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У цiй роботi дослiджуються властивостi траєкторiй випадкових процесiв, що задають
розв’язки дисперсiйних рiвнянь старших порядкiв з φ-субгауссовими гармонiзованими випадко-
вими початковими умовами. Основний результат роботи – це оцiнки для швидкостi росту
вказаних процесiв на необмежених множинах. Клас φ-субгауссових випадкових процесiв з фун-
кцiєю φ(x) = |x|α

α , α ∈ (1, 2], є природним узагальненням гауссових процесiв. Для таких початко-
вих умов оцiнки розподiлiв супремумiв розв’язкiв можуть бути обчисленi в досить простому
виглядi. Оцiнки для швидкостi росту розв’язкiв диференцiальних рiвнянь з частковими похi-
дними старших порядкiв у випадку загального вигляду N-функцiї Орлiча φ отримано в [9], де
виведення грунтувалося на результатах роботи [12]. Тут ми використовуємо дещо iнший пiд-
хiд, який грунтується на використаннi iншого ентропiйного iнтегралу i дає нам можливiсть
у випадку φ(x) = |x|α

α , α ∈ (1, 2], отримати вирази для оцiнок у явному виглядi.
Результати дослiдження доповiдались на Мiжнароднiй науковiй конференцiї “Modern Stochasti-

cs: Theory and Applications. V” (MSTA-V).
Ключовi слова: φ-субгауссовi процеси, дисперсiйнi рiвняння старших порядкiв, випадковi по-

чатковi умови, швидкiсть росту

In this paper, there are studied sample paths properties of stochastic processes representing solutions
of higher-order dispersive equations with random initial conditions given by φ-sub-Gaussian harmoni-
zable processes. The main results are the bounds for the rate of growth of such stochastic processes consi-
dered over unbounded domains. The class of φ-sub-Gaussian processes with φ(x) = |x|α

α , 1 < α ≤ 2,
is a natural generalization of Gaussian processes. For such initial conditions the bounds for the distri-
bution of supremum of solutions can be calculated in rather simple form. The bounds for the rate of
growth of solution to higher-order partial differential equations with random initial conditions in the
case of general φ were obtained in [9], the derivation was based on the results stated in [12]. Here we
use another approach, which allows us, for the particular case φ(x) = |x|α

α , α ∈ (1, 2], to present the
expressions for the bounds in the closed form.

Key Words: φ-sub-Gaussian processes, higher-order dispersive equations, random initial condition,
rate of growth

1 Introduction

Let y(t), t ∈ R, be a real strictly φ-sub-Gaussian
process with φ(x) = |x|α

α , 1 < α ≤ 2, determi-
ning constant Cy and its covariance Ey(t)y(s) =
Γy(s, t) has finite variation. Consider the related

harmonizable process

η(x) =

∫
R
κ(xu) dy(u), x ∈ R,

where κ(v) = cos v or κ(v) = sin v. (The
corresponding definitions are given in Appendix.)

c⃝ Л.М. Сахно, О.I. Василик 2021
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Let

U(t, x) =

∫ ∞

−∞
I(t, x, λ) dy(λ), (1.1)

where

I(t, x, λ) = κ

(
λx+ t

N∑
k=1

akλ
2k+1(−1)k

)
, (1.2)

t ≥ 0, x ∈ R, and {ak}Nk=1 are some constants.
Suppose that the following condition holds∫ ∞

−∞

∫ ∞

−∞
|λµ|(2N+1)(ρ+1) d|Γy(λ, µ)| < ∞, (1.3)

for some 0 < ρ ≤ 1.
In [9, 10] it was shown that under the above

settings, the random field U(t, x) given by (1.1) is
the classical solution to the initial value problem

N∑
k=1

ak
∂2k+1U(t, x)

∂x2k+1
=

∂U(t, x)

∂t
, t > 0, x ∈ R,

(1.4)
U(0, x) = η(x), x ∈ R. (1.5)

We refer to [1, 9, 10] for rigorous definition of the
classical solution and for a discussion on the above
equation and more general ones in random and
non-random contexts. Note that the equation (1.4)
belongs to the class of linear dispersive equations
whose study is important from many points of vi-
ew, both in theoretical and practical aspects (see,
e.g., [14]).

Conditions of existence of the classical soluti-
on to the problem (1.4)–(1.5) with random φ-sub-
Gaussian initial condition for the case of general
φ are stated in [1, 9], properties of solutions are
investigated in [9, 10], in particular, different esti-
mates for the distribution of supremum of soluti-
on, and in [9] bounds are presented for the rate of
growth of solution.

The solutions of heat equations with sub-
Gaussian random initial conditions were investi-
gated in [7, 8]. In the papers [4, 5], there were
studied sample paths properties of stochastic
processes representing solutions (in L2(Ω) sense)
of the heat equation with random initial conditions
given by φ-sub-Gaussian stationary processes. The
main results were the bounds for the distributions
of the suprema for such stochastic processes consi-
dered over bounded and unbounded domains.

The estimates for the distribution of
supremum of solution to the problem (1.4)–(1.5)

with random φ-sub-Gaussian initial conditions for
the particular case of φ(x) = |x|α

α , 1 < α ≤ 2, are
given in [10].

Proposition 1 ([10], Cor.3.1). Let y(u), u ∈ R,
be a real strictly φ-sub-Gaussian random process
with φ(x) = |x|α

α , α ∈ (1, 2], determining constant
Cy and Ey(t)y(s) = Γy(s, t).

Let U(t, x) =
∞∫

−∞
I(t, x, λ) dy(λ), where I(t, x, λ)

is given by (1.2), a ≤ t ≤ b, c ≤ x ≤ d, and
ε0 = supa≤t≤b

c≤x≤d
τφ(U(t, x)).

Further, let the constant ρ ∈ (0, 1] be such that
(1.3) holds.

Then
(i) U(t, x) exists, is continuous with probability
one and for its sample paths the Hölder continuity
holds in the form

sup
t,t1∈[a,b]:|t−t1|≤h
x,x1∈[c,d]:|x−x1|≤h

τφ(U(t, x)−U(t1, x1)) ≤ 2CZCyh
ρ,

where CZ is defined in (1.8);
(ii) for all 0 < θ < 1 such that θε0 <
2CZCy(κ/2)ρ with κ = max(b− a, d− c), γ such
that 1

α + 1
γ = 1, and u > 0 the following inequality

holds true

P
{

sup
a≤t≤b
c≤x≤d

|U(t, x)| > u
}
≤ 2 exp

{
− uγ(1− θ)γ

γεγ0

}
× (2eCZCy)

2/ρκ2(θε0)
−2/ρ.

(1.6)

In particular, if the process y(u), u ∈ R}, is
Gaussian, then

P
{

sup
a≤t≤b
c≤x≤d

|U(t, x)| > u
}
≤ 2 exp

{
− u2(1− θ)2

2ε20

}
× (2eCZ)

2/ρκ2(θε)−2/ρ

(1.7)

for all 0 < θ < 1 such that θΓ < 2CZ(κ/2)ρ and
u > 0.

In the above proposition the following
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constant is used

C2
Z =

∫
R

∫
R

(( |λ|
2

)ρ
+
∣∣∣1
2

N∑
k=1

akλ
2k+1(−1)k

∣∣∣ρ)
×
(( |µ|

2

)ρ
+
∣∣∣1
2

N∑
k=1

akµ
2k+1(−1)k

∣∣∣ρ) d|Γy(λ, µ)|

≤
∫
R

∫
R

1

22ρ

(
|λ|ρ +

( N∑
k=1

|ak||λ|2k+1
)ρ)

×
(
|µ|ρ +

( N∑
k=1

|ak||µ|2k+1
)ρ)

d|Γy(λ, µ)|, (1.8)

the convergence of the last integral is guaranteed
by the condition (1.3).

Class of φ-sub-Gaussian processes with
φ(x) = |x|α

α , 1 < α ≤ 2, is a natural generalizati-
on of Gaussian processes. For such initial condi-
tions in (1.5) the bounds for the distribution of
supremum of solution can be calculated in the si-
mple closed form as given in Proposition 1 above.

In the present paper we continue the study
of the behavior of solution in this particular case
and obtain the bounds for the rate of growth of
solution.

Note that bounds for the rate of growth of
solution (1.1) in the case of general φ were obtai-
ned in [9], the derivation was based on the results
stated in [12]. Here we use another approach based
on the use of Theorem 1 stated below in Secti-
on 2. This allows us, for the particular case under
consideration, to present in Section 3 the expressi-
ons for bounds in the closed form. Some necessary
definitions and statements are given in Appendix.

2 Estimates for the rate of growth of φ-
sub-Gaussian processes

In this section we present some general results for
φ-sub-Gaussian processes defined over bounded
and unbounded domains.

Let (T, ρ) be a metric (pseudometric) space
and X(t), t ∈ T, be a φ-sub-Gaussian process.
Introduce the following conditions.

Condition 1. Let the space (T, ρ) be separable,
the process X be separable on this space,
ε0 = supt∈T τφ(X(t)) < ∞, and there exi-
sts a strictly increasing continuous function
σ(h), h ≥ 0, such that σ(0) = 0 and

sup
ρ(t,s)<h

τφ(X(t)−X(s)) ≤ σ(h).

Condition 2. The function r(x), x ≥ 1, is
non-negative nondecreasing and such that
r(ey), y ≥ 0 is a convex function.

Let N(u) = NT(u), u > 0, be the metric massi-
veness of the space (T, ρ), that is, N(u) is the
number of elements in the minimal u-covering of
(T, ρ).

Denote

Ir(δ) =

∫ δ

0
r(N(σ(−1)(u)))du, δ > 0. (2.9)

For a function σ(t), t ≥ 0, we denote by
σ(−1)(u), u ≥ 0, the inverse function.

Proposition 2. Let X = {X(t), t ∈ T} be
a φ-sub-Gaussian process, conditions 1–2 hold,
ρ(t, s) = τφ(X(t) − X(s)), t, s ∈ T . Suppose
Ir(ε0) < ∞.

Then for all 0 < θ < 1 and u > 0, λ > 0

E exp
{
λ sup

t∈T
|X(t)|

}
≤ 2Q(λ, θ),

and
P
{
sup
t∈T

|X(t)| ≥ u
}
≤ 2A(θ, u),

where

Q(λ, θ) = exp
{
φ
( λε0
1− θ

)}
r(−1)

(Ir(θε0)
θε0

)
,

A(θ, u) = exp
{
− φ∗

(u(1− θ)

ε0

)}
r(−1)

(Ir(θε0)
θε0

)
.

Proposition 2 is a variant of the result stated in [2,
Theorem 4.4, p. 107] (see also [10, Theorem 2.3]).

Condition 3. Let f(t), t ≥ 0, be a continuous
strictly increasing function such that f(t) >
0 and f(t) → ∞ as t → ∞. Introduce the
sequence b0 = 0, bk+1 > bk, bk → ∞, k → ∞,
bk+1 − bk ≥ 2A. Denote Vk = [bk, bk+1] ×
[−A,A], k = 0, 1, . . . , fk = f(bk), εk =
sup(t,x)∈Vk

τφ(ξ(t, x)), and suppose that 0 <
εk < ∞.

Denote γk = σk(bk+1 − bk), where σk are
introduced in the next theorem, θ̃ = infk

γk
εk

.

Theorem 1. Let ξ(t, x), (t, x) ∈ V , V =
[0,+∞)× [−A,A], be a φ-sub-Gaussian separable
random field and Conditions 2 and 3 hold. Suppose
futher that:

80



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки

2021, 2
Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

(i) there exist the increasing continuous functi-
ons σk(h), h > 0, such that σk(h) → 0 as
h → 0,

sup
(ti,xi)∈Vk,i=1,2

|t1−t2|≤h,
|x1−x2|≤h

τφ(ξ(t1, x1)−ξ(t2, x2)) ≤ σk(h)

and for k = 0, 1, . . .

Ir,k(γk) =

∫ γk

0
r(NVk

(σ
(−1)
k (u)))du < ∞;

(ii) C =
∑∞

k=0
εk
fk

< ∞;

(iii) for any θ ∈ (0, 1)

S(θ, r) =

∞∑
k=0

εk
fk

log
(
r(−1)

(Ir,k(θεk)
θεk

))
< ∞.

Then

(i) for any θ ∈ (0,min(1, θ̃)) and any λ > 0

E exp
{
λ sup

(t,x)∈V

|ξ(t, x)|
f(t)

}
(2.10)

≤ 2 exp
{
φ
( λC

1− θ

)}
exp

{S(θ, r)
C

}
;

(ii) for any θ ∈ (0,min(1, θ̃)) and any u > 0

P
{

sup
(t,x)∈V

|ξ(t, x)|
f(t)

> u
}

(2.11)

≤ 2 exp
{
− φ∗

(u(1− θ)

C

)}
exp

{S(θ, r)
C

}
.

Proof. For the proof we use the same arguments as
in [5], extended for the case of the domain of the
form [0,+∞) × [−A,A]. Let rk > 0, k = 0, 1, . . .
and

∑∞
k=0

1
rk

= 1. Then for any λ > 0

I(λ) = E exp
{
λ sup

(t,x)∈V

|ξ(t, x)|
f(t)

}
≤ E exp

{
λ

∞∑
k=0

sup
(t,x)∈Vk

|ξ(t, x)|
fk

}
≤

∞∏
k=0

(
E exp

{
λrk sup

(t,x)∈Vk

|ξ(t, x)|
fk

}) 1
rk .

By using Proposition 2 we obtain

I(λ) ≤
∞∏
k=0

21/rk
(
exp

{
φ
( λrkεk
(1− θ)fk

)}) 1
rk

×
(
r(−1)

(Ir,k(θεk)
θεk

)) 1
rk

= exp
{ ∞∑

k=0

φ
( λrkεk
(1− θ)fk

) 1

rk

}
×

∞∏
k=0

21/rk
(
r(−1)

(Ir,k(θεk)
θεk

)) 1
rk

= 2 exp
{ ∞∑

k=0

φ
( λrkεk
(1− θ)fk

) 1

rk

}
× exp

{ ∞∑
k=0

1

rk
log
(
r(−1)

(Ir,k(θεk)
θεk

))}
.

Let rk = Cfk
εk

. Then we obtain the estimate
(2.10):

I(λ) ≤ 2 exp
{
φ
( λC

1− θ

)}
× exp

{ 1

C

∞∑
k=0

εk
ak

log
(
r(−1)

(Ir,k(θεk)
θεk

))}
.

The estimate (2.11) follows then by
Chebyshev’s inequality.

Corollary 1. Let conditions of Theorem 1 hold
with σk(h) = ckh

β, ck > 0, 0 < β ≤ 1, and
|bk+1 − bk| ≥ 2A, but condition (iii) is replaced
by the following one

(iv) There exists 0 < γ ≤ 1 such that

S1 =

∞∑
k=0

ε
1− 2γ

β

k (bk+1 − bk)
2γc

2γ
β

k

fk
< ∞.

Then

(i) for any θ ∈ (0,min(1, θ̃)) and any λ > 0

E exp
{
λ sup

(t,x)∈V

|ξ(t, x)|
f(t)

}
≤ 2

4
β exp

{
φ
( λC

1− θ

)}
A1(θ);

(ii) for any θ ∈ (0,min(1, θ̃)) and any u > 0

P
{

sup
(t,x)∈V

|ξ(t, x))|
f(t)

> u
}

≤ 2
4
β exp

{
− φ∗

(u(1− θ)

C

)}
A1(θ),

where

A1(θ) = exp
{ S1

γC

(2 4
β
−2

θ
2
β

)γ}
.
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Proof. Under the conditions of Theorem 1 we can
write the estimate

Ir,k(εk) ≤ Îr,k(εk)

=

∫ εk

0
r
(( bk+1 − bk

2σ
(−1)
k (u)

+ 1
)( A

σ
(−1)
k (u)

+ 1
))

du.

Therefore, we can apply conditions of
Theorem 1 using the integral Îr,k.

We choose r(x) = xα − 1, x ≥ 1, 0 < α < β in
Theorem 1, then using similar calculations as in
[5] (see Corollary 7 therein), we obtain

r(−1)
( Îr,k(θεk)

θεk

)
≤ 2

4
β
−1
((bk+1 − bk)

2c
2
β

k 2
2( 2

β
−1)

(θεk)
2
β

+ 1
)
.

Applying the inequality log(1 + x) ≤ xγ

γ , for
0 < γ ≤ 1 and x ≥ 0, we can write the estimate:

S(θ, r) ≤ C log(2
4
β
−1

)

+
1

γ

∞∑
k=0

ε
1− 2γ

β

k

fk
(bk+1 − bk)

2γ
(c 2

β

k 2
4
β
−2

θ
2
β

)γ
,

from which we obtain the expression for A1(θ).
Statement (ii) follows from (i) in view of

Chebyshev’s inequality.

3 Estimates for the rate of growth of the
fields U(t, x) over unbounded domains

We apply now the results of the previous section
for the filed U(t, x) given by (1.1) with (t, x) ∈
V = [0,+∞)× [−A,A].

Theorem 2. Let y(u), u ∈ R, be a real stri-
ctly φ-sub-Gaussian random process with φ(x) =
|x|α
α , α ∈ (1, 2], determining constant Cy and

Ey(t)y(s) = Γy(s, t).

Let U(t, x) =
∞∫

−∞
I(t, x, λ) dy(λ), where I(t, x, λ)

is given by (1.2), (t, x) ∈ V = [0,+∞)× [−A,A].
Further, let the constant ρ ∈ (0, 1] be such that
(1.3) holds.

Suppose that:
(i) Condition 2 is satisfied and Condition 3 holds

with εk = sup(t,x)∈V τφ(U(t, x)) < ∞;

(ii) C =
∞∑
k=0

εk
fk

< ∞;

(iii) There exists 0 < γ ≤ 1 such that

Ŝ1 =
∞∑
k=0

ε
1− 2γ

ρ

k (bk+1 − bk)
2γ

fk
< ∞.

Then for any θ ∈ (0,min(1, θ̃)) and any u > 0

P
{

sup
(t,x)∈V

|U(t, x))|
f(t)

> u
}

≤ 2
4
ρ exp

{
− uβ(1− θ)β

βCβ

}
Â1(θ),

where

Â1(θ) = exp
{ Ŝ1(2CZCy)

2γ/ρ

γC

(24/ρ−2

θ2/ρ

)γ}
,

β is such that 1
α + 1

β = 1, CZ is given by (1.8).

Proof. We apply Corollary 1. Conditions of
Theorem 1 hold with σk(h) = 2CZCyh

ρ, ρ ∈ (0, 1],
therefore ck = 2CZCy. All other conditions are
modified correspondingly and lead to the result.

Remark. The bounds for the rate of grows of the
random field U(t, x), (t, x) ∈ V = [0,+∞) ×
[−A,A], which represents the solution to the
problem (1.4)–(1.5), were studied in [9] for the case
of a general φ. The approach in the present paper
is based (following [10]) on consideration of the di-
fferent entropy integral given by (2.9), which leads
to the presentation of bounds in the explicit form,
for φ(x) = |x|α

α , α ∈ (1, 2]. The case of general φ
should be further investigated.

Appendix

Definition 1. [2, 13] A continuous even convex
function φ is an Orlicz N-function if φ(0) = 0,
φ(x) > 0, x ̸= 0, and lim

x→0

φ(x)
x = 0, lim

x→∞
φ(x)
x = ∞.

Condition Q. Let φ be an N-function which sati-
sfies lim inf

x→0

φ(x)
x2 = c > 0, where the case c = ∞

is possible.

Definition 2. [2, 3, 11] Let φ be an N -function
satisfying condition Q and {Ω, L,P} be a standard
probability space. The random variable ζ is φ-
sub-Gaussian, or belongs to the space Subφ(Ω),
if Eζ = 0, E exp{λζ} exists for all λ ∈ R and there
exists a constant a > 0 such that the following
inequality holds for all λ ∈ R

E exp{λζ} ≤ exp{φ(λa)}.

The random process ζ = {ζ(t), t ∈ T} is called φ-
sub-Gaussian if the random variables {ζ(t), t ∈ T}
are φ-sub-Gaussian.
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The space Subφ(Ω) is a Banach space with
respect to the norm (see [2, 11]):

τφ(ζ) = inf{a > 0 : E exp{λζ} ≤ exp{φ(aλ)}.

Definition 3. [2, 13] The function φ∗ defined by

φ∗(x) = sup
y∈R

(xy − φ(y))

is called the Young-Fenchel transform (or convex
conjugate) of the function φ.

Definition 4. [3, 6] A family ∆ of random
variables ζ ∈ Subφ(Ω) is called strictly φ-sub-
Gaussian if there exists a constant C∆ such that
for all countable sets I of random variables ζi ∈ ∆,
i ∈ I, the following inequality holds:

τφ

(∑
i∈I

λiζi

)
≤ C∆

E

(∑
i∈I

λiζi

)2
1/2

.

(3.12)
The constant C∆ is called the determining
constant of the family ∆.

The linear closure of a strictly φ-sub-Gaussian
family ∆ in L2(Ω) is strictly φ-sub-Gaussian with
the same determining constant ([6]).

Definition 5. [3, 6] Random process ζ(t), t ∈ T
is called (strictly) φ-sub-Gaussian if the family of
random variables {ζ(t), t ∈ T} is (strictly) φ-sub-
Gaussian with a determining constant Cζ .

Let K be a deterministic kernel and X(t) =∫
T K(t, s) dξ(s), t ∈ T , where ξ is a strictly φ-sub-

Gaussian random process, and the integral is defi-
ned in the mean-square sense. Then X is strictly φ-
sub-Gaussian with the same determining constant.

Definition 6. Real-valued second order random
function X(t), t ∈ R, is called harmonizable,
if there exists a real-valued centered second
order function y(u), u ∈ R, such that X(t) =∫∞
−∞ sin tu dy(u) or X(t) =

∫∞
−∞ cos tu dy(u) and

Γy(t, s) = Ey(t)y(s) has finite variation. The
integral is defined in the mean-square sense.

Proposition 3. Real-valued second order functi-
on X(t), t ∈ R, EX(t) = 0, is harmonizable if and
only if there exists the covariance function Γy(u, v)
with finite variation such that

Γx(t, s) = EX(t)X(s) =

∫
R

∫
R
κ(tu)κ(sv) dΓy(u, v),

where κ(v) = cos v or κ(v) = sin v.
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