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Abstract

We study computational aspects of equilibria and fair division problems with a focus on
demand and valuation functions that satisfy the (weak) gross substitutes property.

We study the Arrow-Debreu exchange market model with divisible goods where agents’
demands satisfy the weak gross substitutes (WGS) property. We give an auction algorithm
that obtains an approximate market equilibrium for WGS demands. Previously, such algo-
rithms were known only for restricted classes of WGS demands. We also derive the impli-
cations of our technique for spending-restricted market equilibrium for budget-separable
piecewise linear concave (budget-SPLC) utilities. Spending-restricted equilibrium was in-
troduced as a continuous relaxation of the Nash Social Welfare (NSW) problem.

Next, we present the first polynomial-time constant-factor approximation algorithm for
the NSW problem under Rado valuations. Rado valuations form a general class of val-
uation functions that arise from maximum cost independent matching problems. They
include as special cases assignment (OXS) valuations and weighted matroid rank func-
tions. Our approach also gives the first polynomial-time constant-factor approximation
algorithm for the asymmetric NSW problem under Rado valuations, provided that the
maximum ratio between the weights is bounded by a constant.

We examine the Matroid Based Valuation (MBV) conjecture by Ostrovsky and Paes
Leme (Theoretical Economics 2015). It asserts that every (discrete) gross substitute val-
uation is a matroid based valuation—a valuation obtained from weighted matroid rank
functions by repeated applications of merge and endowment operations. Each matroid
based valuation turns out to be an endowment of some Rado valuation. By introducing
complete classes of valuated matroids, we exhibit a family of valuations that are gross sub-
stitutes but not endowed Rado valuations. This refutes the MBV conjecture. The family is

defined via sparse paving matroids.
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1 Introduction

Algorithmic game theory emerged alongside the rise of decentralized computer networks
such as the Internet. The Internet created a new economy for exchange and commerce
that allowed for the use of computational tools. Decentralized computer networks, in-
cluding the Internet, arise from the interaction between many agents (network operators,
service providers, users, etc.) each acting in their own self-interest. A natural way to view
such selfish behaviour, both human and mechanical, is through the lens of game theory.
Combining algorithmic thinking with game-theoretic is the main source of questions and
techniques for the algorithmic game theory.

Both computer science and economics have benefited from this fruitful interaction that
produced many deep connections between seemingly unrelated ideas. Fundamental con-
cepts from economics like equilibria, auctions, and incentive compatible mechanisms are
now central in the applications of computer science involving strategic agents. In the
other direction, theoretical computer science has built on the classical economic theory by
studying algorithms, approximability, and complexity of game-theoretic concepts.

In this thesis, we study the algorithmic aspects of three related economic topics.

Firstly, we study market equilibria in markets with divisible goods where agents have
weak gross substitutes demands. Demand is a function that specifies the preffered bundles
of an agent at given prices, and weak gross substitutes property states that increasing the
price of a good does not reduce the demand for all the other goods. We give an auction-
type algorithm for finding an approximate market equilibrium under such demands. In
auction algorithms, the main idea is to set-up a set of simple “ground-rules” and let the
agents outbid each other as long as they are willing to spend more money. The hope is that
this process converges to an equilibrium. While the overall approach is arguably simple,
new technical ideas are needed to give an auction algorithm that works for all weak gross

substitutes demands.

Secondly, we study the Nash social welfare (NSW) problem: Allocate a set of indivis-
ible items to a set of agents while maximizing the (weighted) geometric mean of agents
valuations. This is a central problem in fair division and computational social choice, and
it is known that the optimal allocations satisfy desirable fairness and efficiency properties.
(Interestingly, the relaxation of the Nash social welfare problem is a market equilibrium

problem which allows us to use our auction algorithm to find solutions to the relaxation.)

7
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Since the NSW problem is computationally hard, the focus is on finding constant-factor
approximation algorithms.! Our main contribution here is a constant-factor approxima-
tion algorithm for the problem under a class of submodular valuations that we call Rado
valuations.

Thirdly, we study the relationship between Rado valuations and (discrete) gross sub-
stitutes valuations. Gross substitutes valuations are crucial for the existence and com-
putability of equilibria in markets with indivisible items, mechanism design, and auctions
of multiple items. The two classes of valuations are closely related through the Matroid
Based Valuations (MBV) conjecture. The conjecture states that every gross substitutes val-
uation arises from weighted matroid rank functions via endowment and merge operations.
If true, the MBV conjecture would imply that every gross substitute valuations is an en-
dowment of some Rado valuation.

A surprising and strong connection was discovered between gross substitutes valua-
tions and valuated matroids. Valuted matroids are a valuated generalization of the clas-
sical concept of matroids in discrete mathematics and computer science. We exploit this
connection and disprove the MBV conjecture by studying valuated matroids instead. In
particular, we introduce the notion of complete classes of valuated matroids. We show that
the smallest complete class containing R-induced and R-minor valuated matroids (valu-
ated matroids corresponding to Rado valuations and endowed Rado valuations) is not
the class of all valuated matoids. This answers negatively a question of Frank, and as a
corollary shows that there are gross substitute valuations that cannot be obtained as an

endowment of a Rado valuation. This disproves the MBV conjecture.

1.1 Auction Algorithm for Market Equilibrium under WGS

demands

A Fisher market consists of a set of divisible goods and a set of agents each with some
budget and preferences over bundles of goods. A market equilibrium comprises a set of
prices and allocations of goods to the agents such that each agent spends all their money
on a demanded bundle at these prices, and the market clears: the full amount of each good
is allocated.

Formally, we define a market equilibrium using demand systems. Let [k] := {1,2, ..., k}.
Let A = [n] be a set of agents and let G = [m] be a set of divisible goods. Without loss of
generality we assume that the supply of each good is one unit. Each agent ¢ € [n] arrives
at the market with a budget b; € R,.. A bundle x is non-negative vector z € R!'. A demand

system is a function D : R7T™' — 2%¥; where D(p,b) denotes the (possibly infinite) set

'Throughout the thesis, by an approximation algorithm we mean an approximation algorithm running in
polynomial time, unless stated otherwise.
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of optimal or demand bundles at prices p and budget b. Here 2%+ denotes the family of al

subsets of R'[".

Definition 1.1.1 (Market equilibrium). Let D, denote the demand system and b; the budget
of agent © € A in a Fisher market with goods G. We say that the prices p € R and bundles

2 € R™ form a market equilibrium if
o () € D;(p,b;), and
LD xy) < 1, with equality whenever p; > 0, forall j € G.

The existence of a market equilibrium is always guaranteed under some weak assump-
tions, as shown by Arrow and Debreu [5], using Kakutani’s fixed point theorem. The
computational aspects of finding a market equilibrium have been extensively studied in
the theoretical computer science community over the last two decades, establishing hard-
ness results as well as polynomial-time algorithms for certain cases [20, 26, 31, 39, 44, 58,
74,116, 120].

Utility functions A standard way to implement a demand system is via an explicitly
given utility function. Assume agent ¢ is equipped with a concave utility function u; :
R — R,. Utility function measures agents satisfaction with a certain bundle of goods.
In this case, the set of demand bundles at prices p and budget b; is the set of bundles
maximizing the utility subject to the budget constraint, i.e., the optimal solutions of the
following program
max u;(z)
st. pla<b (Max-utility)
z>0.

Formally, D;(p,b) := D% (p,b) = arg maxmeRT{ui(:c) : p'x < b;}. Most models studied in
the literature assume strictly concave utilities and thus have a unique optimal solution; a
notable exception is the case of linear utility functions. A utility function u is linear if, for
some v € R7, itholds u(z) = v 'z forall z € R,.

Eisenberg-Gale program A particularly remarkable connection between market equi-
libria and convex programming was discovered by Eisenberg and Gale [46]. In the case

of linear utilities, the market equilibria are exactly the optimal solutions to the following
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convex program

=1

max Z b; log v,' 2 (: Z b; log ui(x(i))>
i=1

ny) <1, Vjeml. (EC)
i=1

2@ >0, Vieln].

Letp € R’ denote the Lagrange multipliers of the constraints. By the Karush-Kuhn-Tucker
(KKT) optimality conditions, x and p are primal and dual optimal solution if and only if

° b%f% < pj where equality holds whenever z;; > 0; and
® > ici xgi) < 1 where equality holds whenever p; > 0.

The first conditions implies that vV € D% for agent i, that is, (") maximizes (Max-utility).
In case of linear utilities, z(*) is a maximizer of (Max-utility) if and only if i spends all bud-
get b; on the goods with the highest ;—j — called maximum bang per buck (MBB) goods.
With a bit of algebraic manipulation we can see that this is exactly what the first condition
states. The second condition is the same as in the definition of market equilibrium.

More generally, Eisenberg [45] showed that the optimal solutions of the above program
are in one-to-one correspondence with the market equilibria whenever the utility func-
tions are homogenous of degree one, that is, u;(ax) = au;(z) for any a > 0. In particular,
in these cases we can find a market equilibrium with standard convex programming ap-

proaches.

Weak Gross Sustitutability The first idea for an algorithm or dynamics for finding an
equilibrium comes from Walras in 1874 [119]. He informally described the following pro-
cess, called tdtonnement, after observing the stock market. Start with arbitrary prices. If
the total demand for the goods is the same as the supply, we have an equilibrium. Other-
wise, pick an arbitrary good and “fix” its price: adjust the price of this good such that the
demand is equal to its supply. The adjustment might interfere with the demand of other
goods, but we are interested in the limit of such process.

The process does not always converge to an equilibrium [109] but a continuous version
of the process converges to an equilibrium whenever the utility functions satisfy weak gross
substitutability (WGS) [4, 7]

Gross substitutability captures the following type of interaction between prices and de-

mands for goods. At given prices, an agent demands a certain amount of goods. If the

2Arrow and Hurwitz [7] first studied the local stability of an equilibrium under WGS utilities, and then
together with Block [4] they showed that the stability is global [3].
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price of a single good increases then we expect that demand for this good decreases. Con-
sequently, more money can be spent on the goods with the unchanged price and thereby

the demand for such goods should not decrease. The formal definition follows.

Definition 1.1.2 (Weak Gross Substitutes). Let (p,b) € R and x € D(p,b). If for any
p' > pand b > bthere exists y € D(p',b') such that y; > x; whenever p); = p;, we say that the
demand system D satisfies the weak gross substitutes (WGS) property.

The demand system arising from linear utilities satisfies the WGS property. When the
demand system is given by a utility function as in (Max-utility), we will simply say that

the utility function satisfies the WGS property.

Computational complexity The polynomial-time computability of market equilibrium
for WGS utilities was first established by Codenotti, Pemmaraju, and Varadarajan [32].
Later, a simple ascending-price algorithm using global demand queries was given by Bei,
Garg, and Hoefer [16]. Further, Codenotti, McCune, and Varadarajan [30] have shown
that a simple discrete variant of the titonnement algorithm converges to an approximate
equilibrium (see also [102, Section 6.3]). This was followed by a number of papers provid-
ing tatonnement algorithms for various classes of utility functions and restricted models,
some of them substantially weakening the need for central coordination among agents,
seee.g., [9,27,28,34, 48].

However, most of these algorithms still rely on global demand queries. In a sense,
they require a central authority (responsible for updating prices) to have some general

information about the demands of all agents in the market.

Auction algorithms Auction algorithms form a subclass of tatonnement-type algorithms.
Whereas prices in tadtonnement may increase as well as decrease, in auctions prices may
only go up. The first such algorithms have been established for markets in which agents
have linear utilities by Garg and Kapoor [59] (see also [102, Section 5.12]). The algorithm
was later improved [60] and generalized to separable concave gross substitute utility func-
tions [62], to a subclass of non-separable gross-substitutes called uniformly separable [61],
and to a production model with linear production constraints and linear utilities [77].
There is a long history of auction algorithms both in the optimization and in the eco-
nomics literature. Bertsekas [17, 18] has introduced auction algorithms for assignment
and transportation problems. Closely related algorithms were introduced for markets
with indivisible items, by Kelso and Crawford [81], and Demange, Gale, and Sotomayor
[38]. We will discuss markets with indivisible items later in this section. In both con-
texts, the appeal of auction algorithms is their simplicity and distributed nature: under
simple “ground rules” the agents outbid each other and in the process converge to an ap-

proximate market equilibrium. These algorithms do not require a central authority (e.g.,



Husié E. Nash Welfare, Valauted Matroids, and Gross Substitutes.
1.1. AUCTION ALGORITHM FOR MARKET EQUILIBRIUM UNDER WGS DEMANDS 12

to update the prices) and need only minimal coordination between the agents. Further,
these algorithmic frameworks are quite robust and easily allow for various extensions and

generalizations as we demonstrate in later sections.

First main result The first main contribution is an auction algorithm that computes
an approximate market equilibrium for WGS demand oracles, settling an open question
from [61]. Our auction algorithm works for more general exchange markets and is pre-
sented in Chapter 2. This result shows that for WGS demands, this restricted class of
tatonnement algorithms already suffices to obtain a market equilibrium. The result af-
firms the natural intuition that the WGS property is geared for auction algorithms. A
main invariant in auction algorithms is that at every price increase, the agents will still
hold on to the goods they have purchased previously at the lower prices. This property
is almost identical to the definition of the WGS property; nevertheless, making an auction
algorithm work for general WGS utilities requires some careful technical ideas.

The previously mentioned auction algorithms operate with two prices for each good,
a lower price p; and a higher price (1 + €)p;. For linear utilities, [59] maintains that all
purchases are maximum bang-per-buck goods with respect to the lower or higher price.
This idea can be extended to separable [60] and to uniformly separable utilities [62], but
does not work if the utilities are genuinely non-separable. For this general case, our main
technical idea is to maintain subsets of optimal bundles for each agent with respect to
some individual prices. These individual prices can be different for the agents but fall

between the higher and lower prices p and (1 + €)p.

(Discrete) Gross Substitutes We have already mentioned WGS utilities in the case of
divisible goods. In the case of discrete (indivisible) items, an analogous concept of gross
substitutes valuations is crucial for the existence and computation of the so-called Wal-
rasian equilibrium. This concept was defined by Kelso and Crawford in 1982 [81]. For a
price vector p € R and asubset X C V, welet p(X) = >,y p;. A valuationv : 2" — R,
is a monotone function taking value 0 on the empty set. The set of optimal bundles at prices

p is called demand correspondence and is the set D(v, p),

D(v,p) = ar)g(gl/axv(X) —p(X).

Definition 1.1.3 (Gross Substitutes). The valuation function v : 2" — R is a gross substi-
tutes (GS) valuation if for any p, p’ € RY such that p’ > pand any X € D(v, p), there exists an
X" € D(v,p') such that X N {j : p; = p} € X".

That is, if we have an optimal bundle at prices p and increase some of the prices, then
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there will be an optimal bundle that contains all items whose price remained unchanged.

For brevity, in this thesis, we differentiate divisible goods and indivisible (discrete) items.
The terms utility functions and WGS is reserved for continuous utility functions v : R™ —
R, over the set of goods and the terms GS and valuation for the indivisible items. Addi-

tionally, we use additive for valuations and linear for utilities.

Auction algorithms and discrete gross substitutability Auction algorithms have been
widely studied in the context of markets with discrete items. An equilibrium may not
always exist in such markets. When agents have GS valuations, an equilibrium is guaran-
teed to exist, and an approximate equilibrium can be efficiently found via a simple auction
algorithm, extending [37]. It turns out that the discrete gross substitutes property is essen-
tially a necessary and sufficient condition for the auction algorithm to work and for an
equilibrium to exist [65].

Whereas the definitions of discrete gross substitutes and continuous WGS utilities is
very similar, there does not appear to be a direct connection between these notions. The
main difference is in the utility concepts: for indivisible markets, the standard model is to
maximize the valuation minus the price of the set at given prices, whereas the standard
divisible market models operate with fiat money: the prices appear via the budget con-
straints but not in the utility value. Still, our first result can be interpreted as a continuous
analogue of the strong link between auction algorithms and the gross substitutes property
for markets with indivisible items: we show that auction algorithms are applicable for the
entire class of WGS utilities for markets with divisible goods. We suspect that the converse
should also be true, namely, that the applicability of auction algorithms should be limited
to WGS utilities/demands. In contrast, titonnement algorithms have been successfully
applied beyond the WGS class [27, 28, 48].

1.2 Approximating Nash social welfare

In the discrete Nash social welfare (NSW) problem, we need to allocate a set G of m indi-
visible items to a set A of n agents where each agent i has a valuation function v; : 29 —
R, and weight (entitlement) w; > 0. The goal is to find an allocation maximizing the

NSW, defined as the weighted geometric mean of the valuations:

1/ ZieA Wy

max (H vi(Si)“’i) : {S; :i € A} forms a partition of G
ieA

We refer to the special case when all agents have equal weight (i.e., w; = 1) as the sym-

metric NSW problem, and call the general case the asymmetric NSW problem. By taking

the logarithm of the objective function we see that the NSW problem is a discrete version
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of the Fisenberg-Gale program (EG). The objective was first discovered by Nash as the
unique solution to a bargaining game [76, 100]. It also coincides with a notion of pro-
portional fairness in networking [80], and with the competitive equilibrium from equal
incomes [115].

Fair and efficient allocation of resources is a fundamental problem in many disciplines,
including computer science, economics, and social choice theory. The Nash social wel-
fare (NSW) is a popular objective that provides a balanced tradeoff between fairness and
efficiency.

A common measure of efficiency is maximizing the utilitarian social welfare, i.e., finding
an allocation (51, ..., 5,) that maximizes }_,. , v;(S;). Naturally, efficiency comes at the
expense of fairness: in an optimal utilitarian social welfare allocation some agents might
receive no items.

On the other side, maximizing fairness is often associated with maximizing the mini-
mum value across all agents, i.e., max(g, g,.....s,) Minie 4 v;(S5;). This is also known as max-
min fairness or the Santa Claus problem. Fairness comes at the expense of efficiency: we
might have to assign most of the items to an agent with low valuation of all subsets of G
when compared to the valuations of other agents.

The Nash social welfare balances the two above objectives and has provable fairness and
efficiency guarantees. When agents are symmetric, the optimal NSW allocation satisfies
a relaxation of envy-freeness called envy-freeness up to one good and is Pareto-optimal [22].
These properties also carry over to the asymmetric case, where the optimal NSW satisfies
a weighted relaxation of envy-freeness and is Pareto-optimal [23].

A distinctive feature of the NSW objective is its invariance under scaling of the valu-
ations. That is, unlike the utilitarian social welfare and the max-min fairness, the set of
optimal allocations in the NSW problem remains unchanged even if the valuations of the
agents are scaled by arbitrary positive constants.

Finding an optimum of the NSW problem is NP-hard already for two agents with ad-
ditive valuations (by a reduction from the subset sum problem); a valuation v : 29 — R,
is additive if v(S) = >_;csv(j) for all S C G. Moreover, the problem is APX-hard for
additive valuations [52]. The focus is then on finding constant-factor approximation algo-
rithms for the problem. Naturally, the approximability depends on the class of valuations
function we allow. We give two approximation algorithms for the NSW problem. The
tirst one gives a constant-factor approximation algorithm for the symmetric NSW under
budget-SPLC valuations, and uses a slightly modified version of our auction algorithm
as the starting point (Section 1.2.1). The second is an approximation algorithm for the
asymmetric NSW under Rado valuations with the approximation guarantee depending
on max;e 4 w; (Sections 1.2.2 and 1.2.3). In the symmetric case, this gives the first constant-

factor approximation algorithm for Rado valuations.
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1.2.1 Spending restricted equilibrium and auction algorithm

In a break-through result, Cole and Gkatzelis [35, 36] gave the first constant-factor approx-
imation algorithm for the symmetric NSW problem under additive valuations. They first
solve a relaxed continuous problem and round the fractional solution. A natural relax-
ation is (EG) with linear utilities and b; = 1 for all agents <. However, that relaxation has
an unbounded integrality gap (e.g., if there is only one item, the optimal NSW value is zero
while (EG) has a non-zero solution). To circumvent this issue, the algorithm in [36] first
computes a spending restricted equilibrium and rounds such an equilibrium to an integer
solution of value at least 1/2¢'/¢ times the optimal NSW value. We now define spending
restricted equilibrium for arbitrary demand systems and explain how we used our auc-
tion algorithm to obtain a constant-factor approximation algorithm for the NSW problem

under budget-SPLC valuations.

Definition 1.2.1 (SR-equilibrium). Let A be a set of agents with demand systems D;(p, b;) and
fixed budgets b; € R foralli € A. We say that the prices p € R™ and allocations x) € Dy(p, b;)
form a Spending Restricted (SR) equilibrium, if ), , xg-i) =min{l,1/p;} forall j € [m)].

It is clear that the amount of money spent on good j is bounded by 1. Note that the
spending restrictions cannot be directly added to (EG) as they involve the Lagrange mul-
tipliers p. An SR-equilibrium in [36] was found via an extension of [39, 103].

The same approach was extended to separable, piecewise-linear concave (SPLC) valua-
tions [2], and budget-additive valuations [53]. Both papers find the corresponding SR-

equilibra (exact or approximate) via fairly complex combinatorial algorithms.

Approximating NSW under budget-SPLC valuations We show that auction algorithms
are particularly well-suited for SR-equilibrium computation: once the price of a good goes
above one, we can naturally decrease the total available amount of these goods. (Surpris-
ingly, here we do not make the standard non-satiation assumption that requires each agent
to fully spend her budget on each demanded bundle.) Hence, we obtain a simple approx-
imation algorithm for SR-equilibrium under WGS demands.

Next, we consider the NSW problem with n agents and m items, in which we have D;
units (copies) of item j. Each agent ¢ has a budget-SPLC valuation function defined as
follows. For every good j, agent ¢ has k;; segments with strictly decreasing utility rates
Uij1 > Ujo > ... > Uk, > 0. Segment t € [k;;] has length d;j; and agent i values at
uiji each of the units in the t-th segment of good j. We assume that ., 1 dijy = D;.
Furthermore, agent ¢’s value is capped at U;, i.e., their value for a subset of items is the
minimum of U; and the sum of the values accumulated from the items.

After showing that budget-SPLC utilities are WGS under the Gale demand (see Sec-

tion 3.2.1), we apply the auction algorithm to the relaxed problem to find an approximate
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SR-equilibrium. Using a similar rounding as in [53], we obtain a 2.404-approximation al-
gorithm for maximizing NSW in polynomial time when agents have budget-SPLC valua-
tions. The previous approximation algorithm for this setting in [24] runs in pseudopolyno-
mial time (polynomial dependence on max; ) k;;). These results are presented in Chap-
ter 3.

1.2.2 Rado valuations

In game theory, valuations or valuation functions model user preferences. The term valuation
function or just valuation is used for discrete functions v : 29 — R, over the set of items
G. In particular, a valuation assigns a numerical value to each subset of items. We assume
that every valuation function is monotone: v(S) < v(T) forall S C T' C G (also called
free-disposal); and we that the value of the empty set is 0: v(0)) = 0 (also called normalized
valuation).

A central place occupy submodular functions/valuations. A valuation v : 29 — R, is
submodular if

v(S)+u(T) >v(SNT)+v(SUT) VS, T CG.

Or equivalently, via decreasing marginals, v is submodular if and only if v(SU{e}) —v(S) <
v(T'U{e}) —v(T)forallSCT CGandeec G\ T.

Thus, submodular valuations have a natural diminishing returns making them partic-
ularly suitable for applications in economics [112]. Submodular functions are also un-
avoidable in computer science in areas such are combinatorial optimization [90], discrete
convex analysis [98], machine learning [84], and computer vision [75].

Another important class of valuations are subadditive valuations. We say that v : 29 —
R, is subadditive if

v(S)+o(T)>v(SUT) VS, TCG.

Trivially, every submodular valution is also subadditive. Subadditve functions are also

very common in mathematics, economics and related areas.

Matroids To introduce Rado valuations we need to recall the notion of a matroid. A
matroid on a finite ground set V is given as M = (V,Z), where Z C 2V is a nonempty
collection of independent sets. This collection is required to satisfy the independence axioms:

(I1) Monotonicity: if X € TthenY € ZforallY C X, and

(I2) Exchange property: if X.Y € I, |X| < |Y|, then there exists ay € Y \ X such that
XU{y} el

The rank function vy, : 2V — Z, associated with the matroid M is defined with 7 (X))
denoting the size of the largest independent subset of X C V. A fundamental property
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implied by (I2) is that every maximal independent set in X has size r 4(X). The value
(V) is called the rank of the matroid, and the maximal independent sets are called bases.
Aset X C VisinZ if and only if (X) = |X|; and we can equivalently define a matroid
by its rank function justifying an alternative notation M = (V. ). We refer the reader to
[110, Part IV] for matroids and their role in optimization. For other characterizations of
matroids, see e.g., [105].

It is easy to check that every rank function is submodular. Moreover, every integer val-
ued monotone submodular set function on V with v(X) < | X]| arises as the rank function
of a matroid. Given a weighting g € RY, the weighted rank function r,(X) is the maximum

g-weight of a maximal independent set in X; this function is also submodular.

Rado valuations The key class of valuations for our next main results is that of Rado
valuations. We propose the name “Rado valuations” in honor of Richard Rado, who
first studied the independent matching problem [107].> We denote a bipartite graph by
(G,V; E), where G,V are the partitioned node sets and E the edge set.

Definition 1.2.2 (Rado valuation). Assume we are given a bipartite graph (G, V'; E') with a cost
function ¢ : E — Ry on the edges, and a matroid M = (V,I). For a subset of items S C G,
the Rado valuation function v(S) is defined as the maximum cost of a matching M in (G,V; E)
such that 0g(M) C S and Oy (M) € Z, i.e.,

v(9) = max{z c(e) : M is a matching, Og(M) C S, 0y (M) € I} :

eeM
Here, Ox (M) denotes the set of endpoints of M in a vertex-set X.

Let us consider the special case where the matroid M is the free matroid on V, i.e.,
Z = 2V. In this case, the matroid constraints dy/ (M) € Z are vacuous. The value of a
set S is then the maximum cost matching in the bipartite subgraph induced by S U V.
Such valuations are called assignment valuations by Shapley [111], and OXS valuations by
Lehmann, Lehmann, and Nisan [85].

Shapley [111] gave a nice interpretation of assignment valuations. Assume that the
agent is a company. Furthermore, assume that the items G are workers and V' is the set of
jobs within the company. The edge set represents the possibilities (willingness) of assign-
ing workers to jobs, and the cost cj;, is the value the company gets by assigning worker j
tojob k. By the definition of assignment valuations, the value of a subset S C G of workers
for the company is the maximum possible value the company gets by assigning workers
S tojobs V.

3These functions previously appeared as valuations arising via bipartite matching with a matroid constraint [89]
and independent assignment valuations [98].
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The same interpretation extends to Rado valuations with the additional possibility that
the occupied set of jobs must be an independent set in matroid M. For example, the
company may partition the set of all jobs V' into certain types, require that at most one job
of each type to be assigned and additionally limit the total number of employed workers—
a laminar matroid constraint.

As another example of Rado valuations, consider the case where V' is a copy of the set
of items G, with each j € G having a corresponding j' € V,and let E = {(j,j') : j € G}.
Letg: G — R, and ¢j;; = g; forall j € G, and let r be the rank function of M. In this case
v(S) equals the weighted matroid rank function 7,4(5), i.e., the maximum g-weight of an
independent subset of S.

In Section 6.4, we prove that every Rado valuation on a ground set G of m elements
admits a representation with a bipartite graph of size O(m?).

The relation between popular classes of valuation functions is given in Figure 1.1.

OXS
spLc — T Rado — GS

~
weighted matroid rank

N budget-additive — budget-SPLC /

Figure 1.1: Relation between classes of valuation functions. Arrows represent strict inclu-
sion. If an arrow is not present, the classes are incomparable; see [85, 102].
Strict containment between Rado valuations and gross substitute valuations is
proved in Section 4.7. Note that SPLC and budget-SPLC valuations are defined
over Z9, but an equivalent formulation over 29 can be easily obtained by con-
sidering the copies as individual items, and grouping them into “item-types”.

additive submodular = subadditive

1.2.3 Approximating Asymmetric Nash Social Welfare under Rado

valuations

Next to the approach of using SR-equilibrium, other innovative approaches for approx-
imating the symmetric NSW problem under additive valuations were also developed.
Anari et al. [1] gave a constant-factor approximation algorithm using the theory of real
stable polynomials. Barman et al. [14] developed another approach based on local search
(price envy-freeness) that provides the state-of-the-art approximation factor of 1.45.

All three approaches have also been extended to obtain constant-factor approximation
algorithms for mild generalizations of additive, namely, budget-additive [53], SPLC [2],
and budget-SPLC valuations [24]. All these approaches heavily exploit the symmetry
of agents and the characteristics of ‘additive-like” valuations (such as MBB) which make
them hard to extend to significantly more general settings. Moreover, as we have already

mentioned the corresponding continuous utility functions satisfy the WGS property.
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For more general valuations or the asymmetric NSW problem, the best approximation
algorithms achieve an O(n)-approximation factor [13, 25, 57], and these algorithms work
for the asymmetric NSW under subadditive valuations. However, their analysis is based
on averaging arguments, making them hard to yield a factor better than O(n) even for the
special cases, e.g., OXS valuations, or only two types of agents with weights 1 or 2 under
additive valuations. Therefore, with the following exception, O(n) remained the best ap-
proximation factor for the symmetric NSW problem beyond ‘additive-like” valuations or
for the asymmetric NSW problem.

Li and Vondrak [88] gave a &—estimation algorithm for the optimal value of the sym-
metric NSW problem under valuations arising as conic combinations of Rado valuations.
The paper extends the real stable polynomial approach [1]. The algorithm approximates
the objective value only and does not find a near-optimal allocation, as the randomized

rounding finds an approximate solution with exponentially small probability.

Second main result We make significant progress towards both symmetric and asym-
metric NSW by developing a novel approach for approximating the problem. In particu-
lar, we give a constant-factor approximation algorithm for the symmetric NSW problem

under Rado valuations.

Theorem 1.2.3. There exists a polynomial-time 256e> ©~T772-approximation algorithm for the

symmetric Nash social welfare problem under Rado valuations.

Next, we obtain a constant-factor approximation for the asymmetric NSW problem un-
der Rado valuations, provided that the maximum ratio between the weights is bounded
by a constant. We note that no such result was known even for additive valuations. As-

sume the weights w; of the agents fall in the interval [1,y — 1] for some v > 2.

Theorem 1.2.4. There exists a polynomial-time 256~*-approximation algorithm for the asym-
metric Nash social welfare problem with Rado valuations. For additive valuations, there exists a

polynomial-time 16y-approximation algorithm.

We note that v in the theorem can be replaced by min {O (1ogy> ,n} as we explain in
Section 4.1.2.

The algorithm carefully combines techniques from convex programming and bipartite
matching. It is a modular algorithm presented in five phases. We give an overview of

these phases in Section 4.2 with further details given throughout Chapter 4.

Table 1.1 summarizes the updated best approximation guarantees for the problem un-

der various valuation functions.

We note that our approach can be easily modified (in Phase IV) to give similar results
for the class of budget-Rado valuations, where the value of subsets of items is given by a

Rado valuation but not more than a given threshold.
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| Valuations | Symmetric \ Asymmetric \
Additive 1.45 [14] O(7) [Theorem 1.2.4]
SPLC 1.45 [24] O(7?) [Theorem 1.2.4]
budget-SPLC | 1.45 [24], 2.404 [Theorem 3.2.7] O(n) [13, 25]
Rado O(1) [Theorem 1.2.3] O(7?) [Theorem 1.2.4]
Subadditive O(n) [13, 25] O(n) [13, 25]

Table 1.1: Summary of the best approximation algorithms for the NSW problem. The

e3

table excludes the =y;-estimation algorithm for the cone of Rado valua-

tions [88]. The results for budget-SPLC valutations are pseudopolynomial-time
and polynomial-time algorithms, respectively.

Subsequent work In a subsequent work, Li and Vondrdk [89] obtained a 380-
approximation algorithm for the symmetric NSW problem under submodular valuations.
This is obtained by strengthening and extending our approach while introducing impor-
tant new techniques. This settles the constant-factor approximability of the symmetric
NSW problem as an O(n'~¢)-approximation algorithm for the problem under subaddi-
tive valuations requires an exponential number of oracle queries for any fixed ¢ > 0 [13].

The constant-factor approximability of the asymmetric NSW problem remains open
even for additive valuations. We note that in our approach, for additive valuations, the

factor v only appears in a single reduction step (Phase II).

Difficulties in approximating asymmetric NSW We note that even if the weights of the
agents are bounded, an O(1)-approximation algorithm for the symmetric case does not
yield an O(1)-approximation algorithm to the asymmetric case. To illustrate this point,
consider two items and two agents with weights w; = 2, wy = 1 and additive valuations
vi({a}) = M, v1({b}) =1, v2({a}) = M + 1, vo({b}) = 1, where M is an arbitrarily large
number. The unique optimal solution to the symmetric case (by setting w| = w) = 1) is
allocating good b to agent 1 and good a to agent 2. However, this returns an NSW value
(M +1)!/? for the original weights. This can be worse by an arbitrary factor than the value
M?/3 obtainable by assigning good a to agent 1 and good b to agent 2.

The same example shows another difficulty and illustrates the limit of equilibrium-
based approaches when approximating asymmetric NSW. Namely, any constant-factor
approximation algorithm for the asymmetric NSW under additive valuations, cannot just
round an equilibrium only on the MBB edges (the support of an equilibrium). Consider
any prices p, and p, for our two items a and b. Then, regardless of the choice of p, and p,
it cannot be the case that both item a is MBB for agent 1 and that item b is MBB for agent
2. Thus, any assignment via the MBB edges will assign b to 1 and a to 2; note that this is
regardless of agents budgets, prices, and spending limits on the items. As we have seen

above, this can be arbitrarily worse than the optimum.
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1.3 Constructions of substitutes and complete classes of

valuated matroids

Constructions of substitutes Gross substitutes valuations play a central role in algorith-
mic game theory and especially in auction and mechanism design. In such settings an
important issue is the way in which agents represent their valuations. This raised a quest
for a constructive characterization of all GS valuations. Constructive characterization of
GS valuations would specify a language in which agents can represent their valuations
in a compact and expressible way [86]. Moreover, valuations with a constructive descrip-
tion facilitate more algorithmic techniques, especially linear programming as we will see
in Sections 4.1.1, 4.4, and 6.2. While we know many characterizations of GS functions
(Balkanski and Paes Leme [10] mention eight), finding a constructive one remains elusive.

The first attempt to “construct” all GS valuations was by Hatfield and Milgrom [67].
After observing that most examples of GS valuations arising in applications are built from
assignment valuations and the endowment operation, they asked if this is true for all
GS valuations. Ostrovsky and Paes Leme [104] showed that this is not the case: some
matroid rank functions cannot be constructed as endowed assignment valuations while
all (weighted) matroid rank functions are GS valuations. Instead, Ostrovsky and Paes
Leme proposed the matroid based valuations (MBV) conjecture. Matroid based valuations
are those that arise from weighted matroid rank functions by repeatedly applying the
operations of merge and endowment; the conjecture states that all GS valuations arise in
this way. Tran [114] showed that using only merge but no endowment operations does
not suffice, but the conjecture remained open.

Given a valuation v : 2" — Rand W C V’, we can define the endowed valuation
v 2" W 5 Ry as v/ (X) = (X UW) — v(W). We define the merge of the valuations
v, vy 0 2V — Ry asv*(X) = maxpcy v1(T) +vo(X\T) forall X C V. In economics terms,
the merge is the valuation of the company formed by the two agents; the endowment is
the valuation of an agent who already has ¥ and measures the marginal contribution of
the items in V' \ .

It turns out that every matroid based valuation is an endowed Rado valuation, so the
MBYV conjecture would imply that all GS valuations are endowed Rado valuations. We
disprove the MBV conjecture by exhibiting a class of GS valuations that are not endowed
Rado valuations. This is achieved by studying the complete classes of valuated matroids.
We note that it is unclear if the class of MBV valuations is the same as the class of endowed

Rado valuations, or it is a strict subclass.

Valuated matroids Valuated (generalized) matroids capture a quantitative version of the

exchange axiom(s) for matroids. They were first introduced by Dress and Wenzel [42], mo-



Husié E. Nash Welfare, Valauted Matroids, and Gross Substitutes.
1.3. CONSTRUCTIONS OF SUBSTITUTES AND COMPLETE CLASSES OF VALUATED MATROIDS 22

tivated by questions related to number theory and the greedy algorithm. Later, Murota [95]
identified them as a fundamental building block for discrete convex analysis. They play
important roles across different areas of mathematics and computer science, with particu-
larly many applications in algorithmic game theory.

Valuated (generalized) matroids can be defined in many different ways [50, 86, 98]. We
follow [51,99], and say that a function f : 2 — R U {—oc} is a valuated generalized matroid
if two properties hold:

VX,Y C V with |X| < |Y]

VX,Y CV with |[X|=|Y|andVie X\ Y :

FX)+f(Y) < max {f(X —i4 ) + f(Y +i =)} (1.1b)

For fixed r < |V|, those functions (‘:) — R U {—oo0} fulfilling (1.1b) are valuated matroids.
This means that each layer of a valuated generalized matroid (a gross substitutes valu-
ation) is a valuated matroid. Valuated matroids with codomain {0, —oc} coincide with
usual matroids as the sets taking value 0 form the bases of a matroid; we call them trivially
valuated matroids. In this context, (1.1b) corresponds to the strong basis exchange property.
Valuated generalized matroids that are monotone and take value 0 on the empty set are

exactly GS valuations.

R-minor valuated matroids and Frank’s question We are interested in the following
classes of valuated matroids arising from independent matchings in bipartite graphs. The

name is inspired by the work of Rado [107], similarly as Rado valuations.

Definition 1.3.1 (R-minor, R-induced). Let G = (V U W, U; E) be a bipartite graph with edge
weights ¢ € RF, and a matroid M on U of rank d + |W|. We define an R-minor valuated matroid
(%) = Rfor X € (V) as follows.

The value f(X) is the maximum weight of a matching in G whose endpoints in VU W are
X UW, and the endpoints in U form a basis in M. For W = (, the function f is called an
R-induced valuated matroid.

This concept naturally extends to valuated generalized matroids (which we denote by
RY instead of R, as is often the case in discrete convex analysis [98]): the endpoints in
U should not form a basis but a set in a generalized matroid. * Tt is immediate to see that
Rado valuations (resp. endowed Rado valuations) are exactly monotone R°-induced (resp.

R-minor) valuated generalized matroids, taking value zero on the empty set.

*Generalized matroids are defined as the effective domain of a {0, —oo}-valued valuated generalized ma-
troid, see Section 7.1. The canonical examples are independent sets of matroids.
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In 2003, Frank [68] (see also lectures by Murota [96, 97], and Paes Leme [87]) asked if
all valuated matroids arise as R-induced valuated matroids. The corresponding version of
this question for valuations asks if all GS valuations are Rado. If true, this would imply
that our approximation algorithm for the NSW problem discussed in Section 1.2 works
for all GS valuations. Unfortunately, in Section 4.7, we show that not all GS valuations
are Rado. The reason is that GS valuations (resp. valuated generalized matroids) are
closed under endowment (resp. contraction), whereas Rado valuations (resp. Ré-induced
valuated generalized matroids) are not.

Noting that R-minor valuated matroids are precisely the contractions of R-induced val-

uated matroids, this suggests a natural refinement of the original question:
Do all valuated matroids arise as R-minor valuated matroids?

We will show that (i) R-minor valuated matroids form a complete class closed under several

fundamental operations, yet (ii) not all valuated matroids are R-minor.

Complete classes Let us consider R-induced and R-minor valuated matroids where M
is the free matroid and ¢ = 0. Valuated matroids f arising in such forms are the {0, —oco}
indicator functions of transversal matroids and gammoids respectively. In 1977, Ingleton [71]
studied representations of transversal matroids and gammoids. He observed that gam-
moids arise via this simple construction yet form a rich class closed under several funda-
mental matroid operations. This motivated the definition of a complete class of matroids by
requiring closure under the operations restriction, dual, direct sum, principal extension. Clo-
sure under principal extension combined with restriction implies closure under induction
by bipartite graphs which encompasses many other natural matroid operations, including
matroid union. Closure under this operation is what creates the rich structure of complete
classes, even when one starts from very basic matroids; e.g., gammoids arise as the small-

est complete class by taking the closure of the matroid on one element.

We extend the notion of complete classes to valuated matroids (Chapter 5). These are
classes of valuated matroids closed under the valuated generalizations of the fundamen-
tal operations restriction, dual, direct sum, principal extension. The crucial ingredient going
beyond the basic operations already introduced in [42] is (valuated) principal extension.
Analogously as in the case of matroids, valuated gammoids from the smallest complete
class of valuated matroids (Theorem 5.2.6).

After introducing complete classes, we show that the smallest class of valuated matroids
containing all trivially valuated matroids and that is closed for the mentioned operations is
exactly the class of R-minor valuated matroids (Section 5.3). Hence, the refined question by
Frank is equivalent to the following: does the smallest complete class containing trivially

valuated matroids cover all valuated matroids?
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Third main result The third main contribution of the thesis is proving that there are
valuated matroids that are not R-minor valuated matroids.

We can use an information-theoretic argument to show that not all valuated matroids
are R-induced by constructing valuated matroids with many independent values (Sec-
tion 6.4). However, such an argument does not seem extendable to R-minor valuated
matroids. Instead, disproving the more general claim relies on a well-chosen family of
valuated matroids. In Chapter 6, we show that none of the valuated matroids in the fol-

lowing family is R-minor.

Definition 1.3.2. For n > 2, we define F,, as the following family of functions ([QZ}) — R. Let
V =1[2n], P, ={2i — 1,2i} fori € [n], and let

H={P,UP;:ij=0 mod 2} (H-def)

i.e. we take pairs such that at least one of 1, j is even. Let X* = Py U P, = {1,2,3,4}. A function
he () = RU{—oc} isin the family F, if and only if the following hold:

e M(X)=0ifX e () \H,
o h(X)<0ifX € H, and
o h(X™) is the unique largest nonzero value of the function.

Theorem 1.3.3. If n > 2, then all functions in F,, are valuated matroids. If n > 16, then no

function in F,, arises as an R-minor valuated matroid.

Sparse paving matroids A matroid of rank d is paving if all circuits are of size d or d + 1,
and sparse paving if in addition the intersection of any two d-element circuits is of size at
most d — 2. The functions in F,, are derived from sparse paving matroids. Namely, if B
1%
a) =
RU{—o0} with h(X) = 0if X € Band h(X) < 0 otherwise gives a valuated matroid, see

Section 6.3.1. In particular, this implies that all functions in F,, are valuated matroids.

is the family of bases of a sparse paving matroid of rank d, then any function % : (

Our construction is inspired by Knuth [82]. He gave an elegant construction of a doubly
exponentially large family of sparse paving matroids; the strongest lower bound on the
number of matroids on n elements. In fact, it was conjectured in [93] that asymptotically

almost all matroids are sparse paving.

Refuting the Matroid Based Valuation Conjecture Building on Theorem 1.3.3, we also
refute the MBV conjecture by Ostrovsky and Paes Leme [104]. This is done by considering

R-minor valuated generalized matroids and reducing to Theorem 1.3.3.
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First, we show that every function that can be obtained from weighted matroid rank
functions by repeatedly applying merge and endowment is an R*-minor valuated gener-
alized matroid.

Then, we show that the function A% : 2V — R>( defined as follows is a valuated gen-
eralized matroid but not R*-minor. This disproves the MBV conjecture. For an arbitrary

valuated matroid h € F,, taking values only in (—1, 0] we define

| X for | X| < 3,
W(X):=<4+h(X) for|X|=4,
4 for | X| > 5.

We achieve this by focusing on the function restricted to all 4-subsets of V. This is an
R-minor valuated matroid and therefore allows us to apply Theorem 1.3.3. Note that the
function h* has the additional structure of being monotone and only taking value zero on

the empty set, as the MBV conjecture refers to valuations.



2 Auction algorithm for market
equilibrium with weak gross

substitute demands

We give an auction algorithm for finding an approximate market equilibrium in the ex-
change markets where the demands of each agent satisfied the WGS property. In Chap-
ter 1 we have introduced Fisher markets. Here, we introduce and work with more general
Arrow-Debreu exchange markets.

The main idea in auction algorithms is the following: we set low initial prices, we let
the agents outbid each other for parts of the goods while obeying simple “ground rules”;
in the process they converge to an approximate market-equilibrium.

The rest of this chapter is organized as follows. We first formally define the market
model and the assumptions in Section 2.1. Then, we give examples of WGS demands sys-
tems and the notion of price elasticity are given in Section 2.2. The algorithm is presented
in Section 2.3. To present the algorithm we will rely on a subroutine FindNewPrices.
The subroutine allows agents to update the prices and demands based on which the out-
bidding occurs. We give different way of implement this procedure after we present the

main algorithm, in Section 2.3.2 and Section 2.3.3.

2.1 The exchange market model

We consider a market with a set of agents A = [n| and divisible goods G = [m|. Each
agent i € [n] arrives at the market with an initial endowment of goods e € R™. Thus,
the total amount of each good j € [m] is ¢; where e = 7" | ¢; w.lo.g. e; > 0. Given
a non-negative price vector p € R, the budget of agent 7 at prices p is defined as b; =
bi(p) = ple®. Tt follows that pTe = 3", pTe® =" b

We recall that a demand system is a function D : R — 28%; D(p,b) denotes the
set of demanded bundles of an agent at prices p and budget b. If |D(p,b)| = 1 for all
(p,b) € R™! we say that the demand system is simple, and we will also use D(p,b) to
denote this single bundle.

26
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We include the budget b in the definition of the demand system, even though for ex-
change markets the budget of agent i is uniquely defined by the prices as p'e®. This
formalism will be useful for our algorithm where the budgets are defined according to a
slightly different set of prices.

We extend the definition of the market equilibrium to exchange markets.

Definition 2.1.1 (Market equilibrium). Let D; denote the demand system of agent © € A. We
say that the prices p € R and bundles () € R™ form a market equilibrium if

o 2D ¢ Di(p,pTe®), and
>, xg.i) < e;, with equality whenever p; > 0, forall j € G.

That is, p and optimal bundles @ form an equilibrium if no good is overdemanded
and goods at a positive price are fully sold. Note that this implies that every agent fully
spends their budget.

When a demand system satisfies the WGS property we also say that it is a WGS demand
system. In the context of the titonnement process, the weak gross substitutes property is
usually defined with respect to the aggregate excess demand function of all agents. We
use the stronger requirement of having a WGS demand system for each individual agent.
The previous auction algorithms [61, 62] have also used WGS on the level of agents as
this seems to be the necessary condition that allows agents to update their bundles indi-
vidually, as opposed to tadtonnement, where the prices adjustments react to the aggregate
demands. We note that WGS demands for individual agents are also assumed in the con-
text of indivisible goods.

Next, we formally describe the orcale access to the demands our algorithm uses.

Definition 2.1.2 (Demand oracle). For a WGS demand system D(p,b), a demand oracle re-
quires two vectors (p,b), (p', b') € R such that (p',b') > (p, b), and a vector x € D(p,b). The
output is a vector y € D(p', V') such that that y; > x; whenever p); = p;.

In other words, the oracle provides the allocations guaranteed by the definitions of WGS
systems. The complex form of the definition is due to the possible non-uniqueness of
demand bundles. For simple demand systems, the input to the oracle is simply a vector
(p/,V') € R7"*, and the output is the unique vector y € D(p', ).

The auction algorithm relies on the more powerful FindNewPrices subroutine, which
can be seen as a strengthening of the demand oracle, incorporating a mechanism for price
increments. There are various ways to implement such a subroutine: in Section 2.3.2 we
use a simple iterative application of the demand oracle for the case of bounded price elas-
ticities; in Section 2.3.3 we use a convex programming approach for Gale demand systems;

and in Section 3.2.1 we devise a combinatorial algorithm for budget-SPLC utilities.

For exchange markets, we will make the following assumptions:



Husié E. Nash Welfare, Valauted Matroids, and Gross Substitutes.
2.1. THE EXCHANGE MARKET MODEL 28

Assumption 1 (Scale invariance). For every agent i, D;(p, b;) = D;(ap, ab;) for all a > 0.

That is, we require that the demand is homogeneous of degree 0; informally, the demand
does not depend on the currency. This is a standard assumption in microeconomics and

exchange markets, see e.g. [6, 41, 45, 92].

Assumption 2 (Non-satiation). For all demand systems, and for every (p,b) € R+, and every
x € D(p,b), we have p"z = b.

That is, in every optimal bundle the agents must fully spend their budgets. This is a
standard assumption for exchange markets as it is necessary for the fundamental theorems
of welfare economics (see e.g. [91, Chapter 16]). However, we note that we will not require

this assumption in Section 3.1 for spending restricted Fisher markets.

Approximate equilibria Let us now define the concept of an e-equilibrium in exchange
markets, which is what our algorithm will find. We require that each agent gets an ap-

proximate optimal bundle and market clears approximately.

Definition 2.1.3 (Approximate equilibrium). For an € > 0, the prices p € R™ and bundles

@ € R form an e-approximate market equilibrium if
(i) 2D < 20 for some 2 € D;(p®, pTe), where p < p < (1 +€)p,
(i) Y1 2l < ej, and
(i) Sy (o5 = L al) <eple.

That is, every agent owns a subset of their optimal bundle at prices that are within a
factor (1 + ¢€) from p, and all goods are nearly sold: the value of the unsold goods is at
most an € fraction of the total value of the goods. The total value of the goods “taken
away” from the near-optimal bundles of the agents is >, p' (2 — z()). Parts (i) and
(iii), together with the fact that p® " 2() < pTe® for all i, imply that this amountis < 2ep ' e.

Definition 2.1.3 can be seen as a natural extension of the corresponding approximate
KKT conditions in [59, 61, 62]. For linear utilities, [59] requires the approximate maximum
bang-per-buck condition v;;/p; < (1 + €)v/py for any agent i, goods j and k such that
x4 > 0. Thus, one can set approximate prices p < p'¥ < (1 + €)p for each agent with
respect to which they purchase maximum bang-per-buck goods.

Condition (iii) corresponds to the definition of approximate equilibrium in [40] and [63].
This notion is weaker than the ones used in [59, 61, 62]. The most important difference is
that the latter papers guarantee that each agent recovers approximately their optimal util-
ity. Such a property could be achieved by strengthening the bound in (iii) from ep'e to

€DminEmin, Where ppin is the minimum price and ey, is the smallest total fractional amount
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in the initial endowment of any agent. However, this would come at the expense of sub-
stantially worse running time guarantees in our algorithmic framework, in particular the

running time would not be polynomial anymore.

2.2 Examples and properties of WGS demand systems

We now present some classical examples of WGS utilities previously studied in the litera-

ture.

e For v € R the linear utility is given by u(z) = v'z. By definition, D"(p,b) =

argmax{v'z:p'z < b}

e The constant elasticity of substitution (CES) utility is defined by u(zx) =

o—1

(Zj Bj%xj” ) 0_1, where 3, 3; = 1. Then, D(b,p) = {x} for the unique optimal
Bip; b

> Bepy
satisfies the WGS property if and only if o > 1.

bundle z given by x; = It is well-known that a CES demand system

e The Cobb-Douglas utility function is given by u(z) = [, 2}’ where > o; = 1, a > 0.
The unique optimal bundle is therefore z; = ba;/p; and D*(p,b) = {x}. The Cobb-

Douglas utility function satisfies the WGS property for any parameter choices.

e The nested CES utility function is defined recursively (see [74] for more details). Any
CES function is a nested CES function. If g, hq,...,h; are nested CES functions,
then f(x) = max g(hy(z'),..., hy(z")) overall 2!, ... x' such that 3, 2F = x,is a
nested CES function. In a well-studied special case (see e.g., [79]), each good j can

only be used in at most one of the h;’s.

Conic combinations of demand systems Given two WGS utility functions v and v/, the
demand system corresponding to their sum u + «' may not be WGS. On the other hand,
consider two simple WGS demand systems D and D’ and nonnegative coefficients A, \".
Then it is easy to see that A\D+ \'D’ is also a simple WGS demand system. This enables the
construction of some interesting demand systems. For example, [92] has studied hybrids
of CES and Cobb-Douglas demands, where the demand system can be given as

b Bipi =7
r;=— e+ (1 —€) =251 ,
Lo > Bipi

forsome () <e<lando > 1.

!We note that this demand function does not seem to correspond to a nested CES utility function.
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Note that if D = D" and D’ = D" for some concave utility functions u and «/, the
demand system AD + X' D’ will in general not correspond to the utility function Au + \'v'.
In fact, it seems unclear if one can explicitly write utility functions corresponding to such
convex combinations. Our model does not require the demand system to be given in the

form D = D" for some concave utility function w.

The Gale demand systems For applications of our auction algorithm for the Nash social

welfare problem, we will use Gale demand systems instead of (4.3), defined as

G"(p,b) = argmax blogu(z) — p'x. (2.1)

z€eRY

We call blogu(z) — p'x the Gale objective function. 1t is easy to verify using Lagrangian
duality that if all w;’s are concave functions, and the utility functions correspond to the
Gale demand systems D;(p, b) = G"i(p, b), then the program (EG) always finds a market
equilibrium; see [101] for details. Moreover, if the utilities are homogenous of degree one,
then this equilibrium coincides with the equilibrium for the “standard” demand systems
given by (Max-utility). For general concave utility functions, the optimal bundles stay
within the budget b (that is, p" x < b), but may not exhaust it.

We refer the reader to the paper by Nesterov and Shikhman [101] on Gale demand
systems as well as the more general concept of Fisher-Gale equilibrium; they also give a

tatonnement type algorithm for finding such an equilibrium.

Price elasticity of demands One possible implementation of the key subroutine Find-
NewPrices (Section 2.3) relies on the (price) elasticity of the demands?> The standard
definition of the elasticity for good j with respect to the price of good k is e, =
dlog x;(p,b)/0log py, where x;(p,b) is the (unique) demand for good j at prices p and
budget b. The WGS property guarantees that e; ;, > 0 if j # k, and consequently, e, ,, < 0.
The definition below corresponds to e, > — f for all k£ € [m], for the more general model

of non-simple demand systems.

Definition 2.2.1. Consider a WGS demand system D(p,b). For some f > 0, we say that the
elasticity of D(p,b) is at least —f, if forany u > 0, j € [m], (p,b) € RT™ and x € D(p,b),
if we define p' as p; = p;(1 + p) and pj, = py. for k € [m] \ {j}, then there exists a bundle
x' € D(p/,b) such that x/; > (H;M)fa:j.

2No finite lower bound can be given on the elasticity of linear demand systems. If we are buying a positive
amount of good j, that means that j maximizes vy /p. If there is another good ¢ with v;/p; = ve/ps,
then if we increase p; but leave the other prices unchanged, then z; = 0 for every optimal bundle 2’
with respect to the new prices. Consequently, for this case, we have another way to implement Find-

NewPrices in Lemma 2.3.8.
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For the CES utilities and Cobb-Douglas utilities we prove the following easy bounds on

the elasticity of the demands.

Lemma 2.2.2. The CES demand system with parameter o > 1 has elasticity at least —o, and the
Cobb-Douglas demand system has elasticity at least —1.

Proof. Using the form of CES utilities described above, the demand at prices p is z; =

1%
BJP—J. Fix a good j. Denote with 2’ the optimal bundle where we increase the price

>k kaii_a
of good j by factor (1 + p). Since CES satisfies the WGS property for o > 1, we have

o Bi(L4p)~7p; b
’ Sk Brpp T+ Bi(1+ p)top e
_ Pip; 7b
(L4 10)7 Yy Bep  + Bi(1+ p)py°
Bip; b 1

(L4 1) S Bl e (A4 p)7

For Cobb-Douglas utility function is given by u(z) = [ i x?j where ja;=1a2>0, the
bov,
optimal bundle is x; = 2% Hence, increasing the price of a good by some factor leads to

J
the decrease in demand for that good by the same factor. O]

2.3 Auction algorithm for exchange markets

The algorithm (shown in Algorithm 1) uses the accuracy parameter 0 < ¢ < 0.25, and
returns a 4e-approximate equilibrium. We initialize all prices p; = 1 and the prices will
only increase during the execution of the algorithm, in increments by a factor (1 +¢). This
initialization is enabled by Assumption 1 that guarantees the existence of market clearing
prices where all positive prices are > 1.

We maintain a price vector p called the market prices; the budget of agent i € [n] is
b; = p'e at the current prices. Further, every agent i € [n] maintains individual prices
p' such that p < p{¥ < (1 + €)p. At any point of the algorithm, agent i owns a bundle ¢
of the goods such that ¢V < z( for some 29 € D;(p, ;). For each good j an agent is
paying either the lower price p; or the higher price (1 + €)p,. The price agent i has to pay
for good j is the higher price (1 + €)p; if pg.i) = (1+ €)p, and the lower price p; otherwise.*
We consider the agents one-by-one. If an agent i has surplus money, they use the

subroutine FindNewPrices to update their prices p¥ and bundle z(¥), by maintaining

3Even though there might be goods priced at 0 in an equilibrium, we can always find an e-approximate
equilibrium where all prices are positive.

“Note that this is in contrast with [59] and the other previous auction algorithms where ¢ may pay p; for
some amount of good j and (1 + €)p; for another amount.
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Algorithm 1: Auction algorithm for exchange markets

Input: Demand systems D;, and the endowment vectors e, and € € (0, 0.25).
Output: A 4e-approximate market equilibrium.

1 Initialization: for all ¢, j set p; < 1,p§i) — 1, c§-i) —0,w;=¢; = ieg.i), andl; =0
Newlt fori € [n] do // recompute the budgets and surpluses
3 ‘ bi < ple®; s « by — > e, c<i)pj = jen, cgi)(l +€)p;
4 end
5 if >, s; < 3ep e then return p, {pD}icp and {cD}icp
Newstp for i € [n] with s; > 0 do // step for agent 1
7 | (B,y) < FindNewPrices(i,p”, p,e,c®, b))
8 for j = 1tomdo
9 if pg-i) < (1+€)pjand p; = (1 + €)p; then // Case 1
10 Si < 8; — Cgi) cepj; 1 — cg.i) // i pays (1+¢€)p; instead of p,
11 Outbid(i, j,y; — c§i))
12 else if pg.i) = (1+¢)p; and p; = (1 + €)p; then // Case 2
13 ‘ Outbid(i, j, y; — cg-i))
14 end
// Skip the goods with pgi) <(1+¢€p; &« pj<(l+e€)p;j. Case 3
15 end

16 | p <« p;flag <0
17 | for j € [m]withw; +1; =0do

18 p; — (L+e€)pj;l; =ej; // price increase
19 foreach k € [n] do pg-k) — (1+¢)p,

20 flag < 1

21 end

22 if flag =1 then Go To Newlt

23 end

xgi) > cg-i) — this latter requirement turns out to be the main challenge. They will then try
() _ )
i TG
ing any unsold amount of good at price p;. If they still need more, then they will outbid

to purchase x amount of good j in the Outbid procedure. They start by purchas-
other agents who have been paying the lower price p; for this good, by offering the higher
price (1 + €)p; (if pgi) < (1 + €)p, this does not happen). Once good j is sold only at the
higher price (1 + €)p;, we increase the price of the good. If no price is increased, we move
to the next agent. Otherwise, we announce the new prices p and repeat. The algorithm
terminates once the total surplus of the agents drops below 3ep'e. At this point, we can
conclude that the current prices and allocations form a 4e-approximate equilibrium.

We express the running time of the algorithm in terms of the running time 7 of the
subroutine FindNewPrices, as well as the upper bound on the ratio pmax/Pmin Of the

largest and smallest nonzero prices at an e-equilibrium. Such an upper bound may be
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Procedure Outbid(s, 7, t)

// t is the amount of good j for which agent 7 wants to

outbid.
1 if w; > 0 then // a part of j is unsold
2 7 = min{w,, t}
3 wj<—wj—7;c§i)<—c§i)+7';t<—t—7'
4 si 85— 71 (1+€)p, // here p; =1 always
5 end

6 whilet > 0and[l; > 0do

7 | Letk € [n]be such that cg-k) > 0 and pg-k) =p;. SetT = min{cgk), t}
8 cg-k) — c§~k) -7 ng‘) — ng‘) + T // © outbids k
9 Sk Sp+Topisisi—T7-(L+epylyj L —1t—t—7

10 end

obtained for specific demand systems.” Alternatively, one can follow the approach of
the papers [30, 32] by adding a dummy agent with a Cobb-Douglas demand system and
an initial endowment of a small fraction of all goods. In the presence of such an agent,
we can obtain a strong bound on pPpax/Pmin, at the expense of obtaining a slightly worse
approximation guarantee. We describe the construction in Section 2.3.4.

Note that for (approximate-)equilibrium prices p, ap also gives (approximate-) equilib-
rium prices with the same allocation, for any a > 0. In our algorithm, the minimum price

will remain at most 1 + € throughout, see Lemma 2.3.4.

Theorem 2.3.1. Let T be an upper bound on the running time of the subroutine FindNew—
Prices. Algorithm 1 finds a 4e-approximate market equilibrium in time O (””Z# -log (u)) :

Pmin

We assume that 7 = €(m), since the output needs to return an m-dimensional vector
of goods. There are various options for implementing FindNewPrices. In Section 2.3.2
we present a simple price increment procedure for the case of bounded elasticities; recall
the elasticity bound f from Definition 2.2.1. Using this subroutine and Lemma 2.3.7, we

obtain the following overall bound.

Theorem 2.3.2. If all agents have elasticity at least —f for some f > 0, then an e-approximate
equilibrium can be computed in time O (”miﬁTD -log (pm’f“‘>> , where T'p is the time needed for

min

one call to the demand oracle.

As noted earlier, there are simple demand systems such as linear demand systems
where the flexibility parameter cannot be bounded. However, in case the demand sys-
tem is given in the form (Max-utility) via a utility function that is homogeneous of de-

gree one, we can obtain an implementation of FindNewPrices by solving a convex pro-

°For demand systems given by an explicit utility function in the form (Max-utility), we give such a bound
for spending-restricted Fisher-equilibria in Section 3.1.2.



Husié E. Nash Welfare, Valauted Matroids, and Gross Substitutes.
2.3. AUCTION ALGORITHM FOR EXCHANGE MARKETS 34

gram. This is described in Section 2.3.3. In particular, this applies to for CES utilities with
o > 1 and Cobb-Douglas utilities. One could find further possible ways for implementing
FindNewPrices for particular demand systems; for example, we give a simple direct
procedure for linear utilities in Lemma 2.3.8, and a procedure for budget-SPLC utilities in
Section 3.2.

We give an overview of the running times of the previous auction algorithms in Sec-
tion 2.3.5.

Invariants Let us now summarize the invariant properties maintained throughout the
algorithm. We say that a bundle y dominates the bundle z if x < y.
(a) Each good is partitioned into three parts according to the price it is being sold at:
e amount w; is the unsold part of the good,
e amount [; is sold at the lower price p;, and
e amount h; is sold at the higher price (1 + €)p;.
Moreover, w; + [; > 0 at the end of each step, i.e., after each agents’ turn there is
always a part of the good that is unsold or owned by an agent at the lower price.

(b) The unsold amount w; of each good is non-increasing. If w; > 0 then p; = 1.

(c) The budget of agent i is b; = p'e”. Each agent i maintains prices p¥) such that
p < p® < (1 + ¢€)p, and owns a bundle ¢ that is dominated by a bundle () €
D; (P(i), bi).
(d) For the amount cy) of good j, agent i pays
e price p; for goods in L; := {j € [m] :pg.i) < (1+¢€)p;}, and

e the price (1 + €)p; for goods in H; := {j € [m] :py) =(1+¢)p;} =[m]\ L.

In accordance with (d), the surplus of agent i is defined as

S; =b; — Z cg-i)pj — Z cg-i)(l +€)p; .

JEL; JEH;

We note that the surplus could be negative.

The Outbid subroutine An important subroutine, described in Procedure Outbid, con-
trols how the ownership of goods may change. If agent k has paid price p; on a certain
amount of good j, then agent i may take over some of this amount by offering a higher
price (1+¢€)p;. Possibly i = k, in which case the agent outbids herself. We also incorporate
into the procedure the case when a certain amount of a good is being purchased for the
first time. Note that p; = 1 at this point due to invariant (b).



Husié E. Nash Welfare, Valauted Matroids, and Gross Substitutes.
2.3. AUCTION ALGORITHM FOR EXCHANGE MARKETS 35

Main iterations The algorithm is partitioned into iterations. Each iteration finishes when
the price of a good increases from p; to (1 + €)p;. At every such event, the budgets b; of
the agents also increase. Therefore, at the start of an iteration each agent ¢ recomputes
their budget at line NewlIt. An iteration is further partitioned into steps, which are single
executions of the main for loop in Algorithm 1. The algorithm terminates as soon as the

total surplus drops below 3ep " e.

Steps Suppose we are considering agent . By invariant (c), the agent is buying a bundle
) < 20 for some £ € D;(p',b;). The subroutine FindNewPrices(i,p™, p, e, c?, b;)

delivers new prices p and a bundle y such that
(A) y > c and y € D;(p, b;); in addition,

(B) p <p < (1+¢€)p,and p; = (1 + €)p; whenever y; > (1 +¢) .

J
In other words, Condition (A) says that agent ¢ still wants whatever they own even at
the increased prices p. Condition (B) is the crucial one for the outbid. It guarantees that
p > p, and whenever an agent wants to buy more of some good than they already own
at least by a factor 1 + ¢, then they are willing to pay the higher price (1 + €)p, for it. (They
might already be paying the increased price to start with if Pt

) J
p; = (1+e¢)p; = py).) The description of this subroutine is postponed to Section 2.3.2.

= (14 €¢)p;. In this case

Observe that FindNewPrices will make progress whenever ¢ is far from 2 for some
agent 7. When they are very close for each agent i, then we have already reached an
approximate equilibrium.

The above properties suggest the following update rules for each good j € [m].
()
J

to H,, i.e., agent i used to pay p; but now is willing to pay the higher price for j. Agent i

Case 1. p;’ < (14 €)p; and p; = (1 + €)p;. The good j was in L; and needs to be moved
first outbids themselves for the amount cg.i) they already own and starts paying p,(1 + ¢)
for this amount. Additionally, agent ¢ outbids on good j up to the amount they want and

that is available from the other agents.

Case 2. py)

¢ continues to pay the higher price. The agent i still keeps the amount cg-i) of good j that

= (1+¢€)pj and p; = (1 + €)p;. The good j was in H; and stays in H;, i.e., agent

they already had and outbids for as much as they can from the other agents.
Case 3. pji) < (14 €)pjand p; < (1 + €)p,. The good j remains in L;, i.e., agent i continues
to pay the lower price. By (B), we must have cg-i) <y; < (1+ e)cg-i) ; the agent will not seek

to buy more of these goods.
The cases above have covered all possibilities since pg-i) < p,. Note that, at the end of the
step, in the first two cases the agent will own min(y;, l; + w;) amount of good j, whereas

they will own )

;/ amount in the third case. Once all of the goods have been considered
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we set p¥) = p, 2() = y, and update c(¥) as the current allocation. If w; + [; = 0 for some j
then h; = e;, i.e., the whole j is sold at the higher price p;(1 + ¢€). For each such good j we

increase the market price p; to (1 + €)p;, and for all agents k we set p(»k)

;= pj for the new

increased pj; finally, we set [; = ¢; and h; = 0. The step ends.

2.3.1 Analysis
For the correctness of the algorithm, we need to show that all invariants are maintained.

Lemma 2.3.3. If all agents have WGS demand systems, then the invariants (a)-(d) are maintained
throughout the algorithm.

Proof. (a) We always sell the goods at either price p; or at price (1 + €)p,;. Moreover, at
the end of the step if we have a good with w; + [; = 0, we increase its price and set

l; = e; and hence, w; + [; > 0 holds again at the end of a step.

(b) Once a part of some good is sold to some agent, it remains being sold to the agents
until the end of the algorithm. This is guaranteed by property (A) of the procedure
FindNewPrices, and the fact that cy) may only decrease if another cgk) increases
by the same amount. Prices can be increased only for goods with w; + [; = 0.

Consequently, a good with w; > 0 must still be at the initial price p; = 1.

(c) Suppose these properties hold for every agent before a step of agent ¢. The require-
ments (A) and (B) guarantee that c(¥) is dominated by a bundle ) € D;(p”, b;) and
prices satisfy p < p!) < (1 + €)p, for each agent i.

Now, consider an agent £ different from ¢. In the step, k could lose a part a good
through the outbid only and hence ¢*) does not increase. As long as the prices p*)
do not change, (c) holds trivially. The only time p(*) can change is the price increase

g-k) = (14 €)p,. Note that the price

increase only happens once [; = 0. Assume we had pﬁ»k) < (1 + €)p; before the price

step, namely, if p; increases to (1 + €)p;, it forces p

increase, that is, agent £ was buying good j at the lower price p;. By [; = 0 and
invariant (d), it follows that c§-k) = 0 at this point. The WGS property implies that

after increasing pg-k), the bundle ¢*) will be still dominated by an optimal bundle.

To complete the proof of (c), it remains to show that it is maintained at the beginning
of the iteration, when the budgets are recomputed. Since the budgets may only

increase, this again follows by the WGS property.
(d) Straightforward to check for each case. O

Lemma 2.3.4. The smallest price min{p,; : j € G} remains at most (1 + €) throughout the
algorithm.
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Proof. Aslong as w; > 0 for at least one good j, then the minimum price is 1 according
to invariant (b). Assume that at a certain iteration, w; = 0 for all j € G, and consider the
first iteration when this happens. This iteration may raise the minimum price to (1 + ¢).
We will show that the algorithm must terminate in the next iteration in line 5.

Let 5; be the excess resulting from charging the lower price p; for all goods (both in H;
and L;). Clearly, 5; > s;.

We claim that 5; > 0. In the subroutine FindNewPrices, we had ¢ < y € D;(p, b;)
and p < p. Since the subroutine was last executed for 7, prices may have increased. How-
ever, this can only increased b;, and a price p; may have increased to (1+¢€)p; if we already
had p; = (1 + €)p;.

Since all goods are fully sold by invariant (b), >,c4 5 = > ;cabi — p'e = 0. Conse-
quently, 5; = 0 and therefore s; < 0 for all i € A. O

Next, we give a bound on the total number of iterations, using the same basic idea of
organizing the steps into rounds as in [59]. A round consists of going over all agents exactly
once in the main ‘for” loop and doing a step for each of them; that is, every round except

the last one comprises of exactly n steps.
Lemma 2.3.5. The number of rounds in an iteration is at most 2 /.

Proof. We fix an iteration and let p denote the market prices at the start of the iteration.
Consider a step of an agent ¢ within the iteration. If 7 buys the remaining available portion
of a good j, i buys everything that is available at the cheaper price p;, then the market
price of j increases and the iteration finishes. So for the rest of the proof we assume
that the market price increase does not happen; consequently, the budget of each agent is
unchanged and agent 7 gets the amount of each good it desires.

Let ¢ denote the total money spent at a certain point of this iteration that is spent by the

agents on higher price goods. That is,

po=(14¢) Z Z c§i)pj.

i=1 jeH;

Claim 2.3.6. Let s; denote the surplus of agent ¢ at the beginning of their step. Then the value of
@ increases at least by s; — 2.25eb; during agents i’s step.

Proof of Claim. Recall Cases 1-3 in the description of the step. Let 7}, be the set of goods
that fall into case k, thatis, T3 U Ty U T3 = [m].

o If j € T}, then (1 + €)p;y; will be added to ¢ in the Outbid subroutine: In this case,
the agent also outbids itself, moving the good from L; to H;.
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o If j € Ty, then (1 + €)p;(y; — cg-i)) will be added to ¢ in the Outbid subroutine.

o Ifj E Tg, then we do not increase ¢. Nevertheless, (B) guarantees that p,(y; — c(-i)) <

€p;c ] Consequently,
Z p;(y ) < e€p Te®, (2.2)

Jj€Ts

Also note that p; = (1+¢)p; if j € T3 UT5. Assumption 2 on non-satiation guarantees that

Py = b;. Let Ay denote the increment in ¢; this can be lower bounded as

=S hy+ Y mily - =Ty = >y — Y et

JjeT JET, JjeTs J€Ty

>bi— Y By — ) =5 > b~ (14 e)p e
JET3

using (2.2). The money spent by the agent at the beginning of the step is b; — s;,. Good
J is purchased at price at least p; according to (d), and p; < (1 + €)p;. Consequently,
p'c® < (1+€)(b; — s;). With the above inequality, we obtain

AQO Z bz - (1 + 6)2<bi — Si> Z S; — (26 + €2>(bi — 52‘) Z S; — 22561)@,

as € < 0.25. This completes the proof. |

Aslongas Y1 | s; > 3ep'e, the claim guarantees that ¢ increases in every round by at
least 3ep'e — 2.25¢ 31 b; > 0.75ep"e > 0.5ep " e. Since p < p'e, the number of rounds is
bounded by 2/e. O

Proof of Theorem 2.3.1. In their steps, agents use their surpluses to outbid for the goods. Let
us now bound the number of repeats in the ‘while” loop (lines 6-9) in all calls to Outbid
in a given iteration. When the outbid(i, j, t) is called, the “‘while” loop is repeated until ¢ is
set to 0 or /; is set to 0. If /; is set to zero then the iteration finishes; and hence, there is one
such event per iteration. Let us count the number of times ‘while” loop is repeated until ¢

is set to 0. Before this happens, some cék)

value must be set to zero. The total number of
such zeroing events within a single iteration is bounded by nm — each agent loses a good
through the outbid at most once.

Hence, the number of ‘while” loops is at most nm plus the total number of calls to
Outbid. This is at most m in each step, and thus nm in each round. According to
Lemma 2.3.5, the number of ‘while’ loops in every iteration is at most 2nm/¢; each re-
peat takes O(1) time. The same bound holds for the ‘if” calls in lines 14 in Outbid.

Every step calls the procedure FindNewPrices exactly once. Consequently, the cost
of an iteration is O(™2 + L) = O(™I£), using the assumption that T = 2(m). There-

fore, the time taken by FindNewPrices in an iteration is O(nTr/¢). By Lemma 2.3.4,
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Algorithm 2: FindNewPrices
Input: i,p, p,e, 9, f,b;
Output: Prices p and bundle Y.
1 Initialization: p + p®
2 Obtain y € D;(p, b;) from the demand oracle with y > ¢
while 3j : p; < (1 +¢)pjandy; > (1 + e)cy) do
Dj min{(l + )Y pi, (14 €)p;}
Obtain y' € D;(p, b;) from the demand oracle such that y; > vy, for k # j
y<y
end
return (p, y)

® N oyl kW

the minimum price is always at most 1 + ¢ throughout and therefore p,,,x equals ﬁ

—(IJ;K == Hence, the number of iterations is bounded by O(m log, . (Pmax/Pmin)) =
O(™ 10g(Pmax/Pmin)). The claimed running time bound follows, using also the assump-
tion Tp = Q(m).

It is left to show that the prices p and bundles c(¥) form a 4e-approximate market equi-

or

librium. The first two properties in the definition are clear: ¢(¥) is dominated by an optimal
bundle with respect to the prices p, and no good is oversold. At termination, the total
surplus of the agents is bounded by 3ep"e. However, this surplus is computed assum-
ing that some goods are sold at price p; and others at price (1 + €)p;. Decreasing the

price of the latter goods to p; releases an additional excess of at most ep " e. Consequently,
Z}”:lpj(e—Z? 1 51)) <depTe. O

2.3.2 Implementing FindNewPrices for bounded elasticities

We now describe the subroutine FindNewPrices(i,p”,p, ¢, ¢, b;). Recall that the out-

puts are new prices p > p'¥ and a bundle y with
(A) y > c and y € Dy(p, b;); in addition
B) p) < < (14 €)p,and p; = (1 + €)p; whenever y; > (1 + ¢) cg-i).

Let us assume that the demand system D; has elasticity at least —f for some f > 0.
Our Algorithm 2 for this case is a simple price increment procedure. First, we obtain
y € D;i(p¥, b;) from the demand oracle with y > ¢(. This is possible due to invariant (c),
which guarantees that ) < 2 for some ¥ < D;(p®, b;). Then, the demand oracle is
able to return a bundle y such that y > z() > . Then, we iterate the following step.
As long as (B) is violated for a good j, we increase its price by a factor (1 + €)*/7 until it

reaches the upper bound (1 + €)p;.
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Lemma 2.3.7. Assume the demand system D; has elasticity at least — f for some f > 0. Algo-
rithm 2 terminates with p and y satisfying (A) and (B) in time O(mf - Tp), where Tp is the time

for a call to the demand oracle.

We will assume that 7p = 2(m), since the demand oracle needs to output an m-

dimensional vector.

Proof. The bound on the number of iterations is clear: since we have p < p < (1 + ¢€)p
throughout, the price of every good can increase at most f times. Condition (A) is satisfied
due to the WGS property and the bound on the demand elasticity. When increasing p;,
the demand y;, for k # j is non-decreasing as guaranteed by the demand oracle. Further,
y; may decrease only by a factor (1 + ¢), and since we had y; > (1 + e)cgi) before the
price update, we still have y; > cg-i) after the price update. Condition (B) is satisfied at
termination since the while loop keeps running as long as it is violated. Checking the
while condition each time requires O(m) time; however, this will be dominated by the

time Tp according to the comment on 7, > m above. O

As explained in Section 2.3, this is only one of the possible ways of implementing Find-
NewPrices. Section 2.3.3 presents a convex programming approach for utilities that are
homogeneous of degree 1. For example, for CES with parameter ¢ > 1, the running
time of Algorithm 2 depends linearly on o (Lemma 2.2.2), whereas the running time in
Section 2.3.3 is independent on this parameter. Nevertheless, for small values of o the
simple price increment procedure may be preferable to solving a convex program.

Further, more direct approaches for implementing FindNewPrices may be possible
for particular demand systems. For Cobb-Douglas demands with parameter vector a(?,
it is easy to devise an O(m) time algorithm implementing the procedure. The algorithm
relies on the fact that the optimal bundle is the bundle that allocates ozj(i)bz- money for good
j. Hence, each price can be set independently of the others. The next lemma shows an
implementation of FindNewPrices for linear utilities; recall from Section 2.2 that the

elasticity is unbounded in this case.

Lemma 2.3.8. FindNewPrices can be implemented in O(m) for a linear demand system cor-

responding to the utility function u(z) = v z.

Proof. Recall that for linear utilities y € D;(p,b) y; > 0 if and only if j € arg maxy, vy /py,
called maximum bang-per-buck goods (MBB). We initialize p = p®, and let S C [m]
denote the set of MBB goods. We start increasing the prices of all goods j € S at the
same rate a. Once a good outside S becomes MBB, we include it in the set S and also
start raising its price. We terminate when the budget is exhausted or when the price p;,
for a good k € S reaches the upper bound (1 + €)p;. In the latter case, we return the

bundle y;, = c§i) if j # k, and set yp = (bi — 3,4, Dic;)/Pr; clearly, yp > cg). These
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prices and allocations satisfy (A) and (B); in fact, we obtain (B) in the stronger form that

p; = (1 + €)p; whenever y; > cg-l). We need to add a good to .S at most m times, and thus

we can implement the procedure in O(m) time. O

2.3.3 Implementing FindNewPrices for Gale demand systems

We now show that the subroutine FindNewPrices can be implemented for Gale demand
systems via convex programming. As previously noted, this result is also applicable for
demand systems given in the form (Max-utility) for utility functions that are homoge-
neous of degree one, for which the optimal solutions to (Max-utility) and (2.1) coincide.

Let u : R — R, be a monotone concave differentiable function. Let us further assume
that u is strictly concave, and therefore we have unique demands: |G"(p,b)| = 1 for all
(p,b) € R

We show that a stronger version of the subroutine can be implemented, replacing the
condition y; > (1 + €)c; by y; > ¢; in (B). We formulate the problem in a slightly more
general form where the vector of higher prices (1 + €)p is replaced by an arbitrary price
vector q.

Letp,q,c € R and # € G*(p, b) such that p < g and ¢ < x. The goal is to find p and y
such that

(A) y > cwherey € G*(p,b), and
(B) p <p < qgandp; = q; whenever y; > c¢;.
The following convex program captures the idea that an agent is allowed to buy a good
J at two prices: amount y; at price p; and amount yj at price ¢;. Moreover, the amount ¢;
of good j is offered at price p; and for the rest an agent pays the higher price ¢;.°
max blnu(y) —p'y —q'y”
y — y/ + y//
y <c
yy' 2 0.

(2.3)

We show that the optimal solution to this program, along with the prices obtained from
the KKT conditions satisfy the requirements.

Since all constraints are linear, strong duality holds. Let y* = 3’ 4+ " be an optimal
solution of (2.3). Then, by the KKT conditions, there exists & € R'! such that for any

J € [m],

®Trivially, if p; < ¢; and y < ¢; then y} = 0 in any optimal solution. For the goods where p; = ¢; we
assume that y; < c¢; implies y/ = 0, i.e., we always give priority to y;.
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i) b- Giuly) < min{a; + pj, ¢;},

(ii) b - Oyuly™) _ a; + p; whenever y} >0,

(iii) b- 2w = q; whenever 7 > 0, and
(iv) y; = c¢; whenever a; > 0.
Let us define p; := «a; + p;.
Lemma 2.3.9. The allocations y* and prices p satisfy (A’) and (B’).

Proof. Since all constraints are linear, strong duality holds for (2.1) as well as for (2.3). Let
us start with (B’). First note that (ii) implies that p; = ¢; whenever y; > ¢;. Moreover,
from (i), (ii), and (iv) it follows that p; < ¢;.

For (A), let us start by showing y* € G"(p, b). By the KKT conditions this is equivalent
to that 22

and the definition of p;.

< p; and equality holds whenever y; > 0. This is immediate from (i), (ii),

It remains to show that y* > c. We prove by contradiction: assume that y; < ¢; for a
good j. This implies y7 = 0 and a; = 0 by the optimality conditions, yielding p; = p;.
By the strict concavity assumption, y* is the unique optimal bundle in G*(p, b). Using the
WGS property for (p, b) and (5, b) we have y; > x; since p; = p;. We obtain a contradiction
toy; <¢ <. O

2.3.4 Adding a dummy agent to bound the prices

Recall that our bounds on the running time of the auction algorithm depend on the ratio
of the maximum price and minimum price at the termination, i.e., at an e-approximate
equilibrium. A convenient way of bounding this ratio is to work with a slightly modified
market. We can use the same idea as [32, 30]. Given an exchange market M/ with agents
A and goods G, we transform it to another market M with n + 1 agents as follows. Let
1 < 1be a parameter such that - > €(1 + ¢)m (and €(1 + €)m < 1/2). For i € A we keep
the same demand systems D; and the same initial endowments ¢(), The market M has an

extra agent n + 1 with initial endowment e¢("*!) = ne and whose demand bundle is given

1/m
via Cobb-Douglas utility function ( ; x§-"+1)) . Agent n + 1 spends exactly L of the

.
budget on any good j since its unique demand bundle z("*!) is given by :cg-"ﬂ) =<

mpj
The lemma below shows that adding such an agent can be used to bound 222, at the

expense of working on an modified market.

Lemma 2.3.10. (i) For an e-equilibrium of M, formed by prices p and bundles 29 we have

Pmax < (1 + G)m ) €max where e T
pmin B n - Em(l + 6)(1 + 77) emin/ max 7 ) min j €j.
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(ii) An e-equilibrium in M gives an e(1 + n)-equilibrium in M.

Proof. Consider an e-equilibrium in M formed by p and bundles z(). By definition, there
exists 2" € D, 1 (p"*tY,mpTe) such that 2D < () and p < pt) < (1 + €)p.

We have zj(-"H) = #:fl), and therefore, ij(-n+1) 2 0 ﬁe)m pTe. On the other hand, from

the third condition of the definition of e-equilibrium it follows that pj(zj(»nﬂ) — xgnﬂ))

ep'e(1 + n). Hence, pjzcgnﬂ) > (—T’—(He)m —e(1+ 77)) p'e for all j. In particular, =
(ﬁe)—m —e(l1+ 77)) p"”;—jmi“ for all j. Since x

have

<
(n+1) >
3 =
(n+1)
J

-1
Pmax n €max
< —€(1 .
Pmin o ((1 + E)m €< * 77)) €min

The second part of the lemma follows easily from the definition of an approximate equi-

< €; < emax In an e-equilibrium, we

librium. O

2.3.5 Running times of existing auction algorithms

We conclude this chapter by reviewing the running time bounds given in previous auction

algorithms and comparing them to our bounds.

Linear utility functions The paper [59] includes two algorithms. The running time

of the first algorithm is O <n€_72n log pmax—ﬂ log pmax> , and for the second one it is
0] (m(n + m) log pmax) . The running time in Theorem 2.3.1, with the bound Tr = O(m)
for li;ear utilities from Lemma 2.3.8, gives an additional factor (m + n) bound, while
removing the first log factor (or term). We note that we are using a weaker notion of
equilibrium in our result. The additional factor is due to our global update step: due to
the more general, nonseparable nature of our framework, we consider all goods when
updating an agent, while [59] considers only one good for an update.

The paper also gives the price bound puax < (1 + €)7== (assuming the algorithm is
initialized with all prices equal to 1) where vy, = max; ; v; j and Vi, = min; ; v; ; are the
highest utility and the lowest utility and agent has for a good, as well as a more general
bound for the case when v,,,;, = 0 is possible. These bounds are comparable to our bounds

in Section 3.1.2 for SR-equilibria.

Separable WGS In [62], the running time bound is presented only for the Fisher market

. nm 1 VUmax 1 ' D
case, givenas O | — log — log —— logm ). Here, vyax and vy, are upper and lower
€ € min Ymin

bounds on the slopes of the functions (analogous to those we define in (3.1)), by, is the

smallest budget, and v is the total utility an agent would get from owning the full amount
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of all goods. It is mentioned that the result could be extended to exchange markets, simi-

larly to [59], but no details or running time estimation are provided.

Uniformly separable WGS The paper [61], gives essentially the same bound as above;
the analysis is limited and mainly refers to [62]. A problematic issue is that the main
motivation for the paper is to give bounds on CES and Cobb-Douglas utilities, but vy, =

oo for these particular utilities.



3 Auction algorithm, spending restricted

equilibrium, and Nash social welfare

We show how to modify the auction algorithm given in Chapter 2 for finding a spend-
ing restricted (SR) equilibrium in Fisher markets when agents have weak gross substi-
tute (WGS) demands. Recall the definition of an SR-equilibrium: For agents A with de-
mand systems D;(p, b;) and fixed budgets b, € R, for all i € A, we say that the prices
p € R™ and allocations z() € D;(p,b;) form a Spending Restricted (SR) equilibrium, if
Y ica xg.) = min{1,1/p;} forall j € [m].

The modified algorithm is given in Section 3.1. As an application, we then give a
polynomial-time constant-factor approximation algorithm for the symmetric Nash social
welfare (NSW) under budget separable piecewise-linear concave (budget-SPLC) valua-
tions (Section 3.2).

3.1 Auction algorithm for spending restricted equilibrium

We present a modification of Algorithm 1 for finding an approximate SR-equilibrium in a
Fisher market where each agent satisfies the WGS property.

We allow for a more general notion of SR-equilibrium, where we can restrict the amount
of money spend on good j to be any positive number ¢; € [0, o] and not just one. Note
that in case of SR-equilibrium we require that the available amount of each good is fully

sold as opposed to the approximate equilibrium in exchange markets.

Definition 3.1.1 (Approximate SR-equilibrium). Let ¢t € [1,00]™. Foran e > 0, the prices
p € R™ and bundles ') € R form an e-approximate SR-equilibrium w.r.t. ¢ if

(i) 2 < 20 for some 2 € D;(p™, b;), where p < p® < (1 + €)p,
(ii) Y i, x§-i) = a; := min{1,¢;/p;} forall j, and

(ZZZ) Z] 1pJ (El 1 ]()_aj> <€Z'L 1

Changes to the algorithm To adopt the auction algorithm for the SR-equilibrium in

Fisher markets we make four changes. First, the budgets b; are constant throughout the

45
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algorithm and are part of the input. As such, they do not depend on the prices of goods
in the market. Second, we need to account for the fact that in an SR-equilibrium exactly
min{1,¢;/p;} of a good is sold. Third, the initialization must be changed since the prices
cannot be scaled up as for exchange markets: we cannot assume that there exists an SR-
equilibrium with p; > 1 for all j. Fourth, we do not make Assumption 2 on non-satiation.
We only use the following weaker assumption, namely that after the prices increase, the

spending of every agent is non-decreasing.
Assumption 3. Let (p,b) € R™" and x € D(p,b). If ¢ > pandy € D(q,b), then ¢"y > p'x.

For Gale demand systems arising in the NSW problem with budget-additive valuations
(as in [52]), Assumption 2 does not hold, whereas this weaker assumption is true. The

same is trivially true for the budget-SPLC valuations we study in Section 3.2.

We use exactly the same variables as before, except that w is not used; we will have
w = 0 throughout, i.e., all goods remain fully sold. We change the invariants (a) and (b)

slightly. The invariants (c) and (d) remain the same.

(a) The available amount a; of each good is partitioned into two parts according to the

price it is being sold at:
e amount /; is sold at the lower price p;, and
e amount h; is sold at the higher price (1 + €)p;.

Moreover, [; > 0 at the end of every step, i.e., after every step there is always a part
of the good owned by an agent at the lower price. It holds [; 4 h; = a;.

(b) The amount of each good j being sold is exactly a; = min{1,¢;/p;}.

Recall the definition of the surplus s; = b; — >, c( )pj D jem; C (z)(l + €)p;. In the

modified algorithm, we will use the relative surplus s instead, defined as

spi=p 2@ =37 - 3T (1 1 o).

jeL; JEH;

This is the difference between the money the agent would like to spend and what they are
actually spending (in accordance with (c) and (d)). Under Assumption 2, s} = s; holds;

we need to make the distinction since we do not assume non-satiation.

Initialization In the case of exchange markets, we used Assumption 1 to state that ap-
proximate equilibrium prices > 1 exist, and then we were able to initialize the algorithm
by setting all prices to 1. This is not viable for Fisher markets, where even the total budget
might be smaller than m. Instead, we assume that we are given some initial, small enough

prices p < t and optimal bundles (V) € D;(p, b;) such that 37 | ® > 1. A simple way to
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achieve this is to have a single agent that overdemands all the goods, i.e., there is i € [n]
and p < t such that 2 > 1 for z¥ € D;, (p, b;). Such an initialization would need to be
given for the particular demands.

Given such prices and allocations, we initialize p = p for all i, and set all ¢(?’s such
that ¢ < 2(¥ and Y, ¢ = 1. One can readily check that all invariants are satisfied after

the initialization. In particular, [; = 1,h; = 0 forall j € [m)].

Changes to the algorithm In procedure Outbid, lines 1-4 are redundant as w; = 0 for all
J. In the main part of the algorithm, one needs to make the following changes besides the

initialization.
e Every occurrence of s; is replaced by s;.
e We do not need to recompute the budgets and surpluses at line NewlIt.

e We need to add a new line between lines 18-19. The new line decreases the amount
of good sold to exactly min{1, ¢; /p,} by decreasing cy‘) for all agents i proportionally

to the values cgi). This will decrease the amount of goods sold whenever p; > ;.

Remark 3.1.2. A simple alternative initialization is to set the price of good j as p; =
min{ 5> b, t;}, and start with allocations ) = 0. The drawback is that we would obtain a
slightly weaker equilibrium at termination. Part (ii) of Definition 3.1.1 requires that all goods are
fully sold; we would need to weaken this property to saying that the total price of all unsold goods
would be < €. b;. Below, we describe the analysis for the case where initially all goods are fully

sold, but it can be easily adapted to this version.

3.1.1 Analysis

As previously mentioned, an (e-)SR equilibrium may not exist at all. In such cases, our
algorithm will never terminate, increasing the prices unlimitedly. We give the running
time in terms of the ratio psgmax/Pmin- Here, pmin = min; p;, the smallest one among the
initial prices, and psrmax is an upper bound on the prices in the algorithm; note that we
may have pspmax = 00. In Section 3.1.2, we give a bound in terms of the maximum and

minimum values of the partial derivatives of the utility function.

Theorem 3.1.3. Let T be an upper bound on the running time of the subroutine FindNew-

Prices. Then there exists an auction algorithm that finds a 4e-approximate SR equilibrium in

T max
0 (nm2 F log <pSR )> '
€ Pmin

Lemma 3.1.4. If all agents have WGS demand systems, then the invariants (a)-(d) are maintained

time

throughout the algorithm.



Husié E. Nash Welfare, Valauted Matroids, and Gross Substitutes.
3.1. AUCTION ALGORITHM FOR SPENDING RESTRICTED EQUILIBRIUM 48

Proof. The justification for invariants (c) and (d) is similar to the one given in the proof of
Lemma 2.3.3. We only present the proofs of (a) and (b) which need some small modifica-

tions.

(a) For each case itis clear that every good is being sold at either p; or (1 +€)p,. Using the
invariant (b) it is also clear that exactly a; of good j is sold. Moreover, at the end of
the step if we have a good with [; = 0 we increase its price at line 18 and set [; = a;.

Hence [; > 0 is also satisfied.

(b) We need to show that exactly a; = max{1,t;/p;} of good j is sold at any point. Sup-
pose that the invariant holds at the beginning of a step. After the for loop, the in-
variant is still satisfied since the outbid only changes the owner of the good. The
invariant could be violated only at line 18 when we increase the price at the end of
the step. Trivially, if the price increases to p; and p; < ¢; the invariant remains valid.
So, we only need to deal with the case when the price of good j increases to p; and
pj > t;. Then, in the new line we added between 18 and 19, we will immediately

take away some of good j from the agents to restore the invariant. O

The bound on the number of rounds within an iteration is exactly the same as for Al-
gorithm 1, while the proof differs slightly due to using Assumption 3 instead of Assump-

tion 2.
Lemma 3.1.5. The number of rounds in an iteration is at most 2 /e.

Proof. The only change arises at the end of the proof of Claim 2.3.6. We state the new claim

and show how the end of the proof changes.

Claim 3.1.6. Let s} denote the relative surplus of agent i at the beginning of their step. Then the
value of @ increases by at least s] — 2.25eb; during agent 1's step.

Let Ap denote the increment in ¢; this can be lower bounded as

Ao = "pi+ D b — ) =py—> by — Y el

JET: JET? JET3 JET

>ply = by — ) =p D =Ty~ (1 +e)p
JET3

using (2.2). The money spent by the agent at the beginning of the step is p(i)TI(i) — 5j.
Good j is purchased at price at least p; according to (d), and p; < (14 €)p,. Consequently,
PTe® < (14 ¢)(p® 2 — s7). Assumption 3 yields 7'y > p® 2. Therefore, using
€ < 0.25, we obtain

Ap > ﬁTy—(l+e)2(p(i)Tx(i)—8§) > Sf—l—ﬁTy—(l—i-e)zp(i)Tx(i) > 57 —2.25¢p y > sh—2.25¢b;
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The claim follows. O

Proof of Theorem 3.1.3. The running times follows similarly as in the proof of Theorem 2.3.1.
All that remain is to show that the prices p and bundles c¥) form a 4e-approximate SR equi-
librium. The first two properties in the definition are clear: ¢(¥) is dominated by an optimal
bundle 2V with respect to the prices p', and exactly a; = min{1,¢;/p;} of each good j
is sold. At termination, the total relative surplus of the agents is bounded by 3¢, b;.

Moreover,

n

s = Zp(i)va(i) DI DI LR U (R
=1 =1

i=1 \jeL; JEH;

> ZpTac(i) —(1+¢) Zn:pTc(i) > —ezn:bi + ipj (ﬁ: 2 — aj> :
i=1 i=1 j=1

i=1

Therefore, > 7", p; (33 20— aj) <4e>, b O

i=14;

3.1.2 Conditions on the existence of SR-equilibria

We now present a general bound on the value of psrmax. Suppose that the demand sys-
tem of each agent ¢ is provided in terms of a monotone concave and differentiable utility
function u; in the form (Max-utility). We now assume that each u; is differentiable. The ar-
guments here can be easily adopted for the non-differentiable case by using subgradients.
We let

i bi )
D = max . Uimax = Max 0;4;(0), Vjmin = min{0d;u;(D - 1) : 9ju;(0) > 0},
Pmin J J
Vina = miax — 22 (3.1)
3 Vi min

tmax = maxt;.
J

Note that if 0;u,;(0) = 0, then agent i is not interested in good j at all. In case d;u;(0) > 0
we say that agent 7 is interested in good j. Note that D is an upper bound on the amount
of any single good that any agent could buy during the algorithm.

We note that ¢,,,x = 00 could be possible. However, we can truncate the value of every
t; to min{t;, >, b;} without changing the problem, since the total spending is at most the
total budget; the price of a good can never rise above this value in the algorithm or in an

SR-equilibrium. Thus, we may assume t,,.x < >, b; in the bounds below.

A necessary condition on the existence of SR-equilibria The condition } _;b; < >_,1;is

necessary for the existence of an SR-equilibrium, since ) it is the total amount of money
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that can be spent on the goods. One can formulate an extension of this, that amounts
to Hall’s condition in a certain graph. Let (A U G, E) denote the bipartite graph where
the two classes A and G represent the agents and goods, respectively. We add an edge
(i,j) € Eif 0;u;(0) > 0, that is, if agent ¢ is interested in good j. For a subset S C A, we
let I'(S) C G denote the set of neighbors in this graph. Then, Hall’s condition, that is,

dbhi< > ty, VSCA (3.2)

€S Jer(s)

is a necessary condition on the existence of an SR-equilibrium. Note however that this
condition is not sufficient: it holds for the example of Cobb-Douglas utilities, where no

SR-equilibrium exists, as explained after Definition 3.1.1.

Upper bounds on the prices We now give a bound on pgr max in terms of V.« and ¢,,ax.
We first consider the case when every agent is interested in every good. In this case, (3.2)
reduces to the case when S contains every good. Note that the bounds are finite only if

Vimin > 0, and v; iy is finite. For the Cobb-Douglas utilities, v; ymax = 00.

Lemma 3.1.7. Assume the demand systems of the agents are given in form (Max-utility) for

monotone concave and differentiable utility functions w,.

(i) Suppose that every agent is interested in every good, that is, 0;u;(0) > 0 for every agent
i and every good j. Assume that 3, b; < . t;. Then, the prices throughout the auction
algorithm remain bounded by (1 + €)*tmax Vinax-

(ii) Assume condition (3.2) holds with strict inequality for all S C B. Then, the prices through-

out the auction algorithm remain bounded by (1 + 6)”tmaXV"_1.

max

The same bounds are valid for any e-SR equilibrium.

Proof. Let us first consider (i). Let p denote the market prices at a certain point of the
algorithm, or at an €-SR equilibrium, and let psrmin be the minimal price among those.
Observe that this might be different from py;,, since py, is the minimal price at initializa-
tion. Let ¢ be a good with p; = Psgmin-

We use the KKT conditions of convex program (Max-utility). We let 3 denote the

Lagrange multiplier of the budget constraint for agent i. Then, 9;u;(z") < 5 pg-i) for all
(4)
J

agent during the algorithm as well as in an e-SR-equilibrium.

Consider a good j, and let k be an agent buying j, i.e., cg.k) > 0 and therefore xgk)

0. By the above, pg-k) / pgk) < Ojup(z®) /Opuy, (™). The assumption that every agent is

goods j; and equality holds whenever =’ > 0. Recall that each good j is owned by some
>

interested in every good means that v; i, = min; d;u;(D - 1). Since ¥ < D-1, concavity
implies Opug(r™) > v;min. We also get ajuk(:v(k)) < Ukmax- Consequently, pg-k) / pl(k) <
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Uk max/Vkmin < Vimax- Finally, since p < p*) < (1+ ¢)p we have P; < (1 + €)PsrminVinax for
any good j.

The proof is complete by showing that pspmin < (1 + €)tmax. To prove this, we first
show that once p > ¢, the algorithm terminates. Indeed, if p > ¢, then the agents spend
>, tj in total, since the amount a; = min{1,¢;/p,} is always fully sold. The condition
>_ibi < >, t; shows that agents cannot have any surplus at this point. Thus, once the
lowest price rises above t,,,x, the algorithm terminates. Since the prices increase in steps
of (1 + €), we get that psrmin < (1 + €)tmax-

Let us now consider part (ii). We take the bipartite graph (AUG, E'), and on the same set
of nodes we define a directed graph as follows. We orient all edges in F from A to GG, and
also add the arc (j, i) whenever xy) > 0. Fix any good j, and let S be the set of agents in A
reachable from j in this directed graph. Note that the set of goods reachable from j will be
precisely I'(S). Let £ € I'(S) be the good with the lowest price p,. As above, we can show
that py < (1 + €)tmax, since p > t is not possible. Indeed, once p > ¢, then all the available
amounts of goods in I'(5) are fully sold, and their total value is };crg)t; > ;s bi by
the assumption. By the definition of S, no agent outside S pays for goods in I'(5), leading
to a contradiction.

The directed graph contains a path of length < 2(n — 1) from p; to p,. As in the proof of
part (i), one can argue that for any two consecutive goods j" and j” on this path, p;/ /p;» <
(1 4+ €)Vinax- This implies the bound. O

Bounding the prices for Gale demand systems Consider now the demand system
G"(p,b;) defined from a monotone concave utility function by (2.1). An important dif-
ference is that agent ¢ may not exhaust their full budget b;; however, the concavity im-
plies that they will never spend more than b; in the optimal bundle. Consequently, even
>_ibi <>, t;is not a necessary condition for the existence of an equilibrium.

Still, we can obtain the same bounds as in Lemma 3.1.7 on the prices. The proof is iden-
tical, noting that the KKT conditions for (2.1) also imply pyc) / pék) < Qjup(x™) /Opuy (2 )
if mg-k) > (, and the fact that agent ¢ spends at most b; in their optimal bundle.

Lemma 3.1.8. Assume every agent has a Gale demand system (2.1) for monotone concave and

differentiable utility functions u,.

(i) Suppose that every agent is interested in every good, that is, O;u;(0) > 0 for every agent
i and every good j. Assume that ), b; < 3. t;. Then, the prices throughout the auction
algorithm remain bounded by (1 + €)*t1max Vinax-

(ii) Assume condition (3.2) holds with strict inequality for all S C B. Then, the prices through-
out the auction algorithm remain bounded by (1 + €)™ tax V"0

max

The same bounds are valid for any e-SR equilibrium.
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dijs = 16

D; =24

Figure 3.1: Agent i’s utility for good j.

3.2 Approximating Nash social welfare under budget-SPLC

valuations

As an application of the spending restricted auction algorithm in Section 3.1, we give
a polynomial-time (2¢'/2¢ + ¢) ~ 2.404-approximation algorithm for the NSW problem
under budget-separable piecewise linear concave (SPLC) valuations—the common gen-
eralization of the models in [2] and [53]. We consider an instance of the NSW problem
with n agents and m items, in which we have D; units (copies) of item j. Each agent ¢ has
a budget-SPLC valuation function defined as follows (see Figure 3.1). For every good j,
agent ¢ has k;; segments with strictly decreasing utility rates w;j; > uijo > ... > ugr,; > 0.
Segment ¢ € [k;;| has length d,;; and agent i values at u;;; each of the units in the segment.
We assume that } ., dije = D;. Furthermore, agent i’s value is capped at Uj, i.e., their
value for a subset of items is the minimum of U; and the sum of the values accumulated
from the items.

Chaudhury et al. [24] gave a e!/(179¢ ~ 1.45-approximation algorithm for the problem,
while Anari et al. [2] studied the problem with SPLC utilities (U; = o0) and gave a 2-
approximation algorithm. The running times of these algorithms depend linearly on A/,
where M = 7

when multiple copies of a good have the same utility rate, their algorithms run in pseu-

jelm] D;. In other words, [2] and [24] use segments of length 1. Therefore,
dopolynomial time. Using the auction algorithm, we give an approximation algorithm
running in polynomial time: the valuation function is specified by the utility rate and the
length of a segment rather than d,;; segments of length one with the same value. The

approach consists of three parts:

e Finding an SR-equilibrium for the instance of Fisher market arising as a relaxation
of the NSW problem. The natural relaxation of the NSW problem uses the SR-
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equilibrium with respect to the Gale demand system, where each agent has budget
1. We use the auction algorithm to find such an approximate SR-equilibrium (z, p).
It is worth pointing out that this is the main reason why we obtain a better running

time guarantee than the existing approaches.
e Upper bound on the optimal value of the NSW in terms of prices p.
e Rounding the allocation z.

The last two rely on the ideas originally given by Cole and Gkatzelis [35] and extended
in [2, 53]. More precisely, for the upper bound we follow [2] and we explain how the
rounding reduces to the case of budget-additive linear utilities [53]. For the sake of sim-
plicity, we present an upper bound and the rounding for an exact SR-equilibrium similar
to the one in [53]. The modification to an approximate SR-equilibrium is straightforward.
For the upper bound and rounding we make the assumption that u;;; < U;, as we could
redefine the values to u;j; < min{w;;;, U;} without changing the objective value of the

feasible allocations for the NSW instance.

Gale demand and NSW The demand systems of the market models in [2, 53] do not
exactly correspond to (Max-utility). In [53] one needs additional conditions on the agents
being “thrifty”; in [2] a “utility market model” is used. In both cases, the total spending
of the agents can be below their budgets, i.e., they violate the non-satiation assumption.
A natural unified way of capturing these equilibrium concepts is via Finding a spending-
restricted equilibrium for Gale demand systems appears to be the right setting for NSW; in
fact, the concepts used by [2] and [53] correspond to the Gale equilibrium in these settings,
and moreover, these Gale demand systems admit the WGS property, see Section 3.2. On
contrary, the demand systems arising from the previously mentioned utility functions do
not satisfy the WGS property in the usual setting (Max-utility).

3.2.1 SR equilibrium under Gale demand systems of a budget-SPLC

We now consider the Gale demand system for budget-SPLC. We first show that the cor-
responding demand system is WGS—thus we can use the auction algorithm; and then
we give an implementation of the FindNewPrices subroutine for this demand system.
Note that the convex programming approach does not immediately apply, since the util-
ity function is not differentiable, and the optimal bundle is not unique. Instead, we give a
simple price increment procedure, an extension of that in Lemma 2.3.8 for linear utilities.
As both the WGS property and FindNewPrices refer to a fixed agent, we drop the term

¢ denoting the agent in the subscripts.
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The Gale demand system G"(p, b) is defined as the set of optimal solutions to the fol-

lowing formulation.

k;
max blog <Z Z xjt“jt) - ij Z Ljt
it j t=1

st wp<dy  Vj€Em]te k) (3.3)

It can be easily verified, using the KKT conditions given below, that admissible spendings in
[2] correspond to the case when U = oo, and modest and thrifty demand bundles in [53] to
the case when k; = 1 for all j with d;; = oo

Let us now present the KKT conditions characterizing the optimal solution z*. Let 7,
be the Lagrange multipliers of the constraint z;; < d;; and v the Lagrange multiplier of
the utility constraint. Recall that u(z*) = -, >, u;:2j,. We have the following:

() S5 < 1+ pj + wyey forall jit,

(ii) ub&t) = 1t + p;j + ujy whenever z7;, > 0,
(iii) a: = dj; whenever r;; > 0, and
(iv) >_; > xju; = U whenever v > 0.

Lemma 3.2.1 (WGS property). The Gale demand system for budget-SPLC utilities satisfies the
WGS property.

Proof. Let us consider prices p’ defined as p; = p; for j € [m] \ {¢} and pj > p;. We
show that there is an optimal bundle 2’ at prices p’ such that 2, > 27, for all j # ¢ and
all t € [k;]. For prices p/, let u be the optimal utility in (3.3) and let 7' be the Lagrange
multiplier for the constraint on the maximum utility achieved. We consider two cases.

Case 1: u < u(x}). By (ii), 2}, > 0 implies 7* Uit > ") Thus, we have % = % > @
Eforallj,twfch:c- > 0and j # /.

Moreover, by (ii) and (iii), if u“ > . (1 ++ - u“) then 2, = dj;. By (iv), u < u(z]) < U
dj. for all j, ¢ with 27, > 0 and j # (. In other words,

>

implies that 7' = 0, and hence a:jt =
for every item j, j # {, every segment of the good that the agent was buying at prices p is
fully bought at prices p’. The lemma follows.

Case 2: u = u(z]). It suffices to prove that the optimal solutions of the following knap-
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sack linear program satisfy the WGS property.

k;
min E bj E Tt
j t=1

s.t. T jt < djt V] S [m]at € [kj] (3 4)

m kj

E E Lt = U

j=1 t=1

z>0.

Suppose that the optimal solution x is unique, then it can be build in a greedy fashion.
Order the segments of all items in a decreasing order of the fractions 1;—75 Then z is ob-
tained by purchasing the segments (i.e. allocating x;; = d;;) in the above order until the
utility becomes #; having in mind that the last purchased segment might be purchased
only partially.

To prove the WGS property we consider increasing price p, of an item ¢. The price
increase will cause the segments corresponding to good ¢ to move further back in the
ordering while the relative order of all rest of the segments remains unchanged. Hence,
by the greedy argument above, one can find an optimal solution x" with 2%, > x;; for all
Jj# landt € [k;].

In the case there are multiple optimal solutions, a similar argument holds since two

optimal solution differ only on a set of goods with the same ratio % O
J

As in Section 2.3.3, we show that the following slightly more general version of Find-
NewPrices can be implemented. Let p,q,c € R} and z € G*(p, b) such that p < ¢ and
¢ < z. Find p and y such that

(A') y > cwherey € G¥(p,b), and
(B’) p <p < gand p; = q; whenever y; > c;.

Lemma 3.2.2 (FindNewPrices). The procedure FindNewPrices can be implemented in
time O(K) for Gale demand systems with budget-SPLC utilities, where K = 3., k; is the

number of segments with different marginal utility.

The proof is via an algorithm that is an extension of the one in the proof of Lemma 2.3.8

for linear utilities.

Proof. We present an algorithm for finding such prices p and bundle y. The algorithm
initializes p = p and y = c. The prices as well as the allocations are non-decreasing
throughout the algorithm. Note that u(y) < U at the initialization; otherwise, ¢ = z

would follow and we can simply output y = z and p = p. We maintainp < p < ¢
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throughout. For each j € [m], let t; € [k;] denote the first segment of a good j that is not
completely sold in y, i.e., the minimal ¢; such that y;;, < d;;;. We call this the active segment
for j.

Consider the optimal bundle = such that ¢ < z, and let y be the Lagrange multiplier for
the utility cap constraint for . We initialize 8 = (b/u(z) —~) . Then, from (i)-(iii) we
see that if z;; = 0 then u;;/p; < 5,if 0 < zj; < dj;, then w;;/p; = B, and if xj;, = d;; then
uje/p; > p.

Stage I: enforcing the complementarity conditions The algorithm proceeds in two
stages. In the first stage, we consider the goods for which w;,,/p; > B yet y;, < dju.
(Recall that we initialized y = c and p = p.) For each such good, we increase p; until
either u;,,/p; = B, or p; = g;. In the latter case, we buy the entire active segment of j,
that is, we increase to y;;, = d;;,. Thus, t; increases by 1. If we still have u;, /q; > B, we
again buy the entire active segment, and continue until u;,,/q; < 3 for the current active

segment. This finishes the description of the first stage.

From the KKT optimality conditions on z, it is easy to see that y < z at the end of the

first stage. We claim that the following conditions are satisfied at this point:

yir = 0= u;/p; < B, 0 <yj <djt = ujt/Dj =B, Yt = djt = uj/p; > £3.5)
u(y) < min{U,bs} (3.6)
Yjir > Cip = Dj = (3.7)

The conditions (3.5) and (3.7) are immediate from the algorithm. The bound (3.6) follows
since y < z; u(y) < u(z) < U by the feasibility of z and u(x) < bf by the definition of 3.

Stage II: price increases In the second stage we continue increasing y and p, as well as
decreasing 3 so that (3.5), (3.6), and (3.7) are maintained. The algorithm terminates once
(3.6) holds at equality. In this case, one can verify from the optimality conditions that
y € G*(p,b). Together with (3.7), we see that the output satisfies (A’) and (B).

The algorithm performs the following iterations. We let A denote the set of goods for
which w;,, /p; = . If there is a good j € A with p; = ¢;, then we start increasing y;;, until

either
1. y;i; = dji;. Note that ¢; increases by one in this case, and j leaves A.
2. The inequality (3.6) becomes binding. In this case, the algorithm terminates.

We now turn to the case when p; < ¢; for all j € A. During the iteration we multiplica-

tively increase the price of every good in A by the same factor o > 0, as well as decrease
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3 by the factor o. We choose the smallest value of & when one of the following events
happen:

1. For some j € A wereach p; = g;. We change the allocations as described above.

2. The inequality (3.6) becomes binding (due to the decrease in ). In this case, the

algorithm terminates.

3. For some good ¢ ¢ A, % = (. In this case, we add / to A, and iterate with the

larger set.

It is easy to see that all three properties (3.5), (3.6), and (3.7) are maintained throughout
the algorithm. We claim that the number of price change steps is at most >, k;. Indeed,
a price increase step always ends when a good j with p; = ¢; enters A, either in case 1 or
case 3. Once this happens, we increase y;;,; if the algorithm does not terminate, then we
saturate the segment to y;;, = d;. This shows that the number of price augmentation steps
is bounded by the total number of segments  _; k;. ]

Bound on pspmax  While the budget-SPLC utilities are not strictly monotone nor differ-
entiable, the same bound as in Lemma 3.1.7 (or Lemma 3.1.8) can be similarly proved for
Vimax = MAXje[m]telky;] Yije aNd Vimin = MiNjem) ek, 1Uije © Wije > 0}. The value ug,
represent the utility rate of agent ¢ for the ¢-th segment of item j.

Recalling that D; is the number of available units of good j, we have the following

theorem.

Theorem 3.2.3. Consider the Fisher market instance arising from the NSW problem where agents
have budget-SPLC utilities. Let K = maXjea ) cq
needed to specify the utility of any agent. We can find an e-SR equilibrium with respect to the Gale

demand systems and bounds t; := D; in time O ("SE’ZK log (PmaxVinax ))

k;j be the minimum number of segments

Proof. We start by adding a dummy agent 0 to the market with budget e. The utility of
agent 0 is additive, meaning that for each good j, there is only one segment of length
Dj; and ugj; = 1. We initialize the auction algorithm by setting each price p; to ﬁ
and assigning all goods to 0. By running the auction algorithm for SR-equilibrium we
obtain $*-approximate equilibrium. Now, we can remove the agent. As this agent could
be buying the goods in amount at most ¢, by removing the dummy agent we are left
with a slightly weaker notion of e-approximate equilibrium. Namely, the first and third
condition in Definiton 3.1.1 are satisfied by the choice of the precision parameter, but the
second condition is not satisfied exactly. Rather, we can only guarantee that } ;- ; ch) <aj;
and > cp, pila; — 200, :v;z)) < e. In words, the total price of unsold available amounts of

all goods is at most e.
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T max
By Theorem 3.1.3 the auction algorithm runs in O <nm2 " log (pSR )) . Recall that
€ Pmin
T is time needed to implement FindNewPrices. By Lemma 3.2.2, in this case T is

€

O(K). By construction, pyi, = S5 By Lemma 3.1.8 we have that pspmax < (1 +
7
€)" Dyax Vi L. ]

max

3.2.2 Upper bound on the optimal NSW value

Let (z,p) an SR-equilibrium in the Fisher market arising from an instance of NSW (with
respect to the Gale demand system) and with bounds (Dj) je[m]- In other words, z; €
G"(p,1) for each agent i € A, and it holds Zie[n} T = Zie[n]yje[m]vte[k”] Tijp = Dj -
min{1,1/p;} forall j € G. As z; € G"(p, 1) we have the following KKT conditions, see
Section 3.2.1:

(1) 2 < i+ pj + Wi,

o wge
(ii) uz;) = 14j¢ + Dj + Uiy whenever x5, > 0,
(iii) @;;; = d;j whenever r;;; > 0, and

(iv) Zj > Tijitije = U; whenever v; > 0.

Let us describe some properties of SR-equilibrium (z, p) that the above KKT conditions

imply. By property (ii), Ti;L:']‘:pj = 1_7“;2%()%) whenever z;;; > 0. This justifies defining
mbb; = % Since the SR-equilibrium as well as NSW are invariant under scaling

each agent’s utilities u;;; and U;, we can assume that mbb; = 1 for all agents 7. (This implies

an appropriate implicit scaling of each v; as well.) Then by property (iii) we obtain:
Proposition 3.2.4. If x;;; > 0 then up—jt > 1. Ifup—;t > mbb; = 1 then x;j; = d;j.

In other words, an agent only buys copies of goods with utility at least as much as their
price, and if an agent values some copy of a good strictly more than its price then she also
gets this copy in z.

We say that an agent i is capped if u;(x;) = U; and non-capped otherwise. Let H(p) =
{7 € [m] : p; > 1} be the set of expensive goods.

Proposition 3.2.5. Assume mbb; = 1 for all agents i. For all capped agents i it holds z;;; = 0
forall j € H(p) and all t € [k;j|, and u;(x) = U; < 1. Each non-capped agent i receives exactly
one unit of utility, i.e., u;(x) = 1.

Proof. Suppose not and let z;;; > 0 for some j € H(p). Then w;;; > p; > 1. Since U; > u;j;
it also holds that U; > 1. A contradiction since 1 < 1_752 @ = 1—?1-%()%) = 1 holds.
Ui () 5 = 1 and v;u;(z;) > 0 it follows that u;(x;) < 1. The property (iv) implies

—viui (2

that v; = 0 for non-capped agents, , and therefore u;(z) = 1. O

Since T
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In order to prove an upper bound we may assume that U; = oo for all non-capped
agents. Such an assumption can only increase the optimal NSW, so if we prove the upper
bound under the assumption it also holds in the original instance. Since “cap inequality”
is ineffective for every non-capped agent, by the KKT conditions we can see that (z, p)
remains an SR-equilibrium. Denote with A, (resp. A,) the set of capped (resp. non-
capped) agents in the equilibrium (z, p).

Lemma 3.2.6. Let p be a vector of S R-equilibrium prices and x* an optimal NSW allocation. Then

1/n

NSW(z*) < [ ] Ui H pj

Proof. First we give a bound on the sum of the agents” utilities in any integer allocation 2
as a function of prices p. Recall that z is an SR-equilibrium allocation for prices p. Since
valuations of the agents are scaled to have mbb; = 1, by Proposition 3.2.5 each non-capped
agent receives exactly 1 unit of utility in . Each capped agent receives U; utility in x by
definition. However, if there are some expensive goods then = does not fully allocate
all the goods. Each copy of the expensive goods generates 1 unit of utility in x since
the total spending on it is precisely 1 and since no capped agent buys expensive goods
(Proposition 3.2.5).

Let = be the allocation in which we allocate every copy of each expensive good j to a
single agent spending on it in . We can do so since the spending is exactly D; and thus,
there are at least as many agents buying good j as the copies. As all of these agents are
non-capped and we assume that for such agents U; = oo, it follows that each copy of an
expensive item generates exactly p; utility to the agents in Z. By Proposition 3.2.4, it is at
least p; as ;;; > 0 implies that u;;; > p;; it is at most p; by the contraposition of: w;;; > p;

implies that z;;; = d;;; > 1. Therefore, the total utility that all the items in Z generate is:

MU+ A+ > Dilpj—1)=> Ui+ A= > Dj+ > Djp;.

€A jEH(p) €A JEH((p) JEH((p)

We claim that the total utility of all the agents in any integer allocation is not larger than
the above sum. Consider the copies of item j. In Z, each one of those items generates either
p; or more than p; utility. Moreover, any agent that can derive more than p; utility from
a copy of a good actually receives the copy in z. Therefore, Z allocates the copy of goods
to the agents such that the total utility all the goods generate is maximized. It follows that

for any integral allocation z the total utility all agents receive is at most

Y ui(z) <D Ui+1Ad — > Dj+ > Djp;.

i€[n] i€A. JEH(p) JjeH (p)
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At this point, suppose that we are given the above amount of utility and we can freely
distribute it among agents to maximize NSW, regardless of what the utility function of
each agent is, but only respecting the fact that the capped agents cannot get more than their
cap, and that expensive goods are indivisible. By Proposition 3.2.5, all caps of the capped
agents are at most 1. Then, it is not too hard to see that the optimal way of distributing our
lump sum of utility is to assign: each expensive copy to a non-capped agent and nothing

else to those agents, exactly U; to each capped agent, and 1 to everyone else. In this case,

N\ 1/n
the NSW is exactly (HieAc U - HjeH(p) ijJ) ) ]

3.2.3 Rounding

As in the previous section, we assume that the utilities are scaled such that mbb, = 1.
Moreover, we use that u;;; < U;. We reduce our rounding to the case of budget-additive
utilities in [53]. It is convenient to present the rounding in terms of the spending graph. For
an SR-equilibrium (z, p) the spending graph is a bipartite graph (A, G; E') where an agent
¢ is adjacent to a good j if and only if z;; > 0. We show how to round z to an integral
allocation z'.

By the KKT conditions, whenever up’—jt > mbb; then z;;; = d;j; — in this case we allocate

/
ijt

d;j: copies of good j to i by setting x;., < d;;;. Moreover, if for for some triple ¢, j,?
we have z;;; > 1 then we allocate |z;;;| units of good j to agent i¢. Formally, we set
T < |2ij¢). Once we do this for all goods and all agents, any agent can have up to one
unit of a good that she is buying in the SR-equilibrium but that is not yet allocated in 2.
Hence there are at most n units of each good j that are still to be allocated. By the first
rule for allocating goods, for these remaining copies of a good j, if an agent i is buying
a fraction of it, then % = 1 (where {; is the first non-saturated segment of agent 7). By
assuming that u;;; = 0 for all £ > {;, we can transform the instance into an instance in
which the utility of every agent is budget-additive. The only issue is that we could have
several copies of a good. Since there are at most n copies of each good that are unassigned
and the utilities are budget-additive, we can simply split each good into the appropriate
number of goods with a single copy. Then, the rest of the rounding follows the exact same
steps as the rounding for budget-additive utilities in [53]. The analysis reduces in the same

way. By choosing a suitable € we obtain the following theorem.

Theorem 3.2.7. Consider an instance of NSW problem where agents have budget-SPLC utilities.
Let K = maX;c A ZjEG

any agent. Then there is an algorithm running in time O (n*m K 10g (Dmax Vinax) ) which produces

k;; be the minimum number of segments needed to specify the utility of

a solution that is at most 2.404 times worse than the optimum.



4 Approximating asymmetric Nash

social welfare under Rado valuations

We recall that the discrete Nash social welfare problem asks to solve the following problem

13 ieawi

max { (H vi(Si)wi) : {S; :i € A} forms a partition of g} . (4.1)
icA

where v; : 29 — R, is the valuation function of agent i and w; > 0 is i’s weight (entitle-

ment). In this chapter, we present an approximation algorithm for the asymmetric NSW

problem under Rado valuations. The approximation ratio depends on v = 1 + max;ec 4 w;,

i.e., all weights fall into the interval |1,y — 1] for some vy > 2.

The valuation functions v; in the Nash social welfare problem are defined on subsets of
G. Our arguments are based on convex relaxations, which requires a continuous extension
of the valuation functions to RY. Thus, our first tasks is to provide a suitable extension for
Rado valuations which we do in Section 4.1.1.

We present the overall approach and the main phases of our approximation algorithm
in Section 4.2. The details and proofs required for the individual phases are then pre-
sented in the later sections. In Section 4.6, we show how our approach connects to the
SR-equilibrium. Finally, in Section 4.7 we give an example separating Rado valuations

and GS valuations.

4.1 Preliminaries

4.1.1 Concave extensions of discrete valuations
For any discrete valuation function v : 29 — R, we can define the concave closure v :

[0,1]9 — Ras

o(z):= inf {(p,z)+a:p(S)+a>v(S) VSCG}, (4.2)

pERY ,a€R

see e.g. [95, Section 3.4]. As the infimum of linear functions, v is always concave. Note that

it provides the concave upper envelope of the function v defined on the discrete set {0, 1}9,

61
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meaning that ¥ < f for every concave function f : RS — R such that v(S) < f(xs) for
all S C G, and where g is an indicator vector in RY of a subset S. Moreover, whenever
v is monotone then v is a concave extension of v. By an extension we mean that the two
functions coincide on the integer points, i.e., v(xs) = v(S) for all S C G. Namely, when v
is monotone the value 7(x¢) is lower-bounded by v(.5) and it is also achieved by oo = v(5)
and p set to 0in S and to v(G) outside of S, forany S C G .

Whereas the concave extension ¥ can be defined for every monotone valuation func-
tion v, evaluating o(x) can be a hard problem. For example, in the case of submodular
valuations, deciding whether p(S) + a > v(S) holds for all S C G amounts to sub-
modular maximization and is thus NP-hard. Computing v(z) amounts to minimization
over a polyhedron P where separation is NP-hard; by the polynomial equivalence of op-
timization and separation [64], it follows that evaluating ¥(z) is NP-hard for submodular

functions (see also [72, Lemma 6.15]).

The concave extension of Rado valuations Unlike with the submodular functions, the
concave closure can be evaluated with polynomially many value oracle calls for any GS
valuation. This is since, in contrast with general submodular functions, GS functions (and
the difference of a GS function and an additive function) can be efficiently maximized with
a simple greedy algorithm. Rado valuations are a subclass of GS valuations and thus their
concave closure can be evaluated efficiently. Moreover, for Rado valuations the concave
closure/extension is captured by an explicit a linear program. This representation of the
concave extension is at the core of the arguments in Section 4.4, where we argue about the

existence of a sparse optimal solution of a particular convex program.

Theorem 4.1.1. Consider a Rado valuation v : 29 — R given by a bipartite graph (G, V; E) with
costs on the edges ¢ : E — R, and a matroid M = (V,T) with a rank function r = raq as in
Definition 1.2.2. For x € [0, 1]9, let us define

v(z) = max Z CikZik

(J,k)EE
s.t.: Z Zjk < @ Vieg
keV (4.3)
Z zi < 1(T) VT CV
jeG.keT
z>0.

Then, v = v is the concave extension of v, and U is monotone and subadditive’.

!Extending notions from discrete valuations, a function f : RY — Ry is monotone if f(x) < f(y) forz < y,
z,y € RY, and subadditive if f(x +vy) < f(x) + f(y) for any z,y € [0,1]9 such that = +y € [0, 1]9.
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Proof. Monotonicity is immediate and concavity is implied once we prove v = ©v. For
subadditivity, if z is the optimal solution in the program defining v(x + y) for some z,y €
[0, 1]9, then we can easily decompose z = 2’ + 2” such that 2’ is feasible to the program
defining v(z) and 2" if feasible for y. Thus, v(z + y) < v(z) + v(y) follows.

It is left to show that v = v. The value (x) for = € [0, 1]™ is defined by a linear program
(4.2). We will use the dual LP:

v(r) =min p'z+a max Z Asv(S) (4.4)
st: p(S)+a>w(S) YSCG °=¢
it s.t.: Z AsXs =T
(p,a) €R SCG
d As=1
sca
A>0

We let M(x) denote the set of feasible solutions of (4.3). Fix any = € R™. We first show
that o(z) < v(z).

Consider an optimal solution A for the dual LP in (4.4) such that v(x) = > g Asv(S).
For every S C G, we have an integral allocation Mg of the goods in M () that is optimal
in the linear program (4.3) defining v(xs) = v(S). It is easy to see that > g AsMs €
M(z). Thus, v(x) < v(x).

For the other direction v(z) > v(x), let z be the optimal solution defining v(x) in (4.3).
By the integrality of the bipartite matching polytope, we can write the fractional matching
z as a convex combinations of integral allocations Mg for S C G, i.e., 2 = > gcg AsMs for
some A > 0 with > A\g = 1. The dual of (4.3) is

min Zxﬂrj + Z pr

j€G TCV
st: w4 Y pr>cp VEGNTCV
T:keT

2V
TeRY, peR} .

Consider an optimal dual solution (7, p). By complementarity, 7; + > _¢.,cr Pr = Cji for
every (j, k) € supp(z); if pr > 0for 7" C V then 2(9(T")) = r(T'), and if 7; > Oforj € G
then 2(0(j)) = z;.

Since z = >4 AsMg, we have Mg C supp(z), and Op,(S) = 7(S) whenever z(9(S5)) =
r(S). Further, 2(0(j)) = x; implies that every matching Mg with j € S covers j. We see
that x s and (7, p) satisfy complementary slackness in (4.3) for every set S with Ag > 0.
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Thus, ¢(Ms) = v(xs), and v(xs) = v(S). We can thus conclude that

x) = Z Asc(Mg) = Z Asv(S) < v(z),

SCG SCG
completing the first part of the proof. O

In the light of this theorem, in the rest of this chapter we will denote by v : [0,1]9 — R
the continuous extension of Rado valuation v defined in (4.3). Whereas our overall result
requires the continuous extension of Rado valuations, much weaker assumptions suffice for

most parts of the argument, as formulated next.

Assumption 4. For every agent i € A the continuous extension of the valuation function v; :

[0,1]9 — R, is monotone, concave, and subadditive.

4.1.2 Simple upper bounds

We will often use the following simple bounds.

Lemma 4.1.2. Letn,c € N, S C [n],and 1 < wy,...,w, <y —1. Fori € Slet k; € Ry such

that )", ¢ ki < c-n. Then
1/ 370 wi
(H kw) <c-7.

€S

Proof. By the (weighted) arithmetic-geometric we have:

1/ 375 wi Wi w;
<Hk5" ) - [Ir=" I1 ==

ics i€S i€n)\S

Z‘eski
< <(y=-1)===—+1<c-v. O
ZZ:zl Z Z =1 Wi Z i

€S i€[n)\S =1

Lemma4.1.3. Letn,c € N, S C [n|. Fori € Slet k; € Ry suchthat ), ¢ k; < c¢-n. Then

1/n
(Hkl> <c-e'le,

€S

Proof. We present the proof for ¢ = 1, the general cases easily reduces to ¢ = 1 by scaling.
Without loss of generality, we assume that k; > 1 for i € S. For fixed size of S (k = |5]),

1/n n\k/n
ieS kl) < (E) .
Let £ = % then (—)k/ " = V¢, By the first order conditions, the value £!/¢ achieves the

maximum for £ = e. Hence, (HieS ki)l/n < elle, O

the product [T, g k; is maximized when all k; are the same. Hence, (]]
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We show that the bound in Lemma 4.1.2 can be slightly improved using the similar
approach as in the proof of Lemma 4.1.3 Throughout the section the base of the logarithm
is e. We recall that the Lamberth function )V is the inverse of ¢t — tInt fort € R,. For
x > e it holds W(z) < logz; and for x > 41.19 it holds W(x) > logx — log(logx),

r—2

W(xEQ)) (for x > 2). Then, by the above bound we

see [66]. Let ¢(z) = <#§)>x/<x—2+

, — =2 ¢ for some constant ¢ that depends on 41.19. Now,
log(#2=)—loglog(*2*=)

get () < max {E

we can prove our lemma.

Lemma 4.14. Letn € N, S C [n],and 1 < wy,...,w, <y — 1. Fori € Slet k; € Ry such
that ) ..o ki < c-n. Assuming c is a constant we have

(H kf’i)umlw <cv) =0 (1)

P log(7)

Proof. We present the proof for ¢ = 1, the general cases easily reduces to ¢ = 1 by scaling.

- Wi(z) — WEDH _poz=2, 1 a2
Since W(x)e = x we have e = BRIk Hence,

e e

wz=2)+1\ "/ (“"Q“W(%ZHI)) r—1 x/(x_er w?;%?%)
(evem) _ (W)

e

for z > 2. It suffices to prove that

(H k“">1/2i=1wi < ( W<”>+1>7/(7_2+6W(%2)+1>)
i > \e e :

€S

Without loss of generality we can assume that k; > 1. Then the worst case is if w; = v — 1

foralli € Sand w; = 1 fori € [n]\ S. For fixed size of S (k = |S]), the product [[,cq k7"

is maximized when all k; are the same. Hence, (I];cq k") VX g upper-bounded by

<%)k(w—1)/(k(v—1)+n—k)_ Let & — % then (%)k(v—l)/(k(w—l)m—k) _ 5@_1)/(7_2%). By the first

order conditions, the value £€~1/0—2+) achieves the maximum for ¢ = ¢”V*=)+1. Hence,
Y—2
(E) ky/(ky+n—k) < (ew(%?)+1> (’Y—l)/(v—2+ew( c >+1>) -
k; <
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4.2 Overview of the approach

Let v; be the extensions of the valuation function and w; > 0 be the weight for each i € A.

Given a fractional allocation z = (21, . ..,2,) € R%*Y, we let

/37w
NSW(z) := (H vl(xl)w> :

€A

Then, the asymmetric Nash social welfare program is captured by the following integer

program.

maxNSW(z) st z; <1VjeGae{0,1}7. (NSW-IP)
€A

Let OPT denote the optimum value. The natural relaxation is (NSW-IP) is

max NSW(z) st z; <1VjeG,a>0. (4.5)
i€A
The objective is log-concave assuming the v;’s are concave functions. However, Cole and
Gkatzelis [35, Lemma 3.1] showed that this relaxation has unbounded integrality gap al-
ready for additive valuations.
We propose a mixed integer programming relaxation instead of (4.5). Consider a set of
items H C G. Our mixed relaxation requires the items in H to be allocated integrally and

the rest can be allocated fractionally.

max NSW(x)
s.t.: Zl‘ij S 1 Vj S g
icA (Mixed relaxation)
IijE{O,l} VJEH,\V/ZGA
r>0.

This clearly gives a relaxation of (NSW-IP): OPTy > OPT where OP T}y, is optimal value
of (Mixed relaxation) for any set of items H. Theorem 1.2.4 is shown by constructing an
integer allocation z € {0, 1}***9 and an item set H such that NSW(z) > OPTy /(2567°).

This is proved in five phases:
Phase I Find an appropriate item set H.
PhaseIl  Approximate (Mixed relaxation) by another integer program (Mixed+matching).
Phase III  Find an approximate mixed integer solution to (Mixed+matching).

Phase IV Find a sparse approximate mixed integer solution to (Mixed+matching).
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Phase V. Round the mixed integer solution to an integer solution.

We note that phases are not necessarily algorithmic phases but also conceptional reduc-
tions of the problem. Regardless, we call them phases for the sake of presentation. We

now give an overview of all the phases; most proofs are deferred to later sections.

4.2.1 Phase I: Finding the item set H

We solve a maximum weight matching problem that achieves the highest Nash social
welfare value under the restriction that each agent may only receive a single item. This
can be achieved by assigning an edge weight w;; = w;log(v;;) for every i € A, j € G,
and solving the maximum weight assignment problem in the complete bipartite graph
between A and G; we recall the notation v;; = v;({j}). We let 7 : A — G denote the
optimal matching represented as a mapping, i.e. 7(7) is the item matched to agent i € A.
We define H as the set of items assigned by 7, i.e., H := 7(A). We will refer to this set
as the set of most preferred items.

Interestingly, in case of symmetric agents endowed with additive valuations the set H
contains all items with price at least one in any spending restricted equilibrium as in [35];
see Section 4.6.

The existence of 7 with finite weight proves that the instance is feasible, i.e., there is a
way of allocating one item to each agent such that agent values the assigned item pos-
itively. On the other hand, if no finite weight matching exists, the optimum value to
(NSW-IP) is 0. Henceforth, we assume without loss of generality that the optimal NSW is

non-zero.

4.2.2 Phase II: Reduction to the mixed matching relaxation

We approximate (Mixed relaxation) by a second mixed integer program. We use variables

Ax(G\H
y€R+X(\

the valuation functions v; are defined on ]Ri, we use v;(y;) to denote v;(x;), where z; is

) representing the fractional allocations of the items in G \ H. Even though

obtained from y; by setting x;; = 0 for j € H and z;; = y;; for j € G \ H.

/32w
max <H (vilys) + Uz'cr(z'))w")

€A

s.t.: Z Yij <1 VieG\H (Mixed+matching)
i€ A
Yyi; >0 Vie G\ H,Vic A

o : A — H is a matching.

We will refer to this program as the mixed matching relaxation.  The pro-
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gram (Mixed+matching) differs from (Mixed relaxation) in two respects. Firstly, the ob-
jective differs from NSW(z): for each agent, the value of each agent in (Mixed relaxation)
is given by the Rado valuation while in (Mixed+matching) we evaluate the utility of each
agent separately on H and G \ H and take the sum of these two values. Secondly, and
more importantly, we require that the items in H are allocated to the agents by a matching.
Unlike (Mixed relaxation), this will not be a relaxation of (NSW-IP): the optimal integer
solution may allocate multiple items in H to the same agent. We show that the effect of
both these changes is limited.

Let (y, o) be a feasible solution to (Mixed+matching). We define NSW (y, o) as the objec-
tive function value in (Mixed+matching), and let OPT}y, denote the optimum value. Let us
define NSW(y, o) as the Nash social welfare of the same allocation. Namely, NSW(y, o) =
NSW(z), where z;; = y;; if j € G\ H, and for j € ‘H we have z;; = 1if j = o(i), and
x;; = 0 otherwise. The next lemma is an easy consequence of monotonicity and subaddi-

tivity.
Lemma 4.2.1. For any feasible solution (y, o) to (Mixed+matching), we have

N 1—

NSW(y,o) > NSW(y,o) > §NSW(y,J).

Proof. We have NSW(y,0) > NSW(y,0) by subadditivity. = By monotonicity:
2NSW(y, o) > NSW(y,0) + NSW(0,0) = NSW(y, o). O

Using this lemma, as well as Lemma 4.1.2, we can relate the optimum values and ap-

proximate solutions of (Mixed relaxation) and (Mixed+matching).

Theorem 4.2.2. Let H C G with |H| = |.A|. For the optimum values OPTy, to (Mixed relaxation)
and OPTy, to (Mixed+matching), we have

1
OPTy > - OPTy.
v

Let (y, o) be an a-approximate optimal solution to (Mixed+matching), that is, NSW(y, o) >
éOPT 3. Then, NSW(y, o) > ﬁ OPTy. If the valuation functions v; are additive, then the
stronger bound NSW (y, o) > aiw OPTy, applies.

Proof. We first show that OPT; > % OPTy. Let z be an optimal solution
to (Mixed relaxation). For each agent i, let K; be the set of items agent i receives from
H under z; and let y be the restriction of x on G \ H defined as y;; = z;; for j € G\ ‘H and
y;; = 0 otherwise. Let k; := | K;|. Denote with S the set of agents that receive at least one
items from H, ie., S = {i € A: k; > 1}. For each agent i € S let 0(i) = maxjex,{vi;},
and define (i) = () fori € A\ S. Then, (y, 0) is a feasible solution of (Mixed+matching).
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In other words, (y, o) is obtained from x once each agent i € S discards all items from K;

except the most valuable one. By monotonicity and subadditivity, for all ¢ € S, we have

vi(z;) < vy vagk ((Y) + Vio(s) -
jeK;
Therefore,
OPTy ~ NSW(y,0)  \ics (Wiy) + vig(p))™ = L% .

Moreover, Y. .o k; < |H| = |A| = n. Then, the bound follows by Lemma 4.1.2. The
second part of the theorem follows by Lemma 4.2.1. O

€S

4.2.3 Phase III: Approximating the mixed matching relaxation

Our next goal is to find a 2-approximation solution to (Mixed+matching); we do not know
whether this problem is polynomial-time solvable. By Theorem 4.2.2, this yields a (4+)-
approximation to (Mixed relaxation).
Let us first remove all items in H. Some agents may only value positively the items
H. We let A’ the subset of agents who have positive values for the items G \ H, that is,
={i e A:v(G\H) > 0} Consider the “naive” relaxation (4.5) on the instance
restricted to A’ and G \ H, and taking the logarithm of the objective

Z w; log(vi(ys))

ic A
ic A’
y > 0.

This is the classical Eisenberg—Gale convex program that computes an equilibrium in
Fisher markets with divisible items for homogeneous concave valuation functions [45].

A'x(G\H)

Given an optimal solution y* € R of (EG-NSW) we can find an approximate solu-

tion to (Mixed+matching).

Theorem 4.2.3. Let H C G with |H| = |A|. Let ©* be maximum weight assignment in the
complete bipartite graph between A and H, with edge weights w;; = w;log (v;(y}) + v;;) for
i €A j €H. Then, NSW(y*, %) > 1OPTy,

Theorem 4.2.3 is an immediate consequence of the following lemma.

Lemma 4.24. Let H C G with |H| = |A|. Let « > 0 and y* be an optimal and y a fea-
sible solution of (EG-NSW) such that v;(y;) > Lv;(y}) for all i € A'. Let m be maximum
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weight assignment in the bipartite graph with colour classes A and H, and edge weights w;; =
w; log (vi(y;) + viy) fori € A, j € H. Then,

NSW(y, 1) > —OPTy.
200

Since valuations v; are concave, (EG-NSW) is a convex program. For any € > 0, we can
find an (1 —e¢)-approximate solution in polynomial-time, where the running time depends
onlog(1/¢). It turns out that approximation of the objective function might not be enough.
In Lemma 4.2.4 we require an agent-wise approximate solution: each agent gets at least
a constant fraction of her value in the optimum. It is not clear if finding such agent-wise
approximation is possible in polynomial time for general concave valuations v;, but as we
will see in the next section we can find an exact optimal solution for Rado valuations.

The proof of Lemma 4.2.4 is deferred to Section 4.3. It does not depend on the choice of

H but only requires |H| = |A|.

4.2.4 Phase IV: A sparse approximate solution for the mixed matching

relaxation

In this section we exploit the properties of Rado valuations. Assuming the agents have
Rado valuation functions, we can find an approximate solution of (Mixed+matching) with
a strong sparsity property. Even though the approximation ratio is weaker than given in

Theorem 4.2.3, sparsity will be essential for the rounding in Phase V.

Theorem 4.2.5. Suppose the functions v; are Rado valuations. Let H C G with |H| = | A]. We
can find a feasible solution (y, ) to (Mixed+matching) such that

(i) NSW(y,x) > LOPTy,

(ii) supp(y) < 2|A| + [Lt| where LY = {j € G\ H : > _,c0 Yij > 0}, that is, L7 is the set
of allocated items in y.

Moreover, for additive valuation functions, we can strengthen (i) to NSW (y, o) > 1+ OPTy, and
(i) to supp(y) < |A| +[L7].

Let us start with the special case of additive valuations. In this case, an exact solution
y* to the Eisenberg—Gale convex program (EG-NSW) can be found in strongly polynomial
time [103, 118].

Theorem 4.2.6. Assuming the valuations v; are additive, we can find an optimal solution y*

of (EG-NSW) in strongly polynomial time such that the support supp(y*) is a forest.
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The claim on the support follows easily by showing that any cycles in supp(y*) can be
eliminated, see e.g., [35, 43, 103]. Consequently, [supp(y*)| < |A'| + |£F] — 1. Together
with Lemma 4.2.4, this proves the statement in Theorem 4.2.5 for additive valuations.

For Rado valuations, we first prove that an optimal solution of (EG-NSW) can be found
in polynomial time, see Section 4.4.1. We first show that this is a rational convex program,

and use the variant of the ellipsoid method for rational polyhedron [64].

Lemma 4.2.7. Suppose that for each agent © € A, v; is a Rado valuation given by a bipartite graph
(G, Vi; E;), integer costs ¢; = E; — Z and a matroid M; = (V;, ;) as in Definition 1.2.2. Let
T = max;e |Vi|, and C = max;c . ||¢i||oo. Let the weights w; > 0 be rational numbers given
as quotients of two integers at most U. Assume the matroids M, are given by rank oracles. Then,
(EG-NSW) has a rational solution with poly(|.Al, |G|, T,log C,log U) bit-complexity, and such
a solution can be found in poly(|A|, |G|, T,log C,log U) arithmetic operations and calls to the

matroid rank oracles.

Our next lemma shows that any feasible solution to (EG-NSW) can be sparsified by
losing at most the half of the value for each agent, see Section 4.4.2. This is achieved in
two steps, using the sparsity of basic feasible solutions to linear programs. Half of the
valuation may be lost in the second step, where for the fractionally allocated items we aim
to remove one of the fractional edges. The set to be deleted is identified by writing an

auxiliary linear program.

Lemma 4.2.8. Suppose the functions v; are Rado valuations, and let § be a feasible solution to

(EG-NSW). Then, in polynomial time we can find a feasible solution y such that
@) viy) = 3vi(9),
(i) |supp(y)] < 24| + [£+| where £+ = L+(y) = {j € G\ M : Yy yiy > O}

By combining Lemmas 4.2.4, 4.2.7, 4.2.8, we obtain Theorem 4.2.5 for Rado valuations.

4.2.5 Phase V: Rounding the mixed integer solution

For this phase of the algorithm, we require a sparse approximate solution as in Theo-
rem 4.2.5, and exploit the choice of H as the set of most preferred items in Phase I. We
start with a mixed integer solution (y, 7) as in Theorem 4.2.5. By a reduction of (y, ) we
mean a mixed integer solution (y", 7) obtained as follows. For each j € L, we pick an

arbitrary agent x(j) € A such that y,;); > 0. We set Yn(i = Yn(jy, and set yi; = 0 if

3)J
i # k(j). By the bound on supp(y), this amounts to setting < 2|.A| values y;; to 0. The
proof of the next lemma is given in Section 4.5.
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Lemma 4.2.9. Let H be the set of most preferred items, and let (y,m) be a solution to
(Mixed+matching) as in Theorem 4.2.5. Let (y", ) be a reduction of (y, 7). Then in polynomial-
time we can find a matching p : A — H such that

1 —
NSW(y, 7).

N "op) >

Further, if the valuations are linear, then we can find a matching p : A — H such that
NSW(y", p) > §NSW(y, 7).

Such a matching p can be found by combining the matching 7 in the solution (y, 7), and
the initial matching 7 from Phase I that delivers the highest NSW value such that every
agent may receive only one item. We swap from 7 to 7 on certain alternating paths and

cycles.

We are ready to prove the main results.

Theorem 1.2.4. There exists a polynomial-time 256~>-approximation algorithm for the asym-
metric Nash social welfare problem with Rado valuations. For additive valuations, there exists a

polynomial-time 16y-approximation algorithm.

Proof. From Theorem 4.2.5 and Lemma 4.2.9, we can obtain a solution an (128v?%)-
approximate solution (y", p) to (Mixed+matching) such that for each item L% there is ex-
actly one incident edge in supp(y"). We can obtain a 0-1 valued solution = to (NSW-IP)
by assigning each item in # according to p and each item j € L* to the unique agent ¢
with y7; > 0. Clearly, NSW(z) > NSW(y", p). We obtain NSW(z) > OPTy, /(2567°) >
OPT /(256+?) using Theorem 4.2.2. For additive valuations, we use the stronger bounds
in the same results.

O

Theorem 1.2.3. There exists a polynomial-time 256e> ©~T772-approximation algorithm for the

symmetric Nash social welfare problem under Rado valuations.

Proof. The proof follows exactly as the proof of Theorem 1.2.4 once we replace v by el/*.
Such a change is justified as in the symmetric case we can use Lemma 4.1.3 instead of the

bound given by Lemma 4.1.2. O

4.2.6 Approximating NSW under submodular valuations

As we already mentioned, following our work, Li and Vondrak [89] gave a 380-
approximation algorithm for the symmetric NSW problem under arbitrary monotone sub-
modular valuations. This is obtained by strengthening and extending our approach.

Among others, the key two new ingredients and techniques are needed in Phase III
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and Phase IV to deal with multilinear extension of submodular valuations. We briefly
mention these below.

Submodular valuation functions do not have a known concave extension that can be
evaluated efficiently. Nevertheless, submodular valuations can be extended via the multi-
linear extension that is not concave but is concave along any line. Moreover, the multilin-
ear extension can be efficiently approximated. Even so, the first major issue is then how
to solve the corresponding fractional program in Phase III as this program is not convex
anymore. Li and Vondrdk here employ an iterated version of a continuous greedy algo-
rithm and show that the fractional program can be 2-approximated. The second major
issue appears in Phase IV. Namely, now the extension does not have a LP formulation
that can be used for sparsifying feasible fractional solutions. They overcome this issue
by using a randomized rounding. While the randomized rounding appears simple, the

analysis is involved.

4.3 Phase III: Approximating the mixed matching relaxation

Phase III presents a general way of obtaining a 2-approximation to (Mixed+matching).
By Theorem 4.2.2, this gives a (47)-approximation to (Mixed relaxation), a mixed integer
relaxation of the ANSW problem. Recall that (Mixed+matching) is the following mixed

integer program

/3 wi
max (H (Uz(yz) + Uia(i))wi>

i€ A
st Z by =1 Vi E€GA\H (Mixed+matching)
icA
yij > 0 Vie G\ H,Vie A

o : A — H is a matching.

In the above problem, we need to allocate items G to the agents in A in order to max-
imize an objective function that is an approximation of the NSW. Items in G \ H can be
allocated fractionally to the agents without any constraints. The items in H have to be
allocated integrally via an assignment, thereby allocating exactly one item from H to each
agent A.

While the exact computational complexity of (Mixed+matching) remains unresolved,
we show that we can 2-approximate it.

Denote £ = G \ H. Let A’ be the subset of agents that have positive value for the items
inG\H, A" :={i e A:v,(G\H) > 0}, as some agents may only have positive value for
the items in H. Restricting (Mixed+matching) to the items £ and agents A" and taking the
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objective yields an instance of (EG-NSW):

max Z w; log v; (y;)
iEA!
e A’
Yij = 0 Vje L,Vie A

The above is a convex program whenever the valuations v;(.) are concave, and we can
solve it to an arbitrary precision in polynomial time if we have access to a supergradient
oracle to the objective function. On the other hand, suppose that the variables y are fixed
in (Mixed+matching). Under the fixed y, we can find an optimal assignment 0. Namely,
an optimal assignment is exactly a maximum weight assignment in the bipartite graph
(A, H; E) where the weight of an edge ij fori € A, j € H is w;j := w; log(v;(y;) + vij).
Informally, (Mixed+matching) is a combination of two tractable problems. We show
that an optimal solution y* to the restriction of the problem to £ and A, and an optimal
assignment with respect to the fixed y* gives a 2-approximation for (Mixed+matching).
In Section 4.3.1 we discuss the restriction of the problem to £ and A" and give a technical

lemma. The main result of the section is presented in Section 4.3.2.

4.3.1 Properties of Eisenberg—Gale program

Let us now consider the Eisenberg—Gale program (EG-NSW). An optimal solution y*
and the optimal Lagrange multipliers p; for j € L can be interpreted as the so-called
Gale equilibrium in the market with divisible items £, agents A’, and where agent ¢ has
valuation v; and budget w;. In particular, y* represent the allocations and p; for j € L,
specify the prices in the market equilibrium, see e.g., [56, 101].2

Our technical lemma relates the combined difference in valuations of each agent in the
optimal solution y* and any other allocation y'. The rest of Section 4.3.1 is devoted to its

proof.

Lemma 4.3.1. Let y* be an optimal solution to (EG-NSW). Then for any feasible solution y' and
any A" C A’ it holds

Zwivi(yi)) < Zwi—i—zwi.

ic Al UZ(:UZ ic Al ic A
We recall some definitions and the Karush-Kuhn-Tucker (KKT) optimality conditions

in terms of subgradients; see [108, Chapter 2 and Theorem 3.27]. Given a convex function
f:RM — R, we say that g is a subgradient of h at y* € RM if f(y) > f(y*) +¢' (y — y*)

%In case of homogeneous valuations this can be used to find a Fisher equilibrium, since Fisher and Gale
equilibria coincide under homogeneous valuations [46, 101].
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for all y € RM. The set of all subgradients at a point y* is called subdifferential and denoted
as Of(y*). If the function is differentiable then df(y*) = {V f(y*)}. Consider the convex

program

min  fo(y)
ste fi(y) <0 VjeL
y=>0,

where f; for j € {0} U L is convex. Assume that the there exists a strict feasible point
(Slater’s condition). Then, y* is a an optimal solution with the Lagrange multipliers p, if

and only if the following conditions hold

o fi(y*) <0,p; > 0forall j € L (primal and dual feasibility),

e 0€dfo(y") + X ;e pi0fi(y*) +{pn € RM : uTy* = 0} (stationarity), and
e p,fi(y*) = 0 (complementary slackness).

We say that g is a supergradient of the concave function f if —g is a subgradient of — f.
The following proposition guarantees the existence of supergradients.

Proposition 4.3.2. The function f : R% — R is concave if and only if Vy* € Rf it has a

non-empty superdifferential at y*. In other words, there is g € R such that

fW) < f)+9 (w—y").

We can interpret the Lagrange multipliers in (EG-NSW) as prices; the next claim states

that no agent spends more that her budget in a Gale—equilibrium.

Claim 4.3.3. Let y* be an optimum and p be the optimal Lagrange multipliers of (EG-NSW). For
all i € A it holds pTy* < w;.

Proof. Let us apply the KKT conditions to the concave maximization program (EG-NSW).
The stationary condition can be written such that for each agent i € A’

0 € 9 (—w;log(vi(y}))) +p+ {m € RE = ] yr =0}

By the composition rules for subgradients we have

~w;dvi(y;)

0e
Ui(y;‘k)

+p+ {m €RE :plyr =0},

Therefore, there exists a supergradient g; € dv;(y}) such that w;g = v;(y;) - (p" + )
T

where y; < 0and p; y;7 = 0.
By definition of subgradient (supergradient) at y;, we have that g;'y; < v;(y;) for all

i € A'. Tt follows that p"y; < w; foralli € A’ ]
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Proof of Lemma 4.3.1. By the KKT conditions, for each i € A’, we have a supergradient
g; € 0v;(yF) such that wlg;) < p holds. By complementarity slackness, if p; > 0 then
> ica Uiy = 1. Let7,; = max{y;;, y;; }. Then we obtain:

vy )p'

” (W =)

vily) < i(@) < viy) + 9] @ —y) <woily)) +

The first inequality is by monotonicity, the second by the definition of the supergradi-

ent, and the third from the KKT conditions as noted above. After rearranging we obtain

w;v z(yi)
vi(y;)

subset A” C A, and by definition of 7;, we have

Zu;lz D IED SUUAIED S

e A e A e A e A

< w; +p' (F; — y}). Summing the previous inequality for each agent i € A" for a

Since p; > 0 implies Y_,. 4 y;; = 1 we have that p"1 = p" Y7, ,, 47 Then, by Claim 4.3.3

Z v( <sz+2w, ]

ic A’ ic A" ic A/

we have

4.3.2 The approximation guarantee for the mixed matching relaxation

Lemma 4.24. Let H C G with |H| = |A|. Let « > 0 and y* be an optimal and y a fea-
sible solution of (EG-NSW) such that v;(y;) > =v;(y;) for all i € A'. Let w be maximum
weight assignment in the bipartite graph with colour classes A and H, and edge weights w;; =
w; log (v;i(y;) + vij) fori € A, j € H. Then,

1 —

Proof. Let m* be a maximum weight matching in the bipartite graph with colour classes
A and H and with edge weights ¢ = w; log(v;(y*) + v;;). Equivalently, 7* is a matching
maximizing
/3 icawi
(H (sly) + vm*(i»m) |
ic A
We have the bounds

NSW(y, 7) > NSW(y, ) > éNS (", 7). (4.6)

The first inequality is by the definition of 7 as the maximum weight matching. The second
inequality follows from the assumption v;(y;) > Lv;(y;) for each i € A'.
The rest of the proof is devoted to proving that NSW(y ) > %OPTH; together with
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(4.6), this implies the statement. Let us introduce some notation. For an agent i € A, let
Y* = v;(y]) be the value agent i gets from the optimal fractional bundle y*. Then,

1/ ZieA Wi

NSW(y",7*) = [ [T 5 +vimea)™ T viis
e A i€ A\A’

Let (v, 0) be an optimal solution achieving OPT4. For an agenti € AletY; = v;(y})

be the value agent i gets from the fractional allocation y'. Then OPTy = NSW(y/, ) =
(TTica(Yi + vig))™) Y Xieari By definition of the set A’, the agents in A\ A’ do not value

the items in £. Thus, by monotonicity

1/ e awi
NSW(y',0) = | T[TV +vie)™ ] visis
e A e A\A
By the choice of 7*, we have
1/ icawi
NSW(y*,7*) > NSW(y*, 0) = | [T (V" +vie)™ [I visi,,
e A’ e A\A

NSW (v Y + vi) \
Combining the last two we have: —(y 0) < H (—* 1 Vie(i) ) .
NSW(y*, 7*) e A Yi' + Vig(a)

Let A” = {i € A" : Y, > Y;*} be the set of agents that get more value from y’ than y*.

Yi + vig(
Then, fori € A’ \ A” the fraction 2i T Viglo)

7 i0(7)

Yi + vig(i Yi .. .
W_F—Z;((i)) < v Since OPT# = NSW(y/, o) it follows

1

1 Wi AN icA Wi
OPTy  _ I Y+ vig) \ [ e < (11 Y\ [ e
NSW(y*, 7T*) o Y;* + Uig(i) o Y;* ’

ic A’ ic A"

is trivially bounded by 1. On the other hand,

for 1 € A” we have

We claim that the last expression is bounded by 2. By Lemma 4.3.1 we have ) _._ ./ szL <
Y icar Wi + > ic 4 w;. Then by the inequality between weighted arithmetic and geometric

mean we have

1 (m )wl/ Reeati Dicar Wivk + X ica a1 < Siear Wit Dieqwi + AVA"

- > >
ic A }/:L ZiEA Wy ZiEA Wi

The lemma follows. O]
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4.4 Phase IV: Obtaining a sparse approximate solution

Recall that a continuous Rado valuation is defined as an optimum of the LP (4.3). For the
valuation v; of agent i € A, this is defined by a bipartite graph (G, V;; E;) with costs on the
edges ¢; : E; — R, and a matroid M; = (V;,Z;) with a rank function r; = 7 ,.

The program (EG-NSW) for A’ and £ = G \ H can be thus written as follows.

max Z w; log (Z Z Cz‘jkzzijk)

e A JEL kEV;
s.t.: Zyij <1 VieLl
e A
Z Zijk < Yij Vie A VjeLl
keV;
SoN s <n(S) Vie A WSCV,
jEL kES

y>0, z2>0.

Without loss of generality we can assume that the second set of constraints always holds
with equality, i.e., yi; = > icy, zijx for j € Land i € A’. By eliminating the variables y,
the program (EG-NSW) becomes:

max Z w; log Z Z CijkZijk

iEA JEL kEV;
s.t.: ziae < 1 Vije Ll
; ,; o ’ (EG-Rado)
ZZzijk S 7”1(5) Vi € A/,VS g ‘/z
JeL keS
z2>0,

Using this formulation, we first show that the Eisenberg—Gale type convex pro-
gram (EG-NSW) can be solved exactly in polynomial time for Rado valuations (Sec-
tion 4.4.1). We then transform the optimal solution to a sparse approximate solution (Sec-
tion 4.4.2).

4.4.1 Solving the Eisenberg-Gale relaxation
In this section, we prove the following lemma.

Lemma 4.2.7. Suppose that for each agent © € A, v; is a Rado valuation given by a bipartite graph
(G, Vi; E;), integer costs ¢; : E; — Z and a matroid M; = (V;,Z;) as in Definition 1.2.2. Let
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T = max;e |Vi|, and C = max;c 4 ||¢i||oo. Let the weights w; > 0 be rational numbers given
as quotients of two integers at most U. Assume the matroids M are given by rank oracles. Then,
(EG-NSW) has a rational solution with poly(|.A|, |G|, T, log C,log U) bit-complexity, and such
a solution can be found in poly(|A|, |G|, T,log C,log U) arithmetic operations and calls to the

matroid rank oracles.

As noted above, (EG-NSW) with Rado valuations for the set of agents A’ and set of
goods L is equivalent to (EG-Rado). Throughout, we assume this program is feasible, i.e.
it has a solution with finite objective value. This is a mild condition only requiring the
existence of at least one edge (j, k) € E; with ¢;;, > 0 and r;({k}) = 1 for every i € A'.

In general, one can only expect to solve convex programs approximately: no rational
solution may even exist. Vazirani [117] defines rational convex programs where a fi-
nite optimum exists with bounded bit-complexity in the input size, where the input is
described by a finite set of parameters. This model is not directly applicable for our
program (EG-Rado) as it is described with an exponential number of constraints. The
bound poly(|A|, |G|, T,log C,log U) does not take into account the matroidal constraints;
it is polynomial in the amount of information needed to describe the objective function.?

We first show that the set of optimal solutions is a polytope where the vertices have

polynomially bounded bit-complexity.

Lemma 4.4.1. For an NSW problem instance with Rado valuations as in Lemma 4.2.7, the set of
optimal solutions forms a polytope. The bit-complexity of each vertex of this polytope is bounded
as poly (AL, |G|, T, log C, log U).

To prove the above lemma we use the KKT conditions for (EG-Rado). Let p;’s and
a;(S)’s denote the Lagrange multipliers corresponding to the first and second sets of the

constraints, respectively. It holds:
(i) VjeL:p; >0.
(17) Vie AVS CV;:aiS) > 0.

(Zl’l) Vj€£3pj>0 - Z Zijkzl.
i€ A keV;

(iv) Vie A VS CViiai(S) >0 = >z =ri(9)

JELkES

Cl . / CZ /ZZ /

(v) Vie A\Nje L VK eV ik < 2 jeL.wev Gk Ziik
Pj+ 2 gines i(S) w;

3We note that for exponential size linear programs, a standard way to bound the encoding size is giving
bounds on facet/vertex-complexity, defined later in this section. The program (EG-Rado) maximizes a
concave function over a polytope that has facet complexity O(|A|T).
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Cijk _ Zjeﬁ,ke% Cijk! Zijk!
Pj + D skes @ilS) w;

In (v) and (vi), we have divided the conditions by p; + > ¢..cq @i(S) and multiplied by

(U’L) Vi e .A,,Vj eL: Zijk > 0 =

> jecwev; Cijk Zijie- By the feasibility assumption, both these must be positive.
We say that (p, «) are optimal Lagrange multipliers if they satisfy (i)—(vi) together with
any optimal solution z to (EG-Rado).

Claim 4.4.2. There exists an optimal solution z with optimal Lagrange multipliers (p, o) with
the following property: for every agent i € A’, the support of the vector «; is a chain of sets
Sf) Cc---C S,(L? C V, for some h; € N.

Proof of Claim. We use a standard uncrossing argument. Let z be an optimal solution to
(EG-Rado). Let us consider the set of optimal Lagrange multipliers (p,«). For a fixed
z, the set of vectors (p, ) satisfying the constraints (i)—(vi) forms a polytope, since each
constraint can be equivalently written as a linear constraint, and (ii7), (iv), and (vi) imply

boundedness. Thus, there exists a solution (p, o) that maximizes the objective
p(p,a) =Y > |SPai(S).
ic A SCV;

We claim that such a solution satisfies the conditions. This follows by showing that for
eachi e A, if 0;(X),;(Y) > O theneither X C Y orY C X.
For a contradiction, assume X \ Y, Y \ X # (), and let ¢ := min{a;(X), a;(Y)} > 0. Let

us define o as follows:
e A(XUY)=(XUY)+e¢
e d(X)=a(X)—cand (V) =a(Y) —¢;
e if XNY £, thenca,(XNY)=a;(XNY) +¢;
e if SZ{X, Y, XUY, X NY}then a}(S) = a;(S); and
e if j # i then o/ (S) = ;(S) forall S.

We claim that (p, o) are also optimal Lagrange multipliers. This gives a contradiction,
since p(p,a’) > p(p,a). Constraints (i)—(iii) are immediate. Constraints (v) and (vi)
follow since Y ¢.;cq @i(S) = D gpeg @i(S) holds for all i € A’ and all £ € V;. Finally, (iv)
follows by observing that for any i € A’ and any j € L,

JjeL keX JjeELkEY

> Zijk Zijk = Zijk + Zijk 5
> > > >

JELkEXNY JeELkeXUY JELkEX JELkEY
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using the submodularity of r;. We must have equality throughout, implying (iv) for S =
XUYand S=XNY. [ |

Proof of Lemma 4.4.1. Let z be any optimal solution to (EG-Rado) and let (p, o) be any op-
timal Lagrange multipliers as in Claim 4.4.2, with «; supported on the chain S fi) C Séi) C
c S(i)
. b -
Let £’ C L be the subset of goods with p; > 0, and let £/ C E; be the set of edges (j, k)
for which ¢;ji/(p; + > g.kes @i(S)) is maximized. Clearly, z;;, > 0 only if (5, k) € E].

We perform the following variable substitution:

1 ; 1
g:=— YjeLl, and QY= — oy Vie A vieh]. (47)
P pi+ Lo (S5)

We show that, provided the supports £/, E!, we can define a linear program in the
variables ¢;’s, Qg-? ’s, and z;j; as follows. We include all feasibility constraints on z;j;, from

(EG-Rado) and the following additional constraints:

Z Zijk = 1 Vel
i€ Al keV;
S e =14(S) Vie AVS CV,
JELKES
wiep@S) <> cypzgw Vi€ AV k) € By, and tsit ke S\ S,
JELK €V
wicin @) = Y eywzgw Vi€ AV k) € B, andtst ke S\ S,
JELK €V}
Qg? < Qg-"()m) Vie A',je L' telh —1]
=0 Vie L\ L
Zijk = 0 Vie A, (j,k) € E; \ E!
Q,q>0

Let P € R@uiea [BDXL>(5er ki) pe the set of feasible solutions to this LP. According to
(i)-(vi), (2,¢q,Q) € P, where (q,Q) is obtained from (p,a) as in (4.7). Conversely, if
(2',¢,Q") € P, then we can map (¢, ') to a nonnegative (p’, ') such that (4.7) holds and
(2, p', &) satisfy (i)—(vi).

Since all coefficients in the system are rational numbers from the input, and the feasible
region P is bounded, it follows that P is a polytope where all basic feasible solutions are
rational vectors with encoding size polynomially bounded in the input.

Let us fix (¢, Q') in a basic feasible solution, and let P = {2” : (2”,¢',Q’) € P}. Then,
2" € P" if and only if 2" is optimal with respect to (EG-Rado). Further, P” is a polytope
defined by linear constraints with polynomially bounded coefficients. Thus, the claim
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follows. U

The Ellipsoid Method for Rational Polyhedra We quickly recall some relevant concepts
for the Ellipsoid Method from the book [64] by Grotschel, Lovasz, and Schrijver. A strong
separation oracle for the convex set K C R" takes as input a vector x € R", and either
returns the answer © € K, or returns a vector a € R” such that (a, z) > max{(a,z) : z €
K}.

Let us recall the definitions of facet and vertex complexity. We only include the defini-

tions for polytopes, instead of general polyhedra.
Definition 4.4.3 ([64, Definition (6.2.2)]). Let P C R" be a polytope.

1. We say that P has facet-complexity at most , if P can be defined by a system of linear
inequalities with rational coefficients such that each inequality has encoding length at most

. If P = R", we require ¢ > n + 1. The triple (P;n, ) is called a well-described
polytope.

2. We say that P has vertex-complexity at most v, if P is the convex hull of a finite set of

rational vectors, all having encoding length at most v. P = (), then we require v > n.

Lemma 4.4.4 ([64, Lemma (6.2.4)]). If P has vertex-complexity at most v, then P has facet-

complexity at most 3n*v.

Theorem 4.4.5 ([64, Theorems (6.4.9), (6.5.7)]). For a well-described polyhedron (P;n, @) given
by a strong separation oracle, there exists oracle-polynomial time algorithm that either returns a
vertex solution x € P, or concludes that P = (). Given a linear objective function (c,z), if
P £ () then there exists an oracle-polynomial time algorithm that finds an optimal vertex solution

to max (c,x) s.t. z € P.

An oracle-polynomial time algorithm means that the number of arithmetic operations

and calls to the strong separation oracle is bounded as poly(y); note that ¢ > n.

Proof of Lemma 4.2.7. Let P be the set of feasible solutions and P* the set of optimal solu-
tions to (EG-Rado). We note that P # () since z = 0 is a feasible solution. Further, P* # ()
since P is bounded. Lemma 4.4.1 asserts that this is a nonempty polytope with vertex-
complexity poly(|A|, |G|, T,log C,log U); thus (P*,> .. 4 | Eil, ) is a well-described poly-
tope for some ¢ € poly(|A|, |G|, T,log C,log U) by Lemma 4.4.4.

We now describe the strong separation oracle to P*. For a vector z € R*ic4Fi we first
check whether z € P. Checking the first set of |A| constraints is straightforward. The
submodular constraints can be verified by solving |.A| submodular function minimization
problems. We either conclude z € P, or obtain a separating hyperplane for z and P that

is also a separating hyperplane for z and P*.
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If =z € P, the we compute the gradient Vf(z), where f(z) denotes the objective
function. We then solve the linear optimization problem max(V f(z),z) s.t. = € P.
(P*, 3 ica|lEil, Y ica |Ei| + logT) is a well-described polytope since all coefficients are
0 and 1 and the left hand side values are at most 7. Using the strong separation oracle for
P we just described, the second half of Theorem 4.4.5 shows that we can find an optimal
solution z* € P in time poly(|A|, |G|, T,log C,log U).

If max(Vf(2),z*) = max(V f(2), z), i.e, if z itself is an optimal solution, then we con-
clude that z € P*. Otherwise, (Vf(2),x) > (V f(z), z) is a valid separating hyperplane.

Thus, by the first half of Theorem 4.4.5, we can find an optimal solution = € P* in time
poly(|Al, |G|, T, log C,log U).

This method requires the implementation of the ellipsoid method for linear optimiza-
tion inside the separation oracle. We now show that this can be easily avoided by always
using the hyperplane (Vf(2),z) > (V f(z), z), without solving the LP. If z € P\ P*, then
this is always valid, but if z € P*, then this holds with equality instead of strict inequality.

Nevertheless, we can run the ellipsoid method using the gradients as separating direc-
tions (without solving the LP). This ultimately leads to concluding P* = (), since the algo-
rithm returns a separating hyperplane for every z € R*i€A¥i_ At this point, we consider
the feasible solution z € P with the largest objective value f(z) visited by the algorithm,
and conclude that this solution must have been optimal. This is true since if no optimal
solutions would have been visited, then every separating hyperplane we used would be

a valid strong separator for P*, and thus, we could not have reached the false conclusion
P*=. O

Remark 4.4.6. We note that a similar arqument was used by Jain [73, Theorem 12], showing
that whenever a convex set is given with a strong separation oracle and is guaranteed to contain
a point of bit-complexity at most v, then a feasible solution can be found in polynomial time,
using simultaneous Diophantine approximation. Our proof leverages the stronger property that

the optimal solution set P* is a well-described polytope.

4.4.2 Sparse solutions to Eisenberg-Gale relaxation

In this section we prove Lemma 4.2.8. Recall that the polytope P* is the set of optimal so-
lutions to (EG-Rado) as in Lemma 4.4.1. In Lemma 4.4.7 and Corollary 4.4.8, we show that
the solution of every vertex solution of P* is sparse. In Lemma 4.2.8 we further sparsify
such a solution by losing at most half of the value for each agent. The arguments in both
steps rely on bounding the number of non-zero variables in particular linear systems.
Consider an optimal solution z for (EG-Rado) that is also a basic solution to P*. Ac-
cording to Theorem 4.4.5, we can require that the optimal solution found in Lemma 4.2.7

is a basic solution. We define v} := ), cv; CijkZijk as the optimum utility value attained by
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agent i € A’; by strict convexity of the objective, these values are the same for all optimal

solutions.

Lemma 4.4.7. Every optimal solution z € P* satisfies |supp(z')| < |A'| 4+ 2|LT(2)| — |Ry| —
| Ry|, where

£+<Z>:{j€£:zzzfi]’k>o},

€A keV;
Ri={je€L:3ie A suchthat (0 < Zzijk< 1},
keV;

Ry ={j € L£:3i € A such that z;j, = 1 for some k € V;}.

The set L7 is the set of allocated items in £ by z; R, is the set of items in £ each of
which is allocated to one agent only, but the item is not fully allocated; and R is the set of
items in £ each of which is fully allocated to agent via single edge of the graph (G, V;; E;).
Obviously, R, and R; are disjoint.

Proof of Lemma 4.4.7. The following LP gives a description of P*. We note that this is a
different description from the extended system in the proof of Lemma 4.4.1: here, we can
make use of the optimal values v} and thus do not require the dual variables. Note that

the notion of vertex solutions is independent of the describing system.

Z CijkZijk > U; Vie A
jELkEV;
Z Zijk <1 VJ el
i€ A keV;
Z zige <1i(S)  Vie ALVS QY
jeL kes
z>0.

In order to prove the bound on the support of a vertex (basic feasible) solution to P*, we
upper-bound the number of linearly independent tight constraints. Trivially, there are at
most | A’| tight constraints of the first type. By definition of sets £* and R; there are at
most |£1] — | Ry tight constraints of the second type.

Let us bound the maximal number of tight submodular constraints. By Claim 4.4.2, for
each agent i € A’, the maximal set of linearly independent tight submodular constraints
forms a chain. Formally, for i € A’ there exist sets S} C S5 C --- C S; C Vj, such
that the set of constraints {}_;g jesi Zijk < ri(SH} | generates all the tight submodular
constraints for agent i. All together, there are at most |A'| + |LT]| — |Ry| + Y ;c4 hi tight
constraints.

Now, let us consider an element j € R, and let ¢ be the agent such that z;;, = 1 for some
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k € V. Since r; is rank function we have z;;; = 1 = r;({k}). Let S} be the smallest set in the
i-th chain containing k. Since {k} is also tight we can assume that k = S;\ S;_;. Therefore,
the tight inequalities corresponding to S, S; ; and 2 < 1 (or equivalently Y7, .. zijx <
1) are not linearly independent and we can drop the inequality corresponding to z;;;, < 1
from the minimal set of linearly independent tight inequalities. In other words, we do not
have to count the inequality corresponding to j, for j € Ry and we can replace the term
|L4|by [L4| = [Rol.

Further, by flow conservation we have |£"| > Z Zijk > Z ri(S;) > Z hi.
i€ A jELKEV, ieA! ieA
Thus,

[supp(2)] < |A'| + 2[L7] = [Ry| — | Ry . -

Corollary 4.4.8. Consider an optimal vertex solution y of (EG-NSW) for Rado valuations. Then,
lsupp(y)| < |A'| +2|LF(y)| — | L1(y)|, where

LYy)={jeL: Zyij > 0},
€A

Li(y) ={j € £:3li € A such that y;; > 0}.

Proof. The optimal vertex solution y can be written as y;; = >_(; )ep, 2ijk for a vertex
solution z of P*. We have |supp (z)| < |A'| + 2|LF| — |R1| — |R2|. The first condition
holds by definition of y. By construction we also have LT (y) = £1(z) =: LT. Moreover,
Ry, Ry C L;.

By definition of £, Ry and Ry; we have j € £, \ (R; U R,) if and only if j is allocated
fully to a unique agent 7 and there exist different %y, by € V; with z;;,, > 0 and 25, > 0.

Both variables z;;, and z;;i, contribute that y;; > 0 for the same ¢, j. Thus,
|supp(y)| < [A'| +2|L7| = [Ri| = |Ro| — L1\ (R1 U Ry)| = |A'| +2|L7| — [£4].
O

Further sparsification We showed that any basic optimal solution to (EG-NSW) under
Rado valuations has support of size |A'| + 2|L| — |£4|. Next, we show that any such
sparse solution can be further sparsified by losing a fraction of valuation of each agent.
The main observation is that given a feasible allocation for a Rado valuation function, all
“sub-allocations” behave in a “locally subadditive” way, as explained next.

Let ¢ be a feasible allocation and 2’ its corresponding representation in (EG-Rado).
Our argument will scale down y;; = ¢;;y;; for some ¢;; € [0,1]. We have v;(y;) =
> jerkev; CijkZijy- Thus, we can write v;(y;) = >0 u(d, j) where u(i, j) = 3oy, cijnzijp,

is the value agent i gets from good j. Hence, we can represent y;; = ¢i;y;; as yi; =
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Gij Y rev, % Assuming g;; € [0, 1] we have

vi(yi) > Z Gij " CijkZijn = Z Gij - u(i, j) ,
JELKEV; jeL
where we use the fact that whenever 2’ is feasible for (EG-Rado) then so is the allocation
given by qijzz’»jk for j € L,k € V,. In particular, this justifies the notation y;; = qijygj for
gij € [0,1] and it holds that v;(y;) > >_ ., qiju(i, j). Such a property is used to prove the

following lemma.

Lemma 4.2.8. Suppose the functions v; are Rado valuations, and let §j be a feasible solution to

(EG-NSW). Then, in polynomial time we can find a feasible solution y such that
(i) v;(y) > 3vi(9),
(i) Isupp(y)| < 24| + |C*] where £+ == £+(y) = {j € G\ H: Typo iy > O}

Given a g, we can transform it to a vector ¢’ with |supp(y')| < |A'|+2|LT(y)| — [ L1 (v)]
by Corollary 4.4.8. Then, the idea is to exhibit g such that the vector y defined as y;; = ¢;;¥;;
satisfies the lemma. Such ¢ needs to preserve at least half of the value for each agent and
should set at least |£*| — |£;| — |A’| values of y;; to 0. We can find such a ¢ as a basic

feasible solution of a system of linear (in)equalities.

Proof. Lety' be a solution of (EG-NSW) with |supp(y')| < |A'|+2|LT(v)| — | L1(Y)], given
by Corollary 4.4.8. Let D = {j € L*(y') : 3i,7',i # ' such thaty;; > Oand y;; > 0},
i.e., D is the set of items in LT (y') allocated to at least two different agents by 3’. Hence,
|D| = |L£1(y')| — |£1(y')|. For each j € D, let D(j) be a set containing two different agents
i,i" getting the item j in y'. Such two agents are picked arbitrarily, but fixed throughout
the proof for each j. Let A” = UjcpD(j).

We consider the following linear system with variables g. The value g;; represents the
fraction of y;; agent i keeps. By the above, if agent obtained u(i, j) value from y;; units of

J then agent receives g;;u(i, j) value from g;;y;; units of good j whenever ¢;; € [0, 1].

S aguling) > 5 Yulij) vie A"

jeD jep
Qij+Qi/j:1 VjED, {Zal/}:D(j)
q=0.

Let us define y: set y;; = 0if g;; = 0 and y;; = y;; for all other values. Then for any

feasible ¢ we have

e The second set of constraints together with non-negativity of ¢ guarantees ¢;; € [0, 1]
and hence we can treat the values v;(y;) > ¢;;v;(y;) as described before the statement

of the lemma.
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e By the first set of constraints and definition of y, we have

w() = Yagulif) + Y (i) > 2wl i)+ Y uling) = sul).
jeD jeL\D jeD jeL\D

Therefore, any feasible solution of the linear system in ¢ gives an allocation that satisfies
the first condition of the lemma. Let us show that the system is indeed feasible. Namely,
setting ¢;; = 5 foralli € A” and all j € D we see that the above system is feasible.
Since, the system is feasible we can also find a basic feasible solution ¢. By counting
the number of tight constraints we show that there are at least |£1(y')| — |£1(v)] — |.A”|
zeros in . Thus, allocation y defined as y;; = ¢;;y;; will have support smaller by at least
L5y = [L1(y)] — |A"].

The maximum number of (tight) constraints is obviously |.A”| + |D|. Thus, |supp(q)| <
|A”| + |D|. Crucially, by the second constraint we have L*(y) = L7 (y'). Hence, we
only need to compare |supp(y’)| and |supp(y)|. The allocation y" has exactly 2|D| positive
variables when restricted on D and A”. On the other hand, ¢ and therefore y take at most
|D| + | A”| non-zero values on D and A”. It follows that y has at least |D| — |.A”| less
positive variables than ¢/, i.e., |[supp(y)| < |supp(y’)| — (|]D| — |.A”]). By Corollary 4.4.8
and since |A"| < | A’| we have [supp(y)| < 2| A’|+2|Lt| —|L£1(y')| — | D|. By recalling that
DI = |£7] = |£4(y")] we get [supp(y)| < 2| A[ + |L7]. O

4.5 Phase V: Rounding the mixed solution

We present the rounding for a sparse solution of (Mixed+matching). We recall that by

sparse we mean a feasible solution (y, 7) of (Mixed+matching) satisfying:

supp(y) < 2|A| + | £ | where LT = {j EG\H: Zyij > O} .
e A’

Such a sparse solution is rounded by setting 2|.A| positive variables in y to 0, i.e., a
reduction of (y,m) and allocating the items according to the support of the reduction.
Formally, by a reduction of (y,m) we mean a mixed integer solution (y", 7) obtained as
follows (see Figure 4.1). For each item j a fraction of which is allocated by y (i.e., j € LT),
we pick an arbitrary agent () getting the item (i.e., yy(j); > 0). We set y;;; = Yx(j);, and
sety;; = 0ifi # r(j). Inwords, the agent x(j) keeps getting the same amount in reduction
and no other agent receives any part of item j. By the bound on supp(y), this amounts to
setting < 2|.A| values y;; to 0. Looking at the reduction from the agents perspective: let
d; be the number of items agent ¢ lost by reduction, i.e., the number of items j for which
Yi; > 0and yi; = 0. Then, >, 1 d; < 2| Al.
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supp(y): agents:O items: @

ay as as
supp(y"):
1 az as

a

Figure 4.1: Support graph of an allocation y. Support graph of reduction y" obtained by
k(1) = k(2) = k(3) = a1, k(4) = K(5) = K(6) = K(7) = ag, and K(8) = k(9) =
as. It follows that d,, =2, d,, =1 and d,, = 3.

The reduction (y", 7) might have an arbitrarily worse objective value than (y, 7) (e.g., if
for agent 7 we have v;;(;) = 0 and reduction sets y; = 0), but we show that we can find a
different assignment p such that (y", p) is only worse by a constant factor than (y, 7), no
matter how the reduction is carried out. The assignment p is obtained as a combination of
7 (the assignment obtained in Phase I) and 7.

For a fixed reduction and the values d;, p and its properties are given by the following

lemma.

Lemma 4.5.1 (Key rounding lemma). Let H be the set of most preferred items, (y, ) a feasible
solution to (Mixed+matching), and let d; € N, (d; > 1) for each i € A. In O(|.A|) time, we can

find an assignment p such that

NSW(y, p) >

and for each i € A it holds either
(a) Vip(i) = d%.vi(yi), or
(b) foreach j € L it holds v;; < dLH(vZ(yZ) + Vip(s))-

Intuitively, the above lemma states that starting with a feasible allocation y, we can find
an assignment p that might have smaller NSW(y, p) than NSW (y, 7) but has the following
nice property for each agent i € A:

e In case (a), i values the item p() at least as she values a 1/d; fraction of y; (and thus
atleasta 1/(d;+1) fraction of v;(y;) +vi,(;))- Hence, agent i keeps a 1/(d;+1)-fraction

of her value just by keeping p(i) even if we can take away all items 7 gets from L.
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e In case (b), every item £ has a small value for i when compared to the combined
value of y; and p(i). That is, ¢ values y; and p(i) significantly more than any d, items
combined from L. Looking at it from the other side, even if we were to take away

any d, in £ items from ¢ she will still keep a fraction of the value.

The essence of both cases is that the reduction will not hurt the agent too much. Before we

present the proof of Lemma 4.5.1, we show that this is enough to prove Lemma 4.2.9.

Lemma 4.2.9. Let H be the set of most preferred items, and let (y,m) be a solution to
(Mixed+matching) as in Theorem 4.2.5. Let (y", ) be a reduction of (y, ). Then in polynomial-
time we can find a matching p : A — H such that

1 —

NSW(y", p) > NSW(y, ).

— 3242

Further, if the valuations are linear, then we can find a matching p : A — H such that
NSW(y", p) > §NSW(y, 7).

Proof of Lemma 4.2.9. We first prove the lemma for the general case. Let y” be any reduction
of y and let d; be the number items agent ¢ lost in reduction. By sparsity in Theorem 4.2.5
wehave ), d; < 2| Al

We use Lemma 4.5.1 to obtain p. Note that Lemma 4.5.1 requires d; > 1 so we define
d; = max{1, d;}. Thus, now we have thebound }",_ ,(d;+1) < 4|A|. Let p be the matching
obtained by Lemma 4.5.1 given d;’s and 3. By Lemma 4.1.2 we have

/3 ieawi 1
d; + 1) >
(H( i+1) ) =

i€A

Thus, NSW(y,p) > %NSW(y,W). By the same inequality, it suffices to show that
NSW(y", p) > (ITica(di + 1)_““)21'6““ Y NSW(y, p). We do so, by showing that for each
i € Aitholds v;(y}) + vipu) >

> ﬁ(vi(yi) + Vip(s))- By Lemma 4.5.1 for agent i we have
either (a) or (b).

1

(a) In this case we have d;v; ) > vi(y;). Thus, viy) > ]

vi(yé") + Vip(i) = ﬁ(vi(yi) + Uip(i))-

(vi(yi) +vip(i))- Consequently,

(b) We have v;; < ﬁ(vi(yi) + Vip(y) for all j € L. Denote with D; the set of d; items
j for which y;; > 0 and yj; = 0. By subadditivity v;(D;) < Zje p, Vij- Therefore,
v;(D;) < Eiirl (0i(Yi) + Vipa)) < Eidil (vi(yi) + vip))- Hence, vi(y;) — vi(D;) + vipy >
E_L(vl(yl) + V(). By subadditivity and monotonicity we have v;(y}) > v;(y;) —

v;(D;), proving in this case as well that v;(y]) + vip) > E—L(vz(yz) + Vip@s))- The

lemma follows.
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For additive valuations, we recall Theorem 4.2.6. It gives an optimal solution
of (EG-NSW) that is supported on a forest in which each tree contains an agent. In particu-
lar, this implies a nice property for the reductions of y. Namely, we can choose a reduction
y" in which d; < 1 for each agent i € A. Such a reduction is obtained by rooting each
tree of the forest at an arbitrary agent and letting x(j) to be the parent agent of item j.
Informally, each agent loses at most one item. Therefore, d; = 1foralli € A. The lemma
follows by Lemma 4.5.1. O

The proof of Lemma 4.5.1 is presented in the following section.

4.5.1 Constructing the new matching

Recall Phase I where we defined 7 as an assignment maximizing (Hze A v;‘f(i)> and H the
set of items assigned by 7. We number the agents A = {1,2,...,n}, and renumber the
items H = {1,2,...,n} such that 7 = {(7,7) : € A}. In other words, T assigns item i € G
to agent i € A.

Intuition We are given a feasible solution (y,7) of (Mixed+matching) and 7. For the
sake of illustration assume that by using the matching 7 instead of 7 we don’t lose too

much in the objective, i.e.,

1/ ZzeA Wi

NSW(y, 1) = <H(di + 1)‘“”) NSW(y, 7).
€A

In this case, each agent i gets the item 7 from H. Let us show that under the above as-

sumption we can set p = 7, i.e., that for each agent ¢ either (a) or (b) holds.

Claim 4.5.2. Let i € A. Then either vy > ;-v;(y;) or for any j € L it holds vi; < 325 (vii +
vi(yi))

Proof of Claim. By the optimality of 7 it then holds v;; > v;; forall j € L. If v;; > diivi(yi)
then (a) holds. Otherwise, we have that d;v; < v;(y;). Combining it with v;; < v;;, we
have that

(di + Dy < (di + D)vig < vi(ys) + vie = 0i(¥i) + Virgi) - u

Therefore, our goal is to construct p by “replacing” as much of = with 7 without losing
too much in the objective. By Claim 4.5.2 for any agent for which p(i) = 7(i) we will have
either (a) and (b). We formalize this idea below, and give a way of constructing p such that

even when p(i) # 7(i) still we have either (a) and (b).
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Algorithm Let (y, 7) be a feasible solution of (Mixed+matching). We denote with Y; the
value agent i gets in y, i.e., Y; = v;(y;). We construct new assignment p by combining 7
and 7. In particular, whenever 7(i) = 7(i) then we set p(i) := 7(i) = 7(i) and otherwise
exactly one of the following will be the case: p(i) = 7(i), p(i) = 7 (i) or p(i) = (). Notation
p(i) = () represents the case that i is not allocated any item from H. (Formally, we can
allocate one item to each agent since |H| = |A| but as some agents might value some
items at 0 it is simpler to say that agent is not allocated an item by p.)

Consider the symmetric difference of the two assignments mA7. Each component is
an alternating cycle; we consider the components one-by-one. Take any component C' of
mAT with ¢ agents and c items. Let the agents in the component be a;, as,...,a.. The
numbering is modulo ¢: a.;; = a;, for all k € Z. By the convention on the numbering, the
corresponding items are also numbered a4, as, . .., a., and (ax, ax) € 7 for all k € [c]. We
order the agents around the cycle such that (ag, ax_;) € 7w forall k € [c]. Let B := B(C) =
{t €[] :Ya, > du,Vasa, , }- We consider two cases based on the size of B:

|B| = 0. In this case we set p(a;) = m(a;) = a;—; forall t € [¢].

B| > 1. First, we trim 7 by setting m(a;) = ) for each t € B. We have Yo tverany < 2 for each
y g Y.

ag
t € B since d,, > 1. In words, each agent losses at most half of her value.

After trimming 7, the connected component C' decomposes into several alternating
paths, see Figure 4.2. Consider one such path, starting in agent a;, and ending in item
a,. It follows that k € Band t € B for all k < ¢t < r. We consider the following ratio
that measures the change in the objective value by augmenting 7 over the previously

mentioned path:

Y, Way, Vagap_y + Ya, \
et () I ()"
Vayay, + Yay, tlg_l Vasa, + Ya,
If it holds that o(C, k,7) < [[\Zt(ds, + 1)“= then we say that the interval [k, 7] is
reversible. Moreover, we set p(a;) = 7(a;) = a; forall k& < t < r. If [k,r] is not

reversible then we set p(ax) = 0 and p(a;) = 7(a;) = a; forall k < t < r. We do the

same for every augmenting path.

To prove Lemma 4.5.1, we first show that by changing the assignment from 7 to p the

objective value of (Mixed+matching) cannot decrease by too much.

Lemma 4.5.3. The assignment p can be constructed in linear time (in n), and it holds

S— 1 e
NSWly.7) . [T + 1™ .
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o l T \\‘ agents: O items: @
ai az as aq as ag ar asg ag aio
\\ \\ \\ \\ \\ \\ \\ \\ \\ \\ B:{4’9}
O \\ \\ \\ \\ \\ \\ \\ \\ \\ \\
N A N N\ N N\ N N N\ \h

a1 ay  ay as  ag  ar  as aio a

trim

a az as ay as ag ar asg ag aio

ay az asz as ag ar ag aio ai

[4, 8] reveresible

[9, 3] non-reveresible

ay az asz a4 as ag ar as ag aio
[ ] [ ] [ ] [ ] [}
AN AN AN N
AN N N N
P \ N N N
AN \ N N
N\ N \ N\,
u] [u] u] u] fu} u]

ar az  as as  ag  ar  as aio a

Figure 4.2: Assignments 7, 7, and p resulting from B = {4, 9} and reversible interval [4, 8.

Proof. 1t suffices to prove the lemma for each of the connected components C' of mA7. For
| B] = 0 the lemma holds trivially. So assume that | B| > 1 for the rest of the proof.

The procedure terminates in linear time, as we only require one pass through the agents
and items in C'. To prove the bound on %&V—(y’p), we show that for every interval [k, r| the
(y,m)

objective value “before averaging” decreases at most by factor 2“ [[;_, (da, + 1)

Way

If interval [k, r| is not reversible, then the change in the objective function is captured

by (%) " as for every agent a; with ¢t € [k + 1, 7|, we have p(a;) = 7(a;), and
M)w“’“

Yo

k
p(ar) = 0. Since k € B, itfollowsthatY,, > du, Vara,_, > Vapa,_,- Thus, <

QWag

k

If, on the other hand, [k, ] is reversible, then the difference in the objectives is exactly

<Uakak-1 + Y;lk>wak ﬁ (Uatatl + }/;Lt)wat —
'Uakak + Yak Vasas + Yat

t=k+1

(Uak(lk—l + Yak . Yak )wak f[ (Uatat—l + Yth>wat
Yak Uakak, + }/;lk Uatat + Yat ‘

t=k+1

. . Yo, Way, r Vagay_q+Yay | Yot r
As [k, T] is reversible QO(C, l{?, T) = m : Ht:k+1 m < Ht:k(dat +
. apa Ya .
1)“e. Since k € B and d,, > 1 we again have P10k 9 Hence, the change in the

Ak

objective value is bounded by 2¥ - []}_, (dq, + 1)"*. O
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It is left to show that for each agent i either (a) or (b) holds. Recall that Y; = v;(y;).
Lemma 4.5.4. Let i € A. Then we either have

(a) Vip(i) = d%.%(yi)/ or

(b) for each j € L it holds vi; < 725 (vi(yi) + Vip(a)).

To prove the lemma we use the following simple claim, which can applied to any agent
1 ¢ B:
Vir(i) + Vi < (di + 1)Vinga)
v +Y T Vi '

Claim 4.5.5. For any agent i € A, if Y; < d;viz(;), then

Proof of Lemma 4.5.4. 1f p(i) = i, that is, agent i receives the same item in p as in 7 then the

lemma follows by Claim 4.5.2. For the rest of the proof we assume p(i) # i. Hence, either

p(i) = 7(i) or p(i) = 0.
We consider the component C' of TA7 containing an agent <. We use the notation as

before, denoting the agents in C' by a4, as, . . ., a., and letting ¢ = ay.

If p(ag) = m(ay) = ag—1 then for i it holds (a). Namely, p(ax) = ax_1 implies that k ¢ B
as otherwise this would be trimmed. Thus Y,, < dg, v4,q,_,; Or equivalently v,,,, , >
Yo,

If on the other hand p(a;y) = ), we have that £ € B and also that the interval [k, 7]
with starting and £ and ending in r that corresponds to some alternating path in C' is not
reversible (otherwise, p(ay) = ai). Therefore, p(C, k,7) > [[,_;(d,, +1)"*. Recall that for
each such considered interval we have k € B and ¢t € B. Starting with [[;_,(d,, +1)" <
©(C, k,r) and then by Claim 4.5.5 we obtain

r—1 r
Y e ata Ya Yt
1<H<dat+1>—wat.( ) (vm+ )
t=k Vaya + YZlk t=2 Vayay + Yat

Y, Yo I Mg\
< (da, + 1) - <—> ( » ) '
Uakak + }/;Lk t=2 Uatat

We further bound

Y, Vari \ % v Way

— k ag] atat—1

<(dak—|—1) “’“k~(—o— . _— .
Yarj  Vagay =9 Varar

By the optimal choice of 7, for every j € £ we have

a T a
1< <U‘1kak>w * . H < Vayay )w § '
Vayj i—2 \Vara; 1
Combining the last two inequalities, we obtain Y,, > (d,, + 1)v,,;. Hence, in this case (b)

holds, by recalling that i = a; and p(ay) = 0. O
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4.6 Connection to spending restricted equilibrium

The first constant factor approximation algorithm for the Nash social welfare problem was
given by [35] using the spending restricted (SR) equilibrium; and we (Section 3.2) as well
as other authors have since used this concept to desing approximation algorithms for the
NSW problem [2, 33, 53, 56].

An important feature of the SR-equilibrium is that the items highly valued by the agents
are recognized as items with price more than 1 (expensive) in the equilibrium. Isolating
such items is at the essence of the approximation algorithms in the literature. The main
idea is that each of the expensive items must be allocated integrally to one agent only,
thereby preventing the unbounded integrality gap arising when several agents share a
very desirable good, see [35, Lemma 3.1].

In this section, we illustrate a connection between the approach we use and the SR-
equilibrium. In that light, for the rest of the section we focus on the case of symmetric
Nash social welfare problem where agents have additive valuations. We show that the set
of the most preferred items H obtained in Phase I contains all the expensive items in an SR-
equilibrium. Similarly to the algorithms relying on the SR-equilibrium where expensive
items have special status during rounding, the items in H are allocated integrally through-

out our algorithm. Intuitively, this is how we are overcoming the unbounded integrality

&ap-

SR-equilibrium From the definition, it follows that and = and a price vector p form an
SR-equilibrium for additive valuations if and only if every agent spends all of her budget
(1 unit) on her MBB items at prices p, and the total spending on each item is equal to
min{1, p; }. By scaling the valuation of each agent we can assume that the maximum bang
per buck is one for all agents. Under such a scaling, in an SR-equilibrium we also have
that v;; = p; whenever item j is MBB for agent ¢ and v;; < p, otherwise. We work with

this assumption for the rest of this section.

NSW and SR-equilibrium Consider a NSW welfare instance with items G and agents
A where each agent 7 has additive valuation. For the NSW problem, the valuations are
discrete function and the value of a subset of items S for agent i is given by v;(S) =
>_jes Vij- The extension of an additive valuation v; to RY is naturally defined as v;(z;) =
> jeg VijTij forall z; € Ri. We construct the market from the NSW instance from the same
set of items G that are now declared divisible and the set of agents A each equipped with
the extension of the discrete additive valuation and budget one.

Let (7, p) be an SR-equilibrium in such a market. Define the set of expensive goods H
— 1/]A]
as H := {j € G : p; > 1}. Cole nad Gkatzelis [35] proved that (Hjeﬁpj) is an
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upper-bound on the optimal value of NSW, and gave a rounding algorithm that uses an
SR-equilibrium as a starting point.

In the next lemma we show that H C 7, where H is the set of the most preferred
goods obtained in Phase I of our algorithm. Recall that 7 is an assignment maximizing
(ITicavir)) YAl and that H = 7(A). In words, 7 maximizes the NSW welfare under the
constraint that each agent gets exactly one item.

For the purposes of the proof recall that the the spending graph (A, G; E,) of an alloca-
tion x is defined as ij € E, if and only if z;; > 0.

Lemma 4.6.1. It holds H C H.

Proof. Using a cycle canceling argument, we can assume that the spending graph of SR-
equilibrium (z,p) is a forest /. Moreover, since z is an SR-equilibrium allocation, every
tree contains at least one agent and one item. The next claim states that an expensive item

is a leaf in some tree in F' only in a very special case.

Claim 4.6.2. Let T' = (A4, G1; E4) be a tree component of F and j € Gy aniteminT. Ifp; > 1
then either |Ay| = |Gy| = 1 or j is not a leaf of T.

Proof of Claim. By definition of SR-equilibrium each agent spends all of her budget which
is 1. If j is a leaf, then there is unique agent i buying j. Moreover, i spends all 1 unit of her

budget on j and cannot buy any other item. Thus, A4; = {i} and G, = {j}. ]

Let k : H — A such that x,(;); > 0. Such an function r exists by definition of SR-
equilibrium. Moreover, by Claim 4.6.2 we can choose x to be an assignment (root every
tree of F' in an arbitrary item and assign the expensive item to any child agent). We are
ready to prove the lemma.

For the sake of contradiction suppose that there is an item j; € H such that j, ¢ H. In
other words, p;, > 1 and 7, is not allocated to any agent by 7. By definition we have H <
|A| = |H|. Consider the component of the symmetric difference 7Ax containing j. Since
71 € H and H = 7(A), this component forms a path starting in j; and ending in a vertex
je+1in G\ H; see Figure 4.3. Let us denote the path as jy, 5(j1), j2, £(j2), - - - K(Jk ) Jhs1
where j;1 = 7(k(j;)) for t € [k], and j; € H fort < k.

. Ji Jje=o0o(k() s Ja Js R

K -=-==- e hEH, i gH
Y Ay Ay Ay
N N N N o
o — . I l l N l forl<j<k jic HNH
N AN AN AN
N\ \, J—
. Jek+1 € H,jey1 €H

agents: O items: @ . . .
& k(G k(G2)  kGs) ()

Figure 4.3: A component of kAT containing j;.

Recall, that MBB of each agent is one, therefore v;; = p; for each 7, j with z;; > 0.

By definition of £ we have that v.,);, > Vk(j,)j., fort € [k — 1]. Moreover, we have
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V(s = Pin > 1 2 Pieyy = Uk(p)ker1- Since jip1 = 7(k(J¢)), augmenting over the above

path will contradict the optimality of 7. O

4.7 Separating Rado and GS valuations

We show that Rado valuations form a strict subclass of GS valuations, thereby answer-
ing negatively the verions of Frank’s question for the valuation functions. Lehmann,
Lehmann, and Nisan [85, Example 1] gave an example that is GS valuations valuation
but not OXS (assignment). We show that the same example is also not a Rado valuation;

the proof is similar.

Lemma 4.7.1. Consider the following valuation on the ground set G = {1,2,3,4}. We define
v(S) = 10if|S| = 1, and v(S) = 19 for all sets with |S| > 2 except v({1,3}) = v({2,4}) = 15.

This is a GS valuation, but not a Rado valuation.

Proof. The proof that v is a gross substitutes valuation is given in [85, Claim 2]. Let us
show that it is not a Rado valuation. For a contradiction, assume v is a Rado valuation as
in Definition 1.2.2. We can assume that the matroid on V' does not contain any loops (rank-
0 elements), and any parallel elements, i.e., any set S C V with |S| > 2 and r(S5) = 1; we
can contract any such set to a single element and obtain another representation.

Trivially, we can assume that no edge in the bipartite graph (G, V; E') has cost more
than 10. By v({1}) = 10 we have an element u € V with ¢y, = 10. Since v({2}) = 10,
there is v’ € V such that ¢y, = 10. Since v({1,2}) < 20 we have v’ = u as otherwise
(1,u), (2,u") would be an independent matching of cost 20, since r({u,u'}) = 2 by the
above assumption.

An analogous argument shows that ¢;, = 10 for all j € {1,2,3,4}. We must have
cijr < bforany j € {1,2,3,4} and any & € V \ {v}, as otherwise we would have an
independent matching of cost > 15 covering {1, 3} or {2,4}, again using the assumption

of no parallel elements in V. Now, it is clear that we cannot realize v({1,2}) = 19. O

The reason why Rado valuations are not a rich enough class is that it is not closed under
endowment operations. Given a valuation v : 29 —» Rand a subset T C G, we can define the

valuation v : 29\ — R, as
V(X)) =v(XUT)—o(T).

Using the definition of valuated generalized matroids, it is immediate that if v is GS val-
uation than so is v'. It is not difficult to check that the example in Lemma 4.7.1 arises as

the endowment of a Rado valuation, showing that Rado valuations are not closed under
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endowment operations. Note that endowement is combination of a contraction of the set

T and (additive) shift by v(7"). This fact is explained in more detail in Section 7.1.



5 Complete classes of valuated matroids

In this chapter, we study the classes of valuated matroids. A function f : (S) — RU {—o00}
is a valuated matroid if and only if:

VXY € (S) with | X|=|Y|andVie X \ Y :
FOX) + 50) < s {JX =i+ 5)+ (Y +i = )}

We start by either recalling and introducing the valuated versions of the classical matroid
operations (Section 5.1). These include deletion, contraction, dual, truncation, principal
extension, induction by a bipartite graph, induction by a network, direct sum, and valu-
ated matroid union. All of the previously mentioned operations turn out to preserve the
property of being a valuated matroid.

In Section 5.2, we introduce complete classes of valuated matroids. A class of valuated
matroids is complete if it is closed under deletion, contraction, dual, truncation and prin-
cipal extension (although contraction could be dropped as it can be realized via deletion
and dual, see Lemma 5.1.13). The main message here is that a complete class is also closed
under all other of the above operations. We chose the five to define complete classes as
they are the most basic ones.

The smallest complete class of valuated matroids are valuated gammoids — analogously
to the matroids where the smallest complete class of matroids is the class of gammoids.
We know that not all matroids are gammoids, so the next question arises: What is the
smallest complete class of valuated matroids containing all trivially valuated matroids?
The answer turns out to be the class of all R-minor valuated matroids (Section 5.3).

Chapter 6 is devoted to showing that not all valuated matroids are R-minor. Note that
this is in contrast with complete classes of matroids where the above question has trivial

answer.

Preliminaries We introduce the notation used in Chapters 5, 6 and 7. We denote a bipar-
tite graph G by G = (V,U; E), where V, U are the partitioned node sets and E the edge
set. If the bipartite graph is weighted, we denote the edges weights by ¢ € R¥. For Y C U
or Y C V, we denote the set of neighbours of Y by I'(Y) = I'¢(Y). A network N is a

98
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directed graph denoted as (7', A) where T is the node set and A the arc set; if weighted
then we denote the weights by ¢ € R*.

In these chapters the matroids are given as M = (U, r) where U is the ground set and
r = rp is the rank of the matroid. The operations on matroids follows the notation of
valuated matroids introduced in Section 5.1, as these are special cases of the valuated

operations. Given a set V, we denote its set of subsets of cardinality d by (g)

5.1 Operations on valuated matroids

For a valuated matroid f, its (effective) domain dom( f) is formed by those sets X on which
f(X) > —oo. The exchange property implies that it forms the set of bases of a matroid.
The rank rk(f) of a valuated matroid f is the rank of the underlying matroid dom(f).

Definition 5.1.1. Let f: (%)) — R U {—oc} be a valuated matroid with d = rk(f), and Y C V

some subset of V.

(i) IfV =Y has full rank in dom(f) then the deletion of f by Y is the function f\Y : (V") —
R U {—oc} defined as

(FA\Y)X) = f(X), VX e (V y Y).

This is also called the restriction to V' \ Y and denoted by f|(V \'Y). If V — Y does not

have full rank in dom( f), the deletion is the function attaining only —oo.

(ii) IfY is independent in dom( f), then the contraction of f by Y is the function f /Y : (C‘lf:‘%) —
R U {—oc} defined as

(f/Y)(X)=f(XUY), VXe€ (Clv__&/').

IfY is not independent in dom( f), the contraction is the function attaining only —oc.

(iii) The dual of f is the function f*: (|V‘|/_d) — R U {—o0} defined as

o v
FX) = f(V—X), VXe¢ (\Vl—d>'

(iv) The truncation of f is the function f&: (V) — R U {—oc} defined as

fY(X) = max f(XUwv), VX € (dV )

veV\X —1
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The iterated truncation for 1 < r < d — 1is given by f+1) = (")),

(v) Forw € (RU{—o00})Y, the principal extension f of f with respect to w is the valuated
matroid on V' U p of rank d, for an additional element p, with f*|V = f and

fY(XUp) = max (f(XUv)+w,) forall X € (d‘—/1> )

veV\X

Remark 5.1.2. Our definition of deletion and contraction differs from the usual definition, e.g.
in [42], in that we impose these rank conditions. The usual definition of deletion (and dually con-
traction) for matroids could equally be formulated by first performing a truncation (to the rank of
the remaining set) and then a deletion. While for unvaluated matroids this is the same, for valuated
matroids the naive deletion, where the remaining set does not have full rank, would result in a
function only taking —oo as value. Our reason to be more restrictive with deletion and contraction
is that these definitions allow for simple ‘layer-wise” extensions to valuated generalized matroids in
Section 7.1.

Example 5.1.3. The most basic examples of valuated matroids are those with trivial valuation,
where only the values 0 and —oo are attained (following naming as in [47]). Such valuated ma-
troids can be identified with the underlying matroid. Observe that the operations listed in Defini-

tion 5.1.1 agree with the usual matroid operations for trivially valuated matroids.

Example 5.1.4. Valuated matroids corresponding to the layers of the assignment valuations are
transversally valuated matroids. For a graph G = (V,U; E) with edge weights ¢ € R¥, we
define transversally valuated matroid f: (‘Z‘) — RU{—o0} for X € (%) as the maximum
weight of a matching whose endpoints in V' are exactly X; if no such matching exists then we set
F(X) = —oo.

Let V = [4] and consider the valuated matroid f: (%)) — R U {—oo} defined as

F(12) = —co, f(13) =0, f(14) =0, f(23) =1, f(24) =1, f(34)=1.

This valuated matroid is transversally valuated as it can be realized via the weighted bipartite graph

shown in Figure 5.1.

Example 5.1.5. One source of valuated matroids arises from matrices with polynomial entries. Let
A be a matrix with d rows and columns labelled by V', whose entries are univariate polynomials
over a field. For J C V, we denote by A[J] the submatrix formed by the columns labelled by J.
The valuated matroid induced by A is defined to be

f(J) = degdet A[J],
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o
1 "
1 I
1 1o
1 o
1 1 \
) o
1 2 3 4

Figure 5.1: The bipartite graph realising the transversally valuated matroid from Exam-
ple 5.1.4. The dashed edges have weight zero and the solid edges have weight
one.

where f(J) = —oo if det A[J] = 0 or A[J] is non-square, see [95, Section 2.4.2] for further
details.

Recall the valuated matroid from Example 5.1.4. Observe that we can also represent this matrix

e [1 tot 0]
0011
e.g. f(23) =deg(t) = 1.

Definition 5.1.6 (Direct sum, Valuated matroid union). Let f and f5 be valuated matroids on

via the polynomial matrix

ground sets Vi and Va with ranks dy and ds.

o For Vi NV, = (), the direct sum of f; and fyis (f1 @ fo): (}ﬁigz) — R U {—oc0}, where

(£ ® L)(X1UXo) = fi(X1) + fo(Xo) for all X € G)X € @

e For V := V; U Vs, the (valuated) matroid union of f, and f is (f1 V fa): (dlz@) —
R U {—o0}, where

(flva)()Q:max{fl(y>+f2(X\Y)3Y§X,Ye <2>,X\Y6 <V2>}

Undefined sets get the value —oo.

Actually, the direct sum can be considered as valuated matroid union by embedding
both ground sets in a common bigger ground set. We give both definitions for sake of

explicitness.

Example 5.1.7. Given a matroid on some ground set, it is often useful to extend that ground set
to a larger ground set by adding coloops, elements contained in all bases. The same construction
can be generalized to valuated matroids in the following way.

Let f be a valuated matroid on ground set V', and W a disjoint set from V. We define the free
valuated matroid fr,, on W' to take the value 0 on W and —oo everywhere else. Then the direct
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p Vv

Figure 5.2: Given a valuated matroid f on V and (w € RU {—o0})", the principal ex-
tension f* is realized as the induction of f via the above bipartite graph. The
dashed edges are weighted zero, while the solid edges (p, v) are weighted w,,.

sum of f with fry,, is given by

(f@frm(X){f(Y) r=row

—00  otherwise

In particular, note that f = (f @ fry,)/W. This construction of adding coloops to a valuated
matroid will be useful throughout.

5.1.1 Induction by networks

The next operation is very powerful and can be seen as a vast generalization of Rado’s
theorem (Theorem 6.1.2). Somewhat surprisingly, we show that it can be modelled by the

basic operations defined so far.

Definition 5.1.8. Let N = (T, A) be a directed network with a weight function ¢ € R4, Let
V,U C T be two non-empty subsets of nodes of N. Let g be a valuated matroid on U of rank d.
Then the induction of g by N is a function ®(N, g,c): (%) — RU{—oo}. For X € (), one
sets ®(N, g,¢)(X) to

max {Z c(a) + g(Y) : node-disjoint paths P in N: Oy (P) = X N Oy(P) = Y} :
a€P
Note that the maximization can also result in —oo if there exists no node-disjoint paths from X to
a set with finite value. It is even possible that dom (P (N, g, c)) = 0.
In the special case that the directed network is bipartite with the edges directed from V to U,
we can also consider this as an undirected weighted bipartite graph and call the corresponding

operation induction by bipartite graphs.

Theorem 5.1.9 (Special case of [95, Theorem 9.27]). Let N, g and c as in Definition 5.1.8. Then
if (N, g,c) # —oo the induced function is a valuated matroid.
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While it is a special case of induction by networks, induction by bipartite graphs is an
extremely powerful operation. Many of the operations introduced so far can be modelled
using induction by bipartite graphs, which is a key observation in the proof of Theo-
rem 5.1.12.

Remark 5.1.10. One such example is principal extension, which is displayed in Figure 5.2. Ex-
plicitly, for a valuated matroid g on ground set U and weight vector w € R U {—o0}”, let
G = (U U{p},U; E) where U" a copy of U, the edge set E consists of (u',u) and (p,u) for
all u € U, and c the weight function that takes the value zero on (v, u) and w,, on (p,w). Then the
principal extension g* of g with respect to w is precisely (G, g, c). More details why this holds
are provided in Lemma 5.1.15.

Furthermore, the following lemma shows we can realize induction by a network as in-
duction by a bipartite graph followed by a contraction. Given the power of this operation,

it shall be a key construction throughout.

Lemma 5.1.11. Let N be a directed network with weight function d and g a valuated matroid such
that f = ®(N, g, d) is again a valuated matroid.

Then there is a bipartite graph G' with weight function c, a valuated matroid h and a subset of
the nodes of G such that f = (®(G, h,c))/W.

Proof. Let N = (T, A) be the weighted directed network such that the valuated matroid
f on the subset V' of T' is the induction of the valuated matroid g on the subset U of T
through N. Let W = T\ (V U U) and W’ a disjoint copy of W. We define the bipartite
graph G = (V UW, U UW’; E) with weight function ¢ € R where for each arc (a,b) € 4,
we add the edge (a,b) if b € U or (a,b') if b € W to E with weight d(a, b). Furthermore,
we add the zero weight edges (w,w’) for all w € W with copy w'. An example of this
construction is displayed in Figure 5.3.

Let X C V and Y C U be subsets of equal cardinality. We observe that node disjoint
paths from X to Y in N are in bijection with matchings from X UW to Y U W' in GG, and
furthermore preserve weights. Let P be a set of node disjoint paths in NV, the edges of G
corresponding to arcs of P form a matching of equal weight on a subset of the nodes from
XUW to Y UW’. For any nodes w € W that are not used in P, we add the corresponding
zero weight edge (w, w’) to the matching: this gives a perfect matching from X U W to
Y U W' of the same weight at P. Conversely, any perfect matching p from X U W to
Y U W' gives rise to a set of node disjoint paths by contracting the (w,w’) in G for all
w € W. This precisely recovers the network N from G, and the matching y becomes a set
of node disjoint paths from X to Y in N.

We let h be the valuated matroid g @ fry- as defined in Example 5.1.7. Consider f(X)

for some X C V. As node disjoint paths from X in N are bijection with matchings on
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Figure 5.3: An example of the construction from Lemma 5.1.11: a network /N and the cor-
responding bipartite graph G. A set of node-disjoint paths in N correspond to
a matching in G, both displayed in bold.

X UW in G, we can replace N with G in the definition of f:

f(X) = max {Z c(e) + g(Y) : matching pin G A Ovuw () = X UW A dyuw (1) =Y U W’} :

ecp

Furthermore, by definition of 7 we can replace g(Y') with A(Y UWW’) in the above equation.
This implies that f(X) = ®(G, h, ¢)(X U W); furthermore this holds for arbitrary X and
so f=®(G,h,c)/W. ]

We end this section by showing that valuated matroids are closed under all the opera-

tions introduced so far.

Theorem 5.1.12. The class of valuated matroids is closed under the operations deletion, contrac-

tion, dualization, truncation, principal extension, direct sum, matroid union.
To prove the lemma we use several lemmas.
Lemma 5.1.13. f/Y = (f*\Y)*

Proof. At first, observe that the independence of Y in dom( f) implies that it is contained
in a basis. Hence, V' — Y has full rank in dom(f*) = dom(f)* and we can actually apply
the deletion operation.

Let X € (21/:\;/\) Then, as the codomain of (f*\Y)is V — Y, we get (f*\ Y)*(X) =
(f*\Y)(V — (Y UX)). Note that X and Y are disjoint by definition. Furthermore, from
V—-(YUX)CV —-Yweobtain (f*\Y)(V—-(YUX)) = f(V— (Y UX)). Since the
codomain of f*is V, this yields f*(V — (Y U X)) = f(XUY). O

Lemma 5.1.14. f) = f°/{p}, where O is the zero vector and p is the element added in the

principal extension.

Proof. As p is not a loop of dom(f®) one can form this contraction and rk({p}) = 1. Now

the claim follows directly from the definition of contraction and truncation. O
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The valuated truncation is further studied in [94]. It is shown that this actually gives rise

to a valuation on all independent set such that this forms a generalized valuated matroid.

Lemma 5.1.15. Let G = (V,U; E) be a bipartite graph with weight function ¢ € R¥ and g be a
valuated matroid on U. Then ®(G, g,c) = ((...(g*) ... ) V) \ U, where ¢; € (RU {—o00}) is
the function c restricted to the edges incident with 1 € V extended with value —oo where it is not
defined. Furthermore, these principal extensions commute.

Proof. The claim follows by induction. We start with the bipartite graph G, = (U’, U; Ey)
where U’ is a copy of U, and E consists of edges (u/,u) between copies of elements.
Furthermore the weight function d, takes the value zero on all elements of Ej.

We inductively define G; = (V;,U; E;) where V; = U" U {1,...,i} by adding the node
i € V to G;_; with edges (i, u) for all u € U. Furthermore the weight function d, takes the
value of d;_, for all edges in F;_;, and the value ¢;, on the new edges (7, u). These graphs
are displayed in Figure 5.4. We claim that ®(G;, g,d;) = (... (g°)...)".

Note that for the base case, we have that (G, g, dy) = g, as all edges in G, have weight
Zero.

For the general case, consider ®(G;, ¢, d;) and let X be a d-subset of V; = U U{1,...,i}.
If i ¢ X, then ®(G;,9,d;)) = P®(Gi-1,9,d;—1) as the graphs G; and G;_; are the same
outside of node 7. If X = iU Y, then

®(Gy,9,d;)(X) = max ( Z di(k,v) +g(2)
(

kw)eP

Oy,(P)=X, 0u(P) = Z)

= max (c(i, u) + Z di(k,v) + g(Z' Uu)

(k)P

M(P) =Y, du(P) = Z’)

= ulenY/?i{Y (Ciw +P(Giz1,9,d;) (Y Uun)) .
Note that for u ¢ U, we define ¢;, = —00, therefore this maximum will only be achieved
for some u € U unless no matching P exists. This is precisely the principal extension of
®(Gi-1, g, d;i—1) with respect to ¢;. By the inductive hypothesis, this implies ®(G;, g, d;) =
(... (g%)...)".

The final observation is that G is obtained from the graph Gy by deleting the copy of U
that shares no edges with V. As they share no edges, deleting these nodes is equivalent to
deletion on the level of valuated matroids, therefore ®(G, g,c) = ®(Gy,g,dy) \ U.

Finally, we note that as elements of |/ share no edges, we can inductively build the
graph Gy by adding nodes in any order. On the level of valuated matroids, this implies

the principal extensions commute. O

Let V; and V; be the respective (not necessarily disjoint) ground sets for the valuated
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Figure 5.4: The inductive construction of graphs corresponding to principal extension
from Lemma 5.1.15.

Vi Va
v v
W
V=ViuV,

Figure 5.5: The graph G that induces the union f; V f,, as described before Lemma 5.1.16.

matroids f; and f; with ranks d; and d; and let V' = V; U V,. We define a bipartite graph
G =(V, ViUV, E) where one colour class is V' and the other colour class is the disjoint
union of copies of V; and V. The edge set E consists of edges (v, v) connecting a node
to any of its copies, all weighted zero by weight function ¢; in particular, a node of V" has
degree two if and only if it represents an element in V; N V5. This graph is displayed in

Figure 5.5.
Lemma 5.1.16. The union fy V fo can be written as an induction ®(G, f1 ® fo,¢).

Proof. Any matching M such that dy (M) = X corresponds to a decomposition X =
X,UX, where X; C V,. Therefore

O(G, fL ® fr,0)(X) :max{(fl@fg)(X) X, € (2) , Xo=X\X; € (:2)} ;

which is precisely the definition of f; V fs. ]

Proof of Theorem 5.1.12. Deletion, dualization and direct sum are all covered by [95, The-
orem 6.13], parts (6), (2) and (8) respectively. Lemma 5.1.13 implies closure under con-
traction. Lemma 5.1.16 and Remark 5.1.10 show matroid union and principal extension
are special cases of induction by networks, which valuated matroids are closed under via

Theorem 5.1.9. Finally, Lemma 5.1.14 implies closure under truncation. O
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Valuated
gammoids

S 2

R-induced VM | C | N-induced VM

Transversally VM C C R-minor VM

Figure 5.6: The inclusion relationship between classes of valuated matroids.

5.2 Classes of valuated matroids

In the following, we consider certain classes of valuated matroids that arise naturally in

combinatorial optimization.

(i) The class of transversally valuated matroids are those valuated matroids arising from

trivially valuated free matroids by induction via a bipartite graph.

(ii) The class of valuated gammoids are contractions of those valuated matroids arising

from trivially valuated free matroids by induction via a bipartite graph.

(iii) The class of R-induced valuated matroids are those valuated matroids arising from

trivially valuated matroids by induction via a bipartite graph.

(iv) The class of N-induced valuated matroids are those valuated matroids arising from

trivially valuated matroids by induction via a network.

(v) The class of R-minor valuated matroids are those valuated matroids arising as contrac-

tions of R-induced valuated matroids.

Transversally valuated matroids are essentially the layers of assignment valuations.
They were extensively studied in [47], which also considered the class of valuated strict
gammoids, a subclass of valuated gammoids.

The inclusion relationship between these classes is shown in Figure 5.6. These are laid

out in the following example and lemmas.

Example 5.2.1. Consider the valuated matroid on six elements of rank two that takes the value
—oo on {12,34,56}, and 0 on all other pairs of elements. This valuated matroid, referred to as
the “Snowflake”: in particular it is not a transversally valuated matroid as shown in [47, Example
3.10]. However, it is both a valuated gammoid and an R-induced valuated matroid, as given by the

representations in Figure 5.7.

Lemma 5.2.2. The class of valuated gammoids forms a strict subclass of R-minor valuated ma-

troids.
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Figure 5.7: Two representations of the Snowflake, defined in Example 5.2.1. The left is
a valuated gammoid representation, where the element 7 is contracted. The
right is an R-induced representation with induced matroid U, 3. All edges are
weighted zero.

Proof. Containment is given by Theorem 5.2.6. By [104, Lemma 1], valuated gammoids
are strictly base-orderable. However, any trivially valuated matroid that is not strictly base-

orderable is an R-induced valuated matroid, giving strict containment. O

Lemma 5.2.3. The class of R-induced valuated matroids forms a subclass of N-induced valuated
matroids and a subclass of R-minor valuated matroids. Furthermore, N-induced valuated matroids

form a subclass of R-minor valuated matroids.

Proof. The inclusion of R-induced within N-induced and R-minor are immediate from
definition. Furthermore, Lemma 5.1.11 shows how to represent an N-induced valuated

matroid as an R-minor valuated matroid. O

The strictness of the inclusion between N-induced valuated matroids and R-minor val-
uated matroids remains unresolved. While this is reminiscent of the strict inclusion of
transversal matroids within gammoids, the authors don’t have a proof at hand for the
valuated case. From an algorithmic point of view, it would be desirable for N-induced
valuated matroids to exhibit concise representations in the spirit of the small representa-
tion of gammoids in [83]; see [110, Section 39.4a] for more on transversal matroids and

their contractions, the gammoids.

Conjecture 5.2.4. Let N = (T, A) be a directed network with a weight function ¢ € RA. Let
V,U C T be two non-empty subsets of nodes of N. Let g be a valuated matroid on U of rank d.

Then there is a directed network N' containing U and V', and arc weights ¢’ such that ®(N, g, c) =
O(N', g,c) and such that |V (N')| is polynomial in |V'| and |U|.

Furthermore, N-induced valuated matroids form a strict subclass of R-minor valuated matroids.

As we show in Section 6.4, R-induced valuated matroids have a polynomial size rep-
resentation. However, the information-theoretic argument given does not extend to N-
induced and R-minor valuated matroids as it cannot control the size of the contracted set.

This suggests that several of the inclusions in Figure 5.6 should indeed be strict.
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5.2.1 Complete Classes

Definition 5.2.5 (Complete class). Let V be a subset of the set of valuated matroids. We call V a

complete class if it is closed under taking restriction, duals, direct sum and principal extension.
We extend several results in [19] from unvaluated to valuated matroids.

Theorem 5.2.6. A complete class of valuated matroids is closed under taking contraction, trunca-
tion, induction by bipartite graphs, induction by directed graph and valuated union.
Furthermore, valuated gammoids forms the smallest complete class. Hence, they are contained

in all complete classes.

Proof. The points follow from Lemma 5.1.13, Lemma 5.1.14, Lemma 5.1.15, Lemma 5.1.16
and Lemma 5.1.11.

A non-empty complete class must contain the free matroid on one element. By taking
iterated direct sum, this yields all free matroids. Then closure under induction by bipartite

graphs and minors yields valuated gammoids. O

5.3 R-minor valuated matroids

The classes of valuated matroids discussed in the beginning of this section arising from
induction through a network may only be induced by trivially valuated matroids. As
discussed in Example 5.1.3, a trivially valuated matroid g can be identified with its un-
derlying matroid M, where g(X) takes the value zero on bases of M and —oo otherwise.
Working with this underlying matroid shall be more convenient much of the time, there-
fore we extend the notation of Definition 5.1.8 to define ®(N, M, ¢) := ®(N, g, ¢).

Let f be an R-minor valuated matroid on V. By definition, there exists an R-induced
valuated matroid f on VUW such that f = f /W. By definition, there exists some bipartite
graph G = (VUW, U; E) with edge weights ¢ € R¥ and matroid M = (U, r) such that f =
®(G, M, c); we say f has an R-induced representation (G, M, ¢). As f = (G, M, ¢)/W, we
extend this notation to say that f has an R-minor representation (G, M, c, W), where W is
the set to be contracted.

In the following, we show that R-minor valuated matroids are closed under deletion,
principal extension, duality and direct sum, making them a complete class. In the follow-

ing we shall assume f is an R-minor matroid with representation (G, M, ¢, W) as above.

Lemma 5.3.1. For a subset X C V, let G\ X be the graph obtained from G by deleting the nodes
X and all edges adjacent. The deletion f \ X is represented by (G \ X, M, ¢, W).

Proof. This follows by the definition of deletion. O
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Figure 5.8: The network N constructed from a graph G inducing the principal extension
of a R-minor valuated matroid, as described before and within Lemma 5.3.2.

Letw € (RU{—oc})" and consider f*. Let V', W’ denote copies of V, W, and define a
network N = (T, A) on thenode set T = (V' UW' U {p}) U (VUW)UU, wherepisa
new node. The arc set A weighted by ¢’ € R4 consists of arcs (v/,v) with weight 0, where
v € VU W’ denotes the copy of v € V U W. We also add arcs (p, v) with weight w, for
allv € V, and arcs (v, u) for all edges E of G with weight inherited by c¢. The constructed
network N is displayed in Figure 5.8. This network can intuitively be thought of as the
“concatenation” of G with the graph from Remark 5.1.10.

Lemma 5.3.2. The principal extension f* arises as the contraction of ®(N, M,c) by W'. In

particular, it can be represented as an R-minor valuated matroid.

Proof. Consider a subset X C V U {p}, the principal extension f* is defined as

) = (FJI) () = {Iflaxvev\y <f(Y UvUW) + wv> X =Y U{p} |
fXuw) p¢X

We claim that ®(NV, M, ) (X' UW') = f*(X) for X’ C V' U {p}.

If p ¢ X', then the value of ®(N, M, )(X’ U W’) is simply the maximal independent
matching in G to X U W with no contribution from the zero edges, i.e. (N, M, ¢)(X') =
F(XUW). If X’ = Y' U {p}, then the value of ®(N, M, ¢)(X' U W) is the maximal
independent matching in G to Y Uv U W for some v € V' \ Y, plus w, picked up from the

arc (p,v), i.e.

/ ! N r
PN, M, N X UW') = nax. (f(YUvUW) +wv) ,
which is precisely the value of f*. Therefore f¥ = ®&(N,M.,d)/W'. Applying
Lemma 5.1.11, we can represent (N, M, ¢’) as an R-minor valuated matroid, and there-

fore also f*. O

Consider the dual valuated matroid f*, we claim it can be represented in the following
way. Let U’, V', W’ be copies of U, V, W respectively. Let G' = (UUVUW,U'UV'UW’ E")
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U

V w

Figure 5.9: Construction of R-minor representation for f*.

whose edge set £’ consists of edges
E' ={(v,v):0ve UUVUW}U{(u,v): (v,u) € E} .

The edge weights are given by ¢ € R¥ where ¢/(v,v') = 0 and ¢(u,v') = ¢(v,u). This
graph is displayed in Figure 5.9. We also use in our representation the matroid M’ =
M* @ frywr, the direct sum of the dual matroid M* = (U’, r*) and the free matroid on
ViuUw’.

Lemma 5.3.3. The dual {* is a R-minor valuated matroid.

Proof. Let f = f/W, then its dual is f* = (f/W)* = (f)* \ W by Lemma 5.1.13. As
R-minor valuated matroids are closed under deletion by Lemma 5.3.1, we are done if
we can show (f)* is an R-minor valuated matroid. We claim that (f)* is represented by
(G, M, U).

Fix some X C V, we shall compute ®(G’, M’, ¢')(X U U). First observe that v € X can
only be matched to v' € X’ with weight zero, and that there are no matroid constraints
on these edges. Therefore the rest of the matching is an independent matching from U to
(UUV"UW')\ X'. For any independent matching, Y C U matches to (V' U W’) \ X" if
and only if U’ \ Y’ is independent in M, which by matroid duality only occurs when Y

is independent in M. Therefore all independent matchings are of the form
{(w,v') : (v,u) € p} U{(v,0") s v € XU U\Y)}

where p is an independent matching in G from (V U W)\ X toY C U. As the weights of

these edges are either 0 or inherited from G, we have

O(G, M, )X UU) = f(VUW)\ X) = (/) (X),
implying that (f)* = ®(G’, M’, ') /U as claimed. As U, W are disjoint, contracting and /or
deleting them commute and so f* has the representation (G’ \ W, M’ ¢, U); the same

representation as (f)*, but with W deleted from G'. O
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Lemma 5.3.4. Let f, and f5 be two R-minor valuated matroids represented by (G1, My, c1, W)
and (Ga, Mo, co, Ws). Then fi @ f is represented by (G', My & My, ¢/, Wy U Ws), where G
and its weight function ¢’ arises by taking the union of the weighted graphs G and GS.

Proof. This just follows from the definitions. O
Theorem 5.3.5. The set of R-minor valuated matroids forms a complete class of valuated matroids.

Proof. This follows directly from Lemmas 5.3.1, 5.3.2, 5.3.3 and 5.3.4. O



6 Non R-minor valuated matroids

Our goal is to show that there are valuated matroids that are not R-minor. Recall that a

|4
d

bipartite graph G = (V U W, U; E) with edge weights ¢ € R¥, and a matroid M on U of
rank d + ||, such that: the value f(X) is the maximum weight of a matching in G whose
endpoints in V U W are X U W; and the endpoints in U form a basis in M.

In particular, we will show that none of the valuated matroids in F,, are not R-minor
(Theorem 1.3.3). We recall the definition of F,,.

function f : () — R is an R-minor valuated matroid valuated matroid if there exists a

Definition 1.3.2. For n > 2, we define F,, as the following family of functions ([QZ}) — R. Let
V = 2n|, P, = {2i — 1,2i} for i € n|, and let

H={P,UP;:ij=0 mod 2} (H-def)

i.e. we take pairs such that at least one of i, j is even. Let X* = P, U P, = {1,2,3,4}. A function
h: (%) = RU{—oc} isin the family F,, if and only if the following hold:

o N(X)=0ifX € () \H,
o h(X)<0ifX € H, and
o h(X™) is the unique largest nonzero value of the function.

The proof that functions in F,, are valuated matroids follows from simple case analysis
given in Appendix 6.3.1. We prove that no function in F,, arises as an R-induced minor
function in Section 6.3; the proof uses several lemmas on Rado representations of matroids
given in Section 6.1, and lemmas on the LP representation of R-minor valuated matroids

given in Section 6.2. An overview of this proof is given below.

A guide for the core proof

We now give an overview of a complex technical argument in Section 6.3 showing that

functions in F,, (Definition 1.3.2) are not R-minor. Recall that the domain of each of these

functions contains By := (Z) \ H. We reduce the study of the family to the combinatorial

structure and Rado representations of the matroids B, and the domain of the function. To

achieve this, we use a canonical linear programming formulation and the submodularity
113
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of the rank of the neighbourhood function arising in the bipartite graph of an R-minor
representation. Finally, we impose several extremality assumptions on a potential repre-
sentation which we exploit by applying local modifications. Now, we elaborate on these

steps.

The first main ingredient is the linear programming dual of the R-minor representation
(Section 6.2). Let h be a function of rank d on V' = [2n] represented by a bipartite graph
G = (VUW,U; E), matroid M = (U, r), and weights c € R¥, such that r(M) = |[W| + d.
(In our construction, d = 4.) The maximum weight independent matching problem of size
|W |+ d can be formulated as a linear program. The dual program has variables 7 € RV“"W
and 7 € RY that form a vertex cover, i.e. ; + 7; > ¢;; for every edge (i,j) € E. The
objective can be equivalently written as min7(V U W) + 7(7), where 7 is the Lovész-
extension of r, i.e., 7(7) is the maximum 7-weight of any basis.

Note that for h € F,, the maximum is 0 and the set of maximizers equals By. The
optimality criteria of the LP are as follows: let £, C E denote the tight edges (m;+7; = ¢;)
and M, the matroid formed by the maximum 7-weight bases. Then, for X C V with
| X| = 4, we have X € By if and only if W U X has an independent matching to a base in
M using edges in Fj only. We also let £* C E denote the union of all maximum weight
independent matchings. By complementary slackness, £* C E, for any dual optimal
solution.

A key proof strategy is to work with the purely combinatorial structure of Rado-minor
representations of two matroids: the one with bases B, and the larger one with bases B,
where By = dom(h) is the effective domain, i.e., where h(X) > —oo. For By, this means
that X € B, if and only if there is a matching between X U W and a basis of M using
edges from FEjy; for B, we use the matroid M and edge set E instead. Note that the edge
weights c are not used in these representations. We review the necessary concepts and

results in Section 6.1.

We fix n > 16, and prove by contradiction that no function in ~ € F,, can be rep-
resented. We carefully select a counterexample that satisfies certain minimality criteria.
Most importantly, we require that (a) B; is minimal; subject to this, that (b) the contracted
set |W| is minimal, and finally, that (c) |E \ E*| is minimal. From these, we can easily

deduce that one of two main cases (Lemma 6.3.4):

(CI) There exist a dual optimal solution (7, 7) such that £ = Ey U {(¢, j')} for an edge
(’i,,j/), MT = M, and Bl = BO U {X*}

(CIl) E = E* and M, # M for any dual optimal solution (7, 7).

Thus, in case (CI), all bases in M have the same 7-weight, and there is a single non-tight
edge. Further, h(X™) is the only finite value outside By. In contrast, in case (CII), all edges

are tight, but we need to work with two different matroids on U.
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We now explain the proof for the base case W = (), i.e., that h is not R-induced (Sec-
tion 6.3.3). (This can be alternatively proved by an information-theoretic argument as in
Section 6.4.) We show that case (CI) must apply. Otherwise, M, # M, in which case one
can show that B, is fully reducible, that is, it can be written as a full-rank matroid union of
smaller matroids (Lemma 6.1.8). In Lemma 6.3.7, we show that this is not the case for By,
exploiting the combinatorics of the pairs P, in the construction.

To complete the proof of the base case W = (), we note that the set X* = P, U P, does not
have an independent matching in £, but has one in E;, = Ey U {(¢, j')}. Hence, (7', j') is
incident to X*; say, ¢’ € P,. With an uncrossing argument using the submodularity of the
rank of the neighbourhood function, we show that (¢', j') should create an independent
matching also for another set X = P, U P, ¢ By. Since M = M. and this is the single
non-tight edge, it follows that 0 > h(Z) > h(X"*), a contradiction that 2(X*) is the unique

largest negative function value.

In Section 6.3.4 we analyze Rado-representation of robust matroids: a common gener-
alization of By and By U { X*}, sparse paving matroids with elements arranged in pairs
P,. It turns out that the structure of the pairs P; forces itself on the full representation; in
particular, for each pair F; there exists a unique largest ‘extension set” Z; C V' U W such
that Z; NV = P, and these are tight with respect to Rado’s condition. Moreover, the Z;’s
are pairwise disjoint, and and encode all relevant information of the robust matroid, B
or B;. The structural analysis is based on careful uncrossing arguments of the rank of the
neighbourhood function in the Rado-representation.

In Section 6.3.5, we apply this structure to first show that B; = By U {X*}, that is, in the
first selection criterion, dom(h) = Bj is as small as it can be. We also show that the sets Z
and Z!—obtained for each pair P; from the robust matroid analysis for B, and B;—are
closely related: Z? = Z! U Q) for a certain set (. Both cases (CI) (Section 6.3.6) and (CII)
(Section 6.3.7) can be derived by exposing the discrepancy between two near-identical

representations of two near-identical (yet different) matroids.

6.1 Rado representation of matroids

In this section, we specialize R-induced and R-minor representation to matroids without
valuation. This means that the bipartite graph has only zero weights and the starting
valuated matroid has only trivial valuation. Then the construction boils down to well-
known results in matroid theory. This allows us to deduce strong structural statements on

these representations in Section 6.1.1.

Definition 6.1.1 (Rado representation). Let G = (V,U; E) be a bipartite graph and M =
(U, rm) be a matroid. We define a matroid N on V' as follows. A set X C V is independent in N
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if there exists S C U such that there is a perfect matching in the subgraph induced by (X, S) and
S is independent in M. We say that (G, M) is Rado representation of N.

The following theorem verifies that this construction indeed defines a matroid, and

characterizes its rank function.

Theorem 6.1.2 (Rado’s theorem [107, 105]). Let N be as in Definition 6.1.1. Then N is a
matroid. Moreover, a set X C V is independent in N if and only if rp(T(Y)) > |Y| for all
Y C X. Ifaset X C Visacircuitin N, then ry(T'(Y)) = |Y] — L.

A more general representation can be obtained as minors of the above.

Definition 6.1.3 (Rado-minor representation). Let G = (V U W, U; E) be a bipartite graph
and M = (U,rn) be a matroid. We define a matroid N on V as follows. A set X C V is
independent in N if there exists S C U such that there is a perfect matching in the subgraph
induced by (X U W, S) and S is independent in M. We say that (G, M, W) is Rado-minor

representation of \V.

Proposition 6.1.4. Let N be as in Definition 6.1.3. Then N is a matroid. Moreover, X C V is
independent in N if and only if for all Z C X U W it holds r\(T'(Z)) > | Z|.

Proof. Consider G, W and M as in Definition 6.1.4. Then, let N be the matroid on V.U W
with Rado representation (G, M). It is easy to see that N can be obtained by contracting
W in N'. The proposition follows. O

Any matroid that has no independent sets other than the empty set is said to be an empty
matroid. We next introduce some basic matroidal notions, and present their properties
in the context of Rado representations. Note that definitions of matroid sum and matroid
union are specializations of the operation direct sum and valuated matroid union to trivially

valuated matroids, see Definition 5.1.6. We state them here for clarity.

Definition 6.1.5 (Matroid sum, Disconnected). Let Uy, ..., Uy be disjoint sets. For i € [k| let
B, be the bases of matroid M; on U;. We define the matroid sum M @ - - & My, as a matroid M
on U = UF_,U; with bases B = {U{_, B; : B; € By}. We say that a matroid M is disconnected
if and only if it is a matroid sum of at least two non-empty matroids. A matroid is connected if

it is not disconnected.

Definition 6.1.6 (Matroid union, Fully reducible). For i € [k] let B; be the bases of matroid
M, on U. We define the matroid union M, V --- V My, as a matroid M on U with bases
B ={Ut B;: B; € B}

We say that a matroid M is reducible if and only if it is a matroid union of at least two non-
empty matroids. Further, M is fully reducible, if M = MV ---V My, for non-empty matroids
My, .o My, k> 2,and r(M) = Z?Zl r(M;). Given the latter condition, this is a full-rank

matroid union [29].
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We will use the rank formula of matroid union, see e.g. [49, Theorem 13.3.1].

Theorem 6.1.7 (Edmonds and Fulkerson, 1965). Consider the matroid union M = MV --V
My, for matroids My, ..., My, k > 2 on the ground set U, and let r; denote the rank function of
the i-th matroid. Then for any X C U, the rank r(X) in M equals

=1

r(X) :min{ZTi(Z)+|X\Z|: ZQX} :

Consequently, if X is a circuit in M then Y¢_ r;(X) = | X| — 1.

Lemma 6.1.8. Let N be a matroid with a Rado-representation (G, M), where G = (V,U; E) and
M = (U,r). Assume that M = M@+ - - ® My, for matroids M; = (U, 1), and T(V)NU; # 0
for every component of M. Then, N is reducible. Further, if rar(V') = rpq(U), then N is fully

reducible.

Proof. Let N; be the matroid with Rado representation (G;, M;), where G; = (V,U;; E;)
and E; is the set of edges between V and U;. It follows from definitions that N’ = N; V
... Nj. By the assumption, I'(V) N U; # 0 for each component, hence each N is a non-

empty matroid. The second part is immediate. O

6.1.1 Uncrossing properties for Rado-minor representation

We now present some technical statements for Rado-minor representations that will be
used in the proof of Theorem 1.3.3. Consider a matroid N on ground set V' with Rado-
minor representation (G, M, W) where G = (VUW,U; E) and M = (U, r).
For a subset X of the ground set V of N, we say that Z C VUW isan X-setif ZNV = X.
For Z CVUW, let
p(2) = rl(2)) = 2]

For an X-set Z, we give lower bounds on p(Z) depending on the independence of X in
N. Throughout, we will use X, Y for subsets of V; and Z, I, J for subsets of VU W, i.e.,
X-sets for some X C V are denoted with letters 7, I, J.

Lemma 6.1.9. The function p : 2V°W' — 7 defined above is submodular. Let X C 'V and consider
any X-set Z.

(ind) If X is independent in N, then p(Z) > 0.

(cir) If X is a circuit in N, then p(Z) > —1. Moreover, in this case there is an X -set Z such
that p(Z) = —1.

(dep) If X is dependent in N and contains a basis, then p(Z) > r(N) — | X]|.
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Proof. Function p is the difference of a submodular function (I'(.)) and a modular func-
tion |.|, and thus submodular. (Function r(I'(.)) is submodular, see [105, Lemma 11.2.13].)

(ind) follows immediately from Proposition 6.1.4. Let us show (cir). Using previous, we
have p(Z\ {i}) > 0fori € ZNV. Since the marginal value of any element with respect to
pis at least —1, it follows that p(Z) > —1 by submodularity. As Z NV = X is dependent,
it must be the case that p(Z’) < 0 for some 2’ C VU W with Z’ NV = X. For such Z' we
have p(Z') = —1.

For (dep), let B C Z NV be a basis. Then, using the monotonicity of 7(I'(.)) we have

p(2) =r((2) = 2] = r(I(2)) = [BU(ZNW)[-[ZNV\ B
> r(I(BU(ZnW)))—|BU(ZNW)|—|ZnV\ B
= p(BU(ZNW))—|ZnV\B].

Using (ind) for the basis B and the fact that B has cardinality (/) yields
p(Z2) 20— ([Z2nV|=[B|) =rN) = |ZnV]. R

Lemma 6.1.10. If p(1) + p(J) = p(I U J) + p(I N J), then cl[['(I)] N cl[I'(J)] = cl[I'(1 N J)].

Proof. Asp(I)+p(J)=p(IUJ)+p(INJ),wehaver(T'(I))+r(T(J))=r(T(IUJ))+
r(T'(I NJ)). Then trivially,

r(c[T(D)]) +r(cdT(N)]) =r(d(TUJ)])+r(cdTINJ)]). (6.1)
On the other hand, we have

r(c[l(D)]) +r(cl(J)])

v

r(cl[D(D]UD(J)]) + r(cl[T()] Nell(J)])
> r(cd[C(I)UT(J)]) + r(cD(I)NT(J)])
> r(c[L(IUJ)])+r(dLINT)]).

The first inequality follows by submodularity of r. The second inequality follows
since r(cl[I'(1)] U cl[I'(J)]) = r(cl[I'(Z) UT(J)]) (the previous follows form cl| cl[I'()] U
cI'(J)]] = cl[I'({) UT'(J)] ) and since cl[I'() N T'(J)] € cl[I'({)] N cl[['(J)]. The third
inequality follows from I'(/) UT'(J) = I'({ U J) and since I'(I N J) C T'(1) N I'(J).

Thus, by (6.1), we have r(cl[I'(I)] N cl[I'(J)]) = r(cl['(Z N J)]). Now, cl[I'({ N J)]
is a closed set that is subset of closed set cl[I'(1)] N cl[I'(J)], and both cl[I'(/ N J)] and
cl[['(I)] Nel[I'(J)] have the same rank. Thus, cl[['(1)] N cl[['(J)] = cl[['(I N J)]. O

Throughout we shall refer to the following uncrossing lemmas liberally.
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Lemma 6.1.11 (Uncrossing I). For X,Y C Vet I,J C V UW be any X-set and any Y -set
respectively, and assume p(I) = p(J) = 0. If X UY is independent in N then,

p(INJ),p(IUuJ)=0.

In particular, if X =Y for an independent set X in N, and p(I) = 0 for some X-set I, then there

exists a unique largest maximal set I with p(I) = 0.

Proof. By submodularity, we have 0 = p(I)+p(J) > p(INJ)+p(IUJ). Trivially, I N J is
an (X NY)-setand I N Jisan (X UY)-set. Since both X NY and X UY are independent,
we have p(I N J), p(I UJ) > 0by Lemma 6.1.10. The first part follows.

By the first part the family of sets / that are X-sets with p(/) = 0 is is closed under
intersection and union. If this family is non-empty then there exists unique largest X-set
I with p(I) = 0. O

In other words, the above lemma states that the set of X-sets I where X is independent
in NV and with p-value 0 is a lattice over V' U W with respect to the union and intersection.
By the uncrossing lemma for X = Y = () and since p(0)) = 0, we have the following

corollary.
Corollary 6.1.12. There exists a unique largest set () C W such that p(Q) = 0.

Lemma 6.1.13 (Uncrossing II). Let X, Y C V be two different circuits in matroid N whose
union contains a basis. Consider an X-set I and a'Y-set J with p(I), p(J) = —1. Then, we have
p(INJ)=0and p(1UJ) = —-2.

Proof. Since IN.Jisa (X NY)-setand since XNY is an independent set we have p(/N.J) >
0. Since I U Jisa (X NY)-set and since X UY contains a basis we have p(/ U J) > —2.
By submodularity we get —2 = p(I) + p(J) > p(I N J) + p(L UJ) > 0 — 2. Hence, the
equalities p(I NJ) = 0and p(I U J) = —2 hold. O

6.1.2 Lovasz extension and the matroid of maximum weight bases

Definition 6.1.14 (Lovész extension). Let M = (U, r) be a matroid. The Lovasz-extension
7 : RY — R of the rank function r is defined for T € RY as the maximum T-weight of a basis of
M.

For a given 7 € RY, the value #(7) can be calculated by the following well-known
characterization, see e.g., [49, Theorem 5.5.5].

Lovész extension is often used more general for any submodular function, and in fact
can be used to characterize submodularity. Namely, Lovasz extension of a function is
convex if and only if the function is submodular. It is a basic building block for many

submodular optimization algorithms [90].
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Lemma 6.1.15. Let M = (U, r) be a matroid. For 7 € RY, the Lovész-extension 7(7) equals

) = (07, + 3 (U~ 7).

where we reordered U = {uy,usg,...,u,} such that 7,, > T,, > ... > 7, and U; =
{uy,...,u;} foralli € [n].

In this context, we say that S C U is a level set of 7if S =, S = U, or S = U; for some
i € [n] with 7, > 7,,,,. Thus, the level sets of 7 form a chain. Using these level sets we
can nicely capture all maximum weight bases in a matroid. The following lemma follows

from the greedy algorithm for finding maximum weight bases in a matroid.

Lemma 6.1.16. For a matroid M = (U,r)and 7 € RY, let ) = Sy € S} € So € ... S; C
Siy1 = U denote the level sets of T. Let us define the matroid
t+1
M. = @ (M‘s) /Se-1-

(=1

This is the matroid formed by the maximum T-weight bases of M. That is, a basis B in M

maximizes ), p 7; if and only if B is a basis in M.

6.2 Linear Programming representation of R-minor

functions

R-induced valuated matroids are defined via independent matchings. This can be natu-
rally captured by the following linear program.

Throughout this section, unless stated otherwise, f is an R-minor valuated matroid with
representation (G, M, ¢, W) given by a bipartite graph G = (V U W, U; E), edge weights
c € RE and a matroid M = (U, 7).

Lemma 6.2.1. For X C V, f(X) is the objective value of the linear program

max Z(i,j)eE CijTij

s.t.: ZjGU Tij = ]liGXUW VieVUW
ZieVuW,jeS zi; < r(S) VS cuU (6.2)
Yievuwjev Tij = T(U)
xi; >0 Vie VUW,VjeU.

Here, 1;c is the indicator function of the set Z, taking value 1 if i € Z and O otherwise.
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Proof. The formulation clearly gives a relaxation of the integer program defining the value
of f(X). Using the total-dual integrality of polymatroid intersection, see [110, Theorem
46.1 and Corollary 41.12b], the existence of an integer optimal solution = € Z is guaran-
teed; see the proof of Lemma 6.2.2 for more detail. By the first set of constraints and since
Yoiev ij <r({j}) < 1lforall j € U,itis clear that z = x,, for a matching ;.. Moreover, it
holds dyuw (1) = X U W and 0y () is a basis in M. The lemma follows. O

We next characterize the set of maximizers of an R-minor valuated matroid.
Lemma 6.2.2. Let B be the set of maximizers of f. Then B corresponds to the set of integral

optimal solutions of

max Z(m)eE Cij%ij
s.t.: ZjeU Tij S 1 VieV
ZjeU ZEZ']‘ =1 VZ c W

(6.3)
Y ievuwjes Tij <r(S) VS CU
Yievowev Tij = 7(U)
x5 >0 VieVUW,VjeU.
The dual of (6.3) is then
min  7(V) +7(W) +7(7)
st: m+T>cj V(,j)€E
>0 YieV (6.4)
m —free VieW
T — free.

Above, T is the Lovdsz extension of the matroid rank function r. Let Ey = {(i,j) € E : m; +
T; = c¢;;} denote the set of tight edges, and Gy = (V U W, U; Ey) the tight subgraph. Let
0 =5yC S C Sy C...5 C Siy1 = U be the level sets of T in U, and denote with M., the
matroid of maximum weight bases. Let N be the matroid on VUW with bases {BUW : B € B}.
Then, (Go, M) is a Rado representation of N'. We have m; = 0 for all i € V' for which there is a
maximizer set X € Bwithi ¢ X.

Further, the optimal solution (7, ) can be chosen with the following additional properties:
e Every level set Sy, { € [t + 1] is a flat in M.
e Foreveryl € [t + 1], (Se\ Si—1) NTg, (V) # 0.

Proof. Observe that the problem is a special case of matroid intersection. We can define
two matroids on the edge set £': a partition matroid enforcing that only one edge can be

selected incident to every node in V' U W, and a second matroid enforcing that the set of
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endpoints in U must be independent in M; this can be obtained from M by replacing
every node u € U by parallel copies corresponding to the edges incident to u. By the
integrality of polymatroid intersection [110, Theorem 46.1 and Corollary 41.12b], the set
arg max{ f(X) : X C V'} corresponds to the set of integral solutions of (6.3).

The dual LP formulation can be easily derived from Frank’s weight splitting theorem
[49, Theorem 13.2.4], interpreted in this bipartite setting. The Rado representation of N/
and the condition on the 7; = 0 values follow by complementary slackness.

Let us now show that the additional properties can be ensured. Consider the smallest
level set S, that is not a flat. Thus, Sy = {i € U : 7; > A} for some \ € R. Let us increase
7; to A for every j € cl(Sy) \ Se. By definition of the Lovasz extension, this does not
change the value 7(7); and since we only increase 7, the solution remains feasible. After
the change, cl(S) replaces S, as a level set. Thus, after at most |U| such changes, we can
guarantee that all level sets are flats.

We show that this also implies the final property, i.e. that for every i € [t + 1], there
exists a tight edge (i, j) € Eo with j € Sy \ S,—;. Indeed, if no such edge exists, then we
can decrease 7; by some positive ¢ > 0 for every k € Sy \ Sy_1 such that (7, 7) remains
feasible, and Sy remains a level set, i.e. 7, > 7 for any k € Sy, k' € Spy1. This decreases

7(7) by € (r(S¢) — r(Se—1)) > 0, a contradiction to optimality. O

Note that as an immediate corollary, the set of maximizers B is a matroid with Rado-

minor representation (Go, M., W).

Lemma 6.2.3. Let f be an R-induced represented by (G, M, c) and B be the set of maximizers
of f. Consider a dual optimal solution (m,T) as in Lemma 6.2.2. If 7, % 7; for some i, j € U, then
the matroid on V defined by the bases B is fully reducible.

Proof. By Lemma 6.2.2, (V,U; E,) and M gives a Rado representation of the matroid with
bases B (since W = (). For the flats Sy, M, is the direct sum of the matroids (./\/l ‘ Se) /Se_1

(Lemma 6.1.16). Since all level sets .S, are flats, each matroid <./\/l { S@) /Si—1 is non-empty.
If there are more than two terms, then Lemma 6.1.8 implies that B corresponds to a fully
reducible matroid. Otherwise, the only flats can be Sy = () and S; = U; consequently, 7; is
the same forall z € U. [

6.3 R-minor functions do not cover valuated matroids

In this section we prove that no function in F,, arises as R-minor valuated matroid, that is,
we prove Theorem 1.3.3. Recall that F,, (Definition 1.3.2) is a family of valuated matroids
defined over ground set V' = [2n], and using pairs P, = {2i —1,2i} for i € [n]. We let H be
the set of pairs such that at least one of 7, j is even and we let X* = P, U P, = {1,2,3,4}.
A function h : (%) — R U {—o0} is in F,, if and only if the following hold:



Husié E. Nash Welfare, Valauted Matroids, and Gross Substitutes.
6.3. R-MINOR FUNCTIONS DO NOT COVER VALUATED MATROIDS 123

e h(X)=0if X € () \H,
o h(X)<0if X € H,and
e h(X™) is the unique largest nonzero value of the function.

First, we prove that all functions in F,, are valuated matroids. Then we proceed to the
main proof that no function in ¥, is a an R-minor valuated matroid. This is proved by

showing that a carefully chosen minimal counterexample does not exist.

6.3.1 All functions in /,, are valuated matroids
Lemma 6.3.1. Let By = (Z) \'H and By = dom(h). Then By and B, are sparse paving matroids.

Proof. Let J be the Johnson graph with nodes (';) with edges (X,Y") if and only if | X N
Y| = 3. By [12, Lemma 8], a set system U forms an independent set of .J if and only if (Z) \
U forms the bases of a sparse paving matroid. As elements of H can intersect in at most
two elements, they form an independent set of J and so B is a sparse paving matroid. As

B, is obtained by removing elements of H, it is also a sparse paving matroid. O
Lemma 6.3.2. For every n > 2, all functions in F,, are valuated matroids.
Proof. Required to show each h € F,, satisfies (1.1b). We consider three cases:

o Let X,Y € Byand i € X \ Y. By Lemma 6.3.1, the basis exchange axiom holds
within By. Therefore we can find j € Y \ i such that X \ ¢ U j,Y Ui\ j are both in
B, taking the value zero and satisfying (1.1b).

o Let X € B,,Y € H without loss of generality. If there exists j € Y \ X such that
X \iUyj € By, thenY Ui\ jisalsoin By and we satisfy (1.1b). If such a j does not
exist, there cannot be distinct j;, jo € Y\ X, else X \iUj;, X \ iUy are both elements
of H and have intersection of cardinality 3, something elements of H cannot have.
Therefore Y = X \ i U j and so (1.1b) is satisfied with equality.

e let XY € Handi € X \ Y. As elements of H can intersect in at most two ele-
ments, picking any j € Y \ X to exchange yields two sets in B, with value zero,
satisfying (1.1b). ]

Remark 6.3.3. We can extend the above construction of the valuated matroid h to any sparse
paving matroid B, where H = (Z) \ B is the set of circuits of rank 4. The proof of Lemma 6.3.2
generalizes as it only uses the property that elements of H cannot intersect in three elements, as
stated in [106, Lemma 19].
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6.3.2 A minimal counterexample

Let us fix a value n > 16. For a contradiction, let us assume there exists a valuated
matroid h € F,, that is R-minor arising via a bipartite graph G = (V U W, U; E), matroid
M = (U, r), and weights c € RF. Define

By = (Z) \H, Bj:=dom(h).

By Lemma 6.3.1 both B, and B; are (sparse) paving matroids. From the definition of F,,,
we have By U {X*} C By. Define

E*={(i,j) : (i,7) € u for some independent matching with ¢(y) = 0}
as the union of all maximum weight independent matchings in G.

Selection criteria for h. Let us select a valuated matroid h € F,, that admits an R-minor

representation (G, M, ¢, W) according to the following criteria:

(S1) The function h has minimal effective domain, that is, | B | is minimal.
(S2) Subject to this, || is minimal.
(S3) Subject to this, |E'\ £*| is minimal.

Note that (S1) only depends on h, whereas (S2) and (S3) on also on the representation.
We will refer to this choice as the minimal counterexample. This choice is well-defined,
since all criteria minimize over non-negative integers. For (51), note that the extreme case

is By = By U {X*}; a key step in the proof is to show that this must always be the case.

Dual solutions and the two main cases We will also select an optimal dual solution
(7, 7) to (6.4) in Lemma 6.2.2. Let us introduce some notation; the choice of the particular
solution will be specified in Lemma 6.3.4.

Let Ey = {(i,j) € E : m + 7; = ¢;;} denote the set of tight edges. By complementarity,
E* C Ey must hold for any optimal dual (7, 7). Recall that M, denotes the matroid of
the maximum 7-weight bases as in Lemma 6.1.16. The bipartite graph G = (V U W, U; E)
and matroid M = (U,r) and W give a Rado-minor representation of B;, while Gy =
(VUW,U; Ey) and M, = (U, r,) and W give a Rado-minor representation of By.

For Z C VUW, weletI'(Z) and I'y(Z) denote the set of neighbours of Z in U in the
edge sets I/ and £, respectively. Furthermore, for Z C V U W we define

po(Z) = r-(I'o(2)) =121,
p(Z) = r(l(2)) -1Z].
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Note that p1(Z) > po(Z) for every Z C V U W. Finally, let )y denote the unique largest
subset of W with po(Qy) = 0 as in Corollary 6.1.12.

Further, for every X € B, select a maximum weight independent matching p* with
Ovuw (u™) = X UW; let L be the set of all these matchings.

Lemma 6.3.4. The minimal counterexample can be selected to satisfy one of the following proper-
ties:

(CI) We can choose dual optimal solution (m, T) such that E = EyU{(¢, j')} for an edge (7', j")
wherei' € X*UW, M, = M,and By = By U {X*}.

(Cll) E = Ey = E* and M. # M for any dual optimal (7, 7).

Intuitively, the above lemma states that the difference between Rado-minor representa-
tions of By and B, is either in the edge set only, or in the matroid on U only. In case (CII)

we can select an arbitrary (7, 7); in case (CI) we will use the dual asserted in the lemma.

Proof of Lemma 6.3.4. Let u*~ € L denote a maximum weight independent matching cov-
ering X* U V. First, we show that I/ = E* U MX " Indeed, removing an edge in £\ (E* U
pX") does not affect h(X) for X € ByU{X*} as all matchings ;¥ for X € B, lie in E*. For
any other set, h(.X') may decrease (possibly to —oco); but this would yield another function
in F,, that is the same or better on criterion (51), the same on (52), and strictly better on
(S3). Hence, E = E* U u*".

Now, assume that £\ E* = X"\ E* # (). Let (¢, j') be an arbitrary edge in u*" \ E*,

ie. i € X* UW. We start increasing c to ¢’ for ¢ > 0 as follows

cij + ¢ for (i,7) = (¢, j')
Cij =
Cij otherwise.

Pick the largest € > 0 such that the maximum weight of an independent matching in G,

M, cremains 0, i.e., such that the optimum value of the LP (6.3) does not change.

Claim 6.3.5. ¢ = —h(X™).

Proof. Suppose that ¢ < —h(X*). By definition of F,, we have stopped increasing ¢ as
the edge (¢, j/) has now entered E* and increasing the value further would increase the

optimal value via a set X € By. This is a contradiction on (S3). O

Next, we note that By U { X*} is the set of maximizers of LP (6.3) under the increased
weights ¢’. Indeed, by the choice of ¢ all previous maximizers B, remain maximizers and

now 1~ achieves the same value thereby becoming a maximizer as well. Moreover, for
X € H\ {X*},wehave /(™) < c(uX) +e < c(u®) +e=0.
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Let us pick an optimal dual solution (7, 7) to (6.4) under ¢. Recall that £ = E* U X
and therefore all edges E are tight with respect to ¢’. Since ¢’ > ¢ and the optimum value
is the same for the two cost functions, it follows that (7, 7) is also optimal to (6.4) with the
original weights c.

Since ¢ and ¢ differ only on (7', j'), all edges E \ {(¢, j')} are tight under (m,7) for ¢;
thus, Ey = E\ {(¢,7)}.

As Oy (") is a maximum 7-weight basis in M, it follows that we can replace M by
M. This is because all % € L for X € By U {X*} remain independent matchings.
The function value h(X) might decrease for X ¢ By U {X*}, but this may only lead to
improvement in (51), or otherwise we get another solution that is equally good on the
selection criteria.

It is left to show By = B, U {X*}. Take any X € B;. Since every basis in M has
maximum 7-weight, the value of ¢(u) is the optimum minus the sum of the slack values
on the edges, that is, h(X) = c(u™) = — > (i.jyen ™ + 7j — cij). Since (¢, j') is the only
edge with positive slack, this means that 2(X) = 0 if (¢/,j') ¢ p* and h(X) = h(X*)
if (', ') € pX. Since X* is the unique set with the largest negative function value, this
implies By = By U {X*}.

Finally assume £ = E* . Then, u*° C E* C Ey. Thus, dy(u) cannot be independent
in M., as otherwise h(X*) = 0 would follow by complementary slackness. Hence, M #
M, giving case (CII). O

Lemma 6.3.6. In the minimal representation for each Z C W, Z # () it holds p1(Z) > 0.

Proof. For a contradiction let Z C W be a non-empty set with p;(Z) > 1. LetT =
cl(I'(Z)). Since r(1T') = | Z|, for every independent matching /i, we must have |0y (u)NT'| =
r(T"). This implies that the weight of the edges covering Z must be the same value ¢ for
any independent matching. This follows since for any two independent matchings y, 1/,
we can replace by the set of edges covering Z in ;1 by the set of edges covering Z in 1 and
obtain another independent matching covering Z U X.

Let M’ denote the contraction of T in U, and U’ = U \ T. Then, we obtain a smaller
R-minor representation by restricting to W’ = W \ Z, and using M’ on U’. Moreover, we
define the new weight function on the edges as ¢/(i,j) = (i, j) + d/r(M) for each edge
(1,7) withi € (VUW)\ Zand j € U\ T to obtain the same h(X) values. This contradicts
criterion (S2) whenever Z # (). O

6.3.3 h is not R-induced

We start by showing that W = () is not possible; in other words, h cannot have an R-
induced representation. (An alternative proof is given in Section 6.4.) We start with a

structural claim on B,.
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Lemma 6.3.7. The matroid on [2n] defined by bases By is not fully reducible for n > 10.

Proof. For a contradiction, assume B is obtained as the union of two matroids M; and
M on V' = [2n] with rank functions r; and 7, such that r1 (V') +72(V) = 4; let 7(.) denote
the rank function of By. W.l.o.g. 71 (V) < ro(V'). We distinguish two cases.

CaseL:r (V) =1,m(V)=3. LetT ={v e V:r({v}) =0} denote the set of loops in
M. We claim that 7" may intersect at most three different pairs F;. Indeed, every X C V
with | X| = 4 intersects four different pairs is in By, and therefore X C T cannot be the
case. Let us select four pairs P;, P;, P, P, that do not intersect 7', ¢ and j are odd, &k
and ¢ are even; such selection is possible for n > 10. Since P, U P; € By, we must have
ro( P, U P;) = 3; wlo.g. assume r5(F;) = 2.

Consider P, U Py, and recall that it forms a circuit in M. By Theorem 6.1.7, (P, U Py) +
ro( P, U Py) = 3, implying ro(P; U P;) = 2. Similarly, 7o(P; U ;) = 2. By submodularity,
we have (P, U Py U P;) = 2, and thus r(P, U P, U P;) = 3, a contradiction as the union

of any three pairs contains a basis.

CaseIL: (V) = (V) = 2. Note that there can be at most one pair P, such thatr,(FP;) =
0, and at most one pair Py with r(Py) = 0. Otherwise, if there existed P,, P, such that
r1(P,) = r1(P) = 0, then ry (P, U B,) = 0, contradicting that the union of any two pairs
has rank at least 3 in B,.

Let us select P;, P;, P, P, such that 7 is even, j, k, and ¢ are odd, and all these pairs
have rank > 1 in both matroids; again such sets can be selected for n > 10. Since P; U P;
is a circuit, 7 (P; U P;) 4+ ro(P; U P;) = 3. Similarly, r(P; U P;) + r2(P; U P;) = 3 and
(P U Py) 4+ ro(P, U Py) = 3. Wlo.g. (P, U Pj) = r (P U P;) = 1. By the assumption
r1(P;) > 1, submodularity gives 1 (P; U P; U P,) = 1. This again contradicts the fact that
r(P,UP;UP,) =4 O

Lemma 6.3.8. If W = (), then we must have m = 0 and 7 = 0 for the optimal dual (7, 7) in (6.4).

Proof. By definition of I € F,,, the optimum value of the LP (6.3) is 0. Since for any i € V'
thereis an X € Bj not containing i, it follows that 7; = 0 for all« € V. From Lemma 6.2.3,
it follows that 7; has the same value for all ¢ € U; let o be this common value. Then,
the objective value of the dual program (6.4) is 0 = a - r(M). Consequently, & = 0, and
therefore 7 = 0. O

Therefore M, = M, implying case (CI) of Lemma 6.3.4: £ = Ey U {(i*,j*)} and B, =
By U {X*}. The rest of the analysis is covered by the argument in Section 6.3.6 for (CI).
We include a simpler direct proof that also illustrates some key ideas of the more complex

subsequent arguments.
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Let ¢ € {1,2} such that i* € P,. We note that the cases / = 1 and ¢ = 2 are not

symmetric, because of different parity.
Claim 6.3.9. We have r(I'(P;)) = 3.

Proof of Claim. Note first that j* ¢ cl[['o(X™*)] as otherwise there is no independent match-
ing X" covering X*. Trivially j* & cl[['((/%)]. Since P, is a subset of a basis in By we have
HA[To(P))]) > 2. Thus, r(I(F)) = r(To(P) U {5*}) = r(cl[To(P))] U 7)) > 3.

For any i € [n] it holds r(I'(P;)) > r(I'o(F;)) > 2 since each P, is a subset of a basis in
By; and it particular for i = 4. Recall that P, U P, € H \ {X"*},ie., P, UP, & By U X*.
Thus we have r(I'(P)) < 3 as otherwise there is an independent matching "™ € L.

The claim follows. u
Proposition 6.3.10. h is not an R-induced valuated matroid.

Proof. Let X, Y € H \ {X*} be two sets whose intersection is P,. If / = 1, we can select
X=PUP ={1,2,7,8} and Y = P, U F; = {1,2,11,12}, and if / = 2, we can select
X,Y € H\ {X*}intersecting in P, suchas X = P,UP; = {3,4,5,6} and Y = P,UP, =
{3,4,7,8}.

Let X, Y € H \ {X*} be two sets whose intersection is P,. If { = 1, we can select
X ={1,2,7,8} and Y = {1,2,11,12}, and if ¢ = 2, we can select X,Y € H \ {X*}
intersecting in P, suchas X = {3,4,5,6} and Y = {3,4,7,8}.

Since h(X),h(Y) = —oco by B; = By U {X*}, there is no independent matching in F
covering X or Y. By Theorem 6.1.2, we have r(I'(X)) = r(I'(Y")) = 3. By Claim 6.3.9, it
follows that I'(X), I'(Y) C cl(I'(#,)). This further implies that r(I'( X UY)) < r(I'(F)) =
3, a contradiction since X U Y contains a set in B. (For ¢ = 1, one such setis {1,2,7,11},
and for ¢ = 2, we can select {3,4,5,7}.) O

6.3.4 Robust matroids and their Rado-minor representations

In this section we study some additional properties of Rado-minor representations of the
matroid B,. We formulate the properties more generally, so that we can also use them
whenever B; = By U {X*}. This always holds in case (CI), and we will later show that it

must also be true in case (CII).

Definition 6.3.11 (Robust matroid). Let V' = [2n], and let P; = {2i — 1,2i} for i € [n|; these
are called pairs. We define a matroid by its set of bases B C (') and let H = (') \ B. We say that

B forms the bases of a robust matroid if
(D1) Every circuit in ‘H is the union of two pairs P; U P,

(D2) Consider a graph ([n|, H) where {i,j} € H if and only if P, U P; € H. Then, we can
partition [n] into two sets S and K such that |S| > 2, K is a clique in H with |K| > 3,
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Figure 6.1: The graph H of a robust matroid defined in (D2).

and every node in S is adjacent to every node in K. Moreover, for each i € S thereis j € S

such that i is non-adjacent to j in H. (A schematic view of H is given in Figure 6.1.)
Note that this defines a sparse paving matroid.
Lemma 6.3.12. Both By and By U { X*} are robust matroids for n > 8.

Proof. The first property is immediate. For (D2), in By (respectively By U { X *}), it suffices
to choose K as the set of even indices (respectively the set of even indices different from
2). In both cases, S = [n] \ K. O

Let B be a robust matroid on V. Consider a Rado-minor representation (G, M) with
bipartite graph G = (V U W,U; E) and M = (U,r). We now derive strong structural
properties for such a representation of the matroid B.

Recall that for Z C VU W, p(Z) = r(I'(Z)) — |Z|. In the following proofs, we make
heavy use Lemma 6.1.9. Note that the rank of a robust matroid is 4. Thus, in this section
we use the following assumption. Recall that () is the unique maximal subset of IV such
that p(Q) = 0 by Corollary 6.1.12.

Lemma 6.3.13. For each pair Py, there exists a unique largest Py-set Zy, with p(Zy) = 0; and
Q C Z.

Proof. Let k € [n]. By (D2), there exists different indices 7, j € [n] \ {k} such that P, U P;
and P,U P, are circuits in M. By (cir), there exists a (P, U Fy)-set I and a (P;U Py )-set J with
p(I) = p(J) = —1. By the second uncrossing lemma, / N .J is a Py-set with p(I N J) = 0.
This shows existence of a P;-set with p-value 0. The existence of a unique largest such set
follows by the first uncrossing lemma by choosing X =Y = P}, there.

To see that @ C Z, we apply the first uncrossing lemma for X = (), = W, and
Y = Py, J = Z;.. Namely, Q N Zj, is ()-set and Q U Zj is Py-set. Thus, p(Q U Z;) = 0 and
QC Zy. m

Let us interpret the above lemma. It states that for any pair P, there exists unique largest
set Zj, containing exactly P in V' with p(Z;) = 0. Having p(Z;) = 0 means that any
independent matching  in the Rado-minor representation with dyuw (1) = P, UW, must
match the nodes in Zj, to cl[I'(Z;)] and no other node is matched to a node in cl[['(Z;)].
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Next we describe how the sets Z, given by Lemma 6.3.13, interact with each other.
Lemma 6.3.14. Foranyi,j € [n], i # j, we have
o IfP,UP; € Bthen p(Z; U Z;) = (;
o if P,UP; € Hthen p(Z; U Z;) = —1.
e Foralli,j € [n],i# jwehave Z; N Z; = Q and cl[I'(Z;)] N cl[['(Z;)] = cl[I'(Q)].

Proof. First, we show the lemma for pairs P; and P; such that P, U P, is a basis in B. We
have that Z;NZ; is 0-setand Z;UZ; is (P,UP;)-set. By the first uncrossing lemma, as P,UP;
is an independent set, we have p(Z;NZ;), p(Z;UZ;) = 0. By the maximality of () and since
Q C Z;,Z;, we have Z; N Z; = (). Finally, Lemma 6.1.10 implies cl(I'(Z;)) N cl(I'(Z;)) =
cl(I'(Wy)). This proves the lemma for i, j € [n| with P,U P; € B.

For the rest of the proof consider pairs P; and P; such that P, U P; is a circuit in H.
We show that p(Z; U Z;) = —1. By (cir), there is a (P, U P;)-set A with p(A) = —1. Let
k € K\{i,j} be such that P, U P, and P; U Py, are circuits H; such k is guaranteed by (D2).
Again by (cir), there exista (P;U Py )-set I and a (P;UFy)-set J such that p(I) = p(J) = —1.
By the second uncrossing lemma, we have p({/ U J) = —2.

Using p(A) = —1land p(I U J) = —2, we uncross A and [ U J:

—3=p(A)+p(IUJ)>p(ANTUJ))+p(AUTUJ) > —-1—-2,

by (cir) and (dep), since C' = AN(IUJ)isa (P,UP;)-setand AUIUJ is a (P;UP;UPy)-set.
Thus, p(C') = —1. We can write C' = (AN 1)U (AN J). By the maximality of Z; and Z;
wehave ANT C Z;, AN J C Z;. Consequently, C C Z; U Z;. Finally, we uncross C' with
Z; (resp. with Z;), and then uncross C' U Z; and C' U Z; to see that p(Z; U Z;) = —1.

Next, we show that Z; N Z; = Q. For a contradiction, assume there exists w € Z; N Z; \
Q) C W. Consider k € K'\{i,j} asbefore, ie., k € K\{i,;} suchthat {7, j, k} is a triangle
in graph H. By the second uncrossing lemma for I = Z; U Z, and J = Z; U Z, we see
that p(/ N J) = 0. Since Z; C I N J and Zj is the largest Py-set with p(Z,) = 0, it follows
that I N J = Z;. Consequently, Z; N Z; C Zand w € Z; forall k € K.

Let k, k' € K, and consider any ¢ € S. These three indices again from a triangle in the
graph ([n], H). By the same argument as in the previous paragraph, we conclude w € Z,
for all / € S. Hence, w € Z, for all ¢ € [n]. This is contradiction as we have already
showed that Z, N Z, = () whenever P, U P, is a basis in B.

Finally, we show that cl[['(Z;)] N cl[I'(Z;)] = cl[['(Q)]. Similarly to the previous argu-
ment, we assume for the contradiction that there exists u € cl[I'(Z;)] Ncl[I'(Z;)] \ cl[I'(Q)].
Again, by the second uncrossing lemma for I = Z,UZ;, and J = Z;UZ;, wehave p(INJ) =
0and I NJ = Z;. Moreover, it holds p(I) + p(J) = p(I N J) + p(I U J). Lemma 6.1.10
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implies that cl[I'(I)] N cl[I'(J)] = cl[['(Z)]; consequently, cl[I'(Z;)] N cl[I'(Z;)] C cl[I'(Zy)].
As before, this implies that u € cl[['(Z,)] for all ¢ € [n]. This is contradiction as we have
already shown that cl[['(Z,)] N cl[['(Z;)] = cl[I'(Q)] whenever P, U B, isabasisin B. [J

Lemma 6.3.15. We have p(Uj_, Z;) = 4 —2n and and p(Uicp)\ ;3 Zi) = 2—2n for every j € [n)].

Proof. We rely on the following two claims.

Claim 6.3.16. Consider three different indices i, j, k € [n| such that at least two out of {1, 5}, {i, k},
and {j, k} are edges in H. Then, p(Z; U Z; U Z;,) = —2.

Proof of Claim. Consider the pairs P;, P;, and P, with indices as in the claim. Without loss
of generality assume that {i, k}, {j, k} are edges in H. Thus, P,U P, and P;U P, are circuits
in ‘H. Then, we have p(Z; U Z;) = p(Z; U Z};) = —1 by the second part of Lemma 6.3.14.

Let us uncross these two sets. By submodularity and Lemma 6.1.9, we have

Hence, p(Z; U Z; U Z},) = —2. [ |

Claim 6.3.17. Let L C [n] such that |L N K| > 3 and L NS contains two non-adjacent indices i
and j. (Recall that K and S are the sets given by (D2).) Then, p(U;er Z;) = 4 — 2|L)|.

Proof of Claim. As {i,j} ¢ H then P, U P; € B and thus p(Z; U Z;) = 0 by the first part
of Lemma 6.3.14. Consider any index k£ € K. By Claim 6.3.16, p(Z, U Z; U Z;) = —2.
Therefore, adding 7). to Z; U Z; decreases the p value by 2. In other words, for any k € K

we have

By submodularity, adding ¢ different sets Z;, with k € K to Z; U Z; decreases p by at
least 2¢. We proceed to prove a similar statement for sets Z;, with k € S.

Next, consider three different indices a,b,c € KNL. LetY = Z,UZ,UZ.. We then have,
p(YUZ;UZ;) <4—2-5. By Claim 6.3.16, we have p(Y) = —2. By Lemma 6.1.9 (dep), we
also have p(Y U Z; U Z;) > 4 —2 -5 and consequently p(Y U Z; U Z;) =4 — 2 - 5. (Which
proves the claim if L = {a, b, ¢, i,j}.) Similarly, p(Y U Z;) =4 — 2 - 4.

Rearranging the above we conclude that whenever {i, j} ¢ H, we have

In other words, adding Z; U Z; to Y leads to a decrease of 4 in the p value. By
Lemma 6.1.9 (dep) we also have p(Y U Z;)) > 4—-2-4 = —4,and p(Y U Z; U Z;) >
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4 — 2.5 = —6. Combining it with the previous paragraph, we have A,(Z;|Y’) > —2, and
A,(Z;|Y U Z;) > —2. Using (6.6) and submodularity we conclude that the inequalities
hold with equality. That is, we have

A (Zi]Y) = —2 6.7)

for every i such that {i,j} ¢ H for some j € S, ie., by (D2), for every i € S. By sub-

modularity, adding ¢ different sets Z; with ¢ € S to Y decreases the p value by at least
2.4

Thus, for our set L, by submodularity and combing (6.5) and (6.7) we have p(U;er Z;) <

4 — 2 |L|. The equality holds by Lemma 6.1.9 (dep). |

O

The lemma follows by applying the last claim for L = [n] and L = [n] \ {i}.

6.3.5 Bounding the support of /

Since B is always a robust matroid, we can use the results in the previous section for
B = By. Let Z? denote the Z;-sets, and Q) the unique largest subset of Wwith py(Q) = 0.

Our first goal is to show Lemma 6.3.20 below, namely, that in both case (CI) and (CII),
we have that dom(h) = By = By U (X*). Thus, we get the smallest possible size according
to the main selection criterion (S1). This will enable us to also use the robust matroid

analysis on B = B;. The proof will rely on the following ‘compression” of the matroid M.

Compressing M We replace M on U by the following matroid M: a set T' € (|WI|JJr ,) is

a basis in M if and only if there is a matching in E between T  and a basis in
B:={XUW:XcBU{X"}}.

These sets T' form the bases of a matroid by Rado’s theorem. Since h(X) is finite for all
X € By U {X*}, this will be a submatroid of M, i.e., all bases of M are bases in M. Let
h(X) be the function corresponding to the modified representation (G, M, ¢, W). Clearly,
h(X) = h(X) for every X € By U{X*} and h(X) < h(X) otherwise. As h has the same
or better criteria (S1)-(S3) than h, we assume that » = h and M = M.

Using this construction, we first show that @y = () in (CII). However, Qy # ) may still
be possible in case (CI).

Lemma 6.3.18. In case (CIl), i.e., if E = E*, then Qo = ) must hold. Thus, py(Z?) > po(Z?) >
1forall Z C W, Z # 0 in this case.

Proof. Denote with T;, = I'(Qo). By definition of py, 7-(Ty) = |Qo|- We claim that also
r(Ty) = |Qo|. The next claim will be needed for this proof.
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Claim 6.3.19. There is no edge (i,j) € Ewithi € (VUW)\ Qpand j € Ty,.

Proof of Claim. Suppose there is such an edge. By definition of £* (= E), there exists
an independent matching . containing (7, j) with weight 0. Trivially, this matching also
covers (Qp as Qo C W. Thus, i matches @)y and i to the set 7j in U. By optimality criteria

the endpoints of x in U must form a basis in M. This is a contradiction, since |QoU{i}| >
7}—(TQ> = ‘Qol |

Suppose that 7(7j) > |Qo|. Then there is a basis S of M such that |S N Ty| > |Qol. As
M = M there is an independent matching, matching S N Ty to a subset of size > |Qo| in
V' U W. This is impossible as the neighbourhood of 7 in V' is ()y by Claim 6.3.19. Hence,
r(Ty) = |Qo|. This contradicts Lemma 6.3.6. O

Lemma 6.3.20. B; = By U { X*} must hold.

Proof. There is nothing to prove in (CI), so let us assume we are in case (CII); thus, £ = E™*.
According to the previous lemma, we also have Qy = 0. Let Z* = U, Z?; in particular
vV CZzZ.

Claim 6.3.21. There are no edges between W \ Z* and T'(Z*).

Proof. Let F' denote the edge set in the claim. Let 7% = I'(Z*). By Lemma 6.3.15 and
Lemma 6.3.18, we have that po(Z*) = 4—2n. As po(Z*) = r (T'o(Z*))—|Z*| = r (T*)—|Z*|
we have . (T*) = 4 4+ |Z* N W/|. Consequently, an independent matching 1 of weight 0
cannot use any of the edges in F, since |0z« (u~)| = 4 + |Z* N W| and thus 92+ (¢~ ) must
be matched to a maximal independent set in 7*. Hence, E* N F' = (. Then F = () as
E=F" [

Consider any X € By \ (By U {X*}). We have X = P, U P; for some i,j € [n],
{i,7} # {1,2} by the definition of F,,. Let S = Z U Z) and T' = T'(S). The next claim
shows that 7(7") < |S] — 1.

Claim 6.3.22. r(T") < |S]|.

Proof of Claim. By Lemma 6.3.14 and Lemma 6.3.18 (Qo = (), there are no edges connect-
ing T'and any Z}, k ¢ {i, j}. As F = () there are no edges between T' C T'(Z*) and W \ Z*.
We conclude that I'(7") = S (the direction I'(T") D S follows by definition as 7' = I'(5)).
Therefore, ' =I'(S) and S = I'(T)).

Since M = M and using Rado’s theorem, if we have r(T") > |S| then B* has a basis
intersecting S in at least |S| elements. As S = Z U Z) forsome X = P, U P; ¢ By U {X"}
this means that, P, U P; U W is a basis of B. |

By the above claim and Rado’s theorem, there cannot be any independent matching in
G, M covering X U W; thus, h(X) = —oo proving the lemma. O
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In light of the above Lemma, we can apply the techniques in Section 6.3.4 to the robust
matroid B; = ByU{X*}. Let Z! denote the corresponding sets in Lemma 6.3.14, and recall
that p;(Z) = r(I'(Z)) — |Z|. By Lemma 6.3.6, the largest subset (), of W with p;(Q;) = 0
is Ql = @

Lemma 6.3.23. In the minimal counterexample we have U?_, Z} =V U W.

Proof. We use the following claim stating that, in the minimal counterexample, for any
V-set Z with sufficiently large p,-value itholds V U W = Z.

Claim 6.3.24. Let Z = V U W' for W' C W such that p\(Z) = 4 — |V|. Then, in a minimal
counterexample we must have W' = W or equivalently Z =V U W.

Proof of Claim. For a contradiction assume that W’ # W. Let T = cl[I'(V U W')]. By
definition of p;, having p; (VUW’) =4 — V| means r(T) = [VUW'|+4— V| = |W'| + 4.
Thus, for any X € By (| X| = 4) the corresponding matching u* € £ matches exactly r(7)
nodes in T to the nodes in X U W’. In other words, any matching MX € L matches nodes
WA\ W to|[W\ W/|nodesinU \ T.

Similarly to the proof of Lemma 6.3.6, it follows that in any X € L, the cost of the edges
covering W \ W’ is the same. Hence, we can get a smaller representation by restricting W'
to W’ and U to U'. |

Lemma 6.3.15 for B; gives p; (U, Z}) = 4 — 2n. Also noting that V' C U, Z}, the
statement follows by Claim 6.3.24. O

Lemma 6.3.25. In a minimal counterexample we have Z = Z} U Q (in particular, Z = Z} in
case (CII)) for every i € [n].

Proof. Let us first show Z! U Qo C Z?. By Lemma 6.3.13, Qo C Z?. Let us show Z} C Z.
We have py(Z}) > 0 by (ind) since Z} is a P;-set, and also po(Z}!) < p1(Z}) = 0. Thus,
po(Z}) = 0. By the maximality of Z (Lemma 6.3.13), it follows that Z} C Z?.

We next show that equality holds. For the sake of contradiction, assume that we have
w € Z2\ (Z}UQy) for some i € [n]. Lemma 6.3.23 shows that U, Z! = V UW, and hence
we must have w € (Z) N Z}) \ Qo for some i # j. By the third part of Lemma 6.3.14 we
then have Qy = Z) N Z) 2 Z} N Z) O {w}, a contradiction. O

6.3.6 The case (CI)

We are ready to show that case (CI) cannot occur. In this case, we have M, = M, E =
E() U {(Z*,]*>}, and B1 = BO @) {X*}

Lemma 6.3.26. Either QQy = ) or there exists unique q € [n] such that Qo C Z,.
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Proof. The sets Z; are pairwise disjoint by Lemmas 6.3.6 and 6.3.14. Suppose Qo N Z; # ()
for some ¢ € [n]. Let us uncross these two sets. Trivially p;(Z,) = 0, by Lemma 6.3.6 we
have p1(Qo) > 1 and p1(Z; N Qo) > 1. Further p;(Z; U Q) > 0 holds since Z; U Qo is a
P,-set. By submodularity it follows

0+ 1= p1(Zy) + p1(Qo) > p1(Zy N Qo) + p1(Zy U Qo) > 140,

implying p1(Z, U Qo) = 0. By maximality of Z, we have Q, C Z,. O

Lemma 6.3.27. We have po(Z) U Z3) = —1 and po(Z} U Z3) = 0. Consequently, Qo # 0 and
q ¢ {1,2} for q as in Lemma 6.3.26.

Proof. Recall that po(Z) U ZY) = —1 by Lemma 6.3.14 as h(X*) < 0. We claim that py(Z] U
Z1) =0,

Recall that M = M. For a contradiction, assume that po(Z{ U Z3) = 0. It can only be
that po(Z{ UZ3) < p1(Z{ UZ}) = 0. In particular, po(Z] UZ3) = —1 as every three element
set is independent in B,. Hence, po(Z] U Z3) = —1 < 0 = p1(Z{ U Z3). This means that
r(D(Z1 U Z3)) > r(To(Z] U Z3)). Thus, the single edge (i’,j') € E \ E, is incident to
Z1 U Z). Let £ € {1,2} such that ¢ € Z}. Now, we must have 0 < po(Z}) < p1(Z}) =0, a
contradiction.

The last statements follow since if Qy = 0 or ¢ € {1,2}, then ZY U Z9 = Z! U Z] by
Lemma 6.3.25. O]

Lemma 6.3.28. Let g € [n] such that Qo C Z,, and let Y = Ui (g3 Z; - Then, po(Y') = 2—2n.

Proof. By the second part of Lemma 6.3.15 for p;, we have p;(Y') = 2 — 2n. We show that
the same holds for py.

By Lemma 6.3.26 (and Lemma 6.3.27) we know that Qy C Z, for a unique ¢ € [n]. As
all Z! are disjoint (Lemma 6.3.14 and @; = 0) we have Qo N Z} = 0 for alli € [n] \ {q}.
Then by Lemma 6.3.25 we have that Z! = Z? \ Qy. We use this below at the second line to
show po(Y) > 2 — 2n:

po(Y) = po(Uiepp(a} Z7)
= po(Uicinp () (Z7 \ Qo))

= po (( i€[n) \{q}Z ) \Qo) + Po(@o) (Po(@o) =0)
> po(Uicip(a) Z¢) + po(0) (submodularity)
=2-2n. (Lemma 6.3.15 for py)
Since po(Y) < p1(Y') we conclude po(Y) = 2 — 2n. O

Let us now derive the final contradiction for (CI). As ()y only intersects Z, ;, by submod-
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Pa.. Pdo.

X X X X X Pb.. Pc..

Za Zb Zc Zd

X X X X X X X X X X X X X X X X

Figure 6.2: Schematic example of matroid B; with its Rado-minor representation
(G, M, W). Here, the neighbourhoods if taken in the edge set £, and the clo-
sure in the matroid M. The black dots represent set V' and the white dots rep-
resent /. Similarly, a Rado-minor representation holds for B, once we replace
M (and closure) by M.

ularity
po(Y U Qo) + po(Z} U Zy) < po(Z] U Zy U Qo) + po(Y).

Then, by Lemma 6.3.27 we further have
po(Y UQo) —po(Y) < po(Z1 U ZyUQo) — po(Zi U Zy) = po(Z7 U Z3) — po(Z1 U Zy) = —1.

Hence, po(Y U Qo) < 1 — 2n. On the other hand po(Y U Q) = po(Uiem\{q}Zil UQo) =
po(Uiem g1 Z7) = 2 — 2n. A contradiction.

6.3.7 The case (CII)

In the remaining case (CII), we have £ = E, = E* but M, # M. In Section 6.3.5,
we have already showed some strong properties for this case: @y = () (Lemma 6.3.18),
By = By U {X*} (Lemma 6.3.20), and Z? = Z} for all i € [n] (Lemma 6.3.25). In light of
this, we can simplify the notation to Z; = Z? = Z}.

Let D; := cl[['g(Z;)]; see Figure 6.2. By Lemma 6.3.14, there are no edges with one end
point in Z; and the other in D; whenever ¢ # j.

Let us additionally modify the bipartite graph in the representations: we may assume
that £ = E; = E* is a complete bipartite graph between Z; and D; for any i € [n].
Indeed, recall that any independent matching covering Z; has to match Z; to D; and no
node outside of Z; can be matched to a node in D;. Thus, adding new edges between
these sets cannot add a new basis to either the set of all bases B; or to the set of maximum
weight bases B.

Introducing these new edges allows us to describe the representations of B, and B; in
purely set-theoretic and matroidal terms. We introduce definition that under the repre-

sentation constructed above captures the matroids B, and B;.

Definition 6.3.29. Foraset X € (%), we say that aset S C U, |S| = |W| + 4 conforms X if
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1SN D;| = |XNP|+|Z;| —2foralli € [n].
The requirements on our matroids M and M can be stated as follows:
e Forany X € (Z), there exists a basis S in M conforming X if and only if X € B;.
e Forany X ¢ (Z), there exists a basis S in M conforming X if and only if X € B,.

The next lemma concludes the proof of Theorem 1.3.3, by showing that W = () in a
minimal representation. Thus, the existence of an R-minor representation would imply
the existence of an R-induced representation, which we have already shown cannot exist.

Recall from Lemma 6.3.15 (applied to both py and p;) that po(Ul,Z;) = p1 (Ul Z;) =
4 — 2n and and po(Uicp (3 Zi) = p1(Uicpmp\ (1 Zi) = 2 — 2n for every j € [n].

Lemma 6.3.30. [n a minimal representation we must have W = ().

Proof. For a contradiction, assume W # (); pick i € [n] such that |Z;| > 2. Now, every
basis in M (and thus in M) must intersect D; in at least |Z;| — 2 elements (due to the
modified representation above, or the second part of Lemma 6.3.15). This guarantees the
existence of a u € D; such that u ¢ clr, (U \ D;). We claim that a smaller representation
can be obtained by contracting v in D; and deleting a node from W N Z;.

To see this, it suffices to prove that for every X € B, there exists a basis S in M
conforming X with u € S, and there exists a basis S; in M conforming X; with v € 5.
Then, the requirements listed above remain true in the smaller instance. Note that we
do not require that S} has the largest possible T-weight; as long as we can guarantee the
existence of a basis in M but not in M that conforms X, we get a function in F,, that is
the same on (S1), but better on (S2) (with possibly different negative value h(X™).)

Consider any X € Bj and a basis S in M, conforming X butu ¢ S. Let C C S U {u}
be the fundamental circuit of u with respect to S. Then, (C'\ u) N D; # 0: otherwise,
C\u C U\ D;would yield u € cly,. (U \ D;), a contradiction to the choice of u. Hence, we
can exchange u with an element of S N D; and thereby obtain another basis S’ conforming
X withu € 5.

The same argument applies for the basis S; in M conforming X, noting that cly(U \
D;) C clm, (U \ D). N

6.4 The size of R-induced representations

We show that any R-induced valuated matroid has an R-induced representation where the
bipartite graph has size O(|V'| - d), where d is its rank. A corollary is that not all valuated

matroids are R-induced.
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Lemma 6.4.1. Let f : (‘2) — R U {—00} be an R-induced valuated matroid with representation
G = (V,U;E), M = (U,r) and ¢ € RF. Then, there is an R-induced representation of f with
G' =V, U;E), M = (U',r")and ¢ € R¥ such that |T¢:(v)| < dforallv € V. In particular,
[E'|+ U+ V] e O(V]-d).

Proof. Consider an arbitrary node v € V, and the set of its neighbours I';(v) in U. Let us
define a weight function w over I'(v) as w(u) = ¢,y for u € I'¢(v). Let S be a maximum
weight basis in the matroid M restricted to I'¢(v) with respect to the weights w. As M
has rank d it follows that |.S| := s < d.

To prove the lemma, it suffices to show that for any set X € dom(f) withv € X, in any
maximum weight independent matching p* defining f(X) the edge incident to v can be
switched to have the other end point in S.

Let 1 be an independent matching covering X where X € dom(f) and v € X. Denote
with u the node in U matched to v by pX. If u € S, there is nothing to show. So, assume
u ¢ S. Let T be the set of all other endpoints of 4~ in U. That is, the set of endpoints of
X in U is exactly T'U {u}, where u ¢ T and |T'| = | X| — 1. We show that we can swap
(v,u) by an edge (v, u’) for v’ € S without decreasing the weight of the matching.

Denote the elements of the neighbourhood I'¢;(v) by uy, . .., us such that w(uy) > --- >
w(us). Since S is a maximum weight basis, there is a k£ € [s] such that w(u;) = ¢y >
s > wlug) =y, > w(u) =y and u € cl({uy, ..., ui}) (by the greedy algorithm for
finding a maximum weight basis in a matroid).

If we can replace (v, u) by an edge (v, u;) for t € [k] in u*, we get a new independent
matching with weight at least as much as the weight of 4. On the other hand, suppose
that for any ¢ € [k] the set 4~ U {(v,u)} \ {(v,u)} is not an independent matching. Then,
it must be the case that {uy,...,u;} C cl(T). Since, u € cl({uq,...,ux}) it follows that
u € cl(T). A contradiction. It follows that we can always swap (v,u) € p for an edge
(v,u') where v’ € S, to obtain a matching with weight at least the weight of u*. The

lemma follows. O

Information-theoretic separation We use the above lemma to give an alternative proof
that not all valuated matroids are R-induced. Note that this is also proved in Proposi-
tion 6.3.10.

Let f : (Z) — R U {—00} be an R-induced valuated matroid and consider its R-induced
representation (G, M, ¢) given by Lemma 6.4.1; in particular, G = (V,U; E) where |E| <
V| -1k(f) = 4|V]. Let C = {c;; : (i,j) € E} be the set of weights appearing on the edges;
note that we trivially have |C| < 4|V|. For any set X € ('), the value f(X) is either
—o0 or a sum of precisely four numbers in C. This implies the set of function values is
contained in the Q-vector space generated by C'. In particular, the dimension of this vector

space is bounded above by |C/.
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We now exhibit a family of valuated matroids for which the Q-vector space generated
by its attained values has dimension greater than 4|V/|. Recall from Definition 1.3.2 and
Appendix 6.3.1 the sparse paving matroid with bases (Z) \ H, where H the set of pairs

P; U P; where at least one of 7, j are even. We define a valuated matroid by

0 Xe(})\#H
ax XeH

h(X): , ax < 0.

In particular, the values ay for X € H can be assigned freely. Consider such a function
for which the set A = {ax : X € H} is a set of linearly independent real numbers over
Q. Therefore the Q-vector space generated by values of h has dimension at least |A|. By
definition of # we have, |A| = (2) — (\"/*)); in particular, this grows quadratically as
opposed to |C| which grows linearly. For n > 23, we have that |A| > 4-2n = 4|V/|. Hence,

such a function h is not an R-induced valuated matroid.

Finally we mention that with a similar proof, it is easy to show an analogous lemma for

Ré-induced valuated generalized matroids.

Lemma 6.4.2. Let f : 2V — R U {—o0} be an R*induced valuated matroid with representation
G = (V,U;E), M = (U,r) and c € R”. Then, there is an R*-induced representation of f
with G' = (V,U; E"), M' = (U',r") and ¢ € R¥ such that |T'¢/(v)| < min{n, (M)} for all
v € V. In particular, |E'| + |U'| + [V| € O(J]V]?).



7 Refuting the MBV conjecture

In this chapter, we build on the family F,, of counterexamples in Theorem 1.3.3 to refute
the MBV conjecture. Theorem 1.3.3 states that all functions in F,, are valuated matroids
but not R-minor valuated matroids.

To refute the MBV conjecture, we extend the class of R-minor valuated matroids to R%-
minor valuated generalized matroids, and show this contains matroid based valuations as
a subclass. Furthermore, we extend our main counterexample to a valuated generalized
matroid that is not R¥*-minor and therefore not a matroid based valuation, refuting the

MBYV conjecture.

7.1 Valuated generalized matroids

Recall that a function f : 2V — R U {—oc} is a valuated generalized matroid if and only
two properties (1.1a) and (1.1b) hold:

VX, Y CVwith | X| < |Y]:
FOO + FY) < mas (F0C+)+ £V = )

VX,Y CV with |[X|=|Y|andVie X\ Y :
JX)+f(Y) < jlea@{f(X —i+g)+ fY +i—3)}

In Section 7.2, we demonstrate a construction which allows one to consider valuated
generalized matroids as special cases of valuated matroids on a larger ground set. On the
other hand, we already saw valuated matroids as special class of valuated generalized
matroids. Another important class are the trivially valuated generalized matroids, those
taking only values 0 and —oo. This includes the characteristic functions of the family of
independent sets of a matroid. Indeed, if g(()) > —oo for a valuated generalized matroid,
then dom(g) is the family of independent sets of a matroid [99, Corollary 1.4].

We defined several constructions for valuated matroids which are defined on the layers
of those subsets with fixed size in Section 5.1. It turns out that these operations extend
essentially layer-wise to valuated generalized matroids. In the following we denote the

restriction of a valuated generalized matroid g on V' to (Z) by % (g).

140
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Definition 7.1.1. Let N = (T, A) be a directed network with a weight function ¢ € RA. Let
V,U C T be two non-empty subsets of nodes of N. Let g be a valuated generalized matroid on U.
Then the induction of g by N is the function ®(N, g,c): 2V — R U {—o0o} such that

(" (P(N, g,0)) = (N, " (g) ,0),

where B(N, g, )(0) = g(0).
In the special case that the directed network is bipartite with the edges directed from V to U,
we can also consider this as an undirected weighted bipartite graph and call the corresponding

operation induction by bipartite graphs.
Analogous to Theorem 5.1.9 this is just a special case of transformation by networks.

Theorem 7.1.2 (Special case of [95, Theorem 9.27]). Let N, g, c as in Definition 7.1.1. Then if
O(N, g,c) # —oo the induced function is a valuated generalized matroid.

As with induction of valuated matroids, we shall often be most interested in the induc-
tion of trivially valuated generalized matroids. A trivially valuated generalized matroid
g can be identified with its underlying domain Z, where g(I) = 0 if I € Z and —oo other-
wise. As stated previously, if () € Z then Z forms the set of independent sets of a matroid;
however this does not have to be the case, Z only has to satisfy the independent set ex-
change axiom (the unvaluated equivalent of (1.1a)). We call such an Z a generalized matroid.
As working with 7 directly will be convenient in some situations, we extend the notation
of Definition 7.1.1 to define ®(N,Z, ¢) := ®(N, g, ¢).

The following example shows why induction of trivially valuated generalized matroids

is a natural construction to consider.

Example 7.1.3. Let T be the independent sets of a matroid M on ground set V. A weighted rank

function 1 : 2" — R with weight w € R% is

r(X) :maX{Zwi I CX, 1T GI}
il
Note that if w is the vector of all ones, then r* is precisely the rank function of M.

Let V' and V" be copies of V and let T be the independent sets of the matroid M = M @ fr,,,
on V' UV". Furthermore, we define the bipartite graph G = (V, V' UV"; E) where E consists of
the edges (v, v') and (v,v") connected each node in V' its copies in V' and V. We attach weights
c € RE where the edge (v,v") gets the weight w,, and the edge (v, v") gets the weight 0.

Let I C X be the max weight independent set contained in X. The value of ®(G,Z,c)(X)
is obtained by connecting elements of I to I' C V' via edges of weight w;, and then connecting
elements of X \ I to their copy in V" by edges of weight zero. In this way r* = ®(G, T, c) arises
from a trivially valuated generalized matroid by induction via a bipartite graph.
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V/

Figure 7.1: The graph G = (V, V' U V", E) realising the weighted matroid rank function
from Example 7.1.3. Edges of weight w, are solid while edges of weight zero
are dashed.

Many of the operations on valuated matroids extend to valuated generalized matroids

by acting layerwise.

Definition 7.1.4. Let f: 2¥ — RU{—oc} be a valuated generalized matroid and Y C V
some subset of V. The operations deletion (restriction), contraction, dualization, truncation,

principal extension are defined by the respective operations on the layers from Definition 5.1.1.

Note that direct sum and valuated matroid union do not extend layerwise to valuated
generalized matroids. Intuitively, this is because the k-th layer of the union must take
information from multiple layers of the constituent valuated generalized matroids, all ¢-th
and j-th layers such that £ = ¢ 4+ j. The analogue of direct sum and valuated matroid

union for valuated generalized matroids is the following operation.

Definition 7.1.5. Let f, g: 2 — RU {—o0}. The merge of f and g is the function fxg: 2V —
R U {—oc} defined as

(f * 9)(X) = max {f(¥) + g(X \Y): Y C X}, VXCV.

With these operations, we get an analogue of Theorem 5.1.12.

Theorem 7.1.6. The class of valuated generalized matroids is closed under the operations deletion,

contraction, dualization, truncation, principal extension, merge.

Proof. Deletion, dualization and merge are covered by [95, Theorem 6.15]; the latter is
integer infimal convolution restricted to the interval [0, 1], parts (8) and (5) respectively.
Lemma 5.1.13 implies layerwise closure under contraction and therefore globally closed
contraction. Remark 5.1.10 shows principal extension are special cases of induction by net-
works, which valuated generalized matroids are closed under via Theorem 7.1.2. Finally,
Lemma 5.1.14 implies layerwise closure under truncation and therefore globally closed

under truncation. O

It was shown in [10] that valuated generalized matroids are not covered by the cone of

matroid rank functions; note that not even all non-negative combinations of matroid rank
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functions are valuated generalized matroids. In particular, not every valuated generalized
matroid can be represented as a weighted matroid rank function [113, Theorem 4].
However, it was conjectured that allowing two operations, merge and endowment,
would suffice to construct all. Here, the endowment by 7' C V of a function f: 2V
R U {—oc} is the function Az (f): 2"\ — R U {—o0} with Ax(f)(X) = f(XUT) — f(T)
forall X CV\T.
With this, the class of matroid based valuations are those functions arising from the class

of weighted matroid rank functions by arbitrary application of merge and endowment.

Conjecture 7.1.7 (MBV conjecture [104]). The class of matroid based valuations is equal to the

class of monotone valuated generalized matroids taking value zero on the empty set.

We study a subclass of valuated generalized matroids which is an extension of the class

of R-minor valuated matroids. This allows us to use the results from Section 6.3.

Definition 7.1.8. The class of R*-induced functions are valuated generalized matroids arising
from trivially valuated generalized matroids via induction by bipartite graph.
The class of R°*-minor functions are valuated generalized matroids arising from contractions of

R*-induced functions.

Throughout the proofs in this section, we use the same notation as introduced in Sec-
tion 5.3. Let f be an R*-minor function on V; by definition, there exists an R*-induced
function fon V U W such that f = f /W. By definition, there exists some bipartite graph
G = (VUW,U; E) with edge weights ¢ € R¥ and generalized matroid Z on U such that
f=®(G,Z,c); we say f has an Ri-induced representation (G,Z,c). As [ = ®(G,Z,c)/W,
we extend this notation to say that f has an Ré-minor representation (G,Z,c, W), where W

is the set to be contracted.
Lemma 7.1.9. The class of R*minor functions is closed under endowment.

Proof. Given f as above, we show we can represent Az (f) as an R*-minor function for

some T C V. As f is a contraction of f by W, the endowment by 7' can be written as

Ar(f) = f(XUT) = f(T) = [(XUTUW) = f(TUW) = Aruw(f) .

Letd = f(TUW)/|T UW|and consider a new edge weight function ¢(e) that takes the
value c¢(e) — 6 on all edges adjacent to T'U W, and ¢(e) otherwise. Then the induction of Z
through the graph G with altered weight function ¢’ is

((G.1.))(2) = f(Z) - 5120 (T UW).
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Figure 7.2: The graph G’ constructed in the proof of Lemma 7.1.10, obtained by gluing G,
and (G, at their common node set V.

Taking the contraction of ®(G,Z, ') by ' U W yields
(2(G,Z,)(TUW))(X) = F(XUTUW) =6 - [TUW| = Ar(f)(X). O

Lemma 7.1.10. The class of R*-minor functions is closed under merge.

Proof. Let fi, f, be R*-minor functions on a common ground set V' with representation
(Gi,Zi, ci, W;) where G; = (VU W,;,U;, E;) for i = 1,2. In particular, we can choose the
contracted sets to be disjoint i.e., W NW, = (). This last assertion is particularly important
as it allows merge and contraction to commute. By extending fl and fQ to the ground

set V.U W; U Wy, taking the value —oo where previously undefined, we see that for any
X CV,

(fr* f2)(X) = (fi/ Wy % fo/ W) (X)
=max{fi(YUW}) + L((X\Y)UW,):Y C X}
=max{f1(Z)+ fL(XUWLUW,)\ Z): Z C X UW; UWs}
= (fi * o) (X U, UWa)
= ((fu = f2)/ (W1 UWL))(X).

Therefore if we can represent ( fl * fz) via induction by bipartite graph, contracting W, UW;
completes the proof.

Let G’ be a graph obtained by “gluing” G; and G5 along their common ground set.
Explicitly, G’ = (VUW,UW,, U; UUs; Ey U Ey) whose weight function ¢ inherits the same
weights from ¢; and cy. The graph is given in Figure 7.2. We consider the trivially valuated
generalized matroid 7' = 7, @ Z,. Then the value of ®(G', 7', ¢')(Z) is the maximum over
all matchings from Y C Z to U; and matchings Z \ Y to U,, ranging over subsets Y C Z,
precisely realizing (f; * f») as an Ré-induced function. O

Example 7.1.3 showed that weighted matroid rank functions are special cases of R°-

induced functions. Combining this with Lemmas 7.1.9 and 7.1.10, we see that matroid
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based valuations are a subclass of R*-minor functions.

Corollary 7.1.11. Matroid based valuations form a subclass of R*-minor functions with the prop-

erties that they are monotone, real-valued and have value 0 on the empty set.

7.1.1 A valuated generalized matroid extending a robust matroid

Let i be an arbitrary function in the class F,, in Definition 1.3.2 which takes only values in
(—1,0].
We define a function h?: 2" — R by

| X for | X| <3
W(X)=1q4+h(X) for|X|=4
4 for | X|>5

Note that A" is a perturbed rank function of the uniform matroid on V' of rank 4.
Lemma 7.1.12. The function h® is a valuated generalized matroid.

Proof. We first show h’ satisfies (1.1b), where | X| = |Y| = k. When k # 4, all sets of that
cardinality k have the same value and so I/ satisfies (1.1b). The case when k = 4 follows
from Lemma 6.3.2 and all sets being scaled by the same value.

We next show h* satisfies (1.1a), where without loss of generality | X| < |Y].

e If | X| > 5, then all sets take the value 4, and therefore trivially satisfy (1.1a).

o If | X| = 4, then h*(X) + h*(Y) < 8. If we can picki € Y\ X such that Y \ i ¢ H,
then h(X + i) + h*(Y — i) = 8 and this case holds. If no such i exists, then |Y| = 5.
Furthermore, there cannot be two distinct elements i, j € Y\ X, elseY —i,Y —j € H
intersect in three elements, which no pairs in ‘H do. Therefore Y = X U ¢, and
so (1.1a) holds with equality.

o If|Y| =4, then hf(X)+h*(Y) < | X|+4. If we can picki € Y\ X such that XUi ¢ H,
then h#(X + i) + h*(Y — i) = |X| + 4 and this case holds. By a similar argument as
above, if no such 7 exists then Y = X U, and so (1.1a) holds with equality.

o If |Y| < 3, then all sets take the value of their cardinality, and therefore trivially
satisfy (1.1a). O

Lemma 7.1.13. For n > 16, the function h' is not an R%-minor function.

Proof. Suppose h’ is Ri-minor, therefore it has representation (G, Z, ¢, W) for some graph

G = (VUW,U; E). We claim we can find an R-minor representation for h.
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First note that

hX) = (h*) (X) —4
= (W (D(G,T,¢) (X UW) — 4
= O(GMVHHNT) ) (X UW) — 4.

By introducing the altered weight function ¢(e) = c(e) — 4/(|W| + 4), we get

4 X UW|
= = hnX).
W +4 (X)

O(G, AT X UW) = @G IVHHT) o) (X UW)) ~
Therefore, i has the R-minor representation (G, ¢/I"1+*(Z) ¢/, W), contradicting Theo-
rem 1.3.3. n

Theorem 7.1.14. The class of R*-minor functions is not equal to the class of valuated generalized

matroids. In particular, Conjecture 7.1.7 is false.

Proof. The first claim follows immediately from Lemmas 7.1.12 and 7.1.13. For the sec-
ond claim, we observe that h is a monotone and only takes finite values. However, by
Corollary 7.1.11 it is not a matroid based valuation, providing a counterexample to Con-
jecture 7.1.7. [

7.2 From valuated generalized matroids to valuated

matroids

By definition, valuated matroids are defined only on a layer of the ground set, but it is
easy to check that each valuated matroid is also a valuated generalized matroid if we
set the function value to —oo outside of the layer. Another way to obtain a valuated
generalized matroid from a valuated matroid is by truncation (introduced in Section 5.1)

and elongation. The interested reader is referred to [94], in particular Theorem 3.2.

Here, we demonstrate how to go in the other direction, i.e., how to represent a valuated
generalized matroid as a valuated matroid. Then we show an explicit construction for the

case of R-minor valuated generalized matroids.

Let f : 2 — R U {—oco} be a valuated generalized matroid. Denote with n the size
of V; and let V5 be a copy of Vi. We define a function g; : ("'*?) — RU{—o0} for
X e (VIUV2) as

n

g9r(X) = f(X N W).

Then, it is a straightforward check via the valuated (generalized) matroid axioms that the

function gy is a valuated matroid. Note that given such a function g, we can recover f as
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f(X)=g/(XUY)forany Y C V; of size n — | X|.

Starting with an Ri-induced or an Rf-minor valuated generalized matroid, a similar
construction gives rise to an R-minor valuated matroid. Let f : 21 — RU{—oc} be
an Ri-minor valuated generalized matroid represented by (G1, My, c, W) where G; =
(ViUW,Uy; E). Forn = |Vy], let Vi, Us be two disjoint sets, each with n elements, and
disjoint from V;UWUU,. Let M be the free matroid on U,. Consider the R-minor valuated
matroid ¢ defined by the bipartite graph G = ((V; U Va) UW, Uy U Us; E'), matroid M
on U, UU,, ¢ € RE, and W; where

e M is obtained by truncating M; & M to the size |W| + n, and
e FE'is obtained from E by adding all possible edges (i, j), fori € V5, j € Uy U Uy,
e ' extends c to £’ by weighting all edges in £’ \ E, by zero.

Then, a maximal independent matching in G on X U W must come from a maximal inde-
pendent matching in G4 with additional zero weight edges adjacent to all nodes in X N'V5,

verifying that g is the same valuated matroid as g; defined in the previous paragraph.



8 Conclusion and future directions

We presented three main results in this thesis. We recall these results, and propose several

questions and open problems.

We gave an auction algorithm for finding an approximate market equilibrium in Arrow-
Debreu exchange markets when agents have weak gross substitutes (WGS) demands. We
believe that this class of demands is a maximal class of demands for which auction-type al-
gorithms converge to an e-equilibrium as in the case of markets with indivisible items. An
interesting direction is to give a compelling argument on when and why an equilibrium
problem with divisible goods admits an auction-type algorithm, i.e., an algorithm with in-
creasing prices. As we have seen, in some cases the equilibria are captured as the optimal
solutions of a convex program, where the Lagrangian multipliers of the constraints corre-
spond to the prices. In such cases the (non-) existence of an auction-type algorithm could
be explained from a convex programming perspective. This line of work was suggested
by Chandra Chekuri during the PhD viva.

The auction algorithm framework is a robust one. As we have shown, our auction algo-
rithm is easily modified for finding spending-restricted market equilibria in Fisher mar-
kets and assuming agent have WGS demands. Previous auction algorithms [59] have been
extended to the markets where agents satisfy the WGS property only approximately [78].
In this case the auction algorithm converges to an approximate equilibrium where the ap-
proximation factor additionally depends on how close the demands are to being WGS,
e.g., if demands satisfy d-approximate WGS property, then there is an auction algorithm
that converges to a (§ + €)-approximate equilibrium. We expect that our auction algo-
rithm also extends to the setting where agents” demands satisfy the WGS property only

approximately.

Our second main contribution is a constant-factor approximation algorithm for the sym-
metric Nash social welfare (NSW) problem under Rado valuations. The algorithm also
works for the asymmetric NSW problem under Rado valuations and produces an O(+?)-
approximation algorithm, where 7 is such that the weights of all agents fall in the in-
terval [1,7 — 1] for v > 2. In a subsequent work, Li and Vondrék [89] obtained a 320-
approximation algorithm for the symmetric NSW problem under arbitrary submodular

valuations. They extended and strengthened our approach. Their algorithm likely extends
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also to the asymmetric NSW under submodular valuations with approximation guarantee

depending on v. Hence, two obvious open questions remain:

e Design a constant-factor approximation algorithm for the asymmetric NSW problem
under additive valuations (or more general valuations). Recall that our approxima-

tion algorithm loses 7 only in Phase II.

e Improve the approximation factor for the NSW problem under submodular valua-

tions.

The Nash social welfare problem asks for an allocation of the items to the agents while
maximizing the geometric mean of agents’ valuations. The geometric mean is a p-mean
for p = 0; and one could define the same problem for any other p-mean for p € [—o0, 1].
When p = —oo and p = 1 we recover the max-min welfare (Santa Claus) problem, and the
social welfare problem, respectively. It is increasingly popular to investigate the general
problem of allocating goods to the agents in order to maximize a p-mean of their valuation,
see e.g. [25, 14] and references therein. An interesting problem is to find a constant-factor
approximation algorithm that works for any given p-mean even for additive valuations.
Note that finding such an algorithm is quite challenging as the special case of p = —oo is
the Santa Claus problem [8] — a significant open problem.

As an encouragement, we point out that the complementary problem of minimum-
norm load balancing admits a (2 + ¢)-approximation algorithm that works for any sym-
metric norm f [70]. In the minimum-norm load balancing problem, the goal is to allocate
the items (jobs) to the agents (machines) in order minimize the f-norm of the agents’ val-

uations (machine loads).

For our third main contribution we exhibited a family of valuated matroids that are not
R-minor valuated matroids. As a corollary we showed that the Matroid Based Valuation
conjecture does not hold. Hence, the quest for a constructive characterization of gross sub-
stitutes valuations and valuated matroids remains open. From the perspective of complete
classes there are two natural next options. The first option is to find a necessary conditions
for a minimal class of valuations C such that the complete class containing C covers all GS
valuations. We showed that C cannot be the class of matroid rank functions. The second
option is to add additional operations and define complete class to be closed under the
additional operations as well. A related possibility is that all GS valuations arise as sums
of R-minor valuated matroids. Note that it has been shown that there are GS valuations

that are not sums of weighted matroid rank functions [11].
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