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UNBOUNDED p-CONVERGENCE IN LATTICE-NORMED
VECTOR LATTICES

ABDULLAH AYDIN!, EDUARD EMELYANOV?, NAZIFE ERKURSUN OZCAN?, and
MOHAMMAD MARABEH**

ABSTRACT. A net z, in a lattice-normed vector lattice (X, p, E) is unbounded
p-convergent to z € X if p(|xy — x| Au) 3 0 for every v € X,. This con-
vergence has been investigated recently for (X,p, F) = (X, |-, X) under the
name of uo-convergence, for (X,p, F) = (X, |||, R) under the name of un-
convergence, and also for (X,p,RX"), where p(z)[f] := |f|(|z]), under the
name uaw-convergence. In this paper we study general properties of the un-
bounded p-convergence.

1. INTRODUCTION AND PRELIMINARIES

Lattice-valued norms on vector lattices provide natural and efficient tools in
the theory of vector lattices. It is enough to mention the theory of lattice-normed
vector lattices (see, for example, [19, 20, 10]). The main aim of the present paper
is to illustrate usefulness of lattice-valued norms for investigation of different
types of unbounded convergences in vector lattices, which attracted attention of
several authors in series of recent papers [15, 12, 14, 13,9, 7, 16, 3, 30, 4, 24, 5,
11, 25, 17, 8].

The wo-convergence was introduced in [23] under the name individual con-
vergence, and the un-convergence was introduced in [26] under the name d-
convergence. We refer the reader for an exposition on uo-convergence to [14, 15]
and on un-convergence to [7] (see also recent paper [16]). For applications of
uo-convergence, we refer to [9, 14, 15, 13, 22]. Throughout the paper, all vector
lattices are assumed to be real and Archimedean.

Recall that a net (z,)aca in a vector lattice X is order convergent (or o-
convergent, for short) to x € X, if there exists another net (yg)sep satisfying
ys 4 0, and for any S € B, there exists ag € A such that |z, — x| < yg for all
a > ag. In this case we write z,, 2 z. In a vector lattice X, a net z,, is unbounded
order convergent (or uo-convergent, for short) to z € X if |z, — 2| Au = 0
for every u € X,. In this case we write x, — x. The uo-convergence is an
abstraction of a.e.-convergence in L,-spaces for 1 < p < oo, [14, 15]. In a normed
lattice (X, |]|), a net z, is unbounded norm convergent to x € X, written as
To % @, if |||z — 2| Aul| — 0 for every u € X . Clearly, if the norm is order
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continuous, then uo-convergence implies un-convergence. For a finite measure p,
un-convergence of sequences in L,(u), 1 < p < oo, is equivalent to convergence
in measure, see [7, 26]. Recently, Zabeti [30] introduced the following notion. A
net x, in a Banach lattice X is said to be unbounded absolute weak convergent
(or uaw-convergent, for short) to x € X if, for each v € Xy, | — 2| Au — 0
weakly.

Let X be a vector space, F be a vector lattice, and p : X — E be a vector
norm (ie. p(zr) =0 < z =0, p(Axr) = |Ap(z) for all A € R, z € X, and
plx +y) < p(z) + p(y) for all z,y € X), then the triple (X,p, E) is called a
lattice-normed space, abbreviated as LNS. We say that elements x and y of an
LNS X are p-disjoint if their lattice norms are disjoint, and abbreviate this by
xLpy. The lattice norm p in an LNS (X, p, F) is said to be decomposable if, for all
x € X and ey, ey € E, from p(x) = e; + ey it follows that there exist zq, 15 € X
such that © = x1 + x5 and p(zy) = e; for k = 1,2. We abbreviate the convergence
p(ro — ) 20 as x, 2y 2 and say in this case that x, p-converges to xz. We refer
the reader for more information on LNSs to [19, 20].

If, in addition, X is a vector lattice and the vector norm p is monotone (i.e.
lz| < |y| = p(z) < p(y)), then the triple (X, p, F) is called lattice-normed vector
lattice, abbreviated as LNVL. In an LNVL (X, p, E), p-disjointness implies dis-
jointness. Indeed, let L,y and 0 < w < |z| A |y|. Then p(u) < p(|z| A |y|) <
p(z) A p(y) = 0 and hence u = 0. Thus x_Ly. We shall make difference between
two notions of bands in an LNVL X = (X, p, E'). More precisely, a subset B of X
is called a band if it is a band in the usual sense of the vector lattice X. Following
to [20, 2.1.2.], we say that a subset B of X is a p-band if

B=M»={zeX:(VmeM)zl,m}

for some nonempty M C X. In general, there are many bands which are not
p-bands. To see this, consider the normed lattice (R?, || -||,R). It has four bands,
but only two of them are p-bands. It is easy to see that any p-band is an order
ideal. The following example shows that a p-band may not be a band in general.

Example 1.1. Consider the LNVL (¢, p, ¢) with

pla) = la] + (lm 2.} 1 (2= (2,), € 0)
where 1 denotes the sequence identically equal to 1. Take M = {e;}. Then the
p-band M*r = {2 € ¢ : 2, = 0} is not a band.

In Proposition 2.18, we show that, under some mild conditions, every p-band
is a band. Unless otherwise stated, we do not assume lattice norms to be de-
composable. While dealing with LNVLs, we shall keep in mind also the following
examples.

Example 1.2. Let X be a normed lattice with a norm ||-||. Then X is the LNVL
(X [l R).

Example 1.3. Let X be a vector lattice. Then X is the LNVL (X, |-|, X).

Example 1.4. Let X = (X, ||-||) be a normed lattice. Consider the closed unit
ball By« of the dual Banach lattice X*. Let E = (*°(Bx+) be the vector lattice
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of all bounded real-valued functions on Bx+. Define an F-valued norm p on X
by

p(@)[f] == IfI(|z]) (f € Bx-)

for any € X. The Hahn-Banach theorem ensures that p(x) = 0 iff z = 0. All
other properties of lattice norm are obvious for p. Thus (X, p, E') is an LNVL. No-
tice also that the lattice norm p takes values in the space C'(Bx~) of all continuous
functions on the w*-compact ball Bx« of X*. Hence, instead of (X, p, (>°(Bx+)),
one may also consider the LNVL (X, p, C(Bx-+)).

Example 1.5. Let X be a vector lattice, X# be the algebraic dual of X, and YV
be a sublattice of X# such that (X,Y) is a dual system. Define p: X — RY by
p(2)[f] := |f|(|z|). Then (X,p,RY) is an LNVL.

The LNVLs in Examples 1.1, 1.2, and 1.3 have decomposable norms. It can be
shown easily that in Examples 1.4 and 1.5 the lattice norms are decomposable iff
dim(X) = 1.

We refer the reader for further examples of LNSs to [20]. It should be noticed
that the theory of lattice-normed spaces is well developed in the case of decom-
posable lattice norms (cf. [19, 20]). In general, we do not assume lattice norms
to be decomposable.

The structure of the paper is as follows. In Section 2, we study several notions
related to LNVLs in parallel to the theory of Banach lattices. In particular, an
LNVL (X, p, E) is said to be: op-continuous if X 3 z, = 0 implies z, = 0; a
p-KB-space if, for any 0 < z, T with p(z,) < e € E, there exists = € X satisfying
Zo 2 x. We give a characterization of op-continuity in Theorem 2.9, and study
some properties of p-KB-spaces, e.g. in Proposition 2.14 and in Proposition 2.15.
A vector e € X is called a p-unit if, for any 2 € X, p(x —neAz) 2 0. Any p-unit
is a weak unit, whereas strong units are p-units. For a normed lattice (X, |-||), a
vector in X is a p-unit in (X, [|-||, R) iff it is a quasi-interior point of the normed
lattice (X, [|-]).

In Section 3, some basic theory of unbounded p-convergence in LNVLs is de-
veloped in parallel to uo- and un-convergences. For example, it is enough to
check out the uo-convergence at a weak unit, while the un-convergence needs to
be checked only at a quasi-interior point. Similarly, in LNVLs, up-convergence
needs to be examined at a p-unit by Theorem 3.9.

In Section 4, we introduce and study up-regular sublattices. Majorizing sub-
lattices and projection bands are examples of up-regular sublattices by Theorem
4.3. Also some further investigation of up-regular sublattices is carried out in
certain LNVLs in this section.

In the last section, we study properties of mixed-normed LNVLs in Proposi-
tion 5.1, in Theorem 5.2, and in Theorem 5.5. We also prove that in a certain
LNVL, the up-null nets are “p-almost disjoint” (see Theorem 5.6). Those results
generalize correspondent results from [14, 7].

We refer the reader for unexplained notions and terminology to [2, 20, 21].
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2. p—NOTIONS IN LATTICE-NORMED VECTOR LATTICES

Most of notions and results of this preliminary section are direct analogies of
well-known facts of the theory of normed lattices. We include them for conve-
nience of the reader. They are also of certain proper interest and some of them
will be used in further sections. In the present section, we define and study cer-
tain necessary notions such as: op-continuity of LNVLs, p-KB-spaces, p-Fatou
spaces, p-units, etc. In particular, we characterize the op-continuity, prove some
properties of p-KB-spaces, discuss p-dense subsets, and study p-units in LNVLs.

2.1. p-Continuity of lattice operations in LNVLs. The lattice operations
in an LNVL X are p-continuous in the following sense.

Lemma 2.1. Let (4)aca and (yg)ses be two nets in an LNVL (X,p, E). If
T, Lz and Y3 sy, then (o V Ys)(a,8)cAxB 2w vy, In particular, vo 2 x
. . — P —
implies that x, = =~ .

However this result seems to be well-known, we did not find appropriate ref-

erences for it and therefore, its elementary proof is included for the reader’s
convenience.

Proof. There exist two nets (2,)yer and (wy)aea in £ satisfying z, | 0 and w) | 0,
and for all (y,\) € I' x A there are o, € A and ) € B such that p(z, — ) < 2z,
and p(yg —y) < wy for all (o, ) > (e, By). It follows from the inequality
laVb—aVc| <|b—c| that
pEaVys—axVy) =p(lza Vys —2a Vy+aa Vy—zVyl)

< pllza Vys —za Vyl) +p(lza Vy —zVyl)

< p(lys — yl) + p(lza — 2]) < wr + 2
for all & > o, and 8 > fBy. Since (wy + 2,) } 0, then p(zo Vys —2Vy) > 0. O

Definition 2.2. Let (X, p, F) be an LNVL and Y C X. Then Y is called p-closed
in X if, for any net y, in Y that is p-convergent to x € X, it holds that x € Y.

Remark 2.3.
(1) Every band is p-closed. Indeed, given a band B in an LNVL (X, p, E). If
B 3 2, % x, then, by Lemma 2.1, |24| A [y| & || A |y| for any y € B*.
Since |z4| A |y| = 0 for all «, then |z| A |y| = 0, and so z € B++ = B.
(2) Every p-band is p-closed. Indeed, let B = M~» for some nonempty M C
X and B3z, B 2y € X. Take any m € M. It follows from
p(zo) Ap(m) < (p(zo — xa) + p(xa)) A p(m) <
(o — xa) A p(m) + p(a) A p(m) = plzg — xa) A p(m) = 0,
that p(x¢) A p(m) = 0. Since m € M is arbitrary, then z, € B.
The following well-known property is a direct consequence of Lemma 2.1.

Proposition 2.4. The positive cone X, in any LNVL X is p-closed.

Proposition 2.4 implies the following well-known fact.



up-CONVERGENCE in LNVLs 5

Proposition 2.5. Any monotone p-convergent net in an LNVL o-converges to
its p-limait.

Proof. 1t is enough to show that if (X, p, F) 3 z, 1 and z, 2y 2, then z, T .
Fix arbitrary a. Then 23—z, € X, for § > . By Proposition 2.4, 25 — z, =N
r — 1z, € X,. Therefore, x > x, for any a. Since « is arbitrary, then x is an
upper bound of z,.
If y > x, for all «, then, again by Proposition 2.4, y — 2, = y — = € X, or
y > x. Thus z, T x. O

2.2. Several basic p-notions in LNVLs. We continue with several basic no-
tions in LNVLs, which are motivated by their analogies from vector lattice theory.

Definition 2.6. Let X = (X, p, E) be an LNVL. Then

(i) amnet (Ta)aca in X is said to be p-Cauchy if the net (4 — Zar)(a,ar)caxa
p-converges to 0;

(77) X is called p-complete if every p-Cauchy net in X is p-convergent;

(7i1) a subset Y C X is called p-bounded if there exists e € E such that p(y) < e
forall y € Y;

(iv) X is called op-continuous if r, = 0 implies that p(x,) = 0;

(v) X is called a p-KB-space if every p-bounded increasing net in X, is p-
convergent;

(vi) p is said to be additive on X if p(z +vy) = p(z) + p(y) for all z,y € X,.

Remark 2.7.

(1) p-convergence, a p-Cauchy net, p-completeness, and p-boundedness in
LNVLs are also known as bo-convergence, a bo-fundamental net, bo-completeness,
and norm-boundedness respectively (see, e.g. [20, p.48]).

(2) Clearly, any LNVL (X, |-], X) is op-continuous.

(3) In Definition 2.6(v) we do not require p-completeness of X.

(4) It is easy to see that a p-KB-space (X, ||-||,R) is always p-complete (see,
e.g. [29, Ex.95.4]). Therefore, the notion of p-KB-space coincides with
the notion of K B-space.

(5) Clearly, an LNVL X = (X, |-|, X) is a p-KB-space iff X is order complete.

(6) Notice that, for a p-KB-space X = (X,p, E) the vector lattice p(X)*+
need not to be order complete. To see this, take a KB-space (X, ||-||) and
E = C[0,1]. Then the LNVL X = (X,p, E) with p(z) := ||z| - 1jo is
clearly a p-KB-space, yet p(X)*1 = E is not order complete.

Lemma 2.8. For an LNVL (X,p, E), the following statements are equivalent.
(1) X is op-continuous;
(17) x4 4 0 in X implies p(xy) J 0.

Proof. The implication (i) = (i7) is trivial.

(i4) = (i): Let v, = 0, then there exists a net 23 | 0 in X such that, for any
[ there exists ag so that |z,| < zp for all & > ap. Hence p(z,) < p(z3) for all
a > ag. By (ii), p(z3) | 0. Therefore, p(z4) 2 0 or x4 2 0. O



6 A. AYDIN, E. EMELYANOV, N. ERKURSUN OZCAN, and M. MARABEH

From this proposition, it follows that the op-continuity in LNVLs is equivalent
to the order continuity in the sense of [20, 2.1.4, p.48]. In the case of a p-complete
LNVL, we have further conditions for op-continuity.

Theorem 2.9. For a p-complete LNVL (X, p, E), the following statements are
equivalent:

(1) X is op-continuous;

(17) if 0 < xo 1< x holds in X, then x, is a p-Cauchy net;

(191) xo 4 0 in X implies p(zy) 4 0.

Proof. (i) = (i1): Let 0 < z, 1< x in X. By [2, Lm.12.8], there exists a net yz
in X such that (ys — %a)as + 0. So p(ys — z4) = 0, and hence the net z, is
p-Cauchy.

(1) = (d17): Assume that z, | 0 in X. Fix arbitrary ag, then, for a > ay,
To < Zag, and 80 0 < (Toy — Ta)azag T Tay- By (i), the net (24, — Ta)a>aq 18
p-Cauchy, i.e. p(z, — z4) 2% 0as ay < a,a’ — co. Since X is p-complete, then
there exists € X satisfying p(z, —2) 2 0 as ag < a — oo. By Proposition 2.5,
T } x and hence z = 0. As a result, 2, — 0 and the monotonicity of p implies

p(za) 4 0.
(¢43) = (4): It is just the implication (i7) = (i) of Lemma 2.8. O

Corollary 2.10. Let (X, p, E) be an op-continuous and p-complete LNVL, then
X is order complete.

Proof. Assume 0 < z, 1< u, then by Theorem 2.9 (ii), z, is a p-Cauchy net

and since X is p-complete, then there is z such that z, = 2. It follows from
Proposition 2.5 that x, 17 x, and so X is order complete. 0

Corollary 2.11. Any p-KB-space is op-continuous.
Proof. Let x, | 0. Take any o and let y, = z,, — x4 for a > . Clearly,
Yo 1< o, Hence p(ya) 1< p(z4,) for a > . Since X is a p-KB-space, there

exists y € X such that p(y, — y) = 0. Since 3, T and 3, = y, Proposition 2.5
ensures that

Y = Sup Yo = SUp (zao - za) = Lag
a>ag a>ap

and hence y, = T4, — Zo TN Ty OF T, 2. Again by Proposition 2.5 we get
p(z4) 4 0. So by Lemma 2.8, X is op-continuous. O
Proposition 2.12. Any p-KB-space is order complete.

Proof. Let X be a p-KB-space and 0 < z, 1< z € X. Then p(z,) < p(z). Hence

the net x, is p-bounded and therefore, z, = z for some = € X. By Proposition
2.5, x4 T . U

The following question arises naturally.
Problem 2.13. Let (X, p, E) be a p-KB-space. Is (X, p, E') p-complete?

We do not know the answer to Problem 2.13 even under the assumption that
E is order complete.
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Proposition 2.14. Let (X, p, E) be a p-KB-space, and Y C X be an order closed
sublattice. Then (Y,p, E) is also a p-KB-space.

Proof. Let Y. 2 y, T and p(y,) < e € E, for all a. Since X is a p-KB-space,

there exists z € X, such that y, = x. By Proposition 2.5, we have y, 1 x, and
so z € Y, because Y is order closed. Thus (Y, p, F) is a p-KB-space. O

It is clear from the proof of Proposition 2.14, that every p-closed sublattice Y
of a p-KB-space X is also a p-KB-space.

Proposition 2.15. Let (X, p, E) be a p-complete LNVL, E be atomic, and p be
additive on X . Then X 1is a p-KB-space.

Proof. Let a net x, in X, be increasing and p-bounded by e € E,. If the net z,
is not p-Cauchy, then there exists an atom a € E such that f,(p(x, — z4)) # 0,
where f, is the biorthogonal functional of a. Then there exist € > 0 and a strictly
increasing sequence (o,) of indices such that

fa(p(a, — o, ) > €>0 (VneN).

Thus
n+1
ne < folp(Ta, = Tay_,))
k=2
n+1 n+1
= fa(Zp(xak - xakﬂ) = fa <p<zxak - xakﬂ))
k=2 k=2
= fa(P(Tapir — Tar)) < 2fale).
Thus ne < 2f,(e) for all n € N, and hence € < 0; a contradiction. O

Remark that the LNVL (¢, ||, £s) is not p-complete, yet the norming lattice
l+ is atomic and its lattice norm is additive on (¢);. Consider the sequence
T, = Z?:l e;, where e,,’s are the standard unit vectors of ¢y. Then 0 < x,, T and
x,’s are p-bounded by 1 = (1,1, ) € . Clearly, it is not p-convergent, so the
LNVL (¢cg, ||, £x) is not p-KB-space. Notice also that (¢, ||, £ ) is op-continuous.

2.3. More details on Example 1.4. Let us discuss Example 1.4 in more details.
(i) If X is an order continuous Banach lattice, then (X, p, /. (Bx~)) is op-

continuous.

Proof. Assume z, | 0, we show p(z,) | 0. Our claim is the following:

p(xa) 4 0 iff p(z4)[f] 4 0 for all f € Bx-.
For the necessity, let p(xz,) | 0 and f € Bx«. Trivially, |f|(z,) |. If
there exists zy € R such that 0 < z; < |f|(z,) for all «, then

0<zp < |fl(xe) < [f] lzall 0.

Hence zp = 0 and p(z,)[f] = | f|(za) | O.
For the sufficiency, let p(z,)[f] | 0 for every f € Bx.. Since p is
monotone and x, |, then p(x,) |. If 0 < ¢ < p(x,) for all «, then

0 <o(f) <plra)lf] = [fl(za) (Vf € Bx+).
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So by the assumption, we get p(f) = 0 for all f € Bx~, and hence ¢ = 0.
Therefore, p(z,) 4 0. O O

(i) If (X, ||]]) is a KB-space, then (X, p, E) is a p-KB-space.
Proof. Suppose that 0 < z, T and p(z,) < ¢ € loo(Bx+). As

[zall = sup [f(za)| < sup |f|(za)
fE€Bx= fE€Bxx
= s p(a)[f] < @lf] < l¢lls S 00 (Va,

and since X is a KB-space, we get ||z, — x| — 0 for some x € X,. So,
for any f € Bx«, we have |f|(|z, — z|) = 0 or p(x, — z)[f] — 0. Thus

p(tq —x) 2 0in £y (Bx-) and hence z, % z. O
Recall that a vector lattice X is called perfect if the natural embedding from X
into (X)) is one-to-one and onto, where X, denotes the order continuous dual

of X [2, pp.58-59]. If X is a perfect vector lattice, then X separates the points
of X [2, Thm.5.6(1)].

Proposition 2.16. Let X be a perfect vector lattice, Y = X7 and p: X — RY
be defined as p(x)[f] := |f|(|z]), where f € Y. Then the LNVL (X,p,RY) is a
p-KB-space.

Proof. Assume 0 < z, 1 in X and p(z,) < ¢ € RY. Then, for all f € Y, we
have p(xa)[f] < @(f) or |f|(za) < @(f). So for all f €Y, sup|f|(za) < o0, and
hence, by [2, Thm.5.6(2)], there is © € X with z, T x. An argument similar to
(i) above shows that X is op-continuous. Therefore, z, 2> z. O

2.4. p-Fatou space. In this subsection, we introduce and discuss p-Fatou spaces.

Definition 2.17. An LNVL (X, p, F) is called p-Fatou space if 0 < xz, 1T x in X
implies p(za) 1 (7).

Note that (X, p, E) is a p-Fatou space iff p is order semicontinuous [20, 2.1.4,
p.48]. Clearly any op-continuous LNVL (X, p, F) is a p-Fatou space. It is easy to

see that the LNVL (¢, p,¢) in Example 1.1 is not a p-Fatou space. Moreover the
p-Fatou property ensures that p-bands are bands.

Proposition 2.18. Let B be a p-band in a p-Fatou space (X,p, E). Then B is
a band in X .

Proof. Let B = M*» = {x € X : (Ym € M) p(x)Lp(m)} for some nonempty
M C X. Since B is an ideal in X to show that B is a band it is enough to prove
that if B, 3 b, T2 € X, then x € B. That is easy, since p(b,) T p(z) as X is a
p-Fatou space. By o-continuity of lattice operations in E, we obtain that

0 =p(by) Ap(m) = p(x) Ap(m) (Ym € M).
Therefore, p(x) A p(m) = 0 for all m € M, and hence = € B. O

In connection with Proposition 2.18 and Example 1.1, the following open prob-
lem arises.
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Problem 2.19. Let (X, p, E) be a decomposable LNVL p-Fatou space in which
every p-band is a band. Is X a p-Fatou space?

2.5. p-Density and p-units. In the present paper, we use the following defini-
tion of a p-dense subset in an LNS, which is motivated by the notion of a dense
subset of a normed space.

Definition 2.20. Given an LNS (X,p, F) and A C X. A subset B C A is said
to be p-dense in A if, for any a € A and for any 0 # u € p(X) there is b € B
such that p(a —b) < w.

Remark 2.21.

(1) Consider the LNVL (X, p, E) with p = |-|, £ = X, and let Y be a sub-
lattice X. If Y is p-dense in X, then Y is order dense. Indeed, let
0 # 2 € X, then there is y € Y such that |y — 32| < f2 which implies
O<%x§y§%x,andsoo<y§x.

(2) ¢ is order dense, yet is not p-dense in both of the following LNVLs:
(ﬁoo’ HHOCHR) and (£OCH vaoo)

(3) If X = (X,]|]|) is a normed lattice, p = ||-|| and E = R, then clearly a
subset Y of X is p-dense iff Y is norm dense.

The following notion is motivated by the notion of a weak order unit in a vector
lattice X = (X, |-, X) and by the notion of a quasi-interior point in a normed
lattice X = (X, |||, R)

Definition 2.22. Let (X, p, F) be an LNVL. A vector e € X is called a p-unit
if, for any x € X, we have p(z — x A ne) = 0.

Remark 2.23. Let (X, p, E) be an LNVL.

(1) If X # {0} then, for any p-unit e in X it holds that e > 0. Indeed, let
e be a p-unit in X # {0}. Trivially, e # 0. Suppose e~ > 0. Then, for
x := e, we obtain that

plx —x Ane)=ple” — (e An(et —e7))) =
ple” — (e An(=e7))) =ple” — (—ne”)) =p((n+1)e”) =
(n+1)p(e”) £ 0
as n — oo. This is impossible, because e is a p-unit. Therefore, e~ = 0
and e > 0.

(2) Let e € X be a p-unit. Given 0 < o € R, and z € X,. Observe that,
for v € Xy, p(r —nae Ax) = ap(f —neA ) and p(x —n(e+2) Ax) <
p(z — = A ne), from which it follows easily that e and e + 2z are both
p-units.

(3) If e € X is a strong unit, then e is a p-unit. Indeed, let x € X, then
there is k € N such that = < ke, so © — x A ne = 0 for any n > k.

(4) If e € X is a p-unit, then e is a weak unit. Assume x A e = 0, then
x Ane = 0 for any n € N. Since e is a p-unit, then p(z) = 0 and hence
x = 0.

(5) If X is op-continuous, then clearly every weak unit of X is a p-unit.
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(6) In X = (X, ||, X), the lattice norm p(z) = |z| is always order continuous.
Therefore, the notions of p-unit and of weak unit coincide in X.

(7) If X = (X, ]]]|) is a normed lattice, p = ||-||, £ =R, and e € X, then e is
a p-unit iff e is a quasi-interior point of X.

In the proof of the following proposition, we use the same technique as in the
proof of [1, Lm.4.15].

Proposition 2.24. Let (X,p, E) be an LNVL, e € X, and 1. be the order ideal
generated by e in X. If I, is p-dense in X, then e is a p-unit.

Proof. et 0 # u € p(X). Let x € X, then there exists y € I. such that
p(r —y) < u. Since |yt Ax —z| < |yt —z| = |yt —aT| < |y — 2|, then, by
replacing y by y™ A x, we may assume without loss of generality that there is
y € I, such that 0 < y < z and p(x — y) < u. Thus, for any m € N, there is
Ym € I, such that 0 <y, < x and

p(r —ym) < —u.

1
m
Since y,, € I, then there exists k = k(m) € N such that 0 < y,, < ke, and so
0<ym<keANuwx.

Forn >k, x—xAne < z—xAke < £—y,,, and so p(x—xAne) < p(x—y,,) < %u

Hence p(z — x Ane) = 0. Thus e is a p-unit. O

3. UNBOUNDED p-CONVERGENCE

The up-convergence in LNVLs generalizes the uo-convergence in vector lat-
tices [14, 12, 15], the un-convergence [7] and the uaw-convergence [30] in Banach
lattices. We study basic properties of the up-convergence and characterize the
up-convergence in certain LNVLs.

3.1. Main definition and its motivation. Let (X,p, ) be an LNVL. The
following definition is motivated by its special case when it is reduced to the
un-convergence for a normed lattice (X,p, F) = (X, || - ||, R) = (X, | - ||)-

Definition 3.1. A net z, C X is said to be unbounded p-convergent to x € X
(shortly, . up-converges to z or z, — z), if

p(|xo¢_1’|/\U)i}O (VU€X+)

It is immediate to see that up-convergence coincides with un-convergence in
the case when p is the norm in a normed lattice, and with uo-convergence in the
case when X = E and p(z) = |z|. It is clear that z, 2 z implies z, — z, and
for order bounded nets up-convergence and p-convergence agree. It should be
also clear that, if an LNVL X is op-continuous, then uo-convergence in X implies
up-convergence. The uaw-convergence is also a particular case of up-convergence
as it follows from the next proposition.

Proposition 3.2. In the notation of Example 1.5, xo —> 0 in X iff for every

ue Xy, |xa\/\uM>O.
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Proof. z, —% 0 in X iff for all u € X, p(|za| Au) = 0 in E iff for every u € X,
p(|za| Au)[y] — 0 for all y € Y iff for every u € X, |y|(Jza| A u) — 0 for all

y € Y iff for every u € X, |xa|/\uM>O. O

In particular, if X is a Banach lattice, Y = X*, the topological dual of X,

uaw

E =RY and p: X — FE as defined above, then z, 20 in X iff 2, 2 0.

3.2. Basic results on up-convergence. We begin with the next list of proper-
ties of up-convergence which follows directly from Lemma 2.1.

Lemma 3.3. Let 24 —> © and yo —> y in an LNVL (X, p, E), then:

(i) azq + bya - ax + by for any a,b € R, in particular, if To = ya, then
T =y
Tay s 2 for any subnet Tay Of Ta;

(id

(iid) |za| = |2l;

(10) if To > Yo for all o, then x> y.

Lemma 3.4. Let x, be a monotone net in an LNVL (X, p, E) such that t, — ,
then x, — .

Proof. The proof of Proposition 2.5 is applicable here as well. O
The following result is a p-generalization of [16, Lm.1.2 (ii)].

Theorem 3.5. Let =, be a monotone net in an LNVL (X,p, E) which up-
converges to z. Then z, 2 .

Proof. Without loss of generality we may assume that 0 < x, 7 . From Lemma
3.4 it follows that 0 < x, T x for some x € X. So 0 < x—z, < z for all a. Since,
for each u € X, we know that
p((x —x4) Au) = 0.
In particular, for u = x, we obtain that
p(r —24) = p((2q — ) Az) 2 0.
O

Similar to [12, Lm.1.2.(1)] we have that if £, —» 0 in an LNVL (X, p, E), then
infg |yg| = 0 for any subnet ysz of the net z,. Indeed, let ys be a subnet of z,.

Clearly, ys — 0. If 0 < z < |yg| for all 3, then p(2) = p(z A |ys|) = 0, and so
z = 0. Hence infg |ys| = 0.

The following two results, which are analogies of Lemma 2.8 in [7] and of
Lemma 3.6 in [15], we have respectively.

Lemma 3.6. Let (X,p, E) be an LNVL. Assume that E is order complete and
To ~5 x, then p(|x| — |z| Alza]) 2 0 and p(z) = liminf, p(|z] A |2s|). Moreover,
if o is p-bounded, then p(x) < liminf, p(x,).
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Proof. Note that
|z = [z Azl = [zal Azl = [z Ala| | < [lza] = || [ Alz] < 2o — 2] Az,
Since x, — x, we get p(|z| — |z| A |zo|) = 0. Thus
p(x) = p(z]) < p(la| = |z[ Alza]) + p(lz] Alzal).
So p(x) < liminf, p(|z| A |z,|). Hence p(z) = liminf, p(|z| A |z4]). O
Lemma 3.7. Let (X,p, E) be an op-continuous LNVL. Assume that E is order

complete and v, ~> x, then p(|z| —|z|Alza]) = 0 and p(x) = liminf, p(|2|Al|za]).
Moreover, if z, is p-bounded, then p(z) < liminf, p(z,).

We finish this subsection with the following technical lemma.

Lemma 3.8. Given an LNVL (X,p, E). If o 2 x and x, is an o-Cauchy net,
then x4 — x. Moreover, if x, Ly v and z,, is wo-Cauchy, then x, — .

Proof. Since z,, is order Cauchy, then z, — xp 20 as a, B3 — oco. So there exists
2y 1 0 such that, for every v, there exists o, satisfying

|z — 28| < 2y, Va,B > a,. (3.1)
By taking limit over £ in (3.1) and applying Lemma 2.1, we get |z, — x| < z, for
all & > a. Thus z, 2.

For the wo-convergence, the similar argument is used, so the proof is omitted.
O

3.3. up-Convergence and p-units. The following result is a generalization of
[7, Lm.2.11] and of [14, Cor.3.5] in LNVLs.
First of all, we recall useful characterizations of order convergence. For any or-

der bounded net x, in an order complete vector lattice E, ., — z iff lim sup |zo —
o

x| = inf,supgs,, |75 — 2| = 0. Moreover, for any net x, in a vector lattice F,
To 2 0in E iff z, % 0in E° (the order completion of E); see, e.g., [14, Cor.2.9].

Theorem 3.9. Let (X,p, E) be an LNVL and e € X, be a p-unit. Then x, — 0
iff p(Jza| Ne) 20 in E.
Proof. The “only if” part is trivial. For the “if” part, let v € X, then

|Ta] ANu < |zo| A(u—uAne)+ |zo| A(uAne) < (u—uAne)+n(|z, Ae),

and so
p(|za| Au) < plu—uAne)+np(|za] Ae)
holds in E? for any o and any n € N. Hence

limsup p(|za| A u) < p(u —u A ne) + nlimsup p(|za| A €)

holds in E° for all n € N. Since p(|z4| Ae) 2 0 in E, then p(Jx,| Ae) = 0in E,
and so limsup p(Jz,| Ae) =0 in E°. Thus

lim sup p(|zo| A u) < p(u — u A ne)
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holds in E° for all n € N. Since e is a p-unit, we have that limsup p(|z,| Au) = 0

o

in £° or p(Jze| Au) 2 0in E2. It follows that p(|z,| Au) = 0 in E and hence
up
T, — 0. U

3.4. up-Convergence and sublattices. Given an LNVL (X, p, E), a sublattice
Y of X, and a net (y4)o €Y. Then y, — 0 in Y has the meaning that

P(lyal Au) =0 (YueYy).

The following lemma is a p-version of [15, Lm.3.3].

Lemma 3.10. Let (X, p, E) be the LNVL, B be a projection band of X, and Pp
be the corresponding band projection. If xo — x in X, then Pg(zs) — Pg(z) in
both X and B.

Proof. 1t is known that Pg is a lattice homomorphism and 0 < Pg < I. Since
|Pg(24) — Pg(z)| = Pglta — x| < |24 — x|, then it follows easily that Pg(x,) —»
Pg(z) in both X and B. O

Let (X, p, E) be an LNVL and Y be a subset of X. Then Y is called up-closed
in X if, for any net y, in Y that is up-convergent to x € X, we have x € Y.
Clearly, every band is up-closed.

We present a p-version of [14, Prop.3.15] with a similar proof.

Proposition 3.11. Let X be an LNVL and Y be a sublattice of X. Suppose
that either X is op-continuous or'Y is a p-KB-space in its own right. Then'Y is
up-closed in X iff it is p-closed in X.

Proof. Only the sufficiency requires a proof. Let Y be p-closed in X and y,
be a net in Y with y, — 2 € X. WLOG, we assume (y,)o C Y, because
the lattice operations in X are p-continuous. Note that, for every z € X,
lya Nz—xAz| < |ys—x| Az (cf. the inequality (1) in the proof of [14, Prop.3.15]).
S0 p(ya Az —x A 2) < p(|ya — x| A 2) 2 0. In particular, Y 3 yo Ay 2 x Ay in
X for any y € Y. Since Y is p-closed, z Ay € Y for any y € Y.. Since, for any
0 < ze Yt and for any a we have y, A z = 0, then

Azl =|ya A2z =2 A 2| <|ya—2| A2 50,

Therefore, Az = 0, and hence z € Y. Since Y1+ is the band generated by Y in
X, there is a net 25 in the ideal Iy generated by Y such that 0 < 23 7 2 in X. Take
for every 8 an element wg € Y with 25 < wg. Then x > wgANx > zpgAa =23 T @
in X, and so wg/\:)simrinX.

Case 1: If X is op-continuous, then ws Az % 2. Since ws Az € Y and Y is
p-closed, we get ©z € Y.

Case 2: Suppose Y is a p-KB-space in its own right. Let A be the collection
of all finite subsets of the index set B. For each § = {f,...,06,} € A let
ys = (wg, V...V wg,) ANx. Clearly, ys € Y, 0 < y; 1, and the net (ys) is p-

bounded in Y. Since Y is a p-KB-space, then there is yo € Y such that ys = o
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in Y and trivially in X. Since (ys) is monotone then it follows from Proposition
2.5 that ys Ty in X. Also, we have ys = = in X. Thus, z =y € Y. O

3.5. p-Almost order bounded sets. Recall that a subset A in a normed lattice
(X, ]| - ||) is said to be almost order bounded if, for any € > 0, there is u. € X
such that ||(|z| — ue)T|| = |||z| — ue A |z]|] < € for any 2 € A. Similarly we have:

Definition 3.12. Given an LNVL (X, p, E). A subset A of X is called a p-almost
order bounded if, for any w € E.,, there is x,, € X such that p((|x| — z,)") =
p(|z| — 2w Alz|) < w for any x € A.

It is clear that p-almost order boundedness notion in LNVLs is a generalization
of almost order boundedness in normed lattices. In the LNVL (X, |-], X), a subset
of X is p-almost order bounded, iff it is order bounded in X.

The following result is a p-version of [7, Lm.2.9], and it is also similar to [15,
Prop.3.7].

Proposition 3.13. If (X,p, F) is an LNVL, x, is p-almost order bounded, and
up, p
To — T, then x, = x.

Proof. Since x, is p-almost order bounded, then it is easy to see that the net
(|xa — x|)a is also p-almost order bounded. So given w € E,. Then there exists
Ty € X4 with

p(|za — x| — |20 — 2| AN2y) <w

But 7, — z, so limsup p(|za — | A 2,,) = 0 in E°. Thus, for any «,
«

p(xa—2) = p(|za—2|) < p(|Ta—a|—|Ta—z|A2w)+p(|Ta—x|ALy) < WHp(|Ta—z|ALy)

Hence

limsupp(z, — ) < w+ limsup p(|z, — x| A zy) < w

a

holds in E°. But w € E, is arbitrary, so limsupp(z, — ) = 0 in E°. Thus

o

p(zo —2) > 0in E%, and so in E. O
The following proposition is a p-version of [15, Prop.4.2].

Proposition 3.14. Given an op-continuous and p-complete LNVL (X, p, E).
Then every p-almost order bounded uo-Cauchy net is uo- and p-convergent to
the same limit.

Proof. Let z, be a p-almost order bounded uo-Cauchy net. Then the net (z,—2,/)
is p-almost order bounded and is uo-converges to 0. Since X is op-continuous,
then 2, — xo -2 0 and, by Proposition 3.13, we get z, — T 250, Thus z,
is p-Cauchy, and so is p-convergent. By Lemma 3.8, we get that x, is also uo-
convergent to its p-limit. 0
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3.6. rup-Convergence. In this subsection, we introduce the notions of rup-
convergence and of an rp-unit. Recall that a net (x,)aca in a vector lattice
E is relatively uniform convergent (or ru-convergent, for short) to x € FE if there
is y € £, such that, for any € > 0, there exists ay € A such that |z, — x| < ey
for any o > ap, [21, Thm.16.2]. In this case we write 7, — .

Definition 3.15. Let (X,p, E) be an LNVL. A net (z,)o € X is said to be
relatively unbounded p-convergent (rup-convergent) to x € X if

p(|fEa—ZE|/\u) ﬂ)O (\V/UGX_,_)
In this case we write z,, P g

Clearly, rup-convergence implies up-convergence, but the converse need not be
true.

Definition 3.16. Given an LNVL (X, p, E). A vector e € X is called an rp-unit
if, for any z € X, we have p(z — z A ne) = 0.

Obviously, every rp-unit is a p-unit. So, by Remark 2.23 (1) after Definition
2.22, if e € X # {0} is an rp-unit then e > 0. Not every p-unit is an rp-unit.
To see this, take X = (Cy(R), |-|, C4(R)) and e = e(t) = e~l. Then e is a p-unit.
However, e is not an rp-unit since p(1 — 1 A ne) does not ru-converge to 0, where
1(t) = 1.

The following result generalizes [14, Cor.3.5] and [7, Lm.2.11].

Proposition 3.17. Let (X,p, E) be an LNVL with an rp-unit e. Then x, — 0
iff p(Jza| Ae) 25 0.

Proof. The “only if” part is trivial. For the “if” part let u € X, then
|Zo| Au < |zo| A(u—uAne)+ |z A(uAne) < (u—uAne)+n(|z.] Ae),

and so
p(|xa] Au) < plu—uAne)+np(|z,] Ae)

holds for any a and any n € N.
Given ¢ > 0. Since e is an rp-unit, then there is y € E, and ng € N such that

£
p(u—u A nge) < Y-
It follows from p(|z4| A e) =% 0 that there exists z € F, and aq such that

€
p(‘.flfa‘ A 6) S 2—7],02

for any o > «g. Take w := y V z, then
p|za| ANu) < ew

for any a > ag. Therefore, p(|z,| A u) == 0. O
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4. up-REGULAR SUBLATTICES

The up-convergence passes obviously to any sublattice of X. As it was remarked
in [7, p.3], in opposite to uo-convergence [14, Thm.3.2], the un-convergence does
not pass even from regular sublattices. These two facts motivate the following
notion in LNVLs.

Definition 4.1. Let (X, p, E) be an LNVL and Y be a sublattice of X. Then Y
is called up-regular if, for any net y, in Y, yo — 0 in Y implies y, — 0 in X.
Equivalently, Y is up-regular in X when y, — 0 in Y iff y, — 0 in X for any
net y, in Y.

It is clear that if Y is a regular sublattice of a vector lattice X, then Y is
up-regular in the LNVL (X |-|); see [14, Thm.3.2]. The converse does not hold
in general.

Example 4.2. Let X = B([0,1]) be the space of all real-valued bounded func-
tions on [0, 1] and Y = (0, 1]. First of all X under the pointwise ordering (i.e.,
f<gin X iff f(t) < g(t) for all t € [0,1]) is a vector lattice and if we equip X
with the oco-norm, then it becomes a Banach lattice.

We claim that the sublattice Y = (Y, |-|,Y) is a up-regular sublattice of X =
(X, |-, X). Let (f,) be anet in Y such that f, — 0in Y. That is |fo] Ag = 0 in
X for any g € Y,.. In particular, we have |f,| A1 2 0 in X, where 1 denotes the
constant function one. Since 1 is a strong unit in X, then it is a p-unit for the
LNVL (X, ||, X). It follows from Theorem 3.9 in Subsection 5.1.3 that f, — 0
in X. However, the sublattice Y is not regular in X. Indeed, for each n € N let
fn be a continuous function on [0, 1] defined as:

e fu is zero on the intervals [0, 5 — —5] and [ + =5, 1],
d fn(%) =1,
e fy is linear on the intervals [5 — —5, §] and [§, 5 + 5]

Then f, | 0in C[0,1] but f, | X1 in B([0,1]). So by Lemma 2.5 in [14], we have
that Y is not regular in X.

Consider the sublattice ¢y of fo. Then (co, ||||oo, R) is not up-regular in the
LNVL (¢oo, || |loos R). Indeed, (e,) is un-convergent in ¢y but not in ... However,
(o, |+]; €oo) 18 up-regular in the LNVL ({o, ||, £o0)-

4.1. Several basic results. We begin with the following result which is a p-
version of [16, Thm.4.3]

Theorem 4.3. Let Y be a sublattice of an LNVL X = (X,p,E). ThenY is
up-reqular in each of the following cases:

(1) Y is majorizing in X;

(13) Y is p-dense in X;

(13i) Y is a projection band in X .

Proof. Let (y,) €Y be such that 3, — 0in Y. Let 0 # 2 € X,.
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(7) There exists y € Y such that z < y. It follows from
0 < |yl Az < Jyal Ay 50,

that y, — 0 in X.
(1) Choose an arbitrary 0 # u € p(X). Then there exists y € Y with p(x—y) <
u. Since

Yol Az < |yal Az =yl + yal Alyl,
then

Pyl Ax) < p(Jyal Az —yl) +2(lyal Alyl) < w+p(lyal Alyl).

Since 0 # u € p(X) is arbitrary and |ya| A |y| = 0, then |yo| A z 2 0. Hence
Yo —0in X.

(ii7) Y = Y1+ implies that X =Y @Y. Hence x = x; + 2, with z; € Y and
21 € Y+ Since yo A 2o = 0, we have

PWa AT) = D(Ya A (21 + 22)) = p(ya A1) = 0.
Hence y, —» 0 in X. O
The following result deals with a particular case of Example 1.5.

Theorem 4.4. Let X be a vector lattice and Y = X. Assume X, separates
the points of X. Define p: X — RY by p(x)[y] = |y|(|z]). Then any ideal of X
is up-reqular in (X, p, RY).

Proof. Let I be an ideal of X and x, be a net in I such that z, 0 in I. We

show ., — 0 in X. By Example 3.2, this is equivalent to show |z4|Au LCO0N 0
for any u € X,. First note that if v € I, then |z,| A |[v| = 0, and so, for any
w e (I 1Y), we have |z, A w 1AXY), . Note also that I @ I'* is order dense
(see, e.g., [2, Thm.3.3.(2)]). Let u € Xy and y € Y, then there is a net wg in
(I ®It), such that wg 1 u, and so |y|(ws Au) 1 |y|(u). Given € > 0. There is 3
such that

lyl(w) = lyl(wg, Au) <

DO ™M

Also there is ag such that

9
911l A ws) <

for all & > . Taking into account the inequality [a Ac—bAc| < |a—¢| (cf. [2,
Thm.1.6.(2)]) we have for any o > «v,

yl(Jzal A ) = lyl(Jzal A u) =Tyl (Jzal AuNwg) + [yl (Jzal Aunwg,)

< [yl (u) = lyl(wgy Aw) + [yl(|za] Awg,) < e

ol(X,Y
Since u € X, and y € Y are arbitrary, we get |z,| A u 12150 for any u € X,

and this completes the proof. 0J
The next Corollary might be compared with [16, Cor.4.6]
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Corollary 4.5. Let X be a vector lattice and Y = X, be the order continuous
dual. Assume that X7 separates the points of X. Define p : X — RY by
p(@)[y] = ly|(|z]). Then any sublattice of X is up-regular in the LNVL (X, p, RY).

Proof. Let X, be a sublattice of X and x, be a net in X, such that x, 20 in
Xo. Let Iy, be the ideal generated by X, in X. Then X, is majorizing in [,

and, by Theorem 4.3(i), we get 7, —> 0 in I x,- Now, Theorem 4.4 implies that
To —> 0in X. O

4.2. Order completion. Denote by X? the order completion of a vector lattice
X.

Lemma 4.6. Let (X°,p,E) be an LNVL, where X° is the order completion of
X. For any sublattice Y C X, if Y is up-reqular in X°, then Y is up-reqular in
X = (X,p|X,E).

Proof. Take a net (y)a C Y such that y, —» 0 in Y. Then p(|ya| A u) 2 0 for
all u € Y. Let w € Y and, since Y is majorizing in Y°, there exists y € Y such
that w < y. Therefore, we obtain y, — 0 in Y. Since Y? is up-regular in X?,
the net 7, is up-convergent to 0 in X°, and so in X. 0]

Lemma 4.7. Let (X°,p,E) be an LNVL. For any sublattice Y C X, if Y is
up-reqular in X, then Y is up-reqular in X°.

Proof. Let (ya)a € Y and y, —> 0 in Y. By assumption y, —> 0 in X. Let
u € X9, then there exists € X such that u < x. Therefore, we obtain p(|ya| A

u) < p(lyal Ax) 20, ie. yo —0in X°. O
In connection with Lemma 4.7, the following question arises.

Problem 4.8. Is it true that I is up-regular in X°, whenever [ is a up-regular
ideal in X7

Proposition 4.9. Let (X,p, E) be an LNVL. Define p : X° — E° and p; :
X% — E° as follows: p)(2) = sup p(x) and p(z) = ‘i&f p(z) for all z € X°

0<z<|z|
(clearly, both p}; and p3 are extensions of p). Then:

(i) p} is a monotone E°-valued norm;
(i) pg is a monotone E°-valued seminorm,
(iii) if X is op-continuous, then p}; is p-continuous (i.e. z, L 0 in X° implies
p?](zv) 10 in E°);
(iv) if X is op-continuous, then p, = pj .

Proof. (i) Let X° > z # 0. Since X is order dense in X°, there is 2 € X such
that 0 < < |2/, and so pS (z) > p(z) > 0.
Let 0 # X € R, then

pi(Az) = sup p(x)= sup plx)= A sup p(IA"z) = [A]p)(2).

0<z<|Az| 0< <l 0< <2l
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Let z,w € X°, we show p} (z +w) < p3(2) + p3(w). Suppose 0 < z < |z +w|,
then 0 < x < |z| 4+ |w|. By the Riesz Decomposition Property, there exist
x1, 9 € X such that 0 <z <|z|, 0 < xy < |w|, and x = 21 + x2. So

p(x) = play + z2) < p(a1) + p(22) < ph(2) + pl (w).

Thus pj (2 +w) = Sup ‘p(éf) < p2(2) + pl(w).
0<zx<|z+w

Now, we prove the monotonicity of the lattice norm p}. If |2| < |w| then, for
any v € X with 0 <z <|z|, we get 0 < x < |w|. So sup p(xz) < sup p(z) or

0<z<|z| 0<z<|w|
pp(2) < pi(w).

(ii) We show firstly the triangle inequality. Let z,w € X? and z;, 75 € X be
such that |z] <z and |w| < @9, then |z +w| < |z] + |w| < &1 + x5 So

ph(z+w) = inf pla) < plas+w2) < plar) + plas).
Thus pf (z+w) —p(x1) < p() for any x5 € X with |w| < x5. Hence pf (2 +w) —
p(z1) < pd(w) or pd(z +w) — pd(w) < p(z;), which holds for all #; € X with
2| < x1. Therefore, pf (z +w) — pd(w) < pd(2) or pd (2 +w) < pd(w) + p(2).

Now, if |z] < |w]|, then, for any z € X with 0 < |w| < x, we have |z| < z. So
Inf p(z) > inf p(z) or pY(2) < p(w).

Em) Assume z, L 0in X% Let A= {a € X : z, < a for some v}. Then
inf A = 0. Indeed, if 0 < 2z < a for all a € A, then 0 <z < A, for all , where
A, ={a€e X :2z <a}. So, by [l4, Lm.2.7], we have z < z,. Thus z = 0.

Clearly, A is directed downward and dominates the net (z,),. Since X is op-
continuous, then p(A4) | 0 and, by the definition of p;, we get that p(A) dominates
the net (pd 2,). Therefore, pd 2, | 0.

(iv) Let 2 € X9, then |z| = sup{z € X : 0 < x < |z|}. By (i), we have

pi(2) = py(l2l) = sup{py(2) s @ € X,0 < 2 < |2}
— sup{p(e) s v € X,0 <2 < |2} = g (2)

In connection with Proposition 4.9(iv), the following question arises.
Problem 4.10. Does the equality p, = p imply the op-continuity of X?
Proposition 4.11. Let (X, p, E) be an LNVL. Then, for every net x,, in X,

To 50 in (X,p,E) & x40 in (X°,p°, E°),
where p° = p5 .
Proof. Assume z, —» 0 in (X,p, E). Then p(|zo| Az) = 0in E for all z € X,
and so p(|zo| Ax) = 0in E° for all z € X, by [14, Cor.2.9]. Hence
P (|za] Az) 20 (4.1)
in B9 for all z € X,. Let u € Xi, then there exists z, € X, such that u < z,,

since X majorizes X°. From (4.1) it follows that p’(|za| A w) 2 0in E°. Since
u € X? is arbitrary, then z, 0 in (X0, p, B9).
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Conversely, assume z, —» 0 in (X?,p°, E°) then, for all u € X2, p°(|za| Au) >
0 in E°. In particular, for all # € X, p(|zo| A x) = p°(|Jza| Ax) = 0 in E°. By
[14, Cor.2.9], p(|za|Az) 2 0in E for all z € X,. Hence 2, — 0in (X,p, E). O

5. MIXED-NORMED SPACES

In this section, we study LNVLs with mixed lattice norms.

5.1. Mixed norms. Let (X,p, E) be an LNS and (E,||-||) be a normed lattice.
The mized norm on X is defined by

p-llell = llp()ll - (Ve € X).

In this case the normed space (X, p-||-||) is called a mized-normed space (see, for
example [20, 7.1.1, p.292])

The next proposition follows directly from the basic definitions and results, so
its proof is omitted.

Proposition 5.1. Let (X,p, E) be an LNVL, (E,||-||) be a Banach lattice, and
(X, p-||-]|) be a mized-normed space. The following statements hold:

(i) if (X, p, E) is op-continuous and E is order continuous, then (X, p-||-||) is
an order continuous normed lattice;

(ii) if a subset Y of X is p-bounded (respectively, p-dense) in (X, p, E), then
Y is norm bounded (respectively, norm dense) in (X, p-||-]);

(iii) if e € X is a p-unit and E is order continuous, then e is a quasi-interior
point of (X, p-||-[]);

(iv) if (X,p, E) is a p-Fatou space and E is order continuous, then p-||-|| is a
Fatou norm, [21, p.42];

(v) if Y is a p-almost order bounded subset of X, then Y is almost order
bounded set in (X, p-||-||).

Theorem 5.2. Let (X, p, E) and (E, m, F') be two p-K B-spaces. Then the LNVL
(X,mop,F) is also a p-KB-space.

Proof. Let 0 < z, 1 and m(p(:za)) < g€ F. Since 0 < p(z,) T< oo and since
(E,m, F) is a p-KB-space, then there exists y € E such that m(p(:ca) — y)) — 0.
Hence p(z,) T y. Thus the net z, is increasing and p-bounded. Since X is p-
K B-space, then there exists x € X such that p(z, —z) — 0. As (X,mop, F)
is clearly po-continuous, then m(p(:za — :5)) 2 0ie mop(xe —x) = 0. Thus
(X,mop, F)is a p-KB-space. O

Corollary 5.3. Let (X, p, E) be a p-K B-space and (E, ||-||) be a KB-space. Then
(X, p-||-]|) is a KB-space.
5.2. up-Completeness. The following well-known technical lemma is a partic-

ular case of Lemma 3.8.

Lemma 5.4. Given a Banach lattice (X, ||-||). If x4 Wy o and T 15 0-Cauchy,
then ©, - .
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Recall that a Banach lattice is called un-complete if every un-Cauchy net is
un-convergent, [16].

Theorem 5.5. Let (X,p, E) be an LNVL and (E,||-||) be an order continuous
Banach lattice. If (X,p-||-||) is a un-complete Banach lattice, then X is up-
complete.

Proof. Let x, be a up-Cauchy net in X. So, for every u € X, p(|za—zs/Au) = 0.
Since F is order continuous, then, for every u € X, ||p(|zo — 25| A u)|| — 0 or
for every u € Xy, p-|||za — zg| Au|| = 0, ie. x4 is un-Cauchy in (X, p-||-||).
Since (X, p-||||) is un-complete, then there exists z € X such that z, —» = in
(X, p-||-]]). That is, for every u € X, ||p(|za — x| Au)|| — 0. Next we show the
net (p(|za — | A u))a is order Cauchy in E. Indeed,

}p(|zxa—x|/\u)—p(|x5—x|/\u)} < p(}|xa—x|/\u—|x5—x|/\u‘) < p(|za—28|AU) = 0.
Now, Lemma 5.4 above, implies that p(|z, — 2| A u) = 0. O

5.3. up-Null nets and up-null sequences in mixed-normed spaces. The fol-
lowing theorem is a p-version of [7, Thm.3.2] and a generalization of [14, Lm.6.7],
as we take (X, p, ) = (X, || ,R).

Theorem 5.6. Let (X,p, E) be an op-continuous and p-complete LNVL, E an
order continuous Banach lattice, and X > xo, —> 0. Then there exist an increas-
ing sequence oy, of indices and a disjoint sequence dj, € X such that (x,, —dy,) 50
as k — oo.

Proof. Consider the mixed norm p-||z|| = ||p(z)|. Since p(|za| A u) 2 0 for all
u € X, then p-|||za| Aul| = |[p(|7a] Au)|| 2 0 that means x4 — 0 in (X, p-||-|)
by o-continuity of (E, ||-||).

By [7, Thm.3.2], there exists an increasing sequence «, of indices and a disjoint

sequence d,, in X such that z,, —d, 210 . Now (X, p-||-|]) is a Banach lattice by

20, 7.1.3 (1), p.294]. So, by [27, Thm.VIIL.2.1] there is a further subsequence (o, )
such that |z,, — d,,| % 0in X. By op-continuity of X, P(Ta,, — dn,) %0 O

The next corollary is a p-version of [7, Cor.3.5].

Corollary 5.7. Let (X, p, E) be an op-continuous LNVL, E be an order contin-
wous Banach lattice, and X > x, — 0. Then there exist an increasing sequence
oy, of indices such that x,, 0.

Proof. Let ay and di be as in Theorem 5.6. Since the sequence dj, is disjoint,
then dj, =% 0 by [14, Cor.3.6.]. Since X is op-continuous, then dj, — 0. Since

then z,, — d 2 0. Since dj 2 0, then z,, 0. O

Next proposition extends [7, Prop.4.1] to LNVLs.
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Proposition 5.8. Let (X, p, E) be a p-complete LNVL, (E, ||-||) be an order con-
tinuous Banach lattice, and X > x,, — 0. Then there exist a subsequence T, Of
T, such that x,, 250 as k — oc.

Proof. Suppose z, — 0, then, for all u € X, p(|z,| Au) = 0, and so ||p(|z,| A

u)|| — 0 since E is order continuous. Thus |z,| A u Lalliy 0, ie. z, — 0
in (X,p-[|-]]). It follows from [20, 7.1.2, p.293] that the mixed-normed space
(X, p-||-]]) is a Banach lattice, and so by [7, Prop.4.1] there is a subsequence x,,

of x,, such that z,, 2% 0 as k — . O
Next result is a p-version of [7, Thm.4.4].

Proposition 5.9. Let (X, p, E) be an op-continuous and p-complete LNVL such
that (E,||-||) is an order continuous atomic Banach lattice. Then a sequence in
X is up-null iff every subsequence has a further subsequence which uo-converges
to zero.

Proof. The forward implication follows from Proposition 5.8. Conversely, let x,,
be a sequence in X and assume that z, £» 0. Then there is an atom a € E.,
u € X4, g > 0 and a subsequence z,, of x, satisfying f, (p(|a7nk| A u)) > g
for all k. By the hypothesis there exist a further subsequence Tny, of x,, which

uo-converges to zero. By the op-continuity of X we get p(|:£nkj | Au) 2 0, and so
fa (p(|xnkj| Au)) — 0, which is a contradiction. O

Our last result is a p-version of [7, Lm.5.1].

Proposition 5.10. Let (X,p, E) be an op-continuous p-complete LNVL and
(E,||-|l) be an order continuous Banach lattice. If X is atomic and x, is an

order bounded sequence such that x, 2 0 in X, then x, — 0.

Proof. The mixed-normed space (X, p-||-||) is an atomic order continuous Banach
lattice such that z, LaliN 0, and so x,, = 0 by [7, Lm.5.1]. O
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