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Abstract

In the early years of information theory, Shannon and other pioneers in informa-
tion theory set a high standard for future generations of information theorists by
determining the exact fundamental limits in point-to-point communication and
source coding problems. Extending their results to network information theory
is important and challenging. Many problems in network information theory,
such as characterizing the capacity regions for fundamental building blocks of a
communication network, namely the broadcast channel, the interference channel
and the relay channel, have been open problems for several decades. When exact
solutions are elusive, progress can be made by seeking for approximate solutions
first. The first contribution of the thesis is to obtain the approximate capacity
region for the symmetric Gaussian interference channel in the presence of noisy
feedback. The key approximation technique used to complete this task is the
so-called linear deterministic model. It is found that when the feedback link
strengths exceed certain thresholds, the performance of the interference chan-
nel starts to improve. The second contribution is on the understanding of the
interference channel in the finite-blocklength regime. In the so-called strictly
very strong interference regime, the normal approximation is used to obtain the
approximate finite-blocklength fundamental limits of the Gaussian interference
channel. It is found that, in this regime, the Gaussian interference still behaves
like a pair of separate independent channels. The third contribution is a study
of the finite-blocklength source coding problem with side information available
at both the encoder and the decoder. It is found that the rate of convergence to
the Shannon limit is governed by both the randomness of the information source
and the randomness of the side information.
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Chapter 1

Introduction

H 1.1 Motivation

Information theory has played an important role in guiding communication en-
gineers to design better communication systems in terms of speed, efficiency,
reliability and robustness. Yet, many fundamental questions in designing better
networks have been left unanswered for decades. For example, to determine the
capacity of a two-user interference channel setting has been an open problem for
more than 30 years. When exact answers are hard to find, it makes sense to

obtain good approximations. This is the theme of this thesis.

The first aspect that we will consider is feedback. Feedback is in general very
helpful in a communication network. Feedback allows communication nodes to
learn about each other’s transmitted signals, to manage interference due to si-
multaneous transmission and to cooperate with each other. Thus, the overall
performance of the network may in general be improved with feedback. How-
ever, the feedback links may be affected by noise. Will noisy feedback still be

helpful in boosting the performance of a communication network in general? If
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that is possible, how could a communication engineer quantify this performance
gain to justify for the cost of building feedback links in a noisy environment? In
another scenario, an application may be constrained by certain quality-of-service
requirements. For example, in an emergency situation, delay in communication
is not accepted and quick, effective communication is expected. In real-time
multimedia streaming, sequences of multimedia frames are expected to reach a
destination node within a specific delay. Nevertheless, most of results in infor-
mation theory hold provided the duration of communication is very long. These
results do not provide satisfactory answers in such delay-constrained communi-
cation settings. One may wonder how communication nodes can coexist in a
short, finite duration of communication. How should a communications engineer
compress and decompress an information source within a restricted number of
symbols if both the encoder and the decoder share some side information? To
find the exact answers to these questions is challenging. Instead, using approxi-

mation techniques, the thesis provides approximate answers to these questions.

B 1.2 Thesis Overview

Chapter 2 provides a necessary background for the rest of the thesis. A reader
who is familiar with concepts and topics in Chapter 2 can read any of the sub-

sequent chapters without any loss of continuity.

Chapter 3 is devoted to obtain the approximate capacity region for the sym-
metric Gaussian interference channel in the presence of noisy feedback. The key

2



Sec. 1.2. Thesis Overview

approximation technique used to complete this task is the linear deterministic
model, which excludes certain complexities of a Gaussian counterpart model yet
possesses essential properties of this Gaussian model. Chapter 3 first focuses on
determining the capacity region of the symmetric linear deterministic interfer-
ence channel with noisy feedback. Based on the insights gained from working
with linear deterministic interference channel, we tackle the symmetric Gaussian

interference channel with noisy feedback.

Chapter 4 focuses on the understanding of the interference channel in a finite-
blocklength communication. In the strictly very strong interference regime, this
chapter uses normal approximations to obtain the approximate finite-blocklength
capacity region of the Gaussian interference channel. The constituent disper-
sions, which characterize the rates of convergence to Shannon limits of direct
links in the point-to-point communication setting, are found to also characterize

the rate of convergence to Shannon limits in the interference channel.

Chapter 5 contains a preliminary study of the finite-blocklength source-
coding problem with side information available at both the encoder and the de-
coder when the information source is discrete, stationary and memoryless. This
chapter also uses normal approximations to approximate the finite-blocklength

rate-distortion function in the presence of side information.

While all three Chapter 3,4 and 5 focus on the theme of approximation,
there are other relations between the chapters. While Chapter 3 and Chapter

4 both focus on Gaussian interference channel, Chapter 3 considers Gaussian
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interference channel with noisy feedback and Chapter 4 considers Gaussian in-
terference channel without feedback. While Chapter 4 and Chapter 5 both focus
on second-order analysis, Chapter 4 works on second-order analysis for Gaussian
interference channel and Chapter 5 works on second-order analysis for condi-
tional rate-distortion. While the theory of chapter 3 is general in the sense that
it is not restricted to any particular application, Chapter 4 and Chapter 5 cater

to the need of delay-constrained applications.

The thesis ends with Chapter 6, where reflections on the thesis and sugges-

tions for further avenues of research are found.

B 1.3 Thesis Contributions

B 1.3.1 On role of noisy feedback

e Chapter 3 in this thesis considers the impact of noise on the gain due to
feedback. Specifically, as a stepping stone to characterize the capacity re-
gion for the two-user Gaussian interference channel with noisy feedback,
the two-user linear deterministic interference channel with noisy feedback is
considered. The capacity region for the symmetric linear deterministic in-
terference channel with noisy feedback has been obtained. Noisy feedback
has been shown to increase the capacity region of the symmetric linear
deterministic interference channel with noisy feedback if and only if the
amount of feedback level [ is greater than a certain threshold [*. Denote
« as the normalized interference link gain with respect to the direct link

4
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gain. It is found that, excluding the moderately strong interference regime
and the strong interference regime, i.e., % < a < 2, in which even full
feedback does not increase symmetric capacity, {* is equal to the per-user
symmetric capacity without feedback. Key ideas in the converse proof are
novel converse outer bounds on weighted sum rates 2R; + R2 and R + 2R,
and on the sum rate Ry + Ro. The novel outer bounds are tightened by
specially defined auxiliary random variables. The key idea in the achiev-
ability proof is message splitting. Each transmitted message is split into
a private message, a cooperative common message and a non-cooperative
message. The sizes and positions of these messages need to be carefully

designed to maximize the achievable rate region for both transmitters.

e The results and the techniques developed for this linear deterministic model
are then applied to characterize inner bounds and outer bounds for the
symmetric Gaussian IC with noisy feedback. In the achievability proof,
we also use message splitting. The difficulty in message splitting is to
design the power allocation scheme so that the achievable rate region for
both transmitters is maximized. In principle, the transmitted power of
the private information should be chosen such that the received power
of the private information at non-intended receivers are below the noise
level. The transmitted powers of non-cooperative messages and cooperative
messages are governed by many factors: direct link strengths, interference
link strengths and feedback link strengths. Intuitively, as feedback link
strengths increase, the chance for cooperation increases. As a result, more
power can be allocated to cooperative messages. The specially defined

5
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auxiliary random variables for the linear deterministic model helps us define
corresponding auxiliary random variables for the Gaussian model so that
the outer bounds can be tightened. Even though most of the techniques for
the linear deterministic models can be lifted to be applied to the Gaussian
model, the presence of Gaussian noise can lead to a complicated analysis,
so careful use of lifted techniques is required. The performance gain due to
noisy feedback is approximated in terms of the signal-to-noise ratios of the
direct links, the interference links and the feedback links. The outer bounds
have been shown to be at most 4.7 bits/s/Hz away from the achievable rate
region. This result holds for a large range of the signal-to-noise ratio of the

direct links.

B 1.3.2 On interference networks in the finite-blocklength regime

e Chapter 4 of this thesis characterizes the second-order coding rates of
the Gaussian interference channel in the strictly very strong interference
regime. In other words, we characterize the speed of convergence of rates
of optimal block codes towards a boundary point of the capacity region.
These second-order rates are expressed in terms of the average probabil-
ity of error and variances of some modified information densities. These
variances coincide with the dispersions of the constituent point-to-point
Gaussian channels. Thus, the approximate finite-blocklength capacity re-
gion in the strictly very strong interference regime is obtained. Intuitively,
in the strictly very strong interference regime, the interference caused by a
non-intended transmitter can be decoded by a non-intended receiver. As

6



Sec. 1.3. Thesis Contributions

a result, the Gaussian interference channel approximately behaves like a

pair of separate channels in the finite-blocklength communication.

e In the achievability proof, Feinstein’s Lemma is generalized to yield any
achievable coding scheme for the Gaussian interference channel. In the con-
verse proof, Verdi-Han Lemma is generalized. In the strictly very strong
interference regime, the number of error events involved in the achievability
proof is reduced and the forward bounds match the converse bounds up to

the second-order term.

B 1.3.3 On the combined effect of side information and finite-blocklength
communication on source coding

e Chapter 5 of this thesis obtains the second-order rate-distortion function
of the source coding problem with side information available at both the
encoder and the decoder. In other words, the finite-blocklength rate-
distortion problem for this source coding is approximated. It is found
that the rate of convergence to the Shannon limit is governed by both
the randomness of the information source and the randomness of the side

information.

e The key idea in the achievablity proof is a random coding bound, which
allows us to deal with the information source random variable and the side

information random variable jointly.

e The concept of D-tilted information density is found to be useful not only
in the source coding problem without side information, but also useful in

7
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the source coding problem with side information. The method of types
is very helpful in the second-order analysis of the source coding problem
without side information. However, it is not easy to use the method of
types in the second-order analysis of the source coding problem with side

information.

B 1.4 Bibliographical Notes

The material in this thesis has been presented in parts at various conferences

and submitted to various journals.

e The material in Chapter 3 was presented in [63, 64, 65] and was submitted

to IEEE Transactions on Information Theory in Dec 2012 [66].

e The material in Chapter 4 was presented in [67, 68, 69] and was submitted

to IEEE Transactions on Information Theory in Apr 2014 [70].

e The material in Chapter 5 was published as an NUS Technical Report.



Chapter 2

Background

N this background chapter, we review some basic concepts and tools in in-
I formation theory and probability theory, which lay the foundations for sub-
sequent chapters. Interested readers who want to see the proofs of the theo-
rems stated in this chapter are referred to texts in information theory such as
[18, 19, 30, 125], and texts in probability theory such as [26, 83, 89]. In addition,

we also briefly review the linear deterministic model [3].

B 2.1 Information theory

Information theory is a branch of applied mathematics, electrical engineering
and computer science [18, 19, 30, 125]. It is generally believed that information
theory was created when Shannon, in 1948, published his landmark paper titled
A Mathematical Theory of Communication in the Bell System Technical Journal
[96]. This paper contained ground-breaking concepts that changed the world.
Shannon showed how information can be quantified and demonstrated that all
information media can be unified. Information can exist in many forms such as

9
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texts, images, videos, electromagnetic waves. However, it can always be digitized.
Information theory is not created by Shannon alone. It has been a product of
crucial contributions made by many scientists, who have come from diverse fields,
have been motivated by Shannon’s revolutionary ideas and expanded upon them.
Although information theory is mathematical in nature, it serves as a beacon of
light for generations of communication engineers who have made great products

for the world.

In 1948, Shannon made a prophecy that every white additive Gaussian noise
(AWGN) has a capacity limit. In a layman language, it says it is mathematically
impossible to get an error-free communication if the transmission rate is above
the channel limit. On the other hand, it is mathematically possible to get an
error-free communication if the transmission rate is below the channel limit. The
noisy channel coding theorem does not tell a communication engineer how a code
can be constructed. However, it predicts that reliable communication is possible.
Indeed, the noisy channel coding theorem gave rise to the entire field of coding
theory. Error-correcting codes are important contributions of coding theory. In
error-correcting codes, redundancy are introduced into the digital representation
of information at the encoder so that this information can be recovered at the
decoder’s side. For example, if you scratch the surface of any DVD, there is a
high chance that this DVD can still play back perfectly. The spacecraft Mariner
VI, in 1969, used Reed-Muller codes for communication in the exploration of
Mars. At Neptune, which is 4.4 billion miles from the Earth, the spacecraft

Voyager could transmit information back to the Earth at a rate of 21.6 kbits/s

10
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in 1979. The advances in microprocessors provided the computation power to
realize many complicated coding schemes. In fact, 50 years after the publication
of Shannon’s landmark paper, turbo codes and LDPC codes are shown to itera-
tively achieve the capacity limit of the AWGN channel. In his landmark paper,
Shannon also discussed source coding, which considers efficient representation of
data. In 1952, David Huffman came up with Huffman code, which is optimal in
the sense that its minimum expected length achieves the theoretical limit. Huff-
man code is still widely used in data compression standards such as JPEG, MP3,
ZIP. Storage devices, such as hard drives and RAM, employ information theory
concepts. Information theory has also strongly influenced the development of

wireless systems and computer networks.

Information theory is essential not only in communication theory, but also in
many other fields such as statistical inference and statistics [20, 61, 74], economics
[50], physics [80]. However, in this thesis, we will only discuss information theory

as a sub-topic in communication theory.

Next, we briefly review some concepts and tools in information theory.

B 2.2 Measures of information for discrete random variables

There are various ways to measure information. One way to do so is to use

Shannon entropy (we will call it entropy for short).

11
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Xn

Encoder Decoder

Figure 2.1. Lossless source compression system.

Definition 2.1. The entropy H(X) of a discrete random variable X, taking

values in a finite alphabet X, with probability mass function Px(z) is defined as

H(X) 2 S Py(x)log, le(a:)’ (2.1)
zeX

where the unit of information is called a bit. The unit of information is called a

nat if the base of the logarithm used in the definition is e.

Unless otherwise stated, we will assume that all logarithms in this thesis are
taken to base 2. In this definition, we adopt the convention that 0log0 = O.
Note that the smaller the probability Px(z) is, the larger the value of log, ﬁ(x)
is. Intuitively, the more surprising the event X = z is, the more information it

contains. In other words, the entropy of a discrete random variable is a measure

of uncertainty in that random variable.

Operationally, the entropy of the source H(X) is a fundamental limit in
source compression problems. Consider a scenario when a discrete memoryless
stationary information source produces a sequence of random variables X" =
(X1,X2,...,X,). The source is discrete in the sense that each X;, for i =
1,2,...,n, only takes values from a finite source alphabet X. The source is mem-
oryless and stationary in the sense that the random variables X; are independent
and have the same distribution Px. Given an observation of a sequence X", a

12
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communication engineer needs to encode this sequence into a binary codeword,
so that at the destination, this sequence can be recovered given an observation
of the corresponding binary codeword (see Figure 2.1). It is proven that, as the
number of source letters n gets sufficiently large, the number of bits per source
letter to complete this compression task, with arbitrarily small probability of
error, can be made to be arbitrarily close to the entropy of the source H(X)

[7, 19, 96, 98).

Similarly to the above, we can define the joint entropy H (X1, Xo,...,X,) of

a discrete random vector (X1, Xo, ..., X,). Next, we define conditional entropy.

Definition 2.2. The conditional entropy H(X|Y) of a discrete random variable
X, taking values in a finite alphabet X, given a discrete random variable Y, with
joint probability mass function Pxy (zy) is defined as

HX|Y)2 Y Pr(yHX[Y =y), (2.2)
yey

where H(X|Y = y) is the entropy of the random variable X|Y = y and this

entropy is defined in Definition 2.1.

Definition 2.3. Consider two discrete random variables X and Y, taking values
in finite alphabet X and ) respectively, with joint probability mass function

Pxy (zy). The mutual information I(X;Y") is defined as

I(X;Y) 237N Pyy(ay)log, m. (2.3)
reX ye)y

Operationally, the mutual information 7(X;Y’) is an important quantity in
characterizing a fundamental limit in channel coding problems. Consider the

13
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M Encoder X" Channel Y Decoder M

P(y|r)

Figure 2.2. Discrete memoryless point-to-point channel.

scenario when a transmitter wants to transmit a message to a receiver through a
discrete memoryless stationary channel Py x (see Figure 2.2). A communication
engineer needs to design an encoder which encodes a message into a codeword
X™ which is then transmitted through the discrete memoryless channel in n
channel uses. At the receiver’s side, he needs to design a decoder which recovers
the message based on the observation of the received signal Y. It is proven that,
as the number of channel uses n becomes sufficiently large, the data rate that the
channel can support, with arbitrarily small probability of error, can be chosen

to be arbitrarily close to maxx I(X;Y") bits per channel use [25, 29, 96, 120].

Definition 2.4. Consider three discrete random variables X, Y and Z, with
joint probability mass function Pxy z(xyz). The conditional mutual information

I(X;Y|Z) is defined as

I(X;Y|Z)2 H(X|Z) - HX|YZ). (2.4)

Next, we state some important properties of entropy, conditional entropy,

mutual information and conditional mutual information [18, 30].

Theorem 2.1. Consider three discrete random variables X, Y and Z, with joint

probability mass function Pxy z(xyz). We have

(i) H(X) > 0.

14
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(i) H(X) <log|X|, where |X| denotes the cardinality of the set X.
(i) H(XY) = H(X)+ H(Y|X).

(iv) I(X;Y|Z) > 0.

(v) HX|Y) < H(X).

(vi) If X,Y and Z form a Markov chain in that order, i.e. X — Y — Z,
then I(X;Y) > I[(X; Z). This is commonly known as the data-processing

mequality.

Fano’s inequality is very helpful in proving weak converses for many information-

theoretic problems [18].

Theorem 2.2 (Fano’s inequality). Consider two discrete random variables W
and W, taking values in the alphabets VW and W, with joint probability mass

function Py, (ww). Define P = Pr(W # W). We have

H(W|W) <1+ P.log|W|. (2.5)

B 2.3 Measures of information for continuous random variables

Sometimes, the source alphabet may not be discrete but continuous. We need
a measure of information for such a source. In this section, we introduce the

concept of differential entropy for continuous random variables [18].

Definition 2.5. A real-valued random variable X is said to be continuous if
its cumulative distribution function Fx(x) = Pr(X < z) is continuous. Let
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[x(x) = F%(x) when the derivative is defined. The function fx(z) is called the
probability density function for X. The support set S for random variable X is
the subset of X', where fx(x) > 0. The differential entropy h(X) of the random

variable X is defined as

B(X) = - /S fx () log fx (2)da. (2.6)

Being different from entropy for discrete (finite) random variable which is
always non-negative and finite [29], the differential entropy of a random variable
can be negative or unbounded. Similarly, we can define differential entropy for

a random vector. Next, we define conditional differential entropy.

Definition 2.6. Consider continuous random variables X and Y, with joint
probability density function fxy (zy). The conditional differential entropy h(X|Y")

is defined as

+0o0 +0o0
WXY) = / / Fx (2y) log fxpy (aly)dady. (2.7)

Definition 2.7. Consider continuous random variables X and Y, with joint
probability density function fxy (xy). The mutual information I(X;Y) is defined

as

I(X;Y) 2 h(X) + h(Y) — h(XY). (2.8)

Differential entropy has many properties that are similar to that of entropy

for discrete random variables.

Theorem 2.3. Consider three continuous random variables X, Y and Z, with
joint probability density function fxyz(xyz). We have

16
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(i) h(X,Y) = h(X) + h(Y|X).
(ii) I(X;Y|Z) > 0.
(iii) h(X|Y) < h(X). Equality occurs if and only if X and Y are independent.

(i) If X,Y and Z form a Markov chain in that order, i.e. X — Y — Z,
then I(X;Y) > I(X;Z). This is commonly known as the data-processing

mequality.
(v) (X +¢) = h(X), where c is any real-valued constant.

(vi) h(cX) = h(X) +log|c|, where c is any real-valued constant.

The following theorem presents an useful result. Over all distributions with

the same covariance, the multivariate normal distribution maximizes the entropy.

Theorem 2.4. Consider a random vector X € R*, with zero mean and covari-
ance matriz K. We have h(X) < }log[(2me)* det(K)]. Equality occurs if and

only if X ~N(0,K).

B 2.4 Measures of information for arbitrary random variables

The previously discussed measures of information for discrete and continuous
random variables give a sufficient background for us to present our new results
in the subsequent chapters. Readers, who are interested in rigorous definition of
measure of information for arbitrary random variables, are referred to works by
Kolmogorov [51], Pinsker [84], Gray [37].

17
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B 2.5 Weakly typical sequences

Having defined measure of information, we are next going to review some useful
tools in information theory. The concept of weakly typical sequences is useful in

constructing achievability schemes.

Definition 2.8. Consider a sequence of random variables X1, Xo, ..., which are
independent and identically distributed according to Px(z). The weakly typical
set A™ (X) with respect to a probability distribution Px(x) is defined the set

of n-tuples (1, z9, ..., ,) € X™ satisfying

2 HXT) < Py xy . x, (21, T2, oy ) < 27O, (2.9)

A weakly typical set has the following properties.

Theorem 2.5. Consider a sequence of random variables X" = (X1, Xo,..., Xy),
which are independent and identically distributed to Px(x). The weakly typical

set A (X) has the following properties.

(i) For n sufficiently large, Pr{X"™ € A (X)}>1—e
(i1) yAE") (X)| < 2rHX)+9) where | A is the cardinality of set A.

(iii) For n sufficiently large, |A£n) (X)| > (1 — e)2nH(X)—9),

One of the most popular decoding rules is the jointly weakly typical decoding
rule, in which the codeword sequence is decoded as a sent sequence if it is jointly

18
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weakly typical with the received sequence. In this decoding rule, the concept of

a jointly weakly typical set and its properties are important.

Definition 2.9. Consider a length-n sequence of random vectors (X"Y ™), which
are independent and identically distributed according to Pxy (xy), so that we
have Pxnyn(z"y") = [[i Pxy (z;y;). The jointly weakly typical set A (XY)
with respect to a probability distribution Pxy (xy) is the set of length-n se-

quences (z"y") € X™ x Y™ satisfying

27n(H(X)+6) < Pxn (:I:n) < 2*”(H(X)*6)7 (2.10)
2771(H(Y)+E) < Pyn (yn) < 2*"(H(Y)*€)’ (211)
9 HXY)H) < Py (zmy™) < 2 HXY) =), (2.12)

A jointly weakly typical set has the following properties [18]

Theorem 2.6. Consider a length-n sequence of random vectors (X"Y™), which
are independent and identically distributed according to Pxy(xy), so that we
have Pxnyn(z"y") = [}, Pxy(xiyi). The jointly weakly typical set A (XY)

has the following properties.

(i) For n sufficiently large, Pr{(X"Y™") € Al (XY)}>1—e
(ii) yAE") (XY)| < 20HEY)+) “phere | Al is the cardinality of set A.

(iii) Consider two random vectors X™ and Y™, which are independent and have

the same marginals as that of Pxnyn(x"y™). Then we have

Pr({(X"Y") € AW (XY)}) < 2 nI(X5¥)=3¢e), (2.13)
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When n is sufficiently large, we have

Pr({(X"Y") € AW (XY)}) > 2 UI(Xi¥)+30) (2.14)

In network information theory problems, it is useful to make use of jointly

typical sets which involves more than two random variables.

Definition 2.10. Consider a sequence of random vectors (X(Wn X @ x(k)n)
which are independent and identically distributed according to the probability

distribution Pyxa)x@ x®) (x(l)x(Q) e x(k)), so that

Pyiynx@n._ xton (x(l)nx(Z)n o x(k)n) _ H Pyyx@  xt (xz(l)xl@) - $§k))
=1
(2.15)

The jointly weakly typical set AE") (XMW Xx@ . X®) with respect to the prob-
ability distribution Px(l)nx(Q)n_“X(k)n(x(l)ni(z)n . ..x(k)”) is the set of length-n

sequences (z(Mnz@)n  pFIny e xMn s x(BIn satisfying
2—n(H(S)+E) S PSn(Sn) S 2—71(17(5)—6)7 (216)

where S is any subset of the set of random variables { XWX @) x(*)1,

A jointly typical set of a random vector has similar properties to that in
Theorem 2.6. In addition, it has the following important property [18, Theo-

rem 15.2.3].

Theorem 2.7. Consider a sequence of random vectors (XM X@n  x k)
which are independent and identically distributed according to the probability dis-
tribution Py x@ xo (xMz® . 2®). Let Sy, Sy and Ss be three random vec-
tors, which are arbitrary subsets of {X(I)X(z) . X(k)}. If random vector Sy and
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random vector So are conditionally independent gien a random vector Ss, and
these three random vectors have the same pairwise marginals as that of (S15253),

then we have
1 U
—log Pr(SY, 5555 € A (815583)) — I(Sy; 95|S3)| < 6e, (2.17)

for n sufficiently large.

B 2.6 Results in probability theory

In this section, we review some results in probability theory, that we will use in
subsequent chapters. We start with the well-known weak law of large numbers

[89].

Theorem 2.8 (The weak law of large numbers). Let X1, Xo,... be a sequence
of independent and identically distributed random wvariables, each having mean

E(X;) = p and finite variance. Then, for any € > 0, we have

Xy 4.t X
Pr{M

n

—u‘ ze} —0 (2.18)

as n — o0.

The weak law of large numbers is essential in the proof of Theorem 2.5.

The central limit theorem is one of most remarkable results in probability

theorem. In its simplest form, the central limit theorem is as follows [89].

Theorem 2.9 (The central limit theorem). Let X1, Xo,... be a sequence of
independent and identically distributed (i.i.d.) random wvariables, each having
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mean 1 and variance o®. Then, the distribution of

X1+ + Xp —np
Vno

(2.19)

tends to the standard normal as n — oo. That is, for any —oo < a < 00, we

have

Xi 4+ X, — 1 a
Pr{ Lt e < a} — / e 24y (2.20)
vno V2r s

as n — oQ.

There are other versions of central limit theorems which are not restricted
to i.i.d. random variables or other technical conditions. In second-order asymp-
totics analysis, we are often interested in knowing the rate of convergence of
the scaled sum W to the standard normal distribution. This rate of

convergence is quantified by the Berry-Esséen theorem, which is presented next

[26, Theorem 2, Chapter XVI. 5]

Theorem 2.10 (Berry-Esséen Theorem). . Let Xi, for k=1,2,...,n be inde-
pendent random variables with py, = E[X}], o2 = var[Xy], tp = E[| Xx — wl?],
o2 =30 102, and T =Y p_, tg. Then for any —oo < A < oo, we have

<6T

— Q) (2.21)

o3’

Pr [Z(Xk — pg) > Ao

k=1

The following theorem gives a variant of the multivariate Berry-Esséen The-
orem [35] [9], which is a restatement of Corollary 38 in [118]. The theorem can
be applied to random vectors which are independent, but not necessarily iden-
tically distributed. For i.i.d. random vectors, interested readers are referred to
Bentkus’s work [5].
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Theorem 2.11. Let Uq,..., U, be independent, zero-mean random wvectors in
R™. Let G, £ ﬁ(U1 +...+U,), VEcov(Gy), t £ 157 E[|U;|I3] and let
Z ~ N(0,V). Let C,, be the family of all convex, Borel measurable subsets of

R™. Assume V > 0 and let the minimum eigenvalue of V' be Apin(V'). Then,

for allm € N, we have

254 \/m t
Pr(G,e€¢)—Pr(Z2ec®)| < ——F———. 2.22
Sup | Pr( ) — Pr( )| < REEN (2.22)

The following theorem provides a variant of the multivariate Berry-Esséen
Theorem [35] [9], which is a restatement of Proposition 1 in [79]. The lemma can
be applied to functions of sums of i.i.d. random vectors under certain conditions.

This theorem is used in the direct proof of Theorem 4.1.

Theorem 2.12. Let {U; £ (U1, Uy, ..., Uat) 122, be a sequence of zero-mean
i.i.d. random vectors in R® with E[||U¢||3] being finite. Consider a vector-valued
function g : R* — Rb. Denote g(u) £ [g1(u), g2(u),...,gp(0)]T. Assume that
g(u) has continuous second-order partial derivatives in a neighbourhood of u = 0.
Denote the corresponding Jacobian matriz J atu = 0 ofg(u) as J € R®*?, whose

components are defined as

A dg;(u)

in 8u2

(2.23)

u=0

forje{1,2,...,b}, andi € {1,2,...,a}. Let the random vector Z have distri-
bution N'(g(0), 1 J Cov(Uy) JT). Then, for any convex Borel-measurable set D

in R, there exists a finite positive constant ¢ such that
1 n
Pr — U, €D

23

—PiZ D) < (2.24)
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B 2.7 Network information theory

Point-to-point information theory has been well developed and been shown to
be useful to communication engineers to design point-to-point communication
systems. However, the point-to-point information theory cannot help engineers
design optimal communication networks which involve many transmitters and
many receivers. There are many elements of a communication network that
cannot be captured in the point-to-point model such as cooperation between
users and interference. This leads to the need for network information theory,
which has been one of the main foci in information theory for the past few
decades. However, our understanding in this field is far from being complete. In
this section, we briefly review the four basic building blocks of a communication
network: the multiple-access channel, the broadcast channel, the interference

channel and the relay channel.

My Encoder X7
1
Channd v Decoder | 111
P (y|122)
M, Encoder Xy
T 2

Figure 2.3. Multiple-access channel.
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Yy Decoder | M

M M, X" Channel
| Encoder

P(y1y|z)

Yy Decoder | Mo

Figure 2.4. Broadcast channel.

B 2.7.1 Multiple-access channel

The multiple-access channel consists of multiple transmitters communicating si-
multaneously with a single receiver (see Figure 2.3). The multiple-access channel

capacity region was found by Ahlswede [1] and Liao [72].

H 2.7.2 Broadcast channel

The broadcast channel consists of a single transmitter communicating with mul-
tiple receivers (see Figure 2.4). The capacity region of the broadcast channel has
been found only for a few special cases. The capacity region for the degraded
broadcast channel was found by Bergmans [8] and Gallager [31]. El Gamal [32]
found the capacity region for a class of more capable broadcast channel. Koérner
and Marton [54] found the capacity region for the broadcast channels with de-
graded message sets. The largest achievable region for the broadcast channel
was found by Marton [76], and a simpler proof was discovered by El Gamal and
van der Meulen [33].
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M, | Encoder X7 Y Decoder | M
1 1

Channel

P(91y2|931$2)

M, | Encoder Xy Yy Decoder | M,
2 2

Figure 2.5. Interference channel.

M 2.7.3 Interference channel

The interference channel was first introduced by Ahlswede [1]. In the interference
channel, there are two transmitters and two receivers. Each transmitter wants to
transmit a message to its intended receiver only (see Figure 2.5). In the process
of doing so, both transmitters interfere with each other. The capacity channel of
the interference channel has been found for only a few cases. Carleial first showed
that [14] interference is the same as no interference for the Gaussian interference
channel with very strong interference. Sato [92, 93] found the capacity region
for the interference channel with strong interference. The capacity region of
degraded interference channel was found by Benzel [6]. The largest achievable
rate region for the discrete memoryless interference channel was found by Han

and Kobayashi [41].

B 2.7.4 Relay channel

The relay channel consists of one transmitter, one receiver and one relay node
(see Figure 2.6). This channel was introduced by van der Meulen [21]. The
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Relay
¥y Xy
M Encoder Xt Channel Yy Decoder M
P(y2ys|z172)

Figure 2.6. Relay channel.

capacity region for the degraded relay channel was determined by Cover and El
Gamal [16]. The capacity region of the discrete memoryless relay channel is an

open problem.

M 2.8 Linear deterministic model

The linear deterministic model was introduced by Avestimehr, Diggavi and Tse
[3]. It is capable of capturing certain features of a communication network such
as signal strength, superposition and broadcasting. The beauty of linear deter-
ministic model is the strong connection between the linear deterministic model
and the corresponding Gaussian model. Under certain circumstances, a capacity-
achieving scheme in the deterministic model naturally suggests a scheme, which
can achieve within a constant gap from the outer bounds, for the correspond-
ing Gaussian model. In this section, we briefly review the linear deterministic
model for the point-to-point channel and its connection with the corresponding
Gaussian model.
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Consider a point-to-point Gaussian channel, which is given by
Y =¢gX + Z, (2.25)

where Y is the output of the channel, X is the input random variable, g is a fixed
real-valued channel gain and Z ~ N(0,1) is Gaussian noise. The input satisfies

the average power constraint E(]X|?) < 1. Thus, the channel gain g satisfies
l9] = VSNR, (2.26)

where SNR is the signal-to-noise ratio of the channel. It is well-known that the

capacity of this point-to-point channel is Cawgn = %log(l + SNR).

For simplicity, assume the input signal x has a peak power constraint of 1.
It is also assumed that the background noise z also has a peak power constraint
of 1. Denote the binary expansion of z as Y 5o, x(i)27". Denote the binary

expansion of z as Y 52 2(i)27". Expressing the received signal y in terms of the

binary expansion of z and z, we have

o0 [o.¢]
y =23 198SNRS ™ ()27 1N ()2, (2.27)
1=1 =1

Define n £ [$log SNR]. We have

y~ 2" w027+ e+ n) + 2())27 (2.28)
=1 =1

Ignoring input signal bits below the noise level, we have

n

y =2y w2 (2.29)

i=1
This approximation equation motivates the definition of the linear deter-
ministic model. Consider a transmitted signal 29, which is a binary vector of
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length q. The deterministic channel only passes the top n bits to the destination.
Therefore, the output signal ¢¢, which is also a binary vector of length ¢, and

the input signal 29 are governed by the following linear deterministic model

gl =S4 34, (2.30)

where S is a ¢ x ¢ shifting matrix,

C . ]
1 00 .. 0

s2| 01 0 .. 0. (2.31)
0 .. 0 1 0

The capacity of this linear deterministic point-to-point channel is n [3].

Linear deterministic model can also model superposition. Consider a Gaus-

sian MAC channel, which is given by
Y = ngl + gQXQ + Z, (232)

where Y is the output of the channel, X7 and X5 are the input random variables,
g1 and g9 are fixed real-valued channel gains and Z ~ N (0, 1) is Gaussian noise.
The input random variables satisfy the average power constraint E(|X;|?) < 1,

for j = 1,2. Thus, the channel gains g;, for j = 1, 2, satisfy

|9j] = V/SNR;;, (2.33)
where SNR; are the signal-to-noise ratios of the channel.
For simplicity, assume the input signal z;, for j = 1,2, have peak power

constraints of 1. It is also assumed that the background noise z also has a peak
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power constraint of 1. Denote the binary expansion of z;, as > oo, x;(i)27%
Denote the binary expansion of z as Yoo, 2(i)27. Expressing the received signal

y in terms of the binary expansion of z; and z, we have

[o¢] o0 [o¢]
y =22 18SNRUN g ()90 1 93 10sSNRe N0 (79970 1 N o027 (2.34)
=1 i=1 i=1

Define nj = [11log SNR;]. We have

y =2m iml(i)z—i + 2n2 i:@(i)z—i + ) w1 (na +4) + @a(ng + i) + 2(8)]27

i=1 i=1 i=1
(2.35)
Ignoring input signal bits below the noise level, we have
ni ' no '
yR 2D ()27 + 2 ap(i)2 (2.36)
i=1 i=1

This approximation equation motivates the definition of the correspond-
ing linear deterministic model for the Gaussian MAC channel. Denote ¢ =
max(ny,ng). Consider a transmitted signals :733-, which are binary vectors of
length ¢, for j = 1,2. Due to the strengths of signal links, the deterministic
channel only passes the top n; bits of the j-th transmitter to the destination.
The output signal 4%, which is also a binary vector of length ¢, and the input

signal ;7 are governed by the following linear deterministic model
g7 =859zl @ S92 3l (2.37)

where S is a ¢ x ¢ shifting matrix defined similarly to (2.31). For further infor-

mation, please see [3].
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Chapter 3

On the Gaussian Interference
Channel with Noisy Feedback

ECENT results have shown that feedback can significantly increase the
R capacity of interference networks. This chapter considers the impact of
noise on the gain due to feedback. Specifically, this chapter studies the two-
user Gaussian interference channel with noisy feedback. It is too hard to find
the capacity region of the two-user Gaussian interference channel with noisy
feedback. Instead, we aim to approximate the capacity region of this channel
using the linear deterministic approach, which was introduced in the previous

chapter, section 2.8.

H 3.1 Introduction

One of the most important issues for communication networks is that of interfer-
ence management. Characterizing the capacity region of the two-user Gaussian
interference channel (GIC) remains one of the fundamental unresolved problems
in information theory. Recent breakthroughs in dealing with the capacity char-
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acterization of the GIC have made use of the linear deterministic interference
channel (LD-IC) model [3, 11]. The main idea behind these works is that an
appropriately defined LD model can serve as a good approximation to the Gaus-
sian channel. By gaining valuable insights from studying the LD-IC, the proof
techniques and ideas can be lifted over to the GIC. The capacity region of the

GIC has been characterized to within 1-bit in [24].

There are many techniques to manage interference, such as treatment of in-
terference as noise, interference alignment [12], and usage of feedback [102]. In
this work, we focus on interference management via feedback. It is well known
that, while feedback does not increase the capacity of the discrete memoryless
point-to-point channel, it may enlarge the capacity region of multi-user channels.
The fact that feedback enlarges the capacity region of the discrete memoryless
multiple-access channel (MAC) was shown by Gaarder and Wolf [28]. After-
wards, Ozarow [82] found the capacity region of the two-user Gaussian MAC
with noiseless feedback. Recently, Suh and Tse [102] obtained an interesting
result that noiseless feedback can provide significant capacity gains for the GIC.
To understand the usefulness of feedback for the interference channel, consider
the very strong interference regime, in which the direct links are weaker than the
cross (interference) links. In such a scenario, feedback can provide a substantial
capacity gain by using the alternate path of Tx; — Rxy — Txs — Rxy, i.e., the
information intended from Tx; first reaches Rxo, which is then received as feed-
back at Txg, which uses the strong cross (interference) link to reach the eventual

destination at Rx;. The approximate capacity region of the GIC with noiseless
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channel output feedback has been characterized [102] to within 2-bits. The re-
sults in [102] have been generalized to the case of the fully connected K-user IC

[77], and the cyclic K-user IC [108].

Full and noiseless feedback is too much to ask for when the feedback link is not
reliable. Vahid et al. considered an interesting generalization of [102] by studying
the two-user GIC with rate-limited feedback [114]. Rate-limited feedback refers
to a setting in which the receiver can utilize all the information it has received
so far and feed back information over an orthogonal channel of finite capacity
(bit-pipe). Several interesting results for the GIC with rate-limited feedback are

obtained in [114].

While rate-limited feedback may be useful in scenarios in which the feedback
links have good coding schemes to protect feedback signals from error, it places
much complexity on the receiver’s side. As a result, this model is not appropriate
when the complexity of the feedback design is a concern. In order to take some
of these issues into account, this chapter aims to investigate the model in which
the feedback at transmitter j is a scaled and noisy (additive white Gaussian noise
corrupted) version of the channel output at receiver j, for j = 1,2. In partic-
ular, if the channel output at receiver j is Y}, then the feedback to transmitter
Jis Yp, = g;Y; + Zj, for j = 1,2 (see Figure 3.1). With the eventual goal of
understanding the capacity region of the GIC with noisy feedback, we present a
linear deterministic model with noisy feedback. We show that the LD-IC with
noisy feedback serves as a good approximation to the GIC with noisy feedback.
First, we consider the linear deterministic interference channel with noisy feed-
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back. Subsequently, we consider the Gaussian interference channel with noisy

feedback, based on the insights that we gain from the linear deterministic model.

Other related work that studied multi-user channels with feedback includes
[34, 49, 60, 62, 90, 107, 112, 113, 122]. [112] [122] found an achievable rate re-
gion for interference channel with generalized feedback, and their model can be
reduced to many well-known multi-user channels, including ours. Note that all
results for the general memoryless IC with generalized feedback can be immedi-
ately specialized to the IC with user cooperation by evaluating the bounds for
independent noises, or to the IC with noisy feedback by evaluating the bounds
for correlated noises. However, further optimization needs to be done to make
the inner bound tight for our current problem. In [49], Jiang et al. estab-
lished an achievable rate region for the interference channel with full noiseless
feedback. [34] found outer bounds for interference channel with degraded noisy
feedback. Additive white Gaussian noise (AWGN) MAC with imperfect feed-
back was studied in [62], which showed that the achievable rate region for MAC
with even imperfect feedback is larger than that without feedback. Tandon
and Ulukus in [107] derived outer bounds for the Gaussian MAC with noisy
feedback and outer bounds for Gaussian interference channel with user cooper-
ation. In [113], Tuninetti developed outer bounds on R; + Rs for interference
with generalized feedback. Existing literature on the IC with source cooperation
[4, 13, 87, 117, 123] are different but also related to literature on the IC with
noisy feedback. In both cases, each transmitter receives a noisy version of sig-

nals from the other transmitter. However, while the signal noises in the source
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cooperation model are independent of channel noises, the signal noises in the
noisy feedback model may be correlated with the channel noises. Wang and Tse
[117] characterized the capacity region, to within a constant number of bits, of

the two-user Gaussian interference channel with conferencing transmitters.

H 3.1.1 Main contributions

The main contributions of this chapter are summarized as follows.

e In this chapter, we characterize the capacity region for the symmetric LD-
IC with noisy feedback. We illustrate through numerous examples, that
the sum-rate bounds derived in [63] alone are not sufficient to characterize
the capacity region, and 2R; + R and R; + 2R, bounds are also necessary.
Note that outer bounds are tightened with the help of specially defined
auxiliary random variables. We show that noisy feedback increases the
capacity region if and only if the amount of feedback level [ is greater than
a certain threshold [*. It is found that, excluding the regime % <a<2in
which even full feedback does not increase symmetric capacity, [* is equal

to the per-user symmetric capacity without feedback.

e Based on results for the symmetric LD-IC with noisy feedback, we derive
inner bounds and outer bounds for the symmetric Gaussian interference
channel with noisy feedback. The outer bounds are shown to be at most
4.7 bits/s/Hz from the achievable rate region. As a corollary of this result,

we also obtain a generalized-degree-of-freedom region for the symmetric
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Gaussian IC with noisy feedback.

W 3.1.2 Chapter outline

The structure of this chapter is as follows.

e In section 4.2, we introduce the system models for the discrete memoryless
interference channel with noisy feedback, the Gaussian interference channel
with noisy feedback and the LD-IC with noisy feedback, then we formally

state the problem.

e In section 3.3, we present the results and discussion for the symmetric

linear deterministic interference channel with noisy feedback.

e In the subsequent section, we present the results and discussion for the

symmetric Gaussian interference channel with noisy feedback.

e Finally, the chapter ends with a conclusion and the appendix, which con-

tains proofs to results in the chapter.

H 3.2 System model

The two-user Gaussian interference channel with noisy feedback (see Figure 3.1),

is defined by the following input-output relationships

Y1ii = h11 X1 + ho1 Xoi + 214, (3.1)

Yo = h12X1; + hoo Xo; + Zo;, (3.2)
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Figure 3.1. Gaussian IC with Noisy Feedback.
Yri = q1Y1i + Zu, (3.3)

Yiyi = g2Yoi + Zoi, (3.4)

where X; denotes the signal sent by transmitter j, Yj; denotes the output at
receiver j, Yp, ; denotes the feedback received at transmitter j, for j = 1,2, at
time i, for i € {1,2,...,T}, and {Z;;}/_, and {Z;;}L, are independent, additive
white Gaussian noise processes with zero means and unit variances. The for-
ward channel gains {hi1, ha1, hi2, heo} and the feedback channel gains {g1, g2}
are assumed to be constant and known at all terminals. Average unit power
constraints are imposed at each transmitter. In other words, for a code of block

length T, input sequences must satisfy %E(Zle 1X;i|*) <1, for j=1,2.

Transmitter Tx;, for j = 1,2, wishes to communicate a message m; €
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{1,2,...,M;} = W; to receiver Rx;. It is assumed that W; and W5 are inde-
pendent. An (M, My, T, P.) feedback code for the interference channel (IC)

with noisy feedback consists of a sequence of encoding functions such that
Xji = [;(W;, Y1, YE2, -y Vi i1) (3.5)

where X;; € & for j = 1,2, and i = 1,2,...,T, and two decoding functions such

that
Wj = dyr(V]") for j = 1,2 (3.6)

such that max{P. 7, Peor} < P., where P, 17 and P, denote the average
decoding error probabilities, which are computed as P j;r = Pr(Wj # Wj). A
rate pair (R, R2) is achievable for the IC with noisy feedback if there exists an
(My, Mo, T, P.)-feedback code such that P, — 0 as T — oo and % < R; and
% < Ry. The capacity region of the IC with noisy feedback is defined as
the closure of the set of all achievable rate pairs. With the goal of understanding

the capacity region of the GIC with noisy feedback as defined above, we next

describe the linear deterministic interference channel with noisy feedback.

Using the deterministic model in [3], a non-negative integer ny; is used to
represent the channel gain from transmitter Tx;, to receiver Rx; and it is given
by ni; = [log hiﬂf Note that the effect of the Gaussian noise is captured
by these representative numbers. Let ¢ denote the maximum channel gains in
the interference channel, i.e., ¢ = max(ny;). Thus, the transmitted signal from
transmitter k at the time ¢ will have a maximum of ¢ bits visible to any receiver.

Denote Xy; = [X},, ...,X]ZZ.]T € Fj, for k = 1,2, where the leftmost bit is the
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Figure 3.2. Symmetric Linear Deterministic IC with Noisy Feedback.

most significant bit and the rightmost bit is the least significant bit. In this
linear model, the effect of interference between various signals is captured as the
superposition of those signals. At the time i, the outputs at the receivers are

given as

Yy; = ST™MX; @ ST X, (37)

Yo, = S92 X, @ SqinQQXQZ‘, (38)

where S is the a square shift matrix of size ¢ given by

0 0 0 0
0 0
S=| 010 .0 (3.9)

| 0 .. 0 1 0]

and the operation is modulo 2 addition in F5.

Next, we analyze the feedback links in the Gaussian interference channel.

The feedback links are effectively equivalent to

Vi = 1Y + Zu; (3.10)
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Yy,

= gp + Zui, (3.11)
YB3+ hE 4 2haihor + 1 '

Vini = 92Yoi + Zoi (3.12)

Yo,

= gr + Zai, (3.13)
: \/h%Q + h%z + 2h12h22 +1 '

where

gm = g1 \/hfl + h3, + 2hi1hoy + 1

gF, = g2 \/h%Q + h%Q + 2h12h22 + 1.

Using equations (3.10-3.13), we now model the corresponding feedback in the
LD-IC model. The channel gains gp; for the feedback links can be represented
by l;, for j = 1,2, where [; = [log g%j]+. Note that when [; = ¢, this corresponds
to the case of full feedback, which is the best kind of feedback that a system can
get. Therefore, there is no need to consider the case [; > ¢. It is thus sufficient
to consider only the case 0 < [; < g. The feedback signals at the transmitters

are given as
Vi = STV, Vi = S92V (3.14)

Effectively, via the feedback links, in time slot 7, the transmitter j sees only the

top [; bits of the received signals Yj;, for j = 1,2 (see Figure 3.2) .

The chapter focuses on the symmetric LD-IC in which m = nis = noj,n =
ni1 = na9g, and | = I3 = I, and the symmetric Gaussian IC with noisy feedback,
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where h11 = haa, h1o = he1 and g1 = go. Define
SNR £ h2, = h3,, (3.15)
INR £ h3, = hi,, (3.16)
SNRr £ gf, = gt - (i1 + h31 + 2h11hor + 1)

= g%, = 93 - (hiy + hy + 2h12hay + 1). (3.17)

Remark 3.1. Now we show how the Gaussian IC with noisy feedback is also

related to, but different from, the Gaussian IC with source cooperation. Note

Y = 1 Y1i + Zu (3.18)

= grhi X1 + g1ho1 Xoi + g1 Z15 + Z1;. (3.19)

Transmitter 1 has access to its own codewords, so we will subtract the contribu-

tion from X7;, and define a scaled version of the remaining part

Y}I?li = g1ho1 Xo; + (121 + Zh»). (3.20)

1 1
VIi+1 g +1
Thus, the Gaussian IC with noisy feedback is also related to the Gaussian 1C

with source cooperation considered by Prabhakaran and Wiswanath [87] and

others. However, there are differences. In the noisy feedback model, the noise

1

o (121 + Zli) is correlated with Z1;. In the source cooperation model, the
97

cooperation noises are independent of the channel noises Z1; and Zs;. Opera-
tionally, in the noisy feedback model, receiver 1 at time slot ¢ does not know the
message Xo; clearly. Therefore, it sends a copy of the received message Y7; via
the feedback link. After receiving the noisy feedback Yr,; and subtracting its own
message, transmitter 1 learns about transmitter 2’s message Xo; through a noisy
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version Yléli. On the other hand, in the source cooperation model, transmitter
2 knows exactly its own message and cooperates directly with transmitter 1.
Without having to remove its own message, transmitter 1 learns directly about

transmitter 2’s message Xo; through a noisy version Yléli.

B 3.3 Symmetric deterministic IC with noisy feedback

As a stepping stone towards approximating the capacity region for the Gaus-
sian IC with noisy feedback, we first consider the associated symmetric linear

deterministic model.

B 3.3.1 Capacity region

Given a triple (n,m, 1), we denote the capacity region for symmetric LD-IC with

noisy feedback by CN~FB(

n,m, ), which is the set of all achievable rate pairs
(R1, Ry) with noisy feedback. We find it useful to define forward and feedback

interference parameters respectively as follows

,ﬂéi. (3.21)

n

A
o=

SE

The forward interference parameter o measures the normalized interference,
whereas the feedback interference parameter S measures the normalized feed-

back. For the purpose of comparison with related work, we also define the

normalized rates, with respect to n, as R; = %, for j = 1,2. Equivalent
to CN=FB(n,m, 1), the normalized capacity region CN~¥B(a, 8) is the set of all
achievable normalized rate pairs (R}, R3) with noisy feedback.
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The capacity region for the symmetric LD-IC with noisy feedback is given

by the following theorem.

Theorem 3.1. The normalized capacity region CN"¥B(a, B) of the symmetric
linear deterministic interference channel with noisy feedback, is the set of non-

negative normalized rate pairs (R}, R3) that satisfy

R} < max(1, ), (3.22)
R < max(1, a), (3.23)
Ry <1+ (B-1T, (3.24)
Ry <1+ (B-1T, (3.25)
R} + Ry < (1 —a)t +max(1, ), (3.26)

R + R; < 2max|(1 —a)",a] +2min[(1 — o), (8 — max(a, (1 — a)™))*],

(3.27)

2R} + Ry < (1 — )™ + max(1,a) + max[a, (1 — a)*]
+min[(1 — a)*, (8 — max(a, (1 — @) ")) "], (3.28)

R +2R5 < (1 — )" +max(1,a) + max[a, (1 — a)*]
+min[(1 — )", (8 — max(a, (1 — a)™))*]. (3.29)

where (o)t £ max(0, ).

Proof. One of the key ideas in the forward proof is the following lemma, which
gives an achievable rate region for the general two-user discrete memoryless in-
terference channel with noisy feedback. This lemma was derived in [122].
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Lemma 3.1. The capacity region of the two-user discrete memoryless interfer-

ence channel with noisy feedback as defined above includes the set of (Ri, Ra)

such that

Ry < p1+ K2+ p3

Ry < K1+ p2+ K3

Ri < ka+p1

Ry < ps

Ry < ps + K1

Ri+ Ry < ko + pe

Ri+ Ry < po + ke

R1+R2§I€1+p1+n5+p2

Ry + Ry < K1+ p1 + p5 + k2

R+ Ry < K14 p1+ K3+ p3

2Ry + Ry < kg + K2 + p3 + p1

2Ry + Ro < 2p1 + K1 + K5 + k2 + p3

Ry + 2Ry < pg + p2 + K3 + K1

Ry + 2Ry < 2k1 + p1 + p5 + p2 + K3,
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over all joint distributions

p(u)p(ur|uw)p(uz|u)p(vi|u, ur)p(va|u, uz)p(w1|u, ur, v1)

p(x2|u, ug, v2)p(y1y2|T122) (Y [Y1)P(YE, [Y2), (3.45)
where
k1 = I(Uy; YF, | X1,V1,U1,0) (3.46)
ke = I(X1; Y1|U, Uy, Us, V1, Va) (3.47)
Ky = I(X1, Vo; Y1|U, Uy, Vi, Us) (3.48)
ky = I(X1; Y1|U, Uy, Us, V) (3.49)
k5 = I(X1,Va; Y1|U, Uy, Ua) (3.50)
rg = 1(U, Uz, Vo, X1; 1) (3.51)
p1 = 1(Uy; Y, |UVaUs X5) (3.52)
p2 = 1(Xo; Yo|U, Uy, U, V1, Va) (3.53)
p3 = 1(X2,V1; Y2|U, Us, Vo, Uy) (3.54)
ps = 1(Xo; Yo|U, Uy, Uy, V1) (3.55)
ps = 1(X2, V1; Y2|U, U1, Ua) (3.56)
pe = 1(U, U1, Vi, X2, Y5). (3.57)

The details in applying Lemma 3.1 to do the forward proof are presented in

subsection 3.6.2.

Remark 3.2. We sometimes use the notation convenience py i (vlu) = p(v|u) and
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py(v) = p(v), where the dropped subscripts are obvious by observation of the

arguments used in the functions.

Remark 3.3. The lemma, just as related works in [122] [112] [102] [114], uses
standard methods which combine three techniques: block Markov encoding [16],
backward decoding [17], and Han-Kobayashi message splitting [41]. A message
from each transmitter is split into three parts: private message, cooperative

common message and non—cooperative comimon message.

A system with noisy feedback can perform no better than a system with full
feedback. Thus, any outer bound that is applicable to the full feedback model, is
also applicable to the noisy feedback model. Thus, for the proof of outer bounds
for equations (3.22), (3.23) and (3.26), please refer to [102]. The outer bound for
the equation (3.24) is a simple cut-set bound [18], that follows from the outer

bound

Ry < H(Y1,YR,|X2), (3.58)

which can be proved easily. Nevertheless, there is an alternative way to prove
this outer bound. In the regime where o < 1, this outer bound is inactive due
to outer bound in (3.22); in the strong and very strong interference regimes, i.e.
a > 1, this outer bound follows from an interesting observation. The observation
is that, when 8 < 1, feedback Yr, does not help as the feedback is a composition
of X5 and the top n bits of X3, and when 8 > 1, feedback starts to help but
there is some overlap as the top m of X; in this case is a mixture of Yp, and
X5. Thus, we will present, in the appendix, an alternative, slightly more compli-
cated, proof, which might be of interest to some readers, based on this simple,
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but intriguing, observation. The outer bound on the equation (3.25) is proved
similarly. In addition, we will present the rest of the converse proof for Theorem

3.1 in subsection 3.6.1. O

Next, we will compare the result for the noisy feedback model with related
results for the no feedback model, the rate-limited feedback model and the full

feedback model.

B 3.3.2 Comparison with other feedback models

We recall here the capacity regions for the no feedback model, the rate-limited
feedback model and the full feedback model. The normalized capacity region
CNo~FB(q) of the symmetric linear deterministic channel with no feedback model
[11], in which 8 = 0, is given the set of non-negative rate pairs (R, R3) that

satisfy

R} + R5 < (1 —a)t + max(1, ),
T+ Ry <2max[(1—a)t, ],
2R} + Ry < (1 — )™ +max(1, ) + max[a, (1 — )],

R} +2R5 < (1 —a)t + max(1, a) + max[a, (1 — a)™]. (3.59)

The normalized capacity region CF''=FB(q) of the full feedback model [102],
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in which f = 1, is given the set of non-negative normalized rate pairs (R], R3)

that satisfy
R} <max(1,«a),
R5 < max(1, a),

P4+ R < (1—a)t +max(1,a). (3.60)

The normalized capacity region CRF=FB(a, #') of the rate-limited feedback
model found in [114], is equivalent to the set of non-negative normalized rate

pairs (R}, R3) that satisfy

R} <max(1,a),
R; < max(1,a),
R <1474,
Ry <1+f,
R} + R5 < (1 —a)t +max(1, ),
R} + R; < 2max|[(1 —a)",a] +2min[(1 — )T, 5,
2R} + 3 < (1 - a)" +max(1,a) + max[a, (1 — a)"] + min[(1 — o)™, 5,

R} +2R; < (1 — )" +max(1, a) + max|a, (1 — a)¥] + min[(1 — a)*, B
(3.61)

In contrast to that in the partial-feedback model, the receivers in a rate-
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limited feedback model, with feedback rate 3, can feed back to the transmitters
any function of the received outputs, even though 3’ in the rate-limited feedback
model is also a normalized rate of feedback just like 5 in the partial-feedback
model. Clearly, such encoding functions include sending back the top nS’ bits;
and hence the capacity of our model is in general contained within the capacity
region with the same amount of rate-limited feedback. Thus, when 8 = /', the

capacity regions for these four models always satisfy the following rule
CNO—FB(a) C CP_FB(Oé,,B) C CRL_FB(a,ﬁ/) C CFHH_FB(Oé). (362)

The set inclusions here can be strict. We illustrate the results through examples.

Example 3.1. Consider a channel in which n = 6,m = 2 and [ = 5. Figure
3.3 shows the capacity regions with no feedback, with full feedback, with rate-
limited feedback of | = 5 bits, and with noisy feedback of | = 5 bits. Several

interesting observations are worth making:

e The capacity region with full feedback coincides with that of rate-limited

feedback of [ = 5 bits.

e The sum capacity is 10 bits/channel-use for full, rate-limited and noisy

feedback settings.

e Most importantly, the capacity region with noisy feedback is strictly con-
tained in the capacity region with full feedback and rate-limited feedback.
Previously, the capacity region for the model with full feedback did not re-
quire the bounds on 2R + Ry and R; +2Rs. On the other hand, it is here
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Figure 3.3. Capacity regions for n = Figure 3.4. Capacity regions for n =
6,bm=2andl=5. Il,m="T7andl=2.

that we can clearly see the necessity of 2R; + R and R; 4+ 2R bounds in

characterizing the exact capacity region when the feedback links are noisy.

Example 3.2. Consider another channel in which n = 1,m = 7 and | = 2.
Figure 3.4 shows the capacity regions with no feedback, with full feedback, with
rate-limited feedback of [ = 2 bits, and with noisy feedback of [ = 2 bits. Several

interesting observations are worth making:

e All the set inclusions in (3.62) are strict. In other words, the capacity
regions of the no feedback model, the noisy feedback model and the rate-
limited feedback model are strictly included in that of the noisy feedback
model, the rate-limited feedback model, and the full feedback model re-

spectively.

e When [ = 2, the capacity region of the noisy feedback model is strictly
larger than that of the no feedback model. In fact, this holds as long as
[ > 1. Thus, we can partially observe the role the noisy feedback link plays
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in enlarging the capacity region. The capacity region of the noisy feed-
back model are characterized by not only the direct link strength n and

the cross interference link strength m, but also the feedback link strength I.

As a direct result of Theorem 3.1, we have the following corollary.

Corollary 3.1. The normalized sum rate R} + R5 of the noisy feedback model

is the same as that of the no feedback model when B < 37, where

g = {max(a, (1-a)") ifa<l, (3.63)

1 if 1 < a.
The normalized sum rate R} + R5 of the noisy feedback model is the same as that

of the full feedback model when 8 > B3, where

65‘2{1_3 Fasl, (3.64)

g if 1 < a.

The normalized sum rate R} + R5 as a function of 3, for a fixed value of o, in
different regimes, is illustrated in Figures 3.5, 3.6, 3.7, and 3.8. The normalized
sum rate R} + R5 of the noisy feedback model is the same as that of the no
feedback model when 8 < (7, which is defined in Corollary 3.1. Notice that,
excluding the case % < a < 2, 87 is the per-user symmetric capacity for the no
feedback model. The normalized sum rate R} + R3 of the noisy feedback model
is strictly smaller than that of the rate-limited feedback model. The normalized
sum rate R} + R for the noisy feedback model reaches saturation and achieves
the same performance as that of the full feedback model when 5 > 33. Notice
that /35 is the per-user symmetric capacity of the full feedback model.
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Note that the normalized sum rate R} 4+ Rj is not increased by any amount

of feedback in the moderately strong interference regime, where % <a<1, and

the strong interference regime, where 1 < o < 2.

As a direct result of Theorem 3.1, we have another corollary.

Corollary 3.2. The capacity region of the noisy feedback model is increased by

the noisy feedback if and only if 5 > BT, where B7 is defined as in Corollary 3.1.

In the following subsection, we present discussion on ideas of the achievability

proof and the converse proof for Theorem 3.1.
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B 3.3.3 Comparison with the linear deterministic IC models with source
cooperation

In the literature, The Gaussian IC with source cooperation [87] indicates IC
with generalized feedback where all noises are independent and jointly Gaussian.
The difference between the Gaussian IC with source cooperation and the model
in this chapter is explained in Remark 3.1. However, in the high-SNR linear
deterministic model, there is no noise; hence the result for the case of source
cooperation can be readily specialized to the noisy feedback case. For this reason,

the result in [87] can be specialized to our scenario.

Denote f3sc as the channel gain between the sources in the paper [87]. First,
we find the relationship between S in the noisy feedback model and Bs. in the
source cooperation model. In the noisy feedback model, we have the restriction
B < max(1, ) as areceiver cannot feedback more than the amount of information
it has received. In the source cooperation model, we have the restriction B < «
as a transmitter does not need to see more bits of the interference signal than
the intended receiver. Notice that what matters in these types of problems is
how many interfering bits of Xo are seen at receiver 1 and how many bits of X3

are seen at receiver 2. Hence, we have

ﬂ2ﬁ5c+[1—a}+.

Thus, from Theorem 1 in [87], we obtain from the following corollary.

Corollary 3.3. The normalized sum-capacity region CN"¥B(a, B) of the sym-
metric linear deterministic interference channel with noisy feedback, is the set of
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non-negative normalized rate pairs (R}, R3) that satisfy

Ri+ Ry <2max(l—a+(B—(1-a)"),a, (8- (1-a)")T), (3.65)

R} + R <max(1,a) + max(1,a, (8 — (1 —a)")" —a, (3.66)
Ri + Rj < 2max(1, (8 - (1 —a)")T), (3.67)
R} + R5 < 2max(1, a). (3.68)

Note that the bounds in this corollary are exactly equivalent to our bounds
on the sum rate R} + R; in Theorem 3.1. In the case a > 1, the bounds on
2R} + R5 and R} + 2R3 are not active in characterizing the capacity region
the symmetric LD IC with noisy feedback. Therefore, the sum capacity in [87,
Theorem 1], together with the bounds on the individual rates (3.22-3.25), can

lead the same result as that in Theorem 3.1.

W 3.3.4 Achievability

In the classical interference channel without feedback, the HK encoding scheme
currently gives the best achievable rate region [41] [15]. It was proved in [24]
[11] that the HK encoding scheme can achieve the capacity region of the lin-
ear deterministic interference channel with no feedback. In the HK encoding
scheme, messages are split into two parts: common information and private in-
formation. However, splitting messages into two parts is not sufficient to account
for the effect of feedback links on the capacity region of the interference channel

with noisy feedback. Previous works have made used of more-than-two message
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Figure 3.9. Encoding example for (n = 7;m = 4;1 = 5)

splitting [112] [122] [114] [87]. The works [112] [122] developed an achievabil-
ity scheme for a very generic model: IC with generalized feedback. It is true
that IC with noisy feedback is a special case of IC with generalized feedback.
Thus, any achievable scheme developed for IC with generalized feedback is also
applicable for IC with noisy feedback. The remaining question is which choice of
auxiliary random variables will obtain the optimal achievable rate region. Before

answering this question, we will consider an example.

Example 3.3. Consider an example, in which n = 7,m =4 and [ = 5. In this
example, we show an encoding scheme to achieve the point (R;, R2) = (5,5) in
the achievable rate region. Without feedback, the maximum achievable sum rate
is 8 bits per channel use. Here, we manage to obtain a sum rate of 10 bits per
channel use through feedback. The encoding scheme is shown in Figure 3.9.

In the first time slot ¢ = 1, each transmitter sends 5 fresh information bits as
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shown in the figure. With a feedback channel gain | = 4, Tx; sees only the
top 5 bits, which are aq, a2, —,b1,a3 ® by, and hence it can recover bs. In the
second time slot ¢ = 2, transmitter Tx; sends 5 new fresh information bits again
and encodes by at the third topmost signal level as shown in the figure. The
third topmost signal level is chosen to ensure that the resolving signal bit by is
received cleanly at Txq. With the help of by, Rx; can resolve the interference in
the previous time slot and decode ag successfully. Due to symmetry, the same
encoding operation is carried out at Txo and Rxs. We can repeat this encoding
scheme again for a duration of B time slots. It is easy to see that this scheme
asymptotically achieves a sum rate Ry + R2 = 10 bits/channel use. Thus, the
bound Ry + Ry < 2m + 2(I — m)™ is active in this example and the encoding
scheme has achieved the sum capacity in this regime.

A careful observation suggests, in each channel use, the message bits from a
transmitter is categorized into three parts. For example, transmitter 1, in the
second time slot when ¢ = 2, has 3 private bits ag, ag, a1g, 2 cooperative common
bit (b2, —), and the remaining 2 bits as non-cooperative common bits. This
example suggests the size of the cooperate common message in general to be
(I — (n —m)™)" and the position of the cooperative common message to be

within the top m bits of each transmitter.

A detailed choice of auxiliary random variables are shown in the proof in

subsection 3.6.2.

Remark 3.4. Apart from the generic achievable scheme shown in subsection 3.6.2,

we developed an alternative, more elementary achievable scheme, which is pre-
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sented in subsection 3.6.3. That alternative scheme gives certain alternative

points of view, which are not captured by the generic achievable scheme here.

H 3.3.5 Outer bounds

Consider the same example in Figure 3.9. Notice that for [ < 4, the feedback
link does not show any advantage over the situation without feedback. For
example, in the first slot ¢ = 1 when [ = 4, even though transmitter 1 sees
4 bits (a1, a2, —,b1) via the feedback link, the knowledge of b; is redundant as
no interference has appeared at receiver 1 yet. However, when [ = 5, there is
interference at as @ by. Thus, we start to see the benefit of the feedback link.
Notice that transmitter 1 always knows the top n — m = 3 bits of receiver 1.
However, the benefit of feedback does not occur when [ exceeds n — m. It only
occurs when [ exceeds m. This motivates us to define Xy,,1 and Xiop in the

converse. For more details, please refer to subsection 3.6.1.

B 3.4 Symmetric Gaussian interference channel with noisy feedback

With the results and techniques developed for the symmetric linear determinis-
tic model, we are one step closer to approximating the capacity region for the
symmetric Gaussian IC with noisy feedback. First, we derive the outer bounds,
next we derive the inner bounds. Then, we show that the gap between the outer
bounds and the inner bounds is a constant.
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H 3.4.1 Outer bounds

Define

o 2 log INR
“ ™ logSNR’

(3.69)

The outer bounds for the symmetric Gaussian interference channel with noisy

feedback is given by the following theorem:.

Theorem 3.2. The capacity region of the symmetric Gaussian interference

channel with noisy feedback, is included by the set of non-negative pairs (R1, R2),

for some 0 < p < 1, satisfying

log (SNR + INR + 2pv/SNR - INR + 1) £ 45y

N | =

log (SNR +INR 4 2pVSNR - INR + 1)

SNRr

1
1 N 1)+ -1 —_—
og (SNR+1) + Og<SNR+1

5 +1>é¢2

1 SNR
log (SNR + 1)+210g< a +1>

SNR + 1
log ( SNR + 1>

| |
N —= N = N = N =

< ot
f 1t = INR + 1
1
+ 5 log (SNR + INR + 2pvSNR - INR + 1) £ 43y
Ry + Ry <9y

2R1 4+ Ry < 5

Ri + 2Ry < s,
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(3.77)



Sec. 3.4. Symmetric Gaussian interference channel with noisy feedback

where

log (7181\11\]1%}: + 1) + log (SII;I\%F + 1> + log (%) + log 3

(1>

(o (3.78)

INR?+SNR-+2INR+2pv/SNR INR+1 SNRp (INR+1)
IOg( INR+1 +log | SxrmRTT 1

otherwise,

;

2
%log (% + 1) + %log (SIT\%F + 1) + %log (%) + %log?)
+41og (§K%; +1) + §log (SNR + INR + 2pv/SNR - INR + 1)
if 5 <oag <1,

>

s

1 INR2+SNR+2INR+2pv/SNRINR+1) 1 SNRp(INR+1)
3 log ( INR+1 + 3 log { SsxrymrT 1

+41og (§A8; +1) + §log (SNR + INR + 20v/SNR - INR + 1)

otherwise.

(3.79)

Proof. The bounds of (3.70),(3.71) and (3.74) were derived in [102]. Thus, it
suffices to prove the bounds of (3.72),(3.75) and (3.76). The proof of (3.73) and
(3.77) follow by symmetry. One of the key ideas in proving these outer bounds
is to make use of the following auxiliary random variables. Inspired by the linear

deterministic interference channel with partial feedback, we define

Soq 2 VINRX + 71, (3.80)

Sia £ VINRX | + Zo, (3.81)

INR X 1
X1t 22, 3<ag<1
XtoplG £ { SNR ’

0, otherwise,

(3.82)

INR X 1
—~=X2t+21, 3<ag<1
XtopQG £ { SNR.

(3.83)
0, otherwise.

Almost similarly to the proof of the outer bounds in Theorem 3.1, we can show

the following lemma. However, there are subtle differences, which call for the

right analysis so that we can deal with channel noises and feedback noises. The
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specially defined random variables X;op1 and Xyop0c play a key role in obtaining

the sum rate bound (3.85) and the weighted sum rate bound (3.86).

Lemma 3.2. Consider the Gaussian IC with noisy feedback as defined in Section
4.2. The capacity region of the symmetric Gaussian IC with noisy feedback, is

included by the set of non-negative pairs (Ry, Re) satisfying

Ri < h(Y1,Yey | Xa) — h(Z1) — h(Za), (3.84)
R + Ry < M Xiopia|Soc) + h(YE, | X2, Xiopia) + R(Y2|Seq, Xiopic)

+ h(Xtop2G|SlG) + h(YFl |X1, XtopQG) + h()/i |SIG7 Xtop2G)

— W(Za) = h(Z1) — 2h(Z2) — 20(Z1) (3.85)
2}31 + R2 S h(XtoplG‘SQG) + h(YFQ‘X27 XtoplG’) + h(Y2‘SQG7 XtoplG)

+ h(Y1|S1a, Xo) + h(Y1) — 2h(Z)) — 2h(Z) — h(Z2).  (3.86)

The proof of Lemma 3.2 is presented in the appendix, subsection 3.6.5.
Lemma 3.2 is tailor-made to deal with the effect of noisy feedback on the per-

formance of the symmetric Gaussian interference channel.

Using Lemma 3.2, we can prove bounds (3.72),(3.75), (3.76) and (3.73). The

details are presented in subsection 3.6.4. O

Remark 3.5. When SNRp — oo, the outer bounds of (3.72),(3.73), (3.76) and

(3.77) are redundant.

Remark 3.6. At high SNR, the outer bounds here are equivalent to that in the
full-feedback model [102]. At low SNR, the outer bounds here are slightly looser
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than that in the full-feedback model as we do not include the following cut-set

outer bound [102]

R < h(}/Q’XQ) — h(ZQ) + h(Yi’XQ, Sl) — H(Zl) (3.87)
2
< %log (1+ (1 - p?)INR) + %log (1 + 7 Erl(l i L§§§R> . (3.88)

However, it is beyond the scope of this chapter to tighten the constant-gap result,

which is presented in Theorem 3.4, so we do not consider it here.

Remark 3.7. The symmetric Gaussian IC with noisy feedback and the symmetric
Gaussian IC with rate-limited feedback [114] share the same bounds of (3.70),

(3.71) and (3.74).

Remark 3.8. Theorem I1.2 in the paper [113] gives a generic outer bound on the
sum rate Ry 4+ Ro for IC with generalized feedback. That outer bound is also
applicable to our setting and potentially helpful in obtaining a better constant-

gap result.

Remark 3.9. The outer bounds on the sum rate in Theorem 2 and Appendix IV
in [24] possibly have competitive performance with our outer bounds in terms of

quantifying the constant gap for the sum rate.

H 3.4.2 Inner bounds

The inner bounds for the symmetric Gaussian interference channel with noisy

feedback is given by the following theorem.

Theorem 3.3. Given any real-valued number p such that 0 < p < 1. The
capacity region of the two-user symmetric Gaussian interference channel with
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noisy feedback includes the set of all non-negative pairs of (R1, Ra) satisfying

Ry < min(r6,74 + 71,71 + T2 + 73) (3.89)

Ry < min(71g,74 + 71,71 + T2 + 73) (3.90)

Ry + Ry < min(mp + 76,271 + 75 + T2, 271 + 273) (3.91)
2R + Ry <min(16 + 12 + 73+ 71,371 + 75 + T2 + 73) (3.92)
Ri + 2Ry <min(16 + 712+ 73+ 71,311 + 75 + T2 + 73) (3.93)

where
A1 SNR+INR+2pv/SNR-INR + 1
T6 = — log (3.94)
2 INR- P, + 1
21, SNR(Py+ P,) +INR(Poe + By) + 1
=5 lo8 INR- P, + 1 (3.95)
o 1. SNR(P,+P)+INR-P,+1
22 3.96
TR INR- P, + 1 (3.96)
o 1 SNR:P,+INR(Pu+ P,)+1
20 97
BTge INR- P, + 1 (3.97)
.1 SNR-P,+INR:P,+1
22 ‘
T8 INR- P, + 1 (3.98)
2 Ligg Tin (3.99)
T8 Tid '
SNRp
Tin £ X [INR(Pec + Pye + Bp) + 1] + 1
" = SNR T INR - 2voNR INR 11« v) 1]
SNR
Tig 2 i X [INR(P,. + P,) + 1] + 1,

SNR + INR + 2vSNR - INR + 1

for all power allocation schemes that satisfy

Py+ Pot Poe=1—p, (3.100)

and Py, P.. and P, are non-negative.
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Proof. Theorem 3.3 is a direct corollary of Lemma 3.1. Choose (U, U;, Vi, X;p),

for i € {1,2} as jointly Gaussian, independent random variables which satisfy

U ~ N(0,p), (3.101)

U; ~ N(0, P.e), (3.102)

Vi ~ N(0, Pye), (3.103)

Xip ~ N(0, P,), (3.104)

Pee+ Poe+ P, =1—p. (3.105)

Set X; =U +U; +V; + X;,. With this choice of random variables, Theorem 3.3

is a direct corollary of Lemma 3.1. O

Theorem 3 plays a key role in obtaining the constant-gap result in Theo-
rem 3.4. The major difficulty in using Theorem 3 is to choose the right power

allocation scheme, so that we can get tight inner bounds.

B 3.4.3 A constant gap between inner and outer bounds

Define

6r £ 0Rr, £ 6p, £ min(yy,¥2) — min(7e, 74 + 71,71 + T2 + 73, 7) (3.106)
Sar = OR,+ R, = min(Ys, ta, 2001, 202, 11 + 12)

— min(re + 76,271 + T2 + 75, 271 + 273, 27) (3.107)

A A
03R = 02R,+Rs = OR,+2R>
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£ min(s, 1 + V3, U1 + Pa, Y2 + 3, o + Ya, 31, 3io)
—min(m + 72 + 73 + 76,371 + T2 + T3 + 75, 37). (3.108)

1 1
1) = max((SR, 5523, 5(533) (3109)

where 7 is any achievable rate for any transmitter, using some achievability
scheme. In words, dg, dor and d3r are the possible gaps between the minimum
of the set of the derived outer bounds and and the minimum of the set of the
derived inner bounds for the individual rate, the sum rate R; + Ro, and the

weighted sum rates 2R; + Ro and Ry + 2R» respectively.

This is the main result in this chapter.

Theorem 3.4. Outer bounds in Theorem 3.2 are mno more than 4.7 bits/s/Hz

away from the achievable rate region. More precisely, we have

5 <47 (3.110)

Proof. Refer to subsection 3.6.6. O

Remark 3.10. HK [41] scheme used two-message splitting, which was proved
to be at most 1 bit/s/Hz away from the outer bounds [24]. The achievability
scheme here makes use of three-message splitting. Prabhakaran and Viswanath
[87] proposed three different encoding schemes, which are based on three-message
splitting (which is the same as ours here), four-message splitting and mixture of
these two schemes. Other advanced achievibility schemes developed in [122] for
the IC with generalized feedback is also applicable to our model. We are not
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sure if our current inner bounds are sufficiently strict so it might be advanta-
geous to use any alternative achievability schemes found in these related works
to reduce the gap further. The large gap may be also due to the outer bounds.
Further works need to be done to tighten the outer bounds. In addition, partic-
ular attention should be paid to the outer bounds, such as the bounds of (3.72),
(3.73), (3.75 - 3.77), which are functions of the feedback link strength SNRp.
Furthermore, the gap is estimated based on a crude estimation method. A more
refined technique should be employed to reduce the gap further. The work in
[87] considered bounds for the symmetric Gaussian IC with source cooperation
and obtained a gap of 10 bits/s/Hz for the sum rate R; + Ra, for real random
variables. From the proof of this theorem, our gap for the sum rate only is
dar = 9.3 bits/s/Hz. At high SNR, bounds in [87] and the bounds here will give
the same result. However, at low SNR, ignoring the differences in estimation of
the gap, our outer bounds on the sum rate seem to be slightly better for sym-

metric Gaussian IC with symmetric noisy feedback.

Define

» log SNRp

Ba = TogSNR | (3.111)

Next, define the generalized degrees of freedom as

1 P1(SNR,INR, SNRy)
SNR—oo  1log(1+ SNR)

iy F2(SNR,INR, SNRp)
SNR—oo  1log(1+ SNR)

di(ag, Ba) =

: (3.112)

dQ(OZG, BG) é

(3.113)

As a result of Theorem 3.4, we obtain the following corollary, which gives
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the generalized-degree-of-freedom region of the symmetric Gaussian interference

channel with noisy feedback.

Corollary 3.4. For the symmetric Gaussian interference channel with noisy

feedback, the generalized-degrees-of-freedom region is the set of non-negative pairs

(di1,ds) that satisfy

dq

do

dq

da

dy + do

dy + da

2d, + do

di + 2ds

< max(1, ag),
< max(1, ag),
< max(1, Bg),
< max(1, Bg),
<max(l,aqg) + (1 —ag)™,
<2max(1l — ag, ag) + 2(Be — max(1 — ag, ag)) ™,
< (Be — max(l — ag, ag))”
+max(1 — ag,ag) + (1 — ag)™ + max(1, ag),
< (Bg —max(1 — ag,aqg))”

+max(1 — ag,aq) + (1 — ag)™ +max(1, ag).

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

Remark 3.11. The generalized-degrees-of-freedom region for the symmetric Gaus-

sian IC is the same as the capacity region for the symmetric LD-IC. Therefore,

any set of remarks and observations that are applicable to the symmetric LD-I1C,

also applies directly to the generalized-degree-of-freedom region of the Gaussian

IC.
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B 3.4.4 Discussion on the asymmetric Gaussian interference channel
with noisy feedback

The symmetric Gaussian interference channel with symmetric noisy feedback is
only a special case of the asymmetric Gaussian interference channel with asym-
metric noisy feedback. To approximate the asymmetric Gaussian interference
channel with noisy feedback directly is a challenging task. Thus, it is beneficial
to first find the capacity region for the asymmetric LD-IC with asymmetric noisy
feedback. A keen reader would have noticed that the inner bounds and outer
bounds developed in the proof of Theorem 1 (sections 3.6.1 and 3.6.2) are also
applicable to the asymmetric LD-IC with asymmetric noisy feedback. However,
in the outer bounds, we relied on carefully-defined auxiliary random variables
Xiopt and Xiop2 to optimally tighten the outer bounds. Similarly, in the inner
bounds, we relied on the carefully-chosen random variables U; and Us, in terms of
the size and the location of the bits assigned to these two random variables with
respect to X7 and X5y respectively, so that we can optimally maximize the inner
bounds to the extent that the inner bounds match the outer bounds exactly.
We are not sure if the current outer bounds and inner bounds are sufficient to
determine the capacity region for the asymmetric LD-IC with noisy feedback. To
choose optimal sets of random variables Xyop;, Uj, for j € {1,2}, which enable us
to determine the capacity region for asymmetric LD-IC with asymmetric noisy
feedback, for different values of n;; and I}, for i, j € {1,2}, is a non-trivial prob-
lem. Therefore, to approximate the capacity region for the asymmetric Gaussian

IC with asymmetric noisy feedback remains an open problem for now.
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M 3.5 Conclusions

In this chapter, we have obtained the capacity region for the symmetric linear
deterministic interference channel with noisy feedback. We have shown that
noisy feedback increases the capacity region if and only if the amount of feedback
level [ is greater than a certain threshold [*, and it is found that [* is equal to the
per-user symmetric capacity without feedback. One of the key ideas is a novel
converse proof which includes outer bound on weighted sum rates 2R; + Ro and
R1 + 2Rs. Our novel outer bounds are tightened by specially defined auxiliary
random variables. We have also illustrated through numerous examples, that
the outer bounds on the sum rate R; + Ry derived in [63] alone are not sufficient
to characterize the capacity region, and 2R + Ry and R; + 2R, bounds are also
necessary. The result and the techniques developed for this linear deterministic
model are then applied to characterize inner bounds and outer bounds for the
symmetric Gaussian IC with noisy feedback. The outer bounds are shown to be
at most 4.7 bits/s/Hz away from the achievable rate region. As a corollary, the
generalized-degree-of-freedom region, which approximates the capacity region of

the symmetric Gaussian IC at high SNR, is found.
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1

Rxl

Rxg

Figure 3.10. Illustration of A; and B; when n < m.

H 3.6 Appendix

B 3.6.1 Converse proof of Theorem 3.1

M 3.6.1.1 Bounds on R; and Ry

Now, the outer bounds of (3.24) and (3.25) on R; and R» respectively, are proved.
When 0 < m < n, we always have R; < n, for j = 1,2, as proved above. Thus,
we only need to consider the case n < m. Consider Figure 3.10. Let A; denote
the top n bits of transmitter 1, and let By denote the top n bits of transmitter
2.
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We have

TRy = H(W)

D H (W W)

= I(Wy; AT Y |Wa) + H(W: [Wa AT YL

b
= I(Wh; ATY |[Wa) + H(W:|[Wo AT Y X3 Y/T)

—
=

—

Cc

< H(ATYE |Wa) + H(WA|YT)

N

INE
.Mﬂ

@
Il
MR

H(AuYFQHAi*lY};le) +1+1TPT

INT
‘Mﬂ

@
I
—

H(A1;Yp,i| Xo) + 1+ TPY, (3.122)

where

(a) follows from the independence between Wi and Wa;

(b) follows from the fact XI is a function of (WQY}Z; ), and Y{T is a function of

(ATX3);

(c) follows from the facts that H (A{Y}; |[WeW1) = 0 and that conditioning

reduces the entropy;
(d) follows from Fano’s inequality; and

(e) follows from the fact that Xs; is a function of (WQY]f;;l).

We next bound the term 7| H(Ay;Yp,| Xo;) in (3.122).
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Case 1: 0 <1 < n. For this case, Yp,; is a function of (A1;X9;). Thus, we

have
T T T
> H(A Yl Xoi) = > H(VRil XoiAvs) + Y H(Aui] Xa)
i=1 i=1 i=1
<0+ nl. (3.123)

Case 2: n <1 <m. In this case, Aj; is a function of (Yg, ;X2;). We have

T T T
> H(A Yl Xoi) = > H(Veil X20) + Y H(Au| X2iVryi)
i=1 i=1 i=1

<IT +0. (3.124)

From both these cases, we conclude that Ry < n+ (I — n)*. The inequality

for Ry can be proved in a similar manner.

M 3.6.1.2 Bound on R; + Ry

Let Sp, represent the top m bits of the first transmitter. When m < n, it will
be the top m bits out of n bits. When n < m, it will represent all the bits from
the first transmitter. Intuitively, Sp, represents the m information bits that
are visible at both receivers. Similarly, let Sp, represent the top m bits for the

second transmitter.

Furthermore, define X;,,; as the top min(m, (2m—n)™) bits of transmitter j.
In other words, X;.p; is the top (2m—n)™T bits of transmitter j when 5 <m<mn,
the top m bits when m > n. No equivalent variable is defined in the case when
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Figure 3.11.

Illustration of SDj and Xiop, ;.

m < 3. These two random variables mainly serve to explain the bounds in the

weak interference regime and the moderately strong interference regime.

It is worthwhile to give examples on these four random variables for ease of
reading. Consider the case of the very weak interference regime where 0 < m <
n
5

Xtopj and Sp,, for j = 1,2, are illustrated in Figure 3.11. In this regime,

Sp, represents the top m bits of transmitter 1, and X;p1 is a null region in this
regime.

2
53 <m <

Consider a second example. Consider the case of the weak interference regime
where Z T A

gain, Xyop; and Sp,, for j = 1,2, are also illustrated in

Figure 3.11. In this regime, Sp, also represents the top m bits of transmitter 1.

Xiop1 is the top 2m — n bits of transmitter 1.
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In the proofs below, we make use of the following lemma.

Lemma 3.3.

T

I(SD, X o Y, Wa; YEW:) < H(YE W) + > [H(Yiyil Xoi Xsop 1)
=1

+ H(Xtop1,i|SDyi)] (3.125)

T

I(Sh, XD YR Wi YEW) < HYAIWa) + > [H(Yryil X1iXi0p2,0)
=1

+ H(Xtop2,i|Spyi)]- (3.126)

Proof.
I(Sh, X Y Wo; YA W)

= I(Wy; Y, Wh) + I(Sh, X Yii: Yi Wi Wa)

(@
= H(Yp, [Wh) + H(Yp, 5D, Xiop [W2)

©) £l o
< H(YE W) + Y [H (Yl Vi S, X Wa Xoi)

=1

+ H(Xtop1,i|Y};15%)2W2X2i) + H(SD21|Y1§2_1W2X21')]

T
D HYE W) + S H (Vi Xoi Xiopt.6) + H(Xiopt ilS0,0)]

i=1

where

(a) follows from the fact that, given (W1Ws), the entropy of any random variable

is 0; and that Wy is independent of Ws;
(b) comes from the fact that Xs; is a function of (Y};IWQ); and

(c) follows from the fact Sp,; is a function of Xo;.
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The second part of the lemma is proved similarly to the above. ]

We have

T(Ry + Ry — p?)

<T(Wi V') + I(Wa; Yy)

< T(Wi YY) + T(Was Y5 V)

= HY) + HYE YT — HYE W) — HYT[YE W)
+ H(YE) + HYE YT — HYE|Wa) — H(YS|YE W)

@ HYT) — H(SE,IYEW) + HYS) — H(SE,[YEW2)
— H(YE W) — H(YZ, |W2)

© HYT) — B(SE,XEA[YEW) + H(YS) — H(Sh, XD YA We)
— H(YA |[Wh) — H(YZ,|Wa)

< H(Y{") + [1(Sh, Xiop1; YA W1) — H(SD, X /1))
+ [H(SB, X5 1Y) — H(SH, XD, [V XT)]
+ H(YS) + [L(Sh, X0 Y Wa) — H(Sh, X[ o)

op2r top2

+ [H(Sh, Xigpa|¥1") = H(SD, Xiopa Vi XT)]

— H(Yg,|Wh) = H(Y,|W2)
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= I(SggXtTom; Y}«lel) + H(Y2T|S£2X£pl)
— H(Sh,XHm|Ys X3)
+ I(SD XL o YEWs) + H(Y{|SH XE )
— H(SB XDV XT) — H(YE W) — H(YE W)
9 185, XT s YEW) + HYE|S,XE )
+ I(SB,XE o YEW,) + H(YT|5T XT )

op2r top2

- H(YF7;|W1) - H(YF7;|W2)

(d)
< I(Sh, X YA Was YEW) + H(YS |SD, X 1)

topl topl
+ I(SH, X2 Vi, Wi Yil, Wa) + H (Y{T|SD, X7, )
— H(Y# |Wh) — H(YZ, W)
T
(e)
< [H (Y2l Spyi Xiopr i) + H(Y1i|Spyi Xeop2,i)
i=1
+ H(Yryi| X2i Xiop1,i) + H(Yri| X1 Xtop2,i) + H (Xtopt,i| SDai)

+ H(Xiop2,i|SD1i),

where

(a) follows from the fact that Y, is a function of Y; for j = 1,2;

(b) follows from the fact that X7

topj 1S a function of XjT, which is in turn a

function of (Yg;Wj), for j =1,2;

(c) follows from the facts that S};j is a function of X]T for j =1,2; and Xg)pl is
a function of X{, which is in turn a function of (Y3 X7), and vice versa;

75



CHAPTER 3. ON THE GAUSSIAN INTERFERENCE CHANNEL WITH NOISY FEEDBACK

(d) follows from the fact that side information increases the mutual information;

and

(e) follows from Lemma 3.3.

Case 1: 0 <m < §
We have
H(Y2i|SpyiXtop1,:) = H(Y1i|SpyiXtop2,i) < n—m, (3.127)
H(Yryi| X2i Xtop1,i) = H(Yril X1i Xtop2,i) < (I — (n —m))™, (3.128)
H(Xtopl,i SDQi) = H(Xtopg,i SD”') =0. (3.129)

Thus, we have Ry + Ry < 2(n —m) + 2[l — (n — m)]™.

Case 2: 5 <m<mn
We have
H(Y2i[Sp,iXtop1,i) = H(Y1:|Spyi Xtop2,i) <n—m, (3.130)
H(Yryi| X0i Xtop1,i) = H(Yri| X1i Xtop2i) < (1 —m) 7T, (3.131)
H(Xtopl,i SDgi) = H(XtopQ,i’SD1i> S (2m — n)Jr. (3.132)

Thus, we have Ry + Ry < 2m + 2[l — m] ™.
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Case 3: n < m We have

H(Y2i|SD2iXt0p1,i) = H(Yli|SD1iXtop27i)
= H(Yryi| X2i Xiop1,i)
= H(YF1i|X1iXtop2,i) =0, (3133)

H(Xiop1,i|Spyi) = H(Xtop2,i|Spyi) < m. (3.134)

Thus, we have R; + Ry < 2m.

Combining the three cases, we have proved the fourth outer bound for Ry +

Rs.

M 3.6.1.3 Bound on 2R + Ry and R; + 2Rs

In this subsection, we focus on the proof for the upper bound on 2R + Rs. The

proof for the bound on R; 4+ 2R, follows in a similar manner.

We have

T(2R1 + Ry — pl)
< 2A(Wi; Y ) + I(Wa3 Yy)
< T(Wi Y{TYR) + LW YT Y [Wa) + T(Wa; Yy YE,)

= H<Y1T) + H(YJE’YlT) - H(YFTJWI) - H(YlT‘YIEWl)
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+ H(YE W) + H(Y|YE W) — H(Y{ Y W)

+ H(YY) + HYL YD) — H(YE |Wa) — H(YS |YA W)

(@)
= H(YY") — H(Yj|Wh) — H(Y{' [YE, W1)

+H(Y] |YE,Wa) + H(Yy ) — H(YS' |YE,Wa)

()
= H(Y{") — H(Yj,|Wh) — H(SD,|Yj, Wh)

+H(Y[ |YE,Wa) + H(Yy ) — H(SD, |V, W)

(c)
= HY") = HYAIW1) — H(SD, X o [V W1)

+ HY[YEWs) + H(Y]) — H(SE, [YEWo)

(d)
< H(YY") = H(Yf, [Wh) = H(SD, XY, W1)

+ H(Y{"S], [V, Wa) + H(YS') — H(SD,|YE, W2)

(¢)
< H(Y{") = H(Y{,|Wh) — [H(SD, Xop1)

— I(Sh, X op1; Yi, W1)] + [H(SD, Y, W2)
+ HY'[SD, Y& Wa) + H(Yy Sh,Xi1) — H(SD, YA Wa)
= H(Y{") — H(YE |Wh) + I(Sh, X0 YiE Wh)

topls

+H(Y{'|SD, Yii, W) + H(Y3 15D, Xiop1)

)
< HY") = H(YA W) + I(Sh, X Yi Wa; YE Wh)

+ H(Y\'|Sh, Y5, Wa) + H (Y5 |Sh, Xiop1)
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YW gy - H(YE |Wh) + [I(Wa; Y W)

+ 1(Sh, X o1 Yt Yi, Wi [W2)]
+ H(Y["|SE, Y Wa) + H(YS [Sh, X 5op)
h
Y HYT) ~ HYEIW) + [(H(YE W)
+ H(Y5,Sh, X o | W2)]
+ H(Y["|Sh, Y Wa) + H(YS |Sh, X i)
T - . .
< [HY) + H(Yeyl Y7, ' Sh, Xiop WaXa;)
+ H(SD2i|Y};1W2X21) + H(Xtopl,i|Y]§'2_lsiD2W2)
+ H(Y1i|SD,1iSDsi) + H (Y2i|SDyi Xtop1,i)]
()
= Z[H(Yu) + H(Yryi| X2i Xtop1,i) + H(Xiop1,i|Spsi)
i1

+ H(Y1i|SD,iSDsi) + H(Y2i|SDyi Xtopt.i)],

where

(a) follows from the facts that H(YITYJ::';|W2W1) =0, H(Y}I\Yfp) = 0, and

H(Yg,|Y3") = 05
(b) follows from the fact that Xj; is a function of (Y};IWJ-), for j =1,2;

(c) follows from the fact that Xgpl is a function of X{, which is in turn a

function of (WlYFjl ~1).This is the crucial step;
(d) follows from the fact that side information increases the entropy;

(e) follows from the fact that side information increases the entropy;
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(f) follows from the fact side information increases the mutual information;
(g) follows from the fact that ng is a function of (Ylg; Wa);

(h) follows from the fact given (W;W3), the entropy of any random variable is

0;
(i) follows from the fact that Xo; is a function of (Y};IWQ); and

(j) follows from the fact that Sp,; is a function of Xa;.

Case 1: 0<m < §

We have
H(Yy) <, (3.135)
H(Ypyi| X0i Xtop1i) < (1= (n—m))*, (3.136)
H(Xtop1.i|Spyi) = 0, (3.137)
H(Y1i|SD,iSD4i) = H(Y2i|SpyiXtop1,i) <n—m. (3.138)

Thus, we have 2Ry + Ry < 3n —2m+ [l — (n —m)]*.

Case 2: 5 <m<n
We have
H(Yy;) <n, (3.139)
H (Y| Xoi Xiop1i) < (1—m)™, (3.140)
H(Xtop1,i|Spyi) < (2m —n)™, (3.141)
H (Y1i|5D1iSDyi) = H(Y2i|SpyiXtop1,i) < n—m. (3.142)
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Thus, we have 2Ry + Ry < 2n + [l — m]™.

Case 3: n<m

We have

H(Y1i) = H(Y2i|SpyiXtop1,i) <m (3.143)

H(Yr,i| X2iXtop1,i) = H(Y1i|Sp,iSDyi) = H (Y2i|SpyiXtop1,i) = 0. (3.144)

Thus, we have 2R{ + Ry < 2m.

Combining the three cases, we have proved the bound on 2R; + R».

M 3.6.2 Forward proof of Theorem 3.1

In this subsection, we apply Lemma 3.1 and present an encoding scheme, for the

symmetric linear deterministic interference channel with noisy feedback.

M 3.6.2.1 Achievable rate region for the symmetric linear deterministic interference
channel with noisy feedback

Now, we apply this lemma to construct a generic encoding scheme, and to find the
corresponding achievable rate region for the symmetric deterministic interference
channel with noisy feedback. Denote X; cc, X ncc and X p as column vectors

of size max(n,m) bits, for 5,k € {1,2} and j # k. We let

U=19 (3.145)

Ui=U®&Xjcc (3.146)
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Vj = Uj &) Xj,NCC’ (3.147)

Xj :V]‘@ijp. (3.148)

Xj.cc, Xjnce, Xj p contain the interfering common message, the non-interfering
common message and private message, respectively, for the transmitter j. Con-
sider Figure 3.12, which illustrates the generic encoding scheme. The interfering
common message and the non-interfering common message are restricted to the
top area of m bits, and the private message is restricted to the bottom area of
(n —m)™ bits. That means in the strong and very strong interference regimes
when n < m, no private message is encoded. Intuitively, this should be the
case as any transmitted signal from any transmitter j will be received by both
receivers anyway. As interfering common message causes interference to the non-
intended receiver, it needs to be fed back via the feedback link so that interference
can be resolved. Thus, the achievable rate of the interfering common message
depends directly on the feedback link strength. Hence, we propose an adaptive
encoding scheme that varies according the strength of the feedback link. Here,
we choose the size of the interfering common message of the transmitter j to be
upper-bounded by m . Once the codeword U; for the cooperative common mes-
sage X; cc has been constructed, we construct the codeword V; which depends
on the non-interfering common message X; yoc and Uj;. The non-interfering
common message can either contain fresh information bits, or fedback signals,
which needs to be relayed again for resolving interference, or null information.
Furthermore, the non-interfering common message only occupies positions in the
top area of m bits, which has not been taken by the interfering common infor-
mation. Finally, the codeword X; for the transmitter j depends on the private
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Figure 3.12. Generic encoding

message X; p and V;. We will show that the optimal achievable rate region

matches the outer bound region.

For readers’ convenience and for ease of calculation, we illustrate the encoding

schemes case by case.

B 3.6.2.2 Very weak interference: m < %n

‘We consider 2 cases.

Case 1: [ <n—m.

Set
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e Xico = Xoco =0;
e Xinycc = Xonyce = m Bernoulli (%) random bits at the top region;

o Xi1p = X9p = n — m Bernoulli (%) random bits at the bottom area.

We have

p1 = k1= 1(Uz; Y| X1) = 0, (3.149)
p2 = ke = HY1|V1,Va) =n—m, (3.150)
p3 = k3 = HY1|V1,U2) =n —m, (3.151)
ps = kg = HY1|U1, V2) = n, (3.152)
ps = ks = H(Y1|U1,Us) = n, (3.153)
pe = k¢ = H(Y7) = n. (3.154)

Applying Lemma 3.1, the following region is achievable

Ry <mn, (3.155)

Ry <m, (3.156)

Ri+ Ry <2n—m, (3.157)
Ri1 + Ry <2(n—m), (3.158)
2R1 + Ry < 3n — 2m, (3.159)
Ri + 2Ry < 3n — 2m. (3.160)
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Case 2: n—m <.

In this case, the feedback link helps to increase the rate of interfering common

message. Set

e Xicc = Xocc = (I — (n— m))* Bernoulli (3) random bits at the top

region;

e Xince = Xonce = m — (I — (n —m))* Bernoulli (1) random bits, right

below the interfering common message’s region;

o Xip = Xop =n — m Bernoulli (%) random bits at the bottom area.

Applying Lemma 3.1, the following region is achievable

Ry <n, (3.161)

Ry <mn, (3.162)

Ri1+ Ry <2n—m, (3.163)
Ri+Ry<2(n—m)+2(l—(n—m)")", (3.164)
2R+ Re <3n—2m+ (I — (n—m)")T, (3.165)
Ri+2Ry <3n—2m+ (I—(n—m)")". (3.166)

Thus, we have shown the achievability of the capacity region in Theorem 3.1

in the very weak interference regime.
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The calculation in other regimes are similar. Thus, we will only show the
assignment of bits to the random variables, and leave it the readers that these

bit assignments allow us to achieve the capacity region in Theorem 3.1.

M 3.6.2.3 Weak and moderately strong interference: %n <m<n

We consider 2 cases.
Case 1: [ <m.
This is the case of weak feedback link, thus, feedback link cannot help to resolve

interference at receivers. No interfering common message should be sent. Set

e Xicc = Xoco =0;
o Xincc = Xance = m Bernoulli (%) random bits at the top region;

e Xip = X9p = n — m Bernoulli (%) random bits at the bottom area.

Case 2: m < [. The rate of interfering common message should be chosen

carefully to make use of the strong feedback links. Set

e Xicc = Xoce = (I — (n—m))* Bernoulli (3) random bits at the top

region;

e Xince = Xonce = m — (I — (n—m))" Bernoulli (1) random bits, right

below the interfering common message’s region;

o Xip = Xop =n — m Bernoulli (%) random bits at the bottom area.
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M 3.6.2.4 Strong and very strong interference: n < m

Note that no private information is sent in these regimes. We consider two cases.

Case 1: | <n. Set

e Xicc = Xoce =0;
e Xinycc = Xonycc = m Bernoulli (%) random bits at the top region;

e Xip=Xop=0.

Case 2: n <. Set

e Xicc = Xocc = m Bernoulli (%) random bits at the top region;

e Xince = Xonce = 0;

o Xip=Xop=0.

B 3.6.3 2" achievability proof of Theorem 3.1

In this subsection, we present the second achievability proof of Theorem 3.1.
From the outer bounds in subsection 3.6.1, we can determine the corner points
for each of five regimes. If we can show those corner points are achievable, the
capacity region is established for that particular regime. This is the approach
we take in this subsection. This proof gives us insight into the encoding scheme

at corner points of the capacity region.
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Ry Ay (n—min(%,(l.— (n—m))"),
n—2m+3min(g, (I — (n —m))"))

Ay i (n,n - 2m + min(m, (I — (n —m))"))

n Rl
Figure 3.13. Capacity region for LD-IC for « € [0, %}

The capacity region in this case is shown in Figure 3.13.

It is trivial to show that the points (0,0), (n,0) and (0, n) are achievable. Due
to symmetry, we just need to show that the two points (n,n — 2m + min(m, (I —
(n—m))T)) and (n—min(%, (I —(n—m))"),n—2m+3min(g, (I—(n—m))*))

are achievable.

M 3.6.3.1 Very-Weak Interference: « € [0, %]

Firstly, we are going to show how to achieve the point (n,n — 2m + min(m, (I —
(n —m))T)). The encoding scheme is shown in Figure 3.14. The set of n bits

at transmitter Tx;, for each channel use, is divided into 5 encoding regions,

Ay, Aa, ..., As, of respective sizes %, 5, n—2m, 3, . A similar partition is done
at TXQ.
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Figure 3.14. Encoding for corner point (n,n — 2m + min(m, (I — (n —m))™)).

By

s

-_—— =
-_—== =

B E»

For every time slot, transmitter 1 always transmits n fresh information bits.
In the first time slot, transmitter 2 transmits (n — 2m) + E9; fresh information
bits in the regions Bs and (By, Bs) as shown in the diagram. The size of Fa;
is min(m, (I — (n —m))"). Receiver 2 feeds back the top [ bits, which include
FEo1 @ Eq1. Thus, at the end of the first time slot, transmitter 2 can decode
Eq1. In the second time slot, transmitter 2 relays Eq; bits in the region (B, Bs).
The rest of the operations are similar to that in the first time slot. Notice that
F11 this time does not cause interference to receiver 1 as receiver 1 has already
received those bits in the first time slot. At the same time, E1; is received cleanly
at receiver 2. As a result, receiver 2 can decode the information Es; transmitted
in the first time slot. By repeating those operations for all time slots, the corner

point (n,n — 2m + min(m, (I — (n —m))*)) is achievable.

Next, we are going to show how to achieve the corner point (n —min(%, (I —
(n—m))"),n—2m+3min(%, (I—(n—m))")). The encoding scheme is shown in
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Figure 3.15. Encoding for corner point (n — min(%, (I — (n —m))"),n — 2m + 3min(%, (I —

(n—m))")).

Figure 3.15. In the first time slot, transmitter 1 encodes n—min(%, (I—(n—m))™)
fresh information bits which cover all of the regions (A1, As, A4, As) and partially
cover the region As. The bottom of the region As, of the size min(g, (I — (n —
m))*t) is left empty. Transmitter 2 transmits n — 2m + 3min(g, (I — (n —m))™")
bits in the regions Bs, Eai1, Ea12, and Ea3. Notice that |Ei11]| = [Eoij| =
min(g, (I — (n —m))"), for j =1,2,3. At the end of the first time slot, via the
feedback link, transmitter 1 can receive E11, and transmitter 2 can receive F111.
In the second time slot, besides repeating the operation in the previous time slot,
transmitter 1 relays the information in Fs1;. In this time slot, receiver 1 can
receive Fo11 cleanly, thus receiver 1 can resolve the interference in the previous
time slot and decode those corresponding corrupted bits in the region A4 in
the previous time slot. Notice that Fs17 does not cause interference to receiver
2 as it was received perfectly by receiver 2 in the previous time slot already.
Besides repeating operation in the previous time slot, transmitter 2 relays the
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information in Fy11. Similarly, E111 is received cleanly by receiver 2, and thus
helps receiver 2 resolve interference in the previous time slot. By repeating those
operations, we can achieve the corner point (n — min(%, (I — (n —m))*),n —

2m + 3min(%, (I — (n —m))™)).

M 3.6.3.2 Weak Interference: a € [1, 2]

The outer bound for the capacity region in this regime has a similar shape to
the previous regime, but has a different set of corner points. To show that
this region is achievable, we are going to show that all the corner points are
achievable. Trivially, the points (0,0), (n,0) and (0,n) are achievable. Due to
symmetry, we just need to show that the two points (n, min(22532 (1 —m)*))
and (2(n —m) — min(Z253 (1 —m)*),2(2m — n) + min(22522, (1 — m) 1)) are

achievable.

(2n 3m (l

—m)"))

Firstly, we are going to show how the corner point (n, min
is achieved. The encoding scheme is shown in Figure 3.16. The set of n bits at
the transmitter Tx; is divided into 5 regions A1, As, A3, A4 and As. The sizes of
the 5 regions are 2m — n, 2n — 3m, 2m — n, 2n — 3m and 2m — n respectively. A

similar partition is done at transmitter Tx,.

The story in this regime is similar to that of the very weak regime, except
for the sizes and the places of encoding regions. In all time slots, transmitter
1 always transmits n fresh bits. Transmitter 2 only transmits Fo; fresh bits in
By. Note |Ei| = min(2252™, (I —m)*). In the second time slot, transmitter
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Figure 3.16. Encoding for corner point (n, min(2252™, (I —m)%)).

2 relays the bits in Fq1 in the region Bs, besides sending a new batch of Fao
bits. By repeating those operations, the corner point (n, min(w, (I—m)h))

is achieved.

Next, we are going to show how to achieve the corner point (2(n — m) —
min(22522 (1 —m) ™), 2(2m —n) + min(22522, (I—m)™)). The encoding scheme
is shown in Figure 3.17. In the first time slot, transmitter 1 transmits (n —
m) — min(2253 (1 — m)T) fresh bits (Aj, As), and another n — m fresh bits in
the region (A4, As). No information is encoded in the region As. Transmitter 2
encodes (2m —n) fresh bits in By, Fa1; fresh information bits in By, E912 + E213
bits in the region By, and (2m—mn) fresh bits in the region Bs. In the second time
slot, besides sending new information as in the first time slot, transmitter 1 relays
Fo11 in the region As. Besides sending new information, transmitter 2 relays E1;
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Figure 3.17. Encoding for corner point (2(n — m) — min(2*52™ (I — m)"),2(2m — n) +

min(2222" (1 —m)*)).

Eon

En 3
I

in the region By. By repeating those operations again for all other time slots,
we can achieve the corner point (2(n —m) — min(2252"™ (I —m)*),2(2m —n) +

min(22522 (1 — m)*)).

M 3.6.3.3 Moderately Strong Interference: o € [%, 1]

Case 1: Il <m
In this case, the capacity region is the same as that of the region without any

feedback. The encoding schemes for this case are shown in [11].

Case 22 m<[<n
The corner points in this case are given by (0,0), (min(n,),0), (0, min(n,1)),
(m+{-—m)",2(n—m)—({(—m)")and 2(n —m) — (I —m)T,m+ (1 —m)").
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The encoding schemes for the first three points are trivial. In the rest of this
subsection, we will show how to achieve the corner point (m + (I —m)*,2(n —
m) — (I —m)™). The scheme to achieve (2(n —m) — (I —m)",m+ (I —m)") is

similar. There are 2 sub-cases to consider here.

Sub-case 2.1: 3(n —m) <.

The encoding scheme for this sub-case is shown in Figure 3.18. In the first
time slot, transmitter 1 transmits (2m — n) + (I — m)™ fresh bits in the top
region, and n — m fresh bits in the bottom region. Thus, it sends a total of [
fresh bits. Transmitter 2 transmits (n —m) — (I — m)™, or n — [ fresh bits in
the top region, and n — m fresh bits in the bottom region. Thus, it sends a total
of 2(n —m) — (I — m) fresh bits. At the receiving sides, E}; causes interference
to receiver 2, and Fb; causes interference to receiver 2. Via the feedback link,

transmitter 1 can decode Fsq, and transmitter 1 can decode FEi;.

In the second time slot, besides sending fresh information as in the first time
slot, transmitter 1 relays F5; in the middle gap as shown in the Figure 3.18, and
transmitter 2 relays F17. No matter what value [ takes, receiver 2 can always
decode E11, thus can resolve the interference in the first time slot. As a result,
it can receive all of 2(n —m) — (I — m) fresh bits intended for itself in the first
time slot. Notice in this sub-case, we have an inequality that always holds:
n—10<3m—2n. Thus, (n—1)+|En| < (3m—2n)+ (I —m). Therefore, the bits
F5p are always received cleanly in this sub-case. With those bits, receiver 2 can

resolve the interference in the first time slot. Those operations are repeated over
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Figure 3.18. Encoding schemes: %” <m<nm<lL3n-—m)<lI

time. The corner point (m + (I —m)*,2(n —m) — (I —m)™) is asymptotically

achievable.

Sub-case 2.2: | < 3(n —m).

The encoding schemes in this case are similar to the first sub-case. Trans-
mitter 1 sends [ fresh information bits, transmitter 2 sends 2(n —m) — (I — m)
fresh bits in the same regions every time slot. From the second time slot on-
wards, transmitter 2 relays the bits in the region F;;. However, there is a slight
variation. Transmitter 1 relays in part, or in whole, the bits in the region Fyq,
which have not been decoded by receiver 1 yet, depending on the relative value
of [. The encoding scheme is illustrated by Figure 3.19.
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Figure 3.19. Encoding schemes: 3 <m <n,m <1[,l < 3(n —m)
Using this strategy, receiver 2 can always decode the bits in the region Fjy;
thus, it can resolve interference caused by transmitter 1 and achieve a rate of
2(n —m) — (I — m) fresh bits per channel use asymptotically. It can be shown

that receiver 1 always achieves a rate of [ bits per channel use.

M 3.6.3.4 Strong Interference: « € [1,2]

Case 1: [ <n

The corner points in this case are given by (0,0), (n,0), (0,n), (n,m —n) and
(m —n,n). The encoding schemes to achieve the first three corner points are
trivial. The encoding schemes to achieve the last two points are the same as the

encoding schemes without feedback, and are shown in [11].

Case 2: n <
The corner points in this case are (0,0), (min(m,1),0), (0, min(m,1)), (I,m —1)
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and (m —1(,1). The encoding schemes for the first three points are trivial. In the
rest of this subsection, we will show how to achieve the corner point (I,m — ).
The scheme to achieve (m — [,1) is similar. There are 2 sub-cases to consider

here.

Sub-case 2.1: n <l and ! < 2m — 2n
Assume [ < m; otherwise, the result is trivial. The encoding scheme is shown
in Figure 3.20. In the first time slot, transmitter 1 sends [ fresh bits in the top
region. Transmitter 2 sends Fb; in the top region, where |F51| = 2n — m. In
addition, it sends 2m — 2n — [ bits in the middle region, such that there is a small
gap of [ —n bits. Thus, transmitter 2 sends a total of m —{ fresh information bits.
At the end of the first time slot, out of [ bits sent from transmitter 1, receiver 1

can receive n intended bits cleanly. It cannot receive Eq; directly yet. Receiver

i=3 i=2 i=1 ¢
@ Fyo @ Fos
m-n m-n m-n @ E @ Er
! }
2n-m 2n-m 2n-m Tz
Eis Eqo En
l-n I-n l-n
Fyy @ Fy @ i @ @ @

SN
B 1 B )
I-n I-n

2m-2n-1 2m—2n—l® 2m—2n—l®

T(L'Q

i

Figure 3.20. Encoding scheme: n < m <2n,n <1< 2m —2n
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Figure 3.21. Encoding scheme: n < m < 2n,n <1[,2m —2n <1
2 can receive 2m — 2n — [ bits cleanly and it cannot receive the bits in Fb; due to
interference. Via the feedback link of strength [ bits, transmitter 2 can decode
F11, and transmitter 1 can decode Fb;. In the second time slot, besides sending
new [ fresh information, transmitter 1 relays Fb; in the bottom region. Besides
sending new m — [ fresh information bits, transmitter 2 relays Fq; as shown in
the diagram. Subsequently, receiver 1 can recover E71, and receiver 2 can recover
F51 at the end of the second time slot. Those operations are repeated over time.

Asymptotically, the corner point (I,m — ) is achieved.

Sub-case 2.2: n <!l and 2m — 2n </
Assume [ < m; otherwise, the result is trivial. The encoding scheme is shown
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in Figure 3.21. Notice that (m — ) + (m — n) < n, which makes the encoding
scheme feasible. In the first time slot, transmitter 1 sends [ fresh bits in the top
region; transmitter 2 sends Fy; in the top region, where |Fa1| = m — [. At the
end of the first time slot, out of [ bits sent from transmitter 1, receiver 1 can
receive n intended bits cleanly. It cannot receive Fy; directly yet. At the end of
the first time slot, receiver 2 cannot receive the bits in F5; directly yet as Fyy
is corrupted by interference from transmitter 1. In the second time slot, besides
sending new [ fresh information, transmitter 1 relays Fb; in the bottom region.
Besides sending new m — [ fresh information bits, transmitter 2 relays Fq1 as
shown in the diagram. Subsequently, receiver 1 can recover Ejp, and receiver 2
can recover Fy; at the end of the second time slot. Operations are repeated over

time. Asymptotically, the corner point (I, m —[) is achieved.

M 3.6.3.5 Very Strong Interference: o € [2,00)

Case 1: 2l <m

The corner points in this case are given by (0,0), (n+ (I—n)*,0), (0,n+ (I —
n)t) and (n+ (I —n)",n+ (I —n)T). The achievable scheme for the first three
points are trivial. The achievable scheme for the last corner point is given in the

paper [63]. We focus on the next case which is more interesting,.

Case 2: m < 21

The corner points in this case are given by (0,0), (min(m,n + (I —n)™),0),
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Figure 3.22. Encoding scheme for the corner point (I, m — 1)

(0, min(m,n+ (I —n)")), (I,m —1) and (m —[,1). We are going to show how to
achieve the point (I, m —1). The encoding scheme to achieve this corner point is
shown in Figure 3.22. The set of m bits at transmitter Tx; is partitioned into 3
regions A1, As and Az with respective sizes n, m —2n and n. A similar partition

is done at transmitter 2.

In the first time slot, transmitter 1 transmits a total of [ fresh bits, n of
which are encoded in Ay, and (I — n) of which are encoding in (Az, Az). Note
|E11] = I — n. For the second transmitter, there will be two sub-cases. Consider
the first sub-case when m — [ > n. In this sub-case, in the first time slot, n fresh
information bits are encoded in the region Bj, and Fj; bits are encoded in the
next region as shown in Figure 3.22. Note |Fj;| = m — [ — n. In the second
sub-case, m — [ < n, there is a slight difference from the first sub-case. In this
sub-case, only m — [ bits are encoded in the region B;.
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Operations in subsequent time slots between these two sub-case are similar;
thus we only discuss the first sub-case in detail here. Via the feedback link,
transmitter 2 can recover Fy; easily. Notice m — [ < [, thus transmitter 1 can

recover Fiy too with a feedback level of [ bits.

In the second time slot, besides encoding [ fresh bits, transmitter 1 relays Fiq
bits in the region As. Besides encoding m — [ fresh bits, transmitter 2 relays E1q
. Due to the very strong interference link, receiver 1 can receive Fq; cleanly, and
receiver 2 can receive Fip cleanly. Similar operations are done in the subsequent

time. By this approach, we can achieve the corner point (I, m — ).

Due to symmetry, the encoding scheme for the last point is similar to the

above.

M 3.6.4 Proof of Theorem 3.2

Lemma 3.2 is used in the proof of Theorem 3.2. We are going to upper-bound

the mutual informations in Lemma 3.2 and simplify them. We have

1
h(Y1|X2) = h(Z1) < 3 log[SNR(1 — p?) +1] (3.167)
1
< 3 log(SNR + 1). (3.168)
We can also show that
h(Ye,|Y1, X2) — h(Z2)
= h(gg(hngl + Z2) + ZQ’hlle + Zl,XQ) — h(Zg) (3169)
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< h(ga(h12 X1 + Za) + Zolhin X1 + Z1) — h(Zs) (3.170)
SNR
< llog SNR+INR+2\/§NR.INR+1 ((SNR+INR +1) +1 (3.171)
—2 SNR +1 '
1 SNR g
<= — 4+ 1. 172
_21Og<SNR+1+ ) (3.172)

From equations (3.84), (3.168) and (3.172), we can prove the validity of the

bound (3.72).

Next, we are going to prove the bound (3.75).
Case 1: %§0@<1

We have

h( Xtop1a|Sac) — h(Z2) < W(Xiopra) — h(Z2) (3.173)
< Liog (INRE (3.174)
=2 %%\ SNR ‘ '
Next, we have
h(Y2’S2G; XtoplG) - h(ZQ) (3175)
=h <h21X1 + hoo X9 + ZQ‘\/ INRXs + 74, ﬂ)ﬁ + ZQ) — h(ZQ) (3.176)
vSNR

SNR

INR VINR INR
+h X1+ VINRX, + V== Z5|VINRX: + 21, ——= X, + Z
(x/SNR ' >+ /s TP VUSNR Y 2)

(3.177)

1 SNR INR VvINR INR
=—log——+nh X1+ —=%2,— Z1|VINRXs + 721, —=X1 + Z
5 INR (ml VANR 2T ANVINR 2 SR 2)

2
— W(Zy) (3.178)

102



Sec. 3.6. Appendix

1. SNR INR \/INR
<Zlogo—+h| —mX, X1+ 2| —h(Z
~2 ®INR (m VSNR 1‘\/SN ' 2) (22)
(3.179)
1 SNR 1 Sz 28Rk + 1 - 200 v 5.150)
2 INR 2 INR? 11 :
SNR
1. SNR 1
<1 = log 3. 181
< g log R T gloss (3.181)
Next, we have
h(YEy| X2, Xioprc) — h(Z2)
—h( (h12X1 + Z2) +Z(X NRX+Z)—h(Z) (3.182)
g2(Ni1241 2 2| X2, \/m 1 2 2 .
<h <92 INR - X1 + 9222 + ZQ’ X1+ ZQ) — W(Zs) (3.183)
V ﬁ
2 INRVINR
1 ,INR + §Xk — 2
< ~log | ¢2 SRR T VENR 4 g (3.184)
2 INR 4 1
SNR
,INR + DB
< 710g ( R R (3.185)
SNR
1 SNR SNR + INR
=3 ( = : i + 1) (3.186)
2 SNR + INR + 2v/SNRINR + 1 INR
1 SNRp
<1 1 1
_2Og<INR+> (3.187)

Combining equations (3.85), (3.174),(3.181) and (3.187), and using symmetry,

we have proved the first half of the bound (3.75).

Case 2: ag ¢ [3,1]

In this case, due to the definition of X;.y;c, the equation (3.85) is equivalent to

R + Ry < W(YR,|X2) + h(Y2|S2c) + h(YR | X1) + h(Y1]S16)

— W(Z2) = W(Z1) = W(Z2) — h(Z1). (3.188)
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Next, we have

h(Yr,| X2) — h(Zs)

1 SNRp , >

s glo JINR(L =)+ 1]+ 1) (3.189
2 g<SNR+INR+2 SR N1 R =)+ (3.189)
1 SNR

< — . ' .

- 210g<SNR+INR+1 (INR+1)+1> (3.190)

Next, we have

h(Y1]S16) — h(Z1) (3.191)

1 1
=~ log ([INR2(1 — p?) 4+ SNR + 2INR + 2pvSNR - INR + 1] )

2 "INR 4+ 1
(3.192)
1
< 5 log ([INR2 + SNR + 2INR + 2pVSNR - INR + 1] - 1NR+1> . (3.193)

Combining equations (3.188), (3.190), and (3.193), and using symmetry, we have

proved the last half of the bound (3.75).

Next, we are going to prove the validity of the bound (3.76).

We have

1 SNR
— < = —_— .
h(Y1| X2, S1q) — h(Z1) < 5 log <INR+ T+ 1> (3.194)

1
h(¥1) = h(Z1) < 5 1og(SNR + INR + 2pV/SNR - INR + 1).  (3.195)

Case 1: %§a0<1

Combining equations (3.86), (3.194), (3.195), (3.174), (3.181) and (3.187), we
have proved the bound (3.76) for this case.

Case 2: ag ¢ [3,1]
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Combining equations (3.86), (3.194), (3.195), (3.188), (3.190) and (3.193), we

have proved the bound (3.76) for this remaining case.

H 3.6.5 Proof of Lemma 3.2

The proof of the bound (3.84) in Lemma 3.2 is trivial. In this subsection, we
will only prove the bound (3.86). The proof of the bound (3.85) contains no new
ideas and can be proved similarly to the proof in Theorem 3.1 and the proof of

(3.86). Before proving the bound of (3.86), we need to prove a lemma.

Lemma 3.4.

I(SgG’a tht;plC% YFj‘;a WQ; YF7;7 Wl)
T
< Z[h(Xtople,i\Sm,i) — h(Z2)
=1
+ h(Yin‘Xgi, XtoplG,i) — h(Zh) — h(ZQZ)] + h(YFI; ‘W1>, (3.196)

I(STg XE o YE Wi YA Wa)

T
< Z[h(Xtop2G,i|SlG,i) — h(Zy)
=1
+ h(Yri| Xui, Xeopacii) — h(Zai) — h(Z0:)] + h(YE, [Wa). (3.197)

Proof.

1(S36: X1 Y Was YE,, W)

= I(SgGv tht;plGa YFz‘;v Y}«ZI?WI‘WQ) + I<W2; YF:Z;v Wl)
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- h(SgG7Xt7(;p1G7Y}z;|W2) - h(SgGa XtY;plGa YFZ;‘Y}:Z;: Wy, WQ)
+ h(YR W) + h(Wr) — h(W1|Wa) — h(Y W1, Wa)

(@)

= h(SgG7Xg;p1G’YFI';|W2) - h(SgG7X£p1G7Y}z;|YF€7W1’W2)

+ h(YZ [W1) — h(YZ, Wy, Wa)

= h(SgGv Xg)plG? Ylg; |W2) - h(S2TGa thc;ple Ylg;a YPZI |W17 WQ) + h(YIg; |W1)
(3.198)

where

(a) follows from the fact that W; and Wj are independent.

Next we have an upper bound on the first term of equation (3.198).

h(SgGa th(;plG? YFIZ‘; ‘WQ)

T
= > 1(S26i Xiop1cis Yinil Sty Xiphr Yy 1 Wa)]
i=1

= [1(So6,i Xroptcis Vil Xai, oty X Vi b Wo))]

< Z[h(szc,i, Xiop1G,is YFyil X2i)]

= Z[h(SQG,i\XQi) + h(Xioprc,i| X2i, S26,i) + h(YEyi| X2i, S2¢,is Xiopra,i)]

< [ Z0il X2) + M(Xioprcr

Soci) + h(Yryil Xoi, Xiopra,i)]

T
< Z[h(zli) + h(Xtop16,ilS26.i) + h(YEyil Xoi, Xiop16.i)] (3.199)

where
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(a) follows from the fact that Xo; is a function of (Y};l, Wa);
(b) follows from the fact that more conditioning reduces the entropy; and

(c) follows from the fact that Zy; is independent of Xy;.

Next we manipulate the second term of equation (3.198).

h(SgG’ th;ple YIZ; ’ Y}zl |le WQ)

T

i—1 yic1  yriel yriel
= [1(S26.4, Xioprci» Yenis Vi il W1, Wa, S50t X o Vi L YA
i=1

T
e Z[h(SQGaiv Xiop1G,is Yini Y il W1, Wa, Sact, Xfo_pllG, Y}Q_l, Y}I_l, X4, Xoi)]

=1

S

[h(Z].,iv ZQ,i) YFz,iv YFl,i|W].7 W27 Séa17 XZ(;)11G7 Y]:é‘;la Y};l’ Xli? X2’L)]
1

<.
I

[h(Z1,:) + W(Za,;)

=
AMH

s
Il
—

+ h(Ypyis Yr i

i1 el i1 el
Wi, Wa, Soc, X Yy, Yy s Xuis Xois Z1i, Z2,5)]

T
= [h(Z13) + h(Zas)

%

I
—

+ W(Zai, Z1,:|Wh, Wa, Sit, X,fo_pllga Y;%;l, Y}:1, X1iy Xoi, Z1,i, Zo))

T
= Z[h(ZLZ-) + h(Za) + h(Zai) + W(Z1,4))] (3.200)

=1

(a) follows from the fact that Xj; is a function of (Y};l, W), for j =1,2;

(b) follows from the fact that Z;; and Zs; are independent of each other and

independent of (W7, Wg,S;al,XZ(jpllG,Y};I,Y}II,Xli,Xgi) ; and

107



CHAPTER 3. ON THE GAUSSIAN INTERFERENCE CHANNEL WITH NOISY FEEDBACK

(c) follows from the fact that Zj; and Zy; are independent of each other and

independent of (Wl, WQ, S;al, Xtio_pllG7 Y}Q_l, Y;l_l, Xlia XQZ‘, Zl,ia ZQJ') .

Combining (3.198), (3.199) and (3.200), we have proved the lemma. O

Now, we are going to prove the bound (3.86). We have

T(2Ry + Ry — pl)
< 2A(Wi Y1) + I(Wa3 V5
< T(Wi YY) + T(Ws Y YR [Wa) + T(Wa; Yy, Vi)
= h(Y{") + h(Yi [Y{") = h(YE W) — h(YT YA, Wh)
+ h(YE [Wa) — (YR [Wa, W) + T(Wy; YT |V, Wa)
+h(YS) + h(YAYE) = h(YE|Wa) — h(YS YA, Wa)
= h(Y) — ROV YA, W) + T(Was Y|V Wa) + h(YS) — h(YE Y W)
+ (VA YD) = h(YE W) — h(YA|Wa, Wh) + h(YE|YS)
= h(Y[") = B(STGIY A, Wh) + I(Wa YT [YE W) + h(YsD) = h(STG|YE,, Wa)
+ROYVEYT) — h(YA W) — h(YA|Wa, Wh) + h(YEYS)
) — (ks ZE YA Wi, XT) + h(ZE)YE, Wi, XT Sk)
+ I(W Y |YE, Wa) + h(Ys ) — h(S{G|YE,, Wa)

+ (Y5 [Yi) = h(YE [Wh) = h(YE, [Wa, Wh) + h(Y,| V')
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)
< h(Y{) — (ST, XD VA, Wh)

+ I(W YT YR, Wa) + h(Yy ) — h(STa|YE,, Wa)
CYEYT) — YW — AV Wa, W) + AV YE)
& Ty - h(Sk XDl VE, W)
W YT STRYE, Wa) + h(YT) — h(ST IV, W)
F RV — h(YE[WR) — h(YEIWa, W) + h(VE [¥F)
ROV — B, XE GV WA) + BV STV W)
— h(Y{, STa| Yy, Wo, W) + h(Y3)
— h(STA IV, Wa) + hOVEYT) = (YA WL — h(YAIWa, W) + h(VE V)
WYY — WS, XE oV WA) + BV 8Ty, Y Wa) + h(YT) — b2, Z)
CYEYT) — hYE W) — AV Wa, W) + A(VEYE)
ROT) + (15T, XE et VI W) — W0, XD 1)
+ [A(S36, th:)plG|Y2T) - h(52TGaXtTop1G\Y2TaX2TvX1T)]
(VTSI YE, W) + h(YT) — h(ZT) — h(Z])
L VE YT — h(YEIWR) — h(YEIWa, W) + h(YE V)
= I(S3q, X Yo, Wi) + h(YS [S3q, X[0ia)
—h(Z], 23 |Ys X5, X1 ) + h(Y[ | S{g, YE,, W2)

+h(Y]") = h(Z]) = h(Z3) + h(Y5 Vi) = h(YE, [W7)

— h(YA, [Wo, Wh) + h(YE,|Y5)
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(f)
< I(SgGﬂ thc:ple YFE? WQ; YF7;7 Wl) =+ h(}/QT‘SQTGW XwgplG)

+h(Y{'SiG, Yiy, We) + h(Y{") — 2h(Z]) — h(Z3)

+ (YR YY) = (YR, [Wh) — h(Yz,[Wa, Wh) + h(Y5, |Y5')

—~

W

9)

< (M Xiop1G,ilS2G.i) + h(YEyi| X2, Xtopra,i) — h(Z2i)

—_

7

— W(Z1;) — M Za)] + h(Y, |Wh)

+ h(Yy |S5q, th(;plG')

+ RV |S1G, Vi, Wa) + h(Y{") = 20(Z]) — h(Z3)
+h(YEYTT) = (YR [Wh) — h(Yi,[Wa, Wh) + h(Y 1, |Y5")

(h)
<

M-

(" Xtoprc,il S2ci) + h(YEyil Xoi, Xiopia,i) — h(Z2;)

=1

— W(Z1) = M(Z2)) + h(Ys S5, X
+ h(Y|STg, Yib, Wa) + h(Y]") — 20(Z]) — h(Z])
+ h(ZT\Y) — h(YE Wo, W1, YY) + h(Z3 |Y5)

(M Xiop1G,ilS2Gi) + M(YEyil X2, Xiopra,i) — 20(Z1i) — 2h(Z2;)]

I
.Mﬂ

Il
—

7

+ h(Yy |S5q, XI;Z(;plG) +h(Y{"|S1e, YFj‘;v Wa, XJ)
+h(Y]") = h(Z [Wa, W1, Y)

<N [ XiopraiilS2a,i) + h(YEyil Xois Xioprc,i)

-

Il
—

)

+ h(Y2|S2¢.i, Xtopra,i) + h(Y1ilS1G.4, X2i) + h(Y1:)

— 2h(Zli) — Qh(ZQi) - h(ZQZ)]

where
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(a)

(b)

follows from the fact that X{ is a function of (Y}I ,W1);

follows from the fact Xg;plG is a function of ZJ and X7, which is in turn a

function of (Y};, Wh);

follows from the fact, more side information increases the mutual informa-

tion;
follows from
WYY STGl Vi, Wa, W) = h(Y', 16|V, Wa, W, XT)
=n(Z{,23);
follows from the fact more conditioning reduces the entropy;

follows from the fact, more side information increases the mutual informa-

tion;
follows from utilization of Lemma 3.4; and

follows from the fact more conditioning reduces the entropy.

H 3.6.6 Proof of Theorem 3.4

The strategy to prove this theorem is that we need to carefully choose the right

power allocations P, Py, P.. such that the achievable rate region approximates

the capacity region within a constant gap.

When INR < 1, by treating interference as noise and not using any feedback,
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each receiver can achieve a rate of

1 SNR

We have
1 SNR
¢“_2bgG*HNR+1>
1 1 SNR
= —1log(SNR + INR + 2pv/SNR - INR + 1) — = log (1 + ———— | (3.202)
2 2 INR +1
1 1 1 SNR
<=1 N — =1 -4+ — 2
<3 0g(3SNR + 3) 5 log <2—|— 5 > (3.203)
1 1 )
=3 log 3 + 5= 1.3 bits (3.204)
Thus, dp < 1.3.

Next, we have

1 SNR 1 SNR
1 1 .
< 5 log 3 + 5= 1.3 bits. (3.206)

Thus, 6o < 1.3.

Subsequently,
1 SNR, 1 1
—-3-=1 1+ — ) <2(=1 —) = 2.6 bits. 2
Y3+ —3 5 og< +INR+1>_ (2 og3+2) 6 bits (3.207)

Thus, 533 < 2.6.

Therefore, we have § = 1.3 and the outer bounds in Theorem 3.2 is within
1.3 bits/s/Hz away from the achievable rate region. Thus, our main focus in this
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subsection now is to quantify the gaps for INR > 1.

Notice that Theorem 3.3 holds for all p, satisfying 0 < p < 1. Therefore, in

all the power allocations below, we simply choose p = 0 to obtain inner bounds

that are easily to be dealt with.

In the outer bounds, we cannot choose p,

therefore, all outer bounds still involves p.

e Case 1: 1 < ag

— Sub-case 1.1: SNRr < SNR

Choose P, = 0, P.. = 0, P, = 1. With this power allocation, from

Theorem 3.3 we have

1

7 = 5 log(SNR + INR +2pVSNR - INR + 1) (3.208)
1 1

75 = 5 log(SNR + INR + 1) >  log INR (3.209)
1

71 = 5 log(SNR + 1) (3.210)
1 1

73 = 5 log(INR +1) > log INR (3.211)

=7 =0. (3.212)

Next, we simplify some outer bounds first.

1 1 SNR g
1 1
< 3 log(SNR + 1) + 3 log(2). (3.214)
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1 SNR
Y3 = 3 log ( + 1>

INR + 1
1
+ 5 log (SNR +INR + 2pv/SNR - INR + 1) (3.215)
| 1
< 5 log(2) +  log (SNR +INR + 2pVSNR - INR + 1) . (3.216)

Vs = 5 log INR + 1

1 <1NR2 + SNR + 2INR + 2p/SNR - INR + 1)
2

tolos | GNRT INR 11

+llo SNiR—Fl
2 %\ INR+1

1 (SNRF(INR +) 1)

1
+ 5 log (SNR +INR + 2pv/SNR - INR + 1) (3.217)

1
< =
-2

INR? + 5INR + 4
log
INR + 1

1

+ 5 log (SNRs +1) (3.218)
1 1

+ 5 log(2) + 5 log (SNR +INR + 2pVSNR - INR + 1) (3.219)

1
log (INR +4) + 3 log (SNRr + 1)

[N

11
+ 5+ 5 log (SNR +INR + 2pVSNR - INR + 1) . (3.220)

Now, the gap can be quantified easily.

¢1 — T6 — 0 (3.221)
1
Y2 = (matm) <5 (3.222)
1 1
P — (1 +m+m) < B log(5INR) — 5 log(INR) (3.223)
1
=5 log(5) = 1.2. (3.224)
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Thus, dr < 1.2.
Next, we have

1

s — (12 +76) < 5, (3.225)
1 1 1
Y3 — (211 + 1o+ 75) < 3 + 5 log(5INR) — 3 log(INR) (3.226)
1 1
=—-+-log(5) =17 (3.227)
2 2
11 1 )
3 — (21 +213) < 3 + 3 log(5INR) — 3 log(INR*)  (3.228)
1 1

Thus, 52R <1.7.

Next, we have

(V1 +93) — (11 + T2+ 73+ 76) = (Y1 — 76) + (Y3 — 73) (3.230)

1 1 1
< 513 log(5INR) — 5 log(INR)
(3.231)
1 1
=5 + 510g(5) =1.7 (3.232)

(Y1 +13) — (311 + 72 + 73+ 75)
1
< [ 10g(SNR + INR +2pv/SNR - INR + 1)
1 1
+ 3 log(2) + 3 log(SNR + INR + 2pVSNR - INR + 1)]  (3.233)
1 1
- [5 log(INR) + 3 log(SNR + INR + 1)] (3.234)
1
< [log3(SNR+INR+1) + B log(2) 4 log(5INR)]
1 1
— [ 10g(INR) + ; log(SNR + INR + 1)] (3.235)
1
= 5 log(30) = 2.5 (3.236)
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Thus, 533 < 2.5.

Therefore, with current power allocation, in this sub-case, the achiev-

able region is at most § = 1.2 bits/s/Hz from the outer bounds.

— Sub-case 1.2: SNR < SNRg < INR

Choose P, = 0, P, = 1, P, = 0. With this power allocation, from

Theorem 3.3 we have

1
6= log(SNR + INR + 2pVSNR - INR + 1)

T5

1

=1y =T3=T2=0

SNR g

1 SNR+INR  2/SNR.INR 1 1

S(INR+1) + 1

=5 log SNRp

SNR+INR+2vSNR

SNR
1o I - INR

2 2

v

1 1
=3 log SNRp — ilog 10

-INR+-1

Next, we simplify some outer bounds first.

Yo =

1
log(SNR + 1) + 3 log (

N | =

< —log(3SNRF).

N | =

1 SNR
V3 = B log ( + 1>

<

INR 41

SNRr
SNR + 1

+1

)

1
+ 5 log (SNR +INR + 2pV/SNR - INR + 1)

1
2

(3.237)

(3.238)

(3.239)

(3.240)

(3.241)

(3.242)

(3.243)

(3.244)

1
log(2) +  log (SNR +INR + 2pVSNR - INR + 1) . (3.245)
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Now, the gap can be quantified easily.

1 —76 =0

—_

P9 — (7‘4+7’1) < 510g30=2.5

1
o — (11 + 12+ 73) < 51og30 =2.5.

Thus, dp < 2.5.

Next, we have

Y3 — (T2 + 76) <

N | =

20y — (271 + T2 + 75) < log(30) = 4.9

21/)2 — (27’1 + 27’3) < log(30) =49

Thus, (SQR < 4.9.

Next, we have

1
(Y2 +p3) = (11 + T2 + 713+ 76) < 3 log(60) = 3.0

1
(32) = (37 + 72 + 73+ 75) < 5 log(27000) = 7.4

ThUS, 53R < 7.4.

(3.246)

(3.247)

(3.248)

(3.249)

(3.250)

(3.251)

(3.252)

(3.253)

We have § = 2.5. Therefore, with current power allocation, in this

sub-case, the achievable region is at most 2.5 bits/s/Hz from the outer

bounds.

e Case 2: 5 <ag <1

1
2
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— Sub-case 2.1: SNRr < INR

Choose P, = P,. =1~- P,, P.. = 0. With this power allocation,

1
INR’

from Theorem 3.3 we have

1 1

7 = 5 log(SNR + INR + 2pVSNR-INR + 1) — & (3.254)
1 1

75 = 5 10g(SNR +INR + 1) — 5 (3.255)

1.1 1

=g log(SNR + 2) — B > 3 log(SNR +1) — ) (3.256)
1 SNR 1_1 1
— - _ > _ _ .

=g log <INR + INR + 1> 525 log(INR) 5 (3.257)
1 SNR 1.1 SNR) 1

- b - > — - :
™= log (INR + 2) 525 log <IN ) 5 (3.258)
=0 (3.259)

Next, we simplify some outer bounds first.

2 SNR +1

N | =

s = S log(SNR 4+ 1) + + log ( SNRp_ 1) (3.260)

< —log(SNR +1) + %log(2). (3.261)

N | =

1 ( SNR

Vs =58 | [NR 11

5 + 1) + log(SNR + INR + 2pv/SNR - INR + 1)

(3.262)

N
< —log <2SR> + log(SNR + INR + 2pVSNR - INR + 1).

1
2 INR
(3.263)

INR? SNRp SNR
¥y = log (SNR + 1> + log < INR + 1> + log <INR> + log3

(3.264)
2INR? SNR
< _— .
< log ( SNR ) + log(2) + log <INR> +log 3 (3.265)
— log 12 + log INR (3.266)
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1 INR? 1 SNRp
Y5 = §log <SNR +1> +§10g < INR +1>

SNR 1

g (SNR
2 S\ INR+1

1
2

1
+ 3 log(SNR + INR + 2pVSNR - INR + 1)

1 2INR? 1
<21 ~log(2
<3 og(SNR)+2 0g(2)

1 SNR 1
+ —log < ) + —log3

2 INR 2

1, (XR
2 %%\ INR

1
+ 5 log(SNR +INR + 2pV/SNR - INR + 1)

(a

=
DN | =

1
log 24 + 3 log SNR

1
+ 5 log(SNR + INR + 2pv/SNR - INR + 1)

b
<

—
=

N | —

1 1
log 24 + 5 log SNR +  log 3(SNR + INR + 1)

(3.267)

(3.268)

(3.269)

(3.270)

(3.271)

where, depending on our need, we use either the form (a) or the form

(b).

Now, the gap can be quantified easily.
1
Y1 —T6 = 5
o —(ra +11) <1
1 1
Yo — (11 + 12+ 73) < <2 log(2SNR) + 2)

1 1

1
— (= 10g(INR) — = + =1
(2 og(INR) 2—1—2 og(

1
= 5 log(16) =2.
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Thus, ér < 2.

Next, we have

IN

Y3 — (12 +76) < 5, (3.276)

+ log(SNR + INR + 2pvSNR - INR + 1)

(1, (SNR
2 %\ INR

11 1
— 5+ 5 10g(SNR +INR +1) — 2) (3.277)
1
< 3 log(2) + log 3(SNR + INR + 1)
(=it igsNR e NR 4 1) - 2
2 "8 2
(3.278)
1
= 5 log(24) = 2.3 (3.279)

Py — (211 4 273) < [log 12 + log(INR)] — [log(INR) — 1] (3.280)

= log(24) = 4.6 (3.281)
Thus, (523 < 4.6.
Next, we have
1 3
(5) = (1 + 72+ 73+ 76) < S log24 + 5 =338 (3.282)
1 3
(5) = B+ 7o+ 73+ 75) < Slog T2+ 5 = 4.6 (3.283)

Thus, d3r < 4.6.
Therefore, with current power allocation, in this sub-case, We have
d = 2.3 and the achievable region is at most 2.3 bits/s/Hz from the

outer bounds.
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— Sub-case 2.2: INR < SNRyr < SNR

Choose P, = P, = SNR Py, Poe = INR-SNR g

1
INR > ¢ = INR-SNRr+SNR ¢ = INR-SNRp+SNR"

With this power allocation, from Theorem 3.3 we have

1 1
7 = 5 log(SNR + INR + 2pV/SNR.INR + 1) — 5 (3.284)
SNR? N INR.SNR A
INR - SNRy + SNR ' INR.SNRp + SNR 2
(3.285)
1 SNR? 1
-1 - 3.286
=928 (2INR SNRF> 2 (3.286)
1 SNR? 1
=1 +2) = 2
Bt <INR SNRp + SNR ) 2 (3.287)
1 SNR? 1
> 1 - 2
=92°°® <2INR SNRF> 2 (3.288)
1 SNR. INR.SNR 1
=1 1) - = 2
s °g< INR ' INR-SNRp + SNR ) 2 (3.289)
1 NR) 1
~1 - 2
> 510¢ (Tam )~ 3 (3.290)
1 1
=1 - 291
& 20g<INR > 2 (3:291)
1 SNRY) 1
21 i .292
_20g<INR> 2 (3.292)
SNR
— 11 SNR+INR+2\/§NR-INR+1 (INR+1)+1 (3.293)
TL=5108 SNRp (o NRSNR ) '
SNRA+INR++v/SNR-INR+1 ‘ INR-SNRp+SNR
1 SNR g (INR)
> —log 9SNR (3.294)
2 Sé\INRf (I{\INRRS?\INRP; +1+1
1. SNRp 1
51 INR) — = log 1 2
2 5log—p (INR) 5 log 5 (3.295)

Next, we simplify some outer bounds first.
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1 < SNR

vs= 5008 (gt 1) +1og(SNR + INR + 2pVSNR - INR + 1)

(3.296)

SNR
< —log <2> + log(SNR + INR + 2pVSNR - INR + 1).

1
2 INR
(3.297)

INR? SNRp SNR
Py = log (SNR + 1) + log ( INR + 1) + log <INR> +log 3

(3.298)
2INR? 2SNRp SNR
< e .
< log ( SNR ) + log < INR ) + log <INR) +log3 (3.299)
= log 12 + log SNR (3.300)

1 INR?2 1 SNRp 1 SNR
5 = ilog (SNR + 1> + ilog ( INR + 1) + §log <INR>

ez b SNR
2 82T 598 (INR + 1

1 % log(SNR + INR + 2pv/SNR - INR + 1) (3.301)
- 1 | 2INR? N 1 | 2SNR N 1 | SNR
=59\ sNR 2 %\ TINR 2 % INR

2SNR
INR

1 1
+210g3+210g<

1
+ 5 log(SNR +INR + 2pV/SNR - INR + 1) (3.302)

1 1 SNR - SNRpg

1
+ 3 log(SNR + INR + 2pvVSNR - INR + 1) (3.303)
Now, the gap can be quantified easily.

1
1/11 — T6 = 5 (3.304)
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1
P — (7'4 + 7'1) < 5 10g(5SNR)
1. SNRp 1
1 SNR? 1
Zlog(— >~ Yy _ = '
508 GNR S R, T 2 (3.305)
1 1
= 5 log(150) + 5 = 4.1 (3.306)
1
Y1 — (1 +7m+713) < 3 log(75) + 1 =4.1 (3.307)
Thus, (53 <4.1.
Next, we have
3
Y3 — (24 76) < 5 (3.308)
Py — (27’1 + 1+ T5) = 10g(180) +1=28.5 (3309)
Yy — (271 + 273) < log(180) + 1 = 8.5 (3.310)
Thus, dop < 8.5.
Next, we have
1 3
(5) = (m1 + 72 + 75+ 76) < 5 log 360+ 5 = 5.7 (3.311)

1 3
(5) = (3T + 2 + 73+ 75) < 5 log 405000 + 5 =108 (3.312)

Thus, d3p < 10.8.
Therefore, with current power allocation, in this sub-case, We have
0 = 4.3 and the achievable region is at most 4.3 bits/s/Hz from the

outer bounds.

e Case 3: 0 < ag <

N[
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SNR
— Sub-case 3.1: SNRp < xg

Choose P, = INR, P,. =1~- P,, P.. = 0. With this power allocation,

from Theorem 3.3 we have

1 1

7 = 5 log(SNR + INR +2pVSNR - INR + 1) — (3.313)
1 1

= 7 10g(SNR+INR + 1) — 5 (3.314)

1 1.1 1

=5 log(SNR +2) — 5 > S log(SNR +1) — 5 (3.315)
1 SNR 1.1 SNR\ 1

™3 = 5 log (INR +1INR + > 5> 5log <1NR> ;  (3316)
1 SNR 1.1 SNR\ 1

T 1 (INR + 2) 525 log <IN ) 5 (3.317)

=0 (3.318)

Next, we simplify some outer bounds first.

1 1 SNR g
1 1
< 3 log(SNR + 1) + 3 log(2). (3.320)

1 SNR
by = 3 log < + 1) +1og(SNR + INR + 2pVSNR - INR + 1)

INR + 1
(3.321)
1 SNR
< 5 log | 27 | +108(SNR + INR + 2pVSNR - INR + 1).
(3.322)
oy =1 INR? + SNR + 2INR + 2pv/SNR - INR + 1
=08 INR + 1
SNRp(INR + 1)
1 1 32
+Og<SNR+INR+1+ (3:323)

7SNR SNR
< _— .
< log < INR > +log(3) = log <INR) + log(21) (3.324)
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¥s =3 INR + 1

L loe <1NR2 + SNR + 2INR + 2pv/SNR - INR + 1)
2

2
T8 SNR+INR + 1

1 (SNRF(INR—H) 1)
2

+110 7SNR +1
2 B\ INR+1

1
+ 5 log(SNR +INR + 2pV/SNR - INR + 1) (3.325)

1 7SNR\ 1
< Z i Z
=3 1°g< INR ) + 5 log(3)

1
+ 5 log(SNR + INR + 2pv/SNR - INR + 1) (3.326)

SNR? >
INR?

1
510g42+ flog (

1
+ 3 log(SNR + INR + 2pVSNR - INR + 1)

1 1 (SNR2

< Zlog42 + ~log [ ot
o8 %6 \ INR2

1
<3 5 ) + 5 log3(SNR+INR +1) (3.327)

Now, the gap can be quantified easily.

1

Y1 — 76 = 3 (3.328)
Yo —(ta+m) <1 (3.329)
Yo — (M +1m+13) < log(16) =2. (3.330)
Thus, ér < 2.
Next, we have
3
Y3 — (T2 +76) < 2 (3.331)
1
Y3 — 2m+ 1 +75) < 3 log(24) = 2.3 (3.332)
g — (211 4+ 213) <log(21) +1=5.4 (3.333)
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Thus, 523 < 5.4.

Next, we have

1 3

(5) = (1 + 72+ 73+ 76) < S logd2+ 5 = 4.2 (3.334)
1 3

(5) = (31 + 7 + 73+ 75) < S log 126 + 5 = 5.0 (3.335)

(3.336)

ThUS, (533 S 5.0.
Therefore, with current power allocation, in this sub-case, We have
d = 2.7 and the achievable region is at most 2.7 bits/s/Hz from the

outer bounds.

. S
— Sub-case 3.2: % < SNRr < SNR

_ 1 _ SNR _ __ _INR-SNRr
Choose By = xg: Pne = INR-SNR+SNR Py, Pec = INR-SNRy+SNR"

With this power allocation, from Theorem 3.3 we have

1
6 = % log(SNR + INR + 2pv/SNR - INR + 1) — (3.337)
1, SNR? . INRSNR 1

=5 %\ INRSNRy + SNR ' INR.SNRy + SNR 2
(3.338)
1 SNR? 1
= 5 loe (2INR - SNRF> T2 (3:339)
1 SNR? 1
— 1 2) - - 34
=508 <INR~SNRF T SNR T ) 2 (3.340)
1 SNR? 1
Slog (2 ) 2 341
= 5 loe <2INR-SNRF> 2 (3:341)
1. /SNR INR - SNR 1
— - 1) - = 342
7 = 5 log <INR " INR.SNRy 1 SNR ) 2 (3:342)
1. /SNR) 1
Sog () 2 34
_210g<IN ) 5 (3.343)
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1 SNR 1
1 SNR 1
> —log [ o ) — = .
25 log <INR> 5 (3.345)
SNR
1 1 SNRTINRvSNICINR A 1 (INR +1) +1 (3.346)
L=5008 SNRp (e NESNR Ty '
SNR+INRVSNR-INR+1 * INR-SNRp+SNR
1 SNRE(INR)
> ~ 108 Srr s (3.347)
2 SN (IE\IPE.{SNNRP; +1)+1
1 SNR g 1
> = — = .
> 5 log o (INR) — S log 15 (3.348)
Next, we simplify some outer bounds first.
1 1 SNRp
= —log(SNR +1 —1 —— 41 3.349
V2 = 5 log +)+2Og<SNR+1+> (8:349)
1 1
< 3 log(2SNR) + 3 log(2). (3.350)
1 SNR
Y3 = 5 log INR+1 + 1] + log(SNR + INR + 2pVSNR - INR + 1)

(3.351)

1 N
< 5 log <2?N§> +log(SNR + INR + 2pV/SNR - INR + 1).
(3.352)

b1 log <INR2 + SNR + 2INR + 2pv/SNR - INR + 1)
4 =

INR +1
SNRp(INR + 1)
+ log (SNR T INR 1 + 1) (3.353)
7TSNR 3SNRrINR
< . —_— .
< log ( INR ) + log < SNR > (3.354)
<log(SNRp) + log(21) (3.355)
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5 = - log

2 INR +1

o8 GNRTINR 11

—i—llo SNiR—i-l
2 %\ INR+1

1 (SNRF(INR +1) 1)

1
+ 5 log(SNR +INR + 2pV/SNR - INR + 1)

< Lo (TSNRY 1, (3SNRFINR
=5 % INR 2 %% SNR
L1 (2SNR
2 %%\ INR

1
+ 5 log(SNR +INR + 2pV/SNR - INR + 1)

1 SNRrSNR

1
+ 3 log(SNR + INR + 2pvVSNR - INR + 1)

Now, the gap can be quantified easily.

1
-7 =5
1
P9 — (7’4 + 7’1) — log(60) =4.0
1
Yo — (11 + 12+ 73) < 5 log(60) +1 =4.0
Thus, 65 < 4.0.
Next, we have
3
Y3 — (12 +76) < 2

1 3
Y3 — 2 + T+ T5) = 3 log(2250) + 5=T1
Yy — (211 + 273) <log(315)4+1=9.3

Thus, 523 < 9.3.

128

1 <1NR2 + SNR + 2INR + 2pv/SNR - INR + 1

)

(3.356)

(3.357)

(3.358)

(3.359)

(3.360)

(3.361)

(3.362)

(3.363)
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Next, we have

1 3
(5) = (11 + 72+ 75 +7) < S log630 + 5 = 6.2 (3.365)
1
(5) = (Bri+ o+ 73+ 75) < S logT08T50 +2 =117  (3.366)

(3.367)

Thus, 63R < 11.7.
Therefore, with current power allocation, in this sub-case, We have
0 = 4.7 the achievable region is at most 4.7 bits/s/Hz from the outer

bounds.

In conclusion, we have proved that the outer bounds are at most 4.7

bits/s/Hz from the achievable rate region.
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Chapter 4

A Case Where Interference Does
Not Affect Dispersion

M ANY results in information theory are asymptotic in the sense that

the number of channel uses grow without bound. For example, as
the number of channel uses n becomes sufficiently large, the maximum data rate
that a point-to-point channel can support, with arbitrarily small probability
of error, is arbitrarily close to maxx I(X;Y) bits per channel use, where X
denotes the input random variable and Y denotes the output random variable.
However, in some applications, communication systems need to operate in short
blocklengths due to delay constraints. How do these results change if we require
the communication systems to operate at a fixed finite number of blocklengths?
It is not easy to answer this question precisely. Recent works have made use
of Gaussian approximation to provide approximate answers. In this chapter,
using normal approximation, we approximate the maximum data rates that a
Gaussian interference channel can support, when it operates in the strictly very
strong interference regime, the blocklength is fixed and finite, and the probability

of error is allowed to be non-vanishing. It is shown that, in the second-order
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analysis, the Gaussian interference channel behaves as a pair of independent
point-to-point channels in the strictly very strong interference regime. In other
words, interference does not affect dispersions of the constituent channels in this

special case. This result extends Carleial’s result [14].

H 4.1 Introduction

Recently, the study of second-order coding rates for fixed error probabilities
has become an increasingly prominent research topic in network information
theory because the analysis provides key insights into the (delay-constrained)
performance of the communication systems in the finite blocklength regime [85].
Strassen [101], Hayashi [43], and Polyanskiy, Poor and Verdu [85] characterized
the second-order coding rate of the discrete memoryless (DM) point-to-point
channel and the additive white Gaussian noise (AWGN) point-to-point channel.
The result can be summarized as follows. If M*(n, e, SNR) denotes the maximum
number of codewords that can be transmitted over n uses of a discrete-time
AWGN channel with signal-to-noise ratio SNR and average error probability no

larger than € € (0,1), then, it was shown by [85] and [106] that
1
log M*(n, ¢, SNR) = nC(SNR) + /nV(SNR)® ! (¢) + glogn+0(1)  (41)

where ®(-) is the cumulative distribution function of the standard Gaussian, and
the Gaussian capacity C(SNR) and Gaussian dispersion functions V(SNR) are

respectively defined as

1
C(SNR) £ B log(1 + SNR) nats per channel use, (4.2)
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and

SNR(SNR + 2)

A
V(SNR) = 2(SNR + 1)2

nats? per channel use. (4.3)

The sum of the first two terms of equation (1), nC(SNR)++/nV(SNR)®~1(e),
is called the normal approrimation to the logarithm of the size of the optimal
codebooks log M*(n, e, SNR). Since it has been shown that the normal approxi-
mation is a good proxy to the finite blocklength fundamental limits [85] at mod-
erate blocklengths, the result can be interpreted as follows: If a system designer
desires to use a Gaussian communication channel up to n times with a toler-
able average error probability not exceeding e, the maximum number of nats
of information he can communicate is roughly nC(SNR) + y/nV(SNR)®~! ().
Thus, for € < 0.5, the backoff from the Shannon limit (Gaussian capacity) is
V/V(SNR)/n®~1(1 —¢) (a positive quantity). The constraint on the blocklength
is motivated by real-world, delay-constrained applications such as real-time mul-
timedia streaming. In such applications, the communication data is usually di-
vided into a stream of packets, which have to arrive at their desired destinations

within a certain acceptable, and usually short, delay.

The quantities C(SNR) and V(SNR) are respectively the expectation and
the conditional variance of an appropriately defined information density ran-
dom variable. These are information-theoretic quantities that characterize the
information transmission capability of the channel. In fact, V(SNR), coined
the “dispersion” by Polyanskiy-Poor-Verdu [85], is a channel-dependent quan-
tity that characterizes the speed at which the rates of capacity-achieving codes
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converge to the Shannon limit. The second-order coding rate, a term coined by
Hayashi [42, 43], is a different, but related, object. It is the coefficient of the y/n
term in (4.1), namely /V(SNR)®~!(¢). More precisely, the (x, €)-second-order
coding rate L*(k,€) € R is the maximum L for which there exists a sequence
of length-n block codes of sizes M,, and error probabilities asymptotically not

exceeding € such that

log My, > nk + +/nL + o(y/n). (4.4)

If k < C(SNR), then it can be seen by the direct part of the coding theorem
for the AWGN channel that L*(k,€) = co. If the strong converse holds (and for
the AWGN channel it does [126]), then for all K > C(SNR), the (k, €)-second-
order coding rate L*(k,€) = —oo. Hence, the only non-trivial case is the phase-

transition point x = C(SNR). Hayashi’s result is that [43]

L*(C(SNR),€) = v/V(SNR)® ! (e), (4.5)

which implies the set of real numbers L satisfying

L < +/V(SNR)®!(e), (4.6)

is second-order achievable, i.e., there exists a sequence of length-n block codes,
with average error probabilities not exceeding e asymptotically, and fixed sizes

M,,, such that (4.4) holds.

Note that second-order coding rates can be negative depending on €. Since
the problem we are solving in this chapter is a multi-terminal one, we focus
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Ry
I (ii) (i)

Ry

0 I,

Figure 4.1. Illustration of the capacity region of the Gaussian IC with very strong interference.
The signal-to-noise ratios S; = h3; P; and 11 = C(S1) and I21 = C(S2).

on characterization of the set of achievable second-order coding rates (Li, L),

which is a subset of the real plane.

Ml 4.1.1 Prior Work

Following the pioneering works in [42, 101], there have been many follow-up
works for various point-to-point models [43, 45, 47, 85, 110, 124], for source cod-
ing [48, 53, 56, 59], for joint source-channel coding [58, 116], and for coding with
side-information [118]. However, it is not trivial to generalize these results from
the single- to the multi-user setting. Thus far, there have been only a few second-
order works for multi-user settings. Hence, the understanding is far from being
complete. Initial efforts focused on global achievable dispersions[38] for the DM
multiple-access channel (MAC) [46, 78, 79, 105], for the DM asymmetric broad-
cast channel [105], and for the DM interference channel (IC) [67]. However, as
pointed out by Haim et al. [38], global dispersion analysis has certain drawbacks
such as the failure to precisely capture the nature of convergence to the boundary
of the capacity region, the inability in characterizing the deviation from a specific
point on the boundary and the difficulty in obtaining conclusive second-order re-
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sults. To overcome these weaknesses, Haim et al. [38] proposed local dispersion
analysis. Tan-Kosut [105] and Nomura-Han [81] characterized the second-order
optimal rate region (the set of achievable second-order coding rates for fixed er-
ror probability € and a fixed point on the optimal rate region) for distributed
source coding, i.e., the Slepian-Wolf problem [100]. While it is possible to obtain
tight second-order converse bounds for distributed source coding, it is challeng-
ing to do similarly for channel coding problems such as the DM-MAC. This is
due in part to the union over independent input distributions. Scarlett-Tan [95]
recently obtained the second-order capacity region for the Gaussian MAC with
degraded message sets. The degradedness of the message sets makes it possible
to avoid certain difficulties to get a tight converse by appealing to the reductions
similar to the method of types. The local second-order capacity region for the

Gaussian MAC with non-degraded message sets is an open problem.

H 4.1.2 Main Contributions

In this chapter, we study the local dispersions of the Gaussian IC in the strictly
very strong interference regime. Carleial showed that the capacity region of the
very strong Gaussian IC (which includes the strictly very strong Gaussian 1C)
is a rectangle [14], as shown in Figure 4.1. We characterize the so-called second-
order capacity region, which we briefly explain here. We fix a point (K1, K2)
lying on the boundary of the capacity region. We also fix an admissible error
probability € € (0,1). We then characterize the set of pairs (L1, Ly) for which
there exists a sequence of blocklength-n codes with M}, codewords, and average
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error probabilities not exceeding € asymptotically, such that
log My, > nkj ++/nL; + o(v/n), (4.7)

for j = 1,2. The converse is proved using a generalized version of Verdi-Han
Lemma [43, 44, 115], which involves only two error events. The direct part is
proved using a generalized version of Feinstein’s lemma [25], which involves four
error events. The condition of being in the strictly very strong interference regime
reduces the number of error events involved in the direct part, thus allowing the
converse to match the direct part. Our key contribution is the determination
of the set of second-order rate pairs (L1, L2), which characterize the rate of
convergence of optimal (first-order) rates to a particular point (K1, k2) lying on
the boundary of the capacity region. One of the interesting observations is that,
if (k1,k2) is the corner point of the rectangular capacity region (case (ii) in

Figure 4.1), then the set of all such (L1, Ly) € R? is given by

@ (_\f%) @ <_j%> >1- (48)
where V; £ V(SNR;) is the effective Gaussian dispersion of the channel from
the j*™ transmitter to the j™ receiver, i.e., Vj is equal to (4.3) evaluated at
signal-to-noise ratio SNR;. An illustration of the (L1, Ly) region is provided in
Figure 4.2. We see from (4.8) that the two channels appear to operate inde-
pendently of each other. Indeed ® (—Lj / \/VJ) is asymptotically the probability
of correct detection of the j*-channel where the number of codewords for the
j' codebook is given by M;,. Intuitively, the inequality in (4.8) says that the
system does not make an error if and only if both channels do not err. Just as

Carleial [14] showed that in the very strong interference regime the capacities of
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the constituent channel are not reduced, in the strictly very strong interference
regime, our main result shows that the dispersions Vi and Vo remain unchanged

and there is no cross-correlation between the two channels in the sense of (4.8).

We emphasize that apart from Scarlett-Tan’s work [95], this is the only work
that completely characterizes the local dispersions for a channel-type network
information theory problem. Furthermore, this is the first work which char-
acterizes the local dispersions for a channel-type network information theory

problem, where input distributions are of the product form.

B 4.1.3 Chapter Organization

This chapter is organized as follows.

The system model is introduced and the problem is formulated in Section

4.2.

Next, the main result of the chapter is stated and discussed in Section 4.3.

Future works are then discussed in Section 4.4.

All proofs are deferred to the appendix of this chapter.
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B 4.2 System model and problem formulation

The two-user Gaussian interference channel (IC) is defined by the following input-

output relationships
Yii = hi1 X1 + hor Xoi + Zu4, (4.9)
Yo = h12X1; + hoo Xoj + Zo;, (4.10)

where Xj; denotes the signal sent by transmitter j (Tx; in short), Y; denotes the
output at receiver j (Rx; in short), for j = 1,2, at time ¢, for ¢ € {1,2,...,n}, and
{Z;i}7—, are independent (across time and between users at a fixed time), addi-
tive white Gaussian noise processes with zero means and unit variances. Denote
the input alphabets as X]”, and the output alphabets as yf. Denote the tran-
sitional probability Pynyn xnxp(y7ys|e7zy) as W' (yiys|zTah) for conciseness.
Denote the Y- and Ys-marginals of W as Wy and Ws respectively. The forward
channel gains {hq1, ha1, h12, haa } are assumed to be positive constants and known
at all terminals. Transmitter Tx;, for j = 1,2, wishes to communicate a message
S; € {1,2,...,Mj,} to receiver Rx;. It is assumed that the messages S; and
So are independent, and uniformly distributed on their respective message sets

W £ 1{1,2,.., My}, for j =1,2. We use nats as the units of information.

Define the feasible set of channel inputs

Fin £ {x? e Xj"

Zx?k < nPj} (4.11)

k=1
for positive numbers P;,j = 1,2. P; and P, are the upper bounds on the average
powers of the codewords. An (Mji,, Moy, n, €, Pi, Py)-code for the Gaussian IC
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consists of two encoding functions
fin i Wj = Fin (4.12)
and two decoding functions
Gjn = VI = W for j = 1,2, (4.13)
where the average probability of error is defined as

€n £ Pr <S1 75 S1 or SQ 75 SQ) . (4.14)

In the spirit of the works on second-order asymptotics [42, 43, 81, 95, 105],

we define the second-order capacity region as follows.

Definition 4.1. Fix any two non-negative numbers 1 and k9. A real-valued
pair (L1, L) is said to be (k1, ko, €)-achievable ! if there exists a sequence of

(M, Moy, n, €, P1, Py)-codes such that

limsupe, <e, (4.15)
n—oo
and
NP |
hnrgloréf —n(log M;, —nk;) > Lj (4.16)

for j =1,2. The (k1, ko, €)-second-order capacity region of the IC L(k1,ka,€) C
R? is defined as the closure of the set of all (k1,k2,€)-achievable rate pairs

(L1, Lo).

Definition 4.2. The IC is said to have a very strong interference if

h2 h?
R, < —2L  and K%, < —12 4.17
22 = 1+ h%lpl 1= 1+ h%QPQ ( )

We note that it is more precise to define a pair being (P1, P2, k1, k2, €)-achievable. However,
we omit the dependence on (Py, P2) as (P1, P2) are fixed throughout the chapter.
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The IC is said to have a strictly very strong interference if both inequalities in

(4.17) are strict.

Example 4.1. Consider a Gaussian IC, where P} = P, = 1, hy; = hgoy = 1,
ho1 = 3, and hio = 4. This is an example of a Gaussian IC in the strictly very
strong interference regime. Clearly, there are uncountably many such examples
as long as the interference link gains ho; and hie are sufficiently large compared

to the direct link gains h1; and hos and the admissible powers P, and Ps.

Definition 4.3. Recall the definition of the Gaussian capacity function C(-) in

(4.2). Define the following first-order quantities

In2C(h ), Do 2 C(h] P+ h3 P), (4.18)

Iy £ C(hiy P), Ing 2 C(h3y Py + hiyP), (4.19)
A T A T

L& [hi ], Ta= [l In 5o Io] . (4.20)

The vectors I. and I characterize the first-order regions that are obtained
naturally from converse and direct bounds respectively. The non-asymptotic

bounds that we evaluate also yield these first-order vectors.

Carleial [14] proved that the capacity region C of the Gaussian IC in the very

strong interference regime is given by

C = {(Rl,Rg) S R?i-| R <Ij1, Ro < 121} . (4.21)

A certain set of information densities plays an important role for the IC
[15, 41, 67]. However, in dealing with channels with cost constraints, modified
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information densities [43, 79] offer certain advantages in the evaluation of non-

asymptotic bounds as n — oco.
Definition 4.4. Fix a joint distribution
Pyrypxpxyp (Wiyaetey) = Pxp () Pxy (og) W1 (y1' |27 25) W' (yz a1 ey). (4.22)

Given two auxiliary (conditional) output distributions len| xp and Qyy 2 define

the modified information densities

Wi (Y| X7 X5)

M (XPXRYT) £ log , 4.23
~ Wi (Y XT XS
I (XTX5Y(") £ log — (O7LX7 X5 (4.24)

Qv (Y1)
We will often use the shorthands 55‘1 and 5?2. Furthermore, the dependencies of

%, and %, on the channel W} and the output distributions Qypixy and Qyp

will be suppressed for the sake of brevity.

Similarly, given two auxiliary output distributions QY2n| X7 and Qyyp, we de-

fine 45 (XPXPYJ) and i, (XTXPYF).

Wy (Yo' | X7 X5)

i (X7 X3Y3') £ log Qvpixp (V3 x7)’ (4.25)
in(XTXPYS) 2 log W;gz: g; )X’?) . (4.26)
In addition, we define
RXPXPYIYS) £ iy )" (4.27)
[XTXYPYS) &[0 i ity il (4.28)

2In the following, we will refer to Qyy xp and Qyp collectively as output distributions,
dropping the qualifier conditional, for the sake of brevity.
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Remark 4.1. Note that the idea of modified information density was first in-
troduced by Hayashi and Nagaoka in [44] in quantum information theory. The

paper [43] introduced this idea in non-quantum information theory.

Definition 4.5. Recall the definition of the Gaussian dispersion function V(-)

in (4.3). Define the second-order quantities

Vi £V(h}Py), and Vi 2 V(h3,P,). (4.29)

Note that h?ij is the signal-to-noise ratio of the direct channel from Tx;
to Rx; and V(h?ij) is the corresponding dispersion. Also, the expectation
and the conditional covariance of the random vector iC(XlXQ}/lYQ) are I, and
diag([V1,V2]) respectively if (X1, X2) ~ N(0,diag([P1, P2])), Qyyx,(|x2) =

/\/(h21$2, h%lpl + 1) and QY2|X1("'%'1) = N(hlle, h%ng + 1).

The following is the cumulative distribution function of a standard Gaussian

distribution

B(t) 2 /_ ) j?? exp(—u2/2) du. (4.30)

The inverse of ® is defined as ®~!(¢) £ sup{t € R| ®(t) < ¢}.

In this chapter, we aim to characterize the (k1, k2, €)-capacity region of the
Gaussian IC in the strictly very strong interference regime, i.e., we determine
L(k1, ko, €) for any (k1,k2) € [0,00)2 and € € (0,1).

143



CHAPTER 4. A CASE WHERE INTERFERENCE DOES NOT AFFECT DISPERSION

H 4.3 Main result

The main result of this chapter is summarized in the following theorem. See

Figure 4.1 for an illustration of the different cases.

Theorem 4.1. For any 0 < € < 1, the (K1, k2, €)-second-order capacity region
for the strictly very strong Gaussian interference channel in the following special

cases is given by

i) When k1 = I11 and ko < Is1 (vertical boundary),

L(k1, kg, €) = {(Ll,Lg) € R? cp(\f%) < e}; (4.31)

it) When k1 = I11 and ko = I21 (corner point),

L(/{l,mz,e):{(Ll,Lg)ERQ @(—j%)@(—j%) 21—6}; (4.32)

iii) When k1 < I11 and ko = Is (horizontal boundary),

L(K1, Ko, €) = {(Ll,LQ) e R? @(\f%) < e}. (4.33)

Proof. This theorem is proved in the appendix of this chapter. O

Example 4.2. We visualize the result of case (ii) of Theorem 4.1 via an ex-
ample. Consider a Gaussian IC where the dispersions are equal, i.e., Vi = V5,
and the average error probability e = 0.001. Clearly, by choosing his and hsy
sufficiently large, we can guarantee that the Gaussian IC is in the strictly very
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Second-Order Coding Rate Region

Lo nats per /use
/
7/

-7+

-7.51

=Vy=3

-8 -7.5 -7 -6.5 -6 -5.5 -5 -4.5 -4
L nats per /use

Figure 4.2. The second-order capacity region L£(x1, k2, €) of case 2 when € = 0.001

strong interference regime (see Example 4.1). The second-order capacity region
L(k1,ka,€) of case (ii) where (k1,k2) = (I11,I21) is illustrated in Figure 4.2.
Because € < 1/2, the second-order capacity region £(k1, k2, €) lies entirely in the
third quadrant of R?. Due to the fact that V; = V4, the second-order capacity

region L(k1, k2, €) for case (ii) is also symmetric about the line L; = L.

B 4.3.1 Remarks Concerning Theorem 4.1

1. The result can be generalized to any (k1,k2) € [0,00)%. If (k1,K2) is in
the interior of C, then it can be shown that L(k1, k2,€) = R2. If (K1, k2)
is in the exterior of C, then L(ki,k2,e) = 0. This implies the strong
converse. Thus, the strong converse, which was hitherto not established
for the Gaussian IC with very strong interference, is a by-product of our
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analyses. The only interesting cases, in which (k1, k) is on the boundary

of the capacity region, are presented in Theorem 4.1.

. In case (i), the (k1, k2, €)-capacity region depends on € and Vj only. This

region is more succinctly described as
L1 < /Vid7l(e), and Ly eR. (4.34)

Note that /V;®~!(e) is exactly the second-order coding rate of the AWGN
channel between transmitter Tx; and receiver Rxy; when there is no inter-
ference from transmitter Txg [43]. The fact that user 2’s parameters do
not feature in (4.34) is because ko < Iz1. Note that ko < Is; implies that
Txo operates at a rate strictly below the capacity of the second channel
I51. In this case, the second channel operates in the large-deviations (error
exponents) regime so the second constraint is not featured in our disper-
sion analysis. This is because the error probability is exponentially small
in this regime. See [38, 81, 95, 105]. By symmetry, case (iii) is similar to

case (i).

. In case (ii), the (K1, k2, €)-second-order capacity region is a function of € and
both V7 and V5 because we are operating at rates near the corner point of
C. The two constraints on the rates come into play in the characterization
of L(k1, k2,€). Roughly speaking, ®(—L;/+/V;) is the probability that the

j*-decoder decodes correctly if the number of codewords of the j''-user is
Mjy, = | exp (nk; + vnLj + o(v/n))]. (4.35)

Thus, the product ®(—Lq/v/V1)®(—La/+/V2), which is constrained to be
larger than 1 — e in (4.32), is the probability that both messages are de-
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coded correctly assuming that both channels operate independently. More
explicitly, using the definition of the error probability criterion in (4.14),

we have that

Pr (S1 = S; and S5 = 52) >1-e (4.36)
Assuming independence, this means that

Pr (S1 - 51) Pr (53 - 52) >1—e (4.37)

Denoting o(1) as a sequence that tends to zero as the blocklength grows,

we observe that

Pr (S*j - Sj) - <1>( _ L > +o(1) (4.38)
‘/j
if (4.35) holds (a result by Hayashi [43, Thm. 4]). In this way, we recover
the main result in (4.32). Since Vi = V(h2,P;) and Vo = V(h3,P,) are
the dispersions of the point-to-point Gaussian channels without interfer-
ence, this is exactly analogous to Carleial’s result for Gaussian ICs with
very strong interference [14]. In other words, in this regime, the channel
dispersions of the constituent channels are not affected. This explains the
title of the chapter—mnamely that in this very special scenario, interference
does not affect (reduce) the dispersions of the constituent channels. In ad-
dition, no cross dispersion terms are present in (4.32) unlike other network

problems [81, 95, 105]. This is due to the independence of the noises Zy;

and Zo; as well as the strictly very strong interference assumption.

4. One of the input distributions that achieves the capacity, error exponent,
dispersion and even the third-order coding rate of the Gaussian point-to-
point channel [85, 97, 106], is the uniform distribution on the power sphere.
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MolavianJazi-Laneman [79] derived global achievable dispersions for the
two-user Gaussian MAC using uniform distributions on power spheres. In
this work, we also use the uniform input distributions on power spheres.
It is not easy to use the cost constrained ensemble in [95] as that input

distribution is more suited to, for example, superposition coding.

. The proof of the direct part makes use of a generalized version of Fein-
stein’s lemma [25], which involves four error events. We also use the cen-
tral limit theorem for functions by MolavianJazi and Laneman [79] to “lift”
the problem to a higher dimension, in fact 10-dimensional Euclidean space,
ensuring that the i.i.d. version of the multivariate Berry-Esséen theorem
[9, 35, 118] may be employed. The converse makes use of a generalized
version of Verdu-Han Lemma [43, 44, 115], which involves only two error
events. At a high level, we use the strictly very strong interference con-
dition to reduce the number of error events in the direct part, so that it

matches the converse.

. Finally, it is somewhat surprising that in the converse, even though we
must ensure that the transmitter outputs are independent, we do not need
to use the wringing technique, invented by Ahlswede [2] and used originally
to prove that the DM-MAC admits a strong converse. This is due to Gaus-
sianity which allows us to show that the first- and second-order statistics
of a certain set of information densities are independent of =7 and z% on

power spheres. See (4.43)-(4.44).
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M 4.4 Conclusion

In this work, we characterized the second-order coding rates of the Gaussian
interference channel in the strictly very strong interference regime. The strictly
very strong interference assumption reduces the number of error events in the
direct part so that it matches the converse. It would be interesting to find
the second-order capacity region in the other regimes. New non-asymptotic
achievability and converse bounds are needed for other cases. In particular, it
is intriguing to see what the second-order capacity region for the interference
channel in the strong interference regime is. Note that in the strong interference
regime, the interference channel behaves like a pair of MACs but unfortunately
the second-order capacity region for the MAC remains unknown [46, 79, 95,
105]. The achievability scheme in this work is also applicable to the interference
channel in the strong interference regime. A non-trivial problem here is to derive
a tighter converse than that prescribed by Lemma 4.1 to be evaluated assuming

only strong interference.

B 4.5 Appendix to chapter 4

H 4.5.1 Proof of Theorem 4.1: Converse Part

In this sub-section, we present the converse proof of Theorem 4.1. By a standard
n < n+ 1 argument [97, Sec. X] [85, Lem. 39], we may assume that the power
constraints are satisfied with equality. We first start with an non-asymptotic
bound, which is a generalized version of Verdi-Han Lemma [115, Lem. 4] [43,
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44]. Verdu-Han introduced this kind of lemma without the modified information
density in the point-to-point channel. Hayashi [43] introduced this kind of lemma
with the modified information density in the point-to-point channel. Here, we
generalize this kind of lemma in the interference channel. The proof of this

lemma is given in sub-section 4.5.5.

Lemma 4.1. For every n € N, for every v > 0, and for any auziliary output
distributions Qyr xp and Qyp|xp, every (Min, Moy, n, €, P1, Py)-code for the

Gaussian 1C satisfies
€n > Pr(ify (X7 X5Y") < log My, — ny
or iy (XTX2YF) < log My, —ny) — 27, (4.39)

where 111 and i1 are modified information densities defined in (4.23) and (4.24)
respectively and X7 is uniformly distributed over the 3 codebook and so HX]"H2 =

nP; with probability one.

Remark 4.2. Intuitively, the proof of Lemma 4.1 relies on the fact that a system
with help of a genie, which provides the transmitted information of transmitter
2 to decoder 1, and the transmitted information from transmitter 1 to decoder

2, will always do no worse than a system without help from a genie.

Fix any pair of rates (k1,%2) on the boundary of C in (4.21). Consider any
second-order pair (Ly, Lg) that is (k1, k2, €)-achievable for the Gaussian IC. This
implies that there exists a sequence of (Miy, Moy, n, €y, P1, P2)-codes satisfy-

ing (4.16).

By the definition of liminf, for any 3 > 0, there exists an integer Ng such
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that for all n > Ng

log Mjn — NK; > \/ﬁ(LJ - ﬂ) (440)

Let Leq(k1,k2,€) be the (K1, ke, €)-second-order capacity region of the IC
with equal power constraints, i.e. each codeword z] satisfies > orq x?k = nkb;
for j = 1,2. As mentioned above, it can be shown that (cf. [85, Lem. 39])
Leq(k1, k2, €) = L(K1, k2, €). Therefore, in this converse proof, it is sufficient to

assume equal power constraints.

Define the auxiliary output distributions

Qviix, (Wilz2) £ N (y1; harwa, hi Py + 1) (4.41)

Qvyix; (Y2l21) £ N (y2; hizw1, h3, Py + 1). (4.42)

These are the conditional output distributions of the Gaussian IC when the

inputs are X7 ~ N (0, P;) and Xo ~ N (0, P,).

Choose the conditional output distributions lenl Xz and Qyén‘ xp in Lemma

4.1, respectively as the n-fold products of le|X2 (y1]|z2) and QY2|X1 (y2|z1), which

logn
2n °

are defined above. Next, choose v = Let V. be the 2 x 2 diagonal matrix

with V; and V5 along its diagonals.

Next, we have the following lemma whose proof is presented in full in sub-
section 4.5.3.
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Lemma 4.2. For all 2% and x4 satisfying ||=7|*

7= nP; we have

IR |
E [n glck(xlkx%ylky%) =1, and (4.43)

1 - 1
=21 VipYor) | = Ve, 4.44
cov \/ﬁglck(xlkx% 1k Qk)_ ) ( )

where ic; is the random vector with components given by (4.23) and (4.24).

This lemma is the crux of the converse proof. Note that the covariance matrix
in (4.44) is diagonal and this results in the decoupling of the events in the corner
point case given by (4.32). The diagonal nature of (4.44) arises, in part, from

the independence of the noises Z1; and Zy; for each time i =1,...,n.

Let t, £ 1 py E[|ﬁck(aﬁlkm2kY1kY2k)H3] be the third absolute moment and

T n

& A 25492t
c = —L2tvsto

W ATTER where A\pin(Ve) is the minimum eigenvalue of V. Define the

rate pair R, £ [%, %]T. Note that V; > 0 because the channel gains
and powers are all positive. Also t. < oo from [95, App. A]. Thus, ¢, is finite.

Define

t1 to
U([t1,t2);m,X) £ / N(u;m, X) du (4.45)

as the bivariate generalization of the Gaussian cumulative distribution function.

Then we have

1 o=
A(:L’?, xg) 2 Pr <n Z lck(:lilkwgkylkYQk) > RC — 71)
k=1

SR
=Pr <\/ﬁkZIICk - \/’EIC > \/E(Rc -1 _'Y]-)>

(a)
C U(—ViaRe — L — 41);0,Vi) + j%
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(- a(Re —1):0,V.) + O (bg”) , (4.46)

where

(a) follows from the application of a variant of the multivariate Berry-Esséen

Theorem, which is stated in Theorem 2.11; and

(b) follows from Taylor expansion of the function ¥(t;0,V;), which is differen-

tiable with respect to t.

From Lemma 4.1, we have
1-
€n>1—Pr <i?(X{LX§Y1”Y2") > R. — ’yl) — 2™
n
=1-E[AX], X3)] —2e ™. (4.47)

Note that e ™ = ﬁ Combining (4.46) and (4.47), we have

logn

%)

o) —o(lem) 2 s
) <ﬁ> o U

€n>1—VU(—/n(Re —1:);0,V.) — O <

(@)
>1-v

where

vn(liy — k1) — L1+ B
Vn(la — k2) — Ly + 3

(a) holds for all n > Ng and follows because t — W(t;0,V;) is monotonically

increasing in t and (4.40).

We now consider three different cases.
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Case 1: When x1 = I11 and ko < I
For any fixed Lo, if ko < I21, we have y/n(l2; —k2)— Lo+ — 400. Thus, the sec-

ond term on the right hand side (RHS) of (4.48) converges to ¥ (— Ly + 3;0,V1) =

@(73%5). Taking lim sup on both sides of (4.48), and using (4.40), we have

. —Ly + ﬁ)
€ > limsupe, > 1 —®( ———— |. 4.49
=l sup ( o (4.49)
Since this is true for any 8 > 0, we may let 8 | 0 and deduce that
Ly >
ol — | <e. 4.50
(= (4.50)

Case 1 is proved.

Case 2: When k1 = I11 and k9 = I
In this case, the second term on the RHS of (4.48) converges to U([—L1+53, —La+
B]T; 0,Ve). The rest of the arguments are similar to that in case 1. Note that

because V. is diagonal,

U ([~L1, —Lo)"50,V;) = <I>< - \%)@( — \f‘%) (4.51)

Case 3: When k1 < I11 and ko = Io

By symmetry, case 3 is proved similarly to case 1.

M 4.5.2 Proof of Theorem 4.1: Direct Part

In this sub-section, we present the achievability proof of Theorem 4.1. The

following non-asymptotic bound, a generalized version of Feinstein’s lemma [25],
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will be employed in the proof. The proof of this lemma is given in sub-section

4.5.6.

Lemma 4.3. Fiz a joint distribution satisfying (4.22). For any n € N, any
v > 0, and any auxiliary output distributions QYng, Qvp, Qan‘X{L and Qyy,

there exists an (M, Moy, n, €y, P1, Py)-code for the Gaussian IC, such that

€n < Pr(511 U&a Uy U 522) + Ke ™™ + P_)q1 (.Flcn) + PX;( gcn) (4-52)

where
Enr 2 {if (XTXEY]) < log My + ) (4.53)
En1 2 (i (XTX3Y5") < log Man + ny} (4.54)
E12 2 {ifo(XTX3YY") < log M Moy + nvy} (4.55)
Eaz £ {iB(XT X3Yy') < log My Moy, + 7}, (4.56)
and
K 2 K11 + K12 + Ko1 + Koo, (4.57)
P n) o (Y™ xn Pyn(y?
Kyp 2 sup 11 (yg i)> K1 2 sup (y2)> (4.58)
wpn Qvrixp (YT]2h) u Qvy (1)
Pynysn (Y2 Py (yy
Ky £ sup Lyznlil)v K3z = sup - (yi) (4.59)
anyn QY2"|X'1” (y2 |$1 ) Yy QY2n (yQ )

Remark 4.3. In fact, this lemma holds not just for Gaussian ICs, but for general

ICs.

Remark 4.4. The presence of the Radon-Nikodym derivatives K;; in (4.57)—(4.59)
is the price to pay for the luxury of using the auxiliary output distributions. This

version of generalized Feinstein is different from the earlier versions (cf. [115,
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Thm. 1]) in that the information densities in this lemma involve auxiliary output
distributions that can be chosen. This technique was similarly employed in
[43, 44, 79]. By choosing the appropriate auxiliary output distributions and
input distributions, we can show that the inner bound to L£(k1, k2, €) coincides

with the outer bound.

First, we present the achievability proof for case 1.
Case 1: When k1 = I11 and ko < Io;

Fix any pair (Lj, Ly) satisfying

@(\%) < (4.60)

Let the number of codewords in the j* codebook be
My = |exp (nkj +v/nLj + n1/4B)J (4.61)
for 7 = 1,2, and a fixed 8 > 0. It is clear that

lim inf

im in \}ﬁ(log M, — nkj) > Lj. (4.62)

Therefore, in order to show that (L1, Le) is (k1, ke, €)-achievable, it suffices
to show the existence of a sequence of (Mi,, Moy, n, €,, P1, P2)-codes such that
limsup,, .o €n < €. For this, we define an appropriate input distribution to be
used in Lemma 4.3, which is going to be applied in this sub-section. Inspired
by [79, 106], we define the input distributions to be uniform on the respective

power shells, i.e.

S|z}l = /nP)

An(\/ npj) 7

156

PXTL (l’n) =S

j J

(4.63)



Sec. 4.5. Appendix to chapter 4

for j = 1,2 and where §(-) is the Dirac delta and A, (r) = %r”fl is the surface
area of a sphere in R" with radius r. With this choice, we have Px»(Ff,) +

Pxn (Fs,) =0, i.e. the power constraints are satisfied with probability 1.

Define the output distributions

Qvi(y1) £ N(2;0,h3, Py + hio Py + 1) (4.64)
Qv, (y2) & N (y2; 0, h3, Py + ho Py + 1) (4.65)
Qvi1x, (W1]72) = N (y1; horxa, b Py + 1) (4.66)
Qvaix, (W2]71) = N (y2; hiawy, h3o Py + 1). (4.67)

These are the output distributions of the Gaussian IC when the inputs are X7 ~

N(O,Pl) and X2 ~ N(O,Pg).

Choose the auxiliary output distributions Qy; (1), Qv (y3), Qv xp (y7123)
and Qyp|xr(y3]2T) in Lemma 4.3 to be the n-fold memoryless extensions of
le (1), Qy2 (y2), Qy1|X2 (y1]|z2) and QY2|X1 (y2|z1) respectively, the distribu-
tions of which are given in (4.64-4.67). With this choice of auxiliary output
distributions, the value of K in Lemma 4.3 is shown in the following lemma to

be bounded.

Lemma 4.4. For n sufficiently large, K11, K21, K12 and Koo are finite . Thus,

K in (4.57) is also finite.

This lemma is proved in sub-section 4.5.4.
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Define
ain 21403, P, a1p £ 1+ b3 P+ hi) Py, (4.68)
agt £ 1+ h5yPy, £ 14 hiaP) + hiy P, (4.69)
We have
~ WY XTPXD
i = log T (Y| 1 Qn) (4.70)
Qypxp (Y"1 X3)
n S (Y1 — ho1 Xoy)?
= —log(1+ h3,P k=1
e (Vg = hin X — har Xop)? (@.71)
5 .
n Sv1(Zig + hnXag)? Yop_(Zak)?
= —log(1+ h3,P k=L — k=l 4.72
g sl )+ = e By 2 (4.72)
1
=nly + E[(an = D(n = 1Z711?) + 2h1(XT, Z7)), (4.73)

where (a™,b") denotes the inner product between a™ and b".

Similarly, it can be shown that the other three modified information densities

can be expressed as

~ 1
iy = nloy + %[(0@1 — 1)(n = [|Z3]%) + 2h2a (X3, Z3)]

n 1 n
119 = nlyo + %[(QIQ - 1)(” - HZI H2>
+ 2h11hor (X3, XT') + 2hn (X7, Z7) + 2ho1 (X3, Z7)]

~ 1
iy = nlz + T[(QQQ —1)(n—|Z3]?)
Q29

+ 2hooh12(X5, XT') 4+ 2hoo (X3, Z3') + 2h12(XT', Z3)]. (4.74)

Next, we use the central limit theorem for functions technique proposed by
MolavianJazi-Laneman [79] to transform these modified information densities
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into functions of sums of independent random vectors. Let T~ N(0,1,,%7),
for j = 1,2, be standard Gaussian random vectors that are independent of each
other and of the noises Z7'. Note that the input distribution in (4.63) results in
Xjp = \/rfpjugfﬁ for k € {1,...,n}. Indeed, |X?|> = nP; with probability

one. Now consider the length-10 random vector

U, = ({Ujlk}?:p {Uij}?:p Ui, Urok) (4.75)

where

Uik £ 1— 23, Us1r = hiin/ Pi T Zay,

Usik = ho1v/ PoTorZ1k, Usik = hithor/ PrPaT Tog,

Urar = 1 — Z3;, Usar, = hao/ PoTor, Zok,

Usar = hio/ PiTikZok,  Usor = hishoon/ PLPy T oy,

Upe 212 —1, Uik 2 T3, — 1. (4.76)
It is easy to verify that Uy is i.i.d. across all channel uses k € {1,...,n}, and

E(U) = 0 and E(||Ug||*) is finite. The covariance matrix of Uj is given by

2 0 0 0 0 0 0 0 00
0 a;1—1 0 0 0 0 0 0 00
0 0 o33 0 0 0 0 00
0 0 0 Q44 0 0 0 48 0 0
Cov(U;) = X 0 0 2 0 0 00 . (4.17)
0 0 0 0 a1 —1 O 0 0
0 0 0 0 0 0 a7 0 0 0
0 0 0 a8 0 0 0 (6 %%} 0 0
0 0 0 0 O 0 0 0 20
0 0 0 0 0 0 0 0 2
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where

ags £ h3 Py (4.78)
s 2 b2 03, PP, (4.79)
aug £ PLPyhirhoihighas (4.80)
a7t 2 hiy Py (4.81)
gy 2 h2yh3, P Py. (4.82)

Note that aq1 + agz = a12 and ao1 + ar7 = ao9.

Define the functions 711, 712 : R — R as follows

2u
T11(u) £ (a11 — 1)U11 + \/ﬁ (483)
2u91 2u31 2ug1
T12(1) £ (a1 — Dugg + + : 4.84
12( ) ( 12 ) 1 \/1+uQ \/1—i—u10 \/1+U9\/1+U10 ( )
for receiver 1. Similarly, define 751 (u) and 792(u) for receiver 2 as follows
1) 2 (g1 — Vuss + 22 (4.85)
v 14wy '
2u99 2u39 2uy2
Too(u) £ (e — Dugg + + + . 4.86
2(w) = (00 = D+ Gt e Y Ay 9
Denote
T(u) é [7'11(11),7‘21(11),Tlg(u),TQQ(u)]T. (487)
It can be shown that, for [ € {11,12, 21,22},
n 1 —
P=nl+—n|=) Ug]l. 4.88
Q) nl+2al7'l (n; k> ( )
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Denote the diagonal matrix

1 1 1 1
Aédiag<>. (4.89)

) ) )
Q11 Qo1 Q12 Qg2

‘We have

\/15{3 —Vnlg = \/jAT (i ZUk> . (4.90)
k

Note that 7(0) = 0 and the vector function 7(u) has continuous second-order
derivatives in all neighbourhood of u = 0. Therefore, the vector function 7(u)
satisfies the conditions given in Theorem 2.12. The Jacobian matrix J-(u) of

7(u) with respect to u, calculated at u = 0, is given by

a1—1 200 0 00000
0 000 ax—1200 0 0

J-(0) = @2 (4.91)
ap—-1222 0 00000
0 000&22—122200

Next, by Theorem 2.12, we have that the random vector ﬁig —/n1y converges

in distribution to a zero-mean Gaussian with covariance matrix Vg, which is

given by
]. n T
Va=— - AJ-(0)Cov(Un)[J-(0)]"A (4.92)
Vi 0 Vaz O
0 1% 0 Vi
- 2 d2d (4.93)
Vais 0 Vazz Vasu
0 Vaaa Vasa Vau
where
Vais £ V(h2,P, h3, Py + h3, Py) (4.94)
Viga 2 V(h3y P, h3o Py + h3,P)) (4.95)
A 2 2 h%lplh%1P2
Vass = V(hi1 P + by P2) + (4.96)

(h2 Py + h3, P> +1)2
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h%2plhgzp2

Viaa 2 V(R3,Ps + h3,Py) + 4.97
hi2h11Prha1hoa Py
Viag & . 4.98
BT (B2 P+ B2 Py + 1) (3P + hZ, Py + 1) (4.98)
Thus, V4 has the form
Vi 0 x
0 W

Vo= 25 (4.99)

In the above, the *’s represent entries that are inconsequential for the purposes

of subsequent analyses.

Define the length-4 rate vector

log My, log My, log(MinMay,) log(Mi,May)]"
Rdé[Og i log 2’0g( 1 2)’08;( 1 2)} ' (4.100)
n n n n
Appealing to Lemma 4.3, with v = 1°2gn", we have
1+ _
€n <1—Pr <\/ﬁlg(X{LX§‘Yl”Y2”) > v/n(Rq + 71)) — Ke™™
<1-Pr if:(i L) > VA (Re—Ta4+41) | — 22
= \/ﬁkﬂ dk d d dT 7 Jn
(i Ry Ty 11):0v) — O L
<1-9(—v/n(Ra—Ia+71);0,Vq) — 7
(b) logn
<1 W(ViRy — 100, Va) + 0“7 ). (4.101)

where

(a) follows from a variant of the multivariate Berry-Esséen theorem, which is
stated in Theorem 2.12; and
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(b) follows from Taylor expanding t — W¥(t;0, Vy).

Due to the strictly very strong interference assumption (Definition 4.2),

h3, Py +h3 P +1

W2, P+ 1<
22 h%1P1 +1

(4.102)

Thus, 111 + 51 < I12. Similarly, we have I11 + Is; < Is2. Therefore, as n — oo,

we have
E1+%+%—IM —I4
Lo B
Kotz Lo
—Vn(Rq —Ig) = —v/n R e S
KJ1+I€2+\F1+ +2n3/4—]12 400
/€1+H2+\f+f+2 o — I 00
(4.103)
Thus,
U(—v/n(Rq —14);0,Vy) = U(—Ly;0,V7) <1>< Ll) (4.104)
—vnihvyg —14);Y, Vq —L1;Y, V1) = N .
vV

Taking lim sup on both sides of (4.101), we have

. Ly Ly >
limsupe, <1—-®( —— | =0 — | <, 4.105
BN ( Wl> (Wl (4.105

where the final inequality follows the choice of L in (4.60). This completes the

proof of the direct part for Case 1.

Case 2: When x1 = I11 and ko = Io

In this case, we have
U(—y/n(Ra —14);0,Va) = U([—L1 — Ly]";0, V) (4.106)

because the second and third entries in (4.103) tend to +oo (by the strictly very
strong interference assumption) while the first and fourth entries tend to L; and
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Ly respectively. Thus, as mentioned previously, only the (1,1),(1,2),(2,1) and
(2,2) entries in Vg, defined in (4.99), are required. Note that V¢ is a sub-matrix
of V4 (in the [1: 2,1 : 2] position). Furthermore, by the fact that V; is diagonal,

the relation in (4.51) also holds. The rest of the arguments are similar to case 1.

Case 3: When k1 < I11 and ko = 1o

By symmetry, case 3 is proved similarly to case 1.

M 4.5.3 Proof of Lemma 4.2

We have, for k € {1,2,...,n},

(Y1), — horza)?
2(1+ h3, Pr)

~ ].
znk(xlkxglek) = 5 log(hflPl + 1) +

(Y1 — h11z1g — ho12ok)?

_ . 4.107
: (4.107)
In this case, 7115 (21522, Y1) has the same statistics as
1 (Zig + huizwg)? 73
Zi1) = = log(h3, P, + 1 — 1k 4.108
g11(Z1x) = 5 log(h1y P +1) + 2+ 12, Py) 5 ( )

Using this expression, we have

- 1 1+ h2 22 1
Eli1p(z1pzopYik)] = = log(h?, P +1) + —— 171k~ 4.109
[tk (21kz2xYin)] = 5 log(hyy P1 +1) 21112, P) 2 (4.109)

hi PE + 2hi a3,

Var[gllk(xlkl'Qlek)] = 2(1 i h2 P1)2 (4.110)
11
Therefore,
1 .- 1 n+h3 2?1
E|=) Yig)| = = log(h?, P +1) + —— 1L = (4111
- ;lnk(ﬂﬁmﬂvzk k) 5 og(hi1Pr+1)+ (it b2 P 2 ( )
=11 (4.112)
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Next, we have

J 1< .
var ﬁ ; z’uk(xlka:glek) (2 ﬁ ; var [ink(:clkxglek)] (4.113)
n 2(1+ h3 Pp)? '
=W, (4.115)

where (a) follows from the mutual independence of Zy;’s.

Similarly, io1x(215@2rYar) for k € {1,2,...,n} has the same statistics as

1 (Zat, + hasxor)? 73
Zog) = = log(h2,Psy + 1 — 2k 4.116
921(Zax,) 5 og(hye Py +1) + 21+ 12,P) 5 ( )

and its statistics are given by

~ 1 14 h2,22 1
]E[lQl ($1k$2kY2k)] = 5 log(h%QPQ + 1) + 2(1—’—7}21;;];) — 5, (4117)
22
h3oP5 + 2h3,a3,
2(1 + h2,P)?

var(ig) (w1422t Yar)] = (4.118)

Similarly, we can find the mean and the variance of the sum of these infor-

mation densities, yielding

ik (21rwarYirYor) | = I, (4.119)
k=1 |

n

E

S

ik (216026 Y11 Yar) | = Ve (4.120)
=1 ]

3

Ells
byl

Interestingly, because Z1; is independent of Zy;,, we have
cov [fnj(azljmnglj), %glk(xlkmgkng)] = O, (4.121)

for all j,k € {1,2,...,n} with j # k. This leads directly to the diagonal covari-
ance matrix in (4.120). The lemma is proved.
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M 4.5.4 Proof of Lemma 4.4

Similar to [85, Lem. 61] and [79, Prop. 3|, we can prove that K11 and Ky are

upper bounded by a constant when n is sufficiently large.

The marginal conditional output distribution Pynxp induced by feeding the

input distributions, given in (4.63), into the Gaussian IC can be shown to be

]. n n
P GR1a) = 5T () et 2e b2

Lyja—1(ly? — har2g ||vnPrha)

) 4.122
(ly® = horap||v/nPrhyy /21 (4.122)

where I,(-) is the modified Bessel function of the first kind and v-th order. The

marginal distribution Pyy x» has a similar form to the above.

We have

Dutagie) & LA
Qyrxzp (Y7 |25)

2 2
ki PrlyT —ho123 ||

Ly ja—1 (Y7 — harw3|[v/nPrhar)
(ly? = hora||v/nPrhy )/2=1

(4.123)

Note that the gamma function I'(-) can take different forms. Using Binet’s

first formula for logI'(z) [23, Chap. 1], we have

1 1 >~ /71 1 1 e t?
logT(2) = (2 — = | log 2 — z + = log(2 S .
ogI'(2) <z 2) 0gz =2+ og( 7r)+/0 <2 t+€t—1> ” dt

(4.124)

Note that the fourth term converges to 0 as z — oco. Thus, we can upper-bound
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I'(3) by

n n 1

n n 1
— )< | === — - — — .
F(2>_ <2 2>log2 2+210g(27r)+cn (4.125)

where {c, }7°; is a sequence of numbers that converges to 0.

From Prokhorov’s work [88] and [85, Lem. 61], when k is even we can upper-

bound the modified Bessel function as
2 F(2) < \/Z (k2 + 22) VA4 k2 4 22) FeVRi 2, (4.126)

Note that I,/9_1(-) < I/2-3/2(+). When n is odd, an upper bound is obtained
by replacing I,,/5_1(-) by I;,/2—3/2(-). Thus, it is sufficient to consider the upper

bound on D(y|xy) when n is even.

After some manipulations, we can show that

n " o 2
D11 (yy|73) < exp [011 +cn + §¢§,P1,n <||?J1n212|>] , (4.127)

where
1 1
c11 = log 5t log \/g +3 log(2m) (4.128)
h2 Plz
2] (2 1 h2 P —(1+hf1P1)) s l= 24 442, P
b¢.pyn(2) = log (2(1 + hi Pr)e ENZES +1/&% +4hi Pz

— ¢log <§ +4/62 + 4h%1P12) 1 ; § log (1 /€2 + 4h%1P12’>

(4.129)
an/2-1
£E= nz (4.130)
Note that
nhﬁnolo ¢£,P1,n(z) = ¢P1 (Z)v (4131)
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where

h%lpl +1

+4/1+4h? Pz —log (1 +14/1+ 4h%1P1z> . (4.132)

It can be shown that ¢p,(2) < 0. Equality occurs when z = 1 + h%, P;. There-

¢p (2) = log (2(1 + hflpl)e—(wh%lpl)) _

fore, we have Ki; is upper bounded by a constant, when n is sufficiently large.
Similarly, we can shown that K5 is upper bounded by a constant when n is

sufficiently large.

It is hard to derive a closed-form expression for the output distribution Py
induced by the input distributions in (4.63) and the IC. However, we can charac-

terize the distribution of B™ £ hy1 XT + ho1 X% (see [79, Equations (137-151)]).

We have
0 if ||bn” S \hllvnpl — hglvnP2|
PBn(bn) = 0 if ||an > \hn\/nPl + hglx/nP2| (4.133)
¢p(b™)  otherwise,
where
a1 Py hoy T'(%) 1 1
PB(b") = - T Tl n
Ry V wPyhay D(252) Sp(VnPy) (07|
" 9\ (n—3)/2
2h11\/nP1Hb”||
2h11\/nP1Hb”H
Define the auxiliary input distribution
Qpn(b") £ N (b0, (h3,PL + h3; Po)Lxn). (4.136)

168



Sec. 4.5. Appendix to chapter 4

If this distribution is used as an input for the channel Y* = B"™ + Z7, the

corresponding output distribution is Qy;r. If it can be proved that

Ppn (b™)
Kiy & sup ———=~ 4.137
12 pn QBn(bn) ( )

is uniformly bounded when n is sufficiently large, then, for any y7', we have

Py () = / Prye (") Py (4 )b

n

s L K15Qpn (0") Pyyypn (y7|0")db™

= K15Qvp (y1)- (4.138)

Therefore, K12 < K1{,. That is, K is uniformly bounded when n is sufficiently

large. Now, we prove the finiteness of K{,. Define

Dy (") = P (07) (4.139)

Qpn(b")

Next, by simple algebraic manipulations, it can be shown that

pn 2
Dia(b") < exp [012 + ¢n + p12n (H n‘ )] (4.140)
where
PQ h21 log(27r)

21 — 4141
C12 og <\/Tﬂh11> + 9 ( )

log z h2, Py + h3, P, z

L(2) 2 1 11 21
p12n(2) . + log 2P, N

n—3 (z + hiy P — 13, P)°
—1 1-— 4.142
TR < 412, Py ! (4.142)

and where {¢,} is a sequence converging to 0, and

|h11\/nP1 — hgl\/TLP2’ <z < ]hn\/nPl + hop \/TLPQ‘. (4.143)
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Note that
lim p12n(2) = p12(2), (4.144)
n—oo
where
h2 Py + h2, P, 2 (z + h2, P, — h3,Py)?
él 1141 21 l 1— 11 21 .
p12(2) = log ch2, Py ENZES N Ah2 Prz

(4.145)

It can be shown that pja(2) < 0. Equality occurs at z = h2, Py + h3, P». Thus,
we can conclude that K7, is upper bounded by a constant when n is sufficiently
large. Similarly, K92 can be proved to be upper bounded by a constant for n

sufficiently large.

H 4.5.5 Proof of Lemma 4.1

Given the joint distribution in (4.22), denote two of the marginal distributions
as Pypxp Xg(y’fzc?xg) and Pyyxnxp (y4atxy), and denote two of the conditional
distributions as Pyn xp (z}'|x), and Pxpixp (x5 |xT), where

Pypxpxp (yiatal) £ Prpypxoxy (ysylaiay), (4.146)

23

M T BT T
> ynyr Pypyexpxy (Yo yraras)

Pxypixg (a7]ay) & : 4.147
XX3 ( 1 | 2) PX; (-7;721) ( )
and the remaining distributions are defined similarly.
Define the decoding regions
Dis, 2 {y} € Vg (yF) = 51} (4.148)
Dasy = {5 € V3\gan(y5) = 52} (4.149)
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1o = {WTY5) € VI x V3lyi' € Dig,} (4.150)

Dby, & {(yiys) € VI x V3 |y§ € Das, }, (4.151)

where s1 € {1,2,...,My,} and s € {1,2,..., Ma,}.

The decoding functions gj, and the encoding functions f;,, for j = 1,2, in

this proof, are defined in the section for problem formulation.

Note that

Witletas)  Prpxpxp(yfafed) (4.152)

Qyrixy (Uilz8)  Qvpxp(Yiay)Pxnxy (27]23)
(@) Pypxnxp(ytotey) (4.153)

Qvy xy (yioy) Pxp (27)
® 3y Pynxnxp(yfofoy) (4.154)
RN (y1z5) '
YrXxp\Yp Xo
where

(a) follows from the fact that X' and X3 are independent; and

(b) follows from the fact that Pxn(z7) = ﬁm for all =7 in the first codebook.

Similarly, we have

WTL n n . .n P n n n nxnl,n
5 (Y3 |$1Lx273 = My, Y3 X7 X7 (yi L 2)' (4.155)
Qypxr (Y5 |zY) Qvyxp(yyay)
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Define
Pypxpxp (U7 fin(s1) fan(s2))
Bioyss 2 {y e yp| < em} 4.156
5152 1 1 QY{LX%L (y?f2n(52)) ( )
Blgs, = {(195) € VI x VYT € Bisysn} (4.157)
Py xpxp (Y3 fin(s1) fan(s2))
B2 L {yn c yn 2 142 S —n’Y} 4.158
5182 2 2 QYQ"X{‘ (ygfln(sl)) ( )
Béslsg 2 {(v1'y2) € V' x V3'lys € Bosys, ), (4.159)

where s1 € {1,2,..., My,} and s2 € {1,2,..., Ma,}.

Define

Pypxpxp(yieley)
G = {(x’fxgy?yg) € X X Xy x YI' x Vg | ———=2 <e ™

Qvyxp(yreh)
(4.160)
Pypxpxp(y3aiah)
G2 L { xnxnynyn c X" x XP Xyn Xyn 2 12 < en'y}7
(2173y3Y3) 1 2 1 2 Qvyxp (yEay)
(4.161)
where s1 € {1,2,..., My, } and s € {1,2,..., Mo, }.
In order to prove this lemma, it suffices to prove
PX{LX;YI”YQ" (Gl U Gg) <€, +2e ™. (4162)
We are going to prove the validity of this inequality. We have
Mln M2n
= Z Z PX?X;Y{’IYQH (fln(sl)f2n(52)v Bislsz U Bés182) (4164)
s1=1s2=1
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Mln M2'n
= > Y [Pxpxpypvy (fin(51) fan(s2), (Bl sy U Bhyys,) N (Disy X Dagy)°)
s1=1s9=1
+ Pxrxpyoyy (fin(s1) fan(s2), (Bl s, U Bogs,) N (D1, X Dagy))]  (4.165)
Mln M2n
<> [Pxrxpvevy (fin(s1) fan(s2), (D1s, X Das,)°)
s1=1s2=1
+ Pxpxpyrvy (fin(s1) fan(s2), (Blgys, U Bag,s,) N (Disy, X Dagy))] - (4.166)
Mln M2n
<ént Z Z [Pxnxpvryy (fin(s1) fon(52), Bls,s, N (D1s; X Dagy))
s1=1s2=1
+ PXFX;Y{LY; (fln(sl)f2"(82)’ Béasg N (D181 X D232))]- (4167)

Next, we upper-bound the second and third terms. We have

Mln M2n
D0 Pxpxgpvpyvy (fin(s1) fan(s2), Biy,sy N (Disy X Dagy)) (4.168)

s1=1s9=1

Mln M2n
< Z Z Pxrxpyryy (fin(s1) fan(s2), Big,s, N Dig,) (4.169)

s1=1s2=1

Mln M2n

=>. > > Pxpxpyryvy (fin(s1) fan(s2)y1y2) (4.170)

s1=1s2=1 (y{y3)€By, ,,ND1,,

=33 Y Ppgyvp(finst) fanls2)y) (4.171)

<> > Qxpyy (fon(s2)yi)e™™ (4.172)

s1=1s2=1 y’fEBlslSQ lesl

Min Man

<S5 S Qupvp(fanlsa)yi)e ™ (4.173)

s1=1s2=1 y?GDlsl

Moy,

= Qxzp(fan(s2))e™ (4.174)
so=1

<e™, (4.175)

where (a) follows from the definition of Bjs,s,.
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Similarly to the above, we can show that

Miyn Moy
D Pxpxpvpvy (fin(s1) fan(s2), Bog, s, N (Di1sy X Dag,)) < e ™. (4.176)

s1=1s2=1

Thus, we have proved the lemma.

Ml 4.5.6 Proof of Lemma 4.3

First, we consider the case without cost constraints. Define the sets

Tj 2 {(aTahy}) € X' x X3 x Y}ify > log Mjy, + ny} (4.177)
Tjo & {(aT25y}) € A" x Xg' x Y} ify > log M1 May, +nv} (4.178)
T; = Tj1 NTjo, (4.179)

where the modified information densities 57]?1 and %;-‘2 are defined in (4.23) and

(4.24).

a) Codebook generation
Fix a joint distribution Pxn(27)Pxp(23). Generate M;, codewords fj,(s;), for
s; € {1,2,...,M;,}, and j = 1,2. We denote the random codewords f;,(s;) as

X7'(s;) in the proof of this lemma.

b) Encoding rules at transmitters:

To transmit message s;, transmitter j sends the codewords X7'(s;).

c¢) Decoding rules at receivers
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Upon receiving an output 7, receiver 1 finds the unique message s; such that
(1 (s1)75 (32)y1) € 7' (4.180)

for some $5. An error is declared otherwise. This decoding rule is also known
as simultaneous non-unique decoding rule [22, Section 6.2]. The decoding rule at

receiver 2 is defined similarly to the above.

d) Calculation of probability of error

For ease of presentation, we define the event, for j =1, 2,

Ejss = {((XT (s1) X3 (s2)Y]") € T]'}. (4.181)

Decoding errors at receiver 1 is bounded as

Mln M2n i

]\41:]\4'2n Z Z PI"( i:s152) + Pr ( U Elsisé)] (4182)

!
s} #s1, any saf

@ pr(ES,,) + Pr U B (4.183)
s1#1, any saf
(b)
< Pr(ET,) + Z Pr(Eig1) + Z Pr(Eig ), (4.184)
s1#1 s)#1,s57#1

where

(a) follows from the symmetry of the codebooks, and

(b) follows from the union rule.

Next, we bound the second term in the equation right above.
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Y Pr(Eig) = (Min — 1) Pr({(X7(s) X3 (1)Y)") € T }) (4.185)
s1#1
(@) n n,n
= (Min—1) Y. Pxp(a!)Pxpyp(abyp) (4.186)
(zPafyl)eTy
<My —1) > Pxp(al)Pxyyy (a5y7) (4.187)
(xPahyl)eT1
<(Min—1) ). KuPxp(a?)Qxpyvy (25yr) (4.188)
(xPahyl)eT11
(b)
S (Mln - 1)

where

_ 1
x Y KuPyp(ah)Pxy (o) Wi [25at)e ™

M
(zTx3yT)€T11 In
(4.189)
< Kpe ™ (4.190)

a) follows from the fact that X7 (s}) and (X3(1),Y?) are independent, when
151 2 1

message pair (1,1) are transmitted by transmitters, and

(b) follows from the definition of the set T7;.

Similarly, we can show that

> Pr(Biyy) < Kige ™. (4.191)
s1#1

Similarly, we can upper-bound the decoding error events at receiver 2 by

Mln MQn
> | Pr(BS,,,,) + Pr ( U EQSQS{Z)] (4.192)
s1=1s2=1 sh#s2, any s1/

< Pr(ES),) + (Kap + Kap)e ™. (4.193)
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Therefore, we have

en < Pr(Ef;; UES)) + (K1 + Ki2)e ™ + (K91 + Ka2)e™ ™7 (4.194)

= Pl“(gu U&aUEy U 522) + Ke™ ™, (4.195)

In the case where the cost constraint is imposed, we have

(TS Pr(En U&a Uy U 522) + Ke ™ + PXILPXQ({X? Q Fin U Xg ¢ Jrgn})
(4.196)

Thus, we have proved the lemma.
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Chapter 5

Second-order Rate-Distortion
Function for Source Coding with
Side Information

HE class of source coding problems with side information is important
T as it can model many practical problems. Consider a scenario when
a source wants to transmit a high-resolution image to a receiver who happens
to have a low-resolution version of the same image. In another example, the
source may be a piece of music contaminated by a background noise source and
the intended receiver has already had samples of the background noise. This
chapter focuses on the approximation of the finite-blocklength rate-distortion
function for the source coding problem with side information available at both

the encoder and the decoder.

H 5.1 Introduction

In lossless source coding, the Shannon entropy of a source is, on average, the
minimum number of bits required to represent a given source [96]. In lossy source
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coding, the rate-distortion function (which, in this chapter, is more specifically
called the rate-distortion function without side information) plays the role of the
Shannon entropy [98]. The rate-distortion function without side information is
the minimum number of bits per symbol required to reconstruct a given source
with the probability of excess distortion being asymptotically small, or with an

average distortion that does not exceed a specified upper bound.

The rate-distortion problem without side information can be extended to the
case when the side information is available at both the encoder and the decoder
[7, 36], only causally available at the decoder [119], or non-causally available at
the decoder (i.e., Wyner-Ziv problem) [121]. The rate-distortion function for
stationary-ergodic sources with side information was found in [71]. The rate-
distortion function for mixed types of side information (i.e., a mixture of some
side information known at both the encoder and the decoder and some known
only at the decoder) was evaluated in [27]. For memoryless sources, delayed
side information at the decoder does not improve the rate-distortion function.
However, this is not the case for sources with memory [99]. The authors of [73]
considered source coding with side information, and with distortion measures as

functions of side information.

All the results shown above hold provided the blocklength, i.e., the number
of source symbols, is allowed to grow without bound. However, some applica-
tions are required to operate with short blocklengths due to delay or complexity
constraints at the destination. Thus, it is of high interest to characterize the
finite blocklength rate-distortion function, i.e., the minimum number of bits per
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symbol that is required to reconstruct a source at a given fixed blocklength. This

is, in general, a difficult task, and thus, we focus on approximating this quantity.

H 5.1.1 Related Works

Strassen [101] obtained the second-order coding rate for almost lossless source
coding without side information. Recently, Hayashi [42] considered second-order
coding rate for fixed-length source coding and showed that the outputs of fixed-
length source codes are not uniformly distributed (debunking Han’s folklore the-
orem [40] in the second-order sense). The second-order analysis is closely related
to the method of information spectrum [42]. In particular, the second-order
analysis of the source coding can be derived by the combination of the cen-
tral limit theorem and the method of information spectrum introduced by Han
[39]. Kostina and Verdd [56] and Ingber and Kochman [48] characterized the
dispersion of lossy source coding problem without side information. When the
source is stationary and memoryless, they showed that the finite blocklength
rate-distortion function without side information Rnesi(n, D, €) can be approxi-

mated as

RnoSl(n7 D, 6) = RnoSI(D) + MQil(E) +0 (lo,rgln> ) (51)

n

where Rpos1(D) is the rate-distortion function without side information, V,,051(D)
is the dispersion that characterizes the convergence rate to the Shannon limit
Rposi(D), n is the blocklength, D is the excess distortion threshold, and € is
the upper bound on the probability that the distortion exceeds D. The rate-
distortion problem may also be studied from the moderate deviations perspective
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[103] and the fundamental limit there is also dependent on Vios1(D). Achievable
second-order coding rates for the Wyner-Ahlswede-Korner problem of almost-
lossless source coding with rate-limited side-information, the Wyner-Ziv problem
of lossy source coding with side-information at the decoder and the Gelfand-
Pinsker problem of channel coding with non-causal state information available
at the decoder were established in [118]. The paper [53] studied second-order
coding rates for the fixed-to-variable lossless compression. For other related

works in the study of fixed error asymptotics, the reader is referred to [104].

H 5.1.2 Main Contributions

This chapter focuses on the analysis and approximation of the finite blocklength
rate-distortion function for source coding with side information available at both

the encoder and the decoder. The contributions of this chapter are stated below.

e A non-asymptotic achievability bound is established for the problem of
lossy source coding with side information available at both the encoder

and the decoder.

e We establish the second-order coding rate for the discrete memoryless
source with a side information variable taking values in a finite alphabet.
As a corollary, we obtain the second-order coding rate for the case when
the source alphabet, the reconstruction alphabet and the side information

alphabet are finite and the distortion measure is the Hamming distance.

e We establish the second-order coding rate for Gaussian source with Gaus-
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X" M yn

Encoder Decoder

Sn

Figure 5.1. Source coding with side information

sian side information and the squared-error distortion measure.

e When the source has memory, we establish the second-order coding rate
for the case where the sequence of source and side information variables

jointly forms a time-homogeneous Markov chain.

H 5.2 Problem formulation and definitions

Let & be the source alphabet, let ) be the reproduction alphabet, and let S
be the side information alphabet. The random variables X,Y and S follow the

distribution

Py xs(yzs) = Py|xs(ylzs) Px|s(x|s) Ps(s). (5.2)

We use a single-letter fidelity criterion to measure the distortion between the

source sequence z" and the reproducing sequence y”, i.e.,
1 n
1=

where d : X" x V" — Ry, for n € N, is a bounded real-valued non-negative

distortion function.

Definition 5.1. An (M,,n, D, €,)-code for the source coding system with side

information (see Figure 5.1) consists of an encoding function

G X" xS = M, 2{1,2,...,M,}, (5.4)
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and a decoding function
Yn t My x 8 = Y7, (5.5)
such that the probability of excess distortion satisfies
Pr{d[X", ¢¥pn(dn(X",S™),S™)] > D} < €. (5.6)

An (M,,n, D,e,)-code, which is defined as shown above, is called a D-

semifaithful code in the rate-distortion literature [127, 128].

Definition 5.2. A rate R is defined to be (e, D)-achievable if there exists a

sequence of (M, n, D, e,)-codes satisfying

1
lim sup — log M,, < R, (5.7)
n—oo N
limsupe, <e. (5.8)
n—oo

In contrast to the above definition, the following definition is non-asymptotic.

Definition 5.3. A rate R is defined to be (e, D, n)-achievable if there exists a
(lexp(nR)],n, D, €e,)-code. The (e, D,n) finite blocklength rate-distortion func-
tion R(e, D,n) is defined as the infimum of the set of all (e, D, n)-achievable

rates.

The following definition defines the quantity of interest in this chapter.

Definition 5.4. A number L € R is defined to be second-order (e, D, k)-achievable
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if there exists a sequence of (M,,,n, D, €,)-codes satisfying

1
limsup —(log M,, — nk) < L, 5.9
limsupe, <e. (5.10)
n—o0

The (¢, D, k) second-order rate-distortion function L*(e, D, k) is defined as the

infimum of the set of all second-order (e, D, k)-achievable rates.

The aim of this chapter is to characterize the (e, D, k) second-order rate-
distortion function L*(e, D, k) for source coding with side information available

at both the encoder and the decoder.

Before presenting the main result, we state some definitions that will be used

throughout this chapter.

Definition 5.5. Fix the distribution of XS as Pxg. Define the rate-distortion

function with side information as

R(X;D|S) = min I(X;Y]|S), (5.11)

Py xs
where the minimum is taken over the set of all marginal conditional distributions

Py | xg satisfying

Py xs(ylzs) >0 for all (y,x,s), (5.12)

Z Py|xs(yles) =1, (5.13)
yey
> Pyixs(yles)Pxs(]s)Ps(s)d(z,y) < D. (5.14)

seS,xeX yey

To make the dependence on the distribution Pxg explicit, we sometimes also
denote R(X; D|S) as R(Px|s, D|Ps). Assume the distribution that achieves the
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minimum in (5.11) is unique. When there is no side information, i.e., S = (), we
recover the rate-distortion function without side information denoted as R(X; D)

or R(Px,D).

When the excess distortion criterion is employed, we have the following first-
order result for the source coding problem with side information [7] (i.e., the

conditional rate-distortion problem [36]),

li_r}no linn_1>ioréf R(e, D,n) = R(X; D|S). (5.15)

In order to characterize the second-order rate-distortion function, we state the
following definitions. The notion of information densities will play an important
role in characterizing the second-order rate-distortion function. In fact, in order
to deal with the constraints inherent in the rate-distortion problem, the concept

of D-tilted information densities, which was introduced in [57], is useful.

Definition 5.6. Define the conditional information densities as follows:

Pxy|s(zyls)

iy, ;yls) =1 d 1

ZX,Y|S(‘T7y|S) og PY‘S(y|S)PX|S($|S), an (5 6)
ix|s(zls) £ iy x|s(w;x]s). (5.17)

Note that iy s is also known as the conditional self-information.

Definition 5.7. Define the conditional D-tilted information density as follows:

1

; Y
Txis (@, Dls) = 108 i oo b — Ned(, Y9))18 = 3 (5:18)

where Py« xg is the distribution that achieves the minimum in (5.5), the ex-
pectation is taken with respect to the induced output distribution Py 5(yls) =
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> e Prexs(ylz, s) Px|s(x|s), and \* is defined as

dR(Px\s, D|Ps)

* A
AT dD

(5.19)

Remark 5.1. In this definition, the conditional D-tilted information density has

a built-in feature which takes the distortion constraint into consideration.

The conditional D-tilted information density jx|s(z, D[s) has some impor-

tant properties which can be found in [57]. We review them here.

Lemma 5.1. The conditional D-tilted information density jx|s(z, D|s) has the

following properties.

1. jx|s(x, D]s) =ix,y«s(z;yls) + A*d(z,y) — A*D.
2. R(X;D|S) = E[jx|s(X, D|S)].

3. For any Pyig where X — S — Y, we have Elexp{\"d — \*d(X,Y) +

Jx|s(X, DIS)}) < 1.

In the achievability proof of the conditional rate-distortion problem, the fol-

lowing concept is important.

Definition 5.8. Given a source sequence z" € X", define the D-ball Bp(z™)

around this sequence as

Bp(a") £ {y" € Y"|d(z",y") < D}. (5.20)

The following is the cumulative distribution function of a standard Gaussian
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distribution

B(t) 2 / ) \/12? exp(—u?/2) du. (5.21)

The complementary cumulative distribution function is Q(t) £ 1 — ®(t). Since
these functions are monotonic, they admit inverses, which we will denote as ®~*

and Q1.
B 5.3 Non-Asymptotic Bounds

In this section, we first present a non-asymptotic achievability bound.

Lemma 5.2 (Achievability). For every Pyngn, there exists an (M, D,n, €)-

code such that
en < E{E[(1 — Pynjgn(Bp(X™)|S™)M]} (5.22)

where the inner expectation is w.r.t. Pxn|gn_sn, the outer expectation is w.r.1.

Pgn, and we have

Proof. Given each side information sequence S™ = s"

, we construct a recon-
struction codebook C(s™), which consists of M random reconstruction sequences
{Y"™(m, s")}M_,. Each of the sequence Y"(m,s"), form € M = {1,2,..., M},
is generated independently according to an arbitrary distribution Ppnjgn_gn,

which satisfies equation (5.23). Choose a sub-code (¢n,y,), the encoder and
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decoder of which are defined as

O™, s") = argn{gﬁt d(z", Y"(m, s")), (5.24)
Yn(m, s") =Y (m,s"). (5.25)

The average probability of error of this sub-code is given by

é(s") = E[l{"r:%l/r\h d(X",Y™"(m,s")) > D}|S™ = s"] (5.26)

- ]

=E | [] Hd(x",Y"(m,s™) > D}|S" = 5" (5.27)
Lm=1 J
B M

=E|E | [] Ha(xX",Y"(m,s")) > D}]X”] sn = s”] (5.28)
L m=1
r M

=E | [] Eli{d(x",Y™) > D}|X")|S" = s"] (5.29)
Lm=1

= E[(1 = Py gn(Bp(X™))[S™ = s")M] (5.30)

where equation (5.29) follows from the independence of reconstruction sequences.

Taking the average over all sub-codes, we have the average probability of

error is

e= > Pon(s")e(s") (5.31)
snesSn
= E{E[(1 — Pyajga(Bp(X™)|S™M]}. (5.32)

By the random coding argument, there exists an (M, D, n, €,)-code such that
en < E{E[(1 — Pynjsa(Bp(X™))|S™M)M]}. (5.33)

This concludes the proof. ]

189



CHAPTER 5. SECOND-ORDER RATE-DISTORTION FUNCTION FOR SOURCE CODING WITH SIDE
INFORMATION

Next, we relax the bound in Lemma 5.2 to obtain the following lemma, which

turns out to be more amenable to asymptotic evaluations.

Lemma 5.3. For any 7, Bn, and 6,, there ezists an (My,, D,n,€,)-code such

that
én < Prljxnjsn (X, DIS™) > log v — log fn — As)
+E[E[|1 — B, Pr[D — 6, < d(X",Y™) < D|X"]|*|5"]
+ ¢ m E{E[min(1, v exp(—jxns» (X", DIS™))|S"]}, (5.34)

where Py« xg achieves the minimum in (5.5), and Pynsxngn is the n-th order

product distribution of Py« xg.

This lemma is proved in section 5.8.1.

The following lemma, which plays an important part in the converse, was

derived in [57].

Lemma 5.4. Any (M,,n, D, e€,)-code for the lossy source coding system with

side information satisfies
€n > su%{Pr[anwn (X", D|S™) > log M,, + ] — exp(—7)}. (5.35)
>

Remark 5.2. It is non-obvious how this non-asymptotic bound should be applied
to get a converse that is optimal in the second-order sense. If we follow the
approach and the intuition in the dual problem, which is the problem of finding
the dispersion for the point-to-point channel with state information available
at both the encoder and the decoder [111], we should first partition the side
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information into different type classes and derive the converse for each type
class separately. However, this approach does not work for the source coding
with side information. This is because source coding with side information is an
optimization problem with constraint whether the point-to-point channel with
state is an optimization problem without constraint. The presence of the excess

distortion constraint makes the analysis difficult.

M 5.4 Discrete memoryless source with i.i.d. side information

In this section, we consider the discrete memoryless source. Assume that the
source alphabet X, the reproduction alphabet ), and the side information al-
phabet & are finite. The source coding system is memoryless and stationary in

the sense that

PXnSn(:c"s") = prs(xisi). (536)
i=1

Before presenting the main results of this section, we define an important

quantity.

Definition 5.9. Define the variance V of the conditional D-tilted information

density jx|s(X, D|S) with respect to Pxgs as

V £ var(jxs(X, D|S)) (5.37)
= > Pxs(s)lixjs(e Dls)’ — [R(X; D|S)*. (5.38)
reX,s€S

Next, we present the first main result of this chapter.
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Theorem 5.1. The second-order rate-distortion function L*(e, D, R(X; D|S))

for the discrete memoryless source coding with side information is given by

L*(e, D,R(X;D|S)) = VVQ !(e). (5.39)

Let us mention that the dispersion [56] is an operational quantity that is
closely related to the second-order coding rate. It characterizes the speed at
which the rate of optimal codes converge to the first-order fundamental limit.

For conditional rate-distortion, we may define the dispersion Vyps as

Vps £ lim lim sup
e—~0 npnooo

. 2
<\/ﬁ(R(e,D,n) —R(XaD’S))) , (5.40)

Q' (e)
From Theorem 5.1, we observe that the operational quantity Vgps is equal to the

information quantity V.

Let Vi £ var(jxs(X,D|S)|S = s) be the dispersion' of the source X, ~
Px|s(:|s). Now notice that by the law of total variance, V' can be decomposed

as

V =E|var(jxs(X, D[S) | 5)] + var[E(jx|s(X, D|S) | S)] (5.41)

— E[Vs] + var[R(Px 5(-|S), D)]. (5.42)

The first term represents the randomness of the source weighted by the probabil-
ity mass function of the side information, while the second term represents the
randomness of the side information in terms of the constituent rate-distortion

functions.

!Note that term dispersion [56] here refers to the unconditional rate-distortion problem.
This should not cause any confusion in the sequel.
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Theorem 5.1 is proved in subsection 5.8.2. One of the key ideas in the achiev-
ability proof of Theorem 5.1 is to apply the random coding bound (Lemma 5.2)
in the asymptotic evaluation. The key idea in the converse proof of Theorem
5.1 is to make use of the non-asymptotic converse bound (Lemma 5.4) in the

asymptotic evaluation.

We illustrate this theorem through an example.

Example 5.1. Consider the case when the source alphabet X, the reconstruction
alphabet ) and the side information alphabet S are binary {0, 1}. The distortion
function is the Hamming distance function d(x,y) = 1{x # y}. Assume Pg(1) =
a, Ps(0) = 1—a, Px(1) = band Px(0) =1—0, for 0 < a,b < 1. Assume
Px5(1]0) = Px|s(1]1) = ¢, and Px|5(0[0) = Pxs(0]1) =1—¢, for 0 < c < §. It

can shown that
ix|s(x, D|s) = ix|s(z|s) — H(D) (5.43)

if 0 < D < ¢ and 0 if D > c. Note that the conditional D-tilted information
density in this case is independent of the marginal distributions Px and Pg.

Next, we have
R(X;D|S)=H(X|S)— H(D) (5.44)
= H(c)— H(D) (5.45)

if0 < D < c,and 0 if D > ¢. Here H(D) is the entropy of a Bernoulli(D) source.

In this example, we can show that

1—c

V = ¢(1 - ¢) log? p (5.46)
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which is simply the dispersion of a Bernoulli(c) source.

In general, we have the following corollary.

Corollary 5.1. The second-order rate-distortion function L*(e, D, R(X; D|S))
for the binary source with binary side information and Hamming distortion func-

tion is given by

L*(e, D, R(X: DIS)) = /varlix|s(X]$)]Q(c). (5.47)
B 5.4.1 Remarks concerning Theorem 5.1

1. The relationship between the rate-distortion function R(Pxs(-|s), D), in
which the side information is fixed, and the conditional rate-distortion

function R(Px|g, D|Ps) is given by the following lemma [36].

Lemma 5.5. We have

R(Px\s, D|Ps) f Ps(s)R(Px5(+|s), ds), 5.48
(Px|s, D|Ps {d }liseDZ s(s)R(Px|s(:]s),ds) ( )

where the set D is defined as

D= {{ds}seS

> Ps(s)ds =D, d, > o}. (5.49)

seS

Intuitively, any achievable code, that is optimal in the first-order sense, for
the conditional rate-distortion problem can be thought of as a combination
of sub-codes for sub-channels with the side information S = s and the
excess distortion ds. The total distortion D is the Pg-convex combination
of the constituent excess distortions ds. However, this intuition is no longer
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true in the second-order sense. The dispersion for conditional source coding
is not simply a convex combination of dispersions for the sub-systems of
source coding with the side information given. Secondly, for each sub-
system of source coding with side information given, the optimal threshold
ds changes with s. These facts make the second-order analysis difficult.
Note that Ingber-Kochman [48] used the method of types (similarly to
the technique used in Marton’s covering lemma [75]) to perform a second-
order (dispersion) analysis for the rate-distortion problem without side
information. We attempted to adapt their technique for our setting but
it was not straightforward to generalize their method to the conditional
rate-distortion problem at hand. This is because Lemma 5.6 intuitively
suggests to treat X and S jointly to obtain the second-order rate-distortion
function L*(e, D, R(Px|s, D|Ps)). However, if the method of types is used,
the relationship in Lemma 5.5 restricts us to treat X conditioning on S = s
first, in the achievability proof, in order to obtain the first-order term.
However, this method leads to a different (and, in fact, inferior) second-
order term. The key idea in the random coding bound in Lemma 5.3 is

that we need to treat X and S jointly, not separately.

2. One of the challenges in this problem is to find an achievable scheme that
is optimal in the second-order sense. An achievable scheme that allows us
to do so is presented in Lemma 5.2. The next challenge is how we should
use this non-asymptotic bound to obtain the achievability bound that is
second-order optimal. Similarly to the reason given in the previous point,
we cannot directly use the technique given in the well-known paper by
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Kostina-Verdu [56] because in our paper side information is involved. The
technique given in [56] makes use of hypothesis testing, and it is difficult to
generalize this approach to the case with side information. Neither could
we directly use the technique given by Ingber-Kochman [47]. Our solution

is to first relax Lemma 5.2 to obtain Lemma 5.3.

3. The proof of Theorem 5.1 can be used to characterize L*(e, D, k) when

k # R(X; D|S). We have

+oo k < R(X;D|S)
L*(e,D,k) =< VVQ Y(e) x=R(X;DI|S) (5.50)
—00 k> R(X;D|S)

The first statement above (for the case k < R(X; D|S)) implies the strong
converse for conditional rate-distortion. The strong converse for uncondi-

tional rate-distortion for discrete memoryless sources is already well known

(e.g., [19, Chapter 7]).

4. From Theorem 5.1, we deduce that there exists a sequence of (M,,n, D, €, )-
codes for the source coding system with side information such that its rate
is

1 1% 1
~log M, = R(X;D|S —Q ! — 5.51
Vg, = R DIS) +/ L@ @0 ) (551

and its asymptotic probability of excess distortion satisfies
en < €+ o0(1). (5.52)

It is observed that V characterizes the rate of convergence to the first-order

rate-distortion function R(X; D|S).

5. In order to compute V, it is noted that the gradient of R(X; D|S) plays
an important role.
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Definition 5.10. For each a € X',b € S, define

dR(Pg g, D|Ps)
dPxg(ab) Pgs=Pxs

R'(Pxs(alb), D|Ps(b)) = (5.53)

The function R(Pyg, D|Pg) can be thought of as that of [X[|S| variables.
By stacking up |X||S| partial derivatives as defined in Definition 5.10, we
form the gradient VR(Pxs) of R(Pg g, D|Pg) evaluated at Pxg. The joint
distribution Pxg can be regarded as a length-|X||S| vector that sums to

one.

Even though the conditional D-tilted information density jx|s(X, D|S) is
useful in characterizing the second-order rate-distortion function, it is not
easy to compute. The task of computing V' is made easier by the following

lemma.

Lemma 5.6. For anya € X and b € S, we have

jx|s(a, D|b) = R'(Px|s(alb), D|Ps(b)). (5.54)
Proof. We have
dR(Pg)g, D|Ps)
(P D|P = .
R{(Pxjs(alp), DIPs(0) = — 2 2| (5.55)
_ Elixs(%.19) 556)
dPxg(ab) Pgs=Pxs .
_d[X, s Pxs(as)izis(e, Dls)] ‘ (5.57)
dPxg(ab) Pxs=Pxs .
dE[j%5(X,DI|S
Dl + EBEDIS
dPXg(ab) PXE;:PXS
(5.58)
Using part 1) of Lemma 5.1, it is evident that
dE[j % 5(X, DI|S
x15(X. DIS)] . 559)

dPXSﬂ(ab) Pgs=Pxs
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This completes the proof of the lemma. O

Remark 5.3. The result in Lemma 5.6 is Surprising. The differentiation is
w.r.t. dPgg(ab), not dPg g(alb). According to [55, Theorem 2.2}, the D-

tilted information density for the source coding without side information

is given by
) dR(Px, D)
D) = R'(Px(a), D) —loge = —=2"2/ ’ —loge. (5.
jx(a.D) = R(Px(a).D) ~loge = “gp 22| —loge.  (5.60)
This is because
dPg(a) lpg=px  dPx(a) |pg=Px '
dE[jx (X, D)
=j<(a,D —’ , 5.62
jX( ) dPX(CL) Py=Px ( )

and in this case we have

dE[jx (X, D)]
= —1 . .

APc(a)  |per oge (5.63)

Observe that the term —loge is present in the no-side information set-

ting (5.60) but not in the side information setting (5.54). This is due to

(5.63).

As a consequence of Lemma 5.6, the variance of the conditional D-tilted
information V', defined in (5.37)—(5.38), can be alternatively expressed as

the variance of the gradient VR(Pxg) with respect to Pxg, i.e.,
V= Var(VR(sz)) (5.64)

=" 3" Pxs(ab)[R/(Pys(alb), D|Ps(b))]?

aceX beS

2
- [Z ZPXS(ab)R/(PX|S(a|b)> DI|Ps(b))| - (5.65)

a€eX beS
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B 5.5 Gaussian memoryless source with i.i.d. side information

In this section, we consider the i.i.d. Gaussian source. More specifically,
X; ~ N(0,06%). (5.66)
The side information is given by
Si=Xi+ Z; (5.67)
where t = 1,2, ...,n,
Z; ~ N(0,0%) (5.68)

and Z; is independent of X;. We consider the squared-error distortion function,
i.e.,
n
d(z",y") = Z(xz — )2 (5.69)

i=1

Define the conditional variance as

2 9
2 a 9x097
ox|s = 703(_}_0% (5.70)

The case where D > U%(\S is trivial as R(X;D|S) = 0. It is assumed that
0<D< Ugﬂ g- In this case, it is well-known that [36] the conditional rate-

distortion function is given by

1
R(X;D|S) = ilog— (5.71)

The second-order rate-distortion function in this case is given by the following
theorem.
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Theorem 5.2. The second-order rate-distortion function L*(e, D, R(X; D|S))

for Gaussian source coding with side information is given by

L*(e, D, R(X; D|S)) = \/ng(e) log e. (5.72)

This theorem is proved in subsection 5.8.3.

B 5.5.1 Remarks concerning Theorem 5.2

1. From Theorem 5.2, we observe that the dispersion for Gaussian source
coding with side information is 1/2 nats squared per source symbol. In
other words, the second-order rate-distortion function for Gaussian source
coding with side information is the same as that for Gaussian source coding
without side information [56] even though the rate-distortion functions
for both coding problems are different in general. The presence of side
information at both the encoder and the decoder does not affect the second-
order coding rate. Intuitively, given the side information s™, the encoder
and the decoder can adapt to it and design a second-order optimal sub-code
for each source-encoding sub-test channel (indexed by s™). The second-
order coding rate for each sub-test channel is basically the same as that
for the source coding system without side information. The second-order
rate-distortion function for Gaussian source coding with side information
is the average of all second-order coding rates for sub-test channels, when
the average is taken with respect to the side information random variable.
Thus, this explains the observation. This observation might not hold if the
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side information sequence is not a Gaussian random process.

2. The proof of Theorem 5.1 is also applicable to that of Theorem 5.2. How-
ever, due to the special setting in this section, we present an alternative
achievability scheme in the proof. This achievability scheme helps us visu-

alize the structure of a code that is optimal in the second-order sense.

3. It would be interesting to investigate if the statement mentioned in the
previous item still holds when the side information is available at either only
the decoder or only the encoder. Of course, the rate-distortion functions
for the cases where the side information is known at both terminals and
at the decoder only are identical in the Gaussian case [22, Chapter 11].
Thus one wonders whether the dispersion remains at 1/2 nats? per source

symbol for the Gaussian Wyner-Ziv problem [121].

4. Scarlett [94] showed that the dispersion for dirty paper coding (Gaussian
Gel’fand-Pinsker) is the same as that when there is no interference. Fur-
thermore, he showed that the same holds true even if the interference is
not Gaussian but satisfies some mild concentration conditions. It would be
interesting to investigate if the same is true in the lossy compression with

(encoder and decoder) side information scenario.

Bl 5.6 Markov source with Markov side information

So far, we have considered only memoryless sources. In this section, we consider
the system in which the source and side information jointly forms an irreducible,
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ergodic and time-homogeneous Markov chain, i.e.,

We further assume that the source alphabet X and the side information alphabet
S are both finite. Denote the stationary distribution of this Markov chain as 7xg.

Assume that this Markov chain starts from the stationary distribution, i.e.,
Px,s, =mx5s. (5.74)

Under the assumption in (5.74), all the marginals Px,g, for ¢ > 1 are equal to

TXS-

First, we define a few relevant quantities.
Definition 5.11. Define

u2 R(X;D|S (5.75)

){PXSZWXS’

=
>

var (\/1% ZinSZ.(XZ-,D|S,~)> . (5.76)
=1

We have the following important lemma.

Lemma 5.7. For the Markov chains considered above, the following limit exists

lim V, (5.77)

n—oo

and is equal to

Voo £ Var[jX|S(X7 D‘S

)] ‘sz:ﬁxs

oo
+2) " covlix, s, (X1, DIS1), dxi(514s (X14i, DIS114)]. (5.78)
=1
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Proof. The lemma follows from the fact that

Vi

=var[j(X,D|S

= _var (Zin|S¢(XiaD‘Si)> (5.79)
=1

n

>~ cov x5, (Xk DISk), dixy s, (X1, DIS))] (5.80)
k=1

ﬂlsz=Wxs

2 — , , .
+EZ(H—])C0V [JX1|SI(X17D\51),Jxl+j\sl+j(X1+j,D|51+j) . (5.81)

j=1

The equality in (5.81) follows from the time-homogeneity of the chain and simple

rearrangements. Now, since the covariance

‘COV (jX1|Sl (X17 D|Sl)7jX1+]’|Sl+]’ (X1+j7 D’S1+J)> ‘

decays exponentially fast in the lag j for this class of Markov chains,

and thus

lim V,, = var[j(X, D|S

n
> - cov [jx1|sl (X1, DIS1), dx14, 180, (X1+j,D|Sw>} =0, (582
7j=1

Hlsz=ﬂxs

n—oo
oo
+2) cov {jXﬂSl (X1, DIS1), 5141514, (X144 D‘Sl+j):| . (5.83)
j=1
The right-hand-side is exactly V as desired. O

The second-order rate-distortion function for the Markov sequence is given

by the following theorem.

Theorem 5.3. The second-order rate-distortion function L*(e,D,u) for the

Markov source with side information is given by

L*(e. D pt) = VVmQ 7 (0). (5.84)
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This theorem is proved in subsection 5.8.4 and it uses a Markov generalization

of the Berry-Esséen theorem due to Tikhomirov [109].
H 5.6.1 Remarks concerning Theorem 5.3

1. Notice that the second-order coding rate for the Markov case consists of

two parts:

A2 varljx 5(X, D]

)l ‘szzﬂxs ’

o
B £ " covjx, s, (X1, DIS1), dx, /81, (X146 DIS144)]. (5.85)
=1

When the sequence of random variables { X;S;}5°, is independent and iden-
tically distributed, the second part B in (5.85) vanishes and we recover the
result in section 5.4. Thus, the infinite sum in the definition of V in (5.78)
quantifies the effect that the mixing of the Markov chain {X;S5;}°; has on
rate of convergence the finite blocklength rate-distortion function to the
Shannon limit. The faster the mixing is, the faster the convergence to the

Shannon limit is.

2. Denote Z as transitional matrix of the Markov chain X157 — X525, —
... = X9, If 2 is diagonalizable, we can compute V, using the following

lemma.
Lemma 5.8. Assume Z = Udiag(1, Ag, .. .,)\|XH3|)UT. We have

Voo :COV[jX|S(X’D|S)7jX’|S’(X/aD‘S/ (586)

)] ’PXS,X’S/:”XSPX/S’\XS

where

142 14 A
Py xs(@'s'|ws) = [Udiag (1, T "“5'> UT} . (5.87)
1 - A2 ]. - )\|XHS| 2's'Ts
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This lemma can be proved using techniques presented by Tomamichel and
Tan in [111, Appendix A]. Briefly, we make use of the fact that the Markov
chain {X;S;}2°, is time-homogeneous and starts from the stationary distri-
bution. Secondly, in the diagonalization of the transition matrix =, except

for eigenvalue A\; £ 1, the rest of the eigenvalues satisfy |\;| < 1. Thus, we

have Y 77, )\f = :\;\Z for all but the leading eigenvalue.

H 5.7 Conclusion

In this chapter, the second-order coding rates for the source coding problem with
side information available at both the encoder and the decoder are character-
ized for three different kinds of sources: discrete memoryless sources, Gaussian
memoryless sources and Markov sources. The conditional D-tilted information

density is found to play a key role in our second-order analysis.

B 5.8 Appendix

H 5.8.1 Proof of Lemma 5.3

Lemma 5.3 is a corollary of Lemma 5.2. From Lemma 5.2, we can show the

existence of an (M, D,n, €,)-code such that

én < E{E[(1 ~ Pyojgn (Bp(X™)|S™M]} (5.88)
= 3 Pyu(sME[(L = Prujse(Bo(X™)[S™ = sMM]. (589
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Using techniques from [55, Corollary 2.20], we can show that for every s,

E[(1 = Pyajsn(Bp(X™)[S" = 5")M]
< Prljxnsn (X", D|S™) > logyn — log Bn — Apn|S™ = 5"
+E[|1 — B, Pr[D — 6, < d(X",Y™) < D|X"]|T|S" = s"]

M

+ B_W]E[min(L In exp(_jX"|5” (Xnv D, Sn)))|sn = Sn]v (590)

for any vy, Bn, and &,.

Taking the average of both sides of inequality (5.90) over all sequences s"

completes the proof of this lemma.

H 5.8.2 Proof of Theorem 5.1

B 5.8.2.1 Achievability proof of Theorem 5.1

In this part, we prove that, for any § > 0, v/VQ~!(e)+6 is second-order (e, D, x)-

achievable when x = R(X; D|S).

We apply Lemma 5.3 to construct a sequence of (M, D,n,€,)-codes as fol-

const

lows. Choose 6, = <27**. Similar to the proof in [56, Lemma 4], it can be proved

that

Pr[D — 6, < d(X",Y™) < D|X" = 2", S" = §"] (5.91)

S C
Vn'
when n is sufficiently large, for some constant C.
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Choose 3, = % We have
E[E[|1 — B, Pr[D — 6, < d(X™, Y™) < D|X"]||S"]] = 0, (5.92)

when n is sufficiently large.

Choose v, = % We have

_ M . . n n n
e ’mE{E[mln(lﬂfynexp(_]XﬂS"(X 7D7S )))‘S ]}

= ¢V E{E[min(1, v exp(—jxnsn (X", D, S™)))|S"]} (5.93)
< e V'E{E[1]|S"]} (5.94)
=e V7, (5.95)

Choose

D
log M,, = nR(X; D|S) +VnVQ (&) +log vn + )\Zm + log \éﬁ, (5.96)
where
én 2 e— 571 —e VP (5.97)
n
s In
Bn %6355 (5.98)
I

T, 2~ Ellixs(X, D|S) - R(X; D|S)["]. (5.99)

i=1

Applying Lemma 5.3, for n sufficiently large, we have
en < Pr {an‘Sn (X", D|S™) > nR(X; D|S) + \/nVQ_l(én)} Fe VT (5.100)

3 jxis(Xi. DISi) > nR(X; D|S) + VaVQ ™ (&) | + ¢V (5.101)

=1

<Pr

<e (5.102)
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where equation (5.102) follows from Theorem 2.10.

Therefore, we have constructed a sequence of (M, D, n, €,)-codes satisfying

1
limsup — (log M,, — nR(X; D|S)) = VVQ *(e) (5.103)
n—00 \/ﬁ
limsupe, <e. (5.104)
n—oo

M 5.8.2.2 Converse proof of Theorem 5.1

Let L be a second-order (e, D, R(X; D|S))-achievable. We want to show

Q ' (VV < L+,

for any § > 0.

Since L is second-order (e, D, R(X; D|S))-achievable, by definition, there ex-

ists a sequence of (M,,,n, D, €,)-codes satisfying

log M,, < nR(X;D|S) ++/n(L+94), (5.105)
limsupe, <e, (5.106)
n—oo

when n is sufficiently large.

Using Lemma 5.4 for M,, satisfying equation (5.105) and v = log v/n, we have

1
€ > Prljixnjs (X", D|S") > log M, + log y/n] - NG (5.107)

n

: 1

=Pr [st(Xz,DISi) > log M,, + logv/n v (5.108)
=1
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> Pr _ZjX|S(Xi7D|Si) > nR(X;DI|S) + v/n(L + ) + log \/ﬁ] - \/15
- (5.109)
. il _ L+4d logyn\] 1
> Pr _;]X|S(XZ>D|51) nR(X;D|S) > \/W( NG + Ny )] T
(5.110)
L+6 logyn B, 1
ZQ(WJr\/W)—\/ﬁ—\/ﬁ (5.111)
o (L+9 logyn\ B,+1
_Q<\/‘7>+O< NG s (5.112)

where equation (5.111) follows from Theorem 2.10 and in this equation By, is
defined in (5.98), and (5.112) follows from the continuity of @(-) and Taylor

expansion.

Combining (5.112) and (5.106), we have

e > limsupe, (5.113)
n—oo
L+o
= . 5.114
(%) -4

Thus, all second-order achievable rates L must satisfy L > Q7' (€)v/V —4. Taking

6 J 0, we complete the proof of the converse.

H 5.8.3 Proof of Theorem 5.2

Define the correlation coefficient p between X; and S;, for i = 1,2,...,n as

o EIXS] _ ox 5.115
VEIXZES  fo3 + 0% (o419

Next, we define the conditional mean of X given S = s as

p

pr——8=p 8= 55 -8 (5.116)
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This is simply the minimum mean squared estimate of X given S = s.

B 5.8.3.1 Achievability proof of Theorem 5.2

In this part, we prove that, for any 6 > 0, \/gQ_l(e) log(e) + § is second-

2
order (e,D,%log Ugs)—achievable. We apply Lemma 5.2 to construct a se-

quence of (M,, D,n,e,)-codes as follows. For each s", choose the distribution
Pyngn(-[S™ = s") in equation (5.22) as the uniform distribution on the surface

of the n-dimensional sphere, with radius ro £ n(ag(| g~ D) and centre at

:U'(Sn> 2 (M(Sl), M(82)7 ce M(Sn)) (5117)
Observe that Pynign(Bp(2"))[S" = s") =0 if
o™ = p(s™)| < /nlo%)s = D) — VnD £ ry (5.118)

or

2" — p(s™)] > \/WJF\/TTD%@. (5.119)
Therefore, we have a sequence of (M, D, n, €,)-codes that satisfies
en < E{E[(1 — Pynjgn(Bp(X™))|S™) ]} (5.120)
< E{E[(1 — Pyngn (Bp(X™)M". Pr(ry < 2" — u(S™)| < r2)[S"]}
+ E{E[Pr(ry < [X™ — u(S"))]S"]}
+ E{E[Pr(r1 > | X" — u(S™)])[S"]}. (5.121)

By the weak law of large numbers, we observe that the second term and the
third term become vanishingly small as n — oco. Now, we analyze the first term.
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/ i
m-; MN = /n(e%s = D)
NP = vnD
MP = |z" — p(s™)]

Figure 5.2. Encoding for Gaussian source

n__ ny|2
Note that Mﬁw has a central x2 distribution. Denote
x|

An(ro) & =22 __ym

as the surface area of an n-dimensional sphere of radius rg. Denote A, (rg, 0(s™))
as the surface area of n-dimensional polar cap of radius ry and angle 6(s™) (see

Figure 5.2), where the angle 0 < 0(s™) < 7 is given by

2 — (s +1r2—n
(s") & cos™* <‘ 2(;51 —)’M(_;)TTO D) . (5.122)
We have
E{E[(1 = Pynsn(Bp(X")Mr Pr(ry < 0" — u(S™)| < r2)[S")}  (5.123)

An (TO) M n n
e o) BT CR I

:E{E

S”] } (5.124)

S”] } (5.125)
”} } (5.126)

= n/ (1—fn,2)M1{r <z < ro} P2 (nz)dz (5.127)
0

< E{ [ — fn,2))M 1{r) < 2 < ra} P2 (nz)dz
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where
e (5.124) comes from geometry,
e (5.125) comes from a lower bound on A, (rg,0(s™)) [91], and
e in (5.126), the function f(n, z) is defined as
2 2
1+2—2-7
o [ (ost)
fln,z) 2 (2%1 ) 1— il (5.128)
4(1— = z
Ix1|s

and P,2 is the central X2 probability density function.

Next, we choose the sequence M, such that

2
logM, 1 o 1 1 log 1 1
o8 :flog%w—i-\/%cg Le)loge + %, 08 ogn+0(>.

n 2 2n n n
(5.129)
We can check that
, 1 n.  Oxs 1,
1171;n_>sol<1)p Vo <log M, — 5 log D ) = \/;Q (€)loge. (5.130)

Using similar techniques as in [56, Appendix K], we can show that the bound in

(5.127) can be analyzed using the Gaussian approximation to yield

limsupe, <e. (5.131)

n—oo

H 5.8.3.2 Converse proof of Theorem 5.2

The conditional D-tilted information in the jointly Gaussian case is

2 2

. n n n ngs v - J%(Uj'(agz s n
Jxnign (™, D|s") = §log ia) + 57 loge — iloge. (5.132)
X|s
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For each i € {1,2,...,n}, we have

2
. 1 9x|s
Eljx/s,(Xi DIS)] = 5 log =, (5.133)

and

B 2
. X — u(S)? loge
var[jx,s,(Xi, D|S;)] = E |20§((S)|loge— 5 ] (5.134)
X, — u(SH)? loge)
=E|E||( g loge—— S; (5.135)
x|s
XZ'*,U,SZ‘4 Xi—uSZ-2 1
:(1oge)2E[E (' 44( ) 5 2( ) +5 1%
9x|s 9x|s
(5.136)
1 2

= 5(loge)”. (5.137)

0.2
Let L be second-order (e, D, % log )gs )-achievable. We want to show that

Q_l(e)\/gloge <L+9

2
for any § > 0. Since L is second-order (e, D, 2 log U)SS )-achievable, there exists

a sequence of (M,,n, D, €,)-codes satisfying

2
ag
log M, < glog %‘S + (L +9), (5.138)
limsupe, <e, (5.139)
n—oo

where (5.138) holds for all n sufficiently large.
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Using Lemma 5.4 for M, satisfying equation (5.138) and v = log \/n, we have

1
L+§ 1 B, 1
>0 +0  logvn | Bn 1 (5.141)
\/gloge \/gloge vnoo/n
_o £ ) 4o (105}/5) - B’z; ! (5.142)
\/gloge n n

where equation (5.141) follows from Theorem 2.10 and in this equation B,, is the
constant in Theorem 2.10, and (5.142) follows from the continuous differentia-

bility of Q(-) and Taylor expansion.

Combining (5.142) and (5.139), we have

e > limsupe, (5.143)

n—oo

L4546

¢ \/gloge ‘

This completes the proof of the converse upon taking ¢ | 0.

(5.144)

M 5.8.4 Proof of Theorem 5.3

To prove Theorem 5.3, we use a variant of Berry-Esséen Theorem [109] to deal
with a sequence of random variables that forms a Markov chain. This theorem

is stated as follows.

Theorem 5.4. Consider a stationary process { Xy : k > 1}, with EX1 = 0 and

finite variance. Define the strong mizing coefficient a(n) as

a(n) £ sup{|Pr(AN B) — Pr(A)Pr(B)| : A€ F* ,B € F3,.,k € Z}, (5.145)
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where Fo = o (X, :i € [a,b] N Z) is the o-field generated by {X; : i € [a,b] N7},

—00 < a<b<oo. Denote
2

n
G EE|D X | (5.146)
j=1

Assume that the strong mizing coefficient is exponentially decaying, i.e., a(n) <
Ke ™" for some K and k1 and alln > 1. Assume E[\Xlﬂy} < oo for some 7,

1>~ > 0. Then, there is a constant B(K, k,7) > 0 such that, for alln € N,

n

1
Pri—S X, <A

B(K ] 1+3
( 7/{177)1( Ogn) 2 . (5147)
2

sup
z€R

a0 <

n

Note that the strong mixing coefficient of a time-homogeneous, irreducible
and ergodic Markov chain decays to zero and, in fact, vanishes exponentially

fast[10, Theorem 3.1].

In this proof, we make use of the following lemma.

Lemma 5.9. If the sequence X151 — X252 — X353 — ... forms a Markov
chain, then the sequence of D-tilted information densities {jx,s,(Xi, D|S;)}2;

also forms a Markov chain.

This lemma is proved in section 5.8.5

l 5.8.4.1 Achievability proof of Theorem 5.3

In this part, we prove that, for any & > 0, v/VooQ (€) + & is second-order
(e, D, p)-achievable.

215



CHAPTER 5. SECOND-ORDER RATE-DISTORTION FUNCTION FOR SOURCE CODING WITH SIDE
INFORMATION

We apply Lemma 5.3 to construct a sequence of (M, D,n,€,)-codes as fol-

lows. Choose §,, = %”St Similar to the proof in [56, Lemma 4], it can be proved

that
Pr[D — 6§, <d(X™,Y™) < DIX"=2",8" =3s"] > 55, (5.148)
when n is sufficiently large, for some constant C.
Choose B, = @ We have
E[E[|1 — B, Pr[D — 6, < d(X™,Y™) < D|X™]|*|S™]] = 0, (5.149)
when n is sufficiently large.
Choose v, = % We have
e E{E[min(1, 70 exp(—jxn(sn (X", D, 5)))|S"]}
= ¢ VPE{E[min(L, v exp(—jxnjsn (X", D, 5™)))|S"]} (5.150)
< e VPE{E[1|5"]} (5.151)
— VP, (5.152)
Choose
log My, = nju+ /nVeQ (&) + log v/ + A* 11())() +log *éﬁ (5.153)
where
6y 2 BEmogn)'™S 5 (5.154)

X
n?2

and B(K, k1,7) is found in Theorem 5.4.
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Applying Lemma 5.3, for n sufficiently large, we have

€n < Pr [an|Sn (X", D|S™) > ny + \/nVnQ_l(én)] fe VR (5.155)

< Pr

S s, (X, DISY) > np + mvncz-l(en)] eV (5.156)

=1

<e (5.157)

where equation (5.157) follows from Theorem 5.4.

Therefore, we have constructed a sequence of (M, D,n, €,)-codes satisfying

1

lim sup — (log My, — np) = v/ Ve Q1 (€) (5.158)
n—oo \/ﬁ
limsupe, <e. (5.159)
n—oo

M 5.8.4.2 Converse proof of Theorem 5.3

Let L be second-order (€, D, u)-achievable. In this part, we want to show that

Q He)V Voo < L+ 6, for any § > 0.

Since L is (e, D, u)-second-order achievable, by definition there exists a se-

quence of (M, n, D, €,)-codes satisfying

log M,, < np+ v/n(L +9), (5.160)
limsupe, <e, (5.161)
n—oo

when n is sufficiently large.
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Using Lemma 5.4 for M,, satisfying equation (5.160) and v =

1

log v/n, we have

en > Prljo o0 (X7, DIS") > log M, + log ] = —= (5.162)
o )
= Pr |3 s, (X0 DIS;) > log M, + log \/ﬁ] - (5.163)
L1
. )
> Pr| 3 s (X0 DIS) Znu+\/ﬁ<L+6>+1og¢ﬁ] o= (5100
-i=1
ey L+9 logf)
>p . (Xi,D|S;) > \/aV, —
> Pr _;szwz( |Si) = np > \/n ( N f
(5.165)
L+4§ logy/n B(K, k1,7)(logn)** 1
> - N 5.166
> o + V) = Vi (100
L+9 log \/n B(K, r1,7)(logn)'t2 1
- - N 1
o5 vo(5) 3 v B

where equation (5.166) follows from Theorem 5.4 and in this equation B(K, k1,7)

is defined in Theorem 5.4, and (5.167) follows from the continuity of Q(-) and

Taylor expansion.

Combining (5.167) and (5.161), we have

€ > limsupe,
n—oo

~o(w)

where in (5.169), we use the fact that V,, — V.

H 5.8.5 Proof of Lemma 5.9

(5.168)

(5.169)

In the proof of this lemma, we make use of the following lemma.

Lemma 5.10. Let {A;};°, be a Markov chain in state space A. Consider the

sequence {B; = f(X;)}32,, where f : A — B is a function from A to B. Suppose
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that there exists a function g : B x B — R such that
Pr(Bit1 = b|X; = a) = g(f(a),b) (5.170)

for any a € A and b € B. Then the sequence {B;}2, forms a Markov chain.

The proof of this lemma can be found in [52, Lemma 13]. Note that if f
is one-to-one, then it is obvious that the sequence generated by f acting on a

Markov chain is also a Markov chain.

Here, jx|s is a composition of several functions log, % for t # 0, exp, sum-

mation and d(.|.). So, Lemma 5.9 follows from Lemma 5.10.
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Chapter 6

Reflections and Future Works

H 6.1 Reflections

In this thesis, we have made progress to address the following three questions:

e What is role of noisy feedback in interference networks?

e How does the restriction to operate in the finite-blocklength regime affect

the performance of interference networks?

e How do the restriction to operate in the finite-blocklength regime and the
presence of side information affect the compression and decompression of

an information source?

H 6.1.1 Role of noisy feedback

e Even though noisy feedback has less information than full feedback, it is
found that noisy feedback can still improve the capacity region of an inter-
ference channel when the feedback link strength exceeds certain threshold.
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This performance gain is due to the fact that noisy feedback can help
communication nodes to learn about each other’s messages. As a result,

communication nodes can cooperate with each other.

Intuitively, the most important part of a feedback is the information about
other transmitters. When the feedback link strength is too small, this
important message is submerged in the feedback noise. Therefore, noisy
feedback is useless in this case. However, when feedback link strength
is sufficiently large, noisy feedback starts to contain information of other
transmitters and the capacity region of the interference channel starts to
enlarge. When the performance gain due to noisy feedback is large, it
is justified economically to build a feedback system for a communication

System.

B 6.1.2 Interference networks in the finite-blocklength regime

In the strictly very strong interference regime, even in the finite-blocklength

communication, we still have an interesting observation that receivers can still

decode information from the non-intended receivers in such a short duration. As

a result, they can remove interference and decode information from the intended

receivers.
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H 6.1.3 Combined effect of side information and finite-blocklength
communication on source coding

Even in the finite-blocklength communication, it is found that the presence of side
information can help the encoder and the decoder to choose the most effective
coding strategy up to the second-order terms and to adapt to changes in the

environment.

M 6.2 Future Works

Various avenues for further research follow naturally from the contributions in

this thesis. Some possible extensions are mentioned below.

e One possible direction is to further reduce the gap between inner bounds
and outer bounds for the symmetric Gaussian IC with noisy feedback. The

current constant gap of 4.7 bits/s/Hz can potentially be improved.

e Another interesting work is to obtain the approximate capacity region for
the asymmetric Gaussian interference channel with noisy feedback. New

techniques might be needed to deal with the asymmetric setting.

e The class of mized channels forms an important class of models for theoret-
ical study as they are the canonical class of non-ergodic channels [39]. The
second-order source coding rate region has been considered for the mixed
correlated source for the Slepian-Wolf problem in [81]. The corresponding
point-to-point channel coding problem was also studied in [86, 111]. It
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would be also interesting to find the second-order capacity region for the
mixed Gaussian IC in the strictly very strong interference regime. The
key difficulty is that characterizing the second-order capacity region for
the mixed Gaussian IC appears to involve manipulating the modified in-
formation densities and the auxiliary output distributions. Previous works
in mixed channels in [39, 81] do not involve auxiliary output distribu-
tions. New achievability and converse techniques will be needed to find the

second-order capacity region for the mixed Gaussian 1C.

It is also interesting to characterize the second-order capacity region of
Gaussian, or discrete memoryless, interference channel in the non-strictly

very strong interference regime.

It is interesting to carry out the second-order analysis for Gaussian source

with a quadratic distortion measure.
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