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Summary

In recent years, sparse approximation has played a fundamental role in many signal
processing areas. The sparsity-induced regularization methods for image recovery
are implemented based on the assumption that the underlying images can be sparsely
approximated under the given system. Herein, over-complete systems, especially
tight frames, possess advantages in sparse image representation and have been widely

used in applications.

In the first part of this dissertation, we focus on constructing discrete (tight)
frames using Gabor atoms to meet the needs for sparse image modeling. Gabor
systems have many advantages in sparse representation, for example accurate local
time-frequency analysis and strong orientation selectivity. However, the discretiza-
tion of continuous Gabor frames is non-trival in the sense that the resulted discrete
system may lose the frame property, as well as fast implementation algorithms. Mo-
tivated by these, we study the general theory of discrete Gabor frames by developing
Gramian and dual Gramian analysis in C. Consequently, we derive a necessary
and sufficient condition for discrete tight Gabor frames and construct two classes of
discrete tight Gabor frames as examples. Further, to remove the non-zero DC (di-
rect current) offset, we revise the tight Gabor frame to Gabor induced frames with

closed-form dual frames and the decomposition and recontruction processes can be
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Summary

implemented via filter bank based fast algorithms. The orientation selectivity of the
resulted Gabor induced frame is optimal, i.e. the associated filters provide all the

possible directions defined on discrete uniform grid.

A weakness of the Gabor system is that it lacks the multi-scale property since all
its atoms are of fixed size. One way to solve this problem is to consider multi-scale
Gabor frames composed of several Gabor frames with windows of various lengths.
The other way is to construct tight frame with both Gabor and MRA structures.
Specifically, we take a set of discrete Gabor atoms as refinement and wavelet masks
to define an MRA-based wavelet system. Based on the UEP, a sufficient condition
for construcing discrete tight frame with Gabor and MRA structures for (5(Z) is
derived, which also promises that the associated continuous MRA-based wavelet
system forms a tight frame for Ly(R). Further, it can be shown that systems sat-
isfying such condition must be generated by discrete constant windows. And the
experiments of image restoration illustrate the efficiency of both multi-scale Gabor
induced frames and tight frames with Gabor and MRA structures in sparse image

representation.

The last part of this thesis discusses the theoretical aspect of stability and robust-
ness for image recovery when using ¢;-norm as the sparsity prompting functional.
The existing sparsity-based regularization models for image recovery are composed
of two parts: regularizers and loss functions. In the dissertation, we focus on ¢;-
norm regularized models with either ¢;-norm loss function or square of 5-norm loss
function. Distinct requirements are imposed on the measurement matrices to ensure

the stable and robust recovery of these two models with different loss functions.



Chapter

Introduction

1.1 Overview

In many practical problems, people targeted at reconstructing signals from partial
and noisy measurement data. When the information acquisition process is linear, the
problem of signal recovery models the measurement data as the output of applying

a linear operator A to the signal of interest:
b=Af+n, (1.1)

where f € CV is the true signal we need to recover, b € CM is the observed data,
A € CM*N ig the measurement matrix modeling the linear measurement process
and n € CM is the measurement noise. In practice, the available information is less
than the dimention of true signals, i.e. M < N, or the matrix A may be singular.
Therefore in most signal recovery tasks, the system is under-determined with
an infinite number of solutions, some of which could be far away from the truth f.
That indicates it is impossible to recover f via directly solving the linear system (|1.1|)
without additional information. However, under certain assumptions like sparsity,
the goal of recovering signals from underdetermined linear measurements becomes

possible.

In recent years, sparse approximation has been an indispensable tool in signal
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recovery. A significant amount of research has been devoted to address the problem
of sparse recovery from partial and noisy measurements in different contexts, e.g.
signal /image reconstruction ([10, 15, 13]), compressed sensing ([19, B3, 59]), non-
parametric statistics ([69] [7, 8]) and machine learning ([48,, 1, [82]). A signal is said to
be sparse if most of its elements are zero or close to zero. By emperical observation,
many real-world signals themselves are sparse or their coefficients W f under some
transform W are sparse. With the assumption of sparsity, one can implement a
general constrained regularization model for signal recovery

min R(x), subject to L(x) <, (1.2)

x

or an unconstrained model:
min A\L(x) + R(x), (1.3)

in both of which, R(x) is a sparsity induced regularizer and L£(x) is a loss function
measuring how well a signal « fits the observed data b. In the unconstrained model
(1.3), A is a pre-defined positive parameter balancing the loss function and the

regularizer.

For the topic of sparse recovery, we will mainly concentrate on the following two

questions in this dissertation:

e Finding proper systems for sparsifying certain types of signals, especially im-

ages;

e Choosing suitable sparsity-induced regularization models, by which the truth

can be exactly or approximately solved.

Whether theses two problems are solved successfully will influence the result of
sparse recovery. And next, we will give a detailed introduction to the background

related to these topics.



1.1 Overview

1.1.1 Sparsifying system

In most signal processing tasks, signals of interest are first expanded under some
system and then interpreted or processed in terms of their expansion coefficients.
More specifically, given a system {u;};e; C L2(R), people are seeking the series
expansion of signal f € Ly(R) like

f(t) =) euy(b). (1.4)

jEI

The process of computing coefficients ¢;’s is called decomposition and the process
of synthesizing f as is called reconstruction. If most coefficients of {¢;};c; are
zero, i.e. f can be expressed as a linear combination of very few atoms in {u;};er,
we say the signal f can be sparsely represented under the system {u;};e;. The
success of the sparsity-driven signal recovery methods largely depends on whether

the chosen system can effectively sparsify input signals.

One important class of systems in application are the Gabor systems (or Weyl-
Heisenberg systems, [60]). Given a fixed window function g € Lo(R) with ||g||2 = 1,
a Gabor system (K, L), C Ly(R) is composed of translations and modulations of g
on discrete lattices K x L, i.e. (K,L), = {gre(t) = g(t — k)e 2™ t € R}rexper- In
particular, if the uniform time-frequency lattices K x L = aZ x bZ (a,b € R™) are

considered, the corresponding Gabor system can be written as
(K, L)g = {gne(t) = g(t — ak)e ™t € R}y ez (1.5)

From the definition of Gabor system, the locations of its atoms are shifted across
the time-frequency plane, while the support or energy concentration of each atom
in a Gabor system is fixed.

Many efforts have been devoted to the study of Gabor theory for function space
Ly(R) or Ly(R?) (see e.g. [27, I11, 43| 63 64, @9]). Among the vast literature
studying Gabor theory, one noticeable and relevant work is [99]. The authors applies
the Gramian and dual Gramian analysis, which is first developed for shift invariant

systems in Lo(R?) ([96]), to investigating the properties of Gabor systems on the
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uniform lattices. In the Gramian and dual Gramian analysis, the frame properties of
Gabor systems is converted to the analysis of the eigenvalues of their corresponding
Gramian and dual Gramian matrices, i.e. the fiberized matrix representation of
frame operators. Consequently, the derivation of duality principle [95, Q9] becomes
straightforward. For a generalization of Gramian and dual Gramian analysis, as well
as the duality principle, to the abstract Hilbert space for one single system ([53]) or

bi-systems ([52]), one may refer to related literature.

To seck a series representation of function f in Le(R) as via a Gabor system,
the most natural idea is to make the system an orthogonal basis (or a Riesz basis)
for Lo(R), under which the decomposition coefficient is determined by taking inner
product of f and each atom gy ¢ (or atom in the dual basis). However, the Balian-Low
Theorem ([2], 80, B]) reveals the incompatibility of time-frequency concentration and
non-redundancy of Gabor systems in Ls(R) generated on uniform lattices as .
To gain more flexibility in designing a complete and stable Gabor system for the
function space Lo(R), it is necessary to introduce redundant Gabor systems and
go beyond the orthonormal bases or Riesz bases to the area of Gabor frames. For
such redundant frames, there exist non-unique dual frames. And the decomposition
and reconstruction processes can be accomplished by using the dual pair. Herein,
the construction of tight Gabor frames get people’s attention, since the canonical
dual frame of a tight frame is just the original system itself. For the existing works
about the construction of (tight) Gabor frames for Ls(R), readers may check related
references (e.g. [39, 99, 29, 3] [76]). For example, in [39, 99, 29| [3T], the authors use
the necessary and sufficient conditions imposed on window functions to construct
tight Gabor frames or Gabor dual pairs. And in [76], a class of constructible dual
Gabor frames is derived relying on the canonical dual.

Another widely used system is the wavelet /affine system. A wavelet is a function

¥ € Ly(R) with a zero average, i.e. fjoooo Y(t)dt = 0. For a given set of wavelets
U = {4q,..., 1.} C Ly(R), the wavelet system X (V) is composed of dyadic dilations
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and translations of ¢,’s, i.e.

X(U) = {thpni(t) = 2%pg(2" — k), t € R} acee,. (1.6)

n,k€Z

According to the definition, the spread of atoms in a wavelet system will be scaled
due to dilation. The locations of atoms at the same scaling level are shifted across
the time plane, and their location in frequency domain is also adaptively changed

with dilation.

Similarly as Gabor systems, people consider to find a complete and stable series
expansion by using wavelet systems. The multiresolution analysis (MRA), which
is firstly introduced by Mallat and Meyer (|83, 87]), is served as a most widely
used design method for the construction of orthonormal wavelet bases, e.g. [86]
38, [40]. However, it has been proved by Daubechies ([40]) that the only symmetric
or antisymmetric real orthonormal wavelet basis with compact support is the Haar

wavelet, which lacks smoothness.

To obtain the desirable symmetry property, as well as smoothness, one way is to
constuct MRA-based biorthogonal wavelet bases, for example [34], I10]. The other
way is to consider the overcomplete wavelet system and constructing MRA-based
(tight) wavelet frames. A systematic study about frame property of wavelet systems
with MRA structure is given in [97]. In [42], the tight frame property of an MRA-
based wavelet system in Ly (R) is reduced to conditions on the masks, which is known
as the unitary extension principle (UEP). And in [42], the authors give an example
of MRA-based tight wavelet frame generated from a class of compactly supported
refinable functions, i.e. pseudo-splines, which covers the B-spline refinable function,
Daubechies orthogonal refinable function ([38, 40]) and interpolatory refinable func-
tion. To raise up the approximation order of spline tight wavelet frames, the oblique
extension principle (OEP) is discovered in [32] and [42]. Both UEP and OEP can
be generalized to the bi-frame setting, which leads to the mixed extension principle
(MEP, [98, 32, 42]). A detailed review about the MRA framework and UEP, will be
given in Chapter [2], Section [2.2]
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Different structures of Gabor systems and wavelet systems lead to their own
characteristics from the viewpoint of signal analysis. A Gabor frame in function
space Lo(R), is composed by the translated and modulated copies of a single window
function, and a wavelet frame is composed by the scaled and translated copies of a
few basic functions (framelets). As the atoms of Gabor frames are essentially the
translations of a window function on time-frequency plane, the expansion of signals
under a Gabor frame characterizes their local time-frequency properties. Indeed,
by Heisenberg Uncertainty Principle, the atoms of Gabor systems with Gaussian
window functions have optimal time-frequency concentration. Thus, Gabor frames
are considered as a very important tool for local time-frequency analysis of signals.
However, when being used for analyzing signals containing multiple local structures
with very different sizes, Gabor systems are less effective as the supports of all
atoms are fixed, i.e. the support of the window function. Wavelet systems deal with
the size variations of signal structures by using the translations and dilations of
one or several mother wavelet functions. Although wavelet functions with different
scales have close relationship with the translations of wavelet functions in frequency
plane, the time-frequency analysis of signals under wavelet systems is less optimal
and less accurate than Gabor frames. In other words, both Gabor system and
wavelet system have their strengths and weaknesses in terms of signal analysis.
Gabor system is a better tool for local time-frequency analysis and wavelet system
is better for modeling signal structures with different sizes and particularly local

sharp discontinuities.

For practical applications, there is the need to have a suitable scheme that con-
verts frames for Ls(R) to frames for f5(Z), together with an efficient numerical
implementation for signal decomposition and reconstruction. The discretization
of Gabor frames and wavelet frames, particularly multi-resolution analysis (MRA)
based wavelet frames, are done in different manners. Discrete Gabor frames for
(5(7Z) are usually obtained via directly sampling continuous Gabor frames in a dis-

crete time-frequency grid. Sometimes, the discrete systems obtained by such a
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sampling-based discretization may lack desired properties, e.g. tight frame property
and efficient signal decomposition and reconstruction algorithms. In contrast, dis-
crete MRA-based wavelet frames for ¢5(Z) are directly derived from several specific
sequences in ¢5(Z), i.e. the refinement mask of the scaling function of MRA and
wavelet masks. As a result, a fast filter bank based algorithm is available for wavelet
decomposition and reconstruction, which cascades discrete convolution with masks
followed by sub-sampling (up-sampling).

It is worth mentioning that an important property for a system to effectively rep-
resent 2D images is the orientation selectivity, as the discontinuities of 2D images
often show geometrical regularities along image edges with different orientations.
In recent years, many real-valued frames or tight frames have been proposed to
improve orientation selectivity, including curvelets [20], bandlets [73], shearlets [T1],
and many others. Although better orientation selectivity are obtained, the existing
implementations of these frame systems are much less efficient than the 1D filter
bank based implementation of tensor tight wavelet frames. Another promising ap-
proach to gain orientation selectivity without sacrificing computational efficiency is
using complex-valued systems. Different from real-valued functions, the real/imagi-
nary part of the tensor product of two 1D complex-valued functions is not separable
by itself. Thus, a 2D complex-valued tensor system can have better orientation
selectivity using carefully chosen 1D real and imaginary functions. For example,
the dual-tree complex wavelet transform [101] used two different discrete orthogonal
wavelet bases to produce a 2D tensor complex-valued wavelet tight frame whose
real part and imaginary part have up to six orientations, which still leaves plenty of

rooms for further improvement.

Another characteristic of real-world images is it often contains both cartoon parts
and texture parts. Cartoon parts show piecewise smooth content, whose disconti-
nuities (edges) have geometrical regularity along the edge directions. Texture parts
are highly non-smooth, but show small elements displaying either random or peri-

odic patterns. Therefore, the design of a good redundant system for sparsity-based
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image recovery should be able to effectively characterize both directional regularity
of image edges and texture components with local periodicity. Another weakness
of the aforementioned tight frames or their extensions is that they cannot model
texture regions displaying periodic patterns, which can be sparsely modeled in lo-
cal frequency domain. The systems containing the sinusoids in local windows are
more effective on modelling such a sparsity prior. For example, local discrete cosine
transform (DCT) has been used in the literature to model such regular textured
regions. Thus, the sparsifying frames used in some image restoration methods are
composed of two frames: a wavelet frame and a local DCT; see e.g. [105] [11]. Same
as real-valued 2D tensor wavelet frames, real-valued 2D local DCT also lacks orien-
tation selectivity such that it cannot effectively express texture regions with varying
oriented periodicity.

Owing to the advantage of complex-valued tensor product functions, 2D tensor

product Gabor functions

g(tl)g(t2>627ri(w1t1+w2t2)

can provide arbitrary orientation selectivity by choosing different frequency pairs
(wi,wz). In other words, different modulations gives different orientations of 2D

Gabor functions; see Fig. [L.I] for an illustration.

7/

Figure 1.1: Illustration of 2D tensor product Gabor functions with different fre-
quency orientations. The real parts of Gabor functions are shown in the top row
and the imaginary parts are shown in the bottom row.

In fact, the Gabor functions can effectively model different image features, for ex-
ample cartoon components and texture components, by using the window functions
with different supports. When using a window function of small support, the imag-

inary part of a Gabor function (sine function) can be understood as an odd-order
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partial differential operator, and its real part (cosine function) can be understood
as an even-order partial differential operator. Thus, it can measure local signal gra-
dients of multiple orders for cartoon regions with piecewise smoothness. For texture
components with sparse local frequencies, the Gabor function with Gaussian-like
window functions of sufficiently large support, is well-known for its optimality on

local time-frequency analysis by Heisenberg Uncertainty Principle.

The advantages of 2D Gabor functions on orientation selectivity and local time-
frequency analysis make them a very good tool for image analysis. Daugmann [44]
showed that simple cells in the visual cortexes of mammalian brains can be modeled
by a wavelet system generated by the translations and dilations of Gabor functions
with varying frequency orientations. Continuous Gabor wavelet transforms have
been widely used in texture analysis and segmentation, whose discrete version is
usually done via directly sampling the function on a discrete grid. However, as we
have mentioned, the system generated by such a simple discretization lacks some
important property needed for sparsity-based image recovery methods, such as the
fast numerical algorithm for exact reconstruction process. There is certainly the
need to study the general theory of discrete version of Gabor systems from the very

beginning.

1.1.2 Regularization models for sparse recovery

Next, we will briefly introduce the sparsity-induced regularization models for sparse

recovery.

As we have mentioned previously, constrained model and unconstrained
model are widely used for signal recovery based on the sparsity assumption.
Herein, the loss function L£(-) is designed according to the statistical property of
measurement noise n. The popular choices include the square of /y-norm based
loss function £(x) = ||Ax — b||3 for additive Gaussian noise ( [100, 4, [61], 25]), the

¢1-norm based loss function L(x) = ||Ax — b||; for significant amount of outliers
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([66, 67, ©90]), and the Kullback-Leibler divergence fidelity term for Poisson noise,
ie. L(x) =1T(Az) — b' log(Ax), where 1 is the vector with all entries being 1
([72, [75]).

The regularizer R is used to enforce a sparsity constraint on the original signals
f. By assuming the signal f is sparse, we solve the system by penalizing
f against its fg-norm. The fy-norm of a signal x is defined as the number of its

nonzero components, i.e.

|z]lo = |supp(z)],
where |S| represents the cardinality of a set S. Under certain conditions, the fy-
norm regularized minimization provides good reconstruction. For example, in the

noise-free case, the model
min ||x||p subject to Ax =0b

will exactly recover the s sparse signal f satisfying Af = b, if any 2s columns of
A are linearly independent ([59]). Such result shows the theoretical effectiveness
of sparsity-induced model. However, it may be challenging to implement a feasible
algorithm for the fy-norm related model. For instance, it has been proved that for

any 0 > 0, the fy-norm regularized model with /5-norm based constraint
min ||x|lp subject to ||[Ax — fl|2 <6
xeCN

is an NP hard problem ([89]). Consequently, people have tried to set other reg-
ularizers, which both induce sparsity and possess the properties like being convex
and smooth, such that the corresponding minimization problems are easy to solve
in practice.

Partially owing to the breakthrough in compressed sensing (|24} 23, [46], ¢;-norm
has been widely used as the convex relaxation of {y-norm for sparse signal recovery.
Typical ¢1-norm regularizer based optimization models for sparse recovery can be

either a constrained model:

min ||x|[;, subject to L(x) <9, (1.7)
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or an unconstrained model:

ma}n)\/l(w)—l— |1, (1.8)

where 0 and A are both pre-defined parameters. There exists an abundant literature
on studying sparse recovery using the constrained model ; see e.g. [24] 23] [19,
58, 56l 17, 18, 59, 57, 107, 21]. The study of robust and stable sparse recovery using
unconstrained model has been scant in the literature. A detailed review of
these exsisting results will be given in Chapter [ Considering the fact that the
unconstrained model is also common to use in practice as it is easier to solve,
there is a need to study the robustness and stability when using for sparse

recovery.

Besides, many other regularizers have also been proposed in sparse signal recov-
ery. For example, people consider a generalization of the above fy-norm and ¢;-norm
based regularizers: the {;-norm based regularizer R(x) = ||| with 0 < ¢ <1
(e.g. [B8, 107, 108]), which is continuous but nonconvex except the case ¢ = 1.
And in [117], the author considers the Capped-¢; regularizer defined as R(x) =
Zé\;l min(|x;|, @), which is a good approximation to fp-norm. A smoother but still
nonconvex regularizer SACD is introduced in [51]. Interested readers may refer to
related literature for more details. And in this dissertation, we just focus on the

most widely used, convex and continuous ¢;-norm based regularizer R(x) = ||x||;.

1.2 What is this dissertation about

The redundancy of (tight) frames gives more flexibilities on filter design and better
sparse approximation. The first goal of this dissertation is to construct discrete
(tight) frames meeting the needs from sparsity-induced signal recovery, especially
image recovery. To make the constructed system more effective and powerful for
sparsifying real-world images, it is hoped to have the following properties: 1) the

system may provide accurate local time-frequency analysis; 2) the corresponding
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two dimentional system possesses the directional selectivity; 3) the system can char-
acterize different signal features of multi-scales; and 4) there exists a fast algorithm

for the implementation of decomposition and reconstruction processes.

As we have mentioned in the last section, the atoms of a Gabor system inherently
have the local time-frequency analysis. And the 2D Gabor system defined from
tensor product of 1D ones provides strong directional selectivity. However, the
discretization of Gabor systems is non-trival in the sense that the resulted discrete
system may lose the frame property. Motivated by these, we study the general theory
of discrete Gabor systems, and develop the Gramian and dual Gramian analysis for
the discrete Gabor systems in CV. Further, based on the duality principle derived
from the Gramian and dual Gramian analysis, we get a necessary and sufficient
condition for discrete tight Gabor frames, and use them to construct two classes of
discrete tight Gabor frames. However, the proposed tight frames cannot be directly
used in sparsity-based image recovery methods, as the associated high-pass filters
have non-zero DC offsets. Therefore, a new class of discrete Gabor induced frames
with closed-form dual frames are constructed which remove the non-zero DC offsets

of all high-pass filters of tight Gabor frames.

By varying the size of window sequences, Gabor systems can provide powerful
expressions on both cartoon image regions and texture image regions. However, a
single Gabor system cannot characterize image features of multi-scales simultane-

ously, since all the atom sizes are fixed to be the window size.

To solve this problem, we consider to study discrete tight frames with both
Gabor and MRA structures. Such discrete tight frames will have the same multi-
scale structures as discrete MRA-based wavelet tight frames for ¢5(Z), and their
2D tensor products have strong orientation selectivity and good performance on
local time-frequency analysis. Our construction is based on the standard framework
of MRA, and particularly we use a set of discrete Gabor filters with frequency

parameter b

{ge(m) = g(m)ei%ibm}ogzg%fl- (1.9)
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as the refinement and wavelet masks, which consequently define the refinable func-
tion ¢ and wavelet functions {1/)[}52_11. Based on the unitary extension principle
(UEP) [97, 42], we presented a sufficient condition for constructing discrete tight
frames with Gabor and MRA structures for ¢5(Z), and showed that the associated
systems generated by {wg}g%z_ll in the continuum domain indeed form MRA-based
tight wavelet frames for Ly(R). Clearly, the discrete tight frames constructed by
such an approach have all the properties mentioned at the begining of this section.
Furthermore, we showed that only those discrete systems generated by a constant

discrete window function, i.e.

for some positive even integer p, can form compactly supported discrete tight frame
with Gabor and MRA structures for ¢5(Z). Clearly, when p = 2, it corresponds to
Haar orthonormal wavelet basis with the discrete window function (1/2,1/2). It is
noted that when p > 2, it is not necessarily corresponding to Haar basis, whose
refinable function is an indicator function. Indeed, we showed that the refinable
function ¢ is a continuous piece-wise spline function when p = 2™, m > 1. In
addition, we also gave a construction of Gabor frames for Ls(R) whose window
function is the refinable function of an MRA, and tight Gabor frames for Ly(R)

whose window function is the square root of the scaling function of an MRA.

Totally, we construct two types of discrete systems to meet our needs for sparse
recovery. One is the discrete Gabor induced frame and the other is MRA-based
discrete tight wavelet frame with Gabor structure. In fact, it’s hard to tell which
system is overwhelmingly better than the other. For the discrete Gabor induced
frames we have constructed, one has more flexibility to choose the window sequence,
while to deal with the scaling challenge, the multi-scale Gabor induced frame is
necessary to be considered. For the tight wavelet frame with Gabor structure, the
multi-scale property is automatically embedded in the MRA framework. As a result,
the window is restricted to have uniform values and lacks the smoothness, although

the corresponding continuous refinable functions can be arbitrarily smooth.
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To demonstrate the benefits of the discrete Gabor induced frames and MRA-
based tight wavelet frames with Gabor structure, we develop an ¢;-norm regularized
method for solving ill-posed linear inverse problem in image recovery. For the multi-
scale Gabor induced frame, our regularization model follows the idea proposed in
[16] for image inpainting, i.e., the image is read as the composite of multiple layers,
and each layer represents image parts that can be sparsely modeled by the discrete
Gabor induced frame with a particular scale. For the single frame system, i.e. the
tight frame with Gabor and MRA stuctures, this model is reduced to the usual
analysis model. The experimental results indicate the advantages of these two types

of discrete frames over other tight wavelet frames in sparsity-based image recovery.

The last part in this dissertation is about the sparsity-induced regularization
models. As aforementioned, the unconstrained ¢;-norm relating model for sparse
recovery has been seen its wide applications in practice. However, the analysis on
the robustness and stability of such unconstrained models is scant in the literature.
In this dissertation, we investigate the sufficient conditions for stable and robust
recovery of sparse signals when using unconstrained models. Both the ¢;-norm loss
function and the square of /o-norm loss function are considered. It is shown that
these two models with different loss functions have different requirements on A for
guaranteeing stable and robust sparse recovery. When using ¢;-norm as the loss
function, only null space property is sufficient for a good recovery while it is not
sufficient when using square of fo-norm as the loss function. How to set optimal
value of regularization parameter in the unconstrained model is also provided in the

analysis, which is helpful to the applications.

1.3 Organization of the dissertation

The remaining chapters of this dissertation is organized as follows.

e In Chapter [2| we introduce some mathematical preliminaries related to our

discussion.



1.3 Organization of the dissertation

e In Chapter [3] firstly we develop the Gramian and dual Gramian analysis for
studying the general theory of discrete Gabor systems, from which we derive
the duality principle. Based on the duality principle, we investigate the con-
struction of tight Gabor frames and Gabor induced frames suitable for image

recovery.

e In Chapter ] we are devoted to the construction of discrete tight frames with
Gabor and MRA structures, as well as MRA-based tight wavelet frame for
Ly(R). Additionally, we also give a construction of (tight) Gabor frames for
Ly(R) using the scaling function of an MRA.

e In Chapter 5], we apply the constructed Gabor induced frames and tight frames
with Gabor and MRA structures in the ¢;-norm relating regularization for

image recovery problems.

e In Chapter [0, we study the sufficient conditions on measurement matrix A for
guaranteeing a robust and stable recovery of sparse signals via solving (1.8)),

as well as how to set optimal value of the regularization parameter .






Chapter 2

Mathematical preliminary

In this chapter, we will introduce some mathematical preliminaries related to this
dissertation, for example the general frame theory and MRA-based wavelet frames,
as well as two widely used conditions on measurement matrices in sparse recov-
ery. These concepts introduced in this chapter will be employed throughout this
dissertation.

And in this dissertation, we use Z, Z", N, R to denote the set of integers, positive

integers, natural numbers and real numbers, respectively.

2.1 Hilbert space and systems

Let H be a Hilbert space, for example Lo(R), ¢5(Z) or CV, with the usual inner
product (-, -) and 2-norm || - ||. {v;}jer C H is called a Bessel sequence if there exists

a positive constant B such that

YLl < BIfIP, VfeH
jel
And it is called a frame sequence if there exist two positive constants A, B such that

AIFIP <D 1P < BIFIP, V f € span({v;}jer)-

jeI

17
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A Bessel sequence becomes a frame for H if there also exists a positive constant A

such that
AIFIP <Y Ko < BIIFIP, VY feH.

jel
A/ B is called the lower /upper frame bound. The notion of frame was first introduced
by Duffin and Schaeffer ([47]). A frame {v;};¢; is called tight frame when A = B = 1.
Clearly, a (tight) frame sequence of H becomes a (tight) frame for H if its linear

span is dense in H.

A sequence {v;};er is called a Riesz sequence if there exist two positive constants

C1, Cy such that
CiY le@IP < 1) elulls <Gy le()IP, Vee k),
jel jel jel

where f5(I) denotes the space of square summable sequences with index I. When
C1 = Cy = 1, the Riesz sequence {v;},e; becomes an orthonormal sequence. The
Riesz (orthonormal) sequence {v,};es is a Riesz (orthonormal) basis for H if its
linear span is dense in H.

For a Bessel sequence {v;};e; for H, its synthesis operator, T : {o(I) — H is
defined by

Te=)Y cjy; Veeb(I) (2.1)

jel

and its adjoint operator, called analysis operator T* : H — l5(I) is defined by

The frame operator § : H — H is then defined by & = TT*. Given a frame

U = {u;};er for H, the sequence V = {v,},¢s is called its dual frame if
f=TTgf=ToTyf, VfeH. (2.3)

A frame {u;};e; and its dual {v;};e; are called bi-frames for H. Given a frame

{v;}jer for H, its dual frame is not unique and the so-called canonical dual frame
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is given by {(TT*)'v;}jer. Two sequences {u;};e; and {v;};e;r are called bi-
orthogonal sequences if

<Uj>Uk) =0j_ko0, Vi kel,

with dpp = 1 and J;_4, = 0 otherwise.

2.2 Gabor frames and MR A-based wavelet frames

For any function f € Ly(R), its Fourier transform is defined by

Flw) = / FBe“dt, weR.
R
For any sequence h € (5(Z), its Fourier series is defined by
IAL(w) = Z h(m)e™™ weR.
meZ
The construction of tight wavelet frames often starts with the construction of
MRA, which is built on refinable functions. A function ¢ € Ly(R) is called refinable
if
o(t) =2 ao(k)p(2t —k), teR, (24)
for some ag € (5(Z), or equivalently ngS(Zw) = aﬁ(w)gﬁ(w),w € R. The sequence ag

is called the refinement mask of ¢. Given a refinable function ¢ € Ly(R) with
&5(0) # 0, the sequence of sub-spaces {V}, },ez defined by

Vi, = span{o(2" - —k)},cp (2.5)
forms an MRA for Ly(R) if it satisfies
D)V, C Va1, neZ, (i)Y, V, = Ly(R), (iii) N, V,, = {0}.

Given an MRA generated by the refinable function ¢, we can define a set of

framelets U = {¢y}};_; by

Ye(t) =2 an(k)p(2t — k), tER, (2.6)
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or equivalently QE@(QW) = a}(w)q@(w),w € R, for some sequences {a,;};_, C l2(Z).
The sequences {a,},_, are called wavelet masks of the framelets {¢})_;.
The so-called unitary extension principle (UEP) ([42]) provides a sufficient con-

dition on refinement mask ag and wavelet mask {a,}}_, such that the affine system

X (V) defined by
X(V) = {Qn/QW(Qn - —k) b<e<rnkez (2.7)

forms a tight frame for Ly(R). For simplicity, we assume that the refinement mask

ay is finitely supported.

Theorem 2.1 (UEP [97]). Let ¢ be a refinable function with 5(0) # 0 and with
finitely supported mask ag. For a given W = {1, £ =1,...,r} defined by with
wavelet masks {a,})_,, the affine system X (V) defined by forms a tight frame
of La(R), if the masks {ao, a1, ...,a,} satisfy

Z lay(w)|* =1 and Zae w)ay(w + ) =0, (2.8)
=0
for almost all w € [—m, .

It is noted that in Theorem [2.1] the mask ag is assumed to be the refinement
mask of a function in Ly(R), which might not hold true for arbitrary sequences.
Nevertheless, it is shown in [52], Section 5.4] that a finitely supported mask ag with
ao(0) = 1 will admit a refinable function in Ly(R) if the mask ay, together with other
masks {a,};_;, satisfies the condition (2.8). The condition can be expressed

as

Z Z as(n)ay(n +m) = %(577170 (2.9)

=0 neQ);

for all m € Z, j € Z/2Z, where Q; = (2Z + j) Nsupp(ap). In short, once a set of
finitely supported masks {a,}},_, satisfying (2.9) is constructed, we have an MRA-
based wavelet tight frame for Ls(R), and a filter bank based efficient numerical

implementation is available for the decomposition and reconstruction of signals in

05(Z).
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Before ending this section, we introduce a sufficient condition for the construction

of tight Gabor frames for Ly(R).

Theorem 2.2. ([99]) Consider a compactly supported non-negative function g €
Ly(R). Suppose that the support of g is [0,7] and g > 0 on (0,7). Then {g(t —
ak)e 2"y, pez forms a tight frame for Ly(R) if and only if the following two con-

ditions hold:

(b) Yz lg(- — ak)|? is constant.

2.3 Conditions for sparse recovery

For an index set T' C {1, ..., N}, let |T'| denote the cardinality of 7" and let 7° denote
the complement of T in {1, ..., N}. For a vector & € CV let |x| denote the absolute
values of x, i.e. |z|(j) = |z(j)|, j € {1,...,N}. Given a vector £ € C¥ and an
index set T, &7 € CV is defined as

x(j) jeT

CBT(j) =
0 jé¢T.

Consider the problem of recovering signals from the underdetermined linear system
(1.1). In the literature of compressed sensing, various conditions have been imposed
on A to ensure the exact recovery of signals in the noise-free case or to ensure a

stable recovery in the noisy case, when the constrained model
min ||g||;, subject to L(b— Ag) <,
g

is used. One of such conditions is the so-called null-space property ([33) 59]) for

exact recovery in the noise-free case.

Definition 2.1 (Null-space Property). The matrix A is said to satisfy the null

space property of order s, if there exists a constant 0 < # < 1 such that for any
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h € ker(A) and any index set 7' C {1, ..., N} of size |T| < s,

[hrllv < Bllhrel]:. (2.10)

The other is the so-called robust null-space property [59, 57]) or sparse approz-
imation property ([107]) which considers the noise-robustness and approximation-

stability of sparse recovery in the presence of noise.

Definition 2.2 (Robust Null-space Property). The matrix A is said to satisfy
the robust null space property of order s if there exist two constants D; > 0 and
0 < 81 < 1such that for any h € CV and any index set T' C {1, ..., N} with |T| < s,
we have

Ihzllz < Di||Ahlls + Bis™ 2| hre] |1 (2.11)

It can be seen that for any matrix A satisfying the robust null-space property
will satisfy the null space property by restricting h € ker(A). These two condi-
tions will be used in our discussion of the robust and stable sparse recovery by the

unconstrained ¢, regularized models.



Chapter

Discrete Gabor frames

3.1 Introduction

As we have introduced in Chapter [I a Gabor system has the advantages of accu-
rate local time-frequency analysis and the orientation selectivity, which make it a
promising tool in signal analysis and signal processing. Since D. Gabor introduced
the Gabor system ([60]) in 1946, most efforts have been devoted to the study of
Gabor theory for the function space Ly(R?) (see e.g. [40, 63, 27, [99]) and for the
infinite dimensional discrete space fo(Z) or lo(Z?) (see e.g. [88, 36, [79]).

The goal of this chapter is to construct discrete Gabor frames in CV that meet
the needs from sparsity-based image recovery methods. The discrete Gabor system
we considered is clarified as follows. Let g € RY denote a window function with
the length of support p < N, and let (a,b) denote two shift parameters in finite
time-frequency plane with both a and b=! being positive integers. A discrete Gabor

system in C generated from g is defined by

X = (K, L), = {gre(m) = g((m—ak) mod N)e *™™ m =0,1,..., N —1}rexrer,
(3.1)
where K, L C 7 are the pair of integer lattices of finite time-frequency plane. The

density of X is defined as denX = % where | - | denotes the cardinality of a set.

23
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While the Gabor theory in f5(Z) are applicable to discrete Gabor systems in CV
by viewing finite signals as the sequences in ¢5(Z), there are also studies of Gabor
systems for the space of finite signals RY or CV. In the next, we give a brief review
on the existing results of Gabor theory for CV and outline our contributions in this

chapter.

3.1.1 Literature review

For discrete Gabor systems in CV defined by (3.1)), there have been various char-
acterizations presented in the past for Gabor frames and tight Gabor frames. A
necessary condition on the frame property of a discrete Gabor system for CV or
05(Z) is ab < 1 to ensure the cardinality of the system is no less than N. The
so-called Wexler-Raz duality condition for CV ([113] [81]) gives a necessary and suf-
ficient condition on Gabor bi-frames on specific finite time-frequency lattices. Many
fundamental facts of tight Gabor frames and Gabor frames for CV are provided in
Feichtinger et al. [54], which uses twisted group algebras as the main tool. Fe-
ichtinger et al. [54] studies Gabor frames for finite signals over a finite Abelian
group generated by an arbitrary lattice in finite time-frequency plane, and it covers
many existing results on Gabor analysis for both product lattices and non-product
lattices, including the duality principle [95], Q9] which relates frame properties of a
Gabor system to that of its adjoint system. In [53], the duality principle is gener-
alized to the abstract Hilbert space for one single system, and further in [52], the
conclusion was extended to bi-systems. The studies for Gabor systems in ¢5(Z) and

C" can be seen as their specialization.

For the construction of discrete Gabor frames, many existing schemes are done
via sampling a Gabor frame for Ls(R), see e.g [91) [65, 103]. The main difference
among these methods lies in the conditions used in the discrete sampling to generate
a frame. For example, it is shown in [65] that the certain regularization condition

should be imposed on the window function in order to form a frame for ¢5(Z) by
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sampling a Gabor frame for Ly(R) with integer shift parameters. Moreover, it is
shown in [65] that if the inner product of window function and its time-frequency
shift has some decay, the minimal energy dual window can be sampled as well,

preserving the duality and minimality.

Other exisiting approaches to construct the discrete Gabor bi-frames is either
implicitly using the duality principle for bi-frames, i.e. the bi-orthogonality condi-
tion of the adjoint frame and its dual, or using the definition of canonical dual frame
which is done either by solving a linear system or by using unitary matrix factor-
ization of frame operator. Interested readers are referred to [92, [113] 88|, [77, 03] for
more details. The discrete Gabor frames constructed by these methods usually do
not have closed-form dual frames. Thus a linear system needs to be solved to find its
dual which could be troublesome when the dimension of signals is very high. Using
the fact that the Zak transform diagonalizes the analysis operator of a Gabor system
when ab is 1 or reciprocal of an integer, an effective computation scheme is proposed
in [6] for calculating a dual frame of a Gabor frame by using the Zak transform
and the inverse Zak transform. There have been few approaches for constructing
discrete tight Gabor frame. In [36], a discrete Gabor tight frame is expressed from
the viewpoint of a filter bank and thus the construction of tight Gabor frames is
equivalent to the construction of paraunitary polyphase matrices, whose involved
computation is non-trivial.

In [30], the authors study a general theory of Fourier-like frames on locally

compact abelian groups, which can be applied to obtain explicit constructions of

discrete Gabor frames and dual Gabor frames for CV.

3.1.2 Owur works

In this chapter, we use the Gramian and dual Gramian analysis first developed in
[99] for function spaces as the main tools to relate all frame properties of discrete

Gabor systems to the analysis of the eigenvalues of their corresponding Gramian
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and dual Gramian matrices. Once the Gramian and dual Gramian analysis are es-
tablished, the derivations of many existing results on discrete Gabor frames become
straightforward, including the duality principle. The simplicity of such an approach
comes from the fiberization technique introduced in [99]. While the frame proper-
ties of Gabor frames for function space require almost all fibers have such frame
properties, the frame properties of discrete Gabor frames only require a given set of

fibers have such frame properties.

Using the duality principle, we first derive a necessary and sufficient condition
for Gabor systems with non-negative window function to form tight frames for CV,
followed by the constructions of two classes of tight Gabor frames generated by
sampling two types of window functions satisfying the property of partition of unity:
the square root of B-splines and the Fourier transform of refinable functions of Meyer
wavelets. It is noted that partition of unity has also been used for constructing Gabor
frames of function spaces; see e.g. [28]. However, the constructed tight Gabor frames
are not suitable for image recovery, as the associated high-pass filter bank has non-
zero DC offsets, i.e., the mean value of each atom is not zero. Therefore, a new
class of Gabor induced frames is proposed by removing the DC offsets of all high-
pass filters. Although the new discrete Gabor induced frames are not tight, their
associated decomposition and reconstruction processes remain as simple as tight
Gabor frames. And it can be observed that the constructed (tight) frames have the

optimal orientation selectivity.

3.2 (Dual) Gramian analysis, fiberization and du-
ality principle

In this section, we develop the Gramian and dual Gramian analysis for Gabor sys-
tems in CV, from which some useful corollaries including the duality principle are

derived.
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Before the discussion, we first introduce some notations and definitions related
to the Gramian and dual Gramian analysis for Gabor systems. For a Gabor system
X defined as , it is clearly a Bessel sequence of CV, as well as a frame sequence
of CN. The pre-Gramian matriz of X, denoted by Jx, is an N-by-|K||L| matrix
defined by

Ix[m, j(k, 0)] = gre(m), 0<m <N, 0<j(k,0) <|K|L], (3.2)

which collects all elements of X column-wise. It is consistent with the definition of
pre-Gramian defined in [53] using canonical orthonormal basis of CV. After defining
the pre-Gramian, we define the Gramian matriz of X by Gx = JyJx and the dual
Gramian matriz by Gy = JxJ%. For two Gabor systems X, Y, we define their
mized Gramian matriz by Gxy = JxJy, and their mized dual Gramian matriz by
Gxy = JyJ}.

For a system X, its frame properties are closely related to the eigenvalues of its
Gramian Gy and dual Gramian Gy. Indeed, from the definition of pre-Gramian
given in , it can be seen that Jx is exactly the synthesis operator Tx defined
as and the analysis operator 75 is the conjugate transpose of Jx. Thus, the
frame properties of X can be described by the eigenvalues of Gy and Gyx. Let AMG)

denote the set of all eigenvalues of a matrix G. Then,
(i) The frame sequence X has lower frame bound
A= I/{l;ol{)\(GX)} = Igg{k(Gx)}
and upper frame bound

B = max{\(Gx)} = m:{ix{)\(éx)}.

(ii) X is a tight frame sequence of CV if and only if all non-zero eigenvalues of G'x

(or Gx) are 1.

(ili) X is a frame for CV if and only if all eigenvalues of Gx are non-zero.
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(iv) X is a tight frame for CV if and only if all eigenvalues of Gx equal to 1.

(v) X is a Riesz sequence of CV if and only if all eigenvalues of Gx are non-zero.
(vi) X and Y are bi-frames for CV if and only if éXy = C:’KX =1.
(vii) X and Y are bi-orthogonal sequences of CV if and only if Gxy = Gy x = I.

Clearly, the frame properties of a system X can be completely characterized from

the eigenvalues of Gx and G X

Recall that the columns of Jx are the elements of X. Consider another system
X™ defined by all rows of Jx up to unitary equivalence, i.e. Jx- = Vi J5V, where
V) and V; are two unitary matrices. Such a system X* is called an adjoint system
of X in [53], as the dual Gramian matrix Gx of X is the Gramian matrix G-
of X* up to unitary equivalence. In other words, all frame properties of a system
X (e.g. frame property, frame bound and tight frame property) determined by its
dual Gramian matrix G x now can be also derived from the Gramian matrix G x«
of X*. Such a connection is the essential ingredient of the so-called duality principle
([95, 199, 53,52]). In general, for a Gabor system, the adjoint system defined as above
is not a Gabor system. Later, we will consider another type of adjoint systems which

are Gabor systems themselves.

For the simplicity of discussion, we consider that the length of signal N can be
divided exactly by two shift parameters a and b=!. Then an often seen lattice set

{K, L} of a Gabor system X = (K, L), is given as follows,
K :=Nyj ={0,1,....,N/a—1}, and L:=N; = {0,1,...,07' —1}. (3.3

Before discussing its adjoint Gabor system and the duality principle, we introduce
a fiberization technique which can greatly simplify the analysis of the Gramian
matrix and dual Gramian matrix of a Gabor system. The fiberization matrices of

the pre-Gramian Jy, denoted by Jy(m) € C*N X%, is defined by

Jx(m)[0*, k] = b 2g((m—b""0*—ak) mod N), 0< ¢ <bN—-1,0<k< N/a—1,
(3.4)
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form=20,1,..., N — 1. Then, the fiberization matrices for the Gramians G, C:'X,

GXJ/, éX,y is defined by

Gx(m) = Jx(m)*Jx(m), Gx(m)= Jx(m)Jx(m)*;

_ for 0 <m < N.
G)Qy(m) = Jx(m)*.]y(m), G)Qy(m) = Jy(m)Jx(m)*,

(3.5)
Then, a direct extension of the fiberization technique introduced in [99] for contin-

uous setting to the discrete setting leads to the following proposition.

Proposition 3.1. Let X = (K, L), denote a Gabor system defined on the lattices
(K, L) given by (3.3). Then there exist two unitary matrices Vi € Ca*w5 and
V, € CNXN such that

WGX‘G* = dlag(Gx(O), Gx(l), A ,Gx(bil — 1)),

” T 7 (3.6)
VoG x V' = diag(Gx(0), Gx(1),...,Gx(b7 = 1)).

where Gx(m), éx(m), m=0,...,b7" — 1 are fiberization matrices given by (3.5)).

Proof. For a Gabor system X = (K, L),, J% € CEILXN hag its rows indexed by
k € K and ¢ € L and its columns indexed by Ny. One may also index Ny via two
indices (L, L*) such that Ny = {ml*},,cL p+cr+, where L = N1 and L* = Nyp. Using
the double indices (K, L) x (L, L*), J% can be re-written in the block-wise form:

Jy = (Jk:,z*)

KxL*

where Jj, p+ € Cs*% is given by

Jre[l,m) = Tx[j(k, 0),1(m, £%)] = gre(m —b=10*), 0<lm<b ' —1.

Consider a square matrix U; € CHXIE defined by U,[m, ] = e~ 27" Clearly,
Uu/u, = UUy = b_lfé. Let U € CIKIEXIKIL denote the block-wise diagonal
matrix defined by U = diag(Uy,...,U;). Then, we have U*U = UU* = b ' [ x|

b

and UJy = (Ule,€*>K L Indeed, each block matrix U;Jy e € CHEXIE g a
X *

diagonal matrix whose diagonal entries are given by

Ui Jy - [m,m] =b""g((m —ak —b-2*)mod N), 0<m<b'—1.
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Recall that the definition (3.4) of the fiberization matrix Jx(m) is given by
Jx(m)[(*, k] =b 2g((m—b""¢* —ak) mod N), 0< ¢ <bN—1,0<k< N/a—1,

By re-shuffling its row indices and column indices, we can rewrite the matrix U J%

as a diagonal block-wise matrix with diagonal entries being the fiberization matrices:
b2 PLUJL Py = diag(Jx (0)*, Jx(1)%,..., Jx(1/b— 1)*) € CIHIKXN, (3.7)

where P;, P, are two permutation matrices and Jy(m) is the fiberization matrix
defined by (3.4). Then, by definition, the Gramian matrix Gx and dual Gramian

matrix Gx satisfy
VIGx V)" = diag(Gx(0), Gx(1),...,Gx (b — 1))

and

VaGx V5 = diag(Gx(0), Gx(1),...,Gx (b — 1)),

here V; = b%PlU and Vo, = P are unitary matrices. O

Proposition shows that up to unitary equivalence, the Gramian matrix Gx and
dual Gramian matrix Gy can be rewritten as block diagonal matrices of fiberization
matrices. Thus, all frame properties of X now can be determined by analyzing
the union of the eigenvalues of % fiberization matrices of small size: Gx(m) €
C%X%, éx(m) € CNoXNb m =0, . .. ,% — 1, which is easier to analyze than the big
matrices Gx and G X.

Moreover, by a direct calculation, it can be seen that the transpose of fiberization
matrices Jx (m) defined by ({3.4) is indeed the fiberization matrices of another Gabor

system X* (up to a constant), i.e.,
Jx+(m) = (ab)2Tx(m)*, m=1,2...,N—1, (3.8)

where X* = (L*, K*), is the Gabor system defined by the same window function g

but with different shift parameters and different lattices:

L* =Ny, ={0,1,...,Nb—1}, and K*=N,={0,1,....a—1}.  (3.9)
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Thus, by the definition of fiberization for Gramian and dual Gramian, there
exists a connection between the dual Gramian Gy of X = (K, L)y and the Gramian
Gx- of X* = (L*, K*)4 given by (3.9). In other words, the Gabor system X* =
(L*, K*)4 is an adjoint system of X, which is connected to X via duality principle

as stated in the following proposition.

Proposition 3.2. Let X = (K, L), and Y = (K, L)z be two Gabor systems for CV
defined on the lattices given by (3.3). Let X* = (L*,K*), and Y* = (L*, K*)z be
the corresponding adjoint systems defined on the lattices given by (3.9). Then we

have

(a) The frame bounds of two frame sequences X and X* are related by B* = (ab) B,
A* = (ab)A.

(b) X is a tight frame sequence of CN if and only if (ab)’%X* is a tight frame

sequence of CV.
(¢) X is a frame for CN if and only if (ab)~2X* is a Riesz sequence of CV.

(d) X is a tight frame for CV if and only if (ab)_%X* is an orthonormal sequence
of CV,
(¢) X and Y are bi-frames for CN if and only if (ab)"2X* and (ab)~2Y* are

bi-orthogonal sequences of C.

Proof. Let X = (K, L), denote the Gabor system defined on the lattices (K, L) given
by (3.3). By Proposition , the eigenvalues of Gx (or G x) are the union of the
cigenvalues of Gx(m) (or Gx(m)) for 0 < m < b=' — 1. Then, the frame properties
of X are determined by the eigenvalues Uner A(Gx(m)), and Uper A(Gx(m)) and

the statements about frame properties of X can be rewritten as:

(i) X is a frame for span(X), with its lower and upper frame bounds given by

A = min,,er{miny.o A(Gx(m))} = min,,cr{miny-o AMGx(m))},

B = maXmEL{maX/\ /\(GX (m))} = maXmeL{maXA A(éX (m))},
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(ii) X is a tight frame for span(X) if and only if for each m € L, all non-zero

cigenvalues of Gx(m) (or Gx(m)) equal to 1;

(ili) X is a frame for CV if and only if all eigenvalues of Gy (m) are non-zero for

each m € L;

(iv) X is a tight frame for CV if and only if all eigenvalues of Gx(m) equal to 1

for each m € L;

(v) X is a Riesz sequence of C" if and only if all eigenvalues of G'x(m) are non-zero

for each m € L.

Similarly, the frame properties of system X* are determined by the eigenvalues
Unmer MG x+(m)) and Upex- MG x-(m)).
By checking the entries of G x, we have for any m € L,

N
Gx(m)[K k] = Gx(m +b[[K, k], 0<K k< = -1,

and
Gx(m)[Y, 0] = Gx(m+b")[(¢"+1) mod bN, (¢*+1) mod bN], 0 < ¢ * < bN—1.

Thus, for each m € L, Gx(m) and Gx(m +b~!) are exactly the same, and G (mn)
and G x(m +b1) are also the same, up to the multiplication of some permutation
matrix. Therefore,

UnmerLA(Gx(m)) = Uneny A(Gx(m)),

_ (3.10)
Umer A(Gx(m)) = Uneny A(Gx(m)).

The same conclusion holds true for X*. Notice that Gx(m) = abGx(m) and

Gy = abéx(m) for m € Ny. Thus, we have

Umer-A(Gx-(m)) = ab Uper, MG x (m)),

UnerA(Gx+(m)) = abUper A(Gx(m)).

(3.11)
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Together with the statements (i)—(v), the relationships between the union of the
cigenvalues of Gx (m), Gx(m), Gx-(m), Gx-(m) over different lattice sets, as shown

in (3.10) and (3.11]), allow us to come to the conclusions (a)—(d) in Proposition [3.2]

The proof of (e) in the proposition is essentially the same. We consider two
systems X and Y defined on the same lattices K and L. By (3.7)), the mixed Gramian
and mixed dual Gramian matrices are also equivalent to block-wise diagonal matrices

up to unitary operators:
bPlUGX7YU*P1* == dlag(GX’Y(0)7 ey GX’Y(bil — 1))

and

PQ*C/,V‘:X7YP2 = diag(éx7y<0), N éX,Y(b_l — 1)),

where b%U, P,, P, are all unitary matrices. Thus, we get

(vi) X and Y are bi-frames for CV if and only if Gxy(m) = Gy.x(m) = I for

each m € L;

(vii) X and Y are bi-orthogonal sequences of CV if and only if Gx y(m) = Gy x(m) =

I for each m € L.

Also, Gxy(m) = I or CN;Xy(m) = I for m € L if and only if the same equality
is true for all m € Ny. Then by the fact that éy*7_}(*(m) = abGx y(m), one can
obtain the bi-frame property (e) in Proposition [3.2] O

The connection between X and its adjoint Gabor system X* stated in Propo-
sition shows that the construction of a tight Gabor frame X can be done via
constructing a Gabor system X* which is an orthonormal sequence. Often, the con-
struction and the analysis of orthonormal sequences are easier and simpler than that
of tight frames. The advantages by working on the adjoint system X* are exploited
when deriving frame bounds of discrete Gabor frames, as well as a sufficient and

necessary condition for Gabor tight frames with non-negative window functions.
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Remark 3.3. Fiberization matrices for Gabor systems can also be defined in fre-

quency domain. Similar to the case of functional space [99], we define

*

- k
Jx(W)[k* 0] = a 2g(w/N + — b)), KeK (el

for w € Ny. Then, X and X* have the same relationship as (3.8)) via Jx(w) and
fx* (OJ)Z

Jx-(w) = (ab)? Jx(w)*,  w € Ny.

21

Let F denote the discrete Fourier transform given by Flw, m] = e >™% ,w, m € Ny.

Define a block-wise diagonal matrix U= diag(ﬁg) ver, With the ¢-th block given by
ﬁg[w, k] = e 2miak(Z 40 ) ke K.

Then, ‘/WaﬁJ}F* is the same as the block diagonal matrix JA}} = diag(fx(w)*)0§w<N/a,
up to permutations. As \/%ﬁ and \/LNF are both unitary matrices, the duality

principle is established.

3.3 Construction of discrete tight Gabor frames

Many fundamental results of discrete Gabor frames can be easily obtained using the
duality principle stated in Proposition . For example, a direct application of (a)
and (c) in Proposition [3.2] leads to the relationship between frame bounds and the

frame density.

Corollary 3.4. Let X be a Gabor frame for CN. Then the frame bounds A, B of

X satisfy
A

lgll3 g3

In particular, the windows function of a Gabor tight frame for CN satisfies ||g||3 =

(denX)~! = ab.

< denX <

Proof. Given a Gabor frame X for CV, its adjoint system X* is then a Riesz se-

quence by Proposition [3.2] Let A* and B* denote its frame bounds. Then we have
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Tx-eqg = g where ey denote the unit vector with first entry being 1. Therefore,
A* < ||Tx-eo||3 < B* which gives A* < ||g||3 < B*. By Proposition [3.2 (a), we have
then

A B
= A" <|g|3< B = :
denX < lgllz < denX
Thus, A < denX||g||3 < B. O

Suppose that the window function g is non-negative with its support on a finite
interval, which usually holds true in practice. Then, using the statement (d) in
Proposition [3.2] we have the following sufficient and necessary condition for X to

form a tight frame for CV.

Corollary 3.5. Suppose that g € RY is a non-negative vector with support [0, p—1].
Then, the Gabor system X = (K, L)y is a tight frame for CV if and only if the
following two conditions hold true:

N/a—1

(i) b<p ' and (i) Z g°((- — ak) mod N) = b.

Proof. Suppose that X is a tight frame for CV. Then, X* is an orthogonal sequence
by the duality principle (Proposition . By contradiction, suppose that b > p~!
then consider the following two elements in X*: {g(m)} and {g((m — ) mod N)}.

Then their inner product

N-1 1 -1 ]
mz:og(m) m—g ) mod N) > Z: Z)>O’

since g is non-negative and g(m) > 0 for 0 < m < p — 1, which contradicts the
assumption that X* is an orthogonal sequence. Thus, we have b < p~!. Moreover, by
the definition of tight frame, we have I = TxT¢. Notice that for 0 <m,n < N —1,

(TxT)m,n] = > g((m—ak) mod N)g((n — ak) mod N)e>™(r=mP

keK L

1/ ek 9°((m — ak) mod N), m = n;
0, m # n.
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Recall that (TxTx)[m, m] = Ilm,m] = 1, which gives >, _, ¢°((-—ak) mod N) = b.
Conversely, suppose that both conditions hold true. It can be seen that
1, ifm=mn;

(TxTx)lm,n] =

0, otherwise.

Therefore, X is a tight frame for CV. ]

It can be seen from Corollary that the construction of tight Gabor frames for
C¥ is simplified to finding a non-negative window g which satisfies the so-called
partition of unity property, provided that b is set to be no larger than 1/p. There

are actually many such window functions with good regularity.

Example 3.6. Let B® denote the B-spline of order n with the knots {0,a, ..., an}.
Then, it is known ([45]) that the function BS is a non-negative function with support
[0, an] and satisfies

> Bit—ak)=1, VteR,

keZ

which leads to ), ., Bi(j — ak) = 1 for any integer j. Define the vector g by
g(m) = \/bBa(m) form =1,2,...,an—1. Then it can be seen that fo:/g“ lg((-—
ak) mod N)|> = b. Thus, the Gabor system (K, L)g generated by g with b < —— is
a tight frame for CV.

Example 3.7. Let ¢ denote the scaling function of Meyer wavelets defined by

1, w| < 2
ow) =19 cos [38 (glwl = 1)], F <ol <5
0, otherwise,

where (B is a function satisfying B(x) + B(1 —z) =1 for x € [0,1]. For example, the
one used in [£0] is given by B(z) = z*(35 — 84x + T0x? — 2023). It can be seen that

> |pw—2km)P =1, YweR.

kEZ
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Let (E(l(w) = 5(2”7“’) Then, Y ey \q%( —ak)|? = 1. Define the window function g by
g(m) = \/1_7|$a(m)\ Then, a non-negative window function with partition of unity
property is obtained, which leads to a tight frame (K,L)y for CV if setting b < %.
For example, when a = 4, the vector g is given by g = [1/v/2,1,1,1,1/1/2].

3.4 Construction of discrete Gabor induced frames

for image recovery

The discrete tight frames constructed in the aforementioned section are not suitable
for image recovery, as the associated filter banks have non-zero DC offsets. Thus,
in this section, we derive a class of Gabor induced frames with zero DC offset and

with closed-form dual frames.

3.4.1 Decomposition and reconstruction by filter banks

Discrete Gabor systems X = (K, L), are closely connected to filter banks; see e.g.
[6l 136]). For a signal f € CV, let |, denote the down-sampling operator and 1,
denote the up-sampling operator defined by

fi.(n) = f(an), nzO,l,...,%—l;

=0,1,...Y 1
N

0 otherwise.

For a filter h € CV, there are two essential operators: one is the analysis operator

W), : CN — CV/% defined in the matrix form by

N-1

(Waf)lj] = (h(=) * £)1.() = > F(k)R((k - aj) mod N).
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The analysis operator Tx and the synthesis operator 7§ of a Gabor system
X = (K, L)4 given by can be expressed in terms of the set of analysis operators
{Wy, }gcc and the set of synthesis operators {Wy }4,cc, where G is a filter bank
defined by

G = {gi(m) = 9("”)672mmbg}ogz§1/b—1-

More specifically, let D € Cw denote the diagonal unitary matrix defined by
D = diag(Do,Dl,...7Db71_1)7 (312)

where D, = diag(1, e, ..., e"w‘)g(%_l)) with wy = 2mab. Then a direct calculation
shows that the analysis operator T§ and the synthesis operator 7Tx can be rewritten

as

x=DWx; Tx=WiD", (3.13)

where Wy : CV — C# denotes the analysis operator defined by the filter bank G:
WXf:{COZWQOf7cl:ngfa"'vc%flzwgiflf}7 VfE(CN, (314)

and W5 : Ca — CN denotes the synthesis operator defined by G:

1/b—1

Wie= Y Wye, VYeeCV™ (3.15)
=0

It can be seen from that the operator Tx (7T5) defined by X is the same as
the operator Wy (W) defined from the filter bank G, up to a diagonal matrix
D with phase factors which does not have any impact in image recovery. Thus, in
the remaining of this section, we focus on the analysis operator Wy and synthesis

operator W

The analysis operator W decomposes a signal f into multiple frequency sub-
band channels, where W, f represents the low-frequency sub-band component and
all other components {Wy, f}ei_l1 are high-frequency sub-band components. The
filters {gs}ez0 are windowed sinusoids that are only the approximation to high-pass

filters, as none of their DC offsets (the mean value of filter) are zero. As a result,
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the sub-band component decomposed by g, (¢ # 0) contains a small percentage of
low-frequency sub-band component, whose magnitude may be significant as image
intensities are always non-negative. As images have sparse coefficients in high-
frequency sub-bands but not in low-frequency sub-band, the effectiveness of sparse
approximation under X could be noticeably degraded owing to non-zero DC offsets

of these high-pass filters {g,},z0 C G.

Take the tight Gabor frames constructed in Example for instance. Consider
the tight Gabor frames constructed from cubic B-spline with nodes {0, 1,2, 3,4} and
a=1,b=1/3. Then, we have three filters with support 3:

QO - %(1727]-))
g1 = Y2(2,-2,-1) +i¥5(0, -2, 1); (3.16)
g = L2(2,-2,—-1) +i¥5(0,2, -1).

It can be seen that the two high-pass filters g; and g, have non-zero DC offsets.
The same holds true for other tight frames in Example [3.6] and Example [3.7] It is
observed in the experiments that when using these high-pass filters with non-zero
DC offset in sparsity-based image recovery, the results often show strong artifacts,

especially in those smooth regions.

3.4.2 Gabor induced frames with filters of zero DC offsets

Motivated by the needs from sparsity-based image recovery, we proposed a modified
version of tight Gabor frames to remove the DC offsets of the corresponding high-
pass filters. Although the resulting frames are not tight anymore, there exist closed-
form dual frames with simple structures. The modification is done by keeping the

low-pass filter go and modifying high-pass filters {gs}¢.o as the following:

2 iag

g =gy — gy, fort=1,2.... b1 -1,
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where € and y, are chosen such that > g¢(m) = 0. Denote 6y = po = 0. In our

implementation, {e"},.o and {1 }ezo are given by

=3 gum)/1Y_gem)l; and pe =) ge(m)l/Y_go(m).  (3.17)

(In the event that ) ge(m) = 0, we adopt the convention that , = 0 and p, = 0.)
It can be seen that the system Y corresponding to these modified high-pass filters

are

—2miakbl

Y =A{grs}rerier = {ewegk,f — e 9k0 b heK teL- (3.18)

Strictly speaking, the new frame Y is not a Gabor system. Therefore, we call it
a Gabor induced frame. Although the system Y derived from X is no longer a
tight frame, it has a closed-form dual frame with well-posed frame bounds. By the
definition of {gs}ser,

Wy = MWy (3.19)

and the analysis operator 7y of Y is then

y = DMWrk, (3.20)
where M € CN*% is given by
I% 0 . 0
M = _“?I% e~y | |
—ui._lIzZ R

and here I~ denotes the % X % identity matrix. The matrix M is a sparse matrix

with a sparse inverse:

Ix 0 0
0 if
ety In e In
M = B B
i91 i91
e v In e v 'In
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Define the system Y = {Gko}rer er by

~ 2miakbl-+if )
k0 = Gk + Zé;ﬁO,ZeL e gy, ke K

| (3.21)
gk,é = eloegkj, ke K,f € L\{O}

Then, the systhesis operator defined by Y which leads to Ty = WiM~'D* and
gives

5Ty =WixM 'D*DMWyx = 1.

Thus, Y and Y form dual frames for CV. It can be seen that the computational

cost of the analysis operator 7y and the synthesis operator 75 is nearly the same as

T; and TX .

Proposition 3.8. Suppose that X is a discrete Gabor tight frame for CN defined
as (3.1). Then, Y and Y derived from X by (3.18) and (3.21)) are dual frames for
CN.

Note that the approach provided by Proposition can also be applied to a pair
of non-tight Gabor dual frames to remove the DC offsets of high-pass filters.

Example 3.9. Consider the tight Gabor frame constructed from B-spline of order 3
whose three filters are listed in (3.16]). The corresponding filters of the Gabor induced

frame Y and its dual Y are now

go = i(121)
g1 = 2(~1,2,-1) +%(1,0, - 1); (3.22)
| 9o =2(-1,2,-1) +i¥(-1,0,1),
and )
Go = %2(1,4,1);
g1 = Y2(~1,4,-1) +¥3(1,0, - 1); (3.23)
| G = 2(-1,4,-1) +i¥(~1,0,1).

It can be seen that the filters g, and go are both high-pass filters with zero DC
offset. The frame bounds are A = 0.8000 and B = 1.0000. And the redundancy is
3N/N = 3.
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(a) real part

B=E====
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(f) imaginary part

Figure 3.1: Complex-valued filter bank with support 7 x 7 of a 2D tensor product
Gabor induced frame constructed in Example

Example 3.10. 2D discrete Gabor induced frames can be generated by the tensor
product of two 1D discrete Gabor induced frames along two axes. Consider the 1D
tight Gabor frame constructed in Example (3.0 by using the B-spline of order 4 and
settinga = 2,b=1/7. LetY denote the corresponding 1D Gabor induced frame after
removing non-zero DC offsets in all high-pass filters. Then, the frame bounds of the
resulting 2D discrete Gabor induced frames Y @Y are A = 0.5443 and B = 1.0069.
The redundancy is (%)% /N* = 12.25. The support of all associated filters is 7 x 1.
The concentrations of the atoms associated with low-pass filters are illustrated in
Fig. for both frame and dual frame. The associated high-pass filters have good
orientation selectivity as shown in Fig. [3.1]

3.4.3 Orientation selectivity

Next we will discuss the orientation selectivity of the constructed frames. And we
start with functions defined on R?. Consider a continuous function f(x,y) € L?(R?)

of particular orientation 6 that is expressed as

f(z,y) = h(xcosh — ysinO)k(z,y),
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(a) Gabor atom of frame (b) Gabor atom of dual frame

Figure 3.2: Gabor atoms of discrete Gabor induced frame constructed in Exam-
ple with respect to low-pass filters

where h € L*(R) and x € L*(R?) is the isotrophic separable regularizer for f €

t2
L?*(R?) satisfying x(z,y) = g(z)g(y), e.g. Gaussian function g(t) = v/2roe 2.2.
Then, we have

~

f(we, Wy)
= / / h(x cos @ — ysin 0)k(z, y)e @) dady
R JR

— / / h(l’)fi(ﬂ?, y>€7i(wz (z cos O+y sin 0)+wy (—z sin O+y cos 9))dl’dy (iSOtI'Ophy)

_ / / e—i(wx (z cos O+y sin 0)+wy (—z sin O+y cos 6))d$dy (separabﬂity)

= h*/i(wzvcose wy sin )k (w, sin @ 4+ w, cos §).

Suppose that g decays fast when going away from origin, e.g. o — oo for Gaussian
function. It can be seen that magnitude of J?(wx, wy) also decays fast when (w,, w,)
is away from the line w, sin 6 + w, cos = 0. Thus, the orientation of a function f
is closely related to the peaks of its Fourier transform. To be specific, the peaks of
the Fourier transform of an oriented function forms a line in frequency domain and

its orientation is complementary to that of the function.

Discrete filters can be regarded as samplings of continuous functions. Therefore
by the intuition from continuous case, we consider to define the orientation of discrete
2D filters from the support of their Fourier spectrum. Suppose h € CP*P is a

discrete 2D filter of size p X p. Let p be an odd positive integer and Z, x Z, =
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{—’%1, _1%1 +1,...,0, ..., 1%1} X {—p%l, —’%1 +1,...,0, .., ’%1} denote the discrete
2D uniform grid. Let h € CP*? denote the 2D discrete Fourier transform of k. Then

filter h is defined to have orientation @ if both the following conditions hold:

(1) all maximum points of |h| are on the line w, cosf + wysinf = 0 in frequency

domain;

(2) the values of the points away from the line w, cosf + w,sinf = 0 are zero

(perfect) or negligible (strong).

Clearly, the high-pass filters derived from both real part and imaginary part of 2D
DFT have perfect orientation selectivity as the non-maximum points of their DFTs
vanish outside the line. See Fig. for an illustration. Similar to that from DFT,
the high-pass filters derived from the proposed Gabor induced frames also have very
strong orientation selectivity as the values of non-maximum points of their DFTs

are much smaller than the maximum; see Fig. for a comparison.

HHHNNHEE
Il"'.'u.-'EE"-i" DEANNNE
sy R A
| R s e R

| IR EREREEE
| N O R O O
=== BENNNAR

(a) Real(f;, ;,) (b) [Real(f;, )|

Figure 3.3: Real part of 2D discrete Fourier basis {f;, j, fo<j .j,<6 of size 7 x 7 and
their Fourier spectrum (zero frequency is moved to the center of the image).

In addition, the orientation selectivity of the high-pass filters from 2D DFT or
from the proposed Gabor induced frames is optimal in the sense that they cover all
possible orientations in finite discrete grid. One orientation is feasible for a finite

discrete grid only if the line with such orientation can intersect the grid Z, x Z,,



3.4 Construction of discrete Gabor induced frames for image recovery

45

e =
| b,
| IR RN
(I A e e
(LTI e e e
| ISR S A

| upante oo

(a) Real(ge, ¢,)

—

(b) [Real(ge, ,)|

Figure 3.4: Real part of filters {gy, ¢, }o<s, <6 for 2D discrete revised Gabor frame
with p = 7 and their Fourier spectrum (zero frequency is moved to the center of the
image).

which makes the number of all feasible orientations limited. It can be seen that for
2D filters of size 5 x 5, the total number of possible orientations is 8, and for 2D
filters of size 7 x 7, the total number is 16; see Fig. for an illustration. Indeed,
by induction, the total number of feasible orientations for 2D filters of odd size p x p
is 4@ (231), where the function ®(-) is the summation function of the Euler’s totient
function ¢(-) which counts the positive integer up to k that are relatively prime to k,
ie. ®(n) =3 ,_, p(k). The derivation is quite straightforward. It can be seen that
the number of all feasible orientations doubles that of the first quadrant of the grid
with length ’%1. The possible candidates of additional feasible orientations in the

first quadrant from & = p—1 to k = p are those come from the boundary points the

grid. For such a point, if its x-coordinate or y-coordinate is relatively prime to p%l,
then it induces a new orientation. Thus, the number of new feasible orientations
induced from k = p — 1 to k = p in the first quadrant is 2¢(2")), and the total

number is then 4¢(21). By induction, the proof is done.
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(a) Filter size is 5 (b) Filter size is 7

Figure 3.5: All the possible directions of 2D filters of size 5 x 5 or 7 x 7.
3.5 Conclusion

In this chapter, we have studied the theory of discrete Gabor systems in CV. We
have developed the Gramian and dual Gramian analysis for CV, which relates the
frame properties of a discrete Gabor system to the eigenvalues of their Gramian and
dual Gramian matrices. One important corollary of these conclusions is the duality
principle, based on which a necessary and sufficient condition for the construction
of discrete tight Gabor frames has been derived. To sum up, the resulted tight
Gabor frame has the following advantages. Firstly, it possesses accurate local time-
frequency analysis. Secondly, it can be implemented by a fast filter bank algorithm
of both decomposition and reconstruction processes. Thirdly, 2D tight Gabor frames
generated from tensor product of 1D ones have the optimal orientation selectivity.
Fourthly, the Gabor frames of different sizes have the flexibilities of modelling both
image edges and local textures. Further, we revise the constructed tight Gabor
frames to discrete Gabor induced frames whose high-pass filters have zero DC offsets
in the 1D filter bank. Meanwhile, the dual frames of these systems have a closed-
form. Therefore, the newly derived frames also possess the above advantages as
tight Gabor frames and they are more suitable for sparsity-based image recovery.
And note that the orientation selectivity of such discrete Gabor induced frames is

also optimal.

One example of Gabor induced frames we illustrated is generated from the square
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root of B-spline sequences. By changing the order of B-spline, one may obtain a
series of Gabor systems in unified form but with different levels of scale. This
inspires us to utilize multi-scale Gabor induced frames in application to overcome
the weakness of a Gabor system that it lacks multi-scale structure. We will discuss

more about this in Chapter [5

In the next chapter, we will solve the scaling challenge of Gabor systems from

the viewpoint of MRA-based wavelet system.






Chapter

Discrete tight frames with Gabor and
MRA structures

4.1 Introduction

For years, orthonormal wavelet bases [39] has been an indispensable tool in signal
processing. Its wide usages in signal processing are mainly motivated by two advan-
tages: effective multi-scale representation of point-wise discontinuities, and efficient
numerical implementations of signal decomposition and reconstruction. In recent
years, tight wavelet frames are more often seen in many applications, as the re-
dundancy of tight frames gives more flexibilities on filter design and better sparse
approximation of signals while having the same numerical implementation as or-
thogonal wavelet bases. Such tight wavelet frames include undecimated Daubechies’
wavelet systems [35], spline framelets [97), [42] and many others. For processing 2D
signals like images, the most popular tight wavelet frames are tensor product wavelet
systems. As most natural images exhibit line-like edges, i.e. discontinuities across
local edges, with different orientations, one main disadvantage of tensor real-valued

wavelet systems is the lack of orientation selectivity. As we have introduced in

49
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Chapter [I, one approach to gain orientation selectivity is considering tensor prod-
uct of complex-valued wavelet systems. For example, the dual-tree complex wavelet
transform [I0T] uses two different discrete orthogonal wavelet bases to produce a 2D
tensor complex-valued tight wavelet frame whose real part and imaginary part each

have up to six orientations.

Motivated by the strong orientation selectivity of tensor product of Gabor func-
tions, a class of discrete tight Gabor frames and Gabor induced frames is constructed
in Chapter 8] With the same efficient numerical implementation of signal decom-
positon/reconstruction, they have better orientation selectivity than tensor tight
wavelet frames (including complex-valued ones) and have better performance on lo-
cal time-frequency analysis. The performance gain of such discrete Gabor induced
frames is illustrated in various image recovery applications; more details will be given
in Chapter 5] However, the discrete Gabor induced frames constructed in Chapter
lack the multi-scale structure of MRA-based tight wavelet frames. As a result, it
cannot be used for modeling local signal structures with different sizes. An ad-hoc
approach is used in Chapter |5 to gain multi-scale structures by combining (tight)
Gabor frames generated by the window functions with different sizes. Nevertheless,
such discrete Gabor frames still do not have the multi-resolution analysis (MRA)

structure that many existing MRA-based tight wavelet frames have.

In this chapter, we are interested in studying discrete tight frames for ¢5(Z)
combining both Gabor and MRA structures. Such discrete tight frames will have
the same multi-scale structures as discrete MRA-based tight wavelet frames for
05(Z), and their 2D tensor products have strong orientation selectivity and good

performance on local time-frequency analysis.

4.1.1 Literature review

Given a fixed window function g € Ly(R) and a uniform time-frequency lattice set

K x L = aZ x VZ (a,b € R"), the Gabor system is defined as (1.5 in Chapter
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1.e.

(K,L), = {g(x — ak)e ™ z € R} 4ez. (4.1)

Interested readers are referred to [39, 99, [76] 29, 31] for more details on the charac-

terizations of frame and tight frame properties of the system (4.1J).

Discrete Gabor frames for ¢5(Z) are usually obtained by directly sampling con-

tinuous Gabor frames for Ly(R) using shift parameters a, b with a,% e NT:
{g(m — ak)e>™™ m € Z}kez,ée{o,...,%—l}' (4.2)

Many different conditions have been proposed for guaranteeing the (tight) frame
properties of discrete Gabor systems of the form ([£.2). In [113]92], the Wexler-Raz
biorthogonal condition is applied for the construction of dual discrete Gabor frames.
It is shown in [36] that discrete tight Gabor frames for ¢5(Z) can be obtained once the
polyphase matrix of the filters bank associated with Gabor system is para-unitary.
In Chapter [3 based on duality principle for discrete Gabor systems, a necessary
and sufficient condition for a system to form a discrete tight Gabor frame is
presented, under the assumption that ¢ is a sequence with non-negative entries.
All these discrete Gabor frames have no so-called MRA structure, which is closely

related to tight wavelet frames.

For a given set of wavelet functions ¥ = {41, ..., 1.} C Lo(R), the wavelet system

X (V) is composed of dilations and translations of these wavelet functions:

X(0) = {tunp}rzs = {2724y (2" - —k) }r<e<r. (4.3)

n,kEZ

The key framework for constructing wavelet (bi)-orthonormal bases ([40] [34]) and
tight frames ([97, [42]) is the multiresolution analysis (MRA) introduced by Mal-
lat and Meyer ([83], 87]). The construction of MRA-based tight wavelet frame for
Ly(R) is presented in [97, 42]. The key ingredient in their construction is the so-
called unitary extension principle (UEP) [42], which simplified the construction of
MRA-based tight wavelet frames to the construction of a set of filters with certain

properties. Different from the discretization of Gabor systems, discrete tight wavelet
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frames for ¢5(Z) can be directly derived from a set of filters (i.e., refinement mask
and wavelet masks) associated with tight wavelet frames in the continuum domain
constructed via UEP. As a result, a fast filter bank based algorithm is available for

efficient signal decomposition and reconstruction.

The studies on the systems with both wavelet and Gabor structures have been
scant in the literature. A continuous Gabor wavelet transform for Ly(R?) is intro-
duced in [74], which extends continuous wavelet transform by using the set of Gabor
functions as mother wavelets. The system for Ly(R?) is defined by the discretization
of the transform in the phase space. Numerical simulation done in [74] indicates that
the systems obtained via such a discretization form frames for L,(R?), provided that
the sampling in phase space is sufficiently dense. In the context of image in-painting,
a class of MRA-based discrete tight frames is developed in 78] for vector space RY.
In [78], the first column of a local discrete cosine transform in R¥? is viewed as the
refinement mask of the MRA for Haar wavelets with respect to dilation factor d and
the other columns are viewed as wavelet masks. Then, by the orthogonality of local
discrete cosine transform, an MRA-based tight wavelet frames can be obtained for
RY via the standard discretization of the undecimated Haar wavelet frames with

dilation factor d.

4.1.2 Owur works

This chapter aims at studying discrete tight frames for ¢5(Z) with both Gabor
and MRA structures. In other words, we are interested in tight frames for ¢5(Z)
that have the following properties: (1) local time-frequency analysis of discrete
Gabor frames, (2) multi-scale structures induced by the MRA, and (3) fast numerical

implementation of signal decomposition/reconstruction.

The basic idea is to connect the discrete Gabor frames of the form (4.2]) to the
UEP. Consider a discrete Gabor system with a = 2 and % > 1:

{g(m — Qk)e_mbm}kez,ogzg%—l‘ (4.4)
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Clearly, such a system is generated by the even translations of the following % -1

sequences
{ge(m) = Q(m)e_%ibém}ogeg%—r (4.5)

We use the sequences above to define a wavelet system X (V) with MRA structure:

¢(t) =2 Z gO(m)¢(2t o m)a te Ra (46)
Ye(t) =23 ge(m)p(2t —m), teR, (4.7)

fort=1,... ,% — 1. Suppose that these masks satisfy the UEP so that the system
X (¥) forms an MRA-based tight wavelet frame for Ly(R). Then, a discrete wavelet
tight frames for 5(Z) can be constructed using these masks, and the Gabor system
is exactly the part of tight frames that corresponds to the sub-space Vj of the
MRA. Thus, such a tight frame system can be viewed as a discrete tight frame for

05(Z) with Gabor and MRA structures.

In this chapter, we first present a UEP-based sufficient condition for the wavelet
system generated by compactly supported functions {¢1, ... ,1/1%71} defined by
to form an MRA-based tight wavelet frame for Ly(R). Then, by further examining
the conditions imposed on the masks {g,} 5%;01 of the form (4.5)), we present a sufficient
and necessary condition for the finitely supported masks {gg}zi_ol to satisfy the UEP.
Such a sufficient and necessary condition implies that any set of compactly supported
masks {gg}gi_ol satisfying UEP is of the following form (up to a translation): for
(=0,....,p—1,

1 —2itm

pe T, 0<m<p-1
ge(m) = _
0, otherwise,
where p is an even positive integer. Clearly, when p = 2, it corresponds to Haar
orthonormal wavelet basis. It is noted that when p > 2, it is not necessarily corre-

sponding to Haar basis. Instead, the refinable functions ¢ is a continuous piecewise

spline function when p = 2™, m > 1.
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In addition, we also investigate the (tight) Gabor frames for Ly(R) when relating
window function to the refinable function of an MRA. We present a sufficient con-
dition for guaranteeing frame property of Gabor systems when using the refinable
function of an MRA as the window function, and give a construction of tight Gabor

frames for (5(Z) using the square root of the refinable function of an MRA.

4.2 Discrete tight frame with Gabor and MRA

structures

The discrete Gabor system we consider is generated by a finitely supported window
sequence g € (5(7Z), and it is composed by the translations of % —1 atoms {gg}ztol C
05(7Z) defined by

go(m) = g(m)e ™™ m c Z. (4.8)

Without loss of generality, we assume that g(m) = 0, for all m ¢ [0,p — 1] N Z. For
such a finitely supported sequence g, we define a refinable function (or distribution)
¢ by

$(t) =2 g(m)p(2t —m), teR, (4.9)

1
and a set of framelets W = {4} ;:11 by

Ye(t) =2 gl(m)p(2t —m), tER. (4.10)

meZL

Define an affine system X (W) by

X(0) = {Yunptrzep = {22002 k) }rsecip. (4.11)

kEZ

In the next result, we give a UEP-based sufficient condition on the window sequence
g such that the affine system X (V) defined above forms an MRA-based tight wavelet
frame for Ly(R).
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Theorem 4.1. Consider a finitely supported sequence g € lo(Z). The function ¢
defined by (4.9) generates an MRA for Lo(R) and the system X (V) defined by (4.10))
and (4.11) forms a tight frame for Ly(R), if the following conditions hold true:

(i) 3> p;
(1) D ez 9(n) =1;

(i) 3 ,eq, lg(n)|> = L, where j € Z/27Z and Q; = (2Z + j) N [0,p — 1].

2

Proof. For any 0 < m < 1 —p, g(m) =0, andthusgg(m):Oforfzo,.u,%—l-

Then, we have
~1

/=0 TLGQj

for any m ¢ [—-p + 1,p — 1]. Thus, the UEP condition (2.9) holds true for any

S

m ¢ [—-p+1,p — 1]. Notice that

-1 1_

Zzge n)ge(n +m) = ZZQ@ o(n+m)

O‘\H
o

=0 ne); neQ; (=0
1
i1
— § :g n+m E e—2mmb€'
ne); =0

Then, for 1 <m <p—1or —p+1<m < —1, we have

-1

Z S gmgin+m) =3 gljgn+m) 3 e 27 — g,

=0 neQ); ne); /=0

w-h—t
SAE

as b <1 - stated in Condltlon ' For m = 0, by Condition 1.) we have

1
-1 1

YN gn)gin+m)=>" gln)g(n+m)) e > = Z lg(n

=0 nef; ne; =0 nEQ

S

Therefore, the UEP condition (2.9)) holds for any integer m.

As shown in [52], Section 5.4], the finitely supported mask g will admit a refinable
function in Lo(R) with 5(0) = 1 using (4.9), if it satisfies Condition and the
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UEP condition (2.9). Furthermore, such a refinable function ¢ generates an MRA
for Ly(R) as well. Then, by Theorem [2.1, we have that the system X (¥) defined by

(4.10) and (4.11)) forms a tight frame for Ly(R). O

It can be seen from Theorem that the construction of MRA-based tight
wavelet frame X (W) generated by W of the form (4.10) is done once we can con-
struct the finitely supported window sequence g € (5(Z) satisfying Condition
Condition and Condition . In the next result, we give closed-form solutions

that satisfy these conditions.

Proposition 4.2. A finitely supported sequence g € l5(Z) satisfies Conditions (@),

and in Theoremfor someb, if and only ifg = p~*(...,0,0,1,...,1,0,0,...)
——
P

with some even positive integer p.

Proof. It g = p~!(...,0,0,1,...,1,0,0,...) for some even positive integer p, it can
——

P
be seen that Conditions and hold true when setting % =p.
Conversely, if Conditions , and in Theorem |4.1{ hold true, we have

Sl =3 3 lglm)P =

j=0,1 meg
and
S Ly & , 1 ) 1 1
g;mmw—gw—E;Qan—5@mw+gom0+5;p_b_ﬁ

Then by Condition ,

p—1

1 1
> lg(m) =P =b--<0,
m=0 p p

Thus, we must have b = %, and g(m) = % for any m € [0,p—1]NZ. Moreover, when
p is an odd number, the sequences g with the form above cannot satisfy Condition

. Therefore, p can only be an even integer.



4.2 Discrete tight frame with Gabor and MRA structures

57

Different with the tight Gabor frame constructed in Chapter 3] the discrete tight
frame in this theorem has high-pass filters of zero DC offset. In fact, based on the
first equality in the UEP condition and the assumption that > g(n) = 1, one
can conclude Y, go(n) =0 forany 1 < ¢ <3 —1.

When the support of the mask g given in Proposition is 2, the refinable
function admitted by such a mask is the indicator function of the MRA associated
with Haar wavelet basis. When the support of g is larger than 2, the associated
refinable function is not the indicator function any more. The next proposition

shows the smoothness of such refinable functions.

Proposition 4.3. Consider a refinable function ¢ with 4/5(0) =1, defined by (4.9)
using the mask g = 27"(1,1,...,1,1) € R*" for some integer n > 2. Then, ¢ €
C"2(R).

Proof. The smoothness of ¢ is checked via checking the decay of gg As shown in
[42], if ](E(w)\ < ¢(1 + |w])717*7¢ for some positive constant ¢ and ¢, then ¢ € C°.

Since g = 27"(1,1,...,1,1), the Fourier series of g can be factorized as
1 n—1
- —i2kw
Go(w) = o kHO(1 + e 2w,

By the definition of ¢ and 5(0) =1, we have

+oon—1

—i2k—
|—\Hgo2fw|—HH1”€ )

7=1 k=0

12k I

Next, we show that the product H;;Oi’ Pl ¢———=1| is absolutely convergent.
Notice that e — 1 = —2isin(%)e~"% for any w. Then, we have

—i2k—dw 1

2

2k—i—1y

. = 1+ [sin(2 9 )| < 14 29| <

and

+ocon—1 e_ZQk Jw +oon—1 “+o00
2k Jj— 1 o 2n717jw o 2n71w
LI (1 1) < T = e =

J=1k=0 j=1 k=0 Jj=1
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—igk=7d, .
Thus, ;r:‘xf Z;é |1+ %| is absolutely convergent. Therefore,

+oon—1 _jok— n—1 +oo _iok—j
14+e™ 14e™ w
=111 |— IHI[——
j=1 k=0 k=0 j=1
By the fact that
k
1+e —i2k— Jw 1+ 6—12’“ Jw ) 1 — (efig—mw)yn 1— e—z’2kw
H| = lim H| = lim | =),
m 0o m o) Qm(]_ . e_ZWw) 147 W
we have then
1— e*m o Ch c
= <
w)l = H| i2kw ,H)1+|2kw| (14 |w)’
for some constant c¢. Thus ¢ € C"2. m

By Theorem , it can be seen that the number of framelets, i.e., %— 1, is exactly
card(supp(g)) — 1, i.e., one less than the cardinality of the support of g. Once we
have an MRA-based tight wavelet frame constructed via the UEP, a filter bank
based implementation is available for n-level decomposition and reconstruction of
discrete signals. Let * denote the usual convolution operator in ¢5(Z). Let |y
denote the down-sampling operator defined by (fl2)(m) = f(2m),m € Z, and
1o denote the up-sampling operator, i.e. the adjoint operator of down-sampling
operator. Then, given a signal f € ¢5(Z), the n-level wavelet decomposition can be

recursively computed as follows: ¢coo = f, for k =1,...n — 1,

COk—(\/_ go( *) % €o - 1>¢2,

(4.12)
Cok = (\/_ gg( )*C()k 1) i,g, 621,...,7”.

The reconstruction of f from the high-pass wavelet coefficients ({¢px fo<k<n—1.1<0<r)
and the low-pass coefficient ({co,}) is done in the same recursive way: for k =
n,n—1,...,1,

Cok—1 = \/52 g * (¢ T2). (4.13)
=0
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It can be seen that such an n-level wavelet decomposition expands the signal

over a discrete tight frame for ¢5(Z) defined by

{{on(- = 2" }jez, {th1a(- — 2" hcksnjezs - {ra(- — 2% hikangen}, (4.14)

where @,,, 9, are sequences defined by
. n—1 o k—1
bn(w) = V2 [ Go(2"w), and ey = v2g,(2"'w) [ Go(27w).
m=0 m=0

for ¢ =1,...,mk = 1,...,n. The tight frame defined by (4.14) with the masks
{g¢})_o of the form (4.8)) indeed can be viewed as a discrete tight Gabor frame for
05(Z) with n-level multi-scale structure. When n = 1, the tight frame defined by

(4.14]) can be expressed as
{\/§g4(m —2k) = g(m — Qk)e_wbem}ogeg%—l,kez,
which is exactly the tight Gabor frames for ¢5(Z) defined in (4.2)) with a = 2.

Example 4.4. When taking p = 4, we have go = g = (%, }L, %, 411), and the other three

Gabor atoms, g, = (%, —}li, —%, ii),gg = (%, —}1, }1, —i) and g3 = (}1, ii, —}L, —ii).
The refinable function ¢ with the mask g is a linear spline given by

(

1t t€0,1),

1 t€[1,2),
o(t)=1"

%(3_t)7 te [273)7

0, otherwise.

\

See Figure[{.1] for the plots of the refinable function ¢ and three framelets admitted
by 91,92, 9s-

Example 4.5. When taking p = 6, we have g = (%,%, %,%, %,%).

The associated
refinable function ¢ is continuous but is not a spline. See Figure[{.9 for the plots of

the refinable function ¢ and five framelets.
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(a) Real () (b) Imag (¢) (¢) Real (1) (d) Imag (1)

(¢) Real (1h2) (f) Image (¢2) (g) Real (¢3) (h) Image (¢3)

Figure 4.1: The real part and imaginary part of the refinable function and three

framelets generated from g = Gp i, }l, i)

;

(a) Real (¢) (b) Imag (¢) (c) Real (1) (d) Imag (t1)

=

(¢) Real (12) (f) Imag (¢2) (g) Real (¢3) (h) Imag (¢3)

o6
004
om2
o
002
004

3

(i) Real (¢4) (j) Tmag (t4) (k) Real (¢5) () Imag (¢5)

Figure 4.2: The real part and imaginary part of the refinable function and five

framelets generated from go = (5,5, 555 5 5)
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Example 4.6. When taking p = 8, we have g = (%, é, %, %, %, %, %, %) The corre-

sponding refinable function is a quadratic spline given by

p

142 te[0,1],

-+ te[1,2],

o(t) = I t €[3,4],
H(—t?+8t—12), te[4,5],
—f+ 3, t € [5,6],
=(t—T7), t e [6,7],
0 otherwise.

\

See Figure[f.3 for the plots of the refinable function ¢ and seven framelets.

Before ending this section, we would like to mention that the construction scheme
presented in this section can also be used for constructing real-valued discrete tight
frame formed by local cosine basis with MRA structure. Consider a local cosine
basis with even support p:

m(2m + 1)¢

0<m<np—1
o ), 0<m<p-1,

ge(m) = ay cos(

where oy = 1l>’ and oy = ‘/75 for 1 < ¢ < p—1. By a direct calculation, the atoms
of such a basis satisfy the UEP if being used as the refinement mask and wavelet
masks. Thus, the system generated by these masks using forms a tight frame
for ¢5(Z). The refinable function admitted by go generated the same MRA as that
of the previouly constructed tight frames, but the resulting tight wavelet frames are

different as the framelets are different. For example when taking p = 4, we have gg =

1111 V2 3 5 V2 3 5 T
(1 1i)g= (cos %, COS <, cos 3, oS —) g = (cos 7, cos °F, cos 7, cos ),
gs = ‘[(cos < COS 7g’ﬂcos §,C08 %”) See Figure for the plots of the refinable

function ¢ and three framelets.
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S
g

(a) Real () (b) Imag (¢) (c) Real (¢1) (d) Imag (1)

8
8

g 8 g 8
EEgts.z28¢38¢
3 3

() Real (12) (£) Tmag (¢2) (2) Real (1) (b) Tmag (s)
(i) Real (1) (j) mag (1) () Real (t5) (1) Imag (¢s)
(m) Real () (n) Tmag (o) (0) Real (i) (p) Imag (17)

Figure 4.3: The real part and imaginary part of the refinable function and seven

framelets generated from go = (5,5, 5,5 55 8 5)

(a) ¢ (b) ¥ (c) 2 (d) s

Figure 4.4: Wavelets generated from gy = (i, }l, }1, ;11) and cosine basis
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4.3 (Tight) Gabor frames induced from refinable

functions

In the previous section, the discrete tight Gabor frames in the sequence domain
are linked to the MRA-based tight wavelet frames in the continuum domain which
brings MRA structure to discrete Gabor frames. Another interesting question is
then can we link tight Gabor frames in the continuum domain to the MRA as well.
In other words, can we link a refinable function to the window function of a tight

Gabor frame?

Using the same sampling rate a = 2 and b = ]lg as discrete tight Gabor frames

with MRA structure, we define a Gabor system on the lattices: K =27, L = %Z:

_ 2midx

v, 1 € R}y ez, (4.15)

(K, L)y = {g(t — 2k)e

where g € Ly(R) is a compactly supported non-negative window function. In the
next theorem, we give a sufficient condition on a refinable function so that the Gabor

system defined as will form a frame when g = ¢ and will form a tight frame
when g = \/m

Theorem 4.7. Let ¢ € Ly(R) with $(0) = 1 be a continuous refinable function
supported on [0,p — 1]. Suppose that p > 4 and ¢(t) > 0 for anyt € (0,p —1). Let
go denote its refinement mask. Then, the Gabor system (K, L), with g = ¢ forms a
frame for La(R). Further, suppose the mask go satisfies

> golm) = 7, (4.16)

mGAj
where j € Z/AZ and A; = (4Z+ j)N[0,p—1]. Then, the Gabor system (K, L), with
g =\/2¢/p forms a tight frame for Ls(R).

Proof. The frame property of the Gabor system (K, L), is proved by one sufficient

condition presented in [29] which states that as long as the window function ¢ is



64

Chapter 4. Discrete tight frames with Gabor and MRA structures

. . . 1
continuous on its support [0,p — 1], ¢ >0 on (0,p—1), b=+ < —— and p > 4, the

1
p
system (K, L), forms a frame for Ly(R).

The proof of tight frame property of (K, L) N is based on Theorem . Since

b= }D < ]ﬁ, Condition @) of Theorem is satisfied. For any j € Z and r € N,
Zcb(——% > 2go(m) =33 2gy(m—4k)o m).
keZ kEZ mEZL kEZ meZ

As both go and ¢ are compactly supported, one can then change the order of finite

summations which gives

Z¢——2k ZZZQOm 4k) ¢ (2

kEZ meZ keZ meZ

Herein, the last equality comes from (4.16|). Moreover, by (4.16)), we have ), ., go(m
4k) =Y 4cpgo(m — 4k + 2) = 1, and thus >, _, go(m — 2k) = 1. By the same ar-
gument as above, we have

Zz2gon—2m ZngrQ—n.

meZ neZ meZ ne”L

Repeat this process, one obtains

meZ neL nEZ neL

Recall that we have

when the function ¢ is a continuous refinable function (see more details in [37]). By

the fact that 5(0) = 1, we have then
J _
keZ

for any 7 € Z and r € N. Since {%,j € Z,r € N} is dense in R and the continuity
of ¢ implies the continuity of », _, ¢(- — 2k), it is established that for any ¢ € R,

kEZ
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(a) p=4 (b) p=8

Figure 4.5: The square root of the refinable functions shown in Example and
Example , which are used as the window functions of tight Gabor frames.

which is exactly Condition @ with @ = 2 in Theorem . Thus, by Theorem
the Gabor system (K, L), defined as (4.15)) with ¢ = y/2¢/p forms a tight frame for
La(R). O

Example 4.8. Consider the masks in Example [{.4 and Ezample [{.0, i.e. p = 4,

_ /1111 _ _ /11111111 ,
9 = (5001 ondp =38, 9 = (555555 85) Lhese masks and their

refinable functions ¢ satisfy conditions in Theorem[{.]. Therefore, the Gabor system

with window function \/2¢/p is a tight frame for Ly(R). For p =4 and p =8, /¢
is shown in Figure [{.5

4.4 Conclusions

In this chapter, we studied the construction of discrete tight frames with Gabor and
MRA structures. The basic idea is to connect the discrete tight Gabor frames to
the MRA-based tight wavelet frames in continuum domain via UEP. A sufficient
condition for constructing such discrete tight frames is presented, and we showed
its closed-form solutions. The window sequence of the closed-form solutions takes
the form zla( 1,1,...,1,1), which generates the refinable function different from that
associated with Haar wavelet for p > 4. In addition, we also introduced a class of
tight Gabor frames for Ly(R) whose window functions are induced from refinable

functions of MRAs. Its efficiency in sparse representation will be shown in the

experiment of image restoration in Chapter [f






Chapter

Image recovery using multi-scale Gabor

systems

5.1 Introduction

In recent years, by assuming images of interest can be sparsely approximated under
a frame or tight frame, sparsity-prompting functional (e.g. /¢;-norm) based reg-
ularization has been used in many image recovery tasks; see e.g. shift-invariant
Daubechies wavelet system for image denoising [35], splines wavelet frame based
image restoration methods [10, (16, 14] and curvelet based image recovery methods
[104], [106]. Several approaches have been proposed for utilizing the sparse approx-
imation of images, including synthesis approach, analysis approach and balanced
approach. Interested readers are referred to [50, [102] for more details. There ex-
ist deep connections between wavelet frames based regularization method and the
widely used total variation based regularization. Indeed, it is shown in [I2] that the
wavelet frame based analysis approach can be seen as sophisticated discretization of

minimizations involving the total variation penalty.

Natural images are often composed of both cartoon and texture parts. Thus, a

more efficient approach is viewing such images as the composite of multiple layers

67
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with different characteristics. For example, a two-layer model is considered in [16]
for image inpainting, in which one layer represents cartoon parts that are sparse
in wavelet domain and the other layer represents texture parts that are sparse in
local DCT domain. Different from spline wavelet frames, the discrete Gabor induced
frames proposed in Chapter |3| have their origins from local time-frequency analysis.
Thus, they can deal with both cartoon parts and texture parts by using window

functions of varying supports.

Another way to handle the images including multi-scale features is to use the
discrete tight frames with Gabor and MRA structures constructed in Chapter [4. By
implementing wavelet transforms of multi-levels, one can use one single system to
characterize different types of image features. Correspondingly, the usual analysis

model ([I6]) can be used as the regularization model.

5.2 Regularization models and numerical algorithms

A 2D image can be concatenated as a vector in RY, where N is the total number
of image pixels. Image recovery we consider in the experiment is about solving a
linear inverse problem:

b=Af+n, (5.1)

where b € RY denotes the observed degraded image, f € R" denotes the original
image for recovery and m € RY denotes noise. The operator A € R is a
measuring matrix that varies according to different image recovery problems. For
image deblurring, A is a convolution operator with a low-pass filter. For image
de-noising, A is an identity matrix. For image in-painting, A is a diagonal matrix
whose diagonal element is 1 when the corresponding pixel value is available and 0

otherwise.
For an input image composed of both cartoon parts and texture parts, we pro-
pose a sparsity-based multi-layer composite model which is based on multiple dis-

crete Gabor induced frames generated by window functions of different sizes. More
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specifically, we assume that the input image is composed of multiple layers in which
each layer can be sparsely approximated under a discrete Gabor induced frame with
a different window size, which are constructed in Chapter 3} Suppose Wy, is the
decomposition operator in the matrix form of a 2D Gabor induced frame Y, with
window size py and shift parameters (ay, by ), and WNyk is the reconstruction operator
of its dual. Based on such a sparsity-based multi-layer composite model of images,

we propose the following regularization model for solving (5.1)):

m

min > AWy, st [AQ D w) — bl <e, (5.2)
k=1

{u1,...,um}C]R —1

where € denotes the tolerance determined by noise level and \; denotes the pre-
defined regularization parameter. The recovered image w is then synthesized by
up's via w =)L uy.

Another way to handle images with multi-layer components is using the discrete
tight frames with Gabor and MRA structures constructed in Chapter [l Different
from the above multi-layer composite model using several Gabor induced systems,
in this approach only a single system is considered to deal with the scaling challenge,
owing to the benifits of MRA structure. The decomposition operator of a 2D n-level
discrete undecimated tight wavelet frame is represented by a matrix W and the
reconstruction operator is its adjoint matrix W*. We apply the following sparsity-
based regularization model, or referred to as the analysis model ([I6]), for solving
B1):

512]%5\7 AM|[Wall;, st ||[Au—b|s <e, (5.3)

where € is the tolerance related to the noise level. The recovered image is given by

the solution to this model.
By regarding the analysis model (5.3]) as a special case of ((5.2]) with the number
of systems m = 1, Models (5.2]) and (5.3) can be combined and written as a more

compact form like

min |[Wull;, st. |[Au—bl,<e, (5.4)

ucRmN
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where W = diag(\MWh,, ..., \uWy,), A = [A,A,... Al € RN and o =
[w!,...,u]]T € RV,

The minimization problem (/5.4 is an ¢;-norm related convex problem which has
been extensively studied in recent years. It can be efficiently solved by the split
Bregman iteration or equivalently the ADMM method via the following iteration
scheme: o N

(ATA + W W)t = AT(b— &) 4+ pW*(d* — h")

dk+l — Hl(W’U;kJrl + hk>,
" 9.9
hk+1 _ hk + Wuk+1 o korl ( )

\ = &+ Autt — b,

where Hs(w) = [ts(w1),ts(ws),...]" is the soft thresholding operator, with ts(w;) =

e max{0, |w;| — 0} if w; # 0 and t5(0) = 0. Interested readers are referred to [10]
for more details. In our implementation using discrete Gabor induced frames, the
conjugate gradient method is called for solving the linear system in the first step
of the iteration. In the implementation using discrete tight frame with Gabor and
MRA structures, note that W*W = I. If A is a convolution matrix, the linear
system in the first step of the iteration can be solved via the fast Fourier transform if

the periodic boundary condition is considered. If A is an identity matrix or diagonal

matrix, the linear system can be solved via directly inverting AT A + ul.

It is noted that although W is a complex-valued operator, all intermediate vari-

ables uf*! ¢Ft!

are real-valued in both implementations. The reason is that the
filters corresponding to the proposed Gabor induced frames or tight frames with
Gabor and MRA structures always appear as conjugate pairs. In other words, the
coefficients also appear as conjugate pairs. In addition, for any conjugate pair of

coefficients, the thresholding operator 5 either set both to 0 or keep them remaining

as a conjugate pair. Thus, all intermediate variables are real-valued.
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5.3 Image recovery and experimental evaluation

In this section, we apply multi-scale discrete Gabor induced frames based regular-
ization model (5.2)) and discrete tight frames with Gabor and MRA structures based
regularization model (5.3) to solve two typical image recovery problems: image de-

noising and image deconvolution.

The implementation of the regularization method is done as follows. The
multi-scale discrete Gabor induced frames are composed of two systems constructed
in Section [3.4.2l with two different scales. One is the discrete Gabor induced frame
of the form (3.18) modified from the tight Gabor frame in Example using the
B-spline of order 4 with the nodes {0, 2,4,6,8}. Two shift parameters of the lattices
are a = 2 and b = 1. The other system is the large-scale version of the first one,
whose window function is obtained by sampling the same B-spline function of order
4 but with the nodes {0,4,8,...,16}. Two shift parameters of the lattices are a = 4
and b = 1. The filter size of the filter banks associated with these two systems are
p =7 and p = 15 respectively.

In the implementation of the regularization model , the system for sparsi-
fying images is the undecimated version of discrete tight frames with Gabor and
MRA structures constructed from Theorem [4.1] and Proposition [4.2] in Section [4.2]
Tests are taken with transforms in different settings, which include (1) two-level
tight wavelet frame with filter size p = 4; and (2) one-level tight wavelet frame with
p = 8. By writing the model as the compact form , both regularization models

based on discrete Gabor induced frames and tight wavelet frames, are solved via the

iteration scheme ((5.5)).

To illustrate the benefit of constructed discrete Gabor induced frames and tight
wavelet frames with Gabor structure for sparsity-based image recovery, the results
are compared to that from several other ¢; norm based regularization methods us-
ing different systems for sparsifying images. The first one is the popular TV based

image restoration method (see e.g. [I12]), in which the total variation of the image
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(a) Barbara (b) Bowl  (c) Cameraman  (e) Lena

Figure 5.1: Visualization of four tested images

is regularized. The next one is wavelet frame sparsified method from [16]. For image
deblurring, the analysis model is used and the linear spline tight wavelet frame
[99] is applied as the sparsifying system. For image denoising, two systems (local
DCT and linear spline tight wavelet frame) and a multi-layer composite model of
images modified from are considered. The last one is using the same regu-
larization model but the sparsifying system is the dual-tree complex wavelet
(DT-CWT) [101] whose associated filter bank has up to six orientations. In the
implementation of DT-CWT, near Symmetric (13,19) tap filters are chosen in the
lowest level and Q-Shift (10, 10) tap filters are chosen in two higher levels to gain
the optimal performance. The parameters involved in these methods are rigorously
tuned up to achieve the best average performance over tested images. The perfor-

mance of image recovery is measured in terms of the PSNR value given by

If —
PSNR = —201 _
SNR 0log;, 5N
where N denotes the total number of image pixels, f and w denote the truth and

the result.

In the experiments of image deconvolution, the tested images, shown in Figure
5.1} are firstly convoluted with a blur kernel and then added with Gaussian white
noise. The standard deviation of noise is ¢ = 3 and four types of blur kernel are
tested: (1) disk kernel of radius 3 pixels, (2) linear motion blur kernel of length
15 pixels and of orientation 30°, (3) Gaussian kernel of size 15 x 15 pixels and
standard derivation 2, and (4) averaging kernel of size 9 x 9 pixels. Through the

experiments, the parameter of (5.5 for solving multi-scale Gabor induced frame
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based regularization model is uniformly set for all images as follows: A\ = Ay =
é + 30 — 1 and p = . The parameters of for solving the regularization
models using tight frames with Gabor and MRA structures are uniformly set as
follows: (1) for two-level tight frame with p = 4, set A = 4 and pu = g; (2) for
one-level tight frame with p = 8, set A = 1 and p© = 0.2. See Table for the
summary of PSNR values of results deblurred by different methods. It can be seen
that the performance of the proposed multi-scale discrete Gabor induced frames
based method outperform other methods for comparison. And tight wavelet frame
based method is also competitive with other approaches, especially when the filter
size is large enough. The improvement on the PSNR value is also consistent with

the improvement on visual quality; for a visual illustration of deconvolution results
by different methods, one may check Figure [5.2

In the experiments of image denoising, the tested images are synthesized by
adding Gaussian white noise with standard deviation ¢ = 20 on five tested images

shown in Figure 5.3l The parameters of denoising using discrete Gabor induced

frames are uniformly set for all images by the empirical formulation: A\; = % —Z+13;
Aoy = —% + %" — 10 and p = %a. The parameters of denoising using tight frames

with Gabor and MRA structures are uniformly set for all images: (1) for two-level
tight frame with p = 4, set A = 765 and pu = ﬁ; (2) for one-level tight frame with
p=_8,set A = % and p = %. See Tablefor the summary of the PSNR values
of the results denoised by different methods. Similarly as the deconvolution problem,
the denoising results of both proposed approaches are competitive compared to those
of other methods. Especially, the discrete multi-scale Gabor induced frames provide

very good performance. And see Figure for a visualization of the denoised

images.
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(a) original image (b) blurred image

(d) framelet (f) Gabor induced frame

(g) two-level, p =4 (h) one-level, p = 8

Figure 5.2: Visual illustration of image deconvolution. (a) True image; (b) image
blurred by motion kernel and added by noise with noise level o = 3; (c¢)-(j) deblurred
results by different methods.
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(g) two-level, p =4 (h) one-level, p = 8

Figure 5.3: Visual illustration of image denoising. (a) True image; (b) noisy image
with noise level o = 20; (¢)-(j) denoised results by four different methods.
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5.4 Conclusions

In this chapter, we tested the efficiency of the constructed discrete Gabor induced
frames and tight frames with Gabor and MRA structures for finite signals from
the need of sparse image modeling. As shown in the experiments, compared to the
existing wavelet frames often seen in many sparsity-based image recovery methods,
the discrete Gabor induced frames constructed in Chapter [3[ and tight frames with
Gabor and MRA structures constructed in Chapter [ have their advantages on
orientation selectivity and on the flexibilities of modelling both image edges and
local textures. Especially, the discrete Gabor induced frames, which possess the
flexibility in desinging window functions with different decay, provide noticeably

better results than other methods.



Chapter

¢1 regularizers with different loss functions

for Sparse€ recovery

6.1 Introduction

Recall that the problem of signal recovery usually models the observation as the

output of applying a linear operator A to image of interest:
b=Af+n, (6.1)

where b € CM denotes the observed data, f € CV denotes the truth to be esti-
mated, and n € CM denotes the measurement noise. In the last few chapters, we
are devoted to finding proper systems to meet the needs of sparsity-induced image
recovery, i.e. the underlying image can be sparsely represented under the given sys-
tem. Based on the sparsity assumption, ¢/;-norm regularizer has been widely used as
the convex relaxation of {y-norm regularizer for sparse recovery. In this chapter, we
will investigate the stability and robustness of ¢;-norm related regularization mod-
els. For convenience, we assume that the truth f itself is sparse or approximately
sparse. In fact, sometimes the analysis based on such assumption is equivalent to
that based on the assumption f is sparse under some transform. For example, con-

sider the problem of image deconvolution or denoising, where A is a convolution

79
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matrix or identity matrix. And assume W is the analysis operator of a tight frame

defined by the filter bank. By the commutativity of W and A,
MAz—b[5+||Wall = \[W Az —Wb|;+ | Wz|, = \| AWz - Wb|;+ | Wz|.
Therefore, in order to estimate ||Z — f||2, where @ is a solution to
min MN|Az — b3 + [|[We|,
one only need to estimate ||y — W f||2 = || — f]|2, where y = W& is a solution to
min A| Ay — Wll; + [yl

By assuming f is sparse, i.e. most elements of f are zero or close to zero, typical
¢1-norm regularizer based optimization models for sparse recovery can be either a

constrained model:
ma}n |lz|l1, subject to L(b— Az) <9, (6.2)
or an unconstrained model:
majn AC(b— Ax) + ||x||1, (6.3)

where L is a loss function,  and A are both pre-defined parameters. Usually the loss
function L is set according to the statistical property of measurement noise n. For
example, L(-) = ||-||? is preferred, when noise n is the additive Gaussian white noise
(see e.g. [100, 4, 61], 25]). When noise is impulse noise or there exists significant
amount of outliers, the ¢;-norm based loss function £(-) = || - ||; is preferred (|66,
67, 90]). In recent years, many efficient algorithms have been developed to solve
these non-smooth ¢;-norm relating optimization problems; see e.g. [62] 55l 41l 5]
115, 15, 04, 114]. In this chapter, we aim at studying sufficient conditions on the
measurement matrix A for guaranteeing a robust and stable recovery of signal via
solving with different loss functions £, as well as how to set optimal value of

the regularization parameter \.
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6.1.1 Robust and stable recovery

We consider a robust and stable recovery of sparse signals in terms of the following

three aspects.

1. Noise-robustness. The stability to noise refers to how much the noise n in

(6.1) is magnified in the solution.

2. Approzimation-stability. Often a signal f is only approximately sparse with
most entries close to zero. The stability to sparse approximation refers to
how much the following best s-sparse approximation error is magnified in the
solution:

— inf —
os(f) = inf [If —ylh.

where Y, is the collection of all signals with at most s non-zero entries.

3. e-optimality-stability. As the model is usually solved via some iterative
method, only an approximate solution f to (6.3) will be available which sat-
isfies

AC(b— AF) + | fll < min(AL(b — A) + [[]) + €,
for some constant €. The stability to the e-optimality refers to how much € is

magnified in the solution.

Therefore, we give the following definition of a robust and stable recovery of

sparse signals by model (6.3]).

Definition 6.1 (Robust and Stable Sparse Recovery). Consider a noisy measure-
ment b = Af + n of signal f. We say that the model (6.3) admits a robust and
stable sparse recovery of f under p-norm if there exists some A\ > 0 such that for

any f satisfying e-optimality condition:
AL(b — AF) + | fll < min(AL(b — A=) + [[]) + e,

we have

1 = Fllp < erllnlly + c2s" o, () + cse.
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Here, || - ||, denotes the p-norm of a vector space with p > 1, and ¢y, ¢, ¢35 are all
constants that are independent of the sparsity degree s, as well as the dimensions

of f and b.

6.1.2 Literature review

Before going to our results, we give a brief review of existing works about the robust

and stable recovery via related ¢;-norm regularizer based models in this part.

In the noise-free case where n = 0 in (6.1]), the ¢;-norm regularizer based model

for sparse recovery becomes ¢; minimization with equality constraints:
min ||z, subject to Az = b, (6.4)
€T

which is also known as basis pursuit problem ([26]). One necessary and sufficient
condition of exact sparse recovery is imposed on the null space of A. Suppose the
truth f is s-sparse. It is shown in [59] that the truth f is the unique solution to
(6.4) if and only if the null space property of order s holds for some constant
B € (0,1). When f is approximately s-sparse, it is shown in [59] that

- 1 ~
17 = £l < 125 (17 = 1711+ 20.0)

for any A f = Af if and only if A satisfies the null space property of order s with
constant 0 < 8 < 1. It implies that the null space property is a sufficient condition
for stable sparse recovery when using . Besides the null-space property, many
other sufficient conditions are proposed for exact sparse recovery using . For

example, the so-called mutual coherence is used in [46] 49] for exact recovery of f,

which states that f can be exactly recovered by solving (6.4]) if u(A) < m,
where
(A, Ay)|
f(A) = max
ik || Aglla][ A2

By restricting the maximum radius of the intersection of unit ¢; ball and ker(A)

to be ¢/+/s for some constant ¢, the so-called width property, i.e., there exists a
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constant ¢ > 0 such that
I£ll2 < = llzl,  for any @ € ker 4,

is proposed in [70] to guarantee an exact recovery of f via (6.4), as well as the

approximation-stable recovery of f when f is approximately sparse.

In the presence of noise such that b = Af + n with non-zero noise n, both ¢;-
norm and /s-norm have been used as the loss function, and most of the researchers
consider the constrained optimization model (6.2]), with £ being either || -||2 or || - ||.

For the />-norm loss function based model, which reads
min ||z|; subject to ||b — Az||s <0, (6.5)

the robust null-space property defined in Deﬁnitionis introduced in [59, 57, 107] to
ensure an approximation stable and noise robust recovery. It is shown in [59] 57, [107]

that if A satisfies the robust null-space property (2.10)), then any minimizer f of

(6.5) satisfies

If = £ll2 < —=0.(f) + 20, (6.6)

&1
N
where ¢y, ¢o are two positive constants. The same result can also be obtained if the
matrix A satisfies the robust width property ([70]). Another well-known sufficient
condition for guaranteeing the stable and robust sparse recovery is the so-called
restricted isometry property first introduced in [24]. A matrix A is said to satisfy
the s-th order restricted isometry property with constant ~; if for any s-sparse vector
T,

(L= y)llellz < Az )3 < (1 + ) [ll3,

where v, is a positive constant called restricted isometry constant. More details can
be found in [23], 19, [58, 56l [17].

For the ¢1-norm loss function based model which reads

min ||x||; subject to ||b— Ax|; <, (6.7)
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it is shown in [107] that when A satisfies the robust null-space property (2.11]), the

model will admit a robust and stable recovery of sparse signals such that for
any minimizer f of (6.7),

If = £l < c105(f) + 0. (6.8)

Furthermore, in the context of super-resolution of sparse signals, it is shown in [21]
that as long as the matrix A satisfy the null-space property, the constrained model

(6.7) will admit a stable and robust recovery of sparse signals in the form of (6.§)).

The ¢;-norm regularizer based unconstrained model with the square of fs-norm
loss function has been known as the lasso estimator ([I09]). The model usually
reads

wmin A[b — Az + |||, (6.9)

where A\ is some pre-defined positive regularization parameter. As a statistical re-
gression tool, has been extensively studied in the literature; see e.g. [84], 118
116, 85, 22]. The error analysis of in statistical regression is rather differ-
ent from that of signal recovery, as it focuses on the estimation error in terms of
|Af — A f ||, where f denotes one minimizer of (6.9). In the context of sparse
model, it is shown in [22] that when the parameter f is a s-sparse vector, the term
|Af — Af]|, is well bounded with high probability provided that s is sufficiently

small.

From the viewpoint of sparse recovery, the ¢;-norm loss function based un-
constrained model,

min A[[b — Az + ||, (6.10)

is discussed in [68]. A sufficient condition on stable and robust sparse recovery
using (/6.10)) is proposed in [68], which assumes that there exist constants D > 0 and
0 < 8 < 1 such that

[/l + lz]ly — [[ere]ls < Dl Az|ly + Bz,

holds for any @ and any set 7" with |T'| < s, if A is suitably chosen.
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6.2 Robustness and Stability of 63-61 and /;-/; mod-

els
As aforementioned, two most often used loss functions £ are L£(-) = || - ||3 and
L(:)=1-]1. We call the model with || - ||3 based loss function the ¢3-¢; model:

min \||b — Az||3 + ||z, (6.11)
and call the model (6.10]) with || - ||; based loss function the ¢;-¢; model:
min A|b — Az||; + ||z (6.12)

In this section, we would like to investigate the sufficient conditions on A so that
the models (6.11]) and (6.12)) can admit robust and stable recovery of sparse signals
in terms of Definition [6.1, as well as how to set the regularization parameter A

accordingly.

Assume N > 2s. For £3-¢; model (6.11]), we have the following result.
Theorem 6.1. Let f denote any vector that satisfies the e-optimality condition:
M — AFI3 + 7]l < min(Ab — Az + 2ll,) + < (6.13)

Suppose that the matriz A satisfies the robust null-space property of order s with
constants Dy > 0 and By € (0,1). Then for A = VS we have

l[nll2”

~ c1
If=Fll2 < %Us(f)+02ﬂn||2+c3€a (6.14)
ID1+2 8D2+16D1+2
where o = {5, 2 = g+ ond s = G2

Before giving the proof of Theorem [6.1] the following lemma is introduced.

Lemma 6.2. For any d € CV and any index subset T C {1,..., N} of size [T| = s,
1
NG

where Ty is the index set of the s largest elements of |d| in TC.

|dl|2 < [|drl|2 + ||dz, |2 + —=]|dre

1- (6.15)
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Proof. For the given vector d € CV and the index set T of |T| = s, we divide T°
into sets of size s in order of decreasing magnitude of dr., denoted by 11,75, .. ..
That is, define T} to be the index set of the s largest elements of |d| in 7. Let
T be the index set of the s largest elements of |d| in (T U T})¢, and so on. Based
on the definition of {13, T, ...}, |dr,(m)| < ||dr,_, |1 for any m and j > 2. Then

ldr, 13

Zm |de (m)|2 <s —Z i.e.

||dT7||2 < 8_1/2“de—1||17 ] > 2.
Therefore, we have the following inequality about ||d||s:

Idll2 < l|dzll> + lldrlla + ) lldx, 1>

7>2
< lldrlls + [1dr, 1> + %Z Iz,
7>1
< lldrlls + [1dr,I> + %udwul.
The proof is done. n

proof of Theorem[0.1] Let h = f — f. By the condition on f,
b= AF[3+ [ £l < min(Al|b — Az|; + [[z]l1) + €

< Ab—AFf|3+ || Flls + ¢

= M3 + 1 flh +e (6.16)
Expanding ||b — Af|2 as

Ib— AFf]|?
=|b— Af|}+||Af — Af|5— (b— Af, Af — Af) — (Af — Af.b— Af)
=|n|3 + ||AR|j3 — (n, Ah) — (AR, n),

we have then
~ €
|AR[5 < <(Ifll = I fll1) + (n, Ah) + (Ah,n) + X
. (6.17)

A

INA
Sl = >

1Rl + 2[[n[l2]| ARl +
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For f € CV, we divide it into the sets of size s in the order of decreasing
magnitude, denoted by T, 11, T5, . ... That is, T" is the index set of s largest elements
of | f|, then define T} be the index set of s largest elements of |f| in 7, and so on.

1- Use (6.16) and notice that || f|j1 = || frll1 + || frell1

Then obviously os(f) = || fre

£+ Mz + e = (11 = [zl = [Mhrll = [ Frell + [Rrelh

Thus,

lhzelly < 2l frell + [zl + Aln|l3 +e. (6.18)

Together with the robust null-space property and notice that ||hr|1 < /s|lhr||2,

we have

A

lhrlls < D[l ARy + —=
7

@Il frells + Azl + Alnll2 +€)
B

< Billhrll2 + D:||Ah||y + \/—(2||ch 1+ Aln|3 +e€),
which implies
1 20 15}
lhrll < 7— (\/—leTcHl + \/1_ (Mnll3 + €) + D1l Ah]l). (6.19)

Then combining (6.18) and (6.19)), we have

[Rrelly < 2[[ frelli + Mn[3 + € + v/s[| Azl
(6.20)

<

Il = (Al + ) +

Thus,
[kh]lx = [[hrlly + [|hze]lx

(6.21)
< a2 frells + M]3 +¢) +

where o = % By (6.17), we have

1 €
AR5 < X\Ihlll + 2|[n|l2[|Ah||2 + X

2 € 2D
< (FUsrlh + Il + ) + oo L ARl + 2l Anl + §

2D1/5

e
2
L+ al|n; + (—)\(1 5 + 2||n||2) |Ah||2 +

2a
= e 1= B
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Thus, we have the following inequality on ||Ah||2:

2D o Fre 5
| Ahl> < (A(%ﬁ) +2|n)2) + ﬂ\/@ +ilm2 + >\(1 jﬁl)

< GV 2l +f<\/“fT e+ 2, [ 1+5)

2D1y/s \/_ | fre 1
< k@ vl +va (Y ) o +1_5(16>.22)

The remaining step is to give an upper bound of ||h||5. By robust null-space property,

Az |l2 < D1||Ahl|2 + \/_||th||1
By (6.21]), we have then
|z |l2 < D1|| Akl + \/_||th||1
< Dy Ahlly + “=| k[ 6.23
\/— (6.23)
aby
< aD||Ah|;+ —= /s @2l frelly + Mnll3 +€) -

By the inequality provided in Lemma 6.2}
[Rll2 < [[hrll2 + [l ]2 +

together with (6.19), (6.20]) and (6.23)), we have

(14 61)?
NG

. Combining the above inequality with (6.22) gives

\/—Hth”lv

[hl2 < (2l fre

- [Di(3+ 61| 4nls + L AlnlE el (6:24)

Recall that A = 74

Rz < 1+ calln |2 + ese, (6.25)

\/—HfTC

where

0y = DiB+80+8)12 +2(1+51>2 < 3D1t3

(1-B1)3/2 = (1-B1)*’ .
_ 3481 ( 2D 1+5 (1481)? 8D?+16D1+2
=D (E5 + /i 2+ 5s) Y S ey (6.26)
— Di(3+B1) 1 (1+,81) 4D 42
= "18 1-A + Vs(1—=p1) < (1*%'1)2'

The proof is done. [



6.2 Robustness and Stability of /3-¢; and ¢;-¢; models

89

This theorem shows that the robust null-space property is sufficient for the robust

and stable recovery of £3-¢; model, given a suitable choice of A related to the noise

level. For ¢,-¢; model (6.12)), we have

Theorem 6.3. Let f denote any vector that satisfies the e-optimality condition:
Mb— Afll+ £l < min(A|b — Az, + [[=]1) + € (6.27)

Define v = infaga—a |R||1. Suppose that A satisfies the null space property of

order s with constant B € (0,1). Then for A = 2L, we have

1+6°
1F = Fll < c0u(F) + exllnfh + s, (6.28)
where ¢; = %, Cy = 14_—757 and c3 = 14—__,8

Proof. Denote h = f — f. For any R satisfying A = ARA, decompose h as
h = h® + h", where h = RAh and h"Y = h — h®. Obviously, h"V € ker A. Take
T to be the index set of the s largest components in |f|, then o4(f) = || fre||: f
satisfies (6.27)), which implies that

IFlls + ALAF = bllx < min(|a], + A Az — b)) + ¢

< |[flls + AlJAf = bl +e
Since f = f +h = f +h" + b,

£l + M AF —blls
=|f +h" + h%|; + M|Af — b]|;
>\ frlls = [(BY)rll + [(BY)rell — | Frells — [|RE]l + A AF — B])1.

Therefore,

1= [[(RY) 7]l

>(1 = B)I(h")re

2 Frelli + A (IAF = Bl = |AF = bll1) + [R5 + € >[|(B")r-

1-
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Here, the last inequality is by the null space property and the fact that A" € ker A.

Therefore,

1
1-p

1-

(6.29)

(201#r

A (I1AF = bl = JAF = bll1) + [R5 + €) > [[(hY)r-

By using the null space property,

B ~
= (2 frell + A (JAS = Blly = IAF = bll2) + [RFly +€) = [[(h¥)rlr. (6.30)
1-p5
Then by adding (6.29)) and (6.30)) together, we obtain
1+ ~
2 (205l + 2 (IAF ~ bl — AT~ BlL) + %1 +€) = Y]

Adding ||h%||; on both sides leads to

et . — b, — - _c > [|R;.
=5 (2||fT 1+ A (HAf bll, — [[Af b||1) +€> t1o ﬁ”h (=it
Since

1], = | RAR], < [RIACF - Pl < IR (1AF — bl + |AF ~ bl
and [|[Af — bl = ||n]|:, we get

1 ~
1+ Slnll+ ese+ ——= 2 R[ly = A1+ 5)) [|ASf — bl

hi; < o
Il < el £ —
where ¢; = %, ¢y = 125 2l R[i + A1+ 8)) and ¢ = % Note that the above

process holds for all R satisfying ARA = A and v = infara—a | R||1. Therefore,

1 ~
L eallnll + eae + 1 2y = M1+ 5)) | AF bl

where ¢y = ﬁ 2y +A140)). If A= 11—757

|hll1 < il fre

k|l < el fre

1+CQ||’I’L||1 + c3€, (631)

with ¢y = 11—76. O
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It can be seen that the ¢1-¢; model (6.12)) only requires the null space property
to guarantee a stable and robust recovery of sparse signals, while the £3-¢; model

(6.11)) requires a seemingly stronger condition. At this point, the natural question

is whether there indeed exists a gap between (6.12)) and (6.11)) on the requirement

for the stable and robust sparse recovery. The following example gives a positive

answer.

Proposition 6.4. For arbitrary 0 < B < 1, suppose that M, N and s satisfy N/2 >
M > 2C(3/3)slog*(N). Then, there exists a matriz A € RM*N that satisfies the
null-space property of order s with constant 3, but the (3-f; model (6.11) with A

cannot gquarantee neither robust nor stable recovery.

Before proving the result about the gap between the null-space property and the
robust and stable sparse recovery of ¢3-¢; model (6.11)), we introduce the following

lemma from [9].

Lemma 6.5. ([9]) For any given B < 1, there exists C(S) such that when M, N, s
satisfy N/2 > M > C(B)slog*(N), then there exists a matriv R € RM*N that has

the null-space property of order s with constant B and (1,...,1)" € ker R.

To prove Proposition we first construct a matrix A satisfying the null-space
property. With the constructed A, we then give particular examples of original
signal f and observation b. And in these examples, the robust or stable recovery
as defined in Definition [6.1] cannot be obtained. The idea of such construction is
inspired by [9], which provides an example about the gap between the null-space

property (NSP) and restricted isometry property-null space property (RIP-NSP).

Proof of Proposition[6.4. Since N/2 > M > 2C(5/3)slog*(N) implies (N — s)/2 >

(M —s) > C(B/3)slog(N — s), one can find B € RM™=*)*(N=5) gatisfying the

null-space property of order s with constant 3/3 and e = (1,...,1)" € ker B. Define
——

N—s

Ne={x ckerB:x | e},
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N, =4{(0,...,0,x) : & € N},

and

N = N. @ span(d),

where d = (%

0,...,0,—1,...,—1). Then set ¢ = (2 o 0,1,001), a = |||
—— — S—~—— Y~

s—1 N—s s—1 N—s
and ¢ = iqb Easily, one may verify ¢, L. N. Therefore, there exists an orthonor-

mal basis of Nt including ¢;. Let A be the matrix whose rows are this orthogonal
basis and ¢, is its first row.

Claim: A satisfies the null space property of order s with constant 5.

To prove this assertion, we follow the similar steps as that in [9]. Without loss of
generality, consider h € ker A, that can be represented by h = g+d, where g € N/.
Take T'={1,2, ..., s}, and arbitrary I C {1,..., N}, with |I| < s. Then

N —s
2

[hr[ly = lldrl[, = B,

and

Ihrells > =) hre(j) =N — s,

jET®

since gre L e. Therefore, ||hr||; < ﬁHth 1. Then,

|kl = [[Rraz |l + (| Rraze |y

< |l + [[hiazellr

5”th 1+ [hrage ||y

ﬁuhmc (1 ﬁ)HhmTc

Note that hp. € ker B. Therefore,

lPrlly < —thcmTcHl +(1+ B)HhmTcHl

5 B+2p
<Gt 53

< BllRrenrellr

< Blhe|1-

S Prenre |y
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Thus, we have shown that A has the null-space property with constant [.

Next, we give two particular examples which violate the robust and stable re-
covery. Firstly, for robustness, consider the s sparse signal f =d + ¢ = (%5 +
%,O, ...,0), observation b = 0 and noise n = —Af. Then f = 0 is the exact so-
lution to the (2-¢; model (6.11), and ||f — fll2 = %28 + % Since d € ker A,

2

Af = A¢p = (||@]l2,0,...,0)". Then ||n|, = ||[Af|2 = ,/% + N — s. Therefore,

HJ?— fll2/lInll2 &= ¢/ N — s, where ¢ is a constant. This contradicts with the re-

quirement of robust recovery that ||f — f|l» < c1]|n|l2, for some constant c;.

Secondly, for stability, consider the true signal f = d € ker A, as well as the
observation and noise b = n = 0. Then f = 0 is the exact solution to the 3-¢,
model (6.11). However, in this example, ||f — fl> = ||d||2 = \/@52 + N — s,
and os(f) < || fre|]i = N — s, where T'= {1, ..., s}. This violates the requirement of

stable recovery that || f — f|l» < \/%as( f), for some constant ¢ independent of s. [

6.3 Experiments

In this section, we evaluate the effciency of the £3-¢; and £;-¢; models when solving
the super-resolution problem. The details of the problem formulation are as follows.
To recover an N dimensional signal f, the information b we observe is M = 2f.+ 1
lowest Fourier transform coefficients of the truth f, added with measurement noise
n, i.e.

b=Af +n. (6.32)

That means the measurement matrix A is part of the discrete Fourier matrix F €
CN*N by selecting its M rows corresponding to the low frequencies. Usually the
information available is far less than the signal dimension, i.e. M << N. By the
assumption that the true signal f € CV has certain sparsity, i.e. it has at most s
nonzero elements with s << N, one may implement the ¢3-¢; model or the
¢1-f1 model to solve the linear inverse problem ([6.32)).
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6.3.1 Numerical algorithms

To solve the proposed models, we apply the alternating direction method (ADM)
derived from their dual problems, or referred to as dual-based ADM ([114]).

Firstly, we consider the £3-¢; model. The dual problem of (6.11)) is

1
;Ielgﬁ Re(b™y) — ﬁHyHg subject to A*y € B°, (6.33)

where B® = {z € CV : ||z||ls < 1}. Since A is a partial Fourier matrix, the rows of
A € CM*N are orthogonal, i.e. AA* = I. Then it can be solved via the following

schemes: )

Yyt = aAzF — B(AxF —b)

Shtl PBfO (A*yk—i-l + a:k/,u) (634)

\wk-i-l — mk +7M(A*yk+1 _ zk-ﬁ-l)7

where a = ﬁ, B = . Herein p > 0 is an intermediate penalty parameter,
2

s
v € (0,(v/5 4 1)/2) is the steplength attached to the update of A, and Py is the
projection operator onto a set S. The solution f is given by x* at some step k
when the stopping criterion is satisfied. For more details of the algorithm and the

convergence analysis, one may check [114].

For the ¢1-¢; model (6.12)), it is equivalent to the constraint ¢; regularized mini-

mization with the introduction of auxiliary variable 7:

1
min —|lz[j; + ||r|1 subject to Ax+4r =0b.
zeCN A

recM
Therefore it can also be formulated as a basis pursuit problem by raising up the

dimensions of £ and A:

min ||Z||; subject to Az =b, (6.35)
ZECM+N
A (A lI] A b = % A A* : *
where A = 2_. b= — and & = . Note that AA* =1, if AA* = 1.
Vit A1+ r

In fact, the basis pursuit problem can also be solved via the dual-based ADM. The
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dual problem of basis pursuit model (6.35) is given by

max Re(b*y) subject to A*y ¢ B,
ye(C]\/I

where B® = {z € CM*N . ||z]|,, < 1}. This problem is a special case of (6.33) with
% = 0. Therefore, it can be solved by the same scheme as 1) by setting % =0
and replacing A, b and « by A, b and Z. For more details, interested readers are

referred to [114].

6.3.2 Experimental evaluation

In the experiment, we take the dimension of original signal & as N = 1000 and
the sparsity s = 40. We are targeted at recovering the following two types of
sparse signals: 1) the support is chosen at random and the values of nonzeros are
randomly generated from the standard normal distribution; 2) the support satisfies
the sufficient separation condition, i.e. for some constant ¢ > 0,
. S
' €supple) J47 i=Jl=ze

and the values on the support are randomly generated from the standard normal
distribution. In particular, the minimum separation constant ¢ = 19 in our exper-
iment. As in the linear model , the observation b is the M = 2f. 4+ 1 lowest
Fourier coefficients of & with f. = 150, added by Gaussian white noise n. The
standard deviation of Gaussian noise is set as o = 0.002, 0.005 or 0.02, respectively.

The signal to noise ratio (SNR) of b is measured by
SNR = 2010, ([|b — E(b) ||/ ]|2),

where E(b) is the mean of b. For each type of signal support and each noise level
o, we randomly generate 10 tested signals  and corresponding observations b. The
mean of SNRs of the 10 simulated data b is shown in Table [6.1l To solve x from b

using the ¢2-¢; and ¢;-¢; models, we apply the YALL1 solver [I14] that implements
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Table 6.1: Results of experiments

03-0, l-4y
o supp SNR

RelErr2 | RelErrl | RelErr2 | RelErrl

suff seprt | 39.3819 | 0.0066 | 0.0067 | 0.0060 | 0.0071

002 rand 39.3326 | 0.1978 | 0.1284 | 0.1940 | 0.1283
suff seprt | 31.4272 | 0.0187 | 0.0236 | 0.0236 | 0.0352

00 rand 31.3776 | 0.2112 | 0.1622 | 0.2186 | 0.1822
suff seprt | 19.4401 | 0.1064 | 0.2104 | 0.1195 | 0.2265

002 rand 19.3895 | 0.2786 | 0.3561 | 0.2849 | 0.3688

the dual-based ADM described in the last section. The suitable values of parameter
A in the two models for different noise levels are shown in Table [6.1l
The performance of each model can be evaluated by the relative error (RelErr)

of the solution fto the truth f in ¢ norm, i.e.

RelErr2 = M,
1£1l2
and the relative error in ¢; norm, i.e.
RelErrl = u
[ralh

To reveal the average performance of the two models on 10 randomly generated test

signals, the mean of the resulted relative errors are illustrated in Table [6.1]

From the results, we find that when the original signal satisfies certain sufficient
separation condition, the results will be much better than the case that the support
is randomly chosen. And although the observation is simulated by Gaussian noise,

the £1-¢; model is competitive with the ¢3-¢; model.

6.4 Conclusions

In this chapter, we investigate the conditions to ensure a robust and stable recov-

ery of sparse signals via two ¢;-norm regularizer based unconstrained models with
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square of fo-norm and ¢;-norm based loss functions. The results stated in Theo-
rem [6.1] Theorem [6.3] and Proposition [6.4 not only tell us sufficient conditions for
a robust and stable recovery via the £3-¢; and ¢,-f; models, but also show that the
¢1-norm based loss function requires a weaker condition for robust and stable sparse
recovery than the square of ¢5-norm based loss function. In addition, how to set the
regularization parameter for achieving robust and stable recovery is also provided
in our analysis. The experimental results reveal that the efficiency of ¢;-¢; model
(6.12) is competitive with that of ¢3-¢; model (6.11)), even if the additive noise is of

Gaussian type.
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