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Abstract

The thesis explores general stochastic differential games involving impulse controls and
ultimately investigates competition in dealer markets.

The work begins with the first chapter on general non-zero stochastic differential games
between an impulse controller and a stopper, providing the first model of such class of
games using impulse controls. Nash equilibria are characterised through a verification
theorem, which identifies a new system of quasi-variational inequalities whose solution
gives equilibrium payoffs with the correspondent strategies. Then, in order to show how
the verification theorem is meant to be applied, an example is shown and two different
types of Nash equilibrium are fully characterised. To conclude, some numerical results
describing the qualitative properties of both types of equilibrium are provided.

The dissertation continues with the second chapter on general zero-sum stochastic
differential games with impulse controls. Here, two agents play feedback impulse control
strategies instead of strategies defined in an Elliot-Kalton fashion, as commonly done
in the literature, and are not allowed to apply impulses simultaneously, resulting in the
upper value and lower value functions of the game being naturally associated with the
cases in which either player has priority. The main objective is to apply the stochastic
Perron’s method in order to have the game value function as the viscosity solution to
the double obstacle partial differential equation arising from the problem after a viscosity
comparison result.

The third and final chapter is about the study of competition in dealer markets. The
setting consists in two dealers trading at discrete times via market orders with price
impact, resulting in one of the first nonzero-sum game with impulse controls applied to
optimal trading. Similarly to the first chapter, a verification theorem identifying the
system of quasi-variational inequalities providing the equilibrium payoff functions and
strategies is given. Furthermore, a framework to look for equilibria where both players
apply impulses simultaneously is introduced. This is very important as it is not possible
to find equilibria when only one dealer trades at a time, whereas there exists at least a

Nash equilibrium when both dealers trade simultaneously.
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Introduction

This thesis consists of three self-contained chapters presenting new results on zero and

nonzero-sum stochastic differential games with impulse controls.

Stochastic differential games constitute an interesting branch of mathematics as they
allow to model the interaction between two or more agents when this happens over a state
process evolving in continuous time. Two firms competing over their market shares, or
traders maximising their P&L through strategies based on the price process fluctuations
are some of the possible examples of such interactions. This is one of the reasons why
they have been extensively studied since Isaacs’ [50] pioneering work, although not much
attention has been paid to the case when players utilise impulse controls rather than
classic controls [1, 6, 9, 10, 31, 38, 43, 43, 63, 80]. Contrary to classic controls, which
allows agents to continuously modify the state process dynamics, i.e. drift and volatility,
impulse controls enable agents to induce a controlled jump, the impulse, on the state pro-
cess at strategically selected discrete times. As such they provide more realistic models,
especially when agents face fixed and proportional costs of action, see the introductions

to Chapter 1, 2 and 3 for more details.

The thesis provides two general results on stochastic differential games involving im-

pulse controls and one application to optimal trading in financial markets.

Main contributions of Chapter 1:
(i) Formulation of the first impulse controller vs stopper game.

(ii) Statement of a suitable system of quasi-variational inequalities and the correspond-

ing verification theorem to find Nash equilibria.
(iii) Example with characterisation of two different types of Nash equilibria.
(iv) Qualitative analysis of both types of equilibria.

Chapter 1 presents a nonzero-sum game between an impulse controller and a stopper.
This work is the first in the class of controller vs stopper games, introduced by Maitra and

Sudderth [62], where the controller utilises impulse controls and it aims to inspire future

11



research on its applications in finance, energy markets and real options. For instance, one
could think of the stopper as a social planner or regulator who decides when to optimally
shut down a business, the controller, which is maximising its profits manipulating either
the quantity of goods produced or their prices. The main mathematical contribution lies
on a system of quasi-variational inequalities and a verification theorem, inspired by [1],
to be used to find Nash equilibria of such controller vs stopper games. Furthermore, the
chapter contains an example showing how the system of quasi-variational inequalities and
the verification theorem are meant to be applied, two different types of equilibria are
identified and fully characterised. To conclude, some numerical analysis is carried on to

investigate the qualitative properties of both types of equilibria.

Main contributions of Chapter 2:

(i) The stochastic Perron’s method is adapted to stochastic differential games with

impulse controls.
(ii) Symmetric formulation of the game where players use feedback impulse controls.

(ili) Comparison theorem for double obstacle partial differential equations to guarantee

uniqueness of the viscosity solution.

In Chapter 2 a zero-sum game between two players playing impulse controls is studied
by mean of viscosity solution theory. This choice is due to the fact that the value function
is known to be non-smooth in most cases and viscosity solutions, introduced by Crandall
and Lions in 1980, represent a generalisation of the concept of classical solutions to partial
differential equations that allows to find solutions which don’t need to be differentiable
everywhere (smooth), see [39]. We look for such viscosity solutions via an adaptation of
the stochastic Perron’s method approach by Bayraktar and Swbu [12, 15, 16, 74| as it
is arguably more tractable. Indeed, the dynamic programming principle is obtained as
a by-product. Moreover, the stochastic Perron’s method is suitable to our definition of
feedback strategies [48, 74|, according to which, players take their decisions based on the
evolution of the state process in an adapted fashion, resulting in a realistic and natural way
to model their interaction, especially if compared with the asymmetric Elliot and Kalton
formulation [42| commonly adopted in the literature. Finally, to guarantee uniqueness
of the viscosity solution, a verification by comparison result for double-obstacle partial

differential equations is provided.

Main contributions of Chapter 3:

(i) Application of stochastic differential games with impulse controls to optimal trading,.
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(ii) Formulation of a suitable system of quasi-variational inequalities and the corre-
sponding verification theorem to find Nash equilibria when two players act simulta-

neously.
(iii) Characterisation of some equilibria.

Finally, Chapter 3 describes the competition between two dealers executing market
orders to maximise their revenues over a finite time horizon. Market orders are used by
traders to buy or sell a certain number of shares at a specific time at the best available
price. Financial markets are not perfectly liquid, this means that it is usually not possible
to buy or sell large amounts of shares at the same price as the market is made by a list of
offers to buy or sell fixed numbers of shares at certain prices, called the limit order book.
So, for example, if the limit order book is composed by offers to sell 5 shares at £5, 4
shares at £6 and 3 at £7, then, a market order to buy 10 shares is completed as follows:
the first 5 are purchased at £5, the best available price, the second 4 at £6, the next best
available price, and the final 1 at £7. Therefore, it is not usually convenient to complete
large orders all at once as the bigger they are the higher the execution price is, due to
the order riding the limit order book to be fulfilled, as in the example, generating what
is usually called market impact. Given this set of characteristics, dealers’ trades taking
place at strategically chosen discrete times and costs proportional to their sizes, it seems
natural to opt for an impulse control approach leading to the study of a nonzero-sum
game with impulse controls. The research is carried in a fashion similar to Chapter 1
and [1], after the game description, two suitable systems of quasi-variational inequalities
are provided together with the corresponding verification theorems to be used to search
for Nash equilibria. Notably, the chapter contains the first system of quasi-variational
inequalities which allows to find equilibria when both dealers trade simultaneously. This

is crucial for two reasons:

e firstly, because it breaks one of the current limits in the literature on stochastic
differential games with impulse controls, since agents are not allowed to intervene
simultaneously in the existing models |1, 9, 10, 31, 38, 43, 43, 63, 80|;

e secondly, because it is not possible to find equilibria where only one dealer trade at

a time with this quasi-variational inequality approach.

The chapter ends with the characterisation of a few equilibria, followed by some promising

work in progress.
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Chapter 1

Nonzero-sum stochastic differential
games between an impulse controller

and a stopper

The content of this chapter is based on [30].

1.1 Introduction

Controller-stopper games are two-player stochastic dynamic games, whose payoffs depend
on the evolution over time of some state variable, one player can control its dynamics,
while the other player can stop the game. The study of these games started with Maitra
and Sudderth’s work [62] on a zero-sum discrete time setting. Later on, many authors
investigated such games in continuous time, especially in the zero-sum case, while very
little has been done in the nonzero-sum. Indeed, apart from Karatzas and Sudderth
[54] and Karatzas and Li [53], all the other articles focus on the zero-sum case and
in all of them the controller uses regular controls, i.e. absolutely continuous for the
Lebesgue measure. Here, we mention Karatzas and Sudderth [55], who derived the explicit
solution for a game with a one-dimensional diffusion with absorption at the endpoints of
a bounded interval as a state process; Karatzas and Zamfirescu [57, 58] developed a
martingale approach to a general class of controller-stopper games, while Bayraktar and
Huang [12] showed that the value functions of such games is the unique viscosity solution
to an appropriate Hamilton-Jacobi-Bellman equation. Moreover, Hernandez et al. [47|
have analysed the case when the controller plays singular controls and derived a set of
variational inequalities characterising the games value functions. On the whole, this class
of games is motivated by a variety of applications in finance, insurance and economics. In
view of this, we quote Bayraktar et al. [13] on convex risk measures, Nutz and Zhang [65]
on sub-hedging of American options under volatility uncertainty, Bayraktar and Young

[17] on minimisation of lifetime ruin probability and Karatzas and Wang [56] on pricing
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and hedging of American contingent claims among others.

Here, we consider the case of a controller facing fixed and proportional costs every
time she moves the state variable, so that intervening continuously over time is clearly
not feasible for her. In this context, the controller will make use of impulse controls, which
are sequences of interventions times and corresponding intervention sizes, describing when
and by how much will the controlled process be shifted. This kind of controls look like
the natural choice in many concrete applications, from finance to energy markets and to
real options. For this reason, they have been experiencing a comeback due to a demand
for more realistic financial models (e.g. fixed transaction costs and liquidity risk), see for
instance [8, 18, 27, 29, 35, 37, 61].

Impulse controls have been studied in stochastic differential games as well and, as in
the controller-stopper case, most of the research has been done in the zero-sum framework.
For this reason, it is worth mentioning the work by Aid et al. [1], who developed a general
model for non-zero sum impulse games implementing a verification theorem which provides
an appropriate system of quasi-variational inequalities for the equilibrium payoffs and
related strategies of the two players. Thereafter, Ferrari and Koch [43] produced a model
of pollution control where the two players, the regulator and the energy producer, are
assumed to face proportional and fixed costs and, as such, play an impulse nonzero-sum
game which admits an equilibrium under some suitable conditions. Lastly, Basei et al. [9]
studied the mean field game version of the nonzero-sum impulse game in [1] and proved
the existence of e-Nash equilibrium for the corresponding N-player game. Regarding
the zero-sum case, here we quote Cosso |38], who examined a finite time horizon two-
player game where both players act via impulse control strategies and showed that such
games have a value which is the unique viscosity solution of the double-obstacle quasi-
variational inequality. Furthermore, Azimzadeh [6] considered an asymmetric setting with
one participant playing a regular control while the opponent is playing an impulse control
with pre-commitment, meaning that at the beginning of the game the maximum number

of impulses is declared, and proved that such a game has a value in the viscosity sense.

The content of this chapter is at the crossroad of the two streams of research we
have discussed above: stopper-controller games and impulse games. Indeed, we study an
impulse controller-stopper nonzero-sum game, focusing on the mathematical properties
of Nash equilibria, while application to economics and finance are postponed to future
research. Turning to the game’s description, we consider a nonzero-sum stochastic dif-
ferential game between two players, P1 and P2, where P1 can use impulse controls to
affect a continuous-time stochastic process X while P2 can stop the game at any time.
When P1 does not intervene, we assume X to diffuse according to a time homogeneous
multidimensional diffusion process. Both players want to maximise their expected payoffs
which are defined for every initial state x € R? and every couple (u, n) featuring, P1’s

intervention cost (gain for P2), running and terminal payoffs.

16



We adopt a PDE-based approach to characterise the Nash equilibria of this game,
identifying a suitable system of quasi-variational inequalities (QVIs, for short) whose
solution will give equilibrium payoffs. One of the main contributions of this chapter
consists in the Verification Theorem 1.2.1 establishing that if two functions V; and V5 are
regular enough and they are solution to the system of QVIs, then they coincide with some
equilibrium payoff functions of the game and a characterisation of the related equilibrium

strategies is possible.

Furthermore, building on the verification theorem, we present an example of solvable
impulse controller and stopper game. More in detail, we consider a game with a one-
dimensional state variable X, modelled as a real-valued (scaled) Brownian motion. Both
players have linear running payoffs. When P1 intervenes, she faces a penalty while P2
faces a gain, both characterised by a fixed and a variable part, proportional to the size
of the impulse. Moreover, when P2 stops the game, she may suffer a loss proportional
to the state variable, while P1 might gain something proportional to X as well. Some
preliminary heuristics on the QVIs above leads us to consider two pairs of candidates for
the functions V;. Then, a careful application of the verification theorem shows that such
candidates actually coincide with some equilibrium payoff functions. In particular, we are
able to identify two kinds of Nash equilibria, both of threshold type, that can be shortly

described as follows:

(i) in the first type of equilibrium, P1 intervenes when the state X is smaller than
some threshold z; and moves the process to some endogenously determined target
x7, while P2 terminates the game when the state X is bigger than some Z5; in this
kind of equilibrium the optimal target of P1, x7, is strictly smaller than o, so the

two players intervene separately.

(ii) In the second type, P1 intervenes when the state X is smaller than some (possibly
different) threshold Z; and move the state variable to the intervention region of P2,
who is then forced by P1 to end the game. In this case, players’ interventions are

simultaneous.

We provide quasi-explicit expressions for the value functions and for the thresholds z;,
x7 for both equilibria. Finally, we perform some numerical experiments providing several
cases when one of the two equilibria emerges. The question if there are cases when the
two types of equilibria can coexist is still open.

The chapter is organised as follows. Section 1.2 gives the general formulation of impulse
controller and stopper game, in particular the notion of admissible strategies, and more
importantly we state and prove a verification theorem giving sufficient condition in terms
of the system of QVTIs for a given couple of payoffs to be a Nash equilibrium. In Section 1.3,

we consider the one-dimensional example with linear payoffs and provide quasi-explicitly
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characterisations for the two types of Nash equilibria sketched above. Finally, some

numerical experiments illustrate the qualitative behaviour of such equilibria.

1.2 Description of the Game

In this section, we have gathered all main theoretical results on a general class of nonzero-
sum impulse controller and stopper games. We start with a detailed description of the
game, together with all technical assumptions and the definition of admissible strategies.

Let (2, F,P) be a probability space equipped with a complete and right-continuous
filtration F = (F)>0. On this space, we consider the uncontrolled state variable X = X*

defined as solution of the following time-homogeneous SDE:
dXt == b(Xt)dt + O'(Xt)th, XO =, (11)

where (W,);>o is an F-Brownian motion and the coefficients b : R? — R? and o : R —
R?>™ are assumed to be globally Lipschitz continuous, i.e. there exists a constant C' > 0

such that for all 1, zo € R? we have:
b(w1) — b(z2)| + [o(21) — o(22)] < Clar — 229,

so that existence of a unique strong solution is granted and X is well-defined.

We consider two players, that we call P1 and P2. Equation (3.1) describes the evolution
of the state process in case of no intervention from both players. Let Z be a given subset
of R%. During the game, P1 can affect X’s dynamics applying some impulse § € Z in an
additive fashion, moving the state variable from its left limit at 7, X, _, to its new value
X, = X._ + 0, where 7 denotes the intervention time. The controlled state variable is
denoted by X"

t t
X/ = x—i—/ b(XI")ds +/ (X2 dW, + Z Op, t>0.
0 0 n:mp <t
On the other hand, P2 can stop the game by choosing any stopping time 7 with values

in [0, 00]. We, now, give a proper definition of such strategies.

DEFINITION 1.2.1 P1’s strategy is any sequence u = (7,,, 0, )n>0, Where (7,),>0 is a se-
quence of stopping times such that 0 = 70 <7y <7 < ... <7, T o0 and 6§, € L°(F,,)
with values in Z. P2’s strategy is any stopping time 1 € T, where 7T is the set of all
[0, oo]-valued F-stopping times.

REMARKS 1.2.1 We observe that simultaneous interventions are possible in this game.
This is in contrast with games where both players intervenes with impulses, where simul-
taneous interventions are usually not allowed since they would be very difficult to handle

with from a modelling perspective (cf. [1]). On the other hand here, due to the different
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nature of the strategies for the two players, one can safely allow for simultaneous actions.
This has an interesting consequence on our analysis, as we will see in the linear game of
the next section that at least two types of Nash equilibria are possible and in one of them

P1 induces P2 to stop instantaneously.

The players want to maximise their respective objectives, featuring each of them three
discounted terms: a running payoff, P1’s intervention cost/gain and a terminal payoff.
The players’ discount factors can be different of each other. More precisely, for each
i = 1,2, r; > 0 denotes the discount rate of player i, f,g : R? — R are their running
payoffs, h, k : R — R their terminal payoffs and ¢, : R? x Z — R are the intervention
cost and gain, respectively. Throughout the whole chapter, we work under the assumption

that all these functions are continuous. Hence, we can define the payoffs as follows.

DEFINITION 1.2.2 Let # € R?, let (u,n) be a pair of strategies. Provided that the right-

hand sides exist and are finite we set:

<]1 ({L’; u, 7]) — Ex / —r1tf( 9: u)dt Z e—r1’rn¢( fnu_’ 5 ) _rwh<Xg’u)l(n<oo)
| /0 n:Tp <n i
. -
Jo(xyu,m) =K, / e g( X" dt + Z e P XEE, 6n) + e TR (X ) Lin<oo) |
| /0 n:Tn <n J

where the subscript in the expectation denotes the conditioning with respect to the start-
ing point.
In order for J; and J, to be well defined, we now introduce the set of admissible

strategies.

DEFINITION 1.2.3 Let 2 € R be some initial state and let (u, ) be some strategy profile.
We say that the pair (u,n) is z-admissible if:

(i) the following random variables are all in L'(Q):
|errectan [T e
0 0

IR, (X))
Soemme(XEt ] S e (X 6

ki1 <oo ki <oo

(ii) for each p € N, the random variable || X" || := sup,sqe” "2 | X" is in LP(€2).
We denote by A, the set of all x-admissible pairs.

REMARKS 1.2.2 Notice that, as it is formulated above, admissibility is a joint condition
on the strategies of both players. Under condition (ii) above and if all functions f, g, h,

k, ¢ and v have at most polynomial growth in their respective variables, the set of all
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jointly admissible strategies can be expressed as Al x A2 = A,, where A’ denotes Pi’s
set of (individually) admissible strategies for i = 1,2, and is defined as follows: Al is the
set of all P1’s strategies u = (7, 05 )n>0 such that > _ |0, € LP(2) for all p > 1, while
A2 is the set of all [0, oo]-values stopping times. )

Indeed, for P1’s strategies for instance, using classical a-priori LP-estimates of the

(uncontrolled) state variable, there exists a constant ¢ > 0 such that
E [eA(X)|] < cB [e7(1 4+ [X,[7)] < e(1 + B[ X[%]) < oo.

Moreover, similar estimates can be performed for the other expectations in Definition
1.2.3(i).

We conclude this section with the classical definition of Nash equilibrium and the

corresponding equilibrium payoffs.

DEFINITION 1.2.4 (Nash Equilibrium) Given z € R?, we say that (u*,n*) € A, is a Nash

equilibrium if
Ji(x;u*,n*) > Ji(z;u,n®),  for all us.t. (u,n*) € A,
Jo(z;u®,m*) > Jo(xsu®,n), forall ns.t. (u,n) € A,
Finally, the equilibrium payoffs of any Nash equilibrium (u*,n*) € A, are defined as

Vi(z) == Ji(z;u*,n"), i=1,2.

1.2.1 The System of Quasi-Variational Inequalities

Now, we introduce the differential problem that is satisfied by the equilibrium payoff

functions of our game. Let Vi, Vs : R? — R be two measurable functions such that
{8(z)} := argmaxs ,{Vi(z 4+ 6) — ¢(z,6)}, x€RY (1.2)

for some measurable function ¢ : R? — Z. Moreover, we define the following two inter-

vention operators:

MVi(x) :=Vi(x + 0(x)) — ¢(x,0(x)), (1.3)
HVy () = Vo(z + d(x)) + (x, §(x)), (1.4)

for each z € RY.
The expressions in (1.2), (1.3) and (1.4) have the following natural interpretation:

(1.2) let = be the current state of the process, if P1 intervenes immediately with impulse
d(z), P1’s payoff after intervention changes to Vi(x 4+ d(x)) — ¢(z,d(x)), given by
the payoff in the new state minus the intervention cost. Therefore, §(x) in (1.2) is

the optimal impulse that P1 would apply in case of intervention.
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(1.3) MVi(x) represents P1’s payoff just after her intervention.
(1.4) similarly, HV5(x) represents P2’s payoff following P1’s intervention.

Moreover, for any functions V' regular enough (specific assumptions will be given later)

we can consider the infinitesimal generator of the uncontrolled state variable X:
1 T2
AV :=b-VV + §tr(00 D=V,

where b, o are as in (3.1), o' denotes the transposed of o, VV and D?V are the gradient
and the Hessian matrix of V, respectively. We are interested in the following quasi-

variational inequalities (QVIs, for short) for V3, Va:

MV, -V <0 everywhere (1.5)
Vo—k>0 everywhere (1.6)
HVy — Vo =0 in {MV; =V} =0} (1.7)
Vi—h in (V= k) (18)
max{AV; — Vi + fMV; -V} =0 in {Vp > k} (1.9)
max{AV, — Vo + g,k —Vo} =0 in {MV; -V} <0} (1.10)

Each part of the QVIs system above can be interpreted in the following way:

(1.5) it means that it is not always optimal for P1 to intervene and it is a standard

condition in impulse control theory [24, 29];

(1.6) if the current state is = and P2 chooses to stop the game, i.e. 7 = 0, she gains k(z)
and since this is a suboptimal strategy, we have Va(z) > k(z) for all x € RY;

(1.7) by definition of Nash equilibrium we expect that P2 does not lose anything when P1
intervenes as in [1], otherwise P2 would like to deviate, by contradicting the notion

of equilibrium;

(1.9) before P2 stops the game, P1 plays as in a classic impulse control problem (e.g.
[29]);

(1.10) similarly as above, when P1 does not intervene P2 solves his own optimal stopping
problem (e.g. [34]).

After all this preparation, we are ready to move to our main result, which is a verification

theorem linking Nash equilibria and solutions to the QVIs system above.
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1.2.2 The Verification Theorem

In this subsection, we state and prove our main verification theorem. This result will be

key in order to compute Nash equilibria in specific examples.

THEOREM 1.2.1 Let Vi, V5 : R? — R be two given functions. Assume that (1.2) holds

and set
Cllz{M‘/l—‘/l<O}, CQI{%_k>O},

with MV] as in (1.3). Moreover, assume that:

e V] and V5 are solutions of the system of QVIs;

o V; € C*(C; \ 0C;) N C*(C;) N C(RY), for i # j, and both functions have at most

polynomial growth;

e OC; is a Lipschitz surface, i.e. it is locally the graph of a Lipschitz function, and V;’s

second order derivatives are locally bounded near 0C; for i = 1, 2.

Finally, let 2 € R? and assume that (u*,n*) € A,, where u* = (7,,, 0, )n>1 i8 given by
T, = inf{t > 7,1 : X; € C{}, {0} := argmax;c,{V1(X,,- +0) — o(X,—, )}, n >0,

and
n*=1inf{t > 0: V5(X,) = k(X})},

with the convention 79 = 0. Then, (u*,n*) is a Nash Equilibrium and V; = J;(x; u*, %)
fori=1,2.

REMARKS 1.2.3 First, we stress that, unlike usual control problems, the candidates V7, V5
are not required to be twice differentiable everywhere, but only in {V, > k} and {MV; —
V1 < 0} respectively. Moreover, we observe that for the equilibrium strategies in the

theorem above the right-continuity of (X;""):>o implies the following:

(MV] = V)(X2) <0, (1.11)
Oy = 6(X5), (where () is as in (1.2)) (1.12)
(MVi = V)(XE") =0, (HVe = Vo)(X2) =0 (1.13)
(Vo — k)(X,+) =0, (on {n" < +o0}) (1.14)
(Vo — k)(Xs) >0, (when P2 plays n*) (1.15)

for every strategies v and 7 such that both (u*,n), (u,n*) belong to A,, for every s € [0,7)

and every 73 < 00.

PROOF 1.2.1 Let V;(z) = J;(z;u*,n*) for i = 1,2. By definition of Nash Equilibrium we
have to prove that Vi(z) > Ji(z;u,n*) and Va(x) > Jo(z;u*,n) for every (u,n) such that
both (u*,n), (u,n*) belong to A,. The proof is performed in three steps.
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Step 1: We show that Vi(z) > Ji(z;u,n*). Let u be a strategy such that (u,n*) € A,.
Thanks to the regularity assumptions and by approximation arguments of Theorem 2.1
in [67] (for more details see the proof of Theorem 3.3 in [1]), we can assume without loss
of generality that Vi € C*(Cy) N C(RY). For each r > 0 and n € N, we set

Trm = Tr ANAD"

with 7. := inf{s > 0 : X & B(z,r)}, where B(z,r) is an open ball with radius r and
centre in z. As usual, we adopt the convention inf() = +oo. Applying Itd’s formula to
e "*V1(Xs) between time zero and 7., and taking conditional expectations on both sides

give

Vi(z) =E, {e‘””*”Vl(XTM) —/ ’ e AV — Vi) (Xs)ds
0

- Z e " (Vi(X5,) = Vi(Xr,0))

kT, <Tr.n

From (1.10) it follows that
(AV1 =1 V1)(X) < = f(X))
for all s € [0,7*). Moreover, using (1.5) we also have:
Vi(X, ) > MV(X, ) > Vi(Xs +0) = 6(X,6) = i(Xs,) — 6(Xs, 0

Therefore,

Vi(z) = E, e_rlTT’"‘/i(Xn,n)Jr/ e f(X)ds — Y eTG(Xs o, 6)
0

kT <Trn

Observe that by admissibility we have

eMTA(X,,,) < e (14 X

Tr,n

") < CA+IIX]%) € LY(9),

for some constants C' > 0 and p € N. Thus, we can use dominated convergence theorem
and pass to the limit, first as r — oo and then for n — co. Finally, because of (1.8), we

obtain

*

n
/ e_rlsf(Xs)dS . Z e—T1Tk¢(XTk_7 5k) + e M7 h(Xn*)ﬂ{n*<oo}
0

ke, <n*

Vi(z) > E,

- J1<.T,u,7]*)

Step 2: We show that Vo(z) > Jo(z;u*,n). Let n be a [0, co]-valued stopping time such

that (u*,n) € A,. Thanks to regularity assumptions and by the same approximation

23



argument as before, we can assume again without loss of generality that V5 € C%(Cy) N

C(R9). Arguing exactly as in Step 1 we obtain

Vi() = E, [v<x> = [T e av = ) (s
0

— Y e (a(Xy,) — Va(Xn ) |

kT <Trn

for the localising sequence 7,,, := 7, An An (r >0, n € N), where 7, := inf{s > 0: X, ¢
B(z,r)}. From (1.9) it follows that

(AV3 = 13V3)(X) < —g(X;)
for all s € [0,7). Moreover, due to (1.7) and (1.13) we obtain
‘/2<X7’k*) = /HVQ(XTIC*) = %((XTI{* + 5k) + w((Xkaa 5k) = V2<XT1€) + w(Xkav 5k)

Then,

Va(z) > B, |e 2™ Vy(X,, ) + / Ceg(X)ds+ Y e (X, b)
0

kT STr,n

and as before we can use dominated convergence theorem and pass to the limit so that

using (1.8) we obtain

Va(z) 2 E,

n
/ e_”sg(XS)ds+ Z e—r1'rk¢(XTk_,(5k)—|—e_7’277k’(X77)1{77<oo}
0

ki, <n

= Jo(x;u, ).

Step 8: Let Vi(x) = Ji(z;u*,n*). We argue as in Step 1, with equalities instead of
inequalities by the property of u*. Similarly for P2 with V5(x) = Jo(z; u*, n*). OJ

1.3 An Impulse Controller-Stopper Game with Linear
Payoffs

In the next Sections 1.3.1-1.3.4, we provide an application of the verification theorem,
Theorem 1.2.1, to an impulse game with a one-dimensional state variable evolving es-
sentially as a Brownian motion, which can be shifted by P1’s impulses and stopped by
P2, and where both players want to maximise linear payoffs. We find two types of Nash
equilibria for this game, depending on whether P1 finds it convenient or not to force P2 to
stop the game. For both types, we provide quasi-explicit expressions for the equilibrium
payoff functions and related strategies. Our findings will be illustrated by some numerical

examples.
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1.3.1 Setting

We are in a more specific setting than before. This time, the state variable is one-

dimensional, while the players have the following linear payoffs for z € R:

flz)=x—s, ¢(z):=c+Ad|, h(z):=ax,
g(x) = q—x, Y(x):=d+~0], k(r):=—bz,

with s, ¢, A\, a, q, d, 7, b positive constants fulfilling
a <\ and b<n. (1.16)

Hence, given an initial state x and an impulse strategy v = (7,,0,)n>1, We define the

controlled process X, as

X, =X =a+oW,+ > 6, t>0,
nimn <t
where W is a standard one dimensional Brownian motion and ¢ > 0 is a fixed parameter.
Moreover, we assume that the two players have the same discount factor r; = ry = r such
that
1—=Ar>0 and 1—br>0. (1.17)

The players’ payoff functions are given by

n
Ji(z;u,n) =E, / e "X, — s)dt — Z e "M (ec+ Aon]) FaeT X Lipcoot |

0

n: T <N

n
Jo(z;u,n) =E, / e (g — X;)dt + Z e (d +y|0n]) — be” X Lin<ooy
0

n:Tp <N

Therefore, in this game P1 can shift the state variable X by intervening with impulses
in order to keep it high enough, while paying some costs at each intervention time, until
the end of the game, which is decided by P2. In addition to that, P2, who wants to keep
X low, might gain something each time P1 intervenes. At the end of the game, P1 (resp.
P2) receives (resp. loses) some amount proportional to X. Hence, depending on whether
her terminal payoff is high enough, P1 might want to end the game soon, by forcing P2
to do that.

Our goal is to find some Nash equilibrium by solving the QVIs problem in (1.5)-(1.10).
More specifically, a heuristic analysis of the QVIs system will help us finding a couple of
quasi-explicit candidates Wy, Wy for the equilibrium payoff functions of the game Vi, V5.

We recall the optimal impulse size and the intervention operators in this setting

{0(z)} = argmaxs., {Wi(x +9) —c — A|d]},
MWy (z) = Wiz +6(x)) — ¢ — Md(z)],
HW(z) = Wa(z + 6(x)) + d +7]d(z)],
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together with the infinitesimal generator of the uncontrolled state variable

AV (z) = %&v”(:p), reR.

Before giving the QVIs system in this case, let us introduce the continuation regions for

both players

Ci={zeR:Wi(x+6(x)) —c— No(z)| < Wy(z)},
Co ={z € R: Wy(x) + bx > 0},

so that the respective intervention regions are given by C{ for « = 1,2. Now, the QVIs

system becomes

Wi(z +d(x)) —c— Md(z)| — Wi(z) <0, xr € R,

Ws(x) — bz > 0, r € R,

Wo(z 4+ 0(z)) +d + v]0(z)| — Wa(z) =0, x € Cy,

Wi(x) —ax =0, x € Cs,
2

max {%Wé’(x) —rWa(z) +q—x,—xb — Wg(x)} =0, x € Cy,
2

max {%W{'(x) —rWi(x) +x — s, (MW, — Wl)(x)} =0, x € Co.

A first look at the system suggests the following representation for Wy and W:

ax z € C§
Wi(z) =1 ¢1() x€CiNCy (1.18)
[ MWi(z) zelfnC,
([ —bax x € C§
Wa(z) = @olz) z€CNCH (1.19)
HWs(z) x € C{NCy,

\

where ¢ and @9 are solution to the ODEs

1 1
502<p’1’(x) —rpi(z)+ 1 —5=0, 50290’2’(35) —rpo(z) +q—x=0. (1.20)
Hence, for each x € R, we have:
Tr—S —
gOl(l’) = Cneez + 01267933 + ” 3 ()OQ(./L‘) = C21€9x + 6'22676’m -+ qT, (121)

where C1, Cha, Co1, Oy are real parameters and 0 := /2r/o?.

1.3.2 An Equilibrium with no Simultaneous Interventions

In this subsection, we push our heuristics further by focusing on a first type of Nash

equilibrium, where simultaneous interventions are not allowed. By this we mean that we

26



are looking for an equilibrium of threshold type, where P1 intervenes each time X falls
below a certain level, say 71, in which case P1 applies an impulse moving the state variable
towards an optimal level z] belonging to the continuation region of both players. On the
other hand, P2 waits until X is too high for her, i.e. until X crosses some upper level,
say Tg, at which point P2 decides to stop the game. The heuristics will lead us to propose
candidates for the equilibrium payoffs and related strategies, which will be then checked
to be the correct ones subject to some additional conditions. Such additional conditions

will be checked in some numerical examples.

Heuristics. Loosely speaking, since P1 is happy when X is high while P2 prefers it to
be low, we make the following ansatz about the continuation regions:
C{ = (—o0,71] (P1 intervenes),
CiNCy = (Z1,Z2) (no one intervenes),
CS = [T2,00) (P2 intervenes).

Hence, we can rewrite (1.18)-(1.19) as

(

ax, T € [T9,400)

Wi(z) =< o1(), x € (T1, ) (1.22)
[ MWi(z), z € (—o0,T]
—bz, x € [Tg, +00)

Wa(z) = pa(x), x € (T, T2) (1.23)
HW;(x), x € (—00,T1].

\
Let us find more explicit expressions for the operators MW; and HW,. In this example,
it is natural to restrict the analysis to d > 0 since P1 prefers high values of X**. Hence,
whenever she intervenes she will always move the process X to the right, so that
MWy (z) = sup {Wi(z +0) — c = A[g|} = sup{Wi(y) —c— A(y — )}
>0 y>u

Here, we focus on the case where the maximum point belongs to (Z1,Z2), in other words
P1 does not force P2 to stop. In particular, we have Wi (z}) = ¢(x7) and

¢(z]) = max ){w(y) — Ay}, Le ¢i(a)) =N ¢f(2]) <0, Ty < 2] < Ta.

ye(Z1, T2
Therefore, we obtain
MWi(z) = ¢i(a]) —c— Ma — ), HWa(z) = @2(a]) +d +y(z] — x).

The parameters appearing in the expressions for W; and Wy must be chosen so as to

satisfy the regularity assumptions in the verification theorem, i.e.
Wi € C*((—o0, Z1] U (Z1, T2)) N CH((—o00, Z2]) N C(R),
Wy € C*((Z1, T2) U (Zo, +00)) N C*([Z1, +00)) N C(R).

We can summarise the description of our candidates for equilibrium payoffs in the following
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ANsSATZ 1.3.1 Let Wy and W be as in (1.22)-(1.23) where the parameters involved

— — *
(0117 Cha, Ca1, Ca, Z1, X9, 131)

satisfy the order condition

T <CE>{ < Za,

and the following equations

pi(x]) =A and ¢"(27) <0
¢1(T1) = A

(T2) = —b

e1(Z1) = p(a]) — c = Az} — T1)
01(Z2) = aly

P2(Z1) = p2(2]) +d + (2] — Z1)
02(Zo) = —big

optimality of x7),
1

C'-pasting in 7;),

Cl-pasting in Z),

2

bl

)
)
)
CY-pasting in 7),
T2)
C'-pasting in 7),

)

(
(
(
(C%-pasting in
(
(

CP-pasting in Zs).

(1.24)

(1.25)

Re-parametrisation. We will conveniently re-parametrise the equations above in order

to reduce their complexity. Using the expressions in (1.21) we can rewrite (1.25) as follows

* * 1
001" — 0C e 1 + = = )\
T

- - 1
96’1169‘“ - 0012670:“ + - = A

r

i I
902169962 — 90226 bz _ — — —b
r
= _ A~ .i'l - 3 * _ *
011693“ + 0126 0z + — 01169:1:1 + 0126 Ox] +
r
i oz, , L2 S _
Cneem + 0126 02 + = axy
T
_ e q — i'l * —fx*
02160‘%1 + 0226 oz + = 02160‘701 + 0226 ! +
r
7 0z, 4~ T2 _
C’zlee“ + 0226 022 + — = —b.ﬁEg
r

So, subtracting (1.26b) to (1.26a) we obtain

1—MAr 1

Cip=-— , Cla =

rf e 4 el

Then, adding (1.26¢) to (1.26g) we find

Co= oy (24 Coy =
2= 5 (1—0br)(224+ =) —q], 99 =

7

28

*

r

q_

e@iz B
o |:(1 — br) (.1'2 — 5

—c— Nzl — 1)

*
” 1 +d+'}/(l’;—[i’1)

(1.26a)
(1.26h)
(1.26¢)
(1.26d)
(1.26e)
(1.26f)

(1.26g)

(1.27)



Hence, by substitution, we are reduced to solving the following sub-system

1= Arefr —efri 1 — N\

—2 r0  ef7 4 el T - (T1 —27) +¢=0 (1.28a)
1—\r 2072 B efm2 1 — \p fiti)
g o e T (L manT —s)—— + —— e =0 (1.28b)
€—0i2 1 B . 6952 1
5 {(1 —br) (xg + 5) - q} (97 — P71y 4 o {(1 — br) (l‘g - 5) - q]
1—r

x (e7071 — ¢7071) 4

(zi—7) —d=0 (1.28¢)

Now, the change of variable z = ¢?(*1~%1) turns equation (1.28a) into the following

z—1 cr
Inz—2 — =0 1.29
nE (z + 1) I=X 7 (1.29)
which has a unique solution Z > 1. Indeed, let F/(z) :=Inz — 2(%) — Z% and observe

that it satisfies F’(z) > 0 for all z > 1. Moreover z = ¢’@i=%1) > 1 due to the order
condition (1.24), F(1) < 0 and lim,_,, F(z) = +o00. Therefore, there is only one value
Z such that F'(Z) = 0, which can be easily computed numerically.

Now, in order to solve (1.28b) and (1.28¢) we perform a second change of variable,

w = e/@2=71) Jeading to the following equations

1 — \r w2ef™ ey 1= \r ef
_ 1 — To — = 1.
rd  zZ+1 + (1= ar)z> =) r + rg zZ+1 0, (1.30a)
12 1 w(z — 1) 1
orw |:(1 — bT) (ZBQ + 5) - q] + T |:(1 — bT’) (ZEQ — 5) — q:|
i U M) (1.30b)
r

Notice that (1.30a) is linear in 5, hence it can be easily solved in terms of Z and w, to

B 1= rw?—2 1
To = + s (1.31)

bw z+1 1—ar
Regarding (1.30b), it can be rewritten as

B o (25 )

erm (g (57— - =t

+au(q—(1—mﬁ<1f%;—+%>)+«2&?ﬁ$ﬂ;f€?::o.usm

The equation for w above is a quartic equation for which explicit formulae for its roots

get

are available. However, since they are quite cumbersome and not easy to use, we will
solve it numerically, leaving the analysis for later. Once the two new parameters z and
w are found, by solving numerically the respective equations above, the thresholds z1,
and the optimal level for P1, z}, can be deduced automatically. It remains to check
under which additional conditions such thresholds correspond to a Nash equilibrium of

our original linear game. This will be done in the next paragraph.
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Characterisation of the equilibrium and verification. The next proposition sum-
marises our findings and establish the link between the solutions zZ and w to the equations
above with the Nash equilibrium of threshold type we are looking for, provided some

additional inequalities are fulfilled.

PROPOSITION 1.3.1 Assume that there exists a solution (2, ) to (1.29)-(1.32) such that
1 < z < w and additionally

(L=br)(1=Ar)(@*=2)  1—br 1—br
0= Ow(1l —ar)(z +1) —ar 1579 (1.33)
G:Z ((1 _922(-1:1)_ 2 +S) —q) (@ — 1)+ 2 _Qbr(1+2w1nw—w2) > 0. (1.34)

Then, a Nash equilibrium for the game in Section 1.3 exists and it is given by the pair

(u*,n*), where u* = (7,, 0,)n>1 is defined by
T i=Inf {t > 7,_1; Xy € (=00, Z1]},  0n = (2] — 7)1 (oo z,)(2),
and
n* :=inf{t > 0: X; € [T9, +00)},
where the thresholds z;, x] and 5 satisfy

Inz—lnw ~ lnw 1—)\r11)2—2+ 1
_— T1 = Lo — ——— €To = S
/e 6w :+1

Moreover, the functions Wi, W5 in Ansatz 1.3.1 coincide with the equilibrium payoff

" _
€Ty = X9 + .
! 1—ar

functions V7, V5, i.e.
Vi=Wi, and Vo =Ws.

PRrROOF 1.3.1 The proof consists in checking all the conditions needed to apply the Ver-
ification Theorem (1.2.1). First, notice that by construction the functions W; and W

satisfy all required regularity properties, i.e. W; and W5 have polynomial growth and
Wy € C*((—00,Z2) \ {7:1}) N C* ((—00,72)) N C(R),
W2 € 02 (((i’l, —f‘OO) \ {i’g}) N Cl (((i’l, +OO)) N C(R)

Moreover Lemmas 1.A.1 and 1.A.2 in the Appendix grant the optimality of the impulse
d(z), i.e.
{6(z)} = argmaxs., {Wi(x +0) —c— N[}

together with the properties
MWl—Wl SO, WQ(.T)"’beO, z € R.

Next, we show that for all z € {MW; —W; = 0} = (—o0, 71, we have Wy (z) = HWs(z).
Indeed, by definition of HW5 we have:

HWy(z) = Wa(z +6(x)) + d +7|d(x)] = Wa(z]) +d + y(2] — z)
= @o(z]) +d+vy(x] —x) = Wy(x) Vi € (—oo, I1].

30



Now, let x € {MW; — W; < 0}. We have to prove that
max{AWy(z) — rWs(x) + ¢ — x, —bx — Wy(x)} = 0.

Since {MW; — W, <0} = (Z1, +00), we can consider two separate cases. In (Z1, T2) we
have —bx — Wh(x) < 0 and

AWy (z) — rWa(z) + ¢ — . = Apo(x) — repe(z) + ¢ — 2 =0,

since ¢y is solution to the ODE (1.20). On the other hand, in [Z5, +00) we know that
—bx = Wy(z), then we have to check that AWy(z) — rWy(z) + ¢ —x < 0 for all x €
[T3, +00). First, notice that Wy(x) = —bx and AW, (z) = 0. Hence, we are reduced to
checking the inequality

AWy(x) —rWa(z) +q—xz=bra+q—ax=q— (1 —br)z <0. (1.35)

Since by assumption 1 — br > 0, the function x — ¢ — (1 — br)z is decreasing, so we just
need to check whether the inequality holds in Zs, i.e. (1 —br)zs — ¢ > 0 which is satisfied
by (1.33).

To conclude our verification that the candidate equilibrium payoffs satisfy the QVIs
system, we are left with checking that —bxz — Wy(x) = 0 implies Wi (z) = ax, and that,
on the other side, —bx — Wa(z) < 0 implies

max{ AW, (z) —rWy(z) + x — s, MWy (z) — Wy(z)} = 0.
Now, the first implication holds by definition, while the second one boils down to proving
max{ AW, (z) — rWy(z) +  — s, MWy(z) = Wi(z)} =0, x € (—00,T2).
For = € (Z1, Z2) we have MW, (z) — Wi(x) < 0 and, as before,
AWy (z) —rWi(z) + 2 — s = Api(x) —rpr(z) + 2 —s=0

as (1 is solution to the ODE (1.20). For z € (—o0, Z1], we know that MW, (x)—Wi(z) =0

and therefore we have to check that
AWy (z) —rWh(z) +2—s <0, x€ (—o0,T1].
To do that, recall first that Wi (z) = p1(2}) — c— A(z} — x) and AW;(x) = 0, which gives
AWy (z) —rWhi(x) + 2 —s=—re1(T1) —rAx —T1) +x — s

since p1(71) = ¢1(2F) — ¢ — A&7 — Z1). Notice that, since by assumption 1 — A\r > 0, the
function z — —rp(z1) — rA\(x — 1) +  — s is increasing in z. As a result, we only need

to prove that the desired inequality holds for x = Zy, i.e.
—rgpl(jl) + fl — S S 0,
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which is verified since Ap;(Z1) —791(Z1) +71—s = 0 and Ap1(Z1) = rp1(Z1) —Z1+s > 0,
due to ¢ (z1) > 0.

To finish the proof, we check that equilibrium strategies are z-admissible for every
z € R. By construction, the controlled process never exits from (Z;, Z2) U {z}, so that
sup,so € "Xy € LP(Q) holds. It is easy to check that all the other conditions are satisfied
provided we show the following:

E, [y e ™ (c+ Ald))

k>1

< +o0. (1.36)

To start, let us assume that the initial state x is x]. The idea is to write 7; as a sum
of independent and identically distributed copies of some exit time (as in the proof of
Proposition 4.7 in [1]). Denote by p the exit time of the process z} + oW from (71, Ts),
where W is a one-dimensional Brownian motion. Then, each time 75, can be decomposed
as 1, = Zgl (1, where (; are i.i.d. random variables with the same law as u. We can now

show (1.36). As 0 = 6; = 2 — 7y for all k > 1, we have

Ze—er(c+ )\|6k|)] S (C+ )\61)]EII Ze_rTl

k>1 LE>1

E,»

= (C + Aél)ExI Z e " 25:1 G

Lk>1

= (c+M)E D ] e’“<l]

Lk>1 1>1

and, by the Fubini-Tonelli theorem and the independence of (;);>1, we get

k
_ —runk
D I [ <D0 (B [e7])",
k>1 1>1 k>1
which is a convergent geometric series, since g > 0. Then, for any = € (7, T2) same
arguments hold whereas, when x € [Ty, +00), P2 stops as soon as the game starts and,
as a consequence, P1 cannot apply any impulse, hence, the condition is satisfied. Finally,

if © € (—o0, 71] we have

E, Zefr‘rk(c—k )\lék\)] =c+ A2l — | + E,: Ze*ww(c + A6 | < +oc.
k>1 k>1
since supys|X¢| € LP(Q). O

1.3.3 An Equilibrium where the Controller Activates the Stopper

We turn now to another kind of Nash equilibrium, where P1 behaves similarly as in the

previous type with the main difference that this time when the state variable X falls
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below a given threshold, she will intervene and send X directly to the stopping region
of P2, hence forcing her to stop the game instantaneously. In particular, this would be
an equilibrium in which the two players act at the same time. The approach we use to

characterise such an equilibrium follows the same steps as in the previous subsection.

Heuristics. We start with some heuristics leading us to formulate a conjecture on the
equations the thresholds characterising this equilibrium should reasonably satisfy. Argu-
ing as before, we expect the candidates for equilibrium payoffs to be of the following type
(1.18)-(1.19) as

ax in [Zy, +00)

Wi(z) = § ¢ilz)  in (71,72 (1.37)
[ MWi(z) in (—oo, 4]
([ —bax in [Zy, +00)

Wa(z) = p2(z) in (71, 72) (1.38)
[ HWs(z) in (—o0,Z4]

for suitable thresholds z;, + = 1, 2.

Now, according to the type of equilibrium we want to identify, we investigate the
case in which the maximum point of the function y — Wi (y) — Ay belongs to [Zg, +00),
meaning that when P1 intervenes she is applying an optimal impulse moving the state

variable to the stopping region of her competitor. Thus, in this case we have

MWy (z) = sup(ay — \y).

Yy>To

Therefore, we have the following scenarios:

o ifa>\= x7 = o0;

o if a =)\ = z7 could be any = > Zy;

o ifa< = 2] =72,

Clearly, the only interesting case is a < A, so that 27 = Zs. As a consequence, this type
of equilibrium will be characterised only by two thresholds. Similarly as in the previous
subsection, we characterise the parameters (C1y, Cia, Ca1, Coz) and the thresholds (71, Z2)
by exploiting the smooth pasting conditions coming from the regularity assumptions pos-

tulated in Theorem 1.2.1. By doing so, we obtain
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o1 (7)) = A (C'-pasting in Z,),
©1(T2) = aZq (C-pasting in Zs),
©01(Z1) = aZy —c— M(To — 1)  (C’-pasting in 7), (1.30)
0o (Tg) = —b (C'-pasting in Z),
o(Ty) = —bTy (C°-pasting in Zs),
©o(ZT1) = —bTg + d + y(To — T1) (C -pasting in 7).
together with the order condition z; < Z,.
Re-parametrisation. We first rewrite (1.39) as
0% .
9C11€ T — 90126 L4 — = A (140&)
r
_ i 1
0C51e%72 — 9Cpe™™2 — — = —b (1.40b)
r
01169‘%2 + 012679‘%2 + 275 = aly (140C)
T
Cre®™ + Crpe™® + L2 — (0 — N)Zy + ATy — ¢ (1.40d)
r
0216 2 + C 6_9:]02 + — q- Z2 = —b.fg (1406)
T
Co1e” + Cage 9“+q_x1:(7—b)5:2+d—7f1 (1.40f)
r

Then, dividing (1.40a) by 6 and adding it to (1.40d), we can solve the equation for
Ch1 and consequently find Ci5 as in the previous case, (1.27). A similar manipulation of
equations (1.40b) and (1.40e) yields Cy; and Csy. At this point, plugging C1; and Cs in
(1.40c) we obtain

ef(@2—21) B 1—Mr S e~ 0(@2—11)
—— [(a=N)Zp — x1+ —c+-|+—
0 r r

2 2
1y1-2A 1—
X|:(a—)\)3_32—(.’f1——> T—C+f‘|+ arfg—izo
0 r r r r
which, noting that 7, = ¥y — 1n9w and applying the change of variable w = €?®2=%1) can

be rewritten as

. {(1—)\7")(11110—1) e s} 1 [(1—Ar)(lnw+1)

ré r w ré
1— 1—ar)zy —
T et }+2( anz =5 g,
r
This is a linear equation in %, yielding
5g = (1—=Xr)((Inw —Dw? + Inw + 1) — cré(w? + 1) L5 (1.41)
(1 —ar)(w —1)2 1—ar
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Proceeding analogously with (1.40f), we obtain the following alternative expression for Z,

_ q w—+1 2(0rd — (1 —yr) Inw)w
- 1.42
T Y w1 T T 0 =) (w17 (1.42)

Then, by equating (1.41) to (1.42), we obtain an equation in w:
G(w) ::(1 —A)(Inw — Dw? +Inw + 1) — cré(w? + 1) L8
(1 — ar)(w — 1) 1—ar
1 2 —(1— 1

q w+ (Ord — (1 —yr) Inw)w 0 (1.43)

S 1—br Ow—1) 01 —br)(w— 1)
which has at least a solution, say @ > 1, due to lim,,_, 1, G(w) = +00 and lim,,_,; G(w) =

—oo. The first limit follows from the highest order term, w?Inw, being multiplied by
1227 ~ 0 (cf. (1.17)). On the other hand, the second limit follows from (1.16):

l—ar

. . 1 2cr 2rd
}UIEllG(w) _g}inu (w—1)2 l—ar 1—br|

—0OQ.

Characterisation of the equilibrium and verification. The next proposition sum-
marises our characterisation of this Nash equilibrium in terms of only one parameter, w,

provided some further conditions, that will be checked numerically in the next subsection.

PROPOSITION 1.3.2 Assume that there exists @ solution to (1.43) such that
(1=Xr)(W—wnw — 1) + crow > 0, (1.44)
0<(1—0br)(@?—1)+2(0rd — (1 —yr)Inw)® < (1 —br)(@w —1)%  (1.45)

Then, a Nash equilibrium for the game in Section 1.3 exists and it is given by the strategies

(u*,n*), with u* = (7, 0 )n>1 defined by
Ty = inf {t > 7,_1; Xy € (=00, &1}, 6n = (T2 — @) (oo zy(2)

and

n* =1inf{t > 0: X; € [T2, +0)},
where the thresholds satisfy

. lmw ¢ N w+1 +2(9rd—(1—7r)1nf17)@
= R T T T T e@ -1 01— br)(w — 1)2

0

Moreover, the functions Wi, W5 in Ansatz 1.3.1 coincide with the equilibrium payoff
functions Vi, Va, i.e.
Vi=W; and Vo, =W,

PROOF 1.3.2 We proceed as for the previous equilibrium, by checking all the conditions
necessary to apply the verification theorem. First of all, the functions Wy, W, satisfy by
construction all required regularity properties, i.e.
Wi € C? ((—00,Z2) \ {#:1}) NC' ((—00,72) ) NC(R
Wy € C? (21, +00) \ {Z2}) N C' (21, +00) ) N C(R)

~—

)
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and both have at most polynomial growth.
Next, Lemmas 1.A.3 and 1.A .4 give

{0(2)} = argmaxse, {Wi(z + ) — ¢ — N4}

together with
MWl(.T) — Wl(l') S O, WQ(I’) + bx Z O,

for all z € R. Let 2 € {MW; — W) =0} = (—o0, Z;]. By definition of HW; we have:

HWy(z) = Wa(z + 6(x)) + d + 7|5 (x)| = Wa(Za) + d + (T3 — )

Now, in order to prove that
maX{AW2(‘r) - TWQ((L’) + q—x, —br — WQ('T)} - 07 YIS (:fl7 +OO)7

we consider two separate cases as for the previous equilibrium. First, for z € (z1, Z3), we
have —bx — Wh(x) < 0 and

AWy (z) — rWh(x) + ¢ — x = Aps(x) —rps(z) +q—2 =0

since 9 is solution to the ODE (1.20), so the maximum between the two terms is zero.
Second, we know that —bx = Why(z) for x € [T, +00), then we have to check that
AWy (z) — rWa(x) + ¢ — 2 < 0 for any x € [Z2, +00). Since AWy(z) = 0, we are reduced
to verify the inequality

AWy(x) —rWa(z) +q—ax=bra+q—ax=q— (1 —br)z <0. (1.46)

Given that z +— g — (1 — br)z is decreasing due to 1 — br > 0, it suffices to show the
inequality above at the point Zo, i.e. (1 — br)Zy — ¢ > 0, which is implied by (1.45).

To complete the verification that Wi, W5 are solutions to the QVIs system, we show that
in —bx — Wy(z) = 0 implies Wi (x) = ax and that —bz — W (z) < 0 yields

max{ AW, (z) — rWi(z) + x — s, MWy (z) — Wy(z)} = 0.
The first implication holds by definition. For the second one, we have to prove
max{ AW, (z) — rWa(x) + x — s, MWy (z) = Wi(x)} =0, x € (—00, Ta).
For z € (Z1, T2) we have MW, (z) — Wi(x) < 0 and as before
AWi(z) —rWi(z) + 2 — s = Api(z) —rp1(z) + 2 —s=0

as 1 is solution to the ODE (1.20). For any x € (—o0, %] we know that MW;(x) —
Wi(x) = 0, hence, we have to check that

AWy (z) —rWi(z)+az—s=(1—-A )z +cr—s—(a—ANri2 <0, z € (—o0, Iy
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To do so, we notice that the function x — (1 — A\r)x 4+ cr — s — (a — \)rZy is increasing in
x by assumption 1 — Ar > 0. Therefore, we only need to prove that the desired inequality

for x = x4, i.e.
— Ar

(1 —ar)zy — Inw+er —s <0,

which is given by Lemma 1.A.3. Finally, the optimal strategies are xz-admissible for every
xr € R. Indeed, by construction, the controlled process never exits from (z;,72) U {x},
and, as a consequence, sup,sq e | X;| € LP(2) holds for all p > 1. It is easy to check that

all the other conditions are satisfied as in the first type of equilibrium. O

1.3.4 Numerical Experiments

In this section, we will give some numerical illustrations of the equilibrium payoff functions
and a selection of comparative statics regarding the two types of Nash equilibria identified
in the previous subsections (the numerical results in this section were obtained using R,
rootSolve package). It is useful to remember that in order for the solutions to the QVIs
system to be Nash equilibria of one of the two types, they have to satisfy either (1.33)-
(1.34) or (1.44)-(1.45). Before we start, let us recall the meaning of the parameters

involved:

e s and ¢ might be interpreted as exogenous costs and gains, respectively. Note that
P1’s running payoff f(x) = x — s, hence, in order to make profit P1 needs = to
be greater than s, which can fairly be considered as P1’s expense, an analogous

reasoning applies for P2, but in the opposite direction since g(z) = q — x;

e a and b can be considered as terminal payoff sensitivity to the underlying process,

Xy, as we have h(r) = ax and k(x) = —bx respectively;
e at each intervention time P1 faces a fixed cost, ¢, while P2 receives a fixed gain, d;

e moreover, A is P1’s proportional cost parameter, while v is P2’s proportional gain

parameter;

e finally, r is the discount rate, the same for both players, and o is the volatility of

the state variable.

Equilibrium 1: no simultaneous interventions. In order to fulfill (1.33)-(1.34),
we can observe that both inequalities are satisfied for high enough values of w. It is
possible to show via graphical analysis that @, solution to (1.32), is decreasing in a,b, s
and increasing in ¢, d, ¢, A and . Therefore, we have chosen small values of a,b and s to
obtain the first equilibrium, Scenario A, whereas for Scenario B we have looked for higher
values and increased ¢ and d in order to find an equilibrium. The table below provides

the exact parameter settings, with 7, 7 and Z, are as in Proposition 1.3.1:
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e ofelaa]ofafo]s]a] n |5 | =
16.95
14.26

0.01
0.01
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1.5

200
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20
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40
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0
2

0
8

1
10

5
10

-31.11
4.95

Scenario A 34.84

18.18.

Scenario B

(i) z—Vi(z) in red, z+— Va(z) in blue for Sce- (ii) = — Vi(x) in red, x — Va(z) in blue for

nario A Scenario B

(iii) ¢ — 1, z}, T2 for Scenario B (iv) A — &1, 27, T2 for Scenario B

(v) d — 1,7}, T2 for Scenario B (vi) v — Z1, 27, T2 for Scenario B

Figure 1: Type I Equilibria

Figures 1(i)-1(ii) show how the equilibrium payoff functions behave in the selected sce-
narios, with the dashed lines showing the smooth-pasting of the three components of the
payoff in (1.22) and (1.23). From Figure 1(i) to Figure 1(ii) we can see how a reduction
in the volatility seems to shrink the continuation region, hence, the players become more
cautious, reducing their intervention regions when there is more uncertainty. Another
interesting fact to note is how the relative distance between z; and T, becomes smaller.

This can be due to the increase in P2’s terminal payoff sensitivity, b, and the increase in
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P1’s exogenous cost, s. In one direction, P2 is losing more money when she decides to
terminate the game, therefore she will not stop when the state process value is too high,
hence she reduces her threshold Z,. In the other, since P1 is facing higher exogenous
costs, she pushes the target, =7, as far as she can, making sure the state process is not
going too low, rising the barrier z;.

Figures 1(iii)-1(iv)-1(v)-1(vi) represent some comparative statics of the thresholds
71, o7 and Z, for Scenario B. Similar graphs hold for Scenario A as well, therefore they are
omitted. First, in Figure 1(iii) we can observe how an increase in P1’s fixed cost expands
the gap between z; and z]. The more P1 has to pay at any intervention time, the less
often she will intervene, lowering the threshold, z;, and increasing the target, x7. This
allows P2, who does not like high values of x, to slightly lower her threshold, Zs, so as to
pay less when she will stop the game. In Figure 1(iv) the behaviour with respect to the
proportional cost is quite different. P1 will reduce the interventions for higher A\, with
the distance between z; and z7 left nearly unchanged, while P2 keeps the barrier at a
constant level 5. In particular, P1 tends to never intervening when the proportional cost
reaches its maximum, set by the condition 1 — Ar > 0. This behaviour shows how P1 is
quite indifferent to changes in the proportional cost when this is not too big while she is
really sensitive once it gets high. Finally, in Figures 1(v)-1(vi) we can see that, when P2’s
gains more each time P1 intervenes increases, P2 is happy playing for longer, heightening

the threshold 7o, since she is receiving more money.

Equilibrium 2: P1 induces P2 to stop. To satisfy (1.44)-(1.45), we want @ to be
neither too high nor too low, in particular, high A\ should help in (1.44) as high @ in
(1.45). As before, via graphical analysis it is possible to show that @, solution to (1.43),
is decreasing in a, b, s and increasing in ¢, d,q, A and . Therefore, the first instance of
Nash equilibrium, Scenario B, has been selected to have high A and w, choosing high
values of ¢, d, ¢ and v and low values of b and s, whereas for Scenario A we have looked for
lower values of A and adapted the others. The table below shows the selected parameter

settings, with ¥; and Zy are as in Proposition 1.3.2:

v |ofeld|ry]albls]a] @ | &

o q
Scenario A | 0.01 | 5 | 100 | 100 | 25|10 | 24 | 9 0 || 22.56 | 32.68
Scenario B | 0.01 | 1.5 | 150 | 125 | 80 | 25 | 70 | 15 15 || 14.27 | 25.72.

As before, Figure 2(i)-2(ii) represent the equilibrium payoff functions in the selected ex-
amples. First, we can observe that the continuation region in Scenario A is shifted to the
right with respect to the one in Scenario B and we can observe that its width has not
changed much from one case to the other. Furthermore, we can notice that Scenario B is
more profitable for P2 and less profitable for P1. These two facts might be explained by
the following changes from Scenario B to Scenario A: P1’s exogenous cost, s, increases, so

P1 cannot tolerate low levels of x, increasing her threshold z;. Moreover, although P2’s
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(i) z—Vi(z) in red, z+— Va(z) in blue for Sce- (ii) = — Vi(x) in red, = — Va(z) in blue for

nario A Scenario B

(iii) ¢ — =1, T2 for Scenario B (iv) A — &1, T2 for Scenario B

S —

(v) d — 1, %y for Scenario B (vi) v — Z1, T2 for Scenario B

Figure 2: Type II Equilibria

gains, ¢, d and 7y, decrease we do not see her threshold scale down as it would be expected
as the game is now less profitable. This is probably due to b’s reduction, which leads P2

to stop for higher values of Zy since she is going to lose less when she decides to stop.

Now, let us spend some words on the comparative statics in Figures 2(iii)-2(iv)-2(v)-
2(vi). When P1’s costs, ¢ and ), increases, Figure 2(iii)-2(iv), P1 would intervene for
lower values of x and the distance Ty — z; will increase, even though z, gets lower as
well. This can be explained as follows, with the costs increasing, P1 is less willing to
intervene, reducing z;, even though this shift allows P2 to lower her threshold, zo, since
she likes low values of z. When the fixed gain, d, rises, Figure 2(v), P2 can afford the

game to run for longer, increasing 7o, as she will gain more when P1 will make her stop.

40



Moreover, this makes P1 heighten Z; in order to limit the proportional costs increment.
Lastly, we have a similar behaviour to the one described above for the proportional gain,
7, Figure 2(vi). The main difference is the speed with which the distance between the
thresholds increases, higher for proportional gain increments. This happens because, in
case of proportional gain increments, P2 is more incentivised to push z, far away since
the bigger the impulse the more the revenue, whereas an analogous behaviour in case of
fixed gain increments would lead to a loss in the terminal payoff outrunning the additional
profit due to the fact that the gain, d, does not depend on the intensity of the impulse

P1 is playing while the losses are increasing, since they depend on P2’s threshold, —bZ5.

Comparison between the two equilibria We conclude with a short discussion on
the reasons why P1 would play aggressively, forcing P2 to stop. To do so we compare first
the two scenarios A and B in both equilibria. So, going from Type I to Type II we see
a reduction in the proportional gain, 7, an increase in P1 terminal payoff sensitivity, b,
and a reduction in P2’s exogenous gain, ¢, making P2 lower her threshold, Z,, to reduce
the losses at the end of the game. Then, P1’s exogenous cost, s, increases making P1
rise both the threshold and the target, z; and z7 respectively. Furthermore, P1 terminal
payoff sensitivity, a, increases and, intuitively incentivise P1 to let P2 end the game sooner
so to receive the terminal payoff. More specifically, since w is decreasing in a, its increase
makes Inw = 0(Zy — T1) decrease, hence, since the distance between the two thresholds
is now smaller, P1’s target, x7, is closer to P2’s barrier up to the point they coincide,
] = To.

Regarding Scenario B, again from Type I to Type II, we observe increments in the
terminal payoff sensitivity of the two players, a and b, in particular P1’s sensitivity rises
much more than in the first scenario, hence, P1 is more incentivised to let P2 end the
game. Another important change regards the proportional cost, A, which is very high in
case P1 induces P2 to stop. As we have seen before in the comparative statics in Figure
1(iv), P1 intervenes less and less when the proportional cost becomes higher and higher,
so it is more convenient to intervene only once, inducing P2 to stop.

We finally observe that while we have managed to find numerical values for which only
one of the two types of Nash equilibria emerges at a time, the problem of whether the

two equilibria can coexist remains open.

1.4 Conclusions

In this chapter, we have introduced a general class of impulse controller vs stopper games
whose state variable evolves according to a multi-dimensional Brownian motion driven
diffusion. Moreover, we have provided a verification theorem giving sufficient conditions

under which the solution of the suitable system of quasi-variational inequalities we im-
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plemented coincides with the two players’ equilibrium payoff functions of the game. To
show how the verification theorem and the system of quasi-variational inequalities are
meant to be used, we have solved the game in a specific setting with linear payoffs and
a one-dimensional scaled Brownian motion as a state variable, discovering the existence
of two different types of equilibria which we have fully characterised. In particular, the
one where player 1 forces player 2 to end the game could be considered as a limit case
of the other equilibrium and further research in this direction might be interesting given
that we did not prove if the two equilibria are alternative and we were not able to find

any setting under which they could coexist.
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1.A Appendix of Chapter 1

In this appendix, we have gathered some technical results used in the verification parts
of Section 1.3 for both types of Nash equilibrium. We start with two lemmas on the

continuation regions in the equilibrium where simultaneous actions are not allowed.

LEMMA 1.A.1 Let W; be as in (1.22). Then we have

Moreover
{MW1 - W1 < 0} = (fl, ‘f‘OO) and {MWl - W1 = 0} = (—OO, Zfl]. (147)
PrOOF 1.A.1 By a simple change of variable we obtain

MW, = I?ZéLg({Wl(x +0) —c— N} =max{Wi(y) —c— ANy — )}

y>w

Let I'(y) := Wi(y) — Ay. By definition of W we have I''(z;) = I''(z]) = 0. Moreover, the

following properties are satisfied:
(i) I"(x) =0 in (—oo, Z4];
(i) IM(x) =a— A < 0in [Z,, 00);
(iii) I"(z) > 0 (resp. < 0) in (Z1, x7) (resp. in (x}, Z2)).
Properties (i) and (ii) are easily checked. Regarding (iii), recall that
I'(z) = ¢\ (z) — A = 0C11€" — 0C 157 + % -\, € (T, T2).

To study its sign, notice that I''(z) = 02C11€%* + 02Croe=% > 0 for all z € (74, ),
where 7 is such that ¢’ = V/—C12/Chy = e2(@i+a1) Moreover, since £ < z] we have
I'(z7) < 0. Hence, it follows that ['(z) > 0 in (Zy, x7), while I"(z) < 0 in (z7, Z2).

As a consequence, I' has a unique global maximum in z7, so that

{rmn in (oo, 7]

max I’ =
W=\ I i oo

y=x
which gives

{z1 —2} in (=00, ]

ammwbﬁwﬂf+®‘c‘M}:{{m in (7, +00)

This implies the first part of our statement, i.e. §(z) = (¥] — 2)1(_c0e1)(7). Now, to show
(1.47), notice first that

Wi(x) — ((z) in (Z1,00)

Wi(z) in (—oo, 71],
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where we set

o[ @) tetAai—a) i (@), ]
- sl

Now, we prove that ¢ > 0. By C%-pasting in 7; we have (%) = p(x}) —c— Az} — T1),

therefore
(() = p1(z) —pi(@1) = NZ1 —2) =[(2) = 1(Z1), =z € (71,27,

which is strictly positive since I is increasing in (Z1, z5]. Hence, ( is strictly positive and

we have
{MW =W, <0} = (T4, +00), {MW; =W =0} = (—o0, 7] U

LEMMA 1.A.2 Let W, be as in (1.23). Assume there exists a solution (Z, @) to (1.29)-
(1.32) such that 1 < Z < w and

(1—=0br)(1—Ar)(@w*—2) 1—0br 1—obr
< _
0= Ow(1l —ar)(Z+1) —ar 9579
L—br ((1—MXr)(w?— 2) - , 1—0r T
(1—@7’( 600z + 1) +s)—q)(w-1)7°+ 7 (14 2wlnw —w?) > 0.

Then, we have

{r eR: —bx — Wy(z) < 0} = (—o0, T2),
{z € R: —bx — Wy(x) = 0} = [Zg, +00).
PROOF 1.A.2 First, we recall that
—bx in [Ty, +00)
Wa(z) = ¢a(x) in (71, T2)
HWs(z) in (—oo, T1]
where
Ox —0z q—T
QOQ(JI) = 0216 -+ 0226 -+ ” .

We want to prove that po(z) > —bx in (Z1, T2) and HWs(z) > —bx in (—oo, Z1]. For the
first inequality we are interested in the conditions such that, for all x € (Z;, Z3), we have

q— (1 —br)x
r

0216636 + 0226_9:5 + > O, (148)

or, equivalently,

0(z—22) L 0(zo—2) - 1
e (1—0br) 5+:c2 —q|+e (1—0br) Ta—g) 4 +2(q— (1 —br)x) > 0.
Now, applying the change of variable /(272 = z > 1 to the inequality above yields

(1—br) <x2 + %) —q+22 [(1 — br) (gc2 _ %) _ q] 19, (q (= b+ 1—0br

lnz) > 0.
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Since Inz > 0 and 1 — br > 0 by assumption, the left-side above is bigger than
_ 1 2 _ 1 _
(1—"0r) Tt g —atz (1—0br) -y )4 +22(q— (1 =0br)zs),

which is quadratic in 2z and it can be factorised as

(- 1) (Z_(l—br)(:ig—l—%)—q)'

(1 —b?“) (.Cfg - %) -

We show that our assumptions grant that the expression above is positive, which in turn

will imply (1.48). Hence, the second factor is positive if the following holds:

1
(1 —"br) (xg—g)—q<0, (1 —=0br)zy —q > 0.

Then, using (1.31), the two inequalities above can be rewritten as

0 < (1—br)(1—)\r)(ﬁ)2—2)+1—b7“5_ _ 1—br
- fw(l—ar)(z2+1) 1—ar” ! 0

which is true by assumption.
For showing the second inequality, i.e. HW;(z) > —bx in (—o0, Z1], we observe first
that
pa(a]) +d+ (2] —x) > —bx, x € (—o0, Ty (1.49)
From the C%-pasting condition in Z; we have that po(71) = @o(z]) + d + y(x} — T1),

therefore we can rewrite (1.49) as
©o(Z1) + (T — x) > —bax.

Since b < v we only need to check that F'(z;) > 0:

_ B o 1 . b _
F(Z1) = a(T1) 4 bTy = Cyy”™ + Cope™ " + 7= r T)x1>

= ¢70@2-2) {(1 — br) (:62 + %) — q} + f(F2=m) {(1 —br) <£2 - %) - q}

+2(q — (1 = br)zy).

In w

0(@2=71)  we have T; = Ty — =52 and so

Now, using again the change of variable w = e

F(71)e%@7%1) can be re-expressed as

1—b
(1= br)Ts — q)(0 — 1)% + TT(1 + 2w Ind — @?),

which, using (1.31), can be rewritten as

(i:f; ((1 —822(1;521)— Z) +s) —q) (w0 —1)% + I_Tf)r(l_i_lenw_wg)’

which is positive by assumption. 0
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We conclude the appendix with two more lemmas on similar results for the other kind

of equilibrium, where P1 forces P2 to stop the game.

LEMMA 1.A.3 Let W) be as in (1.22). Assume there exists a solution @ to (1.43) such
that
(I =Ar)(w—wlnw —1) 4+ créw > 0.

Then we have
0(x) = (T — )1 (0,25 (), zER.
Moreover, we have
{MW, =W, <0} = (T4, +00), {MW; —W; =0} = (—o0, T1].
PROOF 1.A.3 First, observe that
MW, = Iglzagc{Wl(x +d)—c— N} = I?Zagc{wl(y) —c—ANy—u2)}.

Let us denote I'(y) := Wi(y) — Ay. By definition of W; we have ["(Z;) = 0. Moreover,
the following properties hold true:

(i) T'(z) =0 in (—o0, Z1];
(i) I"(z) =a— A < 0in [Ty, +00);
(iii) I(x) > 0 in (Z4, Zg).

As properties (i) and (ii) can be easily checked, we turn to showing (iii). Observe that,
for all € (Z1,73), one has I'(z) = | (z) — X\ = 0C11e% — 0C e %% + % — A, hence

IM(x) :Qee(m_fl) [(a — \)T2 — (fl + 1) L=Ar CE}

2 0 r r
0 . 1Y1-=AX 1—A
_56—0(33—351) |:(a—/\)l’2— <$1—5> - T—C—i—§:| n : 7"
Using the fact that ©; = 25 — % and setting z = ¢?®=71) we can rewrite it as
1—A N 1—A
(—(1—ar):i2—|— rlnw—cr—l—s) (22 —1) — 7 r(z—1)2>0,

which can be factorised as

(1) <Z+%(lnﬁ?—kl)—(l—ar)m—cr—l—s) -0,

LA (Inw— 1) — (1 —ar)Zy —cr+ s

1-Ar
0

(1.41), after some algebraic manipulation, we obtain the equivalent condition

which is true whenever (Inw — 1) = (1 —ar)Ty — cr + s > 0. Therefore, recalling

(1= M) (@ —BInd — 1)+ crd@ > 0.

Hence property (iii) is fulfilled. As a consequence, I' has a unique global maximum point
in Ty, and the rest of the proof follows the same lines as for Lemma 1.A.1. Hence, the

details are omitted. O
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LEMMA 1.A.4 Let W, be as in (1.23). For every z € R, assume there exists a solution @
to (1.43) such that:

0<(1—br)(w*—1)+2(0rd — (1 —yr)lnw)w < (1 —br)(w — 1)
Then, we have
{r e R: Wy(z) > bz} = (—00, T2), {z € R:Wy(x)=—bxr} = [T, +00).
PROOF 1.A.4 First, recall that

—bx in [Z9, +00)
Wo(z) = ¢ pa(x) in (z1, Z7)
HWh(z) in (—o0, Z4]
where
-
QOQ(JI) = 612169z + nge_em -+ qT
Hence, we want to prove that ¢o(x) > —bx in (Z1, To) and HWs(z) > —bzx in (—oo, Z4].
For the first inequality we are interested in the conditions granting
qg—(1—=0br)x
r

C’gleem + 0226_9x + > 0, x € (fl, .fg),

or equivalently
—0(T2—x) = 1 0(z2—2x) = 1

e\ (1—br)|Zs+ 7)1 +e’\ "2 (1—=0br)(z2— 7)1 +2(qg—(1=br)x) > 0.
Letting z = ?®2~%)_the above inequality holds whenever

_ 1 1 9 _ Inz
(1—br) 3:24—5 —q+ (1 —br) Tr—g ) —d 2242 (qg—(1—0br) Ty =~ z >0,
Since Inz > 0 and 1 — br > 0 by assumption, the left-side above is bigger than

1 9 _ 1 _
(1—"0r) Tt g —atz (1—0br) -y )4 +22(q— (1 =0br)zs),

which can be factorised as in the proof of Lemma 1.A.2 in

(- 1) (Z_(l—br)(xﬁg)—q)

(1—br)(fg—%)—q

We show that our assumptions grant that the expression above is positive. We proceed

as in the proof of Lemma 1.A.2: the second factor above is positive if the following holds

1
(1 —"br) (xg—g)—q<0, (1—=br)zy —q >0,

which, using (1.42), can be rewritten as
0<(1—br)(w*—1)+2(0rd — (1 —yr)Inw)® < (1 —br)(@ — 1)
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which is true by assumption.

For the second inequality we have

—bZTy +d+ (T2 —x) > —bx, x € (—00, T1).

Since 7 > b, the inequality holds whenever (7 — b)(Zs — 1) +d > 0, which is always true

since Ty > 71 by the ordering condition. ([l
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Chapter 2

Zero-sum Stochastic Differential Games
with Impulse Controls: a Stochastic

Perron’s Method Approach

2.1 Introduction

Differential games have been widely studied since Isaacs’ work [50] in 1965. In particular,
we are interested in the branch of continuous time games with impulse controls, where
players can act on the system only at discrete times, introduced by Bensoussan and Li-
ons [21] in 1974. In the deterministic case, Yong [78| studied a zero-sum game involving
impulse, continuous and switching controls proving the existence of the value of the game
by mean of viscosity solutions and Farouq et al [41] later allowed for more general jumps,
motivated by an application in mathematical finance. The first result combining the the-
ory of viscosity solutions with stochastic differential games in which both players adopt
impulse controls is by Cosso [38] in 2013, where he showed via the Dynamic Program-
ming Principle that finite time zero-sum games admit a value. Thereafter, Mazid [63] and
Zhang L. [80] generalised his work, weakening his assumption the first, and using a BSDE
approach the second. Basu and Stettner [10] studied the zero-sum game when the state
dynamics is a weak Feller-Markov process introducing the concept of shifted strategies,
which allows them to restrict the game to a sequence of Dynkin games, to provide exis-
tence and uniqueness of a saddle point. Further research has been done in the zero-sum
case when only one agent plays impulse controls while the other is playing classic contin-
uous controls, see Azimzadeh [6] and Zhang F. [79]. Tt is important to point out that all
these works, as most of the literature on stochastic differential games, rely on the Elliot
and Kalton [42] formulation, according to which the upper and lower value functions are
defined as the payoff when one player plays an open-loop control while the other is playing
a best response strategy. This formulation is clearly asymmetric as it produces two value

functions whose comparison is debatable. We believe a symmetric formulation where the
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upper and the lower value functions compare by definition is more natural and we refer
to Sirbu [74] for a thorough discussion. To achieve this goal, we model the strategical
interaction between players using feedback strategies following the works of [48, 74|. In
this way, players see how the other is acting, as they observe the path of the state up to
the current time, and are able to respond accordingly, without the need for asymmetric
formulations. Moreover, the viscosity solution approach with strategies a la Elliot and
Kalton, which was first studied by Fleming and Souganidis [44] in their pioneering work
in 1989, is in general quite complicated and the Dynamic Programming Principle (DPP)
cannot be proven working directly with the value functions. Instead here, once we have
proven that the stochastic Perron’s Method can be adapted to differential games with
impulse controls, we obtain the DPP as a by-product. The stochastic Perron’s method
was first introduced by Bayraktar and Sirbu [15] to construct viscosity solutions of linear
parabolic equations associated with stochastic differential equations in a highly tractable

way, and later applied to Dynkin games [16| and stochastic differential games [74].

Impulse strategies are well suited for all kind of situations in which fixed and propor-
tional costs apply any time players control the state process. Indeed, the treatment with
singular or classic controls would be faulty since the first would only capture proportional
costs, whereas the second would miss discrete interventions. Furthermore, both would not
be feasible since they would result in infinite costs due to players moving infinitely many
times the state process, as they are controlling it continuously, paying each time some
strictly positive fixed cost. In such cases, the controller would rather choose a sequence of
intervention times at which he will induce a jump in the state dynamics. Such sequence
of intervention times and jump sizes is called impulse control, as those jump sizes are
commonly called impulses. This kind of controls have many applications, from finance to
energy markets to real options [8, 35, 43, 60| and in particular, they have experienced a
comeback in the latest years due to the research for more realistic financial models, from
option pricing [22, 40, 75|, to optimal portfolio selection [61, 68, 70|, to options for long
term insurance contracts [36], to control of exchange rates [24, 29] and finally, to order
execution [27, 37]. Given the high interest, Aid et al. [1] provided a general model for
nonzero-sum stochastic differential games with impulse controls which was later gener-

alised to the mean-field case by Basei et al |9].

This chapter is about finite time horizon zero-sum stochastic differential games with
impulse controls and how to find their Nash equilibrium conveniently. More precisely,
we study games in which the two players can act only at discrete times inducing jumps

in a continuous time stochastic process which will be denoted by X, whose controlled
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dynamics is given by:
t

t
XET g o / b(t, Xy )dr + [ a(t, X5 )dW,+

S

Z (5n(Xf’xm’U) + Z ,yn()(;3,9[:;11,1;)7 t>s.

nis <ty (X770 <t nis<nn (X277)<t
This game is zero-sum, which means that the net change in wealth is zero and one player’s
gain is equal to the other’s loss; in the following we will refer to Player 1 (P1) as the
maximiser and to Player 2 (P2) as the minimiser. Any time one of the two players applies
an impulse to the system they face a cost, and, being the game zero-sum, it means they
are paying a penalty to the other whenever they like to intervene. Then, the two players
are going to respectively maximise and minimise the objective function which features a

running and a terminal payoff together with the aforementioned interventions costs:

T
J(s,zu,v) = E / F&, Xm0 dt— Y p(XEE5,)

N <T

Y DT ) + g (XET)

nemn <T
In particular, we define the upper value of the game as the function associated with the
players” optimisation problem when P1 has priority of intervention over P2, meaning that,
if both want to apply an impulse at the same time, only P1’s will work. Symmetrically,
we define the lower value of the game when P2 has priority over P1. The upper and
lower value of the game are related to two different double-obstacle quasi-variational in-
equalities, resulting from the Hamilton-Jacobi-Bellman-Isaacs (HJBI) Partial Differential
Equation (PDE), which we will solve via viscosity solutions using the stochastic Perron’s
method.

The chapter is organised as follows. In Section 2 we will formally describe the game, in
particular the definition of strategies according to which players intervene at stopping rules
instead of stopping times, and apply the related impulses based solely on the information
available up to then. Section 3 will adapt the stochastic Perron’s method to such game and
provides, in particular, the appropriate definitions of stochastic sub and super-solutions
to construct the viscosity solution of the HJBI. Finally, in Section 4 we will prove a
comparison result, so that the value function constructed via Perron’s method exists and

is unique.

2.2 Game Setting

Here we specify the framework of our zero-sum stochastic differential game with impulse
controls, where two players can affect via impulses some given state variable evolving

according to a possibly time inhomogeneous SDE as follows.
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Uncontrolled state dynamics. Fix a finite time horizon T > 0 and some initial time
s € [0,T], we are given a fixed probability space (2, F,P) supporting some k-dimensional
Brownian motion W. Let F* = (F}):c[s,77 be the augmented filtration generated by W’s
increments starting at s and assume that the state process X takes values in R? and
satisfies

dX; =b(t, Xp)dt + o(t, Xy)dW,, X ==z, (2.1)

for some initial value * € R? where the coefficients b : [0,7] x R? — R? and o :
[0, 7] x R — R¥* are assumed to be jointly continuous and locally Lipschitz continuous

in z, uniformly in time, i.e. for all K > 0, there exists a constant Ly > 0 such that
|b(t, x1) — b(t, x2)| + |o(t,21) — o(t, 22)| < Li|z1 — 22, (2.2)

whenever |z4],|z2] < K and for all ¢ € [0,7]. Moreover, we assume they have at most
linear growth in z, uniformly in time, i.e. there exists a constant C' > 0 such that, for all
z € R and t € [0, 7], we have

[bt, )| + [o(t, 2)| < C(1 + [x]),

so that existence of a unique strong solution is granted and X is well-defined. Note that
under the assumptions above X is well-defined even if the game starts at some stopping

time greater than s.

Players’ strategies and controlled dynamics. The goal of both players is to max-
imise their payoffs via the application of optimal impulses at some strategically chosen
times. Before defining players’ strategies we need to introduce, for a fixed starting time s,
the Skorohod space D([s, T]) := D([s, T|,R?) and endow this path space with the filtration

B® = (%, )ic[s,r defined by B, .= B(D([s,t])), te[sT],

where B} := ZA(D([s,t])) is the Borel g-algebra generated by the open sets in D([s, T1).
Elements of D([s, T]) will be denoted by y(-) or y where there is no ambiguity. Stopping
times on D([s, t]) with respect to B* are called stopping rules, as in Karatzas and Sudderth

[55], i.e. a stopping rule is any mapping 7 : D([s, T]) — [s,T] U {+0oc} such that
fyeD(s.T)) : r(y) <t} € B, telsT]

Moreover, we denote by 7, the space of stopping rules greater than p, where p is itself a
stopping rule. The last ingredient needed for the definition of players’ strategies are the

sets of values for the impulses.

ASSUMPTION 2.2.1 Let A and I' be two given compact subsets of the state space RY.

We define the players’ strategies as follows:
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DEFINITION 2.2.1 (PLAYERS’ STRATEGIES) Let s € [0,7] and let p € 75 be a given
stopping rule. Then, a strategy for Player 1 (henceforth, P1) starting at p is any sequence

u = (Tn, On)n>1, where

e (Tn)n>1 C T, is a strictly increasing sequence of stopping rules, i.e. p <7 <7 <

-+, such that lim, ., 7, = 400 a.s.;

® (0,)n>1 is a sequence of maps &, : D([s,T]) — A such that 6, € L°(Z,,) for all
n > 1.

Analogously, a strategy for Player 2 (P2) starting at p, is any sequence v = (1, Yn)n>1,

where

® (1,)n>1 C T, is a strictly increasing sequence of stopping rules, i.e. p < <1y <

.-+, such that lim,,, 7, = +00 a.s.;
® (7n)n>1 1s a sequence of maps 7, : D([s,T]) — T" with v, € L°(4,,) for all n > 1.

The set of all P1 (resp. P2) strategies starting at p € T, is denoted U3 (resp. V).

REMARKS 2.2.1 The definition of strategies starting at some possibly later time will be
very convenient in defining suitable notions of stochastic sub/super-solutions in order to
extend the stochastic Perron’s method to zero-sum impulse games. Moreover, note that

when p = s we have the usual notion of strategies starting at the initial time.

We do not allow for simultaneous impulses, hence, when P1 and P2 are playing some
strategy u and v respectively, the controlled state variable evolves with either of the

following dynamics, depending on which player has priority over the other:

t t
XPEOT = g g / b(r, X550 )dr + / o(r, XEW00 ) AW, + Y (X EmeT)

n:s <y, (X 8:%wv, =)<t

+ Z 5n(Xs,x;u,v,_) H ]l{rn(XW?"v“v*)#nz(XS’w;u’v’f)}7

n:s<7p (X $@w.v, =)<t >1

t t
Xpmuet — g +/ b(r, X>*0 ) dr +/ o(r, X350 dW, + Z Oy (X BT

n:s <7y (X 5:%5w0: )<t

+ > V(XY T T Vggaxcmsesmst e cmsmimsnt
RS < (X @i, +) <t 1>1

with ¢ € [s,T]. The process X **"%~ represents the state dynamics in case P2 has priority
of intervention over P1, whereas X*%%% T is otherwise. For ease of notation, we will refer
to 0, (X5%wvE) and 4, (X5%wvE) as §, and 7, only.

The following lemma is needed for (Xf’x;u’v’i)te[s,ﬂ to be well-defined. First, notice
that the controlled process evolves as the uncontrolled one in between impulses and that
these occur according to players’ stopping rules. Furthermore, we know that the uncon-

trolled process is well defined for any stopping time greater than s, hence, we need a result
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that links Z-stopping rules to F-stopping times to apply recursively the existence and
uniqueness result for the uncontrolled dynamics and obtain that (X} ’x;u’v’i)te[s,T] is also
well-defined.

LEMMA 2.2.1 Let s € [0,7] and let 7 be a stopping rule in 7,. Let (X)) be a
process with cadlag paths, which is progressively measurable with respect to F®. Then,
the random time 7x : Q — [s,T]U{+o0} defined by 7x(w) := 7(X(w)) is a stopping time

with respect to F*. In addition X, 1, <o is F; -measurable.

PROOF 2.2.1 By assumption, X is a process with cadlag paths, i.e. X(w) € D([s,T]) for

all w. Since 7 is a stopping rule, we have
{y e D([s,T)) : 7(y) <t} € B, telsT).
Then, taking the inverse image through X of the set above we obtain
X {yeD(s,T) 7y <t}) ={(rw) 0T x Q:r =7(X(w)) <t} € F

since, by definition of progressively measurable process, we have that for all ¢ € [s,T] the
mapping (r,w) — X,(w) is measurable on [s,t] x Q equipped with the product o-field
B([s,T]) ® F;. O

Players’ payoffs. As we mentioned above, both players play impulses in order to max-
imise their payoffs, but since the game is zero-sum we have that P1 (the maximiser) is
going to receive a certain payoff from P2 (the minimiser) depending on the strategies they
will be playing during the game. Such payoffs can be defined as follows:

T
J (s, z;u,0) = E / fe, xpmme Tt — Y ¢ 6) [ [Lrarns

n:s<7p, <T >1

Y ) ).

nis<np <T

T
JH(s,x;u,v) =K / f(t, Xm0 dt — Z P(X7TT 6,

n:s<t, <T

S,T;U,v,+ $,Z;u,v,+

+ Z ¢(Xnn— V) H Lipzmy + 9(X7 )] )
n:s<np <T >1

for any initial condition (s,z) € [0,7] x R? and any pair of strategies (u,v) € U? x

VS, Again, J~(s,z;u,v) represents the payoff in case P2 has priority over P1, whereas

J* (s, x;u,v) is otherwise. The following assumptions on gains and costs grant in partic-

ular that the payoff functionals J* are bounded:

ASSUMPTION 2.2.2 (i) The running gain f : [0,7] x R? — R and the final gain g :

R? — R are continuous and bounded.
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(ii) The costs ¢ : R x A — R, and ¢ : R x I' — R, are continuous and bounded
away from zero, i.e. inf( 5)comxa ¢(t,0) > 0 and inf(; ,)cjo,rxr ¢(t, ) > 0.

REMARKS 2.2.2 The assumptions above are admittedly not the most general. However,
they are consistent with the related literature on impulse games with viscosity solutions
and the stochastic Perron’s method. Indeed, regarding the first, our assumptions are
similar to Cosso’s [38], our only restriction concerns the spaces of impulses, A and T,
which are assumed compact rather then just closed subsets of RY. Regarding the literature
on stochastic Perron method, in most of it no running cost/gain is considered, while the

terminal payoff is taken continuous and bounded [15, 16, 74].

Our goal is to prove that the game has a value under both instances of priority and to
provide some sufficient conditions to show when the type of priority has no effect, namely
the game has the same value regardless the priority rule. Now we can define the upper
and lower value of the game as

V= (s,z) = sup inf J (s,x;u,v), V*(s,z)= inf sup J'(s,z;u,v).
ueU$ veVy veVy uelU$
We would heuristically expect V— < VT since P2 is the minimiser and we will say that

the priority of intervention is not relevant if the two values are equal, i.e. V- =Vt = V.

HJBI equations and the concatenation property. At this point it is convenient to
define the players’ respective intervention operators, which will appear in the Hamilton-
Jacobi-Bellman-Isaacs (HJBI) equations, as

MV (t,x) =sup [V(t,x +9) — ¢(z,9)], HV(t,z)=inf [V(t,x + )+ Y(z,7)],

dEA vyel

for any bounded measurable function V : [0, 7] x RY — R. These two operators describe
the value of the game right after P1’s and P2’s optimal interventions respectively. In
the next proposition we show that semi-continuity is preserved by the action of both

operators.

PROPOSITION 2.2.1 If V : [0,T] x R? — R is a upper (lower) semi-continuous function
then MV, HV :[0,T] x R? — R are upper (lower) semi-continuous as well.

PROOF 2.2.2 Lower semi-continuity of HV . Let us take a sequence (t,,Zp)n>1 € [s,T] X
R? and (t,x) € [s,T] x R? so that (t,,,) converges to (t,r). Since I' is compact, for
each n > 1 there exists a v, € I such that HV (t,,x,) = V(tn, Tn + V) + U(2n, 70)-
Moreover, the sequence of (7,),>1 is bounded, so by taking a subsequence if necessary
we can suppose that there exists a v € I' such that lim,, .., vy, = . Therefore, since v is
continuous

liminf HV (¢, z,) = Uiminf(V (¢, 2 +v0) + (20, 7)) = V(E, 2 +7) + (2, y) > HV (L, x)

n—o0 n—o0
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where the first inequality is due to V' being lower semi-continuous.

Upper semi-continuity of HV . As before we take a sequence (,,, x,),>1 converging to some
(t,z) in [s,T] x R? and fix a v = y(t,z) € [ such that HV (t,z) = V(t,2 + ) + ¥ (x,7)
and HV (t,, x,) < V(tn, zn + ) + ¥(xn,y) for all n > 1. Hence,

lim sup HV (t, #,) < limsup (V(tn, 20 +7) + ¢(0,7)) < V(E 7 +7) +9(2,7),

n—oo n—oo

which proves that HV is upper semi-continuous.

The semi-continuity properties of MV can be proved in the same way, hence the details

are omitted. O

The upper value function, V*, will naturally be associated with the following double

obstacle problem, which we will refer to as Upper Isaacs (UI):
min {max {—~AV —V; — f,V —HV},V — MV} =0, on[0,T) x R 23)
V(Ta x) = g(JC), x € Rda .

with AV = b-VV +1tr(co " D*V') whereas the lower value function, V', will be associated

with the following, which we will refer to as Lower Isaacs (LI):

{max{min {(—AV -V, — f,V-MV},V-HV}=0, on[0,T) xR, 2.4
V(T,x) = g(x), r € R
We say that the Isaacs condition holds whenever we have
max {min {—AV —V, — f,V —-MV} V —HV}
= min{max{—-AV -V, — f,V —HV} V - MV} (2.5)

on [0,T) x R<.

REMARKS 2.2.3 The Isaacs condition implies that the two values are the same, which
means that it does not really matter who has priority over the other as, in equilibrium,

it does not allow the players to achieve a better payoff.

Earlier we have defined the strategies as starting from a stopping rule p € 7, although
the game is starting at some time s < p. Therefore, in order to be able to use those
strategies we need a result that allows us to concatenate them to strategies starting from
an earlier time. Even though the result is stated for P1’s strategies, an analogous one

clearly holds for P2’s as well.

PROPOSITION 2.2.2 (CONCATENATION PROPERTY) Let s € [0,7], p € T, and u =
(7, 0p) € U;. Then, for each u = (7,,0,) € U;, the mapping u ®, @ : D([s,T]) —
([s, T) U {400} x AN defined by*

u ®p /& = ((7_1, e 7Tn*7177:177:27 .. .), (51, Ce ,(Sn*,l,gl,gg, .. )), (26)

where n* :=inf{n > 1: 7, > p}, is a strategy starting at s, i.e. u®, @ € U;.

*To ease the notation, we omit the dependence on the path y(-).
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PROOF 2.2.3 By construction, the strategy (7,,0,),>1 defined in (2.6) is composed of a
strictly increasing sequence of intervention times satisfying lim,, o 7,, = +00. Moreover,
by definition of u and @, it follows that 8, € L°(2., ) whenever 7, < Ty+, and 8, € L°(%:, )
for 7,, > 71. Therefore, we deduce that u ®,u € U;. O

2.3 Stochastic Perron’s method

We want to find the value of the game, under both priority rules, as viscosity solution
of the corresponding HJBI systems, (2.3)-(2.4), via the stochastic Perron’s method. As
such, we are going to define a suitable class of stochastic sub/super-solutions in a way
they satisfy their respective half dynamic programming principle (DPP). Once they are
defined properly, the stochastic Perron’s method consists in showing that the infimum
of such stochastic super-solutions is a viscosity sub-solution of (2.3)-(2.4), whereas the
supremum of such sub-solutions is a viscosity super-solution of (2.3) or (2.4). Finally, to
show that the game has a value, namely that the infimum of stochastic super-solutions
is equal to the supremum of stochastic sub-solutions, we will have to perform only a

verification by comparison. This last step will be done in Section 2.4.

Definition of stochastic super/sub-solutions and their properties. In this part
we state the definitions of stochastic super/sub-solutions for Ul and LI equations, together
with some preliminary elementary properties. We start with the notion of stochastic

super-solution of Ul equation.

DEFINITION 2.3.1 A function w : [0,7] x R? — R is called a stochastic super-solution of
the UI equation if:

1. it is bounded and continuous, it satisfies w(T,-) > ¢g(-) and

(Hw — w)(t,z) >0, (t,x) € [0,T] x R

2. for each s € [0,7] and for each stopping rule p € T, there exists a P2 strategy
0 = (7n,n) € V; such that for any u = (7,,0,) € US, v = (N, 1) € V¥, z € R?
and each stopping rule ¢ with p < ¢ < T, we have P-a.s.

¢
wip X) 2E| [ fe.X)d— Y 6,6
P n:p<tn <
+ > X T) [[Lgaryt wG X)L ol (27)
n:p<1n <C >1

where we have used the simplifying notation X := X®%wv®0t 5 .= p(X) ( =
¢(X), and similarly for é,, and 7,.
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An immediate consequence of being a stochastic super-solution of the Ul equation is
that, choosing p = s, there exists v € V? such that, using the simplifying notation
X = X*%u0+ we have P-a.s.

w(s,z) >E

¢
[ rexga- Y o, -5

n:s<7p<C

+ Z w<Xﬁ”7’:y”) H]l{ﬁrﬁéﬂ}—i_ w (CaXC) | fj] ’

n:s<ip <( >1

for all w € U; and ¢ € T,. After taking the expectation, we can see that w satisfies the
half DPP, with the notation X := X&%uv+t,

w(s,r) > inf sup E

/ftXt Yt — > G(X, -, 6n)

vevs uels n:s<tp<C
+ Z w(XT]n_7’Yn)H]‘{7]n?éTl} +w(§>XC)] ) (28)
n:s<np<¢ >1

for all ¢ € T;. Moreover, since w(T,-) > g(-), we have w(s,z) > V*t(s,x) for all (s,z) €
[0, 7] x RY. Indeed, if we take ¢ = T we have

[ rexoa- Y ox,-5)

w(s,z) > inf sup E

vevs uels n:s<tp<T
+ Z w(Xnn—a'Yn)Hﬂ{nn;ﬁn} ‘l'w(Tv XT) = V+(va)'
n:s<nn<T' >1

The stochastic sub-solutions of the LI equation are defined symmetrically as follows.

DEFINITION 2.3.2 A function w : [0,7] x R? — R is called a stochastic sub-solution of
the LI equation if:

1. it is bounded and continuous, it satisfies w(T,-) < ¢(-) and

(Mw —w)(t,x) <0, (t,x) € [0,T] x R%,

2. for each s € [0,T] and for each stopping rule p € T, there exists a strategy u =
(T, 0p) € Us such that for any u = (7,,0,) € US, v = (1, ) € V¥, € R and
each stopping rule ¢ with p < { < T, we have P-a.s.

¢
w(p, X,) <E /f(t,Xt)dt— Y (X 80) [ [ Limurmy
p n:p<Fn<( >1
Y () +wl(C X | F (2.9)
n:p<nn<¢

where we have used the same simplifying notation as before with X = X®%u®ptv:—
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By similar arguments as with the stochastic super-solution of the Ul equation, we can
observe that a stochastic sub-solution of the LI equation satisfies w < V'~ and the corre-
sponding half DPP. As stated in Sirbu [74], the two definitions are symmetric and they
would be enough to proceed with the stochastic Perron’s method in case the Isaacs con-
dition (2.5) holds. For the general case we will have to use stochastic super/sub-solution

of the LI/UT equations as well, which are defined as follows.

DEFINITION 2.3.3 A function w : R? — R is called a stochastic sub-solution of the UI

equation if:
1. it is bounded and continuous, it satisfies w(7T,-) < g(-) and

(Mw —w)(t,z) <0, (t,r) € [0,T] x R

2. for each s € [0,T], for each stopping rule p € 75 and for each v = (9, 7,) € V¢
there exists a strategy @ = (7, 0,) € U such that for any u = (7,,6,) € U, © € R
and each stopping rule ¢ with p < ¢ < T, we have P-a.s.

w(p, X,) <E

¢ -
JAECS LSS SRS N

n:p<7p <(

+ > (X ) [ [y + w(C X0 |

n:p<nn<¢ 1>1

with X = X $&u®ptv,+

Proceeding in the usual way, choosing p = s in the definition above and taking the

expectation we get the half DPP

w(s,r) < inf sup E
VeV, 5 ’LLGU‘S

/ f t Xt dt — Z Qﬁ(X.,-n,,(Sn)

n:s<tp <(C

+ D X y) [ Ty +w(C X0 | (2.10)

n:s<nn < >1

Before proceeding any further, we need to introduce some more notation: we denote by
e U/~ the set of stochastic super/sub-solutions of the UL,

e L/~ the set of stochastic super/sub-solutions of the LI.

REMARKS 2.3.1 The sets i/~ and £/~ are non empty. For instance, let’s focus on U™.

Then, it contains all the functions of the form
w(p,x) = K+ (T —p)C,
where K > supg and C > sup f. Here we check that all the conditions are satisfied:
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o w(T,z) =K >supg > g(z) for all x € RY;
o (w—Huw)(t,z) = —(x,5) <0 forall (t,z) € [0,T] x R%

e for each s € [0, T] and for each p € T; there exists P2’s strategy 0, consisting of no
impulses from p onwards, such that for any u € U? and any v € V?, x € R? and
C:p<(¢<T we have

w(p7 XP) Z (C - p) Supf +w<C7XC)

¢
>E / FX0dE— Y 6(Xe 02 (¢, Xe) | F|
p

n:p<7, <¢

Note that the term Z Y(X,,—, ) is absent due to v, since there are no im-
n:p<nn<¢

pulses sent by P2.

The stochastic Perron’s method suggests to take the supremum of sub-solutions and the

infimum of super-solutions:

u = sup w < VT < inf wi=u" (2.11)
weU ~ welt
and
I =supw<V < inf w:=1I", (2.12)
weL™ weLt

so that [- <V~ <Vt < wut. We want to prove that u™ (resp. w™) is a viscosity sub-
solution (resp. super-solution) of the UI so that, after a comparison result, we obtain
u™ > ut. As a consequence we find the value of the game in which P1 has priority, u~ =

V+ = u*. The same reasoning can be applied to [~/* in order to obtain I~ =V~ = [t.

REMARKS 2.3.2 The function u™ is upper semi-continuous, being the pointwise infimum
of continuous functions (each function w € U™ is indeed continuous, hence upper semi-
continuous), whereas u~ is lower semi-continuous since it is defined as the pointwise

supremum of continuous functions. Analogous statements hold for [T and [~.

In order to extend the stochastic Perron’s method to our setting we need the following

auxiliary properties adapted from Sirbu |74, Lemmas 3.7-8|.

LEMMA 2.3.1 (i) If wy,wy € UT, then wy Awy € UT. If wy,wy € U™, then wy V wy €
u-.

(i) There exists a non-increasing sequence w, € U™ such that w, | u™ and a non-

decreasing sequence w;, € U~ such that w), T u~.
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PROOF 2.3.1 ( OF LEMMA 2.3.1) (i) First, we prove property 1 in Definition 2.3.1, i.e.
Hw —w > 0 with w := w; A w,y. Being I compact, for all (t,z) € [0,T] x R? there exists
some (¢, x) such that

(Hw — w)(t,z) = w(t,z +7(t,z)) + Y(z,Y(t, z)) — w(t, z)
> (Hwi — w)(t, )L fwy (1,247 (t,0)) <ws (447 (1,0))}

+ (Hwy — w)(t, l’)ﬂ{wl(t,x+ﬁ(t,x))>wz(t,ﬁﬁ(t,x))}v

which is non-negative. Now we turn to property 2: let p € 7T, and consider two strategies
o' = (Mp, Ya)nz1,0° = (72,97 )n>1 belonging to V7 for P2 starting at time p and corre-
sponding to the definitions of the UI stochastic super-solutions w, wy. After defining a

new strategy v starting at p by combining the previous two as

~ ~1 ~9
0(y) = 0 (Y) Lfwr (o) (o)) <wa (o) e} T T (Y) Lwr (o) (o)) >ws () (o))}

one can check that © € V; satisfies the inequality (2.7) for w = w; A wy, so that w is a
stochastic super-solution of the Ul. Similar arguments can be used to prove the second
property in (i).

(ii) Proposition 2.A.1 grants that there exists a sequence (w,),>1 € Ut such that
ut = inf,>1 w,. Now, we can just define w, = w; Awg A ... AW, | u™. A very similar

proof leads to the analogous property of u . l

LEMMA 2.3.2 Fix a compact K C [s,T] x R? and a non-increasing sequence (wy,)n>1
of stochastic super-solutions in U* converging pointwise to u'. Then, such sequence
converges uniformly to u™ in K, i.e. for every € > 0 there exists ny such that for all
n > ng

sup (w, —ub)(t,r) <e.

(t,x)eK
PROOF 2.3.2 Let € > 0. For each n > 1, let us define the function g,(¢,z) = (w, —
ut)(t,x) and the set A, := {(t,x) € K | gu(t,x) < €}. Due to the fact that g, is non-
increasing we have that A, C A,.;. Moreover, since g, is lower semi-continuous, A,
is open. Hence, due to g,(t,z) — 0, n — oo, for all (t,z) € [0,T] x RY, (A,),>1 is
an open cover of K. Then, by compactness of K there exists some nyg > 1 such that
K C U2, A, = Ay, which means that sup, ,)ex (wn — u¥)(t,2) < €. O

COROLLARY 2.3.1 Fix a sequence of (w,),>¢ as in the lemma above. Then, for each
(to,r0) € [5,T] x RY and r > 0 fixed there exists an ¢ > 0 such that the sequence
(Hwy,)n>o converges uniformly to Hu™ in B, (to, 1), i.e. for every € > 0 there exists
ng > 1 such that for all n > ng

sup  (Hw, — Hu')(t,z) <e.
(t,I)GBT(to,:Eo)
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PROOF 2.3.3 To begin, let us note that we have

sup  (Hw,(t,z) — Hut(t,z)) < sup  wu(t,z +y(t, ) —ut(t,x + (¢, x))
(t7$)€Br(t0,$0) (t,x)EBr(to,l'o)

< sup (wy, — u+)(t, )

(t,2)€B(to,r) X (Br(z0)+T")

where v*(t, 2) € argmin cp(u*(t, 2 +7) +¢(z,7)) and B,(vo) +T':={z +y:vel v e
B,(x0)}. Therefore, since B, (ty) x (B,.(z¢)+1I") is compact, we only need to apply Lemma,
2.3.2 to show

sup  (Hw, — Hu")(t,z) <e
(t,z)€Br(to,0)

O

Viscosity solutions. Here we introduce the definition of viscosity solutions we are

going to use throughout the rest of the chapter.

DEFINITION 2.3.4 An upper semi-continuous function w : [0,7] x R? — R is a viscosity
sub-solution of (2.3) if, for all (ty,z0) € [0,7] x R? and ¢ € C*?([0,T] x R?) such that

¢ — u has a local minimum at (to, zo) and u(ty, o) = ¢(to, o), we have

max {min {—Ap — o, — f,u — Mu} ,u —Hu} <0 in (t,z0) € [0,T) x RY,  (2.13)
max {min {u — g, u — Mu},u —Hu} <0 on {T} x R<. (2.14)

A lower semi-continuous function u : [0, 7] x R? — R is a viscosity super-solution of (2.3)
if, for all (t9,79) € [0,7] x R? and ¢ € C“2([0,T] x R?Y) such that ¢ — u has a local

maximum at (tg, z¢) and u(ty, o) = ¢(to, o), we have

max {min {—Ap — ¢, — f,u — Mu} ,u—Hu} >0 in (tg,20) €[0,T) x RY,  (2.15)
max {min{v — g,u — Mu},u—Hu} >0 on {T} x R%, (2.16)

A function u is a viscosity solution if it is both a sub and a super-solution. The definitions

of viscosity super and sub-solutions of (2.4) are similar.

Main results of stochastic Perron’s method. The following theorem is one of the
main results of the stochastic Perron’s method applied to impulse games. It provides
a characterisation of the supremum (resp. infimum) of stochastic sub-solutions (resp.
super-solutions) of the UI (resp. LI) in terms of viscosity solutions of the corresponding
HJBI equations. We stress that one of the strengths of such an approach is that we obtain
the DPP as by-product of such a characterisation.

THEOREM 2.3.1 Under Assumption 2.2.2 the following hold:
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1. The function [t is a bounded upper semi-continuous viscosity sub-solution of the LI
equation and the function [~ is a bounded lower semi-continuous viscosity super-
solution of the LI equation and they both satisfy the corresponding halves of the
DPP for the lower equation.

2. The function u* is a bounded upper semi-continuous viscosity sub-solution of the
UI equation and satisfies the half DPP (2.8). The function u~ is a bounded lower
semi-continuous viscosity super-solution of the UI equation and satisfies the half
DPP (2.10);

PROOF 2.3.4 1. Viscosity sub-solution of the LI.

1.1. Interior sub-solution property for 1. We assume by contradiction that [T = inf,,c + w
is not a viscosity sub-solution of LI in the parabolic interior, i.e. for some r > 0,
(to, z0) € [0,T) x R? and some test function ¢ € C1?([0,T) x R?) such that

min (o —17)(t,2) = (¢ = 17)(to,20) =0 (2.17)

(t,:l‘) €B, (to ,330)

we have
max {min {—Ap — ¢, — f, 1T = MIT} 1T = HIT} >0 at (to, o).
This is equivalent to one of the following two cases:
(i) both (—Ap — ¢, — f)(to, z9) > 0 and (IT — MIT)(tg, z9) > 0;
(i) (I — HI1)(tg, o) > O.

Let us first analyse case (ii). We know that, by Definition 2.3.1, w — Hw < 0 for all
w € L*. By Lemma 2.3.2 we can select a w € LT such that HIt(ty, zg) + € > Hw(to, zo)

for an arbitrarily small € > 0 so that we have

(w —HIT)(tg, z9) — € < (w — Hw)(to, x9) <0

In particular, since by definition [T = inf,,c+ w, it follows that w > [T leading us to
(lJr - Hl+)<t0, xo) —e< (U) - Hl+)(t0, IL'()) —€e< (UJ - HU))(to, .To) < O,

which shows that [T — HI* > 0 is impossible.

Let us turn to case (i). Assume that we have both inequalities
(—ASD — QY — f)(to, $0> > 0, (lJr — Ml+)(t0, l’g) > 0. (218)

Fix £ > 0, by continuity of the coefficients of the SDE (2.1), we can find a small enough
open ball B(to,x) for some € > 0, such that

_A@_@t—f>0 on Be<t07$0),
e—&>1" on T, p(ty, zo),
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where the second inequality comes from (2.17) and T s (to, 2o) := Be(to, xo) \ Be2(to, %o)-
Moreover, since ¢ is continuous and MI™ is upper semi-continuous (see Proposition 2.2.1),

for ¢ small enough, the second inequality in (2.18) implies
o —¢ >MIT  on Bty o).

Let &€ > & > £/2. By the property (ii) in Lemma 2.3.1, there exists a sequence w, € L
with w, | [T as n — oco. Using Lemma 2.A.1 and Lemma 2.3.2, we can find n sufficiently
large such that ¢ > w, + ¢ on T, /3(to, z9) and w, — T < & on B.(ty, z9). Note that the

two inequalities are compatible on the torus since £ — & < &, indeed
It —w,+& >0 po—w,—(£-¢)>0
=
Qp_wn_glzo @—wn—ﬁlzo
due to ¢ — [T > £. Since such index n will remain fixed throughout the rest of the proof,

we can conveniently set w := w,. Then, we choose 0 < u < & A € so that the function

" = p — p satisfies the properties

—pt — At 4+ f >0 on Be(to, x0) (2.19)
ot > w on Ts(to, xo) (2.20)
ot > MIT on B(ty, z0) (2.21)
and
©*(to, o) = It (to, x0) — p.
Now define

" ANw  on Be(tg, xo)
wh =

w outside

given that w*(ty,xo) < [T (ty,x9) we obtain a contradiction if we can show w* € L7.
Now, fix s € [0,T], u = (Tn,0n)n and let p € T,. We need to construct an impulse

strategy v € V' satisfying the properties as in the definition of the LI stochastic super-
solution for w* (cf. Definition 2.3.1). We know already that w is a stochastic super-
solution of the LI equation and, as such, there exists an impulse strategy v; € V' satisfying

(2.7) from p onwards. Then, we describe v as follows:
1. If p* < w at p, play the no impulse strategy, that we denote v = 0.
2. Tf o* > w at p, play v;.

3. Play 1-2 until p1(y) A 71'(y) where pi(y) := inf{t € [p(y),T] : (¢t,y(t)) € 0B¢2(to, o)}
(with the convention: inf() = +o00) and 7{(y) is the first stopping rule accord-
ing to the strategy u = (7,,0,)n>1 € U; previously fixed, such that (7,y(7)) €
Bejo(to, z9)¢. Here we know that w* = w by construction (2.20), either by continu-

ity, if p1(y) A 71'(y) = p1(y), or by definition of 7{* otherwise.
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4. After pi1(y) A 71'(y), play the strategy v € V?

maru such that the stochastic super-

solution w satisfies (2.7) from p;(y) A 71(y).

The strategy doing 1-2 above, that we call v € V7, can be written formally as

Ba(y) = V(Y) Ligpn (o) w (o)) <wlo@)ue@)} T 1) Lipn (o) w(ow)>w(ow)yew)}-

Now, to complete the definition of v € V', it remains to concatenate vy € V' with
U3 € Vps1 (Ari(y) 35 follows

T = B3 @pypry 3 € V5.
At this point we are ready to use 0 to show that w* satisfies (2.7).

Hence, let us fix v € V¥, z € R and ¢ € 7,. Denote by X := X®%uv®%~ where §
was just defined above, while p := p(X) and ¢ := ((X). Let also set p; := pi1(X) and
7' == 71(X) and define the event A := {p"(p, X)) <w(p, X,)} € F,. First, we observe
that

S,T;U, VR pV2,— $,T5U, VR U, — $,T5U, VR p U1, — m
X, T = X, P14+ X, P 14 on{p <t<p AT}

Then, note that on the event A we have w/(p, X,) = ¢"(p, X,) whereas w”(p, X,) =
w(p, X,) on A°, which means we only need to show that (2.7) is satisfied on A since we
know it is satisfied on A° by definition of stochastic super-solution (recall that w € £7).
Hence, we apply 1t6’s formula on A from p to 7 A p; and take conditional expectation to
get

wh(p, Xp) = ¢"(p, X))

PINTY
=K |:(wﬂ(p1 A 7—}Lv‘Xpl/\T{‘)_/ (SOt + A@) (tht)dt_ Z A@#(SvXS)) ﬂ{pl/\q—fgg} |"TS

p p<s<p1 AT}

L p<s<(

¢
LB | [ xo) - / (o + Ap) (1, X0t — 3 Ag(s, X3) | Licarinpy | 73

= (D) + (1D),
where we set Apt(s, Xy) = (p"(s, Xs) — o"(s—, X)) = (s, Xs) — p(s—, X)) =:
Ap(s, X ) We consider the two summands on the RHS above separately:

T1 ApP1
(I) > E 7—1 A Pl, Ty /\pl) +/ f(taXt)dt - Z ASO(TanTn)> ]l{T{L/\mSC} | ‘FS
p

n:p<Tp <T{*Ap1

| I

T Ap1
>E (w/‘ 7'1 A pl, ‘/\pl) + / f(t, Xt)dt — Z QS(XTn,, 511) H ﬂ{m#m}"’
P

n:p<Tp <T'Ap1 >1

n:p<77n<71 Ap1

w(Xnn a’Vn)) ]l{'rf/\mSC} |]:;

where the first inequality follows from (2.19) and ¥ = 0 (jumps occur only at times 7,

n > 1), while the second one is due to the following two arguments. First, since there are
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no interventions coming from P2, the related costs vanish, i.e. Y 1 = 0. Second, recall
that w satisfies w — {T < & by construction so that, due to (2.21) and the definition of
the stopping rule p; A 7T we have
(70—, X, o) > MU (10—, X, o) 2 U (70, X -+ 00) — &(X, 2, 65)
> w(Tn, X -+ 0n) — (X5, —,0,) — &
> (T, Xorym 4 0n) = (X7, -, 00) = €

and since £ > ¢ is arbitrary it follows

QDH(TmXTn— + 671) - (Tna Tn ) < ¢( Tn—> )
Now, for the other summand (IT), observe that w = ¢* over [p, () along (s, Xs) so that

¢
(@H(QXC) +/ f(tht)dt - Z Xr- , 0 H:ﬂ{m?ﬁm}

14 n:p<tp<C >1

+ Z w(Xnn—77n)> Lic<pinmyy | f;] :

n:p<nn<¢

(1) > E

As mentioned in step 4 of the construction of the impulse strategy v € V', by definition

of stochastic super-solution, v3 € V* , ., provides (2.7) concatenated with any previous

PINT]
strategy v and against any P1 strategy w so that, from p; A 7', we have

w"(p1 A Tf,XplATf) =w(p ATy, Xpiare)

¢
zE/ ft, Xpdt— Xrooy60) [ [ Ly
p

1ATY n:plAngTn<C >1

+ Z ¢(XW7L a’Yn) +w(§ XC) | p1/\’7’

n:p1 AT <fin <¢

¢
Z E / f(t7 Xt)dt - Z Tn ’ H ]]'{771757'”}
p

AT n:pll\T}‘STn<C >1
+ Z w(Xﬁn—’ ﬁ/”l) + wu(C’ XC) | ‘Fjl/\’rf
nipIATE i <C
Then, by the property of iterated conditional expectations we obtain P-a.s.

¢
/f(t,Xt)dt— ) X 6) [ Virnd
P

n:pSTn<C >1

wh(p, X,) > E

+ D (X ) (G X | T

n:p<in<¢

tNote that the stopping rule p; A 78 guarantees that ¢*(t, X;) < w(t, X;) for all t € [p, py A 7*) on
A, which would not necessarily be true if we picked p; alone instead, as in the works by Sirbu [74] and
Bayraktar et al. [11]. This is due to the fact that in our case we do not necessarily get to the boundary

0B, /5(to, o) in a diffusive manner due to the presence of the jumps induced by players’ impulses.
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Finally, it is left to be shown that
(w" — Hwt)(t,z) <0 for all (¢,x) € [s,T] x R
First, we note that

(wﬂ o HU}H)@, $) < (w o Hw“)(ta I)
_ max{(w—Hw)(t,x),(w—?—lgp“)(t,x)} if (t,x—i—'y*(t,ac)) € Be(to,l'o),
(w—Huw)(t, z) otherwise,
where v* = 7*(t,r) € argmin, p [w!(t,z +7) + 1 (x,7)]. Hence, we only need to show
w—Hpt <0 for (t,x++*) € Be(to, xo) since w—Hw < 0 follows by definition of w € L.
Then, recall that, ¢ > [T and w < IT 4+ £ hold on B.(ty,zo). Therefore, by definition of

o == ¢ — p and w we have

— Utz + ") —¥(@,") +
<w(t,z) —w(t,z +77) —(@,7") +p+¢
< (w—Huw)(t,z) + 2 <2¢

as Hw(t,x) < w(t,z +~*) + ¢¥(x,7*) and p < &, to show that (w — He*)(t,z) < 0 by
letting &’ tend to zero.

1.2. The terminal condition property for 7. We assume by contradiction that there exists
zo € R? such that

max{min{l* — g,I" — MI*},IT —HI*} >0 at (T, xo),
which is satisfied whenever we have one of the two cases:
(i) (I" = g)(T,z9) > 0 and (I — MIT)(T,zq) > 0;
(i) (I" = HIT)(T, z0) > 0.

As shown in part 1.1, case (ii) is not possible. Therefore, let us consider case (i). Due to

continuity of g and upper semi-continuity of MI™ there exists an € > 0 such that
IM(T,x9) > max{g, MI*}(t,x) + ¢  forall (t,z) € B(T,xp),

where, with a slight abuse of notation, we denote as B.(T, xq) the restriction B.(T), zq) N
([s,T] x R?). Since T is bounded by construction, it is bounded on the torus T (T, zo)
as well, so that, for v > 0 small enough and & > 0, we have

2
IT(T, z0) + LN £+ sup It (t, z).

dv (t,2)€T, )3 (T,z0)
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Then, for k£ > 0 define the function

(x — x0)?

@k (t, x) == IT(T, x0) + + k(T —1t)

v

and apply Lemma 2.A.1 and Lemma 2.3.2 to a sequence of stochastic super-solutions
(wp)n>1 € LT, as done previously in part 1.1, to find n sufficiently large so that p”<F >
wy, + & on Teyo(T, z9) and w, — T < & on B(T, zg) for some £/2 < & < &. Therefore,

for w := w,, we have
2

(T, xo) + SN sup w(t, x).
W @e)eTy (T

Moreover, for k > 0 large enough ”“* satisfies
— ot — A"k — f >0 on B.(T, xo)

and i
Mt ) > 1 (T,m0) > MIT(t,x) o BT, o).

Hence, for 0 < 1 < £ A e we define the function w**<* as

e [ WA =) on BT o)
w otherwise

to replicate the arguments in part 1.1 to show w*"* € LT as
WS x) > g H(Tx) — p > 1T o) — i 2 gla) + € — p > g(2)
for (T',x) € B(T, () and reach a contradiction since

wu,u,e,k(T’ xO) _ l-l—(777 'IO) —pu < l+(T’ J,‘O) = inf w.

weLlt

2. 17 s a viscosity super-solution of LI
2.1. The interior super-solution property for I=. Let (to, zo) € [0,T) x R in the parabolic

interior such that, for some r > 0, a smooth function ¢ strictly touches [~ from below at
(to, LU(]). i.e.
max (o —17)(t,x) = (¢ —17)(to, m9) = 0.

(t,a:) €B, (to ,:Eo)

Assume by contradiction that
max {min {—gpt —Ap— f,I7 — /\/ll_} AT — Hl_} <0 at (to, xo)
which happens in one of the following two cases:
(i) both —p, — Ap — f <0and I” —HI™ <0;
(ii) both Im = MI™ <0 and I” —HI” <0.
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Let us first analyse case (ii). Similarly to part 1.1, we know that w — Mw > 0 for all
w € L~ by definition. By Lemma 2.3.2, we can select a w € £~ such that M~ (o, z¢) —€ <

Muw(ty, o) for an arbitrarily small € > 0 so that we have
(w — MI7)(to, o) + € > (w — Mw)(to, xo) > 0.

In particular, since by definition of [~ we have [ = sup,,- w, it follows that w < [~

leading us to
(l_ — Ml_)<t0, l’()) +e> (’U) — Ml_>(t0,$0) +€> (IU — Mw)(to,l’o) >0

to show that [~ — M~ < 0 is impossible.
Let us turn to case (i). Assume that we have both —¢p; — Ap — f <Oand ™ —HI” <0
at (to,zo). Asin part 1.1, fix £ > 0, by continuity we can find a small ball B.(ty, zo) for

some € > 0 such that

—Aﬁp—@t—f<0 on Be(to,l‘o),
2 +§ < - on ng(to,.fo).

Moreover, since ¢ is continuous and HI~ is lower semi-continuous, for ¢’ small enough we
have
) B -
e+ <HI™  on Bty xg)-

Let &€ > & > £/2. By the property (ii) in Lemma 2.3.1, there exists a sequence w,, € £~
with w, 11~ as n — oco. Using Lemma 2.A.1 and Lemma 2.3.2, we can find n sufficiently
large such that ¢ < w, —& on T2(to, o) and w, — 1~ > —¢" on m as in part 1.1.
Set w := w, and choose 0 < p < & A€ so that the function ¢* := ¢ + p satisfies the

properties
—of — At — f <0 on B(tg, o) (2.22)
" < w on T(to, o) (2.23)
" < HI™ on B(to, xo) (2.24)
and

o (to, o) = I~ (to, o) + p-
Now we define
e { etV w  on B(ty, xo)
w outside.

Since w#(tg, z9) > 1~ (ty, o) we obtain a contradiction if we can show w* € L£~. Then, fix s
and let p € T;. We need to construct an impulse strategy u € U? satisfying the properties
as in the definition of stochastic sub-solution of the LI for w*. We know already that w is
a stochastic sub-solution of the LI equation and, as such, there exists an impulse strategy

iy € U} satisfying (2.9) from p onwards. Then we formulate @ as follows
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if o* > w at p, play the no impulse strategy u = 0;

o

if o < w at p, follow the strategy uy;

@

Follow 1-2 until (p1An}) (y) where pi(y) := inf{t € [p(y),T] : (t,y(t)) € 0Bc/2(to,x0)}
(with the convention inf () = +00) and 7} (y) is the first stopping rule according to
U = (M, Yn)n € V37 such that (n,y(n)) € Beja(to, x0)¢. Here we know that w# = w
by construction (2.23);

=

After (p1 An7)(y), follow a3 € U, ., such that the stochastic sub-solution w satisfies
(2.9) from (p1 A n7)(y).

Let’s write formally the strategy doing 1-2 above as us € U, by

ta(y) = U(Y) Lipn (o) 5(o))>wipw)wewN} T W1 (Y) Lier(ow) w(ow)<wlo®)uow)}-

Now, to complete the definition of u € U} it is left to concatenate uy € U, with 13 €

o)Ay (y) 25 Tollows

U= Uy ®,, uz € U}.

At this point we are ready to use @ to show that w* satisfies (2.9).

Hence, let us fix u = (7,,0,)n>1 € US, v = (Mo, Ya)n>1 € V., © € R and ¢ € T,
Denote by X := X$%u®uv= where 4 was just defined above, while p := p(X) and
¢ :=((X). Let also set p; := p1(X) and 7} := n{(X)(note py An{ > p by definition) and
define the event A := {¢"(p, X,,) > w(p, X,)} € F;. First, we observe that

$,T;UQ pliz,v,— $,2u®pU,v,— $,TUQ pl1,v,— v
X, = X, T, 4+ XU Tac on{p<t<p Any}.

Then, note that on the event A we have w#(p, X,) = ¢"(p, X,) whereas w”(p, X,) =
w(p, X,) on A°, which means we only need to show that (2.9) is satisfied on A since we
know it is satisfied on A° by definition of stochastic sub-solution, w € L£~. Hence, we
apply Ito’s formula on A from p to ny A p; and take conditional expectation to get

wh(p, Xp) = ¢"(p, X))

pPLAN
=E Kw“(m A nf,Xplw)—/ (or+Ap) (t, Xp)dt— Y Acp“(saXs)) Lipngr<ey | Fp

L p<s<piAny

¢
+E {(gpu(g,){g)/ (o + Ap) (t, Xy)dt — Z Apt(s, Xs) )1{<<nwl} | F5
P

p<s<(

= (I) + (ID).
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We consider the two summands on the RHS above separately:

nyAp1
(H<E Kw“(an A p1, Xnvf/\pl)—k/ f(t, Xy)dt— Z Agp“(nmX,}n)) ﬂ{anmSC} ]]—}f
p

n:p<nn<njAp1

nyAp1
<E |:(wu(77111 A pr, Xnpapy) + / f(t, Xy)dt — Z ¢(Xr,—,0n) Hﬂ{m;«ém}
p

n:p<Tn<nyAp1 >1

+ Z w(Xnna'Yn)) ]l{n’f/\mSC} | 7'_5

n:p<nn<njAp1

where the first inequality follows from (2.22) and @ = 0 (jumps occur only at 7,s),
while the second one is due to the following two arguments. First, since there are no
interventions coming from P1, the related costs vanish, i.e. > ¢ = 0. Second, due to
(2.24), similarly to part 1.1 we have
O (M= X ) < HE (o=, X)) U (0ny X + W) + (X, 70)
< W1y X +70) + O(Xms 1) +&
< @ (s X + V) + (X, 70) + '3

and since £ > ¢’ is arbitrary it follows

@u(nm Xipn— + 'Yn> - @an_a X7]71,_) > _w(Xnn—a Wn)-

Now, for the other summand (II), observe that w = " over [p, () along (s, Xs) so that

¢
<90#<C7 XC) + / f(ta Xt)dt - Z ¢(X7n77 6n) H ]1{1717érn,}

n:p<7n<( >1

(I1) <E

+ Z w<Xnn77n)> Lic<pinnyy | f;] :
n:p<nn<¢
As mentioned in step 4 of the construction of the strategy « € Uj, by definition
of stochastic super-solution, u3 € U;, Ay provides (2.9) concatenated with any previous
strategy v and against any P2 strategy v so that, from p; A 1y, we have

wh (p1 A ny, Xpﬂ\ni’) =w(p1 Any, Xpﬂ\ni’)

¢ -
S E / f(t, Xt)dt - Z Qb(Xf'n—? 5”) H ]]‘{nlii'n}
p

LADY nip1 AP < <C 1>1

+ Y (X ) F (X | T

n:p1Any <nn<¢

¢ -
gE/ fe.x)dt— Y o(X 00 [[ L

LAy n:pr ANy <n<C 1>1

+ Z w(Xﬂn*7fyn) + U}'u(C7X<) | ‘/—-.51/\17{’

n:p1 ANy <nn<¢

71



Then, by the property of iterated conditional expectations we obtain P-a.s.

¢
wh(p, X,) <E /f(t;Xt)dt_ Z X5, 0 Hﬂ{m#m}
P n:p<Tn<( >1
Y (X ) (G X | F

n:p<np <

Finally, it is left to be shown that
(w" — Mw")(t,x) >0 VY (t,x) € [s,T] x R,

which can be proven as in part 1.1.

2.2. The terminal condition property for [~. First we argue by contradiction, similar to
the analogous step in 1.2, and then we construct a strategy @ = (7,, Sn) as in 2.1 above
depending on the fixed p. Then, alike part 2.1, we apply 1t6’s formula and conditioning
to finish the proof. O

2.4 Verification by comparison

The last step needed to prove that the game has a value is the verification by comparison,
so that the infimum of stochastic super-solutions of, respectively, the LI and UI (i.e.
[t /u™) is equal to the supremum of stochastic sub-solutions of the LI and UI (i.e. [~ /u™).
The verification consists in proving that v~ > u™ which, by definition, implies v~ = V1 =
ut (analogously we get [~ = V'~ = ["). The auxiliary Lemma below is an adaptation

from the optimal control case, see Ishii [51] Lemma 3.3 and Seydel [73] Lemma 5.8.

LEMMA 2.4.1 Let u : [0,7] x R? — R be an upper semi-continuous viscosity sub-solution
of (2.13)-(2.14). Let s € [0,T] and assume that there exist w € C*?([s,T] x R?) and a
positive function k : [s, 7] x RY — R such that

(Aw 4w + f)(t,x) > k(t,x) (t,x) € [s,T) x R?
max{(w—?—lw)(t,x),w(t,x)—}gg [w(t, z + (5)—¢(3c,5)]} <—k(t,z) (t,z) € [s,T] x R?

w(T,x) —g(x) < —k(T,x) r € R

w(t, x)

1
Then, for each m € N, u,,(t,z) = <1 — —) u(t, ) + is a viscosity sub-solution of

m

max {min {(—Ap — ¢, — f)(t, x), (ty — Muy)(t, )},

(U, — Huuy) (t, )} + k(t,7) =0 (t,x)€[s,T) xR, : )
m 2.25
max {min {u,, (T, x) — g(z), (Um — Muy,)(T,x)},
(U, — Hu ) (T, )} + k:(z;;x) =0 r € RY.
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PROOF 2.4.1 For any ¢ € C1?([s, T] x R?) we suppose u,, — ¢ attains a local maximum
at (tg, z9) € [s,T] x RY. Then, we have

1 w(t, x)
m ta = 1 —-— ta - ta
(Um — ) (¢, ) ( m) ut,z) + ——— —¢(t, )
1 w(t, ) m
=(1- =] |ut - t
( m) {u(’x)—i_m—l m—lgp(ﬁ)]
and we obtain that u(t,z) — <%gp(t,x) — %) attains a local maximum at (¢, 7).

Hence, using the fact that u is a viscosity sub-solution of (2.13) we get

AUJ"’U)t
m—1

max {min {L(—A@ —p) — [+

m—1

,u—/\/lu},u—”;'-[,u}g() in (tg, o).

Thus, we know that

min{i(—flgp—%)—f%—w,u—/\/tu} <0
m—1 m—1
u—Hu <0
hold. So, when
m Aw + w
——(=Ap — ;) — f + ———— <0,
m—1 m—1
via multiplying by (1 — 1/m) we get
k + Aw +
_-ASO—(Pt_f‘i‘_S_A(P_SOt_f‘FuSOa
m m

from which we obtain

k
—Ap—pp— f<——.
m

When u — Mu < 0 we have the following:

= l) N R UL . Kl - l) ult,z+0)+ LEEED o)

m

w(t,z) —w(t,x + 6*) + ¢(x,0%)
m

(

- (1= 2 ) utton) + 22 —oup [ (1= L)ttt +) — 612,
N
(

w(t,x) — infs[w(t,z + ) — ¢(z, )] - Kk <0
m m

where §* is such that supgu(t,z + J) — ¢(z,d)] = u(t,z + 6*) — ¢(x, 6%).
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Finally, in case u — Hu < 0 we have

(U, — Huty,) (2, )

- (1_%) u(t,x)+¥—igf Kl—%) u(t,x+7)+W+w(w,7)

_ (1 _ %) u(t,z) + w(:r;x) — inf Kl — %) (u(t, x + ) +¥(x,7))
+w(w,v)+w(t,fc+v)}

< (1 - E) (u — Hu) (to, zo) + (w _HT:LUW’JJ) < —% < 0.

Regarding the terminal condition, we know
min{u — g, u — Mu} <0, u— Hu <0.

Hence, we only need to check u,, — g+ k/m <0 when u — g < 0:

(1= 5 Juro) + 202 gy = (1 L) (o) = gta + 2D =2

m m m

k
< -—<0.
m

O

Before we proceed with the comparison theorem we provide the definition of viscosity
solution to the HJBI (2.3)-(2.4) by means of jets, as it is needed in the proof. By S(d)

we denote the set of symmetric matrices of dimension d.

DEFINITION 2.4.1 (FROM SECTION 8 [39]) Let v : [0,7] x R? — R be a lower semi-
continuous function, then we denote by J*>wv(t,x) the parabolic sub-jet of v at (¢,z) €
[0,7) x R? as the set of triples (p,q, X) € R4 x S(d) such that

o(s,9) 2 vlt,2) + (s = )+ (0, (y = ) + (X (y = 2.y — ) +olls — ] +]y 2P,

as s — t (s — t+, when ¢t = 0) and y — z. We also introduce the parabolic limiting
sub-jet of v at (t,z) € [0,T) x R%:

J*u(t, x) = {(p,q,X) € R™ x S(n) : 3 (tn, Tn, Pn, Gn, Xp) € [0,T) x R** x S(n)
such that (pn, ¢n, X,) € J> 0(ty, ,) and
(tns Ty V(tns Tn), Doy Gy X)) — (2, 0(8, @), p,q, X)

When v is an upper semi-continuous function on [0,7] x R?, we similarly define the
parabolic super-jet J*Tv(t,x) and the parabolic limiting super-jet J>%o(t,z) of v at
(t,x) € [0,T] x R by

TPt x) = —J3 (=) (t, z), J* ot z) = —J*(—v)(t, 2).
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Then, we have the following result from [38]

LEMMA 2.4.2 Let v :[0,7] x R — R be a lower (resp. upper) semi-continuous function.
Then v is a viscosity super-solution (resp. sub-solution) to the Lower Isaacs (2.4) if and

only if

o for every (t,z) € [0,T) x R? and (p,q, X) € J>v(t,x) (vesp. J>Tv(t,z)) we have

max {min {p _(b(t, 7). q) — %tr[(aTa)(t, 2)X] - f(t, ),
(v—Mo)(t,2)}, (v —Ho)(t,z)} =20 (<0).
e for every = € R? we have
max {min {o(T, ) — g(x), (v — MO)(T,2)}, (v — Ho)(T,2)} =0 (< 0).
An analogous statement hold for the UT equation (2.3).

THEOREM 2.4.1 Let u and v be a bounded viscosity sub-solution and a bounded viscosity
super-solution to the LI equation (2.4) respectively and w be as in Lemma 2.4.1. Suppose

all the assumptions in the lemma hold, then, u < v on [0, 7] x R,
REMARKS 2.4.1 An analogous result can be proven for the UI case.

PROOF 2.4.2 Let k be as in Lemma 2.4.1 and u,, be a viscosity sub-solution of the per-
turbed PDE (2.25). Here we will prove the inequality w,, < v for any m > 1 as we obtain
the desired result by letting m — oo since v = lim,, ,o u,,. To the contrary, we suppose
MaXi, 7]xgd Um — ¥ > 0 for some m > 1 and shall get a contradiction. Then, there exists
(t,7) € [s,T] x R? such that (u,, —v)(f,Z) =0 > 0.

Case 1: t € [s,T). Let r > 0, and introduce @, (t,z) := e un(t, ) and o(t,z) =

to(t,x). Then, they are viscosity sub and super-solution to

max{min{rW — W, — AW — f, W — MW}, W — HW} + % =0
max{min{rW — W, — AW — f, W — MW} W —HW} =0

respectively, with f := e f, k := "'k and

MW (t, ) = sup[W (t,z +6) — e"d(x,8)] HW(t,x) = inf [W(t,z +~) + (7).

ISTAN yer

We note that the function iy, (t,z) — (t — t)? — o(t, x) takes the maximum 6 := ¢"'f and
(t,7) € [s,T) x R? is a unique maximum point. For each 5 > 0 we define the function ®
on [s,T] x B(, R)2 for some R > 0 by

(t,,y) = Gt x) — (L —1)° %u ) -t y) (2.26)
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and let (¢, z,,y,) € [s,T|x B(Z, R)2 be a maximum point. We observe that the inequality
O(t,7,7) < O(t,, x,, y,) implies

1
2n
am@nv 3777) - (tn - %\)2 - 6(tna yn)' (2'27)

A~ A~

i (53) = 5(5,7) < (@ 7) — 5(E,7) +

I
=gl

(zy — yn)2

IN

Since 1, and ¥ are bounded we have that |z, — y,| — 0 as n — 0. By compactness of
[s,T] x B(Z, R) we see that (t,,, 2y, yn,) — (& 5,7) € [s,T] x Bz, R) » as n — +00,
for a suitable sequence (7,), converging to zero. Using (2.27) together with the semi-

continuity of u,, and v we get
Hence, we get (,7) = (¢, %) and (t,, 2, y,) — (t,7,7) since (¢, 7) is the unique maximum

point of (2.26). Moreover, we obtain

U (t,7) — 0(t,7) < Hminf i, (t,, z,) — limsup (¢, y,)
n—0 n—0
< i sup @y, (t, ) — Hminf 9(t,, y,) < o (t, 7) — 0(t, 7).
n—0 n—0

Thus, we have

h%n_)lélf U (T, ) — hrrr;s(l]lp O(ty, yy) = hrrr]félp T (b, ) — h%n_)lglf 0(ty, yny)

which implies
0 < limsup @,, — liminf @, < liminf v — limsup v < 0.

Therefore,

o~
A~

7175% am(tm IW) = ﬂm(t, ZL‘) and 717%6@777 yﬂ) = 73(t7 3:\)

As (ty, Ty, yn) — (£,7,7) € [5,T) x B(Z, R)?> we have that (t,,z,,y,) € [s,T) x B(Z, R)?
for n small. Then, by Ishii’s lemma [39] there exist X,,,Y; € S such that

(Pus = (@ — yy), Xy) € j2’+(ﬂm(tmxn))

(Pvs —(zn —yy). Yy) € jQ’i(@(tmxn»

S|P3 |

satisfying



where I denotes the identity matrix. Then, by sub and super-solution properties of ,,

and v we get

max {min {rﬁm(tm Ty) = pu — blty, wn)%@n — ) — %trKUTU)(tm ) X)) = [ty ),

(g, — M) (t, x,,)} (T — Hln) (), ;[;n)} < _k

s fin {04 = = g = ) = 510070l =t
(5 = M)ty ) | (5= HO) (b, ) | = 0

We first solve the case in which min{ro(¢,, y,) —p,—b(t,, yn) (zp—yn)—3tr[(c o) (ty, yy) Yol —
ftn,yy), (& — MD)(ty,yy)} > 0. This implies either

) 1 1 )
Tl (ty, Tn) — pu — b(ty, xn);( —Yn) — 5”[(0 o)ty 29) Xo] — [ty 2y) +
< 70t t) = 2o = bty )~ 0 = 1) = 5171007 0) by )Yi] = Tt )

or -
_ ~ k SO
(U — M ) (ty, 2y) + m < (0= MD)(ty, yn)-
We begin with the first inequality

7 (U (ty, ) — 0(tn, yn)) < 2(ty — %\) - %(xn — ) (0t yn) — b(ty, 24))+

+ %tr [(U(tmxn) —a(ly, yn))T(J(tm Ty) — U(tn’yn))] + f( by Tn) — f( by Yn) — %
<2(ty — tA) + %(mn - yn)2 + f@m Ty) — f(tmyn) - %

where K denotes a positive constant depending only on the Lipschitz constants of b and
o. Letting n — 0 we obtain a contradiction.

Then, the second inequality implies

SIm

am(tmxn)_ﬁ(tmyn) < Mﬂm(tmxn)_/\;w(tnayn)_ (tnaiUn‘i‘(S*) 77( myn"'a*)

where ¢* is such that supg|t,, (t,, £, +0) —@(zy, 0)] = U (t,), x,+0*) —P(xy, 0%). Therefore,
we get a contradiction by letting n — 0 as (£, %) is the unique global maximum of i, — v.

Finally, when (3 — Ho)(t,, y,) > 0 we have

(. — Hil)(ty, Ty) + % < (0 — HD) (ty, yn)

which implies

@z

U (ty, ) = O (L, Yy) < /Hum(tmxw_%v(tmyn)_a < T (b, Ty +77) = 0(ty, yn+77) —



where v* is such that inf, [0(t,, v, +7) + Y (yy, V)] = 0(ty, vy +7*) + ¥ (yy, 7). Similarly
to the case above, we get a contradiction by letting n — 0.

Case 2: t = T. Here we have

max{min{ (v, — g)(T, Z), (um — Mu,)(T,2)}, (um — Hun) (T, 2)} + % <0

max{min{(v — ¢)(7,7), (v — Mv)(T,Z)}, (v — Hv)(T,z)} > 0.

To conclude the proof we will show the contradiction when min{v—g,v—Mv} =v—¢g >0

as the other instances can be derived as in Case 1. Here we have
(0= )T 2) 2 (u — g)(T,5) + -
which implies
(U, —0)(T', ) + % <0<0=(u,—v)(T,x)= rilgg[um(T,x) —o(T,x)].

Therefore, we have shown that max( ;e rxrd(Um — v)(t,2) < 0 for all m > 1. At

this point we only need to let m — oo to complete the proof. 0]

We summarise all our founding in the following theorem:

THEOREM 2.4.2 Under Assumptions 2.2.1-2.2.2 and assumptions in Lemma 2.4.1 we have
that V= (t,z) = 17 (¢t,2) = " (t,x) is the unique continuous viscosity solution of the Lower
Isaacs equation (2.4). Moreover, the lower value function V~, of the game where P2 has
priority, satisfies the DPP:

V7 (s,x) = sup inf E

’LLE(JS9 UGV;S

P
[ sy 3 o (i 6) T b

n:s<tp<p >1

+Y (X ) + VT (p(XW“"), XZ(?;?:;’:;U,))] VpeT.

n:s<nn<p

Similarly, we have that V*(¢,2) = ut(¢,2) = u™ (¢, x) is the unique continuous viscosity

solution of the Upper Isaacs equation (2.3) and it satisfies the DPP:

P
IR S LR SIE Sty
0

n:s<p<p

+ 2 v ) [ L +V (p<X.s’zv“’”»+>,X;&ﬂ;:f::v,ﬂ)] VpeT.

n:s<Np<p >1

V*(s,z) = inf sup E
veVS ueUs

If the Isaacs condition (2.5) holds, then the game has a value regardless who has priority

of intervention and the value is
=V =V=Vt=u".
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PROOF 2.4.3 The DPP is due to the way u™,u,Il" and [~ are constructed since the
stochastic sub/super-solutions of the Lower/Upper Isaacs satisfy the corresponding half
DPP by definition. Apply Theorem 2.4.1 to v = [~ and u = [t so that [~ > [*. Then,

since [~ < [T by construction (2.12), it follows that [~ = [*. Similarly we get v~ = u*.0]
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2.A Appendix of Chapter 2

The following propositions collect, for reader’s convenience, two auxiliary results from
Bayraktar and Sirbu [15, Proposition 4.1 and Lemma 4.1|, which have been used in the
proofs of Section 2.3.

PROPOSITION 2.A.1 Assume that (M, d) is a separable metric space (or less, a topological
space with a countable base) and G is a class of functions f : M — RU {£o0}. Assume
also that each function in the class G is upper semi-continuous. Then, there exists a
countable subclass H C G such that

felx) = chrelgf(x) = }gi{f(x), for each = € M.

Moreover, let g : M — R U {fo0}. Then, the following conditions are equivalent:
i = inf , | hz e M,
(i) g(x) }relgf(x) or each x
(i) {reM|g(xr) <q} =Upeg{r e M| f(x) < ¢}, for each g € Q.

The next lemma is the result of a modification of Bayraktar and Sirbu [16, Lemma 2.4|
and [15, Lemma 4.1].

LEMMA 2.A.1 Let 0 < & < € and € > 0. Moreover, let o € CY%([s,T] x R?) and let

(to, o) be a local minimum of ¢ — u™ such that
@ —&>u" on Ts(to, xo).
Then there exists a stochastic super-solution w € U™ such that
¢ —& >w on T,s(to, o).

PrOOF 2.A.1 Using Lemma 2.3.1 and Proposition 2.A.1 we can choose a decreasing

sequence (wy,),>1 C UT of stochastic super-solutions such that w, | u™. We denote by

A, o= {w, > @ — €} N (Tepa(to, o)) -

We have that A,.; C A, and N2 ,A, = 0 since (w,), is monotonically decreasing
converging pointwise to u™ and u™(tg, xo) = ¢(to, xo). In addition, since both w, and ¢
are continuous, each A, is closed. By compactness, we get that there exists an ng > 1
such that A,, = (), which means that

o — & > wp,, on B(ty, o) \ {to, 20}

We now choose w 1= w,. O
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Chapter 3

Competition in dealer markets: an

impulse game approach

3.1 Introduction

The scope of this work is to study the strategical interaction between two dealers trading
to maximise their profits over a finite time horizon. In particular, the competition happens
via trade execution, meaning that, when they place an order, they can’t just take into
account their own market impact as the one generated by their competitor has to be
considered as well. Optimal trading for singular agents has been widely studied since the
pioneering works by Bertsimas and Lo [23] and Almgren and Chriss [5] for the discrete
time case and Almgren [4] in continuous time. Then, many authors have built on top of
their models with various settings: discrete time [2, 14, 66, 69|, continuous time impulse
controls [18, 20, 25, 59|, continuous time trading rate control [19, 33] and continuous
time trading rate control with impulses [46, 66|, the list of references is not exhaustive.
The extensions to situations with several competing traders have been researched since
Brunner and Pedersen’s paper [28]. In particular, Bank et al. [7] studied a liquidity
model analysing the interactions between dealers, their clients and an end-users market,
Schied and Zhang [72| considered the case when N players try to optimally execute their
trades, Carlin et al. [32] worked on cooperative equilibria and when they break, Moallemi
[64] looked at asymmetry of information, and the list goes on. Moreover, there are many
papers on applications of mean field games, see for instance Cardaliaguet and Lehalle [31]
on crowd trading with impulse controls and Jaimungal et al. [49] on optimal execution,
among others.

An important modelling choice when dealing with optimal trading regards market
impact, namely how the price process is affected by order sizes. We can divide the market
impact models available in two generations: according to the first [4, 5, 23], market impact
has two components, one permanent, affecting the price of all current and future trades

equally, and one temporary, affecting only the price of the trade that triggered it. The
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second generation follows recent research in market microstructure, which has showed
that market impact is rather transient, see Bouchaud [26] and Taranto et al. |76, 77,
meaning that the effect of each trade on the price is temporary but long lasting, the price
process has long-memory. Hence, we will consider a model with transient price impact in
line with Obizhaeva and Wang [66], Gatheral et al. [46] and others.

In practice, dealers trade at discrete times, according to their strategies, facing some
fixed and proportional costs, depending on the exchange they trade in, the order size and
the liquidity in the market. Given the context, it seems natural to opt for impulse controls
when choosing how to model players’ trades as they are sequences of intervention times
and impulses |18, 20, 25, 31, 59|. In particular, in our game dealers trade placing Market
Orders, so that at each trading time they will send an order to buy or sell a certain number
of shares, the impulse, causing a market impact and hence, a cost proportional to its size,
as it is riding the limit order book to be fulfilled. Other ways proportional and fixed costs
have been studied are stochastic control with viscosity solutions, dual approach based on
shadow prices in a frictionless market and asymptotics for vanishing costs, see [52, 71|

and references therein.

One challenge of stochastic differential games with impulse controls is to manage the
case when players want to apply impulses at the same time. Indeed, in all existing works
there are only results in case one player has priority over the other, see [1, 9, 10, 38, 63].
Here we allow players to intervene simultaneously, to do so we provide a new system of
quasi-variational inequalities (QVIs) where at each trading time a static game is played.
This allows for a more realistic model, breaking one of the existing limits to the analysis
of stochastic differential games with impulse controls.

The chapter is organised as follows. In Section 1 we formally define the game and
discuss the property of the model. In Section 2 we provide a QVIs system and related
verification theorem to obtain equilibria where only one dealer trades at a time and we
show that we cannot find any with this approach. In Section 3, after introducing a new
system of QVIs and related verification theorem to allow for simultaneous interventions,
we prove that there exists at least one equilibrium. In Section 4 we discuss interesting

areas for future research.

3.2 Game Setting

The Game. We consider a game in which two players, two dealer firms, compete over
a fixed time period [0,7]. The two dealers start the game with amount of shares x and
y respectively and want to maximise their revenues by time 7. Both players are able to
observe the information flow, which we model by a filtration F = (F;).c(0,1], satisfying the

usual conditions, on a given probability space (2, F,P). We model trading using impulse
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controls, namely dealers place their order at some trading times 7%, 7 = 1,2, at which they
trade the amount 4" € R, hence we will denote as u; := (7!, 0" ),>; the dealers’ trading
strategies.

We assume that the unaffected price process S° evolves according to a Brownian
motion & la Bachelier (as in most of the literature on optimal execution/liquidation, see
[31, 33, 46]):

dS) = b(t)dt + odW;, Sy =s, (3.1)

for some initial value s € R*, where b is deterministic and continuous and o > 0. One
drawback of such dynamics is that it would allow the price to be negative, regardless of
dealers’ trades. This is justified in the literature as it does not happen for a reasonable
parameters choice and it would occur with negligible probability. Moreover, this model is
usually considered in short time horizon execution problems so that it is less likely that
the price will go negative, see Almgren and Chriss [5], Almgren [4] and Gatheral et al
[46].

Hence, the Dealers’ holdings are

Xp=xz— Y &, Yi=y— > o,

nir <t n:T2<t

n—

with 87 > 0 a sell order and § < 0 a buy order.
Each trade creates some transient market impact and the affected price process in the

trading-in-continuous-time literature is usually of the form
t
S, =S +/ G(t — s)dXs,
0

or similarly the Gatheral model [45]

t t
Sy = Sop+ / f(vs)G(t — s)ds —|—/ odWs,
0 0

where v; is the rate of trading, for a suitable decay kernel G. The most popular kernel
choices are G(t) = t77 for 0 < v < 1 and G(t) = e # with p > 0, see Obizhaeva and
Wang, Gatheral et al. [46, 66|. Hence, we adopt a consistent adaptation to our trading

at discrete times model, selecting the exponential kernel G(t) = e **:

S, = S? e Z 571160(%—75) + Z 5Zlep(ﬂ2l—t)

Ti<t T2<t

for some positive 5 > 0 and p > 0. Note that, the higher the 5 the worse the execution
price is going to be, meaning that a small § represents more liquid markets. Then, since
trading incurs in costs proportional to the order size due to market liquidity and the
effect of hitting the limit order book, it might not be optimal to play aggressively, i.e.

sell all the shares in one trade for example. Moreover, dealers have to choose the optimal
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trading frequency keeping account of inventory costs, which we will denote as v > 0 for
the running inventory and I' > 0 for the terminal inventory. Hence, players will maximise

their respective goal functionals:

T
JN0,z, s3u1,u9) =Bays | Y 648 + S Xy — / v X2dt —TX2 |,
0

n:0<7i<T

T
J2(0,y, 8;u1,ug) :==Ey Z 0252 + SrYr — / VYZ2dt - TYZ |,
0

n:0<72<T

where the subscripts in the expectations denote conditioning with respect to the starting
point. Notice that the payoff functions depend on the other players’ controls indirectly via
S¢. The inventory costs are quadratic to make up for some degree of inventory aversion,

as such the payoff functions are linear quadratic as in [4, 19, 31, 33, 49].

The Strategies. As we mentioned in the game description, the dealers trade at some
suitably chosen trading times (7),>; an amount of shares (d%),>1, where each 4’ is a
random variable with real values. This leads us to the following definition of strategies

for both players.

DEFINITION 3.2.1 Player i’s strategy is an impulse control u; = (7%, 4% ),>1 where (77),>1

n’-n

is a sequence of stopping times such that 0 < 7{ < 74 < ... and lim,,_,,, 7/ = 00 a.s., with
6t € LY(F,) for each n > 1.We will refer to U as the set of strategies.

Before proceeding with the analysis we need to introduce the class of admissible strategies.

DEFINITION 3.2.2 Two strategies, u; = (7.},0}), € U and uy = (72,62),, € U, are admis-

n’-n nvn

sible if they are such that the payoff functions are well defined:

E|l > 6.5y

n:0<7i <T'

T
E [ / VX 2dt
0

together with

<oo (i ={1,2}); E[XpSr[] <oo; E[YrSr|] < oo;

T
< 00; E [/ 7Yt2dt} < 00,
0

X Tloo 1Y llos [1S]le € L*(92),
where || X||oo = sup;ep, 71| X¢|- We denote U the set of admissible strategies.

Our goal is to find the Nash equilibria, namely the couple of strategies (u},u}), such
that

JNO, 2y, s;ulul) > JH0, 2Ly, s u,u) Vg €U,
J20,z,y, s;ul,ul) > J*0, 2,9, s;u,up) Vuy € U.
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3.3 No Simultaneous Trading Equilibria

In this section we adapt the arguments from |1] to obtain a suitable system of QVIs, which,
together with a verification theorem, will provide a framework to find Nash equilibria
when only one dealer trades at a time. Finally, we will show how the restrictions to no
simultaneous trades turns out to be fatal as there are no candidate equilibrium payoff

functions.

The QVIs system. When either player intervenes, he is going to make a gain of §° .S, =
0L (8% — BéL), recall 87, > 0 is a sell order. Hence, Dealer 1’s equilibrium payoff function

satisfies at each intervention time 7

Vi(r,2,y,s) = sup [6'(s = B8") + V(r,x = 0"y, — B3],

dleR

as when he trades he does so maximising his returns. As such, we define each player’s

intervention operator accordingly

MUV (t,2,y,5) = sup [0'(s — B6) + Vit z — oV, y,s — B3],

fleR

MPV3(t,x,y,s) = sup [0°(s — B0°) + V(t,z,y — 6%, s — B6%)] .

62eR

Moreover, since dealers’ trades cannot increase the value of the game the value functions

have to satisfy
(VI= MV)(t,2,y,5) 20 (ta,y,s) € [0,T] xR*, i =1,2.

We are interested in Nash equilibria, according to which, one Dealer’s equilibrium payoff
function should not get worse when the other trades, in order to avoid deviations from

the equilibrium strategy. In mathematical terms, this translates to
Vit,z,y,s) = Vit y — 6% s — B6?), V3(t,x,y,s)=V(t,x -5 y,s—B6"). (3.2)

Finally, for any V regular enough we can consider the infinitesimal generator of the

uncontrolled state variable S:
1,
AV = bV, + 50 Vis,
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where b, o are as in (3.1). Given the information above, the system of QVIs to be satisfied

by the dealers’ equilibrium payoff functions has to be the following

(VP = MVH(t,z,y,5) >0 in [0,7] x R?

Vit,z,y,s) =Vt x,y — 0% s — B6%), in {(V?— M*V3(t, z,y,s) =0}, (3.3a)

Vit x,y,8) =V2it,x — 'y, s — B6Y), in {(VI = M'VH(t z,y,s) =0},

max{ AV’ + V! —y2*, M'V' =V} =0 in {(VI — MIVI)(t,2,y,s) >0} N[0, T) x R?,
(3.3b)

max{sr — T2? = VI MV —V1} =0 in {(V? - M*VH(t,2,y,8) >0} N{T} x R?
(3.3¢)

max{sy — ['y? = VEM* V2 -V?} =0 in {(V! - M'VH(t,2,y,5) >0} N{T} x R*.

The Verification Theorem
THEOREM 3.3.1 Let V1?2 :[0,7] x R®* — R be two given functions. Assume that
{6%(t,z,y,s)} € argmax{V'(t,x — 6, y,s — 6*) — 6" (s — 1)}, (t,z,y,s) € [0,T] x R?,
{62(t,7,y,8)} € argmax{V3(t,z,y — 0%, s — B6%) — (s — B}, (t,x,5,8) € [0,T] x R?,
hold and set C* := {V* — M'V? > 0}. Moreover, assume that

e V1 V2 are solutions of the system of QVI;

o Ve CL002(C\ aC;) NCHOOL(C)NCO([0,T) x R?) for i, j = 1,2,4 # j and have at

most quadratic growth;

e OC; is a Lipschitz surface and V%’s second derivatives are locally bounded near 9C;
fori=1,2.

Finally, let (t,2,y,s) € [0,T] x R3, (u},u}) € U where u = (77,0%) i = 1,2, are given by

n-n

h=inf{t > 7' (t,X,,Y:,S) €CY, S € argmax{V' (7}, X1, Y1, S0) — S8},
n—1 1 n n n n n

1
n

1
2 =inf{t > 72, : (t, X,,,Y;,S) €C5}, 02 € argmaX{VQ(Tg,XTg,YTg, Sr2) — 820}

with the convention 75 = 0,7 = 1,2. Then (u},u})isa NE and V(¢ z,y,s) = J'(t,z,y, s;u}, uj),
VQ(t7 x? y’ 8) = J2(t7 x’ y7 S; UT7 u;)'

PROOF 3.3.1 We do the proof for V! only since the steps for V2 are the same.

Let Vi(t,z,y,s) = J't,z,y,s;ul,u;). Step 1: we have to prove that Vi(¢t,x,y,s) >
JUt, 2y, s;up,uy) for all up @ (uy,us) € U. Thanks to regularity assumptions plus ap-
proximation arguments as in [1], we can assume without loss of generality that V! €
C1002(C) N CO([0,T) x R3). Then, fix r > 0 and define the stopping time

Trr =1 N1,
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where 7, := inf{t > 0: S; ¢ B(s,r)} is the exit time from the ball with radius r and centre
s, with the convention inf () = 400. We apply Ito’s formula to V (¢, Xy, Y;, Si) between

time 0 and 7,7 and take conditional expectation on both sides

Tr, T
V02,9, 8) =Eqy |:V1(TT7T,XTT7T, Yr 0 Sr0) — / (AVI + VH(t, X, Y, Sp)dt
0

1/, 2 1/, 2
B Z <V <Tk_’XTIé_’1/;ii_’STJi_) -V (Tk7XT;i’Y:r;i7ST£)>

k:OST,iSTT,T

First, let’s note that
Tr, T Tr, T
/ AV + VI(t, X, Y, Sy)dt = / (AV' + V(¢ X, Yy, o) Lves pveydt
0 0
as from (3.3a)
Tr, T
/ (Avl + th)<t>Xt7Yt;Stﬂl{VQ:MVQ}dt
0

= Z / H(Avl + ‘/tl)(tJ Xt7 1/;57 St)]l{VQZMVQ}dt = 0.

T2<1 1

Then, from (3.3b) we get
('AVl + ‘/;fl)(tv Xt7 }/tv St) S ’thQ
and

1/.-1
V (Tk7XT}3:77

Yo, 80 ) > MW r, X Y, S )

ka

> V(T]i, Xrla YT%? S‘rﬁ) + 6lisrlg

Therefore, we can rewrite the previous inequality as

Vl (07 x? y? S) Z Ew,%s VI(TT7T7 X

Tr,T)

Tr,T
YTT,T’ STT,T) - / ’YXEdt + Z (5li STk
0

k0<tl<7.p
By polynomial growth assumptions we have

VI(TT7T7 XTT',T’ YT’V',T’ ST'V',T) S C(l + |XTT',T‘2 + |YTT',T‘2 + |ST7“,T|2)
<O+ [1XIE + Y115 + [1SI15) € L

for some C' > 0. Then, we apply the dominated convergence theorem and pass to the
limit as r — oo. Finally, because of the terminal condition (3.3c) we have
T
V0, 2,y,8) > Eyys Z 35y, —/ Y XPdt + Sr Xy —TX2| = JH0, 2, y, s;u, uj).
k:0<rl <T 0
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Step 2: the equality follows by properties of uj. In particular by
o =1inf{t > 7, : (¢, X, Y;, S) € C}, 6, € argmax{V'(7,, X,1,Y,1,S01) — S0},
thanks to which, from (3.3b) we get
(AVI + ‘/tl)(t? Xt7 )/;57 St) - ’thQa
VT = X Yo, S ) = MUV (= X0 Yo S0,
k k k k

Therefore, we are able to substitute the inequalities in step 1 with equalities to get the
desired result. O

No equilibria with no-simultaneous trades. In the following we will show that in
case simultaneous interventions are not allowed we are not able to find any Nash equilibria
with this QVIs approach when the solution of the PDE is of quadratic form. The system
of QVIs suggests that our candidates have the form

[ ©'(t,z,5) (t,z,y,s) € C; NCy
W(t,z,y,8) = @'tz 51*, — B67) + 07(s = B8})  (t,2,y,5) € Cf

[ ¢'(t, 7,5 — B3) (t,x,y,s) € Cs

[ P2(t,y, ) (t,2,y,5) € CLNCy
W2(t,x,y,8) = ¢ Q2 (t,y — 83,5 — B3) + 05(s — B3) (t,2,y,5) € C§

| ©*(t,y, 5 — B07) (t,x,y,s) € Cf

where ¢!, ©? are the solution to the PDEs
Apt +of —y2® =0, ©NT,z,s) = sz — ['2?, (3.4)
AP® +¢f —vy* =0, ¢*(T,y,5) = sy — Ty’ (3.5)

and 97,05 are the equilibrium impulses. First, we notice that functions of the following
form are solutions to (3.4)-(3.5):

o' (t,x,8) = Cis + Co(T — t) + Cs, O (t,y,s) = Kis + Ko(T — t) + Ks;
so that, solving for the boundary conditions we get
Pl (t,x,s) = sz + (b — ya®) (T —t) = Ta®,  ©*(t,y,8) = sy + (by — vy*)(T — 1) = Ty’

Here comes the critical point. Assume Dealer 1 trades at 7 € [0, 7], then, in order to
have a Nash equilibrium, Dealer 2 should not get worse, otherwise he would deviate, this

means that
O (1, Y, S:) = (1, Y,_, S.).

Since, only Dealer 1 is trading we have Y, =Y, and S, = S, — ;. Hence, rewriting

the equality above we get
(Sr = BOYY; + (0Y, = Y2)(T — 1) = TY? = S, Y, + (bY, —7¥2)(T — 1) - TY?
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which results in
—B0,Y; =0

showing that anytime one of the two dealers will trade the other would deviate. This
means we are not able to find any equilibria under this approach, although some equilibria

may still exist.

3.4 Equilibria with Simultaneous Trading

In this section we provide an alternative QVIs system and related verification theorem in
order to find Nash equilibria where dealers can trade at the same time. Finally, we solve

the new QVIs system and apply the verification theorem to find Nash equilibria.

The QVIs system. In order to have simultaneous interventions we need to introduce
different operators from the ones used in the previous section. To begin with, instead of
dealing with players’ trading times we will consider intervention times at which at least
one of the two dealers is buying or selling the stock. This approach will lead to a similar
but different system of QVIs.

According to this framework at trading times the dealers are playing a static nonzero-
sum game. Hence, we introduce the Nash operator A/ such that, for any V := (V! V?),
NV (t,x,y,s) returns the set of all Nash equilibria payoffs of the static game in (¢, z,y, s) €

[0, T] x R3, which we denote by v = (11, 15), where dealers maximise

Vit 2 — 01,y — 02,8 — B(01 + 62)) + 01(s — B(61 + 62))
Vz(t,x — (Sl,y — 52,5 — 5(51 + (52)) + 52(8 — 6(61 + (52))

respectively. Given the information above, the system of QVIs to be satisfied by the deal-
ers’ equilibrium payoff functions has to be the following. Let v = (v, 15) be a measurable
selector of NV, i.e. v:[0,T] x R® — R? measurable such that v(¢,z,y,s) € NV (¢, z,y,s)
for all (t,2,y,s) € [0,T] x R3

V—-v>0 in [0,7] x R?
max{ AV + V' —~yz? v, -V} =0 in [0,7] x R? (3.6a)
max{AV? + V? —yy*, 15 — V?} =0 in [0,7] x R?
max{sz — I'z? = V' v —V'} =0 in {T} x R? (3.6b)
max{sy — ['y*> — V% v, —V?} =0 in {T} x R

Note that v; — V* coincide with MV*— V" in case the other player is passive, 6, = 0, j # 1,
whereas it coincides with (3.2) whether he is passive, §; = 0 while the other dealer is
trading, 6; # 0,7 # J.
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The Verification Theorem

THEOREM 3.4.1 Let V12 :[0,7] x R? be two given functions. Let N'V be a non-empty
compact-valued correspondence. Then, there exists a measurable selector v € N'V. Set
C:={V —-v>0}and C°={V — v =0} and assume that

e V1 V? are strong solutions of the system of QVIs (3.6);
o Vie CM002(C)NCO([0,T] x R3) for 4,7 = 1,2 and have at most quadratic growth;
Finally, let (t,z,y,s) € [0,T] x R3, (u},u}) € U where u} = (7,,0"), i = 1,2, are given by
T, =1inf{t > 7,1 : (¢, X}, Y, Sy) € C°},

and {d,} = {(6},62)} are such that V(7,—, X, .Y, .S, ) =v(m, X,,,Y,,S;,) with

the convention 7§ = 0,7 = 1,2. Then (u},u})isa NE and V(t,z,y, s) = J'(t, z,y, s; ul, u3),
V2<t7 x? y’ S) = J2(t7 ZL" y7 S; UT7 u;)'

PROOF 3.4.1 First we have to prove existence of a measurable selector v € N'V. Recall
NV (t,x,y,s): ([0,T] x R B([0,T] x R?)) - R? where B is the Borel g-algebra and —»
is used to distinguish a correspondence, or set-valued function, from a function. Since
([0, 7] x R3, B([0,T] x R?)) is a measurable space, R? is a metrizable space and NV
is non-empty with compact values, then ANV is also measurable by Theorem 18.10 in
[3]. Moreover, since R? is a Polish space, by the Kuratowski-Ryll-Nardzewski Selection
Theorem (Theorem 18.13 [3]) there exists a measurable selector v € N'V.

We do the proof for V! only since the steps for V2 are the same. Let V1(t,z,y,s) =
JYUt, z,y, s;ul, ul). We have to prove that V(¢,x,y,s) > JU(t, z,y, s;ur, ub) for all uy :
(u1,u3) € U. Then, fix 7 > 0 and define the stopping time

Trr =T AT,

with 7, := inf{t > 0 : S; ¢ B(s,r)} with the convention inf() = +oo. We apply Ito’s
formula to V(t, X:,Y;, S;) between time 0 and 7,1 and take conditional expectation on

both sides gives

Tr, T
Vl(O,JE, Y, 5) :Egj7y78 |:V1(TT7T’X7'1~,T7 YT@T7 STr,T) — / (Avl 4 ‘/;1)<t,Xt, K, St)dt
0
N Z (V1<Tk_’XTk*’Y;k*’STk*) _Vl(Tk7XTk7Y;k75’Tk))
k:0<t <7 T

From (3.6a) we get
(AV! + V(¢ X, V3, S)) < X7

and
Vl(TkaXTk—aka—a STk—> 2 Vl(TkJXTk—vika—7 S‘Fk—) - V1<Tk7XTk7}/Tk7 STk) + 5257%
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Therefore, we can rewrite the previous inequality as

Tr, T
VY0,2,9,5) > Eaye |V (roz, Xo oy Ve rs S t) — / VXPAE+ > Sy,
0

k:0<7, <7, T

By quadratic growth assumptions we have

VI(TT7T7 )(7-7‘,T7 YTT,T’ STT,T) S C(]' + |)('7—7‘,T‘2 + |}/7_7-,T|2 + |S7—T,T|2)

< OO+ XI5 + VIS + [1S11%) € L

for some C' > 0. Then, we apply the dominated convergence theorem and pass to the

limit as r — oco. To conclude this step, because of the terminal condition (3.6b) we have

T
VI0,2,y,8) > Epys Z 057, — / Y XZdt + Sy Xp — T X7 | = JY0,2,y, s;ur, up).
0

k:0<7, <T

Now we obtain the desired equality by properties of uj. According to it we have that

(61,62) is a Nash equilibrium of the static game played at each trading time, i.e.
Vl (Tk7 XTk*7 Ykaa Ska) = Vl (Tk7 X‘I‘k7 5/7']97 S‘rk) + 5/157%
Hence, by (3.6a) we get
(AV' + V)t X, Y, 8) = X7,

form which we obtain V(t,z,y,s) = J'(t, z, y, s; u}, u}) following the same steps as above.
]

The Equilibrium Candidates. In order to find Nash equilibria, we first need to find
some suitable candidates via solving the QVIs system. Once they are identified, we
apply Theorem 3.4.1 to verify that they are indeed Nash equilibria. We begin looking for
equilibria for long-short dealers to later analyse the long-only case. Let’s first write the

system of QVIs we want to solve. Let v = (1v1,15) € NW

W —v>0 in [0, 7] x R?
max{AW"' + W} —yz®,v; — W'} =0 in [0,7] x R?
max{AW? + W7 — yy*, vy — W?} =0 in [0, 7] x R?
max{sz — x> — W' v, — W'} =0 in {T} x R?
max{sy — [y* — W? v, — W?} =0 in {T} x R®.

A careful look at the QVIs system suggests the following functional form for the solution

{ oLt z,8)  (ta,y,s) €C

Wt z,y,s) =
( ) Vl(t7x7y7 S) S Cf

t,%y,

( s)
W2t 2,1, 5) = (tys)  (ta,y,s) €C
' L5 Y, vo(t,z,y,8) (t,x,y,s) €Cs

91



where ¢!, p? are the solution to (3.4)-(3.5), v = (11, v2) is such that
ni(t,,y,s) =9 (Lo =01, s") +01s",  wn(t,z,y,s) = (t,y — 0;,5%) + 055,
with 67 and 05 the equilibrium impulses, s* = s — §(07 + 95) and Cy, Co such that:

Ci:={(t,z,y,5) € [0,T] x R®: p'(t,x,5) — p'(t,x — 07,5%) + 65" > 0},
Cy: = {(twrayv‘s) S [OaT] X Rg : QOQ(tvy?S) - 902<t7y - 5;78*> +6;S* > O}

As in the case with no simultaneous interventions in the previous section, we get
o' (t,x,5) = sz + (br —ya®) (T —t) = Ta®,  ©*(t,y,s) = sy + (by —v°)(T —t) — [y

since the PDEs are identical.

Static Nash Equilibrium. Now we look for Nash equilibria in the static games played

at trading times. We start finding Dealer 1’s best response:

max [s — B(61 + &)z + [b(z — 61) — y(z — 61)*] (T — t) — [(z — &1)%.

01€ER
The first order condition gives us:
—Bx —b(T —t)+2y(x — 01 )(T —t) + 2T'(z — &;) = 0.

So, Dealer 1’s optimal trade is

Bx+b(T —t)
0 =x— 3.7
SR G (3.1
as the second derivative is negative. Symmetrically, Dealer 2’s best response is
By +b(T —1t)
do =y — . 3.8
? 20y(T —t) + 1] (3:8)

Moreover, as they do not depend on each other they are equilibrium strategies of the

static game. Notice that the position held by the dealers after each trading time 7 is

 BX, A+ b(T 1) B . BY,_ 4T 1)
2T —t) + 1] Yo=Y =0 = 20(T —t) +T1]°

showing that the dealers’ holding are decreasing in the inventory costs -, ', increasing in

X, =X, -8 (3.9)

the market impact, 3, as it makes them send smaller orders, whereas the impact of the
trend, b, on their holdings is decreasing in time. Moreover, it is important to notice that,
in case dealers start the game from long positions Xy = z,Yy = y > 0, then, from (3.9),
they will never go short, namely X;,Y; > 0 for all £ € [0, T, if the trend is positive, b > 0.

Finally, we derive both dealers’ continuation regions Ci,Csy

Ci={(t,x,y,5) €[0,T] x R®: Bxdy — [y(T —t) +T6? > 0},
Co={(t,x,y,5) €[0,T] x R*: pyé, — [y(T —t) +T]63 > 0}.
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Application of the verification theorem (work in progress). Now we verify un-
der which conditions dealers trading according to (3.7)-(3.8) is a Nash equilibrium. To
begin with, we can note that our candidates W7y, W5 satisty the regularity properties by
construction (quadratic growth and W € Ct%02(C) N CO([0, T] x R?)). Then, we need to

check that 07 and 45 are equilibrium strategies of the static game played at trading times:

p!(t,x — 07, s = B(O] + 03)) + 07 (s — B(0] +03))

> @' (t,w — 01,5 — B(01 +03)) + 1(s — B(01 + 63))
P*(t,y — 05,5 — B(S] + 03)) + 03(s — B8] +03))

> O (t,y — 0y, 5 — B(0] + 02)) + da(s — B0 + 62)),
for all §;,d0, € R, which is satisfied as §7 is a maximum point of p'(¢t,z — §;,s — B(6; +
05)) + 61(s — B(d1 + 63)) (analogously d5).

It remains to show that we have W — N'W > 0 everywhere so that W = (W7, W5) is a
solution to the system as the remaining conditions follow by construction. Fundamentally,
we want to verify that {W; — vy, > 0} = {Wy — vy > 0} as the continuation region is
{W — NW > 0} and the intervention region is {W — NW = 0}. To do so, let’s define
& =Wy —wvy and & = Wy — vy, We want to have & = k&, with £ > 0. First, let’s write
& and & explicitly

& = fady — [y(T —t) + I)6;
& = Byd — [y(T —t) + 163

Hence, we want to find under which conditions we have
Bdy — V(T —t) + 1167 = k{Byd, — [(T —t) + T53}.
Plugging in (3.7) and (3.8) we get
2682{2y[y(T — ) + T = By = o(T — 1)} — {22[y(T —t) + T] = B — (T — t)}* =
kA{28y{22[y(T — 1) + T] = B — b(T — 1)} — {2y[y(T — ) + T = By — b(T — 1)}*}
which we can rewrite as

{4Bay[y(T — t) + T] = 28%y} (1 — k) — 4bB(T — t)(x — ky) — 4V (T — t) + T (a* — ky?)
= B2 (a® = ky?) = (T = t)*(1 = k) + 48[y(T — t) + T](2* — ky?)
+46(T — t)[y(T —t) + T'](x — ky) = 0.
Notice that we need to fix £ = 1 as one of the conditions to let the equality hold. Now
we fix k = 1, divide by (z — y) and rewrite the equation
—AbB(T —t) =4[V (T — t) + T (2 + y) — B*(z + )
+ 48y (T —t)+T)(x +y) +4b(T — t)[v(T' —t) + '] = 0.
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To finally find the conditions we need to collect the terms in x,y, t:
—4b(T = t)(8 —T) = 4y*(x + y)(T = t)* + dy(x + y)(T — t)(8 - 2T
—(@+y) (B2 +4y(T —1)>=0
which is satisfied under the following
e §=2I',7=0, and b = 0, which means no-one is trading as 67 = J; = 0.
e r =y as we have divided earlier by z — v,

e v = —y and b = 0, which means the dealers are making the market to each other

as this condition implies 6] = —d5 so that 2 = —y holds for all t € [0, T7.

Now it is left to be shown that once dealers trade they enter the continuation region C,
avoiding potentially infinitely many trades in one instant.

We begin focusing on the case x = —y with b = 0. Here C writes:
C={(t,z,—x,s) €[0,T] x R*: —Bad; — [y(T —t) + )67 > 0} .

We are interested in the inequality which, after plugging in (3.7) and some manipulations,
can be represented as
{B% —4[y(T —t) + I'}a* > 0.

So that, we can write the continuation region as

2y
asT'—t >0 and _B-g_jF < 0. For C to be non-empty and such that there is trading we
need 2(yT' + T') > § > 2I". Under this regime both dealers trade at the very first time

t = 0, liquidate their positions as 07 = x according to (3.7) and then don’t trade any

C—{(t,w,—x,s)e 0.7 x R - (T — 1) < 2= 2L x#O}

more, as the equilibrium trade is now equal to zero.

Regarding the perfectly symmetric case, x = y, we have
C={(txzuz5s) €[0,T)xR>: Bad; — [y(T —t)+T]6; >0},

whose inequality, substituting (3.7), rewrites

_ Br+b(T—t)\ B . px +b(T —t)
5”@ 2MT—0+N) T “*”( 2h@—ﬂ+ﬂ)>0

After some computations we get the more usable form

{2V(T =)+ T = Bre = bt =)} {{2[v(T —t)+ 1] = 3B}x —b(t —t)} < 0. (3.10)

Therefore, dealers potentially hit the trading region in two curves

~ b(T —t)
MO T - B (311
To(t) = oT — ¢) (3.12)

2T —t)+T] =38

Below we analyse how dealers trades when they hit the curves above.
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1.

Now,

Hitting ;. First, plugging (3.4) into (3.9), we find that holdings after the trade
haven’t changed and 6; = 0.

Hitting T. Similarly, we find that after trading Dealer 1 owns

ey 0T —1)
v = Sr T

to understand the trading behaviour we need to study the inequality (3.10).
if ' > %B and b > 0 (if b < 0 change the order of #1, T2) the continuation region is
C={(t,z,x,8) € [0,T] x R®: &1 (t) < x < Za(t)}.

In order to avoid infinitely many trades we need to make sure z* is in C, which

means we need
2T —t)+ 1 =38 <y(T —t)+ T <2[y(T —t)+ 1] -3, (3.13)

which holds whenever v and T are such that vT'+I" < 33. For instance, Xqg = x € C,
feR T =268,y=p/2and T =1 is an equilibrium.

if 5> 2T +T]and b > 0 (if b < 0 change the order of Z;,Z) the continuation
region is

C={(t,z,2,8) € [0,T] x R®: Zy(t) <z < &1(t)}.

Similarly, we need (3.13) to hold, we need I' >  which is not compatible with
B > 2[yT + T'], hence, no equilibria.

if 2I' > fand 2(yT' 4+ I') < 38 and b > 0 (if b < 0 change the order of &1, Z2) the

continuation region assume a counter-intuitive shape:
C={(t,z,z,5) € [0, T) xR : x < Z5(t), z>&(t)},

as dealers don’t trade when they have very long or very short positions, which they
hold until maturity as #;(t) — 0 as t — T for all i = 1,2, so that near maturity we
have that the continuation region is very close to the whole space [0, 7] x R3. In
this case, we can only force x* > 7, as z* > 0 and Zo < 0 when b > 0, analogously
when b < 0. Then, * > Z; holds when I' > . One instance of equilibrium in this
setting is Xg = o, [' = S 4+ € and B > 29T + 2¢ for any € > 0. Notice that, if we
pick any X, = x € C there won’t be trades as the intervention region is shrinking

with time.
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3.5 Work in Progress.

Generalising the current setting. As we understand that a perfectly symmetric set-
ting where both dealers have the same risk aversion/inventory costs we would like to
consider a setting in which we allow for different coefficients, namely v; > v, and I'y > T’y

instead of v and T.

Mixed Strategies. One very interesting change would be to allow dealers to play at
each trading time a mixed strategy instead of a pure one. To do so we would need to
rearrange the definition of strategies, for instance we could define them as follows. Let’s
denote P(R) the space of probability measures on R, equipped with the weak convergence
topology.

DEFINITION 3.5.1 Player ¢’s strategy is a sequence u; = (75, A!), >0, where (7),5¢ is a

sequence of stopping times such that 0 < 7f < 74 < ... and lim, o, 7 = 00 a.s., with
Al € L°(F,) taking values in P(R) for each n > 1. We denote U the players’ set of

strategies.

In this setting dealers would maximise

// (Vl(t,l' — 51,y — 52, S — 6(51 + 52)) + 51(8 — 5(61 + 52))) Al(dal)AQ(d(Sg)

t//kw%JFﬁhy—%ﬁ—5®r+®»+%@—ﬁ®rﬂm»AﬂMQAmMﬂ

Once we suitably adapt the verification theorem we have access to a big pool of candidates.
For instance, below we consider the case when dealers trade according to a Poisson, a
Uniform or a Normal distribution.

Poisson mixing. In this case Dealer 1 is selecting the intensity parameter for a Poisson
distribution, A

max [s = BN+ 82)]z+ [b(z — A) — y(2® — 22X + A+ X*)] (T —t) —T(2* — 22X+ A+ %)%
Then the first order condition would give us
fr+[-b—vy(—2c+1+2N)|(T —t) —T(-2x+1+2)\) =0,

from which we derive the equilibrium rate, as it does not depend on the other dealer’s

trades:
1 B =u(T -t
A I N Fak
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Uniform mixing. Now we allow Dealer 1 to mix according to a Uniform(z, 7). Hence,
the dealer has to find the optimal lower and upper bound z,7:

+7 z+7 2 o, @3

max [s — 3 5 +o ||+ |blx— 5 - :c—2x(g+a:)+T

(z—7)?  (z+47)
2 1 )

+@)} (T—t)-T (x2 —2z(x+7T) +

Then, the first order condition for z is

3 b 2 2 2 2_
= _— — = = T—t)—-T|( - — ) =0
29c+ 5 v x+3£+3x ( t) x+3§+3x ,

from which we get
2 L Bx —b(T —t)
3EHT) =T o T T

Similarly, the FOC for T returns

2 Br —b(T —t)
R N R Ry

meaning that there exists infinitely many equilibria. For instance, taking T = 2z returns

1{96_ ﬂx—b(T—t)}7 — fx —b(T —t)

£73 o[y (T — t) + 1] (T — )+ 1]

Normal mixing. When a dealer chose to mix according to a Normal(u, 0?) distribution,

then he has to maximise over y and o

max [s — B(u + 02)] x + [b(z — p) — v(2® = 2zp + 2 + o)) (T —t) —T(x*> —2zp+p° +0°).

1,0

The FOCs in p and o return:

)
20(T —t) + IV

po= —2[y(T —t) +T)o* =0,

resulting in the pure strategy (3.7).

All the examples above show that, once everything is suitably adapted to allow for
mixing strategies, it will be possible to look for way more candidates. For instance, as any
of the strategies above don’t depend on the other dealer’s one, it is possible to look for
equilibria when one dealer is playing a pure strategy while the other is playing a mixed

strategy or when both mix according to different probability distributions.
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