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Strong vertices of doubly heavy spin-3/2-spin-1/2 baryons
with light mesons in light-cone QCD sum rules
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In this paper, we analyze the vertices of doubly heavy spin-3/2-spin-1/2 baryons with light mesons
within the method of light-cone QCD sum rules. These vertices are parametrized in terms of one (three)
coupling constant(s) for the pseudoscalar (vector) mesons. The said coupling constants are calculated for all
possible transitions. The results presented here can serve as useful information in experimental as well as
theoretical studies of the properties of doubly heavy baryons.
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I. INTRODUCTION

The quark model predicts the existence of many doubly
heavy baryons. . was discovered in experiments in the
decay modes AfK~ z" and pD*K~ with the mass
mg+ = 3518.7 £ 17 MeV by the SELEX Collaboration
at Fermilab [1,2] and Zf;% was observed by the LHCb
Collaboration [3,4] in the A7 K~z 2" mass spectrum and
confirmed via measuring Zf" — EFz" with the mass
mgi+ = 3621.24 4+ 0.65 + 0.31 MeV.

The main effort of experimentalists is focused on the
discovery of other members of doubly heavy baryons
predicted by the quark model. From the theoretical point
of view, these baryons provide an excellent laboratory to
study their electromagnetic, weak, and strong decays for a
better understanding their quark structure, check the
predictions of heavy-quark symmetry, as well as gain
information about perturbative and nonperturbative aspects
of QCD.

The strong coupling constants of doubly heavy baryons
with light mesons are the main ingredients of their decays.
The formation of hadrons takes place at a low-energy
domain which belongs to the nonperturbative region of
QCD. Thus, for the determination of the strong coupling
constants of doubly heavy baryons with light mesons, we
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need some nonperturbative method. At the hadronic scale,
one should refer to nonperturbative methods in QCD as the
strong coupling constant is large and hence perturbative
theory becomes invalid. The method of the QCD sum rules
[5] has proved to be one of the most powerful among all
other nonperturbative methods in studying the properties of
hadrons. The most advanced version of the method appears
to be the light-cone formalism. The light-cone sum rules
(LCSR) was introduced in [6—8] and then rapidly devel-
oped by applying it to the wide spectrum of problems of
hadron physics (see, for example, the reviews [9—11] and
references therein). Here, we would like to mention that the
strong coupling constants for D*Dz and B*Bz within the
LCSR were first estimated in [12].

In the LCSR, the operator product expansion (OPE) is
performed over a twist near the light cone, x> ~ 0. In this
case, there appear matrix elements of nonlocal operators
between a one-particle baryon state and the vacuum. These
matrix elements are parametrized in terms of distribution
amplitudes (DAs).

Properties of doubly heavy baryons have been studied
within the frameworks of lattice QCD [13], quark spin
symmetry [14,15], and QCD sum rules [16-20]. The strong
coupling constants of doubly heavy spin-1/2 baryons are
examined in [20-23]. The strong coupling constants of
light vector mesons with doubly heavy spin-3/2 baryons
are estimated in [24]. We would like to emphasize the work
[12] where the D* Dz and B*Br strong coupling constants
are calculated within the LCSR formalism, which is related
to the present work.

This paper is organized as follows. In Sec. II, we derive
the LCSR for the coupling constants of the light mesons
with doubly heavy baryons in the spin-3/2-to-spin-1/2
transitions. In Sec. III, the numerical analysis of the
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obtained sum rules is performed. Section IV contains our
conclusion.

II. LIGHT-CONE SUM RULES FOR THE
SPIN-3/2-SPIN-1/2 DOUBLY HEAVY BARYONS
WITH LIGHT MESONS

To determine the coupling constants of the pseudoscalar
and vector mesons with the spin-3/2-to-spin-1/2 doubly
heavy baryons within the LCSR, we consider the following
correlation function:

m, =i / e (M(g)|T{n,()7(0)}]0) (1)

where M(q) is a light meson with 4-momentum ¢, and 7,
and 7 denote the interpolating current of the corresponding
spin-1/2 and spin-3/2 doubly heavy baryons, respectively.
The most general form of the interpolating current for spin-
1/2 doubly heavy baryons can be written as

7]/4 — Neabc[(anBQb)Qlc + (anBQ/b)Qc + (QaTBQ/b)qc]

(2)
1 : 2 ] i )¢ /
n'® = N ;[(Q“TAiqh)A’zQ‘ +(@<0) (3
1 2 . . . .
Y = —ze Y [2(QUAIQ")ALg" + (QTATg")ALQ"

V6 i=1
- (QA1q")AL 0] 4)

where N = /1/3(1/2/3) for identical (different) quarks
and

Al=C, Al=ys, A2=Cys, A3=pI, B=Cy,. (5)

Here, T is the transpose, C is the charge conjugation
operator, and f is an arbitrary parameter, for which = —1
corresponds to the loffe current. The superscripts S and A
in Egs. (3) and (4) indicate symmetric and antisymmetric
currents with respect to the interchange of heavy quarks.

In order to obtain the LCSR for appropriate quantities,
the correlation function is calculated in two different
regions: First, in terms of hadrons and second, in terms
of quark-gluon degrees of freedom in the deep Euclidean
region by using the OPE. Then, by using the dispersion
relation, these two representations are matched and as a
result, the desired sum rules are obtained.

The hadronic representation of the correlation function
can be obtained by inserting the complete set of baryon
states carrying the same quantum numbers as the inter-
polating current. Isolating the ground-state contributions,
we obtain

(Oln,|B*(p2)){(M(q)B*(p2)|B(p1))(B(p1)]71(0)]0)
(p3 — m3)(pt — m?)
4+ ... (6)

I, =

where B*(p,) and B(p;) denote the spin-3/2 and spin-1/2
doubly heavy baryons and m, and m; their mass, respec-
tively. In Eq. (6), - - - describes the contribution of higher
states and the continuum.

For the calculation of the phenomenological side of the
correlation function, the matrix elements (0[,|B*(p,)),
(M(g)B"(p2)|B(p1)). and (B(p,)[n|0) are needed. These
matrix elements are determined in the following way:

(Oln|B(p1)) = Ayu(pr) (7)
(01,18 (p2)) = A2, (p2) (8)

(P(a)B*(p2)|B(p1)) = gita(p2)u(pr)g”.  (9)

The matrix element (V(q)B*(p,)|B(p;)) is parametrized in
terms of three couplings as follows [25]:

(V(q)B*(p2)|B(p1)) = ta(P2)]91(€ad — qaf)¥s
+ 92 (P - qe, — P eq,)ys
+93(9 - €4 — q7€a)v5u(py)
(10)

where u(p,) is the Dirac bispinor for spin-1/2 baryons
while u,(p,) is the Rarita-Schwinger spinor for spin-3/2
baryons, ¢, is the polarization four-vector of the light vector
meson, P = (p; + p,)/2, and ¢ = p; — p,. In the follow-
ing discussions, we denote p, = p and p; = p + ¢q as well
as impose the on-shell condition for the vector meson,
namely, g> = m?, and the gauge condition ¢ - & = 0.

Taking into account Egs. (7)—(10) in Eq. (6) and using
the completeness conditions for Dirac and Rarita-
Schwinger spinors, which read

Y ulp)i(p) = p+m (11)
Zua(p)ﬁﬁ(p) =-(F+m) (%ﬂ - %Wﬁ + %p;l;ﬁ

L Patp = pm) (12)

3m

one can easily get the expressions for the strong coupling
constants of the light mesons with the doubly heavy
baryons. Before moving to the next calculations, here
we would like to bring the attention of the reader to the
existence of two problems:
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(i) The negative-parity spin-1/2 baryon B~(p) contrib-
utes to the matrix element (Oln,|B~(p)). From
general considerations, this matrix element can be
parametrized as

O (0) =41~ 4, Julps). (13

From this equation, it follows that the structures
proportional to 7, and p, contain the contributions
coming not only from spin-3/2 baryons, but also
from spin-1/2 baryons, which should be eliminated.
Therefore, we will discard these structures in the
next discussions. From Eq. (12), it follows that only
the structures proportional to g, contain solely the
contribution of the spin-3/2 state.

(i) Not all Lorentz structures are independent. This
problem can be overcome by using a specific
order of Dirac matrices. For the calculations of
the strong coupling constants of pseudoscalar (vec-
tor) mesons with the spin-3/2 and spin-1/2 baryons,
the ordered Dirac matrices are chosen in the form
4vr,(r.d4p7s)-

Taking into account these facts and using Eqgs. (7)—(10) in
the phenomenological parts of the correlation functions, we
finally get

A
1‘[}]’) =— 921 zgiﬂ Ay 5=+ other structures (14)
(my—p*)[mi—(p+q)’]
and
A
HLV) = — (=91 (my + my)¢pysq,

[mi = (p + q)*][m5 - p’]
+ 9 dPrsp - €4, + gymydPyse,
-+ other structures]. (15)

To obtain the LCSR for the aforementioned coupling
constants, we need to calculate the correlation function
from the QCD side and choose the coefficients of the same
structures and then match with the results from the hadronic
part. The expression of the correlation function is obtained
by using OPE in the deep Euclidean region, p?> < 0 and
(p + q)* < 0. Using the Wick theorem, from Eq. (1) one
can get

S laca//c/ ixz Al Al
HL )= \/;6 Peet? d*xe'? ZBaﬁ(AZ)V’p’(Al)“’ﬂ'
i=1

X (M(q)|(=S5.,,Sht,aaal — St Stsypdadl

bc' ¢gcd azb' bc! ca azb
+ SQ/,Y,SQ,yﬁ/qaq{/ + SQ,ﬁy,SQyﬁ,qaqd
— Sty Sep a5y + Sty Serpdy d)|0) (16)

and

A luca//(:/ ix2 Ai Al
Y = fLessectre [ et > By i

X (M(q)l(—SCQC/W, sg;;ﬁ, 94" + Sg“,’ﬂﬂ,SCny’y,nggi

bb' aa' ¢ =c cb’ ba'  a-c
+ 28050500y By + 2500S o Aadly

_ bb' ca' ,a-c _ ¢bc ¢cd azb'
28 0paSoyp 9a9y — Sopy S0y dady
azb'

be! / be! ’ _p
+S0uSoydada = SopyS 0wy 99w

— S Sty d55)10). (17)

Here, S, is the heavy-quark propagator and A} = y?A!7y".
The heavy-quark propagator in the presence of an
external background field is given in the coordinate
representation by

sad' _ m_zQ |:IXK2 (mQ \/_—XZ)

N Ky (moV—x?)
Qaﬂ( ) a 4 (\/——x2)2 " :|a/1

V-2

(’4}50,17 + L_WM‘()

+ Ko(mgpV —xz)%} G (’1—) (18)
af

2
where Gﬁz) is the gluon field strength tensor, the A1) are the
Gell-Mann matrices, and the K i(mQ\/—xz) are the modi-

fied Bessel functions of the second kind.
Using the Fiertz identities

1 ﬂ(”) bb' B (n)
9aq93 U = —R< 3 > (Fi)aﬂquGm q (20)

from Egs. (16) and (17), it follows that, in the calculation of
the correlation functions from the QCD side, the matrix
elements (M(q)|2T"1q|0) and (M(q)|aT;G}"'q|0) appear,
where {I';} is the full set of Dirac matrices,

: 1 3
Fi = {I’yS’yﬂv”ﬁt}/S’Eaﬂv} : (21)
i=1

These matrix elements are the main nonperturbative input
parameters of the LCSR and they are expressed in terms of
light meson DAs of different twists. The expressions of
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these matrix elements in terms of meson DAs are found in
[26-31] and for completeness, we present their expressions
in the Appendix A.

Inserting Egs. (19) and (20) into (16) and (17), perform-
ing a double Borel transformation over the variables —p?
and —(p + ¢)? in both representations of the correlation
function, and choosing the coefficients of the correspond-
ing structures, we get the following sum rules for the
desired coupling constants:

1

g=— em%/M%+m§/M§HLheo(S,A) (22)
v
|
lm
cheO(S) — Q Q 1+ T W) =
12\/_ 4M4{ ( ﬁ) 'P 22[¢P( )]
cheo(S) _ lmQ Q
! 323t M
+my(8i(1 + )T 1o[H[L. ¢y (u)]
theo(S) mZQmél
I, = ——~_{i(1 + TT,[H[1, ¢pi-(u
2 2\/§7[4M6{( ﬂ)fV 12[ [ ¢2( )]
2(=1+p)fymyIpn[H,
cheo(S) _ mZQ e
’ 3237 M

+ fU(=16(1 + )T 1[H[2. py (u)]
+16(1 + 2B)M>L ,[H(1, ¢p3 (u)]] +

where we have defined the integrals and operators

u)] =/du/d4xei<”+’2‘1)'xK,-Kjf(u) (30)
T2 (u)] = / du / d*xe!PHOTK K f(u)x (31)

THf(u)] = / du / d*xe'PHOTKK f(u)xt (32)

Hpnfw) =it [, [Van, [Cange) @)

and we have introduced the shorthand notation

K,-(va —xz) Kj(mQ/ —x2)
Kp=—ile¥ =) g SOV TR gy
=) ey

S 32i(=1+ B) fymy T H[1. §3 ()]

1

- /M2+m§/M2cheo(S LA) 23
9 Alllz(ml —|— mz) ( )

1
g = mem%/M%er%/M%thheo(ssA) (24)
1
93 = g g ¢TI (25)
Vv

=0=1"™ for all the coupling con-

where TTtheo(4) ;

stants and

(14 Bup(=1 + fip) L1l ()]} (26)

{16(=1 4 ) fymyTy|p3 (u)] + fLII6M? (1 + 28)L 15[y (u)]

= H[Lyg (w)]) + M?(1 + 28)T3,[¢hy (u)]]} (27)

— 2H[2, p-(u)] + H[2, i (u)]]

@y ()] = H[1, ft (u)]]} (28)

H[L. ¢35 (u)]]

— 2H[2. P (u)] + H[2. i (w)]]
(1 + 28)m2 M1y [ (u)])} (29)

|
Here, for the sake of simplicity, we omit the contributions
coming from the matrix elements of three-particle non-
local operators between the vacuum and one-particle
meson state but we include them in our numerical
analysis. The details of the calculations of the
correlation function from the QCD side are presented
in Appendix B.

Since the masses of the spin-3/2 and spin-1/2 doubly
heavy baryons are close to each other, we put M7 = M3 =
2M? here and in all the following discussions.

III. NUMERICAL ANALYSIS

In this section, we perform the numerical analysis of
the LCSR for the coupling constants g and g; of the light
mesons z, K, p, and K* in the transition of the spin-3/2-
to-spin-1/2 doubly heavy baryons namely, B¢, ., &),
Q:u QZb’ ch to h‘cc’ ‘—‘bh’ '—‘hc’ Qcca th’ and th by
using Package X [32]. The LCSR for the coupling
constants ¢, g¢;, ¢», and g3 involve various input
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TABLE I. Some of the values of the input parameters entering
the sum rules. All the masses and decay constants are in units
of GeV.

Parameter Value Parameter Value Parameter Value
mg (1 GeV) 0.137  mg_[16] 3.72 Az, [16] 0.16
m, 1.4 mEbb [16] 9.96 Az,, [16] 0.44
my, 4.7 .. 16 6.72 Az, [16] 0.28
m, 0.770 mg [16] 3.73 Ag,, [16] 0.18
£ 0.216 mgbh [16]  9.97 Ag,, [16] 0.45
. ; 0.165 mgbc [16] 6.75 Ag,, [16] 0.29
My 0.892  mz. [17]  3.69 }m [17] 0.12
fx 0.220 mz: [17] 10.4 [17] 0.22
fK* 0.185 :b [17]  7.25 g [17] 0.15
m, 0.135  mgq: [17] 3.78 /19 [17] 0.14
[ 0.131 mth [17]  10.5 be [17] 0.25
mg 0.495 mo: [17] 7.3 JQZ(’ [17] 0.17
fx 0.160

TABLEIL. The working region of the parameters M? and s, for

the transitions considered in our work. Here, M, = 7+ or p* and
M2 = K or K*.

Channel M? (GeV?) 5o (GeV?)
B = B M, 30<M?* <45 18+4
B, = EppM, §<M?*<12 110+ 10
. = M, 6 <M*<38 60+5
Q. = E. M, 30<M?* <45 18+4
Q;, = EppM, §<M?*<12 110+ 10
Q. = EpeM, 6<M><8 60+5

parameters such as quark masses, the masses and decay
constants of the light mesons, and the masses and
residues of the said doubly heavy baryons. Some of
these parameters are presented in Table I. Another set of
essential input parameters is meson DAs of different
twists, which are given in Appendix A.

0.6
0.55 |
0.5 F E

045 b E
04 F ]
0.35 | . E
03 f S - ]

0.25 1 1 1 1 1 1 1

M? (GeV?)

FIG. 1. The dependence of the coupling constant |g| for the
transition 2+ — EX. 7" on M? at shown values of  and the
fixed value of s, = 18 GeV>.

3
5 =—
2.5 F 3= 1 N
92 b ,,," E
S 15 -7 ]
1=__‘__-
0.57_)//”—/j
0 L L L L L L L
2 2.5 3 3.5 4 4.5 5 5.5 6

M? (GeV?)

FIG. 2. The dependence of the coupling constant |g,| for the
transition 25+t — Ef pT on M? at shown values of  and the
fixed value of s, = 18 GeV?.

0.5
045 £ o=-1 1
04 (ESTEENN
035 F . E
03 F . E
S8 025 F S E
To02 R ]
0.15 £ Te-- L. E
135 T 2 ]
0.05 £ E
0 T T
2 2.5 3 3.5 4 4.5 5 5.5 6
M? (GeV?)
FIG. 3. The same as Fig. 2 but for |g,|.
20 5 \
18 t - :
=41 - - -
16 | 5’ s 1
14 .- —
— 12t _--7 :
=10} B ]
8 - ]
6 F =
4 ]
2 Il L L L L L L
2 2.5 3 3.5 4 45 5 5.5 6
M? (GeV?)
FIG. 4. The same as Fig. 3 but for |gs].
10 ‘
M? =30 GeVZ ——
8L M?=35GeV? - - - |
M? =4.0 GeV?
6 M? = 4.5 GeV? J
s 410 1
2 | i
o —
~1 0.5 0 0.5 1
cos
FIG. 5. The dependence of the coupling constant |g| for the

transition Z57 " — EX 727 on cos 6 at shown values of M? and the
fixed value of so = 18 GeV2,
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20

M =30 CeVZ ——
M? =35 GeV? - - -
15 M? = 4.0 GeV? 1
| M2 =4.5 GeV?

cos 6

FIG. 6. The dependence of the coupling constant |g,| for the

transition E+ — Z p* on cos @ at shown values of M? and the
fixed value of s, = 18 GeV>.

5 :
M? =30 GeV
4 M2 =35GeV? - - - |]
M? = 4.0 GeV?
3¢ | | M2=45Gev? ]
& 2F . ]
- 1\
1E N\ ]
ok —
-1 L 1
-1 —0.5 0 05 1
cos
FIG. 7. The same as Fig. 6 but for |g,|.
200 ‘
MZ =30 GeVZ ——
M2 =35GeV? - - -
150 [ M? = 4.0 GeV? 1
M? = 4.5 GeV?
g 100 [
50 [
0 k=
-1 1
cos
FIG. 8. The same as Fig. 6 but for |gs].

In addition to the input parameters summarized in Table I
and the meson DAs, the LCSR involves three auxiliary
parameters, i.e., the Borel mass parameter M2, the con-
tinuum threshold s, and the arbitrary parameter 5, which
appears in the interpolating current. Hence, one should find
the working regions of these parameters so that the LCSR is
reliable. The lower bound of the Borel mass parameter can
be obtained by insisting that the contributions from the
highest-twist terms should be considerably smaller than the
contributions from the lowest-twist terms. On the other

TABLE III.  The numerical values of the moduli of the coupling
constants g of the light pseudoscalar mesons with the doubly
heavy baryons.

Channel General Current Toffe Current
bt S Ehat 0.39 4 0.02 0.37 +0.04
=0 > 5 at 0.22 4+ 0.03 0.20 & 0.04
- 2t 0.30 4 0.02 0.26+0.3

Qif - 2L KO 0.99 4 0.02 0.78 4 0.08
Qi - E5,K° 0.61 4+ 0.04 0.43 +0.07
Q0 — ) K° 0.78 + 0.03 0.55 + 0.06

hand, the upper limit of M?> can be determined by
demanding that the continuum contribution should not
be too large. Meanwhile, the continuum threshold s is
obtained by requiring that the two-point sum rules repro-
duce a 10% accuracy of the mass of the doubly heavy
baryons. These criteria lead to the values of M? and s,
summarized in Table II for the transitions considered.

Our analysis reveals that the contributions from the twist-
four terms in the considered domains of M? at the shown
values of sy are smaller than 17% and higher states
contribute 28% at maximum for all the considered chan-
nels. As an example, we present the M? dependence of g,
91> g2, and g3 for E5T - EfaT and Zif T - EfpT at
fixed values of s, and f in Figs. 14, respectively. Having
determined the working regions of M? and s, one should
find the working region of the auxiliary parameter, f. To do
so, we investigate the dependence of g, g;, g,, and g3 on
cos 6, where 6 is defined through the relation f = tané.
As an illustration, we present the dependence of the said
coupling constants for the transition Zi " — Ef. at fixed
values of M? and s, in Figs. 5-8, respectively.

In Figs. 5-8, we observe that the coupling constants
remain practically the same when |cos 6| varies between
0.5 and 0.8. Our numerical analysis for the coupling
constants of the doubly heavy baryons with the light
mesons leads to the results presented in Tables III and TV.
The uncertainties are due to the variation of the parameters
M?, s, and the errors in the values of the input parameters.

In Table III, we observe that the coupling constant g of
doubly heavy spin-3/2—spin-1/2 baryons with light pseu-
doscalar mesons are in good agreement with the ones for
the case of the Ioffe current. In contrast, in Table IV, one
can see that the coupling constants g; of the said baryons
with light vector mesons differ drastically from the ones for
the case of the loffe current.

Finally, we would like to note that the couplings for z°
and p° mesons with doubly heavy baryons can be easily
obtained from the obtained results by isospin symmetry.
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TABLE IV. The numerical values of the moduli of the coupling constants of the light vector mesons with the doubly heavy baryons.

Case of the General Current

Case of the loffe Current

Channel 911 92| |93 91 |92 93]

Bt o Bipt 127 +0.22 0.10 + 0.02 8.72 + 1.56 0.59 +0.10 0.01 & 0.00 3.71 + 0.64
GRS 0.78 +0.18 0.02 & 0.00 15.51 +3.68 0.33 +£0.08 0.00 4 0.00 6.47 4+ 1.52
B8 pt 1.08 4+ 0.16 0.05 =+ 0.00 14.60 & 2.24 0.47 4+ 0.07 0.00 4 0.00 6.12 4+ 0.92
Qi - B K0 1.30 4 0.22 0.33 + 0.06 8.37 + 1.59 0.59 +0.10 0.23 +0.02 3.10 +0.57
Q;; — 5;,K 0.85+0.19 0.08 + 0.01 16.50 +3.90 0.36 +0.08 0.05 4+ 0.00 6.64 4 1.55
Q0 - =Y K0 1.1240.17 0.14 + 0.01 14.61 +2.32 0.48 + 0.07 0.09 + 0.00 5.81 +0.91

IV. CONCLUSION

The discovery of Z!. by the SELEX and Z/ by
the LHCb Collaborations stimulated theoretical and
experimental studies for the investigation of the properties
of other doubly heavy baryons in a new manner.
Experimentally, the main attempt is focused on the discovery
of doubly heavy baryons predicted by the quark model.
Theoretically, the main effort is made to find promising
decay channels, which can be potentially discovered in
experiments. In this sense, one of the most important issues

of doubly heavy baryons is the determination of the strong
decay couplings among them. In the present work, we study
the strong coupling constants of spin-3/2-to-spin-1/2 tran-
sitions with pseudoscalar (z and K) and vector (p and K*)
mesons. The obtained results on these strong coupling
constants can carry useful information not only about the
internal structure of doubly heavy baryons, but also about the
nonperturbative interaction of these objects. The results on
these coupling constants can play a useful role in deeper
studies about the properties of doubly heavy baryons.

APPENDIX A: DISTRIBUTION AMPLITUDES FOR LIGHT MESONS

In this section, for completeness, we collect the matrix elements (M(q, €)|g(x)[;¢(0)|0) and (M(q,€)|g(x) x
I';G,,q(0)|0) and the relevant distribution amplitudes for light mesons together with the most recent values for the DA

parameters involved [26-31].

1. Pseudoscalar mesons

Up to twist-four accuracy, the matrix elements (P(q, €)|g(x)I'q(0)|0) and (P(q.€)|g(x)I'G,,q(0)|0) are given as

follows:

~ . ! iiipx [y i 2 X ! ifpx §
<7’(p)IQ(X)Wﬂ(0)|0>=—tfppﬂ[) due™* \gp(u) +empx°Au)| =5 fpmp /due PXB(u)  (Al)

pPXJjo

16
PE)aWirsa(0)0) = p [ due gy (A2)
P atousrsa(010) = gup(1 =) pavs = pysa) [ due g, (u) (A3)

px

_ . 1 1
<P(p)|Q(x)o;wyﬁgsGaﬂ(vx)q(O)‘O> = l/’lP{papu |:guﬁ - (pvxﬁ + pﬂxu):| — PaDy |:g;4ﬁ - (p;tx/} + pﬁx;t):|

px

1 1
— PpPu [gva - E (pvxa + paxb):| + PpPu |:g/m - (pyxa + pax;l):| }

X / Daei(“@’L”a-v)PxT(a[)

px

(A4)
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- 1 | a, ) px
(P(P)|2(x)7,7595Gap(vx)q(0)[0) = p,(paXs — PpXa) Efpm% / Dacel®tva)r A, (a;)

1

1
+ {p/)’ |:g;4a - (pﬂx(l + p{l‘xﬂ):| — Pa |:gﬂ/3 - E (p/,tx/)’ =+ pﬂxﬂ):| }

px

o, [ Daclerr A, @) (A3)

- : 1 i(a;+va,)px
<73(p)|q(x)yM1gSGa/,(vx)q(0)|0> = p}t(p(l‘xﬂ - pﬂxa)afpm%? / Da C( atvay)p V|| (ai)

1 1
+ {p/} |:g;m - B(p;txa + paxu):| — Pa |:g/4ﬁ - B(p;tx/} + pﬁxp):| }

x fpm [ Da el ey, (@) (A6)
where
m2 m, +m
P ~ 9 9
pp=fp—P =" e (A7)
my, +my, mp

where m, = m, and m,, = m, for the pion, and m, = m, and m,, = m, for the kaon. Here, ¢p(u), A(u), B(u), pp(u),
@s(u), T (), Ay (a;), Aj(e;), Vo (a;), and V) (e;) are the distribution amplitudes of the pseudoscalar meson with definite
twist. The relevant DAs are as follows:

dp(u) = 6ui[l +alCi(2u—1)+alC¥*(2u—1)) (A8)

51\ 1p 271 811 )\ up
=1 30 —=— |G/ " (Ru—1 3wy — —— — —— C,/ " 2u—-1 A9
¢p(u) +< 3 2/@3) X (2u )+< n3w3 204 10/172302 S (2u—1) (A9)

P 1 T 5 3 5 p)Aan
¢y (u) =6un|l+ (593 — 5 1W3 = 55 Hp = S Hpds Gy (2u—-1) (A10)
1

T (a;) = 360n3a,a,a3 [1 + wy 3 (7a; — 3)} (A11)

where the Ck(x) are the Gegenbauer polynomials and the values of the parameters inside the DAs at the renormalization
scale of y = 1 GeV are af = 0, a5 = 0.44, af = 0.06, a¥ = 0.25, n; = 0.015, and w3 = —3 for the pion and w3 = —1.2
for the kaon. The accuracy of these input parameters are around 30%.

2. Vector mesons

Up to twist-four accuracy, the matrix elements (V(q.¢)|g(x)'¢(0)|0) and (V(q.€)|g(x)I'G,,q(0)|0) are given as
follows:

e - . 2 x2 e _
V(4.0 0r0:000) = Fom (% g, [ aueres (g + = lt)) + (5-0,57) [ dwererpiiw

. Fg-x
1 A 1 _
g [ dwen () + 4300 - 204 w) ) (a12)
1 1
(V(g.€)131(x)7,7592(0)|0) = —Zeﬁ"ﬁ €1qaxpfyvmy /) duyy (u) (A13)
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= (T : ingx p L myx’® |
V(40001 (1) 0)10) = =i (el = cha) [ e g + ™55 g0

- X 1 - 1 1

b mas) [ duem (gl - 58k - Sviw
(q-x) 0 2 2
1 my [ ifigx (y L 1

=+ 5 (gflxl/ - gﬁxﬂ) — du e™? (W4 (Lt) - ¢2 (u)) (A14)

q-xXJo
i e x
<V(q’€)|QI (x)a(,/;gSGﬂy(ux)qz( )‘O> Vm%/ 26] (qaqyg/)’y Qﬂqygav QaQDg/}ﬂ +qlﬂ%/gaﬂ /Da e' (o +uas) qu( )

il +uas)gx (%)
+fVmV(qa ygﬂy qagﬁgj};4+Qﬁ8/rltug(JJt_u)/Daie( uas)g T] (ai)

; (4
+ FVmi (4,695 = QuE9a — 9EaTpy + 90E) an) / Doy eflerte)axT ) (a,)

T 2

+ q-x (QaqME‘/ﬂlxv Q[ingaxy Q(IQVE‘/HIX + Qﬁ%/gax /D(X e' (o) +uas) qXT ((l,)

me2 i(oy+uasz)g-x
+ C‘I/ xV (Q(lqul/}xﬂ - q/}qﬂgl/}xa - Q(IQVE/);Xﬂ + Q[)’('Zygﬁxa) Dai e (o Fuas)q T4<14) (ai)
(A15)
(V(q.€)131(x)9,G,u (ux)q2(0)[0) = ~if ymy (epq, = €lq,,) / Da; e/(“174)47S(a;) (A16)
(V(q.2)]1(x)9,Gp (ux)r502(0)/0) = ~ifymy (€14, — €lq,) / Da; el +1)1+8(a;) (A17)
(V(q. )13, (x) 9,6y (ux)147592(0)0) = fymyq,(eiq, — ehuq,) / Da; e/ H1)9 A(a;) (A18)
<V(q’ 8) |‘_Il (x)gsG/w(ux)iyaCI2(O) ‘0> = fVmVQa(gﬁqy - gﬁqﬂ) / Dai ei(a|+ua3)q~xv(ai) (Alg)

where G, = 1€,,,G* is the dual gluon field strength tensor and [ Da; = [ daydaydas5(1 — ay — ay — az). Now we list
the DAs

3. Two-particle twist-two DAs
Mu) = 6a(1 +a|C)*(8) + ay &3 (&) )u (A20)

¢3 (1) = 6 (1 + af €\ (&) + a3 Gy (€) u. (A21)

4. Two-particle twist-three DAs

Vu) =38 + (3at&(—1+38%)) /2 + ((15c4)/2 = (344) /4)E(-3 + 58
+ (3a+E(=3 4 582))/2 + (50 (3 — 3082 4 3564)) /8 — (3f vy (my, — my,)E(2 + 9a|€ x 2al (11 — 30au)
+ (14 64) +3a)) In(a) + (1 + 6a) — 3a)) In(w)))/(2fTmy) + Bfy(my, +my,)(1 + 8alé + 3a) (7 - 30au)
+ (1 + 6al +3a))eIn(@) — (1 + 64l - 3a))eIn(w)))/ (2fTmy) (A22)
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wi(u) = 6a(1+ C () (at /3 + (5x3)/3) — (CY(£)24) /20 + C3* () (a3 /6 + (5wt)/18))

x u = (3fy(my, —my,)(@(9a] + 10ad&)u + (1 + 64l + 3a))ain(@) — (1 + 64l - 3dl)
x uln(u)))/( va) (3fv(mg, + my,)(au(1 + 2alé +3a)(7 = 5au)) + (1 + 6a) + 3a))iIn(7)
+ (1 +6d) = 3aD)uln(u)))/(fTmy) (A23)

yri(u) = 6a(1+ C2(&)(a) /3 + (20x1)/9) + €2 () (=4 /8 + 1h/4) + €2 (£)(ah /6 + (Sw}) /12 = (5@4) /24
+ (1OC )/9)u = (6f1(m, —m, )(@(9at + 10ay&)u + (1 + 6ay + 3ai )i In()
= (14 6ay = 3a)uln(u)))/(fymy) + (617 (my, +my,)(@u x (2 + 3ai-é + 2ay (11 — 10au))
+ (1 +6ay +3ai)uln(i) + (1 + 6ay —3ai) x uln(u)))/(fymy) (A24)

¢ (u) = (3a)E)/2 + (3(1 + &))/4 + (5k — (1525)/16 + (1513)/8)&(=3 + 52)
+((9a)) /112 + (150]) /32 = (15@])/64)(3 = 3082 + 3564) + (=1 + 3¢2)((3al)/7

+ SC ) — BfL(my, —my,) (28 + 2a5E(11 = 20au) + 9ai- (1 — 2iu) + (1 + 6ay + 3ai) In(@)
— (14 6ay —3ai)In(u))/(2fymy) + 3fL(m,, +m, )2+ 9ai &+ 2ay (11 — 30iu)
+ (1 +6ay + 3ai)In(it) + (1 + 6ay — 3ai)In(u)))/(2fymy). (A25)

5. Two-particle twist-four DAs

yh(u) = 1+ CY2(&)((=9a])/5 = (206})/3 — (16K1)/3) + C}/*(£)((9a)) /5 + 12x})
+ CY2(&)(=568 + 100]) + (61T (my, —my) (€ + (at (=1 +382))/2
+ (53 (=1 +38%))/2 + (a5 &(=3 +58%))/2 + (Swy &(=3 +5¢%)) /6
— (M(3 - 308> +3564))/16))/ (fymy) + Cy*(£)((—27a}) /28 - (150))/8
— (1504)/16 + (5¢)/4) + €52 (&)(=1 = (2a))/7 + (4023)/3) = (20C;*(8)¢1) /3 (A26)

A(u) = (61f (my, = m,,)(—(CY(&)((82a)/5 + 106)) + CY2(9)((2a1)/5 + (724 /54)
+ (2CY2(£)2E) /135 + C*(£)(—2/315 + at /5 — wt/21) + 203 (£)(10/189
+at/3—wt/20)u)/(Fymy) + (6if(m,, +mg,)(2(3 + 16a3) + (10C}(&)(-at
+x3))/3 = (C2(9)43)/10 + G (&) (—at + (501)/9))u)/ (fymy)
+3022(CY2(&)((17a])/50 = A4/5 + <2z“>/5> +(CY*(8)((9a))/7 + (Ta) /6
— (3k)/4+£1/9))/10 + (4(1 + ab/21 + (1023)/9))/5)u? + 302>(C}/*(£)((268) /3
— (80))/15) + (20£})/9)u® + (fT(m,, —my,)((=23 — 108a% — 54at + 5u?) In(&)

— (=23 = 108ay + 54ai + 5i*) In(u)))/(fyvmy) + 2415 (m, +m,)((1 + 6as

+3at)@? In(@) + (1 + 6a3 — 3ai)u® In(u)))/(fymy) + 4(a) — (40x})/3)((11

—382)/8 = (2 — )i In(it) + (2 — u)u In(u)) + 80wl (11 = 382)/8

— (2= @)@ In(&) + (2 — u)u’ In(u)) — 80&) ((@(21 — 13§z)u)/8 +#3(10 — 15@

+602) In(it) + 13(10 — 15u + 6u?) In(u)) + 2(=2a) + 30! — (142))/3)((n(21

—13&%)u)/8 + (10 — 15i + 6i*) In(it) + u? (10 — 15u + 6u?) In(u)) (A27)
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yi () = 1+ C/2(O)(-3a) /5 + 126f) + (CY2(&)ad) /3 + C (&) ((=3a3) /7
— (50i)/4) + C2(&)((3at) /5 = Sct — 12} = 33/3+5((=04 - 67)/2+ 6}
+01)) + (Fy(my, +mg,)(3(1+6ab) +3a)CY2(&) + 5C/7(8)(4k) — (343)/4
+(32)/2) + (15C% (&) (20} — @))) /4 + 5CY (&) (=3d) + 421))/ (fTmy)
+CY2 (&) (=1 + (Bag)/T = 10(¢F + &) = (6ify(m,, —my,)(Oa) + 10a)e) x u)/(fhmy)
+ (6fv(my, = my)(=((1 + 6a) + 3a))aln(@)) + (1 + 6a) — 3a]) x uln(u)))/(fTmy)
+ (6fy(my, +my,)((1 + 64} +3a)ain(@) + (1 + 6a) — 3al) x uln(u)))/(fTmy)

¢ (1) = 300%(2/5 + (4a3)/35 — (4C3(£)33)/1575 + €32 (£)((3a3) /35 + w3 /60)
+ (&) ((Bat) /25 + kL /3 — 2+ /45 4 (764)/30 — (3605)/20 — 6715 + B /5)
+ (4¢3)/3 = (883)/3)u* + (—aqi + Sk3 — 203 ) ((@&(=11+3%)u) /2 +4(2 — &)
x i3 In(it) —4(2 — u)u In(u)) + ((=36a3)/11 — (252401 )) /55 — (140{QPDW))/11
+ 20%) (—(i(=21 + 1382)u) /8 + i3 (10 — 150 + 6@2) In(&) + u3(10 — 15u + 6u?) In(u)).

6. Three-particle twist-three DAs
S(ay, a3) = 3003 (((=3(a7 + (1 = ay = @3)?))/2 + (1 = a3)a3)yy + (=6a; (1 — ) — a3)
+ (L=a)as)yi + (1= as)yy — (=1 + 201 + a3)(((=3 + 53)05) /2 + 301 6y))

S(ay, a3) =303 (((=3(a? + (1 —ay — a3)%))/2 4+ (1 = a3)a3 > + (=60, (1 — oy — at3)
+ (1 —a3)a)it + (1 —a)ig — (o — a3)(((—3 + 5a3)05 ) /2 + a361°65))

V(ay. az) = 360a; (1 — a; — a3) a2 (k) + (=3 + Ta3)A)) /2 + (=1 + 2a; + a3)))
Alay, a3) = 3600 (1 — @y — a3)a3 (=1 +2a; + as)2 + (=3 + Tas)) /2 + 1)

T (ay,a3) = 360a; (1 —a; — a3)a3(ky + (=3 + Ta3)23)/2 + (=1 + 2a; + a3)w3).

7. Three-particle twist-four DAs

TW(ay, a3) = 1200, (1 — ay — az)as (=1 + 2 + a3)t + pf + (=1 + 3a3)pt)

T3 (1, a5) = =303 (= (=1 + 2y + @3)(((=3 + 5a3)i3) /2 + it + 7)) + (=3 + (1 — o — a3)2)) /2

+ (1 = a)a3)fy + (61 (1 —ay — @) + (1 — a3)a3)07 + (1 - a3)65)
T (. a3) = =120a, (1 — @y — as)ats (=1 + 3a3)3 + (=1 + 2, + a3)i + )

T (a1, a3) = 3003 (—((=1 + 2a; + a3) (=3 + 5a3)yd) /2 + asyrt +wid)) + (<3( + (1 —a) — a3)2))/2
+ (1 —a3)a3)05y + (=601 (1 —a; — az) + (1 —a3)a3)01 + (1 — a3)07)

(A28)

(A29)

(A30)

(A31)
(A32)

(A33)

(A34)

(A35)

(A36)

(A37)

(A38)

where we have replaced a, = 1 — a; — a3 before the integration and we take £ = # since the second quark is at the point
x =0. The ¢, and ¢, indicate the quark components of the vector meson. The p meson has both light quarks, hence
my = m,, = 0. The K* meson has one strange quark and one light quark, thus m, = mg but m,, = 0. The derived DA

parameters are given as follows:
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wy =7
oy =&

05 = ~(1/6)xt — (1/3)c
85 = ~(1/6)ct + (1/3)ct
ot = (1/6)xt + (1/3)t
Bt = (1/6)k — (1/3)ct

¢t = (9/44)ay + (1/8)wy + (63/220)(Q)

—~ (119/44)¢Q™)

¢t = —(9/44)azy + (1/8)wy — (63/220)(0V)

— (35/44)¢ Q%)

yi = (3/44)ay + (1/12)wy + (49/110)(0")

= (1/22)(Q%) + (7/3)40P)

i = —(3/44)ay + (1/12)a5 - (49/110)(0"))

+(7/22)4QP) + (7/3)4Q™))

yy = —(3/22)ay — (1/12)w5 + (28/55)¢Q"")

+(7/1D)EQP) + (14/3)(Q%))

gy = (3/22)ay — (1/12)wy - (28/55)0)

= (1/1)4Q) + (14/3)(0%))
0} = ~(7/10)a}¢,}
0} = (1/5)alc|
vy = —(7/20)a)¢}
O = —(21/10)¢3af
oF = (21/10)3af

0t = (21/5)¢kat

(A39)
(A40)
(A41)
(A42)
(A43)

(A44)

(A45)

(A46)

(A47)

(A48)

(A49)

(A50)
(AS1)
(A52)
(A53)
(A54)
(A55)

(A56)

KK f(u) i 1622
. . I/t _)7‘—
e 4 (ZmQ)l(2le)J

(MP) f(ug) e/ /
(m

Q+mQ1

TABLE V. The numerical values for the parameters in the DAs
for vector mesons p and K*. The renormalization scale is
u =1 GeV. The accuracy of these parameters are around 30%
to 50%.

ot K pt K pt K*
fy [GeV] 0216 022 ¢! 003 0023 wf 055 03
/7 IGev] 0.165 0.185 A1 0 0035 A 0 -0.025
my [GeV] 0.77 0.892 @) —0.09 —0.07 ¢, 0.07 0.02

al 0 003 ki 0 0 @) —003 —0.02
at 0 004 ol 015 01 ¢& —008 —0.05
dl 015 011 i1 0 -0.008 & —0.08 —0.05
at 014 01 x& 0 0003 ) 0 -0025

kb0 0013

B} = —(21/5)c}at (AST)
$y = —(21/20)¢7at (AS8)
(Y = —(10/3)¢+ (A59)
() = ¢t (A60)
() =0 (A61)

The numerical values for the DA parameters are given in
Table V.

The light quark masses are taken to be zero, namely,
m, =my; =0, and the mass of the strange quark at
1 =1 GeV is taken to be m; = 0.137 GeV.

APPENDIX B: DETAILS OF CALCULATIONS IN
THE THEORETICAL PART

In this section, we present some steps of the calculations
needed in the theoretical analysis. In what follows, f(u)
and F(a;) denote generic two- and three-particle DAs,

respectively, and we let K; := K;(myV—x?)/(V—x*)" and
K] = KJ(mQ/ V —xz)/( V —xz)j.

1. Terms proportional to O((G)°)

For the sake of simplicity, we suppress the integral
measures, [du [ d*xe!(P+ia)x on the left-hand side.

2 . . m2 mz/
ds e™s/M" x /daa’_l(l —a)f_lé(s -L2__<9 >
)2 a l-a
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—i(ug'pu+qu) i 16n° TP / o
K.K. _ - (M2 mi, /2M d s/M
i jf(u) ~ M? 4 (2mQ)l(2mQ’)]( S o)™ (mg+mey)? ve
my  m2
daa='(1 =a)1s _ o Y B2
) / aa”(1-a) (S a l-a (B2)

—(ug" py + 4,) (5" py + q,) —ug'M?g,, i 1627

x, %, KiK;f(u) - (M?)1 i f (ug) e~/ 2M?

m* 4 (2mgy) (2my )
K ) ) m2 m2[
X / ’ ds e_s/Mz/daa’_l(l —a)1_15<S——Q__Q> (B3)
(mQ+mQ/)2 (04 1l—«a
] 1677.'2 2 2 So 2
RKK () = g/ g )/ ds e=5/M
’ 4 (2mQ)l(2mQ’)] 0 (mQ+inQ/)2
, , m3  m2, = A(=-1 4 a) (M (-1 + i+ jla+ m3) + dam?,
X/d(l(ll_l(l—a)]_lé S——Q— 0 (Mz)_3+l+]x ( )( ( J) Q) 0
a l-a ala—1)
(B4)
x sz K f(u) R _i(ualpﬂ + C]ﬂ) i 167[2 Mze_m%//Zsz(u )/50 ds e_S/MZ
iR 1 i ' 0
g ! M? 4(2mg)'(2mg )’ (mgtmey)?
m2  m,
daa=1(1 =a)-1s(s——2 — 2 \(p2)3+iti
) / aa™(1-a) (S a l-a (M)
—4(=1 4+ a)(M*(=1 + i+ jla+ m%) + dam?,
AL+ @) j)a -+ md) + dan .
ala—1)
—1 -1 142 . b
- +q,)(uy' py+q,) —uy' Mg, i 16 s
2K K. (u() Pu H v b : MRemi/2M
xﬂxl/x 1 jf(u) - M4 4 (ZmQ)’(ZmQ/)J e f(l/i())
K , ) ) mZ m2/
></0 dse‘"'/M'/daa’_l(l—a)1‘15<s_Q_Q)
(mQ+mQ/)2 o l—a
(=14 ) (MAH(=1 4+ i+ )a+ m3) + dam?,
% (M2)_3+l+j ( )( ( ]) Q) Q (B6)

ala—1)

X*K.K; (u) — i.L]‘/[2e—mzv/ZM2f(Mo) /SO ds e=5/M
' 4 <2mQ)l(2mQ’)] (mo+my)?

' ' m2  m%, 0\ 16(M2)5Tit
X /daa’_l(l - a)/_15<s B — ) 2(( 1>+ 7 X (MY =2+ i+ j)(=1+i+j)(-1+a)a?
a*(-1+a

+ (=1 +a)my(2M* (=2 + i + jla+ my) = 2(=1 + a)a(M* (=2 + i + j)a + my)my, + a’my)  (B7)
—i(ug'p,+q,) i 1672

x, X KK f(u) — Z : .Mze_m%’/Zsz(%) /SO ds e/
M 1y M? 4(2mQ)l(2mQ1)] (mQ+mQ/)2

m2 m2, 16(M2)—5+i+j
i— j— Qo Y . . . .
X /daa (1 —a)/ '5<s—7— 0 —a> 2(<1 7 a) X (MY (=2 +i+j)(=1+i+j)(~1+a)*a?

+ (=1 +a)P?my(2M* (=2 + i + jla+mp) = 2(=1 + a)a(M* (=2 + i + jla+ sz)sz, + azmz,)
(B8)
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_(ualp” + ‘Iu)(ualpy + Qy) - ualegﬂyi 16712 .Mze—m%//Qsz(M )
M* 4(2mgy) (2my)’ 0

Kt ) ) m2 m2,
></0 dse_S/Mz/daa’_l(l—(1)1_15<s——Q——Q)
(mQ+inQ/)2 o 1—a

16(M2)—5+i+j
a*(—1+a)?
+ (=1 + a)?my(2M* (=2 + i + j)a + mp)
=2(=1+ @)a(M* (=2 + i+ j)a+ my)mp, + a®my,). (B9)

x, %, X KK f (u) —

(M (=24 i+ ) (=1 + i+ j)(~1 + a)?a?

2. Terms proportional to O((G)!)
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where

M3

ug = m (B19)
For terms containing g - x, we perform the following operation:
(q-x)"f(u) > { g__i%)nf(u)’ . "0 (B20)
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n (G Fa), n>0
) = (—iu)™ [° dag") . jg(;) dagz> fg?) dagl)}"(a], 1—a - agU, agl)), n<0 (B2
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