...,Gy € I be such that expG;(0) = o, 1 < i < t. Write G; =
Y aenk Givax[o,‘c], where G; , = ZWEN"*’“ GianZ7. For every i, there are at most finitely
many « € suppyG; with A(a) < A(a?). For each such a, by the choice of o', we have
v(Gio) > 1, where for a non-zero F' € K{z}, v(F) = max{r : F € (Z)"}. Therefore,
for each such a and for every non-zero term g; 2" of G;,, we have |y| > 1, and
hence A((a,v)) > lop > A(B). Tt follows that, with respect to the total ordering in

N" induced by A, we have
expy(Gy) =B, 1<i<t.

Pick FF € I. By Theorem 2.4.10, there are @Q,...,Q; € K{x} such that I =
2521 Q;G; and o + suppye@; C Ay, 1 < i < t. Then, ' + suppy.Q; C A; x N7k
in particular, f° + exp,@; € A; x N*°% 1 < 4 < t. It thus follows that the
exp(QiG;) = B' + exp,@; lie in pairwise disjoint regions, and hence are pair-
wise distinct. Consequently, exp,F' = miny{exp,(Q;G;) : i = 1,...,t} belongs

to M(1(0)) x N*~*_ which completes the proof. O
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We shall need the following Lemma in the proof of Proposition 2.8.8.

Lemma 2.4.13. Let I be an ideal in K{z}, let 1 < k < n and let n denote the ideal
in K{z} generated by & = (x41,...,2,). Then INn=1-n implies I Nn™ =1 -n™

for allm > 1.

Proof. Suppose I Nn =1 -n, and fix m > 2. As in the proof of Proposition 2.4.11,
we then have that K{z}/I is flat as a K{Z}-module. Hence by Proposition 2.4.11
(ii), there exists a [y such that, for all [ > [y, the diagram (/) with respect to
the linear form A(8) = S5, G + > ki1 1B satisfies M (1) = N(1(0)) x N**. Fix
G4,...,Gy € I such that exp, (G;) = 3%, where 8 = (a’,0) e NF x "% i =1,...t
are the vertices of 9, (7).

Pick F € INn™, and let F = >/, Q;G; be the unique Hironaka division of
F (with respect to A). Set 7* = exp,(Q;). Note that the @Q; depend only on the
partition of N™ determined by the exp,(G;). In particular, they are independent of
the choice of [, so long as [ > ly. Therefore by choosing [ large enough, we may

assume that
If g0 4+~ = mj&n{ﬁi +41:1<i<t}and 27° € n® then Q; € n® for all i (2.4.2)

Indeed, let sg be the least integer such that there exist 1 < * <t and v* € suppQ;-
with 277 € n®\n*0*l Pick any i* and +* with these properties. Write v* = (k*, \*) €
N¥ x N*% and set

k n
=l I+ max o], and A°(5) = 2_)6 + D U8

,,,,, Pl

Then, forall 1 <7 <t, and vy = (k, \) € suppQ; with 27 € n*™! we have |A| > |\*|+1
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and hence

AT +7) = ||+ || + A = [of] + [s] + (1A + 1)

= || + |K| + lo + max || + [r*| + | A*] > A(B” +77).
J

This proves that the minimum miny- {8 ++% : 1 < i < t} is attained for some ~* with
27" € neo,
Now the fact that exp, (F') = miny{exp, G;Q; : 1 < i < t}, together with F' € n™

and (2.4.2), imply that @Q; € n™ for all ¢, and so F' € I - n™. ]

Hironaka’s division theorem can also be used to give a simple proof of the following

classical result.

Theorem 2.4.14. (Weierstrass Finiteness Theorem) Let K = C and let I be an ideal
in A{x}, where x = (x1,...,2,). Then A{z}/I is a finitely generated A-module if
and only if dime(C{x}/1(0)) < occ.

Proof. 1f A{x}/I is finitely generated over A then dimc(C{x}/1(0)) = dim@(A{f} ®a

n‘liA) < 00, by Nakayama’s Lemma (Theorem A.0.7). Conversely, suppose that

dimc(C{z}/I1(0)) < oo. Let Gy,...,G; be representatives of the vertices of the
diagram M(1(0)); i.e. Gy,...,G; € I are such that exp(G;(0)) = 7, where ',..., 3!
are the vertices of the diagram 9(7(0)). Let {A, Ay, ..., A;} be the decomposition
of N™ determined by ', ..., 3%. Then, by Theorem 2.4.5, for every F' € A{z}, there
are Q1,...,Q:, R € A{x} such that F = 22:1 Q;G; + R and supp(R) C A. On the
other hand, the condition dim¢(C{z}/1(0)) < oo means that A consists of finitely
many points, say v',...,7*. Thus every R € A{z} with supp(R) C A is generated

by the monomials z7', ...27". Hence, modulo I, every F' € A{z} is generated over A

by those finitely many monomials, which completes the proof. O]

Remark 2.4.15. Theorem 2.4.14 is also valid when A is a local analytic C-algebra.

That is when A is the quotient of C{y} by some ideal.
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2.5 Standard bases and Becker’s s-series criterion

Let again A(S) = z;zl A;B; be a positive linear form on K", and let N be given the
total ordering defined by the lexicographic ordering of the (n+1)-tuples (A(8), Bn, - .., B1).
For F' € K{z}, let as before exp, F' = miny {3 € suppF'} denote the initial exponent

of F relative to A.

The following definition is due to Becker [5].

Definition 2.5.1. Let I be an ideal in K{x}. A collection S = {Gy,...,G;} C I
forms a standard basis of I (relative to A), when for every F € I there exists i €

{1,...,t} such that exp, F' € exp,G; + N".

Remark 2.5.2. (1) It follows directly from definition that every standard basis S of
I relative to A contains representatives of all the vertices of the diagram M (1)
(that is, for every vertex 3° of MA(I) there exists G; € S with §° = exp,G;).

Hence, by Corollary 2.4.8, every standard basis of I is a set of generators of I.

(2) Note that the term “standard basis” in most of modern literature refers to a
collection defined by more restrictive conditions than the one above (see, e.g.,
[7, Cor. 3.9] or [10, Cor. 3.19]). In particular, our standard basis is not unique

and may contain elements which do not represent vertices of the diagram.
Becker in [5] also defines the following related to standard bases,

Definition 2.5.3. For any F = Y, fga” and G = 3", gz’ in K{z}, one defines
their s-series S(F,G) with respect to A as follows: If fr = exp,F, Bg = exp,G, and

27 = lem(2PF | 27¢), then
S(F,G) = gg a7 P F — fg a7 Pc.G.

Definition 2.5.4. Given Gy,...,Gy, F € K{z}, we say that F' has a standard rep-

resentation in terms of {G1, ..., G} with respect to A, when there exist Q1,...,Q4 €
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K{x} such that

t
F = Z Q.G; and expy F' < min{exp, (Q;G;) :i=1,...,t}.
i=1

Here, we adopt a convention that exp, F' < exp,0, for any A and any non-zero F.
The following s-series criterion of Becker will be our main tool in establishing

Hilbert-Samuel equisingularity.

Theorem 2.5.5 ([5, Thm.4.1]). Let S be a finite subset of K{z}. Then, S is a
standard basis (relative to A) of the ideal it generates if and only if for any G1,Gy € S

the s-series S(G1,Gs) has a standard representation in terms of S.

Remark 2.5.6. (1) The notion of s-series as defined in Definition 2.5.3 is analo-
gous to the notion of s-polynomials in the context of Grobner bases for ideals

in polynomial rings [13, §6, Definition 4 (ii)].

(2) The criterion in Theorem 2.5.5 is analogous to Buchberger’s criterion for Grobner

bases [13, §6, Theorem 6].

2.6 Nested parametrized algebraic approximation

Let x = (1,...,2n), ¥y = (Y1, - -, Ym), and let K(x) denote the ring of algebraic power
series in x. Recall that a convergent power series F' € K{xz} is called an algebraic
power series when F' is algebraic over the ring of polynomials K[z].

The following nested variant of Ploski’s parametrized approximation theorem [27]
is due to Bilski, Parusiriski and Rond [12]. The result itself follows from Spivakovsky’s
nested approximation [30, Thm.11.4], which in turn is a corollary of the Néron-

Popescu Desingularization [28].
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Theorem 2.6.1 ([12, Thm.2.1]). Let f(z,y) = (filz,y),..., fo(z,y)) € Kz)[y]?
and let y(x) = (1 (x), ..., ym(x)) € K{z}™ be such that

flz,y(x)) = 0.
Suppose that §;(x) depends only on variables (x1,...,%oz)), where {i — o(i)} is an
increasing function. Then, there exist a new set of variables z = (z1,...,25), an

increasing function T, an m-tuple of algebraic power series §(x,z) € K(x,2)™ such

that

and for every 1,

lg’i(x’ 2) € K<$17 cee axa(i)azlv e ';ZT(i)> )

as well as convergent power series z;(x) € K{z} vanishing at 0 such that z;(x), ...,

Zri)(x) depend only on (x4, ..., %) and

y(z) =gz, z(x)).

The classical Algebraic Artin Approximation follows immediately from the above.

Theorem 2.6.2 ([3, Thm.1.10]). Let f(z,y) € K(x)[y|P and let y(z) € K{z}"™ be

such that
f(z,y(x)) = 0.

Then, for any ¢ € N, there exists an m-tuple of algebraic power series 4(x) € K (x)™

such that

A

and § coincides with § up to degree c, that is, j(x) — y(x) € (x)°TL.

Proof. Let §(z,z) € K{x,2)™ and the z;(z) € K{z} be as in Theorem 2.6.1. Then,
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for a given ¢ € N, the m-tuple y(z,j¢(Z(x)) has the desired properties, where j°F
denotes the c-jet of F' € K{z}. O

2.7 Reduction of the maximal ideal

Let, as before, x = (x1,...,2,), and for k < n, let xp; = (21,...,2) and T =
(Tk41, -+, y). Let m denote the maximal ideal of K{z}. The purpose of this section
is to find a suitable reduction (in the sense of Northcott-Rees [24]) of the maximal
ideal m/I in K{z}/I, for a given ideal I in K{x}.

The following is a consequence of Proposition 2.1.26.

Proposition 2.7.1. Let I be a proper ideal in K{x}. After a generic linear change of
coordinates in K", there exists k € {0,...,n—1} such that the natural homomorphism

K{z} — K{x}/I is injective and makes K{x}/I into a finite K{Z}-module.

Lemma 2.7.2. Let I be an ideal in K{z} with dimK{x}/I = n — k. Then, after
a generic linear change of coordinates in K", there s, for every j = 1,...,k, a

distinguished polynomial P; € K{Z}[t] of degree d; such that Pj(z;,z) € I Nm%,

where T = (Tgi1, ..., Ty).

Proof. By Proposition 2.7.1, after a generic linear change of coordinates in K", there
exists £’ < n — 1 and an injective homomorphism K{z} — K{xz}/I such that K{z}/I
is a finite K{Z}-module, where & = (zy/41,...,2,). Since for a finite injective ho-
momorphism of Noetherian rings A — R we have dim R = dim A, it follows that
kK =k.

Suppose first that K = C. Let Xy be the germ of an analytic space at 0 in C"
defined by Ox g = C{z}/I. Further, let C(X,0) denote the tangent cone to Xy, in the
sense of Whitney (Definition 2.3.2). Then, dimy C'(X,0) = dimy X = n—k, and after

another generic linear change of coordinates if needed, we may assume that C'(X,0)
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has a proper and surjective projection onto (an open neighborhood of 0 in) C**
spanned by the variables Z. Finiteness of C{z}/I as a C{Z}-module implies that the
images of xy, ...,z in C{x}/I are integral over C{Z}. Hence, for every j =1,... k,

there exist d; € Z; and a distinguished polynomlal P; € C{z}[t] of degree d;, such

that P;(z;,%) € I. Write Pj(z;,%) = J: T+ Za] x]] i=1,... k.

Fix j € {1,...,k}. Let LF(FP;) denote the leading form of P; (i.e., the homoge-
neous polynomial consisting of the terms of P; of lowest degree). By Theorem 2.3.4,
C(X,0) is the set of common zeroes of leading forms LF(F') for all Fj vanishing on
Xo. In particular, C'(X,0) C LF(P;)~*(0).

To prove the lemma, it now suffices to show that x ' is among the terms of LF(F;).
We argue by induction on n — k, the number of variables . If n — k = 1, then ¥
is a single variable x,. If :B;lj were not among the terms of LF(F;) then z,, would
divide LF(P;), and so the image of C(X,0) under the projection to C"~* would be
{0} = LF(P;)~1(0) N {zy) = 0}, contradicting the surjectivity.

Suppose then that n — k > 2, and consider ﬁj = Pj(z;, k41, -, %n-1,0). Then,
]5;- vanishes on X := X N {z,, = 0}, and hence LF(JBJ) vanishes on C(X,0). Since
C()?,O) has a surjective projection onto (an open neighbourhood of 0 in) C**~1,
then, by induction, xjj is among the terms of LF(]SJ) If x;lj were not among the
terms of LF(P;), then we would have deg LF'(FP;) < deg LF(ID;) = d;. Hence, z,
would divide LF(P;), and so the image of C'(X,0) under projection to C"* would
be contained in the hypersurface {x, = 0}. This contradiction completes the proof
in case K = C.

If K =R, the result follows by applying the above argument to the complexifica-
tion X of X. Note that the linear changes of coordinates required at the beginning

may be taken with integral coefficients, and hence the distinguished polynomials P;

will have real coeflicients. O



2.8. APPROXIMATION OF IDEALS AND DIAGRAMS 31

Let Pj(x;, )—:1: —{—ZT | al(Z)] 4T i =1,...,k, be as above. Set

k
= (d;j - 1).
7j=1

Corollary 2.7.3. We have (zyy)*™ C I + (Z)-m?, as ideals in K{z}.

Bk

Proof. Indeed, for any monomial z7"- - - z}* € (xpy)?*!, there exists j such that 8; >

d;. By Lemma 2.7.2, x?j = Pj(z;,7)— il lai(x)x;lr is an element of I+ (7)Nm% =

I+ (z)-m%~1. Consequently, 2" ... 2% € I + (&) -m", where N = f; +--- + (8, —
D4+ B >d O
Remark 2.7.4. The above corollary implies that I + (Z)/I is a reduction (with ez-
ponent d) of the mazimal ideal m/I in K{z}/I, in the sense of Northcott—Rees [24].

Indeed, one trivially has I + (Z) C I +m, and by above, [ + m™1 C [+ (%) -m?. It

follows that I +m®™ = [+ (%) -m?, hence by induction

I+m™™ = T+ (2)™m? for any m > 1. (2.7.1)

2.8 Approximation of ideals and diagrams

Let, as before, A(8) = Z?Zl A;B; be a positive linear form on K". For such A
and p € N, define ny, to be the ideal in K{z} generated by all the monomials
2? = 2% 2P with A(B) > pu. (Note that, by positivity of the linear form A, the

ideals n, ,, are m-primary for every pu. Moreover, for A(S) = |5| we have ny , = m*.)

Definition 2.8.1. For a natural number p € N and a power series F' € K{x}, the
p-jet of F with respect to A, denoted jX(F'), is the image of F under the canonical

epimorphism K{z} — K{x}/np ,41.

In this thesis we will write j#(F) for u-jets with respect to A(B) = |5| = B1+- - -+ Bn.
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Remark 2.8.2. Given a power series F € K{z}, suppose that p > A(exp,(F)).
Then, expy(F) = exp,(G) for every G € K{x} with ji(G) = jk(F).

The following lemma expresses the Hilbert-Samuel function of an ideal in terms

of its diagram of initial exponents.

Lemma 2.8.3. Let Ay, ..., \, > 0 be arbitrary, and let A(B) = Z?Zl A;Bj. Then, for

any ideal I in K{z} and for everyn > 1,

#{6 € N"\ (D) : A(P) < n} = dimg

where the dimension on the right side is in the sense of K-vector spaces. In particular,

the Hilbert-Samuel function Hy of K{x}/I satisfies

Hi(n) = #{8 € N"\ (1) : |8 <}, forall g 1.

Proof. Fix n > 1. Suppose that F' € K{x} satisfies supp(F) C {8 € N*\ M\ (I) :
A(B) < n} and pick G € ny,41. Then, exp,(F 4+ G) = exp, (F), by Remark 2.8.2,
and hence exp, (F' + G) ¢ Ny (I). It follows that FF+ G ¢ I, and so F' ¢ I +np ,41.
This proves that the set of monomials {z* : 3 € N"\ 9, (1), A(B) < n} is linearly

independent in K{z}/(I + ny ,41), whence

K{z}
I+ NAp+1

> #{B e N"\M(I) : A(B) < n}.

dim]K

Conversely, suppose that F' ¢ I +ny 1. Let Gy,...,G; € I be representatives of
the vertices of 9Mx(1) and let F' = >>'_, Q;G; + R be the unique Hironaka division
of F' by the G; in K{x}, relative to A. Now, if R € ny,41 then F' € I 4+ np,41;
a contradiction. Therefore, we have R = Ry + Ry, with Ry € np 41, Ry # 0, and
supp(Ry) C {f € N* \NMx(I) : A(B) < n} (cf. Theorem 2.4.5). Then, F' — R, =

22:1 QiG; + Ry is in I + ny 41, which shows that F' and R; represent the same
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element of K{z}/(I 4+ np,11). Thus,

K{z}

dim]K
I+ NA 41

< #{B e N"\M(I) : A(B) < n}.

The last claim of the lemma now follows from the definition of the Hilbert-Samuel

function as Hy(n) = dimg K{x}/(I + m"*1). O

Definition 2.8.4. For an ideal I = (Fy,. .., Fy)-K{x}, a positive linear form A and

w > 1, we define the family of ideals UX(I) (or, more precisely, U\ (F1,...,Fs)) as

We will write simply U*(I) for UX(I), when A(5) = |3].

The following lemma shows that the reduction of the maximal ideal in K{z}/I is

preserved by its sufficiently close Taylor approximations.

Lemma 2.8.5. Let [ = (Fy,..., Fy) be an ideal in K{x} with dimK{z}/I =n — k.
Then, after a generic linear change of coordinates in K", there exists g such that,

for every p > po and 1, € U*(I), we have
L,+m™™ = [, +(2)™m? for any m > 1, (2.8.1)

where d is the same as in (2.7.1).

Proof. After a generic linear change of coordinates from Lemma 2.7.2, we may assume
that (zp)?*t! C I+ (2)-m?, where d is as in (2.7.1). Set po = d + 1. Pick u > po
and I, € U*(I). Then, I C I, + m*™2 and hence (zp))*™ C I, + m*™? + (Z)m?. It

follows that

L+m™ [, +m™? + (#)m? C I, + (F)m? + ([, + m™H)m,
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hence I, + m?*! C I, + (#)m?, by Nakayama’s lemma. The claim now follows as in

Remark 2.7.4. ]

Let us recall now a results from [2] describing the connection between the diagram
of initial exponents of I and those of its approximations I,,. We include a short proof

for the reader’s convenience.

Lemma 2.8.6 (cf.[2, Lem.3.2]). Let I be an ideal in K{z} and let A be a positive
linear form on K". Let ly = max{A(S") : 1 <i < t}, where B*,..., 3" are the vertices

of the diagram Ny (I). Then:
(i) For every pn>1ly and I, € UY(I), we have Np(L,) D Na(I).

(ii) Given 1> ly, for every u > 1 and I, € U(I), we have

ML) N{BeN": A(B) <1} =Mu(I)N{BeN": A(B) <1}

Proof. Fix 1 > lp and let Gy,...,Gs € K{z} be such that [, = (Gy,...,G;) and
Jh(G;) = jR(F), 1 <i < s. By Remark 2.4.7, for the proof of (i) it suffices to show
that the vertices of 9y (/) are contained in 9, (/,). Let then F' € I be a representative
of a vertex of Ma(I) (i.e., exp,(F) € Va(I)). We can write F' = >"°_| H,F;, for some
H; € K{z}. Then,

s

=AQ_HiF) = ZH JGAE) = ZH GAGE) = GO HiG),

=1
and hence, by Remark 2.8.2, we have exp, (F) = exp, (> ;_; HiG;). It follows that
expy (F) € 9Ma(1,), which proves (i).
For the proof of part (ii), fix I > lp. Let 4 > [ and let [, = (G, ...,G,) with

Jh(Gy) = R (F;), 1 <i <s. By part (i), it now suffices to show that

Ma(L,) N{BeN"A(B) <1} € MU)N{BeN":AB) <I}.
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Pick g* € N™\ 9, (1) with A(8*) < I. Suppose that §* € 9(,). Then, one can
choose G € I, with exp,(G) = *. Write G = > ;_, H;G, for some H; € K{z}. We

have

= K(ZS:HZGJ ZH JrGi) = ZH INDE ZHF
1=1

and since p > | > A(exp,(G)), it follows that exp,(G) = exp,(>_;_, H;F;), by

Remark 2.8.2 again. Therefore 5* € 91, (1); a contradiction. O

Corollary 2.8.7. Let I be an ideal in K{x} and let A be a positive linear form on
K"™. Suppose that the complement N" \ MA(I) is finite. Then, there exists py € N

such that, for every p > po and 1, € UN(I), we have Ma(1,) = N (1).

Proof. Let B,..., 3" be the vertices of 9, (). Since N™\ DN, (1) is finite, there exists

o > max; A(S3%) such that
N*ANA() C{B N A(B) < o}
By Lemma 2.8.6 part (i), for every p > po and I, € UY(I), we have
N\ (1) € N*\ Ny ()
and by part (ii)
(N"\ DM (L)) N{B e N" : A(B) < po} = (N"\ N (L)) N {B € N" : A(B) < puo} -

Thus, N™ \ 9z (1) = N" \ Mx (1), as required. O

The following proposition is a key tool in the proofs of Theorems 3.1.3 and 3.2.1.

It shows that the equality of diagrams of an ideal I and its approximation 7, with
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respect to some ordering on N implies the equality of diagrams with respect to the

standard ordering.

Proposition 2.8.8. Let [ = (Fi,...,Fy) be an ideal in K{z} with dimK{z}/I =
n — k. Then, after a generic linear change of coordinates in K", there exists pg such
that, for every ju > pg the following holds: If I, € U*(I) is such that I, (Z) = 1,,- ()
and dimg K{z}/I 4 ()™ = dimg K{x} /I, + (Z)™ for allm > 1, then H; = H;, (that

is, the Hilbert-Samuel functions of I and I, coincide).

Proof. To simplify notation, we shall write n for the ideal () in K{x}. By Lemma 2.7.2,
Remark 2.7.4 and Lemma 2.8.5, after a generic linear change of coordinates in K",

we may assume that there exist positive integers d and pg such that

I+m™™ = [ +n™m? forallm>1, (2.8.2)
and for every p > po and I, € U#(I)

L, 4+m™" = [, +n™m? for all m > 1. (2.8.3)

By Lemmas 2.8.3 and 2.8.6, taking o sufficiently large, we always have H;(n) >
Hp, (n) for allp > 1 and pt > p9. Moreover by Lemma 2.8.6(ii), requiring further that
o > d ensures that Hy(n) = Hj,(n) for all © > p and < d. Therefore, to prove the
equality H; = Hj, it suffices to show that H;(n) = H;,(n) for n > d, or equivalently

that

K{zr} dimy K{z}

dimg — I —
K T mmd I, + nmmd

for all m > 1. (2.8.4)
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Fix pt > po and I, € U*(I). We have, for m > 1, the following exact sequences

I+um R K{z} R K{z}

I +nmmd I +nmmd I +nm ’
I m K K
0 — p 0 7 = {z} — {z} 0.
I, +nmm I, + nmmd I, +nm

By assumption, dimg K{z}/(I + n™) = dimg K{z}/(I, + n™), and hence to prove

(2.8.4), it suffices to show that

: I+uam , I, +nm
R EETE Y A
Note that
I m m m
SR . — . (2.8.5)
I+nmmd (I +nmmd)Nnm (I Nn™) +nmm?d
and

I, +n™m ~ n™ _ n™ (2.8.6)
I, +vnwrm? ([, +nmmd)Nnm o (I, Nn™) +nmmd o

Let A be the Artin-Rees exponent of I relative to n. That is, we have I N n™ =
(I Nnn*)n™=A for all m > A. For the remainder of the proof we are going to assume
that pop > d + A. Then, I, C I +m**™! C I +n*m? by (2.8.2), and conversely,

ICI,+w*t CI,+n*m? by (2.8.3), whence

[+v’m? =1, +n*m?  for any pu > . (2.8.7)

We now claim that (I N n™) +n™m? C (1, "n™) +n™m?, for all m > 1. Indeed, for

m < A, the inclusion I C I, + n*m? implies

I+n™m? C I, + n’m? + n"m? = [, + n™m?,
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and hence
(INa™) +n™m? = (I + n™mY) Nnn™ C (I, +n™m?) Na™ = ([, Nn™) + n"m?.
If, in turn, m > A, then (2.8.7) yields

(Inn™) +n™m? = (I NaM)n™ +n™m? = ((I nnt) + n*mé)n™ >
— ((I + n/\md) N n)\)nm—A — ((IM + n)\md) N n)\)nm—)\ — (([M N nA) + n)\md)nm—)\

= (I, oM™ +nmm? C (1, Nn™) + n™m?.

By (2.8.5) and (2.8.6), the above implies that there is, for every m > 1, a well-defined

epimorphism

I'+nm n™ om n” ~ 1I,+nm

= S = :
I +nmrmd (I +nmmd)Nnm (I, Nnm) +nmmd [, + nmmd

To complete the proof, it thus suffices to show that ker ¢,,, = (0), or equivalently that
I,Nn™C I +nm™m?, for all m > 1.
Recall that, by assumption, we have [, "n = [,n. By Lemma 2.4.13, we then

have

and hence I, N (I, + n)™ C I,(I, + n)™ !, for all m > 1. Moreover, by (2.8.2),
I, CI4+m**t CI+mn and by (28.3), I C [, +m** C I, +n, hence [+n=1,+n.

Finally, by (2.8.7), we also have I, C I + nm?, hence the sequence of inclusions

Lonwtcl,Nn({,+n)™Cl,(,+n)™"=11+n""

CI+In" ' Cl+({I+nmHn™ ! Cl+n™m?.



Chapter 3

Main Results

3.1 Approximation of complete intersections

The main result of this section, Theorem 3.1.3 below, asserts that a complete inter-
section singularity can be arbitrarily closely approximated by algebraic germs which
are also complete intersections and share the same Hilbert-Samuel function.

We begin with a simple but useful observation.
Proposition 3.1.1. For an ideal I in K{x}, the following conditions are equivalent:

(i) dim(K{z}/I) < dimK{z} — k.

(ii) After a generic linear change of coordinates in K", the diagram M(I) has a

vertex on each of the first k coordinate azxes in N™.

Proof. Let as before xpy = (1,...,2) and T = (Tp41,...,2y), and let 1(0) denote
the ideal in K{xp;} obtained from I by evaluating the & variables at zero.
Condition (ii) then implies that the diagram 91(1(0)) has finite complement in N,
and hence dimg K{zp;}/1(0) < co. By the Weierstrass Finiteness Theorem (Theorem
2.4.14), it follows that dim(K{z}/I) < dimK{z} — k.
On the other hand, by Lemma 2.7.2, condition (i) implies that after a generic

linear change of coordinates in K", for every j = 1,...,k, I contains a distinguished
39
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polynomial P;(z;,%) = xjj + % a{,(f)xjj_T such that Pj(x;,%) € m%. Since the
total ordering of N is induced by the lexicographic ordering of the (n + 1)-tuples
(18], Bn, - - -, 1), it follows that exp(FP;) = (0,...,d;,0...,0) with d; in the j’th place.

Hence (ii). O

We shall have occasion to use the following result which is a consequence of The-

orem A.0.9 and Corollary A.0.10,

Remark 3.1.2. Let I be a proper ideal in K{x} with dimK{x}/I = n—k, and suppose
that K{x}/I is a finite K{Z}-module, where & = (xj41,...,2,). Then, K{z}/I is

Cohen-Macaulay if and only if it is a flat K{z}-module.

Theorem 3.1.3. Let I = (Fi,..., F}) be a complete intersection ideal in K{z} with
dimK{z}/I = n — k. Then, there exists py such that for every u > ug and for any
Gh,...,Gp € K{x} satisfying j*G; = j*F;, 1 <i <k, the ideal I, .= (G1,...,Gy) is

a complete intersection ideal in K{z} and H;, = H;.

Proof. By Proposition 3.1.1, after a generic linear change of coordinates in K", the
diagram 9(I) has a vertex " on each of the first k coordinate axes in N". Let
Hy,...,H, € I be representatives of these vertices, so that expH; = 8¢, 1 < i < k.
Let Q;; € K{z} be such that H, = Zle Qi Fj. Set py = max{|8Y,...,|8"}

Since 91(I) has a vertex on each of the first k coordinate axes in N, the comple-
ment N¥ \ 91(1(0)) is finite. Hence, by Corollary 2.8.7, there exists iz > 1 such that,
for every 1 > po and I, € U*(I), M(1(0)) = N(L,(0)). Let then po = max{p, pa}-

Fix u > po and Gy,...,Gy € K{z} satisfying j*G; = j*F;, 1 < i < k. Let
I, = (Gy,...,Gy). Then, for every 1,

k k K k
JH; = j“(z Qi Fj) = j“(z QijJ"Fy) = j“(z Qiji"Gj) = j“(z Qi;Gj),
j=1 j=1 j=1 j=1

hence, by Remark 2.8.2, exp(3_F_, Q;;,G;) = B. It follows that 5° € MN(I,), 1 <
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i <k, and thus (/,,) has a vertex on each of the first k coordinate axes in N". By
Proposition 3.1.1 again, we get dimK{xz}/I, < n — k. Since I, is generated by k
elements, it is thus a complete intersection ideal.

Since complete intersections are Cohen-Macaulay, then by Remark 3.1.2, both
K{z}/I and K{z}/1, are flat over K{z}. Therefore, by Proposition 2.4.11 and Re-

mark 2.4.12, there exists [ > 1 such that for the linear form
k n
AB)Y =D B+ > 18,
i=1 j=k+1

we have
MA(I) = N(I(0)) x N*F and  Np(I,) = N(1,(0)) x N7,

Thus, Ma (L) = 9a(1,), and hence

_— _— forallnp € N, 3.1.1
I +nppnn Iy +np et 1 ( )

by Lemma 2.8.3. Note that ny; = (zy))" + (Z), and in general ny ny = ((zp)' + (2))™,
for all m € N. Also, since K{z}/I is a finite K{Z}-module, then for [ large enough
one has (zpy)' C I + () (Corollary 2.7.3). It follows that I + () = I + ny,, and

hence by induction

]+(a~:)m:]+n/\,ml for all m € N.

K K
{—ai}:djm i for all m € N.

T+ (@ L ()
Note finally that 1, N (z) = I,- (z), by K{z}-flatness of K{z}/I, (see, e.g., [7,

Therefore, by (3.1.1), we get dimg

Cor. 7.6]). The theorem thus follows from Proposition 2.8.8. O

Remark 3.1.4. Observe that one can choose polynomials G, ...,Gy € K|x] satis-
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fying the hypothesis and hence the conclusion of Theorem 3.1.3. Therefore, Theorem
3.1.8 implies, in particular, that an arbitrary complete intersection singularity can
be approximated arbitrarily well by algebraic complete intersection singularities that

have the same Hilbert-Samuel function.

3.2 Approximation of Cohen-Macaulay singulari-
ties

At this point we recall that a module M over a Noetherian local ring (A, m) is Cohen-
Macaulay if depth 4 (M) = dim M, where depth 4 (M) is the maximum length of an M-
regular sequence in m. A local ring A is Cohen-Macaulay, when A is Cohen-Macaulay
as an A-module (Definition A.0.4). In the context of the local rings of analytic germs,
K{x}/I, by Remark 3.1.2, this is equivalent to saying that if dim(K{z}/I) =n — k,
then there exists a generic linear change of coordinates such that K{x}/I is flat as a
K{Z}-module, where & = (xgy1,...,2).

The polynomial approximation of analytic germs is, in general, not possible beyond
the complete intersection case (see Example 3.2.2 below). The next best thing is an
approximation by Nash germs. The following result shows that a Cohen-Macaulay
singularity can be arbitrarily closely approximated by Nash germs which are also

Cohen-Macaulay and share the same Hilbert-Samuel function.

Theorem 3.2.1. Let I = (Fy,...,F;) be an ideal in K{z} such that K{z}/I is
Cohen-Macaulay with dimK{x}/I = n — k. Then, there exists ug € N, such that for
any 1 > po there are algebraic power series Gy,...,Gs € K{(x) with j*G; = j*F;,
1 <i < s, the ideal I, = (G1,...,G,) satisfies Hy, = Hp, and K{x}/I, is Cohen-
Macaulay with dimK{z}/I, = n — k.

Proof. By Proposition 3.1.1, after a generic linear change of coordinates in K", the

diagram 91(/) has a vertex on each of the first & coordinate axes in N". It follows
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that K{x}/I is K{Z}-finite, and hence K{Z}-flat (Remark 3.1.2). Therefore, by

Proposition 2.4.11 and Remark 2.4.12, there exists [ > 1 such that for the linear form

k n
ABY =D B+ > 15,
=1

j=k+1
we have
MNa(I) = N(I(0)) x N7,
We can extend the given set of generators {F},..., Fs} by power series Fyyq,...,
F, € I such that the collection {F}, ..., F,.} contains representatives of all the vertices

of My(1). Since [ is generated by {F1,..., Fi}, there are H! € K{x} such that

S

Fs+p:ZHqu, p=1,...,r—s.
g=1
Then, {F1,..., F.} is a set of generators of I and a standard basis of I relative to A
(Corollary 2.4.8). Fori,j € {1,...,7}, i < j, let S;; = S(F;, F}) denote the s-series
of the pair (F}, Fj). By Theorem 2.5.5, there exist Q% € K{z}, i,5,m € {1,...,7},
such that

r

Sij = Z QWE, and exp,S;; < min{exp, (QWF,,) :m=1,...,7}.

m=1

Recall that, for all 1 <i < j <r, there are monomials P, ;, P;; € K[z|, which depend

’]’

only on the initial terms of F;, F};, such that S; ; = P, ;F; — P;;F;. Consider a system

Py j(@)yi — Pji(w)y; — Z 2 Ym = 0
m=1

: (3.2.1)
Yst+p — Z wqu =0
q=1

of (g) + 7 — s polynomial equations in variables y = (y1,...,4,), 2 = (2%, ..., 277 ")

»r
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and w = (w;,...,ws

» HPr—s

). The system has a convergent solution {F;,Q.7, Hi}, and
hence by Theorem 2.6.2, for every p € N, an algebraic power series solution {G;, R/, K g}
with j*G; = j*F;, j*RY = j#Q% | and JHK] = g'H] for all i, j,m,p,q.

Let now g = max{A(exp, Q%) + AlexppF)) : 1 <i<j<r1<m<r} and
fix y1 > p19. Then, for any algebraic solution {G;, Rj;/, Ki} to (3.2.1) which coincides
with {F}, Qy/, Hi} up to degree u, we have S(G;, G;) = P, ;G; — P;;G; and

S(Gi,Gy) =Y  RiGp,

m=1

with exp,S(G;, G;) < min{exp, (R G,,) :m=1,...,r}.

Hence the G; form a standard basis for the ideal I, = (G, ..., G,), by Theorem 2.5.5
again. In particular, the set {G,...,G,} contains representatives of all the ver-
tices of My (1) (see Remark 2.5.2(1)). Since, by construction, exp,G; = exp,F;
for all i, it follows that 9a(1,) = Na(L). Thus, Na(L,) = N(I(0)) x N** and so
K{z}/1, is K{z}-flat, by Proposition 2.4.11. Note also that I, is, in fact, generated
by {G1, ..., G}, since the remaining generators Gy, 1, ..., G, are combinations of the
former, by (3.2.1).

The equality of diagrams 9z(/,) = MMa(/) implies, as in the proof of Theo-
K

ey, K

I+ (z)m I, + ()™

I,N(z) = 1, (z), by K{z}-flatness of K{z}/I,. The theorem thus follows from

rem 3.1.3, that we have dimg , for all m € N. Moreover,

Proposition 2.8.8. [

In contrast with complete intersections, the Cohen-Macaulay singularities are not,
in general, finitely determined. This can be shown using Becker’s s-series criterion,

as follows.
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Example 3.2.2. Let I be an ideal in K{z,y, 2z} generated by

Fi =218 Fy=vy°+y%2%*, Fy=a2%>+a2%"%".

Let N? be equipped with the standard ordering induced by lexicographic ordering of the
4-tuples (|B], B3, B2, B1)-
We claim that {Fy, F, F3} are a standard basis of I. Indeed, the s-series of pairs

(F1, F3) and (Fy, F3) are as follows:

5173 = ySFl — I'6F3 = (—Z4€Z)F1, 5273 = ZEQFQ — y2F3 = 0,

which are standard representations in terms of {Fy, Fy, F3}. The Sy, in turn, has
a standard representation in terms of Fy and Iy, because their initial exponents are
relatively prime (see [6, Thm. 3.1]). The claim thus follows from Theorem 2.5.5.

The diagram N(I) contains vertices on the first two coordinate axes in N>, namely
expFy and expFy, hence K{x,y, z}/1 is a finite K{z}-module. On the other hand, by
Remark 2.5.2(1), the only vertices of M(I) are the expF}, expFy, and expF3, which
all lie in N2 x {0}. Thus, by Proposition 2.4.11, K{x,y, z}/I is K{z}-flat, and hence
Cohen-Macaulay (Remark 3.1.2).

Let now p > 8 be arbitrary, and let

Gi=12% Gy=y" +y?2% (" + 2 %h(2)), Gs=2%y"+ 2?2,

where h(z) € K{z} is an arbitrary non-zero series with h(0) = 0. Then, j*G; = j"F;
for all i, but for the ideal I, = (G1,G2,GS3), the ring K{z,y, z}/1, is not Cohen-

Macaulay. Indeed, consider the s-series S(Ga, G3). We have

S(Gy, Gs) = 272Gy — y*G3 = x2y22“’2h(z) ,
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and hence x*y* is a zero-divisor in K{z,y, 2}/I, regarded as a K{z}-module. Thus,
K{z,y,2}/1, is not K{z}-flat, and hence not a Cohen-Macaulay ring, by Remark 3.1.2

again.

3.3 Zariski equisingularity and Varchenko theorem

In this section we recall a result of Varchenko on topological equisingularity of al-
gebraically equisingular families. This is a central tool in the proof of Mostowski’s
theorem.

Let V' be a complex analytic hypersurface in a neighbourhood U of the origin in
C' x C", and let T = V N (C' x {0}). Suppose there is, for every 0 < i < n, a

distinguished polynomial

Pi
Fi(t, zp) = 27" + Z ai—1,5(t, Ti-1)ai"
j=1

where t € C', ) = (21, ...,2;) € C', a;_1; € C{t, z;_1}, all such that the following

hold:
(1) V= F10).
(2) a;;(t,0) =0, for all i, j.

(3) Fioa(t,zp—qy) = 0 if and only if Fi(t, x;_1],2;), regarded as a polynomial in z;

with (t,2};_1)) fixed, has fewer roots than for generic (¢, z};_1]).

(4) Either Fj(¢,0) = 0 or F; = 1, and in the latter case Fj, = 1 for all k& < ¢ by

convention.
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A system of distinguished polynomials {F;(t, )} satisfying the above conditions
is called algebraically equisingular. Answering a question posed by Zariski [38],
Varchenko showed that algebraic equisingularity of a system {Fj(, z;)) } implies topo-

logical equisingularity of V' along T'. More precisely, we have the following.

Theorem 3.3.1 ([32, 33], cf. [12, Thms.3.1,3.2]). Under the above hypotheses, let
Vi=Vn{t} xC") and U, = UN ({t} x C"), fort € T. Then, for everyt € T,
there exists a homeomorphism hy : Uy — Uy such that hy(Vy) = V; and hy(0) = 0.

Moreover, if F,, = Gy ...G, is a product of distinguished polynomials in x,,, then

he(G7HO)N ({0} x C") =G H0)Nn({t} xC")  forall 1<j<r.

J J

3.4 Mostowski theorem with Hilbert-Samuel equi-
singularity

The goal of this section is to prove a strong variant of Mostowski’s theorem [22],
showing that every analytic germ X, C K{ can be arbitrarily closely approximated
by a Nash germ X, C K§ with the same Hilbert-Samuel function, and such that the

pairs (K™, X) and (K", X ) are topologically equivalent near zero.

Theorem 3.4.1. Let gq,...,9s € K{z} and let Xy C K be an analytic germ defined
by g1 = --- = gs = 0. Then, there exists po such that for all u > pg there are algebraic

power series §i, . .., Js € K(z) and a homeomorphism germ h : K{ — K§ such that:
(i) 7*gr = jlgr fork=1,...,s
(ii) If Xy is the Nash germ defined by 1 = --- = §, = 0, then Hyg o= Hxp

(iii) h(Xy) = Xo.
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Our proof of Theorem 3.4.1 combines the exposition of [12] with the Becker s-series
criterion (Theorem 2.5.5). We include the details of the argument for the reader’s

convenience.

3.4.1 Generalized discriminants

Let T'= (T, ...,T,) be variables. For j > 1, consider

A= Il @-m.

T1,e,Tj—1 k#l
kT i1

The A, are symmetric in variables 7', and hence each A; = A;(Ap,..., 4, 1) is a
polynomial in the elementary symmetric functions Ag = T3y --- T}, ..., Ap—1 = T1 +
-+ T,. We have: A polynomial X? + a, 1 X?~! + -+ + a; X + ag has precisely
p — j distinct roots if and only if Aq(ag,...,ap—1) = - = Aj(ag,...,a,_1) = 0 and

Aj+1(a0, ce ,CLp_l) 7é 0.

3.4.2 Construction of a normal system of equations

Let g1,...,9s € K{z} and let I := (g1,...,9s)-K{xz}. After a generic linear change
of coordinates, if needed, all the gr become regular in variable x,,. We may thus,
without loss of generality, assume that each g is a distinguished polynomial in x,.

That is,

Tk
gr(x) = 2 + Z U1k, j (Tpn)) Tt 7, (3.4.1)
j=1

where An-1k,; € K{JZ[R_H} and an,lyk,j(()) = 0.
The coefficients a,_1 1 ; can be arranged in a row vector a,— € K{zp,_1}", where

Pn = Y Tk S€t fn = g1---¢gs. Then, the generalized discriminants A,,; of f, are
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polynomials in a,,_;. Let j,, be such that
Ay (1) =0 fori < j,,

and A, j, (an—1) # 0. Then, after a linear change of coordinates xp,_1), we may write

Pn—1

An,jn(an—l) :un—l( [n 1] pn 1 + Zan 2 x[n 2] pn 1 ])7

where u,,_1(0) # 0, and for all j, a,,—2;(0) = 0. Set

Pn—1

. Pn—1 pnl]
n—1 = Tp_ +§ an2] n2] )

and denote the vector of its coefficients a,—s; by a,—2 € K{zp_o 1. Let j,— be
such that the first j,_1 — 1 generalized discriminants A,,_;; of f,_1 are identically
zero and A, _;; , is not. Then, again, we define f,_s(xp,_g) as the distinguished
polynomial associated to A,_; j, ,, and so on.

By induction, we define a system of distinguished polynomials f; € K{z_1}[z],

1=1,...,n—1, such that
pi ‘
fi=al"+Y ai (@)
j=1

is the distinguished polynomial associated to the first non identically zero generalized

discriminant A1y, (a;) of fiyi:

Pi
Ai+1,ji+1 (CZZ) = Ul(l‘[l])(l’? + Z ai_m(x[i,l])xfi_]) s 1= O, e — 1, (342)

j=1

where, in general, a; = (a;;1, ..., @ip,,,). Thus, the vector of functions a; satisfies

Ai-i-l,k’(ai) =0 for k< ji+17 1 =10, N 1. (343)
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This means in particular that
Ay p(ag) =0 fork <y and Ay (ao) = uo,
where ug 1s a non-zero constant.

3.4.3 Incorporating a standard basis

Consider now the diagram of initial exponents 91(I) of the ideal [ in K{z} (with re-
spect to the linear form A(5) = || on N). We can extend the given set of generators
{g1,...,9s} by power series gs.1,..., g, € I such that the collection {g,...,g,} con-
tains representatives of all the vertices of D¥(). Since [ is generated by {g1, ..., s},

there are hf € K{z} such that

gs+P(x) = Z hg(@") ’ (x:zq + Zan—lﬂbj('r[nl])x;q_j) ) (344)
q=1

J=1

forp=1,...,r —s, by (3.4.1).
Now, {g1,...,9,} is a set of generators of I and a standard basis of I (Corol-
lary 2.4.8). For 4,5 € {1,...,r}, i < j, let S;; = S(gi, g;) denote the s-series of the

pair (g;, ;). By Theorem 2.5.5, there exist v/ € K{z}, i,j,m € {1,...,r}, such that
Sij = Z VI G and expS;; < min{exp(viig,) :m=1,...,t}. (3.4.5)
m=1

Recall that, for all 1 <+4¢ < j <r, there are monomials P, j,

P;; € Klz], which depend
only on the initial terms of g;, g;, such that S; ; = P, ;g; — P;,g;. Therefore, the vfﬁj,

hi, and a,_4; satisfy the following system of (72") polynomial equations

P j(x)g: — Pra(w)g; = > vidgm =0, 1<i<j<r, (3.4.6)
m=1
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in which the hf and a,4; are present via (3.4.1) and (3.4.4). We will denote the
vector of functions v% by v € K{x}r@, and the vector of hf by h € K{z}*"=%, to

simplify notation.

3.4.4 Approximation by Nash functions

Consider (3.4.2), (3.4.3), and (3.4.6) as a system of polynomial equations in a;(xp;),
u;(zp)), v(x), and h(x). By construction, this system admits a convergent solution.
Therefore, by Theorem 2.6.1, there exist a new set of variables z = (z,...,2;), an
increasing function 7 : N — N, convergent power series z;(x) € K{z} vanishing at
zero, algebraic power series U;(xp), 2) € K<x[i], 21y ,zT(i)>, and vectors of algebraic
power series a;(x},2) € K<xm,zl, . ,zT(i)>pi, Oz, z) € K(x,zy(;), and iL(Z‘, z) €

K(z,z)*""* all such that the following hold:
(a) z1(x), ..., 25 (x) depend only on variables ) = (z1,...,2;)
(b) (), 2), ai (v, 2), 0(x, 2), h(z, z) are solutions of (3.4.2), (3.4.3), and (3.4.6)

(c¢) The convergent solutions satisfy:

ui(zp)) = Ui (2, 2(2))s ai(zp) = @iy, 2(2p)), v(r) = 0(z, 2(x)), and h(z) =

h(z, z(x)).

3.4.5 Proof of Theorem 3.4.1

Let g1,...,9s € K{z} and let Xy C K be an analytic germ defined by ¢; = -+ =
gs = 0. Suppose first that K = C.

Let gop1(2),...,9-(x), ui(z), ai(ry), v(x), and h(x) be as in Sections 3.4.2
and 3.4.3. Set

po i= max{|exp(vi))| + |exp(gn)| : 1 <i<j<r1<m<r},
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and fix p > po.

Let z(z) € C{xz} be the convergent power series, and let w;(zp, 2), Gi(zp), 2),
d(z,z), and h(z, z) be the (vectors of) algebraic power series constructed above. To
simplify notation, we will write z¥(z) for z;(z) — j#z;(x), where as before j*z/(z)

denotes the pu-jet of z; as a power series in variables x.

For t € C, we define

Fo(t,x) =[] Gi(t.2),

where

Tk
Gr(t, ) =2+ 1k (Tpn1), 72 (@) + 2 (2p0))) 2 (3.4.7)

J=1

and

Fi(t,x) =2 + i Qi1 j(xp-1), j* 2 (o) + ti“(z[i,l]))-xfi_j , i=1,....n—1.
j=1
Finally, we set Fy(t) = 1. Now, since 4;(0,0) = 4;(0,2(0)) # 0, ¢ =1,...,n— 1, it
follows that the family {F;(t,z};)} is algebraically equisingular (with |t| < R, for any
R < o0).

Set gx(z) == G(0,z), and let X, be the Nash germ in Cp defined by g1 = -+ =
gs = 0. Note that g = Gx(1,2), k = 1,...,s. Therefore, by Theorem 3.3.1, there is
a homeomorphism germ A : €' — C2 such that h(X,) = Xo.

By construction, we have j*g, = j#gr for k = 1,...,s. Finally, as in the proof
of Theorem 3.2.1, observe that the collection {gi,...,gs,..., -} forms a standard
basis for the ideal I, that it generates (by (3.4.5)). In particular, the set {g1,...,9,}
contains representatives of all the vertices of the diagram (1) (see Remark 2.5.2(1)).
Since, by construction and the choice of pg, we have exp(gr) = exp(gx) for all k, it

follows that 9(1,) = 9U(I). Hence, Hg ; = Hx, by Lemma 2.8.3. Note also that I,
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is, in fact, generated by {gi,...,§s}, since the remaining generators gsy1,...,J, are

combinations of the former, by (3.4.4). This completes the proof in the complex case.

The real case follows from the complex one, since by [32, §6], if the distinguished

polynomials F; of Section 3.3 have real coefficients, then the homeomorphism A con-

structed in Varchenko’s Theorem 3.3.1 is conjugation invariant. O]

Remark 3.4.2. We note the following:

(1)

(2)

(3)

(4)

A parameterization such as F,(t,z) of a power series is referred to as an un-

folding (see [15, Section 11.1.2]).

By [15, Corollary I1.1.6, Proposition I1.1.7] the unfolding of f, in the proof of
Theorem 3.4.1, given by F,(t,z), defines an analytic deformation of the hy-
persurface defined by f, = 0. Also, in the case when the germ Xy is complex
analytic and a complete intersection and the g; are a minimal set of defining
functions, the unfoldings G;(t,x) define a deformation as well, and in this case
one can easily see that the deformation is equisingular both topologically and in

the sense of the Hilbert-Samuel function.

In general, any unfolding of the defining functions of a complex analytic germ
which is not a complete intersection does not define a deformation (see [15,

Ezample 11.1.7.1]).

It is an open question whether the particular unfoldings G;(t,z) arising in the
proof of Theorem 3.4.1 always define deformations of the germ X, even when

it 1s not a complete intersection.
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A look ahead

This section explores work that is a continuation of the main results of this thesis and
points to possible future directions of research. There are two main threads that can
be followed. One is the approximation of germs of flat analytic mappings. This has
potential applications to deformation theory. The second one concerns exploration

into the problem of equiresolution.

4.1 Approximation of flat maps from Cohen-Macaulay
germs

This section begins with a result that builds upon previous work by Adamus and
Seyedinejad [2, Theorem 4.9]. In [2] the authors prove that an analytic flat map
from a complete intersection is finitely determined, that is, by taking sufficienly large
jets of the functions defining the map we can obtain approximations to it that are
flat as well. Subsequently, they asked whether this could be extended to flat maps
from germs of analytic spaces whose local rings are Cohen-Macaulay. The Cohen-
Macaulay case is interesting because in the context of complex analytic spaces the

Cohen-Macaulay case is well understood geometrically - for analytic maps from germs

o4
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of complex analytic spaces to euclidean germs, flatness is equivalent to openness [14,
Proposition 3.20]. The work in this section appears in the preprint [26].
In what follows we show first that finite determinacy can be extended to the case

of flat maps from germs of analytic spaces whose local rings are Cohen-Macaulay.

Theorem 4.1.1. Let X be a K-analytic subspace of K™. Suppose that 0 € X and
the local ring Ox is Cohen-Macaulay. Also, let ¢ = (¢1,...,¢0m) : X — K™ with
#(0) = 0 be a K-analytic mapping which is flat at 0. Then there exists py € N,
such that for every p > ug every mapping v = (U1, ..., %) : X — K™ satisfying

jHe = M) is flat at zero.

Proof. Let dim Oxy = n — k. Suppose that Oxo = K{z}/I and I = (F,..., Fy).
Further, let J be the ideal in K{x} generated by ¢1, ..., ¢,,. Then by Theorem A.0.6,
dimK{z}/(I +J) =n — (k+m). Up to a generic linear change of coordinates this
is equivalent, by Proposition 3.1.1, to the condition that 91(I + J) has a vertex on
each of the first £ + m coordinate axes. Suppose that Gi,...,Grrp € [ + J are

representatives of these vertices. Then we have Q! € K{z} such that,
Gi=D QFy+ ) Qe
p=1 q=1
For all sufficiently large 1 we have,
expj*G; = expG; (4.1.1)

and,

FGi=3" QL+ QL")
p=1 q=1

Now suppose that ¢ = (¢1,...,%n) : X — K™ is a mapping such that j*¢, = j ¢,
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for g =1,...,m. We then have,
Gy = j* ZQ’F +ZQs+qﬂ¢q :

Therefore, by (4.1.1), we may conclude that for all sufficiently large u, (I + J),
where J is the ideal in K{z} generated by 91, ..., 1, has a vertex each of the first

k + m coordinate axes. By Proposition 3.1.1 this implies that,
dim K{z}/(I +J) < (n — k) —m.

But we have dim K{z}/(I +.J) > (n — k) —m because J has m generators, therefore,
dimK{z}/(I + J) = n — (k +m). Theorem A.0.9 then allows us to conclude that
= (U1,...,%y) is flat at zero. O

Flat maps from germs of real or complex analytic spaces are central to defor-
mation theory. In this context, it is of interest to know if analytic flat maps can be
approximated by maps that are Nash in such a way that algebro-geometric properties
of the special fibre are preserved. This is of interest because if we are approximating
deformations of analytic spaces we would like the approximant to belong to the same
class, which is usually determined based on properties of the special fibre. Using
Theorem 3.2.1, we can prove that there exist Nash flat approximations to flat maps
whose domains are germs of analytic spaces with Cohen-Macaulay local rings, which

preserve the Hilbert-Samuel function of the special fibre.

Theorem 4.1.2. Let X be a K-analytic subspace of K™. Suppose that 0 € X and the
local ring Ox ¢ is Cohen-Macaulay and that Ox g = K{z}/I where I = (F},...,F}).
Also, let ¢ = (1, ..., 0m) : X = K™ with ¢(0) = 0 be a K-analytic mapping which

18 flat at 0. Then there exists pg € N, such that for each p > g there exist:

(a) A Nash, Cohen-Macaulay germ Xy C K" with Oxo = K{z}/I, where I =
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(Gy,...,Gs), for some G; € K(x) that satisfy j*G; = j*F; for all i, such that
H; = Hy.

(b) A Nash map ¢ = (¢1,...,) : X — K™ which is flat at 0 with j*¢; = jp; for
all i, such that if J = (¢1,...,¢0m) C K{z} and J = (V1,...,Um) CK{z}, then

Hpyy=H;, ;.

Proof. Suppose that Ox o = K{z}/I and I = (F7,...,Fs). We proceed exactly as in

the proof of Theorem 3.2.1 to establish the following:

(1) After a generic linear change of coordinates in K" there exists [; > 1 such that

for the linear form

k n
MB) =D Bi+ > hp;,
i=1

Jj=k+1
we have
Na, (1) = Dy x N for some D; C N¥. (4.1.2)
(2) We may extend {F7,..., Fs} by power series Fy,1,..., F, € I such that the
collection {Fy, ..., F,.} contains representatives of all the vertices My, (). Since

I is generated by {F1, ..., Fi}, there are H? € K{z} such that
Fs+p:ZHqu, p=1,....,r—s.
q=1

(3) By Theorem 2.5.5, there exist Q% € K{z}, i,j,m € {1,...,r}, such that

T

Sij = Z QY F, and expy,Si; < min{eprl(Qi;me) cm=1,...,r}.
m=1
Let J = (¢1,...,¢m) € K{z}. The flatness of ¢ implies that the representatives of
®1, ..., Om form a regular sequence in K{z}/I. By Theorem A.0.6 the ring K{z}/(/+

J) is Cohen-Macaulay with dimension dim(K{z}/I) —m = n —k —m. Therefore, as
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in (1), after a generic linear change of coordinates in K" there exists ls > 1 such that

for the linear form

k+m n
MB) =D B+ D, bb;,
i=1 Jj=k+m+1
we have
Np, (I +J) = Dy x N5 for some Dy C NFt™. (4.1.3)

Since generic linear changes of coordinates form an open dense subset of the space
of all linear changes of coordinates, and both the coordinate changes made above are
generic, we can, in fact, chose one change of coordinates for which both (4.1.2) and
(4.1.3) hold.

Now, we observe that I + J = (Fi,...,Fs,¢1,...,¢m). We may extend the set
of generators of this ideal by ¢,,41,...,¢;, such that Fy, ... Fs ¢1,...,¢; form a

standard basis for I 4 J with respect to As. We then have [:Ig € K{z} such that
¢m+p:ZHqu+ZHg+S¢q’ p:l”l_m
q=1 q=1

Let S\ = S(F,Fj) for 1 <i < j <s, S = 8(F,¢) fori € {l,...,s}, j €
{1,...,1}, and SZ-(E-) = S(¢;,¢;) for 1 < i < j < [ be the s-series with respect to
the ordering induced by A;. We may now apply Theorem 2.5.5 to conclude that
there exist: Qb Qb Qb e K{x} with index ranges 1 <i < j <s, i€ {1,...,s},

je{l,...,l},and 1 <i < j <[ respectively, such that

s l
S =" QHF,+ Y Qi om
m=1 m=1

s

l
Eﬁ? :ZEE:(?ZgP%L+’§£:(Q%QS m
m=1

m=1
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and

Z Qi Fon + Z Qs

In the above equations we have eXpAQSi(;-) < min{ey, e}, eXpAQSi(? < min{fi, fo},

and eXpA2S( < min{gy, go} where,

e; = min{expy,(Q%F,) :m=1,...,s},
e2 = min{expy, (G, 6m) im0 = 1,...., 1),
fi= min{eXpM(Qi’me) :m=1,...,s},
fo = min{expy, (@l dm) :m =1,..., 1},
g1 = min{eXpM(Qi’me) :m=1,...,s},

Z?]

g2 = min{exp, (Q),, &m) :m=1,...,1}.

Now, there are monomials P, ;, P;;, P\, PV P P(?) P® P such that

’Lj) ]Z’ 1,] 7 7,00 1,J 7,0 ) 1,7 ’Lj

Further, these monomials only depend on the initial terms of the Fj, ¢, involved on
the right hand sides of the above equations taken with respect to the appropriate or-

dering (i.e., the one induced by Ay, or Ay). We now consider the following system of

equations in variables y = (y1,....%), 2 = (1%, ..., 207 V), w = (wl,...,w'_,),
g= @), 2= (B0 20 T = o) 2= (BB, 2=
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Py j(@)y; — Z 2l ym =0
Pz(,;) (m)yz Z z 7Jym Z Zm+sgm -
2 (2 _ _
R€])<I>yl - P](,z)(x)y] - Z Z Jym Z m+sym =0
! (4.1.4)
ys+p Z wpyq

ys+p Zw Vg — Zw‘”s =0

This system has a solution in convergent power series { F;, Q7, Q47, Q7 HS, ¢, )i H K38

m

and hence by Theorem 2.6.2, for every u € N an algebraic power series solution

{Gi, R, R Ri| K9 4p;, RiJ, K9} such that

Gy = j'F;
JRY = 5"Q]
JRY = 51y
Ry = 3"
JRy = QN

JHhi = 3"

for all allowable values of the indices.
Taking o sufficiently large, so as to satisfy all the inequalities on the initial
exponents with respect to both orderings (i.e., the ordering corresponding to A; and

the one corresponding to Ay) we can conclude, as in the proof of Theorem 3.2.1, the
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following;:

(1) The analytic germ X, with local ring K{:zc}/f where [ = (Gy,...,Gs) is Cohen-
Macaulay and has the same Hilbert-Samuel function as X,. This is by an

argument in terms of the ordering corresponding to A;.

(2) If J = (41, ..., %) then K{z}/(I + J) is Cohen-Macaulay and (I + J) has the
same Hilbert-Samuel function as (/4 .J). This implies that dimK{z}/(I+J) =
dim K{z}/(I+J). This is by an argument in terms of the ordering corresponding

to AQ.

Point (2) above allows us to apply Theorem A.0.9 to conclude that the map ) : X —
K§ defined by ¢ = (11, ..., 1y,) is flat at zero. ]

In the case when the germ X is already Nash, we have the following corollary,

Corollary 4.1.3. Let X be a K-analytic subspace of K". Suppose that 0 € X, X is
a Nash germ, the local ring Ox o is Cohen-Macaulay, and that Ox o = K{z}/I where
I =(F,...,Fy). Also, let ¢ = (¢1,...,0m) : X — K™ with ¢(0) = 0 be a K-analytic
mapping which is flat at 0. Then for some pg € N, and each p > g there is a Nash
map ¥ = (Y1, ... 0y) : X — K™ which is flat at 0 and such that j*¢; = j*b; for all
i. Further, if J = (¢1,...,6m) C K{z}, and J = (1, ..., ¥n) C K(z) C K{z}, then

we have Hyy; = H; ;.

In this case there is no need to approximate the generators of I because they are
already algebraic power series. They appear as coefficients in the system of equations
for approximating ¢. As in the proof of Theorem 4.1.2, Theorem 2.6.2 will yield the

required approximating map .

Remark 4.1.4. In the proof of Theorem 4.1.2 the system of equations that we are
applying Theorem 2.6.2 to has coefficients that are polynomials in x so, in a sense,

we are not using the full strength of the theorem. This is not true for Corollary 4.1.35.
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4.2 Equisingular deformations

As stated in Remark 3.4.2, it is an open question whether the unfoldings G;(t, x) of
the defining functions g; of Xy in the proof of Theorem 3.4.1 in Section 3.4.5 define a
deformation in the case when X is not a complete intersection. If this is indeed the
case, then this would be a deformation that would be both topologically equisingular
and equisingular in the sense of the Hilbert-Samuel function. Further, the proof
of Theorem 3.4.1 would imply that there is a collection of such deformations, one
associated to each yu > po and preserving the u-jets of the defining functions of Xj.

This remains an avenue for future work.

4.3 Equiresolution

In this section we point to a potential approximation result that is closely connected
to the resolution of singularities of an analytic space.

Hironaka’s Desingularization theorem [16] is an extremely important result in
singularity theory. This was subsequently extended to analytic spaces in [17, 18].
Subsequently, several alternative proofs and formulations of the result have been
published [10, 37, 34] with the aim to simplify the method of proof used by Hironaka,
underscoring the fact that it remains a pivotal result in the field. In this section we
follow the notation and language used in [10], specifically [10, Theorem 1.6], which is
equivalent to [16, Main Theorem IJ.

Let X C K" be a compact reduced analytic space. We are making these assump-
tions to simplify the following exposition (see Remark 4.3.1). Hironaka’s Desingular-
ization Theorem states that we can find a finite sequence of blowups o; of the ambient
space, for ¢+ = 1,...,p, with non-singular centers C;_; that resolve the singularities of
X,

o Op—1|X.
X plxp p—11x, 4 02|X2\ 0'1|X1\

p T Xp—l > ... ? X1 > XO =X (431)
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where the X; denotes the strict transform of X;_; by o;, and X, is smooth. We
denote by E; the set of exceptional hypersurfaces, that is, £ is the set of the strict
transforms of H € E;_; together with aj_l(Cj_l). It is important to emphasize here
that unlike in the rest of this thesis X does not represent the germ of X at 0, instead
it represents an integer subscript. Further, [10, Theorem 1.6] states that C; C SingX;
if X; is singular or X; N E; if X is smooth and that the X, and E, have only simple

normal crossings.

Remark 4.3.1. (i) For non-compact analytic spaces, the sequences of blow-ups for
resolving singularities by Hironaka’s Theorem will be locally finite instead of
finite. Since all our considerations in this thesis are local in nature, little is lost

by making this assumption.

(ii) The statement of Hironaka’s Theorem becomes slightly more complicated in the
non-reduced case. A development of the concepts required to incorporate this
more complicated statement would represent a significant excursion into con-
cepts that would have limited relevance to the main exposition in this section.
We refer the reader to [10, Theorem 13.4] for a very general version of Hiron-

aka’s Theorem.

A detailed development of the general notion of blowups, and strict transforms
that are central to Hironaka’s resolution of singularities is beyond the scope of this
thesis, and we refer the reader to [10] for this. That said, it is instructive at this
juncture to explicitly present the equations defining the blowup of K™ with center

given by a coordinate subspace, say, C' = {z € K"|zj41 = -+ =z, = 0}.

Definition 4.3.2. Let P"*~1 be the projective space of dimension n —k — 1 over
K, and let (upyy @ -+ : uy) be projective coordinates on P" %=1, The blowup K" of

K™ with center given by {(z1,...,2,) € K" xg1 = -+ = z,, = 0} is the subset of
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K™ x P"*=1 defined by the following equations:

wir; = ujx; fori,j=k+1,...,n.

with the blowup map o : K™ — K" given by the restriction of the natural projection
7K x Pkl s K to K7
We can use local charts to cover P"~#~1 and arrive at local description of K™ and

o: K" — K" Forj e {k+1,...,n} we set U; = K" and define a glueing map

between any two such charts U; and U; as follows,

z; — x;/x; forie{k+1,...,n}\ {4}
rj — 1/x,
T o X,

T, = X forie{l,...,k}

This defines the variety K. We may now define the morphism o : K" — K=
by specifying it explicitly in the charts U;. That is, by maps, ¢/ : K" — K" for

j=k+1,...,n, defined as follows,

r, — x;, forie{l,...;k}Uj,

v, — wzx; forie{k+1,...,n}\ 7

We see from this that locally a blowup is a quadratic map.

Now returning to Hironaka’s resolution of singularities, the smoothness of the
centers of the blowups in (4.3.1) implies that locally there exists a system of coordi-
nates in which each Cj is a coordinate subspace. That is, C; is locally analytically

isomorphic to {z € U C K"|xy4y1 = -+ = x,, = 0} for some neighborhood U of 0,
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and some k. If we make these coordinate changes explicit, then from (4.3.1) we have

Uo, Uy, ..., U, such that,

o'p|XpﬁUp Op— 1|Xp 1NUp—1 02|X20U2 1|X1r‘|U1

XpﬂUp E— Xp 1mUp 1 — > e XlﬂUl XoﬂUo (432)

where Up is a sufficiently small neighborhood of 0 in K", U; = o; '(U;_;) for i =
1,...,p, and 0|y, = &; o ¢;|y, where ¢; : K" — K" is an analytic map representing
the change of coordinates and &; is a blowup of the ambient space with center given
by a coordinate subspace.

Now, by Theorem 3.4.1 there exists a homeomorphism h defined on a sufficiently
small neighborhood of zero in K™ such that, restricting Uy if necessary, ho(XoNUy) =
Xo N h(Uy), where X, is an analytic space whose germ at 0 is Nash. A question
that is of interest is whether we can find 6; = ¢ o g&», where ggl are Nash morphisms

that approximate the ¢;, and homeomorphisms h; such that the following diagram

commutes,
Up\xpnup op—1lx,_ mUp 192/ X500, a1lx;nuy
X,nU, 228 x oy, S R v A, P X N T
lhp\xpnup lhp tlx, nu,_ l’nlxlmul lhlxonuo (4.3.3)
P|Xpmvp Op— 1|Xp 1NVp— o 21Xonvy o ‘levl

where V; = h;(U;). An affirmative answer to this question would tell us that, up
to homeomorphism, in the sense of Hironaka’s resolution, analytic singularities are
locally Nash.

We expect that obtaining an answer to this question will be a challenging endeavor.
As a first step, it is logical to consider a simpler problem. We assume that we have
a homeomorphism h between X NU and Xn V', where U is a small neighborhood of
the origin in K™ and V' = h(U), such as the one we get from Theorem 3.4.1, and that

the coordinate changes required to align the first blow-up in the sequence required for
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desingularization of X and X, with a coordinate subspace have already been made.
Then we may ask whether we can find a map H that is a homeomorphism near the

origin in K" such that the following diagram commutes,

X, U, 0% x A v
lH|Xmep lh\me (4.3.4)
6‘X1WVI

Obviously a negative answer to this question would imply a negative answer to
the more challenging question we posed before.

The most promising line of attack for obtaining H from (4.3.4) is based on a recent
paper [25], in which the authors prove that the homeomorphism A in Theorem 3.4.1
can be chosen to be arc-analytic and subanalytic. These classes of maps have many
nice properties and are of much importance in real analytic and algebraic geometry
(see [20], [8], [9]). It is possible that these much stronger properties can be used to

show that A lifts through the blowups in (4.3.4).

4.4 Simultaneous topological equisingularity of res-
olutions

In this section we shall outline another possible avenue of future research. In order
to keep the exposition simple we shall describe our objective for the case of a single
blowup as in the last part of the previous section. Once again, for simplicity of
exposition, we assume that X is a reduced and compact analytic space in K". Suppose
the germ of X at zero defined by equations {f; = --- = fx = 0} where f; € K{z}.
We see from Definition 4.3.2; that the blowup X; of X with center given by C' = {x €

K"|z,4 1 = -+ = x, = 0} is an analytic space in K" x P"~"~! defined by the following
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equations,

fi = 0 fori=1,...,k (4.4.1)

wr; = ujz; fori,je{r+1,...n}. (4.4.2)

Since we are only interested in local considerations, by choosing a chart for P71
we can consider this to be an analytic space embedded in K® x K""~!. Now we
may ask if we can find a topological map H : K® x K="~ — K" x K* ! that is a
homeomorphism in some neighborhood of the origin U such that H(X,;NU;) = X 1NVi
where V; is a neighborhood of the origin in K" x K*~"~! and X is the blowup of an
analytic space X in K™ whose germ at the origin is Nash and which approximates X.
Further, if we set S := {(z,u) € K* x K" !y = 0} and identify (X x K*""1)n S
with X, and (X x K"="=1)N S with X, we may also impose the additional condition
on H that H|g(XNU) = XNV where U and V are open neighborhoods of the origin
in K x {0}

This would give us something that can best be described as simultaneous (local)
topological equisingularity of X and X and their blowups. It is important to note
at this point that H and H|gs may not necessarily commute as H and h do in the
diagram (4.3.4). Suppose we have (Z,u) € X; and that we are working in the chart
corresponding to u, # 0. Further, let H = (Hy,...,H,, H, 4,...,H), ;). Then,

working around one leg of the commutative diagram (4.3.4) we have,

(T, u) = (@1, o, Tpy U1 Ty« o U 1Ty Ty U1, - - -, Up—1)  fOr sSOmMeE 24, u; € K.
(4.4.3)
o(z,u) = (T1, ooy Ty Up 1Ty« ooy Uy 1Ty, Ty) (4.4.4)

This point is then identified with (Z,0) = (21, ..., Ty, Ut 1Tp, -+« , Up—1Tp, Tp, 0, ..., 0) €
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K" x K*"~!. Then we have,

H((7,0) = (H.\(7,0), ..., Hu(%,0),0,...,0) (4.4.5)

Now, going around the other leg of the commutative diagram we observe,

H(z,u) = (Hi(Z,u),...,Hy(Z,u), H  (Z,u),...,H,_(Z,u)) (4.4.6)

o(Hy(,0), . .., Ho(3, 1)) = (Hy(Z,), . .., Ho (3, 1)). (4.4.7)

This point is then identified with (H(Z,u), ..., H,(Z,u),0,...,0) which need not be
the same as (H1(Z,0),...,H,(Z,0),0...,0).

One possible way of approaching this problem is to follow an approach that is
similar to the one used in Section 3.4. The most direct approach would be to construct
a normal system of equations starting with an initial product f consisting of the
generators of X (i.e. f;) along with additional factors required to define the blowup
(4.4.2). The hope is that, we can proceed as in Section 3.4 and apply Theorem
3.3.1 to get the required homeomorphism. There is, however, an obstacle to using
a simple modification of the technique in Section 3.4. This is the fact that in the
step in Section 3.4.4 where the approximation theorem (Theorem 2.6.1) is applied,
the statement that we are pursuing would require the approximations to the f; to be
independent of the variables u = (uy41,...,u,), and this, in turn, would violate the
nestedness requirement on the dependencies that is present in Theorem 2.6.1.

The problem of Artin’s approximation with restrictions on the variable dependen-
cies is referred to in some literature as Artin’s approzimation with constraints (see
[29]). Due to an example by J. Becker [4], which shows that a similar statement
where the dependencies are disjoint is false, there is a reason to suspect that ob-

taining a version of Artin’s approximation theorem with the constraints required for
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the approach outlined above to succeed may be impossible. That does not preclude,
however, the existence of algebraic power series solutions to the particular system
of equations that is relevant to our considerations, and the proof of this existence is
likely to be a fundamental component in a successful endeavor to obtain the weaker

result that we describe in this section.
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Appendix A

Miscellaneous concepts from local

algebra

In this appendix we present certain definitions and theorems from local algebra. This
material may be found in any standard textbook on commutative algebra such as
[21]. In the remainder of this section (A, m) is a Noetherian local ring and M is a

finitely generated module over A.

Definition A.0.1. An ideal I of A is called a complete intersection ideal if I can be

generated by dim A — dim A/I elements of A.

Definition A.0.2. An analytic germ Xy in K{ is called a complete intersection singu-

larity if its local ring Ox o is isomorphic to K{x}/I where I is a complete intersection

1deal.
Definition A.0.3. A sequence ay,...,a; € m is called M-regular if a; is not a zero-
divisor in M and a;11 is not a zero-divisor in M /(ay,...,a;))M fori=1,... 01— 1.

Definition A.0.4. M is called Cohen-Macaulay when depth (M) = dim M, where
depth 4 (M) is the mazimum length of an M -regular sequence in m. A local ring A is

Cohen-Macaulay, when A is Cohen-Macaulay as an A-module.

5
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Definition A.0.5. An analytic germ Xy in K§ is called Cohen-Macaulay (or a

Cohen-Macaulay singularity ) if its local ring Ox o is Cohen-Macaulay.
Theorem A.0.6. Let xy,...,x, € ma, and M be a finitely generated A-module.

(1) Ifxq,...,x, is M-reqular then M is Cohen-Macaulay if and only if M/ (x4, ..., x,)

1s Cohen-Macaulay.

(2) Let M be Cohen-Macaulay, then the sequence x1,...,x, is M-reqular if and
only if dim(M/(xq, ..., x,)) = dim(M) — n.

Theorem A.0.7. (Nakayama’s Lemma) Let I be an ideal in A, and M a finitely
generated module over A. If IM = M then there exists an r = 1(mod[l) such that

rM = 0.
Remark A.0.8. Theorem A.0.7 is also valid when the ring A is not a local ring.

We shall also have occasion to use the following result regarding flatness ([15,

Theorem B.8.12)).

Theorem A.0.9. Let ¢ : A — B be a morphism of local rings with A regular and
M a finitely generated B-module. Let x1,...,x45 be a minimal set of generators of
the mazimal ideal of A, ma, and f; = ¢(x;) fori=1,...,d. Then the following are

equivalent:
(1) M is A-flat.
(2) depth (M) = d, or equivalently depthg(msB, M) = d.
(3) fi,..., fa is an M-reqular sequence.

In particular, if B is Cohen-Macaulay, the ¢ is flat if and only if,

dim B = dim A + dim B/myB. (A.0.1)
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The following result is a consequence of the equivalence of (1) and (2) in the above

and the fact that flatness is equivalent to freeness for finitely generated modules.

Corollary A.0.10. Let M be a finitely generated module over a regular local ring A.

Then M is Cohen-Macaulay if and only if it is free.
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