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Summary

This study addresses the large deformation and transport phenomena of composite

gels subjected to swelling with two constituent polymers which have different sensitiv-

ity to external stimuli. It is desired to investigate the effect of external stimuli on the

equilibrium swelling of two kinds of composite hydrogels: core/shell hydrogels and a

natural/synthetic gel.

In the theoretical model, a hydrogel is assumed to be a multi-phase medium includ-

ing polymer network, solvent and solutes (for the case of ionic hydrogels). Governing

equations and constitutive relations are described by means of the free energy imbal-

ance relation. The theoretical model is extended to analyze the equilibrium swelling of

core/shell hydrogels which are stimuli-responsive.

The influence of temperature, pH, and ionic strength are studied. First, numerical

simulations are provided for the equilibrium swelling of a doubly temperature-sensitive

core/shell hydrogel. The equilibrium swelling of poly (N-isopropyl acrylamide)/ poly

(N-isopropyl methacrylamide) core/the shell with different volume phase transition

temperature (VPTT) for each domain has been determined by finding the mutual in-

teraction between core and shell. A homogeneous swelling of the core, and a radial in-

homogeneous swelling of the shell have been predicted at different temperatures. Veri-

fication with the experimental data from dynamic light scattering reveals that increasing

the shell thickness develops a two-step transition behavior in the swelling-temperature

curves which attribute to the VPTTs of the core and shell polymer network. In contrary,

hydrogels with thin shells exhibit only one transition point attributed to the VPTT of
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the core.

Next, the equilibrium swelling of a dual pH- and temperature-sensitive core/shell

hydrogel is studied. This hydrogel includes the poly (N-isopropyl acrylamide)-co-

Arylic Acid in the core and poly (N-isopropyl acrylamide) in the shell. In agreement

with observations, swelling ratio decreases with temperature and shows two transition

points akin to the VPTT of the core and shell at higher pH values. The model predicts

the decrease of the degree of ionization in the core with temperature showing a simi-

lar trend as the swelling ratio. Furthermore, the maximum radial stress occurs at the

core/shell boundary when both domains collapse. Moreover, the main mechanism for

swelling in an acidic bath is determined to be the induced pressure by the electrostatic

repulsion between bound charges rather than the ionic pressure.

Finally, a natural/synthetic composite gel is synthesized for swelling experiments

when solution pH varies from very low to very high. A homogeneous swelling is as-

sumed for this hydrogel based on its observed morphology. A non-monotonic depen-

dence of swelling ratio on pH is observed. A theoretical model accounting for the ef-

fect of pH and ionic strength is utilized to elucidate this phenomenon by establishment

of ion pairs between fixed ions of functional groups and mobile ions. The influence

of constituent polymers of the composite gel on its swelling ratio is investigated. The

swelling and the mechanical stiffness of AC composite hydrogels can be adjusted by the

concentration of carbopol and agarose, respectively. It is suggested that the swelling of

carbopol may be hindered by the stiffness of agarose.

VIII



CONTENTS

Perface

This thesis presents a numerical and experimental study of equilibrium swelling of

stimuli-sensitive composite hydrogels. The following publications are carried out for

this doctoral thesis

Journals and Conferences:

1. N. Hamzavi, A.D. Drozdov, Y. Gu, E. Birgersson, 2015, Modeling equilibrium

swelling of temperature-sensitive core/shell gels, In preparation.

2. N. Hamzavi, A.D. Drozdov, Y. Gu, E. Birgersson, 2015, Equilibrium swelling of

coupled pH- and temperature-sensitive core/shell gels, In preparation.

3. N. Hamzavi, A.D. Drozdov, Y. Gu, E. Birgersson, 2015, A pH-sensitive nat-

ural/synthetic composite hydrogel: Numerical simulation and swelling experi-

ments on Agarose-Carbopol, In preparation.

4. N. Hamzavi, A.D. Drozdov, V.P.W. Shim, Y. Gu, 2014, Micromechanics of Com-

posite Hydrogels, 24th International Workshop on Computational Mechanics of

Materials (IWCMM 24), Madrid, Spain.

IX



CONTENTS

Other works:

1. J.Y. Dewavrin, N. Hamzavi, V.P.W. Shim, M. Raghunath, 2014, Tuning the archi-

tecture of three-dimensional collagen hydrogels by physiological macromolecular

crowding, Acta biomaterialia, 10 (10), 4351-4359.

2. N. Hamzavi, W.M. Tsang, and V.P.W. Shim, 2013, Nonlinear elastic brain tissue

model for neural probe-tissue mechanical interaction, 6th International IEEE/EMBS

conference on neural engineering (NER), San Diego, USA.

3. N. Hamzavi, A. Sharma, K.M. Sum, C. Wanpei, H. Kai, T.Y. Ling, L. Wan’E, C.

Chan, 2012, Nasogastric tube introducer device, U.S. Patent 61/725,178, Issued

in Nov. 2012.

4. N. Hamzavi, W.M. Tsang, V.P.W. Shim, 2012, Investigating the mechanical in-

teraction between neural electrode and brain tissue, International Conference on

BioElectronics, BioSensors, BioMedical Devices, BioMEMS/NEMS and Appli-

cations (Bio4Apps), Singapore.

5. N. Hamzavi, W.M. Tsang, V.P.W. Shim, 2012, The effect of neural electrode

insertion speed on tissue strain during implantation – A study based on brain

phantom material and image correlation, International conference on medical

and biological engineering (ICMBE), Singapore.

X



List of Figures

1.1 Schematic of polyacrylic acid molecule in dry and swollen state . . . . 6
1.2 Schematic of the swelling of a dry hydrogel . . . . . . . . . . . . . . . 10
1.3 Elastic modulus for a wide range of soft materials is shown. . . . . . . . 11

2.1 Three configurations employed to describe macro deformation of a hy-
drogel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Schematic of core/shell composite hydrogels are shown at three differ-
ent states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.3 Calculated Swelling ratio in the core/shell hydrogels by Comsol Multi-
physics and the in-house Matlab code with different shear modulus for
each domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.1 Radius of isolated core of microgels as a function of temperature . . . . 49
3.2 Radius of core/shell microgels as a function of temperature and shell

thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.3 Radial stress in the pNIPAM/pNIPMAM core/shell hydrogel with Vshell/Vcore =

1.33 at three different temperatures . . . . . . . . . . . . . . . . . . . . 52
3.4 Tangential stress in the pNIPAM/pNIPMAM core/shell hydrogel with

Vshell/Vcore = 1.33 at three different temperatures . . . . . . . . . . . . 53
3.5 Polymer density in the pNIPAM/pNIPMAM core/shell hydrogel with

Vshell/Vcore = 1.33 at three different temperatures . . . . . . . . . . . . 55

4.1 Radius of the core-shell hydrogel at three pH values . . . . . . . . . . . 84
4.2 Interaction parameter of the core is calculated at three pH values . . . . 85
4.3 Degree of ionization of the core calculated of the core/shell microgel

with pNIPAM-co-AAc in the core and pNIPAM in the shell . . . . . . . 86
4.4 Simulation results for induced pressure by electrostatic forces and ionic

pressure of pNIPAM-co-AAc/pNIPAM core/shell microgels . . . . . . 87
4.5 Radial stress in the shell versus normalized radius of the shell in the

initial state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.6 The interface stress at the core/shell boundary as a function of temperature 91

5.1 Schematic of the formation of three-dimensional network of agarose
from solution by decreasing temperature . . . . . . . . . . . . . . . . . 97

5.2 Conceptual schematic of the structure of carbopol hydrogel . . . . . . . 98

XI



LIST OF FIGURES

5.3 Chemical formula and physical structure of agarose . . . . . . . . . . . 99
5.4 Chemical structure of acrylicacid polymer and carbopol in powder form 99
5.5 Agarose-carbopol polymer in solution and in gel form . . . . . . . . . . 100
5.6 Preparation process of translucent speciments of agarose-carbopol . . . 101
5.7 Temperature readings from agarose cylindrical samples . . . . . . . . . 102
5.8 Evolution of light absorption with time during the transition of agarose

polymer solution to polymer gels at ambient condition . . . . . . . . . 106
5.9 Evolution of temperature with time during the transition of agarose

polymer solution to polymer gels . . . . . . . . . . . . . . . . . . . . . 106
5.10 AFM imaging shows the morphology of the surface of an agarose-

caropol (AC1) hydrogel at highly swollen state . . . . . . . . . . . . . 108
5.11 AFM force spectroscopy of swollen AC1 hydrogels . . . . . . . . . . . 109
5.12 Swelling behavior of 0.5% g mL−1 pure agarose hydrogel at different pH111
5.13 Swelling behavior of AC1 composite hydrogels at different pH . . . . . 112
5.14 Swelling behavior of AC2 composite hydrogels at different pH . . . . . 114
5.15 Swelling behavior of AC3 composite hydrogels at different pH . . . . . 114
5.16 Swelling behavior of AC4 composite hydrogels at different pH . . . . . 115
5.17 Equilibrium swelling ratio of AC3 and AC4 composite gels at different

pH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.18 Equilibrium swelling of agarose, AC1, AC2 and AC3 hydrogels . . . . 117

6.1 Degree of swelling Q of the AC1 composite hydrogel versus solution
pH spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.2 Dimensionless volume of the AC1 composite hydrogel as a function of
pH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.3 Swelling behavior of three compositions of AC composite hydrogels. . . 135
6.4 Dimensionless volume of AC composite hydrogels V̄ as a function of pH 136
6.5 Degree of swelling Q versus pH for AC3 and AC4 gels . . . . . . . . . 137
6.6 Dimensionless volume V̄ versus pH for AC3 and AC4 gels to compare

the effect of increasing the amount of carbopol, with respect to a com-
mon reference. Symbols show experimental results, and lines represent
simulation results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

6.7 Degree of ionization α versus pH for AC1, AC2 and AC3 gels . . . . . 138
6.8 Calculated ionic pressure Πion of AC1 gels as a function of pH . . . . . 140
6.9 Calculated the induced pressure Πrep by electrostatic repulsion between

bound charges of AC1 gels as a function of pH . . . . . . . . . . . . . 141

XII



List of Symbols

α Degree of ionization

r̄ radius of a spherical gel in the reference state

ε Permittivity of material

Γ Rate of production of mobile ions

Φ Potential energy of the electric field in the actual state

∇∇∇ Gradient vector in the actual state

E Electric field in the initial state

e Electric field in the actual state

TM Maxwell stress

Ka Dissociation constant of functional groups

R Charge density in the initial state

r Charge density in the actual state

C Core

S Shell

Cb Concentration of total bound charges

k Molarity of water

Q Swelling ratio in the actual state

R radius of a spherical gel in the initial state

r radius of a spherical gel in the actual state

TΘ Cauchy stress in tangential direction

TR Cauchy stress in radial direction

XIII



LIST OF FIGURES

V Volume of a spherical gel in the actual state

X Concentration of counter ions in the gel

β Fraction of neutral groups to total number of functional groups

χ Florry-Huggins parameter

µ Chemical potential energy

Π Largrange multiplier

Ψ Specific free energy

Be The right Cauchy-Green tensor

Ce The left Cauchy-Green tensor

J Solvent flux in the initial state

j Solvent flux in the actual state

S First Piola-Krichhoff stress tensor

T Cauchy stress tensor

ϕnet Volume fraction of polymer network

ϕsol Volume fraction of solvent

ᵀ Transpose sign

C Number of solvent molecules per unit volume in the initial state

c Number of solvent molecules per unit volume in the actual state

C0 Number of solvent molecules per unit volume in the reference state

D Diffusivity

e Charge of an electron

f Coefficient of volume expansion

G Shear modulus

Je Principal invariants of the Cauchy-Green tensors

kB Boltzmann’s constant

Q0 Swelling in the reference state

XIV



LIST OF SYMBOLS

T Temperature

v Volume of a water molecule

We Elastic strain energy

D Rate-of-strain tensor

F Deformation gradient for transformation from initial to actual state

f Deformation gradient from initial to reference state

Fe Deformation gradient for elastic deformation from reference to actual state

H Electric displacement in the initial state

h Electric displacement in the actual state

E Young’s modulus

XV



Chapter 1

Introduction and background

An exclusive class of polymer materials are hydrogels, which are colloidal materials

with a mixing behavior of solids and liquids. When a polymer network swells in water

and forms a polymer gel, it is called a hydrogel. Hydrogels are wet and soft mate-

rials which exhibit biocompatibility and physiochemical similarity with natural tissue

and extracellular matrix [1]. Their high water content can be more than one thousand

times of their dry weight [2] without dissolution of polymer network due to the exis-

tence of crosslinks. Crosslinks keep the three dimensional structure of swollen hydro-

gels by chemical bonds (for example, covalent bonds), or physical bonds (for example,

hydrogen bonds, electrostatic interactions, van der Waals forces, or physical entangle-

ments) [3].

The ability of hydrogels to change their volume when they are brought in contact

with water is called swelling. Swelling is described as a chemical interaction between

water molecules and polymer network in the microscopic scale leading to macroscopic

1



CHAPTER 1. INTRODUCTION AND BACKGROUND

deformation. After discovering this energy transformation (chemical energy to me-

chanical energy) for swollen polymer gels in 1950s [4, 5], hydrogels are entitled as

mechanochemical systems [6] and novel applications are proposed afterwards.

The initial application of gels for medical use has been started in the 1950s when

Otto Wichterle and Drahoslav Lı́m invented Poly(hydroxyethyl methacrylate) (pHEMA)

to develop soft contact lenses [7]. Hydrogels have also been used as superabsorbent ma-

terials to enhance water preservation in soils in the 1960s. The interest in developing

hydrogels for biomedical applications has grown further, after Tanaka discovered a new

class of polymer gels in the mid-1970s [8]. Despite conventional hydrogels, they ex-

hibit a fast and considerable volume transition from collapsed to swollen state by a

small change in external environment or external stimuli. These stimuli-responsive hy-

drogels have become promising candidates for various practical applications such as

biosensors, soft actuators, drug delivery carriers, scaffolding biomaterials, bioimplants,

and microfluidics [9–15].

Recently, composite hydrogels have become a focus of interest in some studies since

they can combine properties of two or more polymer hydrogels [16–18]. Composite

hydrogels may include functional and stimuli-responsive particles (for instance, rigid

particles, micro or nanogels) embedded in a hydrogel [19, 20]. Multiple sensitivity

is an important feature of composite hydrogels, which may result in stepwise or non-

monotonic swelling behavior in response to an external stimulus.

Modeling the swelling behavior of composite hydrogels and verification of numer-

ical results with experimental data are challenging problems. This study aims to delve

2



CHAPTER 1. INTRODUCTION AND BACKGROUND

deeper into the equilibrium analysis of composite hydrogels comprising two polymer

networks. It is desired to 1) numerically analyze the anisotropic swelling of core/shell

composite hydrogels which are responsive to pH and temperature and validate the re-

sults with experimental data, and also, 2) to explain non-monotonic swelling of a nat-

ural/synthetic composite gel at a wide range of pH values, observed in our swelling

experiments on this composite hydrogel. This study may lead to further development

of composite hydrogels for the engineering of hydrogel-based devices whose swelling

can be controlled by constituent polymer gels which are stimuli-responsive.

1.1 Classification of Hydrogels

Hydrogels can be categorized into different types based on various parameters [21,22].

They might be natural or synthetic hydrogels based on the type of polymer constituents;

or physical or chemical hydrogels with permanent or transient crosslinks, respectively

based on the type of crosslinks; or neutral or ionic gels based on whether side groups

attached to the backbone of polymer chains are neutral or functional, respectively; or

aerogels, lyopic gels or hydrogels based on whether their solvent constituent is air, oil or

liquid, respectively; or macrogels, microgels and nanogels based on the size of colloids.

1.1.1 Stimuli-responsive hydrogels

One of the main families of hydroges is stimuli-responsive hydrogels which absorb

a pronounced amount of water and reconfigure their polymer network in response to
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physical and chemical stimuli. Physical stimuli include temperature, pressure, solvent

composition, light, sound, electric or magnetic fields, while chemical stimuli comprises

pH, ionic strength, enzymes, alcohol and specific solutes [23–25]. These hydrogels

with intelligent properties are called smart hydrogels which have been used in numerous

applications, such as in sensing-actuation mechanisms, in on-line process monitoring,

in the immobilization of cells, in drug delivery and tissue engineering [9, 14, 26–30].

Temperature, pH and ion are three stimuli whose influence on swelling behavior of

hydrogels are investigated in this thesis.

1.1.1.1 Temperature sensitivity

The most common type of responsive gels are temperature-sensitive gels which demon-

strate phase transformation between swollen and collapsed states by changing temper-

ature. Poly N-isopropyl acrylamide (pNIPAM) was the first hydrogel reported to have

a volume-phase transition behavior in pure water [31] and has become the most typical

temperature-sensitive gel. pNIPAM swells when temperature drops below the lower

critical solution temperature (LCST) of the linear polymer which is around 32-35 ◦C –

which is close to the volume phase transition temperature (VPTT) of pNIPAM hydro-

gels [32]. Hydrophobic groups of pHEMA and their interaction with solvent which are

sensitive to temperature, are responsible for dependence of swelling on temperature. At

lower temperatures, water molecules surround the hydrophobic solutes and non-polar

segments become solvable in water by making hydrogen bonding. At higher tempera-

tures, hydrophobic interactions becomes stronger as water molecules move away from
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hydrophobic groups, and this results in shrinkage of hydrogels [33].

There is another type of temperature-sensitive hydrogels – copolymers of poly(acrylamide)

– which exhibit an increase in swelling when temperature increases above an upper crit-

ical solution temperature (UCST) [9]. Moreover, a combination of these two behaviors

– swelling with temperature followed by shrinkage – is also observed in some kind of

temperature-sensitive hydrogels [34].

1.1.1.2 pH sensitivity

Another special class of stimuli-responsive hydroges is ionic polymer gels (polyelec-

trolyte gels) containing functional groups – acidic: such as, carboxylic COOH and

sulphonic acid SO3H, or basic: such as, amine NH2 groups – which deprotonate or

protonate in response to changes of pH values. Polyelectrolyte (PE) gels are classified

as anionic, cationic or ampholytic gels if their functional groups are acidic, basic or

both (acidic and basic), respectively [35]. Swelling of PE gels occurs when the solution

pH reaches pKa (acid dissociation constant) which results in the dissociation of func-

tional groups and the production of mobile ions and bound ions. Fig.1.1 demonstrates a

molecule of polyacrylic acid (AAc) in a coiled structure when it is dry. When molecules

of AAc are hydrated with hydrogen chloride in a bath, swollen hydrogels are obtained

after deprotonation of functional and uncoiling of polymer chains.

Polytelectrolyte gels show relatively higher swelling with a faster rate compared

to neutral gels [36]. Two mechanisms are proposed to explain this behavior [37–39]:

(i) increased osmotic pressure resulting from excess counter ions intake; and (ii) re-
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Figure 1.1: Schematic of polyacrylic acid molecule in dry state has coiled structure and when
hydrated with hydrogen chloride becomes deprotonated and make an uncoiled structure.

pulsion between bound charges. The former is conventionally assumed to be the main

mechanism for swelling of PE gels. Among numerous commercial and industrial appli-

cations [40], PE gels are actively used in biomedical research as carriers in controlled

drug delivery systems [41] and also, as biosensors and permeation switch [42].

1.1.1.3 Ion sensitivity

Salt addition to a bath influences the equilibrium swelling of PE gels to reduce pro-

nouncedly by two to three orders of magnitude. This shrinking behavior can be ex-

plained qualitatively by ionic pressure decrease together with the Donnan’s equilibrium

law, although quantitative comparison between calculations and experimental results

fails to be achieved only by this mechanism [43]. Three mechanisms are suggested to

improve predictions: (i) screening charged functional groups [44, 45], (ii) formation of

ion-pairs between free counter-ions and bound charges [45–47], (iii) increasing chemi-

cal potential of solvent [48, 49].
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1.1.2 Natural and synthetic hydrogels

Polymer network of hydrogels can be natural or synthetic polymers which provide spe-

cific properties specially for designing and fabricating scaffolds to support cell adhe-

sion, migration and growth, and also to assist nerve regeneration [50, 51].

1.1.2.1 Natural hydrogels

Natural hydrogels include proteins (e.g. collagen and gelatin) and polysaccharides (e.g.

agarose and hyaluronic acid (HA)). These hydrogels have low toxicity, good biocom-

patibility, and similar chemical structure to polymers within the body [52]. Natural

polymer gels can facilitate cell proliferation by providing cell-scaffold adhesion. The

shortcoming of these gels is their biodegradation via enzymatic action, which may af-

fect the mechanical integrity, although it may be desirable to diffuse some cells into the

hydrogel [53].

1.1.2.2 Synthetic hydrogels

Synthetic hydrogels have consistent properties (physical and chemical) compared to

natural gels, and this reproducibility is crucial for tissue engineering applications [54].

Generally, synthetic hydrogels are biologically inert and therefore, have weak cell ad-

herence. An example of these synthetic gels is poly(2-hydroxyethyl methacrylate) or

pHEMA which has been implemented into cortical lesion cavities and showed astro-

cyte and axon ingrowth in a hydrogel scaffold [55]. The shortcomings of pHEMA gels

which are cell attachment and proliferation, has been rectified by its assembly with
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other monomers [56, 57].

1.1.3 Composite hydrogels

Composite hydrogels are prepared by combination of at least two individual polymer

gels in an attempt to combine properties of constituent polymers. Some composite hy-

drogels are developed to reproduce motions in plants in a self-shaping mechanism (such

as opening of chiral seed pods [58]). The 2D layered structure of a composite gel can

deform to a 3D complex structure – cylinder, helical or even cone – during anisotropic

swelling [59, 60]. Moreover, composite gels may be interpenetrating hydrogels (IPNs),

semi-IPN hydrogels, doubly crosslinked microgels, and double-network hydrogels [22].

A special kind of composite gels are prepared with a core/shell structure which has

polymer networks in core and shell domains. The first core/shell microgel – polystyrene

in the core and pNIPAM in the shell – is reported in [61]. Composite core/shell hydro-

gels with multi-responsiveness to more than one stimulus (e.g. temperature and pH)

have been studied since 1990 [37, 62–66].

In a series of studies [66], a dual thermo-sensitive core/shell microgel – poly(N-

isopropyl acrylamide) pNIPAM as the core, and poly(N-isopropyl methacrylamide)

pNIPMAM as the shell – has been synthesized with different volume phase transi-

tion temperatures (VPTT) for each domain. This composite microgel is desirable for

drug delivery applications since it exhibits a rapid swelling which can be controlled by

the human body temperature which is in between the VPTTs of two domains. Later,

another series of dual-responsive pNIPAM-co-AAc hydrogels are synthesized in the
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form of microgels [38,67,68] and also, macrogels [69–72]. These composite hydrogels

are produced by adding polyacrylic acid (AAc) to the base hydrogel which is pNIPAM.

Therefore, the swelling behavior of these hydrogels is a function of pH and temperature.

Composite hydrogels may be composed of synthetic and natural hydrogels (also

known as hybrid hydrogels) in order to make bioactive polymers which has advantages

over its individual compartments in terms of easier preparation and more functionality.

In synthetic/natural composite gels which are developed for tissue-engineering scaf-

folds, the synthetic block adjusts the structural integrity of the scaffold and the natural

block provides its biological properties to enhance its bioactivity [54]. Numerous nat-

ural biopolymers – for instance, chitosan, heparin, alginate, collagen, and hyaluronic

acid – are combined with synthetic polymers – for instance, pNIPAM, polyethylene

glycol (PEG), polyacrylamide (PAAm) and polyvinyl alcohol (PVA) to make composite

gels [73–75]. Fo instance, alginate-polyacrylamide hydrogels are introduced as poten-

tial candidates to replace cartilage, since their they have high toughness and stiffness at

the same time [76]. The novel dissipation mechanism in this hydrogel results in a high

fracture energy of 9000 J m−2 [77] which is almost nine times higher than the fracture

energy of articular cartilage [78].

1.2 Characterization techniques

Physical and mechanical properties of hydrogels are important features in investigat-

ing usefulness as a matrix for tissue-engineering scaffolds and drug delivery systems,

wound healing, and cartilage replacement [79, 80]. An important physical property is
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swelling ratio and water content which can be characterized by submerging a dry hy-

drogel in a bath and measuring its weight after soaking. Accordingly, the swelling ratio

is expressed by

Q =
Ws−W0

W0
, (1.1)

where Ws and W0 are the weight of the hydrogel specimen in the fully swollen state and

in the dry state, respectively. In a swollen state, hydrogel network expand to accom-

modate more water molecules (as shown in Fig. 1.2) until network elasticity reaches

an equilibrium with osmotic pressure. Special techniques are also developed which

show fast kinetic swelling in hydrogels, for instance dynamic light scattering (DLS)

and small angle neutron scattering (SANS). DLS and SANS have been utilized to mea-

sure the size of microgel particles during swelling and polymer density within core and

shell domains, respectively [81].

Figure 1.2: Schematic of a cylindrical hydrogel in dry state and in swollen state when subjected to
swelling in water bath.

There are different techniques to characterize the structure of hydrogels. The in-

ternal structure of macroscopic gels can be observed by scanning electron microscopy
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(SEM) from freeze-dried samples. It should be noted that freeze-drying is supersensi-

tive to cooling process and the actual structure of hydrogels in wet condition may not

be preserved after freeze-drying unless proper techniques are used [82]. The surface

morphology of hydrogels can be observed by small angle neutron scattering (SANS),

SEM, and also, atomic force microscopy (AFM). AFM is widely used in liquid or semi-

Figure 1.3: Elastic modulus for a wide range of soft materials is shown.

solid environments to capture the morphology, the elasticity and the pore size of hydro-

gels [77, 83–85].

AFM is well suited to characterize many biological systems with low elastic mod-

ulus demonstrated in Fig. 1.1. However, it requires considerable expertise to deal with

comparatively slow and tedious set-up and measurement process. AFM is also success-

fully utilized to measure viscoelasticity of soft materials by observing any change in

amplitude and phase of retraction force compared to indentation force [86]. Adhesion

property of polymer gels needs to be quantified in terms of viscoelasticity which is an-
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other key feature for designing matrix and scaffolds [87]. Rheology is another test to

measure viscoelasticity of soft materials by applying a shear stress to samples and mea-

suring storage modulus and loss modulus which describe elasticity and viscoelasticity,

respectively. Rheology methods have been developed further to measure the elastic

modulus of very soft materials in the range of 10−3 to 105 Pa [88]. Slippage should be

prevented between hydrogel and the walls of rotating/fixed tools of rheometer.

1.3 Modeling swelling behavior of hydrogels

Swelling of hydrogels is migration of solvent molecules into polymer network and re-

configuration of the network in response (see Fig. 1.2). After a hydrogel is immersed in

a solvent, polymeric chains start to stretch and imbibe solvent molecules. During this

transient swelling process, solvent molecules start to distribute through network and

thereafter, the volume of hydrogels changes with time until hydrogels reaches an equi-

librium state and swelling kinetics stops. In the equilibrium state, solvent molecules

distribute homogeneously within the network and the chemical potential of the internal

and the external solvents become equal. Theoretical models are developed to analyze

the swelling behavior of polymer gels [89, 90].

1.3.1 Mono-phase model

Single-phase model is developed to capture large deformation of hydrogels by consid-

ering them as swollen elastomer and using “eight-chain” model instead of Gaussian
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chain model of Flory-Rehner theory. In this model which is known as Arruda-Boyce

or Flory-Erman [91], swelling is contributing to both volume expansion and netwrok

extension by prescribing swelling stretch rather than determining it based on the state

of stress. This phenomenological model may predict hydrogel behavior under compres-

sion, tension and simple shear; however it can not describe the coupling effect of sol-

vent diffusion and network deformation and to determine transient chemo-mechanical

responses of hydrogels.

1.3.2 Models based on mixture theory

This approach is based on continuum mixture of two phases – a solid and a fluid –

initiated by Tanaka and co-workers [92] based on the mixture theory. The biphasic

mixture theory is applied with the concept of volume fraction in composite materials to

solve field equations (conservation of mass, momentum, energy and etc.) using physical

properties (i.e. mass and displacement) of each phase at microscale and to consider the

contribution of each phase by its volume fraction at continuum level.

Both the fluid and the solid are assumed to be incompressible considering no mass

exchange between two phases. The stress of mixture is decomposed into hydrostatic

pore pressure of the fluid and average stress of the solid network. The displacements

of solid and fluid are defined individually and the interaction between them is generally

excluded. Basically in comparison with the displacements of the network, the displace-

ments of the fluid is considered to be small, and at the equilibrium condition, the fluid

motion is assumed to be zero. This theory has limitations to prescribe boundary con-
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ditions on fluid phase. There are some studies who show an agreement between the

thermodynamic models and the modified models derived from mixture theory [93].

1.3.3 Thermodynamic model

Theory of gel swelling has been used in many studies to capture the mechanochemical

response of hydrogels to the surrounding environment [89,94]. Gibbs [95] developed a

thermodynamic model for a porous solid filled with fluid based on statistical theories,

and Biot [96] used the thermodynamic model and incorporated it with Darcy’s law for

fluid diffusion.

In these theories, non-specific free energy functions are used to predict the equilib-

rium state of the hydrogels subjected to thermal and chemical stimuli. The first specific

free energy function for polymer gels is introduced by Flory and Rehner [97] based on

the assumption of a Gaussian distribution of polymer chains [98]. Flory-Rehner the-

ory determines the thermodynamical equilibrium of polymer gels by introducing a free

energy function for neutral gels to incorporate the influence of the entropy of stretch-

ing network, and the entropy and the enthalpy of mixing polymer network and solvent.

Flory-Rehner theory has been modified to describe the behavior of various types of

hydrogels (such as ionic polymer gels) [89].

In the last decade, numerous constitutive models have been developed in the ther-

modynamic framework to express solvent diffusion and elastic response of neutral

gels considering three-dimensional finite strains [99–108]. The swelling of stimuli-

responsive hydrogels has also been the focus of theoretical models. Advanced contin-
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uum models are provided to determine three-dimensional finite swelling deformation

of temperature-sensitive gels [109–113]. The most common approach is to employ the

Flory-Huggins parameter as a function of temperature and polymer density [31, 114].

Furthermore, theoretical models are proposed to study pH-sensitive gels which exhibit

higher swelling with a faster rate compared to neutral gels [115–122]. Most constitutive

models account for the contribution of ionic pressure arising from the gradient of ion

concentration inside and outside the polymer network of PE gels.

A new challenge for modeling is inhomogeneous swelling of hydrogels which have

a geometry constraint [123] or a modulated network [124]. Numerous continuum mod-

els have been developed to describe this behavior [125–132]. An example of a me-

chanical constraint is core-shell structure existing in some hydrogels due to the gradient

of crosslinks in microgels [133] or the creation of two distinct domains in core/shell

composite gels [134]. The inhomogeneous swelling of neutral core/shell gels has been

predicted by many theoretical models [128–130, 135–139]. Simplification of the inter-

action between core and shell domains is considered in some studies to find approxi-

mate results [129,140]. Thus, the intention is to include the mutual interaction between

swelling and mechanical forces of core and shell domains in order to predict swelling

accurately. Moreover, few studies are focused on the influence of more than one stim-

ulus on core/shell hydrogels. There is room for further research on coupled effect of

temperature and pH on core/shell hydrogels
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1.4 Objectives

Mechanics and physics of hydrogels has become an exciting area of research for sci-

entists to explore new materials for novel applications. Complex swelling behavior

has been observed in composite hydrogels comprising two or more polymer networks

which respond differently to a change in external environment. Modeling the swelling

behavior of stimuli-responsive composite hydrogels in order to predict experimental

results accurately, is a challenge.

In this study, the equilibrium swelling – which is the equilibrium between the

swelling forces and the mechanical forces – of composite hydrogels including two

polymer gels, is studied. This study attempts to understand the swelling mechanism

of composite gels in response to multi external stimuli, and to provide a tool for sim-

ulation analysis and prediction of their swelling deformation leading to fabrication of

novel hydrogel-based devices.

The objectives of this study can be listed as:

1. To predict the equilibrium swelling of temperature-sensitive core/shell composite

hydrogels: A thermodynamic model is applied to derive constitutive relations for

solvent diffusion and elastic deformation of temperature-sensitive core/shell hy-

drogels. The model is extended to analyze the equilibrium swelling of a core/shell

hydrogel with deformable core and shell domains, and furthermore, the effect of

temperature and shell thickness on its swelling is investigated.

2. To determine the equilibrium swelling of dual responsive core/shell composite hy-
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drogels in response to changes in temperature and pH: A thermodynamic model

is applied to describe the swelling of a pH-sensitive hydrogel which is consisted

of three phases including polymer network, solvent, and solutes under mechani-

cal and chemical equilibrium conditions. The model is able to account for ionic

pressure and electrostatic repulsion between fixed charges of functional groups

in the analysis of equilibrium swelling. The model is then extended to determine

the equilibrium analysis of core/shell composite hydrogels which are responsive

to both temperature and pH. The coupled effect of pH and temperature is consid-

ered to validate simulation results with experimental data, and to investigate the

influence of pH on deprotonation of functional groups and volume phase transi-

tion temperature.

3. To study the swelling behavior of a natural/synthetic composite gel experimen-

tally and to model its equilibrium swelling at a wide range of pH values: An

experimental study on the swelling behavior of a natural/synthetic composite hy-

drogel is conducted to study its swelling behavior over a wide range of pH val-

ues, from highly acidic to highly basic. The effect of different compositions of

constituents swelling behavior at different pH values is also investigated. Then,

a constitutive model is adapted to explain the dependence of the equilibrium

swelling on pH accounting for the effect of pH and ionic strength. Furthermore,

the contribution of the swelling of constituent polymers to equilibrium swelling

of the composite hydrogel is also studied and discussed.
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1.5 Exposition of the thesis

The exposition is organized as follows: chapter one presents an introduction to hydro-

gels and their applications, classification of hydrogels, a summary of theoretical mod-

els for swelling behavior of gels, followed by objectives of the thesis. Mathematical

formulation is then described in chapter two. The equilibrium swelling of core/shell

composite hydrogels is analyzed by accounting for the effect of temperature in chapter

three, and the coupled influence of pH and temperature is addressed in chapter four.

Chapter five presents an experimental study on swelling behavior of a natural/synthetic

composite hydrogel, and in Chapter six, a theoretical model is applied to determine

the swelling behavior of this hydrogel considering the effect of pH and ionic strength.

Conclusion and recommendation for future works are formulated in chapter seven.
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Chapter 2

Mathematical formulation

In this chapter, mathematical formulation for three-dimensional deformation of polymer

gels is presented. Constitutive relations are applied with the aid of free energy inequality

relation to describe the coupled solvent diffusion and large deformation of a hydrogel

following earlier studies [102,141,142]. These relations are extended further to describe

deformation of core/shell hydrogels subjected to swelling.

2.1 Constitutive relations

A continuum model is applied to study the deformation of a hydrogel under mechani-

cal and swelling forces. A continuum volume of a hydrogel comprises two phases: a

polymer network and a solvent. Solvent diffusion into polymer network is allowed, but

without any mass exchange between these two phases.
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2.1.1 Kinematics

Macro-deformation of a hydrogel has been described in three individual states which

are assumed in the thermodynamic framework of this work. First, the initial state of a

hydrogel is assumed to be the same as its dry undeformed state. Second, the reference

state for deformation of a hydrogel is considered to match with its as-prepared state

after polymerization process. Third, the actual state of a hydrogel is its highly swollen

state. Deformation gradient F maps the deformation from the initial state to the actual

state. The multiplicative decomposition of deformation gradient F, is described in terms

of deformation gradient for elastic deformation Fe and deformation gradient for partial

swelling f:

F = Fe · f . (2.1)

For an isotropic polymer network, f describes the expansion of a dry gel to its partially

swollen state and it reads

f = f
1
3 · I , (2.2)

where f is the coefficient of volume expansion which describes the evolution of refer-

ence state, and I is the identity tensor. Therefore,

F = f
1
3 Fe . (2.3)
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The Cauchy-Green tensors for elastic deformation reads

Be = Fe ·Fᵀe , Ce = Fᵀe ·Fe, (2.4)

where ᵀ stands for transpose sign. Velocity gradients are derived by differentiating Eq.

2.1 as follows

L = Ḟ ·F−1, Le = Ḟe ·F−1
e . (2.5)

Differential equations for principal invariants of the Cauchy-Green tensors (Je1, Je2 ,

Je3) are obtained:

J̇e1 = 2Be : De, J̇e2 = 2(Je2I− Je3B−1
e ) : De, J̇e3 = 2Je3I : De, (2.6)

where D as the rate-of-strain tensor reads,

D =
1
2
(L+Lᵀ) , De =

1
2
(Le +Lᵀe ) , D = De +

ḟ
3 f

I . (2.7)

When f is a time-invariant parameter, Eqs. 2.6. are simplified to

J̇e1 = 2Be : D, J̇e2 = 2(Je2I− Je3B−1
e ) : D, J̇e3 = 2Je3I : D. (2.8)
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2.1.2 Molecular incompressibility

The change in volume per unit volume in the reference state (detF− 1) is assumed to

be due to only the uptake of solvent molecules. The solvent uptake is determined by

Q =Cv, (2.9)

where Q denotes the degree of swelling and C is the concentration of solvent molecules

– number of solvent molecules per unit volume of a hydrogel in its initial state – and v

is the volume of a single solvent molecule. So, the molecular incompressibility implies

that,

detF = 1+Q. (2.10)

Moreover, ϕnet and ϕsol as the volume fraction of polymer network and solvent, re-

spectively, are given by

ϕsol =
Q

1+Q
, ϕnet =

1
1+Q

. (2.11)

2.1.3 Kinetic relations

A kinetic law is used to describe the diffusion of solvent molecules into an isotropic

network and is given by

j =− Dc
kBT

∇∇∇µ, (2.12)
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Figure 2.1: The reference configuration is obtained from the initial configuration by changes in
swelling ratio of hydrogels during polymerization process. The deformation gradient from initial

to actual configuration F is decomposed into elastic part Fe and initial swelling part f.
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where D is diffusivity, kB is Boltzmann’s constant, T is temperature, and c = C/detF

denotes number of solvent molecules per unit volume in the actual state. Solvent flux j

and the gradient of chemical potential energy ∇∇∇µ are expressed by

j0 = (detF)F−1 · j , ∇∇∇0µ =∇∇∇µ ·F , (2.13)

where ∇∇∇0 and j0 are gradient operator and solvent flux vector in the initial state, respec-

tively. Insertion of Eq. 2.13 into Eq. 2.12 results in

j0 =−
DC
kBT

F−1 ·∇∇∇0µ ·F−1 . (2.14)

When there is no external source to inject solvent molecules, conservation law for

solvent molecules reads

Ċ+∇∇∇0 · j0 = 0. (2.15)

Ċ is expressed by insertion of Eq. 2.14 into Eq. 2.15 as follows

Ċ =∇∇∇0(
DC
kBT

F−1 ·∇∇∇0µ ·F−1). (2.16)

2.1.4 Free energy density of a neutral hydrogel

A simple free energy is used to approximately describe the behavior of a neutral hy-

drogel. Following Flory and Rehner [97], the specific free energy Ψ in the actual state,

is described by the summation of the free energy of network stretch, and the mixing
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energy of polymer-solvent interaction, as follows

Ψ = Ψ0 +µ0C+Ψnet +Ψmix, (2.17)

where Ψ0 is a constant, µ0 stands for the chemical potential energy of a solvent molecule

in a bath, Ψnet denotes the strain energy density of polymer network, and Ψmix is the

mixing energy of polymer with solvent molecules. The strain energy density of polymer

network is given by

Ψnet =We(Je1,Je2,Je3), (2.18)

where Jei (i = 1,2,3) denotes principal invariants of the Cauchy-Green tensor. The

mixing energy between solvent molecules and polymer chains [143] reads

Ψmix =
kBT

v

(ϕsol

ϕnet
lnϕsol +χϕsol

)
, (2.19)

where χ is the Florry-Huggins parameter. Finally, after substituting Eqs. 2.18, 2.19 into

Eq. 2.17, the specific free energy is obtained by

Ψ = Ψ0 +µ0C+We(Je1,Je2,Je3)+
kBT

v

(
Q lnϕsol +χϕsol

)
. (2.20)

Substituting ϕnet and ϕsol from Eq. 2.11 into the time derivative of Eq. 2.20, reads

Ψ̇ = KĊ+2Ke : D, (2.21)
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where

K =µ0 + kBT
(

lnQ
1+Q

+
1

1+Q
+

χ

(1+Q)2

)
,

Ke =
∂We

∂Je1
Be− Je3

∂We

∂Je2
B−1

e +(Je2
∂We

∂Je2
+ Je3

∂We

∂Je3
)I.

(2.22)

2.1.5 Derivation of constitutive equations

The free energy inequality equation is adopted from [141] for a hydrogel in an isother-

mal condition:

Ψ̇≤ S : Ḟ+µĊ− j0 ·∇∇∇0µ , (2.23)

where Ψ̇ denotes the derivative of free energy density, and S is the first Piola-Kirchhoff

stress tensor. It is known that the free energy of any thermodynamic system may not be

increasing. To meet thermodynamics restrictions, the power attributed to the external

forces together with the power corresponding to the diffusion of solvent molecules,

need to be greater than the internal free energy of the hydrogel per unit time.

The first term of inequality equation (Eq. 2.23) can be written in terms of the Cauchy

stress tensor as follows

S : Ḟ = (detF)T : D, (2.24)

where T is the Cauchy stress tensor.

It depicts that functions C and F meet the inequality condition by taking the deriva-
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tive of the equation of incompressibility condition (Eq. 2.10) as follows,

Ċv− (detF)I : D = 0. (2.25)

An arbitrary function Π is multiplied to Eq. 2.25, and summed with the inequality

equation Eq. 2.23 which implies that

KĊ+2Ke : D− (µ−Πv)Ċ− (detF)(T+ΠI) : D+ j0 ·∇∇∇0µ ≤ 0. (2.26)

Since the last term of Eq. 2.26 is a non-positive term (refer to Eq. 2.14), the thermody-

namic inequality condition is satisfied if

T =−ΠI+
2

detF
Ke, µ = K +Πν . (2.27)

Substituting Ke with derivatives of the free energy into Eq. 2.271, provides the stress-

strain relation as follows

T =−ΠI+
2

1+Q

(∂We

∂Je1
Be− Je3

∂We

∂Je2
B−1

e +(Je2
∂We

∂Je2
+ Je3

∂We

∂Je3
I)
)
, (2.28)

and substituting K in Eq. 2.272 provides the chemical potential energy

µ = µ0 + kBT
(
ln

Q
1+Q

+
1

1+Q
+

χ

(1+Q)2 +
Πv
kBT

)
. (2.29)
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2.1.6 Stress-strain relation for a specific free energy density

A neo-Hookean strain energy function is used to determine the strain energy density of

the hydrogel

We =
1
2

G
[
(Je1−3)− lnJe3

]
, (2.30)

where G denotes shear modulus. From substitution of Eq. 2.30 into Eq. 2.28, the

Cauchy stress is determined by

T =−ΠI+
G

1+Q
(Be− I). (2.31)

2.2 Swelling of a deformable core/shell hydrogel

Swelling of a core/shell hydrogel is the transportation of solvent molecules into a hy-

drogel driven by the diffusion of solvent molecules from a bath, their interaction with

polymer chains and consequently, the stretch of polymer network. In this study, a spher-

ical geometry is used to describe the structure of a core/shell hydrogel which has a

deformable core with the radius of rC , and a deformable shell with the inner radius

of r1 and the outer radius of r2. In the initial state, the dry core occupies a domain

{0 ≤ R ≤ RC, 0 ≤ ΘC ≤ π, 0 ≤ ΦC ≤ 2π}, and the dry hollow shell occupies another

domain {R1 ≤ R ≤ R2, 0 ≤ ΘS ≤ π, 0 ≤ ΦS ≤ 2π} where {R, Θ, Φ} are the spher-

ical coordinates with unit vectors eR,eΘ, and eΦ. After polymerization process, the
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core-shell hydrogel occupies another domain {r̄, θ̄ , φ̄}.

The deformation gradient f for transformation of a hydrogel from the initial config-

uration (dry gel) to the as-prepared configuration (partially-swollen gel), reads

f = f
1
3 I, (2.32)

where f = 1+Q0 is the coefficient of volume expansion for neutral gels and Q0 =C0v

knowing that C0 as the concentration of solvent molecules in the reference state. The

field of deformation is characterized by f under spherically symmetric transformation

f = r̄ ′eR eR +
r̄
R
(eΘeΘ + eΦeΦ). (2.33)

where r̄ ′ = dr̄/dR is the radial stretch, and r̄(R) describes the radial deformation in the

reference configuration. Using Eqs. 2.10, 2.32 and Eq. 2.33, this radial deformation

can be expressed by

dr̄ = f
(R

r̄

)2dR. (2.34)

For a deformable core-shell hydrogel, its volume in the dry state can be characterized

by Q0 as follows (refer to Apipendix A),

R1 =
r̄1

( f S)
1
3
, R2 =

r̄2

( f S)
1
3
, (2.35)
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where f S and fC are the volume expansion coefficients for core and shell domains,

respectively. The continuity of radial stretch in the reference configuration states that

the radius of core r̄C is equal to the inner radius of the shell r̄1. Thus, the inner radius

of the shell in the dry state reads

R1 =
( fC

f S

)1/3RC. (2.36)

In case of equal coefficient of the volume expansion of the core and the shell ( fC = f S),

the inner radius of the shell becomes equal to the radius of the core in the dry state

(R1 = RC).

2.2.1 Equilibrium swelling of a deformable core/shell hydrogel

When a hydrogel submerges into a bath, it swells due to thermodynamic comparability

of polymer network and water. In the analysis of core/shell hydrogels, governing equa-

tions are solved only for the shell domain, since core is assumed to have a homogeneous

deformation under swelling. This assumption has been verified in chapter three by con-

sidering one continuous domain for core/shell hydrogels with different mechanical and

swelling properties for each domain. However, the distribution of swelling through

the shell may not be homogeneous. In this section, an analysis for the distribution of

swelling Q(R) and stress T(R) within a hydrogel is given.

The deformation gradient which maps the deformation from initial to actual config-
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uration, is given by

F = r ′eR eR +
r
R
(eΘeΘ + eΦeΦ). (2.37)

The radial deformation r(R) is obtained from Eqs. 2.10 and 2.37

r ′r2 = (1+Q)R2. (2.38)

Substituting Eqs. 2.38 and 2.37 into Eq. 2.1, results in the deformation gradient for

elastic deformation which is expressed by

Fe =
1

f
1
3

(
(1+Q)

(R
r

)2eR eR +
r
R
(eΘeΘ + eΦeΦ)

)
. (2.39)

Insertion of Eq. 2.39 into Eq. 2.31 provides the Cauchy stress in radial and tangential

directions

TR =−Π+
G

1+Q

(
(1+Q)2

f
2
3

(R
r

)4−1
)
,

TΘ =−Π+
G

1+Q

(
1

f
2
3

( r
R

)2−1
)
.

(2.40)

2.2.2 Mechanical equilibrium condition

Mechanical equilibrium condition for a spherical hydrogel particle in the actual state

reads

∂TR

∂ r
+

2
r
(TR−TΘ) = 0. (2.41)
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Figure 2.2: Schematic of core/shell composite hydrogels at three different states. Core and shell
are shown separately in the dry state since this drying process. The polymerization state is taken

as the reference state which is differentiated from the initial dry state. The equilibrium state
coincides with the actual state of gels.

Eq. 2.41 is rewritten to take derivative with respect to R, and TΘ is substituted from Eq.

2.402. Thus, we arrive at

∂TR

∂R
+

2G

r f
2
3

(
(1+Q)2(R

r

)6−1
)
= 0. (2.42)

Subsequently, integration from Eq. 2.42 and application of the boundary condition

(TR|R=R2 = 0), result in the stress in the shell as follows

TR =

∫
R2

R

2GS

r( f S)
2
3

(
(1+QS)2( R̂

r

)6−1
)

dR̂, (2.43)

where GS is the shear modulus of the hydrogel in the shell. Then, in an analogy with

Eq. 2.38, it implies that

∫ rC

0
dr̃ =

∫ RC

0
(1+QC)

(R
r

)2dR̃. (2.44)
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By knowing that swelling ratio of core is constant, Eq. 2.44 is solved for the radius of

the core

rC = (1+QC)
1
3 RC. (2.45)

Two boundary conditions exist at the core/shell interface in the actual state:

1. Lateral stretch is continuous through the boundary (r1/R1 = rC/RC). Using this

continuity condition and Eq. 2.45 in integration of Eq. 2.38, determines the radius

of the shell as follows

r3 = (1+QC)R3
1 +3

∫ R

R1

(1+QS)R̂2dR̂, (2.46)

where R1 is described in Eq. 2.36.

2. Radial stress is continuous through the boundary. The internal radial stress of the

shell is equal to the radial stress of the core TR1 = TR|R=R1 = TC
R . The radial stress

of the core is constant through the core thickness (∂TC
R /∂R = 0). This continuity

condition is used to determine the radial stress in the core from Eq. 2.43. Thus,

TC
R = TR1 =

∫
R2

R1

2GS

( f S)
2
3

(
(1+QS)2( R̃

r

)6−1
)

dR̃
r
. (2.47)

Insertion of the radial stress of the shell and the core into TR from Eq. 2.401 reads

Π
C =

GC

1+QC

[
(1+QC)2

( fC)
2
3

(RC

rC

)4−1
]
−TC

R , (2.48)
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Π
S =

GS

1+QS

[
(1+QS)2

( f S)
2
3

(R
r

)4−1
]
−TR. (2.49)

By using Eq. 2.48 and Eq. 2.49 and applying chemical equilibrium condition, the

swelling of the core QC and the shell QS are to be found.

2.2.3 Chemical equilibrium condition

In equilibrium swelling, the exchange of water molecules from a bath to polymer net-

work of shell ceases. Thus, the chemical potential at the outer boundary of the shell

becomes equal to that of the bath (µS|R=R2 = µ0). Moreover, the gradient of chemi-

cal potential within the shell becomes zero. The chemical potentials of core and shell

domains become constant and equal to the chemical potential of the bath,

µ
S(R) = µ

C(R) = µ0. (2.50)

Insertion of Eq. 2.50 into Eq. 2.29 results in

Π =−kBT
v

(
ln

Q
1+Q

+
1

1+Q
+

χ

(1+Q)2

)
. (2.51)
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It follows from Eqs. 2.47, 2.48 and 2.51,

kBT
v

(
ln

QC

1+QC +
1

1+QC +
χC

(1+QC)2

)
+

GC

1+QC

[
(1+QC)2

( fC)
2
3

(RC

rC

)4−1
]

−

∫
R2

R1

2GS

r( f S)
2
3

(
(1+QS)2( R̃

r

)6−1
)

dR̃ = 0,

(2.52)

where χC is the Flory-Huggins interaction parameter of the core.

kBT
v

(
ln

QS

1+QS +
1

1+QS +
χS

(1+QS)2

)
+

GS

1+QS

[
(1+QS)2

( f S)
2
3

(R
r

)4−1
]

−

∫
R2

R

2GS

r( f S)
2
3

(
(1+QS)2( R̂

r

)6−1
)

dR̂ = 0,

(2.53)

where χS is the Flory-Huggins interaction parameter of shell.

These nonlinear equations (Eq. 2.52 and Eq. 2.53) together with Eqs. 2.36, 2.45

and 2.46, are to be solved to find equilibrium swelling ratio of the shell QS(R) and the

core QC.

2.2.4 Numerical algorithm

The governing equation for the core/shell hydrogel – together with boundary conditions

and constitutive relations – are solved with COMSOL Multiphysics 5.0 [144]. The one-

dimensional problem are implemented using equation-based modeling feature and a
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direct solver (MUMPS) with a relative convergence tolerance of 10−9. Two differential

equations Eq. 2.42 and Eq. 2.40 – including the governing equation for the Cauchy

stress and the equation for radial deformation, respectively – together with two algebraic

equations (Eq. 2.38 and Eq. 2.51) as boundary conditions, are implemented. Since the

problem is fully coupled, an automatic highly nonlinear method is applied. Simulation

is performed on a computer with 2.4 GHz dual processor with 4 GB RAM and 64-bit

operating system.

The solution obtained from COMSOL and also an in-house MATLAB code. For the

MATLAB code, an iterative method is applied to find swelling ratio of core and shell.

The inner and outer radius of the shell (R1, R2) in the dry state are given by Eq. 2.35.

The shell domain in the dry state [R1, R2] is discretized into N = 400 divisions with

Rn = R1 +(R2−R1)/N (n = 0,1, . . . , N). The iterative algorithm has two loops in

five steps which has been explained below. The first loop includes step I and step II to

find QC, and the second loop comprises steps III and IV to obtain QS.

• Step I: At the ith iteration, Eq. 2.54 is solved by the Simpson’s method for an

arbitrary value of Qs. The external stress on the core from the shell, α i−1
n is

expressed by

α
i−1
n =

∫
R2

R1

2GSv
kBT

× 1

r( f S)
2
3

(
(1+QS)2( R̃

r

)6−1
)

dR̃.
(2.54)

• Step II: α i−1
n found from Eq. 2.54 is inserted into Eq. 2.55, and the value of QC
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is determined by the Newton-Raphson method.

ln
QC i

1+QC,i +
1

1+QC,i +
χC

(1+QC,i)2 +
GCv
kBT

(
1+QC,i

( fC)
2
3

( RC
n

rC(Rn)

)4−

1
1+QC,i

)
= α

i−1
n ,

(2.55)

where rC(Rn) is determined from Eq. 2.45 using QC,(i−1). A termination criterion

is defined to stop the algorithm,

δi = max | QC,i−QC,i−1 |≤ 10−5. (2.56)

• Step III: At the jth iteration, the radial stress of the shell reads

β
j−1

n =

∫
R2

R

2GSv
kBT

× 1

r( f S)
2
3

(
(1+QS)2( R̂

r

)6−1
)

dR̂,
(2.57)

which is solved by the Simpson’s method for β
j−1

n .

• Step IV: For the value of QS(R), the following equation

ln
QS, j(Rn)

1+QS, j(Rn)
+

1
1+QS, j(Rn)

+
χS

(1+QS, j(Rn))2

+
GSv
kBT

(
1+QS(Rn)

( f S)
2
3

( Rn

rS(Rn)

)4− 1
1+QS (Rn)

)
= β

j−1
n ,

(2.58)

is solved by the Newton-Raphson method. A termination criterion is also deter-
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mined for this loop, which reads

δ j = max | QS, j(Rn)−QS,( j−1)(Rn) |≤ 10−5 (2.59)

• Step V: At the end of each iteration, the convergence of QS(Rn) from step IV and

step I is calculated by the following criterion

δiter = max | QS,(iter)(Rn)−QS,(iter−1)(Rn) |≤ 10−5. (2.60)

This five-step procedure is repeated until the convergence criterion is satisfied

(in Eq. 2.60: iter→ iter+1).

2.2.5 Comparison between results from in-house MATLAB code

and COMSOL

The internal structure of core/shell hydrogels depends on the mutual deformation of

core and shell caused by swelling and mechanical forces. Core/shell gels are considered

to be neutral in this chapter. Equal physical parameters are prescribed to compare the

results between the in-house code and the COMSOL model.

The partial swelling of both domains (QS
0 and QC

0 ) is equal to 0.5 which is a common

value for isopropyl acrylamide (NIPA) gel above the volume phase transition tempera-

ture (VPTT) [145]. Equal partial swelling in the core and the shell, results in R1 = RC.

The Flory-Huggins interaction parameter for both domains (χS and χC) is taken to be
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Figure 2.3: Swelling ratio in the core/shell hydrogels is calculated when GC = 40 KPa for three
different cases when the swelling in the shell is more, equal or less than the swelling in the core.

Symbols show the results from an in-house code and lines are the results from COMSOL.

0.4 for a water bath. The shear modulus of core GC is assumed to be 40 KPa as a com-

mon value for hydrogels [14]. Three different values for the modulus of the shell GS

is considered: ten times higher, equal, and ten times lower than GC. Consequently, the

shell will have lower, equal or higher swelling ratio than that of the core.

Fig. 2.3 shows the comparison between results obtained from the in-house code and

the model built in Comsol. Calculations show that the relative error is not exceeding

than 2%.

39



CHAPTER 2. MATHEMATICAL FORMULATION

2.3 Summary

A theoretical model is applied to determine the coupled large deformation and solvent

diffusion of a hydrogel under swelling. The model is developed based on three states:

initial state, reference state, and actual state. The reference state is considered to be

different from the initial state. Constitutive relations are extended further to model the

equilibrium swelling of core/shell hydrogels in the spherical coordinate. The model is

implemented in COMSOL using equation-based modeling feature, and also in MAT-

LAB by scripting an in-house code for three special cases where different swelling

ratios evolve in core and shell domains. The comparison shows an acceptable error be-

tween two models. The model which is developed in COMSOL, is preferred to be used

in the next chapters for swelling analysis of stimuli-responsive hydrogels composed of

multi phases.
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Chapter 3

Temperature-sensitive core/shell

composite gels

There are various types of hydrogels classified based on different factors including their

physical and chemical structures or their stimuli-responsive behavior [22]. In this chap-

ter, the focus is on temperature-sensitive hydrogels classified as positive or negative

thermo-sensitive gels which show an increasing or a decreasing swelling as a function

of temperature, respectively.

The most common negative temperature- sensitive hydrogel is poly(N-isopropyl

acrylamide) (pNIPAM) with a lower critical solution temperature (LCST) of 32-35 ◦C

for the linear polymer which is close to the volume phase transition temperature (VPTT)

of pNIPAM hydrogels [32]. The phase transition of temperature-sensitive composite

hydrogels depends on the interaction of water and hydrophilic groups of the polymer,

formation/breakage of hydrogen bonding, and also the balance between hydrophilic and
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hydrophobic groups of the polymer [33]. At lower temperature, the hydrophilic groups

become dominant and soluble in water; however, at higher temperature, hydrophobic

interactions dominate the swelling.

The theory of gel swelling has been developed based on the fundamental work of

Flory and Rehner [97, 98]. Flory-Rehner theory has also been modified to describe

the behavior of various types of hydrogels [89]. In the last decade, numerous consti-

tutive models have been developed in the thermodynamic framework to express sol-

vent diffusion and elastic response of three-dimensional finite deformation of neutral

gels [101–108,146,147] and temperature-sensitive hydrogels [109–113,127,132]. The

most common approach to model temperature-dependent swelling is to employ an ef-

fective Flory-Huggins parameter which is a function of temperature and polymer den-

sity [31, 114]. Moreover, a mechanism for phase deformation between hydrophilic and

hydrophobic groups is involved in the specific strain energy of a hydrogel is also re-

ported in [111, 112]. In this study, the common approach to use an effective Flory-

Huggins parameter is applied.

Inspired by motions in plants [58], composite hydrogels are developed which dis-

play exotic behavior through their anisotropic swelling behavior. The 2D layered struc-

ture of a composite gel can deform to a 3D complex structure – cylinder, helical or

even cone – during swelling [59, 60]. Geometry constraints can induce an anisotropic

swelling in composite core/shell gels with separated domains. Several models are also

developed to determine inhomogeneous swelling of core/shell hydrogels having a rigid

or soft core [125–132, 135, 136, 139].
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In particular, temperature-sensitive core/shell hydrogels are studied in this chap-

ter. Core/shell hydrogels have gained attention in the last decade due to their multi-

responsive behavior (e.g. pH- and temperature-sensitive) [37,65,66,148]. A theoretical

model is developed in this chapter based on thermodynamics of gel swelling, and an

experiment is used to quantitatively verify the model. The experiment is on a dual

temperature-sensitive core/shell microgel – the core contains poly(N-isopropyl acry-

lamide) (pNIPAM), and the shell includes poly(N-isopropyl methacrylamide) (pNIP-

MAM) – which has been recently synthesized and studied in [66]. The volume phase

transition temperature (VPTT) of the core (34◦C) is different from that of the shell

(44◦C). Its swelling can be triggered by the human body temperature which is in be-

tween the VPTTs of the core and shell domains. This microgel exhibits a rapid swelling

– due to its micron size – in response to changes in temperature. The swelling behavior

of this microgel is desirable for various biomedical applications and also for mechanical

modeling.

Among different techniques to characterize the structure of hydrogels [81], there

are two most well-established methods: dynamic light scattering (DLS) and small

angle neutron scattering (SANS) to measure the size of microgel particles and the

polymer density within core and shell domains, respectively. Experiments on pNI-

PAM/pNIPMAM core/shell microgels revealed that the size of the particle reduces by

increasing temperature [149]. The size of microgels dropped monotonically with tem-

perature at one transition point for microgels with a thin shell. Moreover, two transition

points were observed by increasing the shell thickness. Gernandt et al. [128] employed
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a nonlinear field theory to model the swelling behavior of the dual thermo-sensitive

core/shell microgel. The interaction of the core and shell domains at the swollen and

collapsed states was well studied and qualitatively compared with experimental data

from SANS. However, a shortcoming of these models is that their predictions are not

verified with experimental results from DLS and SANS. Simplification of the interac-

tion between the core and shell is considered in some studies to find approximate re-

sults [129,140]. Accurate predictions can be achieved by accounting for the swelling in

each domain and their mutual interaction, and finding the thermodynamic equilibrium

between the swelling and mechanical forces.

A thermodynamic model has recently been developed to study solvent diffusion and

elastic deformation of neutral core /shell hydrogels based on the free energy inequality,

and to analyze the equilibrium swelling of core /shell microgels with a rigid core [131].

In this chapter, the thermodynamic model has been extended to capture the equilibrium

swelling of temperature-sensitive core/shell microgels with a deformable core, and to

investigate the effect of temperature and shell thickness on the swelling ratio. Our

approach differs from existing constitutive models in two ways: (i) the reference state

is differentiated from the initial state where hydrogels are dried and undeformed; (ii)

a continuous domain is assumed for core/shell hydrogels, and individual discontinuous

elastic modulus and polymer-solvent interaction parameters are assigned to physical

parameters of each domain. The core/shell model is then validated with experimental

data from dynamic light scattering and small angle neutron scattering experiments on

pNIPAM/pNIPMAM core/shell microgels [148].
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3.1 Governing equations

The governing equation for a core/shell hydrogel is derived in the spherical coordinate

in the actual state

∂TR

∂ r
+

2
r
(TR−TΘ) = 0. (3.1)

Eq. 3.1 is reformatted to be in the initial state, and the tangential stress TΘ is substituted

from Eq. 2.402. The simplified equation for radial stress TR implies that

∂TR

∂R
+

2G

r f
2
3

(
(1+Q)2(R

r

)6−1
)
= 0. (3.2)

The radial deformation r(R) is given (refer to Eq. 2.38) by

r2 ∂ r
∂R

= (1+Q)R2. (3.3)

The constitutive framework developed to study the deformation of a core/shell hydrogel

subjected to mechanical and swelling forces, is described in Chapter 2. Here, constitu-

tive relations are modified for temperature-sensitive hydrogels.

The volume transition of temperature-sensitive core/shell gels is considered by an

effective Flory-Huggins parameter in the mixing energy between solvent molecules and

polymer chains [150, 151]. The mixing energy in Eq. 2.19 is replaced by

Ψmix =
kBT

v
(Q ln

Q
1+Q

+χ(T,Q)
Q

1+Q
), (3.4)
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where χ(T,Q) is the effective Flory-Huggins parameter and introduced as a function of

temperature and swelling ratio [114,152,153]. Following [109], the effective interaction

parameter is expressed by

χ(T,Q) =−∆s
kB

+
∆h

kB(T −∆T )
+

χ2

1+Q
, (3.5)

where χ2 denotes the volume fraction dependence, ∆T is added to this formula to ac-

count for the shift in the VPTT for different hydrogels, and ∆s and ∆h are the entropy

and enthalpy contributions to the interaction parameter, respectively. The condition of

chemical equilibrium from Eqs. 2.48, 2.49 and 2.51, states that

kBT
v

(
ln

Q
1+Q

+
1

1+Q
+

χ(T,Q)

(1+Q)2

)
+

G
1+Q

[
(1+Q)2

f
2
3

(R
r

)4−1
]
−TR = 0. (3.6)

3.1.1 Numerics

The theoretical model needs to be solved to determine the equilibrium swelling of tem-

perature sensitive core/shell hydrogels in the core and shell domains. The core/shell

hydrogel is modeled by only one continuous domain with distinct discontinuous elas-

tic modulus G and interaction parameter χ for the core and shell. These parameters

are introduced as field variables which change from the core to shell domain with a

continuous second-order transition function at the core/shell boundary.

Dependent variables TR and Q(R) are to de found from two differential equations

(Eq. 3.2 and Eq. 3.3) and one algebraic equation (Eq. 3.6). The commercial software
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COMSOL [144] was employed to implement the model. Two appropriate boundary

conditions were applied at the inner and outer domain of the hydrogel. The inner radius

of the spherical gel is zero, and the outer surface of the spherical gel is stress-free.

Therefore, the boundary conditions are given by

r(R = 0) = 0,

TR(Rout) = 0.

(3.7)

For this model, the maximum element size of 10−3 nm was chosen to ensure that the

solution is mesh independent. Number of elements were ∼ 170000 adding up to ∼

1×106 degrees of freedom.

3.2 Results and discussion

The internal structure of core/shell hydrogels depends on the mutual interaction be-

tween core and shell domains subjected to swelling. Swelling of the core and shell can

be induced by a change in environmental parameters, such as: humidity, temperature,

pH, salt concentration, and specific molecules [9]. A study on a double temperature-

sensitive microgel with pNIPAM/pNIPMAM core/shell structure is used as a reference

experiment to verify our simulation results [149]. The hydrodynamic radius of mi-

crogels from DLS measurements, and also the polymer density within microgels from

SANS measurements are compared with simulation results.
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3.2.1 Parameters

The geometry of core/shell hydrogels is defined in the initial configuration by two pa-

rameters: Rin and Rout . Rin denotes the radius of the core and is set to 40 nm close to

the experimental data. The outer radius of the microgel particle Rout is the only fitting

parameter. Another parameter is the partial swelling of hydrogel which describes the

evolution of the reference state. The partial swelling of the core and the shell are set to

Q0 = 0.96 according to the experiment.

The elastic modulus of the core and the shell are determined by fitting to the swelling-

temperature curve of a specific size of the microgel which is Vshell/Vcore = 0.73. The

elastic modulus G is set to be the same for the core and the shell, and in the admissible

range of the modulus of hydrogels as illustrated in Fig. 1.3.

The interaction parameter χ(T,ϕ) is required to capture the volume phase transition

temperatures (VPTT) of the pNIPAM core and the pNIPMAM shell which are 34 ◦C

and 44 ◦C, respectively. Swelling-temperature curve of isolated pNIPAM microgels are

used to find χC from Fig. 3.1. The interaction parameter of the shell χS is determined

by fittings to DLS measurements from the microgel with a specific volume fraction of

Vshell/Vcore = 0.73 – shown by solid yellow triangle symbols in Fig. 3.2. All required

parameters for numerical simulation are listed in Table 3.1.
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Table 3.1: Physical and geometry parameters of the core/shell hydrogel

General physical parameters
Vshell/Vcore 1.74,1.33,0.73,0.33
kB 1.38×10−23 J K−1

ϕ0 0.51
v 10−28 m3

Physical parameters of the core
∆sC −3.7×10−23 J K−1

∆hC −9.2×10−21 J
χC

2 0.35
GC 20×103 N m−2

∆TC 20 ◦C
Physical parameters of the shell
∆sS −2.35×10−23 J K−1

∆hS −5×10−21 J
χS

2 0.48
GS 20×103 N m−2

∆T S 0 ◦C

Figure 3.1: Radius of isolated core of microgels as a function of temperature; the line is from our
simulation results and symbols are experimental data
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3.2.2 The influence of temperature and shell thickness on the swelling

behavior of core/shell particles

The radial deformation of the core/shell hydrogel has been calculated by numerical

simulation as a function of temperature and shell thickness. The radius of the core/shell

hydrogel is found to decrease as temperature increases, and displays a transition around

the VPTTs of the core and the shell.

3.2.2.1 Size of core/shell hydrogels

When temperature is higher than the VPTTs of the core and the shell (T > 44 ◦C),

increasing the shell thickness enhances the swelling degree of the hydrogel (Fig. 3.2) in

accord with the experiment although both domains are at their collapsed states. When

temperature reduces below the VPTT of the shell, the shell starts to expand and the

radius of hydrogel increases; however, the core is still in its collapsed state. In this

case, hydrogels with a thin shell show a small increase in their swelling degree with a

smooth transition. Increasing the shell thickness results in a pronounced increase in the

size of swollen hydrogels with relatively sharp transitions. It may be explained that the

swelling of the shell is constrained by the collapsed core only to a certain shell thickness

which is more effective for hydrogels with thin shells. In contrast, hydrogels with thick

shell have more room for the shell to expand inhomogeneously in the radial direction

and their overall volume is less affected.

Decreasing temperature below the VPTTs of both domains, results in swollen core

and shell domains. In this case, the maximum degree of swelling in the shell is obtain-
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Figure 3.2: Radius of core/shell microgels as a function of temperature and shell thickness; lines
with symbols are simulation results, and symbols are experimental data; the line with solid yellow
triangle signs is used for parameter-adaptation and the shell thickness is the only fitting parameter

able since the core applies no constraint on the shell. It is revealed that the correspond-

ing transition point (T ≈ 34 ◦C) is not affected by changing the shell thickness. At this

transition temperature point, hydrogels display an increase in the size whereas those

with a thick shell demonstrate a less pronounced increase. This behavior is in agree-

ment with the readings of SANS, since the scattering density measurements are directly

proportional to the degree of swelling in hydrogels (refer to Figure 4 in [148]). How-

ever, DLS observations demonstrate that the swelling degree of microgels with thicker

shells cannot increase beyond a certain value.
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Figure 3.3: Radial stress in the pNIPAM/pNIPMAM core/shell hydrogel with Vshell/Vcore = 1.33
at three different temperatures

3.2.2.2 Stress distribution within the core/shell structure

The radial and tangential stresses are calculated as a functional of the radius of the

core/shell hydrogel with a shell volume fraction of Vshell/Vcore = 1.33 at temperatures

of T = 30, 40 and 50 ◦C. The dimensionless radial and tangential stresses are defined

by T∗R = TRν/(kBT ) and T∗
θ
= Tθ ν/(kBT ), respectively. It can be seen in Fig. 3.3 and

Fig. 3.4 that the stresses are constant throughout the core domain which is due to the

constant polymer density and the swelling in the core. The homogeneous swelling of

the core is in agreement with the findings in [154]. However, the stresses in the shell

show a radial distribution through the shell thickness.

Fig. 3.3 depicts that the radial stresses decay from its maximum value at the core/shell
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Figure 3.4: Tangential stress in the pNIPAM/pNIPMAM core/shell hydrogel with Vshell/Vcore =
1.33 at three different temperatures

interface to zero at the outer radius of the shell. The radial stress is positive for all three

temperatures due to the expansion of the shell and application of radial stress on the

core. The radial stresses increase by increasing temperature until T = 45 ◦C which is

the VPTT of the shell. Further increase in temperature coincides with the collapse of

the shell which results in the reduction of the degree of swelling and subsequently the

radial stresses.

Furthermore, the tangential stresses are displayed in Fig. 3.4. In the core domain,

the tangential stresses are equal to the radial stresses in Fig. 3.3. In the shell domain, the

tangential stresses are found to be negative since the core is less swollen than the shell.

The core constrains the expansion of the shell circumferentially and applies a lateral
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contraction on the shell. The absolute value of the circumferential stresses decreases

with the radius of the hydrogel. The value of tangential stresses is increasing with

temperature when T < 45 ◦C and further increase in temperature leads to the reduction

of stresses and the swelling of the core/shell hydrogel.

3.2.2.3 Polymer density distribution within the core/shell structure

The core-shell model – verified with DLS observations – is used to predict the polymer

density in the pNIPAM core and the pNIPMAM shell without any modification. Fig. 3.5

shows the polymer density – which is defined in Eq. 2.11 – in the core-shell particles for

a shell volume fraction of Vshell/Vcore = 1.33 at temperatures of T = 30, 40 and 50 ◦C.

Each domain can be either at its swollen or collapsed state in response to different

temperatures. Simulation results are relatively in the same range of the experimental

data, although the calculated polymer density is quantitatively lower than measured

density from SANS at equal temperatures.

Both domains are swollen when T < 34 ◦C, yet still the shell is less denser than the

core. When temperature increase to 40 ◦C, the polymer density in the core increases

more pronouncedly than that in the shell. The radial distribution of density within the

shell can be seen in Fig. 3.5. The polymer density within the shell is radially distributed

which is higher near the core/shell boundary and decreases to a constant value near the

outer radius of the shell. In this situation, the collapsed core constrains the swelling of

the shell specifically the volume in the shell near the core/shell boundary. Increasing

temperature furthermore makes core and shell domains collapse since the temperature
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Figure 3.5: Polymer density in the pNIPAM/pNIPMAM core/shell hydrogel with Vshell/Vcore =
1.33 at three different temperatures

becomes higher than the VPTTs of both domains. Simulation results show that the

core is always denser than the shell at all temperatures which is in agreement with

experimental results at T = 30 and 40 ◦C. However at T = 50 ◦C, the polymer density

from SANS show that the density in the shell is slightly higher than that in the core.

Contradictions between simulation results and experimental data can be attributed to

our assumption of equal elastic modulus and partial swelling of the core and shell. This

assumption is made due to the lack of detailed knowledge about the polymer density and

the radial distribution of cross-links in the core/shell microgels. Moreover, the relation

between crosslink density and the modulus of polymer network is approximate [155].
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3.3 Conclusion

The equilibrium swelling of a doubly temperature-sensitive core/shell gel has been stud-

ied in response to changes in temperature and shell thickness. A thermodynamic model

which has been recently used for neutral core /shell gels with a rigid core, has been

further extended to include temperature-induced swelling by incorporating an effective

Flory-Huggins interaction parameter. A continuous domain is considered to represent

the core/shell hydrogel with discontinuous elastic modulus and interaction parameter

for the deformable core and shell domains. The equilibrium swelling of poly (N-

isopropyl acrylamide)/ poly (N-isopropyl methacrylamide) core/the shell with different

volume phase transition temperature (VPTT) for each domain has been determined by

finding the mutual interaction between core and shell. Moreover, polymer density in

the core and the shell has also been validated with experimental data from small an-

gle neutron scattering. A homogeneous and isotropic swelling of the core, and a radial

inhomogeneous swelling of the shell have been predicted at different temperatures. Pre-

dictions of the model have also been verified with the experimental data from dynamic

light scattering. It is revealed that increasing the shell thickness develops a two-step

transition behavior in the swelling-temperature curves which attribute to the VPTTs of

the core and shell polymer network. In contrary, hydrogels with thin shells exhibit only

one transition point attributed to the VPTT of the core.
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Dual pH- and temperature-sensitive

core/shell composite gels

Hydrogels are new materials which have gained tremendous attention in the 1960s af-

ter their first appearance as contact lens, due to their swelling properties and stimuli-

responsive behavior [7]. One class of hydrogels – known as smart materials – is re-

sponsive to external stimuli such as temperature, pH, pressure, solvent composition,

light, sound, electric or magnetic fields, ionic strength, enzymes, alcohol, and specific

solutes [23–25]. Experimental studies are mostly involved in the synthesis of hydrogels

which are responsive to one stimulus at a time. Multi-responsive hydrogels respond

to more than one stimulus – particularly to pH and temperature – have been synthe-

sized and studied since 1990 [62–64]. Later, a series of dual-responsive pNIPAM-co-

AAc hydrogels have been synthesized in the form of microgels [38, 67, 68] and macro-

gels [69–72]. These composite hydrogels were produced by adding acrylic acid (AAc)
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– a popular polyelectrolyte hydrogel – to poly(N-isopropyl acrylamide) (pNIPAM) – a

usual stable temperature-sensitive hydrogel – as the base material. The swelling behav-

ior of these composite hydrogels is as a multifunction of solution pH, AAc concentra-

tion, and temperature.

This research is motivated by an experimental study on pNIPAM-co-AAc hydrogels.

The swelling behavior of these copolymer hydrogels has been studied and the following

main features are extracted:

1. The size of the pNIPAM-co-AAc hydrogel increases by adding ionic AAc monomers

to the side chains of pNIPAM polymer, and increases even further with higher

AAc fraction and higher pH values of bath.

2. The volume phase transition temperature (VPTT) of ionic hydrogels including

microgels and macrogels, shifts to a higher temperature in a salt-free bath. This

shift is much smaller for microgels than that for macrogels.

3. Two-step volume phase transition behavior appears when macrogels have a sub-

stantial amount of AAc monomers or microgels are subjected to swelling in the

bath with a high pH value (close to seven or higher).

The most important feature of these ionic polymer gels is considered to be the shift in

their VPTT compared to the VPTT of temperature-sensitive hydrogels. This shift is a

function of AAc molar fraction and pH. The swelling of the dual-responsive ionic gels

causes the shrinkage of their volume to happen at a higher temperature.

Swelling of ionic polymer gels – also called pH-sensitive hydrogels – basically oc-
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curs when pH exceeds the dissociation of functional groups of the polymer network

pKa. The charge of functional groups determines whether a gel is anionic, cationic

or ampholytic. The swelling of ionic polymer gels can be explained by two mecha-

nisms [37–39]: (i) the increased osmotic pressure resulting from excess counter ions

intake, and (ii) the pressure induced by the repulsive forces between bound charges on

the backbone of the polymer network. The first mechanism is conventionally considered

as the main mechanism to describe the equilibrium swelling of ionic polymer gels. The

contribution of the second mechanism to the swelling of pH-sensitive hydrogels are not

well addressed by a simple mathematical formulation for the analysis of experimental

data [156].

The swelling of pH-sensitive hydrogels has been the focus of many theoretical mod-

els [115–122]. Most of these theoretical models account only for the contribution of

ionic pressure which arises from the gradient of ion concentration inside and outside of

the polymer network. There are few models which incorporate the effect of electrostatic

repulsion between bound charges attached to the backbone of the network [142, 157].

Besides modeling pH-sensitive gels, a theoretical model is also needed to describe the

temperature-induced swelling of pH- /temperature-responsive (dual-responsive) hydro-

gels. Following the approach described in Chapter 3, an equivalent Flory-Huggins pa-

rameter is incorporated into the mixing energy of solvent and network to account for

the volume phase transition behavior of thermo-sensitive gels.

This chapter provides a study on the equilibrium swelling of pH-/temperature-responsive

core/shell hydrogels. Core/shell hydrogels have been synthesized and studied in the last
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decade due to their multi-responsive behavior [37,65,66,148]. The anisotropic swelling

of neutral core/shell gels – due to its geometry constraint at the core/shell boundary –

has recently been studied by a number of theoretical models [128–130, 135–139]. De-

spite these studies on temperature-sensitive core/shell hydrogels, the coupled influence

of temperature and pH on the swelling behavior of core/shell hydrogels has not been

addressed.

pH-sensitive hydrogels subjected to swelling have been studied recently by a ther-

modynamic model which treats an anionic hydrogel to be consisted of three phases:

polymer network, solvent (water molecules), and solutes (mobile ions) [142]. The

energy of transportation of solvent and solutes, the mechanical stress of the polymer

network, the ionic pressure and the electrostatic repulsion between bound charges are

considered in the free energy of the hydrogel. It is demonstrated that this model is

consistent with the Henderson-Hasselbach equation for the calculations of pH – acidity

changes by the production of mobile ions and the dissociation of functional groups –

and also, the van't Hoff formula for ionic pressure. The model is then formulated for

mechanical and chemical (the Donnan’s equilibrium law) equilibrium conditions.

The aim of this study is to extend the thermodynamic model to express the equilib-

rium swelling of a pH-/temperature-responsive core/shell hydrogel with the deformable

core and shell domains. This approach is grounded on the assumption that the reference

state is differentiated from the initial state where hydrogels are dried and undeformed,

two distinct domains are assumed for core/shell hydrogels, and individual discontinu-

ous elastic modulus and polymer-solvent interaction parameters are assigned to physical
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parameters of each domain. The simulation results are compared with the experimental

data from dynamic light scattering on pNIPAM-co-AAc (core)/pNIPAM (shell) micro-

gels [37].

4.1 Mathematical formulation

In this model, an anionic hydrogel is assumed to be consisted of three phases: polymer

network, solvent (water molecules), and solutes (mobile ions). Water molecules and

mobile ions are allowed to diffuse into the polymer network. Migration of water and

mobile ions occurs due to the chemical reactions of mobile ions and polymer network

with water molecules and furthermore, these reactions are accelerated by the electric

field generated among the bound charges on the backbone of the network.

4.1.1 Chemical reactions

Pure water has a low electrical conductivity (0.055µS.cm−1) due to its self-ionization

reaction

2H2O� H3O++OH−, (4.1)

which produces hydroxide ions H+ (attached to water molecules) and OH− hydroxyl

ions whose activities are controlled by their concentration. Therefore, the water dissoci-

ation constant is given by pKw = [H+][OH−]; therefore, at room temperature pKw = 14,

where p denotes a co-logarithm. The bath is assumed to be acidic in this chapter. Dis-

solving a strong acid (e.g. HCl) in water makes an acidic environment by reducing the
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pH of neutralized water below 7. The neutrality condition at room temperature states

that pH = pOH = 7. This reaction produces H+ (attached to water molecules) and Cl−

chloride ions

H2O+HCl� H3O++Cl−. (4.2)

Anionic hydrogels with functional (carboxyl) groups become ionized when sub-

merged in water

H2O+COOH� H3O++COO−. (4.3)

A n1 fraction of total number of COOH groups (n) becomes ionized COO− attached to

the polymer chains. Then, the degree of ionization per chain is defined as

α =
n1

n
. (4.4)

The molar fraction of ions are found from the concentrations of ions in the bath as

[H+] = k
c̄H+

c̄
, [OH−] = k

c̄OH−

c̄
, [Cl−] = k

c̄Cl−

c̄
, (4.5)

where c̄, c̄H+ , c̄OH− , and c̄Cl− represent the concentration of water molecules, hydroxide

ions, hydroxyl ions, and chloride ions in the bath, respectively, and k = 55.5̄ is the

molarity of water.

As a common assumption, the infinite amount of solvent molecules and solutes are

available in the bath which maintains the concentration of mobile ions constant. The

ionization of water molecules and hydrochloric acid and also, association of H+ mobile
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ions with water molecules in Eq. 4.3 are disregarded in this model.

For kinematics of a hydrogel, readers are referred to Section 2.1.1 in Chapter 2.

4.1.2 Kinetic relations

A kinetic law is used to describe transportation of solvent molecules into an isotropic

network, as follows

J =− DC
kBT

F−1 ·∇∇∇0µ ·F−1, (4.6)

where D is diffusivity, kB is the Boltzmann constant, C = c detF denotes the concen-

tration of solvent molecules per unit volume in the actual state, J is the solvent flux

in the initial state, and ∇∇∇0µ is the gradient of chemical potential energy in the initial

state [131]. Eq. 4.6 is then substituted into mass conservation law for solvent molecules

Ċ+∇∇∇0 ·J = 0, (4.7)

when there is no external source to inject more solvent molecules. Finally, the diffusion

equation implies that

Ċ =∇∇∇0 · (
DC
kBT

F−1 ·∇∇∇0µ ·F−1). (4.8)

The flux vector of mobile ions in the initial state can be derived analogous to Eq.
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4.6, and are expressed by

JH+ =− DH+CH+

kBT
F−1 ·∇∇∇0µH+ ·F−1,

JOH− =−
DOH−COH−

kBT
F−1 ·∇∇∇0µOH− ·F

−1,

JCl− =−
DCl−CCl−

kBT
F−1 ·∇∇∇0µCl− ·F

−1,

(4.9)

where DH+,DOH−, and DCl− are the diffusivity of mobile ions, respectively, and µH+,µOH−

and µCl− are the equivalent chemical potentials, respectively. The corresponding mass

conservation laws are given by

ĊH+ +∇∇∇0 ·JH+ = ΓH+,

ĊOH−+∇∇∇0 ·JOH− = 0,

ĊCl− +∇∇∇0 ·JCl− = 0,

(4.10)

where ΓH+ = α Ċb is the rate of production of H+ ions due to the ionization of ionic

polymers and the dissociation of functional groups. In addition, the concentration of to-

tal bound charges attached to chains is denoted by Cb = M n where M reads the number

of chains. In the initial configuration, Cb− = αCb defines the concentration of bound

charges per unit volume in the initial state.

The work produced to transfer solvent and mobile ions into the gel (per unit volume

in the initial state and per unit time) has been described in [142, 158] by

udif = µĊ+µH+(ĊH+− α̇Cb)+µOH−ĊOH−+µCl−ĊCl−+ ūdif, (4.11)
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where the last term is given by

ūdif =−(J ·∇∇∇0µ +JH+ ·∇∇∇0µH+ +JOH− ·∇∇∇0µOH−+JCl− ·∇∇∇0µCl−). (4.12)

ūdif is a non-negative term in Eq. 4.12 according to Eq. 4.9.

4.1.3 Electric field

The formation of bound charges on the chains of polyelectrolyte (PE) hydrogels and the

distribution of mobile ions inside the network creates an electric field e which may be

described by

e =−∇∇∇Φ, E =−∇∇∇0Φ (4.13)

where ∇∇∇Φ and ∇∇∇0Φ are the gradient of the potential energy of the electric field in the

actual and initial configuration, respectively, whose relation is described by

∇∇∇Φ =∇∇∇0Φ ·F . (4.14)

Analogous to a dielectric elastomer, the electric displacement vector of a gel (in the

actual state) is given by

h = εe, (4.15)
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where ε is the permittivity of material. Using chain rule for differentiation of Eqs.

4.13,4.14, and 4.15 results in

E = e ·F, h = εF-T ·E (4.16)

The Gauss law is used to relate the electric displacement vector to the charge density as

follows ∫
∂ω

h ·nda =
∫

ω

rdv, (4.17)

where r denotes the charge density in the actual state, ω defines an arbitrary volume

with boundary ∂ω in the initial state. Applying the Nanson’s and Stokes formula to Eq.

4.17 results in

∇∇∇0 ·H = R, (4.18)

where H is the nominal electric displacement and R = r J is the charge density in the

initial state, which is given by

R = e(CH+−COH−−CCl−−αCb), (4.19)

where e denotes the charge of an electron. The relation between the electric displace-

ment field H and the electric field in the initial configuration E can be found from these

relations and Eqs. 4.13, 4.15, and 4.17

H = εJC−1 ·∇∇∇0Φ (4.20)
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where C is the left Cauchy-Green tensor for macrodeformation. Substituting H from

Eq. 4.20, and R from Eq. 4.19 into Eq. 4.18 gives the Poisson’s equation

∇∇∇0 · (εJC−1 ·∇∇∇0Φ) = e(CH+−COH−−CCl−−αCb). (4.21)

The energy of the electric field of a hydrogel occupying a volume Ω in the initial

state and a volume ω in the actual state, is given by [158].

∫
ω

h ·h
2ε

dv =
∫

Ω

1
2εJ

H ·C ·HdV. (4.22)

Therefore, the electric field of mobile ions and fixed charges has a free energy density

which can be described in the initial state by

Wel =
1

2εJ
H ·C ·H. (4.23)

The work of the electric field (per unit time and unit volume in the initial configuration)

is determined by [158],

uel = E · Ḣ−ΦṘ, (4.24)

and it follows from substituting Eq. 4.19 into Eq. 4.24 that this work reads

uel = E · Ḣ− eΦ(ĊH+−ĊOH−−ĊCl−− α̇Cb). (4.25)
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4.1.4 Free energy density of a neutral hydrogel

The free energy of a gel comprising three-phase medium is given in [142]. In this study,

the specific free energy of a pH-sensitive hydrogel Ψ per unit volume in the initial

configuration is described by the summation of six terms divided in four categories: 1)

the strain energy of solvent and mobile ions in solutes with no mixing, 2) the strain

energy of polymer network, 3) the three mixing energies including polymer-solvent

interaction, mobile ions-solvent interaction, and ionized and neutral functional groups

of polymer chains, 4) the energy of the electric field produced by mobile ions and fixed

charges. Thus, the free energy density implies that

Ψ = Ψnon-mix +Ψnet +Ψmix1 +Ψmix2 +Ψmix3 +Wel. (4.26)

The specific strain energy density Ψnon-mix is expressed by [122]

Ψnon-mix = µ
0C+µ

0
H+CH+ +µ

0
OH−COH−+µ

0
Cl−CCl−, (4.27)

where µ0, µ0
H+, µ0

OH− , and µ0
Cl− are the chemical potential energies of water molecules

and different mobile ions (excluding their mixing effect), respectively. Ψnet denotes the

strain energy density of polymer network

Ψnet =W (Ie1, Ie2, Ie3,α, f ). (4.28)
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where Iei (i = 1,2,3) denotes principal invariants of the Cauchy-Green tensor for elastic

deformation. An equivalent polymer network is used to replace the original network in

order to simplify constitutive relations [142]. The equivalent network is presumed to

be a non-charged network with a volume expansion coefficient equal to f (α). In the

equivalent network, the energy of the electrostatic interaction between bound charges

is explicitly taken into account. f (α) is assumed to be proportional to the degree of

ionization and is determined by [142]

f = 1+Q0 +q1Cbα, (4.29)

where Q0 is the partial swelling of a hydrogel in the reference state and q1 is a material

parameter. The simplified format of the strain energy density of polymer network is

given by

Ψnet,eq =Weq(Ie1, Ie2, Ie3). (4.30)

The mixing energy Ψmix1 between water molecules and polymer chains [150] reads

Ψmix1 =
kBT

v
(Q ln

Q
1+Q

+χ(T,Q)
Q

1+Q
), (4.31)

where χ(T,Q) is the equivalent Florry-Huggins parameter provided in Eq. 3.5 in Chap-

ter three. ∆T in Eq. 3.5 accounts for the shift in the VPTT of charged hydrogels at

different pH values. Traditionally, the interaction between water molecules and mo-

bile ions, and also the mixing of mobile ions and neutral functional groups on polymer
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chains are described by [118]

Ψmix2 =kBT
[
CH+ ln

(
CH+

C
−1
)
+COH− ln

(
COH−

C
−1
)

+CCl− ln
(

CCl−

C
−1
)]

,

Ψmix3 =kBTCb

(
α lnα +(1−α) ln(1−α)

)
.

(4.32)

4.1.5 Constitutive relations

The free energy inequality equation for a three-phase hydrogel with finite deformation

is given by

Ψ̇−umech−udif−uel−udis ≤ 0, (4.33)

where Ψ̇ denotes the derivative of free energy density. The mechanical work on gel

reads

umech = J T : D, (4.34)

where T is the Cauchy stress tensor, and D denotes the rate-of-strain tensor and is given

by D = 1
2(L+LT) as the symmetric part of the velocity gradient L = Ḟ ·F−1.

The works created by migration of mobile ions and water molecules udif, and by the

electric field uel can be found from Eqs. 4.11 and 4.25, respectively. The formation of

ion pairs and the dissociation of functional groups of anionic gels induce a work which
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is determined by [142]

udis = α̇ ∆µ Cb, (4.35)

where ∆µ denotes by the difference between the potentials of neutral and ionized func-

tional groups.

The derivative of molecular incompressibility condition (Eq. 2.10) is added to the

inequality equation (Eq. 4.33) using an arbitrary function Π to incorporate the incom-

pressibility condition as described in [102]. Therefore,

Ψ̇−umech−udif−uel−udis +Π(Ċv− J I : D)≤ 0. (4.36)

The differentiation of Eq. 4.26 and the substitution of six Eqs. 4.23, 4.27, 4.30, 4.31

and 4.32 imply that

Ψ̇ =2(Kmech +Kel) : D+E · Ḣ+

ΘCĊ+ΘH+ĊH+ +ΘOH−ĊOH−+ΘCl−ĊCl−+Θα α̇Cb,

(4.37)

where the terms are given by Eqs. B.8, B.16 and B.17. Using Eq. 4.37, the inequality
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condition Eq. 2.26 is obtained as

[2(Kmech +Kel)− J(T+ΠI)] : D+(ΘC +Πv−µ)Ċ+

(ΘH+ + eΦ−µH+)ĊH+ +(ΘOH−− eΦ−µOH−)ĊOH−

+(ΘCl−− eΦ−µCl−)ĊCl−+(Θα − eΦ+µH+−∆µ)α̇Cb ≤ 0.

(4.38)

This relation meets the inequality condition in case of describing the Cauchy stress by

T =−ΠI+
2
J
(Kmech +Kel), (4.39)

and the potentials of water and mobile ions reads

µ = ΘC +Πv, µH+ = ΘH+ + eΦ,

µOH− = ΘOH−− eΦ, µCl− = ΘCl−− eΦ,

(4.40)

and the equation for the degree of ionization is given by

Θα − eΦ+µH+−∆µ = 0. (4.41)

The Cauchy stress can be found by replacing J,Kmech, and Kel in Eq. 4.39. Thus,

T =−ΠI+
2

1+Q

[
∂W
∂Je1

Be− Je3
∂W
∂Je2

Be
−1 +(Je2

∂W
∂Je2

+ Je3
∂W
∂Je3

)I
]
+TM, (4.42)
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where TM denoting the Maxwell stress is given by

TM =
1
ε
[h⊗h− 1

2
(h ·h)I]. (4.43)

To simplify the implementation of the governing equations, the Maxwell stress is shown

to be lower than the mechanical stress by a few orders of magnitude [142]. The chemical

potentials – using Eqs. 4.40 and B.17 – are explicitly expressed by

µ = µ
0 + kBT

[
ln

Cv
1+Cv

+
1

1+Cv
+

χ

(1+Cv)2 +
Πv
kBT
−CH+ +COH−+CCl−

C

]
,

µH+ = µ
0
H+ + kBT ln

CH+

C
+ eΦ, µOH− = µ

0
OH−+ kBT ln

COH−

C
− eΦ,

µCl− = µ
0
Cl−+ kBT ln

CCl−

C
− eΦ.

(4.44)

These formulations show the interconnected relations between the chemical potentials

and the electrochemical potentials which are clearly distinguished due to the incorpora-

tion of the energy of the electric field in the inequality Eq. 4.33.

Finally, Eqs. 4.41, 4.44 and B.17, are used to obtain the degree of ionization by

ln
1−α

α
= ln

CH+

C
− lnK′a, (4.45)

where K′a denotes the acid association constant is defined by [142]

K′a = exp
(

∆µ−µ0
H+

kBT

)
. (4.46)
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The degree of ionization is found by solving Eq. 4.45 and expressed by

α = K′a

(
K′a +

CH+

C

)−1

, (4.47)

which is equivalent to the Henderson-Hasselbach equation which desribes the deriva-

tion of acidity in biological and chemical systems.

4.2 Equilibrium swelling of a dual-responsive core/shell

hydrogel

When a hydrogel submerges into a bath, it swells due to thermodynamic comparability

between polymer network, solvent and solutes. This equilibrium swelling is uniform

for hydrogels with homogeneous structure. In a core-shell hydrogel, simulation results

from Chapter three confirm that the swelling in core is homogeneous and isotropic;

but the distribution of swelling in shell is inhomogeneous. Assuming a homogeneous

swollen core, an analysis is provided in this chapter to discover the distribution of

swelling degree Q(R) and stress values T(R) only in shell as a function of tempera-

ture and pH.

4.2.1 Chemical equilibrium condition

In the event of equilibrium swelling, solvent and solutes are distributed independent

of spatial coordinates. Thus according to the Donnan’s law, the chemical potentials of
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solvent and solutes in the gel and the bath (shown with bar sign) equalize,

µ = µ, µH+ = µH+, µOH− = µOH−, µCl− = µCl−. (4.48)

The chemical potentials in the bath can be easily found by an analogy to Eq. 4.44;

for instance, the chemical potential of water bath is given by µ = µ0− kBT/c̄(c̄H+ +

c̄OH−+ c̄Cl−) . It follows from Eq. 4.44 and Eq. 4.48 that

ln
Q

1+Q
+

1
1+Q

+
χ

(1+Q)2 +
v

kBT
(Π−Πion) = 0, (4.49)

where the ionic pressure Πion is given by

Πion =
kBT

v

(
CH+ +COH−+CCl−

C
− c̄H+ + c̄OH−+ c̄Cl−

c̄

)
. (4.50)

Moreover, the concentration of solvent and solutes in the bath in the actual configuration

from Eq. 4.44 and Eq. 4.48 are determined by

ln
CH+

C
= ln

c̄H+

c̄
− e

kBT
(Φ− Φ̄),

ln
COH−

C
= ln

c̄OH−

c̄
+

e
kBT

(Φ− Φ̄),

ln
CCl−

C
=

c̄Cl−

c̄
+

e
kBT

(Φ− Φ̄).

(4.51)

Resolving Eq. 4.51 states that

CH+

C
COH−+CCl−

C
=

c̄H+

c̄
c̄OH−+ c̄Cl−

c̄
. (4.52)
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Applying the electroneutrality condition results in

COH−+CCl− =CH+−α Cb, c̄OH−+ c̄Cl− = c̄H+, (4.53)

and substituting Eq. 4.53 into Eq. 4.52 implies that

X
(

X−α
Cb

C

)
=

1
k2 10−2pH, (4.54)

where X =
CH+

C describes the concentration of counter ions in the gel. This expression

can be modified to

(
X− 1

k
10−pH

)
=

α Cb

C
X
(

X +
1
k

10−pH
)−1

. (4.55)

The concentration of positive ions is characterized by

[H+] = 10−pH. (4.56)

Substitution of Eq. 4.5 and Eq. 4.56 into Eq. 4.53 implies that

CH+ +COH−+CCl−

C
=2X− α Cb

C
,

c̄H+ + c̄OH−+ c̄Cl−

c̄
=

2
k

10−pH.

(4.57)

Moreover, by insertion of Eqs. 4.55, 4.57 into Eq. 4.50, the ionic pressure is reformu-
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lated and expressed by

Πion =
kBT X

v

(
α Cb

C

)2(
X +

1
k

10−pH
)−2

. (4.58)

Introducing these notations Q = C v and Qb = Cb v, the governing equations are

summarized as follows

X2− α Qb

Q
X =

1
k2 10−2pH, α =

K′a
K′a +X

, (4.59)

ln
Q

1+Q
+

1
1+Q

+
χ

(1+Q)2 +
v Π

kBT
+X

(
α Qb

Q

)2(
X +

1
k

10−pH
)−2

= 0. (4.60)

4.2.2 Constitutive relations of a hydrogel at equilibrium

The hydrogel has a core with the radius of rC, and a shell with the radius of rS in the

actual state. The occupied domain by a gel in the initial configuration is denoted by

the spherical coordinate {R,Θ,Φ} with unit vectors eR,eΘ, and eΦ, and in the reference

coordinate, {r0,θ0,φ0} describes the spherical coordinate.

The deformation gradient which maps the deformation from the initial configuration

to the actual configuration, is given by

F = r ′eR eR +
r
R
(eΘeΘ + eΦeΦ). (4.61)
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The radial deformation r(R) is obtained from Eqs. 2.10 and 4.61

r ′r2 = (1+Q)R2. (4.62)

Substituting Eqs. 4.29, 4.61 and 4.62 into Eq. 2.1, provides the deformation gradient

for elastic deformation as follows

Fe =
( 1

1+Q0 + q̄Qb α

) 1
3

(
(1+Q)

R2

r2 eR eR +
r
R
(eΘeΘ + eΦeΦ)

)
, (4.63)

where q̄ is denoted by q1/v. The neo-Hookean material model is specified for the strain

energy of network (Ψnet,eq in Eq. 4.30). Therefore, the Cauchy stress tensor is given by

T =−ΠI+
G

1+Q
(Be− I), (4.64)

where G is the shear modulus of polymer network, and Be = Fe ·FT
e is the right Cauchy-

Green tensor for elastic deformation.

Insertion of Eq. 4.63 into Eq. 4.64 implies that

TR =−Π+
G

1+Q

(
(1+Q)2

(1+Q0 + q̄Qb α)
2
3

(
R
r

)4

−1
)
,

TΘ =−Π+
G

1+Q

(
1

(1+Q0 + q̄Qb α)
2
3

(
r
R

)2

−1
)
,

(4.65)

where TR and TΘ denote the Cauchy stress in the radial and tangential directions, respec-

tively. According to Eq. 4.61. The mechanical equilibrium condition for a spherical
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hydrogel in the actual state reads

∂TR

∂ r
+

2
r
(TR−TΘ) = 0. (4.66)

Eq. 4.66 is rewritten to take derivative with respect to R, and to substitute TΘ from Eq.

4.652, as follows

∂TR

∂R
+

2G

r(1+Q0 + q̄Qb α)
2
3

(
(1+Q)2 R6

r6 −1
)
= 0. (4.67)

For the case of unconstrained swelling, the induced pressure by the electrostatic

forces among negative bound charges is determined by [142]

Πrep =
G

1+Q

[(
1+Q
1+Q0

) 2
3

−
(

1+Q
1+Q0 + q̄Qb α

) 2
3
]
. (4.68)

It is required to recalculate this induced pressure for core/shell hydrogels. According to

Eq. 4.65, it can be shown that

Π =−TR +
G

1+Q

(
(1+Q)2

(1+Q0 + q̄Qb α)
2
3

(
R
r

)4

−1
)
, (4.69)

this relation can be expressed by Π = Π∗−Πrep where

Π
∗ =−TR|α=0 +

G
1+Q

(
(1+Q)2

(1+Q0)
2
3

(
R
r

)4

−1
)

(4.70)
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denotes the osmotic pressure in the non-ionic core/shell gel, and

Πrep = TR−TR|α=0 +
G

1+Q

(
(1+Q)2

(1+Q0)
2
3
− (1+Q)2

(1+Q0 + q̄Qb α)
2
3

)(
R
r

)4

(4.71)

stands for the induced pressure by the electrostatic forces among negative bound charges.

4.2.3 Numerics

The core-shell hydrogel is solved only for the shell domain, since the core domain

is demonstrated to be homogeneous and isotropic in Chapter 3. The shear modu-

lus of the core and shell domains are assumed to be the same. Dependent variables

(Q, TR, Π, X , α and r) are found from two differential equations (Eq. 4.62 and Eq.

4.67) and four algebraic equations (Eqs. 4.591,2, 4.60 and 4.651). The commercial

software, COMSOL [144], is used to solve differential equations. Appropriate bound-

ary conditions are applied at the inner and outer boundary of the shell. At the inner

boundary of the shell, two boundary conditions are applied:

• the radial stress is continuous at the boundary, as if the core applies a force (com-

pression or tension) upon the shell, an equal and opposite force applies on the

core or the other way around TR(RC) = TR(R1);

• the lateral stretch is continuous at the boundary which is due to the connectivity

of the domains; therefore, the inner radius of the shell is determined by r1/R1 =

rC/RC = (1+QC)
1
3 .
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Table 4.1: Physical and geometry parameters of the dual responsive core/shell hydrogel

Physical parameters of the shell
R1, RC 48 nm
R2 72 nm
GS, GC 18×103 N m−2

∆sS, ∆sC −3.7×10−23 J K−1

∆hS, ∆hC −9.2×10−21 J
χS

2 , χC
2 0.45

∆TC 1.5, 4 and 8.5 ◦C*
QC

0 0
QC

b 10−5

q̄C 5×10−5

∆T S 1.5 ◦C
QS

0 Found from Eq. 2.36
∗ At pH values of 3.5, 4.5 and 6, respectively.

At the outer boundary of the shell, the shell experiences no external force at equilibrium

and therefore, the condition of traction-free for the outer surface of the shell implies that

TR(R2) = 0. (4.72)

Initial values are assigned to physical parameters to reduce the number of parame-

ters. The initial swelling of the core is set to QC
0 = 0 which means that the evolution of

the reference state is not due to partial swelling but only due to the ionization of bound

charges. The initial swelling of the shell is found from Eq. 2.36 assuming R1 = RC.

The constant term of the effective interaction parameter in Eq. 3.5 is determined by

χ2 = 0.45 for both domains. The dissociation constant of functional groups is denoted

by K′a = Ka/k. The dissociation constant of AAc comonomers is found to be pKa = 4.7

close to the theoretical value of 4.3 in [159].
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The maximum element size of 10−3 nm is selected for this model to ensure that

the solution is mesh independent. Number of elements are 4800 for the shell – whose

thickness is half of the core – adding up to 38405 degrees of freedom. The computation

is performed on a 2.4 GHz PC with 4 GB RAM.

4.3 Results and discussion

The core-shell model is developed to analyze the response of dual-stimuli responsive

core-shell hydrogels subjected to swelling. This model is reformulated to describe

the swelling experimental data from a core-shell hydrogel comprising a charged core

(pNIPAM-co-AAc) and a neutral shell (pNIPAM) reported in [37]. The core is assumed

to be a pH-/thermo-sensitive hydrogel whose swelling depends on pH and tempera-

ture, while the swelling of the shell is only temperature dependence. The equilibrium

swelling has been determined through the shell thickness for the temperature range of

25−45 oC at three pH values (pH = 3.5,4.5 and 6.5). Thereafter, the calculated radius

of the core-shell hydrogel is compared with dynamic light scattering (DLS) from the

pNIPAM-co-AAc/pNIPAM core/shell microgel.

4.3.1 pNIPAM-AAc/pNIPAM core/shell microgel

The reference experiment is the swelling measurements of a core/shell microgel syn-

thesized in a multi-step reaction process. The core-shell structure of this microgel was

confirmed by transmission electron microscopy (TEM) images [37]. The core was pro-
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duced by free radial polymerization of co-monomers which are pNIPAM, AAc and

N,N’-Methylenebisacrylamide (BIS) (with a ratio of 9:1:0.5). These constituents were

dissolved in water (150 mL) at 70 °C, and ammonium persulfate (APS) (0.069 g) and

sodium dodecyl sulfate (SDS) (0.069 g) were used as an initiator and a surfactant, re-

spectively. The shell was made of pure pNIPAM (1.4 g) with the same amount of

cross-linker, initiator and surfactant and similar preparation conditions were used for

the core. The internal radius of the core is estimated from the experiment at high tem-

perature when it is in the collapsed state and set to R1 = 48 nm; the shell thickness is

assumed to be half of R1.

The elastic modulus of the core and the shell is assumed to be the same since they

have almost the same amount of crosslinks and polymer in both domains. The param-

eters for temperature-induced swelling are estimated from the model developed for the

pNIPAM microgel in Chapter three and assigned to be equal for the core and shell; how-

ever, the fitted parameters of χC and χS have different ∆T (Eq. 3.5) accounting for the

delay of the volume transition of the core at different pH values. The list of parameters

are shown in Table 4.1.

4.3.2 Coupled effect of temperature and pH on equilibrium swelling

The size of microgel particles is calculated as a functional of temperature and pH at

equilibrium swelling. The calculations are fitted to the experimental data as shown in

Fig. 4.1. Microgel particles shrink when temperature increases from 25 °C to 45 °C.

At pH = 3.5, one transition point is calculated at T ≈ 32 °C which is close the VPTT
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Figure 4.1: Radius of the core-shell hydrogel at three pH values. Simulation results are shown by
lines considering dual effect of temperature and pH, and symbols are the experimental data from

Fig. 4 in [37]

of pNIPAM microgels [31, 37]. At higher pH (pH = 4.5 and 6.5), the second transition

point is appeared at a higher temperature corresponding to the VPTT of the pNIPAM-

co-AAc core. After the first transition point, the density of the shell becomes nearly

constant until the core collapses at the second transition point.

The shift in the VPTT of the core is determined by ∆T in the formula for χC which

is found by parameter-fitting to observations at different pH values. Swelling versus

temperature curves illustrate a two-step shrinking behavior with two transition points

which attribute to the VPTT of the core and shell. The second transition point corre-

sponding to a shift in the VPTT of the ionic core, is found to be ∆T = 1.5, 4 and 8.5 °C

at pH = 3.5, 4.5 and 6.5, respectively.

The transition from swollen to collapsed state is demonstrated in Fig. 4.2 in which

the interaction parameter of the core is found from fittings. This transition occurs at
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Figure 4.2: Interaction parameter of the core is found from fittings to observations considering the
effect of a shift in VPTT of the core at three pH values.

χ = 0.5 and the VPTT of the domain. When the value of χ is greater than 0.5, the

domain is collapsed and vice versa. It is demonstrated that increasing pH shifts this

transition to a higher temperature. The interaction parameter of the shell is assumed to

be the same as the core at the lowest pH (pH = 3.5).

The ionization of functional groups of ionic polymer gels are determined by the

degree of ionization. At low pH, functional groups are protonated by H+ mobile ions.

Therefore, the degree of ionization of microgel particles is very small (αC ≈ 0.06) at

pH = 3.5 according to Fig. 4.3. When pH exceeds pKa = 4.7 of the functional groups

of AAc, the degree of ionization increases to ≈ 0.7. Moreover, it is discovered that the

degree of ionization of the charged core αC decreases as temperature increases. At high

temperature, a number of carboxylic groups is non-ionized (αC < 0.2) at pH = 4.5 and

6.5. These findings are in agreement with swelling experiment on ionic copolymer gels
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Figure 4.3: Degree of ionization of the core calculated of the core/shell microgel with
pNIPAM-co-AAc in the core and pNIPAM in the shell. The interaction parameter of the pNIPAM

shell is assumed to be the same as the one for the lowest pH (pH = 3).

of N-isopropylacrylamide (NIPA) and sodium acrylate which shows that α decreases

with temperature for pH < 6.3 [70] and a significant fraction of the functional groups

is not ionized at temperatures above the VPTT of NIPA. In addition, simulation results

demonstrate that at high pH values, the decrease of αC occurs at two points corre-

sponding to the VPTT of the core and shell. Fig. 4.3 illustrates that αC drops more

significantly at the second transition point.

Fig. 4.4 depicts the dimensionless pressure induced from repulsive forces Πrep =

Πrepv/(kBT ) and the ionic pressure Πion = Πionv/(kBT ) versus temperature for three

pH values. Πrep and Πion increase with temperature when pH is kept constant. The

increase in pressure is more pronounced for Πion. Since the number of mobile ions

are fixed at a constant pH, the increase in ionic pressure may arise from the reduction

of volume of the core by increasing temperature – from the swollen state at T= 25 °C
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Figure 4.4: Simulation results for induced pressure by electrostatic forces Πrep and ionic pressure
Πion of pNIPAM-co-AAc/pNIPAM core/shell microgels.

to the collapsed state at T= 45 °C. These graphs have transition points corresponding

to the VPTTs of the core and shell. Increasing pH value demonstrates an increase in

Πion and Πrep at a constant temperature, which may be explained by the increase in the

number of mobile ions. Simulations results depict that Πrep outweighs Πion by a few

order of magnitude; therefore, the influence of the electrostatic forces is the dominant

mechanism for swelling as pointed out in [142].

4.3.3 Radial stress in the shell

Radial and tangential stress vary through the thickness of the shell in response to

changes in pH and temperature.
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4.3.3.1 Effect of pH and temperature on radial stress in the shell

At low pH, the core is swollen slightly more than the shell and the radial stress at the

core-shell interface is very low (in the order of 10−2), so a homogeneous deformation

can be assumed within the core and shell. The radial stress in the shell is illustrated in

Fig. 4.5 at pH values of 4.5 and 6.5 and two temperatures of 25 °C and 45 °C. Increasing

pH results in deprotonation of the core and further swelling in the core and thereafter,

the shell laterally stretches to accommodate the swollen core. Thus, the shell applies a

compressing radial stress on the core to constrain its swelling.

The influence of temperature on the radial stress in the shell is also depicted in

Fig. 4.5. At T = 25 ◦C, the temperature is below the VPTT of the shell and both

domains can expand freely without experiencing any constraint from the other domain.

As temperature increases, the shell collapses sooner than the core since the VPTT of

the shell is lower than that of the core. In this situation, the shell applies a compressing

radial stress on the core. This stress basically decays exponentially from its maximum

value at the inner boundary of the shell to zero at the outer boundary of the shell.

The maximum radial stress occurring at the core/shell boundary, is called the inter-

face stress and shown in Fig. 4.5. The maximum interface stress is not occurring at

the highest temperature (T = 45 ◦C), but at a temperature when both domains start to

collapse. The first peak in Fig. 4.6 represents the collapse of the shell while the core

is still swollen, and the second peak appears at the collapse of the core indicating the

maximum interface stress. The magnitude of the maximum interface stress is relatively

higher at higher pH value of 6.5. In between these two peaks, the evolution of the inter-
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Figure 4.5: Radial stress in the shell versus normalized radius of the shell in the initial state

face stress is faster for lower pH value of 4.5 since the VPTT of the core is closer to the

VPTT of the shell at this pH compared to pH value of 6.5. At pH= 6.5, the VPTT of

the core is shifted to a higher temperature while the VPTT of the shell is remained the

same at T ≈ 32 °C, and in this case, our calculations show a slower rate of evolution for

the interface stress, from the first peak to its maximum value.

4.3.4 Discussion

The swelling-temperature curves of isolated pNIPAM-co-AAc microgels show a two-

step transition behavior (provided that substantial content of AAc is used), although

these microgels do not possess a core-shell structure. For instance, Kratz et al. [38]

synthesized an ionic pNIPAM-co-AAc microgel with a molar fraction of 12.5% of AAc

which is required to observe the second transition point in the swelling-temperature

89



CHAPTER 4. DUAL PH- AND TEMPERATURE-SENSITIVE CORE/SHELL
COMPOSITE GELS

curves. Hoare and Pelton [160] proposed an inhomogeneous structure for ionic PNIPAM-

AAc microgels based on TEM images of the stained functional groups. It was con-

cluded that the amount of these groups are lower at the highly cross-linked center and

they are located near or at the surface of the microgel.

This similarity between the inhomogeneous structure of isolated pNIPAM-co-AAc

microgels and the core/shell structure of pNIPAM-co-AAc/pNIPAM core/shell micro-

gels which were prepared in multistage reaction [37], has been pointed out in [160].

This inhomogeneous structure may influence the VPTT in the core and shell due to the

higher content of AAc in the shell. Substantial fraction of AAc may be occupied in

the shell and make the VPTT of the shell shift to a higher temperature than the VPTT

of the core. Subsequently, this structure might lead to a two-step transition behavior

in the swelling-temperature curves of isolated ionic microgels provided that they have

substantial amount of the functional groups.

4.4 Conclusion

The equilibrium swelling of a dual-responsive core/shell hydrogel are studied in re-

sponse to change in temperature and pH. A theoretical model recently developed for

pH-sensitive hydrogels is extended to model temperature-sensitive core/ shell hydro-

gels accounting for temperature sensitivity and inhomogeneous swelling. The model is

used to predict the equilibrium swelling of the pNIPAM-co-AAc/ pNIPAM core/shell

gel as a function of temperature and pH. The volume phase transition temperature of

the core which shifts to a higher temperature by increasing pH, is parameter-adapted

90



CHAPTER 4. DUAL PH- AND TEMPERATURE-SENSITIVE CORE/SHELL
COMPOSITE GELS

Figure 4.6: The interface stress at the core/shell boundary as a function of temperature

at different pH values. In agreement with observations, swelling ratio decreases with

temperature and shows two transition points akin to the VPTT of the core and shell at

higher pH values. The model predicts the decrease of the degree of ionization in the

core with temperature, and this decrease occurs at two steps at higher pH. As pH in-

creases, the shell collapses first and apply a compressing radial stress on the swollen

core which collapses at a higher temperature. The maximum radial stress appears at the

inner boundary of the shell and decays to zero at the outer boundary of the shell. The

maximum radial stress is also a function of temperature, and has two local maximum

values; the first one corresponds to the collapse of the shell and the second one relates

to the collapse of the core occurring at a higher temperature.
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Chapter 5

A pH-sensitive natural/synthetic

composite hydrogel: Swelling

experiments on Agarose-Carbopol

Polymer gels – known as hydrogels – have promising applications in tissue engineer-

ing and regenerative medicine [161]. Functionalized and biocompatible hydrogels are

favorable biomaterials particularly in drug delivery systems. The desired release con-

trol of drugs may be achieved by using functionalized hydrogels (e.g. pH-responsive

hydrogels) with adjustable degree of swelling and degradation rate in response to en-

vironment. Another parameter is compatibility which has been addressed by some

type of hydrogels. Natural-derived hydrogels constitutionally show compatibility with

hydrophilic macromolecular drugs (e.g. protein). Furthermore, injectable hydrogels

which are capable of in-situ gelation, demonstrate high drug release efficiency, cell
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support and low toxicity [162]. Compared to rigid scaffolds used in conventional drug

delivery systems, in-situ forming gels adapt its structure to any shape, and consequently,

improves biocompatibility which is a critical issue in case of neural tissue such as brain

or spinal cord [163, 164].

In this chapter, a composite hydrogel is synthesized by the combination of two FDA

approved polymer gels – a natural polysaccharide (agarose), and a synthetic branched

polyacrylic acid (carbopol® 981P) – in order to introduce a new polymer gel which is

functionalized, biocompatibile and therefore, suitable for applications in tissue engi-

neering. The combination of natural and synthetic polymer gels may provide a com-

posite gel with better properties than the properties of its constituents [165].

Agarose is a natural polysaccharide from the family of physical hydrogels which

have transient polymeric cross-links. Heating/cooling is the most convenient method

to produce physical hydrogels [166]. Agarose polymer chains are dissolved in a hot

solution when temperature is higher than its Tmelt and form random coils. Fig. 5.1

shows a schematic of the transition of agarose solution to gel by reducing tempera-

ture. Random coils are transformed into helices and through a nucleation and growth

mechanism, loose fiber bundles form [167, 168]. Then, aggregation of these loose fiber

bundles develop supercoiled fibers with a radius of 20−30 nm [169] resulting in three-

dimensional porous structure with pore size ζ in the range of 50−> 300 nm based on

the agarose concentration [170]. Three-dimensional mesh of pores has been verified

by atomic force microscopy performed on 2% w/V agarose with ζ = 364± 8 nm as

shown in Fig. 5.1(d). Agarose has tunable concentration-dependent properties which
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can provide desirable mechanical stiffness [168]. For the electrophoresis of large parti-

cles (e.g. DNA), agarose is preferred over most of polyacrylamide gels due to its higher

stiffness and larger pore size at an equal concentration [171]. Increasing the density

of agarose gels, reduces the pore size and subsequently, the permeability of molecules

through agarose network [172].

The second component is carbopol (generic name: carbomer) which is a micro-

gel including highly chemically cross-linked domains surrounded by sparse polymer

chains. A conceptual schematic of carbopol hydrogels is shown in Fig. 5.2 validated

experimentally by dynamic light scattering and particle tracking techniques [173, 174].

Carbopol comprises homopolymers and copolymers of acrylic acid (AAc) cross-linked

with a polyalkenyl polyether. Carbopol shows pH sensitivity, temperature stability and

thickening properties with its very high molecular weight even at low concentration

(0.1−0.3% w/V) [175]. Carbopol in dry state has a coiled structure made of AAc chains

as shown in Fig. 1.1. These chains start to swell when carbopol powder is dissolved

in water to an extent allowed by cross-links. These cross-links make bridges between

polymer chains by chemical bonds, and prevent carbopol polymer from dissolving in so-

lution. Carboxyl groups existing in the backbone of AAc become fully dissociated when

solution pH is higher than the dissociation constant of carbopol pKa = 6± 0.5 [176].

This value is higher than the dissociation constant of AAc monomers (the main com-

partment of carbopol) pKa = 4.3, due to a change in the electronegativity of carboxyl

groups forming after polymerization of AAc monomers of carbopol [177].

The maximum viscosity can be achieved by neutralizing carbopol. Viscosity mea-
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surements of carbopol show a wide range of relative viscosity (RV) and also, a high

yield stress even at low concentration [178]. Viscosity-pH curves demonstrate that

viscosity increases with pH until it reaches a maximum value at a pH of 6−7. The vis-

cosity is then constant until pH = 9 followed by a decrease at higher pH values [179].

Moreover, the viscosity and elastic modulus of carbopol increase as its polymer con-

centration increases [180].

Agarose-carbopol-based hydrogels are injectable copolymer gels with proven bio-

compatibility and designing capabilities after using them in various applications such

as 3D scaffolds for neural cell housing [181], and as drug carriers [182]. However, the

functionality of these hydrogels – specifically their swelling behavior to changes in pH

– has been studied very limited [183].

If the swelling of agarose-carbopol (AC) composite hydrogels shows pH depen-

dence, it confirms that the combination of neutral agarose chains with ionic carbopol

microgel results in an anionic composite hydrogel. It has been pointed out in [184] that

an interpenetrating network forms in the agarose-carbopol (AC) composite hydrogels

– based on the readings from Fourier transform infrared spectroscopy (FTIR) exper-

iments – due to the interaction between hydroxyl groups from agarose and carboxyl

groups from carbopol, and chemical bond formation by esterification and hydrogen

bonding.

Freeze-dried samples of AC hydrogels are usually used for swelling experiments

and morphological studies [184]. The challenge in the freeze-drying process is to pre-

serve the morphology of these hydrogels. Another approach (which is used in this
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study) is to use swollen samples for swelling experiments and to calculate their swelling

ratio with respect to their weight in the dry powder form. The morphological study is

also performed on swollen hydrogels by a special type of AFM suitable for imaging soft

materials with wet surfaces. Other methods for morghological characterization such as

scanning electron microscopy (SEM) or transmissible electron microscopy (TEM) on

dried hydrogels has been reported in literature. It is preferred to use hydrated hydrogels

in our experiments rather than freeze-dried samples which involves more complexities

in preparation techniques.

This chapter is an experimental study to examine the swelling behavior of agarose-

carbopol (AC) composite hydrogels in response to a wide range of pH values of the bath.

The procedure to produce consistent hydrogel samples and the methods of characteriza-

tion and swelling measurements are described in details. This study aims to elaborate on

the swelling of AC composite gels in response to a wide range of pH, from highly acidic

to highly basic. The influence of agarose and carbopol is investigated on the degree of

swelling and mechanical strength of AC hydrogels by testing different compositions of

these hydrogels. The results of this chapter – particularly the equilibrium swelling of

AC composite gels induced by pH, and AFM imaging and force spectroscopy – will be

used to guide theoretical models and estimate their physical parameters in Chapter 6.
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Figure 5.1: Schematic of the formation of three-dimensional network of agarose from solution by
decreasing temperature a) Random coils b) Double-helix structures and evolution of loose fiber
bundles c) Aggregation of fiber bundles and formation of 3D network d) Porous surface of 2%

w/V agarose hydrogel by AFM [83]

5.1 Materials and methods

5.1.1 Materials

Agarose A0169 was purchased from Sigma Aldrich with low impurities (< 7% water),

low electroendosmosis (EEO = 0.09−0.13), and good gel strength (≥ 1200 g cm−2 for

1% w/V gel). Agarose is in powder form, soluble in hot water with a temperature higher

than Tmelt' 87±1.5 ◦C, and can solidify below the sol-gel transition temperature which

is Tgelation = 36±1.5 ◦C. The chemical structure of agarose is depicted in Fig. 5.3.

The second component is carbopol® 981P provided from Lubrizol, a microgel avail-

able in fluffy and white powder which is slightly acetic. Carbopol is made of AAc

cross-linked polymer network whose chemical structure is demonstrated in Fig. 5.4.

The relative viscosity RV of 0.5% w/V concentration of carbopol® 981P is in the range

of 4−11 Pa.s under the conditions of 20 rpm at 25 ◦C in a neutralized solution. Sodium

hydroxide (NaOH) and hydrogen chloride (HCl) were purchased from Fluka, and Mili-
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Q water was used as the solvent to synthesize the composite gel.

Figure 5.2: Conceptual schematic of the structure of carbopol hydrogel

5.1.2 Hydrogel synthesis

To synthesize the composite hydrogel consisting of agarose and carbopol, it is practical

to begin the experiment with gradual dispersion of the carbopol powder in mili-Q water

cautiously, to avoid formation of particle clumps which delays the diffusion of solvent

into the interior domains, and in subsequence, increase the required time to complete

mixing significantly. An amount of carbopol powder weighted accurately – by Sartorius

Cubics® microbalance with a readability of 0.1 mg – was gradually added to the solvent,

while stirring the solution continuously at 700− 1000 rpm. For each composition of

AC hydrogels, a specific concentration is assigned according to Table 5.1. Then, IKA®

stirrer was used to stir the solution for an hour at 1000 rpm until a clear solution was

obtained with no visible floating particle.

The second part of the synthesis was the addition of agarose powder. Agarose pow-
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Figure 5.3: Chemical formula and physical structure of agarose: a) Molecular formula of agarose
monomer b) Agarose polymer A0169 in powder form

Figure 5.4: Chemical structure of acrylicacid polymer and carbopol in powder form: a)
Acrylicacid monomer AAc b) Carbopol® 981P polymer in powder form

der was added to the solution to make different compositions of AC hydrogels according

to Table 5.1. Microwave heating was used for effective gelation [184]. For two min-

utes, the polymer solution was heated with a microwave oven of 800 Watt irradiated

power. Some intervals were needed to avoid overheating (according to the technical

data sheet of agarose). During the interval, the solution was stirred and its temperature

was maintained at 90 ◦C to obtain a clear solution. During synthesis, stirring the solu-

tion vigorously created air bubbles in the gel as shown in Fig. 5.5(a). In Fig. 5.5(b), it

Table 5.1: List of different compositions of agarose-carbopol hydrogels

Composite hydrogels AC1 AC2 AC3 AC4
Cagarose(% g mL−1) 1 0.75 0.5 0.5
Ccarbopol(% g mL−1) 0.5 0.375 0.25 0.5

99



CHAPTER 5. A PH-SENSITIVE NATURAL/SYNTHETIC COMPOSITE
HYDROGEL: SWELLING EXPERIMENTS ON AGAROSE-CARBOPOL

Figure 5.5: Agarose-carbopol polymer in solution and in gel form: Solving carbopol and agarose
in water creates trapped air bubbles b) Slow stirring is continued for a longer time to remove all

air bubbles

can be seen that air bubbles are removed from the solution by continuing stirring at a

slower speed (about 200 rpm). The solution was kept in a glass container with a closed

cap until its temperature reached 55 ◦C. This helped to minimize the evaporation of so-

lution before transferring it to a petri dish. The gelation of solution completed when its

temperature arrived at room temperature (25 ◦C). At this time, the composite hydrogels

were ready be cut to make cylindrical specimens for swelling experiments. Fig. 5.6

depicts a schematic of this process which results in a clear cylindrical disc of composite

hydrogel.

5.1.3 Spectrophotometry and temperature reading for gelation ki-

netics of agarose

The gelation kinetics of agarose is manipulated by temperature. In this section, agarose

gelation was characterized to determine when the gelation completes. First, 0.5% w/V
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Figure 5.6: Preparation process of translucent speciments of agarose-carbopol: (a) shows
transformation of clear solution to a petri dish. After hydrogel solution solidifies and reaches

room temperature, samples were cut by a punch b) A cylindrical disc is obtained from translucent
AC gels

agarose gel was prepared with the same method as described in Section 5.1.2. When

the temperature of agarose solution reached T = 55 ◦C, it was transferred to wells of

a cell culture plate. Each well with a diameter of D = 1.24 cm, could hold 5 ml of

agarose. Spectrophometer Tecan Infinite® 200 Pro was used to determine the gelation

point by measuring the intensity of light passing through the center of well vertically.

After a while, the intensity reached a saturation which defines the gelation point. To

select a proper wave length of light for spectrophotometry experiments, specimens were

exposed to a wide range of lights with different wave lengths ranging from 230 nm to

1000 nm. Since this hydrogel showed more sensitivity to the light in the UV range, a
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wave length of 350 nm was found to be suitable for this experiment.

The polymer solution was transferred to molds at T = 55 °C, and its temperature

decreased at ambient condition until it reached the room temperature. Fig. 5.7 illus-

trates how a thermo-couple (Fluke 561) was used to read temperature from the center

of agarose samples.

Figure 5.7: Temperature readings from agarose cylindrical samples: a) Thermocouple Fluke 561
b) Fixing wire of thermocouple in the center of an agarose specimen located in a well of a cell

culture plate

5.1.4 Swelling behavior of AC hydrogels

AC composite hydrogels were punched in cylindrical shapes with a length of 0.7 mm

and a diameter of 0.6 mm (with a tolerance of ±0.05 mm). Specimens were punched

in small sizes with an average weight of 0.6 mg, and then submerged in the bath to

uptake the maximum amount of water and reach the equilibrium swelling. The charac-

teristic time required to reach the equilibrium swelling can be expressed by τ ∝ L2/D

demonstrating a direct relation to the square of the characteristic length L, and indirect

relation to diffusivity of solvent D. Different AC hydrogels were subjected to swelling

in the bath with acidic and basic solutions. Sodium hydroxide and hydrogen chloride
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7.0 M were diluted to obtain a wide range of pH values, from highly acidic (pH = 2) to

highly basic (pH = 14).

Cylindrical specimens were weighted prior to swelling. After swelling, the speci-

mens were taken out of the bath and their surfaces were wiped off by an absorbent tissue

to remove the excess water. Weight measurements were conducted frequently over time

in order to extract more data points at the beginning of the experiment and less number

of points as time evolves until a saturation point reached. It is assumed that specimens

were subjected to free swelling, since a relatively large volume of bath (eight times of

the sample size) was provided. From the amount of water uptake, degree of swelling Q

is expressed by

Q =
m(t)−m0

m0
, (5.1)

where t is the swelling time, m(t) is the mass of the specimen at each time and m0 is the

mass of the pure polymer in dry format.

5.1.5 Atomic force microscopy: imaging and force spectroscopy

Atomic force microscopy (AFM) was used in imaging mode to obtain micrographs of

highly swollen AC hydrogels and also in force spectroscopy mode to obtain elastic

modulus. AFM measurements were conducted on hydrogels when they were in their

wet condition. Alternatively, gel specimens can be freeze-dried under special circum-

stances to make them prepared for morphological studies [185]. Since preservation of

the actual morphology of hydrogels during lyophilization process might be challenging,

the morphology of AC hydrogels were studied when they are in their swollen state.
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For AFM imaging, microlever AFM probes were used which have soft silicon ni-

tride cantilevers with silicon nitride tips. Two common type of tips are pyramidal and

spherical tips. Pyramidal tips in contact mode are suitable for imaging extremely soft

materials. The sharp tips used in this experiment had nominal spring constant of 0.03

N/m, nominal length of 225 µm, and nominal width of 20 µm. Conversely, spherical

beads were preferred to measure the elastic modulus of soft materials, since the as-

sumption of small deformation required for the Hertz model is simply violated in case

of using sharp tips [85]. A silica spherical bead (with a diameter of 4.5 µm) attached

to the silicon nitride cantilever (with a nominal spring constant of 0.03 N/m) was used

to apply a force (the maximum applied force is 4 nN). The frequency of 1 Hz was pre-

scribed for scanning the wet surface of hydrogels for both AFM modes. The photodiode

sensitivity (m/V) and spring constant (N/m) of the cantilever were calibrated by laser

before the experiment.

The elasticity measurements were carried out using force-distance F − δ curves in

the contact mode. From the force curves, the Young’s modulus was calculated using

the Sneddon’s equation [186] – a modified version of the Hertz’s model [187] suitable

for samples showing no adhesion – for a spherical tip

F =
4
√

R
3

E
1−ν2 δ

3
2 , (5.2)

where R is the bead radius, ν is the Poisson’s ratio (assumed to be 0.5 for soft biological

materials), δ is the indentation depth, F is the force (4 nN applied on our samples), and
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E is the Young’s modulus. Few locations were chosen for each sample and 64 points

were mapped at each location covering an area of 8× 8 µm2 with the frequency of 1

Hz. The elastic modulus of the hydrogel was found from the mean value of these 64

indentation points.

5.2 Results and discussion

5.2.1 Spectrophotometry study of agarose gelation process

The experiment of spectrophotometry on agarose polymer solution demonstrates that

the light absorption increases as a function of time due to the transition of the solution

to gel by the formation of double-helix structure of agarose hydrogels. The light absorp-

tion reaches a maximum value which is a sign for the completion of the formation of

three-dimensional network of agarose hydrogels. Fig. 5.8 exhibits the evolution of light

absorption with temperature. Concurrently, the temperature was read from the center of

agarose specimens as shown in Fig. 5.9. When the temperature of agarose specimens

decrease to ambient temperature, physical crosslinks between polymer chains may not

develop any further and the gelation process is presumably completed according to Fig.

5.8. Moreover, it was observed that addition of carbopol to agarose delays this gela-

tion process and the temperature decreases to room temperature in a longer period of

time. Thus, it was confirmed that after two hours the temperature of the solution of

agarose-carbopol hydrogels arrives at room temperature.
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Figure 5.8: Evolution of light absorption with time during the transition of agarose polymer
solution to polymer gels at ambient condition. Light absorption is read from the center of

specimens. Average value of five specimens in each batch is shown with standard deviation bars.

Figure 5.9: Evolution of temperature with time during the transition of agarose polymer solution
to polymer gels at ambient condition. Temperature readings are from the center of agarose

specimens using a thermocouple.
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5.2.2 Microstructure of agarose-carbopol

Fig. 5.10 depicts AFM micrographs which were obtained from the surface of one com-

position of AC hydrogels (AC1). The porous structure of AC1 gels are shown when

they are highly swollen at deionized water (at a pH of 7). A distribution of pores

whose shapes are close to a circle, can be seen in Fig. 5.10(a). The surface rough-

ness is demonstrated by bright and dark domains in Fig. 5.10(b). The microstructure

of AC composite gels varies by agarose concentration Cagarose, carbopol concentration

Ccarbopol, solution pH and many more. One composition of AC gels is only used for

AFM imaging due to complexities and numerous parameters affecting the structure of

these hydrated gels.

AFM images demonstrate that agarose and carbopol make an entangled network

where the constituents may not be differentiated at this scale. Polarized light mi-

croscopy and phase-contrast microscopy were also used to observe the microstructure

of carbopol particles in our composite hydrogel. Unfortunately, the diffraction and ab-

sorbency of light passing through the translucent medium of AC hydrogels, cannot re-

veal their microstructure. In [185], the microstructure of a composite hydrogel made of

similar components (agarose, carbomer 974P and chondroitinase chABC) was observed

by environmental scanning electrode microscopy (ESEM) and a highly interpenetrated

nanostructure was also noticed.

The AFM images of AC1 hydrogels are very similar to AFM images of pure agarose

reported in [83]. Since the major component of AC hydrogels is agarose, agarose poly-

mer network is dominant and supposed to determine the porous structure of AC hy-
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drogels. The microstructure of AC composite hydrogels is suspected to have highly

crosslinked domains of carbopol microgels separated by a loose network of agarose.

This structure could have been modeled by a core/shell structure whose core and shell

were carbopol and agarose, respectively. Despite our expectations, the highly cross-

linked domains of carbopol cannot be differentiated from agarose in AC hydrogels by

imaging at the micro level. Hence, agarose-based AC hydrogels are considered to have

a homogeneous structure at the continuum level.

Figure 5.10: AFM imaging shows the morphology of the surface of an agarose-caropol (AC1)
hydrogel at highly swollen state a) Porous structure of the hydrogel b) 3D image of the surface of

the hydrogel

5.2.3 Elastic modulus by AFM force spectroscopy

AFM force spectroscopy experiments were conducted on two specimens of AC1 hy-

drogels at a number of different locations (between 40-60 random positions) using mi-

crospheres of 4.5 µm as the probe tip. The average value and standard deviation of

the estimate of the Young’s modulus E are found from force-displacement curves. The

measured Young’s modulus (E) is 1367.2 KPa ± 222.4. This value is in agreement
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Figure 5.11: Force-displacement curves obtained from AFM force spectroscopy experiment for
indentation on AC1 hydrogels when they are highly swollen. The retraction curve is also shown in

this graph.

with reports from a rheology experiment on a similar composite gel [184]. Since highly

swollen specimens have wet surfaces, they can easily slip off the grips of the machines

for rheology, compression or tensile tests. Therefore, AFM has some advantages over

mechanical machines to work with these soft hydrogels with wet surfaces. Fig. 5.11

depicts the indentation and the retraction curves from one indentation point. There are

variations in reading forces from different locations across the specimen surface aris-

ing from inhomogeneities in the microstructure of the composite gels. The fact that

the retraction force is very close to the indentation force, indicates that the viscoelastic

properties of AC1 composite hydrogels can be neglected when they are in their highly

swollen state.
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5.2.4 Swelling behavior of AC hydrogels

Pure agarose hydrogels and agarose-carbopol composite gels are subjected to swelling

in acidic and basic solutions in order to discover the transient and equilibrium swelling

in response to various pH values. The as-prepared cylindrical specimens were swollen

approximately for 18 hours to reach their equilibrium.

5.2.4.1 Swelling behavior of pure agarose gels

Swelling of pure agarose gels was studied at different pH values of = 2, 3, 6, 8 and 14.

Fig. 5.12 shows that nearly no change (< 5%) is noticeable between the equilibrium and

initial swelling of agarose. Agarose hydrogels have no ionizable groups which result in

no swelling in pure water [188]. Therefore, agarose has no contribution to the swelling

of composite hydrogels.

5.2.4.2 Swelling behavior of AC composite hydrogels

Addition of carbopol to agarose creates an ionic polymer gel provided that agarose-

carbopol composite gels make a hybrid network. Time-dependent swelling of AC com-

posite gels was studied as a function of pH. Fig. 5.13, Fig. 5.14, Fig. 5.15 and Fig. 5.16

illustrate the evolution of swelling ratio of four different composite hydrogels (AC1,

AC2, AC3 and AC4) versus the swelling time at different pH values of the bath. After

about 200 min, the swelling ratio became close to its saturation line which was con-

firmed by another reading at t≈ 1100 min (18 hrs.). For definiteness, the swelling ratio

after 18 hours is used as the equilibrium swelling ratio. Although the volume of bath
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Figure 5.12: Swelling behavior of 0.5% g mL−1 pure agarose hydrogel as a function of time at
different pH values of the bath

is assumed to be eight times larger than the volume of specimens, the solution pH may

not be kept constant over 18 hrs of swelling and this might be a source of error which

results in a difference between the equilibrium swelling at t≈ 200 and 1100 min.

The initial swelling ratio Q(t = 0) is higher when the amount of agarose and car-

bopol is lower. The maximum initial swelling is found for AC3 composite hydrogels

with the minimum polymer density of 0.5% w/V of agarose and 0.25% w/V of carbopol.

When specimens are subjected to swelling, different swelling curves are obtained based

on pH values of the bath. For pH values in the range of 5.5≤ pH≤ 9 – which is higher

than the typical dissociation constant for carbopols pKa = 6± 0.5 – the swelling ratio

increases monotonically with time. This can be explained by deprotonation of carboxyl

groups attached to the backbone of polymer network (refer to Eq. 4.3). At high pH val-
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Figure 5.13: Swelling ratio of as-prepared AC1 composite hydrogels as a function of swelling
time; the average value of five specimens is shown at different pH values with standard deviation

bars.

ues (11≤ pH≤ 14), swelling-temperature graphs show an increase in swelling shortly

after submerging samples, followed by a slight shrinkage. At low pH values (pH≤ 3.5),

composite hydrogels show either a non-monotonic or monotonic shrinkage.

Three composite hydrogels (AC1, AC2 and AC3) have a constant ratio of Cagarose

/ Ccarbopol = 2 which provides relatively stiff specimens even at their highly swollen

states. When Ccarbopol increases and becomes equal to Cagarose as is the case for AC4

gels, the swelling degree of composite gels increases more as shown in Fig. 5.16. For

a better comparison, the equilibrium swelling ratio of AC3 and AC4 gels are depicted

in Fig. 5.17. It can be seen that increasing Ccarbopol results in an increase in the equilib-

rium swelling ratio specially when pH value is close to 7. Increasing Ccarbopol further,

increases the swelling of composite hydrogels, reduces the stiffness of polymer net-

work, and provides softer hydrogels when they are highly swollen. Specimens of AC4
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composite hydrogels break easily at pH = 7.6, and their swelling-temperature curve can

not be completed at higher temperatures by referring to Fig. 5.16.

Equilibrium swelling ratio Q(t = 18 hrs.) of AC1, AC2 and AC3 composite hydro-

gels and 0.5% w/V pure agarose are all extracted and exhibited in Fig. 5.18. Compared

to agarose hydrogels, composite hydrogels show a pH-dependent swelling behavior

indicating the formation of connection between neutral agarose and pH-sensitive car-

bopol. Equilibrium swelling of composite gels increases with pH and reaches its maxi-

mum at about pH = 9; as pH increases further, it starts to decrease.

The maximum equilibrium swelling is obtained for AC3 composite hydrogels (rel-

ative to the equilibrium swelling at the lowest pH value), although it has the mini-

mum concentration of carbopol. A higher concentration of carbopol results in a higher

swelling ratio as shown in Fig. 5.17 due to an increase in the number of functional

groups attached to the polymer network. However, AC1 and AC2 gels show a smaller

swelling ratio compared to AC3 hydrogels, although they have a higher concentration

of carbopol. It can be concluded that the smaller swelling ratio of AC1 and AC2 hydro-

gels is due to the fact that the concentration of agarose is relatively high which results

in formation a stiffer polymer network which restrains the swelling of the carbopol net-

work from achieving its maximum swelling ratio. Thus, agarose polymer which has no

direct contribution to the swelling, has a considerable influence on the overall swelling

of the composite hydrogels by forming a stronger network.
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Figure 5.14: Swelling ratio of as-prepared AC2 composite hydrogels as a function of swelling
time; the average value of five specimens is shown with standard deviation bars for different pH

values.

Figure 5.15: Swelling behavior of as-prepared AC3 composite hydrogels as a function of swelling
time; the average value of five specimens is shown with standard deviation bars for different pH

values.
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Figure 5.16: Swelling ratio of as-prepared AC4 composite hydrogels as a function of swelling
time; the average value of five specimens is shown with standard deviation bars for different pH

values.

5.3 Conclusion

In this experimental study, composite hydrogels were prepared by co-polymerization

of agarose and carbopol, and their swelling behavior were studied in response to a

wide range of pH values of the bath. This co-polymerization results in a pH-sensitive

hydrogel with non-monotonic swelling versus pH. Moreover, AFM imaging confirms

that the composite hydrogels form one integrated network whose constituent networks

can not be differentiated. AFM force microscopy was also used to determine the elastic

modulus of the composite hydrogels. In addition, the swelling behavior of different

compositions of agarose-carbopol composite gels was investigated in order to decouple

the influence of increase in agarose and carbopol concentration.
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Figure 5.17: Equilibrium swelling ratio of AC3 and AC4 composite gels as a function of time and
pH; the average value of five specimens for AC3 gels and three specimens for AC4 gels are shown

with standard deviation bars

It is suggested that agarose polymer has a significant effect on swelling ratio of

the composite hydrogels by forming a strong network and constraining the swelling of

carbopol polymer. This composite hydrogel with modular properties (concentration-

based mechanical and swelling properties) is favorable to engineer smart hydrogels

for applications in tissue engineering and drug delivery. In chapter six, a theoretical

model will be presented grounded on these findings in order to elaborate more on the

equilibrium swelling of AC composite hydrogels in response to very low to very high

pH.
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Figure 5.18: Equilibrium swelling ratio as a function of pH levels of swelling solvent
for the composite hydrogels (three compositions) and agarose hydrogel
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Chapter 6

Modeling equilibrium swelling of

agarose-carbopol composite gels

Observations on polyelectrolyte (PE) hydrogels reveals that their swelling increases as

pH increases until the swelling ration reaches a saturation. The evolution of swelling

ratio of PE gels may be explained by two mechanisms (as described in Chapter 4).

The first mechanism is the increase in the ionic pressure (the osmotic pressure)by free

ions entrapped inside the gel. The ionic pressure is determined by the gradient of ion

concentration from inside the gel to outside in the water bath. The second mecha-

nism is the increase in the induced pressure from the electrostatic forces between bound

charges [5]. In present literature, swelling of PE gels is mainly described by the first

mechanism [189]. However, the influence of electrostatic forces is sometimes consid-

ered as a secondary mechanism to explain the difference between simulation results and

observations [156]. It can be due to the fact that simple expressions for the energy of
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electrostatic forces are not available [190–193].

In anionic gels (which are PE gels with acidic functional groups), functional groups

are fully associated at low pH values and become fully dissociated when the solution

pH exceeds their pKa. Therefore, the swelling of anionic gels increases as pH increases,

their maximum swelling ratio is obtained at a pH which is higher than the pKa of func-

tional groups, and maintains constant between pH values of 7 and 9 [36,194]. In Chap-

ter 5, swelling experiments on agarose-carbopol (AC) hydrogels are studied for a wide

range of pH values. Its swelling behavior is similar to other PE gels when pH< 9. At

higher pH values, swelling decreases possibly due to the presence of cations (e.g. Na+)

dissociated from the basic solution (e.g. NaOH), and the induced ionic pressure from

these cation ions. This induced ionic pressure may qualitatively describe the shrinkage

of a PE gel with the Donnan’s equilibrium law [195]; however, this shrinkage cannot

quantitatively be explained by this approach [43]. There are three additional mecha-

nisms suggested to accurately verify observations of the shrinkage of a PE gel due to

the influence of ionic strength, as follows:

1. Counter-ion condensation around functional groups which causes screening or

shielding of Coulomb forces [44, 45, 196];

2. Ion-pair formation between free mobile ions and bound charges which produces

neutral combinations leading to a reduction in the number of functional groups

[45–47];

3. Development of the chemical potential of solvent caused by excess free ions,
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which makes an increase in the Flory-Huggins parameter of mixing energy of

solvent and polymer network [48, 49].

Numerous theoretical models are developed to model swelling behavior of pH sen-

sitive hydrogels [115–122] and also, ampholytic gels – which is a PE gel which has

acidic and basic functional groups – [121, 197] by considering coupled diffusion and

large deformation. The influence of ionic strength has also been studied to explain

swelling behavior of PE hydrogels in the presence of salt [198,199]. There is a need for

a theoretical model to explain swelling-shrinking behavior of the PE gels (such as AC

hydrogels) in response to pH ranging from very low to high values.

Recently, a theoretical model is developed to simulate anionic hydrogels subjected

to swelling considering the influence of pH and ionic strength [189]. Both ionic pres-

sure, and induced pressure from electrostatic repulsion of bound charges are involved

in swelling of ionic polymer gels at any arbitrary pH value. When the bath is ba-

sic (pH> 7), the formation of neutral ion pairs is additionally considered as the main

mechanism for shrinkage of PE gels. In this chapter, the aim is to describe swelling-

shrinking behavior of the agarose-carbopol (AC) hydrogels from pH= 2 to pH= 14.

Furthermore, the properties of different compositions of AC hydrogels are extracted –

by fitting observations to the theoretical model – in order to investigate the influence of

constituents on the mechanical stiffness and the swelling behavior of AC hydrogels.
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6.1 Theoretical model

To study the swelling behavior of AC hydrogels, a model developed for swelling of

polyelectrolyte hydrogels is adapted from [142]. In this model, a gel is assumed to

be a three-phase medium where water (solvent phase) and mobile ions (solutes phase)

are allowed to diffuse into the polymer network (solid phase). Migration of water and

mobile ions occurs due to the chemical reactions of solutes and polymer network with

water bath and furthermore, accelerated by the electric field generated among the bound

charges on the backbone of the network. Moreover, the influence of ionic strength on

swelling of PE gels is described by the combination of free counter ions with fixed

charges, and the formation of neutral ion pairs. Increasing ionic strength causes the

swelling ratio of PE gels to shrink by two to three orders of magnitude.

This model is applied to calculate the macro-deformation of AC composite hydro-

gels and to explain their non-monotonic swelling in the bath with pH values ranging

from highly acidic to highly basic. It has been discussed in [189] that the influence of

salt and high pH on swelling of PE gels is similar. Therefore, the evolution of ion-pairs

between counter mobile ions with bound charges is considered as the main mechanism

for shrinking of AC hydrogels subjected to swelling at pH values higher than 7.

6.1.1 Chemical reactions

Ionization of solvent and solutes produces mobile ions via chemical reactions. It is

assumed that solvent and solutes are infinitely available in the bath and therefore, the
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concentration of mobile ions remains constant. Ionization of water (the solvent)

2H2O� H3O++OH−, (6.1)

is confirmed by a low electrical conductivity (0.055 µScm−1) of pure water. This ion-

ization produces hydroxide ions H+ (attached to water molecules) and OH− hydroxyl

ions. The molar concentration of hydroxide and hydroxyl ions denoted by [H+] and

[OH−], are measured by

pH =−log[H+], pOH =−log[OH−]. (6.2)

The water dissociation constant is expressed by Kw = [H+][OH−] and the electrical

neutrality condition states that pH = pOH = 7; thus, pKw = 14 (where p denotes a

co-logarithm).

HCl, as a strong acid, is added to water to reduce the solution pH below 7. This

reaction produces H+ (attached to water) and Cl− chloride ions.

H2O+HCl� H3O++Cl−. (6.3)

Sodium hydroxide is added to the bath to increase the solution pH above 7 and due to

the dissociation of NaOH

H2O+NaOH� Na+H2O+OH−. (6.4)
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The dissociation reaction of HCl and NaOH (Eqs. 6.3 and 6.4) are neglected in this

model assuming that in this fast reaction, hydrogen chloride and sodium hydroxide are

fully dissociated.

When an anionic polyelectrolyte gel – having carboxyl groups COOH – is sub-

merged in a water bath, its functional groups become ionized

H2O+COOH� H3O++COO−. (6.5)

This reaction produces positive mobile ions and negative bound ions COO− attached

to the polymer chains. Entire functional groups subdivide into ionized and non-ionized

carboxyl groups. At pH values higher than 7, the ionized functional groups make a

reaction with sodium cations

Na+H2O+COO−� Na+COO−+H2O. (6.6)

This reaction results in neutral ion pairs Na+COO−. Dissociation of these ion pairs

produces sodium cations whose concentration [Na+] is defined by θ as follows

θ =


0 pH≤ 7

10pH−pKw−10pH pH > 7.
(6.7)

When pH is below 7, no sodium cations exist in the bath. As the bath becomes basic,

Na+ cations increases. The second relation is found from Eq. 6.2 and the electrical

neutrality condition [Na+]+ [H+] = [OH−].
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Functional groups are divided into three categories and denoted by n1, n2 and n3 the

number of ionized carboxyl groups COO−, non-ionized groups COOH, ion-pai groups

Na+COO−. Therefore, the degree of ionization is as described in Eq. 4.4. The fraction

of neutral groups COOH and Na+COO− are given by

βH =
n2

n
, βNa =

n3

n
, (6.8)

and consequently,

α = 1−βH−βNa. (6.9)

Beside molar fraction of ions given in Eq. 4.5, the molar fraction of sodium cations is

determined by

[Na+] = θ = k
c̄Na+

c̄
. (6.10)

6.1.2 Macrodeformation and free energy imbalance relations

The deformation of a hydrogel is similar to the formulation given for pH-sensitive hy-

drogels in Chapter 4. Concentration of sodium cations are added to the relations. Elec-

tric field is formulated as described in Section 4.1.3 in Chapter 4. However, the charge

density is changed in this chapter which results in a new relation for the work of the

electric field per unit volume in the initial state per unit time as follows

uel = E · Ḣ− eΦ(ĊH+ +ĊNa+−ĊOH−−ĊCl−− α̇Cb). (6.11)
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Kinetic relations developed in Section 4.1.2 in Chapter 4, are extended to account

for Na+ ions. JNa+ denotes the flux vector for sodium cations in the initial configuration

and is given by (in analogy with Eq. 4.9)

JNa+ =−DNa+CNa+

kBT
F−1 ·∇∇∇0µNa+ ·F

−1, (6.12)

where µNa+ is the chemical potential of mobile Na+ ions. Moreover, mass conservation

equation (Eq. 4.10) are expressed by

ĊH+ + ∇∇∇0 ·JH+ = ΓH+,

ĊNa+ + ∇∇∇0 ·JNa+ = ΓNa+,

ĊOH− + ∇∇∇0 ·JOH− = ΓOH−,

ĊCl− +∇∇∇0 ·JCl− = 0,

(6.13)

where ΓOH− is the rate of production of OH− ions due to ionization of water, ΓH+ is

the rate of production of H+ ions generated by ionization of water and dissociation of

functional groups, and ΓNa+ is the rate of production of Na+ ions due to dissociation of

ion pairs. Combination of Eqs. 6.1, 6.5 and 6.6 results in

ΓOH− =−Γ0,

ΓH+ =−Γ0− β̇HCb,

ΓNa+ =−β̇NaCb,

(6.14)

where Γ0 is the rate of association OH− and H+ in the self-ionization of water, −β̇HCb
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is the rate of creation of H+ by self-ionization of water, and −β̇NaCb is the rate of

production of sodium cations by dissociation of ion pairs. Cb is the concentration of

functional groups in the initial state. In analogy with Eq. 4.11, the work produced by

the diffusion of solvent and solute is determined by

udif =µ(Ċ−2Γ0)+µH+(ĊH+−ΓH+)+µNa+(ĊNa+−ΓNa+)

+µOH−(ĊOH−−ΓOH−)+µCl−ĊCl−+ ūdif,

(6.15)

where

ūdif ≥ 0. (6.16)

Kinematic relations are the same as described in Section 2.1.1 in Chapter 2.

The free energy relation is derived similar to Section 4.1.4 in Chapter 4 with a small

modification regarding addition of sodium cations to mobile ions. The specific free

energy density is the summation of the non-interacting energy of solvent and solutes

Ψnon-mix, the strain energy of polymer network Ψnet, and the mixing energy of polymer-

water Ψmix1, water-mobile ions Ψmix2 and non-charge and charged functional Ψmix3.

Eq. 4.26 is used to describe the free energy density of a PE gel and three terms in this

equation Ψnon-mix, Ψmix2, and Ψmix3 are modified to account for the presence of sodium

cations. The specific energy density Ψnon-mix reads

Ψnon-mix = µ
0C+µ

0
H+CH+ +µ

0
Na+CNa+ +µ

0
OH−COH−+µ

0
Cl−CCl−, (6.17)

where µ0, µ0
H+, µ0

Na+, µ0
OH− , and µ0

Cl− stand for the chemical potential energies of non-
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mixing water molecules and free ions, respectively. The specific mixing energy Ψmix2

and Ψmix3 are given by

Ψmix2 =kBT
[
CH+ ln

(
CH+

C
−1
)
+CNa+ ln

(
CNa+

C
−1
)
+COH− ln

(
COH−

C
−1
)

+CCl− ln
(

CCl−

C
−1
)]

,

Ψmix3 =kBTCb

(
βH lnβH +βNa lnβNa +(1−βH−βNa) ln(1−βH−βNa)

)
.

(6.18)

Governing equations for modeling mechanical responses of a hydrogel with finite

strain are derived using the free energy inequality equation

Ψ̇−umech−udif−uel−udis +Π(Ċv− J I : D)≤ 0. (6.19)

Works produced by the mechanical force, the electric field, and the transport of solvent

and solutes are given in Eq. 4.34, Eq. 6.11 and Eq. 6.15, respectively. The work pro-

duced by the dissociation of functional groups and formation of ion pairs, is described

by

udis =−(β̇H ∆µH + β̇Na ∆µNa)Cb, (6.20)

where ∆µH and ∆µNa denote the differences between chemical potentials of ionized

functional groups and neutral ions pairs of H+COO− and Na+COO−.
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The inequality relation is satisfied provided that the Cauchy stress is determined by

T =−ΠI+
2

1+Q

[
∂W
∂Je1

Be− Je3
∂W
∂Je2

Be
−1 +(Je2

∂W
∂Je2

+ Je3
∂W
∂Je3

)I

+
1+Q

2ε

(
h⊗h− 1

2
(h ·h)I

)]
,

(6.21)

the chemical potentials of water and mobile ions are expressed by

µ = ΘC +Πv, µH+ = ΘH+ + eΦ, µNa+ = ΘNa+ + eΦ,

µOH− = ΘOH−− eΦ, µCl− = ΘCl−− eΦ,

(6.22)

and the equations for the concentration of non-ionized functional groups are given by

ΘβH

Cb
+ eΦ+∆µH−µH+ = 0,

ΘβNa

Cb
+ eΦ+∆µNa−µNa+ = 0,

(6.23)

where ΘC, ΘH+ , ΘNa+ , ΘOH− , ΘCl− , ΘβH , and ΘβNa are provided in Eq. C.1. Moreover,

the rate of association of H+ and OH− is given by

Γ0 =−Γ(2µ−µH+−µOH−), (6.24)

where Γ is an arbitrary positive function. The governing equation are then derived as

explicitly described in [189].
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6.1.3 Equilibrium swelling of a PE hydrogel in a bath at a wide

range of pH

When a hydrogel submerges into a bath, it swells due to thermodynamic comparability

between polymer network, solvent and solutes. Swelling ratio Q is found based on

the state of stress in a boundary-value problem under the thermodynamic equilibrium.

The macro-deformation of a gel specimen subjected to unconstrained swelling has been

derived based on the free energy inequality equation considering the incompressibility

condition. Moreover, the Donnan’s law states that the chemical potentials inside the gel

equalize with those outside in the bath; therefore,

µ = µ̄, µH+ = µH+, µNa+ = µNa+, µOH− = µOH−, µCl− = µCl−. (6.25)

The Cauchy stress tensor T for a specimen which has traction-free surfaces is given

by

T = 0. (6.26)

The theoretical model can be simplified to these equations as described in [189]:

X2− αQb

Q
X =

1
k2 (10−pH +θ)2,

α =
K′a

K′a +X(10−pH +κθ)(10−pH +θ)−1 ,

(6.27)

ln
Q

1+Q
+

1
1+Q

+
χ

(1+Q)2 +
g

1+Q

[(
1+Q

1+Q0 + q̄Qbα

) 2
3

−1
]
−Πion = 0, (6.28)
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where

X =
CH+ +CNa+

C
, κ =

K′a
K′Na

. (6.29)

Qb, and Q0 are respectively swelling ratio of functional groups and initial swelling ra-

tio of the hydrogel; χ is the Flory-Huggins parameter; q̄ = q1/v and q1 is a material

constant used in Eq. 4.29; X = (CH+ +CH+)/C describes concentration of counter ions

with respect to solvent concentration in the actual state; and, κ denotes the ratio of dis-

sociation constants for carboxyl groups (Ka) and ion pairs (K′Na). Moreover, K′a =Ka/k,

where k = 55.5̄ is the molarity of water. α stands for degree of ionization and is given

by the extended form of the Henderson-Hasselbach equation (Eq. 4.45) to incorporate

the effect of formation of Na+COO− ion pairs at high pH values. Furthermore, the

neo-Hookean material model is specified for the strain energy of polymer network Φnet

with G as the shear modulus. The dimensionless shear modulus g is also introduced by

g = Gv/kBT where kB is the Boltzmann constant, T is room temperature, and v stands

for the volume of a water molecule.

The dimensionless ionic pressure is expressed by

Πion = X
(

αQb

Q

)2(
X +

1
k
(10−pH +θ)

)−2

, (6.30)

and the dimensionless pressure induced by the electrostatic forces between bound charges
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is expressed by

Πrep =
g

1+Q

[(
1+Q
1+Q0

) 2
3

−
(

1+Q
1+Q0 + q̄Qbα

) 2
3
]
. (6.31)

6.1.4 Numerics

Dependent variables (Q,X ,α) are to de found from three algebraic equations Eqs. 6.27

and 6.28. The commercial software COMSOL [144], is used to solve this implicit

equations with a relative tolerance of 10−9.

6.2 Results and discussion

The model developed in this chapter is used to analyze the swelling behavior of agarose-

carbopol (AC) composite hydrogels presented in Chapter 5. The experimental data of

AC composite hydrogels demonstrates a non-monotonic relation between swelling ratio

and solution pH. Generally, swelling of anionic hydrogels increases as pH increases un-

til it reaches a plateau around pH = 7−9, and followed by a decrease at higher pH val-

ues. The previously described theoretical model is used to predict this non-monotonic

behavior. The effect of increasing the concentration of constituents on swelling of the

composite gels is also investigated.

In this section, the model is used to predict the equilibrium swelling of AC hydrogels

for a wide range of pH spectrum (pH = 2− 14). Three batches of AC composite gels

are selected (AC1, AC2, and AC3) to fit to the model. The parameters of the model are
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Table 6.1: Parameter fittings for three batches of agarose-carbopol (AC) hydrogels

Physical parameters AC1 AC2 AC3 AC4
G (×103 N m−2) 4.1 2.6 1.7 2.9
Qb (×10−9) 19.5 19.5 30 47
q̄ (×107 m−3) 5.5 5.5 9.5 15
κ (×10−5) 5.0 6.0 9.0 2.0

reduced by assuming Q0 = 0 and χ = 0.4. When Q0 is zero, the initial state matches

with the reference state in which functional groups are not charged. The interaction

parameter χ is assigned to be slightly less than 0.5 according to solubility of polymer

in water which is not a very good solvent.

Simulations are performed to find parameters individually from the best fit to exper-

iments at different pH ranges. The shear modulus of polymeric network G has a direct

influence on degree of swelling at low pH. Therefore, this parameter is exclusively ob-

tained from different simulation runs fitted to swelling-pH curves at low pH values (pH

< 3). In addition, AFM measurements on swollen AC1 hydrogels at pH≈ 7 are used as

a rough estimation for G at low pH. Two other parameters of the model Qb and q̄ are

found by parameter fittings to the experimental data of equilibrium swelling at inter-

mediate pH (3 < pH < 7). Finally, parameter κ is determined to predict the shrinking

decay at high pH (pH > 9) observed in experiments.

6.2.1 Non-monotonic dependence of swelling on pH

Fig. 6.1 shows the swelling ratio of an AC composite hydrogel comprising 1% w/V

of agarose and 0.5% w/V of carbopol. This composite hydrogel shows an increase in

swelling as solution pH increases from 2 to 7. This is a common behavior of anionic
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Figure 6.1: Degree of swelling Q of the AC1 composite hydrogel versus solution pH spectrum

hydrogels to reach its maximum swelling when pH exceeds the dissociation constant

pKa. The maximum swelling ratio is obtained around pH = 7 which is represented

by a saturation line in Fig. 6.1. The dissociation constant of carbopol microgels is

pKa = 6±0.5 according to technical data sheet of carbopol [200]; thus, we set pKa = 6

for all composite gels. These parameters found from the best-fits to experimental data

of AC composite hydrogels are listed in Table 6.1.

The model can predict the non-monotonic swelling ratio as a function of solution

pH. In agreement with observations, Fig. 6.1 and Fig. 6.2 illustrate simulation results

with a solid line which shows the volume expansion of AC1 hydrogels under swelling at

low to intermediate pH values. The volume of this AC composite hydrogel (V ) expands

more than 30% compared to the volume at the lowest pH (pH = 2). The dimensionless
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Figure 6.2: Dimensionless volume of the AC1 composite hydrogel as a function of pH

volume is defined by

V =
1+Q

1+Q|pH=2
. (6.32)

Furthermore, the model predicts a constant swelling ratio between pH values of 7 and

9. In addition, when NaOH is added to the bath, its pH decreases and consequently,

the model demonstrates the shrinkage of swelling ratio instead of having a constant

saturation line at pH higher than 9.

6.2.2 Swelling behavior of different compositions of AC hydrogels

Three batches of composite hydrogels were prepared with prescribed compositions as

shown in Table 5.1. Agarose is the main component in AC1, AC2, and AC3 gels and

their concentrations are kept twice the concentration of carbopol. These hydrogels have
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Figure 6.3: Swelling behavior of three compositions of AC composite hydrogels.

a desirable mechanical integrity (even at their highly swollen state) for experiments.

Simulation results show that all hydrogels swell by increasing pH until reach their max-

imum swelling at pH ≈ 7, remain constant until pH ≈ 9 followed by a shrinkage as

shown in Fig. 6.3. Among theses three composite gels, AC3 has a higher equilibrium

swelling ratio although it contains the minimum amount of agarose and carbopol. Equi-

librium swelling ratio of AC1 and AC2 gels are lower than that of AC3 gels, although

the concentration of carbopol in AC1 and AC2 gels is more. Swelling of AC1 and AC2

are nearly the same, although AC2 may be expected to swell more due to its higher

content of carbopol and carboxyl groups. It has been shown in Chapter 5 that agarose

has no contribution to swelling, and therefore only carbopol – as an anionic polymer

gel – is responsible for swelling of the hydrogels.

The dimensionless volume of these gels is determined by Eq. 6.32 to provide a
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Figure 6.4: Dimensionless volume of AC composite hydrogels V̄ as a function of pH;
experimental data extracted from Fig. 6.3 and recalculated with Eq. 6.32; lines: results of

simulation.

basis for comparison between the swelling ratio of AC1, AC2 and AC3 gels. Fig. 6.4

demonstrates that AC1 and AC2 have exactly the same swelling-pH curves. It can be

seen that a higher concentration of carbopol in AC2 (compared to that in AC1) is not

leading to a higher swelling ratio. Parameter-fitting of the model to the experimental

data implies that Qb and q̄ are almost equal for AC1 and AC2 gels. The contribution of

agarose and carbopol can be differentiated by comparison between swelling ration of

AC3 and AC4 hydrogels.

6.2.3 Effect of carbopol concentration on swelling ratio

In order to individually study the effect of carbopol concentration on swelling ratio

of AC composite hydrogels, another batch of gels (AC4) were prepared by doubling

carbopol concentration (Cagarose = Ccarbopol = 0.5% w/V) while agarose concentration
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Figure 6.5: Degree of swelling Q versus pH for AC3 and AC4 gels to study the effect of doubling
the concentration of carbopol. Symbols show experimental results, and lines represent simulation

results.

is kept constant. Fig. 6.5 exhibits the equilibrium swelling ratio of AC3 and AC4

gels with symbols indicating experimental data and lines as simulation results. To pro-

vide a reference for comparison, the dimensionless volume is calculated for gels using

Eq. 6.32. Because AC4 specimens subjected to swelling in the bath with pH values

higher than 9 were very fragile, their swelling measurements could not be completed

until equilibrium. Fig. 6.6 demonstrates that increasing the fraction of carbopol im-

proves the swelling of composite hydrogels noticeably. By increasing the fraction of

carbopol, the number of functional (carboxyl) groups increase and it is expected to have

a higher swelling. This is consistent with observations on poly(N-isopropyl acrylamide-

co-methacrylic acid) (NIPA-MAc) gels where a higher swelling ratio is obtained with a

higher molar fraction of MAc [195]. A linear correlation between acid polymer fraction

and swelling parameters of the theoretical model has been also proposed in [189].
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Figure 6.6: Dimensionless volume V̄ versus pH for AC3 and AC4 gels to compare the effect of
increasing the amount of carbopol, with respect to a common reference. Symbols show

experimental results, and lines represent simulation results.

Figure 6.7: Degree of ionization α versus pH for three batches of AC gels.
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6.2.4 Degree of ionization, ionic pressure and pressure induced by

electrostatic forces between bound charges

Degree of ionization is found from simulation results to have a non-monotonic relation

with pH of the bath (in the absence of salt) for all three batches of AC gels as shown in

fig. 6.7. α is close to zero when functional groups of acid polymer are at fully associated

state (pH << pKa). As pH increases, degree of ionization increase accordingly. At pH

values higher than pKa, carboxyl groups become fully dissociated and α reaches its

maximum value. Furthermore, dissociation of NaOH – added to obtain a basic bath –

causes the formation of neutral pairs between Na+ and COO− ions and consequently,

the number of carboxyl groups and free counter ions decrease. Degree of ionization α

is similar for all hydrogel compositions in the acidic bath, although α of AC3 and AC2

gels are slightly lower than α of AC1 gels in the basic bath.

The model determines ionic pressure and induced pressure by electrostatic forces

between bound charges for three composite hydrogels: AC1, AC2, and AC3. Since their

values for these hydrogels are quite similar (the reason will be provided in Section 6.3),

the results are only presented for AC1 hydrogels. Fig. 6.8 illustrates that dimensionless

ionic pressure Πion increases until pH ≈ 7 and then, immediately decreases. Ionic

pressure depends on the gradient of ion concentrations inside the gel and outside in the

bath. For pH levels below 7, ionic pressure increases with pH since number of H+ ions

reduces when pH increases. Furthermore, ionic pressure decreases after pH = 7 due to

the presence of Na+ counter ions.

Dimensionless pressure Πrep driven by the repulsive interaction between bound
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Figure 6.8: Calculated ionic pressure Πion of AC1 gels as a function of pH

charges is depicted in Fig. 6.9. This induced pressure in composite hydrogels increases

with pH, reaches its saturation at pH ≈ 6, remains constant around pH = 7−9, and de-

creases at higher pH (similar to α-pH curves). This induced pressure depends on degree

of ionization α and parameter κ which is the ratio of dissociation constants for carboxyl

groups and ion pairs. Furthermore, simulation results in Fig. 6.9 demonstrate that Πrep

is orders of magnitude larger than Πion. Therefore, the electrostatic repulsion between

bound charges is determined as the main mechanism for swelling of these composite

hydrogels.
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Figure 6.9: Calculated the induced pressure Πrep by electrostatic repulsion between bound charges
of AC1 gels as a function of pH

6.3 Discussion

Formation of ion pairs between fixed charges COO− and free ions may provide an ex-

planation for non-monotonic swelling of composite hydrogels in response to various pH

values. Probability of ion pair formation increases when concentration of mobile ions

increases: the number of H+ and Na+ ions are high at low and high pH, respectively.

Neutral ion pairs are developed between COO−, and Na+ and H+ ions at high and low

pH, respectively. This results in neutralization of carboxyl groups, reduction of elec-

trostatic forces, and subsequently, swelling ratio. The above mentioned mechanism can

also be used to explain pH-dependent mechanical behavior of carbopol, such as viscos-

ity and yield stress of carbopol which develops with pH [201], similar to swelling-pH

curves of the composite gels.
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Agarose-carbopol composite hydrogels have swelling properties arising from the

carbopol component, and mechanical properties mostly to originate from the agarose

component (which is higher in concentration than carbopol). The parameters of the

model related to swelling (Qb, q̄ and α) are found to be close to each other for different

AC hydrogels. This results in finding similar values for Πion and Πrep, and consequently,

similar pH-induced swelling for different composite hydrogels.

The physical parameters of the model – obtained from parameter fittings to experi-

mental data of AC composite hydrogels – determines that the stiffness of these hydro-

gels increases with the concentration of agarose, which causes the hydrogels to shrink.

The concentration of agarose increases together with the concentration of carbopol.

However, increasing the concentration of carbopol has a counter effect and increases

the swelling of these gels. Thus, it is concluded that the influence of increasing Cagarose

dominate the effect of Ccarbopol on swelling of AC composite hydrogels. It is suggested

that the swelling of carbopol may be hindered by the stiffness of agarose.

6.4 Conclusion

The equilibrium swelling of agarose-carbopol composite hydrogels has been analyzed

by a theoretical thermodynamic model. Equilibrium swelling-pH curves follow a non-

monotonic behavior in an acidic and a basic bath. The model can predict this non-

monotonic behavior: swelling increases first with pH, reaches a plateau for 7 < pH < 9

and finally decreases at high pH. The electrostatic repulsion between bound charges

induces a pressure which is mainly responsible for swelling of these composite hydro-
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gels in the acidic bath. Formation of ion pairs between bound ions and mobile ions can

predict the shrinkage of the hydrogels in the basic bath. Moreover, investigating the in-

fluence of different compositions of the composite hydrogels suggests that the swelling

of carbopol is suppressed by the mechanical stiffness of the agarose network. The

swelling and the mechanical stiffness of AC composite hydrogels can be adjusted by

the concentration of carbopol and agarose, for biomedical design purposes for example

when used as 3D scaffolds for cell housing and also, as drug carriers.
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Conclusions and future works

7.1 Conclusions

This study deals with constitutive modeling, numerical simulation and experiment for

equilibrium analysis of swelling deformation of composite hydrogels; particularly made

of two distinct polymer gels. The governing equations for a thermodynamic equilibrium

between mechanical and swelling forces are derived considering the boundary condi-

tions. Specific material models for stimuli-responsive hydrogels are employed based

on a free energy density function for a polymer gel. A continuum volume of a hydro-

gel is assumed as a multi-phase medium which includes a polymer network, solvent

and solutes (in case of swelling in either an acidic or a basic bath). The constitutive

equations which involve the stress-strain relation and the nonlinear diffusion equation

for transport of solvent and solutes, are obtained, examined and validated with exper-

imental results of equilibrium swelling. The influence of various stimuli on different
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composite hydrogels – comprising temperature, pH, coupled pH/temperature and ionic

strength – are investigated.

The formulations for large deformation and solvent diffusion of hydrogels subjected

to swelling together with constitutive relations for neutral core/shell hydrogels under

equilibrium swelling are described in Chapter 2. The first study presented in Chapter 3,

is on the equilibrium swelling of a doubly temperature-sensitive core/shell composite

hydrogel. The thermodynamic model developed for neutral core /shell gels are further

extended to include temperature-induced swelling and to validate with experimental

data from a core/shell microgel which has different volume phase transition temper-

ature for each domain. A continuous domain is considered to represent the core/shell

hydrogel with discontinuous elastic modulus and polymer-solvent interaction parameter

for the deformable core and shell domains. The model determines the mutual interac-

tion between the core and the shell, predicts the size of the core/shell hydrogel; also,

its polymer density is demonstrated to be in a good agreement with experimental data

from small angle neutron scattering. An isotropic swollen state of the core, and a radial

anisotropic swollen state of the shell are found for various shell thickness and tempera-

tures. Predictions of the model are furthermore verified with the experimental data from

dynamic light scattering. Increasing the shell thickness develops a two-step transition

behavior in the swelling-temperature curves which attribute to the volume phase tran-

sition temperatures of the core and the shell polymer network. In contrary, hydrogels

with thin shells exhibit only one transition point attributed to the VPTT of the core.

In Chapter 4, the coupled effect of pH and temperature on the equilibrium swelling
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of a dual-responsive core/shell composite hydrogel is studied. A theoretical model re-

cently developed for pH-sensitive hydrogels is extended to model temperature sensi-

tive core/shell hydrogels with a geometry constraint. The model is used to predict the

equilibrium swelling of a core/shell gel whose core is pH- and thermo-responsive and

whose shell is only thermo-sensitive. The volume phase transition temperature of the

core which shifts to a higher temperature by increasing pH, is parameter-fitted at differ-

ent pH values. In accord with observations, swelling ratio decreases with temperature

and at higher pH values, shows two transition points akin to the volume phase transition

temperature of the core and the shell. The model predicts the decrease of the degree of

ionization in the core with temperature, and this decrease occurs at two steps for high

pH values in an acidic bath. As pH increases, the shell collapses earlier than the core

and applies a compressing radial stress on the swollen core. The maximum radial stress

(interface stress) appears at the inner boundary of the shell, and decays to zero at the

outer boundary of the shell. The interface stress is found as a function of temperature

and this function has two local maximum values; the first corresponds to the collapse

of the shell, and the second relates to the collapse of the core occurring at a higher tem-

perature. The model determines that contribution of repulsion forces between bound

charges to equilibrium swelling is higher than ionic pressure.

In Chapter 5, an experimental study is conducted on a composite hydrogel prepared

by co-polymerization of agarose and carbopol. This co-polymerization results in a pH-

responsive hydrogel by copolymerization of carbopol (ionic hydrogel) into agarose net-

work (neutral hydrogel). Moreover, AFM imaging supports that the composite hydro-

146



CHAPTER 7. CONCLUSIONS AND FUTURE WORKS

gels form a network whose polymer structure of agarose and carbopol cannot be differ-

entiated. The elastic modulus of this hydrogel (determined by AFM force microscopy)

in the swollen state, shows a relatively soft hydrogel at neutral pH. Swelling behavior of

agarose-carbopol hydrogels are studied in response to various pH values ranging from

highly acidic to highly basic, and a non-monotonic dependence of swelling ratio on pH

is revealed.

In chapter six, experimental results obtained in Chapter 5 for the equilibrium swelling

of agarose-carbopol composite hydrogels are analyzed by a theoretical thermodynamic

model. Equilibrium swelling-pH curves demonstrate a non-monotonic behavior which

is determined by the model: swelling increases first with pH, reaches a plateau at

7 < pH < 9 and finally reduces at high pH. The induced pressure by the electrostatic

repulsion between bound charges – compared to ionic pressure – is discovered to be the

main mechanism for swelling of these composite hydrogels in the acidic bath.

In addition, formation of ion pairs between bound ions and mobile ions well predicts

the shrinkage of the hydrogels in the basic bath. In agreement with observations, the

model predicts the equilibrium swelling of different compositions of agarose-carbopol

hydrogels and overall, it is suggested that agarose polymer network has a significant

effect on swelling ratio indirectly by forming a relatively strong network and constrain-

ing the swelling of carbopol polymer network. This composite hydrogel with modular

properties (concentration-based mechanical and swelling properties) is favorable as an

engineering smart hydrogel for biomedical applications in tissue engineering and drug

delivery.
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7.2 Recommendations for future works

Numerical simulations are used as a tool to estimate swelling behavior of composite hy-

drogels. Simulation results might be approximate due to the limitations of phenomeno-

logical relations, assumptions, and physical parameters utilized. The main intention of

applying theoretical models is to predict main features observed in experiments instead

of exact reproducibility of experimental data. The results of this study may be devel-

oped further in future studies if new understandings of observations or new approaches

for mathematical modeling are discovered.

Although equilibrium swelling of composite hydrogels is analyzed in this thesis,

their transient swelling behavior is another prominent feature which promotes fur-

ther investigations. Transient analysis of swelling deformation of composite hydro-

gels which are stimuli-responsive may be addressed in future studies by considering

the time-dependent diffusion relation of molecular transport within the same thermo-

dynamic framework. For instance, swelling experiments on agarose-carbopol compos-

ite hydrogels which are provided in Chapter 5, demonstrate an exotic non-monotonic

dependence of swelling on time. Transient swelling of these composite hydrogels at

different pH values may be further studied to provide an explanation for this kind of

behavior.

Three-dimensional matrix including embedded particles may also be studied with

governing equations and constitutive relations developed for large deformation and sol-

vent (solutes) diffusion of stimuli-responsive hydrogels. Each of the embedded particles

may be responsive to various external stimuli. In this study, composite hydrogels are
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only composed of two distinct domains. However, composite hydrogels basically in-

clude numerous particles (e.g. microgels or nanogels) which are randomly distributed

in a three-dimensional matrix [20]. These composite hydrogels will have a multi-

responsive three dimensional structure whose swelling can be controlled in multiple

ways. A three-dimensional theoretical model should be implemented to give an insight

into the swelling behavior of composite hydrogels. Multi-scale modeling approach can

be further utilized to describe the properties of particles and their interface layer with

their surrounding matrix.
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Derivation of radius of hollow shell in

the dry state

Transformation from the initial state to the reference state is denoted by deformation

gradient F0 as follows

F0 = Fe · f. (A.1)

The reference configuration is assumed to be a stress-free state, thus Fe = I. Deforma-

tion gradient f for partial swelling in the as-prepared state is given by

F0 =
dr̄
dR

eReR +
r̄
R
(eΘeΘ + eΦeΦ), (A.2)

f = f
(R

r̄

)2eReR +
r̄
R
(eΘeΘ + eΦeΦ). (A.3)
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where r̄ is found by integration of Eq. 2.34 and expressed by

r̄3 = r̄3
1 + f (R3−R3

1), (A.4)

assuming that the volume expansion coefficient f is constant for core and shell domains.

Here, it is desired to determine stresses appear in the dry state. Eq. 2.1 is used where

F = I when the deformation gradient mapping the reference state to itself. Insertion of

f from Eq. A.3 into Eq. 2.1, implies that

Fe =
1
f

(
r̄
R

)2

eReR +
R
r̄
(eΘeΘ + eΦeΦ), (A.5)

where Fe is the deformation gradient for the elastic deformation in the initial state.

With the application of stress-strain relation (Eq. 2.31) and the condition of the dry

gel (C = 0), the radial and tangential components of stress is determined by

TR =−Π+G
[

1
f 2

( r̄
R

)4−1
]
,

TΘ =−Π+G
[(R

r̄

)2−1
]
.

(A.6)

The mechanical equilibrium equation in the reference state is expressed by

∂TR

∂R
+

2
R
(TR−TΘ) = 0. (A.7)

The boundary conditions of Eq. A.7 are traction-free surfaces of the hollow shell (TR2 =
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TR1 = 0). Therefore, the equilibrium condition reduces to

∫
R2

R1

GS
[

1
( f S)2

(
r̄3

1 + f S(R̂3−R3
1)

R̂3

)2

−1
](

R̂3

r̄3
1 + f S(R̂3−R3

1)

) 2
3 dR̂

R̂
= 0.

(A.8)

To find the solution of this integral (Eq. A.8), variable u is used to substitute R̂3−R3
1.

The upper bound of this integral is determined by substituting R3
2 in Eq. A.4, as follows

r̄3
2− r̄3

1 = f S(R3
2−R3

1), (A.9)

where f S is the coefficient of volume expansion of the shell. Then, Eq. A.8 is described

in terms of variable u:

∫
(r̄3

2−r̄3
1)/ f S

0

GS
[

1
( f S)2

(
r̄3

1 + f Su
u+R3

1

)2

−1
]

(u+R3
1)

1
3

(u+R3
1)

1
3 (r̄3

1 + f Su)
2
3

du = 0.
(A.10)

Then, the variable v is used to substitute u/R3
1. Substituting variable v in Eq. A.10

implies that

∫
(γ2−γ1)/ f S

0

GS
[(

γ1 + f Sv
f S(1+ v)

)2

−1
] (

R1(1+ v)
) 1

3

(1+ v)
1
3 (γ1 +(1+Q0)v)

2
3

dv = 0,
(A.11)

where γ1 =
( r̄1

R1

)3 and γ2 =
( r̄2

R1

)3. Eq. A.11 is satisfied for an arbitrary GS parameter
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of function, provided that

γ1 = f S. (A.12)

Using Eq. A.9 and Eq. A.12, the relation for the inner and the outer radius of the shell

in the dry state is derived as given in Eq. 2.35. Similar method is used to derive the

radius of core in the dry state shown in Eq. 2.36.
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Derivative of free energy density of a

polyelectrolyte hydrogel

Substituting Eqs. 4.27, 4.30, 4.31, 4.32 into Eq. 4.26 results in,

Ψ = µ
0C+µ

0
H+CH+ +µ

0
OH−COH−+µ

0
Cl−CCl−+ kBT

[
C(ln

Q
1+Q

+
χ

1+Q
)

+CH+ ln
(

CH+

C
−1
)
+COH− ln

(
COH−

C
−1
)
+CCl− ln

(
CCl−

C
−1
)]

+

kBTCb
(
α lnα +(1−α) ln(1−α)

)
+Weq +Wel.

(B.1)

Now, the derivatives of Weq is given by

Ẇeq =
∂Weq

∂Je1
J̇e1 +

∂Weq

∂Je2
J̇e2 +

∂Weq

∂Je3
J̇e3. (B.2)
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Differential equations for principal invariants of the Cauchy-Green tensors (Je1, Je2 ,

Je3) are obtained:

J̇e1 = 2Be : De, J̇e2 = 2(Je2I− Je3B−1
e ) : De, J̇e3 = 2Je3I : De, (B.3)

where

De = D− ḟ
3 f

I. (B.4)

Substituting Eq. B.4 in B.3 implies that

J̇e1 = 2Be : D− 2 ḟ
3 f

Je1,

J̇e2 =−2B−1
e : DJe3 +2

(
I : D− 2 ḟ

3 f

)
Je2,

J̇e3 = 2
(

I : D− ḟ
f

Je3

)
.

(B.5)

As a reminder, the following relations are listed,

Be = Fe ·FT
e , Ce = FT

e ·Fe,

L = Ḟ ·F−1, Le = Ḟe ·F−1
e ,

D =
1
2
(L+LT ), De =

1
2
(Le +LT

e ).

(B.6)

Insertion of Eq. B.5 into Eq. B.2 yields

Ẇeq = 2Kmech : D, (B.7)
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where

Kmech =
∂Weq

∂Je1
Be− Je3

∂Weq

∂Je2
B−1

e +

(
Je2

∂Weq

∂Je2
+ Je3

∂Weq

∂Je3

)
I. (B.8)

Differentiation of Eq. 4.23 is given by

Ẇel = E · Ḣ+
1

2εJ

(
H · Ċ ·H− J̇

J
H ·C ·H

)
, (B.9)

where (from Eq. 4.203)

H = εJC−1 ·E. (B.10)

Also, the derivative of the right Cauchy-Green deformation tensor reads

Ċ = 2FT ·D ·F. (B.11)

Then, the second term in Eq. B.9 is provided by

1
2εJ

H · Ċ ·H =
1

εJ
H ·FT ·D ·F ·H =

J
ε

h ·D ·h =
J
ε
(h⊗h) : D. (B.12)

knowing that

J̇ = JI : D. (B.13)

The third term in Eq. B.9 is expressed by

J̇
2εJ2 H ·C ·H =

1
2εJ

H ·FT ·F ·H(I : D) =
J

2ε
(h ·h)I : D. (B.14)
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Insertion of Eqs. B.12 and B.14 into Eq. B.9 yields

Ẇel = E · Ḣ+2Kel : D, (B.15)

where

Kel =
J

2ε

(
(h⊗h)− 1

2
(h ·h)I

)
. (B.16)

Finally, the derivative of the free energy density Eq. B.1 together with Eqs. B.7 and

B.15 is determined by

ΘC = µ
0 + kBT

(
ln

Q
1+Q

+
1

1+Q
+

χ

(1+Q)2 −
CH+ +COH−+CCl−

C

)
,

ΘH+ = µ
0
H+ + kBT ln

CH+

C
, ΘOH− = µ

0
OH−+ kBT ln

COH−

C
,

ΘCl− = µ
0
Cl−+ kBT ln

CCl−

C
, Θα = kBT ln

α

1−α
.

(B.17)
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Derivative of free energy density of a

polyelectrolyte hydrogel in a basic

solution

ΘC = µ
0 + kBT

(
ln

Q
1+Q

+
1

1+Q
+

χ

(1+Q)2 −
CH+ +CNa+ +COH−+CCl−

C

)
,

ΘH+ = µ
0
H+ + kBT ln

CH+

C
, ΘNa+ = µ

0
Na+ + kBT ln

CNa+

C
,

ΘOH− = µ
0
OH−+ kBT ln

COH−

C
, ΘCl− = µ

0
Cl−+ kBT ln

CCl−

C
,

ΘβH = kBTCb ln
βH

1−βH−βNa
, ΘβNa = kBTCb ln

βNa

1−βH−βNa
.

(C.1)
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[164] Šárka Kubinová and Eva Syková. Nanotechnology for treatment of stroke and
spinal cord injury. Nanomedicine, 5(1):99–108, 2010.

[165] Giuseppe Perale, Filippo Rossi, Erik Sundstrom, Sara Bacchiega, Maurizio Masi,
Gianluigi Forloni, and Pietro Veglianese. Hydrogels in spinal cord injury repair
strategies. ACS chemical neuroscience, 2(7):336–345, 2011.

[166] Syed KH Gulrez. Hydrogels: methods of preparation, characterisation and ap-
plications.

[167] Jun-Ying Xiong, Janaky Narayanan, Xiang-Yang Liu, Tan Kok Chong,
Shing Bor Chen, and Tai-Shung Chung. Topology evolution and gelation mech-
anism of agarose gel. The Journal of Physical Chemistry B, 109(12):5638–5643,
2005.
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