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ABSTRACT

On the geometry of the moduli space of certain
lattice polarized K3 surface and their

Picard-Fuchs operators

by

Michael T. Schultz, Doctor of Philosophy

Major Professor: Dr. Andreas Malmendier, PhD.
Department: Mathematics and Statistics

We study the moduli space of certain families of lattice polarized K3 surface via
their period integrals and corresponding Picard-Fuchs system, in particular by utiliz-
ing explicit Jacobian elliptic fibrations that realize the lattice polarizations. Moreover,
we study how other data that governs the complex structure of the elliptic fibres of
certain generic fibrations determines global information about a Jacobian elliptic K3
surface in terms of string theoretic and index theoretic terms via holomorphic anoma-
lies.

We demonstrate how the mixed-twist construction of Doran & Malmendier when
applied to a certain family of rational elliptic surfaces yields the famous double sextic
family, equipped with the canonical lattice polarization from the branching locus
of the double cover. We show how restrictions of the moduli produce subvarieties
on which the lattice polarization extends. Moreover, we show how the mixed-twist
construction allows for the explicit computation of the monodromy of the mirror

family of Calabi-Yau n-folds.
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We show that for a certain family of lattice polarized K3 surfaces of Picard rank

p > 17, the twisted Legendre pencil, that the moduli space carries an integrable
holomorphic conformal structure. In the language of physics, this is known as a
flat special geometry, whose existence has implications for a certain supersymmetric
quantum field theory associated to the space. This construction is related to Seiberg-
Witten theory via the mixed-twist construction. Implications and future directions

are discussed at the end.

(251 pages)



PUBLIC ABSTRACT
On the geometry of the moduli space of certain
lattice polarized K3 surface and their

Picard-Fuchs operators

Michael T. Schultz

K3 surfaces have a long and rich study in mathematics, and more recently in
physics via string theory. Often, K3 surfaces come in multiparameter families - the
parameters describing these surfaces fit together to form their own geometric space, a
so-called moduli space. In particular, the moduli spaces of K3 surfaces equipped with
a lattice polarization can sometimes be constructed explicitly, which subsequently
reveals important information about the original K3 surface.

In this work, we construct such families explicitly from certain rational elliptic
surfaces via the so-called mized-twist construction of Doran & Malmendier, which in
turn produces the moduli space. After identifying the lattice polarization by comput-
ing Jacobian elliptic fibrations, we find a rich differential geometric content imparted
to the moduli space - an integrable holomorphic conformal structure - via quadratic
relations satisfied by the period integrals of the K3 surface. This geometry allows
one to compute crucial data about the K3 surface family, the Picard-Fuchs operators,
by applying a general programme on uniformizing differential equations discovered
by Sasaki & Yoshida. In physics, this differential geometric data is known as a flat
special geometry, and has implications for a type of supersymmetric quantum field
theory associated with the K3 surface. Via the mixed-twist construction, this is re-
lated to Ny = 4 Seiberg-Witten curves from N = 2 SU(2) super Yang-Mills theory
with various mass configurations.

We show as well how one can restrict the moduli, leading to subvarieties of the
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moduli space on which the lattice polarization extends. This can allow one to con-
struct interesting families of Calabi-Yau manifolds, which are of crucial importance in
string theory as well. Moreover, we study how other data that governs the complex
structure of the elliptic fibres of certain generic fibrations determines global infor-
mation about a Jacobian elliptic K3 surface in terms of string theoretic and index

theoretic terms via holomorphic anomalies.
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CHAPTER 1

Introduction

The subject of K3 surfaces traces back to the time of Kummer, who in 1864 published
Uber die Flichen vierten Grades mit sechzehn singuliren Punkten [32], which made
systematic study of quartic hypersurfaces in P? with a maximum number of sixteen
nodal singularities. The study of the rich geometry of these surfaces, which can be
traced to the configurations of such nodal singularities, or rational double points,
continues to present day, and pervading algebraic and arithmetic geometry, as well
as more recently mathematical physics.

One may show that the minimal resolution of Kummer’s quartic surface X is sim-
ply connected and possesses a global nonvanishing holomorphic 2-form nx € H*°(X)

that trivializes the canonical bundle Kx = A TX, which makes X a K3 surface.

Definition 1.0.1. A projective surface X C P™ is a K3 surface if the canonical bundle

Kx = Ox is trivial, and ' (X, Ox) = 0.

A celebrated result in algebraic geometry - Chow’s Theorem - asserts that smooth,
closed, projective submanifolds of P" are in fact algebraic, that is, realized as the
zero locus of some collection of homogeneous polynomials. Thus, after resolving
the potential nodal singularities, or rational double points of a K3 surface X, we
may restrict ourselves to studying algebraic K3 surfaces. The algebraicity of the K3
surface is equivalent to choosing a polarization, that is, an quasi-ample line bundle

L — X such that the image of X under the induced embedding has at worst rational



double points.

Consider a homogeneous quartic polynomial

cmXo XIXaxh =0, (1.0.1)

with the summation convention implied on the homogeneous coordinates [Xg : X :
Xo: X3] € P? and ¢y € C, 0,5, k, 1 =0,1,2,3,4. with i + j + k + [ = 4 representing
an algebraic K3 surface X C P3. A count of the parameters, accounting for the
rescaling action of C* on P? and PGL(3,C) action reparameterizing the variables,
including one parameter for the embedding X < IP3, yields a total of 19 independent
parameters. These are the moduli of an algebraic K3 surface, and together they
form a 19-dimensional quasiprojective variety, the so-called moduli space of complex
structures of a K3 surface.

The 19-dimensional moduli space is in general quite difficult to study directly, for
one reason simply that the dimension is relatively large. A way to cut down on the
dimension of the moduli space is to impose a lattice polarization, a primitive lattice
embedding into the K3-lattice, L — Az = H*(X, Z), the second integral cohomology
lattice of the K3 surface X, such that the lattice embedding contains a pseudo-ample
class. This then specifies the Picard group of algebraic cycles on X, i.e., how the
Nerén-Severi group NS(X) = H'Y(X) N H*(X, Z) sits inside H"'(X).

One such lattice polarization comes from studying Kummer surfaces - after re-
solving the sixteen nodal singularities of a Kummer surface X, we obtain a canonical
lattice polarization on X of a rank p > 16 lattice L. < Agks. This subsequently
means that the moduli space of complex structures of such a surface has dimension
n <4 = (194 1) — 16. This makes the possibility of detailed study of such spaces
much more feasible.

Another celebrated theorem - the Torelli theorem - asserts that the K3 surface
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X can be recovered up to isomorphism from its period integrals (up to the action
of a certain discrete arithmetic group), that is, integrating the holomorphic 2-form

over suitable integral homology cycles. Stated differently, by studying how the period

/z nx (1.0.2)

vary as a function of the complex structure moduli ¢;;1, and ¥ € Hy(X,Z), we may

integrals

study the geometry of the moduli space of complex structures itself. One such way of
studying these period integrals is via systems of linear partial differential equations

that they satisfy, the so-called Picard-Fuchs system.

1.1 Overview and statement of results

In the scope of this dissertation, we study the geometry of certain lattice polarized

K3 surfaces via a multipronged approach.

1. Lattice theoretic analysis, in the form of explicit lattice polarizations

2. Geometry, in the form of simultaneous geometrization of the moduli space and
K3 surface as a Jacobian elliptic fibration

3. Differential equations, in the form of the Picard-Fuchs system that annihilates

the period integrals of the lattice polarized K3 surface

Our approach explicitly constructs the moduli space My, of L-polarized complex
structures - or simply moduli space for short - of algebraic K3 surfaces equipped with
a given lattice polarization L < Aks. The study is enhanced due to the existence
of Jacobian elliptic fibrations on the K3 surfaces, or a surjective holomorphic map
7 : X — P! such that the generic fibre of the map is an elliptic curve and the map
7 admits a section o : P! — X. At the level of lattice polarizations, the existence of

Jacobian elliptic fibrations is traced to rank-2 sublattices of L isometric to the rank-2
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hyperbolic lattice H. This allows for an explicit construction of the period integrals
of such an L-polarized K3 surface via Weierstrass models compatible with the lattice
polarization. We geometrize the moduli space My, via the program of Sasaki &
Yoshida [123], which imparts an integrable holomorphich conformal structure (HCS)
that decends from the quadric condition imposed by the lattice polarization: the
period integrals satisfy a quadratic relation that is determined completely by the
orthogonal complement of L in the ambient K3 lattice. We determined the HCS
explicitly. Such analysis allows for the direct computation of the Picard-Fuchs system
from the differential geometric data of the HCS. By doing so, we are able to completely
understand the interaction of the moduli space for a special family of Picard rank
p > 17 K3 surfaces, the twisted Legendre pencil, which had not previously been done.

Moreover, we show by a different, though explicit, analysis of a certain Jacobian
elliptic surface - the universal bundle of elliptic curves - that the generic Jacobian el-
liptic K3 surface is associated to a type of holomorphic anomaly - one whose existence
and resolution is understood through the lens of physics and string theory.

The novelty of this research is to show that the use of two types of functional
invariants of Jacobian elliptic surfaces, Kodaira’s classical functional invariant [77]
and the generalized functional invariant [38, 10], allow for the study of the geometry
of moduli spaces of families of elliptic curves and lattice polarized K3 surfaces, re-
spectively. These functional invariants can roughly be characterized as those which
“see” quadratic twists, and those that do not, respectively. In the latter case, the
mixed-twist construction allows one to produce Jacobian elliptic K3 surfaces who are
birational to the quadratic twist family of a family of rational elliptic surfaces. It is
well known that the moduli space of lattice polarized K3 surfaces takes the form of a
Hermitian symmetric domain of Type IV, but thus far the HCS of Sasaki & Yoshida

has not been utilized to simultaneously geometrize both the moduli space and the
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K3 surface itself. In this way, we are able to understand a rich interaction between
the moduli space, K3 surface itself, and the period integrals, for example completely
answering questions set forth by Hoyt in [69] about the twisted Legendre family of
Jacobian elliptic K3 surfaces.

Our main results are as follows:

1. The computation of the Quillen anomaly of the 9 operator of the universal
family of elliptic curves in Theorem 3.1.21, and for the generic Jacobian elliptic
surface with only I; fibres in Corollary 3.2.25.

2. The cancellation of the local anomaly of the 0 operator by use of the
construction of a rank-2 SU(2) bundle over the generic elliptic surface with the
Poincaré line bundle in Theorem 3.2.28.

3. A chain of explicit lattice polarizations and associated moduli spaces to the
family of Yoshida surfaces and restrictions thereof in Theorem 4.2.53. This identifies
up to conjugacy and change of variables, the Picard-Fuchs system and associated
monodromy groups.

4. The periods, Picard-Fuchs operators, and monodromy groups of the univariate
mirror families of Calabi-Yau manifolds from string theory in §4.3.4. In Table 4.1,
the monodromy of the families of mirror Calabi-Yau n-folds, n = 1,2, 3,4, are
reproduced via our methods up to conjugacy, matching results known to Candelas
et al. [16] and Chen et al. [17].

5. The calculation of the holomorphic conformal structure g in Equation (6.2.21)
for the twisted Legenedre pencil in Theorem 6.2.85.

6. The computation of the Picard-Fuchs system for the twisted Legendre pencil in
Corollary 6.2.86.



1.2 Summary of Chapters

In Chapter 2, we review all necessary material. This includes detailed discussion of the
periods and Picard-Fuchs systems of algebraic surfaces, as well as how the existence
of a Jacobian elliptic fibration and associated Weierstrass model may allow one to
glean explicit information about the Picard-Fuchs system and moduli space. We also
review all necessary differential topology and index theory related to Hirzebruch’s
signature to study holomorphic anomalies.

In Chapter 3, we study the vertical signature operator of a Jacobian elliptic sur-
face. This provides an analytic measure - the analytic torsion - of how the com-
plex structure varies on generic rational elliptic surface or Jacobian elliptic surface.
We show that the analytic torsion of the universal bundle of elliptic curves lifts to
the generic rational elliptic or elliptic K3 surface, and that this quantity manifest
a holomorphic anomaly as the generalized first Chern class of the determinant line
bundle of the vertical signature operator. We show furthermore that to “resolve” the
anomaly completely, we need both string theory and the machinery of an algebro-
geometric construction called the Poincaré line bundle, as well as the Riemann-Roch-
Grothendieck-Quillen formula from index theory.

In Chapter 4, we study the mixed-twist construction of Doran & Malmendier of
a certain two-parameter family of rational elliptic surfaces. We show that the mixed-
twist construction yields the celebrated double sextic family of K3 surfaces of Picard
rank p > 16. We study the explicit lattice polarizations and moduli spaces, as well
as restrictions of the moduli that extend the lattice polarization, including for the
twisted Legendre pencil. In §4.3, we show how the mixed-twist construction can be
used to study the Picard-Fuchs system of the so-called mirror family of Calabi-Yau
n-folds, and derive the explicit monodromy relations for the family.

In Chapter 5, we study in detail algebraic relationships for the twisted Legendre
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pencil that the periods satisfy - the quadratic period relations that come directly
from the lattice polarization restricted to the transcendental lattice. This allows us
to compute directly some of the Picard-Fuchs operators for the twisted Legendre
pencil, and prepares us to study in detail the differential geometry of the moduli
space in the next chapter.

In Chapter 6, we utilize the relationship between the twisted Legendre pencil and
the double sextic family of K3 surfaces to explicitly study the geometry of the moduli
space of the twisted Legendre pencil. In particular, we show that the moduli space
admits and integrable holomorphic conformal structure. In the language of physics,
such a structure is equivalent to a so-called flat special geometry. This rigid structure,
which is a differential geometric manifestion of the lattice polarization, allows us to
compute the full Picard-Fuchs system via the program of Sasaki & Yoshida. We
also utilize the mixed-twist construction again to study the relationship between the
flat special geometry of the moduli space, and the well known special geometry that
comes from N = 2 supersymmetric gauge theories in Seiberg-Witten theory. This is
done via explicit analysis of the associated elliptic fibrations on the Seiberg-Witten
curves and the K3 surfaces that come from the mixed-twist construction. We show
that the Picard-Fuchs system of the Seiberg-Witten curves, when computed in the
GKZ formalism, can be readily combined to produce the first order RG flow operators
expected from physics for such gauge theories.

Finally, in Chapter 7, we provide an outlook of the future directions of this research
project. This includes a more detailed look at the relationship between Seiberg-
Witten theory and the twisted K3 surfaces and their periods, as well as discussion on
how the mixed-twist construction can be used to build elliptically fibred Calabi-Yau
threefolds that are simultaneously fibred by lattice polarized K3 surfaces. We show

how our understanding of the moduli space of the twisted Legendre pencil puts one



in the position to build such a threefold fibred by Picard rank p = 17 K3 surfaces.

1.3 Relations to published work

Parts of this dissertation research have come from the articles From the Signature
theorem to Anomaly cancellation [38], published in the Rocky Mountain Journal of
Mathematics in 2020, as well as the article On the mized-twist construction and mon-
odromy of associated Picard-Fuchs systems [39], at the time of writing under review
at the Journal of Number Theory and Physics, both with Dr. Andreas Malmendier.

Parts of sections §2.1.2, 2.2 - 2.3.3, and Chapter 3 can be found in [88]. Section

§2.1.5 and Chapter 4 can be found in [89)].



CHAPTER 2

Preliminary Matter

In this chapter, we review all necessary material for the scope of this dissertation.
This includes detailed discussions of the periods and Picard-Fuchs systems of algebraic
surfaces, as well as how the existence of a Jacobian elliptic fibration and associated
Weierstrass model may allow one to glean explicit information about the Picard-Fuchs
system and moduli space. We also review all necessary differential topology and index

theory related to Hirzebruch’s signature to study holomorphic anomalies.

2.1 Algebraic Surfaces & their Periods

2.1.1 Abelian & K3 Surfaces

Recall that a K3 surface is a smooth, simply connected complex projective surface
with trivial canonical bundle, Kx = /\2 TEX = Ox. If X is a K3 surface, it is well
known that the second integral cohomology with the intersection form is isometric to
the lattice H*(X,Z) & H®? & Eg(—1)%2, called the K3 lattice, Aks. The lattice Axs
is the unique, even, integral lattice of rank 22 with signature (3,19) Here, H is the
standard rank-two hyperbolic lattice, that is, Z? together with the quadratic form
2xy, and Eg(—1) is the negative definite lattice associated with the exceptional root
system of Eg.

For a complex two-dimensional torus Z = C?/A, where A C C? is a rank-four

lattice, it follows that H?*(Z,Z) = H®3. Moreover, the canonical bundle Kz = Og
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is trivial, as the natural Euclidean coordinates 21, 2o € C? are periodic with respect
to A. Hence, the nonvanishing holomorphic 2-form dz; A dz, € Q*°(C?) descends to
the quotient as a well defined holomorphic 2-form, thus providing a global trivializing
section of K.

Most complex tori of dimension two are not algebraic. If Z is algebraic, we call
Z = A an abelian surface. For example, we may have A = & x & as the product
of two elliptic curves, or A = Jac(C) as the Jacobian variety of a curve C of genus
two. Let A be an abelian surface. The minus identity map —I : A — A has sixteen
distinct fixed points - the two-torsion points of A - and hence, A/{—I} is a singular
surface with 16 rational double points,. Then minimal resolution of A/{—I} is a
special type of K3 surface called a Kummer surface, denoted Kum(A).

Let X be an abelian or K3 surface. The class [n] € H?(X, C) of the non-vanishing
holomorphic two-form n € Q*°(X) is unique up to scale. The polarized Hodge struc-

ture of weight two will be denoted as follows:

H*(X,C) = H*(X) @ HYX) @& H%**X)
I I I
(mc (n,Me (Mc

A polarization is given by the intersection form, i.e., a non-degenerate, integral, sym-
metric bilinear form on H?*(X,Z) extended to H*(X,C) by linearity. A principally
polarized abelian surface is either the Jacobian variety X = Jac(C) of a smooth
projective curve C of genus two, where the polarization is the class of the theta divi-
sor, or X = &; x & is the product of two elliptic curves equipped with the product
polarization.

Recall as well that an algebraic surface Z is said to be rational if it is birational to

the projective plane P2, i.e., there is a birational map Z --+ P2. Any birational map
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can be realized as a sequence of blow-ups and blow-downs of exceptional divisors.
For example, Z = P! x P! -—» P? by blowing down an exceptional divisor from the
product structure. Although the canonical bundle Kz of a rational surface is never
trivial (e.g., we have Kp2 = —3H, a nonzero multiple of the hyperplane class), the
periods and moduli of such surfaces play an important role in this research.

For any smooth algebraic surface X, we have have the so-called exponential short
exact sequence,

exp(2mi -

O—>Z;>(’)X—)>O§(—>O.

The sequence remains exact on global sections, and hence we get an the induced

sequence in cohomology, which begins as
0— HY(X,Z) - H'(X,0x) = H'(X,0%) = H*(X,Z) — H*(X,0x) — -+ .

The Picard group Pic(X) is the group of Cartier divisors modulo linear equivalence,
and is thus naturally identified with the sheaf cohomology group H'(X, O%). In turn,
elements of Pic(X) are naturally identified with isomorphism classes of holomorphic
line bundles £ — X. The kernel of the first Chern class map ¢; : Pic(X) — H?*(X,Z)
of degree zero line bundles is denoted by Pic’(X) and the quotient Pic(X)/Pic?(X) =
NS(X) is the Néron-Severi group. As usual, we identify NS(X) with its image in
H?*(X,Z). Then the Néron-Severi group together with the intersection form is a
Lorentzian lattice by the Hodge index theorem. The Picard number p = p(X) is the
rank of NS(X), and the Néron-Severi lattice is an even lattice of signature (1,p — 1).
For X an algebraic K3 surface, we have h'? = 0 as 7(X) = 1, and thus NS(X) is
parameterized by the integral algebraic 2-cycles on X via Poincaré duality.

The first Chern class map restricts to an isomorphism Pic(X) — H?*(X,Z) N

HY'(X) by the Lefschetz (1,1) theorem. Then H'(X,Ox) maps onto Pic’(X). If
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X is an elliptic surface over P!, it follows that H'(X, Ox) = 0, since all 1-forms on
Z are obtained by pullback from P! by the elliptic structure. By adjunction, any
rational elliptic or elliptic K3 surface must fibre over P!, and hence, for an elliptic
K3 surface the natural map Pic(X) — NS(X) is an isomorphism.! The orthogonal
complement T(X) = NS(X)+ ¢ H%*(X,Z) is called the transcendental lattice and
carries the induced Hodge structure. Then the lattice T(X) is of rank n = 22 — p
with signature (2,n—2), and the plane H*°(X)® H*?(X) C T(X)®C is the positive
definite subspace. Finally, we say that a mapping on cohomology between two of
abelian or K3 surfaces is a Hodge isometry if it is an isometry of the intersection form
that preserves the Hodge structure.

Both NS(X) and T(X) are independent of the choice of 7, and are primitive
sublattices? of H%(X,Z). Conversely, for every integer p = 0, ..., 20, given primitive
sublattices of H®3 @ Eg(—1)%? of signature (1, p—1) and (2,20 — p), respectively, there
exists an algebraic K3 surface that realizes this lattice as Néron-Severi lattice and
transcendental lattice, respectively. Hence, let L C H®3 @ Eg(—1)%2 be a primitive,
even sublattice of signature (1,7), 0 < r < 19. Then a lattice polarization on X is
given by a primitive lattice embedding L. — H*(X,Z)N H"!(X) whose image contains
a pseudo-ample class. In this case, L = NS(X) realizes the Néron-Severi lattice, and

we say that X is L-polarized. Moreover, the Picard-rank of X is p =r + 1.

2.1.2 Jacobian elliptic surfaces

Let Z be a smooth, connected algebraic surface. An elliptic fibration over P! on Z
is a holomorphic map 7 : Z — P! such that the general fiber of 771(¢) is a smooth

curve of genus one with ¢ € P'. An elliptic surface is an algebraic surface with a

'We review elliptic fibrations in the following section.
2If A is a lattice, we say that a sublattice L C A is primitive if the quotient A/L is free. Moreover,
we say that A is an overlattice of L.
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given elliptic fibration. We require that the fibration is relatively minimal, meaning
that there are no (—1)-curves in the fibres of 7.2 Since a curve of genus one, once
a point has been chosen, is isomorphic to its Jacobian, i.e., an elliptic curve, we call
an elliptic surface a Jacobian elliptic surface if it admits a section o : P! — Z that
equips each fiber with a smooth base point. In this way, each smooth fiber is an
abelian group and the base point serves as the origin of the group law.

For elliptically fibered surfaces with a section, the two classes in NS(Z) associated
with the generic elliptic fiber F' and section o span a sub-lattice H = span,{o, F'}
isometric to the standard hyperbolic lattice H of rank two. The sublattice H C NS(Z)
completely determines the elliptic fibration with section on Z. In fact, on a given K3
surface X there is a one-to-one correspondence between sub-lattices H C NS(X)
isometric to the standard hyperbolic lattice H that contain a pseudo-ample class, and
elliptic structures with section on X which realize H [21, Thm. 2.3]. In this way,
investigating elliptic fibrations on a given K3 surface X, including whether or not X
admits an elliptic fibrations at all, is purely cohomological in nature.

Again let Z be an arbitrary Jacobian elliptic surface. The distinct ways up to
isometries to embed the standard rank-2 hyperbolic lattice H isometrically NS(Z) are
distinguished by the isomorphism type of the orthogonal complement W of H, such

that the Néron-Severi lattice decomposes as a direct orthogonal sum

NS(Z)=HaW.

A sub-lattice W™°" C W is spanned by the roots, i.e., the algebraic classes of self-
intersection —2 inside WW. The singular fibers of the elliptic fibration determine YWt

uniquely up to permutation. Moreover, there exists a canonical group isomorphism

3The definition of an elliptic surface over an arbitrary base curve C is defined analogously, though
for higher genera the relative minimality may be impossible to impose.
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[105]

o

W/Wreet =5 MW (Z, 7) (2.1.1)

where MW(Z, 7) is Mordell-Weil group of sections on Z compatible with its elliptic
structure.

To each Jacobian elliptic fibration 7 : Z — P! there is an associated Weierstrass
model obtained by contracting all components of fibers not meeting the section - this
is the relative minimality condition. If we choose t € C as a local affine coordinate on
P! and (z,y) as local coordinates of the elliptic fibers, we can write the Weierstrass

model of an elliptic curve as

y? =42 — go(t)r — g3(t), (2.1.2)

where g and g3 are polynomials in the affine base coordinate t. When gy, g3 are
of degree eight and twelve, then Z a K3 surface. Since the fibration is relatively
minimal, the total space of Equation (2.1.2) is always singular with only rational
double point singularities and irreducible fibers, and Z is the minimal desingulariza-
tion. The discriminant A = g5 — 27¢3 vanishes where the fibers of Equation (2.1.2)
are singular curves. It follows that if the degree of the discriminant A is a polynomial
of degree or 24, considered as a homogeneous polynomial on P!, then the minimal
desingularization of the total space of Equation (2.1.2) is a K3 surface).

In his seminal paper [77], Kodaira realized the importance of elliptic surfaces and
proved a complete classification for the possible singular fibres of the Weierstrass
models. Each possible singular fiber over a point to with A(ty) = 0 is uniquely
characterized in terms of the vanishing degrees of gs, g3, A as t approaches tg. The

classification encompasses two infinite families (7,,[:,n > 0) and six exceptional
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cases (II,I11,1V,II* I1T*,I1V*).* Note that the vanishing degrees of g, and g3 are
always less or equal to three and five, respectively, as otherwise the singularity of
Equation (2.1.2) is not a rational double point.

Closely related is the j-function, a holomorphic map j: H — J = P! that can be

computed form a Weierstrass model using the formula
2. (2.1.3)

This map is called Kodaira’s functional invariant, and was shown by Kodaira [77]
to be a rational map. The codomain J is called the j-line and plays an important
role in studying moduli of elliptic curves. Every smooth elliptic fiber & = 7 1(#) is
a complex torus, and thus can be identified with a rank-two lattice A to obtain & =
C/A. However, multiplying the lattice A by a complex number, which corresponds to
rotating and scaling the lattice, preserves the isomorphism class of an elliptic curve, so
we can always arrange for the lattice to be generated by 1 and some complex number
7 € H in the upper half plane; we write A, = (1, 7). Moreover, two T-parameters 7

and 7, in H belong to isomorphic elliptic curves if and only if

b a b
Ty = an + for some € PSL(2,7Z),
et +d c d

where the modular group PSL(2,7) acts (projectively) on H. It can be shown that

the action of the modular group on the fundamental domain
1
D:{TEH'RG(T)SE,‘ﬂ 21}

generates H [127] such that the moduli space of isomorphism classes of elliptic curves

4In fact, an I, fibre is just the generic smooth fibre, so all possible fibre types are accounted for.



16

is realized as H/PSL(2,Z) = D. The one point compactifaction D U {c0} = P!

is also called the coarse moduli space of elliptic curves. The “corners” of D are of

fundamental importance: these are the numbers p = €*™/3 i, and —p = e™/3.
It can be shown that under the identification & = C/A, the discriminant A
becomes a modular form of weight twelve, and g one of weight four, so that its third

power is also of weight twelve. For example, we may express the discriminant as

A, =T (1 - ey (2.1.4)
r=1
Thus, the quotient in Equation (2.1.3) is a modular function of weight zero, in par-
ticular it defines a holomorphic function j : H — P! invariant under the action of
PSL(2,7Z) such that for every smooth elliptic fiber & = C/A, we have j(t) = j(7)
and A(t) = A;. A more careful examination of the behavior at the corners yields
Ji(p) =0, (i) = 1, and j(—p) = oo.

Notice that if one has a local affine coordinate ¢ on a base curve B, and one replaces
g2 by got? and g3 by g3t® in Equation (2.1.2), the j-function in Equation (2.1.3) is
left invariant. This operation, called a quadratic twist, does change the nature of
the singular fibers: it switches I,, and I} fibers, as well as I1 and IV*, IV and II*,
and I'I] and I11*. Therefore, the j-function does not determine the elliptic surface,
not even locally. However, the quadratic twist is the only way that two Jacobian
elliptic surfaces can have the same j-function, and conversely, a Jacobian elliptic
fibration is uniquely determined by the j-function up to quadratic twist. Moreover,
the canonical holomorphic map j : B — J in Equation (2.1.3) can be lifted to a
(rational) map between the elliptic surfaces Z and S themselves. Thus, we have the

following:

Corollary 2.1.2. Let m : Z — B = P! be a Jacobian elliptic surface. There is a
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canonical holomorphic map j: B — J that uniquely determines the Jacobian elliptic
surface Z up to quadratic twist. Moreover, there is an induced rational map Z --+ S
between the total spaces. The map j has degree 1 or 2 if Z is a rational or a K3

surface, respectively.

The operation of the quadratic twist will appear again via the mized-twist con-
struction in §4.1.

Given a Jacobian elliptic surface m : Z — P!, we may use the adjunction formula
to define the relative canonical bundle Kzp: of the elliptic surface in terms of the

canonical bundles of Z and P!, respectively, by writing

Kzpr = Kz ® (7" Kp) 7" (2.1.5)

The bundle Kzjp1 can be identified with the line bundle of vertical (1, 0)-forms of the
fibration m : Z — P'. Using the push-forward operation m, Kzjp1, we obtain a bundle
K = m.Kzpm — P'. In fact, we have the following result: on a Jacobian elliptic
surface 7 : Z — P! given by Equation (2.1.2) we have K = m,Kzp = O(n) with
n = 2 if Z is a K3 surface. This viewpoint is crucial to our computations and analysis
of the period integrals and Picard-Fuchs operators that annihilate them in §5.1.

We can rephrase the construction of the Weierstrass model in Equation (2.1.2)
in terms of sections of the relative canonical bundle. We will use this point of view
later. Let £ — P! be a holomorphic line bundle, and g, and g3 sections of £* and
L8, respectively, such that the discriminant A = g3 — 27 g3 is a section of £'? not
identically zero. Define P := P(O & £* & L3) and let p : P — P! be the natural
projection and Op(1) the tautological line bundle. We denote by X, Y, and Z the
sections of Op (1) ® L2, Op(1) ® L3, and Op(1), respectively, which correspond to the

natural injections of £2, £3, and O into p.Op(1) = O & L? & L3. We denote by W
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the projective variety in P defined by the equation
Y27 =4X? — go(t) X 2% — g3(t) Z°. (2.1.6)

A canonical section o : P! — W is given by the point [X : Y : Z] = [0 : 1 : (]
such that 3 := ¢(P') C W is a divisor on W, and its normal bundle is isomorphic
to the fundamental line bundle by p*OP(—E) = L. In the affine chart Z = 1, and
X =, Y =y the one-form dx/y is a section of the bundle £~'; hence, the dual of
the normal bundle, also called the conormal bundle, is precisely the relative canonical

bundle introduced above, i.e., L7t = K.

2.1.3 The period map

Let X be an algebraic K3 surface of Picard rank p < 20 with given holomorphic
two-form n € H*°(X), and let {c1,...,cp, ..., 2} be a Z-basis for Hy(X,Z), ordered
so that the first n = 22 — p > 3 cycles lie in the transcendental lattice T(X). Then

the period point of X is
per(X) := [Zl e 222] c P (2.1.7)

where for 1 < j < 22, we set 7 = [Z1: Zy i -+ 1 Zy| with

Z]:/na

7

the so-called periods or period integrals of X. The projectifization of the period vector
Z reflects the fact that n € H*°(X) is unique up to scale.
For i = n+1,...,22, we have Z; = 0 as ¢; € NS(X). Therefore, the period

point is can be taken to lie in P(T(X) ® C) C P"!. In fact, there are two systems
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of transcendental cycles c1,...,¢, € Ho(X,Z) and ¢}, ...,c, € Hy(X,Z) such that
..., form a Z-basis of T(X), and the cycles ¢i,...,¢, are dual to ¢,...,c,,
ie., (cioc}) = & and its intersection matrix Q;; = (c; o ¢}) takes the fixed form
of a symmetric, integral, bilinear form @ = (Q;;) of signature (2,n — 2). We call a
K3 surface X together with a basis of transcendental cycles ¢y, ..., ¢, a marked K3
surface.

The periods of a marked K3 surface then satisfy the Riemann relation and Rie-

mann inequality

where Z* = (Zi,...,Z,). Thus, the period point Z € P"! lies on the hyperquadric

Q C P! satisfying the first Riemann relation,

Q:{[X1:~--:Xn]€]P>"_1

> Qi Xi X =0}. (2.1.9)

Crucially, the entire discussion above carries through when the K3 surface X belongs
to a suitably well behaved moduli space M, such that the period vector 7 varies
holomorphically with respect to local coordinates in M. For example, we shall be
primarily concerned with the case where M is a complex orbifold. Such is the case
when M is a (coarse) moduli space of lattice polarized K3 surfaces, for example, as
established by Dolgachev [34].

If L is a primitive sublattice of H®® @ Eg(—1)%? of signature (1,r), then the
period map (2.1.7) is a holomorphic, multivalued map between the moduli space M,

of isomorphism classes of marked, L-polarized K3 surfaces and the quasiprojective
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variety

22—r 22—r
Dy, = {Z: [Zl:"':ZQQ_T] E]P)Ql_r ZQZ]ZZZ]:O7 ZQUZZZ>O} .

i,j=1 ,j=1

(2.1.10)
The domain Dy, is isomorphic to two copies of what is called the symmetric homoge-

neous domain of type IV of the form

0(2,19 — r)/SO(2) x O(19 — 7). (2.1.11)

In this case, we define the period map v : My, — P*~! by

¥ ([X]) = per (X)), (2.1.12)

where [X] € My, is the isomorphism class of the L-polarized K3 surface X. It fol-
lows immediately that 1) is well defined, but 1 is multivalued by accruing nontrivial
monodromy around the orbifold singularities in My,. If 7 : Dy, — My, is the canon-
ical projection map, then the period map v is the multivalued inverse map such that
mo1) = idyy, . Then we say that ¢ : My, — Dy, is the uniformizing map of the orbifold
My, and thus, by the general program of Wilczynski [143] established at the end of
the 1800s, and brought into a more modern perspective by Sasaki & Yoshida, and co.
(94, 96, 120, 121, 122, 123], there should be a system of linear differential equations
of rank at most n annihilating ¢). Remarkably, this perspective has its roots founded
in classical uniformization problems dating back to Riemann [118], Fricke, and Klein
[75, 74] and their analysis of second order Fuchsian ODEs in the plane and the Gauss
hypergeometric function. Our analysis of relevant elliptic fibrations reveals that this
classical viewpoint is still very much embedded in the modern framework, at least as

applied to the lattice polarized K3 surfaces in this research.



21

In fact, this system is the Picard-Fuchs system in the moduli variables of the
family of K3 surfaces parameterized by My, that annihilates the periods. We will see
in the sequel that considering explicit elliptic fibrations on this family of K3 surfaces
provides a very simple way to obtain some of these equations, and to obtain the
remaining equations, we must employ the differential geometric techniques relevant
to uniformizing differential equations pioneered by Sasaki & Yoshida, thus demon-
strating that the two methods of deriving the Picard-Fuchs equations provide linear
systems that are projectively equivalent. Moreover, the projective gauge factor is

obtained explicitly from the geometry of the elliptic fibration of our analysis.

2.1.4 Picard-Fuchs Equations

For X an L-polarized K3 surface, we want to study the behavior of the holomorphic
2-form n = nx € H**(X) as we vary the complex structure moduli of X. Since
X is equipped with a lattice polarization, we can think of this measuring how the
transcendental lattice T(X) rotates against the fixed cohomology lattice H?(X,Z) =
H® @ Eg(—1)%? ¢ H*(X,C) while varying the moduli for X in the moduli space
My, discussed in §2.1.3. As T(X) has nonempty intersection with H'!(X)U H*?*(X),
it follows that T(X) does not vary holomorphically with complex structure moduli,
so some additional machinery is needed to address the desired behavior of T(X); in
the end, we remain within the complex analytic category. With this in mind, let us
proceed with generalities.

We follow the exposition in [30, §5.1]. Let 7 : X — S be a smooth morphism of
relative dimension n, with the generic fibre X; = 771(#) a complex projective variety,
t € S. Assume that S is quasismooth and quasiprojective. Then the cohomology

groups H"(X;,C) patch together to form a locally free sheaf F = R"m,.C ®¢ Os,
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where C — X is the locally constant sheaf whose stalks are the abelian group C. °
By construction, F contains the local system R"m,C. This uniquely determines a

flat connection V : F — F ®0, Q'(S) that annihilates precisely those (local) sections

belonging to the local system. Then V is called the Gauss-Manin connection. One

can see by the definition of F that V operates concretely on local sections as

V(s® f) =s@df € F @0, Q4(S),

where s € T'(R"m,.C, S) is a local section and f € Qg is a regular function. Ac-
cordingly, if X is a vector field on S, we have Vx(s ® f) = s ® df (X) = X(f)s.
The Gauss-Manin connection V determines a wvariation of Hodge structure, and was
studied extensively in the seminal work by Griffiths [56, 57, 58, 59].

One must consider how the Hodge structure degenerates at singular points of S
Indeed, this is where very interesting and rich behavior becomes manifest; for ex-
ample, mirror symmetry, when X is a family of Calabi-Yau n-folds. Suppose that
m: X — S can be completed to a flat family 7 : X — S , where Sis a quasismooth
compactification of S with normal crossing boundary divisor D = U;D; = S-S ,
meaning that in the compactification S , each point of of D looks étale locally like the
transverse intersection of coordinate hyperplanes. Hence, if 21, ..., z,, are local coor-
dinates centered at the boundary divisor D C S , where m = dim S, D is described
by the equation

22 =0

for some 1 < k < m. Given 7 : X — S, the construction of such a compactification

S is nontrivial and not guaranteed, especially finding one that is relevant to mirror

50f course, the analogous construction can be made for any cohomology group H*(X,C) - in
this research, we are only concerned with the middle cohomology group H"(X,C), and so focus
exclusively on the construction for that.
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symmetry.
The sheaf F has a canonical extension F on S , but the Gauss-Manin connection
V does not necessarily extend to a regular connection on F because singularities
may develop. However, these singularities are so-called reqular singular points, which
are quite mild. In fact, V extends to a map V:F > Fee lev(log D), where

Q%(log D) — S is the sheaf generated by the differentials

%,...,%,dzkﬂ,...,dzm.

2 2k
The presence of singularities induces monodromy around the boundary components
D;. If v; : [0,1] — S is a small loop that winds around the boundary compo-
nent D;, with v,;(0) = v;(1) =t € S, then a cohomology class o € H"(X,,C) lifts
uniquely to a V-flat section a(u) € H"(X,,w), C) such that a(0) = a. We obtain a
monodromy transformation 75" € GL (H"(X¢,C)) by defining T§*(a) = a(1). Tak-
ing 17, ..., T2 € GL(H™"(X¢,C)) as a generating set as « ranges over a basis of
H™"(X;,C), we obtain the monodromy group G of the family 7 : X — §, which is
determined up to conjugation by the boundary components D; and not the loops
;- In fact, the monodromy transformations 7} are quasi-unipotent, with index of

unipotency at most n + 1.

With this structure, we may describe the Picard-Fuchs equations of the family

m: X — S. Fix a point p € 5, and let z,..., 2, be local coordinates centered at p.
If
0 0
D=C — e, —— 2.1.13
Os L‘?zl’ ’ GZ,J ( )

is the ring of linear differential operators whose coefficients are germs of the structure
sheaf Og, then we obtain an Og-homomorphism ¢ : D — F via the Gauss-Manin con-

nection V as follows. For local vector fields X, ..., X, on S, denote by concatenation
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X1 ---X; the j-fold composition of the first order differential operators represented

by Xi,...,X,. Furthermore, fix a local section nn = n(t) € F at p. Then define ¢ by
</5(X1"'Xj) :Vxl"'vxj’fly

and extending linearly over Og. It is immediate by the definition of V the ¢ is an
Og-homomorphism, giving F the structure of a D-module.

From this data, the Picard-Fuchs ideal I, is defined as ker(¢), the collection of
linear differential operators annihilating 7. Then a differential operator D € I, is

seen to annihilate the a period integral

w(t):/zn (2.1.14)

where ¥ = X(t) € H,(X;,Q) is a rational homology n-cycle, as follows. Embed
H,(X;,Q) — H,(X;,C) with the inclusion map. Then we have the period sheaf

IT — S, whose stalks are generated by the local regular function

t—= w(t) = (2(t),n(t)),

where ( , ) is the natural de Rham pairing given in Equation (2.1.14). Since the local
system R"7,C is parallel under V, it follows that the dual sheaf (R"7,C)*, whose
stalks are canonically isomorphic to H,(X;, C), is also V-flat by insisting that the
pairing ( , ) is compatible with V. In particular, this means we may “differentiate

under the integral sign”, and we have

0
azi/zn—/zvazm-

Hence, by linearity, we see that an operator D € I, must annihilate the period
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integral w(t) in Equation (2.1.14). Moreover, since ¥ € H, (X, Q) was arbitrary, it
follows that a differential operator D lies in the Picard-Fuchs ideal I, if and only if D
annihilates every period integral of n. Finally, we have the definition of Picard-Fuchs

equations.

Definition 2.1.3. Let 7 : X — S be a smooth map of relative dimension n, with the
generic fibre X; = 7 1(t) a complex projective variety, t € S. Suppose that the middle
rational homology group H,(X:, Q) is of rank r. Given n = n(t) € H" (X, C), the
Picard-Fuchs equations for n are the system of homogeneous linear PDFEs correspond-
ing to any minimal generating set of the Picard-Fuchs ideal I, C D that annihilate

the period integrals

where ¥y, ... %, € Hy(Xy,Q) are a basis.

In particular, based off the discussion above, we see that the Picard-Fuchs equa-
tions for n € H™(X, C) are Fuchsian, i.e., with at worst regular singular points. The
rank and order of the system depends generically on the nature of the parameter
space S and algebro-geometric data of the generic fibre X;. In practice, these both
may be difficult to determine, though we will see shortly for our case of interest that
geometric considerations allow us to quickly determine both. Moreover, the mon-
odromy of the Picard-Fuchs system is naturally identified with a subgroup of the
monodromy group generated by the monodromy transformations 77, ..., T}’ for the
full Gauss-Manin connection described above.

To end this subsection, we again discuss briefly the case of interest, that for
the Picard-Fuchs equations of n € H*°(X) for an L-polarized K3 surface X. It
follows from the discussion of this section and of §2.1.3 that the Picard-Fuchs system

of the family 7 : X — My, of L-polarized K3 surfaces is precisely the system of
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linear PDEs that annihilate the period map a la Wilczynski, Sasaki & Yoshida that
uniformizes the coarse moduli space Mp,. This is an example of so-called Picard-Fuchs
uniformization, which was for example studied by Doran in similar contexts [36, 37].
As we shall discuss later in §6.1, the fact that My, is uniformized by the hyperquadric
Q in Equation (2.1.9) has very strong differential geometric consequences for My; in
particular, it admits an integrable holomorphic conformal structure [123]. This forces
the Picard-Fuchs system for the holomorphic 2-form n € H*°(X) to be a second order

linear system of rank n = 22 — p = rank(T(X)) in n — 2 = dim My, variables.

2.1.5 Generalities on Weierstrass models and their associated Picard-

Fuchs Operators

In this section we generalize the discussion in §2.1.2 and §2.1.4 to higher dimensional
elliptic fibrations and the associated Weierstrass models, prepare for the discussion
in §4.3 and §7.2. Let X and S be normal complex algebraic varieties and 7 : X — S
an elliptic fibration, that is, 7 is proper surjective morphism with connected fibers
such that the general fiber is a nonsingular elliptic curve. Moreover, we assume that
7 is smooth over an open subset Sy C .S, whose complement in S is a divisor with at
worst normal crossings. Thus, the local system H} := R'm,Zy|s, forms a variation of
Hodge structure over Sj.

Elliptic fibrations possess the following canonical bundle formula: on S, the fun-
damental line bundle denoted £ := (R'm,Ox)~! and the canonical bundles wy :=

AP THL0) X (g = AP T*1.0)G are related by

where D is a certain effective divisor on X depending only on divisors on S over which

7 has multiple fibers, and divisors on X giving (—1)-curves of 7. When 7 : X — S
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is a Jacobian elliptic fibration, that is, when there is a section o : S — X, the case
of multiple fibers is prevented. We may avoid the presence of (—1)-curves in the
following way: For X an elliptic surface, we assume that the fibration is relatively
minimal, meaning that there are no (—1)-curves in the fibers of 7. When X is an
elliptic threefold, we additionally assume that no contraction of a surface is compatible
with the fibration.

Assuming these minimality constraints, we have D = 0, thus the canonical bundle
formula (2.1.15) simplifies to wy = 7*(ws® L). In particular, for £ = wy' we obtain
wyx = Ox. Recall that X is a Calabi-Yau manifold if wy = Ox and h'(X,Ox) =
0 for 0 < i < n = dim(X). In this present context we will be concerned with
Jacobian elliptic fibrations on Calabi-Yau manifolds. It is well known that for X an
elliptic Calabi-Yau threefold, the base surface can have at worst log-terminal orbifold
singularities. We will take the base surface S to be a Hirzebruch surface Fy, (or its
blowup).

It is well known that Jacobian elliptic fibrations admit Weierstrass models, i.e.,
given a Jacobian elliptic fibration 7 : X — S with section ¢ : S — X, there is
a complex algebraic variety W together with a proper, flat, surjective morphism
7 : W — S with canonical section & : S — W whose fibers are irreducible cubic
plane curves, together with a birational map X --+ W compatible with the sections
o and &; see [103]. The map from X to W blows down all components of the fibers
that do not intersect the image o(S). If 7 : X — S is relatively minimal, the inverse
map W --» X is a resolution of the singularities of .

A Weierstrass model is constructed as follows: given a line bundle £ — S, and
sections g, g3 of £*, L% such that the discriminant A = g5 — 27¢3 as a section of £
does not vanish, define a P>-bundle p: P — S as P := P (Og & £L? ® L3) with p the

natural projection. Moreover, let Op(1) be the tautological line bundle. Denoting
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z,y and 2 as the sections of Op(1) ® L%, Op(1) ® L3 and Op(1) that correspond to
the natural injections of £2, £3 and Og into m,Op(1) = Os® LD L3, the Weierstrass

model W from above is given by the the sub-variety of P defined by the equation

2

vz = 42® — gou2?

— g32°. (2.1.16)
The canonical section o : S — W is given by the point [z : y : 2] = [0:1:0] in
each fiber, such that ¥ := ¢(S) C W is a Cartier divisor whose normal bundle is
isomorphic to the fundamental line bundle £ via p.Op(—%) = L. It follows that W
inherits the properties of normality and Gorenstein if S possesses these. Thus, the

canonical bundle formula (2.1.15) reduces to

The Jacobian elliptic fibration p : W — S then has a Calabi-Yau total space if
L =~ wg' = Os(—Ks) (abusing notation slightly to denote the projection map p the
same way as the projection from the ambient P2-bundle).

For a Jacobian elliptic fibration X the canonical bundle wy is determined by
the discriminant A = g3 — 27¢2. For example, if 7 : X — S is a Jacobian elliptic
fibration for a smooth algebraic surface X and S = P! with homogeneous coordinates
[t : s], then X is a rational elliptic surface if the A is a homogeneous polynomial of
degree 12 (meaning that £ = O(1)), and X is a K3 surface when A is a homogeneous
polynomial of degree 24 (meaning that £ = O(2)); these results follow readily from
adjunction and Noether’s formula. The nature of the singular fibers and their effect
on the canonical bundle was established by the seminal work of Kodaira [78, 79].

Of particular interest are multi-parameter families of elliptic Calabi-Yau n-folds

over a base B, a quasi-projective variety of dimension r, denoted by 7 : X — B.
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Hence, each X, = 7 !(p) is a compact, complex n-fold with trivial canonical bundle.
Moreover, each X, is elliptically fibered with section over a fixed normal variety S.
This means that we have a multi-parameter family of minimal Weierstrass models
o Wy — S representing a family of Jacobian elliptic fibrations m, : X, — 5. We
denote the collective family of Weierstrass models as p: W — B.

Working within affine coordinates for B and S we set u = (uy,...,u,_1) € C" ' C
S and b = (by,...,b) € C" C B. We then may write the Weierstrass model W} in
the form

y* = 42® — go(u, b)x — gs(u,b), (2.1.18)

where for each fiber we have chosen the affine chart of W, given by z = 1 in Equa-
tion (2.1.16).

Part of the utility of a Weierstrass model is the explicit construction of the holo-
morphic n-form on each X, up to fiberwise scale, allowing for the detailed study of
the Picard-Fuchs operators underlying a variation of Hodge structure. In fact, con-
sider the holomorphic sub-bundle H — B of the vector bundle V = R"n,Cy — B,
whose fibers are given as the line H%(wy,) C H"(X, C). Here, C — X is the con-
stant sheaf whose stalks are C. Griffiths showed [56, 57, 58, 59] that the vector bundle
Y =V ®c Op carries a canonical flat connection V, the Gauss-Manin connection.
Again see §2.1.4 as well. A meromorphic section of H C V is given fiberwise by the

holomorphic n-form 7, € H(wx,) € H"(X;, C)

d
M= duy A Adug_y A —, (2.1.19)
y

where we denote the collective section as n € I'(V,B). It is natural to consider
local parallel sections of the dual bundle H*; these are represented by transcendental

cycles 3, € H,(X,,R) that vary continuously with b € B, writing the collective
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section as ¥ € I'(V*, B). The sections are covariantly constant since the vector
bundle V' = R"m,Cy is locally topologically trivial, and thus local sections of the

dual V* are as well. Utilizing the natural fiberwise de Rham pairing

(Ep, M) = ]{ s
2

we obtain the period sheaf Il — B, whose stalks are given by the local analytic
function b — w(b) = (Xy, ). The function w(b) is called a period integral (over %)
and satisfies a system of coupled linear PDEs in the variables by, ..., b, — the so called
Picard-Fuchs system.

Given the affine local coordinates (by,...,b.) € C" C B, fix the meromorphic
vector fields 0; = 0/0b; for j =1,...,r. Then each 0; induces a covariant derivative
operator Vy, on V. Since V is flat, the curvature tensor {2 = {Jy vanishes, and hence,

for all meromorphic vector fields U,V on B we have
QU,V)=VyVy =VyVy = Vv =0.
Substituting in the commuting coordinate vector fields 9;, d;, we conclude
Va.Va, =V, Vy,.

This integrability condition is crucial in obtaining a system of PDEs from the Gauss-
Manin connection. Since V has rank m = dim H" (X}, C), each sequence of parallel
sections ngvlajn, fort4+1=20,1,2 and 1 < k,j < r form the linear dependence

relations

> df () Vhn=0

i+l=0 k,j=1

for some integer 0 < m < m, where aflj (b) are meromorphic. Here, it is understood
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that V? = id. As V annihilates the transcendental cycle ¥ and is compatible with

the pairing (X, 7n), we may “differentiate under the integral sign” to obtain

0 0
8_bjw(b) = 8_bjj£n = jivaﬂ?-

It follows that the period integral w(b) satisfies the system of linear PDEs of rank

r > 1, given by

m r 4 it
> > azj(b)mw(b) =0. (2.1.20)

i+1=0 k,j=1

Equation (2.1.20) is the Picard-Fuchs system of the multi-parameter family 7 : X —
B of Calabi-Yau n-folds,. By construction, it is a linear Fuchsian system, i.e., the
system with at worst regular singularities.

The rank r and order m of the system depends on the parameter space B and
algebro-geometric data of the generic fiber X;,. For example, let 7 : X — B be the
family of Jacobian elliptic K3 surfaces which is polarized by a lattice L of rank p < 18
such that B realizes the coarse moduli space of pseudo-ample L-polarized K3 surfaces
as defined by Dolgachev [34]. Then it follows that the Picard-Fuchs system (2.1.20) is
a second order system of rank r = 22 — p. Naturally, there are sub-loci of such moduli
spaces where the lattice polarization extends to higher Picard-rank and the rank of
the Picard-Fuchs system drops accordingly. This behavior was studied, for example,
by Doran et al. in [39], and coined the differential rank-jump property therein. In the
sequel, we will analyze it by studying corresponding Weierstrass model p : W — B.
Moreover, we will see that the Picard-Fuchs system can be explicitly computed from
the geometry of the elliptic fibrations and the presentation of the associated period
integrals as generalized Euler integrals using GKZ systems [51].

It is commonplace in the literature to study the Picard-Fuchs equations of one

parameter families of Calabi-Yau n-folds; in this case, the base B is a punctured
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complex plane with local affine coordinate ¢ € C C B, and an analogous construction
leads to a regular Fuchsian ODE of order < m with m = dim H"(X;,C) for the
general fiber X;. In the construction of Doran & Malmendier [10], this is the central
focus, with B = P! — {0,1,00} and B = P* — {0,1,p,00}. We will show that the
restriction of the multi-parameter Picard-Fuchs system (2.1.20) above leads to the
Picard-Fuchs ODE operators and families of lattice polarized K3 surfaces of Picard-

rank p = 19, for example the mirror partners of the classic deformed Fermat quartic

K3.

2.1.6 Branched double covers of P? and double sextic K3 surfaces

Each Jacobian elliptic surface in the family of K3 surfaces constructed below is the
minimal smooth model of the two-fold cover of P? = P(¢!, ¢, ¢3) branching along six
lines in general position. Six lines in P? are considered to be in general position if no
three of them intersect in a point. Let us describe six lines [; in P? with j =1,...,6
by setting

l; = {[tl 12 87] € PP thoyy + tPug; + g = 0} : (2.1.21)

Then we can define the so-called double sextic family of K3 surfaces in the weighted
projective space P(1,1,1,3) = P(t', % t3, 2) as the minimal resolution of the double

cover of P? branched along the configuration £ = {¢1, ..., (s},

2=1[4- (2.1.22)

Let X be such a minimal resolution for a given configuration £. As noted by

Sasaki [119], X is a K3 surface®; to see this, consider the meromorphic 3-form on

6While Sasaki was certainly not the first to recognize that double sextics are K3 surfaces, the
analysis provided in [119] of the relation of this family to the Aomoto-Gel'fand E(3,6) system is
what is relevant to our analysis in this research.
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P(1,1,1,3) given by Q = dt' Adt*> Adt?, and let x = t'0 + 20,2 + t30;3 be the Euler

vector field. Then setting

dt =Q(x, -, +)

= t'dt> A dt? — 2dt A dEP + Bdtt A dt?

we have a global trivializing section of the canonical bundle Ky given by the holo-

morphic 2-form

(2.1.23)

dt dt
== ——
z

H?:l £
The period integrals of the double sextic family and explicit degenerations to higher
Picard rank are the central focus of this research. With this in mind, let us analyze
the Hodge theoretic data of the double sextics.

It follows from the discussion in the previous subsection §2.1.3 that one may know
the Gram matrix of the restriction of the intersection form to the transcendental
lattice T(X) by understanding the period domain and the period map. Let X'(3,6) be
the space of ordered systems £ of six lines in general position in P2, Following [92] we
can express elements in X'(3, 6) as equivalence classes of matrices (v;;) € Mat®(3, 6, C),
i.e., 3 x 6 matrices whose 3 x 3 minors are all non-vanishing, modulo the action of
SL(3,C) on the left and the action of (C*)® from the right. Then X (3, 6) is the moduli
space of six line configurations in P2,

Let us denote by [(v;;)] the image of the matrix (v;;) in the quotient. In fact,

X (3,6) can be considered to be a Zariski open set of the affine 4-space if we choose
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coordinates (A, B,C, D) such that

1001 1 1
(vg)=] 1100 A C |€Mat’(3,6,C). (2.1.24)

001 1B D

Using the homogeneous coordinates —T = ¢*/t! and —x = ?/t!, a two-fold cover of

P? branching along the six lines (v;;) is then given by the following:

V=TT -1)zx(x—1)(AT+Bx—-1)(CT+ Dx—1). (2.1.25)

Let us denote this four parameter family of K3 surfaces by X = X4 p ¢ p, which was
studied by Hoyt & Schwarz in [70]. Later, we will also use another set of moduli
denoted as (a, b, ¢, d), defined in Equation (2.1.33) to describe the same family. When
no confusion will arise, we will denote the four-parameter family as X with parameters
supressed, and freely interchange with the full notation. As we will show in §2.1.7,
the 4-parameter family X 4 g ¢ p is a family of Jacobian elliptic K3 surfaces that are
polarized by the even lattice L = H®Eg(—1)® A° of rank sixteen that are birational
to the double sextic X'. Surfaces in this class have Picard rank p taking the possible
values 16, 17, 18, 19 or 20. For generic A, B,C, D, the Picard rank of X is p = 16,
and certain values the parameters lead to higher Picard rank degenerations of the
family. We will take up an earnest study of the family X in §4.1.

The authors in [92, 96] use the coordinates (2!, 2%, 23, z*) such that

1001 1 1
(Dig)=1 0 1 0 1 2' 22 [ €Mat’(3,6,C). (2.1.26)

0011 22 24
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Notice that we have

-10 0 0 0 0
01 0 0 0 0
-1 0 0
A 00 -1 0 0 0
—1 1 0 |- (0) = (vy) , (2.1.27)
00 0 -1 0 0
00 —1
00 0 0 -1 0
00 0 0 0 —1
le,weset A=1—z',B=213C=1-2? D = z* Hence, we have [(v;;)] = [(0;;)]

in X(3,6).

On X there are 16 linearly independent algebraic cycles; 15 exceptional curves

6

2) = 15 rational double points of the branched cover, and

come from blowing up the (
one arises as section of the elliptic fibration. These algebraic curves span the Néron-
Severi lattice NS(X). As discussed in 2.1.3, here are two systems of six transcendental
cycles ¢1,...,c6 € Ho(X,Z) and ¢}, ..., cs € Ho(X,Z) such that ¢, ..., ¢ form a Z-

basis of the transcendental lattice T(X), and the cycles ¢,...,c are dual and its

intersection matrix Q;; = (cj o ¢}) is the 6 x 6 matrix given by
H(2)** @ (-2) ® (-2) , (2.1.28)

where H(2) denotes the lattice whose Gram matrix is that of H scaled by 2. The
correspondence sending the six lines (v;;) in general position to the periods of the

associated K3 surface X gives a multi-valued period map

W [(vy)] € X(3,6) = Z =[Zy:---: Zg) € DY, (2.1.29)
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where D7 the positively oriented component

Dt = {Z: Z: Zs) € PP |Q(Z,Z) =0, Q(Z.Z), Im (?) > 0}. (2.1.30)

1

The monodromy group of this multivalued function is generated by the Z-linear trans-
formations of the marking of X caused by the move of the line [; around the point

Nl for 1 <j<k<l1<6[92], and is the principal congruence subgroup
r— {G € PGL(6,Z) | G(DY) c D+, G'QG =Q, G = ]1(2)} . (2.1.31)

For special values of the moduli the Picard number p(X) becomes 17,18,19, and
the bilinear form will degenerate to a symmetric, integral, bilinear form of signature

(2,20—p). The explicit form of @ in those cases is given in (2.1.45), (2.1.46), (2.1.47).

2.1.7 The Yoshida family of K3 surfaces with Picard rank p > 16

Let us examine the presentation of the double sextic surface from Equation (2.1.25).
Consider the open subset of points (A, B,C, D) € C* such that the right hand side

of the equation
YVP=T(T-1)X(X-1)(AT+BX-1)(CT+DX —1) (2.1.32)

defines six lines in the complex projective plane, no three of which are concurrent.
This space is biholomorphic to the moduli space X (3,6) of six lines in P?, and we
will use the same character to refer to the moduli space of this suface, as well as any

other space biholomorphic to it.
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Setting T'= —Bt/A+ 1/A and X = x, we introduce the parameters

1 A 1 A 1 AD
a=———2, b=—, c=——rt—, d=—"7,
B B B BC B BC
. . o y (2.1.33)
A=tz B=y =l Py

Transforming Y — /—1y/(a — b), Equation (2.1.25) becomes

Y :b(b_c)(t_“)(t_b)(t—c—dx)ﬂf(x—1)($—t)- (2.1.34)

We denote the minimal nonsingular model of (2.1.34) by X, 4. This surface is known
as a Yoshida surface, following Hoyt & Schwartz. The open subset of C* = C(a, b, ¢, d)
such that Equation (2.1.34) defines a smooth surface is then biholomorphic to X(3,6).
Then X(3,6) is realized as an affine subvariety of C*, realized as the C* minus a union

of hyperplanes
{a=0,6=0,¢=0,d=0,a—b=0,...,c—d—1=0}.

Note the normalization factor in front the right hand side of (2.1.34) persists
because the elements b, b — ¢ are not squares in the function field C(X'(3,6)). Then

the nonvanishing holomorphic 2-form 7 € H*%(X,;.4) is given by

d
n=/bb—c) thf, (2.1.35)

and the normalization factor 1/b(b — ¢) is the generator of a projective gauge trans-
formation of the Picard-Fuchs system annihilating 7.

To transform Equation (2.1.34) into its Weierstrass normal form, we use the fol-
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lowing transformation:

b(t—a)(t—0)(b—c)((—t*+ (c—d—1)t+c)x+3t(t —c))

[ |
3T
~ tb? (t —a) (t —b) (t—c) (b—rc)
Y =— .
12
Then Equation (2.1.34) becomes
V2=4X3— g, X — g5 (2.1.36)

with

3= (t—a) (=07 (b= o2

><<t4+(—26—d—1)t3+(02+cd+d2+20—d+1)t2
—C(c—d+2)t+02>,

4 3 3 313
—=(=t+a)’ (=t+0)"(b—1c)"b

77 ) Jb=c) (2.1.37)
x (=t +(c—d+2)t—2¢) (—t*+ (c+2d—1)t+c) ,

g3 =

X (=282 + 2c+d+1)t—c) ,
A =2566°(b— )02 (t —1)2(t — &) (t — (c+ d))? (1 — d)t — ¢)?

x (t—a)®(t—0)°.

Notice that by letting ¢t — 1 — ¢,z — 1 — x in Equation (2.1.34) one establishes the

symmetry

Xaped = Xi—a1-bl—c—dd -

One also obtains a symmetry by permuting the parameters a, b, i.e., a <> b, as well

as a symmetry by permuting (A, B) < (C, D).
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The transcendental lattice

For generic values of (a,b,c,d), it follows directly from analyzing the singular fibres
of the Weierstrass model in Equation (2.1.36) that the configuration of singular fibres
is 6 [y + 2 I, with the six I, fibres located above t = 0,1,c¢+d, ¢/(1 — d), oo, and
the two I} fibres above t = a,b. Moreover, we have MW (rx) = (Z/2Z)*. We have
wreet — DP? @ APS. The Néron-Severi lattice NS(X) has signature (1,15), and the
determinant of the discriminant group is (2°) (2 -2)%/42 = 2°. The computation of
the discriminant group shows that it only contains factors of Zs, and it follows easily
that

NS(Xoped) = H® Eg(—1) @ AT . (2.1.38)

It was proved in [70] that

T(Xaped) = H2) & H(2) & (—2) & (—2) . (2.1.39)

We have the following lemma:

Lemma 2.1.4. The Jacobian elliptic surface Xgpca — P! is a K3 surface with a

H @ Es(—1) @ Ab-lattice polarization.

Proof. The degree of the polynomials g and g3 make X, .4 a family of K3 surfaces.
For generic values of a, b, ¢, the Néron-Severi lattice NS(X) has signature (1, 15) and
discriminant 26. In fact, we will show that NS(X) = H @ Eg(—1) @ AY® and Tx =
H(2)? @ (—2). O
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2.1.8 The twisted Legendre pencil of K3 surfaces with Picard rank p > 17

The Legendre family is the special case of the Yoshida surface (2.1.34) for d = 0. The

family of Jacobian K3 surfaces Xgp . = Xgp.c,a=0 is given by

Y2 =4X3— go(t) X — gs(t) (2.1.40)

with

ga(t) = h*(t) Ga(t)
g3(t) = h*(t) Gs(t) , (2.1.41)

h(t) =t —a)(t=b)(t-0),

where G and G5 are given by the modular elliptic surface for I'(2) with u = 2t — 1

and rescaled such that

2
Go(t) = (g) (%uz—l—l) =31 -3t+3,

233 (2.1.42)
Gs(t) = (5) (%u(u—?))(u—k?))) :t3—gt2—gt+1,

and A = 22 p5(¢) 2 (t —1)% and J = (:225511))22 This elliptic fibration on X = X, 4.
has three I fibres located at ¢ = a, b, ¢, and three I, fibres located at ¢ = 0,1, 0o, so
long as a, b, ¢ are distinct from each other, and not equal to 0,1, 00. In this case, X
is of Picard rank p = 17. Let € C C? be the associated moduli space. The study of
the geometry of ¥ is central to this research.

All this is to say, that in the variables of the Yoshida surface (2.1.34), we have the

twisted Legendre pencil studied by Hoyt in [68, 69], given by

v = (t—a)(t—b)t—c)w(z—1)(t—1). (2.1.43)
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This form of X will be instrumental to our calculations of Picard-Fuchs for the family

in §5.3. In advance of that section, we have the following result.

Proposition 2.1.5. On the K3 surface X, a global trivializing section of the canonical

bundle Kx — X is given by the holomorphic 2-form

dx dt dx
nx = dt N —

v VD Vi DD

(2.1.44)

with h(t) = (t —a) (t = b) (t — ¢) as above.

Notice that there are symmetries

Xa,b,c = lea,lfb,lfc = Xl/a,l/b,l/c )
as well as the symmetry from permuting the parameters a, b, c.

The transcendental lattice

For (a,b,c) € T, we have p = 17, and the Mordell-Weil group is MW(X, ) =
(Z/27,)%%. By the Hodge index theorem, the Néron-Severi lattice NS(X) has signature
(1,16), the configuration of singular fibres as 31} + 31> imply that the determinant of
the discriminant group is (2%) (2-2)3/42 = 2°. Moreover, the singular fibres determine

the root lattice W' = DP® @ AP3, and hence the discriminant group is

@3

(D(Wroot), qwmot> - (Z/2 @ Z/2> DL/2,

—_ N
—
DO | —
|

D=

We can pick generators are (a}) = Z/27 and (d}) @ (d}) = Z/27 & Z/2Z. To find
isotopic subgroups, we need to involve at least two copies in the direct sum. This

could lead to a discriminant group of an overlattice (Z/2Z)®°. The computation of
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the discriminant group shows that it only contains factors of Z/2Z, and it follows

easily that the Néron-Severi group of the twisted Legendre pencil is

NS(Xupe) = HO Eg(—1) @ Dy @ AT .

We will show by an explicit computation that the transcendental lattice is given by

T(Xupe) = H(2) ® H(2) @ (-2) . (2.1.45)

2.1.9 Further degeneration to Picard rank p = 18,19

For a = 0 and b, ¢ generic, the configuration of singular fibers is 2 [, + 2 I} + I, and
we have the Mordell-Weil group MW (X, ) = (Z/2Z)%?. Hence, we have Picard rank
p(Xop.e) = 18. Moreover, we have W' = Dg @ D}? @ AP?. The Néron-Severi lattice
NS(X) has signature (1,17) by the Hodge index theorem, and the determinant of
the discriminant group is (22) (2 -2)3/4% = 2*. The computation of the discriminant
group shows that

NS(Xgp.) = H® Eg(—1) ® Dg @ AT?.

We will show by an explicit computation that the transcendental lattice is given by

T(Xope) =(2) @ (2) & (—2) B (—2) . (2.1.46)

For a = 0 and b = 1, the configuration of singular fibers is I + I + 2 I, and we
have the Mordell-Weil group MW (X, 7r) = (Z/27Z)%?. This means that the Picard
rank is p(Xg1.) = 19. We have yyroot — Dg92 @® Dy ® Ay. The Néron-Severi lattice
NS(X) has signature (1, 18) by the Hodge index theorem, and the determinant of the

discriminant group is (2) (2-2)/4% = 23. The computation of the discriminant group
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shows that

NS<X0,1,C) — H EB D16 EB A1 .

By an explicit construction, Hoyt proved in [67, Sec. 2] that the transcendental lattice
is given by

T(Xone) = (2) ® (2) ® (—2) . (2.1.47)

This agrees with the result of van Geemen and Top [I41]: by changing their vari-
ables according to y — y/\/b_c,m — —z and t — ¢,z — —t/c their hypersurface is
transformed into the Legendre family investigated by Hoyt for a = 0,b = oco. The

transcendental lattice obtained in [141] agrees with Eq. (2.1.47).

2.1.10 Relations to Kummer surfaces from curves with full level-two

structure

Let C be a genus two curve. Since C can be realized as a double cover C — P!,
branched over the six points 6;,...,0s € P!, using a fractional linear transforma-
tion we can move 6y, 05,0 to 0,1,00. The resulting location of 6y, 6, 03, written as

A1, Ao, A, vield the so-called Rosenhain normal form of C, given by

v =x(z—1)(z — M)z — ) (z — A3). (2.1.48)

The values Ai, Ao, A3 € C are called the Rosenhain roots of C. It is straightforward to
establish that C is smooth if and only if (A1, A2, A3) lie on the quasiprojective variety

M|2] = P3 — P, where P C P? is the union of planes

{N#0,1, 00, N#N, 4,j=123}
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Then M]2] is the moduli space of genus two curves with full level-two structure.
This latter quality is determined because the Rosenhain normal form for C marks a
2-torsion point on the principally polarized Jacobian variety Jac(C).

Let My = M[2] be the double cover, parameterized by l1, I, I3 that satisify (2 = X,
for i = 1,2,3, where ), are the Rosenhain roots of a genus two curve C’ whose
Jacobian variety Jac(C') is 2-isogenous to C. See Clingher & Malmendier [26] for
more details. Then it follows from results established by Braeger et al. [15], that

there is a dominant rational map ¢ : My --+ ¥ given by

414151 414151 414151
6 (Il ls) <a: _Ahbly o, _4hbl —) C (21.49)
(Lils + 15) (Lily +13) (lols + 1h)

!/

that is induced from a dominant, degree two rational map Y; ; .

--> Xy pe Here
Y’ is the Kummer surface obtained the principally polarized abelian surface A’ that
is (2,2)-isogenous to A. Such an explicit map is useful for not only relating results
about the twisted Legendre pencil X, ;. and Kummer surfaces, but also because we
are able to connect to known results for the periods and Picard-Fuchs equations that
are of arithmetic interest as we degenerate to higher Picard rank. We take up this
discussion in §6.2.3.

=

For example, as was shown in [15], we may degenerate the curve C = Cy/ y/ x
9 ? 127722713

using a parabolic type [/4_o_o] degeneration from the Namikawa & Ueno classification
[108] defined by

ll — kl, 12 — Ekg, l3 — € (2150)

in the limit that e — 0 to obtain the generically Picard rank p = 18 Kummer surface

Y2420 = Kum(& % &), where &; is an elliptic curve in the Legendre normal form

Ee: {V,X)|Y2=X(X 1) (X -k} (2.1.51)
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whose elliptic modulus is given by kZ, ¢ = 1,2. In this way, we have restricted to
the boundary component of My defined by the vanishing locus of the Siegel modular
form x10 [72]. Moreover, the degeneration of the 65 4+ 2/} Jacobian fibration on
Kum(Jac(C)) yields the Jg Jacobian fibration on Kum(&; x &). However, because
the Legendre normal form in Equation (2.1.51) marks a 2-torsion point on &;, we
naturally inherit a marked 2-torsion point on the abelian surface & x &s.

On the twisted Legendre pencil, this degeneration corresponds to the limit ¢ — 0,
yielding the two-parameter twisted Legendre pencil X, 4 ¢ equipped with the Jacobian

fibration

Xopo: {(zuyt) |y’ =tlt—a)t—0)z(z—1)(z—1)} (2.1.52)

with singular fibres 21} + 21, + I5. The I fibres are located over ¢t = a,b, the I,
fibres are located over t = 0,1, and the IJ fibre is located over ¢t = oco. In this way,
assuming that a,b ¢ {0, 1, 0o}, we recognize that the K3 surface X, ;¢ is the familiar
quadratic twist family of the rational elliptic surface Z for the Legendre pencil, i.e.,
the modular elliptic surface for the rational curve H/To(2) = P!, where H C C is
the upper half plane, and ['((2) C SL(2,7Z) is the principal congruence subgroup of

level-two. This is simply the total space of the family of elliptic curves

Z: {(xyt)|y=z@-1(=-1t}. (2.1.53)

It follows from fundamental results in [23] that the quadratic period relations can be

expressed rather beautifully in terms of the factorization of hypergeometric functions

that represent the period integrals on the K3 surface X, 30 and the Kummer surface
;c%,kg,O‘ We explain this further in §6.2.3.

We can further degenerate to Picard rank p = 19 by taking the limit in which
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b — oo, yielding the K3 surface X, - o
X000 - {(x, y,t) | y? =t(t —a)z(z —1)(z — t)} (2.1.54)

that was studied by Hoyt in [67]. This Jacobian fibration is of type [ +21; + I5, with
an Ij fibre over t = a, I fibres over ¢t = 0, 0o, and an I, fibre over ¢ = 1. On the side
of the Kummer surface Yy, , 0, this degeneration corresponds to the limit in which
ki — A, ko — —1/A. Then the abelian surface Erz X &z degenerates to the product
Exe x &2, where &£, is 2-isogenous to £. Again, the quadratic period relations for this

family are encoded explicitly in terms of factorization of hypergeometric functions.

2.2 The Signature Theorem

In order to study a wider variety of analytical aspects of certain rational elliptic and
elliptic K3 surfaces, we recall some fundamental notions of the differential topology

of manifolds related the signature index.

2.2.1 The Cobordism Ring and Genera

One approach to investigating manifolds is through the construction of invariants. In
this present context, we work to construct topological and geometric invariants in the
category S of smooth, compact, orientable Riemannian manifolds. Given two such
manifolds, we may generate new objects through the operations + (disjoint union), —
(reversing the orientation), and x (Cartesian product). These operations turn S into
a graded commutative monoid, graded naturally by dimension, which decomposes as

the direct sum

S:é/\/ln.
n=0
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Here M,, C S is the class of all smooth, compact, oriented Riemannian manifolds
of dimension n. In S, the additive operation is only well defined when restricted to
elements in the same class M,,. Furthermore, if M € M, and N € M, we have the
graded commutativity relation M x N = (—1)¥ N x M. The positively oriented point
{*} serves as the unity element lg, but S fails to be a (graded) semi-ring because
there is no neutral element Os and there are no additive inverses. It is reasonable
to attempt to define Os = () and the additive inverse of M as —M by reversing the
orientation. However, M U —M # (), so the additive inverse is not well defined. If we
insist that we want such as assignment of additive inverses and Og to turn § or some

quotient into a ring, we are led naturally to the notion of cobordant manifolds.

Definition 2.2.6. An oriented differentiable manifold V™ bounds if there exists a
compact oriented manifold X" with oriented boundary 0X™ = V™. Two manifolds
VW e M, are cobordant if V' — W™ = X" for some smooth, compact (n+1)-
manifold X with boundary, where by V" — W™ we mean V" U (—W™) by reversing the

orientation on W™.

The notion of “cobordant” is an equivalence relation ~ on the class M,,; hence we

introduce the oriented cobordism ring €1, as the collection of all equivalence classes

[M] € Q, =M,/ ~ foralln eN,

Q, = @Qn.

Note first that for any boundary V" = dX"*1 V" descends to the zero element
0 = [0] € Q.. Since for any manifold M, we have that M — M = 9(M x [0,1]), the
boundary of the oriented cylinder bounded by M, it follows that on €., [M — M] = 0.
Thus —[M] = [-M] for any manifold M. This in turn shows that the oriented

cobordism ring €2, naturally inherits the structure of a graded commutative ring with
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respect to the operations on §. For a thorough survey of cobordism (oriented and
otherwise) we refer the reader to [135].
To study these structures, we look at nontrivial ring homomorphisms v : 2, — C,

i.e., for any two suitable V. W € (),, the morphism ¢ satisfies

VW) = $(V)+o(W), ¢(=V) = —o(V),
PV xW) = (V) -p(W).

Thus, we are interested in studying the dual space of €),. This prompts the following:

Definition 2.2.7. A genus is a ring homomorphism 1 : Q, — Q. Hence, a genus

¥ € homg(Q2; Q) is an element of the rational dual space to €.

This implies that if V™ = 9X"™! bounds, then necessarily ¢(V™) = 0, as ¢ must
be compatible with the ring operations (+, —, X) and constant on the equivalence
classes of manifolds that satisfy V" — W" = 9 X"+,

In the following section, we introduce the fundamental notion of the signature of
a manifold of dimension 4k. This quantity constitutes one of the most prominent
examples of a ring homomorphism €2, — Q. In fact, if the dimension of a compact
manifold is divisible by four, the middle cohomology group is equipped with a real
valued symmetric bilinear form ¢, called the intersection form. The properties of
this bilinear form allow us to define an important topological invariant, the signature
of a manifold. The Hirzebruch signature theorem asserts that this topological index
equals the analytic index of an elliptic operator on M, if M is equipped with a smooth

Riemannian structure.

2.2.2 The definition of the signature

Let M be a compact manifold of dimension n = 4k. On the middle cohomology group

H?(M;R), a symmetric bilinear form ¢ called the intersection form, is obtained by
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evaluating the cup product of two 2k-cocycles a, b on the fundamental homology class
[M] of M. Alternatively, we can obtain ¢ by integrating the wedge product of the
corresponding differential 2k-forms w,, w, over M via the deRham isomorphism. That

is, we define ¢ and tqr as follows:

L H?*(M;R) @ H*(M;R) — R
(a,b) — (aUb, [M])

wr:  HZM;R) @ HINM;R) — R
(Wa, W) = JyWa Aw

Notice that ¢ is in fact symmetric since the dimension is a multiple of four.

Since M is compact, Poincaré duality asserts that for any cocycle a € H?**(M;R)
there is a corresponding cycle o« € Hop(M;R). If we assume that the two cycles
intersect transversally, then ¢(a, b) can be expressed as the intersection number of the

two cycles a and 3, i.e., by computing

Ua,b) = #(a, B) = > ip(a, )

pEanS

where i,(c, §) is either +1 or —1 depending on whether the orientation of the 7, M
induced by the two cycles «, § agrees with the orientation of the manifold or not
[139).

Sylvester’s Theorem guarantees that any non-degenerate, real valued, symmetric
bilinear form on a finite dimensional vector space can be diagonalized with only +1
or —1 entries on the diagonal. Thus, after a change of basis, we have ¢+ = [, ,, where
I,,, is the diagonal matrix with u entries +1 and v entries —1. This prompts the

following definition.
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Definition 2.2.8. Let M be a compact 4k-dimensional manifold with intersection
form v on the middle cohomology group H?*(M;R) such that . = I,,. Then the
signature of M is given by sign(M) = u —v. If the dimension of M is not a multiple

of four, the signature is defined to be zero.

It turns out that the signature is a fundamental topological invariant of M: if two
4k manifolds are homeomorphic, their signature will be equal; in fact, the signature
is an invariant of the oriented homotopy class of M [73, 101]. Furthermore, the
signature is constant on the oriented cobordism classes in {2,. We have the following

theorem due to Hirzebruch [61].

Theorem 2.2.9. The signature defines a ring homomorphism sign : Q, — Z. In

particular, for all k € N we have sign(P?*) = 1.

The theorem is proved by checking that the signature is compatible with the ring
operations (+, —, x) on the classes My, C S, k = 1,2,..., by using the Kiinneth
theorem and writing out the definition of the signature on a basis for the middle
cohomology. Furthermore, one can show that sign(M) = 0 for any manifold M = 0X
that bounds. This is done by constructing a commutative exact ladder for i : V4 —
X4%+1 je., the embedding of V* as the boundary of X**! using Lefschetz and
Poincaré duality. The normalization for the even dimensional complex projective
spaces P?* can be checked as follows: the cohomology ring H*(P?*;R) is a truncated
polynomial ring in dimension 4k, generated by the first Chern class of the hyperplane
bundle H € H?(P?*;R). It follows that H*(P?*;R) is generated by H*, and

L(HF HF) = H#[P?] = 1. (2.2.55)
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2.2.3 The signature as an analytical index

We will identify the signature of an n-dimensional smooth, compact oriented manifold
M with the index of an elliptic operator acting on sections of a smooth vector bundle
over M."

The operator in question is the Laplace operator acting on smooth, complex valued
differential p-forms on M. Over any oriented closed n-manifold M we have the exterior
product bundles A? = APTEM of the complexified cotangent bundle T¢M = T*M ®C.
The complex-valued p-forms are the smooth sections w : M — AP; they form a vector
space which we denote by C*°(M,AP). The vector spaces can be assembled into
the so-called de Rham complex C=(M,\*) = @,_,C>*(M,A?). The summands
are connected by the exterior derivative d : C*°(M, AP) — C>(M, AP™!), extended
linearly over T:M, with the usual relation d* = 0.

Moreover, a Riemannian metric on M determines a Hermitian structure (-,-)
on C*(M,AP) via the Hodge-de Rham operator x : C°(M,AP) — C(M,A"P).
The Hodge-de Rham operator is a bundle isomorphism C*°(M, AP) — C>°(M,A"P)
which satisfies *2 = (—1)P™P)I, where I : C=(M, AP) — C*>°(M, AP) is the identity.
Specifically, the Hodge dual of a p-form w € C*°(M, AP) is the (n—p)-form denoted by
sw € C°(M, A" P) determined by the property that for any p-form u € C*°(M, AP)

we have

A kw = (p, whvolyy

where the Riemannian structure on M induces both the inner product (-,-) on

C*°(M,A?) and the volume form voly,. A Hermitian structure on C*°(M, AP) is

"The results of this section can also be phrased in terms of spinors and spin bundles. We have
chosen to leave this viewpoint out as to make the content more accessible.
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then defined by setting

(M?C‘)):/ A *W
M

for any two p-forms p,w where @ means complex conjugation. With respect to this

inner product, we obtain an adjoint operator
§: C(M, AP*Y) — C=(M, AP)

of the exterior derivative d defined by (dnP,wP™) = (nP, dwP™) and 62 = 0. If n = 2m
the adjoint operator is § = — * dx.

The operator D = d + 6 : C*°(M,A*) — C(M,A*) is a first order differential
operator that, by construction, is formally self-adjoint. We call D a Dirac operator,
because it is, in a sense, the square root of the Laplace operator. In fact, the Laplace

operator, also called the Hodge Laplacian, is given as its square by
Ag = (d+0)*=ds+dd.

The Hodge Laplacian is homogeneous of degree zero, ie., Ay : C®°(M,AP) —
C>®(M,A?), and is formally self-adjoint, i.e., (Agw, u) = (w, Agp) for any p-forms
w, . A p-form w is said to be harmonic if Agw = 0. One then shows that w is

harmonic if and only if w is both closed and co-closed, i.e.,
Agw=0 < dw=0,0w=0. (2.2.56)

In fact, every n € Hip(M;C) has a unique harmonic representative w such that
n = w + d¢ for some (p — 1)-form ¢; this is the celebrated Hodge theorem [62]. This

implies that there is an isomorphism Hj,(M,C) = ker Ay.



53

Let us restrict to the case of an even-dimensional manifold M, i.e., n = 2m. Then,

for p=10,...,2m we define the complex operators
a, = /_1P(P—1)+m* : COO(M, Ap) N COO<M, A2mfp)7

which for complex-valued differential forms are more natural than the Hodge-de Rham
operator. We will denote the operators generically by « : C®°(M, A*) — C*(M, A*).
One may check that the operators aw,,—, and a, are inverses, oo, —pat, = pQ2m—p = L.
Hence, the eigenvalues of «,, are £1, so the de Rham complex splits into the two

eigenspaces of a, given by a(w) = fw, such that

Co(M,A") = CP(M,A°) @ C=(M,AY) .

eigenvalue: +1 eigenvalue: —1

The projection operators onto the two eigenspaces given by P, = (I + «)/2 and
P_ = (I — «)/2, respectively, and Py + P_ =1, Py P- = 0. Since « anti-commutes
with d + 0, i.e., a(d + ) = —(d + 0)a and because of Equation (2.2.56), we get an
orthogonal, direct-sum decomposition of the entire de Rham cohomology according

to

Hin(M;C) = HY(M;C) & H” (M;C), (2.2.57)

P+

i
[e=)

where H?(M;C) = {w € H?,(M;C) @ Ho P(M;C) | a(w) = +w}. Notice that for
p # m, every element of HY (M;C) necessarily has the form w4 a(w) for a non-trivial

element w € HY,(M;C), and we have for all p # m the identity

dim H? (M, C) = dim H? (M, C). (2.2.58)
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We now recall the notion of an elliptic differential operator, and the notion of
its analytic index [63, 115]. Suppose we have two vector bundles F, F' — M and
and a ¢'"-order differential operator Ip : C®°(M, E) — C*(M, F). Let T'M be the
cotangent bundle of M minus the zero section and 7 : T"M — M be the canonical
projection. Then the principal symbol of the operator Ip is a linear mapping op €
Hom(7*E, 7*F) such that op(z, p§) = plo(x,§) for all (z,£) € T'M and for all scalars
p. The operator I is elliptic if the principal symbol o p is a fiberwise isomorphism for
all x € M. It is a classical result that for an elliptic operator, the kernel and cokernel

are finite dimensional [44]. The analytic indez of I) is then defined as
ind(})) = dim(ker IP) — dim(coker D).

If we restrict the operator D = d+ 6 to the +1-eigenspaces of a, these restrictions
become formal adjoint operators of one another. In physics, they are called chiral

Dirac operators. We denote these operators by

D= (d+08)P =P (d+6): CP(M,A*) — C>(M,\"), (2.2.59)

D= (d+6)P. = P(d+6): C®(M,A*) — C(M,A*),  (2.2.60)
where we again used the fact that o anti-commutes with D = d 4+ J. We have that

P'D=AuP, = Ay ,
C%°(MA*)

and that the operators ) and ]ﬁT are elliptic operators such that ker lDT = coker Ip. To
see this, we look to the principle symbols of the first order differential operators d and
d on the vector bundle C*° (M, A*) over M. One computes their principal symbols as

oq4(x, &) = ext(§) and o45(z,£) = —int(&), respectively, signifying the exterior algebra
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homomorphisms induced from the exterior product and interior product of forms,
respectively. This implies that ) + lDT = D is the Clifford multiplication on the
exterior algebra of forms. Therefore, o, (z,€) = —|¢|?I. This mapping is invertible,
and it follows that I, lDT, and Ay are elliptic operators.

For the index of the elliptic operator I) on a compact even-dimensional manifold

M™ with n = 2m we obtain

ind() = dim(ker ) — dim(ker ")
= ) dim H}(M;C) — dim H? (M;C)

p=0

= dim A} (M;C) —dim H™(M;C),

where we used ker lPT = coker [ and Equation (2.2.58).
For n = 2m with m = 2k 4+ 1 the operator «,, is an isomorphism between

H™(M;C) and H™(M;C), thus ind() = 0. In contrast, for n = 4k we have
ind(P)) = dim H2*(M;C) — dim H*(M;C),

and « maps H¥*(M;C) to itself. Moreover, for n = 4k we have a = % and the
decomposition into +1-eigenspaces of a coincides with the orthogonal, direct-sum
decomposition of H2%(M;C) into self-dual and anti-self-dual, middle-dimensional,

complex differential forms. Thus, we have
Hip(M;C) = HY(M;C) & H*(M;C).

On the other hand, using the de Rham isomorphism, we can evaluate the intersection
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form ¢4r on either two self-dual or anti-self-dual 2k-forms w, i, to obtain

LdR(wnU“) = (wwu)7

= LdR(w’waeHi’“(M,(C) = (w,w) = %|w|?.

This shows that tyg = I, with u = dim H¥*(M;C) and v = dim H?*(M; C), so that
the index of the Dirac operator is equal to the difference of the number of linearly
independent self-dual and anti-self-dual cohomology classes over C. Hence, we have

the following special case of the Atiyah-Singer index theorem [3, 61]:

Theorem 2.2.10 (Analytic index of signature operator). For all compact, oriented
Riemannian manifolds M of dimension 4k, the (analytic) index of the Dirac operator

defined above equals the signature of M, i.e., ind(Ip) = sign(M).

2.3 The structure of the Cobordism ring and its genera

Having shown that the signature of a manifold M is a genus, we now investigate
the structure of the oriented cobordism ring and its rational homomorphisms. In
this spirit, it is beneficial to look at the rational oriented cobordism ring €2, ® Q.
Tensoring with Q kills torsion subgroups; in fact, it is known that the cobordism
groups €, are finite and (graded) commutative when n # 4k [139], implying that
each such cobordism group is torsion. We shall see that €2, ® Q has a generator of
degree 4k for all £ € N. This implies that the graded commutativity of €2, is erased by
tensoring with Q, leaving an honest commutative ring. Thus, the rational cobordism

ring is of the form

k=0
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and forms a commutative ring with unity. We will soon be able to say much more
about the structure of this ring and provide a generating set, along with a complete
description of its dual homg (Q* ® Q,Q). This will allow for a description of the

signature of a 4k-manifold as a topological index in terms of its Pontrjagin classes.

2.3.1 Pontrjagin numbers

We begin with the following motivation for the Pontrjagin classes [102]. Let £ be a
real vector bundle of rank r over a topological space B. Then the complexification
E®C = ¢ ®g Cis a complex rank r vector bundle over B, with a typical fibre F'® C

given by

FeC=F®v-1F.

It follows that the underlying real vector bundle (£ ® C)g is canonically isomorphic
to the Whitney sum & @ £. Furthermore, the complex structure on £ ® C corresponds
to the bundle endomorphism J(z,y) = (—y,z) on £ HE.

In general, complex vector bundles 1 are not isomorphic to their conjugate bundles
7. However, complexifications of real vector bundles are always isomorphic to their
conjugates: we have ¢ ® C =2 £ ® C. Let us consider the total Chern class given as

the formal sum

(6RC)=1+c1((RC)+(RC)+ -+ (£ C).

We refer the reader to [18] for an introduction to Chern classes. From the above

isomorphism, this expression is equal to the total Chern class of the conjugate bundle,
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that is

c(6@C)=1-c1((RC) +c2((®C) — -+ (—1)"¢, (£ ® C).

Thus, the odd Chern classes ¢g;11(§ ® C) are all elements of order 2, so it is the
even Chern classes of the complexification ¢ ® C that encode relevant topological

information about the real vector bundle &. This prompts the following definition.

Definition 2.3.11. Let ¢ — B be a real vector bundle of rank r. The it" rational

Pontrjagin class of & for 1 <1 < r is defined as follows:
pi(€) = (1) eu(é®C) € HY(B;Q).

where co; s the 2i" rational Chern class of the complezified bundle ¢ ® C.The total

rational Pontrjagin class is the formal sum

p(§) = Zpi(f) € H*(B;Q).

The Pontrjagin classes of an oriented manifold M are the Pontrjagin classes of its

tangent bundle T'M.

As a practical way to compute the Pontrjagin classes of &, let V be a bundle
connection on £ ® C, and let €2 be the corresponding curvature tensor. Then the total
Pontrjagin class p(§) € H}z(B;R) is a polynomial in the curvature tensor given by

the expansion of the right hand side in the formula

p(&) =14+ pi1(&) +p2A8) + -+ +p,(§) = det( +Q/27) € Hjp(B;R).

As the total Pontrjagin class is defined as a determinant, it is immediately invariant
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under the adjoint action of GL(r,R), and furthermore, that the cohomology classes

of the resulting differential forms are independent of the connection V [19, 20].
Suppose that M is an oriented 4k-dimensional manifold. If (i) = (i1,...,%,) is

a partition of k, i.e. [(¢)| = Y . i, = k, then we define the corresponding rational

Pontrjagin number of M to be
pwM] = (p,(TM)U---Up,, (TM))[M] € Q, (2.3.61)

and, if the dimension is not a multiple of four, all Pontrjagin numbers of M are defined
to be zero. When working with the Pontrjagin classes in the de Rham cohomology
of M, the Pontrjagin numbers are given by integrating the top-dimensional form

Pi) = Piy N Diy A -+ A p;,, over the fundamental cycle [M], i.e.,

M

Let us compute the Pontrjagin number for the class p;/3 on P2. Equip the tangent
bundle of P? with the Fubini-Study metric [48, 136]. Then in the affine coordinate

chart [z7 : 29 : 1], a computation with the curvature tensor shows that

2

T Al a1 A A

1
3171

Integrating this form over the fundamental cycle yields

-1 = 1.
p2 3

As we shall see in Section 2.3.3, this is consistent with sign(P?) = 1 by Theorem
2.2.9.

The following explains the importance of the Pontrjagin classes [116]:
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Proposition 2.3.12 (Theorem of Pontrjagin). The evaluation of the Pontrjagin
classes are compatible with the operations (4, —, x) on Q. ® Q. Furthermore, all
Pontrjagin numbers vanish if a manifold bounds. Thus, the Pontrjagin numbers de-

fine rational homomorphisms 2, @ Q — Q.

In Proposition 2.3.12 compatibility with + is trivial and compatibility with —
follows from the fact that the Pontrjagin numbers are independent of the orientation
[112, 113]. For multiplicativity, notice that the total Pontrjagin class of the Whitney
sum satisfies p(&; @ &) = p(&1)p(&2) up to two-torsion [116]. As we are working over

Q, this equality always holds.

2.3.2 The rational cohomology ring and genera

We have seen in Proposition 2.3.12 that the Pontrjagin numbers constitute prototypes
of the rational homomorphisms 2, ® Q — Q. It turns out that every genus can be
constructed in this way [139]. This follows from a remarkable relationship between
the rational oriented cobordism ring €2, ®Q and the cohomology ring of the classifying
space BSO for oriented vector bundles.

We assume that M is a smooth, compact n-manifold and recall the notion of a

classifying space for oriented vector bundles.

Definition 2.3.13. For every oriented rank r vector bundle w : E — M, there is
a topological space BSO(r) and a vector bundle ESO(r) — BSO(r) together with a
classifying map f : M — BSO(r) such that f*ESO(r) = E. The space BSO(r)
is called a classifying space, and the vector bundle ESO(r) — BSO(r) is called the

universal bundle of oriented r-planes over BSO(r).

It is known that the isomorphism class of the vector bundle E determines the

classifying map f up to homotopy. Moreover, the classifying space and the universal
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bundle can be constructed explicitly as the Grassmannian of oriented r-planes over
R>, denoted by BSO(r) = Gr,(R*), and the tautological bundle of oriented r-planes
over it, denoted by ESO(r) = ~" — BSO(r) respectively [99, 100].

For any oriented rank r vector bundle £ — M we can form the sphere bundle
Y(E) — M by taking the one-point compactification of each fiber E, of the vector
bundle over each point p € M and gluing them together to get the total space. We
then construct the Thom space T'(E) [138] as the quotient by identifying all the new
points to a single point ¢ty = oo, which we take as the base point of T'(F). Since M
is assumed compact, T(E) is the one-point compactification of E. Associated to the
universal bundle ESO(r) is the universal Thom space, denoted by MSO(r).

Moreover, thinking of M as embedded into E as the zero section, there is a class
u € H'(T(E);Z), called the Thom class, such that for any fiber E, the restriction
of u is the (orientation) class induced by the given orientation of the fiber £E,. This

class u is naturally an element of the reduced cohomology [138]
H'(T(E);Z) = H"(%(E),M;Z) =~ H"(E,E — M:Z).
It turns out that the map

o'(E;Z) — I (T(B);Z), 2w zUu,

is an isomorphism for every ¢ > 0, called the Thom isomorphism [138]. Since the
pullback map 7* : H*(M;Z) — H*(F;Z) is a ring isomorphism as well, we obtain an

isomorphism

H'(M;Z) - HY(T(E);Z),  xw 7 (z)Uu, (2.3.63)
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for every ¢ > 0 which sends the identity element of H*(M;Z) to u. The following

result of Thom is crucial [139]:

Theorem 2.3.14. (Pontrjagin-Thom) Forr > n+2, the homotopy group m,,(MSO(r), o)

1s isomorphic to the oriented cobordism group €),.

Proof. We offer only a sketch, and refer the reader to [138, 139, 102] for more details.
Let M be an arbitrary smooth, compact, orientable n-manifold, and let £ — M
be a smooth, oriented vector bundle of rank r. The base manifold M is smoothly
embedded in the total space E as the zero section, and hence in the Thom space
T = T(F). In particular, note that M C T — {t,}. Note that T itself is not a
smooth manifold — it is singular precisely at the base point ty. Results in [102] show
that every continuous map f : S™™" — T is homotopic to a map fthat is smooth on
FHT—{to}). Tt follows that the oriented cobordism class of 1 (M) depends only on
the homotopy class of ]? Hence, the mapping f|—> f_l(M ) induces a homomorphism
Tnar (T, to) — €,. We will argue that this homomorphism is surjective. We refer the
reader to [139] for the proof of injectivity.

A theorem of Whitney [142] shows that M can be smoothly embedded in R™*".
Identifying M with its image in Euclidean space, we choose a neighborhood U of
M in R™" diffeomorphic to the total space E(v") of the normal bundle v" to M.
Let m,q > n and 7, be the tautological bundle of oriented m-planes over R™+4,
and let E(4") be the total space of v, a = n,q. Applying the Gauss map for

Grassmannians, we obtain
U=EW") = E(y,) € E(y)

We compose this mapping with the canonical mapping E(v;,) — T'(v;), and let B C

T'(7;) be the smooth n-manifold identified with the zero section in the Thom space.
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We have obtained a map f, : U — T(y;) such that f*(B) = M. Hence, if t, is
the base point of the Thom space T'(77), it follows from above that f; is homotopic
to a smooth map fq that is smooth on T'(v]) — {t;}. Thus, we obtain a surjective

homomorphism 7, ,(T(75),t,) —+ .. Taking a direct limit on ¢ the claim follows.

]

Using the argument above, we can embed a representative manifold M € €2, into
MSO(r) for some r > n + 2. By taking the direct limit, we make the construction

independent of the embedding [139] and obtain a canonical isomorphism

Q, = %ﬂ 7rn+T(MSO(7“), oo) )

r—00

Another crucial result is a theorem by Serre [128] that asserts that in the range
less or equal two times the connectivity of a space, rational homotopy is the same as
rational cohomology. As shown in [138], the connectivity of the Thom space MSO(r)

is (r — 1). Therefore, there are isomorphisms for all » > n + 2 of the form
Totr (MSO(r), 00) ® Q — H™"(MSO(r); Q) .
From Equation (2.3.63) we also have the Thom isomorphisms
H™(BSO(r); Q) — H™"(MSO(r); Z) .
Thus, for all n > 0 it follows that
H"(BSO(r); Q) 2 7pp, (MSO(r), 00) ® Q = Q, @ Q. (2.3.64)

Equation (2.3.64) together with BSO = lim,_,., BSO(r) yields — after taking the
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appropriate limits on n — an isomorphism

(=23

0. ®Q — H*(BSO;Q). (2.3.65)

Equation (2.3.65) shows that the study of genera is equivalent to studying rational
homomorphisms H*(BSO; Q) — Q. However, the cohomology ring H*(BSO;Q) =
Q[p1, P2, - - .| is easy to understand: it is a polynomial ring over Q generated by the
Pontrjagin classes {p;} of the universal classifying bundle ESO — BSO [139]. The
ring isomorphism €, ® Q — H*(BSO; Q) identifies for all 1 < i < k the Pontrjagin
classes of a 4k-manifold M by pull-back p;(M) = f*p; under the classifying map
f+ M — BSO for the tangent bundle 7M.

Thus, the structure of the ring 2, ® Q and its dual space of rational homomor-
phisms homg (2, ® Q; Q) is now easily understood: the latter consists of sequences
of homogeneous polynomials in the Pontrjagin classes with coefficients in Q. In
fact, given a genus ¢ € homg(€, ® Q;Q), there exists a homogeneous polynomial

L € Q[py, - .., px| for every degree 4k such that for any manifold M € Qy we have

O([M]) = Li(py, ..., p)[M] € Q, (2.3.66)

where the evaluation is carried out according to Equation (2.3.61) and Equation (2.3.62)
[139]. Hence, the homomorphism 1) is associated to a sequence of homogeneous poly-
nomials {Ly, Ly, ...} C Q[p1, pe,- . -], where Lj is homogeneous of degree 4k.

We summarize the results of this section in the following:

Theorem 2.3.15 (Rational cobordism ring). The rational oriented cobordism ring
Q. ®Q is isomorphic to the cohomology ring H*(BSO; Q). In particular, each element
of homg(Q2, ® Q; Q) is determined by a sequence of homogeneous polynomials in the

Pontrjagin classes.
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The rich structure of H*(BSO; Q) also tells us how to find a suitable sequence of
generators for {2, ® Q. Such a sequence is given by the cobordism classes of the even
dimensional complex projective spaces (thought of as real 4k-manifolds) [139]. Thus,
each homomorphism is completely determined by its values on the even dimensional

complex projective spaces, i.e., the generators of (2, ® Q.

2.3.3 The Hirzebruch L-genus

We now have the perspective to characterize the signature in terms of the Pontr-
jagin numbers. Theorem 2.2.9 asserts that the signature is a cobordism invariant
sign(-) € homg(2. ® Q; Q). Therefore, there must be a collection of polynomials
{Lk(p1, ..., pr) }ren such that for any smooth, compact, oriented manifold of dimen-

sion 4k the signature is

sign(M) = Ly(p1,p2. - - -, pr) [M],

where the evaluation is carried out according to Equation (2.3.61) and Equation (2.3.62).
The right hand side is called the Hirzebruch L-genus [61]. By Theorem 2.3.15, the

polynomials L have the general form

Lk = Lk(ppra e ?pk Z gk Piy v Pipy, - (2367)
I(&)]=k

Let us explain how to compute a few of these L-polynomials: Theorem 2.2.9

asserts that the signature takes the value 1 on all even dimensional complex projective
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spaces. Thus, we have the sequence of equations

1 = sign(P?) = £ p[P?
1= sign(P!) = " p2CPY + 65 po[PY),

and relations arising from the multiplicativity. The total Pontrjagin class of the even
complex projective spaces are given by p(P?) = (1 + H?)?**! with H?**! = (0. Thus,
p1(P?) = 3H2 and using Equation (2.2.55) we obtain £{") = 1/3. Compare this result
with Example 2.3.1.

To find the polynomial Lo, we observe that generators of {lg are given by P* and

P? x P?, with total Pontrjagin classes
p(PY) =1+ 5H* + 10H*  p(P? x P?) = (1 + 3H2)(1 + 3H3),

where H?, H2 are the generators of the respective copies of H*(P?;Z). Then we have

the following system of linear equations

1 = Y P + 6 po[P]

1= 6" piP* x P?] + 657 po[P? x P,

which evaluates to the system

1=2500" 11007, 1 =180"Y 4+ 90P
The solution is fél’l) = —, €§2) = +. Thus we can conclude
1

Ly = -p1, Ly

_ 2
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In general, the homogeneous polynomials L, are found by solving a system of
linear equations on the generators of Q4. These are the products Pt x ... x P22%im
where (i1, ...,14,) ranges over all partitions of k. The calculation can be formalized
with the help of the so called multiplicative sequences. Results in [61] show that the
coefficients of all polynomials {Lj}ren can be efficiently stored in a formal power
series Q(z) = Y o0y biz" with by = 1 that satisfies Q(zw) = Q(2)Q(w).

To find the multiplicative sequence from a formal power series Q(z), first de-
fine the Pontrjagin roots by the formal factorization of the total Pontrjagin class
Zle Pzt = Hle(l + t;z), that is, consider the Pontrjagin classes the elementary
symmetric functions in variables tq, ..., t; of degree 2. Thus, given a 4k-manifold M,

we have the formal factorization of the total Pontrjagin class
p(M)=1+4pi+ps+...pr=1+t)1+1t2) - (1+1),
whence
p=b+-+i, p2 =lity +lats + - + tp—aty,
Then from the multiplicative property of () we obtain

Q(p(M)) =Q(L+t1) Q(1 +t2) - - Q(1 + ty).

Putting the formal variable z back into the equation, it turns out that the equation
k T
Do Lilprop) 2+ O = [TQ + 1)
i=1

=0

can be used to calculate the polynomial L recursively. The following result is crucial:
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Lemma 2.3.16 ([61, 102]). The coefficient of p;, - - - pi,, in Ly in Equation (2.3.67)

m

corresponding to the partition (i) = (i1, ..., 0y) with iy > -+ > iy, and Y i, = k is

calculated as follows: let sqy(p1, ..., pr) be the unique polynomial such that

sy (D1, k) = Zt? . tj;”

Then the coefficient of p;, -+~ pi,, i Ly is s@(bi, ..., by), where Q(z) = Y 0 biz" is

m

the formal power series of the genus. Furthermore, the polynomaial Ly, is given by

Lk(ph s apk) = Zs(i)(bla s 7bk)p(z) )
(%)

where the sum is over all partitions (i) of k and pu) = pi, =+ Pi, -

Lemma 2.3.16 allows one to compute the multiplicative sequence of polynomials
{Lk(p1,--.,pk) }ren from a formal power series Q(z), and conversely, from a given for-
mal power series Q(z), the multiplicative sequence of polynomials { Lx(p1, - - ., Pk) }ren-

This leads to the following [61]:

Theorem 2.3.17 (Hirzebruch signature theorem). Let {Ly(p1,...,pr)}ren be the

multiplicative sequence of polynomials corresponding to the formal power series

V7 Lo, 2, 1,
_ B TV S S
QE) =t T3 B Tt T ams T

For any smooth, compact, oriented manifold M of dimension 4k the signature is

sign(M) = Li(p1,p2, - - -, pr) [M].

Let us illustrate the use of the theorem in the following: A computation with the
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first two symmetric polynomials gives

sa(p1,p2) =Dl —pa =t + 13, 51,1(p1,p2) = p2 = tits.

Hence, we have

1
Ly = s9(1/3,—1/45)py + 511(1/3,—1/45)p7 = 4—5(7p2 —p?),

which confirms the computation for L, above. Similarly, one checks that

s3(p1,p2,p3) = PP —3pipa + 3ps =5 + 15+ 13,
$91(p1,pa,p3) = pip2 —3ps = tita + it + ...,

s1,11(p1,p2,p3) = p3 = titals,

and one obtains

1
Ly = %(62273 — 13pap1 + 2p7) .

For P° we have p; = TH?, p, = 21H*, p3 = 35H® so that L3[P°] = 1 when using
Equation (2.2.55).

We close this section with several remarks on the Hirzebruch signature theorem:

e The signature is an integer, so the Hirzebruch signature theorem imposes
non-trivial integrality constraints on the rational combinations of the Pontrjagin
numbers determined by the L-polynomials.

e The signature is an oriented homotopy invariant, whereas the L-polynomials are
expressed in terms of Pontrjagin classes that rely heavily on the tangent bundle,

and thus on the smooth structure, and orientation. This fact was used by Milnor to
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detect inequivalent differentiable structures on the 7-sphere [101]. According to a
theorem of Kahn [73], the L-genus is (up to a rational multiple) the only rational
linear combination of the Pontrjagin numbers that is an oriented homotopy
invariant.

e Combining Theorem 2.2.10 and Theorem 2.3.17 implies that for a compact,
oriented Riemannian manifold M of dimension 4k, the index of the chiral Dirac

operator ) is given by

nd(1) = Lu(pr, ... pi)[M] = /M L. (2.3.68)

This statement is a special case of the celebrated Atiyah-Singer index theorem,
which proves that for an elliptic differential operator on a compact manifold, the
analytical index equals the topological index defined in terms of characteristic
classes [3].

eThe signature complex can be twisted by a complex vector bundle & — M of rank
r [1, 41]. The coupling of the complexified signature complex to the vector bundle £

yields a twisted chiral Dirac operator
D OP(M A @) = C(M,A* ®E).

For simplicity, we will assume ¢;(£) = 0 and that the dimension of the manifold M

is 4. Then the effect of the twisting on the index is as follows:

1nd(m5)=r-ind(m)—/ s(8) (2.3.69)

M

where ¢,(€) is the second Chern class of the complex bundle & — M of rank r.
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CHAPTER 3

The fibrewise signature operator on elliptic surfaces

The focus of this chapter is to study aspects of elliptic curves £ that depend only on

their complex structure

Jo¥ g

-

by use of Kodaira’s functional invariant in Equation (2.1.3). Here «, 5 € H,(E,7Z) is

T

a symplectic basis.

As was discussed in §2.1.2; the functional invariant determines a Jacobian elliptic
fibration up to quadratic twist of the Weierstrass model. The functional invariant is
still quite powerful, as it provides reference to a universal family of elliptic curves,
described by an explicit Weierstrass model in Equation (3.1.8). The total space of this
family is a singular rational elliptic surface such that a map between two Jacobian
elliptic surfaces factor through their functional invariants.

Using the explicit form of this universal family, we study how the signature of a
smooth elliptic curve varies as a function of its complex structure. From more or less
the definition of the signature in §2.2, the signature of £ vanishes, sign(€) = 0. Thus,
a more refined quantity is required to investigate this behavior.

The primary object of study is that of the determinant line bundle Det 9 — J*
associated to the Hodge de Rham Laplacian Ay = —400 from a choice of conformal
class of flat Riemannian metric, introduced in §3.1.1. This line bundle, defined over

the base J* of the universal family of elliptic curves, is equipped with a certain smooth



72

metric, the Quillen metric, that smooths out the potential jumps in dimension of
kernel and cokernel of Ag. We compute the Quillen norm of a holomorphic trivializing
section s : J* — Det J in Proposition 3.1.19.

This computation allows us to compute the generalized first Chern class ¢;(Det 9),
which is done in Theorem 3.1.21 from the Quillen norm computed in 3.1.19 via
Quillen’s anomaly theorem 3.1.20. This is a concrete instance of the Riemann-Roch-
Grothendieck-Quillen (RRGQ) formula, and provides a measure of the so-called local
and global anomaly associated to the 0 operator in physics. The computation uses
known techniques for computing such anomalies from determinant line bundles, but
to our knowledge this computation had not been previously carried out. Using the
functional invariant, the anomaly is pulled back to a generic rational elliptic surface
/ elliptic K3 7 : Z — B surface with only I; fibres, to which the 0 operator can be
extended to the entire fibration.

To resolve this anomaly, we utilize the algebro-geometric construction of the
Poincaré line bundle in §3.2.2, constructing a rank-2 SU(2) bundle that soaks up
the zero modes of the O operator by use of the twisted RRGQ formula. This result,
Theorem 3.2.28, is the main result of this chapter. In the case of the generic elliptic
K3 surface with 24 I fibres, the global anomaly is resolved via the insertion of D7
branes, as is required in generic 8D F theory compactifications. In this way, we see
that our analysis connects with known examples of anomaly cancellations in physics,

and can be in fact viewed as the genesis of D7 brane insertions.

3.1 Vertical signature operator on the j-line

In this section we consider the family of (complexified) signature operators {ng} -
where we denote the operators as chiral Dirac operators defined in Section 2.2.3 —

acting on sections of suitable bundles over a fixed even-dimensional manifold M, with



73

the operators being parameterized by (conformal classes of) Riemannian metrics g.
We will focus on the simplest case, when M is a flat two-torus, and g varies over the
moduli space 91 of flat metrics.

Given a two-torus M equipped with a complex structure 7 € H, we identify
M = C/(1,7) where (1,7) is a rank-two lattice in C. This is done by identifying
opposite edges of each parallelogram spanned by 1 and 7 in the lattice to obtain
M = C/(1,7). We endow M with a compatible flat torus metric g that descends
from the flat metric on C. Following Section 2.2.3 we define an operator D = d +
on the even dimensional manifold M. The complexified signature operator, written
as chiral Dirac operator I),, is obtained from D in Equation (2.2.59). The subscript
7 reminds us of the dependence on the metric in the definition of §. We ask: as 7
varies, what is the behavior of the family of Dirac operators (acting on complexified

differential forms)

D, C2(M,A*) — C=(M, A*)?

A more refined question is the following: consider a Jacobian elliptic surface, given
as a holomorphic family of elliptic curves & (some of them singular) over the complex
projective line P! 3 ¢; the exact definition and the relation between 7 and t will be
discussed below. The numerical index of the chiral Dirac operator Ip, vanishes since
the signature of each smooth fiber &, is zero — a smooth torus forms the boundary of a
smooth compact 3-manifold. Thus, the numerical index does not yield any interesting
geometric information.

As a more refined invariant, we are interested in the determinant line bundle
Det [) — P! associated with the family of Dirac operators Ip,, and its first Chern
class ¢;(Det ID). As a generalized cohomology class, this class will measure the so-

called local and global anomaly, revealing crucial information about the family of
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operators ID,, and it is this quantity that we will be studying for the remainder of

this chapter.

3.1.1 The determinant line bundle

For an elliptic differential operator I) on a compact manifold M, the kernel and
cokernel are finite dimensional vector spaces; thus, one can define the one-dimensional

vector space

Det I) = (A" ker ID)* @ (A™ coker D). (3.1.1)

The vector space Det I) is the dual of the maximal exterior power of the index Ind

of D, that is, the formal difference of ker I) and coker P, given by

Ind ) = ker I) — coker 1.

Let 7 : Z — B be a smooth fibre bundle with compact fibers, and £ and F' be
smooth vector bundles on Z, with a smooth family of elliptic operators 1P = (1,)iep

acting on the fibers 771(¢) as

D, C®(r (), E) = C®(x(t), F).

Even though the dimensions of the kernel and cokernel of 9, can jump, it turns out
that that there is a canonical structure of a differentiable line bundle on the family
of one-dimensional vector spaces {Det ID, };cp [14]. Equivalently, we can say that the
one-dimensional vector spaces {Det I), };cp patch together to form a line bundle by
Det [) — B. We remark that the formal difference used to define the index Ind I)

also makes sense in the context of K-theory, i.e., as a well-defined index bundle, an
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element of the K-theory group K(B) [2].

We choose a smooth family of Riemannian metrics on the fibers 77*(¢), and smooth
Hermitian metrics on the bundles £ and F'. Then, for any ¢ € B, the adjoint operator
lDI is well defined, and the vector spaces ker I9, and ker lDI have natural L? metrics,
which in turn define a metric ||.||z2 on Det I§,. However, because of the jumps in
the dimensions of the kernel and cokernel, this does not define a smooth metric on
the line bundle Det J) — B. Instead, a way to assign a smooth metric is the Quillen
metric, which uses the analytic torsion of the family (ID,)cp to smooth out these

jumps [14]. The Quillen metric on Det [) — B is given by
s L
Ille = (det’ 2, P,)2 ||| 2,

where det’ lDI D, is the analytic torsion of the family of operators (1D, ),cp. It is crucial
that the operators A; = lDIlDt form a family of positive, self-adjoint operators acting
on sections of a vector bundle over compact manifolds.

The analytic torsion, or reqularized determinant of a positive, self-adjoint operator
A acting on sections over a compact manifold is defined as follows: by the hypotheses
on A, it follows that the operator A has a pure point spectrum of eigenvalues, denoted
by {\;} C Rx¢. If there were only finitely many eigenvalues, then we could write down

the identity

d —s
)| =T,
Aj#0 s=0 A;#0
and compute the product of eigenvalues, i.e., the determinant of the operator A, as

H Aj = exp Z log \;

Aj#0 Aj#0
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Since there are infinitely many eigenvalues, we define a (-function instead, given by

NOED PPy

Aj#0

It turns that (a(s) is a well defined holomorphic function for Re(s) > 0 with a
meromorphic continuation to C such that s = 0 is not a pole of (o [14, 117]. Then,

the regularized determinant det’ A of A is defined as
det’ A = exp (— ¢4(0)), (3.1.2)

where the prime indicates that the zero eigenvalue has been dropped.

3.1.2 The analytic torsion for families of elliptic curves

Let us compute the analytic torsion for the Laplacian Ay = (d+4)? from Section 2.2.3
in the special situation where the even dimensional manifold M is an elliptic curve
&, i.e., a flat two-torus equipped with a complex structure. We use the identification
£ =2 C/A,, the local coordinate z = z +iy on C, and the notation = 9, and 9 = 0s.

We have the following:

Lemma 3.1.18. Let £ = C/A, be a smooth elliptic curve endowed with the compatible
flat torus metric g. The Laplacian when restricted to C®(&) equals Ay = —490, and

its analytic torsion is given by

2
det’ Ay = (IH;(T)) A, (3.1.3)
m

where A, is the modular discriminant of the elliptic curve &€ in Equation (2.1.4).

Moreover, the same answer holds for Ay restricted to C®(E, TEEWD).

Proof. On & the operator —Ay is a positive, self adjoint operator. Endowing &, with
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its canonical flat metric shows that for a local coordinate z = x + iy, we have the

scalar Laplacian as

1 NN . ~
Ay =—(0;+0;) =—4 <§(3x - Zay)i(ax + zﬁy)) = —40,0; = —400.

The equality holds for the Laplacian acting on k-forms since one checks that

Ap: [ —40,0:f, fec=(E),
Ay ¢ = (fdz+ gdz) — —4(0,0: fdz + 0,0-9dZ) , ¢ C™(ENY,
Ay :w= fdz Ndz— —40,0:fdz N dz, w € C™(E,N?).

A function ¢ with a periodicity given by

ez +1,y) = o(z,y), ¢(x + Rer,y + Im7) = p(z,y) ,

descends to a well defined function on £. For ny,ny € N such a function is given by

(ng —nyRer) y) ‘

Pni,n2 (x,y) = exp 2mi <n1$ + o

In fact, the functions ¢, », constitute a complete system of eigenfunctions for Ay

with the eigenvalues

2 2
Anymg = (—) |niT — ng|2 )

Imr

Notice that we have Ay, ny, = My noPninedz A dz and then use the Kéhler form to
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identify dz A dz with 1. We define a (-function ((s) by setting

)= - (3.1.4)

P AT

where the prime indicates that the summation does not include n; = ny = 0. One
checks that ((s) is absolutely convergent for Re(s) > 1, has a meromorphic extension
to C, and 0 is not a pole. It was shown in [117] that ((0) = —1. The regularized

determinant of Ay is then given by
1 ' o \?
Indet Ay = [—(12” )25 C(s)] =—C'(0) +In <_ImT) ¢(0).

It was shown in [117] that exp [—¢’(0)] = |n(7)|* using the Kronecker limit formula

where the Dedekind n-function is given by

77(7') _ 67r1i27' H (1 . e2m’7-r) ] (3.1.5)
r=1
It follows from Equation (2.1.4) that
/ Im(T) ? 1
det' Ay = |A]5 . (3.1.6)
2m

A similar argument can be repeated for the sections
Pryma(2) dz € C(E, TEEM)) . (3.1.7)

Applying 0 we obtain

™

_ (_) (NAT — N2) Py g (2) dz A dE

Im7
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Contracting with the Kéahler form and applying 0 shows that the sections in Equa-
tion (3.1.7) form a complete system of eigenfunctions for Ay restricted to the vector

space O=(E, THEML0), O

It follows from the definitions in Section 2.2.3 that

D=(d+86P,=0"+0 , DPl=(d+6P.=0"+0 :

O (M,A%) C=(M,A*)

Recall that the kernel and cokernel of the chiral Dirac operator P in Equation (2.2.59)
are given by selfdual and anti-selfdual generators of the de Rham cohomology classes,
respectively, i.e., by elements of H}(&;C) = {w € H*(£;C) | a(w) = £w}. On an
elliptic curve &, the forms 1— %dz/\dz and dz are selfdual; similarly the forms 1+ %dz/\
dz and dz are anti-selfdual where dz and dZz are section of the holomorphic cotangent
bundle T3:EMY) = K, also called the canonical bundle, and the bundle T3EOY = K,
respectively. These (anti-)selfdual differential forms descend to generators of HY (£;C)
and H" (€;C), respectively, for r =0, 1.

We now consider the Jacobian elliptic surface 7 : S — P! given by the Weierstrass

model
y? = 4x® — 27t(t — 1)%x — 27t(t — 1)°, (3.1.8)

where ¢ is the affine coordinate on the base curve with [t : 1] € P'. This family was

considered in [133], and it can easily be shown to satisfy
Alt) =232t —1)°,  jit) =2 =1¢. (3.1.9)

The fibers over t = 0,1, 00 are singular; in the language of Kodaira’s classification

result, the singular fibers over ¢ = 0, 1, 0o correspond to fibers of type [1,I11*, and
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I, respectively. The total space S of Equation (3.1.8) is singular, and its minimal
desingularization is the rational elliptic surface S. It is a rational Jacobian elliptic
surface whose j-function is the coordinate on the base curve itself, it is also called
the universal family of elliptic curves. We call the base curve the j-line and denote
it by J = PL.

The elliptic fiber & = 771(t) given by Equation (3.1.8) is a smooth elliptic curve
with discriminant A(t) for t € J* = J — {0,1,00}. The chiral Dirac operator I,
in Equation (2.2.59) on each smooth elliptic fiber & is the sum I, = 0; ® 52 of the

operators
0y : C=(&) = C=(&,Kg,), 0] :C®(&,Kg) — C=(&),

where K¢, denotes the dual of the canonical bundle of &. For our purposes, it is not
necessary to investigate both components of the operator Ip,; this follows from the
factorization of the Laplacian in Lemma 3.1.18. Thus, we will focus on the operator
0, and its determinant line bundle Det 9 — J*.

It turns out that the vector spaces H' (&;C) and H' (&;C), respectively, for
r = 0,1, all patch together to form smooth line bundles over J* with a smooth
Hermitian metrics. The vector spaces H?(&;C) and H(&;C) each form a trivial
line bundle C — J*. Similarly, the vector spaces K¢, generated by dz on each elliptic
curve & patch together to generate the bundle of vertical (1,0)-forms Kg; — J in
§ 2.1.2. Since we have described the kernel and cokernel of the chiral Dirac operator
0, it follows from Equation (3.1.1) that for each t € J* = J — {0,1,00} we have

fiberwise an identification

Det 0, = Kg| .
t
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Moreover, the Quillen metric induces a canonical holomorphic structure on the de-

terminant line bundle Det 9 — J*; see [14]. We have the following:

Proposition 3.1.19. Let s be the canonical holomorphic section of Det 0 — J*. For

each t € J* = J —{0,1,00} the Quillen norm of the section s is given by

LLUEING)

NI

Isllg = (3.1.10)

Proof. For each t € J* = J — {0,1,00} we identify & = C/(1,7) such that j(r) =
j(t) = t and A, = A(t). We identify the one-form dz/y in §2.1.2 with dz in each
smooth fiber & generating coker 9,. Similarly, the constant function 1 generates ker 0.
We have [|1]|2, = ||dz||?, = 2Im(7), thus the canonical section s of ker * ® coker 0

satisfies ||s||zz = 1 and
~r = Im(7)? 1
sl = det’ 318, fsl3a = "ol A gk,
where we used Equation (3.1.3). O

3.1.3 The RRGQ formula

We observe that since A(t) = 0 for t = 0,1,00, we have that the Quillen norm
vanishes at the punctures on J*. The holomorphic determinant line bundle Det 0 —
J* = P! — {0,1, 00} is locally trivial by means of the section s in Theorem 3.1.19
and in general does not extend to a bundle on the entire j-line J = P!. Using the
section s we can compute the first Chern class of the bundle Det 9 — J*. We can
then extend the curvature form representing the first Chern class to the entire j-line
J by allowing so-called currents. These currents reflect the monodromy of s around
the punctures of J*.

In general, let (£, ].]|) be a holomorphic vector bundle over a complex algebraic
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variety, equipped with a smooth Hermitian metric. Then there exists a unique con-
nection on ¢ compatible with the holomorphic structure and the metric ||.||. From
Chern-Weil theory, there is a differential form that in the de Rham cohomology rep-

resents the first Chern class ¢ (&, ||.||). We have the following result [12]:

Lemma 3.1.20. The representative in the de Rham cohomology of the first Chern

class c1(&, ||.|]) is given by
1 _
e (& 1) = 5~ 001og ||s[I” (3.1.11)

where s is a nonzero holomorphic section of &.

Trying to extend the bundle from J* to J, the points where s vanishes can cause
problems, since for these points we might obtain current contributions to the cur-
vature, which are distribution-valued differential forms. Currents are defined as dis-
tribution forms arising from the classical Cauchy integral formula for single variable

complex analysis [55], such as

~( 1 dt

where ;) is the Dirac delta function centered at ¢ = 0. The current contributions
in a generalized first Chern class encode the holonomy of the trivializing section
o of the holomorphic determinant line bundle around the punctures of J*. The
computation of the generalized first Chern class is achieved by the so-called Riemann-
Roch-Grothendieck-Quillen formula or RRGQ formula for short; see [7, 8, 13, 83]. In
the special situation of the Jacobian elliptic surface 7 : S — J = P! given by

Equation (3.1.8) and the holomorphic determinant line bundle Det d — J* = J —

{0,1, 00} constructed above, we have the following:
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Theorem 3.1.21 (RRGQ). In the situation described above, the generalized first

Chern class of the determinant line bundle Det 0 — J* is given by
- 1
c1(Detd,|.|q) = -3 (26(1=0) + 90(1=1) + S1=oc)) + c1(K) (3.1.13)

where c1(K) is the first Chern class of the line bundle I = m,Kg; = O(1) — J.

Proof. Recall that the Quillen norm of the canonical holomorphic section ¢ in Propo-

sition 3.1.19 is given by [|s||?) = M|A(1ﬁ)|é. The discriminant A(t) of the Weier-

472

strass equation defining the Jacobian elliptic surface 7 : S — J = P! was given in
Equation (3.1.9) where we found A(t) = 273¢?(t —1)? which vanishes at ¢t € {0,1, 00}

Plugging the canonical section s of Theorem 3.1.19 into Equation (3.1.11) and
applying the argument principle of Equation (3.1.12) yields

1 = 1
—9dlog||s|)3 = —
00 log sl

T (25@:0) + 90 (1=1) + 5(t:oo)) + 75" ( 5 dT A\ di—) ,

i
Arlm(T)

where we used the j-function j : H/ PSL(2,7Z) — J with j(7) = ¢. Since the Poincaré

metric on the hyperbolic upper half plane is given by

dz N\ dy
———dT NdT =
27Im(7)? ThaT Ty?

and the j-function is a complex diffeomorphism, it follows that

?
| s dr AdT ) = ¢y (TeJMY) .
J <27T1m(7)2 TN 7') 61( cJ )
We have J = P! and TeJM0 = O(2). Since the first Chern class of products of
line bundles on J is additive, i.e., ¢1(§ ® &) = ¢1(&1) + ¢1(&) it follows that the

continuous part of ¢;(Det d) is the first Chern class of O(1). Using the construction
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of the relative canonical bundle in §2.1.2, the claim follows. O]

3.1.4 Extension as a meromorphic connection

The RRGQ formula is the key to studying the anomalies of the fiberwise Cauchy-
Riemann operator 0, on a Jacobian elliptic surface. In particular, in the smooth
category the local anomaly is the first Chern class of the determinant line bundle
[14], and it is computed as the line bundle’s curvature tensor. Hence if the curvature
vanishes, then the bundle has no local anomaly. Conversely, Theorem 3.1.21 proves
that the determinant line bundle of the fiberwise Cauchy-Riemann operators d; on
the Jacobian elliptic surface 7 : S — J = P! given by Equation (3.1.8) has a non-
vanishing local anomaly.

Moreover, the current contributions encode the holonomy of the trivializing section
o for the bundle Detd — J* = J — {0,1, 00} around the punctures over which the
Weierstrass model has singular fibers. This represents the global anomaly of the

bundle. To analyze the holonomy group we have the following:

Lemma 3.1.22. There is a flat holomorphic line bundle M* — J* with a Zio-

holonomy such that Det 0 = K @ M*.

Proof. Since the first Chern class of products of line bundles on J* is additive, i.e.,
c1(61 ® &) = c1(&) + c1(&), it follows from Equation (3.1.13) that Det 0 =2 K @ M*
where K is (the restriction of) the bundle X = O(1) — J = P!. The discriminant
A(t) = 27t*(t — 1)? vanishes at to € {0,1,00}. At each point ¢y, we compute
the holonomy of A(t)/12 (after fixing a base point of a smooth fiber) by encircling
the point ¢y via the path ¢t = ty + %62”5 and calculating the result as e goes from
0 — 1. At to = 0, we obtain A'/12 (to + %) — eT/BA/12 (to—l— %) Similarly, at
to = 1, we obtain AV'2 (to +1) — e™/2AY12 (5 + 1), and at t; = oo, we obtain

AV (g 4+ 1) — e™/SAV12 (¢ + 1), The smallest subgroup of U(1) that contains



85

these generators is Z15. Furthermore, this holonomy is not present in the holomorphic
cotangent bundle on P!, we conclude that there is a flat line bundle M* with Z;,-

holonomy. ]

We offer the following interpretation of the anomalies: when ¢ # 0,1, 00, the
automorphism group of the elliptic curve &; is isomorphic to Zs. When j = 0,1, oo,
the automorphism group is is isomorphic to Zy, Zg, and Zg4, respectively [127]. These
points give rise to the global anomaly. The jumping behavior in the symmetry of the
elliptic fibre is also called the holomorphic anomaly; see [14].

The flat holomorphic line bundle M* — J* can be extended to a line bundle
M — J with a flat meromorphic connection d, that has only regular singular points.
This follows from the Riemann-Hilbert correspondence which asserts that the restric-
tion to J* is an equivalence of categories between the category of flat meromorphic
connections on J with only regular singular points and holomorphic on J* and the
category of flat holomorphic connections on J* [32]. Here, it simply means that there
exists a trivialization on a flat line bundle M — J so that, when restricted to a

punctured disc Dy around any point ¢y € J — J*, the O-operator on M is given by

adt
Dy, t—1g

+17, (3.1.14)

where a € C and 1 € Q! is a holomorphic one-form on D,,. We have the following:

Proposition 3.1.23. The flat holomorphic line bundle M* — J* extends to a line

bundle M — J with a flat meromorphic connection and reqular singular points over

J—J".

Proof. Let (M*,0) be the flat holomorphic flat connection on J*. When restricted
to a punctured disc Dy around a point to € J — J*, it is therefore determined by

some monodromy matrix A € U(1). Taking logarithms, there exists a € u(1) such
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that A = exp (2mia). Then, the meromorphic connection on Dy, given by 0 — t“_cz) has

flat sections of the form t — v exp (alog (t — ty)) for any v € C*. These sections have

monodromy around ty given by A = exp (2mia), so have their restriction to Df . [

3.2 Twisting and anomaly cancellation on generic elliptic K3 surfaces

The Riemann-Roch-Grothendieck-Quillen (RRGQ) formula has a twisted analogue,
similar to the twisted version of the signature theorem in Equation (2.3.69). However,
to state this formula we will replace the Jacobian elliptic surface S — J given by
Equation (3.1.8) with a Jacobian elliptic surface 7 : Z — B whose Weierstrass model
has only nodes, i.e., fibers of Kodaira-type I;; we will explain below how such a
surface can be constructed using Corollary 2.1.2. This setup has the advantage that
the total space of Equation (3.1.8) is smooth, and no additional blowups are needed
to move from its total space to Z.

Let & — Z be a holomorphic vector bundle of rank r with a smooth Hermitian
metric. Then, there is a unique unitary connection on ¢ compatible with its holo-
morphic structure. Using this connection we can compute the Chern classes ¢;(&) for
j =1,2. We also obtain a twisted Cauchy-Riemann operator éf on any smooth ellip-
tic curve & in the fibration 7 : Z — B coupled to the restriction of the holomorphic

bundle £ given by
% : O™ (8] ) = O (6 Re ¢,,) (3.2.15)

For the family of twisted operators {5t£}te 5 a determinant line bundle Det 9¢ — B
together with a Quillen metric ||.||¢ can be constructed as before; see [1, 14]. The

analogue of Theorem 3.1.21 is the following:
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Theorem 3.2.24 (tRRGQ). In the situation described above, the generalized first

Chern class of the determinant line bundle Det 0¢ is given by

e1(Det 35, |.]lo) = r - e (Det d, | o) — / e(6), (3.2.16)

X|B

where co(§) is the second Chern class of the holomorphic vector bundle & — Z of rank
r assumed to satisfy c1(§) = 0. Here, fX|B c2(€) is understood as integrating a the

four-form co(§) over the vertical fibers of m: Z — B.

Notice that Equation (3.2.16) is the generalization of Equation (2.3.69) for fam-
ilies. However, the last term on the right hand side of Equation (3.2.16) now yields
upon integration a two-form on the base of the fibration. As we will show, Theo-
rem 3.2.24 implies that we can choose the holomorphic vector bundle £ in such a way

that we can cancel the local anomaly of the determinant line bundle.

3.2.1 The generic elliptic surface

As an application of Corollary 2.1.2, we will consider the case of the most generic
rational Jacobian elliptic surface Z — B = P!. This is, a Jacobian elliptic fibration
whose only singular fibers are twelve nodes, i.e., fibers of Kodaira-type ;. This means

that the discriminant A(¢) has 12 distinct simple roots, and we have

Alt) =]t (3.2.17)

for the distinct points t1,...,t12 € B, and we set B* = B — {{1,...,t12}. It was
shown in [114] that this Jacobian elliptic surface exists; it was denoted by #1 in the
complete classification of rational Jacobian elliptic surfaces in [114]. It follows from
general arguments in [77] that the total space of Equation (2.1.2) is rational and

smooth. Similarly, there is the Jacobian elliptic surface where g, and g3 are generic
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polynomials of degree 8 and 12, respectively, and the total space of Equation (2.1.2)
is a smooth K3 surface. In this case, the singular fibers are 24 nodes, i.e., fibers of

Kodaira-type 1, and one has a discriminant A(¢) with 24 distinct simple roots, i.e.,

24

Alt) =]t (3.2.18)

J=1

for the distinct points t1,...,tyy € B, and we set B* = B — {t1,...,t24}. We can
adopt the construction of the holomorphic determinant line bundle from Section 3.1.3
to obtain Det O — B* in both cases. The only difference between the case n = 1
(rational surface) and n = 2 (K3 surface) is that the degree of the holomorphic
map j(t) = j(7) is 1 or 2, respectively. We adopt the proofs of Theorem 3.1.21,

Lemma 3.1.22 and Proposition 3.1.23 to obtain the following:

Corollary 3.2.25. Let Z — B = P! be the Jacobian elliptic surface whose Weier-
strass model has 12n singular fibers of Kodaira-type I for n =1 (rational surface) or
n =2 (K3 surface). The generalized first Chern class of the determinant line bundle

Det 0 — B* is given by

c1(Det 0, |.lq) = (Zét t>> + i (K) (3.2.19)

with K = m, Kz = O(n) — B. Moreover, there is a flat holomorphic line bundle
M* — B* with a Zia-holonomy such that Det0 = K ® M*. In turn, the flat
holomorphic line bundle M* — B* extends to a line bundle M — B with a flat

meromorphic connection 0, for t € B* given by

(3.2.20)

I i
aa—zz::

Roughly speaking, pulling back the curvature from Det @ — J* has the effect of
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spreading out the current contributions over different points on the elliptic fibration,
while the total flux of the current contributions is fixed by deg A = 12n. In fact, the
canonical section s in Theorem 3.1.19 has a holonomy given by A/12 i ¢™/6A1/12,
Hence, the nontrivial holonomy group is Z;; C U(1). We also make the following
remark.

It follows from results in [125, 85] that for a Jacobian elliptic surface Z — B = P!
with only nodes in its Weierstrass model a suitable notion of a d-operator and its
regularized determinant can be established for all fibers, including the nodes, so that
the meromorphic connection in Equation (3.2.20) arises naturally as the meromorphic

connection of the extended determinant line bundle over B.

3.2.2 The Poincaré line bundle

Let 7 : Z — B = P! be the Jacobian elliptic surface with a zero-section denoted by
o : B — Z and a Weierstrass model with 12n singular fibers of Kodaira-type I for
n = 1,2. Then, Z is the total space of Equation (2.1.2), is smooth, and a rational
surface for n = 1 and a K3 surface for n = 2. This is important because it means
that we can simply ignore all singularities when constructing the fiber product of Z.
We also assume that the group of sections for the Jacobian elliptic surface Z admits
no two-torsion. This is to avoid that the restriction of a holomorphic SU(2)-bundle
& — Z of rank two to every fiber & = 7~ !(¢) can be an extension bundle.

We first build a rank-two SU(2)-bundle over a smooth elliptic curve €. It follows
from results in [4] that a rank-two vector bundle V' — £ is a (semi-stable) holomorphic
SU(2)-bundle if and only if V' = N7 @N; for two holomorphic line bundles N1, Ny — &
with M7 @ Ny = O. For simplicity, we assume that the line bundles N;, N5 have
degree zero. Then, there are unique points ¢, ¢z € £ such that N;, Ny each have a

holomorphic section vanishing at a point ¢; and ¢y respectively, and a simple pole at
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p = 00, i.e., the neutral point of the elliptic group law. Using the group law on &,
the condition N7 ® Ny = O implies ¢; + g2 = 0. Hence, we write ¢ = ¢, g2 = —q,
and V = O(q — p) & O(—q — p). For each such a pair (¢, —q) € £ x &, there is a
meromorphic function w = ag — asz on & given by Equation (2.1.2) with ag,as € C
that vanishes at ¢ and —g and has a simple pole at p. That is, we think of the points

+q € £ as given by the coordinates

We also introduce the Poincaré line bundle: for a smooth elliptic curve &, the
degree-zero holomorphic line bundles over a smooth elliptic curve £ are parameterized
by €& itself since each point ¢ € £ corresponds to the line bundle O(q — p). We denote
by A the diagonal in £ x £. The Poincaré line bundle P — £ x £ is obtained from

the divisor

D=A-Ex{p}—{p} x¢,

by setting P = Ogyxe(D) so that Pligxe = Plexigy = O(q — p).

Now let the elliptic curve £ vary over the elliptic fibers &; of the Jacobian elliptic
surface Z — B = P! with ¢ € B such that the point at infinity in each fiber is given
by the zero section p = o(t). Next, we consider a pair of points +¢ which are the
solutions of w = ag —asz = 0 where the coefficients a; are sections a; € T'(B, R® L™)
for a non-trivial holomorphic line bundle R — B and the normal bundle £ — B.
In this way, the vanishing locus of w € T'(B,R) defines a ramified double covering

Cr C Z of B, called a spectral double cover.
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From the total space Z we form the fibre product, given by

ZxpZ ={(z1,20) € Z X Z|m(21) = 7(22)},

with a holomorphic projection map 7 : Z xg Z — B given by 7(z1, 2z2) = 7(z1); this
is well defined by virtue of the definition of Z xg Z and m(z1) = 7(23). For t € B, we
have 771(t) = & x & with & = 7~ !(t). From the spectral cover Cx C Z we obtain,
by using the fibre product, the topological subspace Cr xp Z C Z xXg Z with z; € C.
The map m, : Cr xp Z — Z obtained by forgetting z; is a two-fold covering.

The equation z; = 2o forms a divisor A C Z x5 Z. The Poincaré line bundle
P — Z xp Z on the Jacobian elliptic surface 7 : Z — B with section o is obtained

from the divisor

D=A—-7Zxo0—-0XxZ,

by setting P = O(D) ® 7*L where £ — B is the aforementioned normal bundle of
the Jacobian elliptic fibration m : Z — B. By restriction, we obtain the restricted

Poincaré line bundle Pr — C' x g Z. Using results of [17], we have the following:

Proposition 3.2.26. Given a spectral double cover Cr C Z — B corresponding to

a non-trivial holomorphic line bundle R — B, the bundle

¢ =mn(Pr) = Z (3.2.21)

is a stable rank-two holomorphic SU(2) bundle over Z.

Proof. For any z € Z which is not in the branching locus of my with ¢t = 7(2) € B,



92

we have Cr; = {y1, 92} and

gz = ,P(yhz) 2 P(y2,z) :

Thus, the restriction of £ to & = 7w 1(¢) is a sum of degree-zero line bundles given by

§

— O(—q(t) +o(t)) & O(q(t) + o(t)) ,

&t

where £¢(t) are obtained as the solutions with z-coordinate given by w = ag(t) —
as(t) x = 0. The restriction of £ to any such fiber & = 7 1(¢) carries a flat SU(2)
connection. At the branching points of w5 the preimage of ¢t € B is a point of
multiplicity two. Thus, the restriction |g, is a non-trivial extension of a line bundle
by a second isomorphic line bundle. This restriction bundle admits no flat SU(2)
connection. To fit these two types of bundles together to form a holomorphic bundle
on Z we replace some of the flat bundles by non-isomorphic, S-equivalent bundles. It
follows from the results in [10] that after fitting these bundles together, we obtain a

stable bundle with a Hermitian SU(2) connection. O
The following is a crucial computation in [47] which we cite without proof:

Lemma 3.2.27. In the situation of Proposition 3.2.26 we have m.co(§) = c1(R).

3.2.3 Cancelling the local anomaly

We now prove our main theorem:

Theorem 3.2.28. Let Z — B = P! be the Jacobian elliptic surface whose Weierstrass
model has 12n singular fibers of Kodaira-type I; over {t]};i"l for n = 1 (rational
surface) or n = 2 (K3 surface). Let Crx C Z — B be the spectral double cover

corresponding to the line bundle R = O(2n) — B that yields the stable rank-two
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holomorphic SU(2) bundle £ = o, (PR) — Z. Then, the generalized first Chern class

of the determinant line bundle Det 0¢ — B* is given by

12n
= 1
er(Det %, Jlg) = —= (Z 5(”]-)) . (3.2.22)
7=1

In particular, there is no local anomaly.

Proof. In Theorem 3.2.24 we use the rank-two (r = 2) bundle £ — Z constructed in
Proposition 3.2.26 with the contribution coming from the twist computed in Lemma 3.2.27
and Corollary 3.2.25. The continuous part of the first Chern class of the determinant

line bundle Det 9¢ — B* is given by
e (K) = mea(§) =71 (K) — a1 (R).

It follows from Corollary 3.2.25 that for R = O(2n) the continuous part of the first
Chern class vanishes. Notice that a global section w € I'( B, R) (defining the rank-two
holomorphic SU(2) bundle { — Z) exists because the bundle O(2) is already very

ample and defines an embedding P! — P2 by [2g : 21| + [22 : 2021 : 23] O

The global anomaly, represented by the current contributions in Equation (3.2.22),
is of critical importance in string theory. The traditional approach to producing
low-dimensional physical models out of high-dimensional theories such as the string
theories and M-theory has been to use a specific geometric compactification of the
“extra” dimensions and derive an effective description of the lower-dimensional theory
from the choice of geometric compactification. However, it has long been recognized
that there are other possibilities: for example, one can couple perturbative string
theory to an arbitrary superconformal two-dimensional theory (geometric or not) to

obtain an effective perturbative string compactification in lower dimensions. One way
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of making an analogous construction in non-perturbative string theory is to exploit
the nonperturbative duality transformations which relate various compactified string
theories (and M-theory) to each other. This idea was the basis of the construction of
F-theory [140].

In a standard compactification of the type IIB string, 7 is a constant and D7-
branes are absent. Vafa’s idea in proposing F-theory [140] was to simultaneously allow
a variable 7 and the D7-brane sources, arriving at a new class of models in which
the string coupling is never weak. Thus, one of the fundamental interpretations of
F-theory is in terms of the type IIB string, where it depends on three ingredients: an
PSL(2,Z) symmetry of the theory, a complex scalar field 7 (the axio-dilaton) with
positive imaginary part (in an appropriate normalization) on which PSL(2,7Z) acts
by fractional linear transformations, and D7-branes, which serve as a source for the
multi-valuedness of 7 if 7 is allowed to vary. To do so, one needs to know what
types of seven-branes have to be inserted. It turns out that there is a complete
dictionary between the different types of seven-branes which must be inserted and
the the possible singular limits in one-parameter families of elliptic curves given by
the work of Kodaira [77] and Néron [110].

The total space of the Jacobian elliptic surface 7 : Z — B = P! in the case
n = 2 (K3 surface) in Theorem 3.2.28 can now be interpreted as such an F-theory
background with 24 disjoint D7-branes inserted into the physical theory. In the
context of the physical description of the corresponding compactification of the type
IIB string theory, Theorem 3.2.28 provides an explanation why and where these D7-
branes have to be inserted: they had to be inserted at the points where A(¢) = 0 in
order to cancel the current contributions of the generalized first Chern class of the
determinant line bundle which plays a key role in the description of the path integral

description of the physical theory.
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CHAPTER 4

The Mixed-Twist Construction for Lattice Polarized K3 surfaces

In this chapter, we begin the study of Jacobian elliptic surfaces 7 : X — B via a
more refined functional invariant than Kodaira’s functional invariant j : B — P!, the
generalized functional invariant. As j is determined by the ramification data over
0,1,00 € J, Kodaira’s functional invariant does not “see” the quadratic twist of the

fibration; the quadratic twist of X has the Weierstrass model

y? =42 — p(t)?gox — p(t)’gs,

and shares the same functional invariant j. The generalized functional invariant,
introduced in 4.1.1, is a triple of numbers {3, j, '} that keeps track of the ramification
data over other points, and is fine enough to detect the quadratic twist.

This results in the mized-twist construction, and is fundamental for the remain-
ing chapters in the dissertation. Starting with the Weierstrass model of a rational
elliptic surface, the mixed-twist construction associated to the generalized functional
invariant {7, j,a} = {1, 1,1} returns the quadratic twist family after quotienting by
a canonical Nikulin involution. The resulting Weierstrass model is that of an elliptic
K3 surface, which is the primary object of study through the first half of this chapter.

In particular, we study the mixed-twist construction for a two parameter family
of rational elliptic surfaces S, 4 — P! that results in the four parameter family Xabed

of Yoshida surfaces (Lemma 4.1.32). This allows us in Theorem 4.1.34 to explicitly
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identify the lattice polarization L < Aks and construct the moduli space M. This
family is birational to the famous double sextic family X, ., 42, introduced in §2.1.7
(Proposition 4.1.33), which extends to a biholomorphism of the respective moduli
spaces (Corollary 4.1.35).

Subsequently, we produce convenient restrictions of the moduli a, b, ¢, d that result
in extensions of the lattice polarization to Picard rank p = 17,18,19 in §4.2. The
explicit lattice polarization L', L” L" is identified in each subsequent case, as well as
the moduli space My, My, Mp». We identify as well the monodromy group in each
subsequent case. The latter two cases, in Picard rank p = 18,19, are identified with
previous work of Clinger, Doran, and Malmendier [23] and Hoyt [67], respectively.
The main result of this section is Theorem 4.2.53, which summarizes the relations
described here.

Ultimately, our primary motivation is to study the Picard rank p = 17 case - that
of the twisted Legendre pencil, introduced in §2.1.8 - which was partially analyzed
by Hoyt in [69]. Our analysis in this chapter sets the stage for the remainder of the
dissertation, where we in subsequent chapters complete the analysis initialized by
Hoyt by geometrizing the moduli space My, .

The second half of the chapter begins in §4.3, where use the GKZ formalism
to study the univariate families of mirror manifolds of the deformed Fermat family
of hypersurfaces in string theory using the generalized functional invariant. In this
case, while the initial GKZ data produced is resonant (and thus more difficult to
study directly), we show how the mixed-twist construction can be used to produce a
secondary set of non-resonant GKZ data that allows us to computed the Picard-Fuchs
operators.

The utility of this non-resonant data is the explicit computation of the monodromy

matrices for the mirror family, which is done in §4.3.4. This computation reproduces
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7

the monodromy computed by Candelas et al. [16] and Chen et al. [17] up to conjugacy.

4.1 Mixed-twist construction for multi parameter K3 surfaces

In this section, we use the mixed-twist construction to obtain a multi-parameter fam-
ily of K3 surfaces of Picard-rank p > 16. Upon identifying a particular Jacobian
elliptic fibration on its general member, we find the corresponding lattice polariza-
tion, the moduli space, and the Picard-Fuchs system for the family with its general
monodromy group. We construct a sequence of restrictions that lead to extensions
of the polarization keeping the polarizing lattice two-elementary. We show that the
Picard-Fuchs operators under these restrictions coincide with well-known hypergeo-
metric systems, the Aomoto-Gel'fand F(3,6) system (for p = 16,17), Appell’s Fy

system (for p = 18), and Gauss’ hypergeometric functions of type 3F (for p = 19).

4.1.1 The generalized functional invariant

We first recall the generalized functional invariant of the mixed-twist construction
studied by Doran & Malmendier [40], first introduced by Doran [38]. A generalized
functional invariant is a triple (4, j, «) with i, 7 € Nand « € {%, 1} such that 1 <1i,5 <
6. To this end, the generalized functional invariant encodes a 1-parameter family of
degree i + j covering maps P! — P!, which is totally ramified over 0, ramified to
degrees i and j over oo, and simply ramified over another point ¢. For homogeneous
coordinates [vg : v1] € P!, this family of maps (parameterized by ¢ € P! — {0,1,00})
is given by

[vo, v1] = [eivTE 2 v (vo + v1)], (4.1.1)

for some constant ¢;; € C*. For a family 7 : X — B with Weierstrass models given

by Equation (2.1.18) with complex n-dimensional fibers and a generalized functional
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invariant (4, 7, a) such that

4 4 6 6
0 < deg,(g2) < min (—,, _a) ,  0<deg,(g3) < min (—,, _a) : (4.1.2)
1 vt ]

Doran & Malmendier showed that a new family # : X — B can be constructed
such that the general fiber X; = 7~ '(f) is a compact, complex (n 4 1)-manifold
equipped with a Jacobian elliptic fibration over P! x S. In the coordinate chart

{[vo : v1], (u1, ..., up_1)} € P! x S the family of Weierstrass models W; is given by

¢ttt

9 43 iLU1 4, 4—do do

=47 —go | — - u | vgvy (v + v1)* T
v (vo + v1)

L (4.1.3)
cijtvy 6, 6—6a 6

— g <m,u> vov; “(vo + 1)
with ¢;; = (=1)%'57/(i + 7)""7. The new family is called the twisted family with
generalized functional invariant (i,j,«) of m : X — B. It follows that conditions
(4.1.2) guarantee that the twisted family is minimal and normal if the original family
is. Moreover, they showed that if the Calabi-Yau condition is satisfied for the fibers
of the twisted family if it is satisfied for the fibers of the original.

The twisting associated with the generalized functional invariant above is referred
to as the pure twist construction; we may extend this notion to that of a mized
twist construction. This means that one combines a pure twist from above with a
rational map B — B, thus allowing one to change locations of the singular fibers
and ramification data. This was studied in [10, Sec. 8] for linear and quadratic
base changes. We may also perform a multi-parameter version of the mixed twist

construction for a generalized functional invariant (7, 7,a) = (1,1,1). For us, it will
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be enough to consider the two-parameter family of ramified covering maps given by

[vo : v1] = [dave(ve + v1) + (a — b)v? : dvg(vg + v1)], (4.1.4)

such that for a,b € P! —{0,1,00} with a # b the map in Equation (4.1.4) is totally
ramified over a and b. We will apply the mixed twist construction to certain (families
of ) rational elliptic surfaces X — P!. In [40, Sec. 5.5] the authors showed that the
twisted family with generalized functional invariant (1,1, 1) in this case is birational
to a quadratic twist family of X — P!. We will explain the relationship in more
detail and utilize it in the construction of the associated Picard-Fuchs operators in

the next section.

4.1.2 Quadratic twists of a rational elliptic surface

A two-parameter family of rational elliptic surfaces S.4 — P! is given by the affine

Weierstrass model

y? = 4a® — go(t)r — gs(t), (4.1.5)

where go(t) and g3(t) are the respective degree four and degree six polynomials

Ll W~

== "= Qc+d+ 1)+ (C+ed+d>+2c—d+ 1)t —clc—d+2)t + 7),

(= (c—d+2)t+2c) (* — (c+2d— 1)t —c) (2t — (2c+d+ 1)t +¢c).

SIS

g3 =

Assuming ¢,d # 0,1,00, and ¢ # —d, Equation (4.1.5) defines a rational elliptic
surface with six singular fibers of Kodaira type I occurring at ¢t = 0,1, 00, ¢, ¢ + d,

and ¢/(d — 1). We have the following:

Lemma 4.1.29. The rational elliptic surface S = S.q4 in Equation (4.1.5) is bira-
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tionally equivalent to the twisted Legendre pencil given by

g?

=

(& —1)(F — t)(t — ¢ — d). (4.1.6)

Proof. The proof follows by direct computation using the transformation:

3t(t—c) 34t (t — )

Tr = = 5 .
3t+t24+(d+1—-c)t—c Y 203F+ 12+ (d+1—¢)t—c)
0

A standard quadratic twist applied to a rational elliptic surface can be identified
with Doran & Malmendier’s mixed-twist construction with generalized functional
invariant (7, 7,a) = (1,1,1). The two-parameter family of ramified covering maps in
Equation (4.1.4) is totally ramified over a,b € P! — {0,1,00}. We also require that
a,b {c,c+d,c/(d—1)}, a #b. We now apply the mixed-twist construction to the

rational elliptic surface S:

Proposition 4.1.30. The mized-twist with generalized functional invariant (i, j, o) =
(1,1,1) applied to the rational elliptic surface in Equation (4.1.5) yields the family of

Jacobian elliptic K3 surfaces Xgpca — P! given by
77 =43% — (t — a)*(t — b)?ga(t)T — (t — a)*(t — b)’g3(t). (4.1.7)

Proof. In affine base coordinates [v : 1] € P!, the map f : P — P! from the mixed-
twist construction with generalized functional invariant (7,7,a) = (1,1,1) in Equa-

tion (4.1.4) is given by
a—">

Jw) =a+ 4o(v+1)

The pullback of the Weierstrass model for the two-parameter family of the rational
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elliptic surfaces in Equation (4.1.5) along the map t = f(v) is easily checked to yield
a four-parameter family of Jacobian elliptic K3 surfaces Xa,b,c,d — Pl. On X =
)N(a7b7c7d, we have the anti-symplectic involution 2 induced by the base transformation
v — —v — 1, and the fiberwise hyper-elliptic involution —id. The composition map
g = —id o7 leaves the holomorphic two-form ng € H°(wx) invariant, 7*ng = nx.
Hence, 5 : X — X is a Nikulin involution and the minimal resolution of the quotient

5(/ 7 is the four parameter family X = X, ;.4 — P* of Jacobian elliptic K3 surfaces

given by the Weierstrass model in Equation (4.1.7). O
A direct computation yields the following:

Lemma 4.1.31. Equation (4.1.7) defines a Jacobian elliptic fibration 7 : X — P!
on a general X = Xgpq with two singular fibers of Kodaira type I over t = a,b,
siz singular fibers of Kodaira type Iy overt =0,1,00,¢,c+d, and ¢/(d — 1), and the
Mordell Weil group MW (X, ) = (Z/27)>.

The following echoes Lemma 4.1.29 and provides a convenient normal form for

the family of K3 surfaces:

Lemma 4.1.32. The family in Equation (4.1.7) is birationally equivalent to the fam-

ily of Yoshida surfaces given by

v =a(r —1)(z —t)(t —a)(t — b)(t — c — dw). (4.1.8)

Proof. By direct computation, with the following transformation:

3t(t—a)(t—"0)(t—rc)
3r+(t—a)(t—=b) 2+ (d+1—-c)t—c)’
3yt (t —a) (t—b) (t —c)
20z 4 (t—a)(t—b) (24 (d+1—c)t—c)

T =

Y=
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The family of Yoshida surfaces was studied by Hoyt & Schwarz in [70], where
the authors analyzed how certain restrictions and degenerations of the parameters
increase the Picard-rank. There is a close connection between their full analysis and
Dolgachev’s mirror symmetry for K3 surfaces; this will be the subject of a forthcoming
article.
Recall the family of double-sextic K3 surfaces from §2.1.7, i.e., the K3 surfaces
obtained as the minimal resolution of the double cover of the projective plane P?
branched along a configuration of the six lines, denoted by £ = {1, ..., {s} and given

in weighted homogeneous coordinates [ty : ts : t3: z] € P(1,1,1,3) by the equation
6
2= H(ailtl + aita + aists), (4.1.9)
i=1

where ¢; = {[t1 : ta : t3] | ant1 + ats + aity = 0} C P? for parameters a;; € C, i =
1,...,6, 7 =1,2,3 which are assumed to be general. The coordinates x|, zs, x3, x4 €
X(3,6) are moduli parameterizing the family of K3 surfaces for a configuration £
of six lines in general position, and in the following we will denote this family by

X = Xy, 2y.25.2.- We have the following:

Proposition 4.1.33. The family in Equation (4.1.8) is birationally equivalent to the

family of double-sextic surfaces.

Proof. In the affine coordinate system {t; = —1,ty, = t,t3 = u,z = 2z} C P(1,1,1,3),
a birational transformation ¢ : P* x P! --s P? is given by

Zﬂgt—l SC(l_xl)

: EZ—, U = ;
v l'gt—ﬂjl .Z'gt—l'l
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where we are also using the identification of the moduli given by

(4.1.10)

Hence, the birational map ¢ : P! x P! --» P? induces a birational equivalence between
the K3 surfaces X and X by the natural extension on the Weierstrass models, where

X is identified with the (scaled) Yoshida surface

Yy = b= b)x(x— (x—t)(t—a)(t—b)(t —c—dx)

of Lemma 4.1.32 and §2.1.7. O]

The double sextic family is a well studied, for example by Matsumoto [93], and
Matsumoto et al. [94, 95, 96]. One takeaway from their work is that the family of
double sextic K3 surfaces is in many ways analogous to the Legendre pencil of elliptic
curves, realized as double covers of the line P! branching over four points. More
recently, the double sextic family X and closely related K3 surfaces have been studied
further in the context of string dualities [87, 90, 28, 86, 24]. In Clingher et al. [28],
the authors showed that four different elliptic fibrations on X have interpretations in
F-theory/heterotic string duality. In [24] the authors classified all Jacobian elliptic
fibrations on the Shioda-Inose surface associated with X'. Hosono et al. in [65, 65]
constructed compactifications of Mg from GKZ data and toric geometry, suitable for
the study of the Type IIA/Type IIB string duality.

In the following we will use the following standard notations for lattices: Li @ Lo
is orthogonal sum of the two lattices L; and Lo, L(A) is obtained from the lattice L
by multiplication of its form by A € Z, (R) is a lattice with the matrix R in some
basis; A,,, D,,, and E}, are the positive definite root lattices for the corresponding root

systems, H is the unique even unimodular hyperbolic rank-two lattice. A lattice L is
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two-elementary if its discriminant group Ay, is a two-elementary abelian group, namely
Ap = (Z/27)" with ¢ being the minimal number of generators of the discriminant
group Ay, also called the length of the lattice L. Even, indefinite, two-elementary
lattices L are uniquely determined by the rank p, the length ¢, and the parity o —
which equals 1 unless the discriminant form g (z) takes values in Z /27 C Q/2Z for
all x € Ay in which case it is 0; this is a result by Nikulin [111, Thm. 4.3.2].

Dolgachev defined the notion of a lattice polarization for a K3 surface [34]. If L
is an even lattice of signature (1,p — 1) with p > 1, then an L-polarization on a K3
surface X is a primitive embeddings ¢ : L < NS(X) into the Néron-Severi lattice such
that ¢(L) contains a pseudo-ample class, i.e., a numerically effective class of positive
self-intersection in the Néron-Severi lattice NS(X). If we assume that the lattice L
has a primitive embeddings 2 : L < Ags into the K3 lattice Ags = HP @ Fg(—1)%2,
then Dolgachev proves that there exists a coarse moduli space M, of L-polarized K3
surfaces and an appropriate version of the global Torelli theorem holds; see [34]. We

have the following:

Theorem 4.1.34. The family in Equation (4.1.8) forms the 4-dimensional moduli
space My of L-polarized K3 surfaces where L has the following isomorphic presenta-

tions:

L 2HOE(-1)@ A (-1 = H@ E;(—1)® Dy(—1) ® A (—1)%
>~ H@ Dg(—1) @ Dy(—1)%2 = H @ Dg(—1)2 @ Ay (—1)%2 (4.1.11)

>~ H®Dip(—1) @ A (—1)% = H@ Dg(—1) ® Dy(—1) @ Ay (—1)%2.

In particular, L is a primitive sub-lattice of the K3 lattice Aks.

Proof. For a configuration £ in general position the K3 surface X has the transcen-
dental lattice T(X) = H(2) ® H(2) ® (—2)®?; see [70]. Using Lemma 4.1.30 it follows

that the family in Equation (4.1.5) forms a four-dimensional moduli space M, of
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pseudo-ample L-polarized K3 surfaces where the lattice L has rank p = 16. From
Lemma 4.1.31 we see that L is two-elementary such that Ay = (Z/27)¢ with ¢ = 6. It
follows that in our case the lattice L is the unique two-elementary lattice with p = 16,
¢ =6,06 =1 (for p= 16 the two-elementary lattice must have § = 1; see [111]). We
then use results in [76, Table 1] to read off the isomorphic presentations of L from

the Jacobian elliptic fibrations on X with trivial Mordell Weil group. O]
Combining Proposition 4.1.33 and Theorem 4.1.34 yields the following result:
Corollary 4.1.35. The moduli spaces My, and X (3,6) are isomorphic.

It is well known that X'(3, 6) is a quasi-projective variety, with orbifold singularities
arising from the quotient construction. This is part of the difficulty when attempting
to study classical mirror symmetry for the family of double-sextic surfaces X or,
equivalently, for the family X of Yoshida surfaces from the mixed-twist construction.
Yet another pressing difficulty is that Mg does not carry, as a quasi-projective variety
itself, domains known as large scale structure limits (LCSLs) where mirror symmetry
is manifest. Although a compactification was constructed in the work of Matsumoto
et al., the construction was insufficient for the purposes of mirror symmetry. This
problem was solved completely by the Hosono et al. papers above, by constructing
LCSLs as intersecting normal crossing divisors as the blowups of singular loci in a

sequence of compactifications of X(3,6). We summarize the situation as follows:

Proposition 4.1.36. Let ¥ € T(X) be a transcendental cycle on a general K3 surface
X, nx the holomorphic two-form induced by dt A dz/y in Equation (4.1.8), and w =
$onx a period. The Picard-Fuchs system annihilating w' = w//b(c — b) is the rank-

siz Aomoto-Gel’fand system E(3,6) of [9/, 95, 90] in the variables
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Proof. In [119] Sasaki showed that the period integral

-~ du
w':w’(xl,atg,xg,m):j{ nX:]{ dt N —

z

of the holomorphic two-form for Equation (4.1.12) over a transcendental cycle ¥/ €
T(X) satisfies the rank-six Aomoto-Gel'fand system F(3, 6) in the variables xy, xo, x3, 4.
Let ¥ = (¢ 1),Y where ¢ was constructed in the proof of Proposition 4.1.33. In the
affine coordinate system {t;, = —1,ty = t,t5 = u,z = z} C P(1,1,1,3) the non-
vanishing holomorphic two-form 7y € H%(wy) is given by

dt A du

-~ d
me = din S = —— = = : (4.1.12)
z o tu(t 4 u— 1) (z1t + zsu — 1) (zof + 24u — 1)

For the pullback of ny, a direct computation shows that

Vb(c =) dt A dx )Emdt/\%.

T D - D - - bt - do
[

The moduli a,b, ¢, d parameterizing the Yoshida surfaces are different from the
coordinate systems constructed near the LCSLs of Hosono et al. Nevertheless, the
relation of the E'(3,6) system with the Picard-Fuchs system constructed near the LC-
SLs in the compactification still allows us to conclude the behavior of the monodromy

group around the LCSLs for the double sextic family. Let X'(3,6) be the compactifi-
cation of the moduli space X'(3,6) constructed in [65], and let p : X(3,6) — P be the
period mapping, where P C P° is the period domain generated by the Hodge-Riemann

relations of the six linearly independent period integrals. We have the following:

Corollary 4.1.37. Let A be the Gram matriz of the lattice H(2) & H(2) & (—2)%2.
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The global monodromy group G of the period map is, up to conjugacy, given by
G={MeGL(6,Z) | M"AM = A, M =1y mod2} C O(AZ).

Proof. Because of Proposition 4.1.36 the global monodromy group G of the period
map coincides with the monodromy group of the Aomoto-Gel’fand F(3,6) system.
The statement follows from [65, Thm. 7.1], since the Picard-Fuchs system centered
around the LCSLs constructed by Hosono et al. is a GKZ A-hypergeometric system,
to which the Aomoto-Gel'fand E(3,6) system restricts near the LCSLs. Moreover, it
follows from [64] that the solutions around different LCSLs in the compactified moduli

space X'(3,6) are all analytic continuations of each other with trivial monodromy. [

4.2 Extending the lattice polarization and monodromy groups

Using the four-parameter family of Yoshida surfaces in Lemma 4.1.32 we can efficiently
study certain extensions of the lattice polarization and identify the corresponding
lattice polarizations, monodromy groups, and Picard-Fuchs operators. Moreover, it
will follow from Corollary 4.1.37 above that the restricted monodromy groups extend

to the LOSLs.

4.2.1 Picard-rank p =17

We consider the extension of the lattice polarization for d = 0. In this case the

Yoshida surface thb,c = X0 becomes the twisted Legendre Pencil
y? =x(x—1)(z —t)(t —a)(t —b)(t —c). (4.2.13)

The general member has Picard-rank 17, and was studied by Hoyt in [69]. We have

the following:
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Lemma 4.2.38. Equation (4.2.13) defines a Jacobian elliptic fibration 7 : X' — P!

on a general X' = X!

abe With three singular fibers of Kodaira type Ig over t = a,b,c,

three singular fibers of Kodaira type Iy, and the Mordell Weil group MW (X', 1) =
(Z.)27.)3.

Proof. The proof is similar to the ones given in the preceding section. The statement

about Picard-rank and the Mordell Weil group can be found in Hoyt [69]. O

In particular, X’ is birational to the three-parameter quadratic twist family of the
classical Legendre pencil of elliptic curves and hence, it is equivalently described by
the mixed-twist construction with generalized functional invariant (7, j, ) = (1,1, 1).

We have the following:

Theorem 4.2.39. The family in Equation (4.2.13) forms the 3-dimensional moduli
space My, of L'-polarized K3 surfaces where L' has the following isomorphic presen-

tations:

L' H®E(—1)@® Dy(—1) @ A(—1)P =2 H@ E,(—1) @ Dy(—1)%2
>~ [ @ Dip(—1) @ Ay (—=1)®® =2 H @ Dyp(—1) @ Dy(—1) @ Ay(—1)  (4.2.14)

=~ H @ Dg(—1) ® Dg(—1) ® A1 (—1).

In particular, L' is a primitive sub-lattice of the K3 lattice Ag3.

Proof. We use the same strategy as in the proof of Theorem 4.1.34. Using Lemma 4.2.38
it follows that the two-elementary lattice L’ must have p = 17 and ¢ = 5. Applying
Nikulin’s classification [111] it follows that there is only one such lattice admitting a
primitive lattice embedding into Ags, and it must have 6 = 1. We then go through

the list in [129] to find the isomorphic presentations. O

In [27] it was shown that the configuration of six lines £ in X' is specialized to one

where three lines intersect in one point. The pencil of lines through the intersection
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point induces precisely the elliptic fibration of Proposition 4.2.38. Thus, the general
K3 surface X’ is not a Jacobian Kummer surface. Rather, it arises as the relative
Jacobian of a Kummer surface associated with an abelian surface with a polarization
of type (1,2); this was proved in [27, 29].

Setting d = 0 in Proposition 4.1.36 we obtain the following:

Proposition 4.2.40. Let ¥ € T(X') be a transcendental cycle on a general K3
surface X', nx: the holomorphic two-form induced by dt A dx/y in Equation (4.2.13),
and w = $.nx: a period. The Picard-Fuchs system annihilating ' = w/+/b(b— c) is

the restricted rank-five Aomoto-Gel’fand system E(3,6) of [9/, 95, 96] with x4 = 0.
It then follows:

Corollary 4.2.41. The global monodromy group of the period map in Proposition 4.2.40

18, up to conjugacy, the Siegel congruence subgroup of level two I'9(2) C Sp(4,Z).
; up Jjugacy, g g group p{4,

Proof. Using Proposition 4.2.38 the statement follows from results of Hoyt [69], Mat-
sumoto et al. [94, 95, 96], Hara et al. [60], Sasaki and Yoshida [124], and Braeger et

al. [15]. O

One can ask what configurations of six lines £ yield total spaces that are Kummer
surfaces. In [11] the authors gave geometric characterizations of such six-line configu-
rations. Here, we focus on the case of a Kummer surface associated with a principally

polarized abelian surface. We have the following:

Proposition 4.2.42. The general K3 surface in Equation (4.1.8) is a Jacobian Kum-
mer surface, i.e., the Kummer surface associated with the Jacobian of a general genus-

. . . _ (a—=c)(b—0)
two curve if and only if a,b,c are generic and d = ~——.

Proof. Using the methods of [28] we compute the square of the degree-two Dolgachev-

Ortland R2. It vanishes if and only if the six lines are tangent to a common conic.
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It is well known that this is a necessary and sufficient criterion for the total space to
be a Jacobian Kummer surface; see for example [26]. A direct computation of R? for

the six lines in Equation (4.1.8) yields the result. O
We also have the following:

Lemma 4.2.43. Equation (4.1.8) with a,b,c generic and d = % defines a

Jacobian elliptic fibration m : X — P! with the singular fibers 215 + 61y and the

Mordell Weil group MW (X, ) = (Z/27)2 & (1).

The connection between the parameters a, b, ¢ and the moduli of genus-two curves

was exploited in [91, 9]. We have the following:

Theorem 4.2.44. The family in Equation (4.1.5) with d = % forms the three-
dimensional modult space Mj; of L-polarized K3 surfaces where L has the following

1somorphic presentations:

L =2 H@Dg(—1)® Dy(—1) @ As(—1) = H® Ds(—1) D Dy(—1)%2.  (4.2.15)

In particular, L is a primitive sub-lattice of the K3 lattice Ags.

Proof. We established in Proposition 4.2.42 that the K3 surface obtained from the
Weierstrass model in Equation (4.1.8) is a Jacobian Kummer surface if and only if
the parameters a, b, ¢, d satisfy a certain relation. In [81] Kumar classified all Jaco-
bian elliptic fibrations on a generic Kummer surface. Among them are exactly two
fibrations that have a trivial Mordell Weil group, called (15) and (17). The types of

reducible fibers in the two fibrations then yield Equation (4.2.15). [

It was shown in [27] that the general K3 surface Xa,b,c in Theorem (4.2.44) arises

as the rational double cover of a general K3 surface in Proposition (4.2.38). The
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double cover X, ;. --» X!, ,, ., is branched along an even eight on X’ consisting of

the non-central components of two reducible fibers of type D,.

4.2.2 Picard-rank p =18

We consider the extension of the lattice polarization for ¢ = d = 0. In this case the
Yoshida surface X;”b = Xgb,00 becomes the two-parameter twisted Legendre pencil
given by

yv* =x(x —1)(z —t)t(t —a)(t —b). (4.2.16)

The general member of this family has Picard-rank 18. We have the following:

Lemma 4.2.45. Equation (4.2.16) defines a Jacobian elliptic fibration m : X" — P!
on a general X" = X7, with the singular fibers 15 + 215 + 21 and the Mordell Weil
group MW (X" 7r) = (Z/27)>.

We then have the following:

Theorem 4.2.46. The family in Equation (4.2.18) forms the 2-dimensional mod-
uli space My of L"-polarized K3 surfaces where L" has the following isomorphic

presentations:

L'~ H® Ey(—1)@® Dg(—1) @ A (-1)" =2 Ha B, (-1 @ A (—1)%?
~ H@E;(—1)® Ds(—1) @ Ay (—1) =2 H@ Dyy(—1) D Ay (—1)%? (4.2.17)

~ H @ Dyo(—1) ® Dg(—1).
In particular, L" is a primitive sub-lattice of the K38 lattice As.

Proof. We use the same strategy as in the proof of Theorem 4.1.34. Using Lemma 4.2.45
it follows that the two-elementary lattice L” must have p = 18 and ¢ = 4. Applying

Nikulin’s classification [111] it follows that there are two such lattices admitting a
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primitive lattice embedding into Ags, namely the ones with § = 0,1. An extra com-
putation shows that we have 6 = 1. We then go through the list in [129] to find the

isomorphic presentations. L]
From results in [23, 54] the Picard-Fuchs system can now be determined explicitly:

Proposition 4.2.47. Let ¥ € T(X") be a transcendental cycle on a general K3
surface X", nxn the holomorphic two-form induced by dt Ndx/y in Equation (4.2.16),
and w = §.nx» a period. The Picard-Fuchs system annihilating w' = w/+/a(a — b)

is Appell’s hypergeometric system FQ(%, %, %; 1,1)21, 20) with z; = 1/a,zo =1 —b/a.
It then follows:

Corollary 4.2.48. The global monodromy group of the period map in Proposition 4.2.47
is, up to conjugacy, the outer tensor product I'(2) X T'(2) where I'(2) C SL(2,2Z) is the

principal congruence subgroup of level two.

4.2.3 Picard-rank p =19

We consider the extension of the lattice polarization for ¢ = d = 0 and b — oo. In this
case the Yoshida surface X! = X, 0,0 becomes the one-parameter twisted Legendre
pencil given by

y* =x(x —1)(z — )t(t — a). (4.2.18)

This family was studied in detail by Hoyt [67]; the general member has Picard-rank
p =19. We have the following:

Lemma 4.2.49. Equation (4.2.18) defines a Jacobian elliptic fibration 7 : X" — P!
on a general X" = X! with the singular fibers 215 + I} + 215 and the Mordell Weil
group MW (X" 7t) = (Z/27)?.

We then have the following:
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Theorem 4.2.50. The family in Equation (4.2.18) forms the I1-dimensional mod-
uli space My of L"-polarized K3 surfaces where L" has the following isomorphic

presentations:

L" = H® Es(—1) ® E:(—1) & A1(-1)** =2 H ® E7(—1) ® Dyp(—1) (42.19)
~ H® Ey(—1)@® Dg(—1) @ Aj(—1) 2 H & Dig(—1) ® Ay (—1). a

In particular, L' is a primitive sub-lattice of the K3 lattice Ags.

Proof. We use the same strategy as in the proof of Theorem 4.1.34. Using Lemma 4.2.49
it follows that the two-elementary lattice L”" must have p = 19 and ¢ = 3. Applying
Nikulin’s classification [111] it follows that there is only one such lattice admitting a
primitive lattice embedding into Ags, and it must have 6 = 1. We then go through

the list in [129] to find the isomorphic presentations. O

We have the following:

Proposition 4.2.51. Let ¥ € T(X") be a transcendental cycle on a general K3
surface X", nxm the holomorphic two-form induced by dt Adx/y in Equation (4.2.18),
and w = fz nx» a period. The Picard-Fuchs operator is the operator annihilating
the Gauss hypergeometric function 3F2(%, %, %; 1, 1|%) , i.e., the univariate third-order

linear differential operator given by

3 2

d
8a2 (a — 1) — + 12a (3a — 2)

d
= Y (260 —8) =2 +w =0. (4.2.20)
a

da? da

Proof. The period integral is given by the classical Gauss integral representation of

the hypergeometric function 3F5 (%, %, %; 1, 1|£), that is

w(a) :fznxm zji \/t(t_af;(/;‘ixl)(w_t) — . F) (%%%11%) (4.2.21)
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The well known differential equation for 3F» yields Equation (4.2.20). [

It then follows:

Corollary 4.2.52. The global monodromy group of the period map in Proposition 4.2.51

is, up to conjugacy, I'(2)* := (I'(2), w) where w = (g _0%) is the Fricke involution.

Proof. Equation (4.2.21) proves that the monodromy group of the ODE annihilating
3F2(%, %, %; 1,1],-) can be obtained from the monodromy group of the ODE annihi-
lating o F 1(%, %; 1], ) by adjoining the involution that is generated by the monodromy
operator for loops around the singular fiber at t = a or, equivalently, ¢ = 0. One

checks that in terms of the modular parameter the action is conjugate to w. O
In summary, we have the following main result:

Theorem 4.2.53. Restricting (i) d = 0, (ii) c=d =0, (i5i) c =d = 0,b - o0 in
the family of K3 surfaces in Equation (4.1.8), the lattice polarization L extends in a

chain of even, indefinite, two-elementary lattices given by
L <L <L"<L", (4.2.22)

where the lattice are given by Equations (4.1.11), (4.2.14), (4.2.17), (4.2.19) and are
uniquely determined by (rank, length, parity) with (p,¢,0) = (16 + k,6 — k,1) for

k=0,1,2,3. The corresponding moduli spaces form a chain of sub-varieties
M C My € My C ML,

each of them admitting an appropriate version of the global Torelli theorem, with the

Picard-Fuchs systems determined in Propositions 4.1.36, 4.2.40, 4.2.47, 4.2.51.
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Proof. The theorem collect statements from Theorems 4.1.34, 4.2.39, 4.2.46, 4.2.50
and their respective proofs, as wells as from Propositions 4.1.36, 4.2.40, 4.2.47, 4.2.51.
]

4.3 GKZ Description of the Univariate Mirror Families

In this section we will show that the generalized functional invariant of the mixed-
twist construction captures all key features of the one-parameter mirror families for
the Fermat pencils. In particular, we will show that the mixed-twist construction
allows us to obtain a non-resonant GKZ system for which a basis of solutions in
the form of absolutely convergent Mellin-Barnes integrals exists whose monodromy is

computed explicitly.

4.3.1 The Mirror Families

Let us briefly review the construction of the mirror family for the deformed Fermat
hypersurface. Let P"(n+1) be the general family of hypersurfaces of degree (n+1) in
P". The general member of P"(n+1) is a smooth hypersurface Calabi-Yau (n—1)-fold.

Let [Xo : -+ : X,] be the homogeneous coordinates on P". The following family
XPH o XM A XX - X, =0 (4.3.23)

determines a one-parameter single-monomial deformation X /(\n_l) of the classical Fer-
mat hypersurface in P"(n + 1). Cox and Katz determined [30] what deformations of
Calabi-Yau hypersurfaces remain Calabi-Yau. For example, for n = 5 there are 101
parameters for the complex structure, which determine the coefficients of additional
terms in the quintic polynomials. Starting with a Fermat-type hypersurfaces V' in P,

Yui [145, 144, 137] and Goto [52] classified all discrete symmetries G' such that the
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quotients V/G are singular Calabi-Yau varieties with at worst Abelian quotient sin-
gularities. A theorem by Greene, Roan, & Yau [53] guarantees that there are crepant
resolutions of V/G. This is known as the Greene-Plesser orbifolding construction.
For the family (4.3.23), the discrete group of symmetries needed for the Greene-
Plesser orbifolding is readily constructed: it is generated by the action (Xo, X;) —

(Gr1 X0, G X;) for 1 < 5 < n and the root of unity (41 = exp(sﬂ). Since the

product of all generators multiplies the homogeneous coordinates by a common phase,

the symmetry group is G,,_; = (Z/(n+1) Z)"~!. One checks that the affine variables

(-1 X X

P — - =
T T D X Xe - XN 2T (e 1) Xy Xy Xg o X A

and similar equations hold for zs, . .., x,, are invariant under the action of GG,,_1, hence
coordinates on the quotient X )(\n_l) /Gpn—1. A family of special hypersurfaces Yt(n_l) is

then defined by the remaining relation between x4, ..., x,, namely the equation

(1)t

il (4.3.24)

fn(xl,...,xn,t):x1-~~xn<x1+~~+xn+1)+

Moreover, it was proved by Batyrev & Borisov in [5] that the family of special
Calabi-Yau hypersurfaces ;""" of degree (n + 1) in P" given by Equation (4.3.24)
is in fact the mirror family of a general hypersurface P"(n 4 1) of degree (n + 1) and
co-dimension one in P". For n = 2, 3,4 the mirror family is a family of elliptic curves,
K3 surfaces, and Calabi-Yau threefolds, respectively.

Each mirror family can be realized as a fibration of Calabi-Yau (n — 2)-folds
associated with a generalized functional invariant. The following was proved by Doran

& Malmendier:

Proposition 4.3.54. Forn > 2 the family of hypersurfaces Y;(n*l) in Equation (4.5.24)

)

is a fibration over P! by hypersurfaces Yt~(n_2 constructed as mized-twist with the gen-
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eralized functional invariant (1,n,1).

Proof. For each z,, # 0,—1 substituting #; = z;/(x, + 1) for 1 < i < n —1 and
t=—-n"t/((n+1)"* x, (z, + 1)") defines a fibration of the hypersurface (4.3.24) by

fao1(Z1, ..., Ty_1t) = 0 since

folz1, o xn,t) =20 (T + 1) foo1 (21, .., Tpo1,t) =0 (4.3.25)

This is the mixed-twist construction with generalized functional invariant (1,7,1). [

4.3.2 GKZ data of the mirror family

(n—1

In the GKZ formalism, the construction of the family Y, ) is described as follows:

from the homogeneous degrees of the defining Equation (4.3.23) and the coordinates
of the ambient projective space for the family X /(\"71) we obtain the lattice L/ =
Z(—(n+1),1,1,...,1) C Z"". We define a matrix A’ € Mat(n + 1,n + 2;7Z) as a

matrix row equivalent to the (n+1)x (n+2) matrix with columns of the (n+1)x (n+1)

identity matrix as the first (n + 1) columns, followed by the generator of IL":

10 0 ... (n+l) 11 1 .1
0 1 0 -1 0 1 0 -1
0 . .- -1 ~ AN=1|o . . . 1], (43.26)
0 0 0 1 -1 0 0 0 1 -1
and let A" = {a,,...,d,,,} denote the columns of the right-handed matrix obtained

by a basis transformation in Z"*! from the matrix on the left hand side. The finite
subset A" C Z"! generates Z"™! as an abelian group and can be equipped with
a group homomorphism b/ : Z"*' — Z, in this case the projection onto the first

coordinate, such that h'(A’) = 1. This means that A’ lies in an affine hyperplane
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in Z"*1. The lattice of linear relations between the vectors in A’ is easily checked
to be precisely L' = Z(—(n +1),1,1,...,1) C Z""2. From A’ we form the Laurent

polynomial

— E ay a2 Gn41
PA/(Zla"'7Zn+l)_ Ca e " 2 Znil
aeA

—1 ~1
=121+ C2122+C32123+ -+ Cpa221 29 20

and observe that the dehomogenized Laurent polynomial yields

1" Tp C1T1 C1T2 C1Tp
—_— PA/ (1, s yoo

)
1 C2 C3 Cn+1

n n—l—l”“c...cn
= fn <I1,...,xn,t:(_1) Y ) n+12 +2) |

1

In the context of toric geometry, this is interpreted as follows: a secondary fan is
constructed from the data (A’,IL’). This secondary fan is a complete fan of strongly
convex polyhedral cones in Ly’ = Hom(IL',R) which are generated by vectors in the
lattice Y = Hom(IL', Z). As the coefficients ¢y, . .., ¢ 1o — or effectively t — vary, the
zero locus of Py sweeps out the family of hypersurfaces Yt("fl) in (C*)"+1/C* = (C*)".
Both (C*)™ and the hypersurfaces can then be compactified. The members of the
family Yf”fl) are Calabi-Yau varieties since the original Calabi-Yau varieties had

codimension one in the ambient space; see Batyrev & van Straten [6].

4.3.3 Recurrence relation between holomorphic periods

We now describe the construction of the period integrals. A result of Doran & Mal-

(-1 _,

mendier — referenced below as Lemma 4.3.55 — shows that the fibration on Y,
P! by Calabi-Yau hypersurfaces Y%("*Q) allows for a recursive construction of the period

integrals for Yt("_l) by integrating a twisted period integral over a transcendental ho-
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mology cycle. It turns out that the result can be obtained explicitly as the Hadamard
product of certain generalized hypergeometric functions. Recall that the Hadamard
of two analytic functions f(t) = >, fut*, g(t) = 32 grt" is the analytic function
f * g given by

(f*g)( Z Srgit".

=1 is given by

The unique holomorphic (n — 1)-form on Y,
(n—1) _ dxa Ndxz A --- Ndw,

= 4.3.2
T Oy (1, .o Tp, 1) (4.3.27)

The formula is obtained from the Griffiths-Dwork technique (see for example, Mor-

rison [106]). One then defines an (n — 1)-cycle ¥,,_; on Y Y by requiring that the

_1)

period integral of nt” over Y, 1 corresponds by a residue computation in z; to

the integral over the middle dimensional torus cycle T,,_1(F) := S}, x --- x S} €

H, 1 (Y;", Q) with Sy, ={lzl=r} CCand ¥y = (r1,...,7m1) € R e,

/ drg N\ -+ ANdxy,
S Y € P e

n d dy,
:i/./PA( Jan an oot ) T2 AR (43.28)

Co C3 Cn+1 X2 Tn

n—1(r)

The right hand side of Equation (4.3.28) is a resonant .A-hypergeometric integral in
the sense of [51, Thm. 2.7] derived from the data (A, L") and
n+2

a'=(oy,—f—1....-8, -1 =(-1 27' a, (4.3.29)

with v5 = (71, Yh42) = (=1,0,...,0). We will denote the period integral by

n—1
wnot(t) = § "
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We recall the following result, which connects the GKZ data above to the iterative

twist construction of Doran & Malmendier:

Proposition 4.3.55. [/0, Prop. 7.2] For n > 1 and |t| < 1, there is a family of

(n—1

transcendental (n — 1)-cycles ¥,_1 on'Y, ) such that

1

wn_l(t) — f ﬁén_l) — (27.{.2)71—1 nFn—l ( n_H 1 N 1 n—+1
St e

t) . (4.3.30)

The iterative structure in Proposition 4.3.54 induces the iterative period relation

1 n

wn 1 (£) = (270w Fo s ( CI ._n_+1

t> *wWy_o(t)  formn >2. (4.3.31)

Here, the symbol x denotes the Hadamard product. The cycles ¥, _1 are determined

by Tt (T1) o= 225 - (Taea(Fuma) X S1, ) asin (4.5.28), withr; = 1 and

— i
+1

i (Tn_g(f"n_g) X S}nq) indicates that coordinates are scaled by a factor of 5.

Hence, the iterative structure in Proposition 4.3.54, namely, the generalized func-

tional invariant (1,n, 1), determines the iterative period relations of the mirror family

and the corresponding A-hypergeometric data (A’,L',v;) in the GKZ formalism.

The mirror family of K3 surfaces

Narumiya and Shiga [109] showed that the mirror family of K3 surfaces in Equa-
tion (4.3.24) with n = 3 is birationally equivalent to a family of Weierstrass model.

In fact, if we set

(4uX? + 3 XN +ud +u) (4uA? + 3 XN +ud —2u)

xr1 = — Y
' 6X%u (16 u3A2 — 31V A2 + 12 XuA? + dut + 4u?)
16uPA2 — 34Y N2 + 12 Xur? + 4ut + 402
Ty = — , (4.3.32)
8u (4u?A2 +3 X\ 4 ud —2u)
u? (4uPN? + 3 XN +u? —2u)
z3

T 202 (166N — 30V A2 + 12 Xu? + dut + 4u?)



121

in Equation (4.3.24), we obtain the Weierstrass equation
Y2 =4X%— go(u) X — g3(u), (4.3.33)

with coeflicients

4
9= 337 u? (ut + 8NP+ (AN — 1) (4N + D’ + 8\ u+ 1)

4
95 = 55 W (u® + 4N+ 1) (2ut + 160707 + (320" — 5)u® + 160w + 2) .

(4.3.34)

For generic parameter \, Equation (4.3.33) defines a Jacobian elliptic fibration
with the singular fibers 275 +41; and the Mordell-Weil group Z/2Z& (1), generated by
a two-torsion section and an infinite-order section of height pairing one; see [109, 15].

Using the Jacobian elliptic fibration one has the following:

Proposition 4.3.56 ([109]). The family in Equation (4.3.33) forms the moduli space
My, of Ms-polarized K3 surfaces with My = H & Eg(—1) @ Es(—1) & (—4).

Proposition 4.3.56 shows why the family (4.3.33) can be called the mirror family
of K3 surfaces. Dolgachev’s mirror symmetry for K3 surfaces identifies marked defor-
mations of K3 surfaces with given Picard lattice N with a complexified Kahler cone
K(M)={z+iy: (y,y) >0, x,y € Mg} for some mirror lattice M; see [31]. In the
case of the rank-one lattice N, = (2k), one can construct the mirror lattice explic-
itly by taking a copy of H out of the orthogonal complement N in the K3 lattice
Aks. It turns out that the mirror lattice My = H @ Fg(—1) @ Eg(—1) @ (—2k) is
unique if £ has no square divisor. In our situation, the general quartic hypersurfaces
in Equation (4.3.23) with n = 3 have a Néron-Severi lattice isomorphic to Ny = (4),
and the mirror family in Equation (4.3.33) is polarized by the lattice M, such that
N+ =~ H & M,.
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It turns out that the holomorphic solution of the Picard-Fuchs equation governing

the family of K3 surfaces in Equation (4.3.33) equals
1
2

1319 2 1
o= G (R -

The first equality was proved by Narumiya and Shiga, and the second equality is

3
4

t) . (4.3.35)

Clausen’s formula, found by Thomas Clausen, expressing the square of a Gaussian

hypergeometric series as a generalized hypergeometric series.

4.3.4 Monodromy of the mirror family

We will now show how the monodromy representations for the mirror families for
general n are computed. The Picard-Fuchs operators of the periods given in Proposi-
tion 4.3.55 are the associated rank n-hypergeometric differential operators annihilat-
ing ,F,_1. But yet more is afforded by pursuing the GKZ description of the period
integrals. In fact, the Euler-integral formula for the hypergeometric functions ,F, 1
generates a second set of non-resonant GKZ data (A, LL,7,) from the resonant GKZ
data (A',IL',4() by integration. The GKZ data (A, L,~y,) determines local Frobenius
bases of solutions around ¢t = 0 and ¢t = oo. Their Mellin-Barnes integral representa-
tion determines the transition matrix between them by analytic continuation.

We will always assume that we have n rational parameters, namely py,...,p, €

(0,1) NQ, and consider the generalized hypergeometric function

)

which include all periods from Propositions 4.3.55 and 4.2.51. The Fuler-integral

nl_?n—1<p1 e P
1...1
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formula then specializes to the identity

nFn71<p1 e P

/)
1.1

[ dz;
- (A=t ze) . (4336

[H C(p) T(1L— )

The rank-n hypergeometric differential equation satisfied by , F,,_; is given by

[en —t(O+p) O+ pn)] F(t)=0 (4.3.37)
with 0 = t%, and it has the Riemann symbol
0 1 00
0 0 P1
0 1
P Sane (4.3.38)
0 n—2 Pn—1
0 n—-1- Z?:l Pj  Pn

In particular, we read from the Riemann symbol that for each n > 1, the periods
from Proposition 4.3.55 have a point of maximally unipotent monodromy at ¢t = 0.
This is well known to be consistent with basic considerations for mirror symmetry
[107].

From the Euler-integral (4.3.36), using the GKZ formalism, we immediately read

off the left hand side matrix, and convert to the A-matrix A € Mat(2n — 1,2n;Z)
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given by
10 0j011 0 0]0
1 100 00
01 0/0(0 1 010
0011 00
00 110{0 O 110
0 00O 11
~ A=[00 ...0/1l00 ... 0[1 [, (4339
0100 01
00 . 01|10 0]0
0001 01
00 0110 1 0]0
00 O0Q0 01
00 0110 0 110
using elementary row operations, as in §4.3.2. Let A = {dy,...,ds,} denote the

columns of the matrix A. The entries for the matrix on the left hand side of (4.3.39)
are determined as follows: the first n entries in each column label which of the n
terms (1 — 2;)? or (1 —t 2y -+ 2,-1)""" in the integrand of the Euler-integral (4.3.36)
is specified. For each term, two column vectors are needed and the entries in rows
n+1,...,2n — 1 label the exponents of variables z; appearing. For example, the last
two columns determine the term (1 — ¢z -+ 2z, 1)7?". The finite subset A C Z?*"!
generates Z?"~! as an abelian group and is equipped with a group homomorphism
h : Z**~' — Z, in this case the sum of the first n coordinates such that h(A) = 1.
The lattice of linear relations between the vectors in A is easily checked to be
L=2%Z(1,...,1,—1,...,—1) C Z*". The toric data (A, L) has an associated GKZ sys-
tem of differential equations which is equivalent to the differential equation (4.3.37).
Equivalently, the right hand side of Equation (4.3.36) is the A-hypergeometric inte-

gral in the sense of [51, Thm. 2.7] derived from the data (A,L) and the additional
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vector
a = <0517"'705n717_51_17"'7_6n_1>t
2n
= <_IO17 ceey TPy —PLy _pn*1>t = Z’yl ai?
i=1
where we have set yo = (71,...,%m) = (0,...,0,—p1,...,—pn) C Z**. We always

have the freedom to shift 7y by elements in . ® R while leaving @ and any .A-

hypergeometric integral unchanged. Thus we have the following:
Proposition 4.3.57. The GKZ data (A,L,7,) is non-resonant.

Proof. We observe that a;,8; € Zfori=1,...,n—1land j=1,...,nand >  o; +
>.iBi= —pn mod 1 ¢ Z. It was proved in [51, Ex. 2.17] that this is equivalent to

the non-resonance of the GKZ system. O]

Construction of convergent period integrals

In this section, we show how from the toric data of the GKZ system convergent
period integrals can be constructed. We are following the standard notation for GKZ
systems; see, for example, Beukers [10].

Let us define the B-matrix of the lattice relations L. for A as the matrix containing
its integral generating set as the rows. Since the rank of L is 1, we simply have
B=(1,...,1,—1,...,—1) € Mat(1,2n; Z) = Homg(Z*",Z). Of course, the B-matrix
then satisfies A - B = 0, as this is the defining property of the lattice IL.. The space
L®R C R?" is clearly a line, and is parameterized by the tuple (s, ..., s, —s,...,—s) €
R?" with s € R. To be used later in this subsection, the polytope A 4 defined as convex
hull of the vectors contained in A is the primary polytope associated with A. Also

for later, we may also write B = Y b;¢; in terms of the standard basis {¢;}?*, C Z*".
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We can obtain a short exact sequence

0—L—27>" —71 590

by mapping each vector £ = " [;¢; € Z*" to the vector >_I;d; € Z**~1. As the linear
relations between vectors in A are given by the lattice IL, this sequence is exact. The

corresponding dual short exact sequence (over R) is given by

0 —R"™! R S LI~R—0,

with m(uy, ..., u) = up + -+ 4+ Up — Upy1 — -+ - — Ugy,. Restricting 7 to the positive
orthant in R?" and calling it %, we observe that for each s € R the set #71(s) is
a convex polyhedron. For s € Ly, there are two maximal cones C, and C_ in the
secondary fan of A for positive and negative real value s, respectively. The lists of

vanishing components for the vertex vectors in each 77 !(s) are given by

Te, = U{{1,...,%,...7n7n—|—1,...2n}},
k=1 _7 g
—Iy
TQZU{{l,...,n,n—}—l,/{il—\n, ...... Qn}}
k=1 =:?1:+n

The symbol ¥ indicates that the entry k has been suppressed. For each member I of
Te. , we define 47 =7y — !B such that 4/ = 0 for i ¢ I. We then have

, Yo forI € Tp,, ul =0,

In

(_pkn'"v_pkvpk‘_p17~-'707"'7pk_pn) for]:]n—‘rkeTCfa PR = pg.
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Then for I, € T, we denote the convergence direction by
Vlk = (V17 R VZp) = (55)1221 cel® R, (4340)

where 0F is the Kronecker delta, such that #(v!*) = +1.

Using the B-matrix, one defines the zonotope

n n

i € (—1,1)} — (—— —) c LY ~R.

272

1 2n
Ig = {ZZNibi
i=1

The zonotope contains crucial data about the nature and form of the solutions to the
GKZ system above. A crucial result of Beukers [10, Cor. 4.2] can then be phrased as

follows:

Proposition 4.3.58. [10, Cor. 4.2] Let u,T be the vector with u = (uy, ..., us,),
uj = |u;| exp (2mwity), and T = (11,...,T2n). For any w with T such that ) b;m; € Zg
and any vy equivalent to vy up to elements in L @ R with v,.; < 0 < —; for all

1=1,...,n, the Mellin-Barnes integral given by

2n

MT<U1, c ,Ugn) —/ [H F(—'Yz — bls) uZi+b¢S ds ) (4341)
o+iR

i=1
is absolutely convergent and satisfies the GKZ differential system for (A,L).

A toric variety V4 can be associated with the secondary fan by gluing together
certain affine schemes, one scheme for every maximal cone in the secondary fan.
Details can be found in [132]. In the situation of the hypergeometric differential
equation (4.3.37), the secondary fan has two maximal cones C, and C_, and one can
easily see that the toric variety V4 is the projective line V4 = P! which is the the
domain of definition for the variable ¢ in Equation (4.3.36). Each member in the list

for a maximal cone contains 2n — 1 integers and define a subdivision of the primary
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polytope A 4 by polytopes generated by the subdivision, called regular triangulations.

In our case, these regular triangulations are unimodular, i.e.,

for all I, € Tp, - ‘det (@)ies, ‘ - ‘ bk‘ —1.
Given A and its secondary fan, we define a ring R 4 by dividing the free polynomial
ring in 2n variables by the ideal Z4 generated by the linear relations of A and the

ideal Z;, generated by the regular triangulations. In our situation, we obtain R 4

from the list of generators given by
€=(€1,...,6p)=¢€(l,...;1,=1,...,—1) € R4

with relation €" = 0, i.e., R4 = Z[e]/(€") is a free Z-module of rank n. Thus, we have

the following:

Corollary 4.3.59. A solution for the hypergeometric differential equation (4.3.37) is

given by restricting to us = -+ = ug, = 1 and uy = (—1)"t in Equation (4.3.41).

In the case of the hypergeometric differential equation (4.3.37), it follows crucially
from Beukers [10, Prop. 4.6] that there is a basis of Mellin-Barnes integrals since the
zonotope Zp contains n distinct points {—”T_l + k}};‘;& whose coordinates differ by

integers.

A basis of solutions around zero

Using the toric data, we may now derive a local basis of solutions of the differential

equation (4.3.37) around the point ¢ = 0 [132]. For the convergence direction v’ in
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T¢. , the I'-series is a series solutions of the GKZ system for (LL,7,) and given by

4 L
u’lh-i- 1. u’an+ 2n

P e Ugy) = 2n . 4.3.42
Loyo (U1, - -+, Uzn) Zﬂ; Dy + 0+ 1) Ty + lop + 1) ( )

We have the following:

Lemma 4.3.60. For the convergence direction v'* in T, , the I'-series for (L, 7o)

equals

1
(I)]L,'yg(uly CyUgn) = [H F(l—um

nFn—1<p1 e e

1...1

t) (4.3.43)

fort = (=1)"uy -+ up/(Upy1 - - - u2pn) > 0. Moreover, convergence of Equation (4.3.43)
in the convergence direction V' = (vy,...,vy,) is guaranteed for all uy, ..., us, with

|u;| =t and 0 <t < 1.

Proof. We observe that

u’f ok ~u7£117k B 'U;pnik
)] n . -
Loyo (U, -+ Ua >; (BT (=p1 —k+1)---T(=p, —k+1)

) 1 o (4.3.44)
i [H M= o) ]Z T

. Pi
i=1 1 p’b) u’n+i k>0

The summation over I reduces to non-negative integers as the other terms vanish

when 1/T'(k+ 1) = 0 for k < 0. Using the identities

(e = (-1t

afogy [@hi-2)= , (4.3.45)

sin (7z)

we obtain Equation (4.3.43). Equation (4.3.42) shows that restricting the variables
Uy = - -+ = U, = 1 to abase point, the convergence of the I'-series ®r ,,((—1)"¢,1...,1)

is guaranteed for |u;| =t with ¢ sufficiently small. O
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We obtain the same I'-series for all convergence directions v* with 1 < r < n in
Te, . This is due to the fact that in the Riemann symbol (4.3.38) at ¢ = 0 the critical
exponent 0 has multiplicity n.

However, from the maximal cone C of the secondary fan of A, we can still con-
struct a local basis of solutions of the GKZ system around ¢t = 0 by expanding
the twisted power series ®p, yre(U1, ..., Usn) Over R 4; see [132]. Similarly, a twisted
hypergeometric series can be introduced, for example, by defining the following renor-

malized generating function:

H =t B0 (7

We have the following:

Lemma 4.3.61. For |t| < 1, choosing the principal branch of t© = exp (elnt) the

twisted power series over R 4 is given by

2mie

e 1
P ey Ugp) = '
Loyo+e(Ut; - - s Uzn) I(1+em g L1 —pi = )uyy,

(4.3.47)

Proof. The proof uses 1/(1+4¢€)} = O(e") = 0 for k < 0, where (a) is the Pochammer

symbol, because for k € Z we have

ele—1)---(e+k+1) if k<0,
1 I'l+e¢ .
if k> 0.

(1+e)(2+€)---(k+e)
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For r =0,...,n — 1, we also introduce the functions
1 0 @© (P1 -+ Pn p1 Pn

() = — nF_( t>, ) = £(0,t) = n_< t>.

wt)=gaa| ety yo(t) = f(0,¢) N1
We have the following:
Lemma 4.3.62. For |t| < 1, the following identity holds

n—1 n— m r
A\ A\ 1 [Int Ym—r(t)
1) = (2 ) (1) = (2 > S (2L ey 348

flet) mz::(] mie)  fm(?) mz::() e Tz:; rl \2mi ) (2mi)m" ( )

where fo,(t) = mi—zk:of(e,t) form=0,...,n—1.

As proved in [132], the functions {f,}"—y form a local basis of solutions around
t = 0, and the functions y,(t) with » = 0,...n — 1 are holomorphic in a neighbor-
hood of t = 0. The local monodromy group is generated by the cycle (uq, ..., us,) =
(Ryexp (ip), Ra, ..., Ra,) based at the point (Ry,..., Ry,) for ¢ € [0,27]. Equiv-
alently, we consider the local monodromy of the hypergeometric differential equa-
tion generated by t = tgexp (ip) for 0 < t, < 1 and ¢ € [0,2x] (by setting
lus| = --+ = |ugn| = 1 and |uy| = t). The monodromy of the functions {f,.}"Z,

can be read off Equation (4.3.48) immediately. We have the following:

Proposition 4.3.63. The local monodromy of the basis f* = (fu_1,..., fo)' of solu-

tions to the differential equation (4.3.837) att =0 is given by

N |—
—
3
|
[N}
—

me=| @ - .. : . (4.3.49)
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Proof. Lemma 4.3.62 proves that

in: 1 (Int m,r(t)
— ! omi ) (2mi)m
The functions yx(t) are invariant for ¢t = tgexp (ip) for 0 <ty < 1 and ¢ — 27. The

result then follows. O

Corollary 4.3.64. The monodromy matriz mg is mazximally unipotent.

A basis of solutions around infinity

We assume 0 < p; < -+ < p, < 1. Using the toric data we can derive a local

basis of solutions of the differential equation (4.3.37) around the point ¢ = co. For

I

the convergence direction v'»+" in T, the I'-series is a series solutions of the GKZ

system for (IL,y!"+") and given by

y1—plrtn iy . Non+plrtn 4ty

Uu u
2 e Ugp) = ! 2n .
]L:’YInJr'r <u17 , U2 ) KEZ]L F(,yl o MITJrn + 61 + 1) . F(VQTL + /’LIT+” _|_ £2n + 1)

(4.3.50)

We have the following:

Lemma 4.3.65. For the convergence direction vi»+ in Te_ Equation (4.3.50) is a

series solution for (IL,y™+). The following identity holds

71'1in
q)]]_”—yln+r (ul, e ,Uzn) = 1

y t_prnFn—l( Or ST Pr
1+p—p1 ... 1... 14+ p—pn

-1 F 1+ Pr — pz) n—l—i]
1
t

for t = (=1)"uy - up/(Upy1 - ug,) > 0. The symbol 1 indicates that the entry

(4.3.51)

1+p,.—p; fori =1 has been suppressed. In particular, restricting variables uy = - - - =
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Upir =+ = Uz, = 1 the convergence of the I'-series @y r,.,(1,...,(=1)"/t,... 1)

s guaranteed for t > 1.

Proof. A direct computation shows that the I'-series satisfies

mnpr

1_p7’ HF1+pT pl) n+z

(I)L,’yI"+T (Ul, Ce ,Ugn) =

Up41 ** - U2p pr
i=1 (_1)nu1 T Unp

X Z (Pr)k; ( Up41 " U2p )k
(Lt pr=pi (L pr = pn+ D \ (1) 01 -y

The result follows. O

Based on the assumption that 0 < p; < --- < p, < 1, we have the following:
Lemma 4.3.66. There are n different I'-series for the convergence directions vin+
with 1 <r <ninlg .

The local monodromy group is generated by the cycle based at (Ry, ..., Rap)
given by (ug, ..., Upip, . Uzy) = (Ry,..., Ryyrexp (—ip),..., Ray,) for ¢ € [0,27]
Equivalently, we consider the local monodromy generated by t = ¢y exp (i) for tg > 1
and ¢ € [0,27] (by setting |ui| = -+ = |ug,| = 1 and |u,4| = 1/t). We have the
following;:

Proposition 4.3.67. The local monodromy of the basis F' = (F,,..., F)" of solu-

tions to the differential equation (4.3.37) at t = 0o is given by

e—27ri,07L

Moo = ) . (4.3.52)

6_27”"01
Proof. From the Riemann symbol (4.3.38), we observe that the functions

Fr(t):Ar t_anFn_l Pr R Pr
1+p.—p1 ... 1. 1+ pr—pn

%) (4.3.53)
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for r = 1,...,n and any non-zero constants A,, form a Frobenius basis of solutions

to the differential equation (4.3.37) at ¢ = oco. The claim follows. O

The transition matrix

The solution (4.3.46) has an integral representation of Mellin-Barnes type [10] given

by
ot I'(1+e)" F(s+pr+e€---T(s+p,+e€ m(—t)°
Jet) = 211 T(py +¢€)---T(pn +¢€) /C,ffg [(s+1+¢€) “sin (7s)
(4.3.54)

where o € (—py,0). For |t| < 1 the contour integral can be closed to the right. We

have the following:
Lemma 4.3.68. For |t| < 1, Equation (4.5.54) coincides with Equation (4.3.46).

Proof. For |t| < 1 the contour integral can be closed to the right, and the I'-series in
Equation (4.3.46) is recovered as a sum over the enclosed residua at r € Ny where we

have used

—$)8
forall r € Ny : Resszr(T( ) ):tr.

sin (7s)

]

For [t| > 1 the contour integral must be closed to the left. The relation to the

local basis of solutions at ¢ = co can be explicitly computed:

Proposition 4.3.69. For |t| > 1, we obtain for f(e,t) in Equation (4.3.54)

fle,t) =) Bi(e) Fi(t) (4.3.55)
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where F,.(t) is given by

Fr(t):AT t_prnFn—l Pr B pr
1+p.—p1 ... 1. 14+ p.—pn

) (4.3.56)

S

and

sin (7p;)
sin (wp, + me)’

e~ TiPr

F —me ﬁ p 1+€>
1F 1_p7") i=1 sz

n
1=
i#£r

(4.3.57)
such that B.(0) =1 forr=1,...,n

Proof. For [t| > 1 the contour integral in Equation (4.3.54) must be closed to the
left. Using 1/(1+ €)} = O(e") = 0 for k < 0, we observe that the poles are located

at s=—e—p;—kfori=1,...,nand k € Ny. Using

vr € No: Res,, (T(s) (1)°) =

and Equations (4.3.45) the result follows. O

Equation (4.3.55) allows to compute the transition matrix between the Frobenius
basis (f,_1,..., fo)' of solutions for the differential equation (4.3.37) at ¢ = 0 with
local monodromy given by the matrix (4.3.49) and the Frobenius basis (F,, ..., F})!

of solutions at ¢t = oo with local monodromy given by the matrix (4.3.52). We obtain:

Corollary 4.3.70. The transition matriz P between the analytic continuations of the



bases f' = (fn_1,..., fo)t att =0 and F' = (F,, ...

B'Szn_l) (0)
Jna @)y T
- B.(0
fi 27Ez‘)
fo 1

with B,.(€) given in Equation (4.3.57).

B{" " (0)

(2mi)n—1(n—1)!

B,(0)
27

1

Fy

Fy
Fy
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, 1) at t = oo is given by

(4.3.58)

Proof. The transition matrix P between the analytically continued Frobenius basis of

solutions f* = (f,_1,..., fo)! at t = 0 and the analytic continuation of the Frobenius

basis F' = (F,,..., F1)! at t = oo is obtained by first comparing the expression of

f(e,t) from Equation (4.3.46) as a linear combination of the solutions F at ¢t = oo

from Equation (4.3.55), and subsequently applying Lemma 4.3.62 to find the explicit

linear relations between f and F. By differentiation of the functions B, (¢) in Equa-

tion (4.3.57) and evaluating at € = 0, we recover the matrix (4.3.58).

[]

We can now compute the monodromy of the analytic continuation of f around

any singular point:

Corollary 4.3.71. The monodromy of the analytic continuation of f around t = 0,

t =00, and t =1 is given by my in (4.3.49), me = P - My, - P~ for My in (4.3.52),

and m; = my, - mgl, respectively.

Monodromy after rescaling

For C' > 0 the rescaled hypergeometric differential equation satisfied by F(t) =

nFn-1(Ct) is given by

(0" = C L0+ p1) - 0+ pu)

F(t)=0.

(4.3.59)
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For |t| < 1/C we introduce f(e,t) = C~f(e, Ct) such that

—_

n—

fle.t) = <2m€>m fonlt) with  fu(t) =

0

L 9" s on (43.60)

(2mi)mm! Oem™| _,

3
]

for j =0,...,n—1. The local monodromy around ¢t = 0 with respect to the Frobenius
basis <fn717 ce f0>t is still given by the matrix mg in (4.3.49). Similarly, for |t| > 1/C
we introduce Fy,(t) = F},(Ct) for k = 1,...,n. The local monodromy (around ¢ = o)

with respect to the Frobenius basis (F,, ..., F})! is given by the matrix My, in (4.3.52).

We obtain:

Proposition 4.3.72. The transition matrix P between the analytic continuation of

f and F such that f =P.-Fis given by

~ ~ n—1,n . ~ 1 aj
P= (Pn—j,n—i-l—k) with Pn—j,n+1—k =

j=0,k=1 (2mi)ij! Bl [C_ Bk(e)] '

e=0
(4.3.61)

The monodromy of the analytic continuation off aroundt = oo andt = 1/C is given

by me = P-My Pt and My/c = Mo * mgl, respectively.

Proof. One emulates the proof of Corollaries 4.3.70 and 4.3.71 directly with new
analytic continuations f and F around ¢ = 0 and ¢ = oo, respectively. In this case,
one finds that the functions B, (€¢) appearing in Equation (4.3.55) acquire a factor of

C~¢. The result then follows suit as claimed. O

In summary, we obtained the monodromy matrices my in (4.3.49), my, = P.
My - P~! for My, in (4.3.52) and P in Equation (4.3.61), and my/c = my - my ! for
the hypergeometric differential equation (4.3.59). Thus, we have the following main

result:

Theorem 4.3.73. For the family of hypersurfaces Yt("fl) in Equation (4.3.24) with

n > 2 the mized-twist construction defines a non-resonant GKZ system. Then a
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basis of solutions exists given as absolutely convergent Mellin-Barnes integrals whose
monodromy around t = 0,1/C, 00 is, up to conjugation, m, Mi/c, Moo, TESpEctively,

forpp =k/(n+1) withk=1,...,n and C = (n+ 1)""%.

Proof. The theorem combines the statements of Propositions 4.3.57, 4.3.58, 4.3.63,

4.3.67, 4.3.72 that were proven above. O

We have the following:

Corollary 4.3.74. Set k4 = —200%, and K5 = 420(57(353. The monodromy matri-

ces of Theorem 4.3.73 for 2 < n <5 are given by Table 4.1.

Proof. We obtain from the multiplication formula for the I'-function, i.e.,

m—1
k _
H r <z + —) = (27?)%(m Yz D(m2),
k=0 m
the identity
CieBk(E) — F(]' + €)n+l sin (ka) —TE

I'(1+ (n+ 1)e) sin (7py + me)

We then compute the monodromy of the analytic continuation of f around t =

0,1/C, 00 where we have set ky = —200(5233 and ks = 420(57(333. We obtain the

results listed in Table 4.1. OJ

The case n = 4, reproduces up to conjugation the monodromy matrices for the

quintic threefold case by Candelas et al. [16] and Chen et al. [17].
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n Yr(M]) Mo myc Moo
11 10 1 1
2 EC
01 -3 1 -3 -2
1 1 1
11 5 00 —3 0 0 —3
3 K3 011 01 0 0 1 1
001 -4 0 0 —4 —4 =2
5 K3 K <4 K3
11414 T+ky 0 2 4 Ttky T4rg g+45 s+ +%
1 125 5k 25 13 131 103 5k
4| cys 0 L3 - ! - i 12 12 v vy v
0011 0 1 0 0 0 1 1
25 X 55 23 _ .
0001 =5 0 -3 1-r -5 -5 - —I5 — Ka
1 1 1 75 55 1lks 121 75 7 355 11k 155 11k 2399
L1 2 6 24 671 0 512 384 24576 64 671 512 334 +51)2) ~ st T 31576
3 K2 3 I 5—3) (K5 — K2 K
R I R I e i e
1 15 43 5k 55 15 15 103 5es _ 63 5k5 _ 369
5| Cva 0011 3 -7 0 -5 5 BE -7 -7 £ e il
00011 00 0 1 0 0 0 0 1 1
15 75 27 19 . 61
00O0©O0 1 -6 0 -3 Ks i —6 —6 a ks — 12 ks — &

Table 4.1: Monodromy

matrices for the

mirror families with 2 <n <5
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CHAPTER 5

Quadratic period relations for K3 surfaces of high Picard-rank

We study in this chapter aspects of the quadratic period relations for the twisted

Legenedre pencil 7 : X, . — P!,

Xope: Y =a(x—1)(z—t)(t—a)t —b)(t—c).

The existence of a quadratic relation amoung the period integrals follows by virtue of
the lattice polarization; equipping a K3 surface X with a lattice polarization L < A3
determines the transcendental lattice T(X) := Lt C Aks, upon which the Riemann
relations hold, see §2.1.3. The investigation of these quadratic period relations is
crucial for the geometrization of the moduli space, which we undertake in Chapter 6.

This analysis is undertaken in §5.1, where we construct the parabolic cohomology
from the homological marking defined on the punctured base of the fibration. The
explicit quadratic relations given in §5.1.4 comes from parabolic cusp forms realizing
such cohomology classes, based off Endo’s analysis of generalized Eichler type [13].
Such a relation implies that the period domain is uniformized by a hyperquadric in
P* defined by the quadratic form.

Our understanding of the parabolic cohomology of the fibration allows us to com-
pute some of the Picard-Fuchs equations for the twisted Legendre pencil in §5.3. Since

we now have an understanding of the transcendental cycles, this is done by a relatively

elementary method: Fubini’s theorem for multiple integrals, and integration by parts.
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Roughly speaking, we are “twisting” the second order Picard-Fuchs operator for the

Legendre pencil of elliptic curves, the second order Fuchsian operator annihilating

o[ (1/2,1/2; 1|t), by the twist factor 1/y/h(t) = 1//(t —a)(t — b)(t — c).

Except for restrictions of the twisted Legendre pencil to Picard rank rho > 19

(§5.3.3 and §5.3.4) method does not allow us to produce all of the Picard-Fuchs
equations, but only some. However, the method is sufficient for generating higher
order differential relations, and we use this method in §7.2 to determine a generic

fiftth order Picard-Fuchs ODE operator for the twisted Legendre pencil.

5.1 Quadratic period relations for p > 17

5.1.1 The homological invariant

The elliptic fibration on 7 : X,p. — P! has singular fibers of Kodaira type I, over
the points ¢t = 0, 1, 00, and singular fibers of Kodaira type I over ¢t = a,b,c. With
the singular locus of the elliptic fibration being ¥ = {0,1,a,b,c,00} C P!, we set
C = PN\X. Let t be a fixed point in C, and denote the fundamental group of C
bases at tg by I' = m1(C, ty). Generators for I' are suitable simple loops «a, around the

base points of the singular fibers with v € X such that the following relation holds

[ae] * [ap] * [aa] * [oa] * [ag] * [as] =1, (5.1.1)

where [ - | denotes a homotopy equivalence class and * the group multiplication of loops
up to homotopy. Denote by t : C' — C' the universal cover of C' with meromorphic
functions on C' regarded as quotients of polynomials in t. We also let C* denote
the union of C' and the set of cusps for I" on C. Let D the polygonal fundamental
domain for I' on C* with pair of edges A, and a,A, lying over the paths ¢(4,) that

extend from cusps co* to 0* to agoo® to 1* to ajapoe™ to a* to azayanoo® to b* to
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Qp, a1 po0™ to ¢ to oo* and with covering transformations «, which generate T,

stabilize the vertices v*, and satisfy Equation (5.1.1). The boundary of D is

aD:AO—aoA0+A1—a1A1+~~~+Ac—aCAC. (512)

We will now fix a so-called homological marking on X, .. For an elliptic surface
7 : X — (', a homological invariant G is obtained by defining a locally constant sheaf
over C' whose generic stalk is isomorphic to H(&;,Z) =2 Z & Z, where & = 7 (t) is

a generic smooth fibre. A monodromy representation

M :T — SL(2,7) (5.1.3)

defines the transition functions for this sheaf. Then G = M(I") C SL(2,Z) is the
homological invariant of the fibration (X, 7). From Kodaira’s classification [78, 79],
it follows that M (ag), M (ay), M () are conjugate to T2, and M (o), M (), M ()

are conjugate to —I where we used the following SL(2, Z)-generators

T = . S= . (5.1.4)

We fix the homological invariant of the Jacobian elliptic K3 surface 7 : X, 4. — P

by fixing the boundary 0D in Eq. (5.1.2) and setting

My =TST?*(TS)™, My=ST*S™', M, =T* M,=M,=M,=-1, (5.1.5)

where M (o) = M, for v € ¥. Notice that the matrices (5.1.5) are conjugate to the

elements of SL(2,7Z) required by the Kodaira-type of the singular fibers and satisfy
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the condition

M. My My M- My- Mo =1. (5.1.6)

5.1.2 The Picard-Fuchs equation and differentials of the second kind

For the twisted Legendre pencil X = X, ; ., let

Y? :4X3—92X—93

denote the Weierstrass form of the elliptic fibres. Let A = g5 — 27¢2 be the modular
discriminant. We will use dX/Y € H'9(&;) as the holomorphic one form on each
regular fiber & = 7 !(t). This is called an analytic marking of the elliptic surface
X. The Picard-Fuchs equation for the Weierstrass elliptic surface is given by the

Fuchsian system (see for example [37])

B 1 dlnA 36
d w 12 dt 2A w
- — . , (5.1.7)
a _@ idlnA a
SA 12 dt
where
dX /XdX
w= [ —, a= [ ——, (5.1.8)
v Y vy Y

for a one-cycle v and d = 3 g3 g5 — 2 g2 g5. The Picard-Fuchs equations are equivalent

to the following second-order ordinary differential equation of hypergeometric type

(t(t ~1) j—; T2t 1) % + }1) (Wu(t)) ~0. (5.1.9)

h(t)

Kummer found all six solutions to the underlying hypergeometric differential equation

which account for all possible behaviors at the three regular singular points 0, 1, co.
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Using the family of an ordered basis v, and v for Hy(&;, Z) that changes analytically

in t, we obtain the two solutions near t = 0 for the periods

X 11
w1:/ d—:L o (—,—;1§t) )
W Y VR T2

dX Tr 11
wy= [ —=— o (—,—;1;1—75) ;
/W YoV 22

where r = 27/ V6. We have the following asymptotic expansions of the hypergeomet-

(5.1.10)

ric functions

11 1
Fi(zz0t) =1+t +0(
2 1(2727 7) 4 ()7

11 11

+ (terms holomorphic in t) .

We set 7 = 5= 22 : ¢ — H and ¢ = exp (27i7) such that

J=Jo7:C—H—P =PSL(2,Z)\H", (5.1.12)

where J = E3(7)/[E3 (1) — E2(7)] and J = j/1728 where j = ¢~' +... is the classical
modular function. Moreover, the comparison with the the modular elliptic surface

for I'(2) implies that ¢t = —tp(2)/16 where tp(y) is the canonical Hauptmodul for I'(2)

8 778(27)

tre) = 2 B0 72) 28 /q (1+0(/9)) - (5.1.13)

It follows that

ht) —_ntr/2)
PR n2(7) =1-4/4+0(q)
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and

I O ki o O o 6]

4 wi? 27 wi? ’

(5.1.14)

in accordance with the expansions in Equations (5.1.11) and (5.1.13).
There are covering maps, a period map 7 : C - Hand a non-vanishing holomor-

phic @; on C such that

Jot=Jo7, (5.1.15a)
Toa=M(a)-7 forallael, (5.1.15b)
and
a b
moa=(cT+d)w foral ael and M(«a)= : (5.1.16)
c d
and
474 By(7 878 By (T
ot = ———p— ~i(T) L gsot=— ~66<T> :
3wi 27 w0y (5.1.17)
Noy MTREID B BiG) .
N 270y ’ BT - E§(7)]

We also set wy, = 7@w,. Letting C* denote the union of C' and the set of cusps for I’
on C (H resp.), we can extend 7 and J to surjective maps 7* : C* — H* such that
Equations (5.1.15)-(5.1.17) remain valid.

The period map pd maps from the space of vector-valued meromorphic one-form

on C* to the space of vector-valued meromorphic functions on C* by setting

pd: € E(u) = /UE, (5.1.18)
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for any vector-valued meromorphic differential E on C* and u € C*. Since n=dtA %
is a two-form on X, ;. we obtain a vector-valued one-form by integrating over every

non-singular fiber

w2

dt | with w;dt = / n. (5.1.19)
i

w1

Using the lift to the universal cover described above, we obtain a meromorphic vector-

valued one-form of on C* as follows

W = dt . (5.1.20)

If we set W (u) := pd(@)(u) where W(u) = (wy, z,)", it follows that 1 (u) converges
as u approaches any cusp in D. The convergence of the integrals at cusps can be
inferred from expansions of the integrand. From now on, we will not distinguish

between w; and w; any further to simplify notation. Hence, we have

u
wu:/ dtWQ,
C*

u
zu:/ dt wy .
C*

5.1.3 Generalized cusp forms

(5.1.21)

The construction of the Hodge structure on the parabolic cohomology is based on
the results by Hoyt [66] and its extension by Endo [413]. The results concerns families
of Weierstrass equations Y? = 4X? — g, X — g3 with transcendental invariant J
with ¢o, g3 in an arbitrary finite algebraic extension K of C(7). In the situation of
Equations (5.1.17) we use the period w; to define the space of generalized modular
forms of weight three relative to 7 to be the one-dimensional K-module Kw? =

{(fot)w} | f € K} generated by w?. One can ask whether the multi-valued modular
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form w? of weight three is a generalized cusp form of the second kind. This means
that w? is a cusp form at the parabolic cusps, the cusps where J ot = oo, and satisfies
a second kind condition at the cusps which are not parabolic. We denote the space
of generalized cusp forms of the second kind of weight three by 7. Hoyt proves in
[69] that w? in Equation (5.1.10) is a generalized cusp form of the second kind with
parabolic cusps at t = 0, 1, 00 and non-parabolic cusps at ¢t = a, b, c.

In fact, every element of 7 is a two-form on X, ;. that is of the second kind and
holomorphic on singular fibers and has the form w; = fdt A dX/Y for a suitable
f € C(t). On T, a quadratic form @ is defined by

Qi) = | Wt-S-wy, (5.1.22)
oD

where S is defined in Eq. (5.1.4) and the boundary 9D is given in Equation (5.1.2).
A theorem by Endo [43] then proves that the quadratic form is well defined provided
one modifies w; by adding a suitable exact @, with pd(w,) = 0 if necessary to ensure
that the integrals converge. Endo proves that for each f € T there is a generalized
Eichler integral F' of f such that f = %F . On T, there is a well-defined quadratic

form for f €T
Q) =2ri Y Res,(F- f) d7 . (5.1.23)

veC*
Here, Res is an extended residue, and the quadratic form (5.1.23) is the pull-back
of the quadratic form in (5.1.22). In particular, Endo’s theorem implies that the

following equations hold

= [ W' S.@, (5.1.24a)
oD

0< /BD Re(Wf) .S.Re(w) . (5.1.24b)



148

These equations are special cases of relations in Shimura [131] and are called the

Hodge-Riemann relations
QW) =0, Q(Re(w)) > 0. (5.1.25)

5.1.4 The construction of the parabolic cocycle

For the marked elliptic surface X, ;. one defines the parabolic cohomology group
H],.(I', M) associated to the monodromy representation M : I' — SL(2,Z) of the
elliptic surface m : X, — P'. We refer to [134, 71] for its definition and for the
relation to the parabolic cohomology group as originally defined by Shimura [131]
and Eichler [42]. Cox and Zucker [31] showed that the natural Hodge structures
on H*(P', R'm,Z) and the parabolic cohomology H], (', M) are isomorphic. The
isomorphism between the parabolic cohomology group and the space T is given by

the period map (5.1.18). We describe the natural Hodge structure on H?(P!, R'7,Z)

following [66, 43]. The vector-valued function W defines a parabolic cocyle Y by
Y(a)=Woa— M) W (5.1.26)
for a € I'. Immediate consequences of the definition are

Y(af) =Y(a)+ M(a) Y(8), (5.1.27a)

0

Y (acabaaalaoam) ) (5.1.27Db)

We can then compute quadratic relations between the periods of the two-form 7.

The following is based on a similar computation in [69]. For v € ¥ we set

—

Y, = V(o) = (11 - M(ozv)> W (0" . (5.1.28)
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It follows from Equations (5.1.28) and (5.1.5) that

~ 2Woo — 2 Zoo S 0 . —2x
Yoo = , Yo= , Y1 = ;
2 Weo — 2 Zoo 2wy 0
5 2w,
Y, = forv=a,b,c.
2 2,

The linear relation (5.1.27b) now becomes

0 2, — 2Wp +2We + 221 — 4 Wy 4 2Weo — 2 200
= . (5.1.29)

0 22. =22+ 22, —2Wo + 2Weo — 2 2o

The period integrals [ A, w can be be simplified as follows

and similar relations hold for [ 4, Wwith v = b,c. We introduce the following linear

combinations of the periods

71 = Zg + Zoo — Weo

Lo =21 — 224+ w, ,

73 = —Weo + Zoo + Wy — 21 + 224 — Wy , (5.1.30)
2y = Woo — Zoo 5

ZSZZa_zla
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where z, = f: [, dtNdX]Y = f: dt wy for v € {0,1,a,00}. Using the variables in

(5.1.38) and the quadratic form
Q(Zl, T, Zs, Za, Z5> 0724272 272272272, (5.1.31)

the Hodge-Riemann relations (5.1.24a) and (5.1.24b) on X, ;. become the following

quadratic period relations:

Q(Zh Lo, L3, Za, Z5> =0, (5.1.32a)

Q(Re(Zl), Re(Z2), Re(Zs), Re(Zy), Re(Z5)) > 0. (5.1.32b)

Here, we have used that z. = 0 and w, = 0 and the linear relation (5.1.29) to express

all wy, 2z, in terms of the other variables.

Alternate choice of variables

If we use the following linear combinations of the periods

7y = Za
Zy = =200 + 21 + Woo — 2wy ,
7= w, | (5.1.33)

4
Ly = Zoo — Weo + Wo

/
Z5:Zoo_21_woo+w07

and the quadratic form

Q' (21,23, 23, 2, 2,) =4 2, 2y + A 23,2, — 2 (Z})° (5.134)
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the Hodge-Riemann relations (5.1.24a) and (5.1.24b) on X, ;. become the following

quadratic period relations:

Q21,25 23, 2, 2) =0, (5.1.35)

Q' (Re(zg), Re(Z4), Re(Z%), Re(Z)), Re(zg>) > 0. (5.1.35b)

Degeneration of Hodge-structures

For a — 1 the singular fiber of Kodaira type I;j will coalesce with the singular fiber
of Kodaira type I5 at 1 to form a fiber of Kodaira type I;. The elliptic fibration then
has four singular fibers of Kodaira type I; over the points tq,...,t4; For a — 1 it

follows z, — 21 and Z5 — 0. In terms of the period relation if follows that
Q(Zl,zz,zg,z4,z5) 0724272 272272, (5.1.36)

For a — 1 and ¢ — oo the singular fibers of Kodaira type I at ¢ = a and ¢t = c will
coalesce with the singular fiber of Kodaira type Iy at t = 1 and t = oo, respectively,
to form fibers of Kodaira type I;. It follows that z, — 21, w, — wy and 2, Wee — 0,

hence Z4, Z5 — 0. In terms of the period relation, it follows that
Q(Zl,ZQ,Zg,Z4,Z5> 2724272222, (5.1.37)

So, in this case we have

Zl =z,
ZQ = —2z1 +w; s (5138)

Zz = wo — wy + 21 ,
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where z, = f; S dt N dX)Y = f;; dt wy for v € {0,1}. Notice that in this

normalization the boundary does not depend on the remaining parameter b.

5.2 The period maps for Picard rank p > 17

For X, 4. the transcendental lattice is T(X,p.) = H(2)%? & (—2). We look at the

period domain
Dz{ZGMT@Q]Q@jﬂzOJﬂZfﬂ>0}. (5.2.39)

Based on the exposition in [21] we give a description of D in Narain coordinates.
One starts with a fixed choice of a sublattice V of T(X,.) which has rank 2 and is

primitive and isotropic. For any 7 representing a class in D, the homomorphism
QZ, ): VIR —C (5.2.40)

is an isomorphism of real vector spaces. If an orientation is chosen on V®R, then the
map (5.2.40) is either orientation preserving or orientation reversing depending on the
component in which [Z] lies. We pick an orientation on D by choosing a connected

component D+ such that for all [Z] € D* the map (5.2.40) is orientation reversing.

We select linearly independent isotropic elements {1, 2, y1, Y2, u} such that
T(Xape) =Zy1 DLy, ©Lxy © Ly ® Lo,

with and Q(z;,v;) = 4 for i = 1,2, Q(u,u) = —2. {y1,y2} forms an oriented basis
of V. The choice of {1, z2,y1,Ys,u} is the same as defining an embedding of H(2)®?

into T(X,.c) such that the image contains a sublattice V of rank 2 which is primitive
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and isotropic. With respect to the basis (y1, Y2, 21, a2, u) the intersection form is

0020 0
0002 0
Q=12000 0 (5.2.41)
0200 0
0000 —2

For any class in D* there is a normalized representative Z such that Q(Z JY2) = 1,
hence Z = (11,1)(7,v)(p) for some 11,75, v, u € C*. The first Hodge-Riemann rela-
tion Q(Z, Z) = 0 becomes

Arim+v) =22 =0 =0 = —7‘17'2+%p,2 )
The second Hodge-Riemann relation Q(Z, Z*) > 0 becomes
4Tm7y Im7y — 4 (Im p1)? > 0.
In the above convention [Z] € D¥ means Im7; > 0. Hence we have

2Im7; Immy > (Im p)? > 0.

We then have the following lemma:

Lemma 5.2.75. There is a C*®-isomorphism D — § x  x C* which associates to
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—.

a period line [Z] the triple (11,72, p). The isomorphism is given by

21 — Zoo — 2Wo + Woo

™ = s
Za
ry = 20~ Wea T U0 (5.2.42)
Za
—21 + Zoo + Wy — Weo
M= > )

where for v € {0,1,a,00} we have used the K3 periods of X p.c

zv:/ /dt/\dX/Y:/ dt wy
c* v c*

o y (5.2.43)
wv:/ /dt/\dX/Y:/ dt woy .
c* Y2 c*
Proof. Comparison of n = (11, 1)(7,v)(n) with Equation (5.1.34) leads to
Zy Zy Zy
=2 =2 =2 5.2.44
where 7, 7}, 7}, Zt where defined in Equations (5.1.33). O

5.3 Some Picard-Fuchs equations for the twisted Legendre pencil

The quadratic period relations for the twisted Legendre pencil X = X, . in 85.1 are
manifest in the structure of the Picard-Fuchs operators annihilating their periods. In
this section, we will see how some of the quadratic relations can be discovered by
applying a very simple method: Fubini’s theorem for multiple integrals, and integra-
tion by parts. In order to obtain the full Picard-Fuchs system, we appeal in §6.1
to a differential geometric structure on the period domain that is inherited by the

existence of the quadratic period relations.
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5.3.1 The Picard-Fuchs equations for p > 17

Recall that the Picard-Fuchs equation for the periods of the elliptic fibers on X was

given in Equation (5.1.9) by the twisted second order hypergeometric operator

"0 (101 gz + 2= g+ ) (VAB(0) =0,

where h(t) = (t — a)(t — b)(t — ¢) is the twist factor for X. A basis of solutions is

given by

dXxX T 11
W = ~r F _7_;1;t )
! /71 Y () ° 1(2 2 )

dX 11
sz/——— mr 2F1<—,—;1;1—t)7
¥ pp) ©\272

where 7 = 27/+/6. It follows from the explicit form Eqn (5.3.45) of the solution that

(5.3.45)

gc—i;w(t) = (%)m i _lc)m w(t), (5.3.46)

where (1/2),, = 1/2-(1/2+1)---(1/2 + m). We also have similar equations for

derivatives with respect to a,b. Thus, for the period Z = fol dt w(t) we obtain

(5.3.47)

’zZ 1 ( 0z 07 >

obdc  2(b—c)\Ob Oc )’
and similar equations in volving (a,b) and (a,c). In other words, multiplying the
period integral by rational functions in ¢ of the type 1/(t —a)™, 1/(t—0)™,1/(t—c)™,
where m € N is the same as differentiating the period integral m times with respect
to that variable. This simple observation allows us to quickly compute differential
relations, and hence, Picard-Fuchs operators, for the twisted Legendre pencil. We

have the following easy computational result.
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Proposition 5.3.76. Let Z = fol dt w(t) be a period integral on the twisted Legendre

pencil X, and let Z, = 0Z/0a, Zy = 0*Z/0adb, etc. Then we have the following

relations:

1 27, 1 27, 1 27,

t—a Z°' t—-b Z t—c¢ Z°
1 4704 1 47y, 1 4 Zcc

(t—a)?® 3 Z°  (t—b2 3Z (t—c¢? 3 Z°

(5.3.48)

Similar relations hold for higher powers of 1/(t —a),1/(t —b),1/(t — ¢).

We invite the reader to verify these easy computations themselves.

The second order equation in (5.3.47) is a differential equation of Euler-Poisson-
Darboux type for N = 1/2. The relationship of these equations, especially as related
to the hypergeometric differential operator, was studied for example, by Miller in
[98]. In addition to these three equations, we can obtain one more differential relation
from the twisted hypergeometric opertator in Equation (5.1.9) as follows. We rewrite
Equation (5.1.9)

d? d

(Rg(t) Rt + Ro(t)> W(t) =0, (5.3.49)

where by allowing the hypergeometric differential operator to interact with the twist

factor y/h(t). By integrating by parts, we obtain

0= /01 dt (Rg(t) j—; + Ry (t) % + Ro(t)) w(t)
= / L (R3(0) = RL(®) + Ro(t)) w(t (5.3.50)

+ [Ra()) /(1) + (= Ro() + Ra(t)) w(t)]; .

A careful expansion around the boundary points yields

1

[Rg(t) (1) + ( Ry + Rl(t)> w(t)}o —0. (5.3.51)
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We conclude then that Rj(t) — R} (t) + Ro(t) = 0. A partial fraction decomposition

yields

Ry (t) — Ry(t) + Ro(t)

a2 ! Ba b1
R e R (5352

"2 g
(t—c)2+t—c’

-1+

+

where the coefficients vy, s, 81, B2, a1, as depend only on the parameters a, b, c. Upon

substitution of the relations in Proposition 5.3.76, we obtain the following second

order equation for the periods:

0?7 0?7 0?7
0= (a—l)aw%—b(b—l)Wch(c—l)W
(6a° — 4a®b — 4a*c + 2abc — 5a® + 3ab + 3ac — be) 97
2(a —b)(a—c) Jda 553
(4ab?® — 2abc — 60 + 4b*c — 3ab + ac + 5b* — 3bc) 0z (5.3.53)
2(b—c)(a—10) ob
(2abe — 4ac? — 4bc* + 6¢® — ab + 3ac + 3bc — 5c?) 0Z
Z iz
2(b—c)(a—c) Oc

We are allowed to multiply the differential operator in Equation (5.1.9) by alge-
braic functions f(t) € OF - choosing f(t) carefully allows us to obtain higher order

equations using Proposition 5.3.76. For example, consider the following, where we

have chosen f(t) =t(t —1)/(t — ¢)*

t(t — 1) d2 d 1
(t — 02 \/h(D) (t(t g TR -5+ 1) (VA w®) =0.  (5354)
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Following the steps above, a partial fraction decomposition yields

Ry(t) — Ry(t) + Ro(t)

Qo an B2 B
—1
LV i Ty AT (5.3.55)

V4 V3 V2 71
G—cf =P G—ef Ti—c’

_|_

where the coefficients v, ..., v, 81, B2, a1, as depend only on the parameters a, b, c.

We then obtain the partial differential equation

474 chcc + — 273 chc + Y2 ch + — 371 Z
2 (5.3.56)

35 5
3a 3
002 Zuo + 5 Za +622bb+%2+42

0=
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35
273 c(c— 1) (8abe — Yac® — 9bc? + 10¢® — 4ab + bac + 5be — 6¢%)
5 (a—c)(b—c) ’
55a2c? — 138ac® + 76¢* — 55a%c + 152ac® — 83c® + 9a? — 32ac + 162
T2 = 5
4(c —a)
7 (?—2c+1)  c(ldac® —15¢® — 21ac + 23c¢* + Ta — 8c)
4 (c—0b)? 2(b—c)(a—c) ’
3 3 10a3c — 54a’c? + 62ac® — 22¢* — 5a® + 39a%c — 39ac? + 13¢3 — 4a?
2 8 (a—c)?
3 (A —2c+1)  3c(8ac® = 9¢® — 12ac + 14¢* + 4a — 5¢)
2 (b—c¢)3 4(c —b)%(a —c)
—36a%c? + 84ac® — 45¢* + 36a%c — 90ac? + 48¢3 — 6a? + 18ac — 9¢?
+ ;
4(b—c)(a —¢)?
3 a*(a—1)>
Qy =7
4 (a—c)?
3o 3a*(a—1)*(3a—2b—c)
2 4 (a —c)*(a—10) ’
30?7 (b—1
ﬁQ n ( ) )
4 (-2
380 3b0*(b—1)*(3b—2a—c)
2 4 (b—c)3}(b—a)

(5.3.57)

The utility of these complicated expressions will become evident through the rest of

this section.
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5.3.2 The Picard-Fuchs equation for p > 18

Setting a = 1, we start with the Picard-Fuchs equation for the periods of the elliptic

fibers
) z i )
@_@VﬂBG@—DETH%—D£+Z><h@w@)-&
(t—1(—c) &? d 1
) g (=0 g G- g ) (VD) =0, (a5
(t—1) d? d 1 B
Mﬂ@pqw§+m—n£+ﬁ(h@mm_o

We have chosen a factor in front which make the boundary contribution disappear.
We can then employ the same strategy of integrating by part and evaluating the
boundary contributions as before. From those we only need the last one. The two

equation we get are then the following:

Zpe = 2(61_ 3 (Zb . Zc> , (5.3.59)
and
0— b(b; 1)? Zu+ c(c; 1)2ch
(b — 1)(5i(b—j)bcc) —hte), | (e 1)(5i(c—i’>bbc> —detb) (5.3.60)
n 2b + zc -3 7

5.3.3 The Picard-Fuchs equation for p > 19

For a = 1, b = 0 and Picard rank p > 19 the differential equation (5.3.56) becomes

0=c?(c—1)?Zepee +5c(2¢ — 1) (¢ — 1) Zpee

99 , 99 57 3
—c = —c+4) Zee+ —2c—-1)Z.+- 7.
(40 4c—|—) +8(c ) +7

(5.3.61)
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This can be simplified to

d
0= - <02 (¢ = 1)*Zoee + 3¢(2¢ — 1)(c — 1) Z,,
(5.3.62)

1
+7 (27¢° — 27c+4) Z. + 2(20 —1) Z) :
We could have obtained the differential equation

1 3
0=c(c—1)*Zee +3c(2c = 1)(c—1) Ze + 1 (27¢* = 27c+4) Z. + §(2c -1)Z,

(5.3.63)

by starting from the differential equation for the periods of the elliptic fiber

g e D 0 ) () <0, eas

integrating by parts and evaluating the boundary contributions. In turn, the differ-

ential operator

Oy = (c— 1)2d—3 +3c(2¢ — 1)(c — 1) < + E (27¢? — 27c + 4) a4 + §(2(; —1)
2 dc? dc? 4 dec 8
(5.3.65)
is the symmetric square (52 = @?2 of the differential operator
Ormcle-1E s Ly 3 (5.3.66)
1:=c(c 7 c w16 3.

The periods of the K3 surface X1, satisfy the differential equation (52Z = 0 and
its projective solution is the period map. The K3 surface X, is related to the

K3 surface Yq . by a Shioda-Inose structure. The K3 surface Yy . is the Kummer
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surface Kum(&, x &.) where the elliptic curve &, is given by

E: {(y,x)|y2:4$3—3(1—¥) T+ (1—%)} : (5.3.67)

The periods of the elliptic curve &, satisfy die Picard-Fuchs equation (52 w(c) =0.

5.3.4 The case of p > 19 with full level-two structure

Lastly in this section we consider the Picard rank p = 19 K3 surface X, 0. By

following the methods above, we arrive at the Picard-Fuchs equation

13 1
0 =2(a — 1)a*Zage + 3a(3a — 2) Zaa + <7a - 2) Zat 72 (5.3.68)

This operator is, in fact, the Fuchsian operator that annihilates the hypergeometric
function 3F5(1/2,1/2,1/2;1,1 | a). Similar to above, the operator

~ d? d? 13 d 1
. 2
Oy :=2(a—1)a T 3a(3a — 2)—da2 + (—a — 2) PR (5.3.69)

is the symmetric square 62 = 6?2 of the second order Fuchsian operator

2

~ d d 1

This is the hypergeometric operator for oF3(1/4,1/4;1/2 | 1 — a). For reasons that

will be explained in §6.2.3, this operator is naturally associated to the elliptic curve

Ex: {(y,x) | y? = ﬁx(m —1) (z — )\2)} ) (5.3.71)

where a = —4X?/(A\? — 1)?. The K3 surface X, . is related to the Kummer surface

Y/

ho e = Kum(Ey x &),), where &, is 2-isogenous to &£,z and N2 is the elliptic
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modulus of £{,, by Shioda-Inose structure and underlying (2, 2)-isogeny of Kummer

surfaces [20].
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CHAPTER 6

Special geometry of the moduli space

In the previous sections, we have seen that the presentation of the X, ;. as the twisted

Legendre pencil

Xope : Y=t —a)t—0b)(t—c)w(z—1)(z —1t)

allows one to compute differential relations satisfied by the period integral by simply
applying Fubini’s theorem for multivariable integrals, and integration by parts. Due to
rank considerations of the Picard-Fuchs system for p = 19, this method is completely
sufficient to capture the entire differential system annihilating the period integrals,
and also for finding higher order differential relations for univariate restrictions of the
twisted Legendre pencil. However, the case of primary interest is that of Picard rank
p = 17, for which there is only an incomplete story known in current literature to
the best of our knowledge. The method employed above only captures part of the
full rank 5 system. However, the work expended by computing the quadratic period
relations in §5.1 pays off greatly, since we know that the solutions of the Picard-Fuchs
system are quadratically related, or satisfies the quadric condition.

This imposes very strong geometric consequences on the moduli space ¥ for X j ..
By employing the differential geometric techniques of Sasaki & Yoshida [123], com-
bined with their work with Matsumoto for the double sextic family [96], we will

compute the full Picard-Fuchs system of the family X, ;.. Moreover, by utilizing the
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dominant rational map ¢ : My --» T from Equation (2.1.49), where M is the double
cover of the moduli space M|2] of genus 2 curves C with level-2 structure parameter-
ized by the Rosenhain roots of a 2-isogenous curve C’, we recover the uniformizing
Picard-Fuchs equations for the Kummer surface Kum(Jac(C)), which were computed
in [123]. Here Jac(C) is equipped with full level-two structure. This differential
system, being the Picard-Fuchs system of a family of lattice polarized K3 surfaces,
also satisfies the quadric condition - in this case, the quadric condition is explicitly
manifest, as the Picard-Fuchs system was computed in [60] to be the exterior product
of the Lauricella F)p system that annihilates the hyperelliptic period integrals of the
genus 2 curve C. In this way, the work in this dissertation completely answers the
questions posed by Hoyt in [69]. Moreover, we show how restricting this system in
the limit ¢ — 0 recovers exactly previous work of Clingher, Doran, and Malmendier

[26] in the Picard rank p = 18 case.

6.1 Geometry of certain uniformizing differential equations

In this section, we recall the theory of orbifold uniformizing differential equations of
Sasaki & Yoshida [123], and the connection to holomorphic conformal geometry. We
show that such an integrable holomorphic conformal structure can be realized as a

“flat” special geometry on the moduli space, as in physics.

6.1.1 Linear differential equations associated to projective hypersurfaces

Let M be a connected, complex n-dimensional orbifold.! We recall the fundamental
construction of linear differential equations of rank n + 2 in n variables that are

associated to immersed hypersurfaces ¢ : M — P"*1. The case of n = 2 for surfaces

I This construction carries over in its entirety to the real category, where perhaps the geometric
content is more directly recognizable. We remark that the geometric content of this section is not
reflective of the hermitian geometry of M; rather, it describes the algebro-geometric nature of M,
realized as an immersed hypersurface of P?t1.
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was classically treated by Wilezynski [143], and n > 3 by Sasaki [120] and Sasaki
& Yoshida [123]. We are exclusively concerned with the latter case, in fact solely
for n = 3, but present the general story. Let z',...,2" € M be local coordinates,
and P = P(¢°,...,t"") be homogeneous coordinates. Assume that for some fixed
1 < a,B8 < n, the n + 2 vectors {1, 11, ..., 0, as} C JAHC"2 P form a rank
n + 2 linear subbundle S C J*(C""? P, where 1, = 01 /02", by, = 0% /02102",
etc, and J2(C"*?, P"*1) is the second jet bundle of the trivial (n + 2)-plane bundle
C"*% — P! Then after projecting into S, the remaining second order derivatives
1, satisfy linear dependence relations, which we express in the form
0%y 0%y %

= S — vo_ T 0
Ozr0zY GMV azaazﬁ + A.l“/ Oz + A,uu¢ (611)

where we utilize the summation convention for repeated indices, for some meromor-

phic functions G, , A*

0 . . .
vy Ay Ay Moreover, we assume the indices p, v are symmetric,

and we set Gog =1, ALy = 0= Al ;.

A crucial behaviour of the system above is the how the components behave un-
der projective rescaling ¢ — f1, where f € Oy, is a suitable regular function. We
call such a transformation on ¢ a projective gauge transformation, because of how
the connection matrix representing the linear system in Equation (6.1.1) transforms
under this transformation. One may verify directly that under any projective gauge
transformation, the coefficients G, of ¥, are invariant. This suggests heavily that
they are actually the components of a symmetric tensor G = G, dzV ® dz" € S*(M)
that determines a conformal structure on M. We will see shortly that this conformal
structure G is actually the driving force behind the theory of these differential equa-
tions, and is indispensable in our study of Picard-Fuchs equations for the the twisted
Legendre pencil. Because of their prominent role, the components G, are called the

principal part of the Equation (6.1.1).
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Consider the following rank four system in n = 2 variables, with («, 3) = (1, 2),

given by
Po_ P (2w w1
022 1—2 02021 2 (1—2) 0z 25 (1—2) 0z 4z(1—2)" "’
82’¢ . 21 82w B (1 - 22’2) G_w + 21 6¢ 1

023 1 — 120021020 2 (1—2) 02 22z (1 — 2) 0z, + 429 (1 — z3)

This Fuchsian system is that which annihilates Appell’s bivariate hypergeometric
function Fy (1/2,1/2,1/2;1,1|z21,29), and is defined on the quasiprojective variety

M = P? — L, where £ C C? is the union of the lines
{z1=0, z1=1, z;=00, 2=0, 2z2=1, z=o00, 2z +2=1}.

In this case, the principal part of the equation is given by G171 = 22/(1—21) and Go» =
21/(1 — 22). Let f € Oy be any function. Then the projective gauge transformation

¥+ f1) yields the new system

bz Oz (2(;’ )2t + f) ov
82%:1—218228Z1+ f2t (1 =21 @—F.”’
Y o 2 (2 (25) 22+ f) o
023 1— 2y 021029 2f22(1—22) 02"

_|_

which shows that the principal part G 1, G2 of the equations remains unchanged.
When ¢ : M — P! takes M to its universal cover U C P"*! then the map
is called the developing map of the orbifold M, and the system (6.1.1) is called the
system of uniformizing differential equations for M. When the system (6.1.1) is the
Picard-Fuchs system for a family of complex projective varieties parameterized by M,
we have Picard-Fuchs uniformization. This phenomena was studied for example by

Doran in [36, 37].
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For the cases we are interested in, we will see in Theorem 6.1.78 below that the
universal cover U is contained in a hyperquadric Q C P**!. This is, at the very least,
feasible, since all hyperquadrics are simply connected over C. In this case, we say
that the map 1 - and equivalently, the system (6.1.1) - satisfies the quadric condition.
We have mentioned an algebraic incarnation of the quadric condition above - the one

described here is geometric. They are equivalent.

Definition 6.1.77. A system (6.1.1) of rank n + 2 satisfies the quadric condition
if its solutions are quadratically related. This is equivalent to projectivized vector of
solutions 1 : M — P"*! lying on a hyperquadric Q C P"*L. In this case, the universal
cover m : U — M of the orbifold M is the image of the multivalued developing map
v, Y(M) = U C Q, and the linear system (6.1.1) is the system of uniformizing
differential equations for M. Moreover, the solution ¢ of (6.1.1) is the multivalued
inverse of m, mo 1 = idm. We may say equivalently that 1, M or Equation (6.1.1)

satisfies the quadric condition.

From this point forward, we assume that M satisfies the quadric condition. There
is a strong analogy between the intrinsic conformal geometry of M, induced by pull-
back of the canonical (holomorphic) conformal metric v = 4, dt* ® dt* € S*(P")
by the developing map, and the classical hypersurface geometry of a Riemannian n-
manifold immersed in R"™'. Here, ¢, is the Kronecker delta. Let g = ¢*y € S*(M),
which is a nondegenerate, symmetric tensor uniquely determined up to conformal
transformation. This allows one to realize the coefficients of the linear equations in
Equation (6.1.1) purely in terms of the holomorphic conformal geometry of M. In
particular, there are analogues of the classical Gauss and Codazzi equations that ex-
press the compatibility of the intrinsic holomorphic conformal geometry of M with the
natural holomorphic conformal geometry induced by the immersion . This is fortu-

nate, because we can detect the quadric condition purely from the intrinsic geometry
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of M. The primary notion is that of conformally flat.

For the purpose of computations, recall that any symmetric, nondegenerate tensor
g € S%(M) defines a linear, g-compatible torsion free connection V on the tangent
bundle TM by V,0, = I'/,0,, where 0, = 0/02" and V,, = V4,. The coefficients -

the Christoffel symbols I'f,, - are computed explicitly from g = g,,, dz¥ ® dz" as

1 99 | O9un O
P 4PA K _ M
P 29 < dzv * Dzt 92 ) (6.1.2)

where ¢"” are the components of the inverse tensor to g. The curvature tensor

R(g) = R! 0, ® dz¥ ® dz" ® dz* € T3(M) is defined in terms of V as
R(g)(X,Y) = [Vx,Vy] = Vixy.

for (local) vector fields X,Y on M. In this way, R(g) can be thought of as a section
of the bundle A*(End(TM)) of TM-endomorphism valued 2-forms. Then the com-
ponents of the curvature tensor can be expressed in terms of the Christoffel symbols
as

RH

VKA

S KRN VSRS VI . S (6.1.3)

Ao~ K )

and the Ricci curvature tensor Ric(g) = Ry, dz ® dz¥ € S*(M) is the contraction
R, =R . (6.1.4)

wpv

Contracting Ric(g) with g yields the scalar curvature s(g)
s(g) = 9" Ry - (6.1.5)

The curvature tensor R(g) can be decomposed into a conformally invariant piece, the
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conformal curvature tensor or Weyl tensor W(g) such that

Wk =R+ 5,008 — Surdt 4+ 9ok Sax — 9urg"*San » (6.1.6)

VKA

where S, are the components of the Schouten tensor S(g) = S, dz'®dz" € S*(M),
defined as

S = 5 (B = 5B ) - (6.1.7)

n—2 n—1
The conformal class [g] of the tensor g is a linear subbundle of S?(M) x C* generated
by ray through g. Hence, [g] is given by the collection of all exp(f)g such that
exp(#) € Oy is a global nonvanishing regular function. We say (M, g) is conformally
flat if there is a exp(#) € O, such that the tensor g = exp(f)g is flat, R(g) = 0. If
n >4, M is conformally flat if and only if the conformal curvature tensor W(g) = 0.
If n = 3, the failure of M to be conformally flat is measured by the Cotton tensor
C(g) = Cundz" @ dz¥ @ dz* € T9(M), which is defined in terms of the Schouten

tensor S(g) as

Cur = (Vi S(8)),, — (Vo S(g)),u\ : (6.1.8)

We have that (M, g) is conformally flat in n = 3 if and only if C(g) = 0.

We have the following primordial example. [The case that M = Q, v : M = Q —
P! is the inclusion map| Let Q C P"! by a hyperquadric as in Equation (2.1.9).
Hence Q is the locus of the equation @, t*t" = 0, where (Q),,) € Mat(n + 2,C) is
a square, nondegenerate, symmetric matrix. After a change of basis by an automor-
phism X € GL(n+2,C) of Q, we can always write the equation as —tot"“—i-@m, ity =

0. Then we obtain a canonical conformal on Q by utilizing local coordinates. Take,
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for example, a local coordinate chart f : C" — Q C P"*! is given by
fo(Z 2= [ 0=1 =2 t”H:@Wt“t”] € ptt,

Then pulling back the holomorphic tensor v = 9, dt* @ dt” by the chart map f gives

the nondegenerate, symmetric tensor
© = v = Qu dt" @dt’ € S’(M). (6.1.9)

Note that ¢ flat, and hence, conformally flat. Moreover, this construction is clearly
induced by the inclusion map Q — P"*1. We call ¢ the canonical conformal structure
of the hyperquadric Q.

We utilize an old result of Kuiper, phrased it in slightly more modern language.

Theorem 6.1.78 (Kuiper [80], Theorem 4’, Theorem 4”). Suppose that (M, g) is a
connected, conformally flat orbifold of dimensionn, = : U — M be the universal cover,
and 1 : M — U be the developing map. Then there is a hyperquadric (Q, ) C Pt
equipped with the canonical conformal structure @ and an embedding v : U — Q,
unique up to ambient conformal transformations, such that g = (10)*p. In particu-
lar, M is conformally immersed in a hyperquadric Q. Conversely, if v : M — (Q, )

is an immersion, then (M, v*p) is conformally flat.

We will be slightly sloppy from this point forward and not distinguish between
the developing map ¢ : M — U and the map 10 : M — Q, and simply say “the
developing map v : M — Q.

We have established that the period map ¢ : T — P* for the twisted Legendre

family X, lies on the hyperquadric Q C P* from the matrix in Equation (5.2.41),
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given in the variables of this section by the locus of the equation
21 4 2t%t — (£°)* = 0 (6.1.10)

If we knew explicitly the conformal metric g = ¥*¢, we could directly appeal to the

following result that allows us to compute the Picard-Fuchs system directly.

Theorem 6.1.79 (Sasaki & Yoshida [123], Theorem 2.5). Assume n > 3, and let
M be an n-manifold with local coordinates z*,...,2" € M. Let g = g, dzV' ® dz¥ €
S%(M) be a symmetric, nondegenerate tensor that is conformally flat. Then the linear

system

1 1

Guv <7vbn)\ - FZ)\wp =+ lei}\d}) = Gk (¢;w - F5y¢p + mRuzﬂ/}) (6111>

is of rank n + 2 and satisfies the quadric condition for some hyperquadric Q. The

vector of solutions 1) : M — Q is the developing map.

While the analysis of Endo & Hoyt utilized in §5.1 allows one to know the explicit
quadratic period relations of the family X, the period map as described therein does
not provide a very useful way to know the explicit relationship between the moduli
(a,b,c) the hyperquadric Q in Equation (6.1.10). Using the GKZ formalism (under
appropriate restriction) for the period integral of the twisted Legendre pencil [50],
one may compute an analytic, and thus, transcendental, expression for the period
map, but we would like a suitable algebro-geometric description. Thus, we seek out
another method to find the explicit conformal structure g on T. Fortunately, as might
be guessed from the explicit geometric content of the linear equations in Equation
(6.1.11), it turns out that any rank n + 2 linear system in n variables of the form
given in Equation (6.1.1) carries differential geometric content. We have the following

result.
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Theorem 6.1.80 (Sasaki & Yoshida [123], Theorem 2.4). Assumen > 3. Fix indices
1<a,B<n. Let G = G, dz''®dz" € S*(M) be a symmetric, nondegenerate tensor
that is conformally flat, scaled such that Gop = 1. Define 0 so that det G = 1, where
G = exp(0)G. Define functions A> A, by

pv

A A A
A/J,I/ - F,LLI/ - G,UVPQB7

Ay = =S + G Sas

with the Christoffel symbols and Schouten tensor computed according to the tensor
G. Then the linear system
0% O O

—q Y o 9Y g0
Ozh0zY Gl 022028 + A”“ o0z + A’“’w

from Equation (6.1.1) is of rank n + 2 and satisfies the quadric condition for some
hyperquadric Q C P*"*'.  The converse is true, in the sense the following sense:
given a linear system of the form (6.1.1) of rank n+ 2 in n variables that satisfies the

quadric condition for some hyperquadric Q C P, then G = G, dz" ®dz" € S*(M)

A
v

is conformally flat, and the coefficients A A?W of the system are realized in terms of
the normalized tensor é, its Christoffel symbols, and Schouten tensor as above. The

vector of solutions 1) : M — Q is the developing map.

One should think of Theorem 6.1.80 as the differential equations version of the

geometric incarnation in Theorem 6.1.78 of Kuiper above.

6.1.2 The quadric condition and special geometry

There is an additional piece of geometric data that allows one to conclude that M
satisfies the quadric condition, the vanishing of the so-called Wilczynski-Fubini-Pick

form ® = &,;.d2" @ dz? @ d2* € S3(M). The components ®;;;, are obtained from
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the conformal structure G, on M and the connection matrix w from writing the
differential system (6.1.1) as a Pfaffian system, dip = wip, where w = (w}) is the
(n +2) x (n + 2) matrix of 1-forms obtained from the linear system. See Sasaki,

Sasaki & Yoshida [120, 123]. The following result is crucial.

Theorem 6.1.81 (Sasaki [120]). Let M be a connected piece of a hypersurface in
Pt Assume the quadratic form G is nondegenerate and the Wilczynski-Fubini-

Pick form ® vanishes identically. Then M is contained in a hyperquadric.

Sasaki & Yoshida utilized the holomorphic cubic form ® in order to connect with
the classical work of Wilczynski, as well as to demonstrate that the quadric condition
can be detected from the intrinsic algebro-geometric data of M, i.e., an ample line
bundle £ — M yielding the embedding 1 : M < P"*1 and an intrinsic rank-(n + 2)
holomorphic SL(n + 2,C)-bundle £ — M on which w is an integrable connection.
This perspective is equivalent to the discussion at the beginning of this section. In
particular, one may think of ® as measuring the failure of the linear system (6.1.1)
to satisfy the quadric condition.

Since the orbifolds that we are interested in satisfy the quadric condition, we do not
need to compute ® directly to check that the conclusion of Theorem 6.1.81 holds. We
conclude this indirectly by showing that (M, g) is conformally flat directly by using
either the Weyl tensor W(g) or the Cotton tensor C(g) depending on the dimension
of M. In this way, we conclude that ® = 0 on M. This allows us to characterize M
in terms of so-called special geometry, which is well known to physicists in the context
of string theory and Seiberg-Witten theory.

Special geometry specifies a stringent differential geometric condition on M - a
certain flat symplectic connection V on the underlying real tangent sheaf of M -

that is governed by a symmetric, holomorphic cubic form = € S3(M) that measures
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the failure of V to preserve a given fixed complex structure on M.? See Freed [45].
As was discussed by Donagi & Witten [35], there are crucial connections of special
geometry, their physical interpretations in A/ = 2 supersymmetric Yang-Mills theory
via Seiberg-Witten theory, algebraic integrable systems, and families of polarized
abelian varieties that is quite pertinent to the scope of this research. We take up
some of that analysis in §6.3.

In particular, we identify the holomorphic cubic form Z arising in special geometry
and the Wilczynski-Fubini-Pick form ®. This is natural to do, as we will show through
the course of this chapter that such algebraic integrable systems are a geometric
incarnation of the Picard-Fuchs equations we study, via a generalization of the Shioda-
Inose structure provided by Mehran [97]. As explained in Freed [45], it can be shown
that there is a local holomorphic function § € O(M) such that E can be expressed

as
_ 5
02102102k

(1

dz' ® dz? @ dz* (6.1.12)

in certain local coordinates {z'} C M related to the flat symplectic structure spec-
ified by V. The function § is called the holomorphic prepotential, which actually
determines the local hermitian and Riemannian geometry of M. It can be shown
that Im(0,0;F) is a potential function for the canonical (1,1)-class obtained from
the Fubini-Study metric, and moreover determines the associated Riemannian metric
g. In fact, E can be used, together with a given symplectic (1,1)-class, associated
Riemannian metric g, and Levi-Civita connection V to generate the flat symplectic
connection V [45].

Let us end this introductory section with a statement about the physical signif-
icance of special geometry. Although one can obtain a classical lagrangian from a

special coordinate system, the special geometry of M does not yield a classical field

2Since M is quasiprojective, the choice of complex structure is naturally inherited from P"
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theory. The local change of special coordinates must be accompanied by a duality
transformation on the gauge field in the vector multiplet, and this has only a quantum
interpretation. In fact, the holonomy group of V lies in some integral symplectic group
Sp(2n,Z) - we find for all examples in this research that the monodromy groups of
the Picard-Fuchs equations can be embedded in an integral symplectic group. Hence,
the special geometry on M is naturally associated with symplectic automorphisms
of an integral lattice A that determines a quantum field theory, which locally has
a semiclassical description in terms of A/ = 2 vector multiplets. Then M acts as
the moduli space of quantum vacua. Such descriptions are specified by an algebraic
integrable system, whose fibres consist of polarized abelian varieties.

Physically, this determines an abelian description of the low energy behavior of
the Coulomb branch of nonabelian A = 2 supersymmetric gauge theories, that may
or may not have matter multiplets. In the simplest case, initially studied by Seiberg
& Witten [126], the gauge group is SU(2) and no matter content is specified. Then
M is the rational elliptic surface Z — B, with B = T'y(2)\H = P! as the modular
curve for the principle congruence subgroup I'(2) C PSL(2,Z) of level-two structure.
We refer to the fibration Z — B as a Seiberg-Witten curve. In classical algebraic

geometry, this is simply the Legendre pencil of elliptic curves, given by the equation

v = (2> — AY(z —u), (6.1.13)

with u € P!. Here A € P! is the dynamically generated scale of the quantum field
theory, and the location u = 0,4£A? of the singular fibres of the elliptic fibration
are where the hypermultiplets become massless. The description of Z as a Jacobian
elliptic fibration is the algebraic integrable system defining the model. In fact, we shall

see that this Seiberg-Witten curve plays a cruicial role in the analysis we undertake

in §6.3.
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6.2 Holomorphic conformal geometry from the twisted Legendre pencil

Our strategy for computing the Picard-Fuchs system for the twisted Legendre family
X has been reduced, in the section preceding, to computing the holomorphic confor-
mal structure on the moduli space ¥ induced from the quadratic period relations. We
shall obtain the explicit conformal structure by utilizing the previous work of Mat-
sumoto, Sasaki, & Yoshida [96] for the double sextic family, and then pulling back to

the twisted Legendre pencil.

6.2.1 Holomorphic Conformal geometry of the moduli space X'(3,6)

In [96], the authors computed the uniformizing differential equations of the four di-
mensional moduli space X(3,6) of six lines in P? in general position using the GKZ
formalism [50, 419] for functions on Grassmannians, putting the equations in the form
of Equation (6.1.1). Thus, they have explicitly obtained the conformal structure on

X(3,6). In the variables x', 2% 23, 2 of Equation (2.1.26), this conformal structure
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is given explicitly by the tensor G € S?(X(3,6)) given by

G_ 2t — a2t (=24t 2 (=2t +at)
S\t (=2t 1) 2l (2l - a3) xl (z! — 2?)

) dr! @ dzt

3—374 2 374

1 2 2 1 x
)(dx ®@dr® +dr° ®@dx) — (ml—x3

) (dr' @ da® + da® ® dx')

xl — 2

1,4 _ .3 1(,3 _ 4 4(_1 4 3
glat —2® 2l (@@ —a) 2t (=2l 42d) 02 da?
22 (=22 +1) a2 (=2t +2?) 2?2 (2?—a?)

3

1 _
— <x2 ) (d2? ® da* 4 da* ® da®) + (do’* @ do® + do® @ da?)

rlat — 22 ol (22 —2Y) 2t (—al + 2?)
w3 (—234+1) 23 (—zt+23) 23 (a® —at)

) dr® @ da?

) (de? @ do* + d2* @ do®) + (d2' @ do* + do* @ dat)

2t —at 2P (el —2?) 2?2 -7 drt @ dat
t (—zt+1) (=23 +2t) 2t (—2?+ Y

(6.2.14)

We now may analyze this tensor in the context of Picard-Fuchs uniformization for

the double sextic family.

Lemma 6.2.82. The orbifold (X(3,6), G) is conformally flat. In particular, the com-
ponents G, are the principal part of the rank six system of uniformizing differential

equations (6.1.1) which satisfies the quadric condition.
Proof. By direct computation the Weyl tensor vanishes, W(G) = 0. O

Lemma 6.2.83. The rank six differential system in Lemma 6.2.82 is the Picard-Fuchs

system for the double sextic family of K3 surfaces Xy 42 43 44 in Equation (2.1.22).
Proof. On X', we have the nonvanishing holomorphic 2-form nx from Equation (2.1.23),
given in the affine coordinate chart [t! =1 : *=T: 3=X : 2 =2] CcP(1,1,1,3)
by

1
CVTX(A+T+X) (wsT + 01X + 1) (24T + 22X + 1)

Nx AT AdX . (6.2.15)
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In [119], Sasaki showed that the period integral
w(zt, 2%, 2, 1) :/ Na
o

satisfies the differential system in Lemma 6.2.82, where ¥ € T(X) is a transcendental
cycle. Since the Picard-Fuchs system for X is also of rank six in four variables, the

claim follows. ]

6.2.2 Embedding the moduli space T as a boundary component of X'(3,6)

One may compute the explicit Picard-Fuchs system for the double sextic family from
the conformal structure G using Theorem 6.1.80, but the system not particularly
inspiring, and more importantly is not needed for this dissertation. Since the double
sextic family is birational to the family X, ;. q4 of Yoshida surfaces, we can find a re-
striction of the double sextic family that yields the twisted Legendre pencil (2.1.43);
after pulling back the conformal structure G to the moduli space T of the twisted
Legendre pencil, we will implement Theorem 6.1.79 and compute the system explic-
itly. However, we will see that one must use the elliptic fibration in Equation (2.1.43)
and the induced projective gauge transformation on the holomorphic 2-form (2.1.44)

to obtain the equations that we computed in §5.3.

Lemma 6.2.84. Let us write X = Xy y2 43 44 for the double sextic family, and X =

Xap.e the twisted Legendre pencil. Then the birational map ® : P! x P! ——s P? defined

by

vt 1 M} (6.2.16)

D (¢, 1 1 1:T=———: X=
(11 = | i

together with the rational map o : T --+ X(3,6) defined by

b—
0:(a,b,c)*—><x1:—,aj :O,x3:§,x4:b_2) (6.2.17)
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takes the restricted Yoshida surface X1 y2-0 43 44 to the (scaled) twisted Legendre pencil
Xa,b,c

Yy = ala—1) (t—a)(t—=0b)(t—c)x(zx—1)(z—1t). (6.2.18)

At the level of holomorphic 2-forms, we have

d
" ny = ala—0b)dt A e a(a — b) nx . (6.2.19)
Y

Proof. By direct computation using the maps ® and o. The scaling factor 1/a(a — b)

persists because a,a — b are not squares in the function field C(%). ]

Using a natural variation of the map o : ¥ --» X(3,6), we may pullback the
conformal structure (X(3,6),G) to obtain the conformal structure (¥,g). In this
way, we realize ¥ as birational to the three-dimensional boundary component Py of

X (3,6) determined by the hyperplane z? = 0.

Theorem 6.2.85. Define a one-parameter family of rational maps o, : T --+ X(3,6)

by

b—
ot = C) . (6.2.20)

aez(a,b,c)r—>(a:1: ,xi=¢€,1° = pa—

c
a
Then the symmetric tensor g = lim. o 0F G € S*(T) is nondegenerate, and is given

up to conformal scaling by

__ (=t
SR (a—0)2%(a—1)

da®da+aa;cdb®db+

b(a—b)2 ac(c—1)(a—b) de®de (6.2.21)

Then g determines a conformal structure on T that is conformally flat. Moreover, the
family of maps o, factors through the inclusion map j : Py — X (3,6) that restricts the

fourfold down to the boundary hyperplane Po defined by the equation x4 = 0 and the

3

birational map G : T --+ Py assigning the values to x*, 23, 2 appearing in Equation
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6.2.20 above:
Ps LA X(3,6)

1.7

The conformal structure on the boundary hyperplane Py induced by the inclusion map

15 given by the symmetric tensor

2 (2 — 1) , X " 1 ; 3 1
_(xl—l)( _xg)dl‘ ® dx —{—m(dx ® dz® + dx ®d[E)
irt (zlzt — (2%)? — 2t + 22° — 2?) -
dr® @ dr® — ———(d2® @ dz* + do* @ dx®
23 (23 — 1)(2% — %) (2! — 29) r° ®dr x3—x4( 7* @ dxt + da* @ da®)

zt(2? —1)
@ D )

+ (dz' ® do* + do* ® da') + de* ® da*,

(6.2.22)

which is conformally flat.

Proof. By direct computation of g = lim., 0 G, one finds the tensor presented
in Equation (6.2.21). This shows that the diagram above commutes. A subsequent
computation reveals that the Cotton tensor vanishes, C(g) = 0. Thus (%,g) is
conformally flat. To compute the conformal structure on Py induced by the inclusion
map, as given, the conformal structure G on X'(3,6) blows up along P,, and this can
not be scaled away without sacrificing nondegeneracy. One then obtains the conformal
structure h on P, induced by the inclusion map by computing h = (0. 0 ¢71)*G,
yielding the tensor in Equation 6.2.22. Similarly, one computes that h has vanishing

Cotton tensor C(h) = 0, so (Pz, h) is conformally flat. O

Now with the explict conformal structures (¥, g) and (P, h) in hand, we may
compute the full Picard-Fuchs system that annihilates the period map ¢ : ¥ — Q for

the twisted Legendre family by appealing to Theorem 6.1.79.
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Corollary 6.2.86. The Picard-Fuchs system for the twisted Legendre pencil the rank
five system in the variables a,b,c is given by the following linear equations. Three

equations are hyperbolic equations of so-called Euler-Poisson-Darboux type for N = 1/2

[95]
P 1 B O
dadb  2(a —b) (% N %) ’ (6.2.23)
P 1 o o
dadc  2(a —c) (% - %) > (6.2.24)
0%y . 1 oy O
obdc — 2(b—c) (% - 5) , (6.2.25)

and the remaining two equations are given by

Py a(l—a)(a—c) 0 (5a’ —3a*b — 4a*c + 2abc — 4a® + 2ab + 3ac — be) N

o2 b(b—c)(b—1) da2 20(b—c)(b—1)(a—b) Jda
_ (3ab® — 2abe — 5b° 4 4b*c — 2ab + ac + 4b* — 3bc) O c(c—1) o
26 (b —c)(b—1)(a — b) b 2(b—c)b—1) dc

(2a —2c — 1+ 2b)
CAb(b—c)(b—1)

v,

(6.2.26)

9%  ala—0b)(a—1) % N (5a® — 4a*b — 3a*c + 2abc — 4a* + 3ab + 2ac — be) o

oz cle—=1)(b—c) Oa? 2c¢(c=1)(b—c)(a—rc) Jda
b(b—1) o (2abc — 3ac* — 4bc* + 5¢3 — ab + 2ac + 3bc — 4c*) P
C2(c—1D(b—c) o 2¢(c—1)(b—¢)(a—c) dc

(2a —2b+2c—1)
4e(e—1)(b—c)

Wb
(6.2.27)

Proof. Using the conformal structure (P, h) from Theorem 6.2.85 with (o, ) = (1,4)

and

1 5 (23 =1)(z* = 1) (z* — 23) 2® (2! = 1) (2! — 2?)
9—31g( 4 ((zt = 1) 2! 4 23 — z4)* 2! )7

for an appropriate branch of the logarithm, one writes out the five equations from
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Theorem 6.1.80 after computing the Christoffel symbols and Schouten tensor with
respect to the h= exp(f)h. These equations are projectively equivalent to the rank

5 system given in [96, Equation 0.15.1], using the projective gauge factor

f(xl,a:?’,:p4) _ ($3 (xg o 1))1/6 (—x3 + m4)1/6 (:p4 o 1)1/6 (a:lm4)(1/3) (xl . $3)1/6

(' = 1) (2" = 1) 2" + 2 — 2" € 0p,.

After changing variables defined by the map ¢ in Theorem 6.2.85, one solves for the
second order derivatives in terms of 9%y /da? 0v/0a,dvy /b, /dc, and . That
the equations must be expressed in terms of 9%1/da? was anticipated by Hoyt [69].
Afterwards, one makes the projective gauge transformation ) > \/m Y to yield
the equations above. Alternatively, one may use Theorem 6.1.79 on the conformal

structure (T, g), and use the projective gauge factor

; _ Jb=Dla=c)b—¢) .
f(a,b,c)—\/ a(a—1) € Oz

to yield the same equations. It follows then from Lemma 6.2.83 and Lemma 6.2.84
that the system is the Picard-Fuchs system the annihilates the period integral of the

twisted Legendre pencil

w(a’b’c):/nxz\/dt/\d_x’
by ) Yy

where ¥ € T(X) is a transcendental cycle. O

Note that the Euler-Poisson-Darboux equations in Equation (6.2.23) are precisely
what was computed by directly differentiating the period integral in Equation (5.3.47).
We verify the harmony of these different perspectives for the remaining two equations

(6.2.26,6.2.27) by showing that a simple linear combination of the Picard-Fuchs oper-
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ators for these equations yields the second order Picard-Fuchs operator in Equation

(5.3.53).

Corollary 6.2.87. The Picard-Fuchs equations for the twisted Legendre pencil ob-
tained from the differential geometric method of Sasaki & Yoshida matches the dif-

ferential relations obtained by differentiating the period integral directly.

Proof. For each sequential Picard-Fuchs equation in Corollary 6.2.86, let £; denote
the corresponding second order differential operator, ¢ = 1...5. As noted above,
the operators Ly, Lo, L3 from Equation (6.2.23) match directly to those computed in
Equation (5.3.47). Similarly let D denote the second order operator from Equation
(5.3.53), given by

0? 02 0?
D:(a—l)a@—i-b(b—l)w—i-c(c—l)@

N (6a® — 4a*b — 4a*c + 2abc — 5a® + 3ab + 3ac — be) O

2(a —b)(a —c) Jda
(4ab® — 2abc — 60> + 4b*c — 3ab + ac + 5b* — 3bc) O
* 20— )(a 1) b
N (2abc — 4ac? — 4bc® + 6¢3 — ab + 3ac + 3bc — 5¢?) o +1
2(b—c)(a—c) Jc

It is straightforward then to see that the operators £4 from 6.2.26 and L5 from 6.2.27

satisfy
bb—1)Ly+c(c—1)Ls=D.
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6.2.3 Picard-Fuchs operators for Kummer surfaces with level-two struc-

ture

In [96], Matsumoto, Sasaki, & Yoshida found a rational map ¢ : M[2] --» XQ C
X (3,6) given by

R D Y T VD VIR

ZZ(A17)\27>\3)P—)<1' —1_—>\2, T —1_—)\3, Xz —)\—2, T —>\—3

) . (6.2.28)

where XQ C X(3,6) is the subvariety parameterizing configurations of six lines in P?
that are tangent to a smooth conic. Then the pullback go = +*G of the conformal

structure (X(3,6), G) is easily checked to be conformal to the following tensor:

go = ()\1 — )\2) )\3 ()\3 — 1) (d)\l & d)\g + d)\g X d)\l)
+ (A2 = A) A (A — 1) (dhg @ dAg + dAg @ d)y) (6.2.29)

+ (s = M) de (Do — 1) (dh @ dA; + dhy @ d)s)

Recall that the Siegel upper half space of degree two Hl, is given by

T T2 9
| (Im7y) (Im73) — (Im73)” > 0,Im7y >0

To T3

Let T'(2) C Sp(4,Z) be the Siegel modular group of level-two, i.e., the principal
congruence subgroup of level-two. Then as in Example 6.1.1, Hj is a quasiprojective
variety, realized as a part of a nondegenerate hyperquadric Q : t°t* = ¢'3 — (152)2 in
P* by

L T2

1 |—>[1:le7'2:7'3:7'17'3—(72)2}EQCIP’4.
T2 T3
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Hence, H, carries a canonical conformally flat structure given by

LPHQ = d7'1 ®d7’3+d7‘3 ®d7‘1 —2d7'2®d7'2.

Moreover, the quotient Hy/T'(2) is known to be the space M|[2]|. Sasaki & Yoshida

proved the following result.

Theorem 6.2.88 (Sasaki & Yoshida [123], Theorem 3.1). Let (Ha, ¢y,) be the Siegel
upper half space equipped with the canonical conformal structure. Let I'(2) C Sp(4,7Z)
be the Siegel modular group of level-two. Then tensor gg € S*(M|2]) is conformal to
Topp,, where m : Hy — Hy /T'(2) = M(2] is the canonical projection. Then (M[2],go)
s conformally flat, and hence the rank 5 Eg system obtained from applying Theorem

6.1.79 to go is the system of uniformizing differential equations for M]2].

In this way, we recognize that the differential system Fg built from (M[2],go)
is the Picard-Fuchs system for the family of Picard rank p = 17 Kummer surfaces
Kum(Jac(C)) equipped with level-two structure. Since (M]2],gg) is conformally
flat, this rank 5 system satisfies the quadric condition. In this case, it was explicitly
computed by Hara, Sasaki, & Yoshida that Fg is gauge equivalent to the exterior
product Ep A Ep, where Ep is the rank 4 system annihilating the Lauricella func-
tion Fp(1/2;1/2,1/2,1/2;1 | A1, A2, Ag) [60]. This is a rather beautiful result, as
the system Ep is the Picard-Fuchs system for the genus two curve Cy, y,,;, and
the construction of the Kummer surface Kum(Jac(C)) involves the explicit exterior
product of holomorphic differentials in H*°(C) to trivialize the canonical bundle of
the Kummer surface.

We may connect the conformal structure (¥,g) of the twisted Legendre pencil
with that of the double cover My of M|2], as in section §2.1.10, using the dominant

rational map ¢ : My --+ ¥ from Equation (2.1.49). Recall that we are parameterizing



187

M with the squares of Rosenhain roots \; from a curve C’ that is 2-isogenous to C.
This is simply for ease of presentation, as the Picard-Fuchs operators of Kum(Jac(C))
and Kum(Jac(C')) are identical. This relationship completely answers the questions

set forth by Hoyt [69].

Theorem 6.2.89. Let m: My — M[2] be the projection map from the double cover,
and ¢ : My --» T be the dominant rational map from Equation (2.1.49). Let gg be the
conformally flat structure on M[2] from Equation (6.2.29) and g be the conformally
flat structure on T from Equation (6.2.21). Then the orbifolds (Ms, m*go) and (T, g)

are conformally isomorphic.
Proof. 1t is straightforward to show that ¢*g is conformal to 7*ggo. n
Hence, we have the following result, whose proof is immediate.

Corollary 6.2.90. The uniformizing Picard-Fuchs equations for the twisted Legendre
pencil in Corollary 6.2.86 are equivalent to the uniformizing Picard-Fuchs equations

for Kum(Jac(C')) with full level-two structure, in the variables

411155 - 411155 Al

(I1l3 + l2)27 (Iyly + l3)27 (lols + l1)2 '

Degeneration to Picard rank p > 18

In this section, we explain quadratic period relations for the higher Picard rank restric-
tions discussed in §2.1.10. Fundamental to this discussion the integral representation
of the classical Gauss hypergeometric function 9F;(1/2,1/2;1), which we state here

for convenience:

11
272

I dx
N Y = =k

(6.2.30)
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The periods of the two-parameter twisted Legendre pencil X, was studied by
Clingher, Doran, & Malmendier in [23], where they showed the following result (we

have specialized their more general result for the situation at hand).

Proposition 6.2.91 (Clingher, Doran, & Malmendier [23], Corollary 2.2). The fol-
lowing integral relation between Gauss’ hypergeometric function oFy and Appell’s hy-

pergeometric function Fy :

o=
N[

1 1 1
1 51353 |1 b
a

__l/b dt I
TJo Vila—ti—b) | 1

Hence, we infer that for the twisted Legendre pencil X, 0, there exists a tran-

scendental cycle ¥ € T(X,,0), homologous to [a,b] x [0, 1], such that

d$ —T %7 7%
wa,b—/dt/\———F - 1—-- 6.2.31
b= fans=Zom| PTG (6231)

This means that the Picard-Fuchs system of X, ;o is the rank 4 system annihiliating

Appell’s hypergeometric function F; given in Example 6.1.1, in the variables

These equations are easily then computed to be the following system:

Proposition 6.2.92. The Picard-Fuchs operators of the twisted Legendre pencil X, .0

18 given by

w 1 ow Ow
dbda ~ 2(a—b) (% B %) ’ (6.2.32)
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Pw  (a—1)ad*w (4a* —2ab—3a+b) dw

o b(b—1)0a>  2b(b—1)(a—b) da
 (2ab —4b* —a + 3b) Ow 1 y
-

2b(b—1)(a—1b) b 4b(b— 1

(6.2.33)

This system of equations satisfies the quadric condition, as originally noted by
Sasaki & Yoshida in [121]. However, it was not until the work of Clingher, Doran,
& Malmendier [23] that the geometric underpinnings of the quadric condition was
realized. Therein, the authors showed the following, where again, we have specialized

to the situation at hand:

Theorem 6.2.93 (Clingher, Doran, & Malmendier [23], Theorem 2.5 (Multivariate
Clausen Identity)). For |z1] + |2o| < 1, [k?| < 1, and |1 — k3| < 1, Appell’s hypergeo-
metric series factors into two hypergeometric functions according to

11
272

1 1 11
Fy 2 2 21,20 | = (k1 + k2) oFy 22 k% oI
1,1 1 1

1—k; (6.2.34)

with

dkaky (K] —1) (K} — 1)> , (6.2.35)

(217 22) = ( y
(k1 + ko) (k1 + ko)
This is the explicit quadratic period relation for the twisted Legendre pencil X, 4,

which demonstrates the relationship between this K3 surface and Shioda-Inose part-

ner, the Kummer surface Y;,,,, = Kum(gk% X é’k%) from section §2.1.10. Moreover,
1972,

by explicit computation, one shows that that Appell’s hypergeometric system from
Example 6.1.1 in the variables from Equation (6.2.38), or eqivalently, the differential

system from Propositon 6.2.92 in the variables

4 4
L E . L (6.2.36)
(k1 + k) (kuks + 1)

decomposes into the tensor product o F} X o F}, where the hypergeometric operators
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annihilating the system are given by the rank 2 ordinary differential operators

2

k(K7 — 1)% + (3k7 — 1)

d
ki, 6.2.37
T (6.2.37)

and hence are associated to oFy(1/2,1/2,1/2;1 | k%), i = 1,2. Although the argu-
ment of the second factor of o} in Theorem 6.2.93 contains 1 — k2, one can verify
directy that o F1(1/2,1/2,1/2;1 | k3) and 9F1(1/2,1/2,1/2;1 | 1—E3) satisfy the same

differential equation.

Degeneration to Picard rank p > 19

As in §2.1.10, we may further degenerate the twisted Legendre pencil in the limit
b — oo to obtain the Picard rank p = 19 K3 surface X, o studied by Hoyt in [67].

We can see from Equation (6.2.36) that this corresponds to the limit in which
k1|—>)\, kz'-)-l/)\,

which moreover yields

—4\?

We showed in §5.3.4 that the Picard-Fuchs operator for X, « ¢ is the third order
hypergeometric operator O, for 3F5(1/2,1/2,1/2;1,1 | a), given in Equation (5.3.69).
Moreover, O, = 6?2 is the symmetric square of the second order hypergeometric
operator O; for 5F(1/2,1/2;1| 1 — a). Transforming the operator O, according to

Equation (6.2.38), we arrive at the operator

> 1d 1

Q= o T o

(6.2.39)
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which is checked directly to annihilate the periods of the elliptic curve

1
Ex {(y,x) |y* = mﬂx —1) (= - AQ)} :
from Equation (5.3.71). This verifies the claims that the Picard rank p = 19 Kummer
surface YS\Q,/\,Q’O = Kum(&,2 x &}.) is the Shioda-Inose partner of X, « ¢.
Similarly to the Picard rank p = 18 case studied in §6.2.3, we may obtain explict
analytic expressions for the periods in terms of hypergeometric functions. In this

case, we have the classical Gauss representation of 3F5(1/2,1/2,1/2;1,1 | a) given by

|
DO =

11
1272

1 /1 dt P
al=—-[ —F/——m2/
1,1 T Jo /t(1—1t) 1

N[ —=

3y

at | . (6.2.40)

As before, we infer that there exists a transcendental cycle ¥ € T(X, «0.0), homologous

to [0, 1] x [0, 1], such that

D=

dx 11
W(a):/dt/\—:ﬂ'gFQ SR
b Y

In this case, there is also a factorization of the hypergeometric function 3 F5, given by

a specialization of the Multivariate Clausen Identity in Theorem 6.2.93:

where again a = —4\?/(\? —1)2. This exact analytic expression shows the connection
between the periods of X, o, o and the generalized Shioda-Inose partner Y/>\2, V20 from

section §2.1.10.
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6.3 Relations to N = 2 supersymmetric gauge theories

In this section, we connect the analysis of the mixed-twist construction of section §4.1
and the special geometry of the moduli space T with a celebrated example in physics:
the four dimensional N/ = 2 supersymmetric gauge theories of Seiberg and Witten
[126]. Therein, the authors constructed multi-parameter families of rational elliptic
surfaces 7 : Z — P! with certain configurations of singular fibres of type I*, I} for
n=20,...,4and k£ = 1,2,3,4 based off of electric-magnetic duality considerations
for BPS states in the 4-dimensional supersymmetric quantum field theory. Here, the
gauge group of the is SU(2) and we have n = 4 — Ny, where Ny = 0,...,4 is the
number of SU(2) hypermultiplets, or flavors of quarks. The classification of possible
configurations of singular fibres is given in [85], whose locations encode locations in
the moduli space P! — {singular fibers} of quantum vacua where the hypermultiplets
become massless. The base coordinate u € P! is given by u = (Tr ¢?), where ¢ is
the complex scalar of the adjoint representation of SU(2); accordingly, u is invariant
under the action of the Weyl group Z/27Z of SU(2).

The most familiar such rational elliptic surface is given by the Legendre like pencil

7. Z — P! given in Equation (6.1.13)

y'= (2" = ANz —u),

where A is the dynamically generated mass scale of the quantum theory. The fibra-
tion Z describes a quantum SU(2) super Yang-Mills theory with Ny = 2 massless
hypermultiplets. This fibration is the natural geometric manifestation of the the

T-parameter of the theory, which is defined as [34]

€H, (6.3.41)
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where a is the Higgs field and 6 = 0(a) is the 6 angle of the low energy effective La-
grangian, as in quantum chromodynamics, and g = g(a) is the effective, renormalized
gauge coupling. In terms of the geometry of the fibration, 7 is defined as usual as the

ratio of the periods of the elliptic fibre,

where a, 8 € H{(E,,Z) is a symplectic basis and dx/y € H"°(E,) is the analytic
marking of the surface Z.

Hence, the elliptic fibration has singular fibres of type I over v = £A2, and an
I fibre over u = oo, the latter of which is the so-called semi-classical limit of the
theory. The realm in which u lies close to £A? is where nonperturbative quantum
effects dominate.

It is straightforward to see that Z is birational to the honest Legendre pencil

y'=a(z— 1z —1),

by applying a Mobius transformation to the singular fibres and simultaneously rescal-
ing z,y,u to remove all factors of A. In this way, we conclude that the Mordell-Weil
group MW(Z, ) = Z/2Z and P' = T'((2)\H = X;(2), so that Z is the modular
elliptic surface over the modular curve X;(2).

While this is useful from an arithmetic or algebraic perspective, it does little to
explain the physical significance played by the fibration in equation (6.1.13). Indeed,
we have eliminated the only relevant piece of data, A from the fibration, by utilizing
the honest geometry of the elliptic surface. This is further evidenced by the fact that
MW (Z, ) = Z/2Z; the scale A does not contribute to the algebro-geometric data of

the elliptic fibration. It does not parameterize any moduli of the surface, since the
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Legendre pencil has no moduli.

However, the scale A plays a crucial role in the quantum field theory determined
by (6.1.13). In the limit A — 0, we obtain the classical limit, in which both I, fibers
coalesce and the moduli space of vacua becomes singular. Moreover, A is a fundamen-
tal independent parameter in the so-called renomalization group flow equation (RG)
of the quantum theory, which describes how the gauge coupling runs with the scale
of the theory. It is therefore in our interest to keep A in the picture, even though it
does not describe in this case the intrinsic moduli of the fibration.

As is well known, Seiberg & Witten showed that there is a natural special geometry
on the base curve P! — {singular fibres} of the fibration Z, defined in terms of a
meromorphic differential 1-form A (defined in the following section) on the fibres of

the 7, such that the holomorphic prepotential Fsy can be expressed as [84]
1 i, A 1 oo (A"

where A is a super SU(2) gauge field. Physically, 7y is the bare coupling constant,
the coefficients ¢, are instanton corrections to the theory, and the multivaluedness of
Ssw is determined by charges of the BPS states near the semi-classical limit. The
general form of the prepotential had been previously surmised by the considerations
of supersymmetry in the low energy effective lagrangian, but the power of Seiberg &
Witten’s analysis was to show how to explicitly compute all of the instanton terms in
terms of the geometry of the elliptic fibration. From this expression, upon knowing
the dependence of A on the quantum vacua u, one may compute the holomorphic
cubic form Egy in Equation (6.1.12). Then in general Egy # 0 unless the quantum
theory is free, i.e., noninteracting.

One may twist the massless Ny = 2 Seiberg-Witten curve in Equation (6.1.13) to
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the twisted Legendre pencil via the mixed-twist construction, and attempt to relate
the special geometry of the Seiberg-Witten curve to the flat special geometry of the
K3 moduli space €. We thus see that any attempt to connect these two special
geometries must retain the physical parameters of the Seiberg-Witten data, even if
they do not determine moduli of the fibration, since the holomorphic prepotential
Ssw depends nontrivially on A.

In the following subsections, we will review the connection between the Seiberg-
Witten data and period integrals & Picard-Fuchs equations. Then it will be shown
that the GKZ method discussed in §4.3.1 allows one to compute the Picard-Fuchs op-
erators of certain Seiberg-Witten curves, and that some of these differential operators
can be combined in a straightforward way to yield the homogeneous components of
the expected first order RG flow operators for N’ = 2 supersymmetric gauge theories
from physics [33].

From this point, we will show how to twist fibrations on rational elliptic surfaces
corresponding to certain mass configurations of the Ny = 4 Seiberg-Witten curve to
obtain pencils of Picard rank p = 17 and p = 16 K3 surfaces, the familiar twisted
Legendre pencil and double sextic K3. We will then make a comment on the mathe-

matical and physical interpretations of these constructions.

6.3.1 The Seiberg-Witten differential and periods of rational elliptic sur-

faces

The primary reference for this section is Shimizu [130]. In Seiberg & Witten’s analysis
of the exact solution, the meromorphic differential 1-form obtained from Equation

(6.1.13) given by

yde o g% (6.3.43)

\ =
1 — a2 Y
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plays a crucial role in the following way. Let 7 : Z — P! be a Seiberg-Witten curve,
and «,  be a symplectic basis for the first integral homology group H;(&,,7Z) of the

generic fibre £, = 77! (u). Then define quantities a,ap as

a:a(u):/a)\ , aD:aD(u):/B)\. (6.3.44)

Then the pair (ap, a) determines a holomorphic section of an SL(2, Z)-bundle over the
punctured line P* — {singular fibres}. We recognize such quantities as a twisted fibre-
wise period integral on the rational elliptic surface Z; in physics, the N' = 2 supersym-
metry algebra acts on (ap, a) and determines a U(1) gauge multiplet where a is related
to the semiclassical photon and ap its dual, the magnetic photon. As such, both a,ap
are gauge fields of the associated SU(2) super Yang-Mills theory, and determine holo-
morphic local expressions of the prepotential function §sy from Equation (6.3.42)
that are related by SL(2,Z) on the quantum moduli space P! — {singular fibres} [34].

Moreover, the pair (ap,a) determine the holomorphic prepotential § as

0

ap = %&qw(a)

Additionally, the Seiberg-Witten differential ) is required to have residues in terms
of the masses of the hypermultiplets [126, 130]. The masses form flat sections of the
variation of Hodge structure naturally determined by the elliptic fibration. We have

the following definition.

Definition 6.3.94 (Shimizu [130], 3.1.4). Let V be the Gauss-Manin connection on
the elliptic fibration 7 : Z — P from §2.1.4. Let Q = —dundz/y € H*(Z,Q%(log&,))

be the rational 2-form on Z corresponding to the analytic marking dx/y on the generic
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fibre £,. Then the Seiberg-Witten equation is the following equality of 2-forms on Z:
V(A =Q. (6.3.45)

According to Shimizu, the masses of the hypermultiplets are flat sections of V, and
so may be included on the left hand side without altering the solutions of the equation.

Hence, we have the following result, whose proof follows from this discussion.

Lemma 6.3.95. Let 7 : Z — P! be a Seiberg- Witten curve, with or without mat-

ter. Then the period integrals of Zi can be expressed in terms of the Seiberg- Witten

- [o=[aunT—-[an (6.3.46)

Moreover, the prepotential Fsw satisfies an inhomogeneous differential equation de-

differential as

termined by the Picard-Fuchs operators of Z.

With this in mind, let us compute the Picard-Fuchs systems of some particular

Seiberg-Witten curves relevant to the our goals in this section.

6.3.2 The N; =4 curve with two massive hypermultiplets

Our primary Seiberg-Witten curve of study will be the Ny = 4 curve, which is deter-
mined by a configuration of (my, my, mg, my4) of four masses. A generic configuration
results in a rational elliptic surface 7 : Z — P! with an I} fibre at u = oo and six I
fibres elsewhere. In addition to the four mass parameters, Z is also parameterized by
three other parameters ey, e5, e3 whose significance are as follows.

The Ny = 4 SU(2)-super Yang-Mills theory is very closely related to the four
dimensional N = 4 super Yang-Mills theory, since the latter can be regarded as
N =2 with an additional matter field hypermultiplet that transforms in the adjoint

representation of SU(2) [126]. Both theories are scale invariant, and in fact form
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superconformal field theories in the absence of bare masses. Once a bare mass is
given to the additional hypermultiplet in the N/ = 4 theory, the supersymmetry is
explicitly broken to N = 2.

Hence, regarding the N; = 4 theory as a mass deformed N' = 4 theory, the
parameters eg, eg, e3 are artifacts from the pure NV = 4 theory that can be used to
label a choice of spin structure on the generic fibre £, = 7 !(u) of Z; in fact, due
to the exact SL(2,Z) symmetry of the N' = 4 theory, the parameters ey, s, €3 are
related naturally to Jacobi theta functions. The Ny = 4 theory can be seen to possess
SL(2, Z) symmetry as follows: the modular symmetry that permutes the e; parameters
can be combined with the Spin(8) triality symmetry acting on the extended Dynkin
diagram D, of the I fibre at u = oo to yield full modular invariance of the Ny = 4
theory. This symmetry is broken for Ny < 4.

Bearing these considerations in mind, the Seiberg-Witten curve Z with mass con-

figuration (my, ms,0,0) is described by the elliptic fibration

y2 = W1W2W3 + A (Wltl (62 — 63) —f- WQtQ (63 — 61) —f- W3t3 (61 — 62)) — AQN,
(6.3.47)

where

W;=x—ecu—eR

A= (eg —e2)(e2—e3)(e3—e)

R= 3 (m +m3)

b1 = omim? — oot — o

to = —im%mf + %m‘f + %mg

ty = —im%m% + %m? - %m%

N = % 6 % gm‘f—%m%mg—i—%mg
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Then the fibration has generically a singular fibre of type I} at v = oo, two sin-
gular fibres of type Iy, and two singular fibres of type I; at various finite values of
u, as the effect of two hypermultiplets becoming massless coalesces two pairs of I
fibres together, forming the I, fibres. Furthermore, following Oguiso & Shioda [114],
Table Entry 34, we see that the Mordell-Weil lattice is of rank two and is given by
MW (Z, ) = (A})%? @ Z /27, where A} is the dual root lattice of the Dynkin diagram
A

Notice that this curve has only bare masses, and no scaling parameter A, as was
seen in the massless Ny = 2 curve in Equation (6.1.13). In particular, my, my deter-
mine honest moduli of the surface Z, while ey, e, e3 do not. To simplify the analysis,
we choose to set these parameters as e; = 0,e5 = 1,e3 = —1, which corresponds to a
some weak coupling limit in the Ny = 4 theory [120].

In this case, it is straightforward to write the resulting Weierstrass model from

Equation (6.3.47) in the form
Y= X(X?+0bX +ac), (6.3.48)

where b = — (m? +m3), a = u+mymsy, ¢ = u—mymy. Asindicated by Lemma 6.3.95,
we can study the Seiberg-Witten equation for this mass configuration by finding the

Picard-Fuchs system. We write the fibrewise period integral as

dX
W= d)(u,ml,mg) =\ UuU— m1m2/ 7, (6349)

where 0 € H,(&,,Z) is some integral cycle, and the normalization factor has been cho-

sen for convenience that will be shown shortly. In the GKZ formalism for generalized
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Euler integrals [50], we write w as

w= / P(X)*XPdX , (6.3.50)
where P(X) = uzX? + us X + uy, a = B = —1/2. This corresponds to the A-
hypergeometric system with
1 1 1 )
A= 1T ¥/ (6.3.51)
0 1 2

whose lattice relations are given by L = spany {[1, —2,1]} C Z3*. the resulting GKZ

equations are given by

0? 0?
OuOus 8u§® =0
0 0 0 P
Uy <(9_u1q)) + Uo (a—uz@> + us ((9_113(1)) + 5= 0 (6.3.52)
0 0 P

Then upon transforming the system (6.3.52) by the transformation {u1 =a,ly = lz’, U3

we find the following system annihilates the honest period integral

dX

w=w(u,my,mg) = / du N — (6.3.53)
5 Y

with ¥ € Hy(Z,Z) a transcendental cycle:

e (L) ) ()

omy Omo w
4+ — (6.3.54
ou my —mg) (my +mg)  (my —mgy) (my +mg) 2 ( )
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P (m3 — mimy + 2ums) <aimlw>
0= (maomy — u) (%w) —

2 (my —ms) (my + ms)

: (6.3.55)
. (—mam? +m3 + 2myu) (a—me> L
2 (my — my) (my + my) 2
(—mamy + u)? <§—;w> my (m} +m3) (—momi + u) (%w)
0= 4 + 4 (mq — mg) (mq + my)
my (m? +m3) (—mamy + u) (BU%ZQ w) (—mamy + u) u (m? +m3) (ﬁ%w)
- 4 (my —my) (my + mo) B 4 (my —mya)® (my + my)®
. (—mamy +u) (m} — 2m3m?2 + m3 + dumyms) (#%w)
4 (my — mg)2 (my + mg)2
(—momy + u) u (m3 + m3) (%w)
B 4 (my —my)? (my +my)’
(—mamy + u) (mime — 2m3m3 + m3 + 2um? + 6um;ms3) (%w)
* 4 (my —my)® (my +my)®
(—mamy +u) (m} — 2m3m3 + mim3i + 6umimg + 2ums3) (%w)
a 4 (my —my)® (my +my)?
(6.3.56)

Combining together (6.3.54),(6.3.55), we arrive at the differential equation

0=u <a%w> M %’i w) b <‘f‘2w) (6.3.57)

which is the homogeneous part of the RG flow operator for the Seiberg-Witten curve

expected from physics [33].

6.3.3 The isomassive N; = 4 curve with two massless hypermultiplets

We deem the Ny = 4 curve with mass configuration (m, m,0,0) the isomassive curve
with two massless hypermultiplets. In the same weak coupling limit as in §6.3.2, the

Seiberg-Witten curve in Equation (6.3.47) can be written in the following convenient
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y2:(x—1)(x—1—%—%>(:c—l—%-i—%)- (6.3.58)

This Weierstrass model determines an elliptic fibration 7 : Z — P! three singular

form:

fibres of type Iy at t = 0, £m and an I} fibre at t = co. From Oguiso & Shioda [114],
Table Entry 57, the Mordell-Weil lattice is given by MW (Z,7) = A% @ (Z/27)2.

Then fibrewise period integral of (Z, 7) is naturally expressed in terms of Appell’s
F function as

1

- d

w—w(t,m)—/ &
o Y

! dx
- /0 V& D@1 m2 2@ 1 _m212)

111
:Fl( —'1‘1—|—m/2+t/2,1+m/2—t/2).

(6.3.59)

292779

Accordingly, using the well known differential system for Fi, the rank three Picard-

Fuchs system annihilating w is given by

0% _ t (af;t@) (3m? + 2mt — 3t% + 6m + 4t) (%a})
—w = —
m? 2+m 2(2+ m)(m —t)(m +t) (6.3.60)
(m? — 3t) (=) mw

2+m)(m—t)(m+1t) 22+m)(m—t)(m—+t)’

. 24m (8?;1_28ta> (£ + 2m + 3t) (5©)
. t (m +t)t(m — 1) (6.3.61)
(3m? — 2mt — 3t + 6m) (;20) @
- 2(m + 8)t(m 1) T mr)m 1)

6.3.4 Flowing to the isomassive N; = 2 curve

Seiberg & Witten showed originally in their analysis that in certain weak coupling

limits - meaning, taking particular values for the constants ey, €5, €3, and taking vari-
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ous degenerative limits on the mass configurations of the Ny = 4 curve, one recovers
the Ny < 4 curves.

To illustrate the robustness of the analysis in the previous section §6.3.2, we show
how the GKZ computation for the Picard-Fuchs system of the Ny = 4 curve with two
massive hypermultiplets exactly reproduces the homogeneous component of the RG
flow operator for the isomassive Ny = 2 curve, i.e., with mass configuration (m,m).

Indeed, it was shown in [120] that taking the Ny = 4 curve with generic mass
configurations can be flowed to the massive Ny = 2 curve in the limit 7 — ‘oo,
ms, my — 0o while keeping A? := 64¢"/?mgmy fixed, where ¢'/2 = exp(wit) is the
single instanton contribution to the Ny = 4 curve.

The resulting elliptic fibration # : Z — P! can be described by the Weierstrass
model

V2= X(X?+bX +aé), (6.3.62)

with b = 3A2/8 — u, & = A2/32, and é = A% + 8m? — 8u, which describes an elliptic
fibration with an I3 fibre at u = oo, an I fibre at w = m? + A?/8, and I, fibres at
u=—A%/8 —mA, —A(A — 8m) /8. The Mordell-Weil lattice is given by MW (Z, ) =
A3 @7Z/27 [1141], Table Entry 48. In this way, the exact GKZ system given in Equation

(6.3.52) can be seen to annihilate the period integral

A dX
D= olu,m, A) = —— [ dun 2 6.3.63
w=w(u,m,\) 4\/5/2 uh < ( )

In the coordinates u, m, A, the Picard-Fuchs system becomes

A(Go)  (A2—8m?+8u) (Zw) 3A*(2w) W
_ m u - 3.64
0 5 T T Tt g (6.3.64)
(A% = 16m? + 8u) (1=w) [ 3A> 0.\  w
= — — = 65
0 16m s ") \au”) T2 (6.3.65)
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(A2 4 8m? — 8u) (A% — 16m? + 8u) (;=0)

409673
. (A% + 8m? — 8u) (A — 2m)(A + 2m) (a f;ma))
512mA

(3A% — 8u) (A% + 8m? — 8u) (WU )
- 512A

(A2 +8m? — 8u) (A% — 16m? + Su) (aa—"’w) (6.3.66)
N 409612

(A% +8m? — 8u) (A? — Tm? + 2u) (a;ZQau@>
* 512m

(A% + 8m? — 8u) (TA% — 16m? — Su) (8 w)
N 2048 '

Once again, combining the first two Picard-Fuchs operators, we arrive at the homo-

geneous component of the RG flow operator expected from physics [33],

_AGEe) | m(559) 0 .
0= 5 T 5 +u (%w) (6.3.67)

6.3.5 The mixed-twist construction for the isomassive N; = 4 curve

We return now to the isomassive Ny = 4 curve with two massless hypermultiplets, i.e.,
mass configuration given by (m,m, 0,0). Instead of the weak coupling limit considered
in §6.3.3, we impose the restriction e; = 0, e5 = a/m?, e3 = 3/m?* with a, 3 € C* and

a # [. After simultaneously rescaling X, Y, we arrive at the Weierstrass model
@Q = 45}3 _92(u7&75)§_g3<u7a7ﬁ) ) (6368>
where ¢o, g3 are given by

g == ((®—af+p*)u— (a+p)(2a° —3af +26°) u+a* — B>+ ),

OOI»P
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932%(a2—au—2ﬁ2+25u) (2042—2au—62+6u) (aQ—aquBQ—ﬁu) .

The Weierstrass model determines an elliptic fibration 7 : Z — P! with a singular
fibre of type I at u = oo, and three singular fibres of type I at u = «, 8, a4 3. Using

a Mobius transformation that moves the [ fibre from u = oo, we write the elliptic

fibration as a twisted Legendre pencil over the quadratic field extension C (\/Oé —-f )
y? = (t — c)x(x —1)(z —t) (6.3.69)

with ¢ = /(v — B). This defines a rational elliptic surface birational to (Z,7) that
has three singular fibres of type I at ¢ = 0,1, 00, and a singular fibre of type I at
t=c.

Applying the mixed-twist construction to this fibration, branched over a,b #

0,1, 00, ¢ yields the full twisted Legendre of Picard rank p > 17,
v =(t—a)t—b)t—ca(x—1)(z—1t).

We thus surmise that the mixed-twist construction applied to this particular con-
figuration of the isomassive N; = 4 curve lifts the special geometry of the Seiberg-
Witten curve to the special geometry of the moduli space T of the twisted Legendre
pencil, the latter of which is flat by the analysis of Theorem 6.2.85. Physically, this
is consistent with the general notion that 10D string compactifications on K3 x T2
have N = 4 supersymmetry, which is free from instanton corrections.

One could say roughly that “the mixed-twist construction twists away the in-
stanton contributions”, leaving a free super Yang-Mills theory. Mathematically, this
corresponds to an explicit immersion of the ball quotient corresponding to the moduli

of rational elliptic surfaces to the Type IV symmetric domain of the lattice polarized
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K3 moduli space, where the extra parameters of the Seiberg-Witten data manifest
in certain configurations as isomonodromic deformation parameters. Proof of a more

general statement is given in Theorem 6.3.96.

6.3.6 The mixed-twist construction for the N; = 4 curve with two massive

hypermultiplets

Based off of the observations at the end of the last section, we would like to construct
a relationship between an elliptic fibration representing an Ny = 4 curve and the
double sextic family of K3 surfaces with Picard rank p > 16. A similar statement
would then hold about the special geometry on the Seiberg-Witten curve and the flat
special geometry on the moduli space Mg of six line configurations in P2.

In this case, we begin with the Ny = 4 curve with two massless hypermultiplets,
so the generic mass configuration is (my, ms,0,0). Again, this is an elliptic fibration
with one I fibre, two singular fibres of type I, and two I; fibres. Since the analogous
conclusion will hold in terms of lifting the special geometry, at least over some finite
degree field extension for the accessory parameters from the Seiberg-Witten data, for
the purposes of this construction, we care only about starting with some isomorphic
model of the Seiberg-Witten curve.

So our starting point will be the isomorphic model, abusing notation slightly by

denoting it as 7 : Z — P!

Y= (2® +4s (Ko — Lo)t — (K1 — Ly) s) o + 48 (K7 — 4K,) (s* — List + Lot?))

(6.3.70)
with K7 = 71 + 72, Ko = 117, L1 = 01 + 0, and Ly = 610, and [s : t] € P! are
homogeneous coordinates. The fibration has the required singular fibre structure:

there is an I fibre at s = 0, two singular fibres of type I, at s = d;, 92, and two
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singular fibres of type Iy at s = d3,d4 with

01092 — ’Y% S 0109 — ’Y%

=127 =< 2 6.3.71
01 +0,— 271 640y — 27 ( )

3

In this case, since the Mordell-Weil lattice is given by MW(Z, ) = (A})®* ¢ Z/2Z,
there are two honest moduli of the fibration. The only pair of parameters that do not
parameterize moduli of (Z, ) are (d1,02). This can be verified in the following way.

The fibration in (6.3.71) is of the form

y? = x(2* + bx + ac)
with b = 4s ((Ky — L)t — (K1 — Ly) s), a = 45* (K? — 4K5), ¢ = (s* — Lyst + Lyt?).
Hence, this is of the form we have previously considered in (6.3.48), and we can
compute the Picard-Fuchs system of the fibration using the GKZ system (6.3.52) by
selecting v and two other parameters - choosing (u, d1, d2) does not yield an invertible
transformation, and hence 1, d5 do not parameterize moduli. This shows that we have
a two parameter family of Picard-Fuchs systems that annihilate the period integrals
of (6.3.70).

We connect (Z,7) with the six-line configuration as follows. First, applying
the mixed-twist construction to (6.3.70), branched over s = 0,00 yields the four-
parameter family of K3 surfaces 7 : X — P!, given by the elliptic fibration (again in

homogeneous base coordinates [s : t])

y? =z (2* —4s(s — )t (K1 — L1) s — (Ko — Ly) )
(6.3.72)
+45°(s — 1)°1* (K7 — 4K,) (s* — List + Lot?))

The fibration is then has three [ fibres, at s = 0,1, co, and the same configuration

of Iy and I fibres as the rational elliptic surface (Z, 7).
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The K3 surface X admits a special Nikulin involution ¢ : X — X, a Van Geemen-
Sarti involution, which results in translating the elliptic fibration (6.3.72) by the
two-torsion section (x = 0,y = 0). Crucially, Nikulin involutions are symplectic
involutions, which preserve the holomorphic 2-form. It is a standard result (see, for

example [25]) that the resulting elliptic fibration 7 : Y — P! given by
Y2 = X(X2? - 2bX + b — dac) (6.3.73)

yields a K3 surface after resolving the eight isolated fixed points of of 1, Y = X/(1).

In this case, the the K3 surface Y is given by the fibration

V2 =X (X?+2s(s —t)t (K1 — L) s — (Ko — Lo) t) X
+ 5% (s — )% (01 + 02 — 2m1) s — (0102 — 73) 1) (6.3.74)

(((51 + 52 — 2"}/1) S — ((5152 — ")/%) t))

One checks that the fibration structure is the same, except the location of the I; and
I, fibres have swapped. Then Y can be realized as a double cover of P! x P! branched
over a divisor of bidegree (4,4) as follows. Let the branching divisor be written as
3D1o+2Dy1+ D2, where D, ; indicates the bidegree of the divisor. In homogeneous

coordinates ([s : ], [Z : 7]) on P! x P!, the double cover is given by
7 =s(s — t)t (2* — K12y + Kaop®) ((2° — Loi®) t — (2% — L17) §s) (6.3.75)

Regarded as an elliptic fibration over [s : t] € P!, Equation (6.3.75) is isomorphic to

(6.3.74), since the functional invariants of each fibration agree.
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Introduce parameters ry, 7o, 13,74 such that

2
(r2 — 1)

2(7"17’24—7’%—1—7’1—7’2) 7“2+?"1—2?"3 7"2+7"1—27’4
P} y V1 = y V2 =
(T‘Q—l)

To — 1
(6.3.76)

7’2—1

After a linear shift in the fibre variables, one arrives at the model

P =s(s—t)t(x—r3y) (x —1ay) (x — (r1 +r2)y) at — (1 — 1)z —119y) ys) ,
(6.3.77)
which allows one to blow down the exceptional divisor —sy 4+ tx, yielding a birational
map P! x P! --» P? and the arrive at the K3 surface 7 : X — P!, elliptically fibred

in homogeneous coordinates as

v =0C—2)(z—2)z(t—r3z) ([ —rz) ( —rz—rz) . (6.3.78)
This is clearly the four parameter family of Yoshida surfaces obtained in Lemma
4.1.8, by setting r3 = a,ry = b,ry = ¢,71 = d. As such, the fibration (6.3.78)
has two singular fibres of type I over ¢t = r3,r4 and six fibres of type I, over t =
0,1,00, 9,71 + 9,72/ (r1 — 1), with Mordell-Weil given by MW (X, 7) = (Z/27Z)2.
We have thus demonstrated that X can be realized as the quadratic twist of the
rational elliptic surface S,, ,, from Lemma 4.1.29 with six singular fibres of type I5
at the same values as X. Hence, the Picard-Fuchs system and monodromy group of
X are the same as that of the family of Yoshida surfaces; since all of the operations
described here preserve the holomorphic 2-form up to scale, the same holds for the
quadratic twist X of the Ny = 4 Seiberg-Witten curve with two massless hypermulti-
plets. Moreover, since the Yoshida surface X is birational to the double sextic surface
X from Equation (2.1.22), we conclude that the quadratic twist operation lifts the

nontrivial special geometry of the Seiberg-Witten curve to the flat special geometry
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of the double sextic.

We have arrived at the following result.

Theorem 6.3.96. The quadratic twist X of the rational elliptic surface Z corre-
sponding to the Ny = 4 Seiberg-Witten curve with two massless hypermultiplets is
birational to the double sextic family X of Picard rank p > 16. The Picard-Fuchs
system of X and subsequent monodromy group is identified with the Aomoto-Gel’fand
E(3,6) hypergeometric system, with monodromy group G from Corollary 4.1.37, in

the variables

201T9 — T4y — T1 — Ty + T4 TaT1 — X1 — Tg — Tg + 2
M= V2 = —
T3To + X1 — T — T3

T3xo9 + X1 — Ty — I3

([L’4(L’1 — X1+ X2 — l‘4)2

(5152 =

2
(.T3SL’2 -+ T, — T — 1’3)
2 2
01 + 0y = —2 (—x1x2x3x4 + T{Ty — T1T2T3 — T1X2T4 + T1X3T4 + THT3 + ToT3T4
2 ) 2 2
—x] + 20129 + T3 — Ty — Ty — T3To + ToTy — T4x3) /(X329 + 11 — To — T3)

(6.3.79)

Here x1,x9,23, 24 are the moduli of the double sextic surface X. As such, over
some quadratic field extension of C(y1,72,01,02) the nontrivial special geometry of
the Ny = 4 Seiberg-Witten curve lifts via the mized-twist construction to the flat

special geometry of the moduli space X (3,6) of siz lines in P2.

Proof. The proof follows from the fact that all maps
X-Y --3X - X

preserve the holomorphic 2-form up to scale. One obtains the expressions in (6.3.79)
by subsituting the moduli for the Yoshida surface in terms of the double sextic moduli

and combining with the expressions in (6.3.76). O
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CHAPTER 7

Outlook

In this final chapter, we describe the outlook and future directions of the research of

this dissertation.

7.1 RG flow operators and the Picard-Fuchs system twisted K3 surfaces

It is interesting, though perhaps not a surprise that the GKZ method pursued in
§6.3.2, §6.3.4 yielded the homogeneous component of the first order RG flow operator
expected from physics [33]. As was demonstrated in §6.3.5 , §6.3.6 , the isomassive
curve and double massless hypermultiplet Ny = 4 curve can be twisted via the mixed-
twist construction in such a way that the new twist parameters are independent of the
mass configuration Seiberg-Witten data, though potentially dependent on the weak
coupling limit chosen (up to a quadratic field extension).

In this way, the corresponding Picard-Fuchs operators determined by the mass
configuration should lift as well to the K3 periods. The role that these operators play,
especially the first order RG flow operators computed in Equations (6.3.57,6.3.67)
should play some role in generating the Picard-Fuchs ideal described in §2.1.4 of the
twisted K3 surface.

However, the role does seem to depend on what choice of weak coupling limit
and which quadratic field extension of the moduli / accessory parameters from the

Seiberg-Witten data is chosen, if any. Consider the following computation.
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In the case of the isomassive Ny = 4 curve in §6.3.3, we demonstrated that after
choosing e; = 0,e; = a/m? e3 = B/m?, and the quadratic field extension of the
Seiberg-Witten data C(y/a — 3), the curve could be written as a twisted Legendre
pencil

v’ = (t—c)a(r —1)(z—1).
Using the direct computational methods in §5.3.1, one computes that the period
integral Z = fol dtw(t) satisfies the second order ODE

c(c—1)Ze + (c - %) Z.=0. (7.1.1)

This ODE has the general solution with logarithmic singularities given by
1
Z = ¢+ cylog (c ~3 + (e — 1)) (7.1.2)

with ¢y, co € C arbitrary, after choosing some appropriate branch of log. This reveals
some sort of integral transform of the hypergeometric function ,F} with the kernel
function | Fy (%|£), though such an identity is assuredly already known.

Moreover, the logarthmic singularities are only apparent, as the argument ¢ — % +

\/c(c — 1) is everywhere nonzero. One may then check that the operator

d? 1\ d
O, = c(c— 1)@ + (c - 5) 7 (7.1.3)

is not the derivative of some first order operator, nor is the square of a first order
operator. We deem this second order operator “RG-like”, in that it is not an honest
RG flow operator, but annihilates the periods, and has a connection to the special

geometry of the associated Seiberg-Witten curve. This operator should then lift to



213

the second order operator

O :=c(c— 1)5—; + (c - %) % (7.1.4)
in the Picard-Fuchs ideal for the K3 periods, though it is unclear what role this
operator plays for the full twisted Legendre pencil.

A similar statement holds for the periods of the double massless hypermultiplet
Ny = 4 curve. By virtue of Theorem 6.3.96, the RG flow equation derived in Equation
(6.3.57) should lift to the Picard-Fuchs ideal of the double sextic family, the Aomoto-
Gel'fand FE(3,6) hypergeometric system. Determining the solution to this problem
will be further illuminating on how the mixed-twist construction interacts with the
special geometry of the Seiberg-Witten curves. Moreover, one should determine how
the massive Ny = 2 curve considered in §6.3.4 lifts to the twisted Legendre pencil /
double sextic family.

Another connection between the special geometries can be seen in the following

general result.

Theorem 7.1.97. Let w: Z — P! be a Seiberg- Witten curve described by the Weier-
strass model

y? = da* — g5V (D) — g5V (1) (7.1.5)

and consider the K3 X surface obtained from the mized-twist construction applied to

Z, branched over a,b & Dz, the discriminant locus of Z. Then the period integral of

w3 = /E dx A du ()\SWd (%)) (7.1.6)

where h = (t —a)(t — b), M5V is the Seiberg-Witten differential of Z and %> € T(X) is

X can be written as

a transcendental avoiding the branching locus of the mized-twist construction.
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Proof. The holomorphic 2-form nx € H?°(X) can be written as

After carefully choosing the transcendental cycle ¥ € T(X) to avoid the branching

locus of the mixed-twist construction, the result follows from integration by parts. [

7.2 Constructing Calabi-Yau threefolds

The main point of interest in continuing this research trajectory is to iteratively
build families of Calabi-Yau threefolds via the mixed-twist construction of Doran &
Malmendier [40]. More specifically, given an elliptically fibred K3 surface 7 : X — P!,
the mixed-twist construction allows one to explicitly construct an elliptically fibred
Calabi-Yau threefold 7 : X — B , where B is some rational surface, such that X is
simultaneously fibred over P! by Jacobian elliptic K3 surfaces. In fact, their iterative
construction allows one to build, starting from a rational elliptic surface, a chain of
Jacobian elliptic Calabi-Yau n-folds that fibres simultaneously over P! by the Calabi-
Yau (n — 1)-folds.

For the purposes of this section, we recall the definition of an elliptic threefold.

Definition 7.2.98 (Miranda, [104]). An elliptic threefold is a threefold X together
with a map m: X — B from X to a surface B, whose generic fiber is a smooth elliptic
curve. We say that the fibration m : X — B is a Jacobian elliptic threefold if a section

for the map 7 1s given.

Miranda also outlines the following criteria, to study whether or not the fibration

7 : X — B has a smooth minimal model:

e X and B are both smooth.
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e The map m is flat, i.e., all fibers are one-dimensional.

e The map 7 is minimal, in the sense that there is no generically contractible
surface Y whose contractible fibers lie in the fibers of 7. Hence no contraction or
generic contraction of a surface in X will be compatible with the map .

e The discriminant locus D C B, over which the fibers of 7w are singular, is a curve
with at worst ordinary double points as singularities.

e At a smooth point p € D, the singular fiber 771(p) is a singular elliptic curve on
Kodaira’s list of singular fibers of elliptic surfaces [?]. Moreover, this fiber type is
locally constant near p, and so is constant on irreducible components of D — Dygip,.
e At a singular point p € D, the singular fiber 7!(p) is determined by the singular

fiber types over the two branches of D at p.

Indeed, the possibility of codimension-2 singularities complicates the analysis of
the existence of a smooth minimal model; moreover, even if such a smooth model
does exist, the resolution of singular fibres may not be crepant, i.e., preserving the
canonical bundle.

We have the following example:

e Start with the extremal rational elliptic surface with singular fibres give by

21, + II*, with go = 3 and g¢3(t) = —1 + 2t and A(t) = —108¢ (t — 1) such that

P =42 —3x+1—2t.

The fiberwise periods of dx/y satisfy the ODE of »Fy(g, 2; 1]t).

e Carry out a base transformation and a twist to obtain a convenient model for a

one-parameter subfamily of the family of M-polarized K3 surfaces. By setting
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t—t (2 + @) we obtain

v =" =3 (s(s + 1) o — s (t (2 + S(Si 1)>) (s(s +1))".

This family has the singular fibres given by 2I7* + 41;; a simple base transfor-
mation shows that this family can be identified with the M-polarized sub-family
fora=1,8=1,7v=0,0 = (4t)%. The K3 periods of ds A dz/y satisfy the ODE

of
1 5 7 1
127127 127 12
1 F3 (2t)?
1
]-) 17 2
e Setting ¢t — ¢ 0+ and carry out another twist to obtain a family of Calabi-Yau

u

threefolds over P* x P! given by

=42 — 3 (s(s+ 1)u) 'z — g (t(HT“Z) (2+ 1 >> (o5 4 D))"

s(s+1)

Notice that in generic u- and s-direction we have elliptic fibrations with 277" +
41;. In wu-direction, the II*-fibers are located at u = 0,00, in s-direction the
II*-fibers are at s = 0,—1. A residue computation shows that the periods of

du A ds N dx [y satisfy the ODE of

1 5 7 11
27127127 12
W28 (2t)2
1,1,1

The analysis of this fibration via the framework of Miranda reveals, after a relatively
long sequence of blow-ups, that the threefold X produced here by the mixed-twist
construction is singular, i.e., the smooth-minimal model is not Calabi-Yau. Part

of what makes this interesting, besides being the so-called 14th and final case of
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hypergeometric pencils of Calabi-Yau threefolds [22], is that this threefold can also
be constructed by means of a different rational elliptic surface - and the fibering K3

surfaces have different Picard rank.

e Start with the extremal rational elliptic surface with singular fibres Io+1;+ 111",

with go =30 —4¢ and g3(t) = -5 + 5t and A = —64¢2 (¢ — 1) such that

16 64 8
Zodp? - | = -4 — — —t.
Y x (3 t)x—|—27 3t

The fiberwise periods of dz/y satisfy the ODE of »Fy(3,2;1[¢).

e Carry out a base transformation and a twist to obtain a convenient model for a

one-parameter family of K3 surfaces with Ms-polarization - so Picard-rank 19.

e By setting t — —tm we obtain

—1 -1

=2 () (et 0 e () (o)

This family has singular fiber content 2717* + 2I; + I,. The K3 periods of
ds A dz [y satisfy the ODE of

=
N
L[S

3y t

o Sett— 160 e and carry out another twist to obtain a family of Calabi-Yau

729u (u

threefolds over P* x P! given by

y* = 42" — g5(T) (s(s + 1))" (*(u + 1)) 2 — g5 (T) (s(s +1))° (u*(u+1))*

with T' = o G +1;(2;§ OFShER In generic s-direction we have an elliptic fibration
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with 2111 4 21, + I, with the [11*-fibers located at s = 0, —1. In u-direction,
we have an elliptic fibration with I3, + 61; with the I7,-fiber located at u = oo

- and thus, are M-polarized. A residue computation shows that the periods of

du A ds N\ dx [y satisfy the ODE of

1 5 7 11

127 127 127 12

43
1,1,1

Importantly, the 14th case has been reconstructed in such a way that in various
directions of the base surface, the fibering K3 surfaces have different Picard rank!
This could be a manifestation of the singular structure of the total space, which as
we remarked before, does not possess a crepant resolution.

Beyond illustrating the utility of the mixed-twist construction in analyzing inter-
esting Calabi-Yau threefolds, which may or may not possess smooth minimal models,
one may provide explicit geometric constructions of Calabi-Yau threefolds that are
known to exist solely from a Hodge theoretic argument [10]. In order to do so, one
must sample larger families of rational elliptic surfaces - in particular, those rational
elliptic surfaces whose quadratic twists yield Jacobian elliptic K3 surfaces of at least
Picard rank 17 or 16. This has of course been the focus of this dissertation.

Moreover, knowing the Picard-Fuchs systems of such K3 surfaces allows one to
take 1-parameter restrictions by adequately sampling the moduli space. A generic,
1-parameter restriction of the moduli space ¥ of the twisted Legendre pencil over the
line {a = apz + By, b = anz + B1,¢ = z} C T has been produced during the course of
this research, and the corresponding rank-5 Picard-Fuchs ODE operator is given as

follows:
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dPw d*w dPw d’w dw
as(z)— + a4(z)@ + a3(z)7 + a2(z)7 +a1(2)— 4+ ap(z)w =0,

with coefficients given by

as(z) = %z(z —1) (281 — 2+ Bo)” (za1 — 2 + ap)?,

4
as(2) == (B1z — 2+ o) (a12 — 2 + ap) (142°c B — 2601 2° — 262° 1 + 142°a0 By
+142%04 By — 72200 Br + 382% — 26220 + 192204 — 262% 5y + 192261+

14z By — Tz — Tzan fo — 3122 4+ 1920 + 1928y — Tap , 50)
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_1 172 172 224 o3 72, 172,

oﬂo oﬁo 3042 - = 351 - 1—52’040 - 1—52’50
224 224 224
+ TZ Qg + ?2250 ngﬁl 04050
368 368 368
+t 57 Ztad + — 267 + —2f
368 396 336 396 396 96
Zﬁo Py — 7235 5 —tay — —245 + 32 2apa Bofh
548 868 248 248
15 15 t 4 1—520405051 + 1—52 apo B
248 248
+ EZ 0415051 + E@o@lﬁo
8 48 784
+ 323040041/3% 5 z%ﬁﬁoﬁl — 1—52’ Sagay
784 o 784
- Ez 15051 - 1—52 06004150
784 48
- 1—52 0405051 20405051 2’04004150
124 344
+ 5 204150 - _325051
124 140 124
+ 1—52 04051 3 — 221y + — 15 2204%50
140 3 140 3 344
— ——zapfBy — — 22y — — 2P apa
3 050 3 0P1 5 01
124 124 124 40 392
+ 15 204051 + 15 -z 041/31 15 Zg@%ﬁl —=z 041ﬁ1 - 1—52?@%60
392 1484 392 392 736
- EZAQ%& 15 z 04051 - == 150 - —2204051 —235051
24 , 36 24 392 1484
+ E 51 Z Qo + — 5 2%51 — 050 15 22
392 24 1484
15204051 5 Zaify + — 5 — a3
1484 392 332
24041/31 Z oﬁo Z a151

15
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16 16 70
ax(z) = — —2%a? — 322512 + 4222y + 422° By + 42za + 42260 — —apfo

3 3
74 74
—14a2By — 1dapfs + —2°af + — 27 — 1180, 2°

3 3
74 74
+ —zad + ?Zﬂg — 1182y — 1182° B

3

16
— 118238, — 502% — 5%~ 353 + 11223

— 28z S0 — 282° g B1 — 28271 Bo 3
70 32 70

— 2820001 80 — =21 B — = zapan — —zapf

3 3 3
70 32 148

— 3204150 — 325051 — 1dzon 35 + 7225051

308 308
— 1422a0ﬂf + ?z%zlﬁo — 14z2agﬁo + ?zaoﬁo

308 148
+ _ZzOéoﬁl -+ 722@0061 — 14Z@gﬁ1 — 14230115%

3
308
— 1422028, + ?2304051 ,
9 2 9 2 9 2 2
ai(z) =570 +212°n By + 3% B — 442"y

— 442281 + 9zagaq + 21z + 21za4 By

119 9
+ 926061 + 722 —dzog + Toagz — 44280 + 7612 + §a(2)

9 31
—+ 210&060 + §ﬁ§ — 72 + 70[0 —+ 7ﬂ0 s
1
ap(z) = —1 (6za; + 6281 — 14z + 6cg + 659 + 1)

Studying how Picard-Fuchs operators such as these will allow for the construction,
upon taking careful values of «y, 5y, aq, 81, will allow for the explicit geometric con-
struction of Calabi-Yau threefolds that have thus far only been realized by abstract

Hodge-theoretic data.



[1]

[10]

[11]

[12]

222

REFERENCES

O. Alvarez. Gravitational anomalies and the family’s index theorem. Comm.

Math. Phys., 96(3):409-417. 70, 86

M. F. Atiyah. The index of elliptic operators. iv. Ann. of Math. (2), 93:119-138.
75

M. F. Atiyah. The index of elliptic operators on compact manifolds. Bull.
Amer. Math. Soc., 69:422-433. 56, 70

M. F. Atiyah. Vector bundles over an elliptic curve. Proc. London Math. Soc.
(3), 7:414-452. 89

V. V. Batyrev and L. A. Borisov. Dual cones and mirror symmetry for gen-
eralized Calabi-Yau manifolds. In Mirror symmetry, II, volume 1 of AMS/IP
Stud. Adv. Math., pages 71-86. Amer. Math. Soc., Providence, RI, 1997. 116

V. V. Batyrev and D. van Straten. Generalized hypergeometric functions and

rational curves on Calabi-Yau complete intersections in toric varieties. Comm.
Math. Phys., 168(3):493-533, 1995. 118

A. A. Belavin. Algebraic geometry and the geometry of quantum strings. Phys.
Lett. B, 168(3):201-206. 82

A. A. Belavin. Complex geometry and the theory of quantum strings. Zh.
FEksper. Teoret. Fiz., 91(2):364-390. 82

L. Beshaj, R. Hidalgo, S. Kruk, A. Malmendier, S. Quispe, and T. Shaska.
Rational points in the moduli space of genus two. In Higher genus curves in

mathematical physics and arithmetic geometry, volume 703 of Contemp. Math.,
pages 83-115. Amer. Math. Soc., [Providence], RI, 2018. 110

F. Beukers. Monodromy of A-hypergeometric functions. J. Reine Angew. Math.,
718:183-206, 2016. 125, 127, 128, 134

C. Birkenhake and H. Wilhelm. Humbert surfaces and the Kummer plane.
Trans. Amer. Math. Soc., 355(5):1819-1841, 2003. 109

J.-M. Bismut. Fibrés déterminants, métriques de quillen et dégénérescence des

courbes. C. R. Acad. Sci. Paris Sér. I Math., 307(7):317-320. 82



[13]
[14]

[15]

[16]

[23]

[24]

223

J.-M. Bismut. Geometry of elliptic families i, ii. Orsay preprint, (85T47). 82

J.-B. Bost. Conformal and holomorphic anomalies on riemann surfaces and
determinant line bundles. pages 768-775. 74, 75, 76, 81, 84, 85, 86

N. Braeger, A. Malmendier, and Y. Sung. Kummer sandwiches and Greene-
Plesser construction. Journal of Geometry and Physics, 154:103718, Aug. 2020.
44, 109, 121

P. Candelas, X. C. de la Ossa, P. S. Green, and L. Parkes. An exactly soluble
superconformal theory from a mirror pair of Calabi-Yau manifolds. In Particles,
strings and cosmology (Boston, MA, 1991), pages 667-680. World Sci. Publ.,
River Edge, NJ, 1992. 5, 97, 138

Y.-H. Chen, Y. Yang, and N. Yui. Monodromy of Picard-Fuchs differential
equations for Calabi-Yau threefolds. J. Reine Angew. Math., 616:167-203, 2008.
With an appendix by Cord Erdenberger. 5, 97, 138

S.-S. Chern. Characteristic classes of hermitian manifolds. Ann. of Math. (2),
47:85-121. 57

S.-S. Chern. Differential geometry of fiber bundles. pages 397-411. 59

S.-S. Chern. A simple intrinsic proof of the gauss-bonnet formula for closed
riemannian manifolds. Ann. of Math. (2), 45:747-752. 59

A. Clingher and C. F. Doran. On K3 surfaces with large complex structure.
Advances in Mathematics, 215(2):504-539, 2007. 13, 152

A. Clingher, C. F. Doran, J. Lewis, A. Y. Novoseltsev, and A. Thompson. The
14th case VHS via K3 fibrations. In Recent advances in Hodge theory, volume
427 of London Math. Soc. Lecture Note Ser., pages 165—-227. Cambridge Univ.
Press, Cambridge, 2016. 217

A. Clingher, C. F. Doran, and A. Malmendier. Special function identities from
superelliptic Kummer varieties. Asian Journal of Mathematics, 21(5):909-952,
2017. 45, 96, 112, 188, 189

A. Clingher, T. Hill, and A. Malmendier. The duality between F-theory and
the heterotic string in D = 8 with two Wilson lines. Lett. Math. Phys.,
110(11):3081-3104, 2020. 103

A. Clingher and A. Malmendier. Nikulin involutions and the CHL string.
Communications in Mathematical Physics, 370(3):959-994, Sept. 2019. arXiv:
1805.10242. 208



[26]

[36]

[37]

224

A. Clingher and A. Malmendier. Normal forms for Kummer surfaces. London
Mathematical Society Lecture Note Series, 2(459):107-162, 2019. 44, 110, 163,
165

A. Clingher and A. Malmendier. Kummer surfaces associated with (1,2)-
polarized abelian surfaces, arXiv:1704.04884[math.AG]J. 108, 109, 110

A. Clingher, A. Malmendier, and T. Shaska. Six line configurations and string
dualities. Comm. Math. Phys., 371(1):159-196, 2019. 103, 109

A. Clingher, A. Malmendier, and T. Shaska. On isogenies among certain abelian
surfaces. Michigan Math. J., pages 1-43, 2021. 109

D. A. Cox and S. Katz. Mirror symmetry and algebraic geometry, volume 68
of Mathematical Surveys and Monographs. American Mathematical Society,
Providence, RI, 1999. 21, 115

D. A. Cox and S. Zucker. Intersection numbers of sections of elliptic surfaces.
Inventiones Mathematicae, 53(1):1-44, 1979. 148

P. Deligne. Equations différentielles a points singuliers réguliers. pages iii+133.
85

E. D’Hoker, I. Krichever, and D. Phong. The renormalization group equation
in N = 2 supersymmetric gauge theories. Nuclear Physics B, 494(1-2):89-104,
June 1997. 195, 201, 204, 211

I. V. Dolgachev. Mirror symmetry for lattice polarized K3 surfaces. Journal of
Mathematical Sciences, 81(3):2599-2630, Sept. 1996. 19, 31, 104, 121

R. Donagi and E. Witten. Supersymmetric Yang-Mills Systems And Integrable
Systems. Nuclear Physics B, 460(2):299-334, Feb. 1996. arXiv: hep-th/9510101.
175

C. F. Doran. Picard-Fuchs Uniformization: Modularity of the Mirror Map and
Mirror-Moonshine. arXiv:math/9812162, Dec. 1998. 26, 167

C. F. Doran. Picard-Fuchs Uniformization and Modularity of the Mirror Map.
Communications in Mathematical Physics, 212(3):625-647, Aug. 2000. 26, 143,
167

C. F. Doran. Algebro-geometric isomonodromic deformations linking Haupt-
moduls: variation of the mirror map. In Proceedings on Moonshine and related
topics (Montréal, QC, 1999), volume 30 of CRM Proc. Lecture Notes, pages
27-35. Amer. Math. Soc., Providence, RI, 2001. 4, 97



[39]

[52]

225

C. F. Doran, A. Harder, H. Movasati, and U. Whitcher. Humbert surfaces and
the moduli of lattice polarized K3 surfaces. In String-Math 201/, volume 93 of
Proc. Sympos. Pure Math., pages 109-140. Amer. Math. Soc., Providence, RI,
2016. 31

C. F. Doran and A. Malmendier. Calabi-Yau manifolds realizing symplectically
rigid monodromy tuples. Adv. Theor. Math. Phys., 23(5):1271-1359, 2019. 4,
32, 97, 98, 99, 120, 214, 218

T. Eguchi. Gravitation, gauge theories and differential geometry. Phys. Rep.,
66(6):213-393. 70

M. Eichler. FEine Verallgemeinerung der Abelschen Integrale. Mathematische
Zeitschrift, 67:267-298, 1957. 148

Y. Endo. Parabolic cohomologies and generalized cusp forms of weight three as-
sociated to Weierstrass equations over function fields. page 66, 1985. Publisher:
ProQuest LLC, Ann Arbor, MI. 140, 146, 147, 148

I. Fredholm. Sur une classe d’équations fonctionnelles. Acta Math., 27(1):365—
390. 54

D. S. Freed. Special Kahler Manifolds. Communications in Mathematical
Physics, 203(1):31-52, May 1999. 175

R. Friedman. Smooth four-manifolds and complex surfaces. 27:x+520. 92

R. Friedman. Vector bundles and f theory. Comm. Math. Phys., 187(3):679-743.
91, 92

G. Fubini. Sulle metriche definite da una forme hermitiana. Atti del Reale
Istituto Veneto di Scienze, Lettere ed Arti, page 502-513. 59

[. Gel'fand and M. Graev. Hypergeometric functions associated with the
Grassmannian Gsg. Mathematics of the USSR-Sbornik, 66(1):1-40, Feb. 1990.
177

[. Gel’fand, M. Kapranov, and A. Zelevinsky. Generalized Euler integrals and
A-hypergeometric functions. Advances in Mathematics, 84(2):255-271, Dec.
1990. 172, 177, 200

I. M. Gel'fand, M. M. Kapranov, and A. V. Zelevinsky. Generalized Euler
integrals and A-hypergeometric functions. Adv. Math., 84(2):255-271, 1990.
31, 119, 124, 125

Y. Goto. Arithmetic of weighted diagonal surfaces over finite fields. J. Number
Theory, 59(1):37-81, 1996. 115



[53]

[54]

[55]

[56]

[57]

[61]
[62]
[63]

[64]

[65]

226

B. R. Greene, S.-S. Roan, and S.-T. Yau. Geometric singularities and spectra
of Landau-Ginzburg models. Comm. Math. Phys., 142(2):245-259, 1991. 116

E. Griffin and A. Malmendier. Jacobian elliptic Kummer surfaces and special
function identities. Commun. Number Theory Phys., 12(1):97-125, 2018. 112

P. Griffiths. Principles of algebraic geometry. pages xiv+813. Reprint of the
1978 original. 82

P. A. Griffiths. Periods of Integrals on Algebraic Manifolds, I. (Construction
and Properties of the Modular Varieties). American Journal of Mathematics,
90(2):568-626, 1968. Publisher: Johns Hopkins University Press. 22, 29

P. A. Griffiths. Periods of Integrals on Algebraic Manifolds, II: (Local Study of
the Period Mapping). American Journal of Mathematics, 90(3):805-865, 1968.
Publisher: Johns Hopkins University Press. 22, 29

P. A. Griffiths. Periods of integrals on algebraic manifolds, III (some
global differential-geometric properties of the period mapping). Publications
mathématiques de 'IHES, 38(1):125-180, Jan. 1970. 22, 29

P. A. Griffiths. Periods of integrals on algebraic manifolds: Summary of main
results and discussion of open problems. Bulletin of the American Mathematical
Society, 76:228-296, 1970. 22, 29

M. Hara, T. Sasaki, and M. Yoshida. Tensor products of linear differential
equations-a study of exterior products of hypergeometric equations. Funkcialaj
Ekuvaciog, 32:453-477, 1989. 109, 165, 186

F. Hirzebruch. On steenrod’s reduced powers, the index of inertia, and the todd
genus. Proc. Nat. Acad. Sci. U. S. A., 39:951-956. 50, 56, 65, 67, 68

W. V. D. Hodge. The theory and applications of harmonic integrals. pages
ix+281. 52

L. Hormander. Linear partial differential operators. pages vii+287. 54

S. Hosono, A. Klemm, S. Theisen, and S.-T. Yau. Mirror symmetry, mirror map
and applications to Calabi-Yau hypersurfaces. Comm. Math. Phys., 167(2):301—
350, 1995. 107

S. Hosono, B. H. Lian, H. Takagi, and S.-T. Yau. K3 surfaces from configura-
tions of six lines in P? and mirror symmetry I. Commun. Number Theory Phys.,
14(4):739-783, 2020. 103, 106, 107



[66]

[75]

227

W. L. Hoyt. Parabolic cohomology and cusp forms of the second kind for
extensions of fields of modular functions. In Modular functions in analysis and
number theory, volume 5 of Lecture Notes Math. Statist., pages 85—121. Univ.
Pittsburgh, Pittsburgh, PA, 1983. 146, 148

W. L. Hoyt. Notes on elliptic K3 surfaces. In D. V. Chudnovsky, G. V. Chud-
novsky, H. Cohn, and M. B. Nathanson, editors, Number Theory, volume 1240,
pages 196-213. Springer Berlin Heidelberg, Berlin, Heidelberg, 1987. 43, 46, 96,
112, 190

W. L. Hoyt. Elliptic fiberings of Kummer surfaces. In Number theory (New York,
1985/1988), volume 1383 of Lecture Notes in Math., pages 89-110. Springer,
Berlin, 1989. 40

W. L. Hoyt. On twisted Legendre equations and Kummer surfaces. In Theta
functions—Bowdoin 1987, Part 1 (Brunswick, ME, 1987), volume 49 of Proc.
Sympos. Pure Math., pages 695-707. Amer. Math. Soc., Providence, RI, 1989.
5, 40, 96, 107, 108, 109, 147, 148, 165, 183, 187

W. L. Hoyt and C. F. Schwartz. Yoshida surfaces with Picard number p > 17. In
Proceedings on Moonshine and related topics (Montréal, QC, 1999), volume 30
of CRM Proc. Lecture Notes, pages 7T1-78. Amer. Math. Soc., Providence, RI,
2001. 34, 39, 102, 104

B. Hunt and W. Meyer. Mixed automorphic forms and invariants of elliptic
surfaces. Mathematische Annalen, 271(1):53-80, Mar. 1985. 148

J.-I. Tgusa. On Siegel Modular Forms of Genus Two. American Journal of
Mathematics, 84(1):175, Jan. 1962. 45

P. J. Kahn. Characteristic numbers and oriented homotopy type. Topology,
3:81-95. 50, 70

F. Klein. Vorlesungen tiber die Theorie der elliptischen Modulfunktionen. Band
I: Grundlegung der Theorie. Bibliotheca Mathematica Teubneriana, Band
10. Johnson Reprint Corp., New York; B. G. Teubner. Verlagsgesellschaft,
Stuttgart, 1966. Ausgearbeitet und vervollstandigt von Robert Fricke. Nach-
druck der ersten Auflage. 20

F. Klein. Vorlesungen tiber die Theorie der elliptischen Modulfunktionen. Band
II: Fortbildung und Anwendung der Theorie. Bibliotheca Mathematica Teub-
neriana, Band 10. Johnson Reprint Corp., New York; B. G. Teubner. Verlags-
gesellschaft, Stuttgart, 1966. Ausgearbeitet und vervollstandigt von Robert
Fricke. Nachdruck der ersten Auflage. 20

R. Kloosterman. Classification of all Jacobian elliptic fibrations on certain K3
surfaces. J. Math. Soc. Japan, 58(3):665-680, 2006. 105



[77]

228

K. Kodaira. On the structure of compact complex analytic surfaces. I, II. Pro-
ceedings of the National Academy of Sciences of the United States of America,
50:218-221; ibid. 51 (1963), 1100-1104, 1963. 4, 14, 15, 87, 94

K. Kodaira. On the structure of compact complex analytic surfaces. II. Amer.
J. Math., 88:682-721, 1966. 28, 142

K. Kodaira. On the structure of compact complex analytic surfaces. III. Amer.
J. Math., 90:55-83, 1968. 28, 142

N. H. Kuiper. On Conformally-Flat Spaces in the Large. The Annals of Math-
ematics, 50(4):916, Oct. 1949. 171

A. Kumar. Elliptic fibrations on a generic Jacobian Kummer surface. J. Alge-
braic Geom., 23(4):599-667, 2014. 110

E. Kummer. Uber die Flichen vierten Grades mit sechzehn singuléren Punkten.
Monatsberichte der Koniglichen Preuflischen Akademie der Wissenschaften zu
Berlin, pages 246-260, 1864. 1

D. Kvillen. Determinants of cauchy-riemann operators on riemann surfaces.
Funktsional. Anal. i Prilozhen., 19(1):37-41, 96. 82

W. Lerche. Introduction to Seiberg-Witten Theory and its Stringy Origin.
Nuclear Physics B - Proceedings Supplements, 55(2):83-117, May 1997. arXiv:
hep-th/9611190. 192, 194, 196

A. Malmendier. The signature of the Seiberg-Witten surface. In Surveys in
differential geometry. Volume XV. Perspectives in mathematics and physics,
volume 15 of Surv. Differ. Geom., pages 255-277. Int. Press, Somerville, MA,
2011. 89, 192

A. Malmendier. Kummer surfaces associated with Seiberg-Witten curves. J.
Geom. Phys., 62(1):107-123, 2012. 103

A. Malmendier and D. R. Morrison. K3 surfaces, modular forms, and non-
geometric heterotic compactifications. Lett. Math. Phys., 105(8):1085-1118,
2015. 103

A. Malmendier and M. T. Schultz. From the signature theorem to anomaly can-
cellation. The Rocky Mountain Journal of Mathematics, 50(1):181-212, 2020.
8

A. Malmendier and M. T. Schultz. On the mixed-twist construction and mon-
odromy of associated Picard-Fuchs systems. arXiv:2108.06873 [math], Aug.
2021. arXiv: 2108.06873. 8



[90]

[91]

[100]

[101]

[102]

229

A. Malmendier and T. Shaska. The Satake sextic in F-theory. J. Geom. Phys.,
120:290-305, 2017. 103

A. Malmendier and T. Shaska. A universal genus-two curve from Siegel modular
forms. SIGMA Symmetry Integrability Geom. Methods Appl., 13:Paper No. 089,
17, 2017. 110

K. Matsumoto. Theta functions on the classical bounded symmetric domain of
type $1.2,28. Japan Academy. Proceedings. Series A. Mathematical Sciences,
67(1):1-5, 1991. 33, 34, 36

K. Matsumoto. Theta functions on the classical bounded symmetric domain of
type Ioo. Proc. Japan Acad. Ser. A Math. Sci., 67(1):1-5, 1991. 103

K. Matsumoto, T. Sasaki, and M. Yoshida. The period map of a 4-parameter
family of K3 surfaces and the Aomoto-Gel’fand hypergeometric function of type
(3,6). Proc. Japan Acad. Ser. A Math. Sci., 64(8):307-310, 1988. 20, 103, 105,
109

K. Matsumoto, T. Sasaki, and M. Yoshida. The Aomoto-Gel'fand hypergeo-
metric function and period mappings. Sugaku, 41(3):258-263, 1989. 103, 105,
109

K. Matsumoto, T. Sasaki, and M. Yoshida. The monodromy of the period map
of a 4-parameter family of K3 surfaces and the hypergeometric function of type
(3,6). International Journal of Mathematics, 3(1):164, 1992. 20, 34, 103, 105,
109, 164, 177, 183, 185

A. K. Mehran. Even eight on a Kummer surface. ProQuest LLC, Ann Arbor,
MI, 2006. Thesis (Ph.D.)-University of Michigan. 175

W. Miller, Jr. Symmetries of Differential Equations. The Hypergeometric and
Euler-Darboux Equations. SIAM Journal on Mathematical Analysis, 4(2):314—
328, May 1973. 156, 182

J. Milnor. Construction of universal bundles. i. Ann. of Math. (2), 63:272-284.
61

J. Milnor. Construction of universal bundles. ii. Ann. of Math. (2), 63:430-436.
61

J. Milnor. On manifolds homeomorphic to the 7-sphere. Ann. of Math. (2),
64:399-405. 50, 70

J. W. Milnor. Characteristic classes. pages vii+331. Annals of Mathematics
Studies, No. 76. 57, 62, 68



103]

[104]

[105]

[106]

107]

[108]

109]

[110]

[111]

[112]

113]

[114]

115]

230

R. Miranda. Smooth models for elliptic threefolds. In The birational geometry
of degenerations (Cambridge, Mass., 1981), volume 29 of Progr. Math., pages
85—-133. Birkhauser, Boston, Mass., 1983. 27

R. Miranda. Smooth models for elliptic threefolds. In The birational geometry
of degenerations (Cambridge, Mass., 1981), volume 29 of Progr. Math., pages
85-133. Birkhauser, Boston, Mass., 1983. 214

R. Miranda. The basic theory of elliptic surfaces. Dottorato di Ricerca in
Matematica. [Doctorate in Mathematical Research]. ETS Editrice, Pisa, 1989.
14

D. R. Morrison. Picard-Fuchs equations and mirror maps for hypersurfaces. In
Essays on mirror manifolds, pages 241-264. Int. Press, Hong Kong, 1992. 119

D. R. Morrison. Compactifications of moduli spaces inspired by mirror sym-
metry. Number 218, pages 243-271. 1993. Journées de Géométrie Algébrique
d’Orsay (Orsay, 1992). 123

Y. Namikawa and K. Ueno. The complete classification of fibres in pencils of
curves of genus two. Manuscripta Mathematica, 9(2):143-186, June 1973. 44

N. Narumiya and H. Shiga. The mirror map for a family of K3 surfaces in-
duced from the simplest 3-dimensional reflexive polytope. In Proceedings on
Moonshine and related topics (Montréal, QC, 1999), volume 30 of CRM Proc.
Lecture Notes, pages 139-161. Amer. Math. Soc., Providence, RI, 2001. 120,
121

A. Néron. Modeles minimaux des variétés abéliennes sur les corps locaux et
globaux. Inst. Hautes Ftudes Sci. Publ.Math. No., 21:128. 94

V. V. Nikulin. Quotient-groups of groups of automorphisms of hyperbolic forms
by subgroups generated by 2-reflections. Algebro-geometric applications. In
Current problems in mathematics, Vol. 18, pages 3—-114. Akad. Nauk SSSR,
Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii, Moscow, 1981. 104, 105, 108,
111, 113

S. P. Novikov. The homotopy and topological invariance of certain rational
pontryagin classes. Dokl. Akad. Nauk SSSR, 162:1248-1251. 60

S. P. Novikov. Topological invariance of rational classes of pontryagin. Dokl.
Akad. Nauk SSSR, 163:298-300. 60

K. Oguiso. The mordell-weil lattice of a rational elliptic surface. Comment.
Math. Univ. St. Paul., 40(1):83-99. 87, 199, 202, 203

R. S. Palais. Seminar on the atiyah-singer index theorem. pages x+366. 54



[116]

[117)

18]

119

[120]

[121]

[122]

123]

[124]

[125]

[126]

127]

[128]

[129]

231

L. S. Pontryagin. Characteristic cycles on differentiable manifolds. Mat. Sbornik
N. S., 21(63):233-284. 59, 60

D. B. Ray. Analytic torsion for complex manifolds. Ann. of Math. (2), 98:154—
177. 76, 78

B. Riemann. Bernhard Riemann’s Gesammelte Mathematische Werke -
Nachtrage. M. Noether und W. Wirtinger, Leipzig, 1902. 20

T. Sasaki. Contiguity Relations of Aomoto—Gel’fand Hypergeometric Functions
and Applications to Appell’s System F3 and Goursat’s System sFy. SIAM
Journal on Mathematical Analysis, 22(3):821-846, May 1991. 32, 106, 179

T. Sasaki. Projective Differential Geometry and Linear Differential Equations.
Number 5: 1-114 in Rokko Lectures in Mathematics. 1999. 20, 166, 174

T. Sasaki and M. Yoshida. Linear differential equations in two variables of rank
four. I. Mathematische Annalen, 282(1):69-93, Mar. 1988. 20, 189

T. Sasaki and M. Yoshida. Linear differential equations in two variables of rank
four: II. The uniformizing equation of a Hilbert modular orbifold. Mathematis-
che Annalen, 282(1):95-111, Mar. 1988. 20

T. Sasaki and M. Yoshida. Linear differential equations modeled after hyper-
quadrics. Tohoku Mathematical Journal, 41(2), Jan. 1989. 4, 20, 26, 164, 165,
166, 172, 173, 174, 186

T. Sasaki and M. Yoshida. Tensor products of linear differential equations. II.
New formulae for the hypergeometric functions. Funkcial. Ekvac., 33(3):527—
549, 1990. 109

R. Seeley. Extending O to singular riemann surfaces. .J. Geom. Phys., 5(1):121-
136. 89

N. Seiberg and E. Witten. Monopoles, duality and chiral symmetry breaking in
N = 2 supersymmetric QCD. Nuclear Physics. B, 431(3):484-550, 1994. 176,
192, 196, 197, 199, 203

J.-P. Serre. A course in arithmetic. pages viii+115. Translated from the French;
Graduate Texts in Mathematics, No. 7. 15, 85

J.-P. Serre. Groupes d’homotopie et classes de groupes abéliens. Ann. of Math.
(2), 58:258-294. 63

I. Shimada. On elliptic K3 surfaces. Michigan Math. J., 47(3):423-446, 2000.
108, 112, 113



[130]

[131]

[132]

[133]

[134]

[135]
[136]
[137]
[138]

[139]

[140]

[141]

[142)

[143]

[144]

232

Y. Shimizu. Seiberg-Witten integrable systems and periods of rational elliptic
surfaces. In T. Kohno and M. Morishita, editors, Contemporary Mathemat-
ics, volume 416, pages 237-247. American Mathematical Society, Providence,
Rhode Island, 2006. 195, 196

G. Shimura. Sur les intégrales attachées aux formes automorphes. Journal of
the Mathematical Society of Japan, 11:291-311, 1959. 148

J. Stienstra. GKZ hypergeometric structures. In Arithmetic and geometry
around hypergeometric functions, volume 260 of Progr. Math., pages 313-371.
Birkhauser, Basel, 2007. 127, 128, 130, 131

P. F. Stiller. Elliptic curves over function fields and the picard number. Amer.
J. Math., 102(4):565-593. 79

P. F. Stiller. A note on automorphic forms of weight one and weight three.
Transactions of the American Mathematical Society, 291(2):503-518, 1985. 148

R. E. Stong. Notes on cobordism theory. pages v+354+1vi. 48
E. Study. Kiirzeste wege im komplexen gebiet. Math. Ann., 60(3):321-378. 59

N. Suwa and N. Yui. Arithmetic of certain algebraic surfaces over finite fields.
In Number theory (New York, 1985/1988), volume 1383 of Lecture Notes in
Math., pages 186—256. Springer, Berlin, 1989. 115

R. Thom. Espaces fibrés en spheres et carrés de steenrod. Ann. Sci. Ecole
Norm. Sup. (3), 69:109-182. 61, 62, 63

R. Thom. Quelques propriétés globales des variétés différentiables. Comment.
Math. Helv., 28:17-86. 49, 56, 60, 62, 63, 64, 65

C. Vafa. Evidence for f-theory. Nuclear Phys. B, 469(3):403-415. 94

B. van Geemen and J. Top. An isogeny of K3 surfaces. The Bulletin of the
London Mathematical Society, 38(2):209-223, 2006. 43

H. Whitney. The self-intersections of a smooth n-manifold in 2n-space. Ann.
of Math. (2), 45:220-246. 62

E. J. Wilczynski. Projective differential geometry of curves and ruled surfaces.
Chelsea Publishing Co., New York, 1962. 20, 166

N. Yui. The arithmetic of certain Calabi-Yau varieties over number fields. In
The arithmetic and geometry of algebraic cycles (Banff, AB, 1998), volume 548
of NATO Sci. Ser. C' Math. Phys. Sci., pages 515-560. Kluwer Acad. Publ.,
Dordrecht, 2000. 115



233

[145] N. Yui. Arithmetic of certain Calabi-Yau varieties and mirror symmetry. In
Arithmetic algebraic geometry (Park City, UT, 1999), volume 9 of IAS/Park
City Math. Ser., pages 507-569. Amer. Math. Soc., Providence, RI, 2001. 115



234

VITA

Personal Data and Bio
NAME: Michael Thomas Schultz

EMAIL: michael.schultz@Qusu.edu
Michael Thomas Schultz is a fifth year PhD candidate in mathematics at Utah

State University, in the DGCAMP group (Differential Geometry, Computer Algebra,
and Mathematical Physics) supervised by Dr. Andreas Malmendier. He is studying
the geometry of lattice polarized K3 surfaces of high Picard rank, and the geometry
of their period domains via Picard-Fuchs equations. His other interests include vari-
ational principles on period domains for Calabi-Yau manifolds, F-theory / heterotic

string duality, and black hole geometries in general relativity.


mailto:michael.schultz@usu.edu

Education

CURRENT

August 2016

DECEMBER 2013

PhD in MATHEMATICS,

Utah State University, Logan, UT
Dissertation: On the geometry of families of lattice
polarized K3 surfaces of high Picard rank

and their period domains

Supervisor: Dr. Andreas MALMENDIER

Expected Date of Completion: DECEMBER 2021
GPA: 3.91/4.0

Master of Science in MATHEMATICS,
Idaho State University, Pocatello, 1D

Emphasis of Study: DIFFERENTIAL GEOMETRY,

MATHEMATICAL PHYSICS, CALCULUS OF VARIATIONS

Supervisor: Dr. Bennett PALMER

GPA: 3.6/4.0

Honors Bachelor of Science in MATHEMATICS,

Idaho State University, Pocatello, ID

Thesis: Characterizing integrality in circulant graphs

Supervisor: Dr. Catherine KRILOFF

GPA: 3.8/4.0

235



Academic Appointments

JANUARY 2022 - 2025

JANUARY 2017 - PRESENT

AvucusT 2014 - MAYy 2016

Visiting Assistant Professor

VIRGINIA TECH, Blacksburg, VA

Graduate Teaching Assistant

UTAH STATE UNIVERSITY, Logan, UT
Main instructor for sections of Differential
Equations, Linear Algebra, and Calculus I.
Recitation leader for a variety of undergraduate
mathematics classes. Developed curriculum,
facilitated lecture, prepared lessons,

reported grades, conducted office hours.

Graduate Teaching Assistant

IDAHO STATE UNIVERSITY, Pocatello, ID
Main instructor for a variety of undergraduate
mathematics classes. Designed syllabi, wrote and
administered exams, reported final grades

and conducted office hours.

236



Research Appointments

237

JANUARY 2020 - MAY 2020 | Excellence in Teaching

Research Assistantship (Awarded)
Dept. Mathematics and Statistics

UTAH STATE UNIVERSITY, Logan, UT

JANUARY 2018 - MAY 2018 | Research Assistantship for study of Abelian

Publications

Rocky Mountain Journal of Mathematics

Volume 50 (2020) No. 1, 181-212

SUBMITTED
Journal of Number Theory & Physics

Avucust 2021

IN PREPARATION

and Calabi-Yau varieties
Funded by Dr. Andreas MALMENDIER,

NSA Conference Grant (H98230-18-1-0285)

From the Signature Theorem
to Anomaly Cancellation,

With Andreas MALMENDIER

On the Mized-Twist Construction
and Monodromy of Associated
Picard-Fuchs Systems

With Andreas MALMENDIER

On Special Geometry associated
to certain lattice polarized
K3 surfaces and Seiberg- Witten curves

With Andreas MALMENDIER



Awards
USU DEPT. OF MATH AND STATS

MAY 3, 2020

USU DEPT. OF MATH AND STATS

APRIL 28, 2019

UTAH STATE UNIVERSITY

APRIL 12, 2019

690. WE-HERAEUS-SEMINAR
Bonn, DEU
FEBRUARY 15, 2019

2020 Doctoral Researcher

of the Year

Graduate Student

Departmental Service Award

Outstanding Oral Presentation at

Student Research Symposium

“Best Poster”

Teaching Resources

238



Conference Presentations
Joint Mathematics Meeting 2021

VIRTUAL

JANUARY 8, 2021

Algebraic Geometry and

Mathematical Physics: Explicit Methods
for Abelian and Calabi-Yau varieties
UTAH STATE UNIVERSITY, Logan, UT

JuLy 5 -7, 2019

USU Student Research Symposium
APRrIL 10, 2019

UTAH STATE UNIVERSITY, Logan, UT

Jim Isenberg Pacific Coast
Gravity Meeting 35
MARCH 29, 2019

UTAH STATE UNIVERSITY,

Logan, UT

239

Title: Differential Geometry of
the Seigel Modular Threefold
€ algebro-arithmetic

data of certain K3 surfaces

Title: Resolving
Holomorphic Anomalies

on Elliptic Surfaces

Title: Gravitational Anomalies
and Elliptic Curves

Notes: Awarded “Outstanding
Graduate Oral Presentation”

in Physical Sciences

Title: Gravitational
Anomalies and the Universal

Bundle of Elliptic Curves



	On the Geometry of the Moduli Space of Certain Lattice Polarized K3 Surfaces and Their Picard-Fuchs Operators
	Recommended Citation

	ABSTRACT
	PUBLIC ABSTRACT
	ACKNOWLEDGEMENTS
	LIST OF TABLES
	Introduction
	Overview and statement of results
	Summary of Chapters
	Relations to published work

	Preliminary Matter
	Algebraic Surfaces & their Periods
	Abelian & K3 Surfaces
	Jacobian elliptic surfaces
	The period map
	Picard-Fuchs Equations
	Generalities on Weierstrass models and their associated Picard-Fuchs Operators
	Branched double covers of P2 and double sextic K3 surfaces
	The Yoshida family of K3 surfaces with Picard rank 16
	The twisted Legendre pencil of K3 surfaces with Picard rank 17
	Further degeneration to Picard rank =18, 19
	Relations to Kummer surfaces from curves with full level-two structure

	The Signature Theorem
	The Cobordism Ring and Genera
	The definition of the signature
	The signature as an analytical index

	The structure of the Cobordism ring and its genera
	Pontrjagin numbers
	The rational cohomology ring and genera
	The Hirzebruch L-genus


	The fibrewise signature operator on elliptic surfaces
	Vertical signature operator on the j-line
	The determinant line bundle
	The analytic torsion for families of elliptic curves
	The RRGQ formula
	Extension as a meromorphic connection

	Twisting and anomaly cancellation on generic elliptic K3 surfaces
	The generic elliptic surface
	The Poincaré line bundle
	Cancelling the local anomaly


	The Mixed-Twist Construction for Lattice Polarized K3 surfaces
	Mixed-twist construction for multi parameter K3 surfaces
	The generalized functional invariant
	Quadratic twists of a rational elliptic surface

	Extending the lattice polarization and monodromy groups
	Picard-rank =17
	Picard-rank =18
	Picard-rank =19

	GKZ Description of the Univariate Mirror Families
	The Mirror Families
	GKZ data of the mirror family
	Recurrence relation between holomorphic periods
	Monodromy of the mirror family


	Quadratic period relations for K3 surfaces of high Picard-rank
	Quadratic period relations for 17
	The homological invariant
	The Picard-Fuchs equation and differentials of the second kind
	Generalized cusp forms
	The construction of the parabolic cocycle

	The period maps for Picard rank 17
	Some Picard-Fuchs equations for the twisted Legendre pencil
	The Picard-Fuchs equations for 17
	The Picard-Fuchs equation for 18
	The Picard-Fuchs equation for 19
	The case of 19 with full level-two structure


	Special geometry of the moduli space
	Geometry of certain uniformizing differential equations
	Linear differential equations associated to projective hypersurfaces
	The quadric condition and special geometry

	Holomorphic conformal geometry from the twisted Legendre pencil
	Holomorphic Conformal geometry of the moduli space X(3,6)
	Embedding the moduli space T as a boundary component of X(3,6)
	Picard-Fuchs operators for Kummer surfaces with level-two structure

	Relations to N=2 supersymmetric gauge theories
	The Seiberg-Witten differential and periods of rational elliptic surfaces
	The Nf=4 curve with two massive hypermultiplets
	The isomassive Nf=4 curve with two massless hypermultiplets
	Flowing to the isomassive Nf=2 curve
	The mixed-twist construction for the isomassive Nf=4 curve
	The mixed-twist construction for the Nf=4 curve with two massive hypermultiplets


	Outlook
	RG flow operators and the Picard-Fuchs system twisted K3 surfaces
	Constructing Calabi-Yau threefolds

	REFERENCES
	VITA

