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Summary

This thesis is on full implementation theory. In this literature, the mecha-
nism is designed such that all its equilibria reveal players’ true information and
achieve a given social choice function. The fundamental question addressed in
this literature is that which social choice functions are implementable and un-
der what assumptions. Most of the first results is negative (e.g., Satterthwaite,
1975, and Gibbard, 1973, for implementation in dominant strategies). Start-
ing with Maskin (1977), who gave necessary and sufficient conditions for Nash
implementation, researchers have studied implementation problems under var-
ious solution concepts. Abreu and Matsushima (1992) made an important step
in this direction. They showed that almost any social choice function is vir-
tually implementable. We explicitly and fully exploit the power of monetary
transfers and lotteries which are usually used in virtual implementation.

The first chapter shows that in a complete-information environment with
two or more players and a finite type space, any truthfully implementable so-
cial choice function can be fully implemented in backwards induction via a
finite perfect-information stochastic mechanism with arbitrarily small trans-
fers. This provides an improvement from the virtual implementation result by
Glazer and Perry (1996). With arbitrarily small transfers only off the equilibri-
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um path, the mechanism we construct is much less susceptible to renegotiation
problem.

the second chapter, we provides a dynamic mechanism which fully im-
plements any social choice function under initial rationalizability in complete
information environments. Accommodating any belief revision assumption,
initial rationalizability is the weakest among all the rationalizability concepts
in extensive form games. This mechanism is also robust to small amounts of
incomplete information about the state of nature. That is, the mechanism
not only fully implements any social choice function in complete information
environments but also does so in all nearby environments where players’ values
are private. Although our mechanism allows for monetary transfers out of the
solution path, we can make them arbitrarily small and even achieve its budget
balance when there are more than two players.

In the third chapter, we further exploit the transfers in an incomplete
information environments and show in private-value environments that any
incentive compatible rule is implementable with small transfers. Our mecha-
nism only needs small ex post transfers to make our implementation results
completely free from the multiplicity of equilibrium problem. In addition, our
mechanism possesses the unique equilibrium that is robust to higher-order be-

lief perturbations. We also provide a sufficient condition for implementation
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in interdependent-value environments and discuss the difficulty of extending

our results to interdependent values environments in general.
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Chapter 1

Full Implementation in
Backward Induction

1.1 Introduction

In a complete-information environment with two or more players and a finite
type space, we show that any truthfully implementable social choice func-
tion'| can be fully implemented in backward induction using a finite perfect-
information stochastic mechanism. Our result is achieved by invoking (1) a
dynamic stochastic mechanism, (2) arbitrarily small transfers, and (3) the do-
main restriction which rules out identical preferences and preference orderings
with complete indifference over all outcomes.

It is known that subgame-perfect implementation is more permissive than

LA social choice function is truthfully implementable if there exists a direct revelation
mechanism where truth-telling (i) is a Nash equilibrium, and (ii) implements the social
choice function. It is well known that any Nash implementable social choice function is
truthfully implementable. In Section 3, we show that truthful implementability is also a
necessary condition for our notion of implementation. When there are three or more players,
any social choice function is truthfully implementable, that is, truthful implementability is
trivially satisfied.



Nash implementation (Moore and Repullo| (1988])). Our result can be contrast-
ed with two existing perfect-information mechanisms which implement an arbi-
trary social choice function in subgame-perfect equilibrium ] The mechanism
in Moore and Repullo (1988, Section 5.1) (henceforth, the MR mechanism)
imposes large off-equilibrium transfers, while the mechanism in |Glazer and
Perry (1996) (henceforth, the GP mechanism) requires at least three players
and that the implementation be virtual, i.e., the desirable social outcome is
obtained only with large probabilityﬂ Both mechanisms have thus been criti-
cized for their susceptibility to renegotiation (see Jackson (2001, p. 690)). In
contrast, our mechanism is a finite stochastic game with perfect information,
which ensures full implementation via backward induction through arbitrarily
small transfers off the equilibrium path, and no transfers on the equilibrium
path.

In a generic perfect-information game, the backward induction outcome is

induced by several notions of extensive-form rationalizabilityﬁ Since we allow

2See Glazer and Perry (1996, p. 28) for a discussion of practical and theoretical reasons to
favor sequential /perfect-information mechanisms. In particular, they argue that “sequential
mechanisms, with backward induction as their solution concept, seem to be more intuitive
and simpler to understand than their simultaneous counterparts.” Nevertheless, since the
length of our constructed game form will grow as the imposed transfers vanish, the simplicity
of solving the game is subject to debate.

3See also Osborne and Rubinstein (1994, pp. 193-195) for an exposition of the result in
Glazer and Perry| (1996).

#These solution concepts include, for example, the subgame rationalizability in Bernheim
(1984) and the extensive-form rationalizability in [Pearce| (1984). See also Battigalli and
Siniscalchi (2002) for an epistemic characterization of extensive-form rationalizability.



for small transfers, our mechanism can be made generic to implement any
truthfully implementable social choice function in these notions of extensive-
form rationalizability. In contrast, Bergemann et al.| (2011) show that a
stronger version of the monotonicity condition due to [Maskin (1999) is neces-
sary for implementation in normal-form rationalizability.

Our result can also be contrasted with the static mechanism in [Abreu
and Matsushima (1994) which fully implements any social choice function in
iterated deletion of weakly dominated strategiesﬂ The GP mechanism is a
dynamic counterpart of the mechanism in |Abreu and Matsushima/ (1992a))
which achieves virtual implementation for any social choice function in a stat-
ic mechanism; in contrast, our result provides a dynamic counterpart of the
mechanism in |Abreu and Matsushima, (1994) which fully implements an arbi-
trary social choice function in a static mechanism.ﬁ Abreu and Matsushima,
(1994)) extend the result in Abreu and Matsushima/ (1992a)) from virtual imple-

mentation to full implementation, but strengthen the solution concept from

°In |Abreu and Matsushimal (1994)), implementation in iterated deletion of weakly domi-
nated strategies is achieved by one round of removal of weakly dominated strategies followed
by iterative removal of strictly dominated strategies. Since they study the implementation
problem in the environment with more than two players, truthful implementability is auto-
matically satisfied.

6Glazer and Perry (1996) make a simple modification of the normal form mechanism
in Abreu and Matsushima (1992), where the GP mechanism is an extensive form game
with the same outcome function. Nevertheless, the difficulty of modifying the normal form
mechanism in Abreu and Matsushima (1994) is due to their adopting an indication in their
outcome function, for which we know of no counterpart in an extensive form game except
for using the MR mechanism.



iterated deletion of strictly dominated strategies in Abreu and Matsushimal
(1992a)) to iterated deletion of weakly dominated strategies. In contrast, we
achieve full implementation in the same solution concept as in |Glazer and
Perry! (1996)), i.e., backward induction.

Glazer and Rubinstein| (1996)) argue that an extensive-form game provides
a “guide” for solving a normal-form game and thereby reduces the compu-
tational burden on the players. They define a solution concept called guided
iteratively undominated strategies and prove that a social choice function is
implementable in guided iteratively undominated strategies if and only if it is
implementable in subgame-perfect equilibrium in a perfect-information mech-
anism. It follows that our mechanism also implements any truthfully imple-
mentable social choice function in guided iteratively undominated strategies.

The paper is organized as follows. Section 2 describes the environment.
Section 3 presents the main result and the mechanism. Section 4 provides the

proof, and Section 5 concludes.

1.2 Environment

Let N = {1,2,...,n} denote the set of players. The set of pure social alterna-
tives is denoted by A, and A (A) denotes the set of all probability distributions
over A with countable supports. In this context, a € A denotes a pure social
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alternative and [ € A (A) denotes a lottery on A.

For each player i € N, let ©; denote a finite set of types of player i. The
utility index of player ¢ over the set A is denoted by v; : A x ©; — R, where
v;(a, 0;) specifies the bounded utility of player ¢ from the social alternative a,
when he is of type 6;. Player i’s expected utility from a lottery [ € A (A) under
type 0; is u;(1,6;) = >4l (a)vi(a,0;), which is well defined since v;(a, §;) is
bounded.

Following |Abreu and Matsushima) (1992al) and Glazer and Perry (1996)),
we assume that (i) for each 0; € ©;, v; (-, 0;) is not a constant function on A;
and (ii) for any two distinct types 6; and 6, v;(-,0;) is not a positive affine
transformation of v;(+,0.). This restriction guarantees the reversal property
which is used to elicit players’ true type (see (1.3)).

A planner aims to implement a social choice function that is a mapping
f:0 — A(A), where © = ©; X Oy x - - - x 0, ] We assume that the true type
profile ¢ € © is commonly known to the players but unknown to the planner.

We assume that the planner can fine or reward a player ¢ € N, and we
denote by ¢; € R the transfer from player ¢ to the planner. We also assume
that player i’s utility is quasilinear in transfers, and is denoted by u;(l, ;) + ;.

A finite sequential stochastic mechanism is a finite perfect-information game

"Here we follow |Abreu and Matsushimay (1994) and |Glazer and Perry! (1996) in assuming
that the space of type profiles is a product space.



tree I' together with an outcome function (, including an allocation function
g which specifies for each terminal history a lottery [ € A (A) and a transfer
rule t = (t1,t9,...,1,). A sequential mechanism (I, () has fines and rewards

bounded by ¢ if |¢;] < ¢ for every i € N and every terminal history.

1.3 Mechanism

In this section, we provide a full characterization of social choice function-
s which are fully implemented in backward induction with arbitrarily small
transfers. It is well known that if f is implementable, then it must be truth-

fully implementable. That is, there must exist a “direct revelation mechanism”

f:em A (A), such that for any 6 € O, the following hold:

e P1: f(6") = f(0), ie., if all individuals announce 0, the outcome is

f(0).

e P2 :the unanimous announcement of # is a Nash equilibrium at state 6.

That is, truth-telling is a Nash equilibrium. Observe that any social choice
function f can then be truthfully implemented when n > 3. This can be
achieved by constructing a direct revelation mechanism with the following
property: if at least n — 1 individuals announce 6, then the outcome is f (6).

No individual can change the outcome by deviating from a unanimous an-



nouncement, so that truth-telling is clearly a Nash equilibrium. The restric-
tion n > 3 is crucial because it allows the planner to identify a deviant from
a truth-telling strategy combination. If instead n = 2 and player 1 announces
6 and player 2, ¢, then there is no way for the planner to ascertain whether
state 6 has occurred and 2 is lying, or state ¢ has occurred and 1 is lying.
Clearly, if truth telling is to be sustained as an equilibrium, there must exist
an outcome which is simultaneously no better than f (¢) for 2 in state 6 and
no better than f (¢) for 1 in state ¢. That is, not every social choice function

is truthfully implementable when n = QE|

Definition 1.1. A social choice function f is truthfully implementable if there

exists a direct revelation mechanism f which satisfies P1 and P2.

It is well known result that any Nash-implementable social choice function
(even if only partially implementable) must be truthfully implementable (see
Dasgupta et al| (1979)). Proposition states that truthful implementabil-
ity is a necessary condition for our notion of implementation which allows

arbitrarily small transfers off equilibrium path.

Proposition 1.1. Assume A is finite. Suppose that for any t > 0, there

exists a finite sequential stochastic mechanism with fines and rewards bounded

8Dutta and Sen|(1991)) have a detailed discussion in which they provide a full characteriza-
tion of the class of two-person social choice correspondences which are Nash-implementable.



by t, such that for each type profile 1, f(1) with no transfer is the unique

subgame-perfect equilibrium outcome. Then, f is truthfully implementable.

Proof. For convenience, let t = % where ¢ € N. Suppose [ : © — A(A) is
implementable in SPFE by a mechanism (I', ¢) with fines and rewards bounded
by %. Let g? be the function which specifies the lottery associated with the
terminal node and let t? be the transfer rule.

Let fg be a direct revelation mechanism such that

Fi(@)iew) = (o () ) 2 () L)

where 0% denotes that player i announce 6 for any 0 € .
Suppose v is the true state. Let 1~¢ denotes that all the players other than

7 announce ¥. We have

o 0 ) ) 2 o (o)) (o),

Note that this inequality holds for any ¢ and t] (m) < é. Since A is finite,

A(A) is compact. There exists some ¢° (mf’, mqf2> € A(A) such that
(i ) ) o ) ) oo
That is, we have some fo with no transfer such that,
u; (fo (¥") >¢i) > U <f~0 (o', 07") 7%) :

This completes the proof. O



Remark 1.1. The compactness of the set of alternatives is to gquarantee the
existence of the limit of the bad outcomes as the bound of transfers approaches
zero. If A is compact, our result holds with two technical assumption: (1) A(A)

is the set of all probability measure over A; (2) v;(+,0;) is continuous.

Theorem 1.1. For any n > 2, any truthfully implementable social choice
function f, and any t > 0, there exists a finite sequential stochastic mecha-
nism with fines and rewards bounded by t such that for each type profile 1,
the outcome f(v) with no transfer is the unique subgame-perfect equilibrium

outcome.

1.3.1 The preliminaries

Given a social choice function f, since ©; is finite for any i, we let

§= lui(f(0),0:) —wi(f(0),0:)] - (1.1)

= max
0,€0,,0,00c0,ieN

That is, ¢ is the maximal difference in payoffs of all implementable outcomes

for all players of all types. Choose an integer K and £ > 0 such that

§/K <e<t/6. (1.2)

9



Hence, K is large when ¢ is small. For any distinct types 6; and 6;, let Lo, 60!

and xg; g, be two lotteries such that

Ui(iﬂei,a;, 0;) > Ui(ﬂfeg,ei, 0:);

ui(zo,0;,6;) < uilwar0,,0;). (1.3)

The existence of xg, g, and g g, is guaranteed by the assumption on the pref-

erences. Let L = { T, .05 Lo, Observe that L is a finite set since ©;

0 }eﬁéeg,z’eN‘

and N are both finite.

1.3.2 The Mechanism

The mechanism has K + 2 rounds. In each round k£ < K + 1, the players move
sequentially. Player 1 moves first, player 2 moves second, and so on. In round
k < K, each player i announces a type profile m} € ©.

In round K + 1, each player ¢« announces his own type, miKJrl € 0;. Let
mEH = (m{, L omE)

Let

where f satisfies P1 and P2.
Then, by the finiteness of L and ©;, choose p; € (0,1) such that for any

I' e L,any i € N, and any 6, € O,

lui(l,6;) — u; (1 — p)l + il 6;)] < e/2. (1.4)

10



Let

21,00, = (1—=p)l + Do, 00

1000, = (1 — p)l + pizo 0,

Consequently, we have

wi(T1,9, 00, 05) > i1, 0:); (1.5)

Ui<xl,9i,9§7 0;) < Ui(l‘l,e;ei; 0;).

Remark 1.2. The conditions in will guarantee that truth telling is strict-
ly better when players face the constructed lotteries (see the proof of Claz'm

in Section 4 below).

In round K + 2, in the order of player n + 1(= 1), n,..., 2, player i has an

opportunity to announce his predecessor’s preference mZK 2 € 9, 4 if and only

e K42 K+ C
if m; 7" =m; 7" for every j > z.ﬂ

o If m;*t? £ m/*1' then player i — 1 chooses z;, x+1, x+2 OF T, K42, K1
) EAt) =1

i—1 7% -

and the game ends;

K+2 K+1

o If m; = m,_; , then the game continues and player 7 — 1 gets the

opportunity to announce his predecessor’s preference mfi J{Q €0, 9.

9Note that player 1 always has the opportunity to announce player n’s type.

11



If mf™2 = mXT! for all i, then the social alternative is determined by the
lottery [ and the game ends.

The transfers are specified as follows:

ti =ni + Ti + 0;.

e K42 K+1 ; :
—3e, it m; " #m,; 7", and @ — 1 chooses Ly KA 425

i—1

ni=1 €, if m*t? #£mI and i — 1 chooses x, x+2 xi1;
My My
0, otherwise.
e K42 K41,
- —2e, ifmiy" Fmy T
! 0, otherwise.

5. -4 & if 7 is the last person who chooses m¥ # m%+! for some k < K;
! 0, otherwise.

Note first that along any history, a player is fined at most 6¢ and is rewarded
at most ¢, which are bounded by # (by (1.2)). Second, when m/*** £ m[1!
player ¢ — 1 will be fined 2¢ regardless of her choice between z, AL K2 and

i+1; on the other hand, whether ¢ will get € or —3e depends on player

Ty, K+2
L 2 mity

1 — 1’s choice. We draw the game tree for rounds K + 1 and K + 2 in Figure

1 and highlight the equilibrium path in boldface.

Remark 1.3. The “direct revelation mechanism?” f works in the same way
as p (a magjority rule), used in the GP mecham'smm With this construction,

we generalize the implementation result in |Glazer and Perry (1996) to a two-

10We restate the majority rule from Glazer and Perry (1996, p. 30) as follows:

For each stage k, k = 1, ..., K, a probability of (1—¢)/K is assigned to f () if m¥F = 4, for
at least n — 1 players; otherwise, a probability of (1 — ¢) /K is assigned to some arbitrarily
chosen alternative b.

12



person setting. Note that truthful implementability is trivially satisfied by the
majority rule when there are three or more players. The following corollary

holds immediately if we replace the majority rule in the GP mechanism with

f.

Corollary 1.1. For any n > 2, any truthfully implementable social choice
function f, e >0, and t > 0, there exists a finite sequential stochastic mecha-
nism with fines and rewards bounded by t for which the unique subgame-perfect
equilibrium outcome is such that for each type profile 1, the outcome f(1)) is

chosen with probability of at least 1 — ¢.

Remark 1.4. The main difference between our mechanism and the GP mech-
anism is that we adopt a modified MR mechanism to elicit the players’ true
types in round K + 1 and round K + 2. The modified MR mechanism further
differs from the MR mechanism in an essential way: by using randomization,
we can (by ) make the lottery assigned to each terminal history arbitrarily
close to lottery I, which is determined by the announcements from round 1 to
round K. Consequently, relative to the transfers, the announcement made in
either round K 4+ 1 or round K + 2 has a negligible effect on the lotteries as-
sociated to terminal histories. We can therefore elicit each player’s true type

in round K + 1 without the large transfers required in the MR mechanism.

If we keep the first K rounds identical to the setting in the GP mechanism,

13



we have the following corollary.

Corollary 1.2. For any n > 3, social choice function f, and t > 0, there
exists a finite sequential stochastic mechanism with fines and rewards bounded
by t such that for each type profile 1, the outcome f(v) with no transfer is the

unique subgame-perfect equilibrium outcome.

Remark 1.5. Moore and Repullo (1988) provide a necessary condition for
subgame-perfect implementation for general preferences. The necessary con-
dition s actually indispensable in quasilinear environment which our paper
studies. In their section 5, they construct a simple finite mechanism with per-
fect information in quasilinear environment. With sufficiently large transfers,
this simple mechanism can implement any social choice function (see the de-
tailed discussion on pp. 1214—1215 in Moore and Repullo (1988)). That is,
with large enough transfers, the necessary condition they identify in their The-
orem 1 is automatically satisfied. Our mechanism breaks up the large transfers
wnto a small scale by adopting a large horizon and making full use of lotteries.

See the detailed discussion in Appendiz.
1.4 Implementation

Denote the true type profile by ).

14



Claim 1.1. In any subgame-perfect equilibrium where player © moves in round

K+2

K+ 2, player i will announce m; ™= = ;1 ifmff{l = Y;_1 and will announce

mET? £ mET otherwise.

Proof. First, consider player 2’s choice in round K + 2. This is the last move

in the game tree. There are two cases:

K+2

K+l — 42 If player 2 announces m& ™ = 11, then [ is implemented

Case 1. m
and 7, = 0. If, instead, player 2 announces m2 ™ # ¢, then by player
1 will choose L) K+ 42, while player 2 will be fined 7, = —3¢. By ,
player 2 will announce ;.
Case 2. mi*! =£ 4)y: If player 2 announces mb ™2 = m&*! then [ is imple-
mented and 7, = 0. If, instead, player 2 announces m4 *2 = 11, then by
player 1 will choose L) K42 K41 while player 2 will be rewarded with 17, = €.
By , player 2 will announce some ma 2 £ mi+1,

Similarly, since the payoff difference between any two lotteries in the set
{l}U L is at most ¢, each player i (where 2 < i < n) will confirm his predeces-

K+2 KJrl) imeJrl

sor’s announcement in K +1 (i.e., m;' ™ =m; | i1 = ¥;_1; while player

i will challenge his predecessor’s announcement in K + 1 (i.e., m**? # mf+h

if mT # i,
Now consider player 1 (i.e., player n 4 1)’s choice in round K + 2. Again,
there are two cases:

15



Case 1. m&+1 = 4),: If player 1 announces m=*? = 1,,, then one outcome

from {l} U L is implemented, 7; = 0, and player 1 will be fined 7, = —2¢ if
he is challenged by player 2 later. In total, the potential loss from announcing
miT? = q), is less than 3. If, instead, player 1 announces mi 2 # 1),,, then by
(1.5)) player n will choose Ty g 52 while player 1 will be fined 7, = —3e¢.
Therefore, player 1 will announce .

K+2 K+1

Case 2. mE+t o£ 4,1 If player 1 announces m; t* = mX* then one outcome

from {{}UL is implemented, n; = 0. In total, the potential gain from announc-
ing m{**? = m&+! is less than e. If, instead, player 1 announces mi ™ = ,,

then by 1} player n will choose x; ,,x+2 , i1, while player 1 will be rewarded

with 771 = . Therefore, player 1 will announce some m 2 = mE+1, O

Claim 1.2. In any subgame-perfect equilibrium, every player truthfully an-

nounces his own type in round K + 1, i.e., m**t =; for alli € N.

Proof. Consider player n first. Suppose that player n announces mE 1 = 1,,.
Since player 1 moves first in round K+2, then by Claim [3.1], this announcement
will be challenged by player 1 and result in a penalty 7, = —2¢. It follows
from that by announcing mX 1 £ 4, player n’s utility from the induced
lottery is affected by an amount less than . In addition, player n potentially
reduces the penalty §, = —e. Therefore, player n will announce mE+1 = ),,.

Thus, by Claim player n will have an opportunity move in round K + 2,

16



and by a similar argument, m**! = 4,_;. We can inductively argue that

mit =4 for all i € N. O

Claim 1.3. In any subgame-perfect equilibrium, if player i is not the last one

+1

to announce a type profile that is different from m=X+l along a history up to

round k < K, then mF = 1.

Proof. Note that by Claim mE+l = ¢ in any subgame-perfect equilibrium.
Consider player n’s decision in round K. Suppose that player n is not the last
one who lies along a given history. Then, player n will be fined 9,, = —¢ if he
lies by announcing mX ## ¢, but will not be fined if he announces m% = ).
The maximal gain from the change in lottery chosen by lying is /K. By ,
he strictly prefers to tell the truth. Inductively we can show that any player
1 < n — 1 strictly prefers to tell the truth in round K if player ¢ is not the last
one who lies along a given history.

Suppose that for any player ¢, he strictly prefers to tell the truth in round
k' if player i is not the last one who lies along a given history for any & < k&’ <
K. We show that player 7 strictly prefers to tell the truth in round k& — 1 if
player ¢ is not the last one who lies along a given history for any player <.

If player ¢ lies, then by the induction hypothesis, all the players will tell
the truth in the following histories. Thus, player ¢ will be fined §; = —e. The

maximal gain from the change in lottery chosen by lying is bounded by /K

17



in round k. From P2 of f, the maximal gain from the change in lottery chosen
by lying is 0 in round £” > k. If he tells the truth, instead of player 1, player
7" will be fined 6y = —e. In total, the potential gain is less than the loss. It

follows that truth-telling is strictly better for player ¢ in round k + 1. O
This completes the proof.

Claim 1.4. In any subgame-perfect equilibrium, m¥ = ), for all i € N, and

foralll <k < K.

Proof. No player has lied in round k£ = 1. It then follows from Claim that

m} =1 for all i. Inductively, m¥ =1 foralli € N and forall 1 <k < K. O
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1.5 Concluding Remarks

Our result is proved by observing the complementarity between Moore and
Repullo| (1988) and (Glazer and Perry| (1996). Specifically, we modify the MR
mechanism by allowing randomization on the pure outcomes. We can strength-
en the result of |Glazer and Perry| (1996) to full implementation from virtual
implementation, if we adopt the MR mechanism in the last two rounds, round
K + 1 and round K + 2. In addition, the result of Moore and Repullo (1988)
(which holds with large payments) can be proved with arbitrarily small trans-
fers, if we adopt the idea of |Glazer and Perry (1996) (which is due to |Abreu
and Matsushima (1992a))) in breaking the large fine into K small pieces.

If there are three or more players, our argument is essentially unaltered
if the fines (resp. rewards) imposed on some player are to be paid to (resp.
paid by) some other player instead of the planner. In other words, with three
or more players, we can achieve budget balance (i.e., the transfers add up to
zero) both on and off the equilibrium pathE-]

Our result crucially relies on the assumption of complete information and
is therefore subject to the criticism by [Aghion et al.| (2012), namely, that

our mechanism still admits undesirable sequential equilibria when some in-

"When there are only two players, as in Moore and Repullo| (1988)), there may be an
additional surplus generated off the equilibrium path.
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formation perturbation (as defined in |Aghion et al. (2012)) is introduced to
the complete-information environment. An extension of our analysis to an
incomplete-information environment is left for future research[?]

The finiteness of the mechanism relies crucially on the assumption that the
state space is finite. We cannot hope for a finite mechanism to fully implement
any social choice function when the state space is infinite. In addition, the
finiteness assumption guarantees the existence of lotteries to elicit the true
preference of each player. This is crucial for our result as well as for the
results in Abreu and Matsushima/ (1992a)), |Abreu and Matsushima; (1994)),

and |Glazer and Perry| (1996]).

2Tnstead of using dynamic mechanisms, (Chen et al.| (2014) use a finite static mechanism
to show that, in incomplete information environments, any truthfully implementable so-
cial choice function is implementable in one round deletion of weakly dominated strategies
followed by iterative removal of strictly dominated strategies.
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1.6 Appendix

In this section, we restate the necessary condition, i.e., Condition C, in The-
orem 1 of Moore and Repullo (1988) and show that Condition C is trivially
satisfied in qusilinear environment. We incorporate their setting into our en-
vironment. In this section, f is a social choice correspondence from © to

A(A).

Condition C For each pair of profiles § and ¢ in ©, and for each a € f(0)

but a € f(¢), there exists a finite sequence
a(f,¢;a) ={ag = a,a1,...,ap,...,a = T,ap41 =y} C A,
with h = h (0, ¢;a) > 1, such that:

(1) for each k = 0, ..., h—1, there is some particular agent j (k) = j (k|6, ¢;a),
say, for whom
W) (g, 0) > wjy(ars,0); and

(2) there is some particular agent j (h) = j (h|6, ¢;a), say, for whom
Uj(h) (I’, 6) > Uj(h) (y7 6) and Uj(h) (y> ¢) > Uj(h) (I’, ¢) .
Further, h (0, ¢; a) is uniformly bounded by some h < oo.

We first show that with sufficiently large transfers, Condition C is auto-
matically satisfied in qusilinear environment.
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To see Condition C is trivially satisfied when large enough transfers are

allowed, we consider a pair of states {(6;,0_;),(0,,0_;)} and a € f (6;,6_;) but

adf (0;7 8—1) :
Since the state space is finite, there exist a pair of outcomes x,y € A (A)

and a pair of transfers t,,?, € R, such that

U; (l’, 01) - ta: > Uy (ya 02) - ty;

i (2, 0) — b < s (y, 00) — t,, (1.6)

Furthermore, u; (a,6;) > u; (d’,0;) — t, for all 0; € ©;, all ' € A(A) and for
any t € {t,,t,}.
Now, let the finite sequence be
a0, ¢;a) ={ap=a,a1 = {z,t,},a0 = {y,t,}}.
Let j (0) = j (1) = i. We have
wi (a,0;) > u; (x,0;) —ty, > u; (y,6;) — t,
that is, (1) in Condition C holds; morever, (2) follows from (L.6).
We show that we can make use of lotteries to decrease the large payments
into an arbitrarily small scale.
Recall that for any distinct types 6; and 6}, there exists a pair of lotteries
{l’gi,gg, .Igg’gi} such that
Uz‘(%i,e;, 6;) > Ui($62,0“ 0,);
ui (g, 01, 0)) < ui (T g, 0.).
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For any ¢ > 0, we can find some small enough p, > 0, such that there exists

t <1,

U; ((1 - pa)a + Palo, 0 01) —t> UZ((l — pa)a + Pao! 0,5 QZ) —t;

uz((l - pa)a + pax&ﬁ;a 9;) —t<u ((1 - pa)a + pax%,@ia 9;) —t.

In our mechanism, the finite sequence is

a(0,¢;a) = {ag = a,ay = {(1 — pa)a + pazo, g, —t} . a2 = {(1 — pa)a + paxg 0, —t} } -
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Chapter 2

Robust Dynamic
Implementation

2.1 Introduction

Consider a society consisting of a group of individuals. Assume that this soci-
ety agrees upon some social choice rule (or welfare criterion) as a mapping from
states to outcomes where each state can be interpreted as the relevant informa-
tion needed to pin down desirable outcomes at that state. Then, the theory of
implementation and mechanism design poses the following institutional design
question: what class of social choice rules can be realized by mechanisms (in-
stitutions)? The answer to this question precisely relies on how we hypothesize
about the following two ingredients: (1) what class of mechanisms are we al-
lowed to use? (2) how does each agent behave in the mechanism? It is already
well known in the literature that one can obtain very permissive implementa-
tion results by using dynamic (or sequential) mechanisms and exploiting the
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assumption of complete information. In complete information environments,
Moore and Repullo (1988) construct a dynamic mechanism (henceforth, the
MR mechanism) that implements “any” social choice rule as the unique sub-
game perfect equilibrium.

Subgame perfect implementation is particularly successful because it shows
that most desirable outcomes are in fact uniquely implementable as subgame
perfect equilibria. Nevertheless, there remain several criticisms: (1) It relies
excessively on the agents’ rationality. For deviations are always considered to
be “one-shot deviations from rationality” that do not shatter the faith players
have in the subsequent rationality of their opponents; (2) The punishment of
all agents is often needed out of the equilibrium in the mechanism and this is
clearly not in their collective interest: what if the agents decided to abandon
the original mechanism after a Pareto inefficient outcome is realized as an out-
of-equilibrium outcome and they renegotiate this into a new Pareto efficient
outcome? (3) The introduction of even small information perturbations greatly
reduces the power of subgame perfect implementation. Aghion, Fudenberg,
Holden, Kunimoto, and Tercieux (2012, henceforth, AFHKT) show that under
arbitrarily small information perturbations the MR mechanism does not yield
(even approximately) truthful revelation and that in addition the mechanism

has sequential equilibria with undesirable outcomes.
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The main objective of this paper is to provide very permissive robust im-
plementation results via dynamic mechanisms. More specifically, this paper
proposes a two-stage mechanism which (1) has a unique truth-telling sequential
equilibrium in pure strategies that is robust to any “private-value perturba-
tion”; (2) is dominance-solvable in the weakest notion of “sequential ratio-
nalizability”; (3) is immune to renegotiation. Before getting into the details,
from the outset, we want to be clear about the domain of problems to which
our results apply. First, we consider environments where monetary transfers
among the players are available and all players have quasilinear utilities in
money. We focus on this class of environments because most of the settings in
the applications of mechanism design are in economies with money. Second,
we employ the stochastic mechanisms in which lotteries are explicitly used.
Therefore, we assume that each player has von Neumann and Morgenstern ex-
pected utility. Third, we focus on private values environments. That is, each
player’s utility depends only upon his own payoff type as well as the lottery
chosen and his monetary payment.

In a dynamic mechanism, agents could have multiple beliefs, one at each
information set. These beliefs are updated via Bayes’ rule whenever possi-
ble; however, if an agent is surprised by a zero-probability event, Bayesian

updating does not apply and the agent needs to revise her belief in another

27



fashion. The assumption on how this belief revision proceeds is precisely what
distinguishes different existing solution concepts for dynamic games. Sub-
game perfection equilibrium entails backwards induction, which requires that
there be rationality and common belief in rationality at “every” information
set. This means that under backwards induction, each agent always attributes
any out-of-equilibrium behavior of the opponents to mere mistakes and main-
tains her initial hypothesis of rationality and common belief in rationality in
the subsequent stages of the game. Following Ben-Porath (1997), Dekel and
Siniscalchi (2013) introduce the concept of initial rationalizability, which we
take as this paper’s solution concept in extensive form games. Initial ratio-
nalizability is like rationalizability in normal-form games in that it iteratively
deletes strategies that are not best replies. Unlike backwards induction, initial
rationalizaiblity only requires that there be rationality and common belief in
rationality “at the beginning of the game.” Accommodating any belief revision
assumption at any subsequent stages of the game after a zero-probability event
occurs, we acknowledge that initial rationalizability is the weakest rationalaiz-
ability concept among all in extensive-form games. Hence, implementation
under initial rationalizability is the most robust concept of implementation
among the existing concepts for implementation in dynamic mechanisms.

Our first result shows that one can construct a two-stage mechanism which
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implements any social choice function under initial rationalizability. The re-
quirement of initial rationalizable implementation can be decomposed into the
following two parts: (1) there always exists an initial rationalizable strategy
profile whose outcome coincides with the given rule; (2) there are no initial
rationalizable strategy profile whose outcomes differ from those of the rule.
Since complete information entails common knowledge of states, which is
very demanding and at best taken to be a simplifying assumption, it is a sen-
sible exercise to ask for the robustness of the implementation results to small
amounts of incomplete information. To pursue this line of research, we are
motivated by the approach of Chung and Ely (2003), who consider the fol-
lowing scenario: if a planner is concerned that all equilibria of his mechanism
yield a desired outcome, and entertains the possibility that players may have
even the slightest uncertainty about payoffs, then the planner should insist
on a solution concept with closed graph. Specifically, our second result shows
that it is possible to construct a finite two-stage mechanism which not only
fully implements any social choice function under complete information but
also does so in all the nearby environments. Therefore our result generates the
following important corollary: any social choice function is implementable for
all types in the model under study and it continues to be implementable for

all types “close” to this initial model. Therefore, any social choice function
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is continuously implementable in dynamic mechanism where the concept of
continuity here is the same as the one proposed by Oury and Tercieux (2012).
This robustness result still holds if we instead adopt other solution concept-
s such as subgame perfect equilibrium, subgame rationalizability (Bernheim
(1984)), and extensive form rationalizability (Pearce (1984)) because these are
simply the refinements of initial rationalizability.

Our results narrow several open questions in the literature. First, we con-
tribute to the literature of rationalizable implementation. Bergemann, Morris,
and Tercieux (2011) investigate the implications of rationalizable implemen-
tation by employing infinite, static, stochastic mechanisms. They show that
strict Maskin monotonicity is a necessary condition. Note that Maskin mono-
tonicity is known to be a necessary condition for Nash implementationﬂ Moore
(1992) proposes a simple sequential mechanism where every player moves only
once. His result does not rely excessively on the agents’ rationality, since even
when some player is surprised by his opponent’s behavior, it does not matter
whether he believes the one who surprised him is rational or not. However,
there is a cost associated with it: his simple sequential mechanism needs large
size of monetary penalties and this mechanism works only under a stringent

condition on the environment. Moore (1992) argues that the most natural

1See Maskin (1999) for this.
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examples where his simple mechanism works are either only one of the two
players has a state dependent preference, or both of their preferences are per-
fectly correlated. Clearly, the applicability of his result is very limited. On the
other hand, we obtain a very permissive implementation result in much more
general environments: any social choice function is fully implementable under
initial rationalizability by a finite dynamic mechanism.

Second, we contribute to the literature of the robustness of the implemen-
tation results to almost complete information. For instance, Chung and Ely
(2003) investigate the robustness of undominated Nash implementation and
AFHKT (2012) investigate the robustness of subgame perfect implementation.
Exploiting “interdependent” values perturbations, they both conclude that
Maskin monotonicity is a necessary condition for their robust implementation.
We investigate the robustness of implementation under initial rationalizaibili-
ty. Our result shows that any social choice function is robustly implementable
under “private” values perturbations. As shown by |Qin and Yang (2013)), the
perturbations in Chung and Ely (2003) and AFHKT (2012) are both consider
as order two perturbation; in contrast, our positive result extends to any high
order perturbation in universal type space.

Third, we contribute to the literature of implementation with renegotiation.

We sometimes interpret a mechanism as a contract between the agents. In
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this case, they will presumably choose a mechanism that will deliver a Pareto
efficient outcome in equilibrium. Suppose, for whatever the reason may be,
that play of the mechanism results in an out-of-equilibrium outcome and this
outcome is not Pareto efficient. Then, it is very likely that the agents tear up
the contract and negotiate a new Pareto efficient outcome. To prevent this
type of ex post renegotiation, Maskin and Tirole (1999) consider the buyer-
seller bilateral trading model and assume that the agents sign a contract that
uses a stochastic transfer from the seller to the buyer when out-of-equilibrium
outcome is realized. If the buyer is risk-averse, then this fine can be designed
so that it hurts both the seller and the buyer. However, this construction
does not work for risk-neutral parties. If parties are close to risk-neutral, the
stochastic fine that is required needs to have a very large variance, which is not
very credible as it will violate the wealth constraints. Thus the applicability
of their result is doubtful in this case. Our mechanism adopts the idea of
Abreu and Matsushima (1992) to transform the required large payments into
arbitrarily small scale. This makes our mechanism a lot more reasonable than
that of Maskin and Tirole (1999).

Fourth, we contribute to the literature of the hold-up problem. It is often
the case that, when two parties engage in a relationship, they are uncertain

about the values of some parameter which will affect their future payoffs. This

32



uncertainty is represented by a set of parameters that take several values.
Although they will both learn the value of the parameter in the future, they
cannot write ex ante contracts contingent on the state of nature because this
state of nature is not verifiable by a third party. When two parties sign an
ex ante contract based on some parameter which will be realized ex post but
not verifiable by a third party, it might entail transaction cost (Williamson
(1975)). However, the mechanism we develop here can be used to ensure that
truthful revelation occurs in equilibrium. Therefore the unverifiability alone
does not create any transaction cost.

Our paper is also related to the literature motivated by King Solomon’s
dilemma. Qin and Yang (2009) provide a two-stage dynamic mechanism to
implement the social desired allocation in one round deletion of weakly dom-
inated strategy followed by iterative deletion of strictly dominated strategies.
They allow the information is incomplete among players and use an infinite
mechanism (the second stage they adopt second price auction to elicit players’
true type). When we focus the complete information environment, we can
adopt a much weaker solution to achieve the social desired allocation. The
common feature is that both their mechanism and ours are robust to private
value perturbations.

The robust dynamic implementation literature is also closely related to
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our work. Miiller| (2013b)) studies robust virtual implementation using dy-
namic mechanism under common strong belief in rationality. Miiller| (2013a))
adopts the same solution as ours to study robust dynamic implementation.
The difference between the robustness notion and ours is that instead of pur-
suing a mechanism to work in any type space, we focus on the bench mark
type space and consider the class of type space around it.

The rest of the paper is organized as follows: Section 2 uses a simple
buyer-seller example to introduce the MR mechanism and the general criticism
on it. Then within the same example, we construct a two-stage mechanism
which is immune to many of the criticisms. In Section 3, we introduce the
preliminary notation and definitions. Section 4 provides our main results.
More specifically, we establish Theorem 1 for implementation under initial
rationalizability (Section 4.1); Theorem 2 for robust implementation to small
perturbations around the benchmark model (Section 4.2); Corollary 1 for the
robust implementation to small perturbations around complete information;
and Theorem 3 for implementation with arbitrarily small transfers (Section
4.3). In Section 5 we discuss several issues. First, we show that it is possible
to provide a perfect information mechanism based on the MR mechanism that
not only implements any social choice function under complete information

but also does so in all the nearby environments. However, the implementation
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under information perturbations is successful only if the players adopt mixed
strategies in the unique sequential equilibrium. This casts doubt on how the
MR mechanism being played by the real people because it is not cognitively
simple at all for a player to play mixed strategies. Finally, we propose a way
of making the transfer rule satisfying budget balance when there are at least

three individuals.

2.2 Illustration

To illustrate the main idea of this paper, we consider the following simple ex-
ample adapted from Hart and Moore (2003). There are two parties, a B(uyer)
and a S(eller) of a single unit of an indivisible good. If trade occurs then B’s
payoff is

sze_pv

where p is the price and 0 is the good’s quality. S’s payoff is

VS:p7

thus we normalize the cost of producing the good to zero.

The good can be of either high or low quality. If it is high quality then B
values it at g = 14, and if it is low quality then B values it at 6, = 10. We
seek to implement the social choice function f* whereby the good is always
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traded ex post, and where the buyer always pays the true value of 6 to the

seller.

2.2.1 Moore-Repullo Mechanism

Suppose first that the quality # is observable and common knowledge to both
parties. The implementation of f* can be achieved through the following

Moore-Repullo (MR) mechanism:

(1) B announces either a “high” or “low” quality. If B announces “high”
then B pays S a price equal to 14 in exchange of the good and the game

stops.

(2) If B announces “low” and S does not “challenge” B’s announcement, then

B pays a price equal to 10 and the game stops.

(3) If S challenges B’s announcement then:

(a) B pays a fine F' =9 to T (a third party)
(b) B is offered the good for 6

(c) If B accepts the good then S receives F' from 7' (and also a payment

of 6 from B) and the game stops.
(d) If B rejects at 3b then S pays F to T

(e) B and S each get the item with probability 1/2 and the game stops.
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-5 —4
15 -9

Figure 2.1: The left is under #g and the right is under ;. The equilibrium
path is in boldface.

The game specified by the MR mechanism under different values are shown
in Figure 1. The MR mechanism is extremely successful because it shows
that most desirable outcomes are in fact implementable as a unique subgame-
perfect equilibrium. However, the way MR mechanism delivers such a good
performance is subject to several criticisms. First, the solution concept of
backwards induction relies excessively on the assumption of common belief of
rationality. For deviations are always considered to be “one-shot deviations
from rationality” that do not shatter the faith players have in the subsequent
rationality of their opponents (see Reny (1992), Ben-Porah (1997) and Bat-
tigali and Siniscalchi (1999) for more details on the criticisms on backwards
induction). Second, the punishment of all agents is often needed out of the
equilibrium in the mechanism and this is clearly not in their collective inter-
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est. This feature is particularly problematic if the agents can decide ex post
to abandon the original mechanism after a Pareto inefficient outcome is real-
ized as an out-of-equilibrium outcome so that they can renegotiate for a new
Pareto efficient outcome (see Laffont and Martimort (2002) and Bolton and
Dewatripont (2005) for the detailed discussion on renegotiation). Third, the
introduction of even small information perturbations greatly reduces the pow-
er of subgame perfect implementation. In particular, AFHKT (2012) show
that under arbitrarily small information perturbations, the MR mechanism
does not yield (even approximately) truthful revelation and that in addition,
the mechanism has sequential equilibria with undesirable outcomes.

The first two criticisms are well known and we see no strong reason to
illustrate them. However, we would like to illustrate the issues that come the
last criticism. To do so, we first make a brief review of AFHKT (2012). Players
have imperfect information about 6, which is generated from a common prior
pwwith (@) =1—a and p(0) = « for some a € (0,1) . Each player receives
hi

a draw from a signal structure with two possible signals s or s', where s" is a

high signal that is associated with f, and s is a low signal associated with 6.
We use the notation sp = s (resp. sp = sb) to refer to the event in which

B receives the high signal s" (resp. the low signal s') and similar notation

applies to S. The following table shows the joint probability distribution pu :
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h o oh h ol T ch l
H SBsSs | SB»Ss | Sp»Ss | 5By Ss

O | 1 —« 0 0 0
0r, 0 0 0 a

Let v® denote a perturbed information structure:

h ok I I h T
Ve sp, S Sp,Sg sp, Ss sp,Sg
2 (1—a)e? (1—a)e?
O (1—04)(12—5—5) (1—204)6 — —
ag ag 2
6;, o o= ac | a(l—e—¢?)

Note that as € converges to 0, the marginal probability distribution of * on
0 coincides with p. That is, each player’s signal is almost correct under v°. The
second feature of v° is that when the agents receive different signals, B’s signal
becomes infinitely more accurate than S’s. This implies that when S and B
were informed of the signal, and the signals disagree, they will conclude that
with high probability the true state corresponds to B’s signal. This matters a
lot when S decides whether to challenge B.

AFHKT (2012) first show that truth telling cannot be (even approximately)
an equilibrium in pure strategies. This is easy to see in the previous example:
if S does not challenge when observing low signal, B would like to announce
“low” regardless of the signal he received. They also show that even allowing
for mixed strategies, the probability of truthful announcement never goes to 1
as € goes to 0 (see Proposition 1 in AFHKT (2012) for details). Furthermore,
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under this information structure, there exists a persistently bad sequential
equilibrium. Suppose that B always announces “high” regardless of the signal
received. S always challenges when observing “low” regardless of her signal
too. In the last stage, B accepts the offer when his signal is high, and rejects
it otherwise. B holds his posterior belief given his private information and the
initial prior. We specify the following belief system at the last stage of the
game: S believes with probability 1 that B received high signal. Sequential
rationality is easy to check with this belief system, which is also consistent

indeed.

2.2.2 Two-Stage Mechanism

We will provide a sequential mechanism that implements the social choice func-
tion f* under complete information. We also show that f* is implementable

under all the nearby environments. We define the mechanism as follows.

(1) Both B and S announce “high” or “low” simultaneously. If both of them
announce “high” then B pays S a price equal to 14 in exchange of the
good and the game stops; if both of them announce “low” then B pays

S a price equal to 10 in exchange of the good and the game stops.

(2) If B announces differently from S’s announcement then:

(a) B pays afine FF'=9 to T (a third party).
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(b) B is offered the good for the price of 6.

(c) If B accepts the good, then S receives F' from T (and also a payment

of 6 from B) and the game stops.

(d) If B rejects the offer made at 2 (b), then S pays F' to T.

(e) B and S each get the item with probability 1/2 and the game stops.

Om,0m | Om,0L

0,0 | 0L,0L

-2
-9

Figure 2.2: The payoff is specified by the mechanism under 6.

First, we focus on complete information environments. The game specified

by two-stage mechanism under fy is shown in Figure 2. Since B is the sole

player in the second stage, knowing the state is high, he will accept the offer.

Therefore, the two stage game collapses into the following normal form game:
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S5 S
shl 0,14 | —1,-9

st | =1,15 | 0,10

Apparently, announcing high is a strictly dominant strategy for S. Knowing
this, B will announce high too. Similarly, when the state is low, S and B will
coordinate on low.

There is only one active player, B, in the second stage and B’s choice
only depends on her own type. This structure delivers a lot of advantages
over the existing mechanisms. First, we discuss the agents’ rationality in this
mechanism. Although the active player might be surprised by other players’
moves in the previous history, he will play in a rational way. Then, we can
show that when we adopt the solution which requires only rationality and
initial common belief of rationality, the outcome still coincides with the one
induced by subgame perfect equilibrium.

Second, we discuss the role of information perturbations. As long as the
active player almost knows his own payoff type (recall also that the buyer has
infinitely more accurate information than the seller) then it will not change the
outcome from subgame perfect equilibrium as well. Finally, all the payments
needed out of the equilibrium in this mechanism can be reduced to arbitrarily
small scale by adopting the idea from Abreu and Matsushima (1992), the
details of which will be discussed in Section 2.6l
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The key insights of this two-stage mechanism is as follows. First, we merge
the first two stages in the MR mechanism into one. This prevents the informa-
tion leakage from the buyer to the seller, which is the very reason that the MR
is not robust to even small information perturbations (see AFHKT (2012)). S-
ince S will not be influenced by whatever B announces, she will make decisions
based on his own posterior belief, which is almost accurate when information
is almost complete. Second, there is only one active player in the last stage.
This construction makes the mechanism work with the least requirement of
the active player. B chooses his type based on his own rationality no matter
how he is surprised by S’s previous choice. When the information structure
is only slightly perturbed, since we consider the perturbation where B almost
knows his own type regardless of what signal received by S, B will behave in
the same way regardless of whether he knows S’s signal or not.

The mechanism can be generalized to the environments where there are
I players and each player has J types. Our mechanism is still a two-stage
mechanism, while the MR mechanism needs I phases, which has 3/ stages in

total. To avoid some technical details involved in more general mechanisms,

we will postpone the formal result until Sections and [2.6]
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2.3 Preliminaries

2.3.1 The Environment

Let I denote a finite set of players and with abuse of notation, we denote by
I the cardinality of I. Assume also that I > 2. The set of simple lotteries
over an arbitrary set of outcomes is denoted by A. We assume that players’
values are private. That is, the utility index of player i over the set A is
denoted by a bounded utility function u; : A x ©; — R, where ©; is the finite
set of payoff types and w;(a, 6;) specifies the utility of player i from the social
alternative a € A under 0; € ©,. We assume that any two distinct types 6; and
0 induce different preference orders over A and there is no total indifference
over the outcomes under any 6;. We abuse notation to use w;(z, 6;) as player i’s
expected utility from a lottery z € A (A) under ;. We also assume that player

i’s utility is quasilinear in transfers, denoted by w;(z, 6;) + 7; where 7; € R.

Lemma 2.1. (Abreu and Matsushima (1992)) For each i € I, there exists a

function x; - ©; — A such that for any 6;,0; € ©; with 0; # 6,

Let @ = sup; , 4, ui(a, 0;) be a uniform upper bound of all players’ utility
functions. Similarly, let v be a uniform lower bound of all players’ utility
functions. We can choose a large enough money D € R, such that, D > u—u.
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Until the end of Section [2.5] we assume that the true type profile * € ©
is commonly known to the players but unknown to the planner. This is what
we mean by complete information environments. We consider a planner who
aims to implement a social choice function f:© — A. We assume that the
planner can fine or reward a player ¢ € I and denote by 7; the transfer from the
planner to player . Throughout the paper, we define a dynamic mechanism
as a multistage with observed actions, which means that at each history A,
all players know the entire history of the play, and if more than one player
moves at h, they do so simultaneously. The class of mechanisms we consider
in the present paper is exactly the same as the one AFHKT (2012) allowed. A
dynamic mechanism is then an extensive game form I' = (H, M, Z, g) where
(1) H is the set of all histories; (2) M = X;ef M;, M; = XpenyM;(h) for alli € I
where M;(h) denotes the set of available messages for ¢ at history h; (3) 2
describes the history that immediately follows history h given that the strategy
profile m has been played; and (4) g is the outcome function that maps the
set of terminal histories into the set of lotteries A (A) with a transfer profile
T = (T1, T2, oy TI)-

Let I'(#) denote an extensive form game associated with dynamic mecha-
nism [' at state 0. Let 0; : ©; — M; be a strategy of player i. Let X; denote

the set of strategies of player i and ¥ = Xx;cr>; denote the set of strategy
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profiles. A solution concept is a correspondence S : © =% ¥ as a mapping from
states to a subset of strategies. The outcome correspondence associated with
a solution S is a mapping Og from © to A x R! with the following property:
0s(0)) = {(a,7) € AxR|Fm e S(I'(9)) s.t. g(m)=(a,7)} for each § € O.

We say that a mechanism I' implements a social choice function f via
a solution concept S, if Og(f)) = f(0) for all § € ©. Then, f is said to
be implementable via the solution S if there exists a mechanism I' which

implements it via the solution S.

2.3.2 Mechanism

We shall construct a two stage finite dynamic mechanism and call it I'™.
The outcome

Tlet1=1+1.

First Stage: Each player i announces a pair of types, his own and player

1 — 1’s, that is

where m{ € M = ©; and m! € M} = ©,_,. We write m"' = (m}),.; -

If m =m},,, for all i € I, then f (m') is implemented. STOP. Otherwise,
we proceed to the Second Stage.
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Second Stage: Let i* = minj<;<; {z € Ilm) # m%H}. Player 7* announces

one of his types, that is,
mf* c Mz2* = O,

and ;- (m2) is implemented. STOP. Recall that z;« : 4 — A is

constructed as in Lemma 1.

The transfer rule

The transfers are specified as follows:
e Player i* pays a penalty (I +1—1i*) x D.
e If m}.,, =mj then player i* + 1 gets a reward (I + 1 —*) x D;
e if mj.,; # m? then player i* + 1 pays a penalty (I + 1 —4*) x D.

This two-stage mechanism is quite simple. In the first stage, each player @
announces a pair of types in the first stage, his own type and his predecessor’s
type (i — 1’s). For player i’s type, if i’s own announcement about his type is
the same as his successor (i +1)’s announcement about ¢ (i.e., my = m},,), we
say this player’s announcement is consistent. If every player’s announcement
is consistent, then we implement f(m!).

Otherwise, we have a nonempty set of players whose announcements are
not consistent. We pick the smallest index of this set of players, denoted by
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1* who is the sole active player at the second stage and makes an additional
choice over the set of lotteries {x;«(6;)}g,co,. Then the lottery based on his
choice is implemented.

The transfers in this mechanism is specified in a straightforward way. First,
player i* is penalized by (I + 1 — i*) D because he is the smallest index which
exhibits an inconsistent announcement. Second, whether player ¢* 4+ 1 is pe-
nalized or rewarded depends upon his announcement about i* (i.e., m}., ) and
player i*’s second stage announcement (i.e., m2): if player i*+1 made the same
announcement for i* as ¢*’s second stage announcement (i.e., mj,; = ma),
player i* + 1 will be rewarded by (I +1—1*)D; if player i* 4+ 1 made a different
announcement from ¢*’s second stage announcement (i.e., m}._; # m2), player
i* + 1 will be penalized by (I +1 —i*)D.

The size of the transfer is designed in a decreasing way with respect to the
index, while the priority of being player ¢* is given to the smaller index. This

construction will prevent players from triggering or not triggering the second

stage with the intention that he will be involved in the pair at the later stage.

48



2.4 Complete information

2.4.1 Solution and implementation

A mechanism I' together with a type profile 6 defines a two-stage game denoted
by I' (6). The game proceeds as follows. At the initial history (), each player
chooses a message m; from his message space M; () = O; x ©,_1, and we
write m for the message profile obtained at the first stage. Given any m,
there are two possibilities: (1) the game ends; (2) or the game proceeds to the

ok
7

second stage, where there is a unique player , who makes a choice out of
his message space, M (m) = O;«. Let M [i] denote the set of histories after
which player 7 is picked as the unique player “i*”. We write m [i] € M [i], and
M; (m[i]) = ©; for all m[i] € M [i].

Formally, each player’s strategy is a function

o {0} UM [i] — M; (D) U U M; (m [i])

ms[i]e MIi]

where o; (0) = {0t (0),0;" (0)} € M;(0) = ©; x ©,_; and o; (m[i]) €
M; (m[i]) = ©;. Given I' (), conditional on history h € H, player i’s payoff

from a strategy profile o is given by
v (0,0:|h) = u; (g(o(0); h),0:) + 7: (0(0)) -

In particular, conditional on m [i] (a history where i’s the player i*), player i’s
payoff from a strategy o; is given by
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v; (04, 0;|m [i]) = v; (0, 0;|m [i]) = u; (:cZ (af(m [z])) ,(91-) +7; (mi]) .

In order to analyze players’ reasoning at each point in the game, it is neces-
sary to adopt a model of conditional beliefs. Following Ben-Porath (1997) (see
also Battigalli and Siniscalchi, 1999), we adopt the following notion, originally

proposed by Renyi (1955).

Definition 2.1. Fiz a measurable space (,X) and a countable collection
B C X. A conditional probability system, or CPS, is a map p: X x B — [0, 1]

such that:
1. For each B € B, u(-|B) € A(Q2) and pu(B|B) = 1.
2. If A€ ¥ and B,C € B with B C C, then p(A|C) = u(A|B) - u(B|C).
The set of CPSs on (Q,X) with conditioning events B is denoted AP (2).

Let B_; a collection of ¥_; and 2 = ¥_;. Due to the simplicity of the two
stage game, this is enough to characterize any conditional belief system.

Note that the unique active player after the first stage makes his choice
purely based on his own payoff type. Therefore, what kind of initial belief he
holds has nothing to do with his choice, as long as he knows his own payoff
type. This point is straightforward in the following definition. This will be
clear when we introduce the details of our mechanism.
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Definition 2.2. (Sequential Rationality) Fiz a player i € I, a CPS p €

AB-i($_}) and a strategy o; € X;. Say that o; is a sequential best response to

w iff, for all o) € ;, for all h € H,

> wilobilh) plo S > vi((0h,0-4) ,0ilh) plo S

We represent the definition of initial rationalizability given by Dekel and
Siniscalchi| (2013)). The epistemic foundation is rationality and initial common
belief of rationality, which is provided by Ben-Porath! (1997)) to study perfect
information games. The solution can be characterized via an iterative dele-
tion algorithm in Battigalli and Siniscalchi (1999) which deals with general

multistage games.

Definition 2.3. (Initial Rationalizability) Fix a multistage game T (0). For
every player v € I, let Rzée) = ;. Inductively, for every integer k > 0, let
RE,(f) be the set of strategies o; € ¥; that are sequential best replies to a CPS
p € AB-i(3_;) such that u (Rli(f,l_lm,i) = 1. Finally, the set of initially

‘ : . S (PSS ()
rationalizable strategies for i is R, = (i, R

Definition 2.4. A social choice function f is implementable in initial ra-
tionalizable strategies if there exists a mechanism I' such that, for all 6 and

me M, R'® £ @ andm € R'® = g(m) = f(0).
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2.4.2 Main result

Theorem 2.1. If [ > 2, any social choice function f is implementable in

wnitial rationalizable strategies.

We use the following claims to prove Theorem
Claim 2.1. Ifo; € R%g), then o; (m[i]) = 6;.
Proof. From Lemma [2.1

i (@i (6:),0;) + 7i (m[i]) > wi (2 (67) ,6;) + 7 (m [d])

for any 6! # 6. ]

As the game proceeds to the second stage, the outcome of the game purely
depends on player i*’s choice. From the construction of the mechanism, the
transfers to (or from) player i* is regardless of his choice and the choice of

player i* is purely over his own payoff types. The Lemma [2.1] guarantees that

every player ¢ will truthfully reveals his own payoff type whenever ¢ = i*.
Claim 2.2. If oy € Ryy), then o} (0) = 6.
Proof. If 05 € Rgg), then <<R§7§9))#2 |E_2) = 1, particularly,

pz (o1 (m[1]) = 0,3 5) = 1

(We write p for i’s belief over ;, p; for i’s belief over ¥_;.)

Consider the following two cases:
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Case 2.1 (o] (D) = 6,). If 03 (0) # 0y, then the game proceeds to the second
stage and player 1 is the player i*. From Claim player 1 will announce
6, in the second stage. Since oy (0) # o1 (m[1]), player 2 gets punished by
nD and the outcome is z1 (01). If o3 (0) = 61, the game will proceed in the
following possible ways: (1) Player 2 is the player i*. Player 2 gets punished
by (I — 1) D and the outcome is xo (02). (2) Player 2 is not the player i* and
player 2 gets neither reward nor penalty and the outcome is in A.

In case (1), for player 2, consider {ID,xzy (61)} and {(I —1) D,z (02)},
the potential gain from the different outcomes is bounded by the loss from the
different penalties by the construction of D. That is, player 2 gets strictly better

since the penalty is less. In case (2), it is straightforward that player 2 gets

strictly better since he avoids the penalty.

Case 2.2 (o] (0) # 601). If o (0) = 61, the game proceeds to the second stage
and from Claim player 2 gets rewarded by nD and the outcome is x1 (07) .
This is uniquely the best player 2 can expect in this game by the construction
of D. Obviously, any announcement of player 1’s type rather than 01 delivers
a strictly worse payoff to player 2.

Therefore, for player 2, it is a strictly dominated strateqy to announce

player 1’s type, 0.

This completes the proof of Claim 2. m
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Claim 2.3. Ifo, € erfff), then o} (0) = 6;.

Proof. If 0, € Ri(;f), then u (o) (0) = 6,|%_1) = 1. If o} (@) # 6y, then the
game proceeds to the second stage and player 1 is the player i*. Player 1 gets
punished by nD and the outcome is z; (6;). If o} (0) = 6, the game will
proceed in the following possible ways: (1) Player I is the player i*. The worst
situation for player 1 is that player 1 gets punished by D the outcome is z; (67) .
This happens when I is the player i* and player 1 announces o () # 0;; (2)
Player I is not the player i*. Thus player 1 gets neither reward nor penalty.
Clearly, in either case, player 1 gets strictly better if he announces 6, rather

than any other type. O]

Claim 2.4. If gis1 € Ry yy, then ol (0) = 03 if 00 € Riy)_y, . then

Proof. We have established Claims [2.2] and 2.3] By induction, it suffices to

then o, (0) = 0;; if 0; € R then

show if “If 0,41 € R §,2(i—1)+1

z—i—l 2(i—1)
ol (0) = 6;.” is true for all i < j, then “If 0,45 € RJJr2 o0 then o755 () = 0,1
if 011 € RJ biv1, then off] (0) = 0,,1.” is true.

First we show that if ;45 € RJ+2 5;» then 0512 0)=0;11.If0j40 € Ri(g 2
by the induction hypothesis, p;42 (0l (0) = 0% (0) = 6;,-|S_(j+2)) = 1 for all
i <j.

Consider the following two case:
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Case 2.3 (crji} (0) =0,41). If 0']+2 (0) # 0,41, then the game proceeds to the
second stage and player j+1 is the player i*. Since aji; (0) # ojp1 (m]j+1]),
player j + 2 gets punished by (I — j) D and the outcome is xj1 (8;41). If
agi; (0) = 6;41, the game will proceed in the following possible ways: (1)
Player j + 2 is the player i*. Player j + 2 gets punished by (I —j — 1) D and
the outcome is T2 (0j12). (2) Player j + 2 is not the player i* and player

J + 2 gets neither reward nor penalty and the outcome is in A. In either case,

player j + 2 gets strictly better.

Case 2.4 (Ujﬂ (0) # 0j41). If 0j,5 (D) = 011, the game proceeds to the
second stage and from Claim player j + 2 gets rewarded by (j + 1) D and
the outcome is x41 (0j11) . This is the best player j+2 can expect in this game
by the construction of D.

Second we show if 041 € Rig%l, then o’} (0) = 0;41.

Ifoje1 € RyS).y, then pipn (0, (0) = 0f (0) = 03,0715 (0) = 0141, j41)) =
1. If jﬁ (0) # 0;11, then the game proceeds to the second stage and player
J+1 is the player i*. Player j+1 gets punished by (I — j) D and the outcome
is i1 (0j41) . If O'J_H (0) = 0,41, the game will proceed in a ways such that
player 7 + 1 will be neither i* nor i* + 1. In any possible outcome of A, play-
er 7+ 1 will get neither reward nor penalty. Therefore, player 1 gets strictly

better.
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This completes the proof of Claim 4. [
Claim 2.5. If 0 € R then ot (0) = ot (0) = 6.
Proof. This follows directly from Claim [2.4] O

As discussed in Section [2.2] one general criticism about subgame perfect
implementation is that many results rely on the heavy use of the power of
backwards inductions. Indeed, the mechanism employed here is immune to
this criticism. Although at this point, the size of transfers needed can be

large, we will show the transfers can be made arbitrarily small.

2.5 Almost complete information

2.5.1 Solution and implementation

Now we consider a situation where the designer (1) is willing to fully implement
in initial rationalizable strategies, and (2) wants to implement in a continuous
manner. More specifically, we require that, in any model that embeds the
initial model, initial rationalizable strategy exists and any initial rationalizable
strategy profile yields the desired outcome, not only at all types of the initial
model but also at all types “close” to initial types. We follow |Oury and
Tercieux| (2012) to define the notion of closeness in types, which formally
described by the product topology in the universal type space, captures the
restrictions on the modeler’s ability to observe the players’ (high order) beliefs.
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A model T is a pair (T, k), where T =T} x Ty x --- x Ty is a countable
type space, and k (t;) € A(© x T_;) denotes the associated belief for each
t; € T;. Let k(t;) [E] denote the probability of any measurable set F C © X
T_; given by & (t;). Let ke (t;) =marger (t;), kr; (t;) =margr, r(t;), and
kr_, (t;) =margr .k (&) .

For two models 7 = (T, k) and 7' = (1",x'), we will write 7 D T if
T > T and for every t; € T/, we have «(t;) [E] = &} (t;) [T, N E] for any
measurable £ C T_;.

A planner aims to implement a social choice function that is a mapping
f:T—A(A), where T =T, x Ty x --- x TJ.

Given a model (T, k) and any type ¢; in type space T;, the first-order belief

of t; on © is computed as
hi (t;) = marggr (t;) .

Second-order belief of ¢; is his belief about (0, h (t1), ..., ht (t1)), set as

hi () [F] = s (t:) [{(0,2-0) | (6. b (1) ... by (1)) € F}],
where ' C © x A (0)" is a measurable set. An entire hierarchy of beliefs can
be computed similarly. A type of a player ¢ induces an infinite hierarchy of
beliefs (h (t;),h? (t;),....,ht (t;),...) . We denote by T} the set of player i’s
hierarchies of beliefs in this space and write 7 = [],.,; T". T} is endowed with
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the product topology so that we say a sequence of types {¢; [k]},—, converges
to a type t;, if, for every ¢ € N, hi(t;)[k] — hi(t;) as k — oo. We write
ti [k] = t; for this class of convergent sequences.

A model T = (T, k) is finite if each 7; is a finite set and suppk (¢;) is finite
for each t; € T;. In Section [2.4, we focused on the complete information
environment. In this situation, given a finite set of states of nature ©, whenever
the true state is #, it is assumed to be common belief among agents. To
incorporate this in our setting, we define the complete information finite model
T = (Tp, &) such that for each player i, for any ty € Ty, (£:4) [(0,1_i4)] = 1.

Now we are ready to define almost complete information formally. As play-
ers’ values are private, when we consider incomplete information, we sometimes
model the uncertainty from other players’ values while each player still knows
his own value. In the following lines, we consider a slightly more general in-
complete information environments around complete information. Specifically,
each player holds a small uncertainty about his own payoff types, that is, each
player almost knows his own payoff type. In addition, whether or not some
player knows other players’ type will not change his conjecture over his own
payoff type. We write k (t;) [0;] =marge,x (t;)[0;] for the belief on his own
payoff type for player ¢ with ¢; and r (t;) [0;|t_;] = (marge,«r_.r (t;)) [6:]t—;]

for the belief conditional on some ¢_;. Formally, it is captured by the following
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definition.

Definition 2.5 (convergence in private values). Fiz a model T. We say a
sequence of types {t; [k]},—, converges to a type t; in private values where

ti[k] € T; and t; € T; if, for any t_; € T_;, such that k (t; [k]) [t_:] > 0,

We write t; [k] —,p ti for the class of convergent sequences which converge both

wn product topology and in private values.

Now let us take a close look at the comparison between the perturbed
informations structure we defined and the one used in Theorems 1 and 2 from
AFHKT (2012). They define a small perturbation of the information structure
of the following form: each player ¢ = 1,2 receives a signal sf’l where k and
[ are both integers in {1,...,n}; the set of signals of player i is denoted by
S;. We assume the prior joint probability distribution v over the product of

signal pairs and state of nature is such that, for each (k,[) :
Ve (sl sb ,e'f,el) = (05,0) [1— e — 2]
Ve (s’f b ghal e’f,el) = 1 (0%,61) ﬁfor (Ko, 1)) # (K, 1)
(s’fl’ll kala gk el) = 0 (05, 05) ——for b # kor by # 1

where g is a complete information prior over states of nature and signal pairs
(i.e., a prior satisfying p(si", s 0% 0L) = 0 whenever (k;,1;) # (k,1) for
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some player 7). In these expressions, we abuse notation and write p (0’1“, 93)
for the margep (6%, 64) . This corresponds to an information perturbation with
the property that each player ¢’s signal is much more informative about his
own preferences than about the preferences of other player.

Let P denote the set of priors over © x S with the following metric d :

P x P — R, :for any u,u’ € P,

N — )
d(:UJHU’) _(97?)13(3&5’”(978) K (07S)|

Obviously the perturbation v* — u, as d (v°, ) — 0 as € — 0.

Aghion et al. (2012) model the incomplete information using a standard
type space. That is, there is an ex ante stage during which each player ob-
serves a private signal about the payoffs, and the joint distribution of signals
and payoffs is commonly known. Instead, we focus on the alternative class of
situations, genuine situations of incomplete information. There is no ex ante
stage; each player begins with some first order beliefs, some second-order be-
liefs and so on. This method is introduced by Harsanyi (1967) and developed
in Mertens and Zamir (1985). We follow the interim approach due to Wein-
stein and Yildiz (2007) and define the “nearby” types. This notion formally
described by the product topology in the universal type space.

The relation between our model and the structure in AFHKT (2012) is
summarized as follows. First, instead of assuming the joint distribution of
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signals and payoffs are common knowledge, we start with interim beliefs of
each player and also capture the restrictions on the modeler’s ability to observe
the players’ beliefs. Second, AFHKT (2012) fix a finite type space, where
the signal is a one-to-one mapping into the payoff types; while we model
the nearby types with belief hierarchy which allows for infinite types close
to the benchmark types. Third, both AFHKT (2012) and our model explore
the private values environment and naturally assume that players’ signals are
much more informative over their own payoff types than others’ payoff types.

We define initial rationalizability in a general model as follows. We model
player i’s uncertain over the states (payoff type profiles), other players’ types
and other players’ strategies, denoted by 2 = ©xT_; x> _;. Let B_; a collection
of subsets of ¥_; conditional on which player ¢ forms a belief over 2. We say
that p is consistent if Y- (t;)[0,t s, 0|5 ] = K (t;) [0, 1] for any 0 and ¢.
Note that throughout this paper, players’ values are private, that is © = x;0;
and each player ¢’s utility function is given as u; : A(A) x ©; — R. We write
w1 [6;] =marge, it [6;] and in case player i knows other players types t_;, we write
w[0;]t—;] for the conditional belief. The following definition is specifically given
under the game U (I, T) .

When a strategy o; is used, player i’s type is t;, player i’s payoff type is 6;,

player ¢ holds CPS p, and history h is realized, the expected payoff of player
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1 is given as follows:

Vilow,tiy ulh) = Y ) {uigl o-i(t-i)); h), 0:)+7i(o ()} [(0, i, 03)[Ei(h)]

0 t_i [oys
Definition 2.6 (Sequential Rationality). Fiz a playeri € I, t; € T;, a CPS
€ ABP-(Q) and a strateqy o; € ;. Say that o; is a sequential best response

to p iff, for all o} € ;, for all h € H,

We know that for any active player in the second stage, his payoff is only
based on his own strategy and his own payoff type. Therefore, the requirement
is regardless of other players’ payoff types, types or strategies when player ¢
knows his payoff type. We can decompose the definition of sequential ratio-

nality into two parts.

Definition 2.7. Define

Xi(t) = {OZECLTngL res, Vilog tiy 'l mli]), for any m[i], for any i/ € AP-i (Q)}

Fiz a player i € I, t; € T;, a CPS p € A(@ x T ; x ¥*, (T_Z-)) and a
strategy o; € XF (t;) . Say that o; is a sequential best response to p iff, for
all o} € ¥,

Vi(oi, ti, pl0) > Vi(ol, t, p2]0).
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Therefore, the sequential best reply property coincides with the best reply
property in static games. The initial rationalizability collapses to interim
correlated rationalizability after we refine the strategy profiles according to

the sequential rationality in the second stage.

Definition 2.8 (Initial Rationalizability). Fiz a multistage game form T'. For
every player i € I, let RY (4;|T,T) = Xf (t;). Inductively, for every integer

k>0, let

there exists 1 € A (O x T_; x ©*, (T_;)) such that
(1) w0, t_i,0-9)] >0=0_;€ R (t_4|T,T)

(2) 03 € argmax V; (a}, t;, ul0)

(3) Yoo, n(t)[0,ts,0 X ] =k (t:)[0,1-4]

Rf (t7,|F,T) = o; € Ez .

Definition 2.9. A social choice function f is implementable in initial

rationalizable strategies if there exists a mechanism I' such that, for all

teT andme M, RtIT,T)# @ andm € R(T,T)=g(m)=f(t).

Note that in complete information, the conjecture p of player ¢ of type t; 4
is degenerate with respect to (0,t_;). The definitions above are the same as
defined in Section 2.4 Now we give the formal definition of robust implemen-

tation.

Definition 2.10. A social choice function f is robustly implementable if
there exists a finite mechanism I' = (M, g) such that (i) for all t, R (t|I',T) #
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@; (ii) for any t € T and any sequence t[k] —,, t, whenever t[k] € T for each

k, we have g (m*) — f(?), for any m* € R (¢ [k]|T, T).

As discussed above, the perturbation in AFHKT (2012) is a special case
of nearby environment defined by the universal type space. In contrast to the
negative result AFHKT (2012) got using the MR mechanism, our mechanism
achieves robust implementation under the same perturbation. This is because
we take advantage of the simultaneous move in the two-stage game and make

full use of stochastic mechanisms.

2.5.2 Main result

Theorem 2.2. Suppose I > 2, then any social choice function is robustly

implementable.

We use the following claim to prove Theorem [2.2]

Claim 2.6. For anyt € T and any sequence t[k] —,, t, whenever t[k] € T for

k large enough, we have ¥ (t; (k)) = XF (1;) .

Proof. By convergence in private values, we know that, for any ¢;9 € T, and

any sequence t[k] —,, to,

K (t; [k]) [0]t—i] = K (tip) [60i] as k — oo for any t_;.
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Recall the definitions of ¥*(t;) and V;(o;, t;, p|mli]):

Xi(t) = {ai € argmaxVj(o;, t;, ulmli]) for any m [2]}

Vilow tispdmldl) = D> {uilg((ou(ts), o-i(t=))imlil). 6;) + 7a(mli) } o [(6, i, o) [ Z—i(mli])]

G,t_i 0_g

i (t;) is the best response set of player i of type t;, which only depends up-
on what player i believes as his own payoff type. Hence, for each o; € X7,

Vi(oi, tiy pmli]) can be rearranged as follows:

Vil o i) = 323 (o700 0) - 3 - - m D)l
for any m [i] .
Note that no matter what other players’ types t_; are, we obtain
K (t; [K]) [0:]t—i] = K (tig)[0)]) =1 as k — oo.
This implies that for any ¢_;,
w(t; [k]) [0ilt—i] = 1 as k — oc.
From Lemma , we have that for all 6;,0; € ©; with 6; # 6,

Fix any such 6;, 9;. Then, there exists some k such that for any k > k,

SO i (i (0:),0) e (8 [K]) plt—ilo—i)plo—i| S_i(mli])] [6:t ]

G,t_i (o uuvys

> O3y (i (0),6:) g (8 [K]) (0]t i) pult il i) lo—s|S i (mli)].

g,t,i g_;
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That is, X% (t; (k) = X5 (t;) . O
We then recall the following well known lemma.

Lemma 2.2. (Dekel, Fudenberg, and Morris (2006)) Fiz any model T =
(T,0,m) such that T C T, and any finite mechanism I'. (i) For anyt € T and
any sequence {t [k]}r_, in T, if t[n] —, t, then, for k large enough, we have

R(t[k]|T,T) C R(t[k] |, T). (ii) For any typet € T, R (YT, T) is nonempty.
This lemma completes the proof with Claim [2.6]

2.6 Application

There are two players. We follow Maskin and Tirole (1999) to assume players
are risk averse, and follow their assumptions:

(a) for all 8 € © functions take the form

u! (a,t;) = Us (u; (a,0) +t;) fori=1,2,

7

where U; : R — R is increasing and strictly concave;

(b) individual players’ transfers are denoted by
T = {(t1,t2) |t1 +12 =0} .

Contrast to Maskin and Tirole (1999), we drop the assumption that there is no
bound on the magnitude of the transfers. Instead, we will show that our result
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extends to the environment with restricted transfers T' = {(t1,t2) |t1 + t2 = 0,and |t;| < 7}
for any 7 > 0. We use (I',7) to denote a mechanism with transfers bounded
by 7.

The renegotiation process can be expressed as a function: h: A x © — A,
where A = A x R? is the set of outcomes (alternatives A and transfers R?).
We write h (a,0) for the equilibrium renegotiated outcome, starting from the
mechanism-prescribed outcome (a,t1,%y) in state 6. That is, we adopt the

assumption in Maskin and Tirole (1999) that renegotiation is independent of

(t1,ty) for expositional convenience. Given any (a,tq,t3), any 6,
h(a,0) = (ae, t1+ At (a) , ty + ALY (a)) ,
where At? (a) is the renegotiation-transfer and At{ (a) + At§ (a) = 0. Let
ul (h(a,0)) = Ui (w (a°,0) + t1 + At] (a)) .

Remark 2.1. Note that when we say the transfer is arbitrarily small in our
mechanism, the transfer is specified by the mechanism. It is natural that the
renegotiation-transfer can be arbitrary subject to players’ wealth constraint. In
addition, if I' implements f subject to renegotiation, the renegotiation-transfer
can be large. For example, if f(0) is inefficient in ¢ and h(f (0),¢) =
<f (), A2 (f(0)),AtS (f (9))) , then it is possible that the maginitude of
Atf (f(0)) is large for some player 1.
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We follow Maskin and Moore (1999) to restate the assumptions about

h(-,-) as follows.

Assumption A1l (Renegotiation is predictable). h(-,-) is a function that is

common knowledge to the individuals.

Assumption A2 (Renegotiation is efficient). h (a,#) is Pareto optimal for
all (a,t,,t5) € A and # € © (that is, there does not exist (a/,t') € A such

that u? (a',t}) > uf (h (a,0)) for all i, with strict preference for some 7).

Assumption A3 (Renegotiation is individually rational). For all (a,t1,t3) €

Aand 6 € ©, and all i, uf (h (a,0)) > u! (a,t;) .

Given a social choice function f and a renegotiation function h, we say
that f is implementable in SPE with renegotiation function A if there exists

% is a subgame perfect

a mechanism T' such that f (6) = ho g (m”), where m
equilibrium in I'? subject to renegotiation function A for any 6 € ©.

For simplicity, we assume states are describle and show how our mechanism
works subject to renegotiation. By Maskin and Tirole (1999), indescribility
does not constrains the set of implementable social choice rules. It follows
immediately that if f is implementable subject to renegotiation, f (#) must be

Pareto efficient in state 6 for any 6.
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We adopt a modified version of individual players’ preference assumption
in the renegotiation environment.

For any state 6, player 1 has a preference ordering over the set of outcomes
{h(a,0)};c5. We assume that under any two distinct state 6 and ¢', player i
has two different preference orderings over the outcome set after renegotiation
and there is no total indifference over the outcomes under any 6. Formally, we

have the following assumption.
Assumption

(i) For any 0,0’ € ©, u? (h(-,0)) is not a positive affine transformation of

ul (h(0);
(ii) For any 6, uf (h(-,0)) is not a constant function on A.

We abuse notation to use h (x,6) to denote the lottery after renegotiation,
that is, with probability x [a] the outcome h (a, 6) is the one after renegotiation.
Thus, u! (h(x,0)) denotes player i’s expected utility from z subject to rene-
gotiation function h. Now we obtain an important lemma in the environment
allowing renegotiation. We consider Lemma in renegotiation environment

as a counter part of Lemma [2.1
Lemma 2.3. For any state 0, we construct a lottery x° € A (A), such that

uf (h (me,H)) > u(f <h (m%@)) ,
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for any 0" # 0.

Remark 2.2. Maskin and Tirole (1999) assume that the efficient outcome in

any state is unique and adopt an implicit assumption that for any distinct pair
{0,0'} there exist a pair of outcomes {a,a’} C A such that At? (a) > At] (a)

and At (a) < At (a).

Theorem 2.3. Assume that utility functions take the form @ (a,t;) = U; (uf (a) + ;)
for i = 1,2 with U; increasing and strictly concave, and that f is Pareto-

optimal. Then for any T > 0, f is implementable in subgame perfect equilibri-

um by a mechanism (I, T) subject to renegotiation.

2.6.1 Mechanism

The allocation

First Stage : Each player i announces K + 1 times the possible state, m; =

(my,m}...,mE), where mf € ©, for all k € {0,1,..., K}. If m} = m,

)

| XK
L Pk
l= K Z f (m )
k=1
(before renegotiation) is implemented. Otherwise, we proceed to the Sec-

ond Stage.

Second Stage : Player 1 announces mX*! € ©, and

(g,m{t) =

e Zf (m*) + exi™

K
1—-¢ K+1
k=1
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(before renegotiation) is implemented.

2.6.2 The transfer
Let v, ¢ and 1 be positive numbers.
Second Stage
(i) Player 1 pays v to player 2;
(ii) If mi*! = m9, then there is no extra transfer;

If mI+ £ mY (let @ = m? for simplicity of notation), then Q > 0> L

are chosen so that for any 6',6
\%Ul (h (a:f’,e) —y+ Q) + %Ul (h (xf’,e) —y+ L)
0 (u(e0) )
<2
%
and
%U2 (h (z (g,é) ,é) —Q+7> +%U2 (h (z (g,é) ,é) —L+7)
< U, (h (l,é) - ’y) : (2.1)
max {Q, |L|} < 7.

Remark 2.3. The “closeness” between | and (6,m{(+1) guarantees that we
can choose ) and L to get the second inequality.
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First Stage

Player i is to pay player j # i:

1. e ¢ if he is the first player whose kth announcement (k > 1) differs
from his own Oth announcement (All players who are the first to

deviate are fined).

¢ if there exists k € {1,..., K} s.t. mF # m?,
d; (mo, ...,mK) = and m?l = m? for all ¥ € {1,....k — 1} for all j;
0 otherwise.
(2.2)

e 7 if his kth announcement (k > 1) differs from his own Oth an-

nouncement.
oo | m ifmf%m?;
d; (m"’mi) o { 0 otherwise. (2:3)
Let
B = max \U; (h(a,0)) —U; (h(a,0))|,

a,a’ € AL 0eO,iel

where AT is the set of outcomes specified by the mechanism. For
any 7 > 0, we can choose v, &, and 7 such that
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T > y+§{+Kn

(1- %) oo -v0@o -9} > 15
n > 0
—¢—Knp > 0 (2.4)
(- Uih @) 7€~ Kn)-Ui(h@b)} > B (25)

Suppose the true state is 6.

Claim 2.7. At second stage, it is sequential rational for player 1 to choose

mit = 9.

Proof. Suppose m¥™ = @' £ 6. Let m, be such that m? = m{ forall ¢ # K+1,

and Mt = ¢. For any h # (),

Ui (g (m1, mo) |h) — Uy (g (ma, m2) |h)

SRS AUEERON

> 0

Since m; and m; differs only at the second stage, the utility difference is
from the “¢” lottery and whether player 1 gets paid by the (@, L) lottery.
We can only focus on this difference. The first inequality is from the fact
that U; (h (xl,ﬁ) — 'y) — ¢ is the minimum payoff from playing m;, while

2
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Uy (h (mf, 0) — 7) + g is maximum payoff from playing m;; the last inequality
follows from Lemma [2.3] Therefore, it is sequential rational for player 1 to

choose m&+! = 4. O
Claim 2.8. If m is a SPE of I'%, then m$ = 6.

Proof. We prove Claim [2.§]in the following two cases: (i) m? = 0; (ii) m{ # 6.

In case (i), suppose my # 6, then the game proceeds to the second stage.
From Claim , player 1 will announce 6 in the second stage. Since m9 # 6,
player 2 will pay the lottery (@, L) to player 1. In terms of the transfers in the
first stage, the possible gain from choosing m$ rather than 6 is bounded above
by £ + Kn. In total, the possible payoff for player 2 from m3 is bounded above
by

Uy (h(1,0) =y + &+ Kn)

by 1' where [ = & Zszl f(mk) Let msy be such that mi = m for all

q # 0, and m3 = 6. The payoff from choosing ms is
Uz (h(1,0)).

By , player 2 is worse off from choosing m9 # 6 rather than ms.

In case (ii), if mJ = 6, then the game proceeds to the second stage. From
Claim 2.7} player 1 will announce € in the second stage. From the transfer
rule, player 2 gets paid 7. The possible loss is from “c” lottery by triggering
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the second stage. The possible loss from choosing m$ = 6 is bounded above
by &+ Kn. Let my be such that mi = mi for all ¢ # 0, and m$ = m{. In total,
the least possible payoff difference for player 2 from m$ rather than choosing

m3 is bounded below by

UZ(h<l<€79>79>+7_£_Kn)_UQ(h(lve))

v

(1 =) {Uz (h(1,0)) +v =& — Kn) = U (h(1,0))}
+e{Us (h (29,0) + v — & — Kn) —Us (h(1,0),0)}

> (1=e){Uz(h(l,0) +~v—&—Kn) = Uz (h(l,0))}

Therefore, player 2 is better off from choosing mJ = 6 rather than telling a
lie. It is easy to check player 2 will get worse off if he chooses m3 # m?, where

my # 6. O
Claim 2.9. If m is a SPE of T, then m? = 6.

Proof. From Claim and Claim E, if m{ # 6, then the second stage is
triggered and player 1 pays v to player 2. The minimum loss is 7, while the
possible gain is from “c” lottery and the transfers in the first stage. Let m,
be such that m{ = m{ for all ¢ # 0, and m? = 0. In total, the least possible
payoff difference for player 1 from m{ # 6 rather than choosing 6 is bounded
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above by

Up(h(l(e,0),0) =y + &+ Kn)— U (h(1,0))
< (=) {Ui(h(,0) = v+ &+ Kn) — U (R (1,0))}
+e{Ui (h(20,0) = v+ &+ Kn) — Uy (R (1,0))}

< 0

Therefore, player 1 is worse off from choosing m$ # 6 rather than telling the

truth. O
Claim 2.10. If m is a SPE of I'?, then mF = 0, for any i, any k > 0.

Proof. We prove Claim inductively. We have established that if m is a
SPE of I'?, then m{ = 6. Suppose m? = ... = m*~! = ¢ for all i. We show that
mk = 6 for all 4. Suppose not, let m; be the message such that m! = m{ for
all ¢ # k, and m} = 0. Suppose m” # 0 for j # i. Then minimum loss from
playing m; is £ +n by the transfer rule. In terms of allocation, the possible gain
from playing m; is %B . By , player i is worse off from playing m; rather
than m;. Suppose mé“ = 0 for j # i. Then the minimum loss from playing
m; is 7. In terms of allocation, player ¢ cannot get better by the truthful
implementability of f. Therefore, player ¢ is worse off from playing m; rather
than m;. This completes the proof. O
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The existing literature is concerned about the renegotiation problem. Maskin
and Tirole (1999) introduce a stochastic transfer from the seller to the buyer.
If the buyer is risk-averse, then this fine can be designed so that it hurts both
the seller and the buyer. However, if parties are close to risk-neutral, the s-
tochastic fine that is required needs to have a very large variance, which is not
very credible as it will violate the wealth constraints. Thus the applicability
of the irrelevance theorem is doubtful in this case. Our mechanism adopts the
idea of Abreu and Matsushima (1992) to break up the large payments into
arbitrarily small scale. Therefore, this permissive mechanism is immune to

renegotiation with arbitrarily small cost.

2.7 Discussion

We first provide a way to achieve budget balance when there are at least three
players. We conclude with a comparison between dynamic mechanisms and

static ones.
2.7.1 Budget balance

When there are at least three players, the transfers specified at the last stage
can be made between the pair of players (i*,7* + 1) and the other players. This
mild modification does not change the incentive of any players. Moreover, all
the arguments above still hold. Therefore we can achieve budget balance
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everywhere (both on and off the solution outcome).

2.7.2 Dynamic vs static mechanisms

Robustness of the implementation problem is studied by researchers recently.
The pioneering work of Chung and Ely (2003) shows that when players’ values
are interdependent if we adopt undominated Nash equilibrium as the solution
concept, then Maskin monontonicity is a necessary condition for robust im-
plementation. When players’ values are private, Chen et al.| (2014) show that
any incentive compatible social choice function is robustly implementable if
we use the solution S*°W, which is obtained by deletion of weakly dominated
strategies followed by iterative deletion of strictly dominated strategies. Con-
sider dynamic mechanisms. Aghion et al. (2012) show that when players’
values are interdependent if we adopt subgame-perfect equilibrium as the so-
lution concept, then Maskin monontonicity is also a necessary condition for
robust implementation. This paper shows that if players’ values are private,

any social choice function is robustly implementable.
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Chapter 3

Implementation with Transfers

3.1 Introduction

The theory of implementation and mechanism design is mainly concerned with
the following question: what is the set of outcomes that can be achieved by
institutions (or mechanisms)? This institutional design problem is particular-
ly relevant when a group of individuals with conflicting interests has to make
a collective decision. The key question then becomes: when can individual-
s, acting in their own self-interest, arrive at the outcomes consistent with a
given welfare criterion (or social choice rule)? To characterize the set of Pare-
to efficient allocations, for instance, we must know the preferences of those
individuals, which is dispersed among the individuals involved. If Pareto ef-
ficiency is guaranteed, we must elicit this information from the individuals.
In what follows, an individual’s private information relevant to implementing
some welfare criterion is referred to as the individual’s type. Obviously, the
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difficulty of eliciting types lies in the fact that individuals need not tell the
truth.

For this elicitation, we start our discussion from the notion of partial im-
plementation. We say that a social choice rule is partially implementable if
there exists (i) a mechanism, and (ii) an equilibrium whose outcome coin-
cides with that specified by the rule. To understand the class of partially
implementable rules, we often appeal to the revelation principle, which says
that whenever partial implementation is possible, one can always duplicate
the same equilibrium outcome by using the truthful equilibrium in the direct
revelation mechanism. Thus, a necessary condition for the implementation of
any welfare criterion is its incentive compatibility, which is simply the proper-
ty such that the best thing for each individual to do in the direct revelation
mechanism is to report his true type as long as all other individuals truth-
fully announce their types. This fundamental insight allows us to transform
any implementation problem into the planner’s problem of maximizing a given
social welfare, subject to incentive compatibility-constraints. This is the stan-
dard constrained-optimization problem. Due to its tractability, this approach
turns out to be powerful enough to produce many applications—in auctions,
bargaining, organizational economics, monetary economics, and many others

domains.
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Although the revelation principle can be adopted in many applications,
it is important to realize that the direct revelation mechanism may possess
other untruthful equilibria whose outcomes are not consistent with the wel-
fare criterion. This problem of multiple equilibria is not merely hypothetical;
rather, it has been found by researchers in numerous contexts to be a severe
problem, as demonstrated by Bassetto and Phelan| (2008) in optimal income
taxation, Demski and Sappington (1984) in incentive contracts, |Postlewaite
and Schmeidler| (1986 and |Palfrey and Srivastava (1987) in Bayesian imple-
mentation in exchange economies, and Repullo (1985) in dominant-strategy
equilibrium implementation in social choice environments. In order to take
seriously the problems resulting from the multiplicity of equilibria, some re-
searchers have turned to the question of full implementation, and explored the
conditions under which the set of equilibrium outcomes coincides with a given
welfare criterion. The literature of full implementation proposes a variety of
mechanisms with the additional property that undesirable outcomes do not
arise as equilibria. These proposed mechanisms originally looked promising as
a way to fix the direct revelation mechanism. However, many of these mech-
anisms share one serious drawback: undesirable equilibria are eliminated by
triggering the “integer games” in which each player announces an integer and

the player who announces the highest integer gets to be a dictator. For exam-
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ple, [Palfrey and Srivastaval (1989)) establish a very permissive implementation
result in private-value environments: any incentive compatible social rule can
be fully implementable in undominated Bayes Nash equilibrium. However,
their mechanism also employ the integer games. Many researchers consider
the integer game or any variant of it as an unrealistic device, presumably re-
lying on the argument that the truthful equilibrium is cognitively simple and
can be a strong focal point among the individuals involved; those researchers
confine themselves to characterizing incentive-compatible rules. Thus, there
is a clear divide between those who are content with partial implementation
and those who work on full implementation; moreover, there is unfortunately
little interaction between them.

The main objective of this paper is to build a bridge between partial and
full implementation. Before going into the detail of our results, we shall s-
tart by articulating the domain of problems to which our results apply. First,
we consider environments in which monetary transfers among the players are
available and all players have quasilinear utilities. We focus on this class of
environments because most of the settings in the applications of mechanism
design are in economies with money. Second, we employ the stochastic mech-
anisms in which lotteries are explicitly used. Therefore, we assume that each

player has von Neumann-Morgenstern expected utility. Third, we focus on
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private-value environments. That is, each player’s utility depends only upon
his own payoff type (but not the other players’ payoff types) as well as upon
the lottery chosen and his monetary payment (or subsidy). Fourth, we assume
that no players use weakly dominated actions in the game. An action a; is
weakly dominated by another action a; if, no matter how other players play
the game, a, cannot be worse than a; and sometimes it can be strictly better.
We consider eliminating weakly dominated actions as a minor qualification on
the players’ strategic behavior because most refinements of Nash equilibrium
do not involve weakly dominated actions. Finally, we adopt an approximate
version of full implementation, which aims at achieving the socially optimal
outcome together with some small ex post transfers. We say that a social
choice rule is implementable with arbitrarily small transfers if one can design a
mechanism whose set of equilibrium outcomes coincides with that specified by
the rule, which allows for arbitrarily small ex post transfers among the players.

Given the preparation we have made thus far, we are ready to state our
main result: a social choice rule is implementable with arbitrarily small trans-
fers if and only if it is incentive compatible (Theorem 2). This is quite consis-
tent with the idea of partial implementation because if the planner is content
with small ex post transfers, the only constraint for full implementation is

incentive compatibility. However, the mechanism we employ here is not the
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direct revelation mechanism. Rather, our mechanism is based on the mech-
anism in Abreu and Matsushima (1994), but we extend it to an incomplete-
information environment. We must also stress that our mechanism is finite
and uses no devices like integer games. Recall that Palfrey and Srivastava
(1989) use the integer games to show a similar permissive result. Although
our mechanism, unlike Palfrey and Srivastava| (1989), exploits the power of ex
post transfers, we can make these transfers arbitrarily small. Since small ex
post transfers result in only an arbitrarily small cost for full implementation,
we believe that all individuals would be willing to accept this small cost as
a negligible entry fee to participate in the mechanism. We will show that all
these features of our mechanism are valuable ones, which remove it from the
scope of the criticisms usually made of full implementation.

Oury and Tercieux (2012) recently shed light on the connection between
partial and full implementation. They consider the following situation: The
planner wants not only one equilibrium of his mechanism to yield a desired
outcome in his initial model (i.e., partial implementation) but it to continue
to do so in all models “close” to his initial model. This is what they call con-
tinuous (partial) implementation. Oury and Tercieux show that when sending
messages in the mechanism is slightly costly, Bayesian monotonicity, which

is a necessary condition for full implementation, becomes necessary for con-
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tinuous implementation. Hence, continuous implementation can be a strong
argument for full implementation.

Like |Oury and Tercieux (2012), we also show that our mechanism achieves
continuous implementation as long as the planner can allow for small ex post
transfers (Theorems 5 and 6). Recall that we assume that no players use
weakly dominated actions. In fact, this weak dominance will be highly sensitive
to payoff perturbations induced by the cost of sending messages. It is for this
reason that our continuous implementation result does not follow from |Oury
and Tercieux (2012]).

While the use of small ex post transfers strikes us as being innocuous, it
would still be interesting to know when we can avoid any ex post transfers “on
the equilibrium.” If there is no ex post transfers “on the equilibrium”, a social
choice rule is said to be implementable with no transfers. We propose two class-
es of environments in which we can achieve implementation with no transfers.
The first class of environments is the case of nonexclusive-information (NEI)
structures (Theorem 3). NEI captures the situation in which any unilateral
deception from the truth-telling in the direct revelation mechanism can be
detected. Furthermore, since complete-information environments can be con-
sidered a special case of NEI, our Theorem 3 can be considered an extension

of the result of Abreu and Matsushima (1994) to incomplete-information envi-
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ronments. The second class of environments is the case in which there are no
consumption externalities among the players and each player only cares about
his own consumption (Theorem 4). We can think of exchange economies as an
example of this situation. In this environment, however, we need to strengthen
incentive compatibility.

If the planner wants all equilibria of his mechanism yield a desired out-
come, and entertains the possibility that players may have even the slightest
uncertainty about payoffs, then the planner should insist on a solution concept
with a closed graph. (Chung and Ely| (2003)) add this closed-graph property to
full implementation in undominated Nash equilibrium (i.e., Nash equilibrium
where no players use weakly dominated actions) and call the corresponding
concept “UN E-implementation”. They show that Maskin monotonicity, a
necessary condition for Nash implementation, becomes a necessary condition
for UN E-implementation. For their proof, Chung and Ely need to construct
a complete information environment nearby, in which some players have su-
perior information about the preferences of other players. Since we focus only
on private-value environments, their result does not apply to us. Instead, we
show that any incentive-compatible social choice rule is U N E-implementable
with no transfers (Corollary 2).

The rest of the paper is organized as follows: In Section 2, we introduce the
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preliminary notation and definitions as well as two assumptions (Assumptions
1 and 2) that we maintain throughout the paper. In Section 3, we construct
a mechanism and discuss some of its basic properties. Section 4 provides our
main results. More specifically, we establish Theorem 1 for implementation
with transfers (Section 4.1), Theorem 2 for implementation with arbitrarily
small transfers (Section 4.2), and Theorems 3 and 4 for implementation with
no transfers (Section 4.3). Section 5 discusses three applications of our re-
sults: we investigate the connection to continuous implementation (Section
5.1), to UN E-implementation (Section 5.2), and to the full surplus extraction
(Section 5.3). In Section 6, we provide some extensions of our results and
also discuss the limitations of our results. In particular, we discuss the role of
honesty and rationalizable implementation (Section 6.1); we identify a class
of interdependent-value environments to which our permissive results can be
extended (Section 6.2); we propose a way of achieving budget balance when
there are at least three individuals (Section 6.3); and finally, we compare our
results with those of virtual implementation, a process in which the planner
contents himself with implementing the social choice rule with arbitrarily high

probability.
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3.2 Preliminaries

3.2.1 The Environment

Let I denote a finite set of players and with abuse of notation, we also denote
by I the cardinality of I. The set of pure social alternatives is denoted by A,
and A (A) denotes the set of all probability distributions over A with countable
supports. In this context, a € A denotes a pure social alternative and x € A(A)
denotes a lottery on A.

The utility index of player ¢ over the set A is denoted by u; : A x ©; —
R, where ©; is the countable set of payoff types and wu;(a, ;) specifies the
bounded utility of player i from the social alternative a under #; € ©;. Denote
O=0;Xx--xBOrand O_; =01 X -+ X0, | X O X --- x@IEIWeabuse
notation to use w;(z, ;) as player i’s expected utility from a lottery z € A (A)
under ¢;. We also assume that player ¢’s utility is quasilinear in transfers,
denoted by w;(z,0;) + 7; where 7; € R.

A model T is a triplet (Ti,éi,m)ie], where T is a countable type space;
0, : Ty — ©;; and m;(t;) € A(T-;) denotes the associated belief for each t; € T;.
We assume that each player of type ¢; always knows his own type ¢;. For
each type profile t = (¢;);cr, let é(t) denote the payoff type profile at ¢, i.e.,

~ ~

0(t) = (él(tz))zg If T; is a finite set, then we say (T3, 0;, 7;)ics is a finite model.

!Similar notation will be used for other product sets.
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Let 7; (t;) [E] denote the probability that 7; (¢;) assigns to any set E C T_;.
Given a model (73, éi,m)ief and a type t; € T;, the first-order belief of t;

on O is computed as follows: for any 6 € O,
hE(t)[6) = i () [{t—s € T : O(t;,t_;) = 6}].

The second-order belief of t; is his belief about ¢!, set as follows: for any

—2

measurable set ' C © x A ()",
R ()[F] = mits) [{ti: (0t 1), hEi(t)) € F}] :

An entire hierarchy of beliefs can be computed similarly. (h}(t;), h3(t;), ..., hi(t;), ...)
is an infinite hierarchy of beliefs induced by type ¢; of player i. We assume the

belief hierarchy is coherent, that is, for any [, any X :supp(hﬁ (tz)) ﬁsupp(hé_1 (tz)) ,
margy h; (t;) = margxhi " (t;) .

Therefore, we assume it is common knowledge that each player of type t;
always knows his own payoff type and holds coherent belief hierarchy. We
denote by T7* the set of player ¢’s hierarchies of beliefs in this space and write
T = [Lie; Iy T; is endowed with the product topology so that we say a
sequence of types {t; [n]} -, converges to a type ¢; (denoted as t; [n] —, t;), if
for every £ € N, hi(t;[n]) — hi(t;) as n — oo. We write t[n] —, t if t; [n] —, ¢,

for all 7.
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Throughout the paper, we consider a fixed environment £ which is a triplet
(A, (Ui);er ,T) with a finite model T = (TZ, 0;, ﬁi)ie] and a planner who aims

to implement a social choice function (henceforth, SCF) f: T — A (A)J]

3.2.2 Mechanisms, Solution Concepts, and Implemen-
tation

We assume that the planner can fine or reward a player ¢ € I by side pay-
ments. A mechanism M is a triplet ((M;), g, (7;)),c; where M; is the nonempty
countable message space for player i; g : M — A (A) is an outcome function;
and 7; (m) : M — R is a transfer rule from player i € I to the designer. A
mechanism M is finite if M; is finite for every player ¢« € I. We say that a
mechanism M has fines and rewards bounded by 7 if |7; (m)| < 7 for every
1 € I and every m € M. Note that there is a class of such mechanisms given
7. We denote one of the mechanisms by (M, 7).

Given a mechanism M, let U(M,T) denote an incomplete information
game associated with a model 7. Fix a game U(M, T), player ¢ € I and type

t; € T;. We say that m; € W (t;|M,T) if and only if there does not exist

2We will consider a countable model when we define and study continuous implementa-
tion in Section 5.1.
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m;, € M; such that

Z [Ui(g(m;‘v m_;), Az’(ti)) + 7 (mé,m_i)} v(m_glt_;)mi(t:)[t ]

t_im—_;

2 Z [Ui(g(miam—i)aéi(ti))+Tz‘(mz‘7m—z‘)} v(m—ilt—s)mi(t:)[t -]

t_im_;

for all v : T_; — A(M_;) and a strict inequality holds for some v : T_; —
A(M_;). We set S} (t:|M,T) = W; (t;|,M,T). For any [ > 1, we say that
m; € S (t;| M, T) if and only if there does not exist m/ € M; such that

S [wstolmtmo), 6:(t)) + 7 (mlym)| wlm ittt

t_iym—_;

> uigtmimed), :(t9) + 7 (miy )| wlm o)t [t

t_im—;

for all v : T_; — A(M_;) and for all ¢t_; and m_;, v(m_;|t_;)m(t;)[t—:] > 0
implies that m_; € SL; (t | M, T) = [, S} (t;|M, T). Let S*W denote the
set of strategy profiles which survive one round of removal of weakly dominated

strategies followed by iterative removal of strictly dominated strategies, i.e.,

SEW; (LM, T) = () St (t:IM, T),

=1

S®W (HM,T) = Hid SPOW; (M, T)
Here we restrict attention to pure strategies, but without loss of generality.
In the mechanism we construct below, we have S®W as a singleton; this con-
stitutes a unique, undominated Bayesian Nash equilibrium in pure strategies.
Moreover, this undominated Bayesian Nash equilibrium remains the unique

91



equilibrium in the mechanism even when mixed strategies are allowed. Sev-
eral foundations for S®W in normal-form games are known in the literature.
We refer the reader to |Borgers (1994) and Dekel and Fudenberg (1990) for its
foundations in complete information games, and to Frick and Romm| (2014))
for its foundation in incomplete information games. The order of elimination
of strategies in S®°W generally matters, as WS (the set of strategy profiles
which survive iterative removal of strictly dominated strategies followed by
one round of removal of weakly dominated strategies) may well be different
from S°W. In the appendix, we show that W generates the same outcome
as S®W in our mechanism, regardless of the order of removal of strategies,
where W denotes the set of strategies that survive the iterative removal of
dominated strategy profiles. We can also define S as the set of strategy
profiles that survive the iterative removal of strictly dominated strategies. It
is already well known that S is order-independent and equivalent to the set
of all rationalizable strategies in finite mechanisms. In Section 6.1, we will
discuss the role of S*° in our mechanism.

We introduce the following definition:

Definition 3.1. Fiz a model T. We say that a mechanism (M, T) implements
an SCF f in S®W with transfers if, for anyt € T and m € S®W ({M,T),
we have g(m) = f(t).

92



We now formally state the definition of implementability in S*W. First, we
impose no conditions on the magnitude of transfers and propose the concept

of implementation with transfers.

Definition 3.2 (Implementation with Transfers). An SCF f is implementable
in S®W with transfers if there exists a mechanism (M, T) which implements

fin S®W with transfers.

It is often unrealistic to assume that the planner can impose large transfers
on the players. Hence, we only allow for arbitrarily small transfers and propose

the following concept.

Definition 3.3 (Implementation with Arbitrarily Small Transfers). An SCF
f is implementable in S™W with arbitrarily small transfers if, for all T > 0,

there exists a mechanism (M, T) which implements f in S®°W with transfers.

The concept of implementation with arbitrarily small transfers strikes us
being rather innocuous. Still, it is sometimes impossible to assume that the
planner can impose any transfers on the players in the equilibrium. Therefore,

we propose the concept of implementation with no transfers.

Definition 3.4 (Implementation with No Transfers). An SCF f is imple-
mentable in S®W with no transfers if for all T > 0, it is implementable in
S®*W a mechanism (M, 7) and moreover, for anyt € T, andm € S®W (t|/\/l, T),
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we have T;(m) =0 for each i € I.

Remark 3.1. The concept of implementation with no transfers does not ex-
clude a possibility that arbitrarily small transfers are made ex post out of the
equilibrium. This concept of implementation is used by Abreu and Matsushima
(1994) under complete information. We extend this to incomplete-information

environments with private values.

3.2.3 Assumptions

Throughout the paper we make two assumptions on the environments. First,
we follow |Abreu and Matsushima/ (1992a)) and propose the following assump-

tion.

Assumption 3.1. An environment € = (A, (u;)ier, T) satisfies Assumption

if the following two conditions hold:
1. for each t; € Ty, uy(-, él(tz)) is not a constant function on A;

2. for any t;,t, € Ty with t; # t,, w;(-,0:(t;)) is not a positive affine trans-

formation of u;(-,0;(t))).

Under Assumption 1, Abreu and Matsushima/ (1992a) show the following
important result. Lemma |3.1] guarantees the existence of a function that can
elicit each player’s type.
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Lemma 3.1. (Abreu and Matsushimal (1992d)) Suppose that Assumption 1
holds. For each i € I, there exists a function x; : Ty — A(A) such that for any

t;, th € Ty with t; # t},

wi(wi(t:), 0i(t:)) > wi(i(t}), 0:(1:)) (3.1)
We next introduce the following assumption.

Assumption 3.2. An environment £ satisfies Assumption[3.9if, for alli € I
and t;,t; € T; with t; # t, mi(t;) # m(t)).

Remark 3.2. Since T is finite, if |Ti| = 1 or |T_;| > 2, Assumption[3.9 gener-
ically holds in the space of the probability distributions over T. Note, however,

that Assumption[3.9 fails to hold in the case of independent probability distri-

butions.
By Assumption 2, we can construct the following scoring rule d° : T — R:

Lemma 3.2. Suppose that an environment &€ satisfies Assumption [3.3. For

alli €1 and (t;,t_;) € T, define
dj (i, t-i) = 27 (t;) [t=i] — 7 (t:) - 7 (),
where ; (t;) - 7; (t;) denotes its inner (or dot) product. Then, for alli € I and

t;, t) € Ty with t; # t},

(3

Do [ () = df (1)) w (1) [t-] > 0. (3:2)

t_;€T_;
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Remark 3.3. Lemmal3.4 guarantees the ezistence of a proper scoring rule in
which each player will tell the truth whenever he believes that every other one
tells the truth. Such a constructed scoring rule is strictly Bayesian incentive
compatible. When there are more than two players, we can achieve budget

balance. (see the discussion in Section[3.6)

Proof. The construction of d? (¢;,t_;) makes itself a proper scoring rule. By

Assumption [3.2] the strict inequality of (3.2) always holds. ]

3.3 The Mechanism and its Basic Properties

3.3.1 The Mechanism

We define the mechanism as follows.

1. The message space:

Each player ¢ makes (K + 3) simultaneous announcements of his own
type. We index each announcement by —2, —1,0,1,..., K. That is, play-

er 1's message space is

)

M;=M7Z2x M7P x M) x - x MK =T, x - x T,
——

K+3 times

where K is an integer to be specified later. Denote

m; = (m._2 ...,ml-K) e M;, mf € Mi”“7 ke{-2-1,0,...K},

1 Y
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and

k

m= (m72,..,m") € M, mk = (mi)id e M* = x,e  MF.

We use m* /m; denote the message profile (m¥, ..., m¥

. The outcome function:

Let € € (0,1) be a small positive number.
Define e : M~ x M° — R by

1 oy [ e ifm;t #m) for somei € I,
e(m™,m’) = { 0 otherwise.
The outcome function g : M — A (A) is defined as follows: for each
me M,
_ 1 - _
g(m)=-e(m l,mo)foi (m;?) + {1 —e(m™",m"} e Zf (m*),

el k=1

(3.3)

The outcome function contains a “random dictator” component (recall
the function z; defined in (3.1))) which is triggered in the event that
some player’s —1th announcement does not equal his Oth announcement.
When this event does not happen, only the nondictatorial component is
triggered, which consists of K equally weighted lotteries the kth of which
depends only on the I-tuple of kth announcements.
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3. The transfer rule:

Let A, £ and n be positive numbers. Player ¢ is to pay:

o —\d) (mZ;,m;") (if & (m=7,m;") is positive, it means player i is
paid);
o —\d(m=7,mY) (if d®(m_7,mY) is positive, it means player i is

paid){]

e ¢ if he is the first player whose kth announcement (k > 1) differs
from his own Oth announcement (All players who are the first to

deviate are fined).
¢ if there exists k € {1,..., K} st m¥F #m?,
d; (m°,...,m") = and mf’ = mj for all k:’ e{1,....k—1} for all j;
0 otherwise.
(3.4)

e 7 if his kth announcement (k> 1) differs from his own Oth an-

nouncement.
k(0 k\_ J T ifmf;«ém?;
d; (mi’mi) o { 0 otherwise. (3.5)
In total,
K
i (m) = =Adj (m=7,m; ') =Ad} (m=}, m])+d; (m° ,mK)—{—de (my,mf) .
k=1

(3.6)

3The design of the two scoring rules is needed for establishing the order independence of
W in the Appendix. The results in the main body of the paper still go through with one
scoring rule.
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4. Define ©; = {0; € 6] éz(t_z) = 0; for some t; € T;}. We provide the

summary of conditions on transfers:

Let
- 1 A (mT2) 0.) — . EY 0] -
E = m;QGMi—27£2]>\§k7§i€éi’i€] 7 ; U; ({E] (m] )7 9@) U; (f (m ) 79z) )
(3.7)
_ . EY 0.) _ 4. LN AN
D - TﬁfEMf,ml?’Gl?\ji,éiG@i,iGI {ul (f (m ) 701) ul(f(mfzu mz )7 Z)} )
(3.8)

where £ multiplied by € is the upper bound of the gain for any player
1, of triggering or not triggering the random dictatorial component; D
is the maximum gain for player ¢ from altering the kth announcement,

where k£ > 1.

We choose positive numbers A, v, K, €, n, and £ such that for every ¢ € 1

and every t;,t, € T; with t; # ¢/,

7> 2\ + € + K (3.9)
Z (A} (i, 1) = M) (tiy ta)] i () [E—s] > 3 (3.10)
t7¢€T7¢
n> el (3.11)
£> L. (3.12)
K’ '
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v > el 4+ &+ Kn, (3.13)

where d) denotes an upper bound of d?(t) over t € T[]

3.3.2 Basic Properties of the Mechanism

In this section, we exploit some basic properties of the mechanism constructed
in the previous section. These properties play an important role in the rest of

the paper.

Claim 3.1. In the game U (M,T), for every i € I, t; € T;, and m; € M;, if

t.

m; € St (LIM,T), then m;>

Proof. We show that for any i € I, #; € T;, and m; € M;, if m;z # t;, then
m; & S} (fi|./\/l, 7_’) , i.e., m; is weakly dominated by some m;. We construct

m;; as follows:

Fix any conjecture v : T_; — A(M_;).

The difference of the expected values between m; and m; for player i of

4Given any 7 > 0 exogenously, we first choose A small enough so that A\d) < ii‘. Second,
by , we can choose 7 small enough so that holds. Third, we choose K large
enough so that %D < min{ii %’y} Fourth, we choose € small enough so that KeFE <
min {ii’, %’y} . Therefore, we have 7 > 2Ad} + %D + KeFE and v > eE + %D + KeE. From

these two inequalities, we can thus choose 7 and £ such that (3.9), (3.11), (3.12) and (3.13))
hold.
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type t; is shown as follows:

> {wi (g (miym_y) ,0:) + 75 (mi,m_q) } v(m_ilt_)mi(E)[t—]

t_im—;

— Z {uZ (g (mg,m_;) ,9_1-) + 7; (my, m_i)} vim_|t_;)mi(t:)[t ]

t_im_;

— Z - (m_j7m : {wi (2 (5), 0:) — wi (wi (mi?) ,0:)  v(milt—)mi(3A4)

t_im—;

t_im_;

v

0,

where the first equality follows because the only difference lies in function z;

when m! differs from m; only in the first announcement, (see the definition

of g in (3.3) and the definition of 7 in (3.6))); by (3.1) the last inequality is

strict whenever e (m ™', m°) = e for some m_; with 37, v(m_|t_;)m(t:)[t ] >

0. [l

The next claim says that telling a lie in round —1 is strictly dominated by
telling the truth, given the hypothesis that no players choose weakly dominated

messages.

Claim 3.2. In the game U (M,T), for everyi € I,t; € Ty, ifm; € S? (EZ|M,7) ,

then m; ' =t;.

— A~ —

Proof. We show that for any i € I, t; € T; with 6;(t;) = 0;, and m; €
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SHE|IM,T), if m? # t;, then m; ¢ S?(t;JM,T). We construct m; as fol-

lows:

Then, for any conjecture v : T_; — A(M_;), we have that, for each
(t—iam—i)7

V(m_l|t_l)7'(1(l?z)[t_l] >0=>m_; € Siz (t_l|M,T> .

The difference of the expected values under m; from m; for player ¢ of type

t; is shown as follows:

> {uz (s, m—q), 0:) + 75 (1, m_i) } w(m_glt_g)my(E) ()

_ Z {ui(g(mi,m i), 05) 4 75 (my, m_ Z)} vim_g|t_;)mi(t:)[t_i]
C Y el ) — e 7))
% {% Z ui(w;(t3), 0_1) B % Z ul(f(mk)v 0_1)} v(m_glt_i)mi(t:)[t -]

Observe that when m; differs from m; only in the —1th announcement, the
difference in terms of g(-) (see the outcome function in (3.3))) lies in function
e(-) and the difference in terms of transfer is summarized in functions d) (see
the transfer rule in (3.6))).

Note that
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(i) In terms of outcomes, the possible expected gain of player 7 of type t; by

choosing m; rather than m; is

X {— Z ui(z;(t5), 0;) — ie Z u,;(f(mk), 9_1)} v(m_glt_i)mi(t:)[t -]

From ([3.7)), when playing m, rather than m;, this possible gain is bound-

ed above by €¢F.

(ii) In terms of payments, the expected loss by choosing m; rather than m;
is

> M (m72E) = A (mZ2m )| w(m_glt_)m () ).

t_im—;

By Claim we know that m_; € S, (f_i|M,T) implies m~=2 = t_;.

()

Therefore, by (3.10]), we obtain

Z [N (m=2,8;) — Ad? (mZ2,mi )] vimogft_)m() [t -]

= Y MY () = A (Emi )] 7 () (B

Lr_iET_i

>

where v is chosen such that v > eF by (3.13)).

Therefore, m; is strictly dominated by m;. O
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Claim 3.3. In the game U (M,T), for everyi € I,t; € Ty, ifm; € S? (EZ|M,7) ,

then m{ = t;.

Proof. We show that for any i € I, t; € T; with éz(ﬂ) = 0;, if m? # ¢;, then

m; & S3(t;| M, T). We construct m; as follows:

Then, for any conjecture v : T_; — A(M_;), we have that, for each

(tfia mfi)a

V(m,l‘t,l)ﬂ'l(i)[t,l] >0=>m_; € ng (tfl‘M,T) .

From Claim , we know that for any j € I, if m; € sz (@-\M,T), then
m-_l = Ej.

J

The difference of the expected values under m; from m; for player ¢ of type
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t; is shown as follows:

Z {uz g(m;,m é) + 7 (mi,mfi)} v(m_t_ )m(ﬂ)(t*i)

Z {uilg(mi,m=i),0:) + 7 (mi,m_i) pv(megft—)mi () [t -]

— Z {e (m_l,mo/mi) e (m_l,mo)}
. {%;“*%@W‘) - %;uxﬂmkw»} p(mift )£ [t

+Z{)\do toa i) — A2 (t_g,m?) } (&)t ]
+ Z {d O fimgs,mt, L m) —dy (m° o m) } v(m|t ) ()]

Sl
S~—
—

~

|
o
S

+ D Z{d’“ —d (m0, m) Yo (m |t

—im_; k=1

v

—eE+v—-§—Kn

Observe that when m; differs from m; only in the Oth announcement, the
difference in terms of g(-) (see the outcome function in (3.3))) lies in function

e(-) and the difference in terms of transfer is summarized in functions d?, d;,

and {d¥}r=1. x (see the transfer rule in (3.6)).

Therefore, m; is strictly dominated by m;. O
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3.4 Main Results

There are three subsections here. In Section 4.1, we provide a result of imple-
mentation with transfers where very large transfers are allowed. In Section 4.2,
we make the size of transfers arbitrarily small and establish a characterization
of implementation with arbitrarily small transfers. Here, incentive compatibil-
ity is an important condition. Finally, in Section 4.3, we propose two classes
of environments in each of which we need no transfers on the equilibrium in

the mechanism.

3.4.1 Implementation with Transfers

The following theorem shows that if we impose no conditions on the size of
transfers, any SCF is implementable with transfers. In this case, a very large

size of transfers might be needed even on the equilibrium.

Theorem 3.1. Suppose that the environment £ satisfies Assumptions|[3.1] and

(5.9 Assume I > 2. Any SCF is implementable in S®W with transfers.

We use the following claim to prove Theorem [3.1]

Claim 3.4. Let K = 1. In the game U(M,T) for every i € I, t; € T, if

m; € St (LIM,T), then m} =1,
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Proof. Fixi € N, t; € T; with HAZ(EZ) = @;. We shall show that

That is, we shall show that m; is strictly dominated. Let m; be the dominating

strategy defined as follows,

Then, for any conjecture v : T_; — A(M_;), we have that, for each

(t—i7 m—i)7
V(m_i|t_i)ﬂ'z‘(ﬂ')[t_i] >0=m_; € Siz (t_i|M,T) .

From Claim , we know that for any j € I, if m; € Sj‘?’ (t_j|M7T), then
By choosing m; rather than m;, in terms of transfer rule, one possible loss

from reporting is

Z {7i (M, m—y) — 7 (m)}v(m_ft_)mt)[t-] = n + ¢ (3.15)

t_jm_g

where player i of type t; will get punished by 7 according to rule d} (by (3.5))
and ¢ according to rule d; (by (3.4)).
Note that e (m™,m®) = 0. In terms of outcome function g(-) (defined in

(3.3)): the possible gain from playing m; rather than m; is

D {w(f(m"),05) = wil(f(FrymL), 0} v(mift—s)m(E)[t-].

t_i,m—g
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From (3.8)), we also have the following inequality on the expected gain of

type t; when playing m,; rather than m;:

Y Awlf(m"),0) = wi(f (G mL,), )} vimoilt-)m(@)t-] < D (3.16)

t_im_g

When K = 1, we know from Section 3.1 that & > D (see (3.12))F] So, we

obtain

n+&>D. (3.17)

To sum up, we have

v

Z {ui(g(mg, m—y), 0;) + 7 (i, m_y) } v(m_g|t_s)mi(8)[t—]

t_i,m_ i

= > {uiglmimoa), 0) + 73 (mi,m) } w(mlt)m(E) ]

t_;m_;

Z {uz i), 0:) — ui(f(m'), 0:) + €+ v(moglti)mi(t:)[t-]

Z {n+&—Dv(m_ift_i)m(t:)[t-]

t_i,m_;

0.

The first equality follows from the outcome function (3.3) and the transfer

rule (3.6); the second inequality follows from (3.16]); the last inequality follows

from (3.17). Therefore, player i of type t; will report #; rather than m;. [

SWhen K = 1, we can appropriately choose ), v, €, £, and 7 to satisfy those conditions
on transfers and utilities in Section This means that £ can be a very large number.
Since we now impose no restrictions on the size of transfers, by choosing A > 0 large enough,
we can choose v arbitrarily large to satisfy v > eE + £ + n (inequality ) Hence, ¢ can
be chosen large enough to satisfy £ > D (inequality )
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3.4.2 Implementation with Arbitrarily Small Transfers

We shall show that if an SCF f is incentive compatible, our mechanism can
implement f in S°°W with arbitrarily small transfers. First, we introduce the
notation. For every i € I, every t;,t; € Tj, let

D walf (s t), 0s(t))ma(t) [t-]

tfiETfi

denote the expected utility generated by the direct revelation mechanism
(T, f) for player ¢ of type t; when he announces t; and the other players

all make truthful announcements.

Definition 3.5. An SCF f : T — A(A) is incentive compatible if, for all

iel and all t;,t, € T},

> (i) O ()Tt i) = > wi(f (Eoi, 1)), ilt:))Fa(ta) [t i)

t €T t_;eT_;
We are now ready to state the main result of this section. The theorem

below shows that incentive compatibility is a necessary and sufficient condition

for implementation with arbitrarily small transfers.

Theorem 3.2. Suppose that the environment & satisfies Assumptions[3.1] and
(5.4 Assume I > 2. An SCF [ is implementable in S™W with arbitrarily
small transfers where S®W (t|/\/l, 7_‘) 15 a singleton if and only if f is incentive

compatible.
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Remark 3.4. |Palfrey and Srivastava (1989) establish a very similar imple-
mentation result in their Theorem 2: any incentive compatible social choice
function is fully implementable in undominated Bayes Nash equilibrium. We
clarify a few differences between our result and that of |Palfrey and Srivasta-
va (1989). Although |Palfrey and Srivastava (1989) do not need ex post small
transfers, they use the integer games as part of their mechanism. On the other
hand, although our mechanism does not use any devices such as the integer
games, it exploits the power of ex post small transfers. In addition, our solu-
tion concept of S®W is more robust (or permissive) than undominated Bayes
Nash equilibrium. Although Theorem 2 of |Palfrey and Srivastava, (1989) needs
at least three players, our result works even for the case of two players. One
common feature these two papers share is the difficulty of extending the results
to interdependent-value environments. The reader is referred to both Section
6.2 of our paper and Section 4 of|Palfrey and Srivastava (1989) for appreciat-

ing this difficulty.
We use the following claim to prove the “if” part of Theorem [3.2]

Claim 3.5. Suppose that an SCF f is incentive compatible. For each k >

3,i €I, andt; € Ty, if m; € SF(L;|M,T), then m*=3 =1,.

Proof. Consider type t; € T; with éz(ﬂ) = 6#,. When k = 3, the result follows
from Claim Fix k& > 3. The induction hypothesis is that for every i € I,
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t; € Ty, if m; € S¥ (fﬂM,f), then m* =1¢; for all ¥’ < k — 3.

Then, we show that if m; € SF™(£;| M, T), then m} =, for all k' < k—2.

It suffices to prove mf’Q = t;. Suppose not, let 7m; be the dominating strategy
defined as follows,
m; = (m 2, ,mi 2 4, mE L m])
We let M*, {m EM ;:m"2=mb, } Fix a conjecture v : T_; —

A(M_;). Note that, for each (t_;,m_;),

v(m_ilt_)m(E)ti] > 0= m_; € S*, (t_|M, T).

Thus, we obtain e (m~, m°®) = 0.

We will show that

Z {wi(g(mi, m_y), 0;) + 75, m_;) } v(m_s|t_;)m;(E;)[t_i]

- Z Lui(g(mi,m_y),0;) + Ti(mg, m_;) } v(m_|t_)m (&) [t_(3.18)

> 0.

Note the left hand side of inequality is equal to

tim_igM*, B 1= '

{uig ml, i _Z-_) + 7 (1, m_;) } — St N (E (3
Z { {Uz ),0;) + 7i(mi, m )} } (m—i[t—i)mi(t;) [(3]19)
)

{ul g(m;,m 71‘_)"‘7—1' My, M }— o e (E
> { {aalg(m, m1),69) + 7o, m01) ) } (malt i)t [t-i]

t_im_eM*,



Step 1:
{UZ mzam— ) z) + Ti\m )} - } n
>, 7 v(m_glt_i)mi(t;)[t—i] > 0.
MM{ om0 1 5 0me 3]
From the induction hypothesis, for every i € I and #;, € T, if m; €
SE(TJM,T), then m¥ = f; for all ¥ < k — 3. When m_; ¢ M*,, there

k—1

exists some j € I'\{i} such that mj~' =mj. We compute the expected loss in

terms of payments for player i of type t; when playing m; rather than m;:
Z {7 (M, m—) — 7 (m) }v(mglt_i)mi(t:)[t-i]
t*iamf’igMii

By choosing m,; rather than m;, player ¢ will avoid the fine, n according to rule

d*=? (see (3.5)) in Section 3.1) and ¢ according to rule d; (see (3.4), that is,
Ti (mi,m_i) — T (m) =7 + 5
In terms of g(-) (see the outcome function in (3.3))), we have

> % {wa(FOm*1),0;) — wy(F(my ™", mE3h),0,) } w(m |t )mi(E:)[t -] <

t*ivmfigMii

This means that the possible gain from playing m; rather than m; is bounded
by D/K.

Since we have that £ > D/K (see (3.12) in Section 3.1), we have

1
n+€&> 2D, (3.21)
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This completes Step 1.

Step 2:

> e e L w0

t_i,m_,eM*, {Uz(g(m“ m ), éz) + T\, m—z)}

When m_; € M*,, for any j € I\{i}, we have mg‘?_l

= m?. From the induction
hypothesis, for every i € I, t; € T}, if m; € SF (t |M, T) then m¥ = £;, for all
k' < k—3. We compute the expected loss in terms of payments for player i of
type t; when playing m; rather than m,:
Y. {mtmme) =7 (m)}v(moglt-)m(E) -]
t_gm_;eM*,
By choosing m,; rather than m;, player ¢ will avoid the fine, n according to rule

d*=% (see (3.5) in Section 3.1), the expected loss in terms of payments from

choosing m; rather than m; in terms of 7(-) (see (3.6) in Section 3.1) is

7i (M, m—;) — 7; (M)
= n+&—d; (mo, ...,mk_l,mk_Q/mi...,mK)

>

Therefore, when playing m; rather than m;, the expected loss in terms of

payments is bounded below:

> Am (i, mey) =i (m)} mi(E)[t ] > .

t—;
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In terms of g(+) (see the outcome function in (3.3))), the possible gain for player

1 to report m; rather than m; is

1 - P _
= S {unF052),00) = w02 i), 0)} B[,

Since m; differs from m; only in the (k — 2)th announcement.
That is, when playing m,; rather than m;, the possible gain for player i of
type t; is which is bounded above by 0 from incentive compatibility of f. This

completes Step 2. O

The “only if” part of Theorem [3.2]is proved as follows.

Proof. Fix 7 > 0 arbitrarily small. Given f : T — A (A) implementable in
S®°W with arbitrarily small transfers by a mechanism (M, 7), then for any
t € T and m € S®W (t|M,T), we have g(m) = f(t) and 7(m) < 7. Since
SeW (t|./\/l,7_’) is a singleton, we know that S®W is a pure Bayesian Nash

Equilibrium in U(M, 7, T). Then, we have for all m} € M;,
> ittt {uilolma, moi(t)), 0:(8)) + 7almi, mi(t)) }
¢,
> 3 mlt)l] {uslglmlymoi(t)), Bi(ti)) + milmlma(2) }
t .
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Let (T, f) be a direct revelation mechanism such that
flite) = gm; (t),m—i(t—)),
Tiltist—i) = 7i(mi (), m-i(t-:)),

where g and 7 is specified in (M, 7). Then truth telling must be a Bayesian

Nash equilibrium. That is, for any t;,t; € T},
S mt)t] {uwi (8t 0:()) + it ) }
> Yo m) ) {6 + it} (3.22)

Note that (322)) holds for any 7 since from “if” part, given any 7 we can

constructed a desirable (M, 7). Since T can be arbitrarily close to 0, we must

have
Zm i (Ftit)), 0:(t) > Zm D[t Jui(F(t,t,),0,(t:))  (3.23)
That is, f is incentive compatible. O

3.4.3 Implementation with No Transfer

In Theorem [3.2] we use arbitrarily small transfers to achieve implementation
of any incentive compatible SCF. In the mechanism, the ex post payment,
although we can make it very small, is still necessary on the equilibrium. We
will show that under some condition, the ex post payment is not required on
the equilibrium.
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Non-Exclusive Information (NEI)

Recall the following definition: an SCF f : T — A(A) is implementable
in S®W with no transfers if it is implementable in S*W with arbitrar-
ily small transfers by a mechanism (M,7) such that for any ¢ € T and
m € S®W(t|M,T), 7:(m) = 0 for each i € I. To discuss the result with
no transfers, we need some extra assumptions. We first use non-exclusive in-
formation structure (NEI) for implementation with no transfers. To the best
of our knowledge, NEI is first proposed by [Postlewaite and Schmeidler| (1986]).

We provide a version of its definition as follows:

Definition 3.6. The environment £ satisfies the non-exclusive informa-
tion structure (NEI) if, for eacht € T, 4,5 € I, and t; € T},

o B 1 Z'ft- =t
mi(ta)[ty, t-i] = { 0 oth]erwi;e

where t_;; denotes a type profile that is obtained from t after eliminating t;

and t;.

When I = 2, NEI is equivalent to complete information. NEI captures
the idea that each agent is informationally negligible in the sense that any
unilateral deception from the truth-telling in the direct revelation mechanism

can be detected. Under NEI, we obtain the following result:

Theorem 3.3. Suppose that the environment & satisfies Assumptions[3.1] and
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NEI. Assume I > 2. Any incentive compatible SCF is implementable in S®W

with no transfers.

Proof. The mechanism is identical to the mechanism in Section [3.3.1] except

that we replace Ad{ (mZ=7,m; ') and Ad) (mZ;,m?) with new transfer rules as

PR 7

follows:
o 2 iy _ [ oy ifm(mg ) [mZZ] =0
di (m=i,m;") = { 0 otherwise.
o —1 oy J v if m(md)[mZ;] = 0
di (m=;, m;) = { 0 otherwise.
The proof then follows verbatim the proof of Theorem u

Strict Incentive Compatibility and Separability

Following |Sjostrom| (1994), we introduce the following class of environments.
We assume the outcome space A = A; x Ay X ... x Ay, and u; : A; X ©; — R.
For each SCF f and type t € T, we denote f(t) = (fi(t),..., f1(t)) where
fi(t) denotes the marginal distribution of f(¢) on A; where A = A; x Ay x
... X Ar. The reader is referred to Sjostrom (1994) to see when this separable
environment is valid. For example, we can consider an exchange economy
where each player ¢ has a consumption set A; and cares only about his own

consumption. We first introduce a stronger version of incentive compatibility.

Definition 3.7. An SCF f : T — A(A) is strictly incentive compatible
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if, for alli € I and all t;,t; € T; with t; # t},

Y wfiltoi ), BT ] > D wilfiltois 1)), i(t)) Tt [t-].

ti€T_; t_eT;

In the theorem below, we can drop Assumption 2 but instead, we need to

strengthen incentive compatibility into strict incentive compatibility.

Theorem 3.4. Suppose that a separable environment £ satisfies Assumptions
(5.1, Assume I > 2. Any strictly incentive compatible SCF is implementable

in S®W with no transfers.

The corresponding mechanism is provided as follows. Basically, in a sepa-
rable environment, the strictly incentive compatible SCF replaces the role of
scoring rule (d?) in the previous discussion. We can drop the assumption on

information structure, that is, players’ information can be independent.

1. The message space:

Each player ¢ makes 4 simultaneous announcements of his own type. We
index each announcement by —2,—1,0,1. That is, player i’s message

space is given as
-2 -1 0 1 _ -
M; = M;*x M; " x My x M; =T, xT; xT; xTj.
Denote

m; = (m;Q,mi_l,m?,m%) e M;, m,’f € Mi”“, ke{-2-1,0,1},
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m = (m_Z,m_l,mO,ml) e M, mt= (mf)iel e MF = xieIMZ-k.

We use mF /m; to denote the strategy profile (mf, ...,mF_, mF, mk, ..., m;).

. The outcome function:

Let € be a small positive number.
Define e : M~! x M° — R by

e(m1,m9) = e if m;*t # mY for some i € I,
’ 0 otherwise.

The outcome function g : M — A(A) is defined as follows: for each

me M,

iel

+ {l—-e(m',m")} {)xlf(m’l,m”) + Ao f(m®m™ + (1= N — S\Q)f(ml)} :

where f(m*, mF1) = X1 f; (m¥,m*;") and fi(mf, m*;') denotes the

marginal distribution of f(m¥ m*>') on A, for k € {—1,0}.

. The transfer rule:

Let n be positive numbers. Player ¢ is to pay 7 if his 1st round announce-

ment differs from his own 0th round announcement.

(0 1y )T ifmzl?ém?;
Ti (mi’mi) o { 0 otherwise. (3.24)
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The definitions of E and D are the same as in the previous section.

We choose positive numbers A, o, €, n such that for every t;,t; € T; and
every i1 € I,

Ti > (3.25)

Mo D0 [t ), 6(8)) = wilFilth, ), B:(8) | 7t -] > 7, for g € {12}

t_;€T_;
(3.26)
n>eE+(1—X\ — \)D; (3.27)
and
y>€eE+(1—X—X\)D+n. (3.28)

Since f is strictly incentive compatible, the existence of v is guaranteed in

(3.26).

Remark 3.5. In a separable environment, a proper adjustment of the weight
between the 0th round report and the 1st round report can decrease the payment
in a way that differs from that used in Abreu and Matsushima (1994). Specifi-
cally, given T, we can choose (1 — P 5\2) small enough to make the weight of
the 1st round announcement small enough. Therefore, n can be chosen small

enough to prevent the deviation in the 1st round.

Remark 3.6. We omit the proof of Theorem|[3.4 and rather provide a heuristic
argument of how the proof works. The first round deletion of weakly dominated
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strategies is the same as the procedure in the proof of Claim 1. Second, to elicit
the true type profile in the —1th and Oth rounds, the constructed SCF f works
in a similar way as the scoring rule (dY) did in the proofs of Claims 2 and
3. Specifically, the function f is constructed such that each player i’s payoff
from f is affected only by his own —1th (resp. 0th) round report and the other
players’ —2th (resp. —1th) round report. By the strict incentive compatibility,
each player will announce truthfully in the —1th (resp. 0th) round(given the
truth telling in the —2th (resp. —1th) reports for everyone). When all players
tell the truth in every round, the constructed function f coincides with the SCF
f. This enables the mechanism to implement f without any ex post transfers.
Finally, the last round of elimination of strictly dominated strategies works in

a way that is parallel to the proof of Claim 4.

3.5 Applications

We now discuss the applications of our results. First, we connect our results to
continuous implementation, a concept proposed by Oury and Tercieux (2012).
In Section 5.1, we show that any incentive-compatible SCF is continuously
implementable with arbitrarily small transfers. Second, we discuss robust
undominated Nash implementation, which Chung and Ely (2003) call UN E-
implementation. Chung and Ely show that when UN E-implementation is
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defined to be robust to perturbations accommodating interdependent values,
Maskin monotonicity is a necessary condition. In contrast, when we require
UN E-implementation to be robust only to private-value perturbations, we
establish a very permissive result. That is, as long as we allow for a tiny number
of transfers out of equilibrium, any incentive-compatible SCF is shown to be
UN E-implementable. Finally, with ex post small transfers, we obtain a full

implementation result of the full surplus extraction in auctions environments.
3.5.1 Continuous Implementation

The mechanism design literature often deals with environments in which mon-
etary payments are available, and they are content to limit their analyses to
partial implementation. Partial implementation is a notion that requires the
planner to design a game in which only some equilibrium—but not necessarily
all equilibria—yields the desired outcome. Then, appealing to the revelation
principle, its analysis reduces to the characterization of incentive-compatible
direct revelation mechanisms. This means that the mechanism design liter-
ature discounts the possibility that undesirable equilibria exist in the game.
Full-as opposed to partial-implementation is a notion that requires that all
equilibria deliver the desired outcome. Although it is unfortunate that the
literature has thus far largely ignored the need to compare partial and full im-
plementation, Oury and Tercieux (2012) have recently built a bridge between
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these two notions. They consider the following situation: The planner wants
not only that the SCF be partially implementable, but also that it continue to
be partially implementable in all the models close to his initial model. That
is, the SCF is continuously (partial) implemented. Oury and Tercieux (2012)
show that Bayesian monotonicity (See definition on p. 1617 in Oury and Ter-
cieux (2012)), which is a necessary condition for full implementation, becomes
necessary even for continuous implementation; in light of this result, they argue
that continuous implementation is tightly connected to full implementation.
We shall show that as long as the planner is willing to allow for small ex
post transfers, any incentive-compatible SCF is continuously implementable
in private-values environments. This stands in sharp contrast with Oury and
Tercieux (2012) because our continuous implementation result does not need
Bayesian monotonicity but only incentive compatibility, which is a necessary
condition for partial implementation. Our result is consistent with Matsushi-
ma| (1993)), which shows that in Bayesian environments with side payments
under strict incentive compatibility, Bayesian monotonicity holds generically.
Therefore any incentive compatible SCF is fully implementable. Note that
if one is willing to settle for allowing small ex post transfers, one can always
transform any incentive-compatible SCF into a strict incentive-compatible one.

However, the mechanism which can fully implement any incentive-compatible
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SCF employs either large transfers (Matsushima (1991)) or infinite strategy
space (In the Bayesian environments with side payments, the set of allocation
rules is infinite in Jackson| (1991)). We show that with arbitrarily small trans-
fers, any incentive-compatible SCF is fully implementable by a finite mecha-
nism, not only in the benchmark model but also in the nearby environment.
Given a mechanism (M, 7) and a type space T, we write U (M, 7,T)
for the induced incomplete information game. In the game U (M,7,7), a
behavior strategy of a player i is any measurable function o; : T; — A (M;).
We follow |Oury and Tercieux| (2012) to write down the following definitions.

We define

Vi((mg, 0_), Zm i ZO'_Z ) {wi(g(mg,m_y), 0;(t)) + 1i(my, m_y)) }.

Definition 3.8. A profile of strategies 0 = (o1,...,07) is a Bayes Nash

equilibrium in UM, 7,T) if, for each i € I and each t; € T;,
m; € supp (0 (t:)) = my; € argmazy,,cpy, Vi ((mj, 0-3) i) .

We write o7 for the strategy o restricted to T.

For any T = (Tj,0;,7)icr, we will write 7 O T if T D T and for every

t; € T;, we have m; (t;) [E] = 7; (t;) [T_i N E} for any measurable £ C T_;.

Definition 3.9. Fiz a mechanism (M, 7) and a model T such that T C T. We
say that a Bayes Nash equilibrium o in U (M, T,T) (strictly) continuously
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implements f : T — A(A) if the following two conditions hold: (i) o is a
(strict) Bayes Nash equilibrium in U (M,T,T) ; (i) for any t € T and any

sequence t[n] —, t, whenever tin] € T for each n, we have (goo)(t[n]) — f(1).
We introduce two variants of continuous implementation:

Definition 3.10. An SCF f: T — A (A) is continuously implementable with
transfers if there exists a mechanism (M, T) such that for each model T with
T C T, there is a Bayes Nash equilibrium o in U(M,7,T) that continuously

implements f.

Definition 3.11. An SCF f : T — A (A) is continuously implementable with
arbitrarily small transfers if for any T > 0, there exists a mechanism
(M, 7) such that for each model T with T C T, there is a Bayes Nash equi-

librium o in U (M, 7,T) that continuously implements f.
First, we establish the following important lemma.

Lemma 3.3. Fiz any model T such that T C T. There exists a finite mecha-
nism M. For any t € T and any sequence {t ]}~ in T, if t[n] —, T, then,

for each n large enough, we have S®W (t[n]|M,T) C S®W (t|M,T).

Let M be any one of the mechanisms used in Section |3.4] The proof of
Lemma [3.3] builds upon the following claims.

125



Claim 3.6. Fiz any model T such that T C T. For anyt € T and any
sequence {t[n]}2, such that t [n] —, t, there exists Ny € N such that for any

n > Ny, we have if m; € W} (t;[n] |M,T), then m;? = t,.

Proof. Fix t € T. Let {t[n]}>°, be such that ¢ [n] —, £. There exists a natural
number Ny € N such that for each n > Ny, we have 0; (; [n]) = 0;(F;) = 0;
for some 6; € ©,. This is due to the fact that ©, is finite and endowed with
the discrete topology. It follows immediately from Claim ﬂ that if m; 2 # t;,

then m; & W} (t; [n] |IM,T). O

Fix a mechanism (M, 7) and a type space 7. For any # € T, we define a

ti.

new iteration process. We say that m; € W, (fi|/\/l, T) if and only if m;
We set S (£:|M,T) = Wi (B|M,T). S (#|M,T) is defined in the same
way as in Section for all [ > 1.

=1

S=W (HIM,T) = Hie[ SEW; (5|M,T).

Fix any model 7 such that 7 C 7, and a finite mechanism M, for any
t € T and any sequence {t[n]} ", in T such that ¢ [n] —, ¢, for any n > Ny,

S®W (t[n]| M, T) € S*W (t[n]|M,T) by Claim 3.6

Claim 3.7. Fiz any model T such that T C T, there exists a finite mechanism
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M. For any t € T and any sequence {t[n]}>", in T such that t[n] —, t, for

each n large enough, we have S®W (t[n]|M,T) C S®W (t|M,T).

Proof. From Claims 2, 3, and 5 in Section we know that for any t € T,
S®W (M, T) = {(t,...,1)} . Therefore, S®°W ({|M,T) = S®W ({JM, T). So
it suffices to show for each n large enough, S®W (t[n]| M, T) € S®W (t [n] |M, T).

That follows from showing that for each ¢ € T and sequence {t[n]}>", in
T such that t[n] —, t as n — oo, there exists a natural number N € N such
that, for any n > Ny, we have S* (¢ [n] M, T) C S*(#M,T), for all k. We
prove this by induction. From Claim [3.6] we know that for any large enough
n, 0; (ti [n]) = éz(fz) = 0, for some 0; € ©;. We fix such large n. By definition,
m; € W; (t; [n] M, T) then m;? = t;. Thus, S* (¢ [n] M, T) € W'({|M,T).
Suppose the claim is true for any k£ > 1. We then show that it is also valid for
kE+1.

Fix m; € SF™ (t;[n]]M, T). Recall the notation in Section 2.2. Then, for

any mj, there exists some v : T_; — A(M_;) such that

Y walg(mi,m), 0) + 7 (mi,mi)] VP (mft)m(tn]) [E(3.29)

t_im—;

> > [wilg(mi,m=i), 0:) + 7 (miym) | P (meg )yt [n)) ),
t_;m_;
where v™ (m_|t_;)m;(t:[n])[t_;] > O implies that m_; € S*,(t_;J M, T). Let

Vi (mi,m_;) = Z [ui(g(mi, m_;),0;) + 7 (m, m_i)] V["](m_i\t_i)m(ti[n])[t_i].
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For any m; and m/, we define gmimi - T, — M_; such that, for any t_;,

gremi(t) =arg  max AV (my,m_;) = Vi (mf,m_i)}.
m_;€8%,(t_;|M,T)

We can interpret ,Bm’m; as player ¢’s belief about the best possible scenario
for the choice of m; against m; where other players use k-times iteratively
undominated strategies. Thus, we have

3 [uigme,m_s), 6) + 7 (my,m_y)] m, ( [n)) [{t,i €T, B (1)) = m,i}}

m_;

> 3 [wilglmlmoi), 6:) + 7 (mhm)] i (ks [n]) [{s € T 8™ (1) =i}

m_;
Note that this is where the assumption of private values becomes crucial. Since

t[n] —, t, for any n > 0, there exists g, > 0,
i (i [n]) (L)) — mi () [L], as n — oo,

where (t_;)°» denotes an open ball consisting of the set of types ¢t_; whose
(k — 1)-order beliefs are g,-close to those of types f,i.ﬁ It follows that the
following probability is well defined.

For any t_; € T_; such that 7; (£;) [f_;] > 0, and m_;, we define the follow-

ing:

- _omi(tn)) [{tee () e (i) = moy]
Pri b= fm—i] = Jim, (B |

%This follows from the fact that the Prohorov distance between t; [n] and #; converges to
0 due to the finiteness of T_;. See Dudley (2002, pp. 398 and 411).
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Now we construct a conjecture v : T_; — A(M_;) for type t;. For any
(t—iym—;), we set v(m_;|t_;) = p_; (t—;) [m—;]. From the inequality above we

have

Therefore,

Z [wi(g(mi,m_;),0;) + 73 (my, m_y)| v(m_;|t_;)m;(E;)[T—;]
t_im_;
2 Z [ui(g(
t_im_;
By construction, v(m_;|t_;)m(£;)[t_;] > 0 implies that m_; € S*.(t_; [n] |IM, T).
By our induction hypothesis, S*,(t_;[n] |M,T) C S*,(t_;]M,T). Thus, we

have m_; € S*.(t_;JM,T). Since the choice of m/ is arbitrary, so this com-

pletes the proof. n

If we do not impose any conditions on the size of ex post transfers, we

obtain the following very permissive result.

Theorem 3.5. Suppose that the environment & satisfies Assumptions[3.1] and

(3.3 Assume I > 2. Any SCF [ is continuously implementable with transfers.
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Proof. We employ the mechanism (M, 7) constructed in Section 2.1 and let
K = 1. Therefore, for all t € T, m € S®W ({M,T) = g(m) = f (t). Note
that S®W ({|M,T) = {(¢,...,{)} . We write o* such that o} (;) = (;, ..., 1;)
for all ¢; € T;. Now pick any 7 such that 7 C 7. It is well known that
a trembling hand perfect equilibriumﬂ is always contained in S®W. There-
fore, o* is a trembling hand perfect equilibrium in U (M,T’,T) . We show
that there exists an equilibrium that continuously implements f on 7. For
each player i and each type t; € T, restrict the space of strategies of play-
er i by assuming that o; (£;) = o} (¢;) for each #; € T;. Because M is finite
and T is countable, standard arguments (see footnote 1 of online appendix
of |Oury and Tercieux (2012)) show that there exists a Bayes Nash equilib-
rium in U(M,7,7T), which is denoted by o. Thus, ¢ is a Bayes Nash equi-
librium in U(M,7,T) and o7 is a Bayes Nash equilibrium in U (./\/l,i', 7;) )
Now, pick any sequence {t[n]} -, such that ¢[n] —, t. It is clear that, for
each n : Supp(o (t[n])) C S®W (t[n] |M,T). In addition, for n large enough,
we know by Lemma that S®W (t[n]|M,T) C S®W ({{M,T) and so,

(goo)(tln]) = f(t) as claimed. U

"We follow Osborne and Rubinstein (1994) and provide a version in our contex-
t. A profile of strategies 0 = (o1,...,07) is a trembling hand perfect equilibrium in
U(M,7,T) if, for each ¢ € I and each t; € T;, there exists a sequence (ok)iio of
completely mixed strategy profiles that converges to o such that, m; €supp(o; (t;)) =
m; €argmax,, e, Vi ((mg, UL) ,tq;) , for every k.
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It is often unrealistic to assume that the mechanism can induce very large
transfers even out of equilibrium. Therefore, we obtain the following charac-

terization of continuous implementation with arbitrarily small transfers.

Theorem 3.6. Suppose that the environment £ satisfies Assumptions[3.1] and
(3.3 Assume I > 2. An SCF [ is continuously implementable with arbitrarily

small transfers if and only if f is incentive compatible.

Proof. For any 7 > 0, we employ the mechanism (M, 7) constructed in Section
2.1. The proof for “if” part is parallel to the proof of Theorem

The “only if” part is proved as follows: Given f is continuously imple-
mentable with arbitrarily small transfers. Then, for any 7 > 0, there is a
Bayes Nash equilibrium o in U(M,T) such that (g o o)(f) = f(f) for any
t € T and 7(0(f)) < 7. By a similar argument in the proof of the “only if”

part of Theorem [3.2 we conclude that f is incentive compatible. O
The next result is one of the main results of Oury and Tercieux (2012).

Proposition 3.1 (Theorem 2 of Oury and Tercieux (2012)). If an SCF f is

strictly continuously implementable, it satisfies strict Bayesian monotonicity.

Oury and Tercieux show that the condition for full implementation (i.e.,
Bayesian monotonicity) is necessary for “strict” continuous partial implemen-
tation. To drop this “strictness,” they assume instead that sending messages in
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the mechanism is slightly costly. Recall that our mechanism exploits the weak
dominance in round -2 announcement. This weak dominance will be highly
sensitive to payoff perturbations that are induced by the cost of sending mes-
sages. Therefore, Oury and Tercieux’s argument cannot apply here; as a result
the relation between Bayesian monotonicity and continuous implementation
disappears. However, as long as we allow for ex post small transfers and con-
sider private-values environments, we obtain yet another result that permits
continuous implementation and our result is as permissive as it can be. Oury
and Tercieux’s result also holds in any interdependent-value environments,
while our result can be extended to a particular class of interdependent-value

environments (see the discussion in Section 6.2).
3.5.2 UNE Implementation

Chung and Ely| (2003) contemplate the following situation: if a planner wants
all equilibria of his mechanism yield a desired outcome, and if he entertains
the possibility that players may have even the slightest uncertainty about pay-
offs, then the planner should insist on a solution concept with a closed graph.
Chung and Ely then adopt undominated Nash equilibrium as a solution con-
cept and call the corresponding implementation concept “UNE implementa-
tion”. In particular, Theorem 1 of |Chung and Ely| (2003) shows that Maskin
monotonicity is a necessary condition for UNE implementation. For this
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proof, one needs to construct a near-complete information structure in which
some players have superior information about the state, and consequently,
about the preferences of other players. In their Section 6.2, Chung and Ely
restrict their attention to private-value perturbationﬂ in which each type may
be uncertain about the preferences of other players but always knows his own
preferences. Under such perturbations, they show that dominated strategies
under complete information continue to be dominated.

In their footnote 7 (Chung and Ely| (2003) observe that the continuity of
dominated strategies under private-value perturbations does not necessarily
guarantee that UNE implementation suffices for UN E-implementation. In
fact, we provide an affirmative answer to Chung and Ely’s question. That is,
our robustness argument can be adapted to prove that the mechanism provid-
ed in Abreu and Matsushima (1994) actually achieves UNE implementation.
Thus, if we consider private-value environments and allow for small ex post
transfers, we provide a permissive result for UN E-implementation.

Following|Chung and Ely| (2003), we now rephrase their definition of UN E-

implementation.

Definition 3.12. Fiz a mechanism (M, T) and a complete-information model

T. We say that (M,7) UNE-implements f : T — A(A) if the following two

8The perturbation in Chung and Ely (2003) is a special case of the perturbation defined
in a universal type space that we formulate here.
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conditions hold: (i) there exists a strategy profile o such that o is an un-
dominated Nash equilibrium in U (M, T, 7—') ; (i) for any t € T, any sequence
t[n] —, t, any model T with T C T, and any sequence of undominated Bayes
Nash equilibria {o™}2, of the game U(M,7,T), whenever tin] € T for each

n, we have g(a"(t[n])) = f(1).

Note that any complete-information model is a special case of an incomplete-

information model. By Theorem we record the following result:

Corollary 3.1. Suppose that the environment € satisfies Assumption|[3.1] and
T is a complete-information model. Assume I > 2. Any SCF f is UNE-

implementable with transfers.
More importantly, we obtain the following permissive result:

Corollary 3.2. Suppose that the environment £ satisfies Assumption[3.1] and
T is a complete-information model. Assume I > 2. Any incentive-compatible

SCF f is UN E-implementable with no transfers.

Remark 3.7. Assume that there are at least three players. In this case, under
complete information, the planner can always detect any unilateral deviation
from a truthful announcement. Therefore, we simply construct a new SCF
that is the same as the original SCF, except that we simply ignore any such
unilateral deviation and assign the same lottery as if there were no deviation-
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s. This new SCF is equivalent to the original SCF under the hypothesis of
complete information so that we can make any SCF be incentive-compatible.
So, when I > 3, we can drop incentive compatibility completely from Corollary
. In fact, this is the main result of Abreu and Matsushima (1994). The
novel contribution here is to observe that the result of Abreu and Matsushima

(1994) can be adapted to establish UN E-implementation.

Proof. Note that complete-information environments trivially satisfy NEI (non-
exclusive information) assumption. So, we modify the scoring rule d? as we

did for Theorem [3.2] The rest of the proof is completed by Theorem [3.6, [

Our result is consistent with |(Chung and Ely (2003). Theorem 1 of |Chung
and Ely| (2003) shows that Maskin monotonicity is a necessary condition for
UN E-implementation. Specifically, for the proof of this theorem, one needs
to exploit the interdependent values. It is also easy to show that Maskin
monotonicity is still necessary for UN E-implementation if players are not
very sure about their own payoff type in the case of private values. In the
present paper, we assume private values and it is also possible to extend our
continuous implementation result to a particular class of interdependent-value
environments. In Section 6.2 below, we elaborate more on the difficulty of
extending our results to general interdependent-value environments.
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3.5.3 Full Surplus Extraction

In a seminal paper, Crémer and McLean| (1988) show that in a single object
auction with generic correlated types, it is possible to design a mechanism
(which we call a CM mechanism) in such a way that (i) each bidder earns an
expected surplus of zero in a Bayes Nash equilibrium and (ii) the object is
allocated to the agent with the highest valuation. This outcome is referred
to as the full surplus extraction (henceforth, FSE) outcome. Although this
is a surprisingly positive result, an FSE outcome is rarely observed in reality.
Many explanations have been proposed to resolve this discrepancy between
theory and reality, including risk neutrality, unlimited liability, the absence of
collusion among agents, a lack of competition among sellers, and the restric-
tiveness of a fixed finite type space. Although these are important issues, we
rather follow Brusco| (1998) who points out another weakness of the FSE re-
sult. In particular, Brusco provides an example in which every mechanism has
the FSE property as a Bayes Nash equilibrium must have another Bayes Nash
equilibrium which is weakly Pareto superior for the agents. This implies that
the multiplicity of equilibria might be a reason why the FSE outcome is not
observed in reality, despite the fact that the FSE outcome is an equilibrium in
dominant strategies. Brusco shows that one can devise a two-stage sequential
mechanism that implements the FSE outcome in all perfect Bayesian equilib-
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ria. |Chen and Xiong| (2013)) show that the FSE outcome is virtually Bayesian
fully implemented.

We can establish a similar result, by adopting a static mechanism to achieve
full implementation, as long as players do not use weakly dominated strategies.
First, we include the range of payment schemes of the CM mechanism as part
of A (the set of pure outcomes). Second, following|Crémer and McLean| (1988),
we observe that the social choice function that achieves the FSE outcome is
Bayesian incentive compatible, i.e., incentive compatibleﬂ So, by Theorem

3.2, we obtain the following;:

Corollary 3.3. Suppose that the environment & satisfies Assumptions 1 and
2. Assume I > 2. The FSE outcome is implementable in S®W with arbitrarily

small transfers.

Therefore, we still obtain the FSE property even when we insist on full
implementation with small transfers. Note that we achieve full implementation
in a finite mechanism, whereas the mechanisms in Brusco (1998)) and Chen
and Xiong (2013)) are infinite and involve either integer games or an “open set

trick.” One crucial assumption that we adopt for this result is that no players

9Crémer and McLean| (1988) show two main results: their Theorem 1 achieves FSE in
dominant-strategy incentive-compatibility when agents’ beliefs satisfy a full-rank condition,
whereas their Theorem 2 achieves FSE in Bayesian incentive-compatibility when agents’
beliefs satisfy a weaker spanning condition. Corollary therefore strengthens only their
Theorem 2, while the results in |Brusco| (1998)) and |Chen and Xiong (2013) apply to their
Theorem 1 as well.
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use weakly dominated actions.

3.6 Discussion

Throughout our argument, the dominance is always strict except in round —2.
In Section 6.1, we introduce the concept of partial honesty and propose a way
of making the dominance in round —2 “strict.” This allows us to connect our
results to rationalizable implementation. In Section 6.2, we provide a sufficient

condition for our results in interdependent-value environments.

3.6.1 The Role of Honesty and Rationalizable Imple-
mentation

Following Matsushima (2008) and Dutta and Sen| (2012), we depart from the
assumption that all players are motivated solely by their self-interest and in-
stead assume that they all have a small intrinsic preference for honesty. This
implies that such players have preferences not just on outcomes but also di-
rectly on the messages that they are required to send to the planner.

Fix the mechanism I' = (M, 7) that we constructed in Section 3. First,
recall that each player i’s preferences are given by u; : A(A) x ©; — R.
Following the setup of |Dutta and Sen (2012)), we extend this u;(+) to v; : M X
0; — R satisfying the following two properties: for all T = (Tj, é,-, Ti)iel, © €
I, t=(tit_;) €T, my,m; € M;,and m_; € M_;:
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]_. If ul(g(mz,m_z),él(tz)) Z ul(g(mz,m_z),él(tz)), m4_1 = ti, and mz_l 7& ti,

7

then

vi((ma, m_y), 0;(8:)) > vi( (g, m_y), 0;(8)).

2. In all other cases, v;((mi, m_;), 0;(t;)) > v; (7, m_;), 6;(t;)) if and only if

wi(g(mi,m_s),0:(t:)) > wi(g(mi, m_s), 0:(t:)).

The first part of the definition captures an individual’s preference for partial
honesty. That is, he strictly prefers (m;, m_;) to (m;, m_;) only if he thinks
g(m;,m_;) is at least as good as g(m;,m_;). We consider this to be a very
weak assumption, and this weakness makes the concept of partial honesty
particularly compelling. If all players are partially honest in this sense, we
can conclude that any message containing truth-telling in round —2 strictly
dominates any other message containing non-truth telling in round —2. Hence,
given partial honesty, every dominance becomes strict in our mechanism. This
means that we can improve upon our previous results by replacing S®W
with S, which is the (interim correlated) rationalizability correspondence,
which maps each type profile to the set of message profiles that survive the

iterated deletion of never best responsesm By Claim 7, we know that this

0Tn finite games, it is well known that an action is strictly dominated if and only if it is
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rationalizability correspondence is upper hemi-continuous. Hence, we obtain

the following result:

Proposition 3.2. Suppose that the environment £ satisfies Assumptions
and [3.9. Assume I > 2. Assume further that all agents are partially honest.
Then, any incentive-compatible SCF' is implementable in S with arbitrarily
small transfers. Moreover, any incentive-compatible SCF 1s “strictly continu-

ously” implementable with arbitrarily small transfers.

Proof. We simply combine all the arguments we made above for Theorems 2

and 5. This completes the proof. ]

Oury and Tercieux (2012)) show in their Theorem 4 that an SCF f is contin-
uously implementable by a finite mechanism if and only if it is implementable
in rationalizable strategies by a finite mechanism. Although they do not need
ex post payments or partial honesty, without either of these we know of no
rationalizable implementation result with finite mechanism. For any SCF f,
we denote by f7 the augmentation of f by ex post transfers 7. We interpret
f7 as an SCF that is very close to f. We show that when all players are par-
tially honest and an SCF f is incentive compatible, then f7 is implementable

in rationalizable strategies by a finite mechanism. Kunimoto and Serrano

a never best response.

140



(2014)) show that if an SCF is implementable in rationalizable strategies by a
finite mechanism, it satisfies interim rationalizable monotonicity. Combining
these results, we conclude that when all agents are partially honest, for any
incentive compatible SCF f, one can find a nearby SCF f7 such that f7 is
implementable in rationalizable strategies by a finite mechanism if and only if
it satisfies interim rationalizable monotonicity.

Since interim rationalizable monotonicity implies Bayesian monotonicity
(see Kunimoto and Serrano (2014)), as long as all agents are partially honest
and the planner can allow a tiny number of ex post transfers in designing the
mechanism, Bayesian monotonicity or any version of monotonicity condition
can be fully dispensed with for continuous implementation. However, this
argument applies only to private-value environments. In the next subsection,
we discuss to which extend we can extend our results to interdependent-value
environments.

Matsushima/ (2008)) imposes more stringent structures on the players’ cost
function of sending messages than our partial honesty so that he can take care
of fully interdependent values. We believe that one of the strongest assump-
tions he made was that the cost of sending messages depends on the propor-
tion of a player’s dishonest announcements. This assumption is very specific

to the construction of our mechanism and that in Matsushima (2008) (and
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thus, to basically any mechanism that resembles the Abreu-Matsushima type
of construction) in the sense that each player is required to make a number of
announcements of his type in the mechanism. In other words, Matsushima’s
assumption no longer makes sense once we adopt a different construction of
the mechanism, according to which all players are not necessarily required to
report their types many times. Nevertheless, the concept of partial honesty
can still be valid as long as the messages in the mechanism contain the play-
ers’ types. The lesson we draw here is that there seems to be a clear trade-off
between the permissiveness of implementation results and more structures in

regard to the cost function of sending messages.
3.6.2 Private Values vs. Interdependent Values

We now deal with the case of interdependent-value environments in which each
player ¢’s utility function is defined as u; : Ax© — R. This section is organized
as follows: we first provide a class of interdependent-value environments to
which all our results in private-value environments can be extended. Such
an environment is said to satisfy Condition (S). Second, we elaborate on
the implications of Condition (S). Finally, we show by example that our
mechanism fails to work when Condition (5) is violated. We thus conclude
that we need a completely different mechanism if we want to deal with more
general interdependent-value environments.
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Condition (S) We say that an environment & satisfies Condition (S) if, for

each i € I, there exist a function z; : T; — A(A) and ¢ > 0 such that

for all t;,t; € T, with t; # t, and t_; € T,
wi(@i(t;), Oi(t:), 0_s(t—3))) — wiwi(t]), (0:(t:), 0_i(t_;))) > ¢ (3.30)

Although we can extend all our results to interdependent-value environ-
ments satisfying Condition (.S), we restrict our discussion here to the extension

of Theorem 2[1]

Proposition 3.3. Suppose that the environment € satisfies Condition (S) and
Assumption [3.3. Assume I > 2. An SCF f is implementable in S®W with
arbitrarily small transfers where S®W (t|M,T) is a singleton for eacht € T

if and only if it is incentive compatible.

Proof. We only focus on the if-part of Theorem 2. From the proof of the
Theorem 2, we observe that the proof of Claim 1 exploits the private-value
assumption, while Claims 2, 3, and 5 hold even in interdependent-value envi-

ronments. Therefore, it suffices to show that Claim 1 still holds here.

In this class of interdependent-value environments, {u;(;(;), 0;) — wi(z:(m; ),

in is replaced by
wi(i(t:), (0:(t:), 0-5(t_3))) — wil@i(t)), (0i(ts), 0_i(t_0))).

' This restriction is justified because one can easily see that all other results of our paper

crucially rely on the validity of Theorem 2. Note also that Theorem 1 can be seen as a
special case of Theorem 2.
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By inequality (3.30)), the last inequality in (3.14)) is strict whenever e(m~1, m°®) =

¢ for some m_;. This completes the proof. m

To illustrate the strength of Condition (S), we use the concept of type
diversity, which is introduced by |Serrano and Vohral (2005). Type diversity is
a natural counterpart of Assumption 1 in interdependent-value environments.

To define type diversity, I need to introduce some notation. Let A be a
finite set of alternatives. For each a € A and i € I, define u¢(¢;) to be the
interim utility of player i of type t; € T} for a constant lottery which assigns a

in each state, i.e.,

Let ufl(t;) = (uf (i) aeca

Assumption 3.3. The environment £ satisfies type diversity if the following

two properties hola{ﬂ:

1. there does not existi € I, and t;,t; € T; with t; # t} such that

7

upt (t) = au (1) + 8

12To be precise, the second property of our type diversity was not included in its original
definition of Serrano and Vohra/ (2005). Thus, our version of type diversity is slightly stronger
than theirs.
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for some a > 0 and € R.

2. for every i € I and t; € T, there exist a,a’ € A such that
i (ti) # ui ().

Serrano and Vohra| (2005) establish the following lemma, which can be

considered an extension of Lemma 1 of the current paper.

Lemma 3.4. (Serrano and Vohra (2005)) Suppose that the environment £
satisfies Assumption |3.5. Then, for each i € I, there exists a function x; :

T; — A(A) such that for all t;,t; € Ty with t; # t),
D i), O)hi ()[0] > Y wil@i(t]), 0)hi (£:)16], (3.31)
0 0
where hl(t;) € A(O) denotes the first-order belief of type t;.
Remark 3.8. [t is easy to see that Condition (S) implies type diversity.

In Example below, we will construct an interdependent-value environ-
ment satisfying type diversity but violating Condition (5) in which there exists
a message profile in S*®W but it induces an outcome different from the one
specified by the social choice function. The main difficulty lies in eliciting each

player’s true type in round -2 announcement.
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Example 3.1. A = {ay,a,}; [ = {1,2,3}; T; = {t}, 12} for all i € I. Define

a; = (1,0);as = (0,1); ¢t = (1,0); and t? = (0,1). Let 3+ 1 = 1. Let

w1 — A (T_,-) be player i’s interim belief map from T; — A(T-;) :

N o1 ) 2/3 iftia =t =t
Wi(tz)[t—l] - { 1/3 ifti+1 ) ?é l;.

That is, in player i’s view, player (i + 1)’s type and player (i + 2)’s type are
perfectly correlated but they are only partially correlated with player i’s type.

Each player i has the following preferences: for any a € A andt € T,
ui(a,t) = (1—5) ><a~tz-+5>< a-tiﬂ,

where 0 € [0,1] and a-t; denotes the dot (or, inner) product of the two vectors
a and t;. That is, player i’s preferences depend on his own type and player
(i +1)’s type, but not depend on player (i + 2)’s type.

Consider the following incentive-compatible social choice function f* : T —
A(A): for any t € T, f*(t) = a if and only if there exists a € A such that

#{i €l :t;=a} > 2. We can interpret this f* as the majority rule.

We parameterize the class of environments by the value of § € [0, 1]: when
0 = 0, the environment corresponds to a private-value one and also satisfies
Assumptions 1 and 2 so that our mechanism can implement f*; When § €
(0,1/2), it corresponds to an interdependent-value environment which satisfies
Condition (S) and Assumption 2 so that our mechanism can implement f*;
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and when d € [1/2,1], it corresponds to an interdependent-value environment
which satisfies Assumptions 2 and 3, but violates Condition (.5).

Consider Example 1 with 6 = 1. By Lemma|3.4] we can find a set of lotteries
{@i(ti) }1,et, ics satisfying inequality . Therefore, for any 7 > 0, we can
adopt the corresponding mechanism (M, 7) defined in Section with this
set of lotteries. We claim that in the case of 6 = 1, the mechanism generates a
strategy profile which survives S®W but induces an outcome which is “not”
consistent with the one specified by the SCF f*. This shows some difficulty
of extending our results to general interdependent-value environments. We

formally state this claim as follows:

Claim 3.8. Consider Example 1 with § = 1. Fiz any set of lotteries {x;(t;) }1,e 7, icr
satisfying inequality and the corresponding mechanism (M, T) defined
in Section [3.3.1) For any i € I and any t; € T}, we have that (t,,...,t)) €

SEW,i(t| M, T) where t; # t;.

Proof. See Appendix A.2. n

In their Theorem 4 |Oury and Tercieux (2012)) show that a social choice
function f is continuously implementable by a finite mechanism if and only if
it is implementable in rationalizable strategies by a finite mechanism. They
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do not need any ex post payment, but assume that sending messages in the
mechanism is (slightly) costly. We assume that sending messages is costless,
but allow for small transfers. We show that all of our results can be extended
to the class of interdependent-value environments which satisfy Condition (.5).

Bergemann and Morris| (2009) show that their robust measurability, which
is a necessary condition for robust virtual implementation, is closely connect-
ed to the degree of interdependence of preferences. They also show that ro-
bust measurability is equivalent to requiring that the notion of measurabil-
ity originally suggested by Abreu and Matsushima (1992b)-henceforth, AM
measurability—holds on the union of all type spaces. Following this idea, in
our paper, AM measurability must be a necessary condition for (full) exact
rationalizable implementation in interdependent value environment.

This example satisfies type diversity. Under type diversity, we know that
every social choice function satisfies AM measurability (see|Serrano and Vohra
(2005)). This means that the difficulty we encounter here has nothing to
do with the measurability condition. In other words, we must seek another

explanation if we consider (full) exact implementation, not virtual one.H

13For example, Artemov et al.| (2013) show that robust measurability almost always be-
comes a vacuous constraint for robust virtual implementation. This seems to be consistent
with our finding in this example: AM measurability has nothing to do with the problem of
interdependent preferences, while Condition (S) indeed does.
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3.6.3 Budget Balance

Assume I > 3. By constructing d) under a stronger (and yet still generic)
version of Assumption 2, following [d’Aspremont et al.| (2003), we can achieve
budget balance for d?. By allocating all the other transfers only across a-
gents, we can achieve budget balance everywhere (both on and off the solution

outcome).

3.6.4 Implementation with Arbitrarily Small Transfers
vs. Virtual Implementation

Virtual implementation means that the planner contents himself with imple-
menting the social choice rule with arbitrarily high probability. For example,
under complete information, Abreu and Sen| (1991)), |Abreu and Matsushima
(1992a)), and Matsushima, (1988]) all show that essentially any SCF is virtu-
ally implementable. While virtual implementation provides for an impressive
conclusion, it comes at the expense of some assumptions. In virtual imple-
mentation, the planner is willing to settle for implementing something that
is e-close to the SCF. This implies that the planner is considered capable of
committing to any mechanism, which might assign a very bad outcome with
probability €. In order for this argument to work, players must take these
small probabilities seriously and base decisions on them, with the rational ex-
pectation that these outcomes will be enforced if they happen to be selected
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by the mechanism. If we interpret a mechanism as a contract between the
two parties, it is natural to worry about the possibility of renegotiation and
seek to design renegotiation-proof mechanisms. This argument leads us to the
conclusion that virtual implementation will not be renegotiation-proof, which
potentially upsets its very permissive results. When we are satisfied with virtu-
al implementation, we might simply overlook a big cost of designing a credible
mechanism.

We propose the concept of implementation with arbitrarily small transfers;
this is another concept of approximate implementation, very much like virtual
implementation. The key feature of our mechanism, however, is that undesir-
able outcomes never occur with positive probability. Indeed, we need ex post
transfers but we can make them arbitrarily small. This makes our mechanism

less susceptible to renegotiation and therefore more credible.

.1 Appendix

There are two subsections in the appendix. In Section A.1, we show that our
mechanism also works under iterative deletion of weakly dominated strategies,
i.e., W and moreover, the order of removal of strategies in W is irrelevant
in our mechanism. In Section A.2, we prove the claim we have made in the
argument in Example 1 of Section 6.2.
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.1.1  Order Independence

We now define the process of iterative removal of weakly dominated strate-
gies. We seek to define mechanisms for which the order of removal of weakly
dominated strategies is irrelevant, that is, given an arbitrary type profile, any
message profile in the set of iteratively weakly undominated strategies can im-
plement the socially desired outcome at that type profile. Given a mechanism
M, let U(M,T) denote an incomplete information game associated with a
model 7. Fix a game U(M,T), player i € I and type t; € T;. Let H be a
profile of correspondences (H;),., where H; is a mapping from T; to a subset of
M;. A message m; € H; (t;) is weakly dominated with respect to H for player

i of type t; € T} if there exists m} € M; such that

> uilglmt, o (-0)), Bilt:)) + 7 (mly o (t))] i () ]

t_;

> 3 [uslglms, o (40, 03(t:)) + 73 (ms, 0 (4-0)) | s (8 [t

t_;

for all o_; : T ; — M_; such that o_; (t_;) € H_; (t_;) and a strict inequality
holds for some a_i.E

Let {Wk }Zio be a sequence of profiles of correspondences such that (i)
WP (LIM,T) = M;; (i) any m; € W (GM, T)\WF (6| M, T) is weak-

ly dominated with respect to WP* for player i of type t;; (iii) any m; €

14We consider player i’s belief over other players’ pure strategies. However, this formula-
tion is equivalent to taking player i’s belief as a conjecture over other players’ (correlated)
mixed strategies, i.e., o_; : T_; = A (M_;) such that o_; (t_;) [H_; (t_;)] = 1.
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W (MM,T) is weakly undominated with respect to W for player i of
type ¢; where W (4| M, T) = N2, WHELIM, T).

Let W (M, T) = [Tic; Wi ((M, T) for any ¢ € T. Since M is finite,
Wk (ﬂM,’T) is nonempty for any k. Thus, W is nonempty-valued. Note
that W (f |M, 7_-) depends on the sequence {W’“}ZOZO . However, we will show
that for any ¢ € T and m € W™ (t|M, T), we have g(m) = f(t). That is, the
socially desired outcome achieved in W is obtained by any elimination order.

We first establish the following claim.

Claim .9. Assume that the environment & satisfies Assumption 2. For~' > 0,

there exist X\ > 0 and a proper scoring rule d? such that for any t;, t € T; with

th At and any 62 : T_; — T_;, we have that
A Z [} (673 (t=a)  t7) — df (677 (t—) )] i (1) [t ]| > " (32)
t_iET_i

Proof. Fix any . Let

1

DY =qd) eRT e N [d) (b ty) — df (t_i )] @i (t3) [ti] > 0,V # 1

tf'LETfi

DY is the set of proper scoring rules in R7. By Lemma 2, D} is a nonempty

open set. Let

=S eRT Y [d) (627 (t-0) 1) — df (627 (1) 1)) i (1) [t-i] # 0,V # 8}, Y67
t,ieT,i

Since T is finite, the complement of I? has measure zero in R”.
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Therefore, | J,.; (DY N I?) has a positive measure in R”. Thus we can find
a proper scoring rule d? such that for any 6=2 : T_; — T_; and t}, t! € T; with

1) 71

£t
t_,e€T_;
Finally, since 7T is finite, for any 7' > 0, we can find some A > 0 such that

2. T ; — T ;and t), t € T; with t; # ¢/ inequality (B.1) holds. O

i i Vg

for any o_

Proposition .4. Suppose that the environment £ satisfies Assumptions [3.1
and [3.9 Assume I > 2. Given any incentive compatible SCF f, for al-
I 7 > 0, there exists a mechanism (M,7) such that for any t € T and

m € W (t|M,T), we have g(m) = f(t).

Fix 7 > 0. Choose the mechanism (M, 7) defined in Section [3.3.1} with the
proper scoring rule d) given in Claim 8, and A under ' =~ (which is defined
in Section . To prove Proposition , it suffices to show that for any
i€landt; €Ty if m; € W (¢;|M,T), then m; ' =¢;. This is because from
here we can fill the gap of the argument by adapting the proof of Theorem 2.

The rest of the proof builds upon the following three claims.

Claim .10. Fiz any playeri of type ;. If m; € W° (;|M, T) , then (m; %4, ... t) €
W (&M, T).
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Proof. Let o; be defined such that o; (¢;) = (¢, ...,t;) for player i of type ;.
Note that we use this notation throughout Section A.1. We prove this claim
in two steps.
Step 1: oy(t;) € WM, T) for any i, and t;.

Fix £ € T. Note first that we trivially have o(t) € W°({|M,T). For any
k > 0, assume that o(f) € W*({|M,T). Then, we shall show that o(f) €
WHHL(#| M, T). This is equivalent to showing the following: for any m; € M;,
either o;(¢;) is always at least as good as m; or 0;(¢;) is a strictly better reply to
some strategies of the other players than m;. We verify this by considering the
following two cases of m;: (i) m; * # o; 2(f;) and mF = oF(¢;) for all k > —1;
(ii) mF # oFf(t;) for some k > —1. In Case (i), due to the construction of
the mechanism, o;(#;) is at least as good as m; for any 6_; : T_; — M_; by
inequality ([3.14)). In Case (ii), against the conjecture o_;, o;(%;) is a strictly
better message than 7, by the argument in Claims 2, 3 and [3.5] Therefore, no
m; can weakly dominate o;(#;). Thus, o(t) € W**L({|M,T). This completes
the proof of Step 1.
Step 2: For anyi € I of type t;, if m; € W (4| M, T) , then (m; >, 4;,...,t;) €
Wee (BlM.T) .
by ty) € W (4] M, T) even when

By Step 1, it suffices to show (m,

2

m; % # ;. We shall show that no 7, can weakly dominate (m;?,%;,...,%;) by
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considering the following two cases of m;: (i) m;? # o; %(t;) and mF = oF (%)

for all k > —1; (ii) M} # ok(f;) for some k > —1. In Case (i), due to the

construction of the mechanism, (m; 2 &;, ...,%;) is at least as good as m; for

any 6_; : T_; — M_; by inequality 1) In Case (ii), (m;{ﬂ, ...,fi) is a

strictly better message than m; against conjecture o_; by the argument in

Case (ii) of Step 1. Thus, no m; can weakly dominate (m; 2 t;,...,;). This

7 0

completes the proof. O

Claim .11. Fiz any playeri and type t;. If m; € W (t;| M, T), then (t;,m; ', i, ...

Wio (6IM,T).
Proof. By Step 1 in the proof of Claim [B.2] it suffices to consider the case
that m; ' # t;. By considering the following two cases, we shall show that no
m; can weakly dominate (¢;, m; ', &;, ..., %): (i) m; ' # m; " and m¥ = ¢; for all
k # —1; (ii) m¥ # t; for some k # —1.

In Case (i), we proceed in two steps.
Step 1: We show that for any m; , if m;" # m;" and mF = mF for all
k # —1, m; is strictly better than m; against some conjecture 6_; such that
6_i(t_;) € W% (| M, T) forall t_; € T_;.

Since m; € W (#;|M,T), one of the following two cases must hold: (1)
player i of type t; is indifferent between m; and m; against any conjecture
o', such that o' ;(t_;) € WX(t_;JM,T) for all _;; and (2) m; is strictly
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better than m; for player 7 of type f; against some conjecture 6_; such that
6 i(t_;) € WX({E_JM,T) forall t_; € T_;

By Claim [B.1] Case (1) is impossible. Thus, we must have Case (2). Since
m; and m; only differ in round —1, the utility gain for player i of type ¢;
by using m; rather than m; is concentrated in the payment rule A\d?, which
is larger than ~ by inequality . Next, the utility loss comes from the
random dictator component of the outcome function, which is bounded above
from eF. By inequality , we know v —eFE > 0. Thus, m; is strictly better
than m;.

Step 2: We show that for any my; , if m; ' #m; " and mF =t; for all k # —1,
(152,m_1 tiy ..., t;) is strictly better than m; against some conjecture &_; such
that 6_;(t_;) € WX({t_JM,T) forall t_; € T_;

Since m; ' # f; and m; € W(|M,T), by Claim [B.1} there exist a
nonempty set of players J C I'\{i} and a collection of strategies {d,};es such
that &;(t;) € W°(t;|M,T) and 6;%(;) # ¢; for all j € J and t; € T;. From
Claim [B.2} we know that (65°(;),1;, ... 1;) € W°(£;| M, T) for all j € J. Let

&_; be defined such that 5-2(f_;)

2

6 2(t_;) and &%, (t_;) = o_;(t_;) for all

t ;€T ;and k> —1. Thus, 5_;(t_;) € WS(t_;|M,T) forall t_; € T_;

Fix such conjecture _;. Since (£;, m; ', #;, ..., ;) and m; only differ in round

7

—1, the utility gain for player i of type #; by using (¢;, m; *, &, ..., ;) rather than
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7, is concentrated in the payment rule \d?, which is larger than v. Next, the
utility loss through the random dictator component of the outcome function,
which is bounded above from e¢E. Since we know that v — eE > 0 from the
proof of Step 1, (£;,m; ', %;, ..., ;) is strictly better than 7, against conjecture
;.

In Case (i), (;,m; ', %;, ..., ;) is strictly better than 7; against some con-
jecture, as we can make an argument parallel to Step 2 in the proof of Claim
B.2l

Thus, no 7; can weakly dominate (f;, m;*,%;,...,£;). This completes the

proof. O]

Claim .12. Fiz anyi € I and t; € T;. If m; € WX (| M,T), then m;* = t,.

Proof. Suppose not, that is, there exists some m; € W (;| M, T) with m;* #
ti. Then by Claim [B.3} (£;,m; ", %, ..., 1;) € W (£ M, T). Since the indicator
function e(+) has a positive weight in this case, by inequality , we conclude
that for any j € I\{i} and &; € T}, if m; € W*(f;| M, T), then m;? = ;.
Since m; € W=(t;/M,T), by Claim , whenever m; ' # t;, m; is weakly

dominated by (m;2,&;, mY, ..., m&). This is a contradiction. O
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.1.2 Proof of Claim 3.8

Recall that T; = {t},t2} = {(1,0), (0,1)} for eachi € I and A = {(1,0), (0,1)}.
Recall also that we set 6 = 1 in Claim So, player i’s preferences only
depend on player ¢ + 1’s type. To simplify the notation, we write player ¢’s
preferences as follows: wu;(a,t) = u;(a,t_;) = a-t;y1, forany a € Aand t € T.

Let o’ be a strategy profile such that for each i € I and t; € T}, oi(t;) =
(ti,...,t) where t; € T,\{t;}. Then we show that oi(t;) € S*W;(t;|M,T)
by the following lemmas. For each i € I, we define o, : T, — T, such that
ai(t;) # t; for all t; € T;.

First, we show that a non-truthful announcement by all players constitutes

a Bayes Nash equilibrium in the direct-revelation mechanism (7', f*) in Lemma

B.5

Lemma .5. For any player i of type t;,

Y wlf( ani(t-a) t)m(t)lE-] = Y wl(f (f aci(t-i), b m(t) [E-a):

t—i €T €Ty

(33)

Proof. In player i’s view, other players’ types are perfectly correlated. Besides,
f* is a majority rule. Therefore, in player i’s view, player ¢ cannot change
the outcome by his unilateral deviation when the other players are making a

consistent (false) announcement. Thus, we complete the proof. ]
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Lemma .6. For any player i of type t;, w;(x;(t;), ;1) — wi(zi(t;), ;1) > 0 if
bt # =1t
Proof. Fix any outcome a € A. Player i of type t;’s interim utility is given as

follows:

2 1
E uia, t;)mi(t;)[t—i] = 3¢ ti + 34 i,
t_iET_i

where t; # t,. Therefore, player i of type ¢; strictly prefers a to the other
outcome if and only if a = ¢;. Since {x;(t;) }icr4,e7, satisfies inequality
and there are only two outcomes contained in A, it must be that z;(¢;)[a] > 1/2
if and only if t; = a. Since u; (a,t—;) = a-tiy1, ui(z;(t)), ;1) —ui(zi(t:), tiq) > 0

it £t =1, O
Lemma .7. For every i € I and t; € T;, we have ol(t;) € SEW;(t|JM,T).

Proof. We prove Lemma [B.7] in the following three steps.

Step 1: For every i € I and t; € Ty, against conjecture o', o} (t;) is a strictly

-1 Y1
better message than 7, if m¥ = ¢/ for any k& > —1.
Fix any m;. First, consider the case that m¥ # t. for some k € {—1,0}.

The utility gain in payment rule Ad} from using o’(t;) rather than m; is

A [dN0 (b, 8) — dY (0 (), )] (k) [t

t,iGTfi

= A DT [d (¢ ) = d? (¢ )] (1) [t

t’_iET_i

>
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where ;1 = tipo = t; # t; = t;,, = ti,, and the first equality follows
from that m;(¢;)[t—;] = m;(t;)[t",] in this example; the last inequality follows
from inequality (3.10). All the possible loss (from using o}(f;) rather than
m;) consists of (i) the utility loss in the random dictatorial component of the
outcome function weighted by e(-) function, which is bounded above from eF;
(ii) the utility loss in d;, which is bounded above from &; (iii) the utility loss
in df for all £ > 1. The total loss is bounded above from eF + & 4+ K.

For any outcome that depends on kth message profile, if m¥ # t;, o/(t;) is
at least as good as m; by inequality .

By inequality (3.13), we know v > €E + £ + Kn. Therefore, o/(t;) is a
strictly better reply to ¢’ ; than any such m;.

Finally, consider the case that m; ' = m) = ¢, and m¥ # t, for some k > 1.
For any k£ > 1, in terms of the outcome that depends on the kth message
profile, if m% # t, ol(t;) is at least as good as 1, by inequality . In terms
of payments, since o/(t;) = (t.,...,t;) is a consistent message, the utility gain
(from using o’(t;) rather than ;) in the payment rules d; and d¥ for all k > 1
is bounded below by & + 7. Therefore, o.(t;) is a strictly better reply to o’
than any such m;. This completes the proof of Step 1.

Step 2: For every i € I and t; € Ty, ol(t;) € WE(t;| M, T).

Fix any player i of type t; and m; # o.(t;). Then, it suffices to show that

7
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no m; can weakly dominate o.(t;). More specifically, Taking the previous step
into account, we can decompose our argument into the following two cases of

my;:

Case (i) m;? #t, and m¥ =, for all k > —1.

Let m_; € M_; be defined such that mj‘l = mg’ for all j # i. Therefore, we
have e((m;*,m~;), (m?,m°,)) = 0 when m; ' = m{. Let m_; € M_; be defined

—1

such that ;' # m for some j # i. Then, we have e((m; ', m_}), (m?,m?;)) =

e for all m;. Let v be a conjecture of type t; such that v(m_;|t_;) = 1 and
v(m_;|t";) =1 where t;11 = tipo =t; #t; =1, =t; 5. Then, the utility net

gain for player i of type ¢; from choosing o.(¢;) rather than m; is given:

{0 X Uz(xz(tlz), tg)mi(t;)[t—i] + € x uz(ajl(t;),t/ﬂ)wz(tl)[t’ﬂ]}
— {0 x (), )i (t) [E=i] + € x wg(aa (), t;)mi(6)[t,] }
= e {ui(mi(t), 1) — wilwi(ts), )} mts)[t.]

> 0,

where the last inequality follows from Lemma [B.6] Therefore, o/(t;) is a strictly

better reply to v than any such m;.

Case (ii) mF # t! for some k > —1.
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By Step 1, we conclude that ol(t;) is a strictly better message to conjecture
o’ ; than any such m,;. Thus, no /m; can weakly dominate o’(t;) so that o.(t;) €
W(t;|M, T). This completes the proof of Step 2.
Step 3: For every i € I and t; € T;, we have o}(t;) € S®W;(t;|M,T).

Fix conjecture o’ ; and any m;. We first show that for each player ¢ of type
t;, oi(t;) is a best response to ¢’ ; by considering the following two cases: (i)
m; % # t, and mF = ¢, for all k > —1; (ii) mF # ¢, for some k > —1. In Case
(i), player i of type t; is indifferent between m; and o}(t;) since the indicator
function e(-) has a value of 0. In Case (ii), it follows immediately from Step
1. Thus, for every i € I and t; € T}, we have ol(t;) € S*(t;|]M,T). Fix
i€l andt; € T;. For each k > 2, we assume by our inductive hypothesis
that o/(t;) € SF(t;|M,T). Then, we can conclude that o/(t;) € SF (¢, M, T),
since we can always fix ¢’ , as a conjecture of player i of type ¢;. This completes

the proof of Step 3. O
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Appendix A

Proofs of Chapter One

Revisit to the necessary condition in Moore and
Repullo (1988)

In this section, we restate the necessary condition, i.e., Condition C, in The-
orem 1 of Moore and Repullo (1988) and show that Condition C is trivially

satisfied in qusilinear environment.

Condition C For each pair of profiles § and ¢ in ©, and for each a € f(0)

but a € f (¢), there exists a finite sequence
a(l,¢;a) ={ap = a,ay, ..., a5, ..., ap = x,ap41 =y} C A,
with h = h (0, ¢;a) > 1, such that:

(1) for each k = 0, ..., h—1, there is some particular agent j (k) = j (k|6, ¢;a),
say, for whom
ap '™ (0) ag11; and
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(2) there is some particular agent j (h) = j (h|0, ¢;a), say, for whom
[z =] apRI" (0) ant1[= y] and [y =] an1 P’ May, [= a].
Further, h (0, ¢; a) is uniformly bounded by some h < oo.

We first show that with sufficiently large transfers, Conditon C is trivially
satisfied in qusilinear environment.

To see Condition C is trivially satisfied when large enough transfers are
allowed, we consider a pair of states {(6;,0_;),(0,,0_;)} and a = f (6;,0_;) #

Since the state space is finite, there exists a large enough bound T € R,
and t,,t, < T, z,y € A, such that {x,t,} and {y,t,} is a pair of outcomes,
satisfying

U (Ia 81) - ta: > Uy (ya 91) - ty:

Further, u; (a,0;) > w; (a’,0;) — t, for all 0; € ©;, for any t € {t,,1,}.

Now, let the finite sequence be

a(l,¢;a) ={ap=a,a1 = {z,t,} ,a0 = {y, t,}}.
Let j(0) = j (1) =1i. We have
ui (a,0;) > w; (z,0;) =ty > w; (y,0;) — 1y
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that is, (1) in Condition C holds;

and

U; (Z’, Q’L) - tz > Uy (y7 6@) - ty:
U; (xa 0;) —ty < (ya 6:) - ty
that is, (2) in Condition C holds.
We show that with full use of lotteries, the large payments can be decreased
into arbitrarily small scale.

Recall that for any distinct types 6; and 6}, there exists a pair of lotteries

{;1:91.79; s L01.0; } such that

Ui(l’ei,%, 0;) > Ui(l‘e;,ei, 0:);

0 03):

ui (7, 01, 0;) < ui(wgr0

For any ¢ > 0, we can find some small enough p, > 0, such that there exists

t<t,

U; ((1 - pa)a + pal’ei,oga 0@) —t> uz((l - pa)a +pax9§,9i7 91) - t;
uz((l - pa)a + pafcei,e;, 9;) —t<u ((1 - pa)a + pafﬂeg,ei; 9;) —t.
In our mechanism, the finite sequence is

a(l,¢;a) = {ao =a,a; = {(1 — Pa)@ + Pao, 0!, —t} , Qg = {(1 — Pa)a + Pao 0, —t}} .
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Appendix B

Proofs of Chapter Three

Order Independence

In this Appendix, we show that our mechanism also works under iterative
deletion of weakly dominated strategies, i.e., W and moreover, the order of
removal of strategies in W is irrelevant in our mechanism.

We now define the process of iterative removal of weakly dominated strate-
gies. We seek to define mechanisms for which the order of removal of weakly
dominated strategies is irrelevant, that is, given an arbitrary type profile, any
message profile in the set of iteratively weakly undominated strategies can im-
plement the socially desired outcome at that type profile. Given a mechanism
M, let U(M,T) denote an incomplete information game associated with a
model 7. Fix a game U(M,T), player i € I and type t; € T;. Let H be a
profile of correspondences (H;),.,; where H; is a mapping from 7; to a subset of
M;. A message m; € H; (t;) is weakly dominated with respect to H for player
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i of type t; € T} if there exists m} € M; such that

> [uilglmly i (t-0)), 0i(t:)) + 7 (mly o (2-0))| i (1) [t

[

> 3 [uslgms, 0 (40, 0ult:)) + 73 (ms, 05 (4-2)) | s (1) [1-]

t_;
for all o_; : T_; — M_; such that o_; (t_;) € H_; (t_;) and a strict inequality
holds for some a_i.lﬂ

Let {W’“};OZO be a sequence of profiles of correspondences such that (i)
W2 (LM, T) = M;; (i) for any m; € W/t (&M, T)\W} (H|M,T), m;
is weakly dominated with respect to W* for player i of type #; (iii) for
W (6IM,T) = N2y WE (LM, T) , any m; € W° (| M, T) is weakly un-
dominated with respect to W for player 7 of type t;.

Let W ({M,T) = [Lic; We° (EM,T) for any t € T. Since M is fi-
nite, W} (t_i|/\/l, T) is nonempty for any k. Thus, W is nonempty. Note that
Wee (f |M, T) is dependent on the sequence {Wk}zozo . However, we will show
that for any ¢ € T and m € W™ ({{M,T), we have g(m) = f(t). That is,
the socially desired outcome achieved in W is obtained by any elimination
order.

We first establish the following claim.

"'We consider player i’s belief over other players’ pure strategies. However, this formula-
tion is equivalent to taking player i’s belief as a conjecture over other players’ (correlated)
mixed strategies, i.e., o_; : T_; = A (M_;) such that o_; (t_;) [H_; (t_;)] = 1.
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Claim B.1. Assume that the environment & satisfies Assumption 2. Given
v > 0. There exist A > 0 and a proper scoring rule d? such that for any t.,

t" € T; with t;, # ! and any 62 : T_; — T_;, we have that

A Z [dY (627 (t—) b)) — df (627 (t—s) . )] mi () [t—i)| > . (B.1)

Proof. Fix any i. Let

7

DY =qd) eRT . " [d) (toi ty) — df (t=i,t)] 7 (t3) [ti] > 0,V # 1]

t_eT;
DY is the set of proper scoring rules in R7. By Lemma 2, D} is a nonempty
open set. Let
D=d eRT: Y [d) (677 (b)) — dY (677 (t-5)  4])] 7 (1) [t—a) # 0,98 # 1,677
t_;eT_;
Since T is finite, the complement of I? has measure zero in RT.
Therefore, J;o; (DY N I?) has a positive measure in R”. Thus we can find

2.7, — T ;and t,, t € T, with

a proper scoring rule d? such that for any 6; it

th £t
Z [} (677 (ta) 1) — df (677 (t) ,t])] i (83) [t ] # 0.
t_,eT_;
Finally, since T is finite, for any 7' > 0, we can find some A > 0 such that

2T — T-;and ), t! € T; with t, # t/, inequality (B.1) holds. O

% [RE)

for any 6_

176



Proposition B.1. Suppose that the environment & satisfies Assumptions|3.1
and [3.9 Assume I > 2. Given any incentive compatible SCF f, for al-
I 7 > 0, there exists a mechanism (M,7) such that for any t € T and

m € W (t|M,T), we have g(m) = f(t).

Fix 7 > 0. Choose the mechanism (M, 7) defined in Section [3.3.1] with the
proper scoring rule d? given in Claim 8, and A under 4" = ~ (which is defined
in Section . To prove Proposition , it suffices to show for any ¢ € I
and t; € Ty, if m; € W° (fi]./\/l, 7’) , then m; ! = #;. The rest of the proof is
identical to the proof of Theorem [3.2 We prove this result in the following

two claims.

Claim B.2. Fiz any playeri of type ;. If m; € W° (4;| M, T) , then (m;>,1;,...,4;) €
W2 (6|M,T).
Proof. Define o; such that o; (¢;) = (¢;, ..., t;) for player i of type ¢;. We prove
this claim in two steps.
Step 1: 0, (t;) € W (6| M, T) for any i, any t;.
Note that o (£) € W ({fM,T) . Suppose o (f) € W* ({fM,T), for some
k > 0, we show that o (¢) € W (¢)M,T). For any m; € M;, we show
that 7; cannot weakly dominate o; (£;) in two cases: (i) ;2 # o, % (#;) and
mf = ok (t;) for all k > —1; (ii) mF # oF () for some k > —1. In Case
(i), o (t;) is weakly better than m; for any 6_; : T_; — M_; by inequality
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(3-14). Therefore, ri; cannot weakly dominate o; (#;) . In Case (ii), against the
conjecture o_;, o; (t;) is a strictly better message than m; by the argument
in Claims 2, 3 and [3.5] Therefore, m; cannot weakly dominate o; (f;) . Thus,
o (t) € W* ({| M, T) . This completes the proof of Step 1.

Step 2: For anyi € I of type t;, if m; € We° (4| M, T) , then (m; > 4;,....4;) €
Wee (6|M,T) .

By step 1, it suffices to show (m; %, t;,...,1;) € W° (t;| M, T) for m;* # ¢,
For any m; € M;, we show that m; cannot weakly dominate (m;Q,fi, ...,fi)
in two cases: (i) m; 2 # 0,2 (f;) and mF = oF (t;) for all k > —1; (i) MmF #
ok (t;) for some k > —1. In Case (i), since m;? # {;, then we must have
that e (m°,m') = 0 for any m € W (tM,T), for any ¢. (Note that m; is
weakly dominated whenever e (m°,m') # 0 for some m € W (tM,T) . See
inequality ) Therefore, player i of type ¢; is indifferent between m; and
(m;?.t;,...,t;) . In Case (ii), (m;?,;,....1;) is a strictly better message than

m; against conjecture o_; by the argument in Case (ii) of Step 1. Thus, m;

cannot weakly dominate (m;?, %, ...,7;) . This completes the proof. ]

Claim B.3. Fiz any player i and type ¢;. If m; € W (6|M,T), then
(ti,mi 'ty ty) € W (HIM,T) .
Proof. By Step 1 in the proof of Claim [B.2] it suffices to consider the case

that m; ' =L ;. For any m,; € M;, we show that 7, cannot weakly dominate
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(ti,m; ' 4, .0 1) in two cases: (i) my " # m; " and mf = of ({;) for all k # —1;
(ii) mF # t; for some k # —1.

In Case (i), we proceed in two steps.

Step 1: We show that for any m; such that m; ' # m; " and mF = mF for all
k # —1, m; is strictly better than m; against some conjecture 6_; such that
6 (t_;) € W (t|M,T) for all t_;.

Since m; € W (M, T) , one of the following two cases must hold: (1)
player i of type t; is indifferent between m; and m; against any conjecture
o’ ; such that o’ (t_;) € W25 (t_;|M,T) for all t_;; and (2) m; is strictly
better than m; for player i of type f; against some conjecture 6_; such that
G- (t-i) € W (£ M, T) for all _;.

By Claim [B.1] Case (1) is impossible. Thus, we must have Case (2). Since
m; and m; only differs in round —1, the utility difference for player ¢ of type
t; by using m; rather than 7, is concentrated in the payment rule \d? (larger
than v by inequality together with a potential utility loss through e
function (bounded above by eF), which is at least larger than v — eF. By
inequality , v—eE > 0.

Step 2: We show that for any m; such that m; ' # m; ' and mF = t; for all
k# =1, (tim; "1, ..., &) is strictly better than 7, against some conjecture

G_; such that 6_; (t_;) € W= (f_i|/\/l, T) for all t_;.
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Since m; ' # t; and m € W° (£;|M, T) , by Claim 2, there exists a nonemp-
ty set of players J C I\{i} such that 6,2 (f;) # ¢; for all j € J, of type ;.
From Claim , we know that (&;2 (). t5,... ) € Wee (M, T) for all
j € J. Define 6_; such that -7 (f_;) = 6-2(t_;) and 6%, (t_;) = o_; (t_;) for
all t_; and k > —1. Thus, 6_; (t_;) € W (f_;|M,T) for all £_,.

Fix conjecture 6_;. Since (¢;, m; ', #;, ..., ;) and iy, only differs in round —1,
the utility difference for player i of type ¢; by using (£, m; ', %, ...,{;) rather
than m; is concentrated in the payment rule \d) together with a potential
utility loss through e function, which is larger than v — ¢E by the proof of
Step 1. Therefore, m; cannot weakly dominate (£;,m; "', t;, ..., %) .

In Case (ii), 7; cannot weakly dominate (Z;,m; ', %, ..., 1;), as we can make
an argument parallel to Step 2 in the proof of Claim [B.2]

Thus, 7; cannot weakly dominate (¢;,m; ", %;,...,t;) . This completes the
proof. O

Claim B.4. Fiz anyi € I andt; € T;. If m; € W (fi]/\/l,i-) , then m; ' = t;.

Proof. Suppose not, that is, there exists some m; € WS> (fi|M,’7') such
that m; ' # #;. Then by Claim (ti,m; 'ty t) € W (LM, T) .
By inequality , we conclude that for any j € I\{i} and ¢; € T}, if
m; € W (fj|/\/l, T), then mj_2 = t;. Suppose m; € W (fiM/l, 7_’) Then, by
Claim we have m; ' = t;. This is a contradiction. ]
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Proof of Claim in Example 1

Since now player ¢’s preferences only depends on player i+ 1’s type, for simplic-
ity of notation, we write player i’s preference as follows, u; (a,t) = u; (a,t;41) =
a-tii1, for any a and any t.

For any 7 > 0, for Example 1, we adopt a mechanism (M, 7) defined
in Section 3.3.1 Let ¢’ be a strategy profile such that o} (¢;) = (¢, ...,t})
such that t; # ¢, for all player i« € [ and all ¢; € T,. We will show that
ol (t;) € SW; (ti|M,T), for all i and t;. We prove this in the following

claims. Throughout this section, we write t; = t; # ¢ =t} for all 4,5 € I.

Therefore, t'; # t_; if and only if ¢, # ¢; for all j # i.

Claim B.5. For any player i of type t;,

Y w(f (0] () t) m (t) [t-i] = Z wi (f (ti, 07 (t=0)) s tign) mi () [E=i] -

t_iET_i t—;

i

(B.2)

Proof. For any t'_; # t_;, m; (&) [t—i] = m; (t;) [t';] in this example. Therefore,
by the construction of f, f does not depend on player i’s type, from player i’s

perspective. O

Claim B.6. Fiz any set of lotteries {x; (t;)} 7, such that satisfying in-

i€l t; e

equality . For any player i of type t;, x; (t;) [a] > % iof and only if t; = a.
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Proof. Consider any outcome a. Player i of type ¢;’s interim utility is as follows:

2 1
Zui (a,ti+1) = ga : tl + ga : tz

tit1
Therefore, we can see player ¢ of type t; strictly prefer a to the other outcome

whenever a = t;. Since {z; (t;)} 7, i such that inequality (3.31)) holds, and

i€l t; e

1

5 if and only if

there are only two outcome in A, we must have z; (;) [a] >

ti:a. ]

Claim B.7. In the game U(./\/l,7:), for every i € I, t; € T;, o) (t;) €

SeW; (M, T) .

Note that o’ (£) € WO (¢|M,T) . Suppose o’ (t) € S* (¢M,T), for some
k> 0, we show that o’ (£) € SF+! ({M,T) . Consider player i of type t;. For
any m; € M;, we show that m; cannot weakly dominate o/ (¢;) in the following

two cases.
Case (i) m;? #t, and mF =t/ for all k > —1.

Let m_; € M_; be such that mj‘l = fn? for all j # i, therefore e((m;l, m‘l) , (mo mo )) =

—1 19 1 Y—1
0 when m; ' = m?. Let m_; € M_; be such that m;l # m for some j # i,

LmZp), (md,m?,)) = e for all m;. Let v be a conjecture of

—1 i —1

therefore e((m;
type t; such that v[m_;|t;1, tire] = 1 and vim_s|t;, |, t;,,] = 1. The expected
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payoff gain for player i of type t; from choosing o (¢;) rather than m; is

{0 % wi (s () tiga)m (t) [t=i] + € < wi () th)m () 1] )
— {0 %y (@ (t)  tiga) m (&) [t=i] + € Xy (2 (8) ) m (8) [t] }
= e {uilai (1) ) — wi (2 () thy) s () [t)]

> 0.

The last inequality follows from Claim [B.6] Therefore, m; cannot weakly dom-

inate o} (t;) .

Case (ii) mF # ¢, for some k > —1.

/

We show that against conjecture o’ ,, o,

I (t;) is a strictly better message than

m;. First, consider m¥ # t; where k = 0 or 1. In terms of outcome dependent
on kth message profile where k > 1, if m¥ # t., o/ (t;) is better message than
m; by . Therefore, the utility difference for player i of type ¢; by using
o’ (t;) rather than m; in the payment rule A\d{ together with a potential utility
loss bounded above by ¢E. From the construction of d?, we have

A [d) (o (b)) — dY (o0 (t=) )] i (8) [E—i]

tfr;ETfi

= A D [d (¢ #) —d? (¢ )] e (1) [

t_iET_i

> 7,
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where the first equality follows because for any ¢ ; # t_;, m; (t;) [t—;] = m; (t}) [t';]
in this example; the last inequality follows from inequality . By inequal-
ity (3.13), v > €E. Therefore, 1m; cannot weakly dominate o (¢;) .

Finally, consider m¥ # t. for some k > 1.In terms of outcome dependent
on kth message profile where k > 1, if m¥ # t., o/ (¢;) is better message than
m; by (B.2). In terms of payments, o} (¢;) is a strictly better message than m;

by the construction of o} (¢;) .
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