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LYAPUNOV EXPONENTS OF PROBABILITY DISTRIBUTIONS
WITH NON-COMPACT SUPPORT

ADRIANA SANCHEZ AND MARCELO VIANA

ABSTRACT. A recent result of Bocker—Viana asserts that the Lyapunov ex-
ponents of compactly supported probability distributions in GL(2,R) depend
continuously on the distribution. We investigate the general, possibly non-
compact case. We prove that the Lyapunov exponents are semi-continuous
with respect to the Wasserstein topology, but not with respect to the weak*
topology. Moreover, they are not continuous with respect to the Wasserstein
topology.

1. INTRODUCTION
Let M = SL(2,R)Z and f: M — M be the shift map over M defined by
(@n)n = (Qng1)n-
Consider the function
A:M — SL(2,R), (an)n— o,
and define its n-th iterate by
A"((ag)k) = ap—1- - ap.

Given any probability measure p in SL(2,R), the associated Bernoulli measure
u = p? on M is invariant under f. Let L'(u) denote the space of u-integrable
functions on M. Assuming that log™ ||[A*|| € L'(u), it follows from Furstenberg-
Kesten [5, Theorem 2] that

1 1
Ay (2) = lim - log |A™(2)|| and A_(z) =lim - log ||A_"(:1:)||_1,

exist for p-almost every x € M. Furthermore, the functions z — Ay (z) are constant
on the orbits of f. Thus, by the ergodicity of the Bernoulli measure, they are
constant on a full g-measure set. We call these constants the Lyapunov exponents
of i, and we represent them as AL (p).

The way Lyapunov exponents depend on the corresponding probability distri-
bution p has been studied by several authors. Furstenberg, Kifer [6] proved that
this dependence is continuous at every quasi-irreducible point, that is, such that
there is at most one subspace invariant under every matrix in the support of p.
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Also under an irreducibility condition, LePage [7] proved Holder continuity of the
Lyapunov exponents.

More recently, Bocker and Viana [2] proved that continuity actually holds at
every point, in the realm of compactly supported probability distributions. Backes,
Butler and Brown [I] have much extended this result, to linear cocycles with invari-
ant holonomies, over hyperbolic systems with local product structure on compact
spaces. Moreover, still in the compactly supported case, Tall and Viana [10] proved
that Holder continuity holds whenever the exponents A_(p) and A (p) are distinct.
In general, when the exponents coincide, one has a weaker but still quantitative,
modulus of continuity, called log-Hélder continuity.

For much more on this topic, see Viana [0, Chapter 10], Duarte, Klein [4],
Viana [8] and the references therein.

The aim of this note is to study the (semi)continuity of the Lyapunov exponents
in the general case, when the support of the probability measure p is not necessarily
compact. Our main result reads as follows (Theorem 3] and Theorem provide
more detailed statements):

Theorem A. The function p — Ay (p) is upper semi-continuous for the Wasser-
stein topology but not for the weak™ topology. The same remains valid for p — A_(p)
with lower semi-continuity.

Regarding continuity of Lyapunov exponents we prove (see Theorem 1] for a
more detailed statement):

Theorem B. The functions p — Ai(p) are not continuous for the Wasserstein
topology.

Acknowledgements. We thank Mauricio Poletti and El Hadji Yaya Tall for
many helpful comments and suggestions.

2. WASSERSTEIN TOPOLOGY

Let (M,d) be a Polish space, that is a complete separable metric space. The
Wasserstein space is the space of probability measures on M with finite moments
of order 1, that is,

Py (M) = {u e P(M): /M d(zo, z)dp(z) < +oo} :

where x¢ € M is arbitrary and P(M) denotes the space of Borel probability mea-
sures on M. This space does not depend on the choice of the point xg.

* . * w
We use p, — 1 to mean convergence in the weak™ topology. Moreover, p, — p

will mean convergence in the Wasserstein topology, characterized by the following
definition (see Definition 6.8 in Villani [I1]):
Definition 2.1. Let (M, d) be a Polish space and (ur)ren be a sequence in Py(M).
Given any p € Py (M), we say that w, w if one of the following equivalent
conditions is satisfied for some (and then any) xo € M:

(1) p = p and [ d(wo,z)dpy () — [ d(zo, z)du(z);

(2) pr — p and

timsup [ d(eo,o)don (o) < [ dian. (o)

k—o0
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*
(3) pk — p and

lim limsup/ d(xo, x)dug(r) = 0;
d(zo,x)>R

R—0o0 koo

(4) For every continuous function ¢ with |o(z)| < C(1+d(zo,x)), C € R, one
has

[ @iz > [ el@duta).

Let (M, u) and (N,v) be two probability spaces. A coupling of p and v is a
measure ™ on M X N such that 7 projects to u and v on the first and second
coordinate, respectively. When p = v we call 7 a self-coupling.

If (M,d) is a Polish space, the Wasserstein distance between two probability
measures p and v on M is defined by

Wigeo) = nf [ dwgpana) (1)

where the infimum is taken over the set II(u, ) of all the couplings of p and v.
This distance metrizes the Wasserstein topology (see [I1, Theorem 6.18]):

Theorem 2.1. Let (M,d) be a Polish space. Then the Wasserstein distance Wi
metrizes the Wasserstein topology in the space Py(M):

Jirs LN w if and only of W (pg, ) — 0.

Moreover, with this metric Py(M) is also a complete separable metric space and,
every i1 € Py (M) can be approximated by probability measures with finite support.

This also implies that W7 is continuous on Py (M).

3. SEMICONTINUITY

It is a well-known fact that when the measures have compact support, the Lya-
punov exponents are semicontinuous with the weak* topology (see for example [9,
Chapter 9]). However, in the non compact setting this is no longer true. If they
were semicontinuous then every measure with vanishing Lyapunov exponent would
be a point of continuity. The next theorem shows that this is not the case.

Theorem 3.1. There exist a measure q and a sequence of measures (Gn)n On
SL(2,R) converging to q in the weak™® topology, such that Ay (qn) > 1 for n large
enough but Ay(q) = 0.

Proof. Define a function o : N — SL(2,R) by
v (o 0 B O'k_l 0
al2k—1) = ( 0 ‘71@_1) and «(2k) = ( 0 o
where (ok)x is an increasing sequence such that o7 > 1 and o — +00.
Let 1 = ¢” be a measure in M where g is the measure on SL(2,R) given by

q= Zpk5a(k),

keN

with > pr =1, 0 < pp <1 for all k € N.
The key idea to construct this example is to find py and oy such that log || Al €
L'(p) and satisfying the hypothesis above. Hence, consider 0 < r < 1/2 < s < 1,
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and [ = s/r > 1. Let us take o = el" for all k, which is an increasing sequence
provided that [ > 1.
For k > 2 take pog_1 = par = r*. Since 0 < r < 1/2 it is easy to see that

2
Zpk=22p2k=22r’“=217;T <1

k>3 k>2 k>2

We have to choose p; and pa such that > pr = 1. Then, it is enough to take

1 r2
= =—(1-2 .
P1=Dp2 2( 1_T>

We continue by showing that log ||A|| € L*(p). This is an easy computation,

/ log || Alldp = 2p2log oy + 22]9% log oy, = 2pal + 223’“.
M E>2 k>2

Since 0 < s < 1 this geometric series is convergent. More over, since pog—1 = pak
for all k& then Ay(q) =0.
What is left is to construct the sequence ¢,. Fix ng > 1 large enough so

% (1 — 9 ) > 7" for all n > ny, and consider g, = Y, qj0q(x) Where for n > ng

1-r
Bo= I
1 r?
5y o= —|1- ==
2 2( 1—7~)
gp = Dpx other case.

Thus, since g — pr when n — oo for all k, it is easy to see that g, converges in
the weak™ topology to q.

The proof is completed by showing that Ay (g,) > 1 for n large enough. It follows
easily since,

A (gn) = 15— — @5n|10g on + |qF — g5 |logoy = 171" 417",
which is equal to 1 4+ {~"*! > 1 for all n > ng. O

We now consider the Wasserstein topology in P;(SL(2,R)) which is stronger
than the weak* topology, as stated in Definition 21l The advantage of using this
topology is that all probability measures in P;(SL(2,R)) have finite moment of
order 1, and so their Lyapunov exponents always exist. This observation is a direct
consequence of the fact that log : [1,00) — R is a 1-Lipschitz function and ||| > 1
for every matrix oo € SL(2,R), because

Jregla@lau= [toglaldp < [ dtaiayip < .

The convergence of the moments of order 1, allow us to control the weight of
integrals outside compact sets, and prove semicontinuity of the Lyapunov exponents
in P1(SL(2,R)). We are thus led to the following result:

Theorem 3.2. The function defined on P1(SL(2,R)) by p — A+ (p) is upper semi-
continuous. The same remains valid for the function p — A_(p) with lower semi-
continuity.
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Before beginning the proof of Theorem we need to recalled some impor-
tant results regarding the relationship between Lyapunov exponents and stationary
measures.

A probability measure n on P! is called a p-stationary if

0(E) = / n(a~ E)dp(a),

for every measurable set E € P! and o™ E = {[a" ] : [v] € E}.
Roughly speaking, the following result shows that the set of stationary measures
for a measure p is close for the weak® topology.

Proposition 3.3. Let (pi)i be probability measures in SL(2,R) converging to p in
the weak™ topology. For each k, let ny be py-stationary measures and ny, converges
to n in the weak™ topology. Then 1 is a stationary measure for p.

Furthermore, in our context it is well-known that
A+ (p) = max {/ ddpxn:n p— stationary} ,
where @ : SL(2,R) x P! — R is given by

o]

®(a, [v]) = log

loll -

For more details see for example [9, Proposition 6.7].
We now proceed to the proof of Theorem

Proof of Theorem[3.3. We will prove that A;(p) is upper semi-continuous. The
case of A_(p) is analogous.

Let (pr)r be a sequence in the Wasserstein space P;(M) converging to p, i.e.
W (pk,p) — 0. For each k € N let n; a stationary measure that realizes the
maximum in the identity above. That is:

A (pr) = / Pdprdny.

Since P! is compact, passing to a subsequence if necessary, we can suppose 7
converges in the weak* topology to a measure ) which, as established in Proposition
B3] is a p-stationary measure.

Let € > 0, we want to prove that there exist a constant ky € N such that for
each k > kg

/@dpkdnk — /@dpdn} < e.

In order to do this we need to consider some properties of the Wasserstein topol-
ogy. First of all, since the first moment of p is finite there exist K; a compact set
of SL(2,R) such that

/ d(a,id)dp < —. (2)
Ke 36
1

Moreover, according to Definition [Z1] since py v, p there exist R’ > 0 satisfying

limsup/ d(a,id)dpy < i,
k d(aid)> R 36
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then, there exist k' > 0 such that for every k > &k’

/ d(a,id)dpy < —. (3)
d(a,id)>R/ 36

Take R > 0 big enough so B(id, R') U K1 C B(id, R) and define the compact set
K = B(id, R). Since the function log : [1,00) — R is 1-Lipschitz and ||«| > 1 for
all « € SL(2,R), then

(o )] = fog I

[[o]

<logllafl < [l = 1d ||| < d(ev,id). (4)

Our proof starts with the observation that

' / adpydny, — / Bdpdn
< ‘ / adpydny, — / q’dpdn‘ 4 ‘ / dpydny,
K xP1 K xP1 KexPl
From () it follows that

‘ / Bedprdny,
KexPl

Furthermore, (@) implies that

/ @dpdn’ < / d(a,id)dp < <. (6)
ch]pl c 3

We now proceed to analyze the integral:

/ adpydny, — / Bdpdn
KxPt KxPt

/ dpydry, — / @dpkdn'+' / dpydn — / ‘1>dpdn'-
K xP! K xP! K xP! K xP!

Consider ®x = ®|gp1 the restriction of ® to the compact space K x P'. Thus,
®k is uniformly continuous with the product metric. Hence, there exist 0 = d(¢)
such that for every [v] € P! and every «, 8 € K satisfying d(a, 3) < & we have

€

@l o]) = (B, )] < 75

Moreover, by the compactness of the set K we can find a;, ..., axy € K such that
K c UY,B(ay,d). Therefore, the convergence of ()i to 7 in the weak* topology
implies that for each ¢ = 1,..., N there exist k; > 0 such that

[ et luban = [ @l by

Pl

+ ‘/ @dpdn‘ .
KexPt

< / d(aid)dp < % (5)

<

<L
18

Take k" = max{ky, ..., kn }. From the above it follows that given @ € K there exist
i such that d(a, o;) < § and for every k > k" if ®; = (e, [v]) then

/ (I)Kdnk_/ (I)Kdn‘ <
p1 p1
€

S/ |(I)K—‘I)i|d’l7k+‘/ (I)id’ﬂk—/ (I)ld’I]'—F/ |(I)1'—‘I)K|d’l7<
P1 Pl Pl Pl 6
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Since this convergence is uniform in «, this implies that

€
/ @ (v, [v])dnkdpi —/ O (o, [v])dndpy | < & (7)
KexPt KexPl

for all k > k”.
Now define L = SL(2,R)\B(id, R + 1) and, consider the Urysohn function fj :
SL(2,R) — [0, 1] given by
d(a, L)
ol = da D+ e B
It is easily seen that fy is continuous, equal to zero in L and equal to 1 in K.
Therefore, the functions

wio) = [ @, foldn- fo(e)

are continuous. Then since |1)(a)| < d(a,id) and, by the definition of the Wasser-
stein topology, there exist k"’ such that for every k > k"’

‘/wdpk—/wdp

Moreover, since 1) — ¢ =0 in K and
[t — ol <loglall[fo(e) — xk ()| < 2d(e, id).
Hence, by @) and (@3]

/lw ldp < 2/ d(a, id)dp < <,
- 8

< —.
18

[1o=lam <2 | dtaiyam. <
e 18
for each k > k’. Thus, if k¥ > max{k', K"’} we get

’/ @dpkdn—/ @dpdn’ << (8)
KxPl K xPt 6

Finally, taking ko = max{k’, k", k""}, we conclude that for every k > kg

‘/fbdpkdnk — /@dpdn‘ < e.
We just proved that

At (pr) = / Pdpydny, — / dpdn < X1 (p),
which concludes our proof. ([

Remark 3.4. Theorem [31] does not contradicts Theorem [3.3, since p is not in
Pi(SL(2,R)). To see this, take o = id and note that

/d(x,xo)dp = ZPkHak —id| = 2Zrk(elk - 1),
k=0 k=0

which diverges.
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4. PROOF OoF THEOREM [Bl

At this section we are going to describe a construction of points of discontinuity
of the Lyapunov exponents as functions of the probability measure, relative to the
Wasserstein topology.

Theorem 4.1. There exist a measure q and a sequence of measures (Gn)n On
SL(2,R) converging to q in the Wasserstein topology, such that A1 (g,) =0 for all
n €N but Ay(q) > 0.

Proof. Consider the function « : N — SL(2,R) defined by the hyperbolic matrices

a(k) = (’g k(_)l)

Take m € N the smallest natural number bigger than 1 such that " . e V® <1,

vk

which exist since ), e~V" is convergent, and define

Dk :e_‘/E, if k> m,

plzl—ze_‘/ﬁ,

n>m

pr = 0, otherwise.

It is obvious from the definition that >, pr = 1. Hence, we define the probability
measure ¢ = ) prda(k)- We need to see that ¢ € Pi(SL(2,R)), in order to do so
notice that if x¢o = id

[ dtezo)da = plah) ~id | = 30 e V(- )
k k
which is convergent by the Cauchy condensation test. Moreover, since
Z e~ VE logk < Z ke VF
k k

then if u = ¢% we have log ||A|| € L'(u) and,

Ai(q) = Ze*\/ﬁlogk > 0.
ko

0

Now, consider B = <1

_01) and for each n consider

mo={ 5 0w

With this we define the probability measures ¢, = >, Pkdg, (k). In a similar
way as above, we can see that for all n these measures belong to P;(SL(2,R)) and,
log |A|| € L'(gn). We proceed to show that g, converges to ¢ in the Wasserstein
topology. This follows since

W(gn,q) < pnd(a(n), B) ~ ne V"

which goes to 0 if n goes to oo.
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It remains to prove that Ay (g,) = 0 for every n. In order to do this we proceed
by contradiction. Suppose there exist N such that Ay (gn) > 0> A_(qn). We will
consider the distance in the projective space P! given by
_ llonw|

Ol [w]) = i

Consider the family F = {V, H}, where V' = [e2] and H = [e1] are the vertical
and horizontal axis respectively. By the definition of the measure gy, it is clear that
this family is invariant by every matrix in the support of this measure. Moreover,
it x = (x)r € M then we can see that for every m

S(A™(z)H, A™ (2)V) > 6(H, V) = 1. 9)

= sin(£(v, w)).

On the other hand, we have for every unit vectors v and w
|A™ (@)o A A™ (z)w]| < || A* A™ (2)]].

It is widely known that, for gy-almost every = € M
1 m
A(an) + A-(an) = lim oo log|| A2 A™(x)]).

Note that gy is irreducible, this means that there is no proper subspace of R?
invariant under all the matrices in the support of qn. Therefore, we have

.1 m
A+(gn) = hgln m log [[A™ (z)w]],

for every unit vector w. For a more detailed discussion of the two results mention
above we refer the reader to [3| Chapter III].

Thus, we have for every unit vectors v and w
| A% A™ ()]

1
lim — log =A-(av) = A+(an) <0,
mom || AT (z)vl|[| AT (z)w]| i

and hence

im ™ m(p im ” N A7 ()]
lim O(A™ (@) H, A" (2)V) < Him e (el

= lim exp <m- 1 log | A A™ ()] )
m m- 7 AT (@)er [[[[A™ (2)es |

which is a contradiction with (@) and, we finish our proof.

207

O

Notice that this example shows that the Wasserstein topology is not enough to
guarantee continuity of the Lyapunov exponents. The main problem is that the
support of the measures ¢, move further apart from the support of q. Thus, this
suggest that we need to add some hypothesis guaranteeing the “convergence” of the
supports. An assumption of this type was made by Bocker, Viana in [2] in order
to prove the continuity for measures with compact support. However in the non
compact setting we will also need to control the iteratives of the cocycles. Those
hypotheses are very restrictive so we are left with the following conjecture:

Conjecture 4.1. The Lyapunov exponent functions Ay : P1(SL(2,R)) — R are
not continuous with respect to the Wasserstein—-Hausdorff topology.



10 ADRIANA SANCHEZ AND MARCELO VIANA

In the next two sections we are going to describe a construction of points of
discontinuity of the Lyapunov exponents as functions of the measure, relative to
the Wasserstein topology. However, in each of them the support of the measures are
arbitrarily close. These constructions were inspired by the discontinuity example
presented by Bocker Viana in [2, Section 7.1], and do not prove our conjecture since
they are not examples in SL(2,R).

4.1. Discontinuity example in SL(2,R)>. Let us recall that M = (SL(2,R))Z,
f: M — M is the shift map over M defined by

(an)n = (anJrl)n-
And the linear cocycle A is the product of random matrices which is defined by
A: M — SL(2,R), (an)n— ap.

Given an invariant measure p in SL(2,R) we can define 1 = p? which is an invariant
measure in M.
Now consider X = SL(2,R)® with the product metric

doo((al, veey 065), (ﬂl, ,ﬂ5)) = max{d(al, ﬂl), ceey d(045, ﬂ5)}

Let N = X% be the space of sequences over X and g : N — N the shift map over
N. We can identify N with M using the function ¢ : M — N by ¢((an)n) = (Bn)n
where

Bn = (045na A5n+1, X5n+4-2, X5n+3, a5n+4)n-

It is easy to see that ¢ defines a bijection between N and M. Moreover, we have
the following identity

g(t((an)n)) = f5((0‘n)n)-

Also we can consider the linear cocycle induced by A in N, that is the function
B: N — SL(2,R) given by

B((t((an)n)) = A*((an)n)-
So in this context we have the following result.

Theorem 4.2. There exist a measure q¢ and a sequence of measures (¢n)n on X
converging to q in the Wasserstein topology, such that

A4’(B7q’n.) - )\+(B7Q)

The main idea of the proof is to construct a measure on N whose Lyapunov
exponents are positive and approximate it, in the Wasserstein topology, by measures
with zero Lyapunov exponents. In order to do that, define the function o : N —

SL(2,R) as
a(2k—1)_<’8 k(_)1> and a(%)—(k(_)l 2)

As in the example before take m € N the smallest natural (odd) number bigger
than 3 such that ZkZm e VE < 1, which exist since >, e VF s convergent, and
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define

1
po = paeo1 = ge Vi 2k — 1> m,

p3:1—267ﬁ7

n>m

pr. = 0, otherwise.

Let 1 = % be a measure in M where § is the measure on SL(2,R) given by
i=> prla):
keN

Let us consider the space Q = N° and define the measure on X by

q= Z pwaa(w)a

we

where a(w) = (a(wy), -, a(ws)) and, py = Pw, ** * Pwy If W = (w1, ..., ws).

Now consider the measure v = ¢% on N. First, we need to ensure that the mea-
sure ¢ belong to P;(X). This is a direct consequence of the fact that 3" e~V (n—1)
is convergent equal to some positive constant ¢. Indeed, if ag = (id, ...,id) and the
notation pj - - - p; - - - ps denotes the product of p; through ps except p; then

[ declaran)da = 3 pudstatu),ao)

5
<DL D Pur e Bu e Du (Zmﬂ(a(wi),id))

i=1 wy,j#i
5
<CZ Z pwl.'.ﬁwi'.'pw:s :5C
i=1 wj,j#i
which proves our claim. Remember that this also guarantees the existence of

A+ (B, q) as mention in Section Bl
It is easy to see that v = 1, . Using this we have

1 1
A (Bo) =t [ log | B @)y =t [ 10g 14" (0)d
nonfy non Sy
=5X¢(A,G) = 5pslog2 > 0.

The task is now to construct the sequence (g,,),. In order to do this, for each
n € N consider w,, = (2n,2n+2,2n+ 1,2n — 1,2n — 1) and define

Blwy) = (a(2n)Re, a(2n + 2),a(2n + 1)Rs, a(2n — 1), a(2n — 1)R,),
where e = n~1(n +1)7!, § = arctan(e) and,
({1 0 ~ (cos(d) —sin(0)
Fe= <6 1> » o= <sin((5) cos(d) |-
We proceed to define the sequence by

Gn = Z Pwa(w) T Pw, OB (w,)-

wWHWy,
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We claim that W(gy,q) — 0 if n goes to infinite. Our proof starts with the obser-
vation that

T = Y Pub(a(w).a(w)) + Puwnd(a(wn).Bw.)
WHW,

is a coupling of ¢ and ¢,. Then,
W) < [ doca0)m00,0) = pu ). 5(wn)
and the latter is bounded from above by
max{[|a(2n)(1 = Ro)|, [a(2n = 1)(1 = Rs)|, [a(2n + 1)(1 = Ro)[|} < e(n+1) = %

which proves our claim.
What is left is to show that Ay (B,q,) = 0 for all n. For this we need the
following lema.

Lemma 4.3. Let H, = R(1,0) and V; =R(0,1). If Z, = [0 : S(wy,)] then, for all
r € Zy we have B(x)Hy, = Vyzy and B(x)Vy = Hy(y)

Proof. Notice that for any = € Z,,

_ 0 —e 2 sin(6)
B(z) = (62 sin(d) + e cos(d) 0 ) ’
Which completes the proof. (I

The rest of the proof follows the same arguments as the Bocker-Viana example.
For more details we refer the reader to ([2, Section 7.1]).

4.2. Discontinuity example in GL(2,R)%. Let M = (GL(2,R))Zlet f: M — M
be the shift map over M and A : M — GL(2,R) the product of random matrices.
Now consider X = GL(2,R)? with the maximum norm, and let N = X% be the
space of sequences over X and g : N — N the shift map over N. As before, we
can identify N with M using the function ¢ : M — N defined by t((an)n) = (Bn)n
where 8,, = (aan, @on+1) which is a bijection between N and M.

With the above definition we can see that

g(t((an)n)) = f2((an)n)

and defined B : N — GL(2,R) the linear cocycle induced by A in N through
B(t((an)n)) = A%((n)n). In a similar way as in the previous example, there
exist a measure p and a sequence of measures (p)r on X converging to p in the
Wasserstein topology, such that A\ (A, pr) = AL (4, p).

Indeed, let « : N — GL(2,R) be defined by

a(2k—1):(§ kgz) and a(2k)=(k02 2)

Take the weights py as in the previous section and let § = ), yPrla(k); -
Consider the space @ = N? and define the measure on X by ¢ = 3 coPwda(w),
where a(w) = (a(wy),a(ws2)) and, Py = Pu,Puw, if w = (w1, w2). Let v = ¢% a
measure on N.
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Analysis similar to that in Section 1] shows that ¢ € P;(X), and using that
vV = i.ut we have

1 1
A (Bo) =tim [ log | B @)y =t [ 1og | 4" (0)d
nonfy non Sy

=2 (A,§) =2p3log2 > 0.

For each n € N consider w,, = (2n,2n — 1) and define B(w,) = (8(2n), 8(2n — 1)),
by
s = (5 e (V)= (5 )

B2n—1) = (1 (1)) al2n—1) = (; nol) :

where 6§ = n~ 0+ with 0 <y <1, e=n"3§"1 =nr2
We proceed to define the sequence by

Gn = Z Pwa(w) T Pw, OB (w,)-
wWHWy,
To prove that W (g, q) — 0 if n goes to infinite we consider the diagonal coupling
of ¢, and q
o= Y Pubdlaqw).aw) + Pundatw.) pwn)
WHWy,

Hence, we have

W(Qna Q) < /doo (uu ’U)ﬂ-n(uu U) = pwndoo (a(wn)u B(wn))
< max{[|#(2n) — a(2n)]], |3(2n — 1) — a(2n - 1)|[}
< max{eo,,n 2 +nd} = max{n’ ' n2 07} <2n!
where | = min{~v, 1 — v} > 0, which proves our claim.

The rest of the proof, that is proving that Ay (B, ¢,) = 0 for all n, runs as before
by noticing that for any = € Z,, = [0 : 8(wy)]

B(x):< 071 —n25>'

en 0

Indeed, this guarantees that B(x)H, = V) and B(x)V, = Hgyg) where H, =
R(1,0) and V,, = R(0,1). Finally, applying the first return map argument in [2]
Section 7.1], we conclude our proof.
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