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Abstract. Weakly nonlinear waves in strongly magnetized plasma with slightly
non-isothermal electrons are governed by a modified Zakharov—Kuznetsov (ZK)
equation, containing both quadratic and half-order nonlinear terms, which we
refer to as the Schamel-Korteweg—de Vries—Zakharov—Kuznetsov (SKdVZK) equa-
tion. We present a method to obtain an approximation for the growth rate, -,
of sinusoidal perpendicular perturbations of wavenumber, k, to SKdVZK solitary
waves over the entire range of instability. Unlike for (modified) ZK equations
with one nonlinear term, in this method there is no analytical expression for k.,
the cut-off wavenumber (at which the growth rate is zero) or its corresponding
eigenfunction. We therefore obtain approximate expressions for these using an
expansion parameter, a, related to the ratio of the nonlinear terms. The expressions
are then used to find ~ for k near k. as a function of a. The approximant derived
from combining these analytical results with the ones for small k agrees very well
with the values of v obtained numerically. It is found that both k. and the maximum
growth rate decrease as the electron distribution becomes progressively less peaked
than the Maxwellian. We also present new algebraic and rarefactive solitary wave
solutions to the equation.

1. Introduction

Small amplitude nonlinear waves in a cold-ion plasma in which there is a uniform
magnetic field whose strength is sufficient for the Alfvén velocity to be comparable
to the speed of light are governed by the Zakharov—Kuznetsov (ZK) equation,

g + uty + Vg =0 (1.1)

in which the subscripts denote derivatives, u is proportional to the electrostatic
potential which itself is proportional to the deviation from the mean ion density,
and z is a normalized coordinate in a frame moving at the speed of long-wavelength
linear acoustic waves in the direction of the magnetic field (Zakharov and Kuznetsov
1974). For a system with no y or z-dependence, (1.1) reduces to the well-known
Korteweg—de Vries (KdV) equation which also describes such waves in the absence
of a magnetic field (Washimi and Tanuiti 1966).
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In the derivations of the KdV and ZK equations for cold-ion plasmas, it is
assumed that the electrons have a Maxwellian distribution. In the case where the
electrons make numerous collisions with each other or with the boundaries of the
vessel containing the plasma, this assumption is reasonable. However, if the effect
of the collisions is small, the electrons will no longer be isothermal. An improved
description of the electron behaviour can be obtained by assuming that the electron
distribution, which is described by a Vlasov equation, instantaneously relaxes to a
BGK mode (Bernstein et al. 1957). Using this result, if both the trapped and free
particles have Maxwellian distributions but with different temperatures, it can be
shown that one-dimensional weakly nonlinear ion-acoustic waves are governed by
the Schamel equation

Uy + |’U,|1/2’U,1 + Upze = 0

(Schamel 1973). The equation also applies to electron and ion holes resulting from
particle trapping in which case the underlying acoustic waves are, respectively, the
so-called slow electron and ion-acoustic modes rather than the ordinary ion-acoustic
waves (Schamel 1986). For the magnetized plasma case, the equation

w4 |ult?uy 4+ Vi, =0 (1.2)

has been obtained (Shukla and Bharuthram 1986; Ghosh and Das 1998; Munro
and Parkes 1999). To distinguish it from other modified ZK equations, we will
refer to (1.2) as the Schamel-Zakharov—Kuznetsov (SZK) equation. As explained
in Schamel (1973), in the above and subsequent equations involving the square
root of |ul, it should be noted that u is only permitted to be sligchtly negative.
All the analytical solutions are thus for uv > 0 with the result that the modulus
sign is generally omitted in the literature and will be dropped from Sec. 2 onwards
in this article. However, in numerical calculations of, for example, solitary wave
collisions, small oscillations resulting in negative u occur which therefore necessitate
its inclusion.

It has been pointed out that if the two electron distributions differ only slightly
in temperature, then one obtains an equation with both quadratic and half-order
nonlinearities, namely, the Schamel-KdV (SKdV) equation (Schamel 1973),

Uy + (u + b‘u|1/2)ur + Ugze =0

po L (T
NS

where Ty and Ty are the effective temperatures of the free and trapped electrons,
respectively. In addition to being used to describe larger amplitude solitary waves
(Schamel 1972), the equation has since been shown to apply to dust-acoustic solitary
waves with trapped electrons (El-Labany and El-Taibany 2004) and pulse-shaped
perturbations in particle accelerator beams (Schamel and Fedele 2000).

We address the case of weakly nonlinear waves in a cold-ion, strongly magnetized
plasma with two populations of Maxwell distributed electrons at slightly different
temperatures, and use a modified ZK equation that takes the form

us + (u + b\u|1/2)um + V?u, = 0. (1.3)

in which

As in the case of the SKdV equation, in deriving this equation, it is assumed that
b = O(|u|'/?) and that the normalized deviation from mean ion density, u, is small
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(Shukla and Bharuthram 1986). Since (1.3) reduces to the SKdV equation in one
dimension, we refer to it as the SKdVZK equation. Its solitary wave solutions
are discussed in Sec. 2. The remainder of the paper is concerned with studying
the stability of a solitary wave solution with respect to perturbations applied at an
angle to the direction of propagation. As far as we know, this is the first time such a
calculation has been performed for an equation with two nonlinear terms, although
a number of modified ZK equations with multiple nonlinearities have appeared in
the literature (Das and Sen 1991; Das et al. 2000; Verheest et al. 2002).

Linear stability analysis for both the ZK and SZK equations reveals that there
is a cut-off perturbation wavenumber, k., above which the solitary wave solution is
stable (Laedke and Spatschek 1982; Munro and Parkes 2000), and the growth rate
of instabilities for perturbation wavenumber k less than k. has been determined
(Allen and Rowlands 1993; Munro and Parkes 2000). In Sec. 3 we find the growth
rate of small-k perturbations to SKAVZK solitary waves using a small-k expansion
method. To obtain the growth rate for larger values of k, we first need to find k..
When the growth rate is zero, both the linearized ZK and SZK equations can be
written in standard form with the result that it is straightforward to determine
k.. The linearized SKdVZK equation does not correspond to any solved eigenvalue
problem, and so we must find an approximate form for k. as a function of a para-
meter, a, which is related to the ratio of the nonlinearities. This is done by expanding
about the two known solutions to the eigenvalue problem (which correspond to
the ZK and SZK limiting cases) and is dealt with in Sec. 4. Having obtained an
approximate solution to the eigenvalue problem in the neighbourhood of the ZK
and SZK limits in the form of expansions in which the small parameter is related to
a, in Sec. 5 we find the growth rate for values of k close to k. by expanding in k. —k
about this approximate solution. The growth rate results for the various values of
k and a are combined using a Padé approximant and compared with numerically
derived values in Sec. 6. In the final section we summarize our results and discuss
the applicability of the method.

2. Solitary wave solutions

To look for plane solitary wave solutions travelling at speed V in the z-direction,
we apply the transformation 2’ = z — Vit to (1.3) and then drop the ¢, y and z
dependence. Integrating, multiplying by 2u,, integrating again, and then dropping
the primes gives

u? :CO+Cu+Vu2—§bu5/2—lu3 (2.1)

15 3

where Cy and C are arbitrary constants. Sketches of (2.1) giving examples from
families of curves that will lead to solitary wave solutions and necessary conditions
on Cp, C, b and V for their existence are given in Fig. 1.

It can be seen that all the solitary waves are pulse-shaped. For b > 0, there
are two families of such solutions. Figures 1(a) and (b) correspond, respectively, to
solitary waves that vanish or remain finite as |x| — 00. In the former case, Schamel
(1972) has given an explicit expression for the solution which we prefer to write in
the form

12n%(1 — a?)
(a + coshnz)?

u(z) = (2.2)
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Figure 1. (u, -sketches of members of SKAVZK solitary wave solution families:

(a) Co = C_O,V 0 (whenV =0,b<0);(b)Co>0,C<0,V>0;()V<0,b<0.

where n = \/V /2 and
2b

/7502 + 4b2”
It can be seen that when b = 0, (2.2) reduces to the familiar 12% sech? nz solution

of the KdV equation. In the limit of large b, @ — 1 and the Schamel equation
solitary wave solution

a =

4

2?12;7 sech? %

is recovered. It has been shown that the Schamel equation is not integrable (Ramani
and Grammaticos 1991), from which it can be inferred that this is also the case
for the SKdV equation. Nevertheless, numerical experiments we have performed
show that a hump shaped initial condition evolves into a train of solitary waves of
the form (2.2). Such solitary waves can also pass through one another with phase
changes in a similar way to KdV solitons.

When b < 0, solitary waves corresponding to all three graphs in Fig. 1 are possible.
The most interesting case is when Cy = C' = V = 0. Solving (2.1) then gives an
algebraically decaying non-singular solitary wave solution which we believe has not
been reported previously. It takes the form

900/b>
(75/46% + 22)?

This solution can also be obtained from (2.2) in the limit n — 0 for b < 0.
Non-singular algebraic soliton solutions also occur for the modified KdV equation
(Ono 1976), and the extended KdV equation which has both quadratic and cubic
nonlinearities (Pelinovsky and Grimshaw 1997). The solution (2.3) is similar to the
latter case in that it vanishes as [x| — o0 and it is stationary (in the frame moving
with long-wavelength linear waves). Our numerical experiments suggest that these
algebraic solitary waves are stable in the sense that they survive collisions with
conventional (exponentially decaying) solitary waves.

After employing the tanh method to solve (1.3) written in terms of u1/2, Das et
al. (2000) give two solitary wave solutions which in the y and z-independent forms
reduce to u'/? = — /6 + /12sech(z + 8t) if b = 1/75/2. These do not appear in
the phase plane analysis and are erroneous since in (1.3) only a positive square
root can be taken. However, if b = —4/75/2, their solution becomes ul/? = \/6 +
\/ﬁsech(x + 8t) which is permissible and corresponds to a member of a family of
solutions of (2.1) with b < 0 given by

u'?(z) = 25b [1+\/§sech<\/gbz>}

u(z) —

u(zx) = (2.3)
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for which Co=0, C=12(2b2/75)%, V =—16b?/75. For these values of the para-

meters there is another family of solitary wave solutions which has not been men-
tioned elsewhere. They take the form

u'?(z) = —%b {1 — ﬁsech<\/ %\baﬂ + cosh™ ﬁ)}

and are therefore rarefactive. In Fig. 1(¢) members of this family correspond to the
curve joining the origin (since Cy = 0) to the double root at u = 4b%/25.

As with the ZK and SZK equations, the SKAVZK equation also admits obliquely
propagating solitary wave solutions. These have the same form as the various
solutions given above with z replaced by lx +my + nz where [, m, n are the direction
cosines. Their analysis will be deferred until a future article.

From the original derivation of the Schamel equation it is seen that as b becomes
more negative, the electron distribution becomes more peaked. Distributions that
are more peaked than the Maxwellian are contrary to numerical and experimental
evidence (Schamel 1973). Thus in the remainder of this paper, we focus on the
stability of the most physically relevant of the solitary wave solutions, namely, (2.2)
for 0 < a < 1. However, in addition, the stability of the algebraic solitary wave
(which corresponds to the limit a — —1, n — 0) is briefly discussed in Appendix A.

3. Growth rate for small-k instabilities
After transforming (1.3) to a frame moving along the x-axis at speed 4n?, making
the change of variables,
o=, Y =ny, Z=nz t =0t d=u/y’, U =b/n,
and then dropping the primes, we obtain
u + (u+ bul/? — d)u, + VZu, = 0. (3.1)
To investigate the stability of the plane solitary wave,

_12(1—a?)
uo(x) = (

— 3.2
a + cosh x)? (3-2)

with respect to a perturbation of wavenumber k(cosf,sinf cos A, sinfsin\) we
substitute the ansatz

u = ug (LC) + E(b(ib)eik(I cos 0+y sin 0 cos A4z sin 0 sin /\)e'yt (33)
where € <1 into (3.1). Then to first order in € we obtain

diLQS = —y¢—ikcosO Qp—3ik cos O ppp + k*(142c0s? 0) by + ik3cosf ¢ (3.4)
x

where
d? 12 4 3a? + 15a cosh x
L=— = —
a2 " @ @ (a + cosh z)2
We expand ¢ and the growth rate v in k as follows:

¢ = o+ kg1 + k2o + -,

4.

v =71k + 72k 4 (3.5)
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To zeroth order in k, (3.4) gives
d
—L¢o = 0.
7z Lo
Since the solution to (3.1) can be translated in the z-direction, it is clear from
setting k = 0 in (3.3) that ¢¢ is proportional to ugp,. Hence

sinh x

%0 = (a + coshz)3

and we are then able to calculate the inverse of L via

= ¢o(z /f R ) ) AT ot mod éo(x)

as in Allen and Rowlands (1993) (Whlbh will henceforth be referred to as AR93).
To first order in k, after using ¢oze + Qpo = 0, we have

d .
e Loy = —v1¢0 — 2i cos 0 poga
X

from which we obtain
y1 2a + (1 + a?) coshx — xsinh

o1 = 8 (a + coshx)3

—icosf xpg.

The solution of the second-order equation

d
o9 = 1200 —nér (1+2cos® 0) o, —icosO Qpy —3icos 0 pran  (3.6)

is extremely complicated. Moreover, ¢, for n > 2 contain algebraic secularities
that need to be regrouped to obtain a consistent expansion at higher order as
shown in AR93. In AR93, ; was obtained by eliminating exponential secularities
in ¢2. However, 1 can be obtained without evaluating ¢2 by applying a consistency
condition instead (Allen 1994; Infeld and Rowlands 2000).

The consistency condition is obtained by multiplying (3.6) by [“¢o dz and integ-
rating over all z. The left-hand side can be seen to equal zero after integrating by
parts and using the self-adjoint property of L and the fact that Loy = 0. The first
term on the right-hand side also vanishes as the integrand is odd. The result can
then be reduced to

7" 302a+(14—a2)coshas—1:sinhx i — sin 0/ sinh?
8 J_ (a + coshz)? B (a + coshz)®

The integrals may be performed using contour integration as detailed in Appendix B
and we obtain

2o 8{ J1—a2(16 + 83a% + 6a*) — 15a(3 4 4a?) cos ' a } G20,
15 (1 —a?)?2(y/1 —a?(2 +a?) —3acos™! a)
The fact that the expression for v; vanishes when 6 = 0 is in agreement with
our tacit assumption, backed by numerical experiments, that the wave is stable to
perturbations along the direction of propagation, as is the case for the KdV and
Schamel equations. The maximum growth rate for a given a is for perpendicular
perturbations (f = 7/2). From now on we therefore only consider this case. Putting
a = 0in (3.7) gives ¥2 = 64/15, as was first obtained by Laedke and Spatschek

(3.7)
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Figure 2. The dependence of v; on a.

(1982) for the ZK equation. As shown in Fig. 2, the growth rate decreases mono-
tonically with increasing a up to a = 1 at which point 4% = 64/63, which after
rescaling is in agreement with the result previously found for the SZK equation
(Munro and Parkes 2000).

4. Determination of the cut-off wavenumber

We expect that for a critical value of k, namely the cut-off wavenumber k.(a), the
solution is stable for k > k.(a). Since v = 0 when k = k.(a), the value of k.(a) can
be determined by solving the eigenvalue problem

(L — K2(a))ée(a) = 0 (+.1)

obtained by integrating (3.4) with § = 7/2. When a = 0 or a = 1, the equation can
be written in the form of the associated Legendre equation with the result that k.
and the corresponding eigenfunction ¢, can be found easily (Laedke and Spatschek
1982; Munro and Parkes 2000). However, for intermediate values of @ we have not
been able to find a transformation that will enable us to obtain the solution to the
eigenvalue problem in closed form. Instead, we now obtain an approximate form
for k.(a) by making a perturbative expansion about the known values of k. and
the corresponding eigenfunctions at a = 0 and a = 1. The results are combined via
a Padé approximant to give an approximate expression for k. for all 0 < a < 1.
For the small-a expansion, we write (4.1) in the form

& (124 3a*)S* + 15aS
dx? (1+aS)?

—4—k*|¢. =0 (4.2)

in which S = sechz. For the ZK equation k. = \/5 and ¢. = sech® z. We therefore
substitute

k> =5 —kia — kpa® — - - (4.3)
and

(;5(,:S3+af1(z)+a2f2(x)+"' (4'4)
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into (4.2). At lowest order the expansion gives the a = 0 result L3S® = 0 where

2
Ly = Fre +12sech? z — 9.
At first order in a we find
Lafy = (248 — 155 — k1) S3. (4.5)

Multiplying the above equation by S3, integrating over all z, and using the self-
adjoint property of L3, the left-hand side vanishes and we are left with
2257

128 °

In Sec. 5 we will also require fi. Applying the inverse of Lz to (4.5) and using (4.6),
with the help of Mathematica one obtains

Ky = (4.6)

5 . T 1 2 25, . 15 55
fi= 3 (T sinh 1 coshx + 2) cosh” x + 3—2”1' sinh x —1287rcoshx 109
45 53 5 .ou T s 53 /x / o
2567TS+1285’ 35 +64((ac5’ + Stanhz)Y 5 Omsechx dx
(4.7)

in which T = tan~! tanh(z/2). Note that although the first six terms in (4.7) do
not vanish for large |z| individually, it can be shown that the sum of those terms
does tend to zero as || — oo and hence so does fi(x).

To expand about the a = 1 solution to the eigenvalue problem, we introduce
a = 1—a. Tt is also more convenient to change the independent variable to T = x/2
after which (4.1) becomes

& 30(1—a)S? + 3a(3 +a)S*
dz? (1—1as5?)?
From the rescaled results of Munro and Parkes (2000) for the SZK equation, at
@ = 0 we have k2 = 9/4 and ¢, = sech® &. We therefore make the expansions

—16 —4k*|¢. = 0. (4.8)

k?,:%-l—/%ld-i-kgdz—i—'“ (4.9)
b =S +afi(z)+a’fo(z)+ - (4.10)
and after substitution into (4.8) obtain L5S® = 0, where
_ d? -
Ls = — +305°—25
=t ’

at zeroth order in a, and
Lsf1 = (3052 — 39S8* + 47,)S°

at first order. Multiplying this equation by S° and integrating over all Z so that
the left-hand side vanishes yields

15

Fi=1q (4.11)
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Again, we will require f1 for finding the growth rate for k near k.. This time,
applying Lz to the first-order equation gives the comparatively simple expression,

_ 3 _ 6 _
fi= 557 — ﬁ55 In cosh Z. (4.12)

To obtain an expression for k. for all a, we combine the results via a Padé
approximant of the form

k2(0) + c1a

k(@) = ak? (D) + (1 —a) =7

(4.13)

Matching the small-a and small-a expansions of (4.13) up to first order with (4.3)
and (4.9), respectively, we obtain

B k2(0) + ¢
= e R = (L DR, = A

Using the values of k. at @ = 0 and @ = 1 and results (4.6) and (4.11) gives

— K2(1).

35775m — 95008 2475 182
= ——— =222624, dj=—7r- —— =0.999714.
“ 7808 M T o526l
It is very satisfying that this approximation method generates a value of d; so close
to unity — it can be seen that singular behaviour in (4.13) occurs for a = —1/d;

which evidently corresponds to the fact that the conventional solitary wave solution
(3.2) becomes singular as a — —1.

By continuing the small-a and small-a expansions it would be possible to obtain
ko and Rg which would then allow us to calculate the coefficients in a higher order
Padé approximant. However, as will be seen in Sec. 6, expression (4.13) is already
an excellent approximation.

5. Growth rate for k ~ k, instabilities

To find the growth rate for k near k., we introduce the small parameter K = k. —k,
and then carry out small-K expansions about the small-a and small-a expansions
of ¢. we obtained earlier. Rewriting (3.4) in terms of K, we have

(L= k2)0 = 16+ (K* — 2k K)o, (5.1)

in which we expand ¢ and 7 as
6= g+ KOy + K0y +---
and
y=T1K +ToK?*+---. (5.2)
Since we do not have k. and ¢, in closed form, we cannot find an exact expression

for I'y for arbitrary a as was done for 71. Instead, by carrying out the expansion
about the small-a and small-a expressions for ¢., we will obtain I'; in the forms

Ti(a) = Ty (0)(1 — ma) + O(a®), Ti(a) =Ti(1)(1+ ma) +0(@),  (5.3)

respectively. These will then be combined using a Padé approximant.
To zeroth order in K, (5.1) reduces to (4.1). Equating coefficients of order K in
(5.1), integrating from oo to x, and using the result that ¢. is even and vanishes at
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infinity, we have

(=12 =1 (5000 - [[0)ar') ~2ho (5.4

where () denotes the integral over all z. Multiplying (5.4) by ¢. and integrating
over all z, the left-hand side and the second term on the right-hand side vanish and
we are left with
4k, (@?)

(@)
Note that this method of obtaining I'y is more direct than that used previously
(AR93: Munro and Parkes 2000).

Substituting the expansions (4.3) and (4.4) into (5.5) gives, to first order in a,

4./5(S%) ki (f)  (S%H)
=S 25+ 9 ) o

Although the integral in the final term in (4.7) can be expressed in terms of
polylogarithms, we have not been able to find the integral of this term over all
x analytically. Hence, the contributions of this last term to both (f;) and (S3f;)
were obtained numerically. Evaluating the integrals gives

I, =

(5.5)

256./5
' (0) = ﬁg p1 = 1.098 34. (5.6)

Expression (5.5) is valid for all ¢ and so we may also use it to calculate the
small-K growth rate for small a. Using (4.9) and (4.10) we obtain

6(S) R (fi) | (S°h)

=1 +2( = — =4 + = ap+0(@
SN 9 (e ) )

in which the integrals are still over x, not z. In this case there are no difficulties in

performing the integrals analytically and from the above expression we obtain

= %, fiy = %(1401112 —59). (5.7)
Both T';(0) and T'1(1) agree with the values of 42 obtained in AR93 and Munro
and Parkes (2000), respectively, after allowing for the different expansions and
normalizations in their calculations.

Finally we combine the small-a and small-a results via a Padé approximant of
the form

r'y(1)

(5.8)

Tip = aly(1) + (1 —a) (WO)WL)

1+ hia
which is of the same form as (4.13) for k2. As a result, the expressions for the Padé
coefficients g; and h; are determined in an analogous way, and using (5.6) and (5.7)
we find g1 = 1.728 98 and h; = 0.999805. Again, the fact that hy is so close to 1
shows that the approximant is reflecting the singular nature of the solitary wave
solution for a — —1.

6. Numerical results and Padé approximant

We have calculated the growth rate numerically using the shooting method tech-
nique given in AR93. Using the Newton-Raphson technique to obtain the value of
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Figure 3. The dependence of k. on a: (a) numerically obtained k.; (b) relative error in the
Padé approximant.
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Figure 4. Growth rate curves for a = 0 (top curve) to a =1 (lowest curve) in steps of 0.1.

k at which the numerically derived growth rate is zero, we obtain k. as a function
of a as shown in Fig. 3(a). The Padé approximant for k., (4.13), is very close to the
numerical values of k, for 0 < a < 1, as is illustrated in Fig. 3(b). The maximum
relative error between the two is 1.4 x 107%. The growth rate curves for various
values of a are shown in Fig. 4. It can be seen that as the electron distribution
becomes less isothermal (as a increases), not only is there a narrowing in the range
of wavenumbers for which solitary waves are unstable, but also the growth rate of
the instabilities decreases.

We can obtain an approximate analytical expression for the growth rate for all &
and a within the region of instability in terms of a Padé approximant. As in AR93
we use a two-point approximant of the form

1+pik )

’)/I) = ’ylk<1 - kz/kL2> (]W

However, in this case 71, k., p1 and ¢ are functions of a. The form of the approx-
imant has been chosen to vanish at ¥ = 0 and & = k, and to have the correct

(6.1)
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Figure 5. Relative error of Padé approximant yp compared with vy for a =1 (top curve) to
a = 0 (lowest curve) in steps of 0.1. The wedges mark the values of k. for each a.

first-order behaviour for small k. Matching its expansion at second order in k and
first order in K with (3.5) and (5.2), respectively, yields

Fl")/g 1 2’)/2 1

= _ 6.2
D1 71(1_‘1_2%) ke q1 (6.2)

- Fl — 2’}/1 kc

Both k. and I'; are given by the Padé approximants we have already obtained.
As we have not been able to calculate o, we approximate it by linearly interpol-
ating between its known values of —4/15 at @ = 0 (from AR93) and —20/63 at
a = 1 (obtained from Munro and Parkes (2000) after appropriate rescaling). This
procedure is justified by the fact that, as can be seen in Fig. 5, the largest relative
error in yp compared to the numerical value, yx, occurs when a = 1 at which point
there is no interpolation error from 3. On the other hand, replacing (5.8) by a
linearly interpolated form for I'; in (6.2) leads to a yp with a much more significant
deviation from yy. The relative error (given by |vp —yx|/vx) does not exceed 0.8%
except for values of k very close to k. when a is not 0 or 1. These spikes in the error
result from the fact that our expression for k. is not exact.

7. Conclusions

In this article we have considered ion-acoustic solitary waves that propagate in the
direction of the magnetic field in a strongly magnetized plasma which has a non-
isothermal electron distribution. The system is governed by the SKdVZK equation,
a modified form of the Zakharov—Kuznetsov equation with two nonlinear terms.
We have obtained new algebraic and rarefactive solitary wave solutions to this
equation, but chose to mostly study the stability with respect to perpendicular
perturbations of the solitary wave solution that reduces to the KdV soliton in the
isothermal limit. As the equation contains two nonlinear terms, the calculation of
the growth rate is more involved than previous work concerning equations with a
single nonlinearity. In particular, there is no exact analytical expression for the cut-
off wavenumber, k., or the corresponding eigenfunction. A method for obtaining
approximate analytic forms for both quantities has been discussed and stability
analysis for k& ~ k. has been developed. These results have been combined with
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those of a small-k stability analysis to obtain the variation of the growth rate with
k for 0 < k < k.. They agree with the numerical results to within 0.8% except for
k extremely close to k. where the growth rate is, in any case, extremely small.

The solitary wave solutions examined have been shown to be unstable to per-
pendicular perturbations for wavenumbers in the range 0 < k < k.. It is found
that as the assumed electron distribution becomes increasingly less peaked than
the Maxwellian, the growth rate and the range of unstable wavenumbers both
decrease. Our attention has been drawn by the referee to Schamel (1982), which
treats the much more complex problem of the transverse stability of more general
BGK modes. A comprehensive comparison is out of the scope of this article, but it
is interesting that the growth rate curve given is qualitatively similar to ours.

The methods developed in this paper are applicable to any higher-dimensional
generalizations of the KdV equation containing two nonlinear terms if the cut-
off wavenumbers and corresponding eigenfunctions are known for the equations
containing only a single nonlinearity. In addition to the solitary wave solutions
discussed in this paper, the SKdVZK equation also possesses nonlinear periodic
solutions. These solutions and their stability have been studied and the results will
appear in Part 2.
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Appendix A. Stability of algebraic solitary waves
It was pointed out in the main part of this paper that if b < 0, in the limit n — 0
the solitary wave solution (2.2) reduces to the algebraic solitary wave (2.3). The
stability analysis as applied directly to the algebraic solitary wave is simpler than
for the conventional solitary wave and serves as a check. It proceeds in an entirely
analogous way to the small-k expansion given in Sec. 3. Since the algebraic solitary
wave solution is stationary, we insert the ansatz (3.3) into the untransformed
equation (1.3), this time with ug(z) given by (2.3). The linearized equation is still
(3.4) but with

0= 48B 30

~ (B+a?)? B+ a?

where B = 75/(4b%). After obtaining the zeroth-order solution,

bo =

T
(B + x?)3
and then ¢1, the consistency condition at second order yields

56
2 ;2
= —sin“ 4.

71 332
This shows that the algebraic solitary wave is marginally stable for § = 0 which is
compatible with the results of our numerical experiments. Note that as a check on
our calculation, we obtain exactly this expression on taking the limit as n — 0 for
b < 0 of 42 as given by (3.7).
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Figure B.1. Contour used in the evaluation of integrals of the form (B 1). The crosses mark
the simple poles inside the contour.

Using the results of Sec. 4 we can obtain an estimate of the cut-off wavenumber
for algebraic solitary wave instabilities. The parameter 7, which was scaled away
to simplify the analysis, can be reinstated by multiplying the expression for k2 in
(4.13) by n%. Then taking the limit as n — 0 for b < 0 gives

L2 1605 — c1)b?
¢ 75 '

Appendix B. Evaluation of integrals

To find integrals of the form

I :/pr(x)dx, p=0,1,2,..., (B1)
—0

where

_ cosh™ xsinh" z

F(z) = . mn=0,1,2..., ¢> ,
() (a + coshx)? e ¢>m+n

and p + n is even, we consider the integral of zPT1F(2), where z = x + iy, around
the contour C' shown in Fig. B.1 (Allen 2007). For |a| < 1, the integrand has simple
poles at 2z = (7 + cos™ ! a)i. Hence, using the residue theorem and the fact that
F(z) has period 2mi and 2P F(z) is odd, we have, after taking the limit as R — oo
so that the contributions from the vertical parts of the contour vanish,

2mi{Res(2P T F(2), 24 ) + Res(2PT1F(2),2.)) = —/m(a: + 2mi)PH F(2) dz. (B 2)

—o0

In the cases p = 0,1, the right-hand side of (B 2) reduces to —2(p + 1)mil,.
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