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Abstract. We characterize the equality between ultradifferentiable func-
tion classes defined in terms of abstractly given weight matrices and in
terms of the corresponding matrix of associated weight functions by using
new growth indices. These indices, defined by means of weight sequences
and (associated) weight functions, are extending the notion of O-regular
variation to a mixed setting. Hence we are extending the known compari-
son results concerning classes defined in terms of a single weight sequence
and of a single weight function and give also these statements an inter-
pretation expressed in O-regular variation.
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1. Introduction

In the theory of ultradifferentiable function spaces there exist two classical
approaches in order to control the growth of the derivatives of the functions
belonging to such classes: Either one uses a weight sequence M = (Mj)j or a
weight function ω : [0,+∞) → [0,+∞). In both settings one requires several
basic growth and regularity assumptions on M and ω and one distinguishes
between two types, the Roumieu type spaces E{M} and E{ω}, and the Beurling
type spaces E(M) and E(ω). In the following we write E[�] for all arising classes
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of ultradifferentiable functions if we mean either E{�} or E(�), but not mixing
the cases. Similarly this is done for all arising conditions.

In [1] both methods have been compared: A characterization has been
given when E[M ] = E[ω] is valid (as locally convex vector spaces) and it has
been shown that in general both approaches are mutually distinct.

Motivated by the results from [1], in [14] and [11] ultradifferentiable
classes defined in terms of weight matrices M have been introduced and it
has been shown that, by using the weight matrix Ω associated with a given
weight function ω, in this general framework one is able to treat both classical
settings in a uniform and convenient way but also more classes.

Since to each weight function ω we can associate a weight matrix Ω
and since it is known that to each sequence M one can associate a weight
function ωM (see [9, Chapitre I]), in [14, Sect. 9.3] and in [15] the follow-
ing iterated process has been studied: When I = R>0 is denoting the index
set, then by starting with an abstractly given matrix M := {Mx : x ∈ I}
with some regularity properties we immediately get the weight function ma-
trix ωM := {ωMx : x ∈ I}. For each associated weight function ωMx one
considers the associated weight matrix ΩMx and then proceed by iteration.
This construction leads to multi-index weight matrices (and corresponding
classes of ultradifferentiable functions) and the main questions in [14, Sect.
9.3] and [15] have been the following:
(∗) Study the effects of growth properties assumed for M on this construc-

tion.
(∗∗) Describe the class E[M] alternatively (as a locally convex vector space) by

E[ωM]. This enables the possibility to apply techniques from the classical
(single) weight function setting to the space E[M].
Concerning (∗∗) we can see the following ”dual problem”:

(∗∗)′ Starting with an abstractly given weight function matrix MW := {ωx :
x ∈ I}, can we describe the class E[MW ] alternatively (as a locally convex
vector space) by E[N ] for some weight matrix N = {Nx : x ∈ I} ?
For treating (∗) and (∗∗), in [14, Sect. 9.3] and [15] the following proper-

ties for M have become relevant, see also [11, Sect. 4.1] and [14, Sect. 7.2]):
(M{mg}) ∀ x ∈ I ∃ C > 0 ∃ y ∈ I ∀ j, k ∈ N : Mx

j+k ≤ Cj+kMy
j My

k ,
(M(mg)) ∀ x ∈ I ∃ C > 0 ∃ y ∈ I ∀ j, k ∈ N : My

j+k ≤ Cj+kMx
j Mx

k ,
(M{L}) ∀ C > 0 ∀ x ∈ I ∃ D > 0 ∃ y ∈ I ∀ j ∈ N : CjMx

j ≤ DMy
j ,

(M(L)) ∀ C > 0 ∀ x ∈ I ∃ D > 0 ∃ y ∈ I ∀ j ∈ N : CjMy
j ≤ DMx

j .
All these conditions are automatically valid for Ω, when ω is satisfying

standard properties. (M{mg}) and (M(mg)) are the natural generalizations of
condition moderate growth arising frequently in the weight sequence setting.
In [14, Sect. 9.3] and [15] only the sufficiency of (M{L}) and (M(L)) has
been applied for the study of question (∗∗) and these conditions seemed to be
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too strong, see also the discussion in (ii) in Remark 2.2. Note that (M[L]) is
indispensable to have E[Ω] = E[ω], see (2.4).

The main aim of this article is to give a complete solution to (∗∗) and to
(∗∗)′ expressed in terms of growth properties for M. In order to do so, instead
of (M{L}) we consider the weaker requirement

∀ x ∈ I ∃ y ∈ I : lim sup
t→+∞

ωMy (2t)
ωMx(t)

< +∞, (1.1)

and similarly

∀ x ∈ I ∃ y ∈ I : lim sup
t→+∞

ωMx(2t)
ωMy (t)

< +∞, (1.2)

instead of (M(L)). (1.1) and (1.2) are the mixed versions of the standard
assumption ω(2t) = O(ω(t)) as t → +∞ on weight functions (denoted by (ω1)
in this work). These types of mixed conditions, for either weight sequences or
weight functions, have frequently appeared in the literature in the study of
mixed extension results in the ultradifferentiable or ultraholomorphic settings,
see [3,6,7,10,16].

In [4] the main goal has been to give connections between standard/
frequently used assumptions for weight sequences and weight functions in
the ultradifferentiable and ultraholomorphic framework and the concept of
O-regular variation. More precisely, this has been done for moderate growth
for weight sequences and (ω1) for (associated) weight functions. Note that
analogous growth properties are also showing up when dealing with different
areas of weighted spaces in Functional Analysis, see the introduction in [4]. We
have been able to characterize these conditions in terms of growth properties,
positivity and finiteness of weight indices.

Inspired by these known results and the mixed conditions mentioned be-
fore, for weight sequences and (their associated) weight functions we introduce
in this paper new mixed growth indices which are related to mixed O-regular
variation. Moreover, we study and compare these indices under the construc-
tion M 	→ ωM 	→ ΩM .

Summarizing, it turns out that we can give an answer to problem (∗∗) by
assuming (M{mg}) and (1.1) resp. (M(mg)) and (1.2), and problem (∗∗)′ can
by reduced to (∗∗). Alternatively, we have the possibility to express problem
(∗∗) (and hence (∗∗)′) purely in terms of these new concept of mixed indices.
In particular, when considering M = {M} or MW = {ω}, then we get the
results from [1] expressed in the language of O-regular variation. Finally, by
using these indices one is able to understand the difference between conditions
(M{L}) and (1.1) resp. between (M(L)) and (1.2) in a more quantitative way.

The paper is structured as follows: In Sect. 2 we gather all relevant infor-
mation on weight sequences, functions and matrices and we recall the multi-
index construction. In Sect. 3, first we give an exhaustive characterization
of (M{L}) and (M(L)) resp. of (1.1) and (1.2) by means of growth conditions
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expressed in terms of the weight structures M, ωM and of the multi-index con-
struction, see Lemma 3.1 and Theorem 3.2. It turns out that for the weight
matrix Ω there is no difference between these requirements of the particular,
Roumieu or Beurling, type, see Corollary 3.3. Based on these characteriza-
tions, in Sect. 3.1 we introduce mixed growth indices for weight sequences and
(associated) weight functions, see Proposition 3.6 and Theorem 3.7.

In Sect. 4 the analogous procedure is done for the mixed moderate growth
conditions (M{mg}) and (M(mg)), see Proposition 4.2 and Theorem 4.4.

In the final Sect. 5 we apply the developed theory and prove the main
results, Theorem 5.4 which is solving (∗∗), and Theorem 5.6 answering prob-
lem (∗∗)′. The special (and classical) cases M = {M} and MW = {ω} are
discussed as well.

2. Weights and Conditions

2.1. General Notation

We write N := {0, 1, 2, . . . } and N>0 := {1, 2, 3, . . . }. For any real x ≥ 0 we
denote by �x� the largest integer j such that j ≤ x. With the symbol E we
denote the class of all smooth functions.

2.2. Weight Sequences

Given a sequence M = (Mj)j ∈ R
N
>0 we also use μj := Mj

Mj−1
, μ0 := 1. M is

called normalized if 1 = M0 ≤ M1 holds true which can always be assumed
without loss of generality.

M is called log-convex if

∀ j ∈ N>0 : M2
j ≤ Mj−1Mj+1,

equivalently if (μj)j is nondecreasing. If M is log-convex and normalized, then
both j 	→ Mj and j 	→ (Mj)1/j are nondecreasing and (Mj)1/j ≤ μj for all
j ∈ N>0.

For our purposes it is convenient to consider the following set of sequences

LC := {M ∈ R
N

>0 : M is normalized, log-convex, lim
j→+∞

(Mj)1/j = +∞}.

We see that M ∈ LC if and only if (μj)j is nondecreasing and limj→+∞ μj =
+∞ (e.g. see [11, p. 104]). Moreover, there is a one-to-one correspondence
between M and μ = (μj)j by taking Mj :=

∏j
i=0 μi.

M has the condition moderate growth, denoted by (mg), if

∃ C ≥ 1 ∀ j, k ∈ N : Mj+k ≤ Cj+kMjMk.

In [8] it is denoted by (M.2) and called stability under ultradifferential opera-
tors.

Let M,N ∈ R
N
>0 be given, we write M 
 N if supj∈N>0

(
Mj

Nj

)1/j

< +∞.
We call M and N equivalent, denoted by M ≈ N , if M 
 N and N 
 M .
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Finally, write M ≤ N if Mj ≤ Nj for all j ∈ N. Note: If M,N ∈ R
N
>0 both

are normalized, then M 
 N does precisely mean Mj ≤ CjNj for some C ≥ 1
and all j ∈ N.

2.3. Associated Weight Function

Let M ∈ R
N
>0 (with M0 = 1), then the associated function ωM : R≥0 →

R ∪ {+∞} is defined by

ωM (t) := sup
j∈N

log
(

tj

Mj

)

for t > 0, ωM (0) := 0.

For an abstract introduction of the associated function we refer to [9, Chapitre
I], see also [8, Definition 3.1]. If lim infj→+∞(Mj)1/j > 0, then ωM (t) = 0 for

sufficiently small t, since log
(

tj

Mj

)
< 0 ⇔ t < (Mj)1/j holds for all j ∈ N>0.

Moreover under this assumption t 	→ ωM (t) is a continuous nondecreasing
function, which is convex in the variable log(t) and tends faster to infinity
than any log(tj), j ≥ 1, as t → +∞. limj→+∞(Mj)1/j = +∞ implies that
ωM (t) < +∞ for each finite t which shall be considered as a basic assumption
for defining ωM .

If M ≤ N , then clearly ωN ≤ ωM follows. If M ∈ LC, then we can
compute M by involving ωM as follows, see [9, Chapitre I, 1.4, 1.8] (and also
[8, Prop. 3.2]):

Mj = sup
t≥0

tj

exp(ωM (t))
, j ∈ N. (2.1)

2.4. Weight Functions

A function ω : [0,+∞) → [0,+∞) is called a weight function (in the terminol-
ogy of [4, Section 2.1] and [5, Section 2.2]), if it is continuous, nondecreasing,
ω(0) = 0 and limt→+∞ ω(t) = +∞. If ω satisfies in addition ω(t) = 0 for all
t ∈ [0, 1], then we call ω a normalized weight function. For convenience we will
write that ω has (ω0) if it is a normalized weight.

Moreover we consider the following conditions, this list of properties has
already been used in [14].

(ω1) ω(2t) = O(ω(t)) as t → +∞, i.e. ∃ L ≥ 1 ∀ t ≥ 0 : ω(2t) ≤ L(ω(t) + 1).
(ω3) log(t) = o(ω(t)) as t → +∞ (⇔ limt→+∞ t

ϕω(t) = 0, ϕω being the func-
tion defined next).

(ω4) ϕω : t 	→ ω(et) is a convex function on R.
(ω6) ∃ H ≥ 1 ∀ t ≥ 0 : 2ω(t) ≤ ω(Ht) + H.

For convenience we define the sets

W0 := {ω : [0,∞) → [0,∞) : ω has (ω0), (ω3), (ω4)},

W := {ω ∈ W0 : ω has (ω1)}.
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For any ω ∈ W0 we define the Legendre-Fenchel-Young-conjugate of ϕω by

ϕ∗
ω(x) := sup{xy − ϕω(y) : y ≥ 0}, x ≥ 0, (2.2)

with the following properties, e.g. see [2, Remark 1.3, Lemma 1.5]: It is convex
and nondecreasing, ϕ∗

ω(0) = 0, ϕ∗∗
ω = ϕω, limx→+∞ x

ϕ∗
ω(x) = 0 and finally x 	→

ϕω(x)
x and x 	→ ϕ∗

ω(x)
x are nondecreasing on [0,+∞). Note that by normalization

we can extend the supremum in (2.2) from y ≥ 0 to y ∈ R without changing
the value of ϕ∗

ω(x) for given x ≥ 0.
Let σ, τ be weight functions, we write σ 
 τ if τ(t) = O(σ(t)) as t → +∞

and call them equivalent, denoted by σ ∼ τ , if σ 
 τ and τ 
 σ.
We recall the following known result, e.g. see [15, Lemma 2.8] resp. [5,

Lemma 2.4 (i)] and the references mentioned in the proofs there.

Lemma 2.1. Let M ∈ LC, then ωM ∈ W0 holds true.

2.5. Weight Matrices

For the following definitions and conditions see also [11, Section 4].
Let I = R>0 denote the index set (equipped with the natural order),

a weight matrix M associated with I is a (one parameter) family of weight
sequences M := {Mx ∈ R

N
>0 : x ∈ I}, such that

∀ x ∈ I : Mx is normalized, nondecreasing, Mx ≤ My for x ≤ y.

We call a weight matrix M standard log-convex, denoted by (Msc), if

∀ x ∈ I : Mx ∈ LC.

A matrix is called constant if Mx ≈ My for all x, y ∈ I.
On the set of all weight matrices we consider the following relations, see

[11, p. 111]: We write M{
}N , if

∀ x ∈ I ∃ y ∈ I : Mx 
 Ny,

and M(
)N , if

∀ x ∈ I ∃ y ∈ I : My 
 Nx.

We write M{≈}N , if M{
}N and N{
}M and M(≈)N , if M(
)N and
N (
)M. Finally we call M and N equivalent, if both relations (≈) and {≈}
hold true.

Remark 2.2. Concerning the conditions (M{mg}), (M(mg)) and (M{L}), (M(L))
we summarize (see also the discussion in Remark 5.5):

(i) If M = {M} resp. more generally if M = {Mx : x ∈ I} is constant, then
M does have (M{mg}) and/or (M(mg)) if and only if M does have (mg)
resp. some/each Mx does have (mg).
Moreover, it is clear that (M[mg]) is stable under relation [≈].
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(ii) It is immediate to see that (M{L}) and/or (M(L)) can never be valid for
any M = {M}. However, it is possible that both conditions are fulfilled
for a constant matrix. Moreover, in both conditions we are interested in
C > 1 since for 0 < C ≤ 1 they are clearly valid with x = y and D = 1.
In general it is not clear that (M[L]) is preserved under [≈].

2.6. Weight Matrices Obtained by Weight Functions and Multi-index Weight
Matrices

We summarize some facts which are shown in [11, Section 5] and are needed
in this work. All properties listed below are valid for ω ∈ W0, except (2.4) for
which (ω1) is necessary.
(i) The idea was that to each ω ∈ W0 we can associate a standard log-convex

weight matrix Ω := {W l = (W l
j)j∈N : l > 0} by

W l
j := exp

(
1
l
ϕ∗

ω(lj)
)

.

(ii) Ω satisfies

∀ l > 0 ∀ j, k ∈ N : W l
j+k ≤ W 2l

j W 2l
k , (2.3)

so both (M{mg}) and (M(mg)) are satisfied.
(iii) In case ω has in addition (ω1), then Ω has also both (M{L}) and (M(L)),

more precisely

∀ h ≥ 1 ∃ A ≥ 1 ∀ l > 0 ∃ D ≥ 1 ∀ j ∈ N : hjW l
j ≤ DWAl

j . (2.4)

(iv) Equivalent weight functions yield equivalent associated weight matrices.
(v) (ω6) holds if and only if some/each W l satisfies (mg) if and only if W l ≈

Wn for each l, n > 0. Consequently (ω6) is characterizing the situation
when Ω is constant.

(vi) ω ∼ ωW l for each l > 0.
In particular, given M ∈ LC we denote by ΩM the weight matrix associ-

ated with ωM .
In [15, Section 2.7] the new weight function matrix ωM := {ωMx : x ∈ I}

has been considered and ultradifferentiable classes E{ωM} and E(ωM) have been
introduced.

Let us recall now this approach. First let M := {Mx : x ∈ I} be (Msc).
By Lemma 2.1 we get ωMx ∈ W0 for each x ∈ I.

Based on this information, in [15, Section 3.1] the following multi-index
weight matrix construction has been introduced:

Mx 	→ ωMx 	→ Mx;l1 	→ ωMx;l1 	→ Mx;l1,l2 	→ . . . ,

where for x ∈ I, lj ∈ R>0, j ∈ N>0, and i ∈ N we put

M
x;l1,...,lj+1
i := exp

(
1

lj+1
ϕ∗

ω
M

x;l1,...,lj
(lj+1i)

)

, Mx;l1
i := exp

(
1
l1

ϕ∗
ωMx (l1i)

)

,
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respectively

ωMx;l1,...,lj (t) := sup
p∈N

log

(
tp

M
x;l1,...,lj
p

)

for t > 0, ωMx;l1,...,lj (0) := 0.

In this notation, for any x ∈ I we get

Mx;1
j = Mx

j , j ∈ N, (2.5)

which follows by applying (2.1) (see also the proof of [15, Thm. 6.4]):

Mx;1
j := exp(ϕ∗

ωM
(j)) = exp(sup

y≥0
{jy − ωM (ey)}) = sup

y≥0
exp(jy − ωM (ey))

= sup
y≥0

exp(jy)
exp(ωM (ey))

= sup
t≥1

tj

exp(ωM (t))
= sup

t≥0

tj

exp(ωM (t))
= Mj .

Note that by normalization of M we have ωM (t) = 0 for 0 ≤ t ≤ 1, e.g. see the
known integral representation formula for ωM , [9, 1.8. III] and also [8, (3.11)].
The similar statement is valid for the higher multi-index sequences.

For a given (Msc) matrix M := {Mx : x ∈ I} we put M(2) := {Mx;l :
x ∈ I, l > 0}. An abstractly given matrix of weight functions denotes a family
of weight functions {ωx : x ∈ I}, such that ωy ≤ ωx for any x, y ∈ I with
x ≤ y.

2.7. Ultradifferentiable Classes

Let U ⊆ R
d be non-empty open. We write K ⊂⊂ U if K is compact and

K ⊆ U . We introduce now the following spaces of ultradifferentiable functions
classes. First, for weight sequences we define the (local) classes of Roumieu
type by

E{M}(U) := {f ∈ E(U) : ∀ K ⊂⊂ U ∃ h > 0 : ‖f‖M,K,h < +∞},

and the classes of Beurling type by

E(M)(U) := {f ∈ E(U) : ∀ K ⊂⊂ U ∀ h > 0 : ‖f‖M,K,h < +∞},

where we denote

‖f‖M,K,h := sup
α∈Nd,x∈K

|f (α)(x)|
h|α|M|α|

.

For a compact set K with sufficiently regular (smooth) boundary

EM,h(K) := {f ∈ E(K) : ‖f‖M,K,h < +∞}
is a Banach space and so we have the following topological vector spaces

E{M}(K) := lim−→
h>0

EM,h(K), and E{M}(U) = lim←−
K⊂⊂U

lim−→
h>0

EM,h(K)

= lim←−
K⊂⊂U

E{M}(K).
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Similarly, we get

E(M)(K) := lim←−
h>0

EM,h(K), and E(M)(U) = lim←−
K⊂⊂U

lim←−
h>0

EM,h(K)

= lim←−
K⊂⊂U

E(M)(K).

For any ω ∈ W0 let the Roumieu type class be defined by

E{ω}(U) := {f ∈ E(U) : ∀ K ⊂⊂ U ∃ l > 0 : ‖f‖ω,K,l < +∞}
and the space of Beurling type by

E(ω)(U) := {f ∈ E(U) : ∀ K ⊂⊂ U ∀ l > 0 : ‖f‖ω,K,l < +∞},

where

‖f‖ω,K,l := sup
α∈Nd,x∈K

|f (α)(x)|
exp( 1

l ϕ
∗
ω(l|α|)) .

For compact sets K with sufficiently regular (smooth) boundary

Eω,l(K) := {f ∈ E(K) : ‖f‖ω,K,l < +∞}
is a Banach space and we have the following topological vector spaces

E{ω}(K) := lim−→
l>0

Eω,l(K), and E{ω}(U) = lim←−
K⊂⊂U

lim−→
l>0

Eω,l(K)

= lim←−
K⊂⊂U

E{ω}(K).

Similarly, we get

E(ω)(K) := lim←−
l>0

Eω,l(K), and E(ω)(U) = lim←−
K⊂⊂U

lim←−
l>0

Eω,l(K) = lim←−
K⊂⊂U

E(ω)(K).

Next, we consider classes defined by weight matrices of Roumieu type
E{M} and of Beurling type E(M) as follows, see also [11, 4.2]. For all K ⊂⊂ U
with sufficiently smooth boundary we put

E{M}(K) :=
⋃

x∈I
E{Mx}(K), E{M}(U) :=

⋂

K⊂⊂U

⋃

x∈I
E{Mx}(K),

and

E(M)(K) :=
⋂

x∈I
E(Mx)(K), E(M)(U) :=

⋂

x∈I
E(Mx)(U).

For K ⊂⊂ R
d one has the representation

E{M}(K) = lim−→
x∈I

lim−→
h>0

EMx,h(K)

and so for U ⊆ R
d non-empty open

E{M}(U) = lim←−
K⊂⊂U

lim−→
x∈I

lim−→
h>0

EMx,h(K).
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Similarly we get for the Beurling case

E(M)(U) = lim←−
K⊂⊂U

lim←−
x∈I

lim←−
h>0

EMx,h(K).

Finally, for the matrix ωM we put

E{ωM}(U) := {f ∈ E(U) : ∀ K ⊂⊂ U ∃ x ∈ I ∃ l > 0 : ‖f‖ωMx ,K,l < +∞}
and

E(ωM)(U) := {f ∈ E(U) : ∀ K ⊂⊂ U ∀ x ∈ I ∀ l > 0 : ‖f‖ωMx ,K,l < +∞}.

Thus we obtain the topological vector spaces representations

E{ωM}(U) = lim←−
K⊂⊂U

lim−→
x∈I,l>0

EωMx ,l(K)

and

E(ωM)(U) = lim←−
K⊂⊂U

lim←−
x∈I,l>0

EωMx ,l(K).

Since all arising limits are equal to countable ones, in each setting the Beurling
type class is a Fréchet space.

Ultradifferentiable classes of multi-index matrices can be defined in a
similar way; for our purposes we will only need M(2), see Sect. 5.

3. The Mixed (ω1) Conditions

Concerning (M{L}) and (M(L)) we start with the following characterization.

Lemma 3.1. Let M := {Mx : x ∈ I} be (Msc) and let ωM := {ωMx : x ∈ I}
be the according matrix of associated weight functions. Then we get:
(I) The following conditions are equivalent:

(i) M does satisfy (M{L}).
(ii) The matrix M does satisfy

∀ x ∈ I ∃ D > 0 ∃ y ∈ I ∀ j ∈ N : 2jMx
j ≤ DMy

j . (3.1)

(iii) The matrix ωM does satisfy

∀ x ∈ I ∃ y ∈ I ∃ D > 0 ∀ t ≥ 0 : ωMy (2t) ≤ ωMx(t) + D.

(iv) The matrix ωM does satisfy

∀ C > 0 ∀ x ∈ I ∃ y ∈ I ∃ D > 0 ∀ t ≥ 0 : ωMy (Ct) ≤ ωMx(t) + D.

(II) The following conditions are equivalent:
(i) M does satisfy (M(L)),

(ii) M does satisfy

∀ x ∈ I ∃ D > 0 ∃ y ∈ I ∀ k ∈ N : 2jMy
j ≤ DMx

j .

(iii) The matrix ωM does satisfy

∀ x ∈ I ∃ y ∈ I ∃ D > 0 ∀ t ≥ 0 : ωMx(2t) ≤ ωMy (t) + D. (3.2)
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(iv) The matrix ωM does satisfy

∀ C > 0 ∀ x ∈ I ∃ y ∈ I ∃ D > 0 ∀ t ≥ 0 : ωMx(Ct) ≤ ωMy (t) + D.

Proof. We will only treat the Roumieu case, the Beurling case is analogous.
(i) ⇒ (ii) It suffices to take C = 2 in condition (M{L}).
(ii) ⇒ (iii) For all x ∈ I we can find D > 0 and y ∈ I such that

(2t)j

My
j

≤ D tj

My
j

for all j ∈ N and t ≥ 0. This yields the conclusion by definition
of associated weight functions.

(iii) ⇒ (iv) This is clear for C ≤ 2 (since each associated weight function
is nondecreasing). If C > 2, then we take n ∈ N chosen minimal such that
C ≤ 2n is valid and apply iteration: Given x ∈ I, there exists y1 ∈ I and
D1 > 0 such that for all t ≥ 0, ωMy1 (2t) ≤ ωMx(t) + D1. Recursively, for
j = 2, . . . , n we find there exist yj ∈ I and Dj > 0 such that for all t ≥ 0,
ωMyj (2t) ≤ ωMyj−1 (t) + Dj . Then, we easily get

ωMyn (Ct) ≤ ωMyn (2nt) ≤ ωMx(t) +
n∑

j=1

Dj ,

as desired.
(iv) ⇒ (i) We apply (2.1) and get for all j ∈ N:

Mx
j = sup

t≥0

tj

exp(ωMx(t))
≤ eD sup

t≥0

tj

exp(ωMy (Ct))

= eD 1
Cj

sup
s≥0

sj

exp(ωMy (s))
= eD 1

Cj
My

j ,

and so we are done. �
For abstractly given weight matrices M, a connection to mixed ”(ω1)-

conditions” has been established in [15, Prop. 3.12, Cor. 3.15]. The different
equivalent conditions in the following result make intervene both the associated
weight functions ωMx and the matrices associated with the latter. In particular,
we generalize the main characterizing result [12, Thm. 3.1] from the weight
sequence to the weight matrix setting.

Theorem 3.2. Let M = {Mx : x ∈ I} be (Msc) and let ωM := {ωMx : x ∈ I}
be the according matrix of associated weight functions and M(2) := {Mx;l :
x ∈ I, l > 0}. Then we get:
(I) The following conditions are equivalent:

(i) The matrix ωM satisfies

∀ h > 1 ∀ x ∈ I ∃ y ∈ I : lim sup
t→+∞

ωMy (ht)
ωMx(t)

< +∞. (3.3)

(ii) The matrix ωM satisfies

∀ x ∈ I ∃ y ∈ I : lim sup
t→+∞

ωMy (2t)
ωMx(t)

< +∞. (3.4)
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(iii) The matrix M does satisfy

∃ r > 1 ∀ x ∈ I ∃ y ∈ I ∃ L ∈ N>0 : lim inf
j→+∞

(My
Lj)

1/(Lj)

(Mx
j )1/j

> r. (3.5)

(iv) The matrix M does satisfy

∀ r > 1 ∀ x ∈ I ∃ y ∈ I ∃ L ∈ N>0 : lim inf
j→+∞

(My
Lj)

1/(Lj)

(Mx
j )1/j

> r. (3.6)

(v) The matrix M(2) does satisfy

∀ x ∈ I ∀ C > 1 ∃ y ∈ I ∃ B > 0 ∀ a > 0 ∃ D > 0 ∀ j ∈ N : CjMx;a
j ≤ DMy;Ba

j .

(vi) The matrix M(2) does satisfy

∀ x ∈ I ∀ C > 1 ∀ a > 0 ∃ y ∈ I ∃ b > 0 ∃ D > 0 ∀ j ∈ N : CjMx;a
j ≤ DMy;b

j .

(3.7)

(vii) The matrix M(2) does satisfy

∀ r > 1 ∀ x ∈ I ∃ y ∈ I ∃ b > 0 : lim inf
j∈N>0

exp( 1
bj ϕ∗

ωMy (bj))

exp( 1
j ϕ∗

ωMx (j))
> r. (3.8)

(viii) The matrix M(2) does satisfy

∀ r > 1 ∀ x ∈ I ∃ y ∈ I ∃ b > 0 : lim inf
j∈R>0

exp( 1
bj ϕ∗

ωMy (bj))

exp( 1
j ϕ∗

ωMx (j))
> r. (3.9)

(II) The following conditions are equivalent:
(i) The matrix ωM satisfies

∀ h > 1 ∀ x ∈ I ∃ y ∈ I : lim sup
t→+∞

ωMx(ht)
ωMy (t)

< +∞.

(ii) The matrix ωM satisfies

∀ x ∈ I ∃ y ∈ I : lim sup
t→+∞

ωMx(2t)
ωMy (t)

< +∞. (3.10)

(iii) The matrix M does satisfy

∃ r > 1 ∀ x ∈ I ∃ y ∈ I ∃ L ∈ N>0 : lim inf
j→+∞

(Mx
Lj)

1/(Lj)

(My
j )1/j

> r. (3.11)

(iv) The matrix M does satisfy

∀ r > 1 ∀ x ∈ I ∃ y ∈ I ∃ L ∈ N>0 : lim inf
j→+∞

(Mx
Lj)

1/(Lj)

(My
j )1/j

> r. (3.12)

(v) The matrix M(2) does satisfy

∀ x ∈ I ∀ C > 1 ∃ y ∈ I ∃ B > 0 ∀ a > 0 ∃ D > 0 ∀ j ∈ N : CjM
y;a/B
j ≤ DMx;a

j .
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(vi) The matrix M(2) does satisfy

∀ x ∈ I ∀ C > 1 ∀ a > 0 ∃ y ∈ I ∃ b > 0 ∃ D > 0 ∀ j ∈ N : CjMy;b
j ≤ DMx;a

j .

(3.13)

(vii) The matrix M(2) does satisfy

∀ r > 1 ∀ x ∈ I ∃ y ∈ I ∃ b > 0 : lim inf
j∈N>0

exp( 1
j ϕ∗

ωMx (j))

exp( b
j ϕ∗

ωMy (j/b))
> r.

(viii) The matrix M(2) does satisfy

∀ r > 1 ∀ x ∈ I ∃ y ∈ I ∃ b > 0 : lim inf
j∈R>0

exp( 1
j ϕ∗

ωMx (j))

exp( b
j ϕ∗

ωMy (j/b))
> r.

In particular, this result can be applied to any M = {Mx : x ∈ I} being
(Msc) and satisfying (M{L}) resp. (M(L)): In this case (I)(i) ⇔ (iii) resp.
(II)(i) ⇔ (iii) in Lemma 3.1 yields that (3.4) resp. (3.10), i.e. the assertion
(ii) of each particular type, is valid.

Proof. Again, we treat the Roumieu case in detail, the Beurling setting is
completely analogous.

(i) ⇒ (ii) This is clear.
(ii) ⇒ (iii) Let x ∈ I be given, so ωMy (2t) ≤ LωMx(t) + L for some

index y ∈ I, L ∈ N>0 and all t ≥ 0. Then, by applying (2.1), we get for all
j ∈ N:

My
Lj = sup

t≥0

tLj

exp(ωMy (t))
= sup

s≥0

(2s)Lj

exp(ωMy (2s))
≥ e−L sup

s≥0

(2s)Lj

exp(LωMx(s))

= e−L2Lj

(

sup
s≥0

sj

exp(ωMx(s))

)L

= e−L2Lj(Mx
j )L,

which proves (iii).
(iii) ⇒ (iv) Let r0 > 1 be the value given in (iii). If r ∈ (1, r0], then

nothing is to prove. If r > r0, then we choose n ∈ N minimal to have r ≤ rn
0

and apply n iterations. Namely, given x ∈ I, there exists y1 ∈ I and L1 ∈ N>0

such that

lim inf
j→+∞

(My1
L1j)

1/(L1j)

(Mx
j )1/j

> r0.

Recursively, for i = 2, . . . , n there exist yi ∈ I and Li ∈ N>0 such that

lim inf
j→+∞

(Myi

Lij
)1/(Lij)

(Myi−1
j )1/j

> r0.

The choice y = yn and L =
∏n

i=1 Li clearly fulfills the requirements.
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(iv) ⇒ (v) Recall that the matrix {Mx;a : a > 0} associated with the
weight ωMx is given by

Mx;a
j = exp

(
1
a
ϕ∗

ωMx (aj)
)

, a > 0, j ∈ N, (3.14)

and Mx ≡ Mx;1 by (2.5). Moreover, if L ∈ N>0 we have for every j ∈ N,

Mx;L
j = exp

(
1
L

ϕ∗
ωMx (Lj)

)

= (Mx;1
Lj )1/L = (Mx

Lj)
1/L.

Let x ∈ I and C > 1 be given. By the assumption (reasoning with r = C) we
have

CjMx;1
j = CjMx

j ≤ A(My
Lj)

1/L = AMy;L
j

for some y ∈ I, L ∈ N>0, A ≥ 1, and all j ∈ N. Hence,

log

(
(Ct)j

My;L
j

)

≤ log

(
tj

Mx;1
j

)

+ log(A)

for all t > 0 and j ∈ N, and we obtain by definition ωMy;L(Ct) ≤ ωMx;1(t) +
log(A) for all t ≥ 0 (observe that ωMy;L(0) = ωMx;1(0) = 0). Recall that, as
shown in [11, Lemma 5.7] (see also [14, Theorem 4.0.3, Lemma 5.1.3] and [5,
Lemma 2.5] in a more precise way), we have for any x ∈ I:

∀ a > 0 ∃ Da > 0 ∀ t ≥ 0 : aωMx;a(t) ≤ ωMx;1(t)
= ωMx(t) ≤ 2aωMx;a(t) + Da. (3.15)

So we combine everything to get for all t ≥ 0:

ωMy (Ct) ≤ 2LωMy;L(Ct) + DL ≤ 2LωMx;1(t) + 2L log(A) + DL

= 2LωMx(t) + 2L log(A) + DL.

From here, for every s ∈ R we get

ϕωMy (s + log(C)) = ωMy (Ces) ≤ 2LωMx(es) + 2L log(A) + DL

= 2LϕωMx (s) + 2L log(A) + DL,

and consequently, for a > 0 and every j ∈ N,

ϕ∗
ωMx (aj) = sup

t≥0
{ajt − ϕωMx (t)}

≤ sup
t≥0

{

aj(t + log(C)) − 1
2L

ϕωMy (t + log(C))
}

+ log(A) +
DL

2L
− aj log(C)

≤ 1
2L

sup
s≥0

{2aLjs − ϕωMy (s)} + log(A) +
DL

2L
− aj log(C)

=
1

2L
ϕ∗

ωMy (2aLj) + log(A) +
DL

2L
− aj log(C).



Equality of Ultradifferentiable Classes by Means of Indices Page 15 of 32    28 

In conclusion, we use (3.14) in order to obtain

Mx;a
j ≤ A1/jeDL/(2aL) 1

Cj
My;2aL

j ,

as desired.
(v) ⇒ (vi) It suffices to take, for any a > 0, b = Ba, where B is given in

(v).

(vi) ⇒ (vii) If we choose a = 1 in (3.7) we get

∀ x ∈ I ∀ C > 1 ∃ y ∈ I ∃ b > 0 ∃ D > 0 ∀ j ∈ N : CjMx;1
j ≤ DMy;b

j ,

what leads to the conclusion in view of (3.14).
(vii) ⇒ (viii)
Note that the mapping j 	→ 1

jbϕ
∗
ωMx (jb) is nondecreasing for any fixed

b > 0 and x ∈ I. Let j1 ∈ R>1 be given and take j ∈ N≥2 with j − 1 < j1 ≤ j
and then

exp
(

1
bj ϕ∗

ωMy (bj)
)

exp
(

1
j ϕ∗

ωMx (j)
) ≤

exp
(

1
bj ϕ∗

ωMy (bj)
)

exp
(

1
j1

ϕ∗
ωMx (j1)

) ≤
exp

(
1

2bj1
ϕ∗

ωMy (2bj1)
)

exp
(

1
j1

ϕ∗
ωMx (j1)

) ,

since bj ≤ 2bj1 ⇔ j ≤ 2j1 is valid by j ≤ 2(j − 1) ⇔ 2 ≤ j. Thus we have
verified (3.9) with the same value r > 1 and with the same choice y ∈ I for
given index x when taking b′ := 2b, b > 0 denoting the parameter in (3.8).

(viii) ⇒ (i) Given h > 1 and x ∈ I, we apply the hypothesis with some
r > h and deduce that hjMx

j ≤ AMy;b
j for some y ∈ I, b > 0, A ≥ 1, and all

j ∈ N. Hence,

log

(
(ht)j

My;b
j

)

≤ log

(
tj

Mx
j

)

+ log(A)

for all t > 0 and j ∈ N, and we obtain ωMy;b(ht) ≤ ωMx(t) + log(A) for all
t ≥ 0. We conclude by using (3.15) again. �

We gather now the information for weight matrices associated with given
Braun-Meise-Taylor weight functions ω and get the following characterization.

Corollary 3.3. Let ω ∈ W0 be given and let Ω = {W x : x > 0} be the asso-
ciated weight matrix. Moreover let ωΩ := {ωW x : x > 0} be the matrix of the
associated weight functions. Then the following are equivalent:
(i) ω satisfies (ω1).

(ii) Ω satisfies (M{L}).
(iii) ωΩ, Ω and Ω(2) satisfy any of the corresponding equivalent Roumieu-like

conditions in (I) in Theorem 3.2.
(iv) Ω satisfies (M(L)).
(v) ωΩ, Ω and Ω(2) satisfy any of the corresponding equivalent Beurling-like

conditions in (II) in Theorem 3.2.
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So, the mixed (ω1) conditions of Roumieu and/or Beurling type are equiv-
alent to (ω1) for ω.

Proof. (i) ⇔ (iii), (i) ⇔ (v) Both equivalences hold true by taking into ac-
count that ω ∼ ωW x for all x > 0, see [11, Lemma 5.7].

(i) ⇒ (ii), (iv) holds by [11, Lemma 5.9 (5.10)], see (2.4).
(ii) ⇒ (iii), (iv) ⇒ (v) Both implications follow by Lemma 3.1. �

Remark 3.4. We summarize now some facts concerning the arising lim inf-
conditions in the previous results.

(a) (3.1) implies (3.5) (with L = 1), but the latter condition is weaker than
the first one since j 	→ (Mx

j )1/j is nondecreasing by log-convexity and
normalization for each index x fixed.

(b) This observation is consistent with the characterizations shown in
Lemma 3.1 and Theorem 3.2; more precisely compare the mixed (ω1)
conditions (3.2) and (3.4). In the latter one on the right hand side we
only require a O-growth restriction (and similarly for the Beurling set-
ting).

(c) However, Corollary 3.3 yields that (3.1) is equivalent to (3.5) when the
matrix M ≡ Ω is associated with a given weight function ω ∈ W0.

(d) Concerning Corollary 3.3 we also make the following observation: When
considering the matrix Ω, then w.l.o.g. in (I)(iii) and (I)(iv) resp. in
(II)(iii) and (II)(iv) in Theorem 3.2 we can choose y = x which can be
seen directly as follows:
By definition of the associated weight matrix and the properties for ϕ∗

ω

(see Sect. 2.6) we have

∀ y ≥ x > 0 ∀ L,L′ ∈ N>0, L
′ ≥ yL

x
∀ j ∈ N>0 : (W y

Lj)
1/(Lj) ≤ (W x

L′j)
1/(L′j).

From this, the desired statement follows for the Roumieu type immedi-
ately.
In the Beurling case, when 0 < y < x, then we choose L1 ∈ N>0 such
that L1 ≥ x

y and so (W x
j )1/j ≤ (W y

L1j)
1/(L1j) holds true for any j ∈ N>0.

Thus we can estimate by

lim inf
j→∞

(W x
Lj)

1/(Lj)

(W y
j )1/j

≤ lim inf
j→∞

(W x
LL1j)

1/(LL1j)

(W y
L1j)1/(L1j)

≤ lim inf
j→∞

(W x
LL1j)

1/(LL1j)

(W x
j )1/j

,

verifying the desired statement for the Beurling case as well.
(e) A different but more involved argument for the proof of (d) is to combine

Corollary 3.3 with (vi) in Sect. 2.6 and the main result [12, Thm. 3.1]:
ω satisfies (ω1) if and only if some/each ωW x does, and this is equivalent
to the fact that (I)(iii) resp. (II)(iii) in Theorem 3.2 has to hold for
some/each x = y.
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3.1. Mixed Growth Indices Based on Mixed (ω1) Conditions

We start this section with some observations. In (3.5) and (3.11) in the arising
lim inf condition in order to make sense we have to assume L ∈ N>0, whereas
only b > 0 is required in the conditions from (vii) and (viii) in Theorem 3.2.

Moreover recall that, since Mx;a ∈ LC, by (2.1) we get

∀ x ∈ I ∀ a > 0 ∀ j ∈ N : Mx;a
j = sup

t>0

tj

exp(ωMx;a(t))
= exp(ϕ∗

ωMx;a (j)),

and the last expression makes even sense for any real j ≥ 0.
Based on the characterizations shown in Theorem 3.2 we introduce now

two mixed growth indices. Let M,N ∈ LC with M ≤ N and let ω, σ be weight
functions with σ ≥ ω.

For b > 0 we write (M,ΩN )L,b, if

∃ q > 1 : lim inf
j→+∞

exp
(

1
jq ϕ∗

ωN
(jq)

)

exp
(

1
j ϕ∗

ωM
(j)

) > qb, (3.16)

which shall be compared with [4, Thm. 3.11 (v)].
Note that, if we write ΩN = {W q = (W q

j )j∈N : q > 0} for the weight
matrix associated with ωN , so in particular W 1 = N (see Sect. 2.6), then the
previous condition reads

∃ q > 1 : lim inf
j→+∞

(
W q

j

Mj

)1/j

> qb,

what explains the notation used. It is immediate to see that if the condition
is satisfied for some given b > 0, then also for all 0 < b′ < b (with the same
choice for q).

Similarly, given a > 0 we write (σ, ω)ω1,a if

∃ K > 1 : lim sup
t→+∞

ω(Kt)
σ(t)

< Ka,

which shall be compared with [4, Thm. 2.11 (iv)]. Again it is clear that if the
condition is satisfied for some given a > 0, then also for all a′ > a (with the
same choice of K). According to these growth restrictions we put

β(M,ΩN ) := sup{b > 0 : (M,ΩN )L,b}, (3.17)

α(σ, ω) := inf{a > 0 : (σ, ω)ω1,a}. (3.18)

If there does not exist any b > 0, resp. a > 0, such that (M,ΩN )L,b, resp.
(σ, ω)ω1,a, holds true, then we put β(M,ΩN ) = 0, resp. α(σ, ω) = ∞.

A first immediate consequence is the following:

Lemma 3.5. Let M,N ∈ LC be given with M ≤ N and satisfying

∃ C > 1 ∃ D > 0 ∀ j ∈ N : CjMj ≤ DNj . (3.19)
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Then α(ωM , ωN ) = 0 holds true.

Note that (3.19) cannot be valid for M = N (see Remark 2.2) and in
particular this result applies for any (non-constant) weight matrix M := {Mx :
x ∈ I} being (Msc) and satisfying (M{L}) resp. (M(L)).

Proof. The argument in (ii) ⇒ (iii) in Lemma 3.1 may be repeated verbatim
in order to yield that ωN (Ct) ≤ ωM (t) + D1 for some D1 ≥ 1 and all t ≥ 0.
Hence

lim sup
t→∞

ωN (Ct)
ωM (t)

≤ 1 < Ca

for any a > 0, which gives the conclusion. �

The next main result shows that the values defined in (3.17) and (3.18)
are closely related.

Proposition 3.6. Let M,N ∈ LC be given with M ≤ N and let ωM , ωN be the
corresponding associated weight functions, then we get

β(M,ΩN ) =
1

α(ωM , ωN )
.

Proof. Suppose β(M,ΩN ) > 0 and let 0 < b < β(M,ΩN ), so (3.16) is valid
for b, and then there exists some q > 1 and C ≥ 1 such that for all t ≥ 0 we
get ϕ∗

ωN
(tq) ≥ qϕ∗

ωM
(t)+ tq log(qb)−C. We apply the Young conjugate to this

inequality. Hence for all s ≥ log(qb) we have

ωN (es) = ϕωN
(s) = ϕ∗∗

ωN
(s) = sup

t≥0
{st − ϕ∗

ωN
(t)}

= sup
t≥0

{sqt − ϕ∗
ωN

(tq)} ≤ sup
t≥0

{sqt − qϕ∗
ωM

(t) − tq log(qb)} + C

= q sup
t≥0

{t(s − log(qb)) − ϕ∗
ωM

(t)} + C = qϕ∗∗
ωM

(s − log(qb)) + C

= qϕωM
(s − log(qb)) + C = qωM (es/qb) + C.

Consequently there does exist C1 ≥ 1 such that for all t ≥ 0 we have ωN (tqb) ≤
qωM (t) + C1, i.e. lim supt→+∞

ωN (Kt)
ωM (t) ≤ K1/b with K := qb > 1 and so

(ωMx , ωMy )ω1,1/b′ holds with this choice K for any b′ < b. Hence we have
shown α(ωM , ωN ) ≤ 1/b′, and by making b′ tend to b and then b tend to
β(M,ΩN ), we deduce that α(ωM , ωN ) ≤ 1/β(M,ΩN ).

Conversely, suppose that α(ωM , ωN ) < ∞ and let a > (ωM , ωN )ω1 , then
(ωM , ωN )ω1,a is valid with some K > 1. So there exist C ≥ 1 and 0 < b < a
such that ωN (Kt) ≤ KbωM (t) + C for all t ≥ 0. Hence by setting k :=
log(K) > 0 and s := log(t) we have ϕωN

(k + s) = ωN (ek+s) = ωN (Kt) ≤
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KbωM (es) + C = KbϕωM
(s) + C for all s ∈ R. Applying the Young-conjugate

yields for all s ≥ 0:

ϕ∗
ωN

(s) = sup
t∈R

{st − ϕωN
(t)} = sup

t∈R

{s(k + t) − ϕωN
(k + t)}

≥ sup
t∈R

{s(k + t) − KbϕωM
(t)} − C = sup

t≥0
{st − KbϕωM

(t)} − C + sk

= Kb sup
t≥0

{(s/Kb)t − ϕωM
(t)} − C + sk = Kbϕ∗

ωM
(s/Kb) − C + sk.

Hence we have shown

∃ K > 1 ∃ C ≥ 1 ∀ s′ ≥ 0 : Kbϕ∗
ωM

(s′) + s′Kb log(K) ≤ ϕ∗
ωN

(sKb) + C,

i.e.

lim inf
s′→+∞

exp
(

1
s′Kb ϕ∗

ωN
(s′Kb)

)

exp
(

1
s′ ϕ∗

ωM
(s′)

) ≥ exp(log(K)) = K > (Kb)1/a.

So we have verified (M,ΩN )L,1/a with the choice q := Kb > 1, hence β(M,ΩN )
≥ 1/a. When a tends to (ωM , ωN )ω1 , it follows that β(M,ΩN ) ≥ 1/(ωM , ωN )ω1 .

One may easily conclude that the stated equality holds in any case (with
the conventions 1/0 = ∞, 1/∞ = 0), even if one of the indices is zero or
infinity. �

Thus, by involving the notation of mixed indices in this section and
Proposition 3.6, we can now reformulate Theorem 3.2 as follows.

Theorem 3.7. Let M = {Mx : x ∈ I} be a (Msc) weight matrix and let ωM :=
{ωMx : x > 0} be the corresponding matrix of associated weight functions.

Then the following are equivalent:

(i) Any of the equivalent mixed (ω1)-conditions of Roumieu type in (I) of
Theorem 3.2 hold true,

(ii)

∀ x ∈ I ∃ y ∈ I : α(ωMx , ωMy ) < ∞,

(iii)

∀ x ∈ I ∃ y ∈ I : β(Mx,ΩMy ) > 0.

Analogously, the following are equivalent:

(i) Any of the equivalent mixed (ω1)-conditions of Beurling type in (II) of
Theorem 3.2 hold true,

(ii)

∀ x ∈ I ∃ y ∈ I : α(ωMy , ωMx) < ∞,

(iii)

∀ x ∈ I ∃ y ∈ I : β(My,ΩMx) > 0.
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Proof. Again we limit ourselves to the Roumieu case.
(i) ⇒ (ii) It suffices to take into account (3.3), which easily shows that

for every x there exists y such that (ωMx , ωMy )ω1,a holds for a suitable value
of a.

(ii) ⇔ (iii) This is clear from Proposition 3.6.
(ii) ⇒ (i) By hypothesis, for every x ∈ I there exists y ∈ I and K > 1

such that

lim sup
t→+∞

ωMy (Kt)
ωMx(t)

< +∞.

After a finite iteration (if necessary), we can guarantee that (3.4) holds, and
we are done. �

We close this section with the following observations for given M =
{Mx : x ∈ I} being (Msc):
(a) Lemmas 3.1 and 3.5 imply that condition (M{L}), respectively (M(L)),

yields that for every x ∈ I there exists y ∈ I such that α(ωMx , ωMy ) = 0
and β(Mx,ΩMy ) = ∞, resp. α(ωMy , ωMx) = 0 and β(My,ΩMx) = ∞.

(b) In particular, if Ω is the matrix associated with some ω ∈ W0, by Corol-
lary 3.3 we know that, as soon as ω has in addition (ω1), we are in the
situation described in (a).

4. Mixed Moderate Growth Conditions

In this section we study the mixed moderate growth conditions for a given
weight matrix. The first three equivalent conditions in the next result are
stated in [15] and [14], new conditions (iv) and (v) deal with replacing the
constant 2 in (iii) by some q > 0.

Proposition 4.1. Let M = {Mx : x ∈ I} be (Msc), then in the Roumieu
setting the following conditions are equivalent:
(i) M has (M{mg}),

(ii) ∀ x ∈ I ∃ H ≥ 1 ∃ y ∈ I ∀ t ≥ 0 : 2ωMy (t) ≤ ωMx(Ht) + H,
(iii) ∀ x ∈ I ∃ C > 0 ∃ y ∈ I ∀ j ∈ N : Mx

2j ≤ C2j(My
j )2.

(iv) we have that

∃ q > 0 ∀ x ∈ I ∃ y ∈ I : lim sup
j∈N>0,j→+∞

exp
(

1
jq ϕ∗

ωMx (jq)
)

exp
(

1
j ϕ∗

ωMy (j)
) < +∞, (4.1)

(v) we have that

∃ q > 0 ∀ x ∈ I ∃ y ∈ I : lim sup
j∈R>0,j→+∞

exp
(

1
jq ϕ∗

ωMx (jq)
)

exp
(

1
j ϕ∗

ωMy (j)
) < +∞. (4.2)

Moreover, in the Beurling setting, we have the following equivalences:
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(i) M has (M(mg)),
(ii) ∀ x ∈ I ∃ H ≥ 1 ∃ y ∈ I ∀ t ≥ 0 : 2ωMx(t) ≤ ωMy (Ht) + H,

(iii) ∀ x ∈ I ∃ C > 0 ∃ y ∈ I ∀ j ∈ N : My
2j ≤ C2j(Mx

j )2.
(iv) we have that

∃ q > 0 ∀ x ∈ I ∃ y ∈ I : lim sup
j∈N>0,j→+∞

exp( 1
jq ϕ∗

ωMy (jq))

exp(1
j ϕ∗

ωMx (j))
< +∞,

(v) we have that

∃ q > 0 ∀ x ∈ I ∃ y ∈ I : lim sup
j∈R>0,j→+∞

exp( 1
jq ϕ∗

ωMy (jq))

exp(1
j ϕ∗

ωMx (j))
< +∞.

Note: Even if all associated weight functions are equivalent w.r.t. ∼, then in
general we cannot conclude that (ω6) for each/some ωMx is following.

Proof. We only treat the Roumieu setting in detail, the Beurling case follows
analogously.

First, by combining [15, Prop. 3.6] and [14, Thm. 9.5.2, Thm. 9.5.3], we
see that (i) ⇔ (ii) ⇔ (iii).

(iii) ⇒ (iv) Recall that since each Mx ∈ LC, by (2.5), we have

∀ j ∈ N : Mx
j = Mx;1

j = exp(ϕ∗
ωMx (j)).

Then (iii) implies the fact that for all x ∈ I we find y ∈ I such that the (4.1)
is valid with the same indices x and y and the universal choice q = 2.

(iv) ⇒ (v) For any j ∈ R, j ≥ 1, we get

exp
(

1
jq ϕ∗

ωMx (jq)
)

exp
(

1
j ϕ∗

ωMy (j)
) ≤

exp
(

1
	j
2q ϕ∗

ωMx (�j�2q)
)

exp
(

1
	j
ϕ∗

ωMy (�j�)
) ,

since q 	→ 1
jq ϕ∗

ωMx (jq)) is nondecreasing for any x ∈ I and j > 0 (fixed) and
since j ≤ �j� + 1 ≤ 2�j� for all j ≥ 1. Thus (4.1) with the choice q > 0 does
imply (4.2) with the same indices x and y and with the parameter q′ := q/2.

(v) ⇒ (iii) We have to distinguish between two cases. First, if q ≥ 2 then
we immediately get (4.1) with q = 2 (q 	→ 1

jq ϕ∗
ωMx (jq) is nondecreasing for

any x ∈ I and j > 0 fixed). Consequently (i) follows again by recalling (2.5).
Second, if 0 < q < 2, then we iterate (4.2) as follows for all j ≥ 1

exp
(

1
j2q ϕ∗

ωMx (j2q)
)

exp
(

1
j ϕ∗

ωMz (j)
) =

exp
(

1
2jq ϕ∗

ωMx (2jq)
)

exp
(

1
qj ϕ∗

ωMy (qj)
)

exp
(

1
jq ϕ∗

ωMy (jq)
)

exp
(

1
j ϕ∗

ωMz (j)
) .

Hence, after applying sufficiently many iterations again depending only on
given q (choose n ∈ N minimal to have 2nq ≥ 2), we get (4.2) with q′ ≥ 2 and
some index z ∈ I and are again able to conclude. �
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Assertion (ii) in the previous result is the mixed (ω6)-condition of the
particular, Roumieu or Beurling, type. Using resp. applying iterations as in
the proofs of the previous section it is straight-forward to extend the list(s) of
equivalences in Proposition 4.1 by replacing in (ii) the value 2 by any C > 1
not depending on x and y.

4.1. Mixed Growth Indices Based on Mixed Moderate Growth Conditions

Let M,N ∈ LC with M ≤ N be given and a > 0. We write (N, ΩM )mg,a, if

∃ q > 1 : lim sup
j→+∞

exp
(

1
jq ϕ∗

ωM
(jq)

)

exp
(

1
j ϕ∗

ωN
(j)

) < qa, (4.3)

which should be compared with [4, Thm. 3.16 (v)]. Note that, if we write
ΩM = {W q = (W q

j )j∈N : q > 0} for the weight matrix associated with ωM , so
in particular W 1 = M (see Sect. 2.6), then the previous condition reads

∃ q > 1 : lim sup
j→+∞

(
W q

j

Nj

)1/j

< qa.

Given weight two functions ω and σ with σ ≥ ω we write (ω, σ)ω6,b if

∃ K > 1 : lim inf
t→+∞

σ(Kt)
ω(t)

> Kb, (4.4)

which should be compared with [4, Thm. 2.16 (iii)]. It is immediate to see
that if (4.3) is satisfied for some a > 0, then also for all a′ > a with the same
choices of q and if (4.4) is satisfied for some given b > 0, then also for all
0 < b′ < b with the same choices for K. According to these growth restrictions
we can put

α(N, ΩM ) := inf{a > 0 : (N, ΩM )mg,a} ∈ [0,∞], (4.5)

and

β(ω, σ) := sup{b > 0 : (ω, σ)ω6,b} ∈ [0,∞]. (4.6)

If the corresponding sets are empty, we write α(N, ΩM ) = ∞ and β(ω, σ) =
0.

The next result shows that the values defined in (4.5) and (4.6) are re-
lated.

Proposition 4.2. Let M,N ∈ LC be given with M ≤ N and ωM , ωN the corre-
sponding associated weight functions. Then we get

α(N, ΩM ) =
1

β(ωN , ωM )
.
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Proof. Let a > α(N, ΩM ), so (4.3) is valid for a > 0. Then there exists some
C ≥ 1 such that for all t ≥ 0 we get ϕ∗

ωM
(tq) ≤ qϕ∗

ωN
(t) + tq log(q1/a) + C.

We apply the Young conjugate to this inequality, hence for all s ≥ log(qa) we
have

ωM (es) = ϕωM
(s) = ϕ∗∗

ωM
(s) = sup

t≥0
{st − ϕ∗

ωM
(t)}

= sup
t≥0

{sqt − ϕ∗
ωM

(tq)} ≥ sup
t≥0

{sqt − qϕ∗
ωN

(t) − tq log(qa)} − C

= q sup
t≥0

{t(s − log(qa)) − ϕ∗
ωN

(t)} − C = qϕ∗∗
ωN

(s − log(qa)) − C

= qϕωN
(s − log(qa)) − C = qωN (es/qa) − C.

Consequently, there does exist C1 ≥ 1 such that for all t ≥ 0 we have
qωN (t) ≤ ωM (tqa) + C1, i.e. lim inft→+∞

ωM (Kt)
ωN (t) ≥ K1/a with K := qa > 1.

So (ωN , ωM )ω6,1/a′ is valid with this choice K for any a′ > a which proves
β(ωN , ωM ) ≥ 1/a′. Since a can be chosen arbitrarily close to α(N, ΩM ) we
have shown β(ωN , ωM ) ≥ 1/α(N, ΩM ).

Conversely, let now 0 < b < β(ωN , ωM ), i.e. (ωN , ωM )ω6,b is valid with
some K > 1, so there exists C ≥ 1 such that ωM (Kt) ≥ KbωN (t) − C for
all t ≥ 0. By setting k := log(K) > 0 and s := log(t) we have ϕωM

(k + s) =
ωM (ek+s) ≥ KbωN (es)−C = KbϕωN

(s)−C for all s ∈ R. Hence applying the
Young-conjugate yields for all s ≥ 0:

ϕ∗
ωM

(s) = sup
t∈R

{st − ϕωM
(t)} = sup

t∈R

{s(k + t) − ϕωM
(k + t)}

≤ sup
t∈R

{s(k + t) − KbϕωN
(t)} + C = sup

t≥0
{st − KbϕωN

(t)} + C + sk

= Kb sup
t≥0

{(s/Kb)t − ϕωN
(t)} + C + sk = Kbϕ∗

ωN
(s/Kb) + C + sk.

Thus we have shown that there exists C ≥ 1 such that ϕ∗
ωM

(tKb) ≤ Kbϕ∗
ωN

(t)+
tKb log(K) + C for all t ≥ 0. Consequently, (N, ΩM )ω6,1/b′ is valid with the
choice q := Kb for any 0 < b′ < b which proves 1/b′ ≥ α(N, ΩM ). Hence we
obtain β(ωN , ωM ) ≤ 1/α(N, ΩM ).

Note that this proof also shows that if one of the indices is zero the other
is infinity, so also in this situation the equality holds with the usual convention.

�

Remark 4.3. By inspecting the proofs of Propositions 3.6 and 4.2 we see that
the convexity assumption (ω4) is indispensable in order to ensure ϕ∗∗

ω = ϕω.
Note that this condition is always satisfied for any ωM when having M ∈ LC,
see Lemma 2.1.

Thus by Propositions 4.1 and 4.2, we immediately get the following char-
acterization.



   28 Page 24 of 32 J. Jiménez-Garrido et al. Results Math

Theorem 4.4. Let M = {Mx : x > 0} be a (Msc) weight matrix and ωM :=
{ωMx : x > 0} be the corresponding matrix of associated weight functions.
Then the following conditions are equivalent:
(i) (M{mg}) holds true,

(ii) ∀ x ∈ I ∃ y ∈ I : α(My,ΩMx) < ∞,
(iii) ∀ x ∈ I ∃ y ∈ I : β(ωMy , ωMx) > 0.

Analogously, for the Beurling case, the following are equivalent:
(i) (M(mg)) holds true,

(ii) ∀ x ∈ I ∃ y ∈ I : α(Mx,ΩMy ) < ∞,
(iii) ∀ x ∈ I ∃ y ∈ I : β(ωMx , ωMy ) > 0.

5. Consequences for Ultradifferentiable Classes

The aim of this final section is to extend the characterizing results from [1] to
the matrix setting, to refine the consequences shown in [15] and to give the new
mixed growth indices introduced in the previous sections an interpretation in
terms of the characterization for the equivalence of ultradifferentiable classes
defined by (abstractly given) weight matrices.

5.1. Classes Defined by Abstractly Given Weight Matrices

First let us recall the main result [15, Theorem 3.2].

Theorem 5.1. Let M be a (Msc) weight matrix and ωM be the corresponding
matrix of associated weight functions. If M does have (M[mg]) and (M[L]),
then

E[M] = E[ωM] (5.1)

and the equality holds as top. vector spaces.

The aim of this section is to show that (5.1) is characterized in terms of
the growth properties studied before. More precisely we will see that assump-
tion (M[L]) is too strong.

The proof of Theorem 5.1 has been split into two parts. The first one
[15, Theorem 3.4] deals with the mixed moderate growth conditions and can
be reformulated as follows.

Theorem 5.2. Let M := {Mx : x ∈ I} be a (Msc) weight matrix and recall
M(2) := {Mx;l : x ∈ I, l > 0}, then the following conditions are equivalent:
(i) One has

E{M} = E{M(2)},

as top. vector spaces,
(ii) we have that

∀ x ∈ I ∃ y ∈ I : α(My,ΩMx) < ∞,
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(iii) we have that

∀ x ∈ I ∃ y ∈ I : β(ωMy , ωMx) > 0.

Analogously, the following conditions are equivalent:
(i) One has

E(M) = E(M(2)),

as top. vector spaces,
(ii) we have that

∀ x ∈ I ∃ y ∈ I : α(Mx,ΩMy ) < ∞,

(iii) we have that

∀ x ∈ I ∃ y ∈ I : β(ωMx , ωMy ) > 0.

Proof. We prove only the statement in the Roumieu case.
The equivalence of (i) and condition (M{mg}) is shown in [15, Theorem

3.7, Proposition 3.9].
Theorem 4.4 implies the equivalence of the three statements. �

The second part has been treated in [15, Section 3.10] by studying con-
sequences of the assumption (M[L]) on M. However, in order to have equality
between the classes E[M(2)] and E[ωM] it is sufficient to have one of the equiv-
alent but weaker conditions from Theorem 3.2 above.

Theorem 5.3. Let M := {Mx : x ∈ I} be a (Msc) weight matrix, let ωM be
the corresponding matrix of associated weight functions and finally M(2) :=
{Mx;l : x ∈ I, l > 0}.

The following assertions are equivalent:
(i) One has

E{M(2)} = E{ωM}
as top. vector spaces,

(ii) we have that

∀ x ∈ I ∃ y ∈ I : α(ωMx , ωMy ) < ∞,

(iii) we have that

∀ x ∈ I ∃ y ∈ I : β(Mx,ΩMy ) > 0.

Analogously, the following are equivalent:
(i) One has

E(M(2)) = E(ωM)

as top. vector spaces,
(ii) we have that

∀ x ∈ I ∃ y ∈ I : α(ωMy , ωMx) < ∞,
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(iii) we have that

∀ x ∈ I ∃ y ∈ I : β(My,ΩMx) > 0.

Proof. In the Roumieu case, (ii) and (iii) are equivalent, by Theorem 3.7,
to the fact that one/each of the conditions from (I) in Theorem 3.2 holds
true. These conditions are shown to imply (i) in [15, Section 3.10]. The same
arguments apply for these implications in the Beurling case. So, it is only
pending the proof that (i) in the particular Roumieu or Beurling case implies
one of the equivalent conditions from (I), resp. (II), in Theorem 3.2.

The Roumieu case. By assumption the nontrivial inclusion E{M(2)} ⊆
E{ωM} is valid.

Then recall that for any given N ∈ LC we can define (recall νk := Nk

Nk−1
,

ν0 := 1):

θN (x) :=
+∞∑

k=0

Nk

(2νk)k
exp(2iνkx), x ∈ R.

We get that θN ∈ E{N}(R,C) (in fact θN does admit global estimates on whole
R) and

θ
(j)
N (0) = ijsj with sj ≥ Nj , ∀ j ∈ N.

We refer to [17, Theorem 1], for a detailed proof see also [13, Prop. 3.1.2] and
[11, Lemma 2.9]. However, it is not difficult to see that θN does not belong to
the Beurling type class E(N)(R,C).

Each Mx;a ∈ M(2) does belong to the class LC. Let h > 1 be arbitrary,
but from now on fixed. Let also x ∈ I be arbitrary but fixed and put M̃x;1 :=
(hjMx;1

j )j∈N. Clearly M̃x;1 ∈ LC and this sequence is equivalent to Mx;1.
Consequently θ

M̃x;1 ∈ E{M̃x;1}(R,C) = E{Mx;1}(R,C) ⊆ E{M(2)}(R,C) and by
the inclusion E{M(2)}(R,C) ⊆ E{ωM}(R,C) we get

∃ y ∈ I ∃ b > 0 ∃ D > 0 ∀ j ∈ N :

hjMx;1
j = M̃x;1

j ≤ |θ
M̃x;1(0)| ≤ D exp

(
1
b
ϕ∗

ωMy (bj)
)

= DMy;b
j ,

hence one may easily deduce that (3.8) is verified.
The Beurling case. We follow the ideas from the characterization of the

inclusion relations, see [11, Prop. 4.6] and also [15, Prop. 3.9]. By assumption
the nontrivial inclusion E(ωM)(R,C) ⊆ E(M(2))(R,C) is valid and the inclusion
mapping is continuous by the closed graph theorem. Note that both spaces are
Fréchet spaces.

This means that ∀ K ⊆ R compact ∀ x ∈ I ∀ a > 0 ∀ h > 0 ∃ K1 ⊆
R compact ∃ y ∈ I ∃ b > 0 ∃ D > 0 ∀ f ∈ E(ωM)(R,C) : ‖f‖Mx;a,K,h ≤
D‖f‖ωMy ,K1,b.
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We apply this to the functions fs(t) := eits, s ≥ 0 and t ∈ R. Note that
fs ∈ E(ωM)(R,C) because |f (j)

s (t)| = sj for all j ∈ N, s ≥ 0 and t ∈ R and
(Mx;a

j )1/j → +∞ as j → +∞ for each x ∈ I and a > 0. Then we estimate as
follows:

sup
j∈N

sj

hjMx;a
j

= sup
j∈N,t∈K

|f (j)
s (t)|

hjMx;a
j

= ‖fs‖Mx;a,K,h ≤ D‖fs‖ωMy ,K1,b

= D sup
j∈N,t∈K1

|f (j)
s (t)|

exp( 1
b ϕ∗

ωMy (bj))

= D sup
j∈N

sj

My;b
j

,

which yields exp(ωMx;a(s/h)) ≤ D exp(ωMy;b(s)) for all s ≥ 0. Hence, by
applying (2.1) we get for all j ∈ N

My;b
j = sup

t≥0

tj

exp(ωMy;b(t))
≤ D sup

t≥0

tj

exp(ωMx;a(t/h))
= DhjMx;a

j .

Consequently we have shown

∀ x ∈ I ∀ a > 0 ∀ C > 1 ∃ y ∈ I ∃ b > 0 ∃ D > 0 ∀ j ∈ N : CjMy;b
j ≤ DMx;a

j ,

i.e. (3.13) and are done. �
Gathering all this information we are able to formulate the following

characterization.

Theorem 5.4. Let M be a (Msc) weight matrix and ωM be the corresponding
matrix of associated weight functions. Then the following are equivalent:
(i) M does have (M{mg}) and one/each of the characterizing conditions

from (I) in Theorem 3.2 (e.g. the mixed (ω1)-conditions of Roumieu
type),

(ii) we have as top. vector spaces the equalities

E{M} = E{M(2)} = E{ωM},

(iii) ∀ x ∈ I ∃ y ∈ I : α(My,ΩMx) < ∞, and
∀ x ∈ I ∃ y ∈ I : β(Mx,ΩMy ) > 0.

(iv) ∀ x ∈ I ∃ y ∈ I : β(ωMy , ωMx) > 0, and
∀ x ∈ I ∃ y ∈ I : α(ωMx , ωMy ) < ∞.

Analogously, the following are equivalent:
(i) M does have (M(mg)) and one/each of the characterizing conditions from

(II) in Theorem 3.2 (e.g. the mixed (ω1)-conditions of Beurling type),
(ii) we have as top. vector spaces the equalities

E(M) = E(M(2)) = E(ωM),

(iii) ∀ x ∈ I ∃ y ∈ I : β(My,ΩMx) > 0, and
∀ x ∈ I ∃ y ∈ I : α(Mx,ΩMy ) < ∞,
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(iv) ∀ x ∈ I ∃ y ∈ I : α(ωMy , ωMx) < ∞, and
∀ x ∈ I ∃ y ∈ I : β(ωMx , ωMy ) > 0.

We give now some comments on ”classical situations” to which this main
result applies.

(a) Theorem 5.4 applies to M ≡ Ω = {W x : x > 0}, when Ω is associated
with a given weight function ω ∈ W0 (see Sect. 2.6). In this situation this
theorem is consistent with the known results from [1] and [11]: On the
one hand Ω satisfies all requirements from assertion (i) (for both types)
provided that ω ∈ W, see (2.3) and Corollary 3.3. On the other hand, we
have in this situation

E[Ω] = E[ω] = E[ωΩ],

with the first equality holding by [11, Theorem 5.14 (2)] and the second
one by [11, Lemma 5.7]. Note that ω∼ωW x for all x > 0 (i.e. (vi) in
Sect. 2.6) , hence the matrix ωΩ is constant.
Alternatively, by our developed knowledge on mixed growth indices we
can also directly verify assertions (iv): By (2.3) and Theorem 4.4 we get
both requirements on the index β; whereas Corollary 3.3 and Lemma 3.5
yield that both requirements on the index α are valid, more precisely
even with the value 0.

(b) If M = {M}, then ωM = {ωM} and there is no difference between
Roumieu- and Beurling-like conditions. In this case Theorem 5.4 yields
the characterizations shown in [1]. More precisely, we remark that in (i)
assumption (mg) on M implies that some/any assertions in Theorem 3.2
are valid if and only if

∃ Q ∈ N≥2 : lim inf
j→+∞

μQj

μj
> 1, (5.2)

which follows by [12, Prop. 3.4]. However, note also that in [1] the general
assumptions on M have been slightly stronger than in our result, i.e. apart
from M ∈ LC also lim infp→∞(Mp/p!)1/p > 0 (this is precisely (M0) in
[1]) and (M2′) from [8] (derivation closedness) are required.
Finally, let us see (i) ⇔ (iv) directly and not using any information on
the underlying ultradifferentiable classes: In this situation assertion (iv)
reads α(ωM ) < ∞ and β(ωM ) > 0, which is by [4, Cor. 2.14, Cor. 2.17]
equivalent to requiring both (ω1) and (ω6) for ωM . By combining [8, Prop.
3.6] and [12, Thm. 3.1] we obtain the equivalence to (i).

We close with the following observation concerning the stability of the
arising conditions w.r.t. the natural equivalence relations [≈] characterizing
the permanence of the class E[M].

Remark 5.5. If both M and N are (Msc), then in [11, Prop. 4.6] it has been
shown that E[M] = E[N ] if and only if M[≈]N .
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And this is consistent with Theorem 5.4: For this recall that (M[mg]) is
clearly stable under relation [≈]. Similarly this holds true for the equivalent
conditions from Theorem 3.2 of the particular, Roumieu or Beurling, type; it
can be directly checked for (I)(iv) resp. (II)(iv): (3.6) resp. (3.12) are clearly
preserved under {≈} resp. (≈).

Recall that in general it is not clear that the stronger condition (M[L])
is preserved under [≈].

5.2. Classes Defined by an Abstractly Given Matrix of Weight Functions

The aim of this section is to apply the main result from the previous section to
a weight matrix N which is obtained by an abstractly given matrix of weight
functions MW := {ωx ∈ W0 : x ∈ I}. Recall that here ωy ≤ ωx for any
x, y ∈ I with x ≤ y and the class E[MW ] is defined analogously as E[ωM] in
Sect. 2.7.

Theorem 5.6. Let MW := {ωx ∈ W0 : x ∈ I} be given and let the (Msc)
weight matrix N = {Nx : x ∈ I} be defined by

Nx
p := exp(ϕ∗

ωx(p)). (5.3)

(I) The following are equivalent in the Roumieu case:
(i) N does have (M{mg}) and one/each of the characterizing conditions

from (I) in Theorem 3.2 (e.g. the mixed (ω1)-conditions of Roumieu
type),

(ii) we have as top. vector spaces the equality

E{MW} = E{N}.

(iii) ∀ x ∈ I ∃ y ∈ I : β(ωy, ωx) > 0, and
∀ x ∈ I ∃ y ∈ I : α(ωx, ωy) < ∞.

(II) Analogously, the following are equivalent in the Beurling case:
(i) N does have (M(mg)) and one/each of the characterizing conditions

from (II) in Theorem 3.2 (e.g. the mixed (ω1)-conditions of Beurling
type),

(ii) we have as top. vector spaces the equality

E(MW) = E(N ).

(iii) ∀ x ∈ I ∃ y ∈ I : α(ωy, ωx) < ∞, and
∀ x ∈ I ∃ y ∈ I : β(ωx, ωy) > 0.

Proof. First, by (5.3) the matrix N is (Msc) and by (vi) in Sect. 2.6 we obtain

∀ x ∈ I : ωNx ∼ ωx. (5.4)

This fact implies (e.g. see the proof of [11, Lemma 5.16 (1)]) that E[ωN ] =
E[MW ]. Now, we are in a position to apply Theorem 5.4 to the matrix N , so
that

E[N ] = E[N (2)] = E[ωN ],
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and the conclusion is straightforward both in the Roumieu and the Beurling
case. �

If MW := {ω} and so N = {N}, then there is no difference between
the Roumieu and the Beurling case and so for the mixed indices we precisely
get the indices α(ω) and β(ω) studied in [4]. Consequently, assertion (iii) in
Theorem 5.6 amounts to having both (ω1) and (ω6) for ω, see [4, Cor. 2.14,
Cor. 2.17]. So this result is consistent with [1, Cor. 16]. However, note that
there (ω1) is a standard assumption, i.e. ω ∈ W. Finally, concerning N and
assertion (i) we recall: As mentioned in the previous section, since N has (mg)
we have that N satisfies some/any of the assertions in Theorem 3.2 if and only
if (5.2) holds.
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pact dans les classes de fonctions ultradifférentiables. Math. Ann. 298, 7–40
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[6] Jiménez-Garrido, J., Sanz, J., Schindl, G.: The surjectivity of the Borel mapping
in the mixed setting for ultradifferentiable ramification spaces. Monatsh. Math.
191(3), 537–576 (2020)
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