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Applying frequency-domain unsteady lifting-line theory to
time-domain problems

Hugh J. A. Bird ∗ and Kiran Ramesh†

Aerospace Sciences Division, School of Engineering, University of Glasgow, Glasgow, United Kingdom, G12 8QQ

Frequency-domain unsteady lifting-line theory is better developed than its time-domain

counterpart. To take advantage of this, we propose a method to transform time-domain

kinematics to the frequency domain, perform a convolution, and then return the results back

to the time-domain. We demonstrate how well-developed frequency-domain methods can be

easily applied to time-domain problems, enabling prediction of forces and moments on finite

wings undergoing arbitrary kinematics. Results are presented for rectangular wings of various

aspect ratios, undergoing pitch and heave kinematics. Computational Fluid Dynamics is used

to test the effectiveness of the method in the Euler and low Reynolds number ('4 = 10000)

regimes. Overall, we find that the proposed method provides fast and reasonably accurate

predictions of lift and moment coefficients, particularly in comparison to strip theory which is

commonly used for problems involving arbitrary kinematics.

Nomenclature

ÆR = aspect ratio

2 = chord

2 = mean chord

�; = two-dimensional lift coefficient

�! = three-dimensional lift coefficient

�< = two-dimensional moment coefficient

�" = three-dimensional moment coefficient

� = three-dimensional correction strength

6 = return ramp function

ℎ = heave displacement

ℎ∗0 = non-dimensional heave oscillation amplitude

: = chord reduced frequency
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 = three-dimensional interaction kernel

% = ramp-hold-return amplitude

B = semispan

C = time

*∞ = freestream velocity

F0, F1, F2 = quadratic interpolation weights

G, H, I = coordinate system with origin at wing root

G∗< = non-dimensional reference location for pitching moment

G∗? = non-dimensional pivot location for pitching

U = pitch angle

U0 = pitch oscillation amplitude

Γ = bound circulation

Z = spanwise coordinate

a = span reduced frequency

f = non-dimensional smoothing parameter for ramp-hold-return

q = velocity potential

l = angular frequency

I. Introduction
Lifting-line theory provides an elegant means by which to apply two-dimensional (2D) aerodynamic models to

three-dimensional (3D) finite wing problems [1, 2]. By correcting 2D solutions for 3D effects, lifting-line theory

avoids the complications of fully 3D solutions. Consequently, it can reduce computational cost and lead to a better

understanding of the problem being studied.

The need for low-order methods to model the unsteady aerodynamics of finite wings in unsteady flow has lead to

the development of Unsteady Lifting-Line Theory (ULLT). Compared to strip theory [3], which simply sums the 2D

solutions for the chord distribution along the wing, it does not neglect the often important finite-wing effects. The

computational cost is far lower than fully 3D numerical methods such as the unsteady vortex lattice method [4], vortex

particle methods [5–7], or computational fluid dynamics which often requires high performance computing resources.

This is important in a world where unsteady aerodynamic problems involving finite wings are becoming increasingly

common.

Large scale problems involve high altitude long endurance aircraft [8] and ever-larger wind turbines [9]. As scale

increases, increased flexibility in the wing or turbine blade means that studying the unsteady aerodynamic response
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becomes more important. More pedestrian unmanned aerial vehicles also encounter challenges due to unsteady gusts

at low altitude [10, 11]. At smaller scales, a better understanding of unsteady aerodynamics eases the design of both

oscillating energy harvesting devices [12] and also micro air vehicles that mimic insects using flapping wing technology.

Frequency-domain unsteady lifting-line theory is well developed. It is in effect a 3D extension of the early

frequency-domain work of Theodorsen [13] and Sears [14]. Lifting-line theory is based on the assumption that the

chord is much smaller than the span. When looking at the detailed flow around the wing section on the chord-scale, it is

assumed to change with respect to span on the much larger span-scale. This means the problem can be modeled in 2D.

When looking at the span-scale 3D problem involving the finite wing, the chord is sufficiently small that its influence

can be assumed to just be on a (lifting-)line. Neither of these 2D or 3D models have enough information to model the

complete 3D flow on their own. Lifting-line theory links them together to obtain a solution. The 3D model uses the

bound circulation obtained from the 2D mode bl, and the 2D model accounts for 3D effects using a correction obtained

from the 3D model.

Work on frequency-domain unsteady lifting-line theory by James [15], Van Holten [16], Cheng [17], Ahmadi and

Widnall [18] and Sclavounos [19] improved on the wake model by which the 2D inner problem was corrected by

the simplified 3D outer problem. The importance of this wake model was demonstrated by Bird and Ramesh [20].

These models were followed by Guermond and Sellier’s unsteady lifting-line theory valid for swept and curved wings

oscillating at all frequencies [21].

Famously, Wagner’s [22] time-domain equivalent to Theodorsen’s problem [13, 23] is challenging to evaluate

exactly. A consequence of this is that common approximations of Wagner’s function are based on the inverse Laplace

transform of Theodorsen’s function [24–28]. This inverse Laplace transform depends upon the linearity of the underlying

theory. For more general aerodynamic problems, time-domain results can also be obtained from the frequency domain

using least-squares methods [29], which suffer from the requirement that some terms must be known a priori, matrix

Padé methods [30], where the form of the approximation may be unstable, and combinations of the two [31]. The

same property was used by Ōtomo et al. [32] to apply Theodorsen to periodic but non-sinusoidal kinematics, and in

CFD to apply step responses to arbitrary kinematics [33]. Analytical time-domain methods are arguably inherently

more challenging to formulate than their frequency-domain counterparts. It is therefore unsurprising that progress in

time-domain unsteady lifting-line theory has been less rapid than the frequency-domain counterpart.

The earliest time domain method is that of Jones [25], where a simplified solution for an elliptic wing was obtained.

More recently, Boutet and Dimitriadis [34] combined a Prandtl-like wake with Wagner’s theory, and Berci obtained a

method for swept wings with wake vorticity modeled using a single lumped vortex ring [35]. However, as was found by

Bird and Ramesh [20], Prandtl-like wake models obtain different solutions in comparison with more complete wake

models such as those used by Guermond and Sellier [21].

Numerical methods have enabled more complete wake models in the time-domain. Phlips et al. [36] and Nabawy
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and Crowther [37] both constructed numerical methods for flapping flight using Prandtl-like wake models. Devinant

[38] constructed a numerical time-domain method based upon a simplified version of Guermond and Sellier’s frequency-

domain theory [21]. This time marching theory required straight wings and uniform 3D induced downwash, in theory

limiting its applicability to only low-frequency kinematics. However, Bird and Ramesh [20] found that this theoretical

limitation had limited practical relevance for rectangular wing planforms. Crucially though, it modeled spanwise

vorticity in the wake of the inner 2D domain and the correction for the change of the wake’s spanwise vorticity with

respect to span in the outer 3D domain. This method was extended to large amplitude kinematics by Bird et al. [39]

using Ramesh et al.’s [40] discrete vortex method for the 2D solutions. This 2D solution was also used by Ramesh et al.

[41] in combination with a Prandtl-like wake.

In the time domain, analytical methods for finite wings are currently confined to simplified wake models. The

downwash created on a wing to account for the effects of the wake of a finite wing is frequency dependent, but

Prandtl-like wakes neglect this. Consequently, their accuracy is limited [20]. More complicated wake models can

be constructed using numerical methods, but numerical methods typically entail increased computational costs and

convergence issues. As a consequence, in practice strip theory is often used for the prediction of finite-wings undergoing

unsteady motion. This paper aims to circumvent the challenge of formulating an analytical time-domain unsteady

lifting-line theory by instead applying a frequency-domain ULLT to time-domain problems using Fourier transforms to

perform the convolution of the input kinematics with the wing’s response in the frequency domain, taking advantage of

the linearity of analytical frequency-domain ULLTs. To avoid the evaluation of the frequency-domain method at every

frequency, a quadratic interpolation scheme is used. The interpolation requires only a small number of evaluations of

the frequency-domain theory to obtain good results, and need only be evaluated once for a given geometry, regardless of

kinematics. In comparison to matrix Padé methods and least squares approximations, the current method is simple to

apply, with the complexity of the Fourier transform handled by easily available Fourier transform code libraries. In this

paper, this ULLT / Convolution in Frequency Domain (UCoFD) method is applied to Sclavounos’ ULLT [19]. In theory

however, the approach is independent of the details of the underlying ULLT.

This paper is laid out as follows: first, the frequency-domain ULLT used in this paper is detailed in Sec. II. This

ULLT follows the work of Sclavounos with minor modifications. Next, the interpolation of frequency-domain results

and the method to apply frequency-domain results to time-domain problems is introduced in Sec. III. UCoFD is then

compared to CFD and strip theory for both inviscid problems and low Reynolds number problems, relevant to modern

applications, in Sec. IV. Concluding remarks are made in Sec. V.

II. Frequency-domain lifting-line theory
An unsteady lifting-line theory, based on the work of Sclavounos [19], is presented in this section. Pitch and heave

oscillations are considered. A more detailed derivation is given in Bird and Ramesh [20].
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Sclavounos’s ULLT considers a wing in inviscid, incompressible flow undergoing small-amplitude oscillation. The

freestream velocity of the flow is*∞, and the heave ℎ and pitch U displacement of the wing respectively are

ℎ(H; C) = ℎ04
8lC = ℎ∗0 (H)2(H)4

8lC , (1)

U(H; C) = U04
8lC , (2)

where C is time, 2 is chord and l is the angular frequency of oscillation. ℎ∗0 is the heave oscillation amplitude ℎ0

non-dimensionalized by the chord, U0 is the pitch oscillation amplitude and H is a coordinate on the span of the wing.

The oscillation frequency can be non-dimensionalized by either the chord or span as

: (H) = l2(H)
2*∞

, (3)

a =
lB

*∞
, (4)

where : (H) is the local chord reduced frequency and a is the span reduced frequency, non-dimensionalized by B, the

semi-span of the wing. For the rectangular wings studied in this paper, the chord is constant with respect to span

meaning : (H) is constant. Consequently, it referred to as the chord reduced frequency from hereon.

Lifting-line theory assumes high aspect ratio. The inner solution is obtained on the chord scale, and can be modeled

in 2D since it changes slowly with respect to span. It allows a detailed solution of flow around the chord from which

quantities such as lift, moment and bound circulation can be obtained. The outer solution is obtained on the span-scale

and is 3D. The chord-scale is negligible compared to the span-scale, so instead of the solving the difficult problem of 3D

surface-wake interaction, the simpler problem of interaction between a (lifting-)line and the wake can be considered.

These so-called inner and outer problems interact. The outer 3D problem needs detail from the inner 2D problem

to obtain the bound circulation distribution, and 2D inner problem requires a correction from the outer 3D problem

to account for the 3D nature of the flow. This leads to the velocity potential being taken as a 2D solution with a 3D

correction given by

q(G, H, I; C) ≈ q2� + � (H) (8lI48lC − q2�
ℎ= ), (5)

where q2� represents the velocity potential solution to the 2D Theodorsen problem and the second term represents the

correction to include 3D effects. This correction is of complex amplitude � (H) and includes an oscillating uniform unit

downwash velocity potential 8lI48lC and the reaction of the 2D airfoil section to this, q2�
ℎ=

. q2�
ℎ=

is the 2D velocity

potential solution of a section oscillating in heave with unit amplitude.

When the assumptions of lifting-line theory are satisfied, this assumption of 2D flow is good. This occurs at high
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aspect ratio, and for wing shapes where the chord changes slowly with respect to span. Notably, these assumptions

do not hold for rectangular or elliptic wings [2]. With some formulations of unsteady lifting-line theory, these wing

planforms may introduce a singularity into the results (eg. [21]), but for the current method the accuracy of the solution

is merely reduced.

Theodorsen’s method can be used to obtain the 2D bound circulation Γ2� associated with q2� for both pitch and

heave:

Γ2�
ℎ (H; C) =

4*∞ℎ∗0 (H)2(H)4
−8:

8�
(2)
0 (:) + �

(2)
1 (:)

48lC , (6a)

Γ2�
U (H; C) =4*∞U0 (H)2(H)4−8:

8�
(2)
0 (:) + �

(2)
1 (:)

((
G∗? −

3
4

)
− 1

28:

)
48 (lC) , (6b)

where � (2)0 (:) and �
(2)
1 (:) are Hankel functions of the second kind [42] and G∗? is the non-dimensional pivot location

for pitching, where G∗? = 0 indicates the leading edge and G∗? = 1 indicates the trailing edge. The subscripts ℎ and U

indicate the solutions to the heave problem and the pitch problems respectively.

Following Eq. 5, this allows the corrected bound circulation to be obtained as

Γ(H; C) = Γ2� (H; C) − � (H)Γ2�
ℎ= (C), (7)

where subscript ℎ= indicates the bound circulation solution for the unit heave amplitude ℎ0 = 1.

The strength of this 3D correction, � (H), can be obtained from a known bound circulation distribution. For

frequency-domain ULLT, Sclavounos gives this as

� (H) = − 1
2c8l48lC

∫ B

−B
Γ′([) (H − [) d [, (8)

where Γ′ indicates the derivative of the bound circulation with respect to the spanwise coordinate H, and

 (H) = 1
2B

sgn(H∗)
[
4−a |H

∗ |

|H∗ | − 8a�1 (a |H∗ |) + a%(a |H∗ |)
]
. (9)

�1 (G) is the exponential integral [42], H∗ = H/B is the normalized span coordinate and

%(H) =
∫ ∞

1
4−HC

[√
C2 − 1 − C

C

]
d C + 8

∫ 1

0
4−HC

[√
1 − C2 − 1

C

]
d C. (10)

The interaction kernel  (H) represents the correction for the difference between the inner 2D wake model and outer 3D

wake model. In strip theory, where there is no 3D interaction, this is set to zero, giving �strip = 0. Alternative, simplified
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interaction kernels are considered in Bird et al. [20].

� (H) can be substituted into Eq. 7 to obtain a differential equation that allows the inner and outer solution to be

solved simultaneously:

Γ(H, C) −
Γ2�
ℎ=
(C)

2c8l48lC

∫ B

−B
Γ′([) (H − [) d [ = Γ2� (H, C), (11)

Usually, a solution is obtained by approximating the bound circulation distribution as a truncated Fourier series

Γ(H, C) = 4*∞B
"∑
<=1

Γ< sin(<Z)48lC , (12)

where H = −B cos(Z). This is solved at collocation points distributed over the span.

Theodorsen’s method allows the 2D lift and moment coefficients �; and �< to obtained for both pitch and heave

problems

�;ℎ (H; C) = 2cℎ∗0 (−28:� (:) + :2)48lC , (13a)

�;U (H; C) = 2cU0

[
� (:)

(
1 − 28:

(
G∗? −

3
4

))
+ 8:

2
+ :2

(
G∗? −

1
2

)]
48 (lC+k) , (13b)

�<ℎ (H; C) = 2cℎ∗0

[
−28:� (:)

(
G∗< −

1
4

)
+ :2

(
G∗< −

1
2

)]
48lC , (13c)

�<U (H; C) = 2cU0

[
� (:)

(
1 − 28:

(
G∗? −

3
4

)) (
G∗< −

1
4

)
+ :2

(
G∗?

(
G∗< −

1
2

)
− 1

2

(
G∗< −

9
16

))
+ 8:

2

(
G∗< −

3
4

) ]
48 (lC+k) , (13d)

where � (:) =  1 (8:)
 1 (8:)+ 0 (8:) is Theodorsen’s function in terms of modified Bessel functions of the second kind [42], and

G∗< is the non-dimensional reference location about which the pitching moment is calculated.

These force coefficients can be corrected for 3D effects using Eq. 5 as

�; (H; C) = �2�
; (H; C) − � (H)�2�

;,ℎ= (H; C), (14a)

�< (H; C) = �2�
< (H; C) − � (H)�2�

<,ℎ= (H; C). (14b)

where �2�
;,ℎ=

and �2�
<,ℎ=

indicated the lift and moment coefficient for an airfoil oscillating in heave with amplitude ℎ0 = 1.

For a whole wing with mean chord 2, this allow lift and moment coefficients to be found as

�! =
1

2B2

∫ B

−B
�; (H)2(H) d H, �" =

1
2B22

∫ B

−B
�< (H)22 (H) d H. (15)
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III. Applying frequency-domain methods to time-domain results
For the UCoFD method to apply frequency-domain ULLT to time-domain problems, frequency domain solutions

must first be obtained for the entire frequency spectrum. Evaluating the frequency-domain solution at every frequency

is computationally expensive and unnecessary. Instead, the solutions can be interpolated with respect to frequency.

A lifting-line theory takes a 2D method and corrects for 3D effects. The 2D inner solution is dominant. Examining

the lift and moments obtained from 2D (Eq. 13), it can be observed they are of $ (:2). They can be interpolated

quadratically using the weighting scheme

F0 (l) =
(l − l1) (l − l2)
(l0 − l1) (l0 − l2)

, (16a)

F1 (l) =
(l − l0) (l − l2)
(l1 − l0) (l1 − l2)

, (16b)

F2 (l) =
(l − l0) (l − l1)
(l2 − l0) (l2 − l1)

, (16c)

which can then be applied to obtain �! or �" as

�!/" (l) = F0 (l)�!/" (l0) + F1 (l)�!/" (l1) + F2 (l)�!/" (l2) (17)

where l0 < l1 < l2 and l0 < l < l2 when interpolating. Extrapolation is necessary at high frequencies.

This interpolation strategy is surprisingly effective. Figure 1 shows a 5 frequency interpolation for an aspect ratio 4

rectangular wing with the ULLT evaluated at : = {0.001, 0.15, 0.5, 1.2, 2.0}. This set of reduced frequencies is used for

constructing the interpolation of all cases in this paper.

Interpolation provides excellent results even if only a small number of frequencies are evaluated for a given wing

planform, even though extrapolation is required for high frequencies. For any given wing, this frequency domain result

need only be obtained once.

Traditionally, time-domain schemes have combined step-function responses (indicial functions) with Duhamel

integrals to obtain a response with respect to arbitrary inputs. This is a convolution of the input kinematics with the step

response. To avoid the challenge of obtaining the step response, in the UCoFD method the convolution is performed in

the frequency domain. This is done by taking the Fourier transform of the input kinematics, taking the convolution of

this with the force response, and then taking the inverse Fourier transform. For a heave displacement ℎ(C) or pitch angle

U(C) the following can be applied:
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(d) Pitch �"

Fig. 1 Interpolation of lift and moment coefficients with respect to reduced frequency for a rectangular aspect
ratio 4 wing. Moments are taken about the mid-chord. Inset shows extended frequency range result. The ULLT
is evaluated at : = {0.001, 0.15, 0.5, 1.2, 2.0} to obtain the interpolation, which is given by the solid line.
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�!ℎ (C) = F −1 (
F (ℎ(C)) · �!ℎ (l)

)
, (18)

�"ℎ (C) = F −1 (
F (ℎ(C)) · �"ℎ (l)

)
, (19)

�!U (C) = F −1 (
F (U(C)) · �!U (l)

)
, (20)

�"U
(C) = F −1 (

F (U(C)) · �"U
(l)

)
. (21)

This can be done quickly and easily using readily available fast Fourier transform software packages. Note that for

negative angular frequencies, the complex conjugate of the coefficient can be used as �!/" (−l) = �!/" (l).

By taking the Fourier transform of the input kinematics we assume that they are periodic. In practice if the

time window passed into the Fourier transform is sufficiently large, this does not matter. The only caveat is that the

displacement of the wing at the beginning and end of the time window should be the same.

IV. Results and discussion
Currently, strip-theory is often used to obtain solutions to time-domain unsteady finite wing problems quickly.

In this section frequency-domain unsteady lifting-line theory is applied to time-domain problems using the UCoFD

method, and the results obtained are compared against those from computational fluid dynamics and the often-used strip

theory for both inviscid and low-Reynolds-number cases (Re=10 000). The CFD setup is detailed in Sec. IV.A, with the

Euler setup specific aspects given in Sec. IV.A.1, and the low Reynolds number specific aspects given in Sec. IV.A.2.

The CFD results obtained from these setups serve as a reference against which the results obtained from the UCoFD

method and strip-theory can be compared. The six cases studied are shown in Table 1.

These cases are based on the canonical ramp-hold-return kinematics of Ol et al. [43]. These kinematics were chosen

to demonstrate time-domain problems applicable to flapping flight where both circulatory and added-mass effects are

prevalent. Case 1 (Sec. IV.B) is a leading-edge pitch ramp-hold-return in the Euler regime (Re= ∞), for which the

UCoFD method is expected to work well. Next Case 2, in Sec. IV.C, is a Euler regime heave velocity ramp-hold-return

that introduces complications with respect to having a non-zero final displacement and being less smooth. For these

Euler cases, rectangular aspect-ratio 4 wings with squared off tips and a NACA0004 section are studied. This thin

section is chosen to match the assumption of a thin wing section and Kutta condition at the trailing edge. Finally, in

Sec. IV.D, Cases 3a-3d are leading-edge pitch ramp-hold-returns at Re=10 000 (a regime representative of modern

engineering problems). Pitch ramp-hold-return kinematics are applied to wings , for both small-amplitude Umax = 3°

and large-amplitude Umax = 25° kinematics. These wings are rectangular, of aspect ratios 6 and 3, have squared off tips,

and a NACA0008 airfoil section.
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Table 1 Cases for comparison between UCoFD, CFD and strip theory.

Case Reynolds No. Aspect ratio Kinematics

1 ∞ 4 Small-amplitude smooth pitch ramp-hold-return
2 ∞ 4 Small-amplitude non-smooth heave velocity ramp-hold-return
3a 10 000 6 Small-amplitude smooth pitch ramp-hold-return
3b 10 000 6 Large-amplitude smooth pitch ramp-hold-return
3c 10 000 3 Small-amplitude smooth pitch ramp-hold-return
3d 10 000 3 Large-amplitude smooth pitch ramp-hold-return

A. Computational fluid dynamics

The open-source CFD toolbox OpenFOAM was used to perform numerical computations. For both Euler and

low-Reynolds-number case, a body-fitted, structured computational mesh is moved according to prescribed heave and

pitch kinematics, and the time-dependent governing equations are solved using a finite volume method. A second-order

backward implicit scheme is used to discretize the time derivatives, and second-order limited Gaussian integration

schemes are used for the gradient, divergence and Laplacian terms. Pressure-velocity coupling is achieved using the

pressure implicit with splitting of operators (PISO) algorithm. The symmetrical nature of the wing and kinematics

allowed the problem to be modeled with a symmetry boundary condition at the wing root. For the far-field, freestream

(inlet/outlet) boundary conditions are used. This behaves as a zero-gradient condition when fluid is flowing out of the

boundary face, and as a fixed value condition (equal to freestream) when fluid is not flowing out. The wing surface uses

a slip wall boundary condition for the Euler problem, and a no-slip wall for the low-Reynolds-number problem.

1. Euler cases

The Euler cases are modeled using an in-house setup that has previously been used to validate unsteady potential

flow solutions for an airfoil [44] and for rectangular wings [20]. This article shares the detailed setup and meshes

of the latter. The setup is intended to model the regime for which the current ULLT was derived - that is, inviscid,

incompressible flow with small perturbations. Laminar flow is considered with kinematic viscosity set to zero, and a

slip boundary condition is employed for the moving wing surface.

Since the kinematics are symmetric about the wing center, the cylindrical O-mesh is constructed for only half the

wing. The mesh has 160 cells around the wing section, the resolution increasing near the leading and trailing edges.

In the wall-normal direction, the mesh has 115 cells with the far-field extending 20 chord lengths in all directions

around the section. In the spanwise direction, the mesh has 199 cells over the semispan of the wing with the resolution

increasing near the wingtip. The spanwise domain extends 100 cells beyond the wingtip, to a total of 5 chord lengths.
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2. Low Reynolds number cases

The Re=10 000 cases were computed following the experimentally-validated RANS method used in Bird et al. [45],

albeit with different kinematics. The Spalart-Allmaras (SA) turbulence model [46] is used for turbulence closure, with

the trip terms in the original SA model turned off. For the low Reynolds number cases considered in this research, the

effects of the turbulence model are confined to the shed vortical structures and wake.

The meshes are the same as those used in Bird et al. [45]. In this paper, two rectangular wings of chord length

2 = 0.1 m and aspect ratios 6 and 3 are considered. An O-mesh topology was used with 116 cells in the chordwise

direction. The mesh was finer near the leading and trailing edges. Since the pitch kinematics are symmetrical about

the wing center, only half the wing was meshed. The aspect ratio 6 and 3 half-wing meshes had 211 and 105 cells

respectively in the spanwise direction. The spanwise domain extends 4 chord lengths beyond the wingtip with an average

spacing of 21 cells per chord length in this region. In the wall-normal direction, cell spacing begins at 1.5× 10−5 m next

to the wall (H+ < 1) and extends a distance of 11.5 chord lengths away from the wing with an average density of 16.3

cells per chord length. The simulations were carried out at a free stream velocity*∞ = 0.1 m/s and kinematic viscosity

10−6 m2/s to obtain a chord-based Reynolds number of 10 000.

B. Case 1: a returning pitch ramp in the Euler regime

A canonical pitch ramp-hold-return motion [43] is expressed as

U(C) = %

02̄

[
cosh(0*∞ (C − C1)/2̄) cosh(0*∞ (C − C4)/2̄)
cosh(0*∞ (C − C2)/2̄) cosh(0*∞ (C − C3)/2̄)

]
where 0 = c2/(4(C2 − C1) (1 − f)) and the wing pitches about the leading edge. This ramp-hold-return motion has the

advantage that the start and end displacement is identical - unlike for the heave velocity ramp-hold-return studied in

the next subsection. Here % set to give Umax = 3°, and the time parameters are set to C∗1 = 1, C∗2 = 3, C∗3 = 4 and C∗4 = 6,

where C∗ = C*∞/2. The smoothness of the curve is dictated by f, which was set to 0.5 in this case. The kinematics

are shown in Fig. 2. A window of C∗ = [−10, 20] is used here, despite the input signal of interest being in C∗ = [0, 7]

(inset). A large window is required in comparison to that of the input signal since the Fourier transform with limited

lower bounds on input frequency effectively assumes that the input is periodic. Consequently, a large window avoids the

issues introduced by periodicity.

These input kinematics were evaluated at 2048 evenly spaced points in the C∗ = [−10, 20] window. For a problem

involving a rectangular aspect ratio 4 wing of chord 2 = 0.0762 m in a freestream of *∞ = 0.1312 m s−1, this gives

a sample interval of ΔC ≈ 0.015 s, resulting in a Nyquist critical frequency of l2 = 2c/2ΔC = 369 rad s−1 which

corresponds to a critical chord reduced frequency of :2 = 107. This is sufficiently high to capture the highest frequency

present in the input signal.
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Fig. 3 Comparison of UCoFD, CFD and strip theory results for an aspect ratio 4 rectangular wing undergoing
a smooth pitch ramp maneuver.

The �! and �" results obtained using CFD, UCoFD and strip theory are shown in Fig. 3.

The CFD results in Fig. 3(a) show the lift increasing and then returning to zero, roughly in line with the input ramp

kinematics. Two mechanisms create lift. Firstly, the acceleration of the wing leading to added mass effects. The positive

acceleration at C∗ = 1 leads to a very rapid initial increase in lift. The negative acceleration either side of the peak at

C∗ = 3 and C∗ = 4 leads to a reduction in lift. The positive acceleration at C∗ = 6, from negative to zero rate of pitch, leads

to an increase in lift. Secondly, circulatory effects lead to the overall shape of the curve, where lift is approximately

proportional to the effective angle of attack [47]. The circulatory and acceleratory effects sum to the more complex final

lift curve.

The shape of the �! curve is well matched by the unsteady lifting-line theory result, although the lift peak is slightly

overestimated. The error in the results is due to the application of lifting-line theory to lower aspect ratio, rectangular

wings. In contrast, strip theory significantly overestimates the peak lift and introduces a slowly decaying lift that does

not reflect the results obtained from the CFD.

The moment coefficients, shown in Fig. 3(b), tell a similar story. The CFD result shows the �" to be a combination
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of acceleratory effects, which lead to rapid changes in �" , and circulatory effects, which lead to the overall shape of the

curve. This is reflected well by the ULLT result, except for a small overestimation of the peak value of �" . Again, strip

theory significantly overestimates the peak value of the coefficient, and fails to return to zero as quickly as the CFD

result.

For this pitch case the assumptions made in the derivation of the ULLT were satisfied (excepting the rectangular

wing shape), and the fast Fourier transform could be applied without complication. This leads to good results from the

UCoFD method. Next, a more challenging case will be examined, introducing two complications. Firstly, a less smooth

input function will be used. This introduces higher frequency terms that may introduce errors to the result of the ULLT.

And secondly, the input kinematics will not return to zero, and an artificial return ramp must be introduced.

C. Case 2: a non-returning heave velocity ramp in the Euler regime

In this subsection, the canonical ramp-hold-return motion is once again used [43], but instead of being applied to

pitch angle it is applied to heave velocity. As a consequence, the net heave displacement is non-zero.

The ramp-hold-return motion is defined by the heave velocity ¤ℎ = 3ℎ/3C as

¤ℎ = %

0

[
cosh(0*∞ (C − C1)/2̄) cosh(0*∞ (C − C4)/2̄)
cosh(0*∞ (C − C2)/2̄) cosh(0*∞ (C − C3)/2̄)

]
,

where 0 = c2/(4(C2 − C1) (1 − f)) and % set to give ¤ℎmax = −0.052̄, and the timing parameters are C∗1 = 1, C∗2 = 3, C∗3 = 4

and C∗4 = 6. The curve smoothness parameter f is set as 0.888, which results in less smooth motion in comparison to the

pitch ramp used for Case 1 in Sec. IV.B.

The displacement at the end of the heave velocity ramp is not equal to that at the beginning. Consequently, for the

UCoFD method using a window C∗ = [−10, 35], there is a step from C∗ = 35 to C∗ = −10. This must be mitigated to

obtain good results.

To remove the jump, a smooth return function must be inserted. Here a quadratic return ramp is used. This ramp is

given by

6(C) =



1, if C ≤ CB0

1 − 2
(
C−CB0
CB1−CB0

)2
, if CB0 < C ≤ (CB0 + CB1 )/2

2
(
CB1−C
CB1−CB0

)2
, if (CB0 + CB1 )/2 < C ≤ CB1

0, if C > CB1

(22)

To obtain a displacement function which returns to zero, ℎ′(C), the original heave ramp is multiplied by the return

function, giving ℎ′(C) = ℎ(C)6(C). For a problem where the heave ramp is in C∗ = [0, 7] and the investigation window is

in C∗ = [−10, 35], the return ramp used parameters C∗B0 = 10 and C∗B1 = 20. This places it immediately after the results of
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Fig. 4 Heave ramp kinematics and results for an aspect ratio 4 rectangular wing. More detailed force results
are given in Fig. 5.
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Fig. 5 Comparison of UCoFD, CFD and strip theory results for an aspect ratio 4 rectangular wing undergoing
a non-smooth heave velocity ramp maneuver.

interest, allowing a large separation between the return ramp and, given the results are periodic, the beginning of the

input kinematics. These kinematics are applied to the same wing used for Case 1 in Sec. IV.B, with results obtained

using a 2048-sample fast Fourier transform.

The input kinematics and the results obtained for the rectangular wing are shown in Fig. 4

In Fig. 4(a), the heave ramp of interest can be seen in C∗ = [0, 7] (inset). This ramp results in a non-zero displacement

by C∗ = 7. As discussed earlier, a return ramp is introduced to avoid a step between C∗ = 35 and C∗ = −10. This ramp is

separated from the kinematics of interest. The reason for this can be seen at C∗ = 20 in Fig. 4(b), where it takes time for

the forces on the wing to return to zero after the return ramp has finished.

Detailed force coefficient results in the interval of interest are shown in Fig. 5. The CFD results for both the �! and

�" curves shows an increase in force, a plateau, and a reduction in force. The non-smoothness of the input kinematics
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is reflected by the sudden change in �! and �" found at C∗ = {1, 3, 4, 7}, where the rapid change in the acceleration of

the wing leads to changes in the forces due to added-mass effects.

The ULLT / convolution in frequency domain method again predicts the CFD result with good accuracy. The

overall shape of the �! and �" curves are well predicted, including the strength of the peaks resulting from added mass

effects. This suggests that the theoretical asymptotic limitation of the underlying frequency-domain ULLT is of little

practical consequence. Again, the ULLT slightly over-predicts the peak values of the forces. However, this error is

small, especially when compared to the error introduced if strip-theory were to be used instead.

It has been demonstrated how a frequency-domain ULLT can be applied successfully to time-domain problems

using the UCoFD method, and that it gives superior results to strip theory. However, the analytical frequency-domain

ULLTs to which this technique can be applied almost universally assume potential flow and small amplitude kinematics.

In the next section, the results obtained when these assumptions are broken are examined.

D. Cases 3a-3d: large amplitude pitch ramp at Re=10 000

To solve for the aerodynamics in research areas such as micro air vehicles, unmanned aerial vehicles [10] or energy

harvesting devices [12], solutions for low-Reynolds number, high-amplitude kinematics problems are required. The

linear, potential-flow based model used in the derivation of Sclavounos’ ULLT obtains surprisingly good results for

frequency-domain problems in this regime [45] given that the assumptions used in its derivation are broken. Here,

time-domain cases are explored using the UCoFD method.

Two rectangular wings, one of aspect ratio 6 (Cases 3a and 3b) and the other of aspect ratio 3 (Cases 3c and 3d),

undergo a pitch ramp-hold-return maneuver at a Reynolds number of 10 000, with pitch occurring about the leading

edge. This Reynolds number was chosen since it is representative of the low-Reynolds-number regime of the above

applications.

The pitch ramp-hold-return maneuver is similar to that of Case 1 in Sec. IV.B. The wing pitches about its leading

edge with % set to give both Umax = 3° (Cases 3a and 3c) and Umax = 25° (Cases 3b and 3d), and the timing parameters

are set to C1 = 1, C2 = 3, C3 = 4 and C4 = 6. The smoothness of the curve is given by the parameter f = 0.5.

The resulting lift and moment coefficients are shown in Fig. 6. The coefficients are normalized by the maximum

angle of attack to allow for comparison. Both UCoFD and strip theory are linear, consequently their results are

independent of the amplitude of the kinematics. The differences between the Umax = 25° and Umax = 3° CFD results are

due to aerodynamic non-linearities.

The results for the aspect ratio 6 cases, shown in Fig. 6(a) and Fig. 6(b) will be considered first. The assumption

made in the derivation on lifting-line theory that the aspect ratio is high is better satisfied by this ÆR6 wing than the

ÆR4 wing used earlier. For the small amplitude Umax = 3°, the UCoFD method predicts the shape of both the �! and

�" curves well. However, it overestimates the peak lift and moment compared to the CFD, and by a much greater
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Fig. 6 Comparison of UCoFD, CFD and strip theory results for aspect ratio 6 and 3 rectangular wings
undergoing a smooth pitch ramp maneuver to angles of attack of 25° and 3° at a Reynolds number of 10 000.
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Fig. 7 Non-dimensionalized spanwise vorticitylH2/* at the root section of aspect ratio 6 and 3 wings, obtained
from CFD at a Reynolds number of 10 000.

margin than for the Euler cases studied earlier. This is due to neglecting viscous effects which are present in the CFD at

Re= 10000. However, the overestimation is much smaller than that produced by strip theory.

Increasing the amplitude of the kinematics from Umax = 3° to Umax = 25° has no impact on UCoFD results since

the theory is linear. However, the difference in the CFD results is significant. The peak forces increase super-linearly,

and the shape of the �! and �" curves change significantly, particularly between C∗ = 4 and C∗ = 5. This is due to the

formation of a leading-edge vortex, that then detaches from the leading edge before being convected over the upper

surface of the wing. This process is shown for both wings in Fig. 7. The UCoFD cannot model this aerodynamic

non-linearity. Consequently, it is unable to reflect the change in shape of the �! and �" curves obtained from CFD.

However, since the CFD result predicted super-linearly increasing forces, the overestimate of forces by the UCoFD has

reduced. The strip theory result continues to overestimate forces more significantly than UCoFD.

At aspect ratio 3, the UCoFD over-prediction of forces in comparison to the CFD results is greater. Again, for the

Umax = 3° cases, the UCoFD method correctly predicts the CFD result curve shapes. For the large amplitude Umax = 25°

case, the CFD force curves are more similar to the Umax = 3° case than at aspect ratio 6. The lower aspect ratio results in

a smaller and more stable leading edge-vortex (seen in Fig. 7). Consequently, the UCoFD prediction of the Umax = 25°

CFD curves is better, but not excellent. In comparison, the strip theory results become worse with decreasing aspect

ratio due to the increased importance of finite-wing effects.

V. Conclusions
The Unsteady Lifting-Line Theory / Convolution in Frequency Domain (UCoFD) method was derived: it allows

frequency-domain unsteady lifting-line theory to be applied to time domain problems by taking the Fourier transform of

the input kinematics, performing convolution with interpolated frequency-domain unsteady lifting-line results, and

returning the solution to the time domain via the inverse Fourier transform.
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Quadratic interpolation was used to obtain frequency domain results from several evaluations of an unsteady

lifting-line theory. The Fourier transform of the time-domain kinematics, obtained using the fast Fourier transform

method, is then convolved with with this interpolation, before the inverse Fourier transform is applied to obtain

time-domain results. Since the frequency-domain results are independent of the time-domain kinematics, they need only

be computed once for a given wing geometry.

This method was compared to CFD results for a rectangular aspect ratio 4 wing in the Euler regime. Good results

were obtained for both a pitch ramp case, and a heave velocity ramp case. The heave velocity ramp case also demonstrated

how kinematics with different start and end points can be simulated with the current method. Compared to strip theory,

the UCoFD method gave much better results.

Finally, the method was compared to a low-Reynolds number, large amplitude case. Here, the underlying assumptions

used in the derivation of the method were broken, since the method doesn’t model the leading edge vortex found in the

CFD results. Nonetheless, UCoFD gave a reasonable prediction of lift and moment coefficients.
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