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Rotating Chemical Waves in Small Circular Domains
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The influence of the domain size on the properties of rotating waves in the NO1 CO reaction on a
microstructured Pt(100) surface is investigated for circular geometries. Below a critical domain size,
determined by the spiral wavelength in an unbounded medium, the frequency of the rotating waves
increases substantially due to interaction of the wave tip with the boundary. The phenomena are
reproduced qualitatively with a reaction-diffusion model.

PACS numbers: 82.65.Jv, 05.70.Ln
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Pattern formation in reaction-diffusion systems h
been studied mainly in situations where the boundar
do not play an important role. In many cases, essen
quantities like the wavelength and temporal period of
pattern are unchanged by the actual system geome
One ubiquitous pattern in experiments and models is
rotating spiral wave [1–3] which in the simplest cas
performs a rotation with a unique, parameter-depend
frequency around a localized core region. Recently,
was shown that the presence of the boundary can af
the propagation of reaction-diffusion waves in a cruci
manner: New spirals may form when plane wav
encounter sharp corners in a boundary [4], while existi
spirals tend to drift along the boundaries [5,6]. Howeve
as has been demonstrated in a few theoretical studies,
only the geometry [7] but also the size of the doma
influences properties and existence of these patterns [8

Here we present experiments on a pattern-forming
action in small circular domains of varying sizes. Whil
spiral waves appear under our experimental conditions
larger domains, rotating “pulses” are observed for the sa
control parameters in these small circles (they may be
terpreted as spiral tips). The properties of these wav
change drastically as the diameter of the domains becom
comparable to the spiral wavelength in large, practica
unbounded domains. The experiments are complemen
by numerical simulations showing the scaling behavior
the period with respect to the domain size and the influen
of the parameters.

The system studied is the NO1 CO reaction on a mi-
crostructured Pt(100) surface. We investigate the react
under isothermal conditions at low pressure (1026 mbar
range). From previous studies it is well known that th
reaction exhibits spiral waves and wave trains who
wavelength varies strongly with temperature [9]. Usin
microlithographic techniques, we constructed small circ
lar domains of the bare Pt surface which are surround
by an inert layer of Ti/TiO2 [10]. The size of the catalyt-
ically active domains (20–400mm) is the range of the
wavelength of the patterns. The spatiotemporal dynam
of the adsorbate concentration (or more precisely the lo
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work function change) are recorded with a photoemiss
electron microscope (PEEM) permitting a spatial reso
tion of ø1 mm and a temporal resolution of 20 ms [11].

Figure 1(a) displays a PEEM image in a 200mm cir-
cle recorded under conditions where the ratio waveleng
domain size of 40mm/200mm still allows a clear iden-
tification of a spiral pattern. In the small domains of 2
30, 40, and 50mm size the visual impression is that of
rotating pulse, but a reliable assignment of the pattern

FIG. 1. Spiral waves in large circular domains of Pt(100)
the NO1 CO reaction. Experimental conditions:pNO ­ 4 3
1026 mbar,pCO ­ 3 3 1026 mbar. (a) PEEM image recorded
at T ­ 426.5 K showing a spiral wave in a 200mm circular
domain. (b) Dependence of the wavelengthl on the sample
temperatureT . The data were measured in a 400mm circle.
© 1996 The American Physical Society
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quires a more elaborate analysis as will be shown belo
Spiral waves are found in a temperature range betwe
426 and 436 K for the chosenpNO, pCO conditions. Fig-
ure 1(b) shows the dependence of the spiral wavelen
on the surface temperature as measured in the 400mm
circle. The temperature at which the following measur
ments have been performed is marked by a dashed l
The strong increase of the wavelength at the low temp
ature boundary of the spiral region is characteristic f
excitable media [3].

Measurements of the local intensity variations by in
tegrating the PEEM intensity in a small window o
5 3 5 mm size yields the time series displayed in Fig. 2
The frequencyn increases considerably with decreasin
domain size as evidenced by a ration 50 : n 40 : n 30 : n 20 ø
1 : 1 : 2 : 3. Such a strong dependence of the frequen
on the domain size was, however, observed only wh
p, T conditions were chosen close to the boundary of t
existence range for spiral waves.

For a careful analysis of the patterns in the small d
mains, the method of empirical orthogonal eigenfunctio
(EOF) or Karhunen-Loeve (KL) decomposition was ap
plied to the spatiotemporal data [12,13]. This metho
is widely used for the identification of coherent spatia
structures from experimental or numerical spatiotempo
data [14]. The procedure extracts the main components
the dynamics in the form of linearly independent orthog
onal eigenfunctions which are optimal in the sense th
the overlap of the data with the eigenfunctions is ma
imized for a given number of modes. Hence, the sp
tiotemporal datausr, td in this method are represented in
the formusr, td ­

P
i a1stdcisrd with ci denoting spatial

FIG. 2. Local PEEM intensity variations in domains of 20
30, 40, and 50mm diameter (from bottom to top). The
PEEM intensity was integrated in a window of5 3 5 mm size
in each case. Experimental conditions:T ­ 426.5 K, pNO ­
4 3 1026 mbar,pCO ­ 3 3 1026 mbar. All data shown have
been scaled to the same maximum amplitude.
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modei andaistd the time-dependent coefficient of mod
i. The KL method also has the advantage that it disce
the dominant structures in the presence of a strong ba
ground noise.

The KL decomposition of the four cycles (20, 30, 4
and 50mm diameter) yielded similar modes and, for th
reason, only the important EOFs of the 40mm circle are
displayed in Fig. 3(a). For comparison, the correspo
ing EOFs of a simulated rotating wave are shown
Fig. 3(b). Due to the influence of surface structural d
fects in our data, the observed and calculated orde
of the modes do not coincide. All the modes shown
Fig. 3 are complemented by partner modes with compa
ble weight that are rotated by angles ofpy2, py4, and
py6, respectively. A similar behavior is found for th
time-dependent coefficientsaistd of such a pair; they are
shifted by a quarter of their period. Thus the reconstr

FIG. 3. (a) Comparison of a KL decomposition of experime
tal data and (b) a simulated spiral wave. The number a
the weight are given for each mode. The experimental d
were taken from the 40mm circle under the conditions given in
Fig. 2. The simulations were conducted with the model giv
in the text for a domain diameterd ­ 7.8 and parameter val-
uesa ­ 0.8, ´ ­ 0.025, andb ­ 0.12. A black (white) color
code denotes large positive (negative) amplitude of the mo
while gray areas lie in the vicinity of zero amplitude.
1385
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tion of the spatiotemporal dynamics of these modes yie
a wave rotating around the center of the circular doma
In polar coordinates the angular profiles of thenth pair
of modes (with indices2n 2 1 and2n) are well approxi-
mated byAisrd sinsnud where the radial partsAisrd vanish
at the center. The frequencies of the coefficientsaistd of
the first harmonic mode pair also coincide with the ma
frequency obtained from a Fourier transformation of th
local time series of Fig. 2. The comparison of experime
and simulation clearly demonstrates that the experimen
data represent rotating waves, whose frequency increa
with decreasing domain size. The frequency increase s
in when the domain diameterd becomes comparable to th
free spiral wavelengthl in the unbounded medium [see
Fig. 1(b)]. The frequency doubles at adyl ratio of ap-
proximately 0.75.

An increase of the rotational frequency of such a sp
ral fragment with decreasing system size has already b
predicted by a kinematical theory [8] and in the singul
perturbation limit of an excitable mediums´ ø 1d [15].
The present experimental results are more in line with t
predictions of the kinematical theory than with the sing
lar limit, where only a very weak effect of the boundary
found. This stems from the fact that they have been m
sured close to the existence boundary of spirals [3], wh
the kinematical theory’s assumption of weak excitabili
holds. In order to obtain parameter dependencies aw
from this limit and in order to investigate the scaling be
havior, we performed numerical simulations with a sta
dard model for excitable media [16],

≠u
≠t

­
1
´

us1 2 ud

√
u 2

y 1 b
a

!
1 D=2u , (1)

≠y

≠t
­ u 2 y . (2)

with this activatorsud–inhibitor syd model, we simulated
spiral waves for varying domain diameters and differe
values ofb while a and´ were kept constant. An excitable
medium is realized by a choice ofa , 1, b positive and
small and´ ø 1 leading to a stable, homogeneous re
statesu, yd ­ s0, 0d. Since the experimental boundarie
the Ti/TiO2 layers, can be considered to be inert, w
implemented zero-flux boundary conditions. As an initi
condition, we created a spiral in a large domain and la
imposed circular boundaries with varying domain diame
around the original spiral’s center of rotation.

A plot of the numerically calculated rotational perio
t vs the domain diameterd shown in Fig. 4 reveals that
for high excitability (b ­ 0.02, bottom curve) the period
decreases only by about 10% with decreasingd, while
for b values close to the existence boundary atbcrit ­
0.125 (b ­ 0.12, top curve) the period decreases to 30
of its saturation value with decreasing domain size. F
all parameter values used here, Eqs. (1) and (2) exhib
steadily rotating spirals in the unbounded domain. Wh
decreasing the domain size, spiral meandering [3,16]
1386
s
.

t
al
es
ts

-
en
r

e
-

a-
re

y

-

t

t

l
r
r

r
d

n
is

FIG. 4. Simulations showing the dependence of the rotatio
periodt of spiral waves on the diameterd of circular domains
for different parameter valuesb (from the top to the bottom
curve, b values are 0.12, 0.115, 0.11, 0.10, 0.06, and 0.02)
fixed a ­ 0.8 and ´ ­ 0.025. The corresponding wavelength
to b ­ 0.02 (b ­ 0.12) is 11.2 (54.2). The inset displays th
scaled periodt/t 0 on the scaled domain diameterdyl (t 0

and l refer to spiral period and wavelength in an unbound
medium).

found near the onset of the frequency increase, wher
the spirals are restabilized upon further decrease of
domain size, and the rotation center always coincides w
the domain center, as already noted by Davydov and Zyk
[8]. Even spirals that are initiated off-center drift towar
the middle of the domain. Note that the modes extrac
from the experimental data are also centered in the sa
way [see the example in Fig. 3(a)]. If the domain sized
is scaled by the free spiral wavelengthl and the periodt
sdd by the spiral periodt 0 in an unbounded medium, the
curves for differentb almost collapse into a single curve
as evidenced by the inset of Fig. 4.

The simulations support the linear increase of the f
quency with the inverse domain size, as anticipated in
analysis of Davydov and Zykov [8]. Figure 4 also show
that the medium below a critical size no longer suppo
spiral formation. This cutoff length apparently does n
scale with the variation of the wavelength; this accoun
for the different magnitude of the frequency increase
high excitability (small wavelength comparable to the cu
off length) and low excitability (wavelength larger than th
cutoff length). A stability analysis of the spiral waves in
rotating frame [16] with the size as a bifurcation parame
links the cutoff to a saddle-node bifurcation, at which th
spiral solution disappears [17].

Simulations and experiment can be discussed in te
of three characteristic quantities: a domain sized1, below
which the frequency starts to increase, a certain dom
size d2, at which the frequency doubles, and finally th
cutoff sized3. Whiled1 . d3 in general holds, the relation
d2 . d3, indicating an appreciable change in the rotati
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period, is fulfilled only for weak excitability. As shown
by the inset of Fig. 4,d1 and d2 scale with the spiral
wavelength. The scaled values appear to depend on
details of the kinetics since the experiment yieldsd1yl ­
1 andd2yl ­ 0.75, while the simulation predictsd1yl ­
0.5 andd2yl ­ 0.25.

The increase in the spiral frequency with decreas
domain size can be made plausible with a very sim
picture: The restricted boundaries cause a compres
of the spiral core, i.e., the quiescent zone in the cen
of the spiral (visible in Fig. 3 as the gray area in th
modes), thus allowing for a faster rotation of the spir
The compression of the spiral core can be made vis
both in experiment and in simulation by making profi
cuts through the leading modes (see Fig. 3) of a
decomposition.

A similar increase in frequency as by reduction of t
domain size can also be obtained by the interaction
rotating waves in a small domain. This could be observ
under slightly different experimental conditions where t
spiral wavelength was about 20mm in the unbounded
medium: In the 20mm circle, a pair of rotating waves
exhibited a 50% lower period than a single rotating wa
On the other hand, in larger circles, wave pairs and sin
waves rotated with equal frequency. This phenomeno
observed for wave pairs with the same and opposite se
of rotation. Model calculations have already reveal
that interaction of rotating waves leads to the formati
of bound pairs of waves both in oscillatory [18] an
excitable media [19]. In the latter case, a frequen
increase analogous to the one seen in our experim
has been reported. This phenomenon is related to
boundary-induced frequency change, since a spiral in
presence of a straight zero-flux boundary can be thou
of as interacting with its mirror image.

In summary, we have shown experimentally and
numerical simulations that the properties of spiral wav
are decisively influenced in weakly excitable media
the wavelength becomes comparable to the size of
system. Such effects can become important in so-ca
real heterogeneous catalysts which usually consist
small metal particles and in biological systems where
system size is also often strongly restricted.
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