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M,; Sum over the i-th column of the matrix M, 52
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Strings

@ Alphabet size, 17
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ueT u is a node of T'; 21
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u— v An edge labeled w going from node u to node v, 21

deg(u) The number of outgoing edges of a node u, 21

CHLD7(u) The set of children of a node u, 21

PART(u) The parent of a node u, 21

Gr = (Vr,Er) The state transition support graph of T, 71

Tt The completion of a GCT T to a full tree, 23

Tyt The FSM closure of T obtained by adding, as nodes, all the suffixes of
nodes of T, 29

T The minimal canonical extension of T, 71

Ty The normalized presentation of T, 25

N(T) The set of GCTs with the same normalized presentation as 7', 25
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State transition matrix of ", 51

State transition matrix of ™ with respect to T¢, 89

Probability assignments and coding

(T, p)
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Pirpry {3
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L(T,z")

A (generalized) context tree model with (generalized) context tree T and
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Probability under P7,,,,(-) of an event that depends on a random se-
quence X™ € A" 51

The maximum likelihood probability of ™ under T', 99
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The entropy rate of a source, 2
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Specific notation for Chapter 3 and Appendix C
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Chapter 1

Introduction

1.1 Information sources and universal coding

Consider an information source that produces messages to be transmitted over a communi-
cation system. As described in Shannon’s foundational paper [70], we can think of a discrete
information source as generating a message, symbol by symbol, each belonging to a finite
alphabet A; we model this sequence of messages by means of a stochastic process. We will
interchangeably use the terms source and model, to refer to the probabilistic modeling of an
information source. Depending on the characteristics of the system, we may choose different
classes of stochastic processes. In a memoryless source, each symbol is generated according
to a fixed probability law; the symbols are independent and identically distributed (i.i.d.).
When contiguous symbols are presumably related to each other, we may instead model the
information source by means of a Markov chain.

In a Markov (or finite-memory) source, there exists an integer constant m > 0, such
that for every index ¢ the probability of the i-th symbol z; is determined exclusively by the
preceding m symbols z;_, - - - £;—1. The minimum such m is the order of the Markov source.
A more general setting associates the emission of symbols to state transitions of a Markov
chain. Thus, for a Markov chain with a finite set of states S, and a transition probability
matrix p, the source emits a symbol f(u,v) whenever the Markov chain goes in a one-step
transition from state u to state v, where f is a function f : S x S — A. When for every state
u, the symbols associated to positive probability state transitions departing from w are all
different, i.e., f(u,v) # f(u,v’) for all v # v’ such that p,, > 0 and p, s > 0, the source can
be implemented with a finite state machine (FSM). The latter is comprised of a finite set of
states S and a next-state function g : S x A — S. A source of this kind is termed an FSM
source and it is characterized by an underlying FSM, together with a probability distribution
for the initial state and a set of conditional probability distributions on A, one associated
to each state of the FSM, of emitting a symbol given the current state. Notice that Markov
sources are special cases of FSM sources. In general, the latter may yield infinite-memory
processes, in the sense that no fixed number of past symbols may suffice to determine the
current state of the Markov chain.

We point out that the terminology used for classes of sources is not always consistent in
the literature. The term Markov source in [70] refers to the general setting in which a function
f(u,v) associates a symbol to each possible transition. The term FSM source has been used
for example in [84] with a fixed initial state, while in [2], this is termed a unifilar Markov
source. In [2], however, the emission of symbols is associated to states rather than transitions,
and the initial state is selected according to a stationary distribution of the Markov chain.



2 1. Introduction

What we have termed a Markov source, is a unifilar finite-memory Markov source in [2].
We will get into a more detailed discussion of stochastic modeling of information sources in
Section 2.1 when we review finite-memory processes.

Now, suppose we want to encode the data generated by a source as a sequence of binary
symbols to be transmitted over a communication channel. A code, C : A — {0,1}*, maps each
symbol of the source alphabet A to a codeword, which is a finite binary string. If no symbol
is assigned a codeword that is a prefix of another codeword, the code is a prefiz code. A code
is uniquely decodable if any binary sequence that arises as the concatenation of codewords,
C(x1)C(x2) - - - C(xy), uniquely determines the original sequence of source symbols z1,z2 - - - Tp.
Of course, a prefix code is uniquely decodable, although there are uniquely decodable codes
that are not prefix codes.

The entropy of a source was introduced as a fundamental limit in source coding (or data
compression) by Shannon in his seminal paper [70]. Indeed, for a random variable X, which
takes values on a finite alphabet A = {a;...ax}, with probabilities {p; ...px}, the entropy
of X, H(X) = —>_pilogp;,' gives a lower bound on the expected number of bits required to
describe an outcome of X . In other words, if each symbol a; is encoded with a binary string of
length /; by a uniquely decodable code C, then the expected length of C for X, >, p;l;, is lower
bounded by H(X). This follows essentially from Kraft’s inequality for prefix codes, extended
to uniquely decodable codes by McMillan [52], which constrains the codeword lengths to
satisfy 227% < 1. Conversely, for any set of positive integers {l/;} that satisfy Kraft’s
inequality there exists a prefix code with these codeword lengths (see, e.g., [12, Chapter 5]),
which makes non-prefix codes of little interest among the class of uniquely decodable codes.

Notice that the minimum expected code length H(X) is attained exactly if we can define a
code with ideal codeword lengths [; = — log p;. Although these lengths obviously satisfy Kraft’s
inequality, they may not be integer numbers. A Shannon code? [70] assigns a codeword of
length [—logp;] to each symbol a;, and achieves an expected code length that exceeds the
entropy of X by at most one bit. This code was applied in [70] to blocks X" = X;...X,,
of n consecutive symbols emitted by a source (regarded as “macro-symbols” in an extended
alphabet A™), to obtain a per-symbol expected code length that satisfies

H(X") _B[Le(X™)] _HEX"Y 1
n n n n

where E[ ] denotes expectation with respect to the source and L¢(X") denotes the length of
the codeword C(X™). When {X;} represents a discrete stationary random process, = H(X™)
has a limit H, termed the entropy rate of the process [70]. H represents a lower bound on
the expected per-symbol code length, which is at the same time asymptotically attainable,
for example by a Shannon code on length-n blocks of symbols. Moreover, by means of an
arithmetic coder [57], one can overcome the practical problems that arise from extending the
alphabet size as n grows large, and approach in practice the entropy rate limit.

!Exponentials and logarithms are taken with respect to base 2.
2The Shannon code is also known as a Shannon-Fano code, as Fano developed independently a different
construction for essentially the same code published in [26].



1.1. Information sources and universal coding 3

In general, a probability distribution P, suitable for modeling the data generation mech-
anism of the information source, is unknown a priori. When it is reasonable to assume that
P belongs to a certain known class P (for example the class of all Markov sources of a fixed
order m), we may seek a code that performs asymptotically well for all sources in the class
simultaneously. Here, the term code refers in fact to a sequence of codes, {C,,}, one for each
input length n, and we are interested in large n. In the sequel we will use the term code to
refer either to a specific mapping from a given finite alphabet to binary codewords, or to a
sequence of such mappings, {C,}, C,, : A" — {0, 1}*.

For a sequence of n symbols ™ € A", the pointwise redundancy of a code is the difference
between the codeword length for ™ and the ideal code length, —log P(z"), where P(z") is
the probability assigned by the source to z™. Thus, the pointwise redundancy is given by

Rpe,(2") = Le, (2") + log P(z").

The expectation of Rpg, (X™) with respect to P is the expected redundancy of the code for
the given source, and it is given by

Rpe, =Ep|Rpe, (X™) | =Ep| L, (X™) ] — H(X™).

Since the entropy H(X™) represents a lower bound on the mean length of any uniquely
decodable code, the expected redundancy is non-negative. Given a code and a class P of
distributions, the worst-case expected redundancy is defined as

Re, = sup Rpg,, ,
pPeP

and the worst-case mazimum redundancy is defined as

R; = sup max Rpg, (z").

" pepzreAr
We say that a code, {C,}, is universal in the class P if the normalized expected redun-
dancy, %RRCH, vanishes for each P € P as n goes to infinity. Universality may be strong
or weak, depending on whether the convergence is uniform in the class, i.e., whether %ch
vanishes, or not, respectively [18].% If the normalized mazimum pointwise redundancy, defined
as %maxxne An Rpc, (2™), converges to zero for each P € P, the code is pointwise universal in
the class P. Again, the universality is strong if %Rén vanishes as n grows. Clearly, pointwise

universality implies universality (in expectation).
With the problem of optimally encoding a source under perfect knowledge of the prob-
ability distribution essentially solved, we can address universality by looking for universal
probability distributions @, on length-n sequences,® which are simultaneously close to all

3The notion of universality we have defined corresponds to minimaz universality in [18], where also mazimin
universality is defined. Later, however, it was shown that both concepts are equivalent [31, 64, 20].

*In rigor it is only required that the ideal code lengths {—log @.(z™)}, over all length-n sequences z",
satisfy Kraft’s inequality. Thus, @, does not need to sum up to unity.
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the distributions P in the class, in the sense of yielding a vanishing normalized divergence®,

defined [43] as

%D(PHQR) _ %Ep[—log Qu(X1 -+ X)) +log P(Xy -~ X,) ] . (1.1)
Notice that (1.1) is the penalty in per-symbol expected ideal code length incurred when
assuming that the distribution is @), when it is actually P. In other words, the divergence
D(P||Qy,) is the expected redundancy of an ideal code for @Q),, when the actual distribution is
P. Notice also that, although a code attaining ideal length for @,, only exists when @, (z") is a
power of two for all length-n sequences =", the codeword lengths of a Shannon code for @, are
within one bit of the ideal codeword lengths and, thus, the normalized expected redundancy
of this Shannon code vanishes if (1.1) does. A sequence of probability distributions {@y, }»>0 is
called a probability assignment. We will formalize this definition later on. Thus, the problem
of finding universal codes for classes of models is equivalent to that of finding universal
probability assignments for them.

The idea of universal coding was first introduced by Kolmogorov [39], and developed later
for several particular classes of processes (see e.g. [29, 30, 18, 19, 42]), showing that it is
possible in fact to construct universal codes for several classes of interest. A natural question
is, then, at what rate a universal code can approach the entropy rate H. For a parametric
class P, Rissanen’s lower bound [59, Theorem 1] “quantifies” the very intuitive idea that
the optimal rate depends on the richness of P. Specifically, consider a parametric class of
distributions P = {Py}gcor, where the parameter space OF is a compact subset of R¥, where
R denotes the real numbers. It is shown in [59] that, under some mild conditions, for any

universal code for P, the normalized expected redundancy for a block of n symbols is lower-
klogn
2n

parameter 6. Previous works showed that the lower bound holds at least for one value of the

bounded by a model cost term of

bits plus lower order terms, for most values of the class

model parameter [41, 79]. Notice that the model cost term grows with the dimension k of the
parameter space. Thus, when it comes to modeling an information source, we are faced with a
trade off. If we choose a class that is too rich, we may incur an unnecessarily slow convergence
rate, while if the class is too simple, it may be impossible to accurately fit any probability
distribution in the class to the actual data. This observation is the main motivation for the
investigation of tree models, which offer economic parametrizations of Markov sources. In
some cases of practical interest, tree models allow for a significant reduction in the dimension
of the parameter space as compared to basic Markov sources.

In light of Rissanen’s lower bound, we will say that a code is universal with optimal

convergence rate for a parametric class P, if for each fixed source in the class, the normalized
klogn
2n

of the parameter space. Somewhat surprising is that when the class P is a countable union

expected redundancy vanishes as up to lower order terms, where k is the dimension

of subclasses, i.e., P = J,; P;, and there exists a strongly universal code in each subclass P;,
it is possible to construct a twice-universal code [65], whose worst-case expected redundancy

5The divergence is also called Kullback-Leibler distance, relative entropy, information divergence, and cross
entropy (see, e.g., [12]).
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within each subclass P; is asymptotically as small as that of the universal code for P; that is
optimal in the sense of minimizing the worst-case expected redundancy.

For a parametric class P; of distributions with a k;-dimensional parameter, under the
assumptions of Rissanen’s lower bound, the redundancy of any code is lower bounded by
klé# not only in a worst-case parameter scenario, but for most values of the parameter.
This applies in particular to an optimal code for P;, and, thus, we will say that a code is
twice-universal in the union of parametric classes P = | J; P;, if for any source in P;, for any i,
the normalized expected redundancy of the code vanishes as 1“12% up to lower order terms. A
typical example is the construction of twice-universal codes in the class P of Markov sources,
which is comprised of the union of all subclasses P;, each composed of all Markov sources
of order i. A twice-universal code for P would be one that attains a normalized expected
ki logn

2n

redundancy with main term when applied on sequences emitted by sources of order 1,

where k; = | A|*(]A| — 1) is the dimension of the source parameter.

There are many strategies that we can apply to find a (twice-)universal probability assign-
ment within a given class. We mention here three classical approaches, which have important
representatives in the class we are interested in, namely, the class of tree models. Probably
one of the first ideas one could think of is a “plug-in” approach, where the parameter, or
even the parameter dimension in a twice-universal setting, is estimated based on the data
observed so far, and this estimation is used to assign a probability for the next symbol given
the past, as if it were the “true” parameter. The appeal of this idea is that it intrinsically
yields sequential codes, i.e., the probability assigned to a sequence x”, which determines the
code length for 2", is the product of the n conditional probabilities given the past assigned
sequentially to the symbols of the sequence. Thus, by using an arithmetic encoder, both the
coding and the decoding stages can proceed as the symbols become available, independently
of the data to come. A mizture approach is based on defining a probability distribution over
length-n sequences, for each n, that is a weighted average of all the distributions in a class
where we seek universality. The weighting is chosen so as to make the average close, in a
divergence sense, to all the distributions in the reference class simultaneously. Depending on
the weighting, it is sometimes possible to identify an expression for the conditional probabil-
ity of the next symbol given the past, which is easy to evaluate (see, e.g., [88], or the survey
in [53] and references therein). This yields, also in this case, a sequential coding algorithm.
In fact, there are remarkable examples where a code that results from a mixture approach
can be interpreted as a plug-in code (and viceversa). This is the case, for example, of the
Krichevsky-Trofimov probability assignment [42], and also of a plug-in code based on the
well known Laplace estimator. Finally, in situations where sequentiality is not of prevailing
interest, one may consider a two-pass approach. Here, the encoder scans the whole input
data in a first pass and determines a code, which is described to the decoder, and then used
to actually encode the sequence in a second pass. The encoded data consists therefore of two
parts: the second part encodes the input sequence itself, and the first part is a description
of the code used in the second part. In a two-pass universal code, the expectation of the
normalized length of the second part usually converges to the entropy rate of the source,
while the normalized length of the first part vanishes.
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As opposed to the classical stochastic approach for the study of data compression, in an
individual sequence setting, the input data is not regarded as generated by any probabilistic
source. The goal in this case is to define a code such that the code length for each input
sequence z is close to the shortest codeword assigned to z by any competing encoder (or simply
competitor) in a family M of limited resources (e.g., limited memory). If the family M is

parameterized by a k-dimensional parameter, where the dimension here expresses the amount
klogn
2n

bound. Although such a general lower bound for the individual sequence setting has not been

of resources, the term may be regarded as a determinist counterpart of Rissanen’s lower
established in full generality, it can be justified to some extent by the results in [83] for encoders
implementable with finite state machines, and it is still regarded as the target benchmark for

the convergence rate in this setting.

An example of a class of competitors is the family M,, of finite-memory encoders of
order m, i.e., a competitor in this family is constrained to encode each symbol z; with a
codeword f(z;j_m, - - xi_1,x;) that, besides z;, depends at most on the last m encoded symbols.
This family can be parameterized by a parameter of dimension k,, = (o — 1)m®. It is not
difficult to see that the smallest per-symbol code length achieved by an encoder in M,,,
for any given sequence x, is lower bounded by the m-th order empirical entropy rate of x,
H(z) = —1log P(z), where P is the maximum-likelihood probability of z in the class of m-th
order Markov models. We say that a code is universal for individual sequences with respect to
M, if it attains, for each z, a code length of H(x) + o(1) bits. Since P minimizes — log P(z)
among all P in the class of Markov sources of order m, it follows that for a universal code
for individual sequences in M,,, the normalized maximum pointwise redundancy in the class
of Markov sources of order m vanishes and, therefore, the code is pointwise universal in a
stochastic setting for this class. Moreover, if the excess over 7:{(36) in the individual sequence
km logn

2n

setting is of order , the code also has optimal convergence rate in the stochastic setting.

For the family of competitors comprised of the countable union M = {J,, M,,, we say
that a code is twice-universal for individual sequences with respect to M if it is universal for
individual sequences with respect to M,, with a convergence rate of order km;% simulta-
neously for every m. Again, a twice-universal code for individual sequences in this family is
also twice-universal in the class of Markov sources in a stochastic setting. These notions of
universality and twice-universality for individual sequences in the families M,,, and M extend
straightforwardly to similar families of competitors related to tree models that we will define

later on.

In the remaining sections of this chapter we outline the dissertation’s main topics, which
will be studied in depth in later chapters. We start in Section 1.2 by roughly describing
context trees and how they are used to define tree models, our main subject of investigation.
We also describe a generalization of the classical context trees, and connect them to FSMs
through what we shall define as the FSM closure of a generalized context tree. In Section 1.3
we briefly describe some known source codes for tree models, and, in particular, a specific
version of the so-called Context algorithm [58], which we will later study in detail from an
algorithmic complexity point of view. In Section 1.4 we describe the method of types [15] and
the particular characteristics that apply to tree models. This motivates the study of enumer-
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ative codes [11] for tree sources, which we outline in Section 1.5. Some of the tools developed
in the investigation of enumerative codes for tree sources will derive in a generalization of the
method of types following the same idea as in [67]. This is introduced in Section 1.6 together
with applications in simulation of individual sequences. Finally, in Section 1.7 we summarize
the main contributions of this thesis and in Section 1.8 we introduce some basic definitions.

1.2 Tree models

In many practical applications, an information source can be well approximated by a model
in which the conditional probability assigned to the next emitted symbol, given all the past,
depends on a finite (bounded) context, where by context we mean any contiguous sequence
of the most recently emitted past symbols. In other words, such an information source can
be well approximated by a Markov source of some finite order m. Such a model can be fully
parameterized for an alphabet of size o by the conditional probabilities of @ — 1 symbols
in each state (m-vector of symbols) of the underlying Markov chain. Thus, in general, we
require a parameter space of dimension (o — 1)a™. It is often the case, however, that the
actual context length required to determine the probability distribution of the next symbol
varies depending on the context. For example, in many languages, the frequency of occurrence
of the letter following a ‘q’ can be accurately estimated even ignoring the context preceding
that ‘q’, whereas, in other situations, a longer context may greatly improve this estimation.
In such a case, the dimension of the parameter space, which, if we were to use a fixed context
length m would grow exponentially with m, can be dramatically reduced by lumping together
equivalent states that yield identical conditional distributions (e.g., contexts ending in ‘q’ in
our language example). The reduced models, first considered in [58], were termed tree models
in [84], since they can be represented with a simple tree structure. Tree models have also
been referred to as variable length Markov chains [8] in the statistics literature.

Roughly speaking, a tree model consists of a full a-ary context tree,’ where « is the size
of the source alphabet, and a set of conditional probability distributions on the alphabet,
one associated with each leaf of the tree (the states). Each edge of the tree is labeled with a
symbol from the source alphabet. The state selected by a string is determined by descending
from the root, matching the labels of the edges with the symbols in the string, starting from
the last symbol an advancing in reverse order, until a leaf is reached. Thus, in the context
tree 11 of Figure 1.1, all strings ending with symbol 0 select the same state, while for strings
ending with symbol 1, it may be necessary to examine one, or even two more past symbols of
the string in order to determine the state. A full parametrization of a binary Markov source
of order three, which we term a plain Markov model, corresponds to an underlying context
tree of depth three that is balanced, like T3 in Figure 1.1. Notice that in this example, the
number of states of T3 is twice the number of states of T7. Thus, since for a binary alphabet
the number of states is equal to the dimension of the parameter space, in situations where T;
is suitable for modeling an information source, the model cost term is reduced by a factor of

5 We say that an a-ary tree T is full if every internal node of T has exactly o children; T is full balanced if
it is full and all its leaves are at the same depth.
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Figure 1.1: Context trees over A = {0, 1}

1/2 as compared to a plain Markov model.

Although the savings in model size can be important for tree models as compared to
plain Markov models, it may be possible to go even further in this direction if the structure
underlying the model is not constrained to be a full context tree (see, e.g., [89, 80, 73, 68]).
Indeed, we would ideally let the model class group the states of a Markov chain arbitrarily,
if such a general scheme were computationally feasible. In Chapter 2 we define an extension
of the class of tree models, named generalized context tree models. In this extended class the
state selection mechanism is governed by generalized context trees, which need not be full.
Generalized context trees will serve as a fundamental tool in the development of efficient en-
coding and decoding algorithms that we present in Chapter 3. Although our main motivation
for extending the class of tree models is algorithmic, as we will discuss later, we formalize
and discuss the class of generalized context tree models in detail on its own right, as this
richer class offers potentially significant improvements in model fitting capability relative to
the usual full-tree models.

As noted in [82], a context tree (and therefore also a generalized context tree) might
not define a next-state function, i.e., the occurrence of a symbol in a given state does not
necessarily determine the following state. For example, in the context tree 17 of Figure 1.1, the
state selected by a string ending with symbol 0, which “remembers” only one past symbol, does
not allow the determination of the following state if the next symbol is 1. As we shall see, this
results in algorithmic complexity issues in practical applications, and, furthermore, it causes
tree models to deviate from plain Markov models with respect to some important theoretical
properties, which consequently require, in some cases, a more intricate analysis. Tree models
that do define a next-state function were termed FSMX in [60]; their characterization was
explored in [69], where they are referred to as FSM trees, and in [88]. The FSM closure of a
context tree [48, 69, 88], is the smallest FSM tree containing the context tree. All the tree
models that are generated by a context tree T" as the parameter is allowed to range over its
valid domain can also be generated as FSM models based on the FSM closure of T

In Chapter 2 we extend the definition of FSM closure to generalized context trees. We
characterize this FSM closure and present an algorithm that builds it efficiently. Moreover,
this algorithm constructs a mapping from the states in the FSM closure to the states in the
generalized context tree, such that given the state selected by a string in the former, we get,
in constant time, the state selected in the latter.

The efficient mapping from the states in the FSM closure to the states in the generalized
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context tree will turn out to be very useful in a sequential coding algorithm. In such an
algorithm, each symbol may be encoded using a code that depends on the state selected in a
generalized context tree by the string seen so far, as well as statical information associated to
that state, which is updated as the symbols of the source are consumed. Thus, to encode a
string x, the encoder needs to determine the state selected by each prefix of x, in increasing
order of length. In principle, determining each state involves descending from the root of
the generalized context tree until a state is determined, which may become computationally
expensive for a large tree. However, if the encoder is equipped with an FSM closure of the
generalized context tree, it may efficiently determine the sequence of states selected by the
prefixes of x in the FSM closure by applying the next-state function in each step, and use the
constructed mapping to access the states actually selected in the original generalized context
tree. The application of this idea is outlined in the next section, and studied in detail in
Chapter 3. The context tree T of Figure 1.1 is the FSM closure of 7. Notice that the
number of states (leaves), and, hence, the dimension of the parameter space, is larger for a
tree model based on the FSM closure than for a tree model based on the original context tree
T1. Thus, in the mentioned coding application, accessing the states selected in the original
context tree, rather than in the FSM closure, is vital to avoid increasing the model cost term
of the code length.

1.3 Low complexity coding algorithms for tree sources

Coding of tree sources has been extensively studied in the framework of twice-universality,
be it in the stochastic setting, or in the individual sequence setting. In the latter case, the
competing encoders are constrained to encode each symbol based on the state selected by the
preceding symbols in a fixed but arbitrary context tree. The starting point of this research
is found in [58], where a plug-in type of algorithm named Context was introduced. The
model estimator of Context was improved in [82], obtaining a universal code with optimal
convergence rate in the subclass of FSM tree models, assuming a known bound on the depth
of the underlying context tree. This was further developed in [84], removing the assumption
of a bound on the depth of the context tree, as well as the condition of defining an FSM, thus
giving a universal code with optimal convergence rate in the whole class of tree models.

Context Tree Weighting (CTW) [88, 87] is a sequential coding algorithm based on the
mixture approach. The coding probability is obtained by mixing all the distributions over
length-n sequences defined by tree models. The first version of CTW in [88] assumed a
known bound on the depth of the underlying context tree of the source, an assumption that
was removed in [87].

The idea of applying two-pass codes in a twice-universal framework was outlined in [65]
for countable unions of parametric model classes, which includes the union of all tree models.
The best model structure in the whole class (e.g., a context tree) is estimated and described
to the decoder in a first pass, and then the data is encoded in a second pass with a universal
code for the above best model structure. In [61], this approach is termed “semi-predictive”
for the case in which the universal code used for the given model structure is sequential.
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It is shown for both CTW [88, 87] and the semi-predictive version of Context with an
appropriate probability assignment (see, e.g., [56, 90]), that for any tree model with a K-
dimensional parameter, the normalized excess code length given by these codes on sequences of
length n, over the empirical entropy rate of the tree model, is at most (K logn)/(2n)+O(K/n),
for any K. Thus, these codes are twice-universal for individual sequences, and therefore also
twice-universal in a stochastic sense.

Since much of the emphasis in the information-theoretic literature has been on sequential-
ity, the two-pass approach has not received much attention. On the other hand, probably due
to the existence of efficient implementations, other data compression algorithms that are also
based on context models but lack the above provable strong universality properties, are very
popular though not necessarily sequential. This is the case of the algorithms based on the
Burrows-Wheeler transform (BWT) [9] (see [23] and references therein). These algorithms
can be viewed as coding based on a context tree (see [24] for an information-theoretic analy-
sis), except that no attempt at context selection is made. Instead, the sequence is reordered in
such a way that symbols occurring in “similar” contexts appear in nearby locations. Coding
is often done by sub-optimal, simple methods in a second pass.

The popularity of BWT-based schemes suggests that, in many applications, sequentiality
is not a fundamental requirement. Thus, in such cases, a low-complexity implementation of
the semi-predictive approach is of interest. With this approach, a context tree, which stores
all relevant statistical information of the sequence, is “pruned” to minimize code length [56],
and described to the decoder in a first pass through the data. In a second pass, each symbol
is assigned a conditional probability sequentially, conditioned on the state selected in the
pruned context tree by the substring traversed so far. This assignment, in turn, is used for,
e.g., arithmetic coding.

It is shown in [3] that the semi-predictive approach can be implemented in linear encoding
time.” The first pass is solved by combining the dynamic programming ideas of [56] with the
use of compact suffix trees [32] as in [45], which allows for efficiently collecting the relevant
statistical information of the given sequence. Indeed, the use of compact suffix trees is also
crucial for low complexity implementations of the BWT, and other context based algorithms
such as Prediction by Partial Matching (PPM) [10] in its multiple variants (see, e.g., [23, 44]).
The second pass of the semi-predictive approach, which involves sequential state transitioning
as the symbols of the sequence are encoded, is addressed in [3] by the use of the BWT.
Unfortunately, the BWT is not available during decoding to provide a constant transition
time per symbol.®

In Chapter 3 we use the FSM closure tool developed in Chapter 2 to implement the second
pass of the semi-predictive approach efficiently, thus, yielding a linear-time implementation of
encoding and decoding, without recourse to the BWT. Notice that since the model optimiza-
tion carried out in the first pass takes place only at the encoder, the semi-predictive approach
is especially attractive in situations where the computational requirements are asymmetric

7 Throughout, we will measure complexity by the number of register-level operations, defined as arithmetic
and logic operations, address computations, and memory references, on operands of size O(logn).

8 An alternative approach for efficient context transition, used for PPM in [23], is the use of suffix links.
For the semi-predictive Context algorithm, again, this approach cannot be used directly at the decoder.
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and a low complexity decoder is needed. For the implementation of the first pass, we make
use of compact suffix trees, which are generally not full. This is facilitated by generalized
context trees, which need not be full (so that states may be given by nodes other than the
leaves), and the edges may be compacted (i.e., labeled by strings of length greater than one).

1.4 Type classes of tree models

Despite the extended use of tree models in data compression and other applications in in-
formation theory, important theoretical questions about these models remained unanswered.
Some of these questions are addressed, for the first time, in this work. In Chapter 4, we
extend the method of types [15] to tree models. In this method, the set of sequences of a given
length n over a finite alphabet A is partitioned into type classes, where two sequences belong
to the same class if and only if every probability distribution in a certain class P assigns both
sequences the same probability.” For a parametric family P, a type class comprises all the
sequences that yield a given value for a sufficient statistic for P.

In our case, P is the set of all tree models obtained from a fixed context tree as the
model parameter, i.e., the vector of conditional probability distributions associated to the
states, varies along its valid domain. A sufficient statistic in this case is the vector of state-
conditioned empirical distributions for the given context tree. As a consequence, the partition
of sequences into type classes depends exclusively on the underlying context tree, in the same
way that, for example, type classes of Markov models of order m depend only on m.

Applications of the method of types in hypothesis testing, channel coding, source coding,
rate-distortion theory, and other areas are surveyed in [13]. Beside memoryless models, type
classes and their applications have also been studied for other cases, such as Markov models
(e.g., [21, 14, 13, 35]) and FSM models (e.g. [83]).

For Markov and other FSM models, the size of the type class of a sequence of length n
is given exactly by Whittle’s formula [86], which was also derived, using different methods,
in [6] and [34]. The latter shows that the problem is equivalent to counting Eulerian circuits
in a graph, which can be done explicitly through the BEST Theorem [22] (named after de
Bruijn, van Aardenne-Ehrenfest, Smith and Tutte). The proofs rely strongly on the defining
property of FSMs, namely, a next-state function. As mentioned, however, context trees do
not always define a next-state function, so the results for FSMs do not extend, in general,
to trees. In this work we focus on basic properties of type classes for tree models, e.g., their
number and size.

In Chapter 4 we derive an exact formula for the size of the type class of ™ with respect
to a given context tree. The formula resembles, and generalizes, Whittle’s formula, as the
problem is also reduced in our case to one of counting Eulerian circuits in a directed graph,
which is derived from the given context tree and the associated counts for z™. The lack
of a next-state function, and the loss of context occurring in the state transition sequences

9Type classes are defined in terms of empirical distributions for memoryless models in [15]. The more
general notion of type class used here is introduced in [13] when extensions of the method of types to wider
model families are considered.
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of context trees, however, are major challenges in the derivation. The exact combinatorial
formula obtained in the derivation is then analyzed to characterize the asymptotic behavior
of the expected size of the type class for a random sequence emitted by a tree source, which,
again, generalizes in a nontrivial fashion the corresponding behavior for FSMs.

We also study the number of type classes for sequences of length n induced by a given
context tree, and we estimate the number of classes tightly, up to a multiplicative constant.
This result also generalizes the corresponding result for FSMs, presented in [83] and attributed
to N. Alon.

1.5 Enumerative coding

The general idea of enumerative coding is to encode a sequence of symbols by describing, with
a uniform code,'” its index within a given set S according to a predefined order. Although it
had been applied for specific purposes before (e.g. [46, 66]), enumerative coding was presented
as a systematic method in [11]. Just to give a concrete example, taken from [11], consider a
sequence of length n emitted by a memoryless binary source with parameter p. We take S as
the set of all binary length-n sequences where the number of occurrences of the symbol 1 lies
in the interval [np — m,np + m|. It can be shown that for sufficiently large n, we can take m
so as to make the probability of S arbitrarily close to unity, and the normalized code length,
M, arbitrarily close to the entropy rate of the source. Thus, this examples illustrates
an enumerative coding scheme that permits encoding and decoding with a compression rate
asymptotically optimal and a negligible error probability (associated to the sequences that
do not belong to S).

The method of types is particulary suitable for the application of enumerative coding,
by means of a two-part code comprised of a preamble, which describes the type class to
which the sequence at hand belongs, followed by an enumerative code of the sequence within
its type class. Since all sequences in a type class are equiprobable, a uniform encoding of
the index minimizes the expected length of the second part. Thus, the problem of assigning
probabilities to sequences universally for the model of reference reduces to optimally assigning
probabilities to type classes, i.e., to minimizing the expected length of the first part of the
code. This is indeed the case for the Normalized Maximum Likelihood (NML) code [71, 62],
which can be interpreted as a description of the type class, generated by assigning to it a
probability proportional to its ML probability, followed by an identification of the sequences
within its type class.

Implementing the NML code, however, is difficult even for the simplest model classes.
Other universal methods, based, for example, on the Krichevskii-Trofimov sequential proba-
bility assignment [42], are computationally efficient, and also assign the same code length to
all the sequences of a given type class. They do not, however, provide a separate and identifi-
able description of the type class. In Chapter 5 we will be interested in enumerative codes for

10A uniform code for a finite set S is any code with minimum expected code length under the uniform
distribution over S. If |S| is a power of two, all elements of S are encoded with equally long bit streams of
length log |S|. Otherwise, the code has words of length [log|S|] and |log |S]].
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tree models that are universal with optimal convergence rate, and possess both qualities: they
provide a separate description of the type class of the encoded sequence, and this description
can be efficiently computed. By “efficient computation” we mean one whose encoding running
time is polynomial in the length of the input sequence, and with code construction time that
is also polynomial in the dimension of the parameter space of the model.'!

For (non-curved) exponential families of probability distributions (see, e.g., [7]) satisfying
some mild regularity conditions, most type classes have, to first approximation, the same
ML probability [54, Appendix A]. This observation leads to universal enumerative codes with
optimal convergence rate, for which uniform coding is used both for the set of type classes
and for the set of sequences of each type class. In particular, for FSM models,'? which are
asymptotic exponential families [75, 76], such a code can be efficiently implemented.

In contrast to the FSM model case, a non-FSM tree model does not induce an exponential
family of distributions even in an asymptotic sense [76], and it is possible to find type classes
that have small probability for any choice of the model parameter. This suggests that while
a uniform code for the set of type classes may be suboptimal, savings in code length might
be recovered with a non-uniform code for the type classes.

In Chapter 5, we construct such a non-uniform code. This, together with the tools devel-
oped in Chapter 4, leads to an efficient universal enumerative code with optimal convergence
rate for tree models. Furthermore, in the twice-universal setting, in which a context tree is not
given and optimality is rather required for any possible tree model, we show that, by suitably
estimating a context tree from the data, the sequences in the aforementioned “atypical” type
classes for each given context tree would in fact estimate a different context tree. These type
classes can thus be discarded from the coding space, leading to a twice-universal enumerative
code in the class of tree models.

1.6 Universal tree type classes and simulation of individual
sequences

In [67], the set of length n sequences is partitioned into so-called universal type classes, where
two sequences belong to the same class if and only if their Lempel-Ziv (LZ) parsing [91] yields
the same parsing tree. This partition extends in a sense the conventional notion of type class,
as it is shown that any two sequences in the same class satisfy the following property.

P1 For any fixed integer j, the variational distance between the empirical distributions of
j-tuples corresponding to the two sequences is a vanishing function of n.

HNotice that, since the number of type classes in the cases of interest, and in particular for tree models, is
exponential in the dimension of the parameter space of the model, a construction of the NML code relying on
the computation of the ML probability of each type class would be very inefficient.

12 Although FSM models are not strictly exponential families (they are curved exponential families), condi-
tioning on a fixed final state s does define an exponential family of probability distributions over the length-n
sequences with final state s (see, e.g., [72]). Since all sequences in a FSM type class share the same final state,
conditioning the probability of a type class on its final state, say s, amounts to dividing by the probability of
observing state s at time n. This does not affect the mentioned asymptotic property of the ML probability of
type classes.
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We show in Chapter 5 that, if we use an appropriate context tree estimator, some statistics
of the input sequence lie within relatively small well characterized ranges, which depend on
the type class of the sequence with respect to the estimated context tree. This is exploited
in Chapter 5, in a twice-universal enumerative code, to discard some type classes from the
coding space. In Chapter 6 we observe that, by the same property, any two sequences that
estimate the same context tree and belong to the same type class with respect to the estimated
context tree must have similar statistics. Thus, we define a universal tree type class as the
set of all sequences that estimate the same context tree and belong to the same type class
with respect to the estimated context tree. A similar notion of universal Markov type class
is defined in [47] using a plain Markov order estimator instead of a context tree estimator.
We will see that both universal Markov type classes and universal tree type classes satisfy P1
with a similar convergence rate of the statistics as n goes to infinity, but universal tree type
classes achieve a faster convergence rate as a function of the order.

Universal type classes (be it based on LZ, plain Markov order, or context trees) find
application in the problem of simulation of individual sequences presented in [67]. Given
a training sequence, x, the goal is to generate a simulated sequence, y, that is statistically
similar to x in the sense of satisfying P1. The uncertainty on the simulated output given
the training data should be as large as possible, so as to make the simulated sequence look
as “original” as possible. In Chapter 6 we also investigate this application and compare the
performance, in terms of uncertainty of the output given the input, of a simulator based on
universal tree type classes against other simulation schemes that also satisfy P1.

1.7 Summary of main contributions

In Chapter 2 we define generalized context trees and characterize their FSM closures in
Theorem 2.6. We present an efficient algorithm for the construction of the FSM closure
in Section 2.4 and we analyze its computational complexity in Theorem 2.9. Generalized
context trees are especially suitable for the application of compact suffix trees, which provide
a valuable tool for model optimization in two-pass algorithms. Indeed, in Chapter 3 we
exploit existing efficient algorithms for building compact suffix trees, the generalized context
tree formalism, and the algorithm for constructing FSM closures to present the first linear-
time algorithm for encoding/decoding with the semi-predictive version of Context.

In Chapter 4 we characterize type classes of tree models, thus extending the method of
types to tree sources. We give a formula for the exact size of a type class in Theorem 4.15 and
we derive the asymptotic behavior of the expected size of a type class in Theorem 4.18. The
asymptotic number of type classes induced by a context tree is characterized in Theorem 4.33.

In Chapter 5 we apply the method of types in the investigation of universal and twice-
universal enumerative codes in the class of tree sources, for which we apply the results of
Chapter 4. We show that, in general, a uniform encoding of the type classes may be subop-
timal. This motivates the definition in Section 5.2 and Section 5.4 of a family of codes for
encoding symbol and string occurrence counts in a given context. These codes, which are
interesting on their own, are used to implement a universal enumerative code with optimal
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convergence rate in the class of tree sources in Section 5.4, which in turn is used in Section 5.5
to derive a twice-universal enumerative code in the same class.

In Chapter 6 we define universal type classes, in the spirit of [67], based on tree mod-
els, and we explore their application to simulation of individual sequences. The simulation
scheme makes use of the algorithmic enumeration of the context tree type class developed in
Chapter 4.

Most of the results presented in the following chapters have been published in joint works
with Gadiel Seroussi and Marcelo Weinberger [48, 49, 50], and, in the case of some topics of
Chapter 6, also with Neri Merhav [47]. The parts of these publications where the author of
this thesis participated less actively were not included in the thesis and cited where needed.
There are also some portions of this thesis that have not been published elsewhere. This
includes all the derivations in Chapter 4, from which only the main results are stated in [49],
as well as Theorem 6.1 for which a plain Markov version was presented in [47]. Also the
results of Appendix E and the proofs of Lemma 5.2 and Lemma 5.8 are published here for
the first time.

1.8 Basic definitions

We denote by R the set or real numbers. The integers, the nonnegative integers, and the
positive integers are denoted Z, Z>¢, and Z~q, respectively.
We use the standard asymptotic O-notation. If f is asymptotically dominated by g, i.e.,
for every positive €,
|f(n)| <e€lg(n)], forall n>np(e),

then we write f(n) = o(g(n)). We write f(n) = O(g(n)) if and only if there exists a positive
constant K such that
|f(n)] < Klg(n)|, foralln>ng.

We also write f(n) = Q(g(n)) if and only if g(n) = O(f(n)). Finally, f(n) = ©(g(n)) if and
only if f(n) = O(g(n)) and g(n) = O(f(n)).

Let X be a random variable that takes values on a finite alphabet A = {a;...ax} with
probability distribution P, P(a;) = p;. We recall that the entropy of X, H(x), is the expec-
tation with respect to P of —log P(X), given by

H(X)=-) pilogpi,

with the convention that p;logp; = 0 if p; = 0 and all logarithms are to base two unless
specified otherwise. Since H(X) depends only on P, we sometimes write simply H(P), or
H(p), where p is the probability vector p = (p; ...pg). In particular when the alphabet has
two elements, p = (¢,1 — q), H(p) takes the form

H(p) = h(q) = —qlogq — (1 —q)log(1 — q),

where the function A : [0, 1] — [0, 1] is called the binary entropy function.
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For random variables X and Y, the conditional entropy of X given Y, denoted H (X|Y),
is the average, with respect to the distribution of Y, of the entropy of the conditional distri-
bution of X given a specific value of Y.

For two probability distributions P, @ over the same alphabet A = {a; ...ay}, the diver-
gence between P and Q) is

k

D(P||Q) = P(a;)log

i=1

P(a;)
Q(a;)’

where plogp/q=0if p=0 and plogp/q = oo if ¢ =0 and p > 0.
The mutual information between X and Y is

I(X;Y)=H(X) - HX|Y).

The mutual information I(X;Y’) is equal to the divergence between the joint probability
distribution of X, Y and the distribution given by the product of the marginal distributions
of X and Y.



This chapter contains material published in [48].

Chapter 2

Tree sources and FSM closures

We start this chapter with a review of finite-memory processes in Section 2.1, which also sets
some terminology and notation for the rest of this dissertation. In particular, we concen-
trate on FSM models and tree models, both of which are formalisms for generating random
processes. We generalize the class of tree models by introducing generalized context trees as
a new state selection mechanism, and we define the concept of FSM closure for these trees,
which is instrumental for the algorithms developed in Chapter 3.

2.1 Finite-memory processes and tree models

In this section, we review finite-memory processes and their parametrizations, particularly
tree models. An important aspect emphasized in this review is the distinction between a
process and its representations. We first introduce some notation. Let A be an alphabet of
a > 2 symbols, and let A\ denote the empty string. As is customary, we let A*, A", and
A™, denote, respectively, the set of finite strings, the set of positive-length strings, and the
set of strings of length m > 0 over A. In the sequel, except when specifically stated, the
variables a, b, ¢, and d will always represent symbols from A, and r, s, t, u, v, w, x, ¥y, and z
k

will represent strings in A*. We use the notation u; as shorthand for uju;i1...ug, u; € A,

j <1i <k, and extend it by defining uf = A when j > k. Also, we omit the subscript when

F =l Foru=ur

j=1,1e,u , we let |u| = k denote the length of u, @ = ugug_1...up its
reverse string, head(u) its first symbol, u1 (or A if k = 0), and tail(u) = u% its longest proper
suffix. For strings u,v € A*, we denote by uv the concatenation of u and v. If u is a prefix
(resp. proper prefix) of v, we write u < v (resp. u < v) Formally, we use the terms string and
sequence interchangeably, but favor the latter in cases where the sequence length is presumed
to be unbounded.

Following [63], we consider a (probability assignment) function P from A* into the real

interval [0, 1] satisfying the conditions
(Q1) P(N) =1,
(Q2) P(u) = yeaPua), VYue A*.

We will refer to P as a string process, or simply a process (the term information source is used
in [63]). Notice that although the string process formalism is different from the usual setting
of discrete time, discrete space random processes, all notions of interest in the conventional
setting can be expressed very naturally with string processes. For example, assuming P(z") #

0, the function P(a|z™) 2 P(z™a)/P(z™), a € A, is a conditional probability mass function
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(CPMF) by (Q2), and is naturally interpreted as the probability of the “next” symbol x, 1
being equal to a, conditioned on z™.! The string process setting, on the other hand, is very
natural when discussing universal coding schemes, which can be regarded as carefully crafted
string processes [63].

One way of generating string processes is by use of a recursive model [63]. Specifically,
given a set of states S, consider a state function o : A* — S and a set of CPMFs {p(-|s) }ses-
For an arbitrary sequence " € A", let the state sequence sj be given by s; = o(2%), 0 < i < n,
and define the function P by

n
PN =1; P(")=]]p@ilsi1), n>1. (2.1)
i=1
Clearly, this assignment defines a string process. We say that the model, denoted (o,p),
generates the process P.? For any state s, and ™ such that o(z") = s, we say that 2" selects
s, and that s accepts ™. A state is called permanent if it accepts arbitrarily long sequences;
otherwise, the state is called transient. An important particular class of state functions
considered, e.g., in [2], is defined through finite state machines. For our purposes, an FSM
over A is given by a triple F = (S, f, s9), where S is a finite set of states, f : S x A — S is a
next-state function, and sog € S is the initial state. The state sequence sg for 2™ is recursively
defined by s; = f(si—1,x;). In classical probability theory, the state sequence corresponds
to a Markov chain (cf., e.g., [28]). Notice, however, that our definition of permanent state
is based solely on the state function, and is independent of the CPMF's associated with the
states. Thus, this definition differs from the notion of a recurrent state in the theory of
Markov chains, which depends on the CPMF's. It is possible to find CPMF assignments that
will make a permanent state non-recurrent (provided that some conditional probabilities are
set to zero). Our notion of permanent state corresponds to one for which there exists some
assignment of CPMFs that makes the state recurrent in the classical sense.?> Our transient
states, on the other hand, are always non-recurrent in the classical sense, independently of
the CPMFs. Notice that if s’ = f(s,a) and s is a permanent state then so must be s’ (as it
accepts strings of arbitrary length).
For a set of strings B C A*, and a process P, we define Bp = {u € B|P(u) #0}. A
process P is a Markov (or finite-memory ) source, if there exists a nonnegative integer m such
that, for all n > m, a € A, and 2" € A}, P(a|z") satisfies

Plalz") = P(alzy_pmi1)- (2.2)

The minimum integer m for which the finite-memory property holds for P is referred to as
the order of the process. Clearly, this property holds for m if P can be generated with a
recursive model such that, for all n > m and 2" € A", 2" selects the same state as x;,_, ..

! When P(z™) = 0, the numerator in the definition of P(a|z™) must also vanish by (Q2), and the function
is undefined.

2 This model is termed recursive in [63] since, in full generality, o is any recursive function on A*.

3 In fact, all but a set of measure zero of the assignments will make a permanent state recurrent. In this
sense, the structural model properties we will be interested in will be generally graph-theoretic or algebraic,
will be required to hold for “some choice” of CPMFs, but will actually hold for “most choices.”
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Conversely, every finite-memory process P of order m can be generated by a “basic”
FSM model, which corresponds to the notion of plain Markov model introduced in Chapter 1.
Specifically, we let S = szoAj, so = A, and for @ € A and b{ € A7, 0 < j < m, the next-state
function is given by f(biba...bj,a) = biba...bja for j < m, and f(biba...bpm,a) =ba...bna.
To complete the FSM model it suffices to select p(a|bibs...b;) = P(a\b{) for all b]i e A,
0 < j < m (the choices when P(b{) = 0 are inconsequential). On the other hand, not
all FSM models define finite-memory processes [2]. Notice that the states corresponding to
strings shorter than m symbols in the above FSM are transient, and their sole purpose is
to accommodate arbitrary CPMFs P(-|z") for n < m (these CPMFs are not constrained
by (2.2)). As an alternative to transient states, a particular assignment for these strings is
often obtained by letting S = A™ and assuming that sg is a given fixed state. In any case,
for a given finite set S and arbitrary n, the computation in (2.1) involves a constant number
of factors p(x;|s) for transient states s (and each transient state occurs at most once). Thus,
the contribution of transient states to the ideal code length, —log P(z"), is O(1), and the
properties of the process of most interest to us are determined by the permanent states (each
carrying, in general, a parameter of dimension a—1). Transient states are just a “nuisance”
that requires formal treatment, but has no impact on the main results.

The finite-memory property depends only on the probability assigned to sufficiently long
sequences. To simplify the discussion, we will also constrain the choice of probabilities condi-
tioned on short sequences by further requiring, for each string v € A*, the following condition
on the process P:

if P(aluv) is independent of u Vu € A}, then P(ajuv) = P(alv), a€ A. (2.3)

The condition requires that probability assignments conditioned on short strings be consistent
with the memory properties of longer strings, ruling out situations, for example, in which the
order of the process is determined by the CPMFs of the transient states.*

For each particular finite-memory process of order m, other FSM model representations
may involve less than o (permanent) states. A tree model (see, e.g., [58, 82, 84]) is another
type of recursive model (not necessarily an FSM model) that may involve less states than the
above “basic” FSM model. In a tree model, the state function is determined by a context
tree. A context tree is a full a-ary tree,” where each edge is labeled with a symbol in A, and
each node with the string formed by concatenating the edge labels on the path from the root
(labeled by A) to the node. An example of a context tree over a binary alphabet is shown
in Figure 2.1. The set of permanent states defined by a context tree is comprised of all the
leaves of the full tree, while the internal nodes comprise the set of transient states. For a
sufficiently long string z", the permanent state selected by z™ is the (unique) leaf in the tree
that is a prefix of Z". When z" is not long enough to determine a permanent state, then
" selects the transient state labeled z". Notice that the state selected by =™, permanent or

4 For example, consider a binary finite-memory process for which P(0|u) = p for all strings u € A", and
P(0|A) = q. Clearly, whenever g # p, the condition (2.3) is not satisfied by this process and m = 1, whereas
m = 0 for ¢ = p. Thus, the value of ¢, given by the CPMF corresponding to a transient state, determines the
order of the process, a situation avoided by requiring (2.3).

SA a-ary tree is full if and only if every internal node has exactly a children.
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Figure 2.1: Binary context tree T’

transient, is labeled x,x,_1 ... 2,—_j, where the symbols are reversed relative to their order in
the corresponding suffix of ™. In general, any suffix of " will be called a context in which
Zn41 occurs. To avoid ambiguity, we will use the notation p(a|s) to denote conditioning on
an abstract state s, and P(alz};_;) to denote conditioning on an arbitrary suffix of 2, which
may or may not correspond to a state.

The “basic” FSM model representation is equivalent to a tree model in which all the leaves
in the context tree have depth m. In a minimal tree model representation, the state o(z™) for

z" € A is determined by the smallest integer £(2™) such that P(-|lux « is independent

" 1)
of u e A*, UxZ—e(:c")Jrl € A}. Sets of “sibling” leaves {b1ba...bym—1b|b € A)?Sharing the same
CPMF in the original model can be merged into one state (leaf), represented by the parent
node b1by ... by,—1 (where (2.3) guarantees compatibility with the CPMF corresponding to the
shorter state). The merging is repeated recursively whenever possible, seeking the shortest
possible context that determines the CPMF, until any set of « sibling leaves contains at least
two leaves with different associated CPMF's. A precise characterization of minimality is given
in the more general setting of Section 2.2.

The minimal tree model might not be representable as an FSM model with the same
number of states. For example, as noted in [82], in the binary context tree of Figure 2.1, the
state following the emission of a 1 at state 0 in 7" could be either 100 or 101, and more past
symbols are required to make the next-state determination than provided by the length-one
context (which is nevertheless sufficient to determine the CPMF'). The relation between these
two classes of models will be the subject of Section 2.3.

2.2 Generalized context trees

In practice, the use of variable-length contexts often yields significant savings in model size
compared to a plain Markov model. It is due to these savings that the theory and practice
of tree models based on full context trees have received much attention in the literature, and
efficient methods for model optimization have been developed (see, e.g., [58, 82, 84, 90]).
There might be other opportunities for model size reduction, however, that are difficult to
exploit using a full tree. Full tree models, for example, do not provide a mechanism for
merging a proper subset of sibling leaves sharing a common CPMF into a single state.’ In
this section we present a more general class of tree models that could exploit some of these

5 The compression algorithm of [45] leads in some cases to such merges, although the model is not formalized.
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additional relations and provide a more economical parametrization of the process. Although
this feature makes the general class interesting in itself, our main motivation in discussing it
here is its use in auxiliary data structures in Chapter 3.

2.2.1 Terminology and notation

Consider a finite, rooted, ordered, and directed tree T (see, e.g., [37, 38] for tree terminology)
with the following properties:

(i) Each edge is labeled with a string from A™.

(ii) Each node has one incoming edge, except for the root of the tree, which has none. Each
node has at most « outgoing edges, which must be labeled with strings starting with
different symbols from A.

(iii) Each node is labeled with a finite string, obtained by concatenating the labels of the
edges on the path from the root to the node. The root is labeled with A.

For simplicity, we do not distinguish between nodes and their labels, and, for w € A*, we
use the expression “w is a node of T” as shorthand for “T" has a node labeled with w.”
Furthermore, we identify T with its set of nodes, and we write, for instance, u € T" when u
is a node of T. We denote the number of outgoing edges of a node u by deg(u), and if aw
is the label of an edge outgoing from wu, we say that this edge is in the direction of a. If T
has an edge labeled w, going from node u to node v, we write © — v, and say that v is a
child of u, and that w is the parent of v, denoted u = PARy(v). The set of children of a node
u is denoted CHLD7(u). A node v is a descendant of w if u < v (u is then an ancestor of v).
An edge of T is said to be atomic if it is labeled with a single-letter string; otherwise it is
said to be composite. If u — ua is an atomic edge, then ua is an atomic child of u. A tree
T is atomic if every edge of T is atomic. If T is atomic and every internal node u of T has
deg(u) = «, we say that T is full (this coincides with our previous definition of a conventional
full tree). A string w is a word of T if it is a prefix of a node of T. The set of words of T'
will be denoted WORD(T'). Thus, by our convention of identifying the symbol T" with its set
of nodes, we have T'C wWORD(T), with equality holding if and only if 7" is atomic.

The combinatorial structure just described has been widely used, under various guises
and terminologies, as an underlying data structure for efficient string processing algorithms.
The structure (or variants sharing many of its properties) has been referred to as an A*
tree [32], a PATRICIA tree [55, 38, 74], a compact digital tree [74], etc. It has found nu-
merous applications, for instance, in string storing, searching and retrieval [38, 74], pattern
matching [85, 51, 32], and in the mentioned works [44, 23, 3] related to data compression, to
list just a few (we cite a few references that contain extensive bibliographies). To emphasize
the application of our interest, we will refer to T as a generalized context tree (GCT). An
example of a GCT over A = {a,b,c} is shown in Figure 2.2(A).
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A)

a cbb

Figure 2.3: Canonical decomposition of ccbab = {c, cb, ab)

2.2.2 Source definition

We next describe how a GCT defines the state function of a recursive model that generates
a string process. For a GCT T, and an arbitrary string y € A*, we define the canonical
decomposition of y with respect to T as the triplet Cr(y) = (r,u,v) such that r,u,v € A*, r
is the longest prefix of y that is a node of T', ru is the longest prefix of y that is a word of T',
and y = ruv. The decomposition is illustrated in Figure 2.3 with an example, taken over the
GCT T of Figure 2.2(A).

Notice that v is the suffix of y that “falls off” the tree. In general, any, or all, of r, u and
v may be null strings. A similar notion of canonical reference was defined in [32]. As we will
often make separate reference to it, we will denote the first component, r, of Cr(y) by Vr(y).

Let $ be a symbol such that $ ¢ A. Given a sequence x™ and a GCT T, we define the
tree-state function op : A* — A*U{w$|w e A*} as follows:

2.4
z"$ otherwise. (2:4)

., { V(@) if Vp(@he) = V(@) Yz € A,
or(z") =

Since T is finite, the first case of (2.4) must hold for sufficiently large n, making o, (2") a
node of T'. For small values of n, the second case in (2.4) may hold. Thus, viewing o, as a
state function, its permanent states are given by all the nodes s of T' for which there exist
arbitrarily long sequences y" € A* satisfying Vr(y") = s, whereas its transient states are
arbitrary words of T other than leaves, with the symbol $ appended. By extension, we call
these nodes and words, respectively, permanent and transient states of 7. A transient state
u$ accepts only the single string @, which is not long enough to “fall off” the tree or reach a
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leaf. We denote the set of permanent states of T' by S, the set of transient states of T' by
52[51, and the set of all states of T by S& = Sy U Sﬁ.

As an example, for the GCT shown in Figure 2.2(A), we have St = {a,b,c,ca,ccbb} and
S;S} = {A$,c$,cc$,ccb$}. In this example, ¢ € S but we still have o, (cc) = cc$, namely,
the second case in (2.4) holds. The extra symbol $ serves to distinguish states that would
otherwise correspond to the same string from A*, e.g., ¢ and c¢$ in the example. A natural
interpretation of this symbol, which will be more explicitly adopted in Chapter 3, is that of
a conceptual marker preceding the first actual symbol of z”.

The following lemma summarizes the above discussion, characterizing permanent and
transient states by giving formal meaning to situations in which a sequence “falls off the
tree.”

2.1. LEMMA. A string s is a permanent state of a GCT T if and only if s € T and either
deg(s) < a or s has a composite outgoing edge. A string w$ is a transient state of T if and
only if w € WORD(T) and w is not a leaf of T.

When T is a full tree, the set of permanent states is identical to the set of leaves. For the full
binary GCT of Figure 2.1, for example, we have S = {0,100, 101,11} and S8 — {18, 1%,10$}.
We call generalized context tree model (GCTM), and denote with (T, p) the recursive
model defined by the state set S, the state function o (-) of (2.4), and an associated set of
CPMFs {p(:|s)}, s € S2. The probability assignment (2.1) generated by (T, p) clearly has
finite-memory, with order m upper-bounded by the length of the longest word of T". In order
to satisfy also (2.3), it suffices to require that if s$ is a transient state such that all permanent
states of the form Vp(su), u € A*, share the same CPMF, then this CPMF is also associated
with s$.
Remark. Our definitions are quite general in letting arbitrary words define transient states
of the GCT, and allowing arbitrary CPMF's to be associated with these states, as long as (2.3)
is satisfied. A popular convention is to use for a transient state the CPMF associated with the
permanent state that would be selected had the sequence been preceded by as many copies of
a fixed symbol as needed [58]. In the context of source coding, another reasonable convention
is to assume that transient states are associated with uniform distributions.

Relation to full-tree models. The conventional full-tree models are a special case of
GCTMs. For any model (T, p), the GCT T can be completed to a full context tree Ty, for
which there exists a probability assignment p’ such that (T, p) and (T, p’) generate the same
process, as follows. Let s be a permanent state of 7', with associated CPMF p(-|s). Then,

a. if s is a leaf of T', then s is a state (leaf) of Sz, and p'(:|s) = p(-|s);

b. otherwise, for every a € A such that s does not have an edge in the direction of a, sa
is a state of Sg;,, and p'(:|sa) = p(-|s);

c. for every composite edge aw emanating from s, with w = w, £ > 1, all the strings
sawic;, 0 <i </l c; € A\ {wit1}, are states of S, sharing the CPMF p(|s).

d. S%un = S%’ and for any w$ € S?‘ we have p/(-|w$) = p(-|w$).
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Figure 2.4: Normalization of a GC'T over a binary alphabet

It is possible, therefore, for St to be significantly smaller than St ,, providing a more
economical parametrization of the process. In other words, a minimal model in the full-tree
sub-class may still be reducible in the GCTM class. Part (B) of Figure 2.2 shows the under-
lying full tree Ty, corresponding to the GCT in Part (A) of the same figure. In the example,
we have |S7| =5 and |S7;,,| = 9. Later on in this section, we characterize minimal represen-
tations in the GCTM class. However, the current state of the art in modeling algorithms does
not allow us to efficiently optimize code length in this class. Thus, we cannot take advantage
of the additional flexibility. The GCT extension will be used in our case as an algorithmic tool
for dealing with suffix trees that may not be full, in order to achieve the complexity results
of Chapter 3. The code length optimized, however, will still correspond to the sub-class of
full-tree models.

2.2.3 Normal generalized context trees

We next present a partition of the set of GCTs into equivalence classes. This partition
simplifies the derivation of further results. Given a GCT T, we say that a node v € T is a
pseudo-leaf if deg(v) <1 (the case deg(v) = 0 corresponds to a leaf). For example, the node
11 is a pseudo-leaf of T in Figure 2.4. We say that v is a phantom node of T if v ¢ T, and
v = ua, where a € A, v € T, and for every b € A\ {a}, ub € T. By Lemma 2.1, u € Sp. In
Figure 2.4, v = 11 is a phantom node of T7. If we add ua as a node to T (by either adding
or splitting an edge), it becomes a pseudo-leaf and a permanent state accepting the same set
of strings previously accepted by u, which, again by Lemma 2.1, ceases to be a permanent
state. In Figure 2.4, T5 is obtained from T} by adding the phantom node 11 as a node, which
becomes a pseudo-leaf in T5. Since the set of words of the GCT that are not leaves remains
unchanged, so does the set of transient states. Thus, the sets of states of the two GCT's are in
one-to-one correspondence. Moreover, for a GCTM (T, p), if we also associate with the added
node ua the CPMF p(-|u), then the new GCTM generates the same process as the original
one. Thus, a GCT T with a phantom node wa is indistinguishable, from the point of view of
the properties of interest to us, from T'U {ua}.

We call the operation of replacing a phantom node of a GCT with the actual node a
normalization step, and we call a GCT without phantom nodes normal. For a@ = 2, normal-
ization might be a two-step process, in that replacing a phantom node with the actual node
by splitting a composite edge labeled with a string of length two, creates another phantom
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node, which in turn needs to be replaced by adding a leaf to the new node. This is illus-
trated in Figure 2.4, where the addition of the pseudo-leaf 11 in T5 creates the phantom node
110, which is added to finally obtain the normal GCT Tj5. Clearly, this situation does not
occur for @ > 2. One can also take an “unnormalization” step by eliminating a pseudo-leaf
from a full set of sibling nodes. Again, in the binary case, this step could create another
“unnormalizable” pseudo-leaf. Notice that a full context tree is always normal.

The normalization/unnormalization operations define a partition of the set of all a-ary
GCTs into classes, where two GCT's belong to the same class if and only if one can be obtained
from the other through a finite sequence of normalization/unnormalization operations. Let
N(T') denote the class of T" in this partition. Clearly, N(T") contains one and only one normal
GCT Ty, which we call the normalized presentation of T. In Figure 2.4, {T1,T5, T3} is a class
and T3 is the normalized presentation of T; for i = 1,2,3. The GCT T can be obtained from
T by replacing each phantom node with an actual node (and, in the binary case, possibly
adding leaves as noted, so that no phantom nodes are left). Also, note that Ty = J eN(T) T.

2.2.4 Minimal generalized context tree models

A GCTM (T, p) is said to be minimal if no other GCTM (T”,p') generates the same process
and has a smaller number of permanent states.” To characterize minimality, we start with the
conventional sub-class of full-tree models, for which the characterization is simple and well
known (see, e.g., [84]). For completeness, we state and show a proof of this characterization
in Lemma 2.2 below. We say that a GCT T is an extension of a GCT T if it contains all the
nodes of 7.

2.2. LEMMA. A full-tree model (T, p) with A* = A}, is minimal if and only if there is no set
of a sibling leaves of T sharing the same CPMF. Moreover, if (T, p) is minimal, and (T"',p’)
generates the same process, where T' is also a full context tree, then T' is an extension of T.

Proof. The necessity of the minimality condition is straightforward, since sets of sibling leaves
with identical CPMFs can always be merged, reducing the number of states (constraint (2.3)
guarantees that transient CPMFs do not impede the merging). Assume the condition holds,
and (T, p') generates the same process as (T, p), with 7" full. Assume u is a node in T\ T".
Then, there is a leaf v’ € T’ such that v’/ < u, and there is a full set of sibling leaves of T
that descend from «’. But, since v’ € Sy, A}, = A*, and both tree models generate the
same process, these leaves of T" must be associated with the same CPMF that is associated
with v/ in 7", contradicting the assumed condition. Thus, we must have T" C T, which also
establishes the minimality of T'. O

The situation is far more complex for the GCTM class. Since the characterization of
minimal GCTMs is not needed for the results in the sections to follow, its discussion and
proof are deferred to Appendix A.

7 While we emphasize the permanent states because they determine the lasting statistics of the source, it
can be shown that a minimal GCTM is also minimal in its number of transient states.
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2.3 FSM closures of generalized context trees

FSMs and GCTs are combinatorial mechanisms used for process generation, providing the
state function o of a recursive model. For a GCT T, ¢ is given by the tree-state function
or and sg = A$, whereas for FSMs, o is recursively defined by the next-state function,
starting from an initial state sg. The class of FSM models properly includes finite-memory
processes (see, e.g., [2]). However, as shown by the example in Figure 2.1, a minimal tree
model representation of a finite-memory process might have fewer states than an FSM model
representation of the same process. In this section, we study the relation between these two
process-generating mechanisms and we define the FSM closure of a GCT. FSM closures of
full context trees have already been considered in [69, 88]; here, we target the broader family
of GCTs, and we present an efficient algorithm for constructing FSM closures in the broader
setting.

2.3.1 Refinements

We now study structural relations between recursive models that generate the same process,
and develop tools that will prove useful in investigating the FSM closure of a GCT. Let o
and ¢’ be state functions taking values in state sets S and S’, respectively. We say that o’ is
a refinement of o if there exists a refinement function g : 8" — S such that for all sequences
", if o’(2") = ¢ and o(2™) = s, then g(s’) = s. This notion of refinement was presented
in [27] for FSMs, and is used also in [81]. We will loosely identify state functions with the
mechanisms defining them and say, e.g., that an FSM F is a refinement of a GCT T.

We now focus on refinement relations between GCTs, using the partition, defined in
Section 2.2.3, of the set of all a-ary GCT's into equivalence classes of GCTs sharing a common
normalized presentation. Lemma 2.3 below is an obvious consequence of our discussion on
normalization.

2.3. LEMMA. If N(T%*) = N(T') then there exists a one-to-one refinement mapping between
T and T.

Next, we relate the notion of refinement more directly to the combinatorial structure of a

GCT.

2.4. LEMMA. LetT andT" be GCTs. T' is a refinement of T if and only if T is an extension
of T, where T}, is the normalized presentation of T".

Proof. Assume first that 7' C T,. Consider a sequence of transformations in which we start
with T, and we add one node of T, \ T at a time, until we obtain T};. Let T denote a generic
GCT obtained at an intermediate step of this process. Since T" € N(T}), by transitivity of
the refinement and Lemma 2.3, it suffices to prove that every addition step in this process
produces a refinement 7" of T™*.

The addition of a node v can be the result of either adding an outgoing edge to a node u
of T* in a direction in which u did not have an edge, or splitting an outgoing composite edge
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of u, inserting v. Clearly, in either case, u € S+, {v} = Srx \ S7+, and Sp+ \ St is either {u}
or empty. Thus, a refinement function g* is defined such that ¢*(v) = u and ¢*(z) = z for all
z € St \ {v}. As for the transient states, S5, = S;sl* (thus defining an identity mapping),
in which case S% = S% U {uw$ : uw < v,w € A*}. Clearly, in the
latter case, g*(uw$) = u. Hence, T}, is a refinement of T'.

unless v is a leaf of T},

Assume now that 7" is a refinement of T. Then, by transitivity of the refinement and
Lemma 2.3, there exists a refinement function g : T, — T. If T ¢ T}, there exists a node
w e T\ Ty. Clearly, w # A, so we assume w = ua for some u € A*, a € A. Since ua ¢ T},
for some y € A*, we have oy (yat) = v’ = u, and or(yau) = g(u') = ua. Write ua = u'bv,
b e A. We claim that for all d € A\ {b}, we must have u'd € T},. Otherwise, if v'd ¢ T}, by
Lemma 2.1, we would have o (2d@’) = v’ for some z, and o,(2d@’) # ua, a contradiction to
our previous determination of g(u'). Now, since T} is normal, we must also have v'b € T},
for otherwise u'b would be a phantom node of T),. Thus, we have a contradiction to the fact
that Vir (u'bv) = u'. Therefore, T' C T}, O

Remarks

(a) It follows from Lemma 2.4 that the notions of refinement and extension coincide for
normal GCTs, and, thus, for all full context trees. Lemma 2.4 also implies that the
sufficient condition given in Lemma 2.3 for the existence of a one-to-one refinement
mapping between two GCTs is also necessary.

(b) The notions of refinement and minimality were related in [81] for FSM models. An FSM
model is minimal if no FSM model with fewer states can generate the same process.
It is shown in [81, Lemma 1] that if (F,p) and (F',p’) generate the same process, and
F is minimal, then F' is a refinement of F. While an analogous result holds for full-
tree models (see Lemma 2.2), and for ternary normal GCTMs (see Theorem A.l in
Appendix A), it is interesting to notice that this property does not hold, in general,
for GCTMs with a # 3, as shown by the examples, given in Appendix A, of multiple

minimal GCTMs of the same process.®

2.3.2 Definition and properties of FSM closures

We say that an FSM F is an FSM closure of a GCT T if it is a refinement of T' with a minimal
number of permanent states. As in the definition of a minimal GCTM, we adopt the number
of permanent states in F as the relevant measure of minimality. However, it is shown in [48]
that, in fact, there exists an FSM closure of T' that is also minimal in the stronger sense of
having a minimal (total) number of states.

We say that a GCT T has the FSM property if it defines a next-state function f : Sf“: xA —

8 The underlying GCTs of these multiple minimal GCTMs, however, may be proper refinements of the
FSM in a minimal FSM model (not derived from a GCT). This is the case in the example given in Appendix A
for o = 4, where it is easy to see that the process admits a minimal FSM model with two recurrent states (and
one transient state).
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(B)

iXs:

Figure 2.5: FSM closure Ty of binary GCT T and corresponding finite state machine

+1

S% such that, for any sequence 7+, we have

or(a™*h) = f(or(a"), Tnt1).

For brevity, when T" has the FSM property we say that “I" is FSM,” and we do not distinguish
between T' and the corresponding FSM. Clearly, if 7" is FSM then it is also an FSM closure of
T. The FSM property facilitates the implementation of GCTMSs, due to the recursive form of
the next-state function. However, as discussed in Section 2.1 and exemplified in Figure 2.1, a
GCT may not be FSM. In such cases, its FSM closure allows for an efficient implementation
of state transitions as it was exemplified in Section 1.2.

Figure 2.5(A) shows a GCT T with the FSM property that is an FSM closure of the
GCT T of Figure 2.1. New nodes added to 7" are dark. Figure 2.5(B) shows the finite state
machine associated with Tr. Transient states and their transitions are shown with dashed
lines. Although in this simple example one can derive T from T fairly simply, this is not the
case in general. Indeed, the number of permanent states of an FSM closure is, in the worst
case, quadratic in the number of permanent states of the original GCT [48].

Next, we give a sufficient condition for a GCT to have the FSM property.

2.5. LEMMA. Let T be a GCT. If for every permanent state s € St, the suffiz tail(s) is a node
of T, then T is FSM and the next-state function f satisfies, for all a € A, f(s,a) = Vr(as).

Proof. We show that a next-state function f can be defined for T. Let s € St, and let ws
be a string accepted by s, w € A*. For any a € A we have asw ¢ WORD(T), for otherwise
asw is a prefix of a permanent state and, by the assumption of the lemma, we would have
sw € WORD(T) implying that ws selects a transient state. Thus, wsa selects a permanent
state 7 = Vp(asw). Clearly, r < as, for otherwise s < tail(r) and, by the lemma assumption,
tail(r) € T, implying that ws would not have selected s. Therefore, r = Vr(as), and we can
define the state transition f(s,a) = Vr(as).

For a transient state z = u$ of T, if au € WORD(T') then we define f(z,a) = az. Oth-
erwise, au selects the permanent state Vr(au), and we can define f(z,a) = Vpr(au). The
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next-state function is now defined for all states s € S?, and, hence, T is FSM. O

In order to unambiguously determine the state s selected by a string z7, given that the
previous state is s’ = o7 (2771), and given the symbol xj, we must be able to guarantee, at
least, that s < 2. The condition of Lemma 2.5 implies that tail(s) must be a prefix of s'.
Hence, since s’ is in turn a prefix of 27-1, the occurrences of x; in state s’ indeed implies that
s < 2J. On the other hand, if tail(s) is not a node of T, s’ may be a proper prefix of tail(s).
Notice however that if tail(s) is a phantom node of T, this can only happen if tail(s) is a
prefix of 27-1, and we can still determine that s < 27 when xj occurs in s'. Thus, we can not
claim, in general, that the condition of Lemma 2.5 is also necessary, except if T' is normal.
Theorem 2.6 below fully characterizes GCTs having the FSM property.

2.6. THEOREM. A GCT T with normal presentation Ty is FSM if and only if every suffic of
a node of T is a node of Ty.

Proof. By Lemma 2.3, we can assume without loss of generality that 7" is normal. If every
suffix of a node of T" is a node of T', then T is FSM by Lemma 2.5. Suppose now that v is a
node of 7' but tail(v) is not. Then, there exists a node u, a symbol a, and a string w, such
that uaw = tail(v), and, since T' is normal, there also exists a symbol b # a, and strings v, z,
such that Vp(uawy) = Vr(ubz) = u. Now, with ¢ = head(v), the string cuawy = vy selects a
state s such that v < s, and the string cubz selects a state s’ that must be different from s.
Thus, the occurrence of the symbol ¢ in state u does not uniquely determine the next state
inT. O

Define Ty, as the GCT obtained from a GCT T by adding, as nodes, all the suffixes of
nodes of T'. Notice that the addition of a node may cause a composite edge to split. Thus,
Tsus might contain nodes that are added to satisfy structural constraints of the tree, rather
than directly as suffixes of nodes of T. For example, if w is a node of T" with an outgoing
edge uav, and the construction calls for adding the node wubv’, where a # b, then the edge
w 2 wuaw is split as w —— wu — wuav, and the new node wubv’ is added as a child of
wu. The GCTs in Figures 2.1 and 2.5(A) satisfy Tr = Tyys. The suffix 00 of state 100 of T
is not a node of T', and therefore T does not satisfy the sufficient condition of Lemma 2.5.

By Lemma 2.3 Ty is FSM, and since normalization does not increase the number of
permanent states, it follows from Theorem 2.6 that Ty,¢ is a refinement of T" with the least
number of permanent states among all GCTs. It is conceivable, however, that an FSM
refinement that is not constrained to having an underlying GCT structure (namely, one that
does not correspond to a GCT with the FSM property), might have fewer permanent states.
It can be shown though this not to be the case [48].

2.7. THEOREM. [48] Let T be a GCT. Then, Tgys is an FSM closure of T.

Remarks

(a) It is shown in [48] that the permanent state sets of any two FSM closures of a GCT T
are in one-to-one correspondence, which extends to the state sequences followed by any
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string. Thus, all FSM closures are essentially equivalent, differing possibly only in the
transient states, which are of little interest to us. Therefore, we will henceforth refer to
Teut as the FSM closure of T

(b) If T is atomic, then 7" is FSM if and only if every substring of a node of T is a node
of Ty, since in such a tree every prefix of a node is a node.

(c) Tt is readily verified that if T is full, so is Tyys.

(d) By Theorem 2.6, for any normal GCT Ty that is an FSM refinement of 7' we have
T C Tyt € Tp. Thus, if Ty is normal, it is the only normal GCT which is an FSM
closure of T'. This property holds in particular for full context trees.

2.4 A linear-time algorithm for constructing FSM closures

We present an algorithm that constructs the FSM closure Tg,¢ of an arbitrary GCT T', together
with the associated next-state function. We will prove that the algorithm runs in time that
is linear in the sum of the lengths of the strings that label edges of T" and in the total number
of nodes in Tyyr.

The algorithm starts with a representation of 7', and adds the necessary nodes and edges
to construct Ty,s. At any time during the computation, we denote by T” the intermediate
GCT in existence at the time. Thus, 7" evolves from T to Ty,;. When referring to canonical
decompositions Cps, we mean the decomposition with respect to the instantaneous state of
T’ at the time of the reference.

The algorithm is presented in the form of a main routine MakeFSM, and three subroutines,
whose functions are broadly described as follows:

e Verify(w): Receives a node w of T” as input, and verifies that the suffix tail(w) is in 77,
adding it if necessary together with the FSM transition f(tail(w), head(w)) = w. The
entire (evolving) tree is traversed and verified through recursive calls to this subroutine.
Clearly, the condition verified by Verify is necessary and sufficient (if applied recursively
to all the nodes) for the constructed tree to be Tyys.

e Insert(r,u,v): Receives a node r of T, and strings u, v. Inserts, if necessary, new
nodes ru and ruv, doing necessary edge splits and additions.

e PropagateTransitions(F,w): For a function F : A — Ty adds to the description
of the FSM associated with Ty, a set of state transitions of the form f(w,a) = F(a),
originating from w, for all a € A such that f(w,a) was not defined by Verify.

The routines maintain the following data arrays:

e Tail[w]: A pointer from the node in the tree containing w to the node containing
tail(w), which allows the algorithm to jump from w to its suffix in constant time. These
suffiz links [32] are essential to the efficient implementation of the algorithm.
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e Traversed[w,a]: A flag indicating whether an attempt was made to traverse an edge
starting from node w in the direction of a. Initially set to false for all a € A for nodes
w € T as well as for new nodes as they are created.

e Transitions[w]: A function mapping A into 77U {L}, where L denotes an undefined
state. The function lists the FSM transitions from state w. The list of transitions is
initially set to L for all a € A.

e Origin[w]: The original node in 7" that w descends from. Initially, Origin(w)=w.
This array connects the states of the constructed FSM closure to the original states of
T.

e Children[w]: The list of children of a node w. Maintained as part of the representation
of T'.

The routines are listed in Figure 2.6. We initially omit implementation details, in order to
establish functional correctness. Some of the implementation details are essential for analyzing
the complexity of the algorithm, and will be provided when we pursue that analysis.

2.8. PROPOSITION. MakeFSM constructs Ty, and the state transitions between permanent
states of the associated FSM.?

Proof. We say that Verify visits a node t of 7" whenever the subroutine is invoked with ¢
as its argument. First, we observe that Verify visits each node at most once. Clearly, the
invocation from Step 1 of MakeFSM (see Figure 2.6) is not repeated. When Verify is recursively
invoked from its Step 16, the edge leading to the visited node is marked as “traversed,” and
the node is never visited again from that step. Invocations from steps 7 and 9 visit nodes that
have just been created in a call to Insert, and whose incoming edges are already marked
as traversed. Therefore, Verify never revisits a node. Notice also that when new nodes are
inserted in the tree (Step 4 of Verify), the string associated with the new node is shorter
than one that already existed in the tree. It follows from the finiteness of the initial tree T
that the total number of nodes inserted is finite, and, thus, the recursion sequence of Verify
is finite and MakeFSM terminates. On the other hand, notice that new nodes that are created
are either visited immediately (steps 7 and 9), or their incoming edges were marked as “not
traversed.” Hence, since the loop in Step 12 recursively traverses all edges outgoing from
the current node that had not been traversed (which is done in a conventional pre-order tree
traversal recursion), every node of the final tree T” is visited exactly once. We now claim that
when the algorithm terminates, 7" = Tyus. To prove the claim, observe that in Step 1, Verify
extracts the suffix = tail(w) of its argument. In Step 2, the canonical decomposition of
x is computed, The first component, r, of this decomposition, corresponds to a prefix of x
that is already in the tree. Step 4 constructs the parts of z that were missing. Therefore, a
call to Verify(w) guarantees that tail(w) will be a node of the constructed tree. Since the
algorithm starts with 7', and it only adds suffixes of nodes that were already in the tree, every

¥ In addition, also the transitions involving transient states that are nodes of Ty, are constructed.
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MakeFSM

1. Verify(\)
2. PropagateTransitions({(a,\)|a € A}, )

Verify(w)

1. Set ¢ =head(w), z =tail(w)

2. Compute (r,u,v) = Cp/ (z)

3. If u#Xor v#A

4. Insert(r,u,v)

5. If u# A

6. If Traversed[r, head(u)]

7. Verify (ru)

8. Else If v # A and Traversed[r, head(v)]
9. Verify (rv)

. Set Tail[w] = pointer to node x

=
= O

. Set Transitions[z](c) =w

12. For a€ A

13. If not Traversed[w,al

14. Set Traversed[w,al = true

15. If w has an edge az in the direction of a
16. Verify(waz)

Insert (r,u,v)

1. If u== 2\

2. Add 7 v to T

3. Set Origin(rv) = Origin(r)

4. Else

5. Split r =, ruy into r s ru -5 rUY

6. Set Origin(ru) = Origin(r)

7. Set Traversed[ru,head(y)] = Traversed[r,head(u)]
8. If v#£ A

9. Add ru — ruv to T’

10. Set Origin(ruv) = Origin(ruw)

PropagateTransitions (F',w)

For a € A
If Transitions[w](a) =1
Set Transitions[w](a) = F(a)
For v in Children[w]
PropagateTransitions(Transitions[w], v)

g W N =

Figure 2.6: Algorithm for computing Ty,¢
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node of 7" is either a suffix of a node of T, or a node inserted to allow a bifurcation (e.g., if
001 and 01 are suffixes, a node must exist at 0, even if it is not a suffix). Finally, since all the
nodes of T" are visited, every suffix of a node of T' is a node of T”. Hence, upon termination
of MakeFSM, T" = T,

Transitions of the FSM associated with Tyu¢, of the form f(z,c) = cx, are constructed in
Step 11 of Verify. Transitions of the form f(z,¢) = u < cx are added in the subroutine
PropagateTransitions. Overall, this process exhausts all transitions between permanent
states. In addition, also the transitions involving transient states that are nodes of Ty,s are
constructed. O

A key supporting structure generated by the algorithm is the array Tail of suffix links,
constructed in Step 10. A comment is in place here about the apparent redundancy between
Step 1 and Step 10, both of which seem to “compute” the longest proper suffix, z, of w. In
Step 1, we read the symbols of = as a substring of w, a pointer to which we get as input to
Verify. In Step 10, after possibly having built it, we have access to a pointer to the node
labeled z in T'. That pointer is then stored in the array Tail for use in later stages of the
algorithm. Note that w and z, as nodes, could be located in very different parts of T”.

An example of the workings of the algorithm is presented in Figure 2.7. Figure 2.7(A)
(excluding the dashed arrow) shows a non-FSM GCT T over the alphabet A = {a,b,c}.
Figures 2.7(A), 2.7(B), and 2.7(C) present the tree 7", and the suffix links created, after each
iteration of the loop in Step 12 of Verify(\) (namely, one iteration for each child of A in T').
Nodes added to T” in each iteration are light grayed, switching to dark in later iterations.
Nothing changes in the first iteration, except for the addition of the suffix link from node a,
which is verified in this iteration, to the root. In the second iteration, processing the branch
in the direction of b leads to the verification of nodes ba, baa and bac. The tails of the
latter two (aa and ac, respectively) were not previously in the tree, and are thus added by
Verify via calls to Insert. Since node a has already been verified, Traversed[a,a] is true
for all @ € A and Verify is recursively called for the inserted nodes. No further insertions are
required, and suffix links are defined for the new nodes as shown in Figure 2.7(B). Execution
for the branch in the direction of ¢ proceeds in a similar way, though in this case, recursive
verification of some new nodes leads to further insertions. For instance Verify(cbacb) leads
to successive creations of nodes bacb, acb, cb and b, the latter two causing the split of
previously traversed edges. Notice how the search for the longest proper suffix of an inserted
node during its verification is helped by following the suffix link of its parent. For example,
during verification of bacb, we can start the search for acb directly at node ac by following
the suffix link from bac in Figure 2.7(B).

Complexity analysis. Most individual steps of the algorithm listed in Figure 2.6 can be
executed in constant time per node visited, assuming strings associated with edges in the input
tree T are efficiently represented, e.g., following the suffix tree methods surveyed in [32], the
string v in an edge © — wwv of T is defined by a pair of pointers to some memory buffer
where the actual symbols are held. Thus, for example, a substring of v can be defined and
“copied” somewhere else by manipulating the pointers in constant time. Notice that any new
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Figure 2.7: FSM closure (C) and intermediate stages (A,B), with suffix links

edges inserted by the algorithm are labeled with substrings of previously existing labels, so
no additional memory buffer space is needed.

The exception to the statement above is Step 2 of Verify, namely, the computation of
Crp(x). In principle, the step calls for a string comparison seeming to require symbol by
symbol access, and time proportional to |z|, which could lead, in the worst case, to total
execution time quadratic in the total length of strings in the tree. However, the suffix links
available at that point in the execution of the algorithm can be used to improve the efficiency
of this computation.

The shallowest layer of executions of the loop in Step 12 iterates over the children of
the root A. It is readily verified, by observing Figure 2.6, that except for that layer, every
time Verify(w) is invoked, w is a node of the form w = auv, w’s parent is au # A, and
au was previously verified and has a suffix link pointing to node uw. Then, we can compute
Crr(uv) starting from node u, reading individual symbols of v (which we access by reading
the appropriate part of w as a string), and traversing the tree until we find the first prefix of
wv that is not a word of 7'. When the node being verified is bv € CHLD7v (), we take u = A,
and proceed in a similar fashion with v. In any case, the number of operations is proportional
to |v| rather than |x|.

Further savings are possible when the invocation Verify(ru) is made from Step 7. For
this case, we show that we can count on z’ = tail(ru) being a word of 7', and we only need
to find its location in the tree to verify whether it is a node, or an edge must be split to
create one. To see this, recall that we get to Step 7 after a call to Insert which split an
edge r —% ruy. Also, since Traversed[r, head(u)] must be true, the node ruy must have been
visited either from Step 16 of Verify or from Step 7 or 9 immediately after creation. This
guarantees that tail(ruy) is a node of 7" and so 2’ = tail(ru) is a word of T". Now, to find
x’ in the tree, we can start from node r’ = tail(r), and traverse in the direction of string wu,
advancing by full edges of the tree, and making comparisons only at the nodes to determine
the direction of the next edge. Each time an edge is traversed, we advance in u by the same
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number of symbols as the length of the edge, until we exhaust the symbols of w. In this case,
therefore, the cost of the computation is proportional to the number of nodes we encounter
in the path from 7’ to r’u, rather than the number of symbols |u|. We will refer to this case
as the fast mode of Verify.

The following theorem bounds the running time of MakeFSM. Its proof is based on the
observations above, and an analysis of the various configurations arising during the recursive
sequence of invocations of routine Verify. The full proof is deferred to Appendix B.

2.9. THEOREM. Let Ng =) |e|, where the sum is taken over labels e of edges of T', and let
N’ = |Tsys|, the number of nodes in Tyys. Then, MakeFSM runs in time O(Ng + N').






This chapter contains material published in [48].

Chapter 3
Linear-time twice-universal coding of tree sources

In this chapter, we apply the results of Section 2.3 to the implementation, in linear encod-
ing/decoding time, of the semi-predictive approach to twice-universal coding in the class of
full-tree models. The GCT extension is used as an algorithmic tool in the implementation.
We start by reviewing the semi-predictive approach to twice-universal coding.

3.1 The semi-predictive approach

The basic idea of a two-pass approach to twice-universality for countable union of models is
given in [65]. The case in which the second pass implements a sequential code is referred to
as semi-predictive in [61], and the target class is specialized to full-tree models in [56]. Thus,
the twice-universal code presented in this subsection (both for individual sequences and in a
probabilistic setting) is known (see, e.g., [90]), and we re-derive it here for completeness.

For an individual sequence z™, the coding scheme searches, in a first pass through the
data, for the full context tree T'(z™) that minimizes the code length

L(T,z") = LXT (™) + C(T) (3.1)

over all full context trees T' of any size, where E?T(x") denotes the code length assigned
by the Krichevsky-Trofimov (KT) sequential probability assignment [42] conditioned on the
states of T' (with a uniform distribution assigned to symbols occurring in transient states),
and C(T) denotes the cost of encoding T using a natural code defined, e.g., in [56, 88].
With a natural code, a full tree is encoded with one bit per node, specifying whether the
node is a leaf or internal.! As is well known for full a-ary trees (see, e.g., [37, p. 595]),
|S7| = (( — 1)|T'| + 1) /e, or, equivalently,

Ck’ST’ -1

e(r) = 7| = 221

(3.2)
To specify £KT(z"), let n{® (27) denote the number of occurrences of symbol a in context 5
in 27, namely,

n (@) =|{i: |s| <i<j, Ti_|sj41 =5 Tit1 =a}].

Here, 5 is an arbitrary string. When s is a permanent state of a full context tree T', nga) (27)

is the number of occurrences of a in state s. Define also ng(27) = 3,4 nga)(:vj), the number

'For a > 2, the natural code is a redundant representation of the tree, as it can be seen that, asymptotically
in the number of nodes, an efficient representation requires only h(1/ca) bits per node, with h(-) denoting binary
entropy. The natural code is used here for simplicity, as it does not affect universality or other asymptotic
properties of interest.
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of times a symbol of 2/ occurs in (arbitrary) context 3, i.e., the number of occurrences of
context 5 in 2771 (or occurrences of state s, if s € S7). Then, upon observing 27, the KT
probability assignment takes the form

(@) ¢, .j
: 2ns (x?) + 1
PH“%+Y‘”““ﬂ>‘S”‘2n@Zﬁ+a-

Furthermore, let

n(T) = Z ns(x") .

SEST

Notice that when using the context tree T', n —n(T') is the number of symbols that are coded
in a transient state with a uniform distribution. Consequently,

LET (") = (n—n(T))loga+ Y k(z",s), (3.3)

SEST

where k(2" s) denotes the code length assigned by the KT probability assignment to the
symbols of 2™ that occur in state s. By [42], we have

@) +$)0(3)"
[(3) Maeal (nl” @) +3)

k(2™ s) 2 log (3.4)

In a second pass, after finding and describing the optimal context tree T'(z™), the algorithm
uses the KT probability assignment to encode the data conditioned on 7'(z™). Clearly, upon
decoding T'(z™), the decoder can decode the data in a single pass. Due to the properties of
the KT probability assignment [42] used at each state, with an arithmetic coder of sufficient
precision, this scheme is twice-universal in the sense that, for any sequence z™, and any
number M of states, it achieves a per-symbol code length

L o 1 n ~ o M(a—1)logn M
gﬁ(x )= Emj{nﬁ(T,x ) < Hu(x )—l—f - +0 (n)’ (3.5)

where 7:[M(:c") denotes the minimum, over all context trees with M (permanent) states, of
the empirical entropy rate of 2™ with respect to the context tree. Indeed, by [42], the code
length assigned by the KT probability assignment to the symbols of ™ that occur in a state
s is,

N (a—1)
2

K2, ) < ngH(a"]s) + log n, + O(1),

where ﬂ($"|s) denotes the memoryless empirical entropy of the subsequence of " formed
by the symbols that occur in state s. Thus, assuming that =" is sufficiently long to select at
least one permanent state of an arbitrary context tree T', so that n(7") > 0, we have

Z k(z"™,s) < n(T) Z fs H(z"|s) + Z (@—1) logns +O(1) |,
n(T) 2

seSt seST SEST
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Encode (™)

1. //First pass:

2. Compute ST(z"~1$), compact suffix tree of x"~1$

3. Compute T’(z") s.t. T/, (") = T(z") by pruning ST(z"~1$) and
making edges leading to leaves atomic

Encode T}, (z")

//Second pass:

Compute T (z") = T, (™)

Set s =M\

For ¢ in 1..n

© 00 N O O »

Encode z; using statistics located in array Origin[s] of Th(z™)
10. Set s = Transitions[s] (z;) using T%(z")

Figure 3.1: Coding algorithm
or, denoting by 7:£T(a:") the empirical entropy rate defined by 2" for a model with underlying
context tree T,

(@—-1)
2

Z k(z",s) < nHp(z") +

SEST

|St|logn + O(|ST),

which is of course still valid even if n(T") = 0. Notice that the number n — n(7") of symbols
that are coded in transient states of T is no larger than the depth of T', which, in turn, is at
most the number, (|S7| —1)/(a — 1), of internal nodes of T'. Therefore, by (3.3),

a—1)
2

LET (2™ < nHp (") +( |S7|logn + O(|S7|).

Since also C(T") = O(|St|) by (3.2), we finally get, from (3.1),

(a—1)
2

L(T,z"™) < nHy(z") + |Sr|logn + O(|Sr|).

The inequality in (3.5) then follows since, in the first pass, the encoder selects the context
tree T = T'(z™) that minimizes £(T, z™). This establishes the twice-universality in the indi-
vidual sequence setting. Twice-universality in a probabilistic setting also follows, by taking
expectation with respect to the true model in (3.5), and noticing that the expected empirical
entropy rate is upper-bounded by the entropy rate by the definition of empirical entropy rate.

3.2 An efficient algorithm: complexity analysis

We first present the linear-time algorithm for the encoding stage. The algorithm is detailed
below and summarized in Figure 3.1.
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3.2.1 First encoding pass: finding the optimal tree

A procedure for finding the optimal full context tree T'(z™) in linear time is described in [3].
The procedure described below is similar in that it is also based on the application (pioneered
in [44]) of suffix tree techniques, and on the tree pruning ideas of [56]. Nevertheless, our
procedure is given in terms of the GCT formalism.

First, notice that all the nodes in T'(z™) correspond to strings that actually occurred as
substrings of T", except for those leaves that are added to complete a full tree, for otherwise
C(T(z")) could have been made shorter without affecting Ci'ﬁ-(rzn)(x") Let T"(z™) denote the
GCT that is obtained from T'(z™) by deleting all leaves that did not occur as substrings of ",
as well as any node u such that deg(u) = 1 after deleting those leaves, except if w < ™. This
exception guarantees that all transient states emitting symbols of ™ take the form u$, where
u € T'(2™).2 Moreover, even though internal nodes of 7”(z") may now become permanent
states, the only permanent states that will emit symbols of 2" are leaves. Thus, for the

purpose of coding =™, T'(2") is equivalent to T'(z™). Clearly, we have T} (z") = T'(z").

Now, consider the compact suffiz tree (see, e.g., [32]) ST(x"~1$) of x7~1$ where, as in-
troduced in Section 2.1, $ denotes a special symbol that is conceptually assumed to precede
z1. The leaves of ST(z"—18) are given by all strings of the form x$, 0 < j < n, and v is
an internal node of ST(z"~1$) if and only if there exist two different symbols a,b € AU {$}
such that both av and bv are sub-strings of $2"~! (thus, deg(v) > 1). The last symbol of the
string labeling the incoming edge of any leaf of ST(2"~1$) is $ (on the other hand, T'(z") is

an a-ary tree, and $ is just a symbol appended to its transient states). The use of this symbol
in ST(z"~1$) guarantees that the mentioned nodes u of T"(z™) with deg(u) = 1 belong also
to ST(z"~1$). Thus, by the definition of ST(z"~1$) and T"(z"), all internal nodes of T"(x™)
are also internal nodes of ST(z”~1$). Moreover, the leaves of T'(z™) are words of ST (2"~1$),

but notice that since the incoming edges corresponding to these leaves must be atomic (for

otherwise the description of T'(z™) could be shortened without affecting E?{zn)(fnn)), it may

be the case that a leaf of T'(2™) is not a node of ST(2"~1$). Thus, one can obtain 7"(z™) by
“pruning” ST(z"~1$) and possibly shortening incoming edges of the resulting leaves to make

them atomic (Step 3 in Figure 3.1).

The algorithm that derives 7”(z") by pruning ST(z"~1$) is based on the observation that,
by recursively assigning costs to sub-trees, an optimal context tree consists of optimal sub-
trees, and can be obtained by dynamic programming. This observation was first made in [56]
and is used also in [3]. It should be noticed, however, that the formulation in [56] is simplified
by the fact that the context tree to be pruned has bounded depth and is atomic. In our case,
to assign the costs consider a given GCT T with all incoming edges of leaves atomic, and
a sequence z" such that for all j, 0 < j < n, op(27) = o (27), and 27 € T' whenever
2 € WORD(T") (as observed, only sequences emitted from leaves of T’, and transient states,
are relevant to the discussion). Let u be a node of T”, and let «’ be the prefix of u of length

2 We recall that, in full generality, transient states correspond to all the words of the GCT except for the
leaves, and not just to those words corresponding to nodes.
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|u/| = [PAR7(u)| + 1 (or o' = X\ if u = \). We associate to u a natural code cost defined by

(3.6)

Cu(T') = a(lul = [W/|) + 1+ (o — deg(u)) if w is internal,
b )1 if v is a leaf.

The term a(|u| — |u']) gives the number of nodes of T}, in the set
{va: v 2v<u,ae {A}UA}\ {u},

i.e., nodes that are descendants of «’ but not of u. These nodes are added to T}, in place of
the possibly composite edge PAR7(u) — u to make T}, a full tree. Notice that, since all
incoming edges of leaves are atomic in 7", a(|u| — |u/|) is zero when w is a leaf. When v is
an internal node, the term (o — deg(u)) additionally gives the number of atomic children ua
of u in T}, that are not words of 7", i.e., the number of leaves added in T}, as children of u
to make T}, a full tree. Thus, the sum of C,(7”) over all nodes u of T" gives the number of
nodes in T} ,. Hence, by (3.2),

C(Tf/ull) = Z CU(T,)- (3.7)

ueT’

We associate to the sub-tree rooted at u the cost K7 (u) recursively defined by

oy log o + ZweCHLDT, (w) K (w) if u is internal,

3.8
k(™ u) if u is a leaf, (3:8)

Koo (u) = Cu(T') + {

where §, = 1 if w < =, and §, = 0 otherwise. Since all transient states selected by z7 in
T’ as j runs through 0 < j < n are nodes of T’, the sum of the term §,loga along all
internal nodes of 7" accounts for all symbols coded in transient states. Thus, by (3.1), (3.3),
and (3.7) we have Kp/(\) = L(T},,x™). Thus, Equation (3.8) can be used as the basis of a
dynamic programming minimization procedure. Specifically, we associate to each node u of
the compact suffix tree ST(z"~1$) a cost defined by

K(u)=1+loga, ifuisa leaf, (3.9)
and, for an internal node wu,
K(u) =min | a|u| — /| +1) +1+ Z (K(w)—1), 14+ k(z",u) |. (3.10)
’LUGCHLDST(F& (u)

Recall that in T'(z™), the compacted version of the optimal context tree T'(z™), all incoming

edges to leaves are atomic, for otherwise the description of T'(z™) could be shortened without

affecting ,C?(Txn)(m”). Hence, for a leaf u of ST(2"~18) with u = vaw$, v = PARST(W&(“)’

a € A, and |w| > 0, the edge v - u must be shortened in the process of pruning ST(z"~1$)
to get T"(2™), making u’ = va a leaf. Thus, (3.9) is consistent with (3.8) since C/(7") = 1,
and (3.4) yields k(2™ u') = (2", u) = log o for only one symbol occurs in context u/ by the
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definition of ST(z"~1$). For each internal node u of ST(2"~1$), we take in (3.10) the minimum
of the sum of the costs of the optimal sub-trees rooted at all its children, and the cost of making
u' a leaf, where again we let v’ be the prefix of u of length |u/| = [PARgy gy (w)] + 1 (or
w = X if u = \). Notice that the term §, loga of (3.8) is incorporated into the summation
over all children in (3.10) since, due to the use of the special symbol $ in ST(z7~1$), we have
u$ € CHLDgy amTg) (u) in case u = x (therefore, u may have up to o + 1 children). Also
notice that the subtraction of 1 from K (w) in the summation accounts for the term — deg(u)
in (3.6).

A dynamic programming algorithm that minimizes K(\), thus minimizing £(T7 , z"™), is
now straightforward from (3.9) and (3.10). Equivalently, we can minimize K’ = K — 1, which
takes the simpler form

K'(u) =loga, ifuis a leaf, (3.11)

and, for an internal node w,

K'(u) = min | ofu| — [u/| +1) + > K'(w), r(z™u)|. (3.12)

’LUECHLDST(F$> (u)

Specifically, in a post-order traversal [37] of ST(2"~1$), we shorten incoming composite edges

of leaves of ST(z"1$), and, for each internal node u, we evaluate (3.12) making u’ a leaf
in case the minimum is achieved by the second argument. The information required for the
pruning decisions at each node u consists of the children costs K’(w), which have already been
computed at the time of visiting w, and by (3.4), the set of counts {n&a) (") }aea. Clearly,
these counts are obtained recursively as the sum of the corresponding counts over all children
of u, and can be collected in the same post-order traversal of ST(z?~1$). The recursion starts

from the leaves u$ of ST (2"~1$), for which the symbol a that follows $w in 2™ can be recorded
during the suffix tree construction and associated to the leaf.

Summarizing, the computational cost of finding 7”(x™), which for the purpose of coding
x is equivalent to T'(z™), is given by the cost of the following operations:

(i) Building the (compact) suffix tree ST(z"~1$), and some associated data structures;

(ii) Pruning ST(z"~1$) in a post-order traversal, computing the costs K’(u) for all nodes
u, and possible inserting new nodes as leaves of T"(x").

It is well known (see, e.g., [32]) that the computational cost of building ST(z"~1$) is O(n).
The adaptation of the generic suffix tree algorithms to building also some additional ad hoc
structures (e.g., associating an emitted symbol with each leaf of the tree) is straightforward
and does not affect the complexity. It is shown in [3, Theorem 2] that the computation
of each (2", u) can be performed in registers of size O(logn) in a constant number of op-
erations, and that this precision is sufficient for preserving the validity of (3.5). Since, by
definition, ST(z"~1$) has n leaves, it has O(n) nodes when represented as a compact tree.
Thus, the whole pruning process takes O(n) operations, since the insertion of additional nodes
as possible leaves of T"(z™) clearly does not affect the linearity.
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3.2.2 Second pass: sequential encoding

After encoding T'(z™) with a natural code (which can be specified recursively with a pre-
order traversal of the tree [37]), the encoder makes a second pass through the data that
involves, for each j, finding oy, (27) and arithmetic encoding Zj41 using the corresponding
KT probability assignment. As observed in [3, Corollary 1], even though |7'(z™)| may be

significantly larger than |T'(z™)| (since ST(z"1$) is a compact tree), it is still O(n), for
otherwise T'(z™) would not have emerged as the optimal context tree in (3.1) (think, e.g., of
the context tree {\}, for which C({\}) =1 and ,C{KI} (") < nloga+ o(n)). Therefore, T'(z™)
can be described in linear time. As for arithmetic coding once oy, (27) is determined, it is
shown in [82] that, again, performing a constant number of arithmetic operations per symbol
in registers of size O(logn) guarantees a precision that will not affect the validity of (3.5).
Thus, we focus on the determination of the state.

In [3], the BWT of $2™ facilitates the transition between states in constant time. Alterna-
tively, notice that the algorithms that construct ST(z"~1$) in linear time can also maintain
pointers (so-called suffix links, see, e.g., [32]) between each leaf au$ of ST(z"~1$), and the leaf
u$, as suffixes are inserted in length order. If each leaf u$ is in turn linked to the correspond-

ing state orn (@), then each state transition can be done in constant time. Clearly, these
links can be created with an additional traversal of ST (z"~1$) in linear time. These methods,

however, require either the BWT of $2", or the suffix tree ST(2"~1$), none of which are,
in principle, available to the decoder. Thus, we propose an alternative linear-time method,
based on the FSM closure of T"(z™), that can be employed also at the decoding side.

Specifically, before starting the second pass, the encoder builds an FSM closure T, (z")
of T"(x™) (without loss of generality, T/ .(z")), using the algorithm MakeFSM of Section 2.4.>
For every permanent state w of Tj(z™), and every symbol ¢ € A, the encoder then has access
to the next-state transition f(w,c) via the mapping Transitions[w] constructed during the
execution of MakeFSM (see Section 2.4). This mapping also provides the state transitions
for all transient states that are associated with nodes. Since, by the definition of 7"(z"),
all the transient states that are actually visited with x™ are indeed associated with nodes, it
follows that, starting from the root (which is used as the context of z1), the encoder can make
each transition between states of T};(z™) in constant time. In addition, the link Origin[w]
provides access to the state of T'(z™) that is being refined by w, which accumulates the
relevant statistics for the KT probability assignment (loop starting at Step 8 in Figure 3.1).
These statistics are possibly shared with other states of T}(z™). The following corollary to
Theorem 2.9 establishes the linear time complexity of the proposed encoder.

3.1. COROLLARY. MakeFSM(T'(z™)) runs in time O(n).

Proof. By Theorem 2.9, it suffices to prove that both the sum of the lengths of the strings
that label edges of 7(z™) and the number of nodes of T} (2™) are O(n). The former is clearly

3 Notice that while only states associated with leaves actually occur in the sequence of permanent states of
T'(z™) determined by z™, this is no longer the case with T7 (z™), for which we take full advantage of the GCT
formalism.
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upper-bounded by |T'(z™)|, which was already observed to be O(n) at the beginning of Sec-
tion 3.2.2. As for Tp(z™), let T”(2™) denote the GCT obtained by deleting from T”(z™) those
nodes that are not in ST(z"~1$) (and the corresponding incoming edges). By the definition

of a (compact) suffix tree, u € ST(z"~1$) if and only if either u is a suffix of 7~1$, or there
exist a,b € AU{$}, a # b, such that both ua and ub are sub-strings of 2"=1§. Thus, every
suffix of a node of ST(z"~1$) is also a node of ST(z"~1$). Since T”(z") C ST(z"~1$), and
T7(2™) is formed by adding as nodes all the suffixes of the nodes of T"(z"), it follows that
the added nodes are in ST(2"~1$), and therefore we also have Th(z™) C ST(z"~1$). Conse-
quently, |T7(z™)] = O(n). Now, in addition to the nodes of 77 (z"), Tj(z™) includes all the
suffixes of the nodes of T"(z™) that are not in ST(2"~1$). As observed in the description of the
pruning step in Section 3.2.1, these nodes can only be leaves of T'(z™), and all corresponding

incoming edges must have length one. Thus, these leaves take the form wa, where w € T" (z™)
(and, hence, w € Ty(z™)) and a € A. Thus, the corresponding suffixes take the form va,
where v € T7.(z"), so that the number of additional nodes of Tj.(z") cannot be larger than
a|Th(x™)| = O(n). 0

3.2.3 Decoding

If the decoder had access to T'(z™) as it starts scanning the compressed bit-stream, the
decoding stage could proceed in rather the same way as the encoding. That is, the decoder
could build an FSM closure of T"(2™), Tj(z™), and proceed to decode the symbols of z"
sequentially, using the statistics in 7"(z") and efficiently transiting between states by means
of the FSM T7,(z"). However, only T'(z™) has been described and, as shown in [48], its FSM
closure might, in principle, have a super-linear number of nodes. Of course, a modified encoder
can describe T (z™) (by simply specifying, for every node of T'(z™), whether it is also a node
of T"(z™)), without affecting the validity of (3.5). This modified code is still twice-universal,
and a linear-time implementation of the decoder follows trivially from reversing some of the
operations at the encoder. However, it is not necessary to penalize the code length to preserve
linear time complexity. Next, we present a decoder that has access to T'(z™) only, but requires
a more elaborate analysis.

Assume T'(z™) # {A} (for otherwise T"(z") would also be known), and let 7”(z™) denote
the GCT obtained from T'(z™) by deleting all the leaves, as well as nodes whose outgoing
degree after deleting the leaves is one. Clearly, T/ (") C T(z™), and |T"(z™)| < |T"| for any
T’ such that T/, = T(z™). Thus, 7"(z™) C T'(z™). The decoder starts by building an FSM
closure Th(z™) of T'(z™), which, by the proof of Corollary 3.1, can be done in linear time

(again, we assume Th(z") = T/

(z™)). Then, the key idea is to relate, for every i, 0 < i < n,
the state §; 2 o7y (x') to the state selected in the FSM closure of T'(z"), s; 2 Oy am ()
(again, Tr(2™) = Tyue(2™)), which is the state needed by the decoder, and to show that
the linkage between the two states can be executed without compromising the overall linear
complexity. Figure 3.2 illustrates some of the decoding operations. Figure 3.2(A) shows
a context tree T'(z™), and the leaves (grayed) and internal nodes (dark) deleted to obtain

T’ (™). The latter GCT is shown in Figure 3.2(B), which also illustrates the relation between
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A B
) T(x")= Tp(x") ® f'(xn): f"F (x")

Figure 3.2: Decoding tree

4; and s;. In this particular case, both T'(z") and T7"(z") are FSM.
We start by establishing a key connection between 7% (z™) and T (z™).

3.2. LEMMA. The following relations hold for Ti(z") and Tr(z™).
(i) Ifu € Th(z™) then ua € Tr(x™) for all a € A.

(i) Ifu € WORD(T;;(:U”)) and ua & WORD(T;;(:C”)) for some a € A, then ua is a leaf of

Proof. If u € T;;(x”), by construction of the closure, there exists a string v such that
vu € T'(z") and therefore vua € T(z") for all a € A, thus ua € Tr(2") for all a € A.

If u € WORD(Th(2"™)) then there exists a string y such that uy € T%(z") and therefore
uya € Tp(z™). Since T(x™) is full, so is Tr(2™) and uya € Tp(2™) implies ua € Tr(z"™).
Let v € A" wav € Tp(z™). By construction of the closure there exists w € A* such
that wuav € T(z"). If v # A, wua € WORD(T'(z")), wuav’ € T'(z™) for some v’ and
uav' € Th(z™), a contradiction. O

The relation between §; and s; is given by Lemma 3.3 below, for which we remove the
symbols $ from transient states, and define z; such that §;z; is the longest prefix of 2 in
WORD(Th(2)). Furthermore, define b; 2 Ti_|s,2| In case |8;z;| < i, or b = A otherwise (these
definitions are illustrated in Figure 3.2).

3.3. LEMMA. For every i, 0 < i <n, we have s; = §;z;b;.
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Proof. Since Tp(z"™) is a full tree, it suffices to show that §;z;b; € WORD(Tp(x)), and
that either b; = A, or 8;z;b;c € WORD(Tr(zx)) for any ¢ € A. To prove the first claim,
observe that, by definition, §;z; € WORD(T’ 7-()), so that there exists a string y such that
4iziy € Th(z™). The claim follows from Lemma 3.2 by which 3;z;ya € Tp(z™) for every
a € A, and since Tr(z") is full, §;2;b € Tp(z™) for every b € A. As for the second claim,
assume that §;z;bjc € WORD(Tp(x)) for some ¢ € A. Since Tr(z™) is full, this assump-
tion implies that $;z;b;c € Tr(2™) for all ¢ € A, so that there exists a string v for which
v8;zibic € T(a™). Thus, vs;z;b; € WORD(T’(z”)), implying that vs;z;b;w € T’(x”) for some
string w, and furthermore that $;z;b;w € Tj’p(z:”) Since, by definition, §;z; is the longest
prefix of z that is a word of T (2"), we must then have b; = \. O

Next, we show that, in fact, it is not necessary to revisit the decoded sequence for all
the symbols in z; in order to determine s;. Observe that, by the FSM property of T}(z"),
Si+1 = xi415;. Removing again the symbols $§ from transient states, define w;41 to be the
string satisfying x;418; = Sj+1%i41.

3.4. LEMMA. If §i+1ui+1head(zi) S WORD(TI,;‘(.T)), then Zi41 = Uir124-
Proof. By the definition of z; and u;, there exist sequences ¢ and v such that
x”l = xi+1§izib,~t = §i+1zi+1v = §i+1ui+1zibit . (313)

Furthermore, by the assumption of the lemma and the definition of z; 11, we have u;41head(z;) <
zi+1; we show that we also have z;11 < w;412;. Otherwise, by (3.13) and the definition of
Zit1, 8i11uir12:b; would be a word of Tl’;(:r") with b; # A, implying the existence of a string
y such that §;1q1u;112:b;y € T}’;(x") Thus, since T}’;(ac”) is FSM, §;z;b;y is also a node of
T5.(z™) by (3.13), so that ;2;b; € WORD(Th(z)), in contradiction with the definition of z;.
Now, if z; = A, the proof is complete. If z; # A, then we have z;41 = w;t12,, where 2] is a
non-empty prefix of z;; define 2/ by z; = z/z/'. The proof is complete if we show that z! = .
Since 4;412i41 € WORD(Th(z)) by the definition of z;y1, there exists a string w such that
Si+1uit1zw is a node of T;;(x”) and, by the FSM property of T]’;(x”), so is §;zjw. Moreover,
w # A, for otherwise §;2/ would be a node of T(z"), and thus §; would not be the state at time
i. Tf 2!/ # A, we have head(w) # head(z2/), for otherwise §;11z+1head(z/) € WORD(Th(z)),
contradicting the definition of z;11. It follows that §;z/head(w) and §;z/head(z]) are two
different words in T%(z"), making 2, a node, a contradiction. O

Given §;, |u;|, and |z;—1| (starting with zp = A), we can recursively determine |z;| by checking
decoded symbols and descending TI’; (z"), starting from §;, in the direction x;_s,|, 7;—5, -1,
*yTi|5|—|ui|-1- 1f, at some point, the concatenated string is not a word of Tr(z™), by
definition, we have determined |z;|. Otherwise, §;u;head(z;—1) € WORD(T(z)), and, by
Lemma 3.4, |z = |u;| + |zi—1]- Thus, the determination of |z;| requires at most |u;| + 1
comparisons. Since |u;| = [8;—1| — |8;| + 1, we need at most n comparisons along z".
Now, given 8;, |2, head(z;), and b;, it is easy to determine oy n (z') (Which contains
the decoding statistics) in constant time per input symbol by defining an additional data
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structure. Specifically, for every internal node u of T(z") that is also a node of T (z"),
consider the set A, of symbols for which u has an edge of T” (z™) in their direction, and let
u(a) denote the edge of Th(z") in the direction of a € A,. For every j, 1 < j < |u(a)], let
Uy,q(j) denote the node of T'(z™) obtained by concatenating j symbols of u(a) to u. A data
structure Jump [«], linking w with each vy 4(j), can be built in O(|T'(z™)]) total time for all
relevant nodes, e.g., by initially setting up the data structure for the nodes of T (z™), and then
updating it as edges of 7”(z") are split by MakeFSM. In addition, for a node w of T}’; (z™) that
is not a node of T'(z™), the initialization of Origin[w] in MakeFSM can readily be modified
so that it points to its ancestor in T'(2™), rather to an ancestor in T’ (z™). Equipped with the
data structures Jump[u], and based on Lemmas 3.3 and 3.4, we can determine o, (z*) for
z; # A as follows:

e If §; is an internal node of T'(x") and head(z;) € As,, then 8;z; is given by v, caa(z,) (| 2i])
(by definition, |z;| < |§;(head(2;))]), and oren) (%) = s; = §;2;b; (Lemma 3.3).

e If 3; is an internal node of T'(z") and head(z;) € As,, then oy, (2%) = §;head(z;).
o If 3; is a leaf of T'(z"), then oy, (2?) = 3;.
e If 3; is not a node of T'(x™), then Origin[3;]1 points to opn (z?).

When z; = A\, o7, (2) = §; if §; is a node of T'(z™), and Origin[3;] points to or,n(x?)
otherwise.

The implementation of the semi-predictive approach to Context algorithm outlined in this
section is denoted SPContextFSM. The following theorem summarizes our discussion.

3.5. THEOREM. SPContextFSM encodes and decodes any sequence ™ in time O(n).
Remarks

(a) The SPContextFSM decoder does not explicitly obtain 7”(z"), the pruned GCT given
by the set of nodes of T'(z™) that actually occurred as substrings of z". Since, after
decoding z™, the decoder can determine T’(z™), a plausible approach to linear-time
decoding would be to obtain T4 (z") adaptively, starting from T%(z") and adding the
missing nodes as new words of T'(z") are decoded. Thus, T4(z") would grow on the fly
“as needed.” We show in Section C.1 of Appendix C that such a procedure can indeed
be implemented in linear time without recourse to additional complex data structures
(e.g., Jump[ul). However, the description of SPContextFSM is simpler.

(b) SPContextFSM is presented as an application of the concept of FSM closure, solving the
open problem of linear-time decoding. In Section C.2 of Appendix C, we present yet
another solution to this problem, this time without recourse to the FSM closure. This
approach will typically require more storage space than SPContextFSM at the decoder.
The idea in this case is to extend T'(z™) on the fly with the suffix tree of the string

decoded so far. To this end, the suffix tree of zi~1$ is built in an “anti-sequential”
manner as in [23], i.e., the suffix tree of 27§ is available at each step j, 0 < j < 1.






This chapter contains material published in [49].

Chapter 4

Type classes of tree models

In this chapter, we characterize type classes of tree models. We recall that two strings, ="
and y", belong to the same type class with respect to a tree model (T, pr), if and only if they
are assigned equal probabilities regardless of the model parameter, i.e., for every value of the
conditional probability mass functions p,(-|-) associated to the states of T (with appropriate
conventions for the initial states of the process). It is not difficult to see that this condition
holds if and only if 2™ and y™ have the same symbol counts nga) (see Section 3.1), for all states
s of T, and all symbols a € A. Thus, in the case of tree models, as in other cases of interest,
the notion of type defined in probabilistic terms admits a combinatorial characterization.
Notice that this characterization depends on the underlying context tree T', but not on the
model parameter.

We investigate both the size of type classes and the number of type classes induced by a
context tree. To obtain the exact size of a type class, we follow a graph theoretic approach
similar to the derivation of Whittle’s formula for FSMs in [34], establishing a one-to-one
correspondence between the set of strings in a type class and the set of Eulerian circuits in a
certain graph derived from the context tree. For general context trees, however, the problem
turns out to be far more involved than the FSM case, due to the lack of a next-state function.

An important property of type classes for FSM models is that their size behaves asymp-
totically as exp(nﬂ;:(x”)) for every sequence z", where 7:[7:(37”) is the empirical entropy rate
of ™ with respect to the given FSM, F, underlying the model. This property does not ex-
tend, in general, to tree models. For example, the empirical entropy rate of the sequence
2™ = 001001 ---001 with respect to the context tree T; of Figure 4.1 is Hrp, (z™) = %h(%)
where h is the binary entropy function. The factor i(3) in Hr, (z") arises from state 0, where
half of the occurring symbols are 0 and half are 1 (we write h(%) unevaluated to emphasize
this fact). On the other hand, in order to reach state s; = 100, we must have s;_o = s;_1 = 0.
Therefore, to preserve conditional counts, the state sequence must follow the fixed cycle
0—0—100—0—0—100—-- -, and the type class of 2™ is just {#"}. Although this is an extreme
example, restrictions on state transitions such as the one in this example may, in general,
rule out many of the state sequences that could be obtained by picking the next symbol at
each state freely, according to the prescribed counts. Such freedom is already limited to some
extent in the FSM case, as expressed by the cofactor that multiplies the multinomial factors
in Whittle’s formula [86]. This cofactor, however, is polynomial in n, and thus negligible with
respect to the main factor of the formula. As shown in the example, the reduction may be
far more significant in the case of tree models, where the restrictions are more intricate.

In Section 4.2 we derive the mentioned exact formula for the size of the type class of
x™ with respect to a given context tree, which generalizes Whittle’s formula. As mentioned,
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Figure 4.1: A context tree Ty over A = {0,1}

the problem is also reduced in our case to one of counting Eulerian circuits in a directed
graph. Although the constructed graph contains some of the elements of the FSM closure,
it is different from it, and, in fact, it generally does not correspond to a conventional FSM
(in general, the type class of a sequence with respect to the FSM closure of a context tree is
smaller than the type class with respect to the context tree). The difficulty in the construction
stems precisely from the lack of a next-state function, and the loss of context occurring in the
state transition sequences of context trees.

In Section 4.3 we present an asymptotic upper bound for the expected logarithm of the
size of the type class of a string with respect to a tree model (T, p;). Later, in Chapter 5,
we will use a coding argument to show that this bound is tight, in the sense that this upper
bound differs from a lower bound by O(1).

In Section 4.4, we study the number of type classes for sequences of length n induced by
a given context tree, and we estimate the number of classes tightly, up to a multiplicative
constant. In this case also, we generalize the known result for the FSM case, which is stated
in [83] and attributed to N. Alon.

Finally, in Section 4.5, we compare, for a tree model (T,p;), the average size of the
type classes with respect to T" and to its FSM closure Tyus, and the number of type classes
induced by both context trees. We define the (FSM) over-refinement of T', k7, which depends
exclusively on the structure of the context tree T'. When comparing the expected logarithm
of the size of the type classes in T" and Tg,s of a random sequence, it turns out that the terms
of order logn differ by a factor of k. We also show that there is, asymptotically, a factor of
n”T more type classes in Tg,¢ than in 7.

The characterization of the type classes of tree models enables applications of these mod-
els in enumerative coding and universal simulation that we explore later in Chapter 5 and
Chapter 6, respectively.
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4.1 Preliminaries

We denote by Z(T) the set of internal nodes of a tree T', and by depth(T") the depth of T,
i.e., depth(T') = max{|u| : w € T'}. In this chapter, except when explicitly stated, we consider
a fixed context tree T'. Thus, we omit the dependence on T from most of the notation we
introduce next. We will also assume that 7" is nontrivial, i.e., |T'| > 1. Notice that for |T'| =1
the problem reduces to a memoryless setting, which is well understood [15]. For simplicity we
fix an initial state sg of maximal length, i.e., a leaf of maximal depth in 7. Thus, a sequence
2" determines a state sequence so(z"), si(z"), ---, sp(2"), defined as s;(2") = or(502%).
Notice that, by imposing maximal length on sg, and regarding x" as preceded by sg, we
can guarantee that all states s;(z™) in the sequence are permanent. We then refer to the
permanent states of T' simply as the states of T. In Appendix E we extend the results of
this chapter to the more general setting in which the initial conditions are determined by
transient states of the context tree. In this case, the exact formula for the size of a type class
is slightly modified, although the asymptotic behavior of the expected size of a type class and
the number of type classes remain the same.

We omit the argument x™ of s;, and of other objects of the form f(z™), when clear from
the context. A state s; is itself a string; we use the notation (sz)gC when indexing its symbols.
For a tree model (T, pr) the set of CPMF's associated to the states of T' define a probability
assignment Pz, () via (2.1). Specifically,

PirpnyN) =1 Py (@®) = [[pr(@ilsin), n>1. (4.1)
=1

For each n > 0, the assignment (4.1) defines a probability distribution on A". To avoid
confusion, we reserve the notation Py, y{-} to refer to the probability of an event that
depends on a random sequence X" € A" drawn with probability Py, y(-), where n will be

clear from the context. For example we write Py, {nﬁ“) > O} to denote the probability
an:n§“>(xn)>oP<T7PT>(xn)' Throughout we use capital letters to denote a random sequence
emitted by a tree source, e.g. X", and lowercase letters to denote specific sequences, e.g.
z". We denote by E7 [] the expectation of a random variable with respect to P 7, (-).
From (4.1), we see that the type class of 2™ with respect to T', denoted 7 (T, z™) or simply
7 (™) when T is clear from the context, takes the form

T(T,z") = {y” e A" :nl@(y") = nl(2") Vs € Sr,a € A} ,
where, with a slight abuse on the notation of Chapter 3, here we let nga) (™) denote the
number of occurrences of a in state s in z™, regarding =" as preceded by Sy for the purpose of
selecting states. We refer to 7 (T, x™) as the T-class of ", as a shorthand for the type class
of ™ with respect to T.

The state transition matriz of x™, denoted N (z™), is an |Sp|x|Sr| matrix, with row and
column index set S7, and entries

Ns’t:|{i:1§i§n,81’7128,8i:t}’, S,tEST,
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namely, N ; is the number of transitions from s to ¢ in the state sequence of z". For a matrix
M we define M;, = Zj M; ; and M,; = >, M; ;. Thus, Ny, is n,, the number of symbols in
" that occur in state s, and N, is the total number of times s is transitioned into in the
state sequence of z".

Since in the state sequence of any given string, x', every state is entered as many times
as it is exited, with the only exception of the initial and final states, then IV satisfies the flow

conservation equations, i.e.,
N*S(g;”) + 55730(xn) = Ns*(xn) + (5575n(xn) , forall se Sr,

where we use the Kronecker delta notation: d,,, = 1 when u = v, and zero otherwise. The
following lemma characterizes the support of N(z™).

4.1. LEMMA. Let s,t be arbitrary states of T. There ezists a string ™ such that Ng¢(2™) > 0
if and only if s < tail(t) or tail(t) < s.

Proof. Consider two consecutive states s = s;_1(2"), t = s;(2™) in the state sequence of

an arbitrary string 2™. Then, we have ¢ < xtsy = z;2°~Lsg, and, therefore, tail(¢t) < z¢~1lsy.

Since also s < xi~1sg, we must have s < tail(¢) or tail(t) < s. Thus, if N,;(z") is nonzero,
then s and ¢ must satisfy s < tail(¢) or tail(t) < s.

Suppose now that s < tail(t) and let 2™ be a string such that ¢ < 2. Then, we have s,, = ¢
and, also, s,—1 = s, since s < tail(¢) and tail(t) < zn~1. Thus, we have Ny (2™) > 0. If, on
the other hand, tail(¢) < s, then we take 2™ such that head(t)s < z™. Since tail(t) < s, we
have t < 2™ and, hence, s, = t. By the definition of 2™ we also have s,,_1 = s and therefore
Ng(z™) > 0. O

Objects Ngg, (nFs)ga), and 7Tpg can be defined for arbitrary FSMs, in analogy to the
definitions of N, nga), and 7 for context trees above. In this case, the existence of a next-
state function implies directly that counting sequences in 7Tpg(z™) is equivalent to counting
state sequences' with the same initial state and transition counts as ™. This property is
essential in the various derivations of Whittle’s formula for FSMs [86, 6, 34, 35]. Later, we
will show that a correspondence between sequences in 7 (™) and state transition counts exists
also for context trees. This connection can be stated in a simpler form if we do it for close-
ended type classes, where the close-ended type class of ™ with respect to a context tree T,
or simply the T'-class® of ™, is defined as

T(T,z") ={y" € T(T,2") : sp(z") = spn(y"™)} .

!Special care must be taken when different symbols lead to the same state transition, which makes the
two counts differ in a binomial coefficient factor. For instance, suppose that a,b are two (and the only two)
different symbols such that an FSM in state s transitions to state ¢ when either a or b occur. Given the state

(a) (b)
sequence of z", there are (("FS)<S +>((Z};S)S ) ways of labeling the transitions s — ¢ with (nps)g‘” symbols a
nps)s
(b)

and (npg)s’ symbols b, all of which give rise to strings in the same type class. Since both counts (nps)é") and
(nFs)§b> are known given the type class, this brings no difficulty in computing the size of the class. Notice that
in context trees, whether FSM or not, different symbols always lead to different states, and this case does not

arise.



4.1. Preliminaries 53

Notice that the above equality condition on the final states is always satisfied for sequences
in the same type class in FSMs, by the flow conservation equations and the existence of a
next-state function. Next, we argue that we incur no loss of generality if we confine our
attention to close-ended type classes. We start by showing the following relation between the
final states of any two sequences in the same T-class.

4.2. LEMMA. Let T be a context tree and let ™, y™ be sequences in the same T-class. If
Sp—1(z™) and x,, determine s,(z™), then we have s,(z™) = s,(y"™). Otherwise, we must have
Sp—1(2") = sp—1(y"), and x, = yYn.

Proof. We first show that if s,,_1(2™) and x,, determine s, (z"), i.e., if tail(s,(z")) € T, then
sn(y™) = sp(2™). Consider a state s = au, with a € A, u € A*, such that u = tail(s) € T. If
in the state sequence of an arbitrary string z we have s; = s = au, then u =< 2i=Tgy. Thus,
the symbol z; = a is emitted from a state s;—; of the form wv. Conversely, if symbol a is
emitted from a state s;_1 of the form uv, then au =< ;s(), and therefore s; = au = s. Hence,

Neau(a®) = Y 0@ = Y7 0l (y") = Neauly").-

UVEST wWVEST

Also, by the flow conservation equations on the transition matrices, we have

N*au(xn) = Naux (-’En) + 5au,sn(m") - 661%80
N*au<yn) = Noux (yn) —+ 5au,sn(y”) - 5au,80 .

Since the total number of symbol emitted from au in 2™ and y™ is the same, Ngyu«(z™) =

Naux(y"), and therefore 4y s, (2m) = Gqu,s, (yn)> Which proves the claim.

ym)

As a consequence of the claim above, if sn) (™) # sp(y™), we must have s, (z") = auv with
a€ A u€c Sy, and v € AT. Now, if in the state sequence of an arbitrary string z we have
s; = auw for some w € AT, then u < FSO. Thus, the symbol z; = a is emitted from the
state u. Conversely, if symbol a is emitted from state s;—1 = u, then au =< 20, and therefore

s; must have the form auw with w € AT. Hence,

n{@ ) = Z Nauw (2"
auweST
= Z Nauw* (xn) + 5auw,sn(x”) - 5auw,so 5
auweEST
and also,
nSLa) (yn) = Z Nauw* + (5auw,sn(y”) - 5auw,so .
auweST

Since n" (y") = n{® (z™), and the total number of symbols emitted from auw in 2™ and y"

is the same, we have,

Z 5auw ,Sn(y™ Z 5auw sn(z) = 1.

auw€EST auweST



54 4. Type classes of tree models

We conclude that the final state of y™ has the form auw. Thus, s,—1(z"™) = s,—1(y") = u,
and also x,, = vy, = a, as claimed. O

The following corollary to Lemma 4.2 connects 7*(z™) with 7 (z").

4.3. COROLLARY. For a context tree T and a sequence x", we have T (z") = T*(a") if
5n_1(x™) and x, determine s,(x™), and T (z") = {y" tx, : y" 1+ € T*(2" 1)} otherwise.

Proof. If s,_1(2") and x, determine s,(z"), then 7 (z") = 7*(z") by Lemma 4.2 and
the definition of 7*(z™). Suppose now that s,_1(z") and z,, do not determine s,(z™), and
consider the subsequence z"~!. For all states s and all symbols a, we have

nga) (xnil) = nga) (xn) - 6s,sn,1(z")(5a,xn .

Similarly, for an arbitrary string 2" € 7 (™), we have

nga) (Zn_l) = nga) (Zn) - 58,871_1(2“)5047271 .
Since we must have s,_1(2") = sp—1(2") and z, = z, by Lemma 4.2, we conclude that
21 e T*(2™1). Thus, the string 2" belongs to the set {y" 'z, : y" 1 € T*(x""1)}.
Conversely, if we append the symbol z,, to the end of a string y" 1 € T*(z" 1), we get

nga) (y”_lajn) = nl@) (yn—l) + 05,6, 1(yn-1)0a,,, foralls€ Sp,ae A.

S

Since n{" (yn 1) = n® (2" 1) and s,_1(y""!) = s,_1(2""1) by the definition of 7*(2z"~1),
( )

we conclude that ns” (y" 'z,) = n{® (z™) for all states s and all symbols a, and, therefore,
y*tx, € T(a™). O

Based on Corollary 4.3, we now show that if an enumeration scheme? for T-classes* is
available, we can use it to implement an enumeration scheme for T-classes. Suppose we are
given an enumeration scheme for T-classes® of any length and let g*(z™) be the index assigned
to 2™ within 7*(2") by this scheme. We can associate to each sequence " an index within
T (z"), g(z™), as follows: if tail(s,(z™)) € T, we take g(z") = ¢g*(2"), otherwise, we take
g(z™) = g*(z"1). Notice that, by Corollary 4.3, in the former case we have 7 (") = T*(2")
since s, is determined by s,,—1(z™) and x,,. In the latter case, s, is not determined by s,,—1(z")
and z,,, and, again by Corollary 4.3, 7 (z") is obtained from 7*(2"~!) by appending the sym-
bol z,, to the end of each sequence of 7*(2"~!). Therefore, in this case, 7 (z") and 7* (2" 1)
are the same size. Thus, the scheme above assigns indexes in the range 0--- |7 (z")| — 1 and
covers all integers in this interval as x™ varies in a type class. The following lemma shows
that the problem of enumerating sequences in 7 (2") is solved by the above construction of
g(z™) as soon as we know how to enumerate sequences in 7 *(z").

2By enumeration we mean any one-to-one mapping between sequences in 7 (z™) and indexes in the range
0---]7*(z™)] —1. We will be interested in algorithmic implementations of the mapping with time and memory
complexity that are polynomial in n (the size of 7*(z") is in general exponential in n).
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4.4. LEMMA. Given the T-class of x™ together with the index g(z™), we can recover z™ by
computing a single evaluation of the inverse function of g* and, additionally, performing O(1)
operations on registers of length O(n).

Proof. We will give a sequence of O(1) operations required to determine the argument for
an invocation of the inverse function of ¢g* and using this invocation to obtain z".

If the (as yet unknown) final state of 2™ is determined by s,_1(z") and x,, then s,(z")
is of the form s,(z") = au with @ € A and u € T. For each state au of this form we can
determine wether s, (") = au by means of the flow conservation equations. Specifically, we

can compute the number of entries to state au as Zuve Sy ngﬁ,), and the number of exits from

av as ) ;4 n). If we find the final state to be of the form sp(z™) = au with a € A and
u € T, we then get 2™ by applying the inverse function of ¢* to the T-class* determined by
the given T-class and the found final state. Otherwise, the final state of ™ is not determined
by sn—1(z™) and z,,, and, therefore, it must be of the form s, (z") = auv with a € A, u € S,
and v e AT.

For each internal node au of T with u € St we can determine wether the final state s, (z")
is of the form s, (z") = auv by applying the flow conservation equations to the states in the
set

W = {auv:v € A% auv € Sr}.

Specifically, we compare the number of entries to states in W with the number of exits from

states in W. The former can be computed as nq(f), and the latter as > .y D pea ngb). If we

find that
nq(f) + Z dw,so 7 Z anb) ,

seW SEW be A

then s,(z™) belongs to W by the flow conservation equations. We can then determine
T*(z" 1) from 7 (2") by decrementing nq(f) by one, and letting u be the final state of 2”71,
After recovering "~ ! from its index within 7*(2"~!) applying the inverse function of g*, we

get 2" by appending the symbol a to the end of 2"~ 1. O

In view of Corollary 4.3 and by Lemma 4.4, in the sequel we focus on the enumeration
of 7*(2™) rather than 7 (z™). Lemma 4.5 below establishes a fundamental relation between
sequences in 7*(z™) and state transition counts for arbitrary context trees. This result is
well known for FSMs and, as mentioned, it is essential in several derivations of Whittle’s
formula [86, 6, 34, 35].

4.5. LEMMA. For sequences ", y" € A", and a context tree T, we have y™ € T*(z"™) if and
only if N(y™) = N(z").

Proof. Clearly, since a state transition s;_1 — s; uniquely determines the symbol x; =
head(s;) that occurs in state s;_j, the equality N(y™) = N(z™) implies that y” € 7 (a").
Moreover, by the flow conservation equations, the final state of a sequence is uniquely deter-
mined by the initial state sy and the state transition matrix. Thus, if N(y") = N(z"), then
we must have s, (y") = s, (") and therefore y™ € T7*(z™).
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Suppose now that y” € 7*(2"). By Lemma 4.1, we only need to show that Ny.(y") =
N 1(2™) for all s,t € St such that s < tail(¢) or tail(t) < s. Consider first the case tail(t) < s,
ie., t = au and s = uv with a € A, u € A*, and v € AT. Since the occurrence of symbol a
in state uv uniquely determines the next state au, we have,

Nuv,aU($n) = nq(g]) (z") = nq(ﬁ]) (y") = Nuv,aU(yn) .

Consider now the case s < tail(t), i.e., s = v and t = auv with a € A, and u,v € A*.
Since o7 (uv) = u, state auv can only be reached via state u. Hence, Ny quo(2") = Niquo(2™),
and by the flow conservation equations on the transition matrices, we have,

Nu,auv (xn) = Nguv« (:L,n) + 6auv,sn(a¢") - 5auv,so .

Now, since y™ € 7*(z"), the total number of symbols emitted from auv in 2™ and y" is the
same, and also dqyy s, (27) = Oquv,sn(yn)- LhUs, we have

Nu,auv(xn) - Nauv* (Z/n) + 5auv,sn(y“) - 5auv,so . (42)

By the flow conservation equations, the right hand side of (4.2) equals Nyquy(y™). Thus, we get
Nuyauv (™) = Nyaquo(y™), and the proof is completed by recalling that Nyquw (y") = Ny auw (y"),
since state auv can only be reached via state u. O

Unfortunately, Lemma 4.5 does not allow an enumeration of 7*(z") by enumerating state
sequences with transition counts compatible with N (z™). Unlike in the FSM case, some such
state sequences may not correspond to any symbol sequence.

4.6. EXAMPLE. Consider the context tree of Figure 4.1, where, for clarity, we use the labels
A,B,C,D in lieu of 0,100,101, 11, respectively. The sequence ™ = 001101, with initial state
B, defines a state sequence BAABDAC (see Figure 4.2(N)), which, taking A,B,C,D as the
order for rows and columns, yields the transition matrix

N(z") = (4.3)

_ O ==
SO O
SO O
OO~ O

The state sequence BABDAAC is compatible with N(2™), but it does not correspond to
any symbol sequence, since the state sequence BA can only be followed by states A or C,
even though transitions from A to B may be valid (and required) elsewhere in the sequence.
The difficulty in determining the type class size for context trees lies in accounting for these
restrictions on state transition sequences, which stems from the possible loss of context in
some of the states.

To derive some of the main results in the remainder of this chapter, we rely on notions
from graph theory, which we define next, following, loosely, reference [5]. A (directed) graph
is a pair G = (V, E) where V is a finite set of vertices and E is a multi-set of edges, which
are pairs in V' xV. Thus, we allow multiple parallel, distinguishable, directed edges between
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the same pair of nodes; when the multiplicity of every edge in G is at most one, we refer
to G as a 1-graph. We call u the source of e = (u,v), and v its destination. Both u and v
are called endpoints of e. The incidence matriz of G is a |V|x|V| matrix M, with rows and
columns indexed by elements of V', and where M, ,, is the multiplicity of (u,v) in E. A path
is a sequence of edges ey, ez - - - ey, where the destination of e; equals the source of e;41. A
path is closed if it starts and ends at the same vertex and it is simple if e; # e; for i # j
(more than one of the distinguishable copies of an edge may occur in the path, but no copy
may occur more than once). A circuit is a closed simple path. A path is called Fulerian
when it is simple and it exhausts the multi-set of edges of the graph. An unlabeled path is an
equivalence class in the equivalence relation on paths induced by considering all the copies
of an edge as equivalent (indistinguishable). We denote an unlabeled path by a sequence of
vertices. An unlabeled path is called Eulerian if it is the equivalence class of an Fulerian
path.

4.2 The size of a type class

In the following definitions we present some basic components of the construction that leads
to a precise formula for |7*(2™)|. Consider a state s € St with |s| = r. By our assumption
of T being nontrivial we have r > 0. We define

ls=max{j:Vi,1<i<j 35" €Srst. & <(s)]}. (4.4)

In other words, £s is the smallest integer such that the suffix (s); |, is an internal node of T'.

Since (s)] = s € S, clearly s > 1. Let pi(s) = (s)j,_; ., i-e., we decompose s as

s=(s)i(s), 1<i<ty. (4.5)

For 1 <i < /4 let v;(s) be the unique state in St such that v;(s) < p;(s) (such a state exists
by the definition of £s). Clearly, v1(s) vy (s) = s is a forced state sequence that must be
followed to reach s. Moreover, vi(s)--- vy (s) is the longest forced state sequence that ends
at s, since by the definition of ¢, we know that tail(u1(s)) is an internal node of T'. Indeed,
for 1 <i < /¢, we get, from (4.4),

tail(pi(s)) € Z(T) iffi=1. (4.6)

If a state s’ appears in the sequence v (s) - -- vy, (s), its forced state sequence is a subse-
quence of vi(s)--- vy, (s). More specifically, we show the relations of Lemma 4.7 below.

4.7. LEMMA. Let s,s' € Sp, 1 <j</ls, and1<i</lgy.
(i) If &' < pj(s), then 1 <i+j — Ly < ls. In particular with i =1 we get j > Ly .
(ii) If 8" = vj(s), then vi(s') = viyj—0,(s) .

(iii) If 8" = p;(s), then by = j, and pi(s') = pi(s) .
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Proof. The fact that i+ j — £y < £, follows directly from the assumptions since i + j — £ <
by +ls— Ly = ls. Thus, in order to show Part (i), we only need to prove that 1 < i+ j—£y.

We have from (4.5) that s = (s)fsﬂuj(s), which, when s < p;(s), yields
s = (s)%fjs’z, for some z € A", (4.7)

where z = X if s = p;(s).

We claim that for all h such that 1 < h < ¢5, + ¢y — 7, there exists a state v € Sp such
that v < (s);, where r = |s|. If 1 < h < {5 — j, we know from the definition of £, that there
exists a state v € Sy, such that v < (s);. On the other hand, for £, —j < h < ls +{y — j,
we have 1 < h — f5 + 7 < {y. Hence, there exists a state v € Sr, such that v < (s’)zlfésﬂ-,
where ' = |s/|. Since h > {5 — j, we also have by (4.7) that (5’)Zl_zs+j = (s);. Thus,
v < (s); = (s)7. We conclude that for all 1 < h < £ + £y — j, there exists a state v € S,
such that v < (s); as claimed. By the definition of ¢,, we then have, {5 + ¢y — j < £s. Thus,
j > Ly, and therefore i + j — £y > 1 as claimed in Part (i).

Now, the assumption s’ < p;(s) of Part (i) is fulfilled in both Part (iii) and Part (ii).
Thus, in any case, (4.7) is valid, and (4.5) applied to s’ gives,

S—' fsl—i

s = ()Y ()2
bs—(i+5—4L

= (o)y T ()2,

with z = X in the case of Part (iii). By Part (i), we can also apply (4.5) to s with (i 4 j — £y)
in the role of 7, to obtain

ls— '+‘7€g/
s = ()T s 0 (s).

Hence, 1;(s")z = pitj—e,(s). The proof of (ii) is completed by noting that the strings p;(s’),
and piyj—¢,(s), which are by definition sufficiently long to select a state in the context tree,
must select the same state. In the case of (iii), we have z = A, which yields ;(s") = pi1j—¢_, (5).
In particular for ¢ = 1, we get from (4.6) that also 1 + j — ¢y = 1. Thus, fy = j, and
wi(s") = p;i(s) as claimed. 0

We define the set of pseudo-states of T as
U:{,U,Z‘(S):SEST,l §z§£s}

Since py,(s) = s, we have S C U. The sets of descendants and proper descendants of u € A*
are defined, respectively, as

Aw)={v €U :u=u}, and A(u) = A(u)\ {u}.

For a string u = sz with s € Sp and 2 € A" (i.e., u € T), the parent of u, denoted p(u), is
defined as the longest string v € U such that u is a proper descendant of v. In the application
of the definitions of parent and descendants the string v will be, in most cases, a pseudo-state
of T'. These general definitions, however, will be occasionally more convenient.
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4.8. EXAMPLE. In T; of Figure 4.1, state s = 100 has ¢; = 3, ui(s) = 0, pa(s) = 00,
us(s) = 100 and v1(s) = 0, va(s) = 0, v3(s) = 100. State ¢ = 101 has ¢, = 2, uy(t) = 01,
pa(t) = 101 and v (t) = 0, vo(t) = 101. We have U = Sp U {00,01}, and state O is the parent
of its proper descendants 00 and 01.

In much the same way that every sequence, ", determines a state sequence, ™ will also
determine a unique pseudo-state sequence over U. The pseudo-states in U \ Sy will provide
enough of the context lost by their parents to make counting sequences in 7 *(z™) equiv-
alent to counting pseudo-state sequences that are consistent with a pseudo-state transition
matriz, F(z™).

In the pseudo-state sequence of x", every state s will be reached via a sequence of tran-
sitions py(s) - - - pe,(s), which we call the forced pseudo-state sequence of s. The entry point
for this forced pseudo-state sequence, pi(s), will provide the minimally necessary context
to reach s, guaranteeing that every transition in the forced pseudo-state sequence is valid
(i.e., corresponds to a symbol sequence) independently of previous transitions. Thus, it will
be possible to permute transitions when enumerating 7*(x™), without generating invalid se-
quences (see Example 4.9 below). To maintain the mentioned minimally necessary context,
the pseudo-state sequence of ™ may contain transitions that “drop” context. These transi-
tions will not be associated with any symbol of ™ and, thus, the pseudo-state sequence may
be longer than n.

4.9. EXAMPLE. The sequence 2" = 001101 of Example 4.6, which gives the state sequence
BAABDAC, would yield a pseudo-state sequence

v = B=015A—-00—~B—D—01—-C,

where A represents a context-dropping transition. Notice that in v the state B is preceded
by 00, which in turn is preceded by A. This pseudo-state sequence, A—00—B, is associated
to the emission of the string 01 starting from A, which causes the state sequence AAB.
Thus, no permutation of the pseudo-state transitions of v generates the invalid sequence
BAB mentioned in Example 4.6. Other permutations of pseudo-state transitions, however,
give valid strings in the type class of z". For example, the sequence y"™ = 100101 is obtained
by the following permutation of the pseudo-state transitions of -

' = B=D—015A—00—~B—01-C.

Notice that the pseudo-state 01 provides the minimally necessary context to uniquely deter-
mine the next state C when symbol 1 occurs, as in the last transition of v. On the other hand,
the occurrence of symbol 0 in state A or in any of its descendant pseudo-states, 00 and 01,
will lead to pseudo-state 00. Thus, in this case, the pseudo-state 01 bears an unnecessarily
long context, which is dropped in the transition labeled X in v and +'.

For the sequence z™ in the above example, the matrix F', with rows and columns indexed
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by U = {A,B,C,D,00,01} in this order, would be given by

000010
000101
000000
F(z")=1000001 (4.8)
010000
101000

The general construction of the matrix F'(z™) is described in the sequel. The idea resembles
the construction of Ty,s, the FSM closure of T' (see Section 2.3.2), where all the suffixes of
strings in St are added to T. This maps all the transitions from problematic states to
new, deeper states, ensuring unambiguous next-state determination from every state with
every symbol. However, for some symbols, the deeper state in the FSM closure may provide
unneeded extra context. For example, the FSM closure of the context tree of Figure 4.1 would
add the states 00 and 01, which are necessary to allow next-state determination if a symbol 1
occurs in their context, but not when the symbol is 0. In general, this excessive context may
cause undercounting of 7*(z™). Therefore, in general, F(z™) will not be the state transition
matrix of ™ with respect to Tyys.

We will interpret F'(z™) as the incidence matrix of a pseudo-state transition graph, Gp(z™) =
(U,E,). Thus, a pseudo-state sequence compatible with F'(z™) can be regarded as an Eu-
lerian unlabeled path in Gp(z™), and we will count sequences in 7*(z") by counting such
Eulerian unlabeled paths. Thus, we will think of each pair of consecutive pseudo-states in
an unlabeled path in Gp(2™) as a “transition” in a pseudo-state sequence. We also say that
a graph with incidence matrix N (z") is a state transition graph of 2™, and we denote it by
Gn(z™). Whittle’s formula for FSMs was re-derived in [34] by counting Eulerian unlabeled
path in G n(z™). As we observed in Example 4.6, however, for an arbitrary context tree, some
of the state sequences associated to Eulerian unlabeled path in G (z™) may not correspond
to any sequence of symbols.

The construction of F'(z™) is described next through a sequence of transformations applied
to matrices. We start from N(z™) and calculate the intermediate matrices K (z™), D(z"),
and B(z"), which we will define, to finally obtain F'(z™). This construction may be regarded
as a sequence of transformations applied to graphs, starting from Gy(z") and ending with
the pseudo-state transition graph, Gp(z™). Thus, we will interpret each of the matrices K,
D, and B as the incidence matrix of a graph, which we denote Gg (z"), Gp(z"), and Gg(z"),
respectively. Under this graph interpretation, each of the transformations that we apply to
a matrix in the construction of F(z™) may be regarded as the redirection of some edges
and eventually the addition of new edges to the corresponding graph. These edges, in turn,
are interpreted as pseudo-state transitions when we follow a path. In particular, the state
sequence of 2", s¢ - - - Sy, forms an Eulerian unlabeled path in Gy (2™), 7, and taking any path
in the equivalence class of ~, i.e., fixing the order in which the edges are traversed, we can
think of a redirection of an edge as a redirection of one of the transitions in the state sequence
of ™. We will adopt this kind of interpretation in some of the examples that illustrate the
construction of F(z™).

Let At(s), A~(s) and O(s) be integer matrices of dimensions |U|x|U|, with rows and
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Figure 4.2: (N) State sequence of ™ = 001101 in G y(z™) super-unposed on the tree of Figure 4.1;
(K) the same transitions after addition of pseudo-states and redirection in Gi(z™); (D) the same
transitions after redirection in Gp(z™); (F) addition of transitions from Gg(z") to obtain Gg(z™).

Transitions affected in each case are highlighted.

columns indexed by elements of U, and defined, for u,v € U, by

é—i_(s)uﬂ) = |{t: 1<t <, ,ut(s):uv Nt-‘rl(s)zv}‘?
é_(s)uﬂ, = |~{t 1<t <A, v(s) =wu, vig1(s) = v},
O(s) =AT(s) — A (s).

Taking (:)(s) as a correction to be added to the incidence matrix of a graph, we can interpret
the correction as replacing edges of the form v;(s)—v;4+1(s), which correspond to forced state
sequences, with edges of the form p;(s)—puit1(s) between elements of U, which correspond
to forced pseudo-state sequences. Such substitution is expressed in (:)(3) by incrementing
the entry (1i(s), ptir1(s)), and decrementing the entry (1;(s), v;11(s)) by means of A*(s) and
A~ (s), respectively.

To apply the outlined corrections, we first extend the state transition matrix N to a matrix
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N®) of dimensions |U|x|U|, by appending all-zero rows and all-zero columns. We define

ls—1
O(s) = O(s) = Y _ Oui(s)), (4.9)
t=1
and
K(") = N® (@) + 3 N (@me(s). (4.10)
SEST

The recursion in (4.9) is well defined, since v;(s) is strictly shorter than s. The term
- Zf;_ll O(14(s)) compensates for overcounts in (4.10), and ensures that every forced transi-
tion in the state sequence of ™ is taken care of by one and only one state, namely, the last
state in the sequence that forces that transition. More precisely, we define the forced sequence
parsing of ™, J(x™), as the set of positions j in the state sequence of z™ such that s;—s;1
is not a forced transition of any subsequent state. Specifically, we let tg < t; < --- < t, be
the indexes in

J={ti}={j:0<j<n,j<h—{,, forall h > j,h<n}.

For 0 < j < n we define = min{h € J : h > j}. Notice that n € J by definition, and
therefore 7'is well defined. As we shall prove later on, when j is not itself in J, 7 gives the
position of the last state that forces the transition sj—s;11. The index ja = j — J+ £, gives
the position of s; in the forced state sequence v (sy)- - - Vgsj_(sj—').

4.10. ExaMPLE. The state sequence BAABDAC of the string ™ = 001101 of Example 4.6,
is illustrated in Figure 4.2(N). The transitions labeled 2 and 3 in Figure 4.2(N), namely,
s1 — S92 and sy — s3, are forced transitions of the state s3 = B. Similarly, the transition
labeled 6 in Figure 4.2(N), namely, s5 — sg, is a forced transition of state s¢ = C. Thus, we
have J = {0,3,4,6}. For j =1 we have 7= 3 and ja = 1, while for j = 2 we also have 7= 3
but ja = 2. In the graph G (2"), the edges corresponding to the forced state sequences of s3
and sg are replaced in G (z™) by edges corresponding to the forced pseudo-state sequences
of s3 and sg, respectively, as shown in Figure 4.2(K).

Notice that the sources of possible illegal state sequences are transitions of the form
$;—8j+1, With sj41 = as;v for some v € A*, which may occur at indexes j ¢ J. All edges
of the form (sj,sj4+1) in Gy corresponding to such transitions have been replaced in Gx by
edges of the form s;w—as;w, with sjw = p;(s3), and as;w = pi11(s5). In the replacing edge,
the source vertex has enough context to guarantee that the corresponding transition is valid.

In an unlabeled path over G, every state with £5 > 1 is accessed via its forced pseudo-
state sequence p1(s) - - - g, (s). However, edges corresponding to state transitions that do not
belong to a forced state sequence (and therefore lose context by the definition of ¢;), are not
redirected in Gg. This is the case, for example, of transitions 1, 4, and 5 in Figure 4.2(N)
that remain the same in Figure 4.2(K). As a consequence, entry point pseudo-states of the
form pq(s) with s € Sp do not have incoming edges in Gx except, possibly, if ui(s) € St
(see, e.g., pseudo-state 01 in Figure 4.2(K), where we have 01 = p(s) for s = C). The next
adjustment redirects these edges associated to context-losing transitions.
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For u € St, a € A such that au is not an internal node of T, let 7(u, a) denote the longest
prefix of au in U. Let 1; j denote a |U|x|U| matrix valued 1 in entry 4, j, and zero everywhere
else. For av € Sr, we define the |U|x|U| matrix d(u,av) = 1y 7(uq)—luaw if v=u, or zero
otherwise. The matrix d(u,av) effects the redirection of an edge associated to the transition
caused by a in state u to the new destination 7(u,a), which preserves as much context as
possible. Thus, we define

D" =K(@") + Y Kuo(a")d(u,v). (4.11)

w,vEST

4.11. ExamPLE. Figure 4.2(D) shows the effect of applying (4.11) to the edges in the graph
Gk of Figure 4.2(K). For u = B and a = 0 in the context tree of Figure 4.2, we have
T(u,a) = 01. Thus, for u = B and v = A, d(u,v) takes the edge associated to Transition 1
in Figure 4.2(K) to the edge associated to Transition 1 in Figure 4.2(D). Similarly, for u = D
and v = A, d(u,v) takes the edge associated to Transition 5 in Figure 4.2(K) to the edge
associated to Transition 5 in Figure 4.2(D).

We can interpret the transformations given by (4.10) and (4.11), which take N to D, as
redirections of state transitions in the original state sequence of x". This gives a sequence
of edges of Gp(z™), denoted yp, which is not necessarily a path, since the destination of an
edge may not coincide with the source of the next edge. This is illustrated in Figure 4.2(D),
where the source of the edge associated to Transition 2 is different from the destination of
the edge associated to Transition 1. In fact, state A, which is the entry point for the forced
pseudo-state sequence of B, does not have any incoming edge. On the other hand, there are
two edges entering the pseudo-state 01, namely, the edges corresponding to Transition 1 and
Transition 5, but only Transition 6 exits the pseudo-state 01. This reflects the fact that as
we scan the string 2" = 001101, there are two instants 4 in which the context?® 10 is a suffix
of 5oz, namely, i = 1 and i = 5. Thus, in either of these two times, the emission of symbol 1
would generate a valid transition to state C. However, state C is only accessed once, and,
hence, we can drop context in one of these two times in which pseudo-state 01 is entered.

We next define the matrix B(z™), which incorporates context-dropping transitions of the
form (u, p(u)), where we recall that p(u) is the parent of u. Specifically,

D (Daw(@™)=Du(a™)), u € U\St, v = p(u),
Buw(2") = queA(w) (4.12)
0, otherwise.

Finally,
F(z") = D(2") + B(a"). (4.13)

3Recall that states and pseudo-states are labeled with symbols in reverse order of appearance in z”.
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4.12. ExaMPLE. In Figure 4.2(D) there are two incoming edges into pseudo-state 01 and
only one outgoing edge from 01. Thus, we have B, , = 1 for u = 01 and v = p(u) = A, which
is represented by the edge labeled 1.5 in Figure 4.2(F). Notice that the pseudo-state sequence
~ of Example 4.9 can be identified as a path in the graph G represented in Figure 4.2(F) by
following the order 1,1.5,2---6. The pseudo-state sequence ' of Example 4.9 arises following
the edges in the order 4,5,1.5,2,3,1,6.

Lemma 4.13 below establishes a set of important properties of the matrix F', and the forced
sequence parsing J(z") = {to,t1 - - t,}. To simplify notation, we denote 7; = 7(s¢,;, Tt;+1).

4.13. LEMMA. For every sequence x" we have:

(i) For all0 < h <mn, and all j such that h > j, and j > h—{,, , we have sj = v;(sp,) where
i =ULs), +j— h satisfies 1 <1 <{s,. We also have |s;| < |su|, and ls, — s, > h —j.
(ii) For all0 < j <n we have 1 < ja < s, , pj(s7) = xisg and therefore s; = Vja(57)-
(iii) to =0, t, =n and t; = t;41 — gsti+l for0<i<r.
(iv) p1(st,,,) < 2,115 for 0 <i <, and therefore 7; € A(p1(se,,,)) for 0 <i <.

(v) NOO =500, o+ A (s,

)
)
)
)
(Vi) K =305 Loy s + A (1)
(vii) D =370 Loyiry + A (s1,0,)-
i)

)

)

)

r—1
(viii) By pw) = 2izo ZwEA(u) Ow,r; — 5w7M1(5ti+1) :

(ix) F;j >0 for alli,j and Fy; + 05y = Fis +9

Smyt *

(x Z” D;; = Z” K;;j =mn, and for all w € U, we have Fy < n and Fy, <n.

(xi) If v <u and Fy, >0, then v = p(u), Fyy = By, and tail(u) € T.

The proof of Lemma 4.13 is technical but rather straightforward, and it is deferred to
Appendix D.

Notice that Lemma 4.13(ix) validates our interpretation of F' as the incidence matrix of
the pseudo-state transition graph Gp(z™) and, moreover, this part of the lemma also states
that F satisfies the flow conservation equations. We next develop tools that will allow us
to count strings in 7*(z™) by counting Eulerian unlabeled paths in Gg(z™). To this end
we will establish a connection between symbol sequences and paths in graphs. Moreover, in
Section 4.4, we will relate the number of close-ended type classes induced by a context tree to
the number of different pseudo-state transition graphs Gp(z") that arise as 2™ varies in A",
Lemma 4.14 below gives the fundamental relations between sequences and paths that will
serve our purpose. To map Eulerian paths to sequences, we tag each edge e € F of a graph
G = (U, E), by means of the tagging function w : E — A*, defined for e = (u,v) as w(e) = A
if v < u, or w(e) = head(v) otherwise. We extend w to paths 7 in G by concatenating the
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tags of the edges encountered as the path is traversed in order. Furthermore, since w(e)
depends only on the source u and the destination v of e, we also extend w to unlabeled
paths by defining w(+y) as the result of applying w to any path in the equivalence class of 7,
where we recall from the definition of unlabeled path that this equivalence class on paths is
induced by considering all the copies of an edge equivalent (indistinguishable). For instance,
in Example 4.9, transitions in Gr not tagged with A are tagged with consecutive symbols of
x".

4.14. LEMMA. Let G and G’ be graphs with the same set of vertices U, and edges (u,v) of
the following forms:

o u=(;i(s),v = pi+1(s) for some s € Sy, 1 <i < ls.
e uc Sy and v =T7(u,b) for some b e A.
o v =p(u) and tail(u) € T.

(i) Let ¢ = ug,uy---up be an unlabeled path in G starting from ug = sg. Then uy is a

suffi of 5ow(C).

(ii) Let v = ug,ur - upm and v = ug,u}---u,, be Eulerian unlabeled paths from sy to
s € Sy in G and G’ respectively. If w(y) = w(v), then m = m/, and u; = ), for all
1< <m.

Proof.

We prove Part (i) by induction on h. For h = 0 the claim is clearly true. Assume its also
true for h — 1, and consider the last edge e = (up—1,up). If up = p(up—1), then w(e) = A.
Thus, uy, which is a suffix of w,_1, is also a suffix of Sgw((). If up_1 = pi(s) and up = pit1(s),
or if up—1 € St and up, = 7(up—1,b), then up = bz for some b € A, z < uy_1. Hence, w(e) =b
and wy, = zb is a suffix of Sow(().

For Part (ii) first we show that if u; = ] for all ¢ < min{m,m'}, then we must have
m = m/. Suppose on the contrary that, with no loss of generality, m > m’. Then, since all
vertices coincide up to index m/, we have w(ug - - Upy) = w(ug -, ) = w(y’). Thus, since
w(y) = w(v), we must have w(uy, - - upy) = A. But u,, = s € Sy by the assumptions, and
therefore no edge labeled with A, of the form (u, p(u)), can follow from s. We conclude that
m=m'.

Now suppose the claim of Part (ii) is not true. Then, by the claim we have just proved,
u; and u}, must be different for some ¢ < min{m, m’}. Let j be the minimum such index,

J=min{i: u; #u;}.

Since ug = uy, for both v and 4 start at sg, the index j satisfies 0 < j < min{m,m'}. We
claim that one of the edges e = (u;_1,u;), ¢’ = (u}_;,u}) must be of the form (u, p(u)). If they
were both of type (u,7(u,b)), or both of type (ui(s), pi+1(s)), then u; and u; would coincide
for w(v) = w(y). If one edge were of type (u,7(u,b)), and the other of type (u;(s), pi+1(s))

with u;(s) = u, then u; and v} would also coincide, since we must have 7(u, b) = p;11(s) by
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definition of 7. Thus, one of the edges must be of the form (u, p(u)). Suppose, without loss
of generality, that u; = p(uj_1), and let
v =min{i:i > j,u; € Sr}.

Notice that r’ is well defined, for j < m’ and u] , € Sp. We claim that the edges (u}_,,u})
are of the form (up(s), pps1(s)) for @ = j---r/, and we prove it by induction on i. For
1 = 7, we have u;_l = uj—1 and uj; = p(u;j—1). Thus, u;-_l ¢ S, and therefore the edge is
not of the form (u,7(u,b)). Also by definition of j, we know that u # u; = p(u;-1), and
therefore the edge must have the form (up(s), ppt1(s)). For i > j, assume that the edges
(u)_q,up) are of the form (up(s), pp41(s)) for k = j---i — 1. By definition of 7/, we know
that u,_, ¢ Sp. Hence, the edge (u]_y,u}) is not of the form (u,7(u,b)). If u; = p(u}_,),
then tail(u,_,) € T. By our inductive assumption, (u; o, u} ;) has the form (up(s), pn+1(s)),
and therefore u,_, = tail(u}_,), which belongs to T. When ¢ — 2 > j, this contradicts the

)

definition of 7/, and for 7 = j + 1 it contradicts the fact that u; = p(u}_;). We conclude that

/ /

the edges (u;_;,u}) are of the form (us(s), pny1(s)) for @ = j---r" as claimed. As a result,

'), which in turn is strictly

since 1’ > j, the string w(ug -+ - u;,) is not shorter than w(ug - - - u

longer than w(ug - - - u;) for u; = p(uj—1). Hence, the index

r=min{i: w(ug---u;) = w(ug---u)},

is strictly larger than j. We claim that |u,| < |u.,|. By our definition of the tagging function
w, and our assumptions on the edges of G and G’, we have that for each edge (u,v), we have
|v| < |u| + 1, and the equality can only hold when |w((u,v))| = 1. Hence, we have

wit1] = |ui < fw(uo -+ uip1)] — |w(uo - -~ ug)|
and summing from ¢ = j to r — 1, we obtain
Jur| < gl + Jw(uo - - ur)| = w(uo - - uj)] -
Since uj = p(uj—1), we have w(ug - --u;) = w(ug---u;j—1), and therefore,
Jur| < Juj] + Jw(uo - - ur)| = lw(uo - - - uj—1)] -

By the definition of r, we have w(ug - - - u,) = w(ug - - - u’,), and by the definition of j, we have
w(ug -+ uj—1) = wlug - --uj_;). Hence,

[r| < Ju| + lw(ug - - up)| = |w(ug -+ uj_y)]- (4.14)

Since the edges (u_,,u}) are of the form (pp(s), pn+1(s)) for i = j---r/, every such edge

contributes one symbol to w(ug---ul,) and takes the source to a destination that is one
symbol longer. Therefore,

jwug - - up)| = Jw(ug -~ ujy)| = [up] = uf 4]

Thus, from (4.14), we get
Jur] < fug| 4 Jups| = Jujal,
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and since u}fl = u;_1 by definition of j, we get
Jur| < Jug] + Jug | = |uj-a] .-

Finally, since uj = p(u;_1), we have |u;| < |uj_1| and, therefore, we get |u,| < |u],| as claimed.

As proved in Part (i), %, and v, are both suffixes of w(ug---u,) = w(ug---u.,). Since

|uy| < |ul,|, we must have u, < u/,, which is a contradiction since u, € St. O

r!

Notice that by parts (vii) and (xi) of Lemma 4.13, any pseudo-state transition graph G = Gp

satisfies the assumptions of Lemma 4.14, since the incidence matrix of G is of the form
F(z™) by definition.

Part (i) of Lemma 4.14 lets us keep track of the states selected in T' by w(() as we traverse
un unlabeled path ¢ in Gp. Indeed, since @y, is a suffix of Sow((), Sow(¢) selects the unique
state s that is a prefix of up. By means of this property, we will construct an Eulerian
unlabeled path &, such that w(§) = z™. Furthermore, we will show that the application
of the tagging function w to all Eulerian unlabeled paths from sp to s, in Gp(z") yields
sequences with the same state transitions matrix, which are therefore in 7*(z™). Moreover,
by Part (ii) of Lemma 4.14, every such Eulerian unlabeled path defines a unique sequence.
These properties, together with the BEST Theorem [22], will allow us to derive the main
result of this section, given in Theorem 4.15 below.

We need some definitions to state the theorem. Recalling that, by Lemma 4.13(iv), 7; €
A(p1(8t;,,)), we define sequences f3; of elements of U, such that (3; is empty for 7; = p1(s¢,,, ),
and otherwise 3; = wovy--- vy, where vg = 7, p(vm) = p1(st,,), and v; = p(vj_1) for
j = 1---m. Moreover, for 0 < ¢ < 7, where ¢, = n is the largest element of J, we define
Gi = Bicipi(se, ) pa(se;) - S, (st,). Finally, we define the normalized |U| x |U| matrix F' as

Fi,j = F; j/Fis if Fi > 0 and F” = 0 otherwise.

4.15. THEOREM. Let 2™ be a sequence in A"™.

(i) € = sos1- s is an Eulerian unlabeled path from sg to s, in Gg such that w(§) = z™.

(ii) The function w defines a one-to-one correspondence between the set of Eulerian unlabeled
paths from sg to s, in Gp and the sequences in T*(z™).

(iii) Let M denote the cofactor of entry (sn,so) i F. Then, M <1 and
F!

n [—
T (") = HH (4.15)

F; ;!
Proof. We start by Part (i). By Lemma 4.13(ii), if there exists indeed an unlabeled path
¢ in G as defined in (i), we must have w(§) = 2. We will prove that ¢ is an Eulerian
unlabeled path in Gp. Let vy - - - vy, = &, and let N (&) be the |U| x |U| matrix, indexed with
elements from U, defined as Ny ,(§) = [{j =1---m : vj_1 = u,v; = v}| for all u,v € U.
Notice that N (€) = 37— Ls,,m + A*(sy,,,) + B, where B is the matrix of transitions of the
subsequences (; in . Thus, by Lemma 4.13(vii), N(§) = D + B and we must show that
B = B in order to prove that N(¢) = F. By definition of §;, By, > 0 implies v = p(u).
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Moreover, by construction, By, = [{i = 0---7 — 1 : 75 € A(u), p1(st,,,) & A(uw)}|- On the
other hand, by Lemma 4.13(viii),

|
—

r
Bu,v = 5w,'ri -0
i=0 weA(u)

w, 1 (Sti+1 ) :

Il
=)

7

Since 7; € A(p1(5¢,,,)), the terms corresponding to indices i such that p(ss,,,) € A(u) are
zero, and therefore, By, = [{i = 0---r =1 : 7 € Au), p1(se,,,) € AMu)}| = By, We
conclude that N (&) = F, and consequently £ is an Eulerian unlabeled path in Gp.

We now turn to Part (ii). We first notice that, since F(z™) is defined exclusively as a
function of the matrix N(z™), and by Lemma 4.5 we have N (y") = N(z") for all y™ € T*(z"),
Part (i) implies that there exists an Eulerian unlabeled path v such that w(y) = y" for all
y™ € T*(x"), since " is arbitrary.

Now, let v = wg,u; - uy, be an arbitrary Eulerian unlabeled path from uy = sg to
U, = Sp in Gp(z™). We will show that y” = w(y) belongs to 7*(z"), by showing that y" and
x" share the same state transition matrix. Since edges of the form (u, p(u)) do not contribute
with symbols to w(v) by the definitions of w and p, we only need to take care of edges that
come from positive entries in D(z™). We recall from Lemma 4.13(vii) that,

r—1

D@") =) 14~ +AT(s,,). (4.16)
=0

Let ¥ = e1 - -- ey, be an arbitrary Eulerian path in the equivalence class of the unlabeled
path ~, i.e., each edge e, is of the form e, = (up_1,up), we distinguish multiple copies of
an edge, and ey, # e; for h # j. To each index i in the summation of (4.16), we associate a
subset I'; of the edges of 4 of the following form:

i ={(st;,7) U { (Hi(8ti)s i1 (Stiyy)) ti =10 L, =1 } . (4.17)

We assign different copies of the multiple distinguishable edges of Gp(z™) to different sets I';,
so that these sets I'; are disjoint. Notice that we can do this disjoint assignment of edges of
7 to the sets I'; by (4.16) and the definitions of I'; and A™,

Consider an arbitrary edge of 4, e, = (up—_1,up). We define l,, as the length of the
prefix of y" generated by the subpath ej---ep of 7, ie., I, = |w(e1---ep)|. Thus, we
have ylen = w(ey---ep). Notice that if e, = (up_1,us) belongs to one of the sets I';, then
up, # p(up—1) by (4.17) and, therefore, w(e; - - - ep,) is one symbol longer than w(ey - --ep_1).
As a consequence, we have

le #ler, Ve e|JTiese. (4.18)

Hence, we associate to each edge e in |J,I'; a unique integer l., 0 < lo < n, which we
will interpret as an index in the state sequence of y". Moreover, we claim that for each
i=0---r—1, we can label the edges in I'; with integers, {0, 1, - - -fstiﬂ — 1}, in such a way
that for the edge labeled 0, e € T';, the state transition s;,_1(y") — s;,(y") has the form
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St; — St;+1, and foreach j =1-- -65%1 — 1, the edge labeled j, ¢’ € I';, is such that the state
transition s; , _1(y") — 1, (y") has the form v;(sy,,,) — vj11(st,,,). We then get, from (4.17)
and the definition of A~, that

|
—

T

N @(3)) = 3 (Logyrpes + A G100)) - (4.19)

i

Il
o

To prove the claim, consider an edge of ¥, ey, = (up_1,un) € I';, of the form up_; = s¢,,
up, = 7. By Lemma 4.14, 5, is a suffix of Soyle™ !, thus op(yle™!) = st;. Also 7; is a suffix of
Soy'e and, by definition of 7, we have St;+1 = 7. Hence, we have or(yle) = st;+1- Therefore,
the state transition s;,_1(y") — s, (y") has the form s;; — s¢,41. Similarly, for an edge of
¥, en = (up—1,up) € L'y, of the form up_1 = pi(se,,), un = pip1(se,,,), we get or(yte) =
vi(st,,,) and or(y'e) = viy1(sy,,,). Therefore, the state transition s;,_1(y™) — s, (y") has
the form v;(s¢,, ;) — vit1(st;,,). The claim is proved and (4.19) follows.

Now, since w(7y) = w(¥) by the definition of w, we get, from (4.19),

r—1

N®(w(y) = Z <1Sti,8ti+1 + A_(stH—l))

i=0
- NW (z),

where the last equality comes from Lemma 4.13(v). Hence, we get w(vy) € 7*(z"), by
Lemma 4.5.

Up to this point we have shown that every sequence y" € 7*(2") can be generated by
applying w to some Eulerian unlabeled path, and that for every Eulerian unlabeled path, -,
we have w(y) € T*(2"). Finally, we notice that if v and ' are different Eulerian unlabeled
paths from sy to s,, then w(y) # w(y’) by Lemma 4.14. Hence, w defines a one-to-one
correspondence between the set of Eulerian unlabeled paths from sg to s, in G, and the
strings in 7*(z").

As for Part (iii), we first notice that we can assume that there are no isolated vertices in
Gr. If there existed a vertex u with no incoming nor outgoing edge, the matrix I — F would
be valued (I — F),; = (I — F)j = 64, and we could eliminate row and column u while the
cofactor M remains unchanged.

Let G = (V, EU{¢'}) be the graph obtained from G by adding an edge ¢’ = (sy, s0), and
let F/ = F + 15, 5, be the incidence matrix of G’. Let C' be the number of distinct Eulerian
circuits in G’», where two circuits are considered equal if one can be obtained from the other
by a cyclic permutation of the edges. By the BEST Theorem [22], C' can be computed as

C= M,H(FZ* - 1)'7

where M’ is any cofactor of the matrix L' defined as Ly, = duoFy. — Iy, (all cofactors
of L' are equal for all its columns and rows sum up to zero). The matrix L, defined as
Ly = 0y pFys — Fy, differs only in row s,, from L’. Thus, M’ is also equal to the (s, so)th
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cofactor of L. Dividing each row ¢ of L by F;, we obtain I — F, and the cofactor gets divided
by H#Sn F;... Thus,

C=/F, JM][F.l=M]]Fu.
% %

The number ) of Eulerian paths from sy to s, in Gp is equal to the number of Eulerian
circuits in G’ from sg to sop where €’ is the last edge, i.e. @ = C since cyclic permutations of
the edges are not relevant for calculating C'. The proof of (4.15) is completed by noticing that
Hi’j F; ;! is the number of representatives in the equivalence class of an Eulerian unlabeled

path. The inequality M <1 follows from the trivial bound [ [, Fj.! /HZ ; F; ;! on the number
of unlabeled paths. O

When T is FSM, all suffixes of a state s are nodes of T' by Theorem 2.6. Hence, we have
At(s)=A~(s)Vs € Sy, U = Sy, and F = N. Thus, in this case, (4.15) reduces to Whittle’s
formula.

Theorem 4.15 shows that the one-to-one correspondence between Eulerian paths and se-
quences of Part (ii) can be implemented straightforwardly. Indeed, given 2™, one can compute
J(z™) in linear time and then compute £ such that w(§) = z", easily, as defined in Part (i).
Of course computing w(y) given an Eulerian unlabeled path + can also be done in time pro-
portional to the length of v, which by Lemma 4.13(x) is linear in n. Hence, enumerating
sequences in 7 *(z™) is equivalent to enumerating Eulerian unlabeled paths in Gr. The lat-
ter, in turn, can be done efficiently (polynomial in n) by recursive application of the formula
in [22]. Thus, Theorem 4.15 yields an efficient algorithmic enumeration of 7*(z"), and hence
also of 7 (™). We include a more detailed description of an enumeration algorithm and show
its polynomial complexity in Appendix F. This enumeration has applications in universal
data compression and universal simulation, which we explore in Chapter 5 and Chapter 6,
respectively.

4.16. EXAMPLE. A direct application of (4.15) with the matrix F of (4.8) yields |7*(2")| = 2,
and indeed, by direct enumeration of Eulerian unlabeled paths in G (see Figure 4.2(F)), we
obtain

T*(2™) = {001101,100101} .

4.3 The expected size of a type class

In this section we study the asymptotic behavior of the expectation of log |7 (X™)| with respect
to a tree source. The analysis will be based on the formula (4.15) presented in Theorem 4.15.
We denote by Zp(z™) the multinomial factor in (4.15) computed with respect to T, i.e.,

N I A Co
=) = L P! (420
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For an FSM context tree T we have F' = N and due to the existence of a next-state function
we have [, Fso! = []oca nga)!. Hence, Zp(z™) simplifies to

|
M ) (4'21)
1., ns""

In this case, an application of Stirling’s formula for factorials gives straightforwardly a well

(11
=
5
\—§
|
(1]
S8
S
=

(>

known connection between log Z7(x™) and the empirical entropy rate of ™ with respect to T,
as we will show later, for completeness, in the derivation of Lemma 4.27. A similar relation is
not apparent directly from (4.15) in general, as pseudo-state transition counts F,, , depend on
symbol counts through a sequence of transformations of N. Hence, we will follow a different
approach.

Next, we introduce some definitions that we need to state the main result of this section.
These definitions will be also used extensively in the rest of this chapter and in Chapter 5.
We say that a state s of T' is forgetful if as € Z(T) for all a € A, namely, s loses context for
every possible transition. A context tree with no such state is called canonical. If a context
tree is not canonical, we can take a forgetful state s, and make a single refinement of s, where
by single refinement we mean the extension of 17" with a full complement of children of s.
Proceeding sequentially until no forgetful states remain, the context tree can be brought to
canonical form in a finite number of such refinement steps. We show in Lemma 4.17 below
that this extension, called the minimal canonical extension of T, is unique for each context
tree T' and we denote it 1.

4.17. LEMMA. Let T' and T be two refinements of T, each obtained by a finite sequence of
single refinement steps on forgetful states. If T' and T are both canonical, then T' = T.

Proof. Suppose T # T and, without loss of generality, suppose T” \T is not empty. Consider
a sequence of context trees T}, Ty - - - T, where Tj) = T, T} = T", and T is obtained by a single
refinement of a forgetful state v; of T/ ;. Let v; be the first node in the sequence vy -- - v,
that is not refined in 7. By definition of vj we have T]{_1 C T. The node v; must be a leaf of
T for otherwise its parent would appear before it in the sequence vy - - - v,. Moreover, since v;
is forgetful in T]{_l, and ij_l cT, v; is also a forgetful state of T. Hence, T is not canonical. O

We now present the main result of this section, for which we introduce the state transition
support graph, G, of a context tree T. We define G = (V, Er) as the 1-graph with Vp = Sp
and

Er = {(u,v) € S% : u = tail(v) or tail(v)<u}. (4.22)

The incidence matrix of G is the support of the state transition matrix N (z") by Lemma 4.1.

4.18. THEOREM. Let (T,pr) be a tree source with entropy rate H and all conditional proba-
bilities positive, and let T, be the minimal canonical extension of T'. Then,

|Er.|

%
Eirpry [Log [T (X™)|] < nH — 2|TC| logn 4+ O(1) . (4.23)
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When T is FSM, it is also canonical, i.e. T' = T¢, and |E7.|—|Vr.| = (a—1)|S7], in agree-
ment with known results for FSMs, which we will show later in Lemma 4.27 for completeness.
If T is not FSM, however, the factor |Er.|—|Vz.| is larger. This larger factor will be essen-
tial for showing the optimal convergence rate of the enumerative code that we will present
in Chapter 5. Moreover, in Chapter 5 we will derive a different proof of Theorem 4.18,
based on coding arguments, and illustrating the use of some of the tools developed in that
chapter. The results in Chapter 5 will also allow us to establish the asymptotic tightness of
the upper bound (4.23). The proof presented in this section ties more directly to the exact
formula (4.15), and to the combinatorial properties of the minimal canonical extension.

Before we start with the asymptotic expectation analysis of the formula (4.15), we explore
some connections between T-classes and Tc-classes®, which we will use in the proof of Theo-
rem 4.18 and also in Section 4.4. In particular, we will show that an arbitrary context tree
T induces the same type classes as its minimal canonical extension Tc. Thus, we can define
an equivalence relation between context trees in which 7" and T are equivalent if and only if
T. = T!. Then, all context trees in the same equivalence class induce the same type classes,
which is expressed in the fact that the bound in (4.23) depends on parameters of T¢. rather
than T

Throughout we consider a fixed common initial state of maximal depth for T and T, as
well as for any context tree T” such that T C T’ C T.. Notice that all maximal depth states
are shared by T" and T, since |s| < depth(7")—1 for any forgetful state s. We start by studying
the effect of refining a forgetful state of 1" on the type classes induced by T'.

4.19. LEMMA. Let s be a forgetful state of T, and let T" be the context tree obtained from T
by a single refinement of s. If two sequences belong to the same T-class*, they belong to the
same T'-class.

Proof. Consider arbitrary symbols a,b € A. We will show that the transition matrix N of a
string " with respect to T' determines the symbol count ngz). Since s is forgetful, as is an
internal node of T" and, therefore, asb € T. Let asbu be a state of T with u € A*. Notice

that asbu is also a state of T” for asbu # s. Since tail(asbu) is not an internal node of 7" nor
of T', we have Ny qspy = N asbu, and N N!

tasbu = Nip ashu> Where N’ denotes the state transition

since both N,asp, and N,
are equal to the number of occurrences of the pattern asbu in the sequence z", which is fixed.

matrix with respect to 7”. Now, we must have N,,sp, = N/

*asbu’ asbu

Hence, we get N!

sb,asbu
obtain ng(g).
Ify» € T*(T,z™), by Lemma 4.5, we know that N(y™) = N(z™), which, as we have proved,
implies that nsz) (y") = ngz) (2™) for all symbols a,b € A. Since clearly also n,ﬁ“) (y™) = n,ﬁ“) (™)

for all states t # s and all symbols a, we conclude that y" € 7(T",z"). |

= Ny asbu- Summing over all u € A* such that asbu is a state of T', we

The following corollary is an immediate consequence of Lemma 4.19 and the sequential
construction of Tg.

4.20. COROLLARY. If " and y™ are sequences in the same T-class and they share the same
final state with respect to T., then they belong to the same T.-class*.
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Finally, we derive the claimed relation between the type classes induced by T and T.

4.21. COROLLARY. Two sequences z" and y™ belong to the same T'-class if and only if they

belong to the same T,.-class.

Proof. We partition the sequences y™ in 7 (T, 2") according to its final state with respect
to T¢, which we denote s, (T¢,y™). Specifically, for s € Sy, we define 7(T,2",s) = {y" €
T(T,z") : sp(Te,y™) = s}. Thus,

T(T,a") = |J T(T,2",s). (4.24)

SESTC

By Corollary 4.20, T (T, x", s) is a subset of 7 (T, z",s). But since T, is a refinement of T
also T (T, 2™, s) C T(T,z"™,s). Hence, 7 (T, z",s) =T (T,z",s), and (4.24) becomes

T(T,2") = | T(Te,a",s) = T(T.,a").

SESTC

a

In view of Corollary 4.21, in the sequel we assume without loss of generality that the
context tree for which we analyze the formula (4.15) of Theorem 4.15 is canonical.

We will follow an incremental approach to obtain (4.23). For a given context tree T', we
consider a refinement sequence of context trees 17 - - - T,,, where T} is a single-node context
tree, T,, = T, and, for ¢ > 1, T; is obtained from 7;_; by a single refinement of a state
w € St,_, with |w| > depth(T;_;) — 1. It is readily verified that such a refinement sequence
exists for any context tree T'. We will decompose Zr(z"), from (4.20), as

m
Er =EZq | [En/E0n_,
=2

and we will keep track of the the asymptotic contribution of each factor (E7,/Zr,_,) to the
expected logarithm of Z¢. This decomposition is suitable for a clean separation of =, (defined
in (4.21)), from which the entropy rate will arise in (4.23) by means of Stirling’s formula, from
factors that contribute terms of order logn. Our analysis will be based on the formula (4.15)
for the size of 7*(z™). As we will show, the expected logarithms of |7*(z")| and |7 (z")]
differ by O(1), which makes them equivalent for the purpose of proving the asymptotic result
of Theorem 4.18. Moreover, while the cofactor M in (4.15) is essential for the exact result of
Theorem 4.15, we will be able to neglect this cofactor in the asymptotic analysis. Thus, since
in (4.15) we have M <1, by Theorem 4.15, we get

log |77 (z")| < logEr(z™) (4.25)

and, therefore, our goal will be to upper-bound the expectation of log Zr(X™).

The base building block for the derivation of (4.23) in this section is the following lemma,
which will allow for the analysis of the factors Zr, /Z7,_, in the mentioned incremental ap-
proach.
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4.22. LEMMA. Let T" be a context tree obtained from T by a single refinement of a state w
with |w| > depth(T) — 1. Let so € St and s € Sy be initial states of mazimal depth in T and
T' respectively such that s < s{,. Let né“), U, p(), s, N, B, and F, be the objects defined in
Section 4.1 and Section 4.2 for the context tree T, and let n’ga), u, o), ., N, B, and F’'
be the corresponding objects® for T', all with respect to the given sequence x™ and the initial
states so and s|, respectively. Define

/
ET/ /H 7JF '

m= =T - (4.26)
=T Hl Fi! /H” Fi,j'
Define also
n/(a
H(K'Lu:l) _ HbeA wb* /HabE.A wb* ’ (427)
w*'/HaE.A le !
and, letting B;/ub,p be a shorthand for B;/u(w)b,p/(m(w)b)’
B’ +N,
u1b,p swb
H%>H_Ih@d Niwb ).H 4.28
e ;. (4.25)
( 1 (w)* )
N*UJ
where
H(; _ HieL max {1a F*m(w)ésnal-lfi(w)} (429)

[L;e max {1’ Fﬂi,u,i(w)(;snvﬂi(w)}

for some subset L C {1,2,--- £, — 1}, taking, with a slight abuse of notation, F;m(w) =0 1f
pi(w) U
Then, we have F,, (w)s > Nuw, so that (4.28) is well-defined, and 11 satisfies

Iw=1 if by =1,

Moreover, in the case Ly, > 1, the summation ¥ =3, B satisfies

pib,p

Y= bg, 1 w) = Fuiwyx — New - (4.31)

Imagine that we sequentially construct an Eulerian unlabeled path in the pseudo-state
transition graph, Gg(z™), by selecting in each step one edge departing from the current
pseudo-state, and following the selected edge so that its destination becomes the new current
pseudo-state. The multinomial factor =7 gives the number of choices in this construction if we
assume that any such choice leads to a complete Eulerian unlabeled path in G (the proportion
of valid choices is determined by the cofactor in (4.15) that we will neglect by (4.25)). Since
|w| > depth(T') — 1, the refined state w, as well as its descendants in 7", uniquely determine
a next state for every symbol of the alphabet. Moreover, also due to the fact that |w| >

/(a)

4A count n/{” may differ by 1 from n' if s # 5(.
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depth(T") — 1, no pseudo-state descends from w in 7" and no pseudo-state descends from wb
in T, with b € A. Thus, the source of each of these state transitions, which depart from
w or one of its descendants in 7", is not replaced in the construction of F and F’ by a
different pseudo-state with more context. Hence, in relation to the mapping between strings
and unlabeled paths in Gg of Theorem 4.15, each symbol in the alphabet is associated in
state w with a transition to a different pseudo-state. The same is true for the descendants
of w in T’, which yields the factor IT¢»=1) in (4.30). When £, > 1, w is always accessed
through its forced pseudo-state sequence 1 (w) — pz(w)---w. The factor (F%(:)) in (4.28)
represents the number of choices, when p;(w) is the current pseudo-state in our construction
of an Eulerian unlabeled path, in selecting w out of any of the remaining states with a forced
pseudo-state sequence entry point equal to p1(w), or equal to any ancestor of y1 (w) (which are
accessible from p(w) via context-dropping transitions). When w is refined in 7”7, this choice
needs to be made at one of the higher context pseudo-states p;(w)b for each refining state
wb. This is represented by the factors (B:‘lb]’\;’,—FN:*wb), which give, when g (w)b is the current

pseudo-state, the number of choices in select*ﬂfg wb or taking a context-dropping transition
to feed any of the remaining states with entry point u;(w), or an ancestor of it. The factor
Il accounts for adjustments in the application of the flow conservation equations due to the
possible difference between the initial and final state. Appendix D contains the full proof of
Lemma 4.22, which formalizes, in detail, this outline.

4.23. EXAMPLE. Consider a context tree T with states Sy = {0,10,11}, and let 7" be the
context tree T7 in Figure 4.1. T” is obtained from T by a single refinement of w = 10. We have
by =2, p1(w) =0, and po(w) = 10. Let so = 10, s = 100, and 2™ = 001001 --- 001. In T,
which is FSM, we have =7 = 57 = (2:/33), as state 0 occurs 2n/3 times, and it emits n/3 zeros,
and n/3 ones. In 7", pseudo-states p11 (w)0 = 00 and p1(w)1 = 01 are added, and the unlabeled
path +' that generates 2™ in G, repeats n/3 times the cycle 100 — 01 — 0 — 00 — 100 - - .
Thus, for 7', E. = 1, in agreement with the discussion at the beginning of the chapter.
Indeed, looking at 7" we see that B(l)o,o = 0, and therefore the binomial coefficient for b = 0
in (4.28) is equal to 1. Since N/;,; = 0, the binomial coefficient for b = 1 in (4.28) is also

equal to 1. On the other hand, (F“liw*) equals (]]\,\101*0) = (27?/33)7 which cancels the factor

Niw

(5?5) of Z¢/. Notice that the empirical entropy rates of 2™ with respect to T and 1" are
0

Hr(z") = Hp(2") = %h(%), where the factor h(3) arises from state 0, where half of the

occurring symbols are 0 and half are 1. In T, which is FSM, =27 = =% ~ exp(nHr(z")) as

27?/33). Although the subsequence of z™ that

occurs in the refined state w = 10 of 7" has memoryless empirical entropy equal to zero, its

it follows from applying Stirling’s formula® to (

refinement introduces stronger state dependencies in 7", as expressed by the factor (F‘f\ll“”)*) -
In this example, these restrictions cancel the apparent degree of freedom in state 0.

It is readily verified that if 7" is FSM, all context trees in a refinement sequence for
T are FSM. In this case, if T; is obtained from T;_; by refining a state w, we must have
ly, = 1in T;_4, for otherwise the suffix tail(wb) of the state wb € St, would not belong to

5See Lemma 4.25 below.



76 4. Type classes of tree models

T;, and T; would not be FSM. Hence, successively applying Lemma 4.22 along the refinement
sequence, the first line of (4.30) is always selected, and we end up with Zp(2") = =¢(2") as
expected. When T is not FSM, however, additional factors arise from (4.28), as characterized

by Lemma 4.24 below.

4.24. LEMMA. For any context tree T and all sequences x™,
R
Er(z") = E3(=") - [ i, (4.32)
i=1

where each factor I1; has the form of (4.28) applied to consecutive context trees of a refinement

sequence for T, and R = (|Er| —|Vr|) /(a — 1) — |S7|.

Proof. Let T} - - - T;,, be a refinement sequence for T. We write 27 = Zq, [[[25 E1,/Z1,_, and

1
we apply Lemma 4.22 to each quotient 21, /E1,_,. Since clearly Ep, = =7, the factors IT(fw=1)
of (4.30) cancel along the product for nodes w that are internal in T'. Hence, Zr = E%Hf; 11
where II; has the form of (4.28), and R is the number of times a context tree T; is obtained

from T;_1 by refining a state w of T;_; with £, > 1. Let E; = |E7,|. We have

m
|Er| = [Vo| = Ev+ ) (Ei — Ei1) — [S7]. (4.33)
i=2

Suppose T; is obtained from 7T;_1 by a single refinement of a state w. In order to determine
the difference between E7, and Er, |, we need to analyze edges departing from w in Er, |
and its descendants in Er,, as well as edges of the form (s, w) in E7,_,, or (s,wb) in E7,. Since
|w| > depth(T;—1) — 1, w uniquely determines a next state for every symbol. Thus, there are
o edges departing from w in E7, | and also a edges departing from each of the a children of
w in E,. Hence, edges departing from w in T;_1, and its descendants in T}, contribute with
a? —a = ala — 1) to the term E; — E;_1. We now consider states s # w, for which there
exists an edge (s,w) in Er,_,, or (s,wb) in Er,. From (4.22) we see that this amounts to
considering states s # w with s < tail(w), or tail(w) < s. Indeed, s < tail(wb) implies that
either s < tail(w) or s = tail(w)b in which case tail(w) < s. If on the other hand tail(wb) < s,
then also tail(w) < s. Suppose ¢, = 1 in T;_1, and therefore tail(w) is an internal node of
T;—1. In this case, all states s # w of T;_; that descend from tail(w), uniquely determine a
next state for the symbol head(w), both in T;_1 and in T;. Hence, edges departing from these
states make no contribution to E; — E;_1, and in this case we have E; — E;_1 = a(a — 1). If
on the other hand ¢,, > 1, tail(w) is not an internal node of T;_;. There exists a unique state
s of T;_; that satisfies s < tail(w), and it is of course different from w. The edge (s,w) of
Er,_, is replaced by a edges {(s,wb) : b € A} in Er,, yielding a contribution of o — 1 to the
term F; — E;_1. Hence, in this case, F; — E;—1 = a(a — 1) + o — 1. Therefore, from (4.33)

|Er| — |Vr| = E1 + (m —1a(a—1)+ R(a — 1) — |S7],
and since F1 = «,

|Er| = Vr| = a1+ (m —1)(a = 1)) + R(a — 1) — [S7].



4.8. The expected size of a type class 77

Now, by construction of a refinement sequence, m — 1 equals the number of internal nodes of
T, and since T is a full tree, |S7| =1+ (m — 1)(a — 1). Thus,

|Er| — |Vr| = (a = 1)|S7| + R(a — 1)

a

The following lemma not only yields a connection between Z%.(z") and the empirical
entropy rate of ™ with respect to T', but it also will help us to analyze the combinatorial
coefficients of the factors II; of Lemma 4.24, which have the form of (4.28). Lemma 4.25
is derived with standard methods based on Stirling’s formula for factorials. The proof is
omitted.

4.25. LEMMA. Let m =m1+mg+---myg with k > 1, and m; > 0 for all 1 < i < k, and let
p be the probability vector p = (7L, --- k). Then,

m

mh(p) —

1 I~ m
7
logm—§ Ellogm,
1=

where we let ( m ) = 14f k = 1, and we recall that h(p) denotes the binary entropy

my-my

s -0t o, ") <t

ml...mk

Sfunction.
Lemma 4.25 applied to =G (2") gives

(a)
—_ ~ 1 1 n
log 2% < E NgH(z"|s) — log Ny — 3 E (1- 5nga)70) log Nis* , (4.34)
5:Ns >0 acA

where ﬂ( "|s) denotes the memoryless empirical entropy of the subsequence of ™ formed by
the symbols that occur in state s, and ks denotes the number of symbols a such that n(a)
In (4.34) and in the sequel, we follow the convention that if §,, = 0 in an expression of

the form 6, , f(2™), then the whole expression is valued zero, regardless of f(2™). Thus, for
(a)

example, a term (1 — 5n<a) 0) log 7\2*

4.34) equals zero if né“) = 0. Now,
(

ks —1 ks N, ks—1 1 Ny
s Do v, = - <P hen 10,
5 log 5 L —) 5 logn—g GEA( 0,0 o) log —

where the inequality follows from the fact that ks = >, c4(1 =6 @ 0). Thus, combining
with (4.34), we get

1 1 s
log 27 Z Ny H(z logn — 5 Z(l - 6n§“>,0) log nT . (4.35)
5:Ngx>0 acA

Adding and subtracting (o — k) logn, (4.35) becomes

_ ~ 1 1 n
log 27 < Z Ng H(z"|s) — logn + 3 Z 5n§”),0 logn — — Z(l - 6n§“>,0) log % .
8:Ngx>0 acA acA
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For a state s with Ny = 0, we have nga) = 0 for all a € A. Thus, > 4 0 (@) ologn >
(a —1)logn, and we can further bound log =% by summing over all states in Sr, rather than
only those with Ny, > 0. We then obtain

(a)
1 1 n
|S7|logn + 3 E 0@ o logn — 3 E (1=6,@ ) log% , (4.37)
s,a

s,a

a—1
2

log 2% < nHrp(z") —

where we recall that ﬂT(x”) is the empirical entropy rate of ™ with respect to 7T'.

When all conditional probabilities in states of 1" are positive, both summations of (4.37)
are shown to be constant bounded in expectation by Lemma 4.26 below. The lemma is
essentially proved, with a different notation, in the Appendix of [60].

4.26. LEMMA. Let (T, pr) be a tree source with entropy rate H and all conditional probabilities
positive, and let y € AT be an arbitrary finite string. Then, there exists a constant C such
that

Eirpr [6%,0 logn] < C,

and
n
E(T,pT) [—(1 — 5ny,0) log Zy] <C.

The following lemma is an immediate consequence of (4.37), Lemma 4.26, and the fact
that the expectation of the empirical entropy rate is upper-bounded by the entropy rate.

4.27. LEMMA. Let (T, pr) be a tree source with entropy rate H and all conditional probabilities

positive. Then,

= a—1
Birypr) [10g =4 ] < nH — ——|Sr|logn + O(1).

Lemma 4.27 allows us to start putting in place the components of the bound (4.23), which,
as we recall from (4.25) and its discussion, reduces essentially to bounding the expectation of
logE7(X™). By Lemma 4.24, we have

R
logZEp(z™) = log ZF(x") + Z logI1; (4.38)
i=1

where II; has the form of (4.28) applied to consecutive context trees of a refinement sequence
for T, and R = (|Er|— |Vr|) /(a — 1) — |S7|. Taking expectations, Lemma 4.27 accounts
for the first term on the right hand side of (4.38), which gives rise to the entropy rate term
of (4.23) and contributes a factor of 251|Sy| to the negative term of order logn in (4.23).
To take care of the summation in the second term on the right hand side of (4.38), we apply
Lemma 4.25 to the binomial coefficients of (4.28), obtaining Lemma 4.28 below. The lemma
shows that for each index 7 in the summation of (4.38), logII; contributes a term —%‘1 logn
plus terms that we will upper-bound in expectation by means of Lemma 4.26, which will
finally yield (4.23).

To state the lemma we define M} as a shorthand notation for M, = B’

nib,p + Niwb’
we recall that B, , = B;,“(w)b,p’(ul(w)b)’ and we also define @ = F), (w)x + Js,, 1y (w)-

where
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4.28. LEMMA. Under the same assumptions of Lemma 4.22, we have

lw—1 F/
(1) o @1 _ Q- Nuw _ e g (1)
log IT < 5 logn+O(1) — ¢ log E (1 6Fwi(w>’0) log -

Sn, M1 (w) n
=1

1 1 1 My
+ Z (25]\’1@70 logn + §5N:<wb’Mb logn — 5(1 — 0n,,0) log -
b

1 Ni M, — N/
—5 (1= dwy,,0)log =& wh _ (1 —Ont. ag,) 108 nwb> : (4.39)
Proof.
Let pp = N/, ,/Mp if M, > 0, and p, = 0 otherwise. For mep > 0, and N, > 0, we
have M, N! 1 My, — N’
1 < Myh —71 M—fl swb _  Jog 0 “Tewb 4.40
og < Niwb) vh(py) og M, S VA R v (4.40)
which, replacing log M, by log b + logn becomes,
M, 1 M, 1 1 N/ 1 M, — N!
1 < Myh ~1 ——71 — —log Wb _ _Jog ————xwb 4.41
og <Niwb> < Myh(py) — 5 log g logn — 5 log =% — 5 log ——7- (4.41)

If one or both of B/ b, and N, are zero, then the left hand side of (4.41) vanishes, and
also h(pp) = 0. We add the terms %51\,/ )0 logn + %5]\[/ oM, log n to compensate the negative
term —3 logn and get (4.42) below, which is valid for any value of Bl’“b , and N/

*wb*

M, 1 1 1 1 M,
log <N’ > < Mph(py) — 5 logn + §5Niwb70 logn + §5Niwb,Mb logn — 5(1 — 0n,,0) log o

*wb
1 N/ 1 M, — N
- 5(1 - 5N;wb,0) log Mtb - 5(1 - 5N;wb,Mb) log wab : (4.42)

By Lemma 4.13(x), we know that logn > log My + O(1). Hence, we write

! /

N n
~1 xwb - _1 *wb 1
%, &, T %,

where the last term, —log 5, is O(1). Similarly, the term Mb;giw” is Mb_éviw” + O(1).
Therefore, (4.42) becomes

N/

M, 1
log ( b ) < Myh(py) — 3 logn 4+ O(1) (4.43)
*wb
1 1 1 M,
+ §5Niwb70 logn + §5leb»Mb logn — 5(1 — 00y.0) log —
1 N! 1 M, N/
—=(1=dyr o)log =2 — —(1— 6y ) log ———*ub
2 *wW 2 swbr b
We now turn to the denominator ( ”1<“’)*) of (4.28). We recall the shorthand notation @
defined as Q = F), (w)« + 05, (w)- Then, the logarithm of ( %m)*) is,

*W

g N
10g< %(w)*) = log < NQ > ¥ b1y o L g Nw<Q. (4.44)
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Defining ¢ = Ny, /Q if Q > 0, and g = 0 otherwise, Lemma 4.25 yields, for 0 < Ny, < @,

log (F“]\lfii)*> > Qh(q) — %ng — O(1) + 64,y (w) log QN*w ) (4.45)
By Lemma 4.22, we know that N, < F}, (4)« and, therefore, we have Ny, < @Q, by the
definition of ). Since in the special case 0 < Ny, = @ the last term of (4.45) is zero if
s, (w) = 0 and —oo otherwise, (4.45) is in fact valid for 0 < Ny < Q.

If one or both of N, and @ is zero, then the left hand side of (4.45) vanishes, and also
h(q) = 0. The last term of (4.45) also vanishes in this case, since for ) = 0 we must have
5,1 (w) = 0 by the definition of @, and for Ny, = 0 with @ > 0 we have logQ%g*w = 0.
Thus, canceling the term —% log @ when @ = 0 with a factor (1 —dg), we get the following
equation, which is valid for any value of N,,, and Q.

Q — Nuw

Since Q = F, (w)ys + 0, 1 (w) €quals F, () by Lemma 4.13(ix), we know that logn > log Q
by Part (x) of the same lemma. Therefore, for n > 0 we have

Fyna- |
o () > Qhla) — (11~ G108 Q = O(1) + 84,0 o (1.46)

*W

Q_N*w

- (4.47)

Fo (s 1
log < lj\lf( ) ) > Qh(g) — 5 logn — O(1) + b5, 1y (w) 108

*W

Notice that, since Ny = >, N.,;, we have Q@ = >, M; by Lemma 4.25. Hence, for Q > 0,

we have ¢ =), pb%, and we get, by Jensen’s inequality,
Qh(q) = > Myh(py), Q>0. (4.48)
b

If @ =0, then M, = 0 for all b € A, and the inequality (4.48) still holds (with equality).
Therefore, summing (4.43) over all b € A and subtracting (4.47) we get, from (4.28),

-1 —N.
log ITw>1) < @ logn + O(1) + log s — d5, 1, (w) log % (4.49)
1 1 1 M,
+ ; (251\’1@’0 logn + i(sN;wb’Mb logn — 5(1 — 0n, 0) log "
1 N, 1 M,—N',,
—5(1 —Onr . 0)log Tw - 5(1 —Onr . ap,) log nw) :
As for 1T, defined in (4.29), we have
F,
logTls = > 6, i) log F,‘“(’“) , (4.50)
€L * 11 (W)
and by Lemma 4.13(x), we get
n
logIly < Z s (w) 10g I (4.51)

ieL *p; (W)
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Notice that s, = p;(w) implies that s, = p;(w) # sp, for |pi(w)| < |w|, and this in turn
implies that F im (w) > 0, by Lemma 4.13(ix). Hence, we get

lw—1 F!
* i (w)
log Il < — Z; (1=0p; o) log =2, (4.52)
and substituting in (4.49) we get (4.39). O

Remark. From (4.37) and (4.38), recalling that R = (|Er| — |Vr|) /(e — 1) — S| in (4.38),
we obtain, by (4.39),

; Er| — |V
log |T*(2")| < log Er(a") < nHr(a") |T2|T\

logn + f(7T*(z")), (4.53)
where the first inequality comes from (4.25), and f(7*(z™)) is a summation of terms of
the form 0, .» logn, coming from (4.39) and (4.37), with ¢, . representing a zero/one valued
condition on certain counts of the matrix F. Equation (4.53) gives an upper bound on
log |7*(z™)| valid for every individual sequence. While this bound is tight to the main term
n’I:[T(x”) for FSM trees, we have already observed that, in general, log |7*(z™)| may be much
smaller than nHrp(z") for some sequences. This gap between the right hand side of (4.53)
and log|7*(2™)| is explained by the difference between both sides of (4.48), respectively
> Myh(pp) and Qh(q), which come from taking logarithms and applying Lemma 4.25 to the
numerator and denominator of the quotient that defines II“»>1) in (4.28). As observed in
Example 4.23, the denominator in (4.28) may be large. Equation (4.39), and thus (4.53), could
be sharpened by including on the right hand side a term of the form ), Myh(py) — Qh(q),
which was neglected in Lemma 4.28. Although, as we shall see, a term of this form has
no effect on the main terms of the expectation of log |7 *(z™)|, for individual sequences, the
magnitude of a negative term of the form —Qh(q) may be comparable to nﬂT(mn), as we
saw in Example 4.23. Besides the intuition for II*»>1) given in our discussion following
Lemma 4.22 in terms of the pseudo-state transition graph, we currently have no obvious
interpretation of the difference >, Myh(py) — Qh(q) in terms of symbol occurrence counts
of 2" in the states of T. It is not clear whether there exists a more elementary asymptotic
expression for the logarithm of the type class size for individual sequences, and we leave it as
an open question.

If for each term of (4.39) of the form 6. glogn, and —(1 — J.0)log Z, there existed a
pattern string y such that z > n,(z"), then we could apply Lemma 4.26 to upper-bound the
expectation of these terms by a constant, for tree models with all conditional probabilities
positive. We will show that this condition indeed holds for canonical context trees. We point
out that this is not necessarily true, in general, and here we make full use of Corollary 4.21,
by which we assume without loss of generality that the context tree for which we analyze the
formula (4.15) of Theorem 4.15 is canonical. Consider a forgetful state s of T, i.e., as € Z(T)
for all @ € A. Clearly, for all j < n such that s; = s, we have j ¢ J(2") for £, , > 1.
Also, since as ¢ U for all a € A, we know that A" (t)s, = 0 for all states t. Hence, by
Lemma 4.13(vii), we have Dy, = 0. Since also Bg, = 0 by definition, for s € S, we conclude
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that Fs. = 0. Thus, by Lemma 4.13(ix), noting that so # s for sg is of maximal depth, we get
Fis = ds,s- As a consequence, if p(u) = s, then B, ,¢,)(z") <1 for all strings z". Therefore
if a context tree is not canonical we may find situation in which, for example, M, — N. , <
for all strings «™.

For a canonical context tree 7" and pseudo-states u, v we show next that either F, ,(z™) = 0
for all strings 2™, or there exists a pattern string y such that F,,(z") > ny(2"). We define
the pseudo-state transition support graph, G & (V%F ,E(F ), for an arbitrary context tree T,

(F) _

as follows: take V,*) = U, and E}’ comprised of all the edges (u,v) of the form

o u=p;(s),v=py1(s) for some s € Sp, 1 < i < L.
o y € St and v = 7(u,b) for some b € A.
e v =p(u) and tail(u) € T

4.29. LEMMA. IfT is canonical, then for every (u,v) € E%F) there exists a fixed string y such
that Fy,(z™) > ny(am).

The proof is deferred to Appendix D. Notice that whenever F, ,(z") is positive, (u,v)
must be an edge of Ej.’ by parts (vii) and (xi) of Lemma 4.13. Thus, the incidence matrix of
the graph GS; ) is the support matrix of F' when T is canonical. Lemma 4.29, together with
Lemma 4.28, allows now for bounding the expected logarithm of the factors Il; in Lemma 4.24.

4.30. LEMMA. Let (T,pﬂ be a tree source with all conditional probabilities positive. Let T’
and T be consecutive context trees in a refinement sequence for T, such that T' is obtained
from T by a single refinement of a state w with £y, > 1 inT. Then, if T and T’ are canonical,
the factor TI¢»>Y) in (/.28) satisfies

B [loglt>D] < - 22 Logn +0(1).

<T7pf‘>

Proof.

The terms 5Niwb70 logn and —(1— 5Ni 4.0 o) log *w” in (4.39), have constant expectation by
Lemma 4.26. Also, since M}, > N , by the deﬁmtlon of My, the term —(1 — dpy, 0) log % is
bounded from above by —(1— 6Ni o) log *wb ‘HSN’ .0 log n, where the second term accounts
for those cases in which N/, , =0 but My > 0. Hence, the term —(1 — daz,0) log = My iy (4.39)
has also constant bounded expectation.

Notice that puq(w)b € U’ for all b € A, as it belongs to the forced pseudo-state sequence
of the state wb. Also tail(ui(w)b) € T” since tail(q(w)) is an internal node of T by (4.6).
Hence, (u1(w)b, p'(u1(w)b)) € ES, and if T is canonical, by Lemma 4.29, there exists a
pattern string z; such that

Hlb p = = nzb(xn) :

Then, recalling that M, = B
in turn implies J

ubp+wa’ Mbp—O,which
o = 1. Hence, the expectation of the term Ont . ap, logn in (4.39) is O(1),

we see that N, =1 implies

Nzy»
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since it is bounded from above by (5n2b,0 logn. Also the term —(1 — dys 5y, )log Mb%N;“”b,

from (4.39), is bounded as

swb?

/
Mb—N*wb <

n
—(1=6n7_, a,)log —(1 = 6n., 0)log % + On,, 0 logn,

where the last term accounts for those cases in which n,, = 0 but B/ > 0. As a conse-

pib,p
quence, the term —(1 — 9 N Mb) log w is also constant bounded in expectation.

syt () log , from (4.39). When p(w) & U’, pui(w)
is not a state of T" and therefore d, ,, (w
p1(w) € U', we recall that Q = F), ()« + s, 4y (w) @and, by Lemma 4.22, we have

We now analyze the term -0
) is constantly equal to zero. If on the other hand

Q- N =% = Zme,p

beA

If s, = p(w), also s, = p1(w) for pi(w) # w. Hence, F;m(w) > 0 by Lemma 4.13(ix).
Since tail(p1(w)) is an internal node of T' by (4.6), and a fortiori it is an internal node of T”,
A~’+(s)*m(w) = 0 for all states s of T'. Moreover, uj(w) has a full complement of children,
{p1(w)b: b e A}, in U’, and therefore there is no state s of 7’ such that 7/(s,a) = p1(w). Asa
consequence, by Lemma 4.13(vii), we have D;m(w) = 0 and therefore Fim(w) = B;M(w) =X
We conclude that if s, = p1(w), then ¥ > 0. Thus, we have

Q_N*w S
n

by
—(537“#1(10) log —(1 — 5270) log E .

Fixing any symbol b € A, and taking z;, such that Bu bp = Mz (™), we further bound

by n
—(1 —dx,) log —< —(1 = dp., 0)log % + On., 0logn,

where the second term accounts for those cases in which n,, = 0 but ¥ > 0. Hence, the term
—Gspy 1 (w) log @M in (4.39) has constant bounded expectation.
It remains to bound the expectation of the term of (4.39) given by

ly—1 F’
Z (1=6p o) log i) (4.54)
* g (w) n

Consider a pseudo-state v = p;(w) of T with i < £,,. If v is not a pseudo-state of 7", the

F
term (1 — o5 )log*“Ti(w) of (4.54) is constantly equal to zero. If v € U’, we claim

wi(w)’
that there exists v’ € U’ such that (v/,v) € EY/. Since v € U’, there exists a state ¢ of 1"
such that v = p;(t) for some 1 < j < ¢. Let u = tail(v). If u ¢ T”, then u = p;_1(t)
and (u,v) € E%F,). If otherwise u € T', let s be a state of 7" such that u < s, and let
a = head(v). Then, either 7/(s,a) = v, in which case (s,v) € ES/, or 7/(s,a) € A(v), in
which case there exists v" such that v < v < 7/(s,a) and p'(v') = v. Since tail(v') < s, we
have (v',v) € Eg,). The claim is proved, and therefore, by Lemma 4.29, there exists a pattern

string y; such that F' *im (w) = M (z™). Hence, (1 —dp o) log P l(w) is bounded from above

i (w)?
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by (1 — 5“%70) log n;” + 0p,, 0 logn, where the second term accounts for those cases in which

ny, = 0 but F;m(w) > 0. 0

Lemmas 4.24, 4.27, and 4.30 yield the following bound on the expectation of log =7, valid
for a canonical context tree.

4.31. LEMMA. Let (T,pr) be a tree source with entropy rate H, such that T is canonical and

all conditional probabilities are positive. Then,

|Er| — V7|

5 logn+ O(1). (4.55)

Bir ) [ 108 2] < ¥ -

Proof. By Lemma 4.24 and Lemma 4.27,

R
- a—1
Erpry [l0gZr ] < nH — ——|Sr[logn + O(1) + D By [logILi]
i=1
where R = (|E7| — |Vr|) /(o — 1) — |S7|, and each II; has the form of (4.28) applied to
consecutive context trees of a refinement sequence for 7. By Lemma 4.30, it then suffices
to show that all subtrees in a refinement sequence for 1" are canonical. Indeed, in this case,
Erpr) [logIl; | < —2=Llogn + O(1) and therefore

Eirppy [logZ2r | <nH — aT_llsTllogn—Ra logn + O(1),
from which (4.55) follows.

Suppose a context tree T; of a refinement sequence for 7' is not canonical. Then, there
exists a state s of T; such that as is an internal node of T; for every symbol a. Thus, we have
depth(T;) > |s| + 1, and a fortiori, depth(7}) > |s| + 1 for all j > i. Hence, s is never refined
after step ¢ of the refinement sequence. This implies that s is also a state of T, leading to a
contradiction since 7" is canonical. O

The right hand side of (4.55) in Lemma 4.31 already gives an upper bound on
E(1ppy [log |T*(X™)|] for T canonical, as M < 1 in the formula (4.15) of Theorem 4.15.
We next show that imposing a fixed final state on the strings of 7 (z"), as in the definition
of T*(x™), does not significantly diminish the size of 7 (2™). Therefore, log|7 (z™)| and
log |7*(2™)| have asymptotically the same expectation. The proof amounts to bounding
|7 (z™)| by Zp(z™) affected by a factor m(x™), whose logarithm is shown to be constant
bounded in expectation. Once again we apply Lemma 4.29 to bound the expectation of terms
of the form —log .

4.32. LEMMA. Let (T,pr) be a tree source with entropy rate H, such that T is canonical and
all conditional probabilities are positive. Then,

|Er| — V7|

B ppy [Log [T (X™)|] < nH — logn + O(1). (4.56)
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Proof. We claim that [7(a™)] < m(a™)Er(z"), with 7(z") = O (Huﬁﬂu,y %ﬂ)
where the indexes v and v take values in all pseudo-states such that F, ,(y") is positive for
some string y". By Corollary 4.3, 7 (z") = 7*(2") for all strings =™ such hat s,_1(z") and
z, determine sp(z™). Hence, |7 (2")| < Zr(z") for all such strings, as M < 1 in (4.15).
Otherwise, let 2™ be a string with final state s, (z") = s, such that s,_1(z") and z, do not
determine s, (2"). Again by Corollary 4.3 we have |7 (z")| = |7*(2"1)| < Z7(2""1). Now,
N(z") — N(z" 1) = 1,5, and, by (4.10), K(2") — K(2" ') = 1,4, + O(s,). Also since
d(u, s,) = 0 by definition, we get from (4.11),

D(x")—D(m”_l)— 1,5, +O(sn) Z O(sn)twd(t,w).

t,weST

Hence, given the final state s = s,(2"), the difference D(z") — D(2""!) is a constant in-
dependent of n and of 2. From the definition of B in (4.12), we see that the difference
B(2™) — B(z" 1) is determined by D(z") — D(z" 1), and therefore it is also constant for the
given final state s. As a consequence, for each state s such that tail(s) € T (i.e., sp—1(2™)
and x,, do not determine s,(z") if s,(2") = s), there exists a constant matrix ¢, such that
F(z"') = F(2") +¢ for all strings 2™ with final state s. Then, denoting F = F(2"), we have

SN N | MR SENTR  CE
Er(zm) B H (FJ "’51]) H”
[ (Fis + €ix)! ‘ I, Fw'
[L; F! Hz](Flﬂ +eig)

Defining ®* = {i : g5 > 0}, @~ = {i : i <0}, QT = {(3,)) : &;; > 0}, and Q™ = {(4,7) :
gi; < 0}, we can write

) gi5—1
Er(™)  Tleor [Li2 (Fi + F) ‘ H(z,] co- 1= 0] (Fij — k)

20 Tlico- ILZ5 ' (Fie = k) Tl jear [T (Fig + )

(4.57)

For each i, there are —Z(ij)eg, €;,j factors of the form F;; — k in the numerator, and
Z(z‘,j)efﬁ €;,; factors of the form F;; 4+ k in the denominator. Since €;, = Z(i’j)le €ij +

(i.j)ea+ €ij» the total number of factors in the numerator of (4.57) equals the total number
of factors in the denominator. We then have,

, —eii=1 0
Er(@™ ) TlLieo+ [Tz (Fie + k) /n H(z,] ca- kaoJ (Fij—k)/n

ET(xn) H2€<I> Hkaz* l( z* - )/n H(lj et H ( 1,7 —|—k‘)/7’L

By Lemma 4.13(x), Fy. < n for all t € U, and of course also Fy. + e = Fi(2" 1) < n.
Hence, all factors Fj, & k and F; ; £ k, are bounded from above by n, and therefore,

_51*_1 €ij

ST w11 el

i€d~ k= (3,7)€Qt k=1
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which we can further bound by
Er(z™h) n n
———— < | | — e | | Cij o7 -
— n ) . % ..
=r@™) T e Finteut1 (i.j)et Fig+1

Fiwt1 Fiuteit1?

The factor z—2—7 i and the latter is bounded from above by 77 (—€ix+1).

Hence, we get

n n
Er(@")/Er@") =0 [ ]
icd— Fie+1 (i.j)eQ+ Fij+1

The claim then follows since this is valid for all possible final states, and there are finitely
many of them.

Now, since T is canonical, Lemma 4.29 states that for each u, v such that F, ,(y") is posi-
tive for some string y”, there exists a string z such that F, ,(z") > n,(z"). As a consequence,

log

log log

n n
" <« v <« "
Fu(z™) +1 — Fup(z™)+1 ~ n(x") +1°

which has constant bounded expectation by Lemma 4.26. O

Lemma 4.32 and Corollary 4.21 yield Theorem 4.18.

4.4 The number of type classes

We study the number of type classes induced on A" by a context tree T, i.e., the number of
T-classes. The main result of this section establishes a formula that is asymptotically tight
up to multiplication by a constant. We can equivalently address the problem of counting the
number of T-classes*, denoted N7, since, by the definition of close-ended type class, every
T-class is subdivided in up to a constant number of T-classes®, one for each possible final
state. The following theorem presents the main result of the section.

4.33. THEOREM. Let T be a context tree, and let T, be the minimal canonical extension of
T. Then, NT =0 (nlETc‘f‘VTcl)_

Once again, when 7' is FSM, T' = T¢, and |E7.|—|Vr,| = (a—1)|S7|, in agreement with
known results for FSMs [83].

We develop some needed tools, based on graph theory, which will be used in the proof
of Theorem 4.33. Again, we loosely follow [5]. Consider a graph G = (V,E). A chain is
an alternating sequence of vertices and edges vi,e1,v2,€2 Uy, €m, Umt1 satisfying either
ei = (vi,vi+1) or €; = (viy1,v;). We recall that we allow multiple parallel, distinguishable,
directed edges between the same pair of nodes. A chain is closed if v1 = vy,41 , it is simple if
e; # ej fori # j, and it is elementary if all vertices are different except possibly for v1 and vy,41
that may coincide. The number of edges in a chain is called the length of the chain. A cycle
is a closed simple chain. Notice that a path, as defined at the end of Section 4.1, corresponds
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to a chain where every edge is traversed in the forward direction, i.e., e; = (v;,v;y1) for
all ¢ = 1---m. Similarly, a circuit is a cycle where every edge is traversed in the forward
direction.

We say that a graph is connected if any two vertices, u,w, can be joined with a chain
U = V1,€1,02,€2 " Um, €m, Um+1 = W. We say that graph is strongly connected if for any two
vertices, u, w, there exists a path from u to v and also a path from v to u. A graph is a tree
if it is connected and has no cycles.® A spanning tree of G = (V, E) is a tree, G' = (V, E'),
with the same set of vertices as G and with £/ C E. If a tree has a vertex, u, such that there
exists a path from v to u for all vertices v, then w is called a sink of the tree (a tree can have
at most one sink).

We associate to a chain in G, v = v, €1+ U, €m, Um+1, a vector ((y) from ZIE! indexed
with elements from E defined as

(Me=Hi=1--m:e=(vivig1)}| —[{i =1---m:e= (vig1,0)}].

The subspace of RIZl spanned by {¢(7) : v is a cycle } is called the cycle space of G and
it is known to have dimension |E| — |V| + 1 for strongly connected graphs [5]. A circuit basis
for the cycle space is a basis formed by vectors ((c;) where every ¢; is an elementary circuit.
We will make use of the following result from [5].

4.34. PROPOSITION. [5] Every strongly connected graph has a circuit basis.

Let G = (V,E) be a 1-graph. We recall that Z, Z>o, and Z~o denote the integers, the
nonnegative integers, and the positive integers, respectively. An assignment of counters for
G is a vector in Z|>EO‘, indexed by elements of E. The assignment 7 is said to be cyclic
if and only if it satisfies the flow conservation equations Ze:(u’v) Ne = Ze:(v,w) ne for all
v € V; it is said to be connected if eliminating edges e with n. = 0 from E results in
a strongly connected graph. Every state sequence so(z™),s1(z™)---sp(x™), with s, = so
determines a closed path in the state transition support graph Gr. Therefore, in this case,
Nuw) = N(@")uwV(u,v) € Er is a cyclic assignment of counters for G, where we recall
that N (z™) denotes the state transition matrix of ™. Furthermore, if all states are visited in
the state sequence, the assignment of counters is also connected. The key idea in the proof
of Theorem 4.33 is to establish a correspondence between cyclic connected assignment of
counters in a graph, and Tc-classes™ with s,, = s¢ (the condition s,, = sg can then be removed
easily without affecting the asymptotics of the theorem). To establish the correspondence,
we need a few more definitions.

For a 1-graph G = (V, E), a weight function 1) assigns a nonnegative integer weight to
each edge of G. Notice that weight functions and assignment of counters are the same kind
of objects as both assign a nonnegative integer to each edge of a l-graph. We make the
distinction, however, since they are intended for conceptually different purposes. We will
regard weight functions as fixed objects that depend only on the context tree T'. On the other

5Since the direction of an edge is not relevant for the construction of chain or a cycle, these notions
of connected graph and tree coincide with the usual definitions for non directed graphs. Our derivations,
however, will still be based on directed graphs.
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hand, we will associate assignments of counters satisfying certain properties to T.-classes™,
and we will bound the number of such assignments. We extend a weight function ¥ to paths
by defining the weight of a path as the sum of the weights of its edges. We also define the
weight of an assignment of counters n as ¥(n) = > . p(e)ne.

The following lemma will be the main tool for the proof of Theorem 4.33.

4.35. LEMMA. Let G = (V, E) be a strongly connected 1-graph and v a weight function for
G such that G has no circuits of weight zero and at least one circuit of weight one. Then,

(i) The number of cyclic connected assignments of counters of weight n for G is bounded
from below, for large n, by CnlEI=VI where C' depends only on G and 1.

(ii) A cyclic assignment of counters n, of weight n, is fully determined by the values n. for
a set E* of |E| — |V| edges. In particular E* can be chosen to be any set of the form
E* = E\ ({a*} UT*) where a* is the only edge of weight one in a circuit of weight one,
and T is a spanning tree with sink at the source of a*.

Proof. We first prove Part (i). Let C' = {{(c1)---((c|g—jv|+1)} be a circuit basis for the
cycle space of G, and let ¢ be a circuit of G of weight one. Notice that only one edge of ¢
has weight one, and the rest, if any, have weight zero. Hence, ¢ must be elementary, as there
are no circuits of weight zero in G. Since ((¢’) belongs to the cycle space of G, there exists a
non trivial linear combination (') = ZE'{'V‘H a;C(c;), a; € R. Taking i such that «; # 0,
and replacing ((¢;) by ¢(¢/) in C, the spanned subspace of RI®! does not change. Hence, we
can assume without loss of generality that c; is an elementary circuit of G of weight one.

Consider arbitrary vertices u,v € V. Since G is strongly connected, there exists a circuit
v that passes through u and v. As ((v) belongs to the cycle space of G, there exists a
linear combination ((v) = ZEII_W'H a;C(c;), with a; € R. Thus, the set of edges of 7 is a
subset of the union of the set of edges of all circuits ¢;. Hence, since v and v are arbitrary,
any linear combination ZLE'{WIH ki((c;) with k; € Zso, generates a cyclic assignments of
counters for G that is connected. Moreover, since C is a basis of the cycle space, different
linear combinations generate different cyclic connected assignments of counters for G. Thus,
there are at least as many cyclic connected assignments of counters of weight no grater than
n, as compositions of [n/ max(c;)| in |E| — |V| + 1 positive summands. Each assignment 7
obtained in this way can be completed to an assignment 1’ of weight n adding copies of ¢y,
which is a fixed circuit of weight 1. Specifically, if n = ). k;i((c;), we take

W= (k1 +n—ypm)Cler) + Y kil(ci) -
i>1
Now, since we have ), k; = [n/max1(c;)], ki is determined by the remaining coefficients
ko -+ kg|—jv|+1, and this in turn completely determines n’. This way, different linear com-
binations with ) . k; = [n/maxt(c;)| generate different connected assignments of coun-
ters of weight n. Thus, we have at least as many cyclic connected assignments of counters
of weight n, as compositions of m = |n/max(¢;)| in |E|] — |[V| + 1 positive summands.
The proof of Part (i) is completed by recalling that the number of such compositions is

(121 vy) = 2 (m!F=IV).
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We now turn to Part (ii). Let v = ejea--- e, be an elementary circuit of weight 1 in G
with ¢(e,) =1, and ¥(e;) =0 for i = 1---r—1. Let T be a spanning tree of G with a sink at
the source of e,, with a set of edges Er D {e1---e,_1}. Such T can be constructed in |V|—r
steps, starting with the set of edges {e; - - - e,_1 } together with its r different adjacent vertices,
and adding an edge e in each step, in such a way that the destination of e is in 7', but the
source is not yet in 7. We will show that the values of 7, for e € Ep U {e,} can be computed
from the remaining values, which we regard as given. Let V, be the set of vertices of «, and
for v € V, let d(v) be the distance in T" from v to V,, i.e., the length of the unique path in T’
from v to a vertex of V. For each v € V'\ V, we will show how to compute 7., for the unique
edge e,, with source v, which belongs to Er. We take all the vertices v € V'\ V in decreasing
order of d(v). For each edge e = (u,v) with destination v, either e € Ep, or d(u) = d(v) + 1.
In any case, the value 7. is known, as either it is given, or it has already been computed.
Since the value 7, is known for all edges e # e, with source v, we can compute 7., from the
flow conservation equation e=(uw) e = > e=(vw) Ne- After finishing this process, we finally
get to know 7, for all edges e except for those in 7, the unique circuit of Ep U {e,}. We can
now compute 7, as n — ZeeE\{elmer} new(e) and continue calculating 7, for e = e1---e,_1,
using the flow conservation equation. O

Since T, is a refinement of T, we have Np < Np.. By Lemma 4.5, determining N7,
is in turn equivalent to counting the number of |St.|x|Sz.| matrices M for which there
exists a sequence x" with N.(2") = M, where N.(x") is the state transition matrix of z"
with respect to T.. We will use Part (ii) of Lemma 4.35, applied to the state transition
support graph of T, G = Gr,, to bound the number of such matrices M for which there
exists a sequence z" with N¢(z") = M and s,(2™) = s9. We will then show that the
condition s,(z™) = so can be removed without affecting the asymptotic result. This will
prove the relation Ny = O(n!Prel=IVrel) | required by the claim in Theorem 4.33. The proof
will be constructive, yielding an algorithm that recovers N, given a well characterized set of
|E1.|—| V1| of its entries and the final state sy,.

As for the relation nlfrel=IVrel = O(N7), also claimed in the theorem, recall that by
Corollary 4.21, T' and T, define the same type classes. Hence, each T-class* with final state s,
is partitioned into a constant number of T.-classes*, one for each possible final state su that
refines s in Tc. As a consequence, we have N7, = O(N7), and therefore it suffices to show that
nlErel=IVrel = O(Nr.) . However, this is more involved than simply applying Lemma 4.35 to
Gr,, since some closed paths in G, may not correspond to a valid state sequence (in analogy
to Example 4.6). Instead, in Lemma 4.36 below, we apply Lemma 4.35 to the pseudo-state
transition support graph of T, G = ch ), defined in Section 4.3, just before Lemma 4.29.
In the application of Lemma 4.35 we take 1)(e) = |w(e)|, where w is the tagging function of
Theorem 4.15, and we are interested in assignments of counters of weight n to GEFFC ). The
connection between the set of cyclic connected assignments of counters in G(;C ' and the set
of Te-classes™, is given by the tagging function w, and Lemma 4.14. This line of reasoning is
formalized in the following lemma.

4.36. LEMMA. Consider a canonical context tree T with pseudo-state transition support graph
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Gg) = (VT(F),E%F)). The number of T-classes™ for sequences of length n with initial state sg,

. (F) (F) . ..
and a final state sy, is bounded from below for large n by Cn\Er 1=Vr 'l where C is a positive
constant that depends only on T.

Proof. We first show that Gg) is strongly connected. By Lemma 4.29, for each edge e = (u, v)
of Gﬁﬁ) there exists a pattern string y., such that F, ,(y™) > ny,. (y™). Hence, taking y™ as
the concatenation of the patterns’ ¥, for all edges of Gﬁ; ). we know that Fu.(y™sg) > 0 for
all (u,v) € EYY. By Theorem 4.15, we have y™3g = w(y) where 7 is an Eulerian path from sg
to so (i.e., a circuit) in Gp(y™sp). Now, if u € U is a pseudo-state, by the definition of G<TF), U
is the endpoint of some edge in G§.’. Thus, since F,,(y™3g) > 0 for all (u,v) € EX, v visits
all pseudo-states of U, and therefore Gp(y™sp) is strongly connected. Now, by parts (vii)
and (xi) of Lemma 4.13, if there exists an edge (u,v) in Gp(y™3p), i.e., Fy,(y™s0) > 0, then
(u,v) € EX. Hence, G} is also strongly connected as claimed.

Let ¢ be a weight function for G’ defined as 1)(e) = |w(e)|. By the definitions of G’
and 1, there are no circuits of weight zero in GJ. Also for b € A and s = o7 (bbb- - -) there
is a circuit of weight 1 starting from s, for either 7(s,b) = s, or 7(s,b) = bs. In the former
case (s,e1,s) is a circuit of weight 1. In the latter case, (s,e1,bs,eg,s) is a circuit of weight
1, as tail(bs) = s € T, and therefore (bs, p(bs) = s) is an edge of Ey’. We are then under the
assumptions of Lemma 4.35.

Let ® be the set of connected assignments of counters of weight n for G, such that

Z 776"'580,1) = Z 77@“‘63”,1)7 V’I7 S (I),’U € Vj(ﬂF)
e:(u,v)GE‘gﬂF) e:(v,w)EEéﬂF)

We claim that |®| bounds from below the number of close-ended type classes for sequences
of length n with initial state sg, and a final state s,. Let n € ®, and let Gg be a graph
with incidence matrix F{w = N(u,p) for all u,v € VT(F). Since n € ®, there exists an Eulerian
path v from sg to s, in Gg/. The path v defines, via the tagging function w, a string of
length n, 2™ = w(y). By Lemma 4.14(i), the final state of 2™ is s,, and by Theorem 4.15,
there exists an Eulerian path 4/ from sg to s, in Gg(2™), such that 2" = w(v’). Hence, we
have w(y) = w(v’), and by Lemma 4.14(ii), we get F(z") = F’. Thus, for every n € ®, there
exists a string =™ with pseudo-state transition matrix F'(z") given by 7. Since F(2") is a
function of N(z"), then F(z") # F(y") implies N(z™) # N(y"), and this in turn implies that
T*(a™) # T*(y") by Lemma 4.5. Hence, there are at least as many close-ended type classes
as assignments of counters in @.

Let v/ be a fixed path from sy to s, in G(; ). For each cyclic connected assignment of
counters 7' of weight n — (') for G}, the assignment of counters 7 = 7’ + ((v') belongs
to ®. Hence, by Lemma 4.35(i), we have |®| > C'(n — 1/1(7’))|E(TF)|_|VT(F)|, which concludes the
proof.

O

"Recall that ny, (y™) is the number of occurrences of the reverse of y. in y™ .
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To prove that nlFrel=IVrcl = O(N7) as required for Theorem 4.33 we will show that, for
any context tree T', we have |E}Y| — [V;7| = |E7| — |Vr|. The claim will then follow from
Lemma 4.36. To prove this we will need some auxiliary results.

For s € St we define A, as the set of edges in Eg ) associated to forced pseudo-state
sequences of all states s’ for which s is the first state, v4(s"), of the forced state sequence of
s’. Thus,

Ay = {(pi(s"), pisa(s')) € ES s € Sp,1<i<ly,n(s) =s}. (4.58)

We also define By,) as the set of edges in E<TF ) associated to context-dropping transitions of
the form (u, p(u)), where u and its parent, p(u), are entry points for the forced pseudo-state
sequences of states s’ and s” such that s is the first state in the forced state sequence of both
s and s, i.e., u = pi(s), p(u) = p1(s”), and v1(s") = v1(s”) = s. Formally,

Bgy = {(u, p(u)) € ES u e A(s), tail(u) € Z(T)}, (4.59)

where we recall that A(s) is the set of proper descendants of s defined in Section 4.1. The
condition tail(u) € Z(T') guarantees, by (4.6), that there exist states s’ and s” such that
u = p1(s’) and p(u) = u1(s”), and the condition u € A(s) guarantees that v (s') = 1v1(s”) = s.
Let A@) be the set of edges of A(,) where the order of the source and destination is inverted
A(;) = {(v,u) : (u,v) € Ay} and let V() be the union of {s} with the set of endpoints of
the edges in B, U A(_s). We denote by S; the set of states s € St such that no forced state
sequence is imposed to reached s, i.e., S1 = {s € Sy : £; = 1}. We will show that for each
state s’ in Sp \ S, its forced pseudo-state sequence entry point, u1(s’), is an endpoint of an
edge in B, for some s € S;. Thus, we can construct a path from s" to s = v1(s’) following
edges from A(_s) and B(,). More specifically, we show the following lemma.

4.37. LEMMA. For all s € St the 1-graph (V{, B U A(_S)) is a tree with sink s. When
s € St \ S1, the set By U A(S) is empty, and Vi) = {s}. Furthermore, {V(5y : s € S1} is a

partition of the set of vertices VT(F) .

Proof. When s ¢ S, we have tail(s) ¢ Z(T) and, therefore, tail(u) ¢ Z(T") for every
u € A(s). Hence B, is empty for s ¢ S;. Furthermore, if 11(s') = s, then s < (') and,
hence, by (4.6), we have tail(s) € Z(T). Thus, A(,) is also empty for s ¢ S1. This proves that
By U A(_S) is empty for s in Sp \ Si.

Next, we prove that for any state s, the 1-graph (V(y), Bs) U A(;)) is a tree with sink s.

We first show that every node in V() is the source of at most one edge in B, U A(_s). If
(u, p(u)) € By, then tail(u) € Z(T). Thus, we have tail(u) ¢ U and, therefore, (tail(u),u) is
not an edge of A(,). Hence, (u, p(u)) is the only edge departing from . If (u,v) is an edge in
Ay, then we have u = pit1(s") and v = p;(s") for some state s’ and some 1 < i < fy. Thus,
the destination v = tail(u) is uniquely determined by u and, hence, (u,v) is the only edge
departing from wu in A@). Furthermore, since tail(u) = v and v € U, we have tail(u) € Z(T)
and, therefore, u is not the source of any edge in By).
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We now show that from every u € V|, there exists a path in (V(S), By U A(s)) from u to
s. The claim is trivially true for u = s. Assume now that it is also true for all v’ € Vi) such
that [u| < [u|. If u € A(s) and tail(u) € Z(T'), then (u, p(u)) € B, and, since |p(u)| < [ul,
we have a path to s. In other case, we have that (u,tail(u)) must be an edge of A(_s) and,
since [tail(u)| < |ul, we have a path to s.

The claim that (V{y), By U A(_s)) is a tree with sink s follows from the fact that s has no
outgoing edge in (V(y), B(sy U A(_S)). Indeed, s is not the source of any edge in By (because
s & A(s)) and, when A is not empty, we have already shown that s must belong to Si.
Thus, s is not the destination of any edge of the form (u;(s), pi+1(s))-

We next show that {V(,) : s € S1} is a partition of the set of vertices V7. Notice that
Usesl V(s) covers the set V}F) = U, since, by the definition of U, every v € U must be the
destination of an edge of A(,) for some s, or it must belong to Si. If u is an endpoint of an
edge of both A(,) and A for some s,t € S1, we have that u = wi(s') for some i, 1 <i < £y
and s’ € Sy with v (s') = s, and u = p;(t') for some j, 1 < j <y and t’ € Sy with v (t') = t.
Then, we have p;(s") = p;(t') and, therefore, p;_(s") = p;—(t') for all k, k < i,k < j, since
for any state w and 1 < m < £y, we have fim_p(w) = tail® (i, (w)), where tail®(-) denotes
the composition of k applications of tail(-). Hence, by (4.6), we must have ui(s") = pi(t')
and, therefore, v1(s’) = v1(t'). Thus, we must have s = ¢. If u is an endpoint of an edge
of both B,y and By;), we have that s and ¢ are both prefixes of u and they must be equal.
Finally, if u is an endpoint of an edge of both A,y and B, we have that u = y;(s’) for some
i, 1 <i <y and 8" € St with v1(s') = s. Also, by the definition of B, we know that
tail(u) € Z(T'), and we must have i = 1 by (4.6). Thus, we get u = u1(s’), and v1(s') = s.
Therefore, s is a prefix of u, and so is ¢ by definition of B(;. Thus, we must have s =t. We
conclude that {V(,) : s € S1} is a partition of V" as claimed. O

We are now ready to prove the following result, which, together with Lemma 4.36, yields
the relation n!Frel=IVrel = O(N7), called for in Theorem 4.33.

4.38. LEMMA. For an arbitrary context tree T, we have |E{’| — |VL7| = |Ey| — |Vr|.

Proof. We partition the set E:(FF ) into three subsets, A;, As, As, suitable for the application
of Lemma 4.37. This will help us connect the quantities |ES| and [V, and compute their
difference. Specifically, we define

A1 = {(ui(s), pit1(s)) € Eé’?) cs €S, 1 <i< g},
Ay = {(s,7(s,b)) EE}F) cse€Sp,be Alr(s,b)| < |s|},
Az = {(u,p(u)) € BY tue V).

We observe that the sets A1, Ay, A3 indeed partition the set Eg ). In particular, notice that if
|7(s,b)] = |s|+1, then (s,7(s, b)) is included in A; but not in As. Also notice that, as s varies
in the set of states, the union of disjoint sets | J, B(s) U A(,) covers the edges in A; U A3 except
for edges of the form (u, p(u)) with tail(u) ¢ Z(T'), which are excluded from B in (4.59).
Thus, we define

BZS) = {(u, p(u)) € BY : u € A(s), tail(u) € St} (4.60)
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and we notice that A; U A3 is partitioned into |, A(s) U B(s) U st)

. We then have,
BR[| = [Ad]+]As| + |As)

= Aol + D Al + Bl + Byl -

SEST
Since A(y) and By are empty sets for s ¢ S1 by Lemma 4.37, we have

EPL = sl 3 1Byl + 3 A+ 1B
seST s€S1

Now, as (V{4), B(s) U A(_S)) is a tree by Lemma 4.37, we have that |A )|+ [B)| + 1 = [V(g)].
Thus, we get

[ER| = Ao+ D Blyl+ Y (Vg —1),

seST sES]

and since {V(,) : s € S1} is a partition of V" by Lemma 4.37, we obtain

B = 42| + V57| = S1] + Y |Bll- (4.61)
seST

Our next step connects the sets st) with certain sets of edges of E}F ) of the form
(s,7(s,b)), which we will combine with A and, later on, relate to the state transition support
graph G7. We claim that |BES)| = |A’(s)\, where

(9 = w) e B 8" € Sp,ue A(s),s' = tail(u)}.

The source s of (s',u) € A/ 5 18 uniquely determined by the destination u. Also the destination
of (u,p(u)) € BES) is uniquely determined by its source u. Hence, it is sufficient to show that

{u: (s,u) € A’(S)} ={u: (u,p(u)) € BES)}.

If (u,p(u)) € B’S), then, by the definition of BES) in (4.60), we know that u € A(s) and
tail(u) belongs to Sp. Thus, we have (s',u) € A’(S) for s = tail(u). On the other hand, if
(s, u) € A’(s), then, by the definition of A’(s)7 we have that u € A(s) and tail(u) = s’ € S7.
Therefore, we have (u, p(u)) € st) by the definition of Bés). We conclude that 7 ]BES)]
equals 3 . Sr |A’(S)\, which in turn is equal to the number of edges in the set

{(s,T(s,b)) € E%F) cs€Sp,be A |r(s,b)| =|s| +1,7(s,b) & ST} .

Hence, the sum |Aa| +3 g |B£s)] in (4.61) equals the cardinality of

Ay, = {(s,T(s,b)) € Eéf) :s € Sp,be A |r(s,b)| < |s] or 7(s,b) & ST}

= {(s,7(s,b)) € B} : s € Sp,b € A, s' < bs for some s’ € Sy} .

Thus, (4.61) becomes
By | = [A5] + [V27] = |84 (4.62)
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We now relate the size of A, which is a subset of E}, to the size of a certain subset of
Ep. This will let us establish the claimed relation, |EY| — [V,| = |E7| — |Vr|, by means
of (4.62). Specifically, let E; be the subset of Ep with destinations in Sy, i.e.,

E1={(s,s) e Br:5 € 51}.

We show next that |A}| = |E1|, by showing that the mapping that takes (s,7(s,b)) € A}
to (s,s"), where s’ € Sp is the unique state that satisfies s’ < bs, defines a one-to-one
correspondence between A5 and Ejp. If (s,7(s,b)) € A} and s’ is a state with s’ < bs, then
tail(s’) < s and, by the definition of Ep in (4.22), we have (s,s’) € Ep. Moreover, since
tail(s’) < s we have that (s,s’) € E;. Suppose now that (s,s’) € Fj. Since s’ € S, we have
tail(s’) € Z(T'). Thus, by the definition of Er in (4.22), we know that tail(s’) < s. Hence,
with b = head(s’), we have s’ < bs, and thus (s,7(s,b)) € A,. Moreover, in order to get
s’ < bs, b must be taken equal to head(s’) and, hence, (s,7(s,b)) is the unique element of A/,
that is mapped to (s, s’). Then, we have that

Ayl = B[ =) [{s:(s,s) € Br}. (4.63)

s'eSy

When s’ € S; and (s,s’) € Ep we have, by the definition of Ep in (4.22), that s is the
unique state such that s < tail(s’). Thus, for fixed s’, we have |{(s,s’) € Ep}| = 1 and we
rewrite (4.63) as

A5 = Y {s:(s,8) € Br}| = (IS7] — 1))
s'eSt
= |Er[+ 51| = |57

|Er| + |S1] = [Vr|.

Substituting in (4.62) we get
B | = Vel = 181] + | Br| +|S1] = [V, (4.64)

thus |ES| — |V47| = |Er| — |Vr| as claimed. O

We have now all the elements to prove Theorem 4.33.
Proof of Theorem 4.33

Since N, = O(Nr), and \E(T?| - |VT(CF) = |Er.| — |Vz| by Lemma 4.38, the fact that
nlFrel=Vrel = O(N7) follows from Lemma 4.36. We need to show that Ny = O(n!Frel=IVrel),
Let 9 be a weight function for the state transition support graph of T¢, G, constantly equal
to 1. Clearly Gt is strongly connected, there are no circuits of weight zero, and, for any
b € A, there is a circuit of weight 1 from the state bbb--- b to itself. Thus, Gr,. satisfies the
assumptions of Lemma, 4.35.

For each state s of T¢, let v5 be a fixed path from s to s¢ in Gr.. Consider a string ™ with
final state s, in T¢. Let n be an assignment of counters for G;. defined as 7, ) = Ne(2")uw
for all u,v € Vr,. The assignment of counters ' = n+((vs,,) is cyclic by construction. Hence,



4.5. Type classes with respect to the FSM closure of T 95

by Lemma 4.35(ii), " can be fully described by the values . for a set of |Er.| — |Vr,| edges.
Given sy, vs, is fixed, and therefore this is equivalent to give the values 7, for the same set
of edges. This completely describes 7, and 1 can then be recovered from 7’. Thus, n can be
fully described by giving the final state s,, in T¢, which determines ~;,, and the values 7, for
a set of |Eq.|— |Vr.| edges. Since each value 7, is not greater than n, and there are a constant
number of states in T, we have N, = O (n'ETC‘_|VTc|). The proof is completed by recalling
that N < N, since T is a refinement of 7T'. m|

4.5 Type classes with respect to the FSM closure of T

In this section we compare T-classes with Ty, ¢-classes, where we recall from Section 2.3.2 that
Tsur is the FSM closure of T. The difference |Er.|—|Vr.|, appears as a factor in the term
of order logn of E(r . [|7(X™)|] in Theorem 4.18, and in the exponent of the number of
type classes in Theorem 4.33. In the case of FSM context trees, and in particular in the
FSM closure of T', the difference |Er_.[—|Vr, .| reduces to |St_.[(a—1). We next define the
(FSM) over-refinement of T, which connects |Er.|—|Vr.| with [S1,_ [(a—1). In Chapter 5,
this connection will be exploited to show how an enumerative code for T' can be obtained by
enumerating the sequences in the Ty, ¢-class of the input string, rather than in the T-class,
while still being universal with optimal convergence rate with respect to 7'. This will be an
alternative to the classical enumerative code with respect to type classes of the target model,
in this case represented by T, that we also explore in Chapter 5.

For a node t € Z(Tsut)\Z(T) we define the (FSM) over-refinement of t as k; = [{a € A :
at ¢ Z(T¢)}|. The name given to k; stems from the fact that it counts symbols for which an
extension from ¢ was not needed in order to determine a next-state transition in T, yet it
was added in the process of constructing the FSM closure Tg. The total over-refinement of
T is now defined as

= Yoo (a=1)(k —1). (4.65)

teL(Ty,))\Z(Tc)

The following lemma connects 7 with |Er,| — [Vr.| and |Er | — V1 [ = [ST, [(0 = 1).
4.39. LEMMA. Let STsuf denote the set of states of Tgus. Then,
kT = —(|Er|—|Vre|) + [S1y 0 [ (—1) - (4.66)

Proof. Let s be a state of T and W the subtree of Ty, rooted at s, W = {w € A* : sw €
Tsut}. Fora € Alet W, = {w € A* : asw € T.}. Since Ty is FSM, clearly W, C W. The
number A,(s) of edges departing from s with symbol a in the graph G, = (Vr,, E1.) equals
the number of leaves in the full tree W, i.e.,

Au(s) = (a—=1)|Z(W,)| + 1.
Thus, the total number of edges in E7, departing from s is

A(s) =D (= DIIW)|+1=a+ (a—1) Y |[T(W,)|. (4.67)

acA acA
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Now, by (4.67), we have,

Yo la=D) - =(a=1)| Y wt) |~ (a=1ZW),

teZ(W) teZ(W)

and by the definition of «(t), letting 1ezw,)y = 1 if t € Z(W,), and zero otherwise,

Yo la-DEW)-D=(a=1| > > (1-Tyezawy) | —(a=DIZW).

teZ(W) teZ(W)acA

We separate terms in the summation as, > ez 2ogeal = a/Z(W)|, and, recalling that
Wa CW, ZteI(W) > acA Litezowa)y = > aea |l Z(Wa)|. Thus,

Y la=1EH-1) = (a=DAZ(W)| = (a=1) Y [Z(W)| - (a = D|Z(W)]
teZ(W) acA
= (a=1*ZW)[ = (a=1) Y |Z(W.
acA
Denoting Sy (s) the set of states of Ty, that descend from s, i.e., the set of leaves of W, we
have
Swi(s)|—1
> (o060 -1) = (-6 S )
teZ(W) acA
= (a—=1)Sw(s)| - (a —l4(a-1)) II(Wa)!> :
acA

and by (4.67) we get,
Yo (a=1D(st) = 1) = (@ = 1)|Sw(s)| — Als) + 1
teZ(W)
Hence, the over-refinement of T is

w(T) = Yo (a=1(x(t) -1

tGI( suf) \I(TC)

= Y (a=1)[Sw(s)| - A(s) +1

SESTC
’STsufKa - 1) - (ETC - VTC) :
a

By Theorem 4.33, the exponent in the asymptotic growth of the number of type classes
in T" and Ty is given by |Er.| — [Vr| and |S7, (|(a — 1), respectively. Hence, we get the
following corollary to Lemma 4.39, which states that there is, asymptotically, a factor of n*T
more type classes in Tgys than in T

4.40. COROLLARY. Let T be a context tree and let Ty, be its FSM closure. Then, we have

Ny = © (0" A7)



This chapter contains material published in [50].

Chapter 5

Enumerative coding for tree sources

In this chapter we present an enumerative code [11] for tree sources, based on the method
of types, that can be efficiently computed® and is universal with optimal convergence rate.
Such enumerative code is comprised of two parts, namely, a preamble that describes the type
class to which the input sequence belongs followed by an index that identifies the sequence
within its type class. Since all sequences in a type class are equiprobable, a uniform encoding
of the index minimizes the expected length of the second part. Hence, the enumeration of
type classes presented in Chapter 4 yields an efficient implementation of a uniform, and thus
optimal, code for the index of the sequence. We are then left with the problem of efficiently
implementing a code for the first part based on an optimal assignment of probabilities to type
classes.

As we first observed in Section 1.5, using a uniform code for the first part is optimal for
FSM models, but may be suboptimal in general for tree models. For example, consider the
context trees 71 and Ty of Figure 5.1. It follows from Theorem 4.33 that there are ©(n®) type
classes in T and in T3, even though T3 has only four states. Furthermore, it can be shown that
each type class of 17 is partitioned into up to a constant number of type classes in T5. Hence,
a uniform coding for both the set of type classes and the set of sequences of each type class,
would yield essentially the same code length for both context trees, without taking advantage
of the smaller parameter space of T1. On the other hand, it is readily verified that the vector
of five counts, A = (nga) (m”)) , for any choice of a € {0,1}, together with the final state

S€EOT,
of ™ in Ty, suffice to completely describe 7 (To,z™) and also 7 (17,z™). Observe, however,

that a type class with significantly different conditional empirical distributions for states 00
and 01 of T, will have small probability under a model based on Tj for any choice of the model
parameter, which suggests using a non-uniform encoding for describing type classes. More
precisely, given the empirical conditional distribution, p, in state 0 of 77, and the number
of occurrences, ng, of the pattern 00, we can estimate the component of A corresponding to

the number of occurrences, nga), of symbol a in context 00 as ﬁﬁ“) = ngp(a). If ng and p

have already been described to the decoder, we can then encode the difference nga) — ﬁga)
by assigning high probability to small absolute differences, suggesting that a non-uniform
code may allow us to recover the code-length advantage of the smaller context tree T7. This
observation will be generalized to define a collection of non-uniform codes for encoding counts
of occurrences of certain patterns within the input sequence. We will then apply these non-

uniform codes to optimally encode a set of counts that uniquely determine the type class of

1We recall that by “efficient computation” we mean one whose encoding running time is polynomial in the
length of the input sequence, and with code construction time that is also polynomial in the dimension of the
parameter space of the model.
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Figure 5.1: Context tree over A = {0,1}

a sequence with respect to an arbitrary context tree.

After introducing some notation and the formal setting in Section 5.1, in Section 5.2 we
introduce variable length codes for symbol counts, following the above observation. These
codes, which are based on Golomb codes [33] and are dubbed symbol count codes (SCCs), are
of both theoretical and practical interest. Indeed, in Section 5.3, we re-derive the asymptotic
bound of Theorem 4.18 on the expected size of the type class of a random sequence, which
we first obtained by analyzing the exact formula of Theorem 4.15. In this case, we make
use of the FSM closure and SCCs, as theoretical tools, to obtain the same bound based on
known results for FSMs. In Section 5.4 we generalize the construction of SCCs to codes for
pattern counts, termed string count codes (S CCS*), which yield an efficient description of the
type class and, combined with the aforementioned bound, lead to a universal enumerative
code with optimal convergence rate. The optimality of the convergence rate of this code
also yields, via a coding argument, a lower bound on the expected size of the type class of a
random sequence, which turns out to differ by O(1) from the upper bound in Theorem 4.18.
The SCCs" also yield an alternative construction of enumerative codes, taken with respect
to an extension of the original context tree 7T, and where the increment in the model cost
term is compensated exactly by the reduction in the expected size of the class, maintaining
an expected code length that is still optimal with respect to T'. In particular, such a code can
be derived from the FSM closure of T" using known techniques for enumerating sequences in
FSM type classes. Finally, in Section 5.5 we present two approaches for the twice-universal
setting, in which the context tree 1" is unknown. The first approach is a standard plug-in
scheme where the context tree is first estimated, and then the previously derived universal
enumerative code is applied as-is, using the estimated tree in lieu of the true one. In the
second approach, we take advantage of the observation that for any given context tree, there
will be sequences that are “atypical” for the context tree, and will not estimate it regardless of
the model parameter. The enumerative code is significantly simplified in the twice-universal
setting by excluding such sequences from the coding space for the estimated tree.

5.1 Preliminaries

Except when we switch to the twice-universal setting in Section 5.5, we consider a fixed tree
model (T, pr), with p; unknown. Thus, we keep the same simplified notation of Chapter 4,
where sometimes the dependence on T is not made explicit. For the purpose of selecting
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states, we assume that z" is preceded by a fired semi-infinite string 2° . This convention,
is consistent with Chapter 4 by selecting 2% _ to have 35 as a suffix, where s is a state of
maximal depth of 7. When we move on to the twice-universal setting, however, no context
tree is fixed a priori. In this case, #° . guarantees a well defined (permanent) state sequence

{si}o<i<n, 8i = or (2 2?), for each candidate tree T for the context tree estimation.

The occurrence counts of contexts, n,, and symbols in a given context, nq(f), is adapted

accordingly. Namely,
n@E) ={i:0<i<n, 2l =7, ;41 =a}l,

and we recall that n,(z") = > 4 n{® (z™). Again we omit the dependence on z™ when clear
from the context. Notice that we also have n, = ), 4 7uqe. Furthermore, denoting by i(u)

and f(u) the indicator functions of the predicates u = 2% x1 occurs in context u) and

|u|4+1 (

U= u occurs at the end of z™), we have

T _jup41 (
Naw + flau) = 0@ +i(au), for every a € A.

To simplify expressions, we will use a generic constant § to account for border adjustments
due to terms of the form i(u) and f(u). In coding situations these terms will be known to the
decoder, and in any case border effects will have no bearing on the asymptotic results.

For a context tree T, and a sequence z", we denote by K(T,2™) the collection of counts
{nff) Ysesr, aca. The type class of 2™ with respect to T is then

T(T,2™) = {y" € A" : K(T,y") = K(T,2") }.

A context tree T" and a sequence z" determine a probability assignment, Pr, defined
by the empirical conditional probabilities Pr(als) = n{® (™) /ns(x™) (as before, we omit
the dependence of the distribution Pz on 2™ when clear from the context); Pr(z") is the
mazimum likelihood probability of ™ under T

We seek an enumerative code for T' comprised of two parts: a description of (T, z™), and
an index of " within 7 (7, 2™). By Theorem 4.18, the expected length of the second part of
the enumerative code is bounded by nH — 3 (|Er.| — |Vz |) log n+O(1). As for the first part of
the code, it follows from the proof of the relation N = O(nlrel=IVrel) in Theorem 4.33, which
is based in the (constructive) proof of Part (ii) of Lemma 4.35, that |Eg.| — |Vr.| carefully
selected counts of the state transition matrix N., suffice to describe K(T,z™), modulo a
constant number of bits required to describe the completion of an assignment of counters
derived from N, to make it cyclic. Notice that a uniform encoding of these counts requires?
(|E7.|—| V1. |) log n+0O(1) bits, yielding a total expected length for a uniform enumerative code
of nH+1(|Er| — Vi |) log n+O(1) bits. Except when T is FSM, |Er, | —|Vr| is strictly larger
than (a — 1)|S7|, and a uniform encoding is generally suboptimal, as previously observed.
In the special case in which 7" is FSM, T is also canonical, and |Er,| — |Vr.| = (o — 1)|S7].

2To simplify discussions, we will sometimes ignore fractional parts of code lengths, referring, for example,
to logn bits instead of the more precise “at most [logn] bits.” This loose convention will be immaterial to
the main asymptotic results.
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Thus, in this case, a uniform encoding of appropriately selected (o — 1)|Sp| counts results
in a universal enumerative code with optimal convergence rate, with a normalized expected
redundancy of % +0O(1/n) bits. Indeed, we show next that for b € A, the collection
Kp(T, 2™) of (o — 1)|S7| counts, {nga)}segT,aeA\{b}, suffice to describe (T, 2™) if the final
state is also encoded. This known resul is re-derived here for completeness, based on the more
general result of Lemma 4.35.

5.1. LEMMA. If a context tree T is FSM, then for any b € A, Kp(T,2™) and the final state,
Sn, of ™ in T completely determine (T, x").

Proof. Consider a constant weight function ¢(e) = 1 for the state transition support graph
G = Gr, and let s be the state s = bb...b. Let 74 be a fixed path from ¢ to sg in G. Notice
that since T is FSM, the sequence of state transitions given by ~; is always compatible with
a fixed string of symbols that takes T' from state t to sg. Let 1 be the cyclic assignment of
counters obtained by letting 7, be the number of state transitions from u to v in the state
sequence of ™ concatenated with ~s,. The self loop from s to itself is a circuit of weight one,
and the rest of the state transitions for symbol b (a unique transition for each state s’ # s)
form a spanning tree with a sink s. Thus, by Lemma 4.35, and recalling that v, is fixed,
Kyp(T', 2™) determines 7, and therefore it also determines (7', z™). O

5.2 Non-uniform codes for symbol counts

The discussion above motivates the introduction in this section of a class of non-uniform
codes, which we call symbol count codes (SCCs), for describing symbol counts n§,§‘ ) in certain
contexts w. These codes will be used, together with the FSM closure, as a theoretical tool
in Section 5.3 for a new derivation of Theorem 4.18, which bounds the expected length of
the second part of an enumerative code (i.e., the logarithm of the type class size). With a
further generalization of SCCs, we then construct the actual non-uniform code for (T, 2™) in
Section 5.4. Together, both results will lead to an efficiently computable universal enumerative
code with optimal convergence rate for general tree models.

Consider a symbol a and a fixed context w such that s < w for some state s of T'. Define

nga) 1 Zw,a > 0,

_ o (a
Zwa = ”w) —

s 0 otherwise.

N , Zw7a = ’Zw7a| ’ and Sgw,a = {

As customary, denote by |z| (resp. [z]) the largest (resp. smallest) integer satisfying |z]| <
z < [2]. Given $g,, 45 | Zuw,al): ns; ns”, and ny, it is possible to reconstruct ny’ as

(a)
(@) _ | Zwa] + [”Tjs nw—‘ , S8ua =1,
w

=93 [ a@ _ (5.1)
{ - an — | Zw,a) , otherwise.

n
Hence, if ng, n&“), and n, are known by a decoder, encoding sg,, , and |Zy ] suffices to

describe nq(f,l). For n,, > 0 we will encode |Z, | using a Golomb code of parameter {,/n ]
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Specifically, we use a unary code® for the integer division LZw,QJT = |Zwal / [\/w], using
LZUWJT + 1 bits, and encode LZw,ajL = |Zy,a) mod [./nww uniformly with log (. /nww bits.

When n,, = 0, we have nq(f ) = 0 for all a, and encoding n£3 ) is not necessary; we define

LZUWJT = 0 in this case, to simplify discussions on expectations.
The intuition behind this code, which we denote C, , (nq(f,l )), is that we can think of

(a)

Zw,a as the absolute difference between the true value of nq(,f ) and the estimate ";

the decoder could guess from the known counts ng, nﬁ“) and n,, for a typical sequence of
(a)

“a—n,, differing from the true value

s

N, that

£

a model based on T. The probability of the estimate

decays exponentially fast, which leads to a constant expectation of LZwﬁaJT, as stated in the
following lemma.

5.2. LEMMA. Let (T, pr) be a tree source with all conditional probabilities different from zero.
Then, the expectation Ei . [ LZUWJT] is upper-bounded by a constant independent of n.

The proof of Lemma 5.2 is deferred to Appendix G. It follows using a large deviations
argument based on [40, Theorem 2].

By Lemma 5.2, the expected length of the unary part of the Golomb code used in SCCs
is upper-bounded by a constant. On the other hand, when n,, > 0, a uniform encoding of
| Zwal™ = | Zwa) mod [\/Tw| takes log [\/ny, | bits. The code length of this uniform part
can be upper-bounded by log (\/@ + 1) <1+ %Iog n.

The foregoing discussion yields the following corollary to Lemma 5.2.

5.3. COROLLARY. The expected length of the code C, 4 <n1(ff)) s upper-bounded by %logn +
O(1).

Thus, under appropriate conditions, SCCs can code occurrence counts using, on average, half

the length of the naive encoding.

5.3 The expected size of 7 (T, X") revisited

In this section we study the asymptotic behavior of E(z [ |7(T, X™)] ], thus estimating the
expected length of a uniform encoding of the index of z™ within its type class. We re-derive
the result of Theorem 4.18 via a coding argument, as opposed to the analysis of the exact
formula (4.15) employed in the proof of the theorem in Chapter 4.

By applying the trivial bound |7 (T, 2")| < [].cg, ﬁs;(ﬁ)!’ Lemma 4.27 yields the fol-

lowing result.

5.4. LEMMA. Let (T, pr) be a tree source with entropy rate H and all conditional probabilities

nonzero. Then,

1 n logn 1
By (108 IT(T,2M)] < 7~ |S7l(0-1) 2" 40 (n) | (5.2)

3A unary code encodes a natural number m with a string of m consecutive zeros followed by a final symbol
1, which marks the end of the code word.
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When T is FSM, the bound in (5.2) for %E<T7pT> [log |7 (T, z™)|] is tight, and as mentioned,
it leads readily, by means of Lemma 5.1, to the optimality of enumerative coding where type
classes are encoded uniformly. As it follows from Theorem 4.18, however, the coefficient
2|S7|(er — 1) in the negative term of order 10% in (5.2) is not the best one can obtain for
general tree models, and the larger coefficient |Er,| — |Vr.| is indeed necessary to offset a
corresponding length increase in the type class description part.

We first show how an economic description of K(Tgyf, ™), which determines the type
class of ™ with respect to the FSM closure of T', can be obtained by means of SCCs from
a description of K(T,z™). This, together with the bound (5.2) applied to Tyu¢, and a coding
argument, will lead to the desired tight bound. The description of (T, X™) itself will be
discussed in Section 5.4, and will require additional tools.

By Corollary 4.40, there are, asymptotically, a factor of n"T more Ty,¢-classes than 7T-
classes, which suggests that roughly xp counts of logn bits each would suffice to describe
K(Tysut, ™) from K(T,2™). The next lemma confirms this intuition, and establishes the fact
that the counts can be encoded, on average, with a cost of at most %logn bits each.

5.5. LEMMA. Given K(T,z"), the collection K(Tyus, ™) can be described with SCC' encodings
of kT counts nq(ff) as discussed following (5.1), plus a constant number of bits used to describe

or(x™), the final state of ™ in Tyys.

Proof. By Corollary 4.21, K(T,z") determines IC(T¢,2"™), and we can therefore assume that
the latter is given. Let A = Z(Tsu)\Z (1), where we recall that Z(T') denotes the set of
internal nodes of 7. We will describe n,. for every child tc of t € A and every a € A,
proceeding in ascending order of length of . We claim that proceeding this way we are sure
that ny. is known (has been described) when describing ngz), and, thus, the latter can be
encoded using SCCs. Indeed, if t = bu € A, with b € A and u € T, then ng, = nq(tb) +9
is known. Otherwise, if ¢ = bu but u € T¢, then u is an internal node of Ty, shorter than
bu, and thus np,. = nSﬁ? + § is known for every child buc of bu. Thus, the claimed order
of description is satisfied. Consider now a node tc € A, ¢ € A. For every symbol a such
that at is an internal node of T;, atc € T, and therefore ngg) = Ngte + 0 1s known, and re-
quires no further description. We take now a symbol b such that bt is not an internal node
of T, and, for each child tc of t with ¢ # b, we describe ky E} )1 counts ngg), a # b such that

at is not an internal node of Tc. We can then compute n; = nye — 3,4, ngz) and then
n§g) = nga) = D eth ngg) for every a € A. Overall, we obtain (T, ™) from K(T¢,z") and
or(z™) by providing (o — 1)(k¢ — 1) counts for each t € A. Thus, recalling the definition of

k7 from (4.65), we describe a total of k1 counts, each of which can be encoded using SCCs. O

In the following theorem, we apply the results of Lemma 5.5 and Corollary 5.3 in a
coding argument, obtaining the same upper bound on the expectation of |7 (7', X™)| previously
presented in Theorem 4.18.

5.6. THEOREM. Let X" be a random sequence emitted by a tree source (T, pr) with entropy
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rate H and all conditional probabilities different from zero. Then,

’ETC‘ — ‘VTc’

o logn + O(

1
EE<T7PT> [log |7(T, X™)]| ] <H- ). (5.3)

1
n
Proof. A sequence in 7 (T, x™) can be encoded by describing the subset 7 (Tyyu¢, ™) to which
the sequence belongs, and then, uniformly, its index within that subset. Hence, by Lemma 5.5,
and Corollary 5.3, we have

1
Erpr) [log |7 (T, X")H < Epr) [log |7 (Tsuf, X")” + §/§T logn +0(1), (5.4)

the left-hand side of (5.4) being a lower bound on the expected length of any such description,
since the sequences in the type class are equiprobable. Normalizing, and applying Lemma 5.4
to Tgus, we obtain

1 n |57l (@ = 1) 1
EE<T7PT> [10g |7 (Tsut, X )|] <H - S“T logn + O( - ),
which, together with (5.4) and Lemma 4.39, yields
1 Er.| —|Vr, 1
~B(Tpr) [log |7(T, X™)|] <M — ’T‘%‘T’ logn +0( ). (5.5)

5.4 Encoding the type class

In this section, we present an efficiently computable description of the type class 7 (T, z")
(or, equivalently, the counts K(T,z")), which, together with the enumeration of the type
class, will yield the sought universal enumerative code with optimal convergence rate for tree
sources. We assume, throughout, that the context tree is not trivial, i.e., |Sp| > 1.

For FSM context trees, ICp (T, ™) essentially suffices to describe IC(T', ™) by Lemma 5.1. In
general, however, (T, 2™) is insufficient, and, as discussed in Section 5.1, | Bz, | —| V7. | counts
of logn bits each are needed to describe (T, z™) uniformly, which results in a suboptimal
normalized expected “redundancy” of % logn+O( % ) bits over H. We will show that
starting from a uniform encoding of Kp(7, ™) with |S7|(cv — 1) counts of logn bits each, we
can complete the description of (T, ™) by encoding an additional |Er, | — |Vr.|— |S7|(v—1)
counts requiring on average % logn+O(1) bits of description each. Together with the bound of
Theorem 5.6, this reduction in code length for the additional counts will result in an optimal
normalized expected redundancy of % logn + O(1/n) bits over H.

Let h and d denote, respectively, the minimal and maximal depth of leaves in T'. For
h<m <d, let TI™m] denote the truncation of T to depth m, and let Tc[m] denote the minimal
canonical extension of 7™ Notice that, by the definition of a forgetful state (Section 4.3),
no state of maximal depth of T is refined in TCM7 and therefore Tc[m} has the same depth

[m]

as T, We denote by SL’"] the set of states of Tc[m], and by o¢ ' (u) the state selected by
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u in Tc[m]. Algorithm EncodeTypeClass, shown in Figure 5.2, lists the main steps in the
proposed encoding of K(T,z™). The algorithm starts by encoding, uniformly, the counts in
Ky(T, 2™) with logn bits per count, and the final state of 2™ in T¢, using a constant number
of bits. It then iterates to describe, incrementally, each count set K(Tékﬂ],x”) given a
previously described set K(Tik},x”), for h+1 < k < d. Notice that since T is a full balanced
context tree, T+ is FSM, and, hence, Tc[hﬂ] = 7+ By Lemma 5.1, K(TV+1 27) is
completely determined by KCp(T, ™) and the given final state. Thus, a decoder can reconstruct
IC(TC[hH},x”) from the information provided in Step 1 of EncodeTypeClass, and can recover
K(Tid], x™) from the information encoded in the loop of Steps 3-4. Since Tid] is a refinement
of T, this is sufficient to reconstruct (T, z").

EncodeTypeClass (7, 2™)

Encode Kp(T,2") and the final state of 2" in T¢.
Set h =min{|s|: s € ST} and d = max{|s|: s € St}.
For k=h+1 to d—-1

Encode K(Ték+1],x") given IC(T([:k],a:").

DWW N e

Figure 5.2: Encoding of K(T,x™)

Clearly, the crucial step in EncodeTypeClass is the encoding of the refinement of counters
from T CW to T, C[kH] in Step 4, which we address next. For u,v € A*, we denote by n,, the
number of times a transition from context @ to context v occurs in ™. In particular, when u
and v are states of a context tree, n, , = Ny, denotes the number of times state v is selected
immediately after state u. Notice that, for a state t, we have

ng = Z Ngs = Z Nst +4. (56)

SEST sEST

Our implementation of Step 4 will amount to describing all state transition counts 7,
with s,t € S¥U This set of counts is sufficient to determine K(Tékﬂ]w”) as we have

nga) = Zaues[k+1] Nsau- However, not all the counts in the set will be explicitly described,
C

since some will be derivable from K(Tgk], z™) and earlier portions of K(TngrH,x"). The crux
of the encoding is to find a minimum subset of transition counts, and the order in which they
are described, that suffice to determine all of them, and, at the same time, can be described
economically.

We will make extensive use of the conditions presented in the following lemma, which will
allow for a further simplification in the description of (7 c[k+1], z™). The proof of the lemma
is straightforward, and is omitted here.

5.7. LEMMA. For k such that h+1 <k <d—1, lett be a state of Tc[kﬂ] such that tail(t) ¢
I(Tc[kJrl]). Then, all transitions into t depart from a unique state s = U‘[:k+1}( tail(t)). Thus,
from (5.6), nsy =n¢+ 0, and encoding nsy is equivalent to encoding ny.
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Figure 5.3: State t = 1100 satisfies the conditions for the application of SCCs", with s’ =10

In our implementation of Step 4 of EncodeTypeClass, all explicit encodings will be for
counts ns ¢ chosen with ¢ satisfying the conditions of Lemma 5.7, and the following additional
condition: there exists a state s’ of T such that s’ < tail(¢). In the example of Figure 5.3,
the state ¢ = 1100 satisfies the required conditions. It turns out that the SCCs of Section 5.2,
which are defined for individual symbols, do not suffice to implement these encodings opti-
mally. (They did suffice in Section 5.3, when used to encode symbol counts for nodes that
refined the original context tree T'; here, however, we need to encode counts for nodes of
T.) Therefore, next, we generalize SCCs to string count codes (SCCS*), which, as their name
suggests, are defined on string counts rather than counts of individual symbols.

Consider a fixed string v = u9 such that s < ud=! for some s’ € Sp. We define a code
for ng, and analyze its expected code length. Let | = max{j:1<j <q—1,u € T}. Since
uy € T, 1 is well defined. Also, all proper prefixes u’ of u, | < i < ¢, are sufficiently long for
u! to determine a state in 7. For | < i < ¢, define the following short-hand notations:

s; = op(u’), n; =N, , ng = ng.”“) , mp =n_ . (5.7)

The occurrence of context u? in ™ under the above conditions implies the occurrence of the
state sequence {s;}, [+1 < i < ¢g—1, with symbol u;11 occurring in state s; (except possibly
in border situations, which we shall ignore). In the language of Chapter 4, this is part of a
forced state sequence. Indeed, in the case w € St, the definition of | resembles the definition
of 45 of Chapter 4, applied to s = u. Here, however, the sequence {s;}, I+1 < i < ¢g—1, may
be strictly shorter than the forced state sequence of s, when u! is not an internal node but a
state of T'. For example, in the context tree of Figure 5.3, the state s = 11010 has ¢, = 4, with
a forced state sequence 10 — 010 — 10 — 11010. However, for the context u =5 = 01011,
we have [ = 3, since u3 =010 € T..
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This forced state sequence knowledge is exploited in the following manner: given myy1,
the number of times context u'*! occurs within ", we can estimate ng by my Hq_l !

i=l+1 n;
Define (with a slight abuse of notation previously defined for SCCs),
g1 4 1
n; Zy >0,
Zy =Ng— M _r , Z = |z , and S — 58
' ' ol z‘ll_J[rl T w = [l Bu { 0 otherwise. (5-8)

In the encoding of ny with SCCs", denoted C* (ny), we encode | Z, | using a Golomb code of
parameter |,/m;{1|, namely, a unary code for the integer quotient | Za|" = |24/ Wage=i}
using |Z,| ' + 1 bits, concatenated with a uniform code for | Z,|* = |Z,] mod [ /Mg |
using log ([\/WH]) bits. When n; = 0 for some | < i < g, or when m;y1 = 0, we also have
ny = 0, and no encoding is necessary; we define LZUJT = 0 in this case. The results below
are analogues of Lemma 5.2 and Corollary 5.3.

5.8. LEMMA. Let (T, pr) be a tree source with all conditional probabilities different from zero.
Then, the expectation E . [ LZuJT] is upper-bounded by a constant independent of n.

5.9. COROLLARY. The expected code length of C(nz) is upper-bounded by %logn +0(1).

Corollary 5.9 follows straightforwardly from Lemma 5.8. The proof of the latter is given in
Appendix G.

Corollary 5.9 shows that SCCs" provide an efficient way to encode certain string occurrence
counts. Lemma 5.7 provides a way to recover transition counts ns; from string counts n,
and certain subsets of these transition counts are sufficient to reconstruct K(Tikﬂ},:c"). We
will next show that it is possible to select a minimal set of counts for strings ¢ satisfying
Lemma 5.7, and the order in which they are described, to obtain a complete description of
IC(leH},x”) using SCCs". We distinguish between states of leﬂ] that are added to Tp[k] for
they belong to T+ and states that arise in Tc[kﬂ] in order to take T+l to canonical form.
Let U, = (Tc[k+1]\T[k+1])\T(£k] be the set of nodes of 70" that are not in the original

k+1 and are not in Ték]. Let Ugy1 be the set of parent nodes of elements of

context tree T'
Upi1, Uhp1r = {2 : za € Uj;,a € A}. The following lemma and corollary will allow us to

identify an appropriate set of counts to describe IC(T(ng], ™).
5.10. LEMMA. For h+ 1<k <d—1, we have Ux11 C SW.
5.11. COROLLARY. Forh+1<k<d-1, Tékﬂ] refines states of Tgk] by at most one level.

The proof of Lemma 5.10 is deferred to Appendix G. Corollary 5.11 then follows readily.
All the encodings in Step 4 of EncodeTypeClass will be done through the auxiliary proce-
dure P shown in Figure 5.4. The procedure relies on Corollary 5.11, as shown in the comments
in Figure 5.4. We denote by s (r) the set of states of 7™ that are children of r, i.e., of the
form ra, a € A. Given a node r and a symbol ¢, P(r, ¢) describes ng; for every s € i (r),
and every state t € S¥HY uch that ¢ = head(t). We assume (and will later verify) that when

the procedure is called, these states ¢ satisfy the conditions of Lemma 5.7, so that ns; = n;+9.



5.4. Encoding the type class 107

Procedure P(r,c)
Assumption: cr EI(Tc[kH]), so Lemma 5.7 holds when coding ng.

1. If r and cr are leaves of Tc[k] but internal nodes of Tc[k+1]

/xFrom Corollary 5.11, rd € S([:kH] and crd € S([;kH] vd e A. x/

2. Use SCCS* to encode a—1 counts ny = Nerg, d € Ap.
3. [Reconstruct Ty = Nep — Zd# Nerd
and Ngt = MNerg +0 for all d€ A, with s=rd, t= erd] .
4. else, for each s¢€ S([;kH](r)
5 If cs is an internal node of Tc[kﬂ]
6. Let W' be the set of states W' = {csv € Tgkﬂ]\Ték]}.
7 Let W ={w:wa € W'} be the parent nodes of W’.
8 For each csu € W frcesu € Tc[k] by Corollary 5.11. %/
9 Use SCCs* to encode a—1 counts ny = Nesud, d € Ap -
10. [Reconstruct Tesup = Mesy — Zd# Nesud
and Nt = Nesyd + 0 for all d € A, with t = csud .]
11. For each state t =csv € W’ of Tc[kﬂ}
12. [Reconstruct ngt = nes, +3, from K(Tc[k], z") .1
13. else fxcs is a leaf of T+ by the assumptions. %/
/xEither cs € Tc[k] , or s € Ték]. Otherwise, by Corollary 5.11,
their respective parents cr and r, would belong
to S([:k} and Step 1 would have not branched to 4. x/
14. [Reconstruct ns: = nes+d, from K(Ték],x"), for t =cs]

Figure 5.4: Encoding of state transition counts

In the procedure, b is a fixed but arbitrary symbol from A, and A, = A\ {b}. Decoding steps
are shown in brackets, to verify the losslessness of the code.

Notice the use of SCCs" in Steps 2 and 9. In Step 2, t = crd is a state of Tékﬂ] and, thus,
ler| < k+1. Hence, r is a leaf of T with |r| < k, which implies that there exists a state in T’
that is a proper prefix of rd for all d € A, which is a condition for SCCs" to be applicable. In
the case of Step 9, it can be shown that the required condition is guaranteed by Step 5, using
similar arguments. Furthermore, in the application of SCCs™ in Steps 2 and 9, all states s;
in the definition (5.7), have a length smaller than k + 1. Thus, n;, ng,
from K(Ték],x").

We are now ready to present the full implementation of Step 4 of EncodeTypeClass, which

and m;4q are known

is shown as Procedure RefineTypeClass in Figure 5.5. Procedure RefineTypeClass selects
transition counts and an order of description that allows Procedure P (and, thus, SCCS*) to be
used, and, as we shall prove, such that the total number of counts that are actually encoded
is precisely |Er,| — |Vr| — |S7|(ar — 1), as needed to achieve optimal expected redundancy.
We define R; = {r € A* : ra € S for some a € A}, namely, the set of parent nodes
of states of Ty. Procedure RefineTypeClass iterates over nodes r € Ryy1, and for each

s € SL’“*” (r), it describes all potentially nonzero state transition counts n,; with t € SL]H_H.
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Procedure RefineTypeClass

1. For each r € Ry taken in ascending order of length |r|
2. If r € Upyy /*This implies also r € SI. «/
3. Take d € A such that dr ¢ I( ék]) . /xSuch d must exist;

otherwise, r would be a forgetful state of Tc[k}. */
4 Use P(r,c) to describe ng s, for all s€ S.[:kJrl](r), ceAy.
5 [Let Ns.ds = ngd) =ng — Zc;éd ngc) , for all s¢& Sgﬁ_l] (r).]
6 else, If the children of r belong to Tc[k]
7. For each s e ST (r), and c € A, such that cs ¢ T
8 Let s = ol (@) .
9 [Take ns o = ngc), known from K(Ték],x”) .1

10. For each s €& S([;kH] (r), and c € A, such that cs € Tgﬁ'”
11. Use P(r,c) to describe counts ng csy -

12. else, for each s € S([;kJrl](T)

13. [For a € Ay, § = ol (@s), let ngy = n® ]

14. [For ¢ = O'([:]H_l] (bs), let mgg =ng — Za# n§“> ]

Figure 5.5: Coding and decoding of K(Tékﬂ],x") from K(Tgk], x™)

The correctness of the procedure is established in the following lemma. The code length is
analyzed later in Lemma 5.13.

5.12. LEMMA. Assuming that Ky(T,z™), K(Tgk],x"), and the final state of x™ in T, are
known, Procedure RefineTypeClass correctly encodes IC(T(EkH},:L'”).

Proof. The algorithm iterates over all nodes r € Rgy1. Then, in each of the three cases
distinguished by the conditions of Steps 2, 6, 12, its computations (possibly involving the
use of Procedure P) allow the the decoder to recover the counts for all state transitions that

]

conditions at various points of the computation are satisfied, and, in particular, that the

depart from every child of r that is a state of Tékﬂ . What we need to show is that required
assumptions of P are satisfied when the procedure is invoked. The losslessness of P itself was
established in Figure 5.4 and its discussion.

In Step 3 we ask for a symbol d such that dr ¢ 7 (Tgk]). The condition r € Uy satisfied
in Step 2, together with Lemma 5.10, implies that r is a state of TCW. If dr € I(Tyf]) for
all d € A, then r would be a forgetful state, contradicting the definition of T c[k]. Hence, the
symbol d called for in Step 3 must exist.

In Steps 4 and 11, Procedure P is used to encode state transition counts departing from

T£k+1}

a state s with a symbol ¢, requiring cs € , so that the encoded counts are of the form

N csu fOr some string u. We claim that the condition cs € Tc[kH] is satisfied in Step 4. Indeed,
since r € U4 (as tested in Step 2), and, as argued above, r is a state of Ték}, its refinement
in leﬂ] must have been part of the process of taking T**1 to canonical form. Therefore, r

is forgetful in 70"+ and, thus, er is an internal node of T+ which implies that cr is also
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an internal node of T, c[k+1]. In Step 11, the condition cs € Tékﬂ} is also satisfied since it is
imposed in Step 10.
(d)

In Step 5 we compute ng4s as ns *, implicitly assuming that ds is a state of Tékﬂ]. As
argued above for c¢r, dr must be an internal node of Tp[kﬂ]. However dr is not an internal
node of Ték] by definition in Step 3, thus by Corollary 5.11, dr is a leaf of Tp[k] and ds is a leaf
of TC[kH].

The computations in Steps 5 and 14 require the knowledge of ns, the occurrence count
of a state s € S.[:kJrH. We claim that when the algorithm takes an element r of Ri.; in an
iteration of the loop in Step 1, the decoder knows ng for every s € SLkH] (r). Consider a state
s € SLkH] (r), and let v = tail(s). If v is an internal node of Tc[kH}, vE Tgk] by Corollary 5.11,

and with a = head(s) we have ns = n® + 6 , which is known, given the final state in T,. If

Tc[k+1], all transitions into s come from a single state s’

otherwise v is not an internal node of
of Tyﬁl] by Lemma 5.7, and we have ng = ny ¢+ 9. In Lemma 5.7, s’ is determined by v as
the unique state s’ < v. Thus, §' is shorter than s, and, so, ny s has already been computed
in a previous iteration of the loop in Step 1, as the elements of Ry are taken in ascending
order of length. Thus, the claim is proven, showing the validity of the computations in Steps 5
and 14.

In Step 6 we branch on whether the children of r belong to Ték] or not. In the latter
case, the algorithm skips to Step 12, and for every s € SL]HH (r) we have that s ¢ Tc[k], and
s ¢ Uy, since r & Ugyy in Step 2. Hence, by definition of Uy, all states s € S£k+1](7“)
belong to T[kﬂ]\Tgk], thus |s| = k+1 and @s is sufficiently long to determine a state in i
for every symbol a. This validates the definition of s’ in Steps 13 and 14, as well as the use
of Ky(T,2™) to determine n{ in Step 13. O

We next analyze the expected length of the code defined by EncodeTypeClass in Fig-
ure 5.2. Clearly, we require |St|(a — 1)logn + O(1) bits to describe Ky(T, z"), and the final
state of ™ in T, in the first step. We are interested now in the number of counts that are
actually encoded by Procedure P as the algorithm iterates through the loop in Steps 3—4 of
EncodeTypeClass. By carefully following the different cases managed by the algorithm, we
will show that the number of counts given to refine the counters from Tc[k] to leﬂ] in Step 4
of EncodeTypeClass equals

(1B gl = Vygesnl) = (1B gl = 1Vygal) = (@ = 1) (Sgien| = 1Spal) - (5.9)

where we recall that GT[m] = (VT[m],ET[m]> is the state transition support graph of Tim}.
Cc Cc Cc
Adding over all the iterations in the loop of EncodeTypeClass, Equation (5.9) gives rise to a

telescopic summation, which collapses to yield the following lemma.

5.13. LEMMA. The number of counts encoded by EncodeTypeClass as the algorithm iterates
through the loop in Steps 3-4 is (|Er,| — |Vr,|) — (¢ — 1)|S7|

The full proof of Lemma 5.13 is presented in Appendix G. A simplified outline for canonical
context trees follows, which nevertheless contains most of the main ideas.
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Assume that T is canonical. It is readily verified that then, all context trees T+ Tldl
are canonical, and all nodes added to T[k] to form T¢ K1 o in fact belong to 1" and have
depth k + 1. For a state s of TC[ }, consider the set of edges in ET[k and ET[’““] that depart

(¢

T [kH]). Consider also the set of descendants

from s (or the children of s if it is refined in
from s in V. Tl i.e., {s} when s is not refined, or {sb: b € A} otherwise. Suppose first that

ik

s remains a state in . The set of edges in E Tl that depart from s is only altered in

E Tl if esu € S[ Vis refined in T[ 1 for some u. In this case, there is an increment of av — 1
in the number of edges from s to the children of csu in E k+1) with respect to the single edge
from s to csu in E . On the other hand the number of cciescendants from s in V/ k1] s not
altered with respect to Vo [ 88 § is not refined. Thus, we have a contribution of ac— 1 to the

difference (] L] 1 =1V Tl |) - (|ET([:;€]| - |VTC[k] |>, which is exactly the number of counts
described by Procedure P in Step 9 (we rule out counts given in Step 2 of P since, by our
assumption of T" being canonical, only nodes at depth k are refined going from T(Ek] to Tékﬂ};
since r and rc have different lengths, the condition in Step 1 cannot hold).

k+1 )
[+ ]. This causes

Suppose now that s is refined with a full complement of children in Tg
an increment of o — 1 in the number of vertices in V [i+1) with respect to V, Ik On the other
hand, since T is canonical, s must be at level k and therefore there are gz edges in E.

departing from s, and also a edges in E [i+1) ) departing from each of the « children of S.

Thus, we have an increment of o — « in the number of edges in ET[k+1 with respect to ET[k],

and an increment of av — 1 in the number of vertices in V, Tl with respect to V yleldmg a
contribution of (a — 1)2 to the difference <|E )| — [V [ |) (]ET[k]| - |VT[k] \) Since T
(& (&

is canonical, and s is refined in 7, ékﬂ], the conditions in Steps 2 and 6 of RefineTypeClass
do not hold, and all transition counts departing from the children of s are reconstructed
in Steps 13 and 14. Thus, we do not need to describe counts in these cases, and since
we have a total of (|Spws1|— |Spmw|) /(o — 1) states in this situation, the negative term
—(a—=1) (|Spps| — [Spw]) in (5.9) arises.

The proof of Lemma 5.13 in Appendix G essentially follows the same idea. When
the context tree is not canonical, however, keeping track of the different contributions to
(|ET‘[:}€+1]| — |VT([:k+1]]> — <|ETc[k]\ — ]VTC[k]|) and the number of counts that are encoded be-
comes more intricate, as forgetful states are refined during the process.

EnumCodeT (7', z")

1. Encode K(T,z"™) using EncodeTypeClass
2. Encode the index of z" within 7(T,z")

Figure 5.6: Universal enumerative code with optimal convergence rate for tree sources

All the components of a universal enumerative code with optimal convergence rate for
tree sources are now in place. We call the code EnumCodeT and the overall scheme is
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summarized in Figure 5.6 in the form of Algorithm EnumCodeT. The enumeration of the type
class for Step 2 was the studied in Chapter 4. By Lemma 5.13 and the discussion preceding
Figure 5.2, Algorithm EncodeTypeClass for Step 1 gives an expected code length for the
description of the type class of

E(Tpr) [ﬁ(T(Xn))] <

1
< (o= lsrllogn+ ((1Br| ~ Vi)~ (a = 1IS7| ) gloan +0(1)  (5.10)
1 1

= 5(04 —1)|S7|logn + 5 (|IE.| — |Vre|)logn + O(1), (5.11)
where the first term in (5.10) comes from the number of bits used to encode KCp(7', 2™), and
the second term from SCCs", which, by Lemma 5.13, are used (|[Er.| — |Vz.|) — (a — 1)|S7|
times taking, by Corollary 5.9, an average of at most %logn + O(1) bits each. Moreover, a
straightforward analysis of the computation shows that EncodeTypeClass can be executed
in time polynomial (at most quadratic) in |S7|. Normalizing, and applying Theorem 5.6 to
bound the expected code length of Step 2, we arrive at Theorem 5.14 below, which summarizes
the main result of the chapter.

5.14. THEOREM. Let (T,ps) be a tree source with entropy rate H and all conditional prob-
abilities different from zero. Then, FnumCodeT can be efficiently implemented, and its code
length, L(X™), for a random sequence X™ emitted by T satisfies

L(X™) +|ST|(a—1)logn+O(l)‘

E
(T 2n n

| =™

pT) [

The foregoing results yield the following corollary, which will be useful to derive an alter-
native enumerative coding strategy.

5.15. COROLLARY. The type class of x" relative to the FSM closure, Ty, of T, can be

described using, on average, (o — 1) (|St| + [Sr. .|) logn + O(1) bits.

suf’

Proof. By Lemma 5.5, given a description of (7, x"), we can obtain one of IC(Tyuf, ™)
with a cost of %HT logn 4+ O(1) additional bits on average. Combining with the result of
Lemma 4.39, and accounting for the cost of the description of (7, z") from (5.11), yields
the claimed result. O

The result of Corollary 5.15 suggests the following alternative enumerative coding strategy:
To encode x", encode K(Tyyu¢, ™) as described in the corollary, and then describe the index
of " in an enumeration of 7 (T, ™). Using the bound of Lemma 5.4, applied to Ty, for
the expected code length of this index, we obtain an expected total normalized code length
of H+ 3(a — 1)|ST|IO% + O(1/n) bits. Notice that although the enumeration is done on
T (Tyut, ™), the expected redundancy is still optimal with respect to 7'

As a final remark in this section, we notice that the optimal convergence rate of Enum-
CodeT to the entropy rate, given by Theorem 5.14, shows that the upper bound of Theo-
rem 4.18 and Theorem 5.6 on the expected size of the type class of a random sequence, is
tight, as stated in the following corollary.
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5.16. COROLLARY. Let X™ be a random sequence emitted by a tree source (T, pr) with entropy
rate H and all conditional probabilities different from zero. Then,

1 n |ETC| — |VTC‘ 1
~Erpr) [log |T(T, X")|] 2 H — —5——=logn—O(—). (5.12)
Proof. By Theorem 7.5 and the Remark 7.1 in [16], we must have
L(X™) H(X™) 1 |ST|(ax — 1) logn
By | ——]———+0(-) > 5 , (5.13)

where L£(z™) denotes the code length given by EnumCodeT to z™.

The code assigned by EnumCodeT to ™ is comprised of two parts, a description of 7 (z™)
using EncodeTypeClass and a uniform description of the index of ™ within 7 (™). Thus,
we have

L(z") = L(T(2")) +1og |7 (z")],

where £(7 (")) denotes the length of the encoding of 7 (") given by EncodeTypeClass.
Hence, by (5.11), we get, from (5.13),

10g|7($")\] _HXY) | |Br| V|

n n 2n
The claim then follows, since the convergence of

1
ETpr) [ logn +0(-) 20, (5.14)

H(fn) to the entropy rate, H, is O( % ), which

follows from a Perron-Frobenius analysis. O

5.5 Twice-universal Coding

In this section we switch to a twice-universal setting in which the actual context tree T' is
unknown. Our first approach follows a conceptually simple, standard plug-in strategy in which
we estimate 7" and then use EnumCodeT with 7" as if it were the true context tree underlying
the model. Later, we will demonstrate an alternative approach in which the implementation
of EnumCodeT can be greatly simplified for the twice-universal setting. We consider a class
of penalized maximum likelihood context tree estimators. Specifically, given a sequence z",
we assign to a context tree T a cost K (T, 2") = — log Pr(2™) 4 K71 f(n) where the penalization
coefficient K is increasing with |St|, and f(n) is increasing with n. We have
nl@
K(T,a") =- > n®log——+ Krf(n).
s€St,acA Ms

The context tree estimate T(J:") for 2" is defined as the tree that minimizes the cost
function K (T, z™) over all possible context trees, that is,

~

T(z") = arg mjin{K(T, z")}. (5.15)

Efficient algorithms are known for finding the minimizing context tree T(x") for cost functions
of this kind [17]. In particular the cost function K (T, 2") obtained by taking K7 = 251|57|,
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and f(n) = logn, arises as the asymptotic cost assigned to 7" in the minimization procedure
of algorithm Context, studied in Chapter3 (Equation (3.1)). For coding applications typically
f(n) = logn, although we may select a different function in simulation applications that we
investigate in Chapter 6, and for which we will use some of the tools developed in this section.

We present a twice-universal code for tree sources, Twice-EnumCodeT, in the form of an
algorithm, Twice-EnumCodeT, in Figure 5.7. Notice that since T is not known in advance, the
leading string 2° . may turn out to select a state that is not of maximal depth in T. Thus,

Step 3 requires a pre-agreement of an initial state selection strategy between the encoder and

the decoder, say, for instance, the smallest lexicographically among maximal depth states of
0

7. This initial state selection may not agree with z” _, in which case the encoder needs to

adjust the initial setting of counts {nga)}.

Twice-EnumCodeT (2")

Compute the estimate 7'(z") of T'.
2. Describe 7' to the decoder.
3. Encode z" using EnumCodeT with respect to the context tree T'.

Figure 5.7: Twice universal enumerative code for tree sources

Using a natural code [56] for describing the full tree T'(z"), Step 2 of Twice-EnumCodeT
requires one bit per node. To estimate the cost of Step 3, we must analyze the code length of
EnumCodeT when applied to T(m”) rather than T'. The analysis will rely on upper bounds
on the probabilities of over-estimation and under-estimation of 7', which are stated in the two
lemmas below. Similar bounds are well known for several estimators. For completeness we
present proofs for the lemmas, adapted from [84], in Appendix H.

5.17. LEMMA. Let (T,pr) be a tree model and consider a penalization coefficient of the form
Kp = B|St|. Let O™ C A™ be the set of strings for which a state of T is refined by the

estimated context tree T'. Then, as soon as ff(n) > alogn+2, we have Pt pr) {X"e O} <
|ST|na2+126(1—a)f(n)+2a_

5.18. LEMMA. Let (T,ps) be a minimal tree model with all conditional probabilities different
from zero, and consider a penalization coefficient of the form Kr = B|St|, and f(n) = o(n).
Let U™ C A™ be the set of sequences whose estimated context tree T' has a state that is refined
by T. Then Pip, {X" € U™} < R27"P for positive constants R, D and n sufficiently large.

From Lemma 5.17 and Lemma 5.18 it follows that we can choose 8 and f(n) to make
the contribution of sequences with estimated context tree 7 # T to the expected code length
negligible, as long as the code length is upper-bounded by a polynomial in n. We verify this
fact next. In Twice-EnumCodeT we describe K(T',z™) by encoding the final state of 2" with

respect to Tk, encoding ICb(T, x") with |S;[(a—1) counts of logn bits each, and finally giving
an additional set of [Ej, |—[V;, [—|S3|(a—1) counts described with SCCs", which take O(y/n)
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bits each. Thus, the complete description of K(T',z") takes O ((|ETC| - |VTC|) \/ﬁ) bits.
From the definition of a forgetful state, it is readily verified that |Ey | — [Vi | < [Ez| — [V3],
and from the definition of |E;| it is not difficult to see that |E;| = O(|S;[). Hence, the cost
of describing the type class of 2™ with respect to T is O(|S;|y/n). Since the index of 2™

within its class takes no more than n bits, we upper-bound the total code length of Twice-
EnumCodeT by O (|ST|\/ﬁ+ n) To obtain the desired bound on the total code length, it
remains to bound |S;| by a polynomial, which follows from the lemma below. The proof of
the lemma uses similar arguments as those used in Chapter 3, from [3], to bound the size of
the context tree estimated by the algorithm Context.

5.19. LEMMA. Let T' be the estimated context tree for ™ with a penalization coefficient of
the form K = 3|St|. We have |S;| = O(n/f(n)).

Proof. Since 7' minimizes K (T, z™), comparing it with the single node context tree (i.e., a
zero-order model) we get,

—log f’T(:Cn) + 6|57 f(n) < nH(a") + Bf(n),

where H(z") < log o is the memoryless empirical entropy of 2. Since — log PT(:C") >0 we
conclude that |S;| = O(n/f(n)). O

Lemma 5.19 and the preceding discussion yield the desired polynomial bound on the total
code length, leading to the following result.

5.20. THEOREM. Let (T,pr) be a tree source with entropy rate H and with all conditional
probabilities different from zero. Taking f(n) of order at least logn, and a penalization co-
efficient Kp = B|St| with B sufficiently large, the normalized expected code length of Twice-

EnumCodeT 1is
L(X™ Stl(a — 1)1

E<T7PT> [

In the rest of the section we present an alternative code EnumCodeT’, whose imple-
mentation is a simplification of EnumCodeT, applicable when the target context tree is an
estimate T, as in Step 3 of Twice-EnumCodeT. Recall that a fundamental tool in Enum-
CodeT is the use of SCCs" codes, a generalization of SCCs. The latter rely on the quantities
A(w, s,a) = ‘m(f) — %nw} n;%, for properly defined strings s, w and symbol a, being small
with high probability. In other words, sequences with large values A(w, s, a) have small prob-
ability under any model parameter, and we would expect an estimate T(az”) # T for such

sequences. The following lemma formalizes these claims.

5.21. LEMMA. Let T & T(:U”) be a context tree estimate for x™, and let s and w be strings

such that s € S+

7, 8 <w, and ng > 0. Then, for any refinement T" ofT that contains w, we

have
(a)

ns

nla)

o \/2(1n2)(KT/ — Kp)naf(n).

s
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Proof.

Since K7 is increasing in the number of states of T', it is sufficient to consider the case
in which 7" is the smallest refinement of 7'(z") that contains w, i.e., the tree that results
from refining 7'(z") by adding w’b for all proper prefixes w’ of w and all symbols b € A. Let
W = {su: su € Sp}. Since T'(x") minimizes the cost function K (T, z"), we have

(a) (@)

n n
= > Moyt Kpfm) <= 3T aflogl+ Kpf(n).  (5.16)
tEST,(IE.A t tEST/,(IE.A t
Therefore,
(@) g "t (@) 10
— Z n,  log o + Z n,  log o < (K — Kz)f(n), (5.17)
teSzacA b teSpacA ¢

which reduces to

(a) (a)

=3 nl1og "n + Y nl@log ™ < (Kp - Kp)f(n). (5.18)
acA s sueW,a€eA su
Since ng > 0, we further obtain
(a) (a) (a) (a)
— Z s log Ns + Z Ny Nsu log Nsy < (KT’ . KT) f(n) ) (519)
acA Ms s sueWw Ms acA sy Msu Ms
n{®

Let p(-|s) be the probability mass function over A given by p(als) = and analogously

Ns
(a)

for su € W, p(alsu) = 72=. Consider also a PMF p(-) over W given by p(su) = 7. Let X,V

be random variables such that Y takes values in W with Y ~ p(-), and X takes values in A

with conditional distribution P(X = a|Y = su) = p(a|su). Then, the marginal distribution

of X is X ~ p(+|s), and the joint distribution of X and Y is

(a) (a)

P(X =a,Y =su) = P(X =a|Y = su)P(Y = su) = p(a|su)p(su) = Dou Msu _ Tsu
Nsy Ms Ns

From Equation (5.19),

1)

I(X;Y)=H(X)- HXI|Y) < (K — K;)

Let @ be a joint distribution given by the product of the marginal distributions of X,Y, i.e.,
(a)

QX =a,Y = su) = P(X = a)P(Y = su) = 5:—"e+. Then, by Pinsker’s inequality [12,

Lemma 12.6.1], we have

L P Q2 < D(PIQ) = I(X:Y) < (K — Ky)

— 2
21n2 Ng (5.20)
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Therefore,
2
Z |P(a,su) — Q(a,su)| | <2(In2)(Kp — KT)M , (5.21)

a€A,sueW

which takes the form

(a) (a)

Ny Ns " Nsy

s Ns MNs

< \/ 2(In 2) (K7 — KT)M . (5.22)

a€A,sueW

In particular, taking only the term corresponding to su = w in the summation on the left
hand side of (5.22), we conclude that

(a)

Ns

a)
Ny’ —

N

<\ 2 2)(Kp — Kp)nf(n). (5.23)

Ns

a

With a linear penalization coefficient of the form Kr = j3|S7|, we have Kpv — K3 =

B(|S7| = 157]) < Bajw|, implying the following corollary.
5.22. COROLLARY. Let T'(z") be a context tree estimate for ™ with a penalization coefficient
Kr = B|Sr|, s € S, s <w, and ns > 0. Then,

(a)

S

|Zw,a| = ng)l) - Ny | < \/2(1n2)ﬂa|w’nsf(n) .

Ns

It follows from Corollary 5.22 that, when considering coding with respect to a context
tree T estimated taking f (n) = logn, and using a linear penalization coefficient K7 = (3|S7|,
it may be advantageous to replace the use of SCCs with a uniform coding of 2, , in the range
(—\/Qﬁa|w|ns Inn, \/2Balw|ns In n) The code length obtained would be 3 logn + o(log n),

which is of similar main order as the expected code length of SCCs (cf. Corollary 5.3). Notice,

however, that the upper bound here is pointwise, and not just in expectation. The same idea
can be generalized to SCCs" by means of Lemma 5.23 below, for which we recall the definitions
from (5.7).

5.23. LEMMA. Let T be a context tree estimate for ™ with a penalization coefficient Kp =
B|St|, and let u? be a string such that an SCC* code is applicable in T. Then,

qg—1
11 ng
Ng — Mj41
+ n:

i=l+1 "

< q3/2\/2(1n2)ﬁomf(n). (5.24)

|zu| =

Proof. We prove the result by repeatedly applying Corollary 5.22 as follows. Notice that
m; = ng Then, by Corollary 5.22, we have |m; — — < v/2(In2)Balulnf(n) for
all | < i < ¢ (we extend the definition of m; for i = q as my = nyg).

i1
m;—
n_q il

wi—
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ne . n®
i—1 ""i—2 .

S 2my | <
i—1 Thi—2

Applying Corollary 5.22 again and grouping terms, we further obtain |m; —

i—1
same arguments, we finally bound |z,| and the claim of the lemma follows readily. O

(1 + Z?*) Vv2(In2)Balulnf(n). Starting from m; = mq = ngz, and repeatedly applying the

Using a uniform encoding for the numbers z, taking f(n) = logn leads, by (5.24), to
an analogue of Corollary 5.9 in the twice-universal setting. As before, we note that the
bound here is pointwise, as opposed to in expectation as in Corollary 5.9. The results take
advantage of the idea suggested in Section 1.5, and the beginning of this chapter, namely,
that for some type classes of T, no sequence in the class will estimate T. Therefore, these
“atypical” classes can be excluded from the coding space. To implement this idea, we define
the code EnumCodeT’ exactly as EnumCodeT, but replacing the use of SCCS’, Cr(ng), by a
uniform encoding of z, in the range (—|u[>2y/2BanInn, [u[*?y/2BanInn). In EnumCodeT,
SCCs" are applied to strings u that are prefixes of states of the minimal canonical extension
of the context tree. Hence, |u| is bounded by the depth of T'(z™). For sequences that estimate
T(z") = T, |u| is bounded by the depth of T, and the uniform encoding of z,, by (5.24),
takes %logn + O(loglogn) bits. Thus, when T(:U") = T, the upper bounds of the expected
code lengths of EnumCodeT’ and EnumCodeT differ by O(loglogn) bits. As a result, using
essentially the same arguments as in Theorem 5.20, we can prove the following theorem for
Twice-EnumCodeT’, the code obtained by substituting an implementation of EnumCodeT’
for EnumCodeT in Twice-EnumCodeT.

5.24. THEOREM. Let (T,pr) be a tree source with entropy rate H and with all conditional
probabilities nonzero. Estimating T'(z™) with f(n) = logn and a penalization coefficient Kp =
BISt|, with B sufficiently large, the normalized expected code length of Twice-EnumCodeT’ is

X" — 1)1 log 1
£( )]:H+IST|(a )Ogn+0<og 0gn>_
n 2n n

E<T7PT> [

Remark. As with Twice-EnumCodeT, Twice-EnumCodeT’ requires a pre-agreement of an
initial state selection strategy between the encoder and the decoder since, in principle, the

may turn out to select a state that is not of maximal depth in T.
(a)

w

fixed leading string x°

(a)

In this case, a count nqy, after fixing the new initial conditions. Since

n/(@)

|n’£3) —m(f,l)| < |wl, it is not difficult to show that Corollary 5.22 is still valid for ‘n’g”) - Z=n

n' w

may change to n/

with the addition of a correction term of order O(|w|?) on the right hand side, which does
not affect the validity of Theorem 5.24. Alternatively, the encoder may describe T(T, x™) by
giving the original counts {nga)} with respect to 2° _, together with additional information
that lets the decoder compute the modified counts. For example, the encoder may send
log |Z(T)| + log a bits to describe the longest internal node of 7', u, such that @ < 2", and
the symbol z, 4. This, again, does not affect the validity of Theorem 5.24. Notice that this
alternative can be interpreted as describing the type class 7'(T, ™), defined in Appendix E,
which takes into account transient states of 7. Thus, the second part of the encoding may be
slightly shortened in this case by describing the index of ™ within the smaller set 7~ (T , ™),
as in Appendix E.






Chapter 6

Universal tree type classes and simulation of
individual sequences

Universal type classes were presented in [67] as a partition of the set of sequences A™ into
equivalence classes that can be seen as analogous to conventional type classes in situations
where the model structure (e.g., Markov order) is not known a priori. More precisely, in [67]
a universal (LZ) type class is defined as the set of all sequences of a given length that yield
the same LZ parsing tree [91]. It is shown in [67] that any two sequences in the same class
satisfy the following statistical similarity property.

P1 For any fixed positive integer j, the variational distance between the empirical distri-
butions of j-tuples corresponding to the two sequences is a vanishing function of n.

It is also required in [67] that the universal type class of a sequence z™ be “as large as possible”,
in a sense to be discussed in the sequel.

In this chapter we present a partition of A™ that satisfies similar properties, but it exhibits
a better convergence rate of the statistics as n grows. Our approach is based on some of the
tools developed in Chapter 5. Specifically, in Section 5.5 we observed that if we know the
context tree estimate of z', T = T(x”), then the number of occurrences of certain patterns
within 2™ can be estimated to order /f(n) given a well characterized set of symbol counts
that depend on 7 (T, 2") (see Lemma 5.23). This observation, which led to an economic
description of 7 (T, x™) in a twice-universal enumerative code for tree sources, suggests that
other sequences in 7 (T, x™) that also estimate T would have similar statistics as z”. Thus,

we define the universal tree type class of x™ as
U") = {y" € T(T(x"),2") : T(y") = T(a")},

i.e., two sequences belong to the same universal tree type class if and only if they estimate
the same context tree, T, and they belong to the same type class with respect to T. A
similar notion of universal Markov type class, denoted M(z™), was defined in [47] where a
plain Markov order estimator substitutes for the context tree estimator. As we shall see,
the convergence of the statistics for an length-r pattern as n grows is similar for universal
Markov type classes and universal tree type classes, but the latter exhibit a better behavior
with respect to the convergence rate as a function of r.

In Section 6.1 we study the statistical similarity properties of universal tree type classes.
We show that Property P1 is satisfied for any two sequences in the same class, and, moreover,
we characterize precisely the convergence rate of the statistics. This naturally motivates the
application of universal tree type classes to simulation of individual sequences in the same
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setting as [67]. In this setting the goal is to emit a simulated sequence that is statistically
similar to a given training sequence, in a well mathematically defined sense, while, at the same
time, keeping as much uncertainty as possible on the output given the input sequence. In
Section 6.2 we formally state the problem of simulation of individual sequences and we present
a simulation scheme based on universal tree type classes. We compare the performance of this
simulation scheme, in terms of entropy of the output given the input, against other simulators
with similar statistics preservation properties.

When estimating context trees T, we focus on penalized maximum-likelihood estimators
of the kind shown in (5.15) in Chapter 5, with a linear penalization coefficient Kt = 3|S7|.
Thus,

. (a)
T(0") = argmin{K(T, 0"} K@) =~ 3l log ™ 4+ flsrlfm). (6.1
sEST,acA 8

where, in the penalization function B|St|f(n), B is a positive constant and f(n) is increasing
with n.

6.1 Statistical similarity properties

Theorem 6.1 below establishes the statistical similarity between two sequences in the same
universal tree type class. The theorem shows that sequences in the same universal tree type
class have similar statistics of any order. This property is analogous to the exact equiprob-
ability of sequences within conventional type classes. We recall from Section 5.1 that n,,
denotes the number of times a symbol of " occurs in context w, where we assume that z" is
preceded by a fixed semi-infinite string 2 .. Thus, n,, is the number of occurrences of the
pattern w within 2", up to a difference bounded by |w| due to border conditions.

6.1. THEOREM. Let y" € U(x") and let w" be any fixred string. Then,

=0 <r3/2 f(”)> . (6.2)

n

Proof. Let T = T(z") = T(y"). If @ € T, then ng(z") = ny(y™), and there is nothing to
prove. Otherwise let | = max{j:1<j<rwi € T}, and for | <7 < r define

S = O-T(wi)v
ng = MNg; (xn) =N, (yn)’
nd = ng””l)(azn) = nglf”l)(y"), for ¢ < r,
u; = wt,
m; = ny(z"),

m; = Ny (yn)
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Let T} be the smallest extension of 7" such that u; € T}, and let M; = \/2(ln 2)(K1, — Kj).
By the linearity of K7, K1, — K4 = B(|S1,| — |S#]) < B(a — 1)i. Thus,

M; <+/2(In2)B(a — 1)i.

Notice that m; = ngfj)l (2™) and, by Lemma 5.21, we have

ng no
g — M;_1v/nf(n) <m; < ’_1mi_1 + M;_1y/nf(n). (6.3)

n;—1 T —

By recursively applying (6.3) to m;_; in the role of m; on the right hand side of (6.3) we

obtain,
niy (g
mi < iy, i + Mia/nf(n) ) + Miiy/nf(n),
1— 1—

which we further bound as,

ng 4 ng

m; < =22 o+ (Mi—1 + M;_2) \/nf(n).
Nnj—1 Mj—2

In general, by repeatedly applying the same argument, we conclude that

r—1 @ r—1
ns
my <mi [ n—+ Y M| \/nf(n).
i=l+1 j=l+1

With the same derivation applied on the left hand side of (6.3), we get

=0

r—1
< Z Mj \% nf(n) ) (64)

r—1
n-
‘mr — M1 H —
j=l+1

) n
i=l+1

S

and, similarly, for y” we have

r—1
’ / n;
My =My —

=0

r—1
< > M) Vnfin). (6.5)

n
¢ j=l+1

i=l+1

Now, by the definition of [, we know that u; € T and thus we have

M1 = Z n{vitt) = mi - (6.6)

s€Spu=Xs

Hence, from (6.4), (6.5) and (6.6) we get

r—1
my —mil <2 3 M| /af(),

j=l+1
and dividing by n we obtain
r—1
nw(2")  nw(y") f(n)
— <2 M; —Z, 6.7
. L =2 2 M|y (6.7)
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The proof is completed by noting that

r—1
Z M; </2(In2)B(a—1)>_ Vi=0(?). (6.8)

j=l+1

The asymptotic rate of convergence of the L, distance of the empirical probability for a
fixed pattern in (6.2) is similar to that obtained for universal Markov type classes in [47],
which in turn improves on the O(1/logn) rate shown for the LZ-based partition of [67]. The
dependence on the pattern length, r, however, is different. While the dependence is linear in
7 in [67] and O(r%/?) in Theorem 6.1, all that we can prove for universal Markov type classes
is that the accumulated L; distance over the exponentially many length r patterns grows
exponentially with r [47], but without a specific nontrivial bound for individual patterns.
This can be attributed to the gain in flexibility of context trees, which can grow unbalanced
to fit the data faster with different Markov orders for different patterns, as opposed to plain
Markov order estimators, which fit the same order to every pattern.

The constant ( in the linear penalization coefficient in (6.1) only affects the constant in
the upper bound for ‘% - %’ in the proof of the theorem (equations (6.7) and (6.8)
above). On the other hand, the function f(n) determines the order of the convergence rate
of the statistics and, moreover, it also determines the size of the classes and the number of
classes. A slower growth of f(n) favors larger context trees, which yields a larger number of
different classes. Diminishing f(n) also yields smaller classes as we can foresee by observing
that the statistical similarity condition of Theorem 6.1 becomes tighter when f decreases,
thus reducing the universe of sequences that satisfy this condition

We show in Lemma 6.2 below that all sequences in 7 (T'(z™), z")\U(z") estimate context
trees that are refinements of T'(z").

6.2. LEMMA. Assume that ties in (6.1) are consistently broken in favor of either smaller or
larger context trees. If y" € T(T(z™),z™)\U(z"), then T(z") C T(y").

Proof. Assume without loss of generality that ties are broken in favor of smaller context
trees in (6.1). Suppose that s is a state of T(y") that is refined in T'(z"). Let W = {sw €
T(z") : w € At}, and let Sy be the set of leaves descending from s in T'(z™). Define the
context trees

A~

Ty =T"W,  T'@a")=TE")\W.

The context trees 7'(z") and T"(z") differ only in that s is refined by a subtree W in T'(z™).
Hence, we have

P n (@) n
l‘ T
—log Py (2" Hog Py (2 = = 37 3 nli) (") log -0 (o +Z 1 10g(;n))v

SUESH acA w acA
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or, since y" € T(T(z"),z"), we can also write

(a)
logPT( n)( )—l—logPT,(lm Z Z log((;}
S

SUESH acA “ acA
(6.9)

The context trees T'(y") and T"(y") also differ only in that s is refined by a subtree W in
T'(y™). Hence, we have

N Ng n
—10g P ny (y )+logP Z Zn log —|—Zn logn((n))
su€Sy ac€A acA s\Y
and, by (6.9), we get
—log IST,(yn)(y”) + log lsf(yn)(y”) = —log IST(:;:")(xn) + log IST,(QJ,L)(:B”) . (6.10)
Since T'(z™) is the context tree estimate for ", by (6.1) we have
—log Pf(mn)(aﬁ") + log f’T,(xn)(x") < ﬂ(\ST,(J:n)| — \ST(xn)])f(n) . (6.11)

Moreover, since ties are broken in favor of smaller context trees, the inequality in (6.11) must
be strict and we further get

108 Py (£) + 108 Pty (@) < US| 1970 F ).
or, since T'(z") \ T"(z") = W = T"(y") \ T(y"), we also have
108 P (") + 108 P () < Sy — 1871y D).
Thus, by (6.10), we get
108 Py (U) 4108 Py (57) < B m| = [S7m D F ().
which contradicts T(y”) being the context tree estimate for y™. O

Lemma 6.2 confirms the intuition that diminishing f(n) yields smaller classes; consider
two penalization functions given by Krpf(n) and Kpf'(n), with f > f’, and suppose that
2™ estimates the same context tree, T', with both estimators. Let U/(z") and U’(z™) denote
the classes of 2™ calculated with respect to the estimator induced by f and f’, respectively.
Since a smaller penalization function favors larger context trees, some sequence of U(z™)
may estimate extensions of T with the smaller penalization function f’. Then, we must have
U(z™) D U'(z™) since, by Lemma 6.2, there is no sequence in 7 (7T, z") that estimates a
context tree smaller than 7', which could otherwise belong to U’ (x™)\U (™).
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6.2 Simulation of individual sequences

The partition of A™ that we have presented has applications in the problem of simulation
of individual sequences [67]. A simulator, or a simulation scheme for individual sequences
is defined in [67] as a function, S, that maps sequences z", for all n, to random sequences
Y™ € A" Thus, a simulation scheme takes an input, z", and emits a random simulated
sequence, Y™, which we would like to be statistically similar to ™. Formally, the simulator
S is said to be faithful [67], if for each positive integer j, for each 2™ € A", and for every
d,e > 0, we have

Prob{d;(z",Y") < e} >1—4¢, for sufficiently large n, (6.12)

where d;(z",Y™) denotes the variational distance (see, e.g., [12, Chapter 11]) between the
empirical distributions of j-tuples corresponding to z" and Y™. Observe that, as noticed
in [54] (in a stochastic setting), and also in [67], a faithful simulator can be obtained trivially
by taking y™ equal to ™. However, we will be interested in simulation schemes that satisfy
the following additional condition.

P2 Given that (6.12) is satisfied, there is as much uncertainty as possible in the choice

of y™.

Property P2 is desirable, so as to make the simulated sequence look as “original” as possible.
In [67] this is addressed by maximizing the entropy of the output Y, given the input x"
conditioned on the fact that (6.12) is satisfied.

Since P1, and thus (6.12), is satisfied by any pair of sequences in a universal tree type class
by Theorem 6.1, a faithful simulator can be obtained by picking y™ at random from U (x").
Since we are also interested in maximizing the uncertainty in the choice of y™, we maximize the
entropy of the output random sequence given z" by drawing y” with a uniform distribution
on U(z™). We summarize this simulation algorithm, called TreeSim, in Figure 6.1.

TreeSim

1. Based on a training sequence z™, estimate a context tree T:T(aj”)
2. Draw uniformly at random from U(z"), i.e., from the subset of sequences of 7 (7,z")
for which the estimated context tree is also T

Figure 6.1: Simulation algorithm based on universal tree type classes

We next compare the performance of TreeSim against other simulation schemes. Let a
weakly faithful simulator be one that satisfies the following property: for any fixed k, the k-th
order empirical entropy rate of the training sequence z™ and the output sequence y™ satisfy
Hi(y") < Hi(z™) + 41(n), where each v4(n) = o(1) (not necessarily uniformly in k). Notice
that this criterion does not impose any statistical similarity between the original sequence
and the simulated sequence. Also notice that any simulator that satisfies P1, like TreeSim by
Theorem 6.1, is a weakly faithful simulator. Let M, (z™) be a partition of the sequence space
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A™ into N, classes that yield a weakly faithful simulator and such that (log N,)/n = o(1).
The following theorem establishes the asymptotic optimality of the simulator induced by the
partitions {M,,}. As in the analogous result in [67], the theorem relies strongly on the sample
converse to the Source Coding Theorem [4, Theorem 3.1][36], from which it also inherits an
“exception set”.

6.3. THEOREM. For any stationary ergodic measure, w, and any weakly faithful simulator,

H(Y"|z") — log |My(z"
s H07127) — log |, (a7)

n—00 n

<0

for all x, except possibly in a set of vanishing p-volume.

Proof. Consider the probability assignment Q(z") = (N,|M,(z")|)~". By the sample con-
verse to the Source Coding Theorem [4, Theorem 3.1], lim inf %(Xn) > H a.s. where H is

the entropy rate of the given measure p. Since log A = o(1), we then have
log | M, (z™
lim inf log | M (2")| > H
n—oo n

in a set of y-volume one.

Let N, ;. denote the number of Markov type classes of a fixed order k, and let 7,, ;. denote
a Markov type class of order k. For every sequence y", the k-th order empirical probability
of y™ is Ppr(y") = 2-"Hi(¥") Thus, we have

22 nHi(y Z Z (6.13)

nk:y eTnk

Since P,, 1 (y™) is constant within each type class, we define Py, (7)) = | Zo x| Prr(y™), where
y" is any sequence in 7, ;. We then get, from (6.13),

Zz k(") = ZPM ) < Nk - (6.14)

Now, for a given sequence z", denote by S,(z") the set of sequences that have positive
probability of being emitted by a weakly faithful simulator S, on input ", and let N, g(z") =
|Sp(2™)|. Then, we have

N, i > Z Q—Hﬂk(y") > N, S(xn)g—n(ﬂk(xn)-i-%(”)) ’ (6.15)
yneSy(zn)

where the first inequality follows from (6.14) and the second inequality follows from the
fact that S is weakly faithful. Therefore, since H(Y"|z") has a maximum equal to log N, g
achieved by the uniform distribution over S, (z"), we get

log Nn k

1 .
—H(Y"|z") < - log Np, s(2") < Hp(2") + v(n) + T ,
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where the last inequality follows from (6.15). Since N, grows polynomially with n and
vi(n) = o(1) for S weakly faithful, this implies that, for any fixed k,

1 .
lim sup <H(Y”\m") — 'Hk(a:”)> <0.
n
The theorem then follows from the fact that limy, lim, Hj(z") = H a.s. [1]. O

Theorem 6.3 states that in order for a partition-based weakly faithful simulator to achieve
an asymptotic optimal output entropy it is sufficient to prevent the number of equivalence
classes, N,, from growing too fast with n. Both the original LZ-based universal type classes
of [67] and the universal Markov type classes of [47] satisfy this condition. We next show
that, with an appropriate choice of f(n), universal tree type classes also satisfy it and, thus,
TreeSim exhibits an asymptotic optimal output entropy when compared to all weakly faithful
simulators (including all faithful simulators).

6.4. LEMMA. The number N, of universal tree type classes over A" satisfy (log N,,)/n = o(1),

logn

as long as ) = o(1).

Proof. By using a natural code [56, 88], a full tree can be described with as many bits as
the number of nodes of the tree, which for a context tree with k states (leaves) is % < 2k.
Thus, the number T}, of different context trees with k states is upper-bounded by 22*. Let w,,
be the maximum number of states of an estimate T(x”) among all sequences 2" € A". For
each context tree with k states there are at most n® type classes, since we have o symbol
occurrence counts in each of the k states. Hence, we have

Wn,
Nn S § :22knak S wn22wnnawn )
k=1

Thus, we get

log N, < log wy, +2% n awy, logn

n

which tends to zero as long as IJ?(%L = o(1), since w, = O(n/f(n)) by Lemma 5.19.
a

A comment is in order with respect to the implementation of this simulation algorithm.
While selecting a sequence at random from an LZ-based universal type class can be imple-
mented in a rather efficient manner [67], an enumeration of U(z™) that would efficiently solve
Step 2 of TreeSim seems a challenging problem. We may, however, circumvent the problem
by selecting a candidate string y™ uniformly at random from T(T(m"),w") as described in
Chapter 4, checking whether T(y") = T'(z"), and repeating until a sequence from U(z™) is
drawn. This strategy succeeds in a constant expected number of steps (with high probability,
only one step) under any finite order Markov measure for ", since a minimal context tree
representation of the Markov measure is recovered with probability one for a suitable con-
text tree estimator [17]. In the case of universal Markov type classes, it can be shown [47]



6.2. Simulation of individual sequences 127

that, with an appropriate Markov order estimator, l;:(ac”), all but a negligible fraction of the
sequences in the Markov type class of order k(x™) of 2™ estimate the same Markov order as
x2". For universal tree type classes, the problem remains open.






Chapter 7
Conclusions and directions for further research

We studied information-theoretic properties of tree models, and algorithms related to them.
We first noticed that the statistics needed for the estimation of a context tree (e.g. in Context
data compression algorithm, or in the applications studied in chapters 5 and 6), can be
efficiently collected by constructing a compact suffix tree of the input sequence, which is
not full in general. This observation led to the GCTM extension, which we took advantage
of as an algorithmic tool. The GCTM formalism, however, also offers appealing parameter
economization features when compared to classical tree models. The development of practical
applications that exploit this potential reduction in the dimension of the model parameter
still presents significant computational complexity challenges. Specifically, the problem of
finding efficient algorithms for estimating an optimal GCT for a given sequence, remains an
open one, and a promising direction for further research.

The apparent algorithmic drawback of context trees stemming from the lack of a next-
state function, was overcome by means of the FSM closure formalism, which we discussed in
Chapter 2. We characterized the FSM closure of a GCT theoretically, and also investigated
efficient algorithms for constructing it. We exploited the construction in the implementation
of SPContextFSM, the first algorithm for linear-time encoding/decoding of the semi-predictive
version of Context, a twice-universal code in the class of tree models. In this application
we were able to combine tree models and FSM models enjoying from both the potential for
parameter space dimension reduction of tree sources but also from the computationally com-
plexity advantages of FSMs. Beyond providing an efficient mechanism for resolving context
transitions, the FSM closure turns out to be a valuable theoretical tool, providing a nexus
between tree models and FSM models, which are, in general, easier to analyze than tree mod-
els. For example, in Chapter 5 we were able to derive a bound on the expected logarithm of
the size of a context tree type class, based on a known analogous result for FSMs.

The general scheme that we used in the definition of SPContextFSM can be followed to
implement a wide range of two-pass encoders obtained by varying the sequential coding stage
and the model optimization function. For instance, one can replace the Krichevskii-Trofimov
estimator, which, in practice, may not be the best choice for large alphabets (see, e.g., [78]),
and adjust the pruning phase to optimize the resulting cost function. One may even try to
heuristically estimate a GCT during the pruning phase, which, although possibly not the best
in its class, could still improve the performance achieved by the best full context tree. In all
these cases, the construction of the FSM closure of the selected model would provide, as in
SPContextFSM, an efficient state transition mechanism. These ideas could be taken as the
basis for future experimental research.

Another direction for future work may be related to efficiency improvements on the model
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optimization step that takes place at the encoder side of SPContextFSM. Even though the
construction of the compact suffix tree of a sequence requires linear time and memory usage,
the needs for memory may become prohibitive in practice for very large sequences. Besides
the obvious alternatives of splitting the input into chunks or limiting the model size, both of
which invalidate the universality claim for the original algorithm, one can explore alternative
suffix tree constructions methods that facilitate an efficient memory administration, e.g., [77].
In practice, for large sequences, these algorithms may outperform the classical linear-time
suffix tree construction techniques surveyed in [32], even though their time complexity is not
necessarily linear. Again, in any case, the FSM closure provides an efficient state transition
mechanism for the sequential encoding phase. We point out that the decoder side requires,
in general, less resources than the encoder, as the search for the optimal model is performed
only by the latter. This observation makes the semi-predictive approach especially attractive
in situations where the computational requirements are asymmetric and a low complexity
decoder is needed.

In Chapter 4, we solved the hitherto open problem of the characterization of type classes
of tree models. We studied both the size of the type class of a given string and the number
of type classes for sequences of length n induced by a given context tree. We derived an
exact formula for the size of the type class of a string, which generalizes Whittle’s formula for
FSMs, and we analyzed this formula to characterize the asymptotic behavior of the expected
size of the type class of a random sequence emitted by a tree source. As in the re-derivation
of Whittle’s formula in [34], we reduced the problem to counting Eulerian unlabeled paths
in a graph. For tree models however, the derivation is far more involved, due to the lack
of a next-state function. Moreover, it is interesting to note that the asymptotic behavior of
the size of the type class as exp(nH(z™)), which is valid for common models such as FSM,
Markov, and of course memoryless, does not extend to tree models. It is not clear whether a
similar elementary asymptotic expression for individual sequences exists for tree models, and
we leave it as an open question. Although we focused our study of type classes on full tree
models, the application of similar tools to other hierarchical aggregation of Markov models,
such as GCTs, seems plausible for future research.

By establishing a one-to-one correspondence between strings in a type class, and Eulerian
unlabeled paths in a graph, we automatically obtained an efficient enumeration algorithm
for the strings of a type class, which in turn yields applications in data compression and
simulation. These applications however, are not immediate. In the case of data compression,
a classical enumerative source code in which both type classes and sequences within each
type class are encoded uniformly turns out to be suboptimal for tree models, in opposition
to FSM models. Instead, we developed in Chapter 5 a non uniform encoding of type classes
that yields a universal enumerative code with optimal convergence rate in the class of tree
sources. The developed tools show an interesting trade-off between the cost of encoding the
type class with respect to a richer model, and the gain in code length that stems from the
reduction of the size of the type classes. By carefully encoding type classes, we saw that we
could refine the model structure used to partition the universe of sequences, while preserving
optimal code length with respect to the original model.
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In the case of simulation, the enumeration algorithm presented in Chapter 4 allows for
the application of the scheme in [54], where the output sequence is selected uniformly at
random from the type class of a training sequence z". Under the strong law preservation
properties required in [54], this simulation algorithm is optimal, in the sense of minimizing
the mutual information between the training data and the output sequence. We also defined
and investigated the universal tree type class of a sequence, which parallels conventional
type classes, in the same spirit as [67]. The partition of 4™ into universal tree type classes
results in a simulation scheme for individual sequences analogous to the one presented in [67]
and also the one in [47]. This scheme is optimal in a well defined mathematical sense, and,
compared to universal Markov type classes [47], it exhibits an improvement with respect to
the convergence rate of the simulated sequence statistics as a function of the order. In [47], it
is shown that the same algorithm based on universal Markov type classes for the simulation
of individual sequences can be regarded as a twice-universal simulator in the class of Markov
sources, in the sense that it achieves asymptotically the same optimal performance (in the
sense of [54]) as a simulator that knows the true order of the source. An analogue result for
tree sources remains open and provides another direction for future investigation.






Appendix A

Minimality conditions for generalized context tree
models

Clearly, a model is minimal if and only if it remains so after normalization. Thus, to charac-
terize minimality, we can assume without loss of generality that 7" is normal. We say that a
pseudo-leaf v € T is a pseudo-child of w € T if v € CHLDy(u), or v is a leaf of the form v'b,
where b € A, v' € CHLDp(u), and a = 2. By the discussion on normalization in Section 2.2,
the case in which v ¢ CHLDp(u) corresponds to the only case in which a node can be elimi-
nated from a normal GCT in an unnormalization step making its parent a pseudo-leaf. If v
or v' are atomic children of u, then v is called an atomic pseudo-child of u. Let Ly(u) denote
the set of atomic pseudo-children of u, and let

vr(u) =max {1, {ac Alua g T}|}.
The following theorem characterizes minimal normal GCTMs.

A.1. THEOREM. A normal GCTM (T, p) with A* = A}, is minimal if and only if every node
u € T satisfies the following conditions:

(i) Any subset of nodes in Lr(u) that share a common CPMF is of size vp(u) or less.
(ii) If u is a permanent state, and v a pseudo-child of u, then p(-|u) # p(:|v).

In addition, for a = 3, if (T,p) is minimal and (T",p') generates the same process with T’
normal, then T' is an extension of T.

It can be shown that if T' is not normal, the conditions of Theorem A.1 hold on Ty if and
only if they hold on T’; therefore, the step of normalizing T can be avoided. The theorem
implies that the minimal normal GCTM is unique for a« = 3. However, it might not be so
for a # 3. For example, let a = 4, denote A = {a;}}_;, and consider the normal GCTs
T = {\ a1,a2} and T' = {\, a3,a4}. Clearly, if p(-|a1) = p(:|az2) = p'(-| \) (as functions),
P'(laz) = p'(las) = p(|A) # p'(:[A), and p(-[A$) = p'(|A$), (T,p) and (I",p') generate
the same process and are both minimal. This example can be generalized to any a > 4 in
an obvious manner (but not to @ < 4, since 7" and 7" must be normal). For o = 2, let
A ={0,1}, T = {), 01,10}, T/ = {),00,11}, p(-|01) = p(-|10) = p'(:| ), and p'(-]00) =
P'(+|11) = p(-|] X) # p'(:| A). Again, assuming that the two models use identical CPMFs for
the transient states A$, 0$, and 18, both (T,p) and (T”,p’) are minimal GCT models that
generate the same process.

Proof. First, we show the necessity of the conditions. If u does not satisfy condition (i)
we can modify the model, without affecting the process, as follows. If v € S, add new
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pseudo-leaves ua for all a € A such that ua € T, and associate them with the CPMF of w.
By Lemma 2.1, u ceases to be a permanent state. By our assumption, there are v/ > vp(u)
atomic pseudo-children of u that share the same CPMEF. These nodes can be eliminated so
that the strings they accepted are now accepted by wu, which also inherits their common
CPMF (for @ = 2, the elimination of an atomic pseudo-child v & CHLD7(u) also causes the
elimination of PARy(v), which is not a permanent state as 7' is normal). Overall, the number
of permanent states in T decreases by at least v/ — vp(u) > 0. If u € Sp and does not satisfy
condition (ii), then it has a pseudo-child v with the same CPMF, which can be eliminated
without affecting the process, decreasing the number of permanent states of T' (again, for
a = 2, the elimination of v may also imply the elimination of PARy(v)). In both cases, not
satisfying the condition implies that 7' is not minimal. Notice that, since the CPMFs of the
transient states are assumed to satisfy the constraint (2.3), the above state eliminations are
not impeded by the transient CPMF p(-| u$).

Next, we prove the sufficiency of the conditions. Consider two normal GCTMs (T, p) and
(T",p') that generate the same process P, with A* = A%, and assume that (7T, p) satisfies
conditions (i) and (ii). We first state two general properties that will be used in the proof.

(P1) If u € A* is such that u € WORD(T"), then Vp(u) € Sy, Vi (u) € Sy, and p(-| Vp(u)) =
P'(-| Vv (u)) (as functions). Moreover, if u € T, then u is a leaf of T.

(P2) If u € T\ T, then either u is a pseudo-leaf of T, or « = 2 and there exists b € A such
that ub is a leaf of T'. In addition, denoting by v the claimed pseudo-child of PARp(u)
(either u or ub), we have p(-|v) = p/(-| Vv (u)) (as functions).

For uw ¢ T, (P1) is an obvious consequence of the existence of b € A such that ub ¢ WORD(T),
of Lemma 2.1, and of P(:|2u) being independent of z € A* (as the two processes are identical
and all strings have nonzero probability); conditions (i) and (ii) on (T, p) are not required.
The case u € T and the second part of (P1) follow from the fact that any nontrivial subtree of
T must contain permanent states with at least two different CPMFs, for otherwise the subtree
would contain a node all of whose children are leaves and that violates either condition (i) or
condition (ii).

To prove (P2), observe first that since u ¢ 7" the set A, = {a € A : ua ¢ WOrD(T")}
contains at least a — 1 symbols. Thus, since T is normal, if u € Sp then there exists a symbol
a’ € A, such that ua’ € T, and therefore, by (P1), p(:|u) = p'(-| Vi#(u)). Now, consider the
strings ub € WORD(T'), b € A,, and let uby € CHLDp(u), y € A*. By (P1), uby must be
a leaf of T'. If u is not a pseudo-leaf of T', then there exists at least one such leaf uby and,
moreover, uc must be a leaf of T' for every ¢ € A,, for otherwise u € St and it would have the
same CPMF p/(+| Vr(u)) as uby, violating condition (ii). This case can only occur for o = 2,
for otherwise the number of leaves sharing the same CPMF would be a« — 1 > 1 = vp(u),
violating condition (i). The proof of (P2) is complete.

Now, to prove the sufficiency of conditions (i) and (ii), we will show that if a GCTM
(T",p') generates the same process as (T, p) and it also satisfies the conditions, then T and
T’ are identical up to transformations of (7”,p’) that do not affect neither |S7/| nor the
generated process. Without loss of generality, we can assume that 7" is also normal. Clearly,



135

it suffices to prove that if w € T'NT’, then after such transformations, u is unaffected and
CHLD7(u) = CHLD7v (u).

The claim is obvious for u € St U S, as uw has a full complement of atomic children in
both GCTs. Next, we show that if u € Sp, then u € Sy or, equivalently, that u € Sy \ Sy
implies u ¢ T”. If the claim did not hold, we would have uc € T for all ¢ € A. Since T is
normal and u € Sy, there exist a,a’ € A, a # a’, such that ua,ua’ ¢ T. Thus, by (P2), T’
has pseudo-children in the directions of a and o’ sharing the same CPMF. Since vy (u) = 1,
T" does not satisfy condition (i), a contradiction.

Consequently, it suffices to consider the case u € Sp N Sp. Assume first a > 2. If
ua € T\ T' for some a € A, then, by (P2), ua is a pseudo-leaf of T" and p'(:|u) = p(-| ua).
Therefore, if p(-|u) = p/(-|u), the sets of atomic children of u for T" and 7" coincide for
otherwise condition (ii) is violated. If p(-|u) # p/(-|u), we must have ua € T U T’ for all
a € A, for otherwise there exists b € A such that uab ¢ WORD(T") and uab ¢ T, and a
contradiction to (P1) follows. Moreover, in order for both 7" and 7" to satisfy condition (i),
the sets {ua € T\T'} and {ua € T'\ T} must have the same size. Therefore, by deleting from
T" all nodes in the latter set (which are pseudo-leaves) and adding the nodes in the former
set, the size of S remains unchanged, while the process (T”,p’) is preserved by replacing
the distribution p/(-| v) with p(-| u) and associating p/(-| u) with the added pseudo-leaves (this
operation does not affect the transient states). After this transformation, again, the sets of
atomic children of T" and T” coincide, and p(-|u) = p'(:| u).

For o = 2, the two sets of atomic children are empty by normality. We show that we can
also assume p(-|u) = p/(-|u). For all ¢ € A, there exists b € A such that ucb ¢ worD(T"). If
p(-|u) # p'(-|u), then ucb is a leaf of T', for otherwise a contradiction to (P1) would follow.
We can assume, without loss of generality, that ¢ = b. Thus, letting A = {a,da’}, T has leaves
uaa and ua’a’, with CPMF p/(-| w). Similarly, 7" has leaves uaa’ and ua’a, with CPMF p(-| u).
Therefore, we can replace the subtree of T’ rooted at u with the corresponding subtree of
T (replacing also the associated CPMFs), without affecting the size of Syv or the generated
process.

To complete the sufficiency proof, it remains to show that, for any «, if uay € CHLDp(u)
and vwaz € CHLDyv(u) for some a € A, y,z € AT, and p(-|u) = p/(-|u), then y = z. Suppose
it is not. Then, either Vr(uay) = u or Vp(uaz) = u. Assume, without loss of generality,
that the former holds. Then, by (P2), u has a pseudo-child v with p(-|v) = p'(:| u) = p(-| u),
violating condition (ii).

Finally, assume that (T”,p') generates the same process as (T, p), with 77 normal, (T, p)
minimal, and « = 3. We prove that T C T’. Since T' C Ty, we can assume, without loss
of generality, that 7' is normal. Suppose, to the contrary, that w € T\ T". Clearly, there
exists v < w such that v € T\ 77 and PAR7(v) < Vi (v) 2w Let v = uax, with a € A and
z € A*. By (P2), v is a pseudo-leaf of T and p(:|v) = p/(-|u). Since T” is normal, there
exists b € A\ {a} such that ub ¢ T'. Moreover, for any a’ € {a,b} we must have ua’ € T,
for otherwise Vp(u) € Sy and ua’c ¢ T'U WORD(T") for some ¢ € A, implying, by (P1),
p(-| Vr(w)) = p'(:| u) = p(-|v), violating condition (ii) for 7. Thus, u € T and v = ua. Again
by (P2), ub is a pseudo-leaf of T" with p'(:| u) = p(-|ub). It follows that {ua,ub} is a subset
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of pseudo-leaves in Lr(u) that share the same CPMF, violating condition (i) for T" since
vr(u) =1as a=3. O
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Proof of Theorem 2.9

We claim that the total number of comparisons made during computations of Cr(x) is upper-
bounded by 2Ng + N’. By the discussion preceding the theorem, this fact establishes the
claimed upper bound, as the other operations take constant time per node of Tgys.

Let Ty = T, and, for i > 0, let T; be a snapshot of T” after the i-th computation of Cp(x)
in Step 2 of Verify, and the corresponding call to Insert in Step 4, if such a call was made.
Let C; be the total number of comparisons made in computations of Cp(-) up to that point,
and C the total number after completion of the algorithm, when 7" = Ty,. Denote by T
the set of nodes of T; excluding the root, by T, the subset of those nodes that have not been
visited at the time of the snapshot, and by T’ Li the subset of nodes in T, that are leaves of
T;. We construct two sequences of functions f; : T;" — Z and g; : T;" — Z, i > 0, such that

fo(ww) =2|v|, wv € T§, u=PaRg; (w), u s uw,
go =0, and, for i > 0, and each node uav € T}, with u = PAR7+ (uav),

fi(wav) 2lav| wuav € T} ; or Traversed[u, al=false,
i(uav) = ’
! 0 otherwise,
and
(uaw) lav| wav € T; \ T, and Traversed[u,al=true,
(uav) = ’
gi 0 otherwise.

Notice that the condition for g;(uav) # 0 can only hold when uav was just created as a result
of an edge split in Step 5 of Insert. We prove, by induction on ¢, that the following condition
holds for all 4 > 0 for which the relevant quantities are defined:

Ci < |Ty|+2Ng — > i) = > gilt). (B.1)

teTy teTy

Condition (B.1) implies that at the end of the execution of the algorithm, after all nodes have
been visited, we have C < N’ 4+ 2Ng, as claimed. The inequality is clearly satisfied for i = 0.
Assume now it is satisfied for all i < n — 1. We determine f, and g, after the next execution
of Step 2 and any necessary insertions, assuming Verify was called with argument w = cux,
and Cp(z) = (r,u,v). Since cz is being visited, we have

fnlcx) = gn(cx) = 0. (B.2)
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If u+# X\ let u=au, a € A In this case, Insert was called, and an internal node was
created by splitting an edge r =, ruy into r —— ru AN ruy. Hence, we have

2|u| Traversedl[r,al = false,
o = B.3
Ja(ru) { 0 otherwise, (B.3)
2 Traversedl[r,a]l = false,
fulruy) = vl , f (B.4)
0 otherwise,
and
u| Traversed[r,al = true,
gn(ru) = [ul . (B.5)
0  otherwise.

For node ruy, notice that if Traversed[r,al = true, ruy had been visited either immedi-
ately after creation from Step 7 or 9, or after setting Traversed(r,a) = true from Step 16.
Therefore, we have

gn(ruy) = 0. (B.6)

Notice that from (B.3), (B.4), and the fact that edges resulting from a split inherit the
“traversed” status of the original edge, it follows that

fa(ru) + fu(ruy) — foa(ruy) = 0. (B.7)

If v # A, a new leaf node ruv was created, and has not yet been visited, i.e. ruv € T ;. Thus,
we have

fn(ruv) = 2|v|, (B.8)

and
gn(ruv) = 0. (B.9)

All other values of f,, and g, are unchanged from their values at ¢ = n — 1. We prove
that the condition in (B.1) holds for ¢ = n. Assume first that the invocation of Verify at
which snapshot n was taken was made recursively from Step 7. It follows from the discussion
preceding the theorem that in this case, O was computed in fast mode, since we know that
x was a word of T,,_1. This also implies that v = A, and ru was the only node possibly
created (if any). Let ¢z be the argument of the call to Verify that caused the recursive
call in Step 7 with argument cz, and let (7, u,0) = Cp/(Z), i.e., cx = 7#i. The search in fast
mode for x = tail(7#a) in T, begins at tail(#) and requires as many comparisons as nodes in
the path from tail(#) to the node immediately before exhausting the |4| remaining symbols.
Thus, the number of comparisons needed in the fast computation of C7v(z) is upper bounded
by |a| — |u] + 1 if u # A, or |i| otherwise. Thus, we can write

Co = Cu <[] — [ul + T3] — T3, (B.10)

Also, we have f,,_i(cx) = 0, since we call Verify from Step 7 only for nodes that are not
leaves, and whose incoming edge has Traversed = true. Therefore, combining with (B.2),
and (B.7), we get

Z fn(t) - Z fn—l(t) =0. (B‘ll)

teTs teT

n—1
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As for the functions g, we have g, (cx) = 0 by (B.2), and, since coming from Step 7, cx is a
newly created internal node that did not exist at ¢t =n — 1,

n—1(cz) = |ul. (B.12)
By (B.5),
gn(ru) < |ul. (B.13)
Also,
gn(ruy) =0, (B.14)
and
gn—1(ruy) = 0 whenever ruy # cz. (B.15)

The last two equations follow from the fact that if the incoming edge of ruy has Traversed—=
true, the node had already been visited at i = n — 1. The only exception is the coincidental
case where ruy = cx, the node being visited at ¢ = n, in which case the node had not been
visited at ¢ = n — 1 and the value from (B.12) takes precedence. Other values of g, remain
unchanged from g,,_1, and, hence, it follows from (B.12)—(B.15) that

=Y g+ Y gnr(t) >8] — [ul. (B.16)

teTy teTs

Now, from (B.10),(B.11),(B.16), and the induction hypothesis we obtain (B.1) for i = n, as
desired.

Assume now that the invocation of Verify at which snapshot n was taken was made
recursively from Step 9. As before, we let ¢ be the argument of the call to Verify that
caused the recursive call in Step 9 with argument cz, and let (7,4,0) = C7v(2). We have
=\, 0# A\ and cx = 7#0. The search for x = tail(7#0) in 7T, begins at tail() and requires
as many symbol to symbol comparisons as needed to either “fall off” the tree, or reach
x = tail(7#0). Thus, the number of comparisons made in computing C7(x) is |0| — |v| + 1
when v # A, or |0| otherwise. Hence,

Cn = Cny < 0] = o + [To] = T34 (B.17)

Since cx = 70 is a leaf added to T,—1 just before calling Verify with argument cx, we have
frn—1(cx) = 2|0]. Therefore, combining with (B.2), (B.7), and (B.8), we get

- Z fn(t) + Z fn—l(t) - 2‘6‘ - 2‘”" (B'18)

teTy teTs_,
Also, gp(cz) =0, and gn—1(cx) = 0 for cz is a leaf. By (B.5),
gn(ru) < lul, (B.19)

and by the same arguments as in the previous case,

gn(ruy) =0, (B.20)
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and
gn—1(ruy) = 0. (B.21)
Since ruv is a leaf in case v # A, gn(ruv) = 0, and, thus,

S0+ Y guea(t) = —Jul (B.22)

teTs teT>

From (B.18) and (B.22) we obtain
=Y O+ D Faa® =Y ga(O+ D g () > 200] = 2fv| = [u] > [8] —[v], (B.23)

teTy teTr teTy teTr |
where the rightmost inequality follows from || > |u| + |v|, which in turn follows from ruv =
x = tail(7)0 and tail(#) < r. Finally, combining with (B.17), and applying the induction
hypothesis, we obtain (B.1) for i = n also in this case.

It remains to consider the case where the invocation of Verify at which snapshot n was
taken was made from Step 16. Let w = é& be the argument of the call to Verify that caused
the recursive call in Step 16 with argument cx = waz. The search for x = tail(waz) in T,
begins at tail(w) and requires as many symbol to symbol comparisons as needed to either “fall
off” the tree, or reach x = tail(waz). Thus, the number of comparisons made in computing

Cr/(z) is |az| — |[v| + 1 when v # A, or |az| otherwise. Hence,
Cpn — Cpoy <laz| — ||+ |Tx| = |Tr_4]- (B.24)

Since at snapshot n — 1, Traversed[w,a]l = false, we have f,_1(cx) = 2|az|. Therefore,
combining with (B.2), (B.7), and (B.8), we get

—S RO+ S () =2Jaz| - 200, (B.25)

teTy teT*

n—1
Also, gp(cxz) =0 by (B.2), and g,,—1(cz) = 0 for Traversed[w, a]l = false. By (B.5),
gn(ru) < |ul, (B.26)
and by the same arguments as in the previous cases,
gn(ruy) =0, (B.27)
and
gn—1(ruy) = 0. (B.28)
Since ruw is a leaf in case v # A, g, (ruv) = 0, and, thus,
=D g+ D gna(t) = —ul. (B.29)
teTy teTr
From (B.25) and (B.29) we obtain
=Y a4 D far® =D g+ D ga-a(t) = 2]az|=2[v|—[u] > [az|-[v], (B.30)

teTs teTs_, teTy teTr
where the rightmost inequality follows from |az| > |u| 4 |v|, which in turn follows from
ruv = x = tail(w)az and tail(w) < 7. Finally, combining with (B.24), and applying the

induction hypothesis, we obtain the desired result. O
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Linear-time decoding

In this appendix, we describe in full detail the two alternative decoding algorithms outlined
in Chapter 3. Both algorithms yield linear-time decoding.

C.1 Decoding using incremental FSM closure construction

We now present a decoding algorithm that does not require additional complex data structures
(as Jump[u] in Chapter 3). The implementation of the semi-predictive approach to Context
algorithm derived from this decoding algorithm is denoted SPContextFSMi. The decoder
starts by constructing 7”(z") and T 7-(2™) as before. However, TI’;(LE”) is not used statically
as in the algorithm in Chapter 3. Instead, new permanent states of Tp(z") \ T}(w") are
added to T;;(:):”) as they are found while symbols of " are decoded. Formally, we recursively
define the sequence of FSM GCTs Téﬂi(x”), for 0 < i <nby Tl’mo (a™) = Th(z™); Téﬂl(x”) =
TI’;i_l(ac”) U {s;} for 0 < i < n adding any necessary bifurcation and all nodes necessary to

satisfy the suffiz property, namely, every suffix of a node of TI/?Z (z™) is a node of TI/JZ (™).
JURRVAN . A : . ~ ~ o~ .
Let 5 = \; 5, = O'f}/?/il(xn)(l'z) for 0 < ¢ < n, and Z; such that Zy = X; §;Z; is the longest

prefix of zi that is a word of Tll%,l(xn) for 0 < i < n. Also define b; 2 Ti

|8:2i] < i and §;Z;7;_5,5| € Tr(z"), or b; = A otherwise. The idea now is to use 3;, Z;, and

5,5 10 case
b; to determine s; for every i, 0 <4 < n. The connection is given by the following lemma for
which we remove the $ symbol from transient states.

C.1. LEMMA. For every i, 0 <1 < n, we have s; = 515151

Proof. If b; = \, either §;; is a leaf of Tr(z™) or §;2; = 2% and in any case §;%; = s;. If b; #£ A\,
$;Z; < s; by the definition of b;, and since s; = §;z;b; by Lemma 3.3, we have §;Z; < §;z;b;.
Since T}@Fl (™) is an extension of T (z™), also §;2; = §;Z;. Hence, we have 8;2; < §;%; < 8;2;b;,

and therefore §;Z; = §;z;. Thus, ézézgl = §;2z;b; and the claim follows from Lemma 3.3. O

We now describe the decoding stage conceptually, and postpone implementation details
for a later discussion. After building T;,O (z™) and setting sg = A, for each i, 0 < ¢ < n the
algorithm decodes x; using the statistics pointed by Origin[s;_1] in Tl’;iil(x”), determines
si, and constructs constructs Tl’a (™) from T 7., (2") by adding s; and the necessary suffixes.

In order for the decoder to use the same statistics as the encoder, the algorithm must
guarantee that Origin[uv]=0rigin[uw] for all nodes uv and ww where u is a leaf of T'(z™).
To this end, for any leaf u of T'(2™) and uv € Tl’% (™), Origin[uv] will point to the node
uw of Té}- (™), where w is the shortest string such that uw € T}j (z™), and j is the minimum
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Evolve (T}Fl(x”),é},head(éi), |Zil, Tim)5,2,))

1. Start from Tl’; (x™) = Tgiil(x")

2. Set s;=35;, and b; = A

3. If % #\

4. Add 3;Z; to Tl’ﬂ(x"), and set s; = §;%;

5. Set Transitions[§;Z;]1=Transitions[Ss;]

6. Verify*(§5;Z;)

7. If |$Z]<i and §;Z; is an internal node of Tp(z")
8. Set Bl = Ti |55

9. Add §;z;b; to Tgi(x’L), and set s; = §;Z;b;
10. Set Transitions [§i2il~)i] =Transitions[S§;Z;]
11. Verify*(5;%;b;)

Figure C.1: Computation Olel% (™)

index in the range 0 < j <4 such that u € WORD(T}J_ (z™)). During the creation of Tfﬂ (z™),
1 > 0, we make use of the routine Verify*, equal to Verify from Chapter 2, except for the
variations (to Verify itself, and to the auxiliary routine Insert) that we describe next.

For a node wv created as a leaf child of u (steps 2 and 9 of Insert in Figure 2.6),
Origin[uv] is set to wv if w is an internal node of T'(z"), or to Origin[u] otherwise. For
a node uv created splitting an edge u —— wvx into u — uv — uvz (Step 5 of Insert),
Origin[uv] is set to uv if uv is an internal node of T'(z™) or to Origin[uvx] otherwise. These
modifications implement the desired behavior for the pointers Origin[u], which guarantee a
correct determination of the decoding statistics.

When a new node w is inserted in Tf/‘l (™), it is also necessary to define new outgoing
FSM transitions for u, and update those FSM transitions of Tl’piil (™) that must now lead to
u. To achieve this, Verify*(w) sets f(z’,¢) = w in Transitions[z'], where ¢ = head(w),
not only for node 2’ = tail(w) (in Step 11 of Verify), but also to all its descendants x’y that
shared the same next-state for symbol ¢ in T}i_l(az”), ie., f(2'y,c) = f(2/,c). In addition, if
node z’ is created as a new child of z, it sets f(2/,¢') = f(z,¢') in Transitions[2'] for all
deA d+#e

Using Verify*, and assuming that §; and |Z;| have been determined, the routine Evolve
of Figure C.1 evolves a tree from T;«},l (™) to Tf«y (2™), and determines the symbol b;, and the
state s;. The construction of Tf«y (™) starts from Tl{,ﬁiil(m"). If Z; # A, anode §;Z; is added to
Tﬁ(x”) As §;Z; lies within a composite edge departing from §; in the direction of head(Z;),
the arguments head(Z;), and |Z;| suffice to determine the insertion point. Notice that by
Lemma C.1 and the definition of Z;, either §;Z; = s;, or §;Z; is a bifurcation needed to insert
5,%:b; = s;. Since T}i_l(x”) has the suffix property, as;v & Tl’?i_l(x”) forany a € A, v <X %,
with v € AT, for otherwise 5;u would be the state selected by z* in T}i_l(x”) in place of §;.
Thus, the set of FSM transitions outgoing from §;Z;, is initially copied from Transitions[3;].
Notice that this initial setting may be later modified by the invocation to Verify#*(s;Z;),
which possibly adds suffixes of 5;2; defining their outgoing FSM transitions, and possibly
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updating previously existing transitions. Now, since Tp(z") is a full tree, 5;Z;7;_ 5,5, € Tr(2")
for |5;2;| < 4 if and only if §;2; is an internal node of Tr(z™). Thus, b; # X if and only if the
condition of Step 7 holds true. In case b; # A, a node 3;%b; is created, which, by Lemma C.1,
is equal to s;. Again, since T;«y,l (2™) has the suffix property, as;v & Téﬂiil(x") for any a € A,
v < %b;, with v € AT, for otherwise §;v would be the state selected by z? in Tj’pi_l(x") in
place of §;. Thus, the set of FSM transitions outgoing from §;Z;b;, is initially copied from
Transitions[$;Z;]1. Finally, an invocation of Verify*(§i2¢l~)i) adds suffixes of §;%;b; defining
their outgoing FSM transitions, and possibly updating previously existing transitions.

We now discuss some complexity issues before we show that the whole decoding stage can
be implemented in linear time. First, we point out that determining whether a node u of
Tl’ﬂ (z™) is an internal node of Tp(z™), as required by Step 7 of Evolve, can be implemented
efficiently with the help of an extra boolean flag Internal[u] associated to every node u of
Tl,a (") with 0 < ¢ < n. Start by assigning Internal[u]=true to all nodes u € Tfpo (z™),
which, by Lemma 3.2, are internal nodes of Tr(z"). Then, since Tp(z") = Tp (2") C
Ty, (z") C Tr(z™), by Lemma 3.2 (ii), every node w added as a leaf to build T} (2") for
0 < i < n is not internal in Tr(z"™), and we set Internal[w]=false. On the other hand,
for those nodes w = wwv that are created splitting an edge u 2, woy into u — uv AN uvY,
since uvy € Tp(2™) we set Internal [wl=true. A similar but simpler technique can be use
for determining whether a node is an internal node of T'(z™) using the fact that all such nodes
are words of 7" (™). This allows an efficient setting of the pointers Origin[u] by Verifys*.

In order to achieve linear-time decoding it is also necessary an efficient implementation
of the transition propagation in Verify#*. This can be solved by choosing a representation
for Transitions[u] that groups all transitions that lead to the same destination (from all
states) in one single place. That is, all nodes 2’y with transition f(2'y,c¢) = cz’ have a
pointer, Transition[zy, c], to a cell that in turn points to cz’. This second level indirection
can be established in a single traversal of T 2(x™), upon its original construction. Clearly,
the initializations in steps 5 and 10 of Evolve can be performed in constant time. Now,
suppose that a node w = cx’ is added as a child of ¢r as part of the construction of TI’TZ (™)
from T}i_l(x”), and Verify*(w) calls for the insertion of z’. Setting f(z'y,c) = c2’ for all
descendants z'y of 2’ that had Transition[z'y, c]=cr in T}i_l (™), as required by Verify*,
can be done by changing the value of the cell that points to cr, and creating a new cell for all
nodes u in the path r < u < 2/. We will show that the update of Transition[u, c] for these
nodes does not affect the overall linear complexity.

Notice that once s; has been determined, and possibly added to Tf«} (x™), clearly o7y (o) (z%) =
s;. Thus, given s;, §;+1 can be computed in constant time following the next-state transition
Transition[s;, z;41] in T 1’;2 (z™). Starting from sp = A, the algorithm successively computes
S; from s;_1, and then s; from §;, using Evolve, to proceed to the next input symbol. The
length of Z;, an input to Evolve, can be efficiently determined in much the same way as the
algorithm in Chapter 3. We make use of Lemma C.2 below, for which we define ;41 as
@ip1 = N if [5i41] > |3:] + 1, ! or the string satisfying x;415; = 3;1 1% 11 otherwise.

ISince Si+1 and §; are determined with respect to different GCTs, this condition can indeed hold.
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C.2. LEMMA. If [3;41] > |5i|+1 or §410i1head(Z;) € WORD(T;;Z, (x™)), then either Zi41 = A,
OT 8i41Zi+1 = Ti4+18:%;.

Proof. First we show that 5,112,411 =X x;415;Z;. Otherwise, since both §;412;41, and x;415;%;,
are prefixes of i+, Ti18i%i%_|5,5, = Si+1Zi+1. Thus, 2;118:Zw;_ 5,5 is a word of Tl’pl (z™),
and therefore x;113:Zi%;_ 5,5,y € T, (2") for some y. But since nodes in Ty, (z") \ Tf,_ (")
can only be substrings of 8;Z;b;, and |7;413:Zi7;_5,5,y| > [8iZibi|, Tit18:Zim,_)5,5,y is also a
node of 7% (z"). By the suffix property 5;Z;z;_|5,5,y € Tf,_ (2"), contradicting the defini-
tion of Z;. We conclude that 8,112,117 =< x;418;Z; as claimed. Assume now that Z; = . In this
case, §;11%i+1 = %;+15;, and therefore we rule out the condition |3;41| > |$;| + 1. Thus, by
the assumptions of the lemma, we must have §;11;+1 € WORD(T]’;Z_ (z™)). Hence, by the defi-
nition of Zi—i—l, §i+1&i+1 j §i+1§z‘+1> and since §i+1’l~ti+1 = xi—i—lgia ZCZ'+1§Z' j §i+1§i+1' But also
Sit1Zi41 = Xi+184, thus, 811241 = x418;. If Z; # A, by the assumptions, and the prefix rela-
tion §i4+1Zi+1 < 2;415;%; that we have shown, we can write 8,412,411 = 4152, with Z; = 2[z//
and z] # A. Suppose that 2/ # X. Let w be the shortest string such that x;115;zw € Tlla (™).
Such string exists since x;1+158;%;, = §i41Zi41 € WORD (Tlla (x”)) If w= X\, 811 1S @i1152,.
Thus, Z;+1 = A, and the proof is complete. Suppose now that w # A. We claim that there
exists a string u € A" such that §;zju € WORD(T}’;i_l(:U”)) and head(u) # head(z]"). Notice
that head(w) # head(z}), for otherwise Z; ;1 would be longer. If ;115;z/w is not a substring
of §;%;b;, it also belongs to Tl’pi_l(as") and by the suffix property so does §;z/w. In this case
the string u = w satisfies the claim. If x;418;z/w is a substring of §:Z:ib;, then for some string
vand w'b = w, vri115zw € WORD(T]{TF1 (z™)). Therefore, there exists a string w” such that
VT8 zw'w” € Tlﬂﬂiil(m") and by suffix property z;418;zjw'w” € Tf;iil(x”). Again by the
suffix property, §;z/w'w” € Tl’miil(x”), which implies that w'w” # X for otherwise §;z would
be the state at time 7 . Since Téﬂi (z™) is an extension of Tﬁiil(x"), Tit18izw'w” does also
belong to Tf«) (™) implying that head(w'w”) # head(z!). Thus, u = w'w” is a string satisfy-
ing the claim. We conclude that §;z/u € WORD(TI/;i_l(x")), u # X and head(u) # head(z).
Therefore, §;2] is a bifurcation and the state at time ¢ would be §;z/. The contradiction arises
from supposing z # A, thus 2z = A, which concludes the proof. O

The following lemma will allow us to bound the cost of invocations to Verify=*.
C.3. LEMMA. tail(3,%;) € Tp,  (2™).

Proof. The claim follows from the suffix property if zZ; = A. If it is not, by definition
SiZi € WORD(TI{,F1 (z™)) and there exists w € A" such that §;zZ;w € Tﬁiil (z™). Consequently,
by the suffix property tail(s;Z;w) € Tl’;i_l(m”). By Lemma C.1, s; = §;Z;b; implying that
5,%:b; € Tr(z™) and tail(EiZiINn) € Tp(z™). si-1 = tail(§i2¢l~)i)y for some y, and by definition of

T}Fl(x”), tail(5;2b; )y € Tl’piil(x”). By definition of Z;, head(w) # head(b;y). Thus, tail(5;%;)
is a bifurcation between tail(éiéii)@-)y and tail(5;Z;w). O

By Lemma C.3, the invocation to Verify#* in Step 6 of Evolve does not lead to recursive
calls. Also notice that if u € Ty, (") \Tf,_ (2"), then either u = §;%;, or u is a suffix of 5;Z;b;,
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in which case u = u'b; is an atomic child of u’ € T}i_l(az”).

As we have observed previously, since the states §;, and §;41 are determined with respect
to possibly different GCTs, it is plausible to find situations in which |§;41] > [5;| + 1. The
following lemma shows, however, that §;;1 may gain at most one extra symbol of context
beyond |8;|+ 1. This will allow us to bound the total cost of determining s; over all 0 <i < n.

C.4. LEMMA. |§;11| < |5;] + 2.

Proof. Suppose |§;+1| > [3i|+1. Clearly, tail(Sj+1) & T;;i_l(a:”), for otherwise |$;41| < |8;|+1.
Then, by the suffix property 5,11 € Tf, (") \ Ty, (2"), and by Lemma C.3, 5;1 is a suffix
of 3;%b;, and 3,41 = u'b; is an atomic child of ' € T}’;,Fl(x”). Since, tail(u') € T}’;,iil(:r:”) by
the suffix property, tail(u’) < §;, and therefore |5;| > |v/| — 1 = |§;11] — 2. O

Finally we bound the overall complexity of the algorithm.
C.5. THEOREM. SPContexztFSMi encodes and decodes any sequence x™ in time O(n).

Proof. We only need to show that the decoder runs in linear time. Due to Lemma C.2,
determining |Z;| requires at most |u;| + 1 comparisons, thus determining the insertion point
for s; for all 0 < i < n requires n + y . |4;]. By definition of 4; and Lemma C.4, |i;] <
|8i—1| — |5i| + 2 and therefore >, |;] is O(n).

We next show that the cost of the invocation Verify#*(s;Zz;) is also proportional to |a;|+1.
First notice that by Lemma C.3 tail(§;2;) € T}’,ﬂiil (™), thus this invocation does not lead to
recursive calls. Moreover, we claim that searching for tail(§;Z;) from tail(3;) can be done in a
node by node traversal and takes at most |u;| + 1 comparisons. To show the claim, we point
out that by Lemma C.2, when |Z;| > |u;| + 1, tail(8;Z;) = §;—1Z;—1 , and there are no nodes
between 5;_1 and 5;_1%Z;_1 except possibly for suffixes of §;_1%i_1bi_1 created in previous
steps. But by Lemma C.3, these suffixes are created as atomic children of preexisting nodes,
thus the number of these suffixes in the path of interest is at most one. Using exactly the
same argument, we show that the update of FSM transitions does also take at most |a;| + 1
nodes visited.

Finally, by Lemma C.3, Verifyx* (515151) only creates atomic children of preexisting nodes.
Thus, it takes a number of operations proportional to the number of nodes created, and the
claim then follows from the fact that all these nodes belong to Tj.(z") and [T (z")| = O(n).

O

C.2 Decoding using incremental suffix tree construction

A linear-time decoder can also be implemented by extending 7'(z™) on the fly with the suffix
tree of the string decoded so far. A sequential suffix tree building algorithm is presented
in [23], and we describe a variation that works extending T'(z™). This approach, which we
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denote SPContextSfx, does not use the FSM closure and typically requires more storage space
than SPContextFSM and SPContextFSMi.

The algorithm starts from a tree Ty = T'(z™) and successively constructs 7T; inserting the
reverse prefix 27 in Tj_;. Common statistics can be accessed keeping in each inserted node
a pointer to the nearest ancestor that belongs to T'(z™). The crucial step of this algorithm
from a complexity point of view is the search for suf/, the longest prefix of 2* that is a word
of T;_1, i.e. the insertion point for each new reverse prefix. For 0 < i < n we define suf;

as the longest prefix of 27 that is a substring of zi—1. It is not difficult to see that suf; is a
prefix of z;suf;—_1. Thus, we have,

suf; 2 wisufi_q, (C.1)

and also,

suf; < suf]. (C.2)

A key instrument to achieve linear time complexity is the use of short-cut links, which for
each node node u of T;, and each symbol a, points to node auv where v is the shortest string
such that auv € T;, or it is undefined if such a node does not exist. The algorithm starts
by initializing short-cut links for all nodes in Ty and updates the structure as new nodes are
inserted. The algorithm starts the construction of 7; from node suf/_; (we define suf 2 A),
going into an upwards traversal. Namely, it traverses the tree upwards until it finds the first
ancestor of suf/_; that has a short-cut link defined for symbol z;, or it reaches the root. Let
v; be the node found in the upwards traversal, and w; the node pointed to by its short-cut
link, or w; = A if the root was reached and it has no short-cut defined for z;. We will exploit
the connection between the nodes w;, v; and the string suf; established by the following
proposition.

C.6. PROPOSITION. If the node w; found in the upwards traversal at step i is not a node of
T(z™), then suf; = x;v;.

Proof. Since by the assumptions w; € T;—1 \ T'(z"), |w;| < i — 1, and therefore |z;v;| < i.
If w; = x;v;, and there is no edge in the direction of Ti_ |z from the node z;v;, then
suf; = zv; and the proof is complete. If this is not the case, we define w] = w; if w; # z;v;,
and otherwise w) is the shortest string that is a node of T;_;, and TiVili |z w;. By
definition, v; < suf!_;, and therefore z;v; < x*. Since w; & T(z"), x;v; is a substring of
F, and therefore z;v; < suf;. Since also z;v; < w}, and by the definition of w} there are
no bifurcation nodes u, z;v; < u < w,, we must have either suf; < w}, or w, < suf;. Since
w! is a node of Tj_; \ T(z"), there must exist 1 < j,k < i, such that 2/ = w/z, k= w2,

and either head(z) # head(z'), or @7 = 2% = w}. Then, the reverse prefixes x7—1, and x*F~1

imply the existence of the node tail(w]

¢) in T;_q, with a short-cut pointing to w} for symbol
z;. Thus, in case w] < suf;, tail(w)) < suf;—; by (C.1), and furthermore tail(w}) < suf/_;
by (C.2). However, the upwards traversal stopped at v; although x;v; < w}, which implies

that v; < tail(w}). We arrived to a contradiction from supposing that w) < suf;, and we

must then have suf; < w}. Since suf; is a substring of z~!, suf; < 27 for some j < i. Thus,
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sufiy € T;—1 for some y. Now, since z;v; = suf; < w;, and there are no bifurcation nodes u,
zv; < u < w;, we must have suf; = z;v; (i.e., w; < suf;y if w; = w}, or x;v; does not have in
fact an edge in the direction of z;_,,,,| if w; = z;v;). O

Now, if the short-cut link found is of the form w; = x;v;y, for some y. € AT, then w;
does not belong to the full tree T'(z™), and by Proposition C.6, suf] = suf; = x;v; lies within
the composite edge that links w; with its parent. If w; = z;v;, then suf! = w;y} for some
string ' that may not be empty when suf/ € T'(2™). In this case the algorithm goes into
a downwards traversal descending from w; to the leaf of T'(z"), suf!, following past symbols

that have already been decoded (a transient state is reached if z~! is exhausted). Once suf;
is determined, a new leaf representing z¢ is added and all nodes in the unsuccessful portion of
the upwards traversal are given short-cut links pointing to it for symbol z;. If suf] was within
a composite edge, short-cut links of nodes u < v; that previously pointed to w; = x;v;y, are
updated to point to x;v;.

Some implementation considerations are needed to achieve linear-time decoding. During
a downwards traversals, an auxiliary data structure associated to node v;, jump[v;], is con-
structed. The structure jump[v;] maps a symbol a = z; and an index j to the j-th node
traversed downwards. Notice that if the preceding upwards traversal is not empty, there are
no nodes in the sub-path from v; = tail(w;) to tail(w;y,’) of the upwards traversal, for oth-
erwise this node would have a short-cut link for symbol z;. Thus, jump[v;] is a mapping
between substrings y of a composite edge departing from v; into nodes x;v;y. This structure
can be updated in constant time whenever a composite edge is split.

The goal of jump[v;] is to avoid revisiting nodes of T'(z™) during downwards traversals.
Consider the downwards traversal at time 4, and let y be the string such that v,y = suf/_;.
We recall that in case a downwards traversal occurs, we must have w; = x;v;. Let z = 2521 29,
with zg, z1, 22 € A*, such that suf] = x;v;z, and z; has been previously downwards traversed.
This means that a reverse prefix x;v;20212’ was inserted at some time j < i, and v;20212’ was
also inserted at time j — 1. v;z0212’ can not be a prefix of v;y since it has a short-cut link
for symbol x; contradicting the definition of v;. If v;y is not a prefix of v;z9z12’, then there
must be a bifurcation node that would also contain a short-cut link. We conclude that v;y is
a prefix of v;29212’, and jump(v;) can be used to avoid traversing zoz1.

In the following theorem we study the complexity of SPContextSfx.

C.7. THEOREM. SPConteztSfr encodes and decodes any sequence x™ in time O(n).

Proof. We only need to show that the decoder runs in linear time. To find the complexity
of the decoder we must find the sum over all ¢ of of the number of nodes visited in upwards
traversals, the number of nodes in the path w; to w;y; (downwards traversal), and the number
of nodes whose short-cut links are updated when suf! splits a composite edge. By the
preceding discussion, each node of T'(z™) is visited at most once in a downwards traversal,
and, as argued in Chapter 3, |T'(z")| = O(n). As for upwards traversals, all nodes in the
unsuccessful portion of a traversal looking for a short-cut pointer for symbol a, are then given
a short-cut pointer for that symbol. Thus, every node is visited at most a times. Since, the
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whole (compact) suffix tree has O(n) nodes, and T'(2™) has O(n) nodes, the overall cost of
upwards traversals is O(n).

When suf! splits a composite edge, a node suf] = suf; = x;v; is created with no short-cut
link. Thus, if 7 < n, the next upwards traversal incudes at least the parent of the new node,
r = PART, (suf;), and therefore v;11 < r. Now, either z;11vi11 = sufit1 if zip1vip1 € T(2™),
or sufi+1 = Ti+1vi+1 otherwise. Thus, in any case, |sufit1]| < |vit1] +1 < |r| + 1. Hence,
the cost of updating short-cut links of nodes u < v; that pointed to w; = z;v;y;, to make
them point to to suf;, is bounded by |suf;| — |r| < |sufi| — |sufit1] + 1. Notice that al-
though this kind of short-cut link update occurs only when suf] splits a composite edge,
|suf;| — |sufir1]| + 1 is non negative for all 7 by (C.1). We then bound the total cost of these
updates for 1 < i < n, by the telescopic summation Y 7' [sufi| — |sufiz1| +1 = O(n). For
t = n, the cost is trivially bound by n. O



Appendix D

Proofs for Chapter 4

D.1 Proof of Lemma 4.13

For every s, in the state sequence of 2", we have s, < 5pz", and by (4.5) we get

pi(sp) = (Sox)lolth=tntifor 0 < h < n,1 <i <4, . (D.1)

If also j is an integer such that h > j and j > h — {,,, the index ¢ = {, + j — h satisfies
0 <@ < /¥y, as stated in Part (i). We then get from (D.1),

,Ui(Sh) = (87055)|80‘+]" for 0 < h <n, h>j,j >h_£5ha

. , (D.2)
where i = {,, +j —h.

We claim that if A > 0, j must be positive. Otherwise, j/ = 0 also satisfies h > j’ and
j' > h—ULs,, and from (D.2) we get uy(sp) < so with ¢/ = €5, —h. Then, since no pseudo-state
is a proper prefix of a state, we get py(sn) = so. However, we have |uy(sp)| < |sp| since
i’ < s, , which is a contradiction. We conclude that

h—{s,, >0 forO<h<n. (D.3)
If j > 0, which is guaranteed when h > 0, (D.2) reduces to j;(sy) < 2Js. Hence, we have

sj=vi(sp) for0<h<mn,h>j j>h—1{,,

D.4
where ¢t =45, +j7—h. (D-4)

To conclude the proof of Part (i), it remains to show that |s;| < |sp|, and £, —€s, > h—j. The
former follows from the fact that ¢ < ¢, and the definition of v;(s;). The latter follows by
Lemma 4.7(i), from which we get i > {5,. Thus, we have {5, +j—h > (s, or, b5, —{s, > h—j
as claimed.

For Part (ii) it is sufficient to show that 1 < ja < /s, since in this case, (D.1) with ja in
the role of ¢, and 7in the role of A yields

__ 7—ls +7
Hja (57) = (sgx)l 0T bertis (D.5)

or, since J— {s.+ ja = j by definition,
,ujA(S]-‘) = ESO . (D.G)

Let 0 < j < n. Since 7 > j by definition, it is clear that ja = j — J+ £s; < {5, Let
m =max{m :m > j,j >m —{s_ }. We have m < J, for otherwise m > 7im — ¥l < j <7
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and 7 would not belong to J. Suppose m < 7. Then, by definition of 7, we have m ¢ J, and
therefore there exists m’ > m such that m > m’ —{, ,. Since m/ is positive, (D.4) with m/
in the role of h, and m in the role of j, yields

Sm = Vit (Spy) where i’ =€,  +m—m'. (D.7)

By Lemma 4.7(i), with s,, in the role of s’ and s, in the role of s, we obtain ¢’ > ¢5 . Thus,
since m’ —{s , =m—i' by (D.7), we get m’' —£; , <m—{s, < j. Wethen have m' -/, , <j
but m’ > m, which is a contradiction since m is the maximum index satisfying m — f5, < j.
We conclude that m = 7. Thus j > J— £, and therefore ja = j — 7+ £, > 1. This concludes
the proof of Part (ii).

By definition of J, we know that n € J, and by (D.3), we have 0 € J. Thus, tg = 0
and t, = n as claimed in the first part of (iii). To prove the remaining of Part (iii), and
Part (iv), we apply Part (ii) taking in particular j = t; + 1 for 0 < ¢ < r. In this case we
have 7= t;;1. Then, we have jo =t; + 1 — t;41 + Kstiﬂ, which is positive by Part (ii), and
therefore t; > t;11 — e’sti+1' But also t; < tj+1 — ﬁstiﬂ, for otherwise t; would not belong to

in

J. Hence, we have t; = ;41 — Estiﬂ as claimed in (iii). Now, replacing ¢; = t;11 — £8ti+1

ja=ti+1 -t + Zstiﬂ, we get ja = 1. Thus, we get pi(ss,,) = 2titlsy by Part (ii).
Since also we have x4, 415 = 2titlsy and, by (4.6), z¢,4154 2 p1(se;,,), we conclude that
p1(8¢;41) = T;415¢;, which proves Part (iv).

For Part (v) we write N as

Splitting the summation in intervals between indexes in J, and recalling that ¢t = 0 and
t, = n, we get

r t;
N = STOS

=1 j=t;_1+1
r t;
= E 1Sti,1,8ti,1+1 + 183'71781'
1=1 J=ti—1+2

Since t;—1 =t; — {5, by Part (iii), this becomes

r t;
(1) —
N - 1Sti_1,8ti,1+1 + 183‘—1,53'
i=1 =ti—ls, +2

For each j in the inner summation of the last equation, we have 7= t;. Thus, by Part (ii),
we have s; = vj, (st,), and similarly s;_1 = v(;_1), (s,). We then get

r t;

(B —
N = Z 18%—1’5’51‘—1*'1 + Z 1V(j—1)A(Sti)’VjA(Sti)
i=1 G=ti—ts,, +2
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From the definition of ja, we have (j — 1), =j —1—1t; + /{5, , and ja = j —¢t; + {5, . Thus,
with a change of index variable, the last equation becomes

r esti
N(#) = Z 13ti,175t1‘_1+1 + Z ll/j_l(sti)’l/j(sti) ’ (D'S)
i=1 =2

By the definition of A~ we get

|
—

T

N =37 (Layrpr + A (000)) (D.9)

ﬁ
Il
o

as claimed in Part (v).
For Part (vi) we proceed in a similar way. We start from the definition of K and write

n
K=NW41>"0(s).
i=1

Splitting the summation in intervals between indexes in J, and recalling that ¢t = 0 and
ty = n, we get

T ti
K=NW4>" 3" o(s).

=1 j=t;_1+1

For each j in the inner summation of the last equation, we have 7= ¢;. Thus, by Part (ii),
we get s; = v, (st;). Since ja =j —t; + ls,,, we obtain

r ti
K=N0+3 S 0 i, (). (D.10)
i=1 j=t;_1+1 '
By Part (iii), we have t;_1 =t; — {s,_, which yields
r ti
K=NW+y" > O, (su)- (D.11)
i=1 j=t;—Ls, +1

Now, changing the index variable,

r esti
K = N®W+3 Y 0y(s,)) (D.12)

i=1 j=1
r Zsti_l
— N(.“) + Z @(Sti) + Z @(Vj(sti)) . (Dlg)
i=1 J=1

We recall the definition of ©(s) = O(s) — Zfszzl ©(v¢(s)), from which we get

K=N®+%"0(s,). (D.14)
=1
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Now, by Part (v), we get

r—1 r—1
K =3 (Losnn + A7 (00) + 3 00s0.),
=0 i=0

and by the definition ©(s) = AT (s) — A~ (s), this yields

r—1

K = Z 1, St;,5t; +1 (Stprl) ) (D.15)

=0

as claimed in Part (vi).
If w,v € St, and Ajv( S¢;4,) > 0, we must have u = tail(v), and therefore 7(u, head(v)) =
v, which yields d,,, = 0. Hence, applying the definition of D to (D.15), we get

r—1

} : A+
D= 15t175t +1 Sti’ 5t¢+1) +A (Sti+1) .
=0

Also, since t; € J, we have x,415¢, € T. Thus, we have 1Sti75ti+l+d(sti’ St;+1) = 1sti7T(sti’mt_+1),
and we get Part (vii),

r—1
D= 1o n+A(s,,). (D.16)
1=0

We prove Part (viii) next. From the last equation, we obtain

r—1

Dy = 5St aw T+ Aw*(stlﬂ)
i=0
Notice that, by the definition of A*(s), we have AL, (s) + 6u,s = AL, (8) + 6, iy (). Thus, we
get
r—1 _
Dy = 5Sti w T A*er(sti+1) + 5w,,u1(8ti+1) - 5w75ti+1 .
=0

The terms ds, ., and —d,, 5, cancel each other along the summation, except for ds, ., and
7 W41 0’
—0uw,s,, - Recalling that tg = 0 and t,, = n by Part (iii), we get

D = Ssp0 — Osp 0 + Z Ay (stir) + Ou gy (s0,, ) (D.17)

From (D.16) we also have

ﬂ
|
—

Dy = Ow,r; + A:—w(stiﬂ) . (D.18)

~
I
o

Thus, subtracting (D.17) from (D.18) we get,

D*w - Dw* = 6sn,w - so w + Zéw i~ Yw,ur stH-l) . (Dlg)
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Consider now a pseudo-state v € U\Sy, and let v = p(u). We recall, from the defini-
tion (4.12) of B, that By, = ZwEA(u) Dy — Dys. Thus, since d54 = 05,0 = 0 for all
w € A(u), summing (D.19) in w € A(u) we get Buy = > ,en) S Sy — O
claimed in (viii).

w, 11 (StiJrl ) as

For any u € U we claim that

Z Z dw,r, — Oy 1(st41) > 0, with equality when u € Sp. (D.20)
1=0 weA(u)

For fixed 4, 0y -, is non zero for at most one w € A(u), and also ¢ ) is non zero for at

w, 1 (St

most one value of w. As 7; € A(u1(sy;,,)) by Part (iv), if (5w7m(8tij)(—l+1l for w, there exists
w' € A(w) C A(u) such that 0, -, = 1. This shows the non-negativity of (D.20). On the other
hand, if &, -, = 1 for some w € A(u), w belongs simultaneously to A(u) and A(p1(ss,,,)) by
Part (iv). When u € S7, no v € U is a prefix of u, and we must have A(ui(s¢,,,)) C Au).
Hence, there exists w’ € A(u) such that 6w’7u1(8ti+1) = 1, which shows that (D.20) is zero
when u € Sp. We conclude from Part (viii) and (D.20) that for uw € U\Sr and v = p(u), we
have B, , > 0. From (D.16) we see that also D is non-negative and, therefore, F; ; > 0 for all

i,7. Also, for u € U\ S, we have

Bu,v — Z D*w_ Wk

weA(u
= *u - u* + Z D*w - w* (D21)
weA(u)
- D*u - u* + Z Bw,u .
w:p(w)=u

Thus, since By, = By« by the definition of B, we get F., = F,.. Similarly, for u € St we
get summing (D.19) for w € A(u), and applying (D.20),

E D*w - ’LU* = 557L7u - 6507’“/ °

weA(u)

Thus,

5sn,u - 6so,u - D*u - Du* + Z D*w - Dw*

weA(u)

= >)< u*+ Z BUU)
(v)

=u

and since By, = 0 for u € S, we get

d _530,u:F*u_Fu*-

Sn U

This concludes the proof of Part (ix).
Notice that, by the definitions of At and A~, we have D A;“j(s) =2 A;j(s) for all
states s. Hence, the fact that >, . D;; = >, . K; j = n, claimed in Part (x), follows from
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parts (v), (vi), and (vii). Now, for v € S, we have B, = 0 and, therefore, F,,, = Dy, < n.
Also, from (D.21), for u € U\St, we have

Bu,p(u) + Dy = Doy + Z (D*w — Dw*) .
weA(u)

Since D is non-negative, we have Bu’p(u) + Dys < Dy + Zwe[\(u) D,.,. Hence, since F,, =
By, p(u) + Dus, we get Fye <n. To bound Fl, we notice that, by Part (ix), we have Fi, < Fi.
except when u = s, # sg, in which case Fy, = Fyx + 1. For u = s,,, we have Fyu = Dys < n
since By, = 0 for u € Sp. By Part (vii), recalling that to = 0, we see that Ds,. > 0.
Therefore, we have Dy, < n for u # sg. Thus, we get F,, < n as claimed.

As for Part (xi), let v < v and F,, > 0. From (D.16) it is clear that D, , = 0. Hence,
we have F,, = By, and v = p(u) by the definition (4.12) of B. Thus, we have By, > 0,

which by Part (viii) implies that the summation 7~} > weA(u) Owr — 0w is positive.

nu‘l(Sti_;'_l)
Hence, there exists an index ¢, 0 < i < r, such that 7; = w € A(u). Thus, we must have

u = Xy, 4+18¢;, and therefore tail(u) =< sy,.

D.2 Proof of Lemma 4.29

For each ¢t € Sp, we let by denote an arbitrary but fixed symbol, such that b:;f is not an
internal node of T'. Since T is canonical, such symbol does exist for all states ¢. Consider a
state s € S, and a symbol b € A, such that bs is not an internal node of T. We claim that
there exists a string w, such that for every z,2" € A*, we have for 2™ = 25bwz’ and j = |23|
that s; = p1;, (s7). Take w of length k = depth(T’), defined as w; = by where

or(s by ) 1<i<k. (D-22)

, { o1 (5b) i=1,

S =
When b's’ is not an internal node of T, s'¥ is sufficiently long to select a state in T, thus (D.22)
is well defined. Notice that, with 2" = zsbwz’ and j = |z5|, we have that s;4; = s, for
1 <i < k. By (D.22) and the definition of by, we have |sji;| < [sj1i—1] + 1 for 1 < i < k.
Hence, we get [s,,| < |s;|+m —j for j <m < j+k. Since k is the depth of T, we know that
Ly < k for all s’ € Sp. Therefore, recalling that 7= j + ls.— jn, we get J < j+ k. Hence,
taking m = 7' we get [s; < |sj| + 7— j. Thus, we have

sil = lsg+i—7
= sl = (ls; — ja)
= [uja(s7)l,

where the last equality follows from (4.5). By Lemma 4.13(ii), we have s; = v, (s5), which
is a prefix of u;, (s;) and, therefore, we get s; = i, (s7) as claimed. The string w we have
constructed is a function of s and b, and we denote it (s, b).

Consider now an edge of the form e = (u;(s), i+1(s)) where s is any state of T'. Since T is
canonical, let b € A be a symbol such that bs & Z(T'). Let w = (s, b) and let y' = sbw. Every
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time y’ occurs in z”, i.e., 2" = 25bwz’ for some z, 2’ € A*, the state s; with j = |23| satisfies
s; =5 = pjs(s7) - By Lemma 4.7(iii), we have p;(s) = pi(sy) and pir1(s) = pip1(sy). Thus,
the term with ¢;41 = 7 in equation (D.23) below (from Lemma 4.13(vii)) makes a positive
contribution to D, ,, with v = p;(s),v = piy1(s). Moreover, if 2™ can also be decomposed as
z™ = Zsbwz' for some z, 2 € A*, and m = |Z5|, then s, = $ = pm, (s;7). Thus, either m # J,
or m = j for also s; = s = 1, (s7). Thus, every different occurrence of 3’ in 2" provokes a
new increment to D, ,. Hence, taking y = y/, we have F, ,(z") > n,(z").

r—1

D= 1o n+A(s,,). (D.23)
i=0

Consider now a state u = s € Sy and a symbol b, such that v = 7(s,b) is well defined, i.e.,
bs is not an internal node of T. Let 3’ = sbw where w = ¢(s,b). Every time 3’ occurs in 2™,
ie. a" = z5bwz' for some z, 2’ € A*, we have for j = |25 that s = s; = ;. (s7). If 7= 7, the
term 1% -, with ¢; = 7'in (D.23) makes a positive contribution to D, ,. Otherwise, we have
(j ¥ 1) = yand therefore (j + 1), = ja+1. Thus, by Lemma 4.13(ii), we get 1, +1(s7) =< bsZz.
Since p15, (s7) = s, we must have p;, 11(s7) = bs and consequently 7(s,b) = ;5 +1(s5). Hence,
the term A*(sti ) with ;41 = jadds to D,,. Moreover, if 2" can also be decomposed as
" = zZsbwZ' for some Z,Z € A*, and m = |Z3|, then s, = s = pm, (s7). Thus, either m # 7
or m = j for also s; = s = p;, (s5). Hence, the term 1;,, 7, in case 7= 7 is counted only once,
and also the term A*(sti 1) in case J'# j is counted only once. Thus, every occurrence of 3/
in 2™ makes a positive contribution to D,,,. Hence, taking y = ¢/, we have F,, ,(z") > ny(z™).
Let v = p(u) with tail(u) € T, s € Sy such that tail(u) < s, and s’ € Sp such that s’ < v.
Let also b be a symbol such that bs’ & Z(T), let w = p(s',b), and ¢ = head(s’). Let ' = Scbw.
Every time ¢y occurs in 2™, i.e. 2™ = 25cbwz’ for some z, 2’ € A*, we have for j = |25|+1 that
s' = sj = pjn(s7), and s = sj_1. Since tail(u) € T and s’ < u, we know that tail(s") € Z(T).
Thus, we have tail(u;, (s7)) € Z(T') and, therefore, j — j+ 5. = ja = 1 by (4.6). Hence, we
have j —1 = 7—{5_, which belongs to J by Lemma 4.13(iii). We recall Equation (D.24) below

from Lemma 4.13(viii).

r—1

Bu,p(u) = Z Z 5w17—i - 5w,u1 (StiJrl) . (D24)
=0 weA(u)

Since tail(u) =< s, ¢ = head(s), and s’ < v < w, then 7(s,¢) € A(u). Therefore, when
ti = j — 1, we know that ¢, -, is positive for some w € A(u). On the other hand, since
pi(sy) = s and s’ < u, we have O pur (st;,,) = 0 for all w € A(u) when t;11 = 7. We conclude
that the term corresponding to index i such that ¢; = j — 1 of (D.24) adds to By, and,
therefore, taking y = 3/ we have F,, > n,(z").

D.3 Proof of Lemma 4.22

With a slight abuse of notation, we extend the dimension of the matrices K,D,B, F to
|[UUU’| x |UUU'| by inserting all-zero rows and all-zero columns for pseudo-states in U'\U.
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We also extend K',D’,B’, F' for T' analogously. Notice that this extension does not alter the
value of the multinomial factors of (4.15). Let {s;} and {s}} be the state sequences defined
by 2™ in T and T” respectively. The length of a forced state sequence of a state s, defined
in (4.4), is denoted ¢5 when computed with respect to 7" and ¢, when computed with respect
to 7. Similarly, a matrix At (s) is denoted A~’+(s), a pseudo-state f;(s) is denoted p(s),
and a forced state v;(s) is denoted v/(s) when computed with respect to 7. The forced
state sequence parcing of 2™ with respect to 7" is denoted J'(z™). The function 7" and the
matrix function d’ are also T’ versions of 7 and d. Both d and d’ are extended to dimension
|[UUU'| x |UUU'| by inserting all-zero rows and all-zero columns.

In order to compare matrices I/ and F, we start by studying the difference AK, £
K'(z") — K(z"). Defining k!, = K'(2™) — K'(z" 1), and k,, = K(2") — K (2" 1), we can write
AK,, for n >0 as

AKy = ARy 1 + Aky; Aky =K, — ky . (D.25)

Notice that while determining AK,, involves comparing matrices computed with respect to
different context trees, namely, T' and T”, each term k!, and k,, depends exclusively on a fixed
context tree, which simplifies our analysis. Based on (D.25), we will show that

(w=1) e, _
AKn—{ AR s ity =1, (D.26)

AKEPY e, > 1,

where

n

AK}(wal) = Z [581:—1,10 (15271,32 - 181‘-1,81') + 55i7w(1 - 581:—17111) (13271,5’, - 181:—1751')] )

k2
=1

(D.27)
and,
i A

n
AK£€w>1) = Z 55i—17w (ls;_l’s; — 15i—115i) (D28)

i=1

Lo
> S | (L= 00,0 ) (81—, 80, 1)+ D Ly )by ()b~ Ly (1) ()
beA : j=2 >
B

When /4, = 1, (D.27) simply replaces transitions incoming to, or outgoing from w, by a

transition incoming to, or outgoing from one of its descendants in 77. When £, > 1, w is
accessed always through its forced pseudo-state sequence. In this case, (D.28) “raises” the
sequence of pseudo-states pi(w)--- g, (w) = w, replacing it by a sequence from puq(w)b to
e, (w)b = wb. A term labeled B of (D.28), as we shall see, has the effect of redirecting
a transition of the form s — wvj(w), by one of the form s — pj(w)b. This new transition
becomes part of the forced pseudo-state sequence of s}, which is in this case longer than that
of Si.
In the sequel, we extensively make use of the following claim.
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1. CLAIM. The forced pseudo-state sequences of the states of T and T' satisfy:
o Forallbe A, U, > ly.
o Ifs€ Sy NSy, either s =aw with a € A, or ls = (.
o If s € Sr has the form bl®! with b € A, then ¢y = 1.

Proof. Let i be an integer in the range 1 < ¢ < {,,. By the definition of ¢,, in (4.4), there
exists a state s’ € Sy, such that s’ < (w)Lw|. If i > 1, then s’ # w belongs also to Sp» and
s < (wb)LWbl. If i = 1, wb itself is a prefix of (wb)wal
have ¢, > {,. Consider now a state s € S N Sy that is not of the form s = aw, and let
i be an integer in the range 1 < i < ¢,. By the definition of ¢4 in (4.4), there exists a state
s' € Sp, such that s’ < (S)LS|. If i =1, s itself is a state of Sy which is a prefix of (s),‘fl. If
i>1, (S)LS‘ # w for s is not of the form s = aw, and |w| > depth(T") — 1. Hence, s is also a
state of T", and we conclude that ¢, > ¢5s. On the other hand, since 7" is a refinement of T

if a state s’ € Sy is a prefix of (s)ljs| for some 7, then there exists also a state s” € St such

. Hence, by the definition (4.4) we must

that s” <§' < (s)ljs|. Thus, also 5 > ¢, and we must have ¢, = ;. Finally, if s has the form

blsl with b € A, tail(s) < s is an internal node of T', and therefore ¢, = 1 by (4.6). O

By Lemma 4.13(vi), which we recall in (D.29) below, determining k], and k,, amounts to
determining the effect on J(z"~!) and J'(2"~!) of appending the symbol z,, to "L

r—1

K = Z Lo, sran + AT (s1,,) (D.29)
i=0

From the definition of forced sequence parsing, it is clear that J(z")\J(z" 1) = {n}, i.e.,
except for the last index n, the concatenation of a new symbol to 2"~ does not add new
indexes to J. On the contrary, some indexes of .J(z" ') may cease to belong to the forced

sequence parsing. Specifically,

JEV A JE NI (@) = {ti e J@ ) ity >n— 4Ly} (D.30)
Similarly, denoting J'(2™) = {t;} the forced sequence parsing of z™ with respect to 17", we
have
T AT @ INT (@) = {t e T @)t >0, ) (D.31)
It then follows from (D.29) that
fen=—A+15, .00, 1—B+AT(s,), (D.32)
where
A= D P (D.33)
tiGJy(l_),ti<TL—1
and

B= Y Af(s,), (D.34)

ti GJT(L_) ,;t: >0
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and also,
b= A1y 0, 0~ B AT, (D.35)
where
I = o .
A t;em%m_l 15#%1 : (D.36)
and

B= Y AT, (D.37)
ter ) >0
We distinguish three cases to study (D.32) and (D.35), which lead straightforwardly
to (D.27) and (D.28). Namely, for n > 0,

(i) For s, = w, the state selected in 7" has the form s}, = wb with b € A, b = ,,_},,|. We
claim that for ¢, = 1, Ak, = 1y o — Lo i, and for £, > 1,

_1:Sn
Lw
Ak = (1=, 0, ) (8} 8h1) + D Ly @iy (ip — Ly i) s (D-38)
n =2
where h =n — /g .
(ii) For s,_1 = w, we claim that
Aky=1y o Lo 1sn s (D.39)

(iii) For s, # w, sp—1 # w, we claim that k], = k.

The following claim will help on the proof of (i), but also in the rest of the proof of this

Lemma.

2. Cram. If €, > £y, for b€ A, then, with m = £, , — {,,, we have p,,(wb) = tail(p(w))b €
St N St.

Proof. By Claim 1, the forced state sequence of wb in T” is not shorter than that of w in
T. Thus, for 0 < ¢ < ¢, we have ,u’%b_i(wb) = g, —i(w)b. In particular for i = ¢, — 1,
,u%b_ewﬂ(wb) = p1(w)b. Thus, p;, (wb) = p1(w)b. Now, if £, > £, so that m > 0, we
know that u,(wb), which equals tail(uq(w))b, is not an internal node of 77, and therefore it
is not an internal node of T' either. However, from (4.6), we also know that tail(uq(w)) is an
internal node of T. Thus, f;,(wb) must be a state of T. Moreover, since £, > 1 we know
that w is not of the form ™, and therefore tail(u1(w))b # w, and p), (wb) is a state of both
T and T’. Claim 2 is proved. O

We now consider (i), and we start by comparing the state sequences {s;} and {s}} in the
range n — s, < j <n.

(i)-1. CLAmM. Forn — s, < j <n, we claim that s; = s;, E’S; =ls;, and A~’+(59) = At (s;).
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Proof. By Lemma 4.13(i) with & = n, we get that |s;| < |s,|. Thus s; # w and we must have
s = s;-. Moreover, since |s;| < |w|, by Claim 1 the forced state sequence of s; with respect

to T"and T" must coincide. Thus, ¢, = {5, and A~’+(sg) = At (s)). 0
i

We next relate the forced state sequence lengths ¢, and /,, to the sets J’ ,(1_) and J47.
Recall that by Claim 1, ¢, > £, .

(i)-2. Cramm. We claim that J’gf) D) I with equality if and only if £, = {,,. Moreover,

ifm=1{, —Lls, >0, there is a unique index h =n —{, in J’%_)\JT(L_). The state s}, satisfies
sy, = Sp = i, (s],) = tail(pi(sp))b, and the state spiq1 is equal to vi(sy).

Proof. By Claim (i)-1, an index t; > n— £, belongs to J(x"~1) if and only if it also belongs to
J'(z"~1). Hence, recalling that Z;,n > /s, , we get the inclusion relation J’g_) o ) directly
from the definitions of J/{") and J) in (D.30) and (D.31). Furthermore, if ¢ € J’;_)\Jqs_),
we must have t; < n —{,,. If £/, ={, , this immediately gives J) = J 1 v, >,
consider the index h = n — /g, . %y Lemma 4.13(iii), h € J(z") and a fortiori h € j(x"‘l).
Hence, by Claim (i)-1, also h € J'(2"~1) and therefore h € J’gf)\JT(f). Since b > n — £, ,
considering the forced sequence parsing of z™ with respect to 177, we have R = n and

A=h—-n+l, =—l, +, =m By Lemma 4.13(ii), sj = v;,(sy), and by Claim 2,
sy, = Sp = i, (s},) = tail(p1(sn))b. Also since h+1 > n— £, considering the forced sequence
parsing of " with respect to T', we have (h ¥ l)=nand (h+1), =h+1-n+/{,, =1
Hence, by Lemma 4.13(ii), sp+1 = v1(sy). It remains to show that h is the unique index
in J’%_)\J,S_). Recall that if ¢, € J’;_)\qu,_), we must have ¢, < n —{¢; = h. Now, if
h>j>n-— E’S%, then j >n —m — s for m = E;% — L, . Since by Lemma 4.7(iii), E;,h =m,
we have j > n — E;L — b, =h— E;,h. Thus, j € J'(xz" ') and we conclude that A is the unique

index in J’;_)\Jr(f). Claim (i)-2 is proved. O

When ¢, = {s,, the indexes t; and t; in the summations of (D.33) and (D.36), and
the summations of (D.34) and (D.37), coincide by Claim (i)-2. Moreover, by Claim (i)-
1 these summations include exactly the same terms, i.e., A = A’, B = B’, and we get
from (D.35) and (D.32)

~ + ~
Akn = 18;71752(56;, ,1 - 157’1,7175”5[8”71 + A, (S’/n) - A+(8n) ) (D4O)
or equivalently,
1, o —1 =1,
Aky = { S ’ (D.41)
2% Lty )by ()b — Ly (w) () +bw > 1

which is in agreement with (i).
When ¢, > (g, , we conclude from Claim (i)-2 that A — A" = —1531,531“(1 — 6pn—1), and

B-B = —AN’JF(S;L) where h = n — ¢, is the unique index in J’gl_)\J,(f), and the factor



160 D. Proofs for Chapter 4

(1 = 8pn—1) comes from the condition ¢; < n — 1 in the summation of (D.36). Also, since
t, > s, > 1, we have 0y 1 = 0. We then get from (D.35) and (D.32)

Aky = —1 1= Onm1) = A7 () = Loy B0 + A (s)) = A¥(s,) . (D.42)

! /
Sh’5h+1(

If £, = 1, A*(s,) is null. Also h =n — 1, and the first term of (D.42) 15 zero. Recalling
that by Claim (i)-2, s}, = p,(s,) with m = £, — 1, we have A" (s},) — A& (s},) = 1

S/.

Sp—11
Thus, Equation (D.42) reduces to
Ak’n = ls%_l,s;l - ]‘Sn—l,Sn ) (D'43)
as claimed in (i).
If ¢,, > 1, the difference A’Jr(s;) — A’+(s’h) is
<t
A’ (S;L) Z 1,u] 1 (wd),pf; (wb) » (D44)
j=m+1
or, separating the first term and applying the definition of 7 to s}, and a = xp_g,, 41,
A (sh) — AT (sh) = Ly rspa) + D L (wb) s (wb) » (D.45)
j=m+2
which changing the summation index, and using that m = ¢/, — /,, , becomes
Ly
A/ ( ) A/ ( ) - 18;}(,7’(8;},@) + Z 1u971+m(wb),u;+m(wb) . (D46)
j=2

Finally, we recall that g (wb) = tail(ui(w))b. Thus, pu, . (wb) = pi(w)b, and in general
[y 4 (wh) = pj(w)b for 1 < j < £, Hence,

Lw

A, ( ) A/ ( ) - 1s’h,‘r(s;1,a) + Z 1uj,1(w)b,uj(w)b : (D47)
=2

Substituting in (D.42), and recalling that for ¢,, > 1 we have 0y, ,,—1 = 0,

Akn = —15',1,3;#1 + 1y r(sha) T Z Lt ()b ()b — a1 (w),gaj (w) - (D.48)
j=2
Since d'(s},, 5, 1) = Ly r(spa) = Lo s, o We get
Ak = d (81 8h01) + 3 Ly s @by = Ly ) 1y ) (D.49)
j=2

which concludes the proof of (i).
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We now consider (i) where s,—; = w, and therefore s/, ; has the form s/, ; = wb with
be A b=, 1|y Suppose first that |s,| < |w|, which implies that {;, = 1. Since
[sn| < |wl, also [s},| < [wb|, and we have £, = {,;, = 1. Consequently both J’s,f), and JS~)
are empty. Hence, the terms A,B,A’,B’, A~’+(s;), and At(s,) in (D.35) and (D.32) are null
and we get

Akp=1y o —1g s (D.50)

n—1:5n
If on the other hand, |s,| > |w|, since |w| > depth(T) — 1, s, must have the form s, = aw
with a = z,,. Also since s, # w, the state selected in 7" coincides with s, i.e., s/, = s, = aw.
Hence, tail(s),) = w is an internal node of 7", and we have ¢, = 1. Thus, A’+(s;l) =0 and

the set J’gf) is empty, which causes the terms A" and B’ to be null in (D.35). Hence,

kl, =1,

/.
n—1:5n

(D.51)

In T however, £;, > 1 for we have tail(s,) = w. Thus, s,-1 = pg, _1(s,), and by
Lemma 4.7(iii), we get £s, , = fs, — 1. Now, if #; belongs to J(z"!), either t; = n — 1,
or, by definition of J, t;, <n—1—/¢5,_, =n—~{,,. Thus, since the latter condition excludes t;
from J\ ) by (D.30), J~) = {n—1}. This, yields A = 0 in (D.32). As for B, notice that n— 1
must be strictly positive for the initial state sg is of maximal depth in 7', but |sp_1]| < |sp].
Thus, from (D.34), we get B = A*(s,_1). Replacing in (D.32),

kp = =A% (s,1) 4+ At (s,), (D.52)

which, since s,-1 = pg, —1(sn), reduces to 1, _, 5. This, together with (D.51), gives the
same expression as in (D.50) for Ak,, and concludes the proof of the claim in (ii).

We now consider (iii), where s,_1 # w and s, # w. Since s,—1 # w, sy, is not of the form
aw with a € A. Thus, by Claim 1, ¢/, = {,,. Furthermore, by Lemma 4.13(i) with n in the
role of h, we have |s;| < |sy| for all f in the range n — £5, < j < n. Thus, s; = s’ and by
Claim 1 4’3 = {s;, and therefore and A~’+(s;-) = A*(s;). Then, for all n — £, < j <n, we
have by the definition of forced sequence parsing that j € J(z" 1) if and only if j € J/(2"~1).
Hence, the sets J’ 51_) and Jr(f) are equal yielding exactly the same terms in (D.36) and (D.33),
and in (D.37) and (D.34). From (D.35) and (D.32), recalling that K’s% = l,, and therefore
A~’+(s;1) = At (sy,), we get k!, = k,,. This concludes the proof of (iii).

To derive (D.27) and (D.28) from (i), (ii), and (iii), we notice that AKy = 0, and there-
fore AK,, = > | AK; — AK;_;. Thus, by (D.25), AK,, = Y I | Ak;, from which (D.27)
and (D.28) follow, by (i), (ii), and (iii).

We now study AD,, £ D'(z™) — D(z"), based on AK,,. From the definition of the matrix
D, we get

AD, =AK,+ > (K)o @ (u,0) = > (Kn)ydlu,v). (D.53)

w,VES w,vEST

Since |w| > depth(7T) — 1, no pseudo-state of 7" is a proper descendant of w, and for the
same reason, no pseudo-state of 7" is a proper descendant of wb for any b € A. Thus, we can
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discard all terms with v = w in the first summation, as we know that d(u,v) = 0 in these
cases. Similarly, we can discard all terms with v = wb, b € A, in the second summation,
getting

ADp=AK,+ > (K, dwo) = D> (Kn),,dw,v). (D.54)

u,VES s, WAV uWEST VAW

We can further simplify (D.54) by grouping in a single summation the terms where d'(u,v) =
d(u,v). By Claim 1, if s € Sp N S7v, then either s = aw with a € A, in which case {5 > £, or
0y = (/. Thus, the set of pseudo-states that are new in 7" with respect to T' come from the
new states wb with b € A,

v\uc ) mi(wd). (D.55)

beA,1<i<l!,,

Now, if ¢/ , > ¢, for b € A, then, with m = ¢/ , —£,,, we have !, (wb) € Sy NS by Claim 2.
Thus, by Lemma 4.7(iii), with s’ = pu,, (wb), p(wb) = pl(s") for all 1 < i < m. Furthermore,
since m < £, |s'| < |wb|, and therefore s’ is not of the form aw. Hence, by Claim 1, £y = £.,.
Thus, ) (wb) = pi(s') = pi(s’) € U for all 1 < i < m, and (D.55) becomes,

U\U C U 1 (wb) . (D.56)
bEAL,  — Loy <i<U,

Notice that (D.56) is still valid when ¢ , = ¢,,. Changing the index variable,

oNuc o s, (b)), (D.57)
bEA,1<i< Ly,
or,
vN\uc | mi(wh). (D.58)
beAO<i<ly

Since 1, bﬂ.(wb) = g, —i(w)b, we get,

v\vc | mwp. (D.59)
beA1<i<ly,

We now consider the pseudo-states of U that are no longer pseudo-states in 7”. This includes
the pseudo-states 1 (w) - - g, (w), which may not belong to U’ as w & S, and also pseudo-
states u;(s) of states s € Spv N Sy with £5 > ¢,. By Claim 1, only states of the form s = aw
have longer forced pseudo-state sequence in T' than in T”. In this case, we have w = pg,_1(s)
and by Lemma 4.7(iii), u;(s) = pi(w) for all 1 < ¢ < ¢,,. Hence, since py,+1(s) = s € U’,

nNU'c | wilw). (D.60)
1<i<tly

We next characterize the cases in which 7 and 7’ differ. We define the integer m as the
unique index 1 < m < £, — 1 such that p,,(w) € Sp, and py,+1(w) ¢ U’ if such index exists,
and m = 0 otherwise. Notice that, if t = pj(w) € Sp with 1 < j < ¢, then ¢, = j and
pi(w) = pi(t) for all i < j by Lemma 4.7 Part (iii). Since |uj(w)| < |w|, t is also a state of
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T’ and its forced pseudo-state sequences coincide in both context trees by Claim 1. Hence
pi(w) = pi(t) € U’ for all i < j, and therefore there can exist at most one index 1 < j < £,
such that p;(w) € St, and pj1(w) € U'.

3. CLaM. Let s € Sy, and s’ € Sy, such that s < s, and let also a be a symbol of A
such that as is not an internal node of T, and as’ is not an internal node of T'. Then, if
7'(s',a) # 7(s,a), one of the following holds:

o 7(s,a) = p1(w), and 7'(s',a) = p1(w)b where b = (as') |, (w)|+1- In this case, p1(w)b &
U.

e m>0,s=5 = pn(w), and 7(s,a) = pm41(w) = as.

Proof. Let u = 7(s,a), and v’ = 7/(¢', a), with u # «'. We first show that v’ < as. Otherwise,
as u' < as’ by the definition of 7, s and s’ must be different, and therefore s = w, and s’ = wec
with ¢ € A. Thus, v/ < awe but v’ £ aw, and we must have v’ = awc, which is a contradiction
for |w| > depth(T') — 1. We conclude that v’ < as. Hence, both u and u' are prefixes of as,
and therefore they are also prefixes of as’. Since u # v/, either u < v’ in which case we know
by the definition of 7 that ' € U\U, or v/ < u in which case u € U\U’. If u < v/, v’ € U'\U,
and v has the form v’ = p;(w)e by (D.59). In this case, p;(w) is the longest prefix of v/ in
U, and therefore v = p;(w). Since v’ < as, tail(u') < s. Thus, tail(u;(w)c) < s, and we must
have i = 1 by (4.6). The symbol ¢ must be equal to b = (as’)|,, (w41 for v’ = p1(w)c < as’.
If on the other hand v < u, u € U\U’, and u has the form u = p;(w) by (D.60). Since
pi(w)e € U’ for all ¢ € A, but 7/(s',a) < u;(w), then p;(w)e A as’ for all ¢ € A. Hence,
since pi(w) X as < as’, we must have p;(w) = as, and therefore s = y;—1(w). Furthermore,
as |pui—1(w)| < |w|, s = s'. Since as’, which is equal to u;(w), is not an internal node of 7"
by the assumptions, ¢ < ¢,,. Thus, we have an index j =i — 1, such that 1 < 57 < £, — 1,
pi(w) € S, and pjq(w) ¢ U', and therefore m = j. The claim is proved. O

We define the set Z,,, C St x St as empty if m = 0, and {(pm(w), Vm+1(w))} otherwise.
We also define Z; = {(u,vi(w)) € Sp x St : v # w, tail(p1 (w)) < u}, and take Z = Z,,, U Z;.
Notice that, if 7/(u,a) # 7(u,a) for some v € Sp N Sy and a € A such that au is not an
internal node of T', nor of T”, then there exists a unique state v € S7 N Sy, such that v < au,
and by Claim 3 (u,v) € Z. On the other hand, if w € S7 N Sy and a € A are such that au is
not an internal node of T', but awu is an internal node of T”, we must have au = w. Notice that
in this case, the pairs u, w and u, wb with b € A are excluded from the summations in (D.54).
We then define W = {(u,v) € Sp x Sp : v # w,v # w,(u,v) ¢ Z}, and rewrite (D.54)
as (D.61) below,

AD, = AK,+ Y (AKy),,d(u,v)
(u,v)eW

(=600 > ((K;)u,vd’(u,v)—(Kn)u,vd(u,v)>

(uv)eZ

+ Y (KR e d (whv) = D (K, , d(w,v), (D.61)

be AweS VEST
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where the factor (1 — &y, 1) excludes the case v1(w) = w, assuring that v # w in (u,v) € Z.

We show next that the first summation in (D.61) is null. From (D.27) and (D.28), it is
clear that all nonzero elements (AKy,), , with u,v € S7 and u # w,v # w, come from terms
of the form d’(s;_zsl_,sg_&ﬁl) or 1, (w)u;(w)- In the latter case, if y;—1(w), and p;(w) are
both states of T', then d(p;—1(w), pj(w)) = 0 by definition. On the other hand, when s, = wb
and 6;2 > (s, so that a term d/(s;_esl_,s;_gsﬁl) arises in (D.28), we have by Claim (i)-2 that
tail(p1(w)) < si—e,, = 8;_,, and s;—¢, +1 = v1(w). Thus, the pair (s;_, ,s; , ;) does not
belong to W, for either 5;—£5i+1 = Si—t,,41 = 11 (w) in which case the pair belongs to Zi, or
Si ¢, 41 7 Si—t,,+1, in which case s} , ., & Sp. We conclude that

> (AK),, d(u,v) =0. (D.62)
(u,v)eW

We now analyze the summation in (u,v) € Z of (D.61). Namely,

A= ) (K) ' (us0) = > (Kn)y,d(u,v), (D.63)

(u,w)eZ (u,w)EZ

where we are assuming ¢,, > 1. We can also write (D.63) as

Ar= > (K, (d(u,0) —du,0) + D (AKy),,d (u,v). (D.64)
(uv)eZ (u,w)eZ

Consider a pair of states (u,v) € Z, such that (AKy),, , # 0. If (u,v) € Zp, pm+1(w) € U,
and since py41(w) # w for m + 1 < £, by the definition of m, p,4+1(w) ¢ Sr. Thus,
[Vm+41(w)| < |pm(w)|, and therefore entry (AK,),, is not affected by terms labeled C
of (D.28). Similarly, if (u,v) € Z;, tail(pi(w)) < w and therefore |v| = |v1(w)| < |u|. Thus,
entry (AKy,),, is not affected by terms labeled C of (D.28) either in this case. Hence, since
terms labeled A do only affect entries (AK,),, ,, with v’ < w, we see that (AKy), , comes
, of terms of (D.28) of the form d’(s/ SQ—K%H) with

from the negative part, —1 i—ly

!
i—ls; " Si—ls; +1

s; = wb and ¢, > £,,. Thus, for (u,v) € Z,

n
(AKn)uﬂ) = - Z Z 5s;,wb<1 - 5431’4', )6%8;7251. 5v,s§725i+1 . (D65)
i=1 beA ¢

Hence, the last summation of (D.64) is,

n
1ol /
- § Z E 5s;,wb(1 - 6351. 73;, )51"5;—63. 5v7s;_es_+1d (Si—ﬂsi s Si—Zsi—&—l) )
i i i

(u,)eZ i=1be A
or,
n
1yt /
- Z Z 55;,wb(1 - 5651,,6’5,_ )d (Si—ési ) 81’—651.—&-1) Z 5u,s;45_ 5v,s;7£5'_+1 . (D'GG)
i=1 bc A ¢ (uv)eZ ‘ '

Now, by Claim (i)-2, when s; = wb and £}, > {s,, we have that tail(y1(w))b = si—¢, = s;_,_,
and ;g 41 = vi(w). If Si—ty,+1 =+ ngésﬁl’ then s;_ +1 = w. Thus, vi(w) = w and
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therefore ¢,, = 1. Hence, in this case we have s,_; = tail(w)b = tail(s}), and there-
fore d'(sj_, ,s;_,. Jrl) is null. If on the other hand s;_, 1= Sity +1 = vi(w), then
(8 s, » z—fsv—l-l) belongs to Zi, since also tail(pi(w)) < tall(,ul( )b = s;_, . We conclude
that for every i such that s, = wb and ﬁg,i > Ly, either >3, ey 5"’81‘45 (5%31 P =1, or

d'(si_y, Sy, +1) = 0. Thus, (D.66) gives for the last summation of (D.64),

- Z > 0y (1= 0y, IALICRIRE SO (D.67)

i=1 becA

As for the first summation of (D.64), we can write it as

Z (Kn)u,v (1u,T’(u,head(v)) - 1u,7’(u,head(v))) : (D68)
(u)€Z

Substituting (D.67) and (D.68) in (D.64), and this together with (D.62) back in (D.61), we
get

AD, = AKH+(1_6@w,1) Z (Kn)u,v (lu,T’(u,head(v))_1u,~r(u,head(v))) (D'69)

(u,v)€Z
— ZZ(SS/ wb ]. 6€ f/ )d( ;—_KSi,S;_ZSi_;'_l)]
=1 be A
+ Y (K, d b)) = > (), dw,v).
beAveS vEST

When /4, = 1, (D.69) with (D.27) yield

ADngI) = Zn:(ssil,w( s; 18, 182'71781') (D7O)

+ Zészﬂv - 57, 17w) (13271,32 - 181‘71751‘)
+ Z () i @ (w0, 0) = D7 (Kin)yy A, 0),

be AweS vEST

and when ¢, > 1, (D.69) with (D.28) yield

AD f >1) 2551 1,W (15271,32 — 151._1’51_) (D71)
+ Zzés’ wbz 1,uj 1(w)b,pj(w)b — M] 1(w),p; (w)
i=1 be A
+ Z uv UT/(u,head(v)) - ]-u,T(u,head(v)))
(u,w)eZ

Y (K b = 3 (K d(w,v).

be A, veS vEST
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We now show that the last two summations of (D.70) have the effect of “redirecting”

/ /

the destination of transitions (s,_;,s}) and (s;,—1,s;) of the first summation to 7/(wb,z;)

and 7(w,x;) respectively. Similarly, the last two summations of (D.71) have the effect of

/ /

“redirecting” the destination of transitions (s;_;,s) and (s;_1,s;) of the first summation to

7' (wb, x;) and 7(w, x;) respectively. We make use of the following claim.

4. CLAIM. Let u be a state of an arbitrary context tree T such _that lu| > depth(T) — 1. We
claim that Ky. = Ny and for every state v of T K, uw = Nuw, where we are using the
notation K and N to emphasize that the matrices are calculated with respect to T. If also
[u > 1, then F*u = ~tai|(u),u = N*u

Proof. Since |u| > depth(T) — 1, u can only belong to the forced state sequence of a state of
the form s = au with a € A. In this case we have py,_1(s) = vp,—1(s) = u. Thus, for all states
t,v of T, we have A~ (t)y = AT (t)u0, which are equal to one if ¢ is of the form au, and zero
otherwise. The first part of the claim then follows from parts (v) and (vi) of Lemma 4.13,
which yield N — K = 32770 A~ (s4,,,) — AT (s1,4,). I 6y > 1, At (u)sr = A (W) raitguy . = 1.
Also AT (t)s, = 0 for all states t that are not of the form au, and A™ ()., = A* (t)gaii(w),u = 1
if t = au. Now, since |u| > depth(T") — 1, for all j such that 1 < j < n and §; = u, either
jeld, or 5j4+1 = Tj41u, in which case j +1 € J and j ¢ J. Hence,

r—1 r—1
<Z A+(Sti+l)> = <Z A+(Sti+1)> = N*u . (D.72)
i=0 tail(u),u ’ *u

Since |u| > depth(T) — 1, no pseudo-state of T is a descendant of u, and therefore B, = 0.
The claim is proved if we show that D,, = f?ta“(um = N,,. Thus, by Lemma 4.13(vii),

and (D.72), we only need to show that (ZZ:OI 15t-,n) = 0. Now, if 7, = u, then 3,41 = u
1 U

for both 7; and §;,41 are prefixes of ztit1. But since [u > 1, this implies that t; & J , which is
a contradiction. O

By Claim 4, we have

n

> (Kn)ypd(w,v) = 8, wd(sio1, i), (D.73)

UEST =1

and also

> (&) b @ (WD, 0) 2551 B ACARI AR (D.74)

be A,veS
Thus, (D.70) becomes

AD»=D = Zésl 1w( si_ T (si_xi) T 151‘7177(51'717331'))

+ Zésuw(l - 551-,1711)) (152_175; - 151'71751') ) (D.75)
i=1
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and (D.71) becomes

n

AD7(l€w>1) = sti_hw <1s;_17T/(S§_17%.) — 151,71,7-(52.71,%)>

=1
n b
+ Y Saraob Y Ly ()b ()b — Loy () ()
i=1 be A 7j=2
+ Z uv uT’(u,head(v)) - 1u,7‘(u,head(v))) . (D76)
(u,v)eZ

We now derive (4.27) by analyzing (D.75). Since £,, = 1, by (D.60) and (D.59), all pseudo-
states u in U UU’, such that w A u, belong simultaneously to U and U’. Notice that the first
summation affects exclusively transitions departing from w in D and, from {wb : b € A} in D’.
When (1 — 65, ,w) =1, s;_; = s;_1, and therefore each term of the second summation adds
and subtracts a transition from the same state. Thus, D,. = D)., for all u such that w £ u.
On the other hand, the second summation affects exclusively transitions arriving at w in D
and, at {wb: b€ A} in D’. Since ¢, = 1, by Claim 3 we see that 7/(s,_;,z;) and 7(s;_1, z;)
coincide except when 7(s;_1,2;) = w. Thus, the first summation does not change the total
number of incoming transition to pseudo-states that do not belong to {w} U {wb : b € A}.
Hence, also D, = D/, for all u such that w A u. As a consequence, since no pseudo-states
descend from w in T nor in 7" for |w| > depth(T) — 1, we have by the definition of B that
By p(u) = B, () for all u in U\Sr, or equivalently U'\S7/. Now, consider a pseudo-state u
such that w A u. Only the second summation may affect transitions departing from u. Recall
that when (1 —d5, , ) =1, s,_; = s;_1. Thus, outgoing transitions from u are only affected
by terms with index ¢ such that s; = w, (1 -0, ,w) =1, and u = s,_; = s;_;. Each of these
terms subtracts 1,4, and adds 1y 5, where b = (55);_|,,|. Furthermore, since £,, = 1, tail(w)

is an internal node of T, and therefore tail(w) < u < x?~1sy. Thus, the symbol b is uniquely
determined by w as b = b, = wy,|. Hence, each term that affects outgoing transitions from

u subtracts 1y, and adds 1, ,p,. Therefore, (ADgw:U) = — (ADgw:U) . Now,

U, Why, u, W

sincew ¢ U, D, ,, = 0, and therefore D, ,, = — (ADSLE’“:U) . Analogously, since wb,, € U,
w,Ww

Dy b, = 0, and therefore D! . = (ADSZ“’:D> ) Hence, we have D), . = Dy b, = 0,
k] u u7w » ] )

Duyw = Dy > and Dy = Dy, for all v such that v ¢ {w,wb,}. This, together with the
fact that B, ,u) = B, »(u) When u belongs to U \St, or equivalently U’\ Sy, gives

Fu! 11, Fi!

———————— =1, for all w such that w A u.

Fu.ll T, Fuo! =
We now consider outgoing transitions from pseudo-states u in {w} U {wb: b € A}, which are
affected exclusively by the first summation. Notice that By, = BJ, = 0 for all such u. Since
wb ¢ U for any b € A, Fypy = 0 for all u € UUU’, and therefore F,, , = (AD,(f”:l)>

wb,u

By (D.75), this is equal to Y ;" ; Os/_, wbOu,r' (whz;)- Thus, with a = head(u), F,
7' (wb, a) = u, and F),

wb,u

= '\ if
wb
= 0 otherwise (notice that 7/(wb, a) is well defined for all symbols a,

wbu
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as |wb| = depth(7”)). Hence, since by the definition of 7, 7/(wb,a) = 7/(wb, ¢) if and only if
a = ¢, we conclude that
Fo N

wbx* _ wbx*

- — :
o Funat Taean'sy!

Similarly, since w ¢ U’, Fy,,, = 0 for all u € U UU’, and therefore Fy,, = — (AD%&“:U)

By (D.75), this is equal to — 71" | 05,y wlu r(we,)- Thus, with a = head(u), Fyu = nl® if
7(w,a) = u, and F,, = 0 otherwise (notice that 7(w,a) is well defined for all symbols a, as
|aw| > depth(7T)). Hence,
Fo! Nys!
1 a)y’
HUFwa’U‘ HaeAng})!

which concludes the proof of (4.27).

We now study (D.76) to derive (4.28). Looking at the three summations of (D.76), we see
that Dy, and D), ,, may differ only for u € {w} U {wb:be A}, for u € S1 £ {u: (u,v) € Z},
and for u € U, UU,,, where Uy, = {u;(w) : 1 <i < €y}, and U}, = {pi(w)b: 1 <i < £y, b €
A}. The set Sy has, by definition, null intersection with {w} U {wb : b € A}. We claim that
also {w} U {wbd: b € A} has empty intersection with U, U U,,.

5. CLAIM. The set {w} U{wb:b e A} has empty intersection with U, U U),.

Proof. Let u be an element of U, U U,,. By definition, |u|] < w with equality only if

u = pg,—1(w)b for some b € A. Hence, if the intersection is not null, we must have
w = pyg,_1(w)b. But in this case w is of the form w = bl and consequently £, = 1.
We conclude that the sets do not intersect, as claimed. O

As a consequence of the last claim, only the first summation of (D.76) affects outgoing
transitions from u € {w}U{wb : b € A}, and we observe that it gives rise to the factor IT(¢»w=1)
exactly as in the case £,, = 1. In the sequel we study outgoing transitions from pseudo-states
u ¢ {w}U{wb:be A}, which are not affected by the first summation of (D.76).

We claim that
EL T Fy
Fu*! /HU Fu,v!

As u € Sy, u is a state of T and therefore B, = B), = 0, i.e., we only need to take care

=1 for every u € S1\Uy . (D.77)

of the matrix entries in D and D’. For the same reason, u is not of the form pu;(w)b. Since
also u & Uy, the difference between Fq’w and F,, for any v € UUU’ is determined by the last
summation of (D.76). Recalling that u # pu,, (w) for u € Uy, it then follows that F, , = F,
for all v, except possibly for v € {r(u,a), 7' (u,a)}, where a = head(v;(w)), and 7(u,a) #
7'(u,a). By Claim 3, 7(u,a) = p1(w), and 7'(u, a) = p1(w)b, where b, € A depends solely on

u. Since pi(w)b, ¢ U by Claim 3, F, b, = 0. Thus, F/ (s = <AD£fw>1)> _
SH1 u w1 (’LU)bu
= 0 by Lemma 4.13(vii). Thus, F, , ) =

U, 1
= Fypi(w), and Fy ) (wyp, =

1 (w)
Ky (w)- Also since py(w) < 7'(u,a), F),

u,,ul(w)
- (ADg“’M)) »
w1 (w

= Ky, (w)- We conclude that Fém(w)bu
F! i (w)> from which (D.77) follows.
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We are left with the multinomial factors in the pseudo-states of Uy, and U}, i.e., with the
quotient Iz /Tl where

F,.! F’l
r = H H}‘UUI’HT: H I, F !‘

weU,,UUY, uEU,,UUY,

For convenience we split Il and Il in two factors as
Iy = lpy x Uy gy ;U = g g < g g

where

F,.!
7y = H I FM"H’U: H I Q}M

uell, ueUyw\UJ,

and
/|

O =[] H rp =[] HF“*'

uel/, ueUy\UJ,

We can write Iz as
ly—1

Ip = H H “’(w (D.78)

beA i=1 ITo Eluswybo

and also for Iz
lyw—1 )i

O =[] H (D.79)
beA i=1 v
For Il y and Il7 iy however, some indexes in the range from ¢ = 1 to £,, —1 may be excluded
from the product as they may correspond to elements p;(w) that belong to the intersection
Uw NU,,. We now characterize the elements in U, N U),, for which we define r as the largest
index, in the range from 1 to ¢, — 1, such that u,(w) has the form crr )l with ¢ € A, or
r = 1 if such index does not exist.

6. CLAIM. Let i be an integer such that 1 < i < ly,. Then, u;(w) € Uy, NU,, if and only if
1 <randi>1.

Proof. It p;i(w) € Uy, NU,,, there exist b € A and 1 < j < £, such that p;(w) = p;(w)b. Since
pi(w) and pj(w)b are equally long, we must have i > 1 and j =i — 1, i.e., pi(w) = pi—1(w)d.
Since by definition also u;(w) = du;_1(w) for some d € A, pi(w) must have the form bl#i (W)l
Hence, i < r as claimed. On the other hand, if 1 < i < 7, then p;(w) = c#®! by the
definition of r. In this case, pi_1(w) = tail(u;(w)) = @1 Thus, pi(w) = pi—1(w)e,
which belongs to U, N UJ,. O

Indexes m and r are related as follows.

7. CLAMM. Ifm >0 and r > 1, then m > r.
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Proof. If r > 1, then p,_1(w) = c#r=1(] and p,.(w) = @I Thus, p—1(w) < pr(w) and
therefore p,.(w) & St. Hence m # r by the definition of m. If 1 < i < r, then p;1(w) € U’
by Claim 6, and therefore ¢ # m by the definition of m. We conclude that if m > 0 and r > 1,
then m > r. O

By Claim 6 we can now express Il and Il7v ;7 as

Ly—1

(w)x*
Oy = E (D.80)
H (w ,v' 11;_[1 ul(w) v
and
Fuws 557 Fluw:
My = = — L (D.81)
o Byl 2570 o By o

Consider the subsets U = {p;(w) € Uy : i > 1} and U’ = {pi(w)b € U, :i > 1,b € A}.

8. CLAIM. For every u € Uf UU'}, Faiwyu = Fau = Fus + 95,0 and I,
F), + s, u-

Proof. By Lemma 4.13(xi), B, = B, = 0 for every u € U} U U’:;, and therefore Fy = Dyy
and F), = D),. From Lemma 4.13(vii), we observe that for a positive entry D, , with
u € UJr U U’+, v must be of the form v = tail(u). Hence, Fiy = Dyii(w),u = Flail(u),u- AlsO
by Lemma 4.13(ix), Fyx + 0s, 4 = Fiu, where we have ruled out the term dg,, by the con-

tall(u)u = F*CU =

dition of sy being of maximal length. Similarly, F}, 4 0y ., = F}, = Ft/al|(u) ,» and since

u & {w}U{wb:be A} by Claim 5, 6y o, = s, u- O

By Claim 8 we then have

F, (w)b*! fu

HT,U/:HF = A TL I Fuwes! | (D.82)

beA ~ Hew—1 (@™ \ Gy )b

and, when r < £, — 1, Il = HE,T)U where,

-1
F | F [ T
() _ pa (w)s 1 (w)*
My = .F 7 A | | e (D.83)

pa (w)0" 5 gy =1 (W)W \ G2 ()

lyw—1 -
X ( H max{l,F*m(w)ésmM(w)}> :

i=r+42
Notice that the last factor of (D.83) accounts for the term Js, ,, in Claim 8, which makes F,.
to differ from Fi,jiy)u = Fiu When s, = u. A similar factor is not necessary in (D.82) as
clearly p;(w)b is not a state of T' (nor of T since i < ¢,,). In the case r = ¢,, — 1, we simply
get from (D.80), lry = Hgﬂ]?[)] where,

F !
(R) p(w)*
Iy, = s (D.84)
T7U Hv Ful (w),v
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Equations (D.82), (D.83), and (D.84) are valid for Ilyv ;; and Ilyv ;v replacing F by F”.

We now proceed to analyze the different kinds of factors in (D.83) and (D.82). The
following claims are instrumental to this aim.

9. CLAIM. Let u = p;(w)b withb € A and 1 < i < £,,. Then, for v = p;+1(w)b,

D Dyy— %wb — Naw, ifi+ 1.< r,b = head(u), (D.85)
’ N otherwise.
Also for v # piy1(w)b,
—Nuiw, ifi+l=rb= head(u),v = pit2(w)
o o_p w; ) ) ’ D.86
w Y { 0, otherwise. ( )

Proof. Since u is not a state of T', u € S1, and therefore Dq’w — D, is determined exclusively
by the second summation of (D.76). If i + 1 < r and b = head(u), we know by Claim 6 that
pivo(w) = blHe+2W) - and therefore pu;, 1 (w) = pi(w)b, and ;1o(w) = piy1(w)b. Furthermore,
since w is not of the form b/*! for ¢, > 1, i +2 < £,,. Hence, the term 1
added N, times, and the term —1
same entry (AD(&”N))U iy (w
sHi41

these are the only two terms that affect (AD“W>1))UU in this case, we get D, , — Dy, =0

if v # pit1(w)b. Thus, to prove the second line of ’(D.86), it remains to show that when
v # piv1(w)b, Dy — Dyy = 0if i +1 > 7, or b = head(u), or v # pira(w). Indeed,
1 (). gai o (w) With
ti+1(w) = uw and pipo(w) = v. The condition p;+1(w) = u implies i + 1 < r and b = head(u)

i ()b, i1 1 (w)bs which is
Bit1(w),pit2(w)> which is added N, times, affect both the
o This gives the first line of (D.85) where v = p;41(w)b. Since

since v # pi11(w)b entry (AD(Zwﬂ))u , can only be affected by a term —1,

by Claim 6, which completes the proof of the second line of (D.86). Moreover, if i +1 = r
and b = head(u), so that u;11(w) = u by Claim 6, and also p;r2(w) = v # piyr1(w)d, then
the only term of (D.76) that affects (AD<ZW>1))WJ 18 =1, (w),pipa(w), Which is added Ny,
times as i + 2 = r + 1 < £,. This proves the first line of (D.86). Finally, if i + 1 > r,
or b # head(u), then we see that for v = p;1(w)b, entry (AD(ZMN))W} is only affected by

the term 1, p- Indeed, if the entry were affected by a term —1 w), then

i(w)b, g1 (w) Hit1(w)piva(
piv2(w) = pir1(w)b and therefore ¢ +2 < r, and b = head(u) by Claim 6. Since the term

10 (w)bygaisr (w)p 18 added N7 times, the first line of (D.85) is proved. O

10. CrAamM. Let u = pi(w) with 1 < i < £y, and i # m. Then, for v = pir1(w) and
b = head(u),

! _
Du,v _DU,U -

(D.87)

;wb_N*w’ if1<’L'<’l",
— N, otherwise.
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Also for v # piy1(w) and b = head(u),

fN,

*wb?

if 1 <i1=rv=ub,

Ky,  if u € Sr,7(u, head(v)) = p1(w), 7' (u, head(v)) = p1(w)c = v,

—Ky ()  if u€ S, 7(u, head(v)) = p1(w) = v, 7' (u, head(v)) = p1(w)c,

0, otherwise.
(D.88)

Proof. We first prove (D.87), i.e., we consider v = p;yi(w). If 1 < i < 7, then p;(w) =
ti—1(w)b with b = head(u) by Claim 6. Hence, u ¢ Sp and therefore, only the second sum-
mation of (D.76) may affect entry (AD@ >1)) . If i < r, then also pit1(w) = pi(w)b. In
this case, the term 1, ()b, u;(w)p, Which is added N, times, and the term =L (w) i (w)
which is added N, tlmes affect the same entry (AD(E >1))um (W)’ This proves the first
line of (D.87). If i > r and i > 1, then p;y1(w) # pi(w)b for all b € A. Thus, the terms
1, (w)byui(wyp With b € A do not affect (AD(&“M))W} for v = pit1(w). Hence, in this
case, the second summation of (D.76) makes a negative contribution —N,,, to (AD(&“N))%U
through the term —1,.(4) ;. (w)- The same applies when ¢ = 1, as in this case no term of
the form 1, ()b, (w)p affects the entry (AD(€“’>1))U7U. We next show that the third sum-

mation of (D.76) does not affect (AD(€“’>1))U ,» Which concludes the proof of the second line
of (D.87). Suppose that (u,v') € Z, where v'is the unique state of T such that v/ < v, and
7(u, head(v)) # 7/(u, head(v)). Since i # m, by Claim 3 we have that 7(u, head(v)) = p1(w),
and 7’(u, head(v)) = p1(w)b. Thus, in order to affect entry (AD(K >1))u with v = 1 (w),
we must have v = py(w)b, but i (w)b ¢ U by Claim 3. This concludes the proof of (D.87).
We now consider (D.88), where v # pip1(w). If i@ = r > 1, then p(w) = pi—1(w)b with
b = head(u). Thus, u ¢ Sr, and therefore, only the second summation of (D.76) may af-
fect entry (AD(&“M)) . Since v # pir1(w), only the term 1, | ()b, (w)s> Which is added

N, times, affects (AD(&“M))UU for v = ub. This proves the first line of (D.88). Notice

)

that when v # ub we obtain (AD(£w>1))uv = 0 in agreement with the last line of (D.88),
which is selected since u ¢ St as required by the second and third line. If 1 < ¢ < r, then
wi(w)b = piy1(w) # v, and therefore the term 1 J(wy» does not affect (AD(&”M))

pi—1(w)b,p; u,v’
Similarly, if ¢ = 1, no term of the form 1, p affects (AD(£w>1))uv. Thus, in any

—1(w)byp (w) :
case, the value of (AD(Z“’N))U is determmed exclusively by the third summation of (D.76).

The remaining lines of (D.88) then follow by Claim 3 recalling that i # m. O

The analogous of Claim 10 for the special case u = g, (w) is Claim 11 below. When
m > 0 we denote the symbol head(pi;,+1(w)) by a,,. Notice that, since m < ¢, — 1 by the
definition of m, p;,11(w) # w, and therefore pi,,11(w) is not an internal node of T7". Thus,
7' (u, am) is well defined for u = p, (w).
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11. CLaM. Suppose m > 0 and let uw = py,(w). Then,

Du,um+1(w) - Ku,Verl(w) + Nuaw
/ J—
wpmaaw) = 0

D;,T’(u,am) Kuv’/m+l(w) ’

D = 0.

u7T/(u7am)

Also for all v & {pm+1(w), 7' (u, am)},

Kypwys  if T(u, head(v)) = pr(w), 7'(u, head(v)) = p1(w)e = v,

D;’U—Du,v =9 Ky if T(u, head(v)) = p1(w) = v, 7' (u, head(v)) = py(w)e, (D.89)

0, otherwise.

. yy>1
Proof. Since fim+1(w) & U, D:Lv:um+1(w) )T (ADS1 i )>U“U«'m+l(w)‘

Also 7' (u, am) < T(uy am) = prms1(w) for pm41(w) € U’, and we see from Lemma 4.13(vii)
that Dy +(y,a,,) = 0. As a consequence, D/ = (AD%”JJM)) . The last sum-

u,T/(U,7am) u,T’(u,am)
mation of (D.76) adds K,,, wpmer(w)- As the second

summation of (D.76) does only include terms of the form 1) 0, and 7/(u, am) < pmy1(w),

= 0. Hence, D

Uy -1 (W

(w) times the terms 1, 7r(yq,,) — 1

entry (u,7'(u,an)) of ADY*>Y is determined exclusively by the last summation. We then
conclude that D, =K

T (w,am UVm 1
r > 1 then m > r, Ecmd ‘)cherefore Lm(w) is not of the form pi,,—1(w)b. Thus, no term of the
jj—1 ()b (w)p Of the second summation of (D.76) affects (AD““’N))U#MH(HJ). On the
other hand, the second summation of (D.76) does subtract N, times the term 1, , . (),
= Kuyppii(w) T New. We finally
of the second summa-

(w)- As for entry (u, pm11(w)), recall that by Claim 7, if
form 1

which together with the last summation yield D

U 1 (W)

observe that for v € {jmy1(w), 7' (4, am)}, the term —1,, (w0 (w)

tion of (D.76) does not affect (AD%&”M)) . A term of the form 1,

) does not
u,v

j—1(w)b,p; (w

affect (AD%W”) either, for otherwise, ti,—1(w)b = pp(w) and therefore, 1 < m < r,

U,

contradicting Claim 7. Thus, only the third summation of (D.76) may affect (AD%“’M)) ,

U,

and since v & {pm+1(w), 7' (u, am)}, (D.89) follows from Claim 3. O

We now consider the quotient Iz s / Uy . By Claim 9, we see that the factors F),, (p,05
and F /; ()b of (D.82) cancel each other, except possibly, when they correspond to B and B’
entries, or when the first line of (D.86) applies. In the latter case, i + 1 = r,b = head(u), and
v = pit2(w). Thus, p;(w)b = pir1(w) = pp(w), and v = pp41(w). We then get,

lyw—1
HUppr (H F () P, (w)p,t! Bm(w)b,p(m(wb)!) (1= 0r1) Dysy () i1 (w))!
I ! / °
Oror G Fren—spas Fmn @ 27 Bl (uawi)’ ) (8= 000D ) )

(D.90)
A similar factor cancelation occurs in Iz iy /II7 7 when we look at (D.83). By Claim 10,

we see that the factors F), () ., and Fl’”(w) p» With m <i < £y, i # m, and v # p;41(w), cancel

)
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each other, except possibly, when they correspond to B and B’ entries, or, when the second or
third line of (D.88) applies. In the latter case, observe that if u € Sp, 7(u, head(v)) = u1 (w),
and 7’(u,head(v)) = p1(w)e, then pi(w)e does not belong to U by Claim 3. Hence, if
v = p1(w)c, Dy = 0 and therefore D), , = K, () by Claim 10. Also, if v = p1(w), since
p1(w) < 7'(u,head(v)), we see from Lemma 4.13(vii) that D;, , = 0, and therefore D, , =
Ky, (w) by Claim 10. Hence, when the second or third line of (D.88) applies, the factors
Fy(w),0> and F;Li(w)yv, also cancel each other for v = pq (w) and v' = pq (w)e. Similarly, if i = m,
by Claim 11 the factors F),, (), and F’ i (1),

except possibly, when the first or second line of (D.89) applies. In this case, the factors F),, () .0,

cancel each other for v & {pm+1(w), 7' (u, am)},

and Flln(w)w’ cancel each other for v = p;(w) and v' = pq(w)ec. Thus, when r < £, — 1 we get
from (D.83),

(r) ' ly—1
1_[T’,U — #1 (w)* H ”'FMTH( )* 'FW —1(w),w ! H B.U“i(w)vp(y‘i(w))! (D.91)
T / / / .
), Fuswy+ 1T, Fm( 1! Frriay Fly oyt i3 Brusw). o (uaw))’

)

II

X 5
((1_5m,0)(1_6771,1)Kum(w),u,,L+1(w))!

where,
Lo
[Ti - max {1, Fopy ) O s }
lw—1 '
Hi:r+2 max {1 F*y, (w) 55nnui(w)}
Notice that if m > 1, then m > r by Claim 7. Thus, the factor K, o (W)t (
denominator of (D.91), since for v = 7/(u, ay) # pimi1(w), we have D’

= (D.92)

w)! arises in the

w, 7 (U, am) Ku,um+1(w)7
but Dy +(y,a,,) = 0 by Claim 11. The same factor cancelation arguments used to derive (D.91)

apply also to the quotient [[, F), /H m(w U'. In this case, if m # 1 we see by
Claim 10 that only the factors With v = po(w), or those corresponding to B and B’ entries,
survive. If m = 1, by Claim 11 we see that, besides B and B’ entries, and the factor with

= p2(w) = pmy1(w), a factor K, (w) .. (w)! arises in the denominator. This comes
from the fact that for v = 7'(u,am) # pmy1(w), we have D! ) = K (w)> but

Du,T’(u,am) =0. Thus,
I B! _ P pa)! B ) o)) 1 . (D.93)

ILF et Flwymm) Bl ey’ Omi K, @) w)!
Substituting (D.93) in (D.91), we get

000 Fp e T ) Brs ) ot ) ey s P 1), [ﬁl By w) p(pus(w)’
r - / / /
1), E m(w>*F ) () B ), ur 0))! Frr @9 Fy 0 i551 Brastu) o st
I
X . (D.94)
((1=0m,0) B (1) 1 ()
Also from (D.93) and (D.84), we get for r = £, — 1,
(R) /
I FL o s ia ) Bn ) g ()
U T p(w)x p1(w),p2(w) /m( ):p(p1(w)) y 1 ‘ (D.95)

1y, Fm<w>* B ) n) Bl @) )t Oma K (@) vma (w))!
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If » > 1, then by Claim 7, either m = 0, or m > r. But since m < £, — 1 by definition,
we must have m = 0 if » = £, — 1. On the other hand, if » = 1, and r = £,, — 1, we have
m < £, —1 =1 and therefore m = 0. Hence, when r = ¢,, — 1, d,,,1 is always zero, as so is
(1 — 6m,0). Since also IT = 1 when r = £,, — 1, we get combining (D.94) and (D.95),

... F . F N0 Y ™) o T
U _ S m(w) mUm()&(MmU)X I < 11 ’ (D.96)

Ury  F m<w>*’F s () iz (@) Bria ) ) (1= 0m,0) Ko ) 01 ()

where II(") =1 if r = £, — 1, and otherwise,

/ | | Lw—1
) — Furﬂ(w)*'Fl‘éwfl(w)vw' H Bﬂi(w)vp(ﬂi(w))! (D.97)

/ | | / |
B 1wy Frrin e 200 Bliiw),pr (uaw))!

We will further simplify (D.96) and (D.90) by means of the claims that we show next.

12. CLAM. Let u = p;(w) with 1 < i < £y,. Then for all v € A(u), By pw) = 0, and for all
velN), B p(v) = 0- We then have for all strings u’ such that u < u/,

> Dw-Dwn= Y D,-D,=0. (D.98)

veA(u') veN (u')
Proof. Since i > 1, tail(u) = p;—1(w) is a pseudo-state of T, and therefore tail(uz) ¢ T
for all 2 € AT. Hence, by Lemma 4.13(xi), we get By oy = 0 for all v € A(u). Since
tail(u) = pi—1(w) # w, tail(u) is not an internal node of T”, and therefore tail(uz) & T" for
all z € AT. Thus, also va 1wy = 0 forall v e AN (u). Equation (D.98) then follows by the
definition of matrix B. O

Notice that an immediate consequence of Claim 12 is that B, ,) = 0 and B, o) = 0
for all u € U’} . Hence, (D.90) reduces to

HT/,U/ _ H M1 w1 (w)b,uwb! By @bt i)\ (1= 0r1) Dty ), gty 1. ))‘. (D.99)
i (1= 6) D), (0 s ()

“l(w)b*' Bm(w)byp’(m(w)b)'
Also notice that F,, _ wb =0 for wb ¢ U for all b € A. Moreover, since wb has maximal
depth in 77, F L , by Claim 4. Hence, (D.99) becomes

HT’U' beA Ww—l(w)b wb’

_1(w)bwb — *'LUb
/
Mg ( B () m(w>b,p(m<w>b)!> (4 = 0r1) Dyty ) i ) (D.100)
7 / ' ’
Oror \gea NewnFu@oe! Bl i (u ) ) (1= 01Dy ) )

We next analyze the factors By, (w)p,p(u1 (w)p) and Bm(w)bp /(i (w)b) of the last equation.
The following claims are instrumental to this aim.

13. CramM. Let v’ = pi(w)bz withb € A and z € A*. Then,
form =0, or v & {pm1(w), 7' (m(w), am)},

D;u/ - D;/* — D*u/ - Du/* 5 (DlOl)
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form >0 and v’ = i1 (w),

Dl = Dy = Daw = Dure — Kpuo () () (D.102)
and for m >0 and v’ = 7' (pm(w), am,),
D,y — Dy = Dy — Dot + Ky (0) 1 (w) - (D.103)

Proof. By Claim 5 u1(w)b # w. Hence, v/ & {w} U{wec : ¢ € A} and therefore the first sum-
mation of (D.76) does not affect outgoing transitions from «'. The last summation of (D.76)
does not affect the total amount of outgoing transitions from any pseudo-state. On the
other hand, by Claim 3 and recalling that u' & {ui(w)c : ¢ € A} U {u1(w)} for 2 € AT,
the first and last summation of (D.76) do not affect incoming transitions to u’ if m = 0 or
u & {pme1(w), 7' (pm(w), am)}. Since the second summation of (D.76) preserves the flow
balance in u/, for v/ € {w} U{wc:c e A}, and v’ & {1 (w)e: c € A} U{p1(w)}, we conclude
that for m =0, or v’ & {pm+1(w), 7' (pm(w), am)},

'v =Dl = Dy — Doy (D.104)

*u/

For v/ = py41(w) with m > 0, Claim 11 gives D;Lm(w),u'_Dum(w),U’ = K, ()i (w) ~ New
Since fim41(w) ¢ U’ by the definition of m, D! , = 0. Also since pp(w) = tail(uv’), we

observe from Lemma 4.13(vii) that all input transitions to «’ in D come from g, (w). Thus,
Dl = D = =Ky @) prmsa (w)
Claim 10 with ¢ = m+ 1, which by the definition of m satisfies i < £,,. Since pi,+1(w) =u' =
p1(w)bz with z € AT, m > 1 and therefore m > r by Claim 7. Thus, the first line of (D.87),
and the first line of (D.88) in Claim 10 do not apply. Hence, D!,, — Dy = —Nyy, and we

conclude that for v = pi,41(w),

— Nyy. For output transitions from « = pi,,4+1(w) we apply

' v—=Dly. =Dyy — Dy — K

*u’/ pm (W), Vm1 (w)

(D.105)

Suppose now that v’ = 7/(um(w), am) with m > 0. Since v/ < pmy1(w), and py,(w) is a
state of T, then tail(u’) is an internal node of T. As a consequence, for all j > 1, u’ is not
of the form p;(w) nor of the form u;(w)c by (4.6). But, since v’ = p3(w)bz with z € AT,
u’ is not of the form p;(w) nor of the form pg(w)c either. Hence, the second summation
of (D.76) does not affect incoming transitions to «’, nor outgoing transitions from u’. Also
since v’ & {p1(w)c: ¢ € A} U {ui(w)} for z € AT, by Claim 3 the first and last summation
of (D.76) do not affect the total number of incoming transitions to ', except for the term
() s (0)m 1 ) (L (0,77t ), 1m) ™ Lpan @) o 1 0))- TS, Dy = Dot = K ) i 1 ()
Regarding output transitions from ', we recall that v’ € {w}U{wec : ¢ € A} and therefore the
first summation of (D.76) does not affect outgoing transitions from u’. The third summation
does not affect them either, since p1(w)b < v’ and therefore v’ ¢ Sy. Hence, D!, — Dy =0,
and we conclude

D.,—D., =D, — Dy, + K

pom (W) V1 (w)

(D.106)

a
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14. CLAM. Let u = py(w)b with b € A. Ifu ¢ U, F, = B/, o) T N..,p- If on the other
hand v € U, B/, (w) ~ Bup() = —N!

*wb? and Fqi* - Fu* - _6u,u2(w)N*w-

Proof. Tf uw ¢ U, wb is the only state of T" that includes pi(w)b in its forced pseudo-state
sequence. Since wb has maximal depth in T, j € J for every j such that 0 < 7 < n and
s; = wb. Then, by Lemma 4.13(vii), D, = D;l(w)bm(w)b = Nl
F, =B, o) T N.,,- Suppose now that u € U. By Claim 9 with i = 1,

As a consequence,

(D(Zw>1)> B b — Naw if i+ 1 <7, b =head(u); (D.107)
" we | Nl otherwise, '
or, equivalently,

<D£fw>1)>w — Ny — G ua(e0) New - (D.108)

Suppose first that m = 0 or pm+1(w) ¢ A(u). In this case, recalling that v € U, we know
by Claim 3 that only the second summation of (D.76) may affect incoming transitions to w.
This in turn can only occur if u coincides with uo(w). Hence,

<D7(fw>1)> —_5

*U

wopin (1) Now - (D.109)

Since fim+1(w) € A(u), by Claim 13 and the definition of B we have

B/u,p’(u) - B = (D;u_Dv/J*) - (D*U_Du*)

— (Dl Du) — (D — Dus) .

u,p(u)

(D.110)

Substituting (D.108) and (D.109) in (D.110) we get,

By, ) ~ Buptw) = ~Niup -
which combined with (D.108) yields

Fr = Fux = =0y i () New -

We now consider the case in which m > 0 and piy,+1(w) € A(u). In fact, since pipmi1(w) €
U’ by the definition of m, and v = p(w)b € U’, then u # ppmy1(w), and we must have
pms1(w) € A(u). We start by analyzing incoming transitions to w in D’ — D by means
of (D.76). Since p1(w)b € U, by Claim 3 we see that the first summation of (D.76) does
not affect any incoming transitions to u, and the third summation may affect <D7(L€”>l))
*U
only through the term (Kn),, () v () (Lt ()7 (tirn (w),0m) = Lyt () i 41 (w) ) - Since we have
argued that u # py,+1(w), this term may affect (D,(fw>l)> only if 7/ (pm(w), am) = p1(w)b.
The second summation may affect incoming transitions to*z only if py(w)b = pe(w). In this

case, (D.76) includes N, times the term —1,, (. p- We then conclude that

b (w)

Ly>1 —
(DY) = G m K1) ~ S Now- (D-111)
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- B We start by analyzing B, — Bi, for which

We now study the difference B/, () wp(u) -
we have,
B, — By, = Z Bl ., — Z By - (D.112)
v':p! (v)=u vip(v)=u

We recall that B;’,u = EteA,(v,) D, — Dj,, and B,, = ZtEA(v) D,; — Dy,. Hence, since
D, =D;,=0forteU\U', and D, = Dy =0 for t € U'\U, we can equivalently write

Bl,~Bu= 3 (Dl—Dl)—(Du-Dp). (D.113)
teN (u)UA(u)

Each t € A’'(u) U A(u), has the form uj(w)bz with z € AT, and therefore we can apply
Claim 13. By the definition of 7, 7/(pm (w), am,) is the longest prefix of jin,+1(w) that belongs
to U’. Thus, since 1 (w) € A(u), either 7/(pm(w), am) = u, or there exists ¢t € A’'(u) such
that 7/(pm (w), am) = t. Hence, Claim 13 applied to the terms in (D.113) gives,

B:ku — Bu = _6u,‘r’(,um(w),am)K m(W),Vm+1(w) » (D114)

where K, (w),v.1(w) comes from (D.102) with ¢ = p41(w), which is canceled by (D.103) if
and only if 7/(um (w), am) # u. Summing (D.114) to (D.111) we get,

Fly = Faw = =0 y(u) Now - (D.115)

Since u = p1(w)b is not a state of T, nor of T, we must have F), — F., = F,, — Fy. by
Lemma 4.13(ix). Thus,

Fl. = Fue = —0y po(u) New - (D.116)
Since F),, — Fyx = D), — Dys + B, p(u) — Bu,p(u), subtracting (D.108) from (D.116) we get,
B;,p’(u) - Bu,p(u) == "/‘UJb :

a

We now apply Claim 14 to the factors of (D.100). For a symbol b € A such that u(w)b &

U, Fui(wypr = 05 By w)b,p(un (wyp) = 0, and, by Claim 14, Filll(w)b* - Bl‘l(w)b’p,(“l(w)b) N
Hence, the factor
/ |
Frbe’ Buy(w)b,p(un (w)b)! (D.117)

! / )
N s @)or! By ()bt (1 (w))’

reduces to

!/
< B st sty T N ) ,
N/

*wb

On the other hand, for a symbol b € A such that p1(w)b € U, by Claim 14, By, ()b, p(u1 (w)b) =

By, ()b un (wypy T N 30 Fy v = Fus (i = =0y (w)h, o (w) N Hence, (D.117) becomes
/ |

(Bﬂl(w)b,p'ml(w)b) +Niwb> y (5H1(w)bvﬂ2(w)FH1(w)b*)'. (D.118)
N (811 ()b, 12 (w) Fpiy () )!
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Thus, since pi(w)b = po(w) if and only if » > 1 and b = head(u2(w)), we get replacing
in (D.100),

17y — [H <Bllll(w)b»/7’(#1(w)b) + Niwb)] % (- 5771)F;2(w)*)! % ((1- 5T71)D#r(w)7#r+1(w))!
Lz Ny (=) Fppy)t (1= 0n0) D], () ()
(D.119)

We now turn to (D.96). We start by simplifying (D.97) by means of the following claim.

be A

15. CLAM. Let u = pi(w) with v < i < Ly. Fori # m+1, By, ,u) = B;p,(

i=m+L By ) = Ky w) and By, ) = 0.

)’ and for

u,p(u)

Proof. Notice that since i > r, we know by Claim 6 that p;(w) ¢ U,. The second summation
of (D.76) preserves the flow balance in wu, i.e., the incoming transition term 1, | (). is
w1 (w)- The last summation of (D.76)
preserves the total count of outgoing transitions from a pseudo-state. By Claim 3, both the

subtracted as many times as the outgoing term 1

first and the last summation of (D.76) only affect incoming transitions to uq(w), fimy1(w),
T/ (m(w), am), and pi(w)b for b € A. Now, since i > r > 1, we know that u # p1(w), and
by Claim 6, u # uj(w)b for all b € A. Also, as 7/ (um(w),am) < pim+1(w) when m > 0,
and p,,(w) is a state of T', then tail(7/ (i (w), a,)) is an internal node of T'. Thus, by (4.6),
' (pm (W), am) # u, for v = p;(w) with ¢ > 1. Hence, the unique term of (D.76) that

affects incoming transitions to u is (Kn)um(w),um+1(w) (L (), (o (w)samm) — Lt (W) g1t (w))

when u = piy41(w). We conclude that
Dy —Dy=D., —D. ifitm+1, (D.120)

and,
D, — Dy =D.,—D.,+ K

L (W) Vg1 (w) fi=m+1. (D.121)
Suppose that i # m+1. If u € U’, the definition of B and Claim 12 yield B, ,,) = B., (w1
ug U, B () = 0 by definition. Also D, = D!, =0, and (D.120) reduces to Dy, — Dy, = 0
This implies by the definition of B and Claim 12 that B, ,(,) is also zero. Thus, in any case
B“,P(“) = B;,p’(u)
u ¢ U’ by the definition of m, B/ o

for i # m + 1. We now consider the case in which ¢ = m + 1. Since
() = 0 and also D, = D), = 0. Thus, (D.121) gives
Dy — Dus = Ky, (w) vmy1 (w)» from which we get By, ,) = K, (w),vm1 (w) Py the definition of

B and Claim 12. Claim 15 is proved. O

oy e o) of (D.97) cancel each
pi(w),p’ (pi(w))

other, except, possibly, for i = m+1 where Bui(w),p(m(w)) = Kum(w)’l,mﬂ(w), and B/’M_(w) )
0. Now, if r > 1, by Claim 7, either m = 0 or m > r. In the latter case, (D.97) includes

a factor with ¢ = m + 1, since also m + 1 < £,, — 1 by the definition of m. If r = 1, either

Now, by Claim 15, the factors By, (w) p(u(w))! and B!

m = 0, or m > r and therefore (D.97) includes, also in this case, a factor with i = m + 1.
Hence, (D.97) becomes,

F 'F !
H(T) - pre1() ey 1) X (1 — 5m O)K w),v, w I,
By 1 ()0 Frar 1 ! ( O ()11 ))

(D.122)
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Notice that, since w & U’, F//Lewfl(w),w = 0. Also since |w| > depth(T) — 1, F,, _ (w),w = New
by Claim 4. Hence, (D.122) becomes,
() FF/L +1(w)*'N*w!
11 = F—()‘ X ((1 — 5m70)KMm<w)7ym+1(w))! . (D.123)
Borg1(w)=
Then, for r < ¢, — 1, we get from (D.96)
7 _ F;ln(w)*!Fm(w)»m(w)!BH1(w)7P(M1(w))! F}/Lr+1(w)*!N*w! < T (D.124)
Mro FueFuwme) Buw.r eyt P!
By Claim 8; Ful(w),ug(w) = F,uQ(’w)* + 687“#2(“’) = F*NZ(U)) and F/ 1(w),p2(w) - Fli2(w)* +
05z (w) = F;m (w)" Thus, we can substitute F),, )« for Fj, (), o () and Fu (w)* for Fm(w) i ()
n (D.124), multiplying by an additional factor EZXE ?‘: zz;iz: : z(:;}

Uy oy Fua()e Buy w) o ) F 4w Vo o L Py ) 0s o)}

= x IT x )
Tru B o Bl o)t Fura ! max {1, L )0 a(u)}
(D.125)
Now, if r = 1 the factors F),,(,),! and F), . ().! cancel each other, and the same occurs with
F;z(w)*' and F 1(w)*!. Thus, multiplying (D.125) by (D.119) we obtain
/
Urp , Ooo_ [H <Bﬁl<w>bp () T Niw”) s D)y
/ )W *
Mry ~ Trg e Nl Fiun )« By ).t (1 )
max{1, Fuy(uw)ds, ()} (D.126)

X
max{1, F*M(w)ésnm w) )

If on the other hand 1 < r < £, — 1, we know by Claim 8 that F), . (w)s + 0, i1 (w) =
F and F’

por (), 1 (w) = F*/.Lr+1('w)a . +1( ) + 5sn,p,r+1(w) = Fllir(w)yﬂr-',—l(w) = F*Clir+1(w)' ThUS,
we can substitute F, () 41 (w) 0T Fl, i (w)s and Fér(w) o for F/:r+1(w)* in (D.125),
x{1,F, w)0s w ..
multiplying by an additional factor zz El 7 ir1(2) — g ( )i , obtaining
X *pp g (w) Sn, Hpgq (w)
Uy _ F;,“(w)*!Fm(w)*!Bul(w)w(m(w))‘ ur(w),ur+1(w)!N*w! < Ti
7y F#l(w)*!Fllzg(w)*B;’Ll(w),p’(ul(w))! B (w) a1 (w)!

)} max{1, F,
} max{1, F/

max{1, Fy,, ()0

% Sn 12 (w
max{1, F*uz w)53n7#2(w

ur+1(w)55nvl‘r+1(w)} . (D.127)

* 41 (W) 5571 41 (w) }

When we multiply (D.127) by (D.119), the factor F),, /F’ i of (D.127) cancels with

the inverse factor of (D.119). Also the factor F” () gt () U/ F (w0 s (w)! Of (D.127) cancels

with D, () 1 (w)! /D;/w(w),urﬂ(w)! of (D.119). Thus, for 1 < r < £,, — 1 we obtain,

!
Urp  Mre [H (B/L(w)bp(m w)t) +N4wb> P B’ g
7 *w
Uy I7pr beA Niwb Fﬂl(w)*!Bm(w),p’(M(W))'
max{l, F* w)ésn pa( w)} max{l F*Mr+1(w) 55nvNT+1(w)} . (D128)

X
max{1, Fi )6Sn po(w) § max{1, F *M +1(w)55n7lir+1(w)}
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We combine (D.126), which is valid for r» = 1, with (D.128) to obtain a single equation valid
for r < £, — 1,

/
Iry Ao _ [H (B%(w)b,p'(m(w)b) +N”/‘“’b> A e SCTTICIANPVNS
— )W 9
Mry ~ Troe [k Nl Fiun @)« By w),pt (11 )
(D.129)

where, noting that (1 —dy, 2) =1 for r < £, — 1,

I =11 x max{l, F*M(w)&S"’M(w)(l — 0e,,2) max{l, F*#T+1(w)58n,#r+1(w)(1 —0r1)} .
maX{I,F;uQ(w 6 (w)(l - (Sng)} max{l, F’ 1) (w)(l - (5731)}

) Sn, 2 spr41(w) " Snolr+1

(D.130)

Although the factor (1 — 6y, 2) in (D.130) is never null for » < £, — 1, it makes this equation
also applicable in the case r = £, — 1 that we analyze next.
If r = £, — 1, we recall from the discussion preceding (D.96) that m = 0. Thus, (D.96)
reduces to
U Fp e Fron ) (w) By (w). o (w))! (D.131)
Mz Fyy e Fs ) gia ) B ), i )
Since r = ly, — 1, pry1(w) = w. Hence, if also r > 1, the factor D;T(w)’”r“(w) of (D.119) is
null, and the factor D), () u,41(w) €quals Ny, by Claim 4. Also by Claim 8, F,, () 1z (w)
Fliawyx + (55717#2(“,) = Flpp(w) and F;/Ll(w),m(w) = FLQ(w)* + (557“#2(11)) = F;m(w). Thus, (D.131)
together with (D.119) yields the same Equation (D.129) that we have derived for r < £, — 1.
If in particular r = 1, i.e., £, = 2, then pz(w) = w and therefore F}, () uo(w) = New by
Claim 4, and F;/u(w),uz(w) = 0. Thus, (D.131) together with (D.119) yield (D.129) once again.

The following claim will allow us to further simplify (D.129).

16. Cram. If pui(w) ¢ U’, Fm(w)* = Bm(w),p(m(w)) 4+ Nyw and ZbeA B//L1(w)b7p’(u1(w)b) =
By w),ptun () F Osppa(w)- If ma(w) € U7, B:Ll(w),p’(,ul(w)) = Bui(w),p(ui(w)) and F;ln(w)* -
Fy (w)x = —New-

Proof. We first study the difference between ZbeA(D;M(w)b_D*m(w)b) and D:km(w) =Dy (w)-
By Claim 3, the first and last summation of (D.76) subtract as many incoming transitions
to pi(w), as they add to the pseudo-states in the set {pi(w)b: b € A}. The only exception
is, when m > 0, the term (Kn)um(w),ym+1(w) (1Nm(w),7—/(ﬂ/m(w)7am) — 1Nm(w)7um+l(w))7 which
adds incoming transitions to 7/ (i, (w), an,), which may be of the form pq(w)b, but subtracts
incoming transitions from fi,,11(w) # u1(w). The second summation of (D.76) does not affect
incoming transitions to pj(w), although it may subtract incoming transitions to pj(w)b in
the case pi(w)b = po(w). Since these are the only terms involving incoming transitions to
pseudo-states in {p;(w)b:be A} U{pi(w)}, we conclude that

Z ka,ul(w)b - D*;ﬂ(w)b = - (D;m(w) - D*Nl(w)> (D132)
be A
+ (1=67m.0) D Byuy (w0)bi (G (1)) B o (0) 1 )
be A
— > Bpinw) g (w0)p N -

be A
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We now study the total amount of outgoing transitions from pseudo-states in {uq(w)b: b €
A} U {p1(w)}. The last summation of (D.76) preserves the number of outgoing transitions
from any pseudo-state, and the first summation does not involve pseudo-states in U, U U},
by Claim 5. The second summation subtracts N, times the term 1, () .,(w) and adds the
same number of terms of the form 1, (u)p us(w)p With b € A. Additionally, if u1(w)b = pa(w)
for some b € A, po(w) must be of the form b*, which differs from w as £,, > 1. Hence, £, > 2
and the second summation also subtracts N, times the term 1, () ;i5(w)- AS @ consequence,

Z D,itl(w)b* o ( Z 5#2 (w), 1 ( w)b) *W (D133)

be A be A
and,

= —Ny. (D.134)

Subtracting (D.133) from (D.132) we get

)3 (D ()b D*m(w)b> - (DL1<w>b* - Dm(w)b*)

be A be A

(Dim( ) D*m(w)> = Naaw + (1=8,0) Y Spay (1)o7 (1)) Kt (), 51 (0) -
be A

Combining the last equation with (D.134), and reordering terms, we get

>~ (Do = Disurse) = 2y Dot = Dis(as) =

be A beA
= (Dﬂl(w)*—Dm(w)*) - (D;ul(w)_D*“l(w)>

+ (1_5m,0) Z 5;“ (w)b,r’(um(w),am)Kum(w),Vm+1(w) :
be A
(D.135)

Now, by Claim 13, we have,

S Y WD) =Y > (D D)

be A ue (jur (w)b) bEA ueR (i1 (w)b)

= _(1 - 5m,0) Z 5u1(w)b,T’(um(w),am)Kum(w),um+1(w) )
be A

where the negative term —K,, () 1, (w) arises when 7/ (i (w), @) = p1(w)b for some b € A,
so that (D.102) applies to pim+1(w) € A(p1(w)b), and it is not canceled by (D.103). Summing
this equation to (D.135) we get,

Sy LD -3 Y (Du-Duw)

beAucA(p1(w)d) beA ueA(p1 (w)b)

= (D} = Dyt ) (D) = Do)
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or equivalently,

/ . / /
> Buwprmen — 2. Buwmw = <Du1(w)* - Dm(w)*) - (D*mu) - D*m(w)) :
beA vip(v)=p1(w)
(D.136)
Now, if p1(w) € U', p/(p1(w)b) = p1(w) for all b € A. Thus, the left hand side of (D.136) is

simply B’ - B . In this case, by Lemma 4.13(ix), we get from (D.136)

wpq (w) s (w)

By (w).p! (1 (w) = Bus(w) o (w) I pa(w) € U7, (D.137)

where we have used in the application Lemma 4.13 that &, ,,; (w) = 0 iy (w) for p1(w) # w,
and Gy 1y (w) = Osf uy (w) = 0 for p1(w) is not of maximal depth. This combined with (D.134)
gives

If on the contrary uj(w) & U, Di“(w)* = 0 and (D.134) gives D, ()« = Niw. Hence,

F )y« = By (w),p(uy (w)) T Naw- Also D’m(w) = 0 and (D.136) reduces to

*

Z Bl,ll(w)bvpl(ﬂl(UJ)b) - B*,u1(w) = D*Hl(’w) - Dul(w)* 5 (D139)
be A

which, by Lemma 4.13(ix), gives

Z Bl/u(w)bm’(m(w)b) = By (w),p(u1 (w)) T Osppua (w) - (D.140)
be A
The proof of Claim 16 is completed. O
We now apply Claim 16 to Equation (D.129). If ui(w) € U’, the factors Bl’“(w) o (1 ()
and By, (w),p(u1 (w)) Of (D-129) cancel each other. Since also F),, (). = Fél(w)* + N, (D.129)
reduces to,
B / w +Niw
Hr gy g [oea ( Hl(w)byprib)b) ) 30
el — x IT' . (D.141)
U .U ( h )
If on the contrary pi(w) ¢ U’, F;/u(w)* = 0 and B:“(w)’p,(m(w)) = 0. Since also F),, () =

By (w),p(p1 (w)) T Nsw, (D.129) reduces to (D.141) again.

To complete the proof of the lemma it remains to show (4.31). Claim 16 already states
that, for p1(w) & U", 2 Zpea By, (wyb,prgus (w)) = Brss ()01 ) T 05001 ) A0 By ), p(pus (w)) =
F (w)x — Naw. If otherwise p1(w) € U’, by (4.6) tail(p;(w)) is an internal node of T', and a
fortiori an internal node of T”. Hence, since u1(w) has a full complement of children in U’,
Le, pr(w)b e U forallb € A, 7/(s,a) # pi(w) for all states s of 77 and all symbols a. Hence,
‘tl):?: Lemma 4.13(vii), D ., = 0. As a consequence, > yc 4 B}, )y p(ur(wyp) = B
* 1 (w)

F;Iq(w)*_Fm(w)* = —N,w, we conclude that >, - 4 B:u(w)b,p’(,ul(w)b) = Fu, ()= New+0s, 1 (w)-

/ _
kpr(w)
. This in turn is equal to F;Iu(w)* + 85, 1 (w) Dy Lemma 4.13(ix). Since by Claim 16,






Appendix E

Type classes under general initial conditions

In this appendix we extend the results of Chapter 4 to the more general setting in which the
initial conditions are determined by transient states of the context tree, rather than a fixed
n
where each s, may be a transient state of the form u$ € S $, with w € Z(7T'). The probability
assignment Pz, () of (4.1) is now replaced by

initial permanent state so. In this case, a sequence 2™ determines a state sequence s, s} - - - s/

Pirpry (V) =1 Prrgyy(@”) = [ or(ailsig), n>1, (E.1)
i=1

which depends on the conditional probability mass functions of all the states of T, S%, in-
cluding permanent and transient states. Notice that this setting is more general in that it
lets the model allocate arbitrary probabilities for the first symbols. As a consequence, the
defining condition of a type class, namely, containing equiprobable sequences under any model
parameter, becomes more constraining. Thus, we can foresee that, in relation to the original
setting, type classes shrink, and there is a slight increment in the number of type classes.
We will study how this modification of the initial conditions affect the results we have
derived in Chapter 4, either asymptotically or in the exact formula of Theorem 4.15. To
avoid confusion with the notation introduced in Chapter 4 we define n, as the number of

(a)

s~ as the number of

occurrences of the state s € S5 in the sequence sf), s} - - s/ and n/

n—1»
occurrences of symbol @ in state s € S%. Notice that this definition agrees with our previous

definition of ng and nga) in Chapter 3, if we eliminate the sign $ from transient states. Clearly

the type class of ™ is now

T'(2") = {y” e A": n’ga)(y") = n’ﬁf” (z™) Vs € Sp,a € A} . (E.2)

We define ig(z™), or simply iy when z" is clear from the context, as the last index in the
state sequence of 2™ where a transient state shows up, i.e., ip = max{i : 2* € Z(T)}. The
following lemma characterizes 7'(z™).

E.1. LEMMA. y" € T'(2") if and only if y* € T (™), x0@")F <y and io(y™) = io(z™).

Proof. Notice that for fixed sy of maximal depth, the counts {nga) (Y™)}sesy.aca together
with the prefix y?0®™")+1 determines the counts {n’(?) (y”)}seS%’aeA.
follows immediately from this observation. Now, let s = sgo(xn)(:c”), which, by definition of
io(z™), is equal to z0@™M§. If yn € T'(z"), then n/W(y") = n/W (") =

therefore 20(®")+1 < yn Moreover, all states s;(y") with i > io(2") are permanent states,

Thus, the converse part

5(1,12.0(1”)“ , and
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for otherwise n;((yn) = 1 in %", but nl, = 0 in z". Thus, we have ig(y") = io(a").
i /(a) i

S

(y™)

Since the counts {n';"” (y")} _gA ,c 4 together with the prefix y0@")+1 determines the counts
T

{nga) (yn)}seST,aeA, we must also have y" € T (z"). -

Observe that Lemma E.1 suffices to extend the asymptotic results of Chapter 4. Since
T'(z™) C T (z™), the upper bound of Theorem 4.18 is of course valid for the expected size of
T'(X™). Moreover, since each type class 7 (z™) is partitioned into up to a constant number
of subclasses 7’ for S;BW is finite, the asymptotic result of Theorem 4.33 remains valid. The
following lemma will help us in deriving an exact formula for the size of 7/(z"), and an enu-
meration algorithm for it. As we did in Chapter 4, we will establish a one-to-one mapping
between unlabeled paths in a graph, and the set of strings in

T (@™ {y" € T'(a") : sp(z™) = sn(y™)} .

By the same arguments used in Chapter 4, an enumeration algorithm, and an exact formula
for the size of 7' (a™), yield straightforwardly their counterpart for 77(z").

E.2. LEMMA. Let J be the forced sequence parsing of ™. We have ig € J.

Proof. Let i =iy, and h = i. By (4.5) we decompose sy, as

2 .
sh=(sn)1™ “pi(sn), 1<j<Uls,.

We take in particular j = ia, which by Lemma 4.13(ii) satisfies 1 < in < /,,, and since
L, —j = h — 1 by the definition of i, we get

sh = (sn)} " pia (sn) - (E.3)

Since sp, < z'sy, we have (sh)ihi = :U?H, and sice z¢ < s; by the definition of iy, we know

that zh < (s,)"~'s;. Furthermore, since s; = v;, (s,) by Lemma 4.13(ii), we get
=< (sn) ™ puis (s) -

Thus, by (E.3), we know that 2 < sy, and we must have h = i by the definition of 7. O

Since ig(2") € J(x™), the unlabeled path {g = so<1 - - - ¢;, where t; = ig, is by Theorem 4.15
a prefix of the unique Eulerian unlabeled path £ from sg to s, in Gp such that w(§) = 2.
By Lemma 4.13(ii) and the definition of ¢, it follows that w(£g) = «'. Furthermore, by
Lemma 4.14, there is a unique unlabeled path g from sg to s;, such that w(f$) = z'. Hence,
by Lemma E.1, and noting that s;,(y") = s;,(z") for all y™ € T'*(z™) since s is fixed, we
conclude that &g is a prefix of any Eulerian unlabeled path v from sg to s, in Gr such that

w(y) € T"(2™). Furthermore, since g0(@")+1

is a prefix of all strings y" € 7" (z"), & must
necessarily be followed by the pseudo-state 7(s;,, Zj,+1) in any such Eulerian unlabeled path.
We define ug = argmax{|u| : u € U,u < z%0@")+1} and 3’ as the unlabeled path formed

by context-dropping transitions from 7(s;,, Zi +1) to ug, i.e., 3" is empty if 7(s;,, Tiy+1) = o,
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and otherwise 5/ = wvov; - vy, where vg = 7T(siy, Tig+1), Um = ug, and v; = p(vj_1) for
j=1---m. We also denote by G’»(z") a graph obtained from Gr(z™) by deleting the set of
edges of any path that is a representative of the unlabeled path & = §$T(Si0,$io+1)ﬁ/, ie.,
the incidence matrix of G- (2") is given by F, , = Fyp — {i : 1 <i < Lvi1 = u,v; = v},
where &g = vy - - - ;.

Observe that & and F’ are determined by the counts {”/ga)(l’")}sesﬁ,aew

terize 7'(z™). Hence, only the type class, and not the specific string z™, is sufficient to obtain
1(a)

s

which charac-

F’. Indeed, the longest transient state s = u$ with a positive count n = 1 determines
@)+ — g, This, together with the fixed state sg, determine the initial portion of the
state sequence s - - - 5;,, which allows for the computation of the whole state transition matrix
N, and hence of F. Since z0(*™")+1 is known, we can compute the forced sequence parsing
of z', from which we get £g, and then complete it with the concatenation of 7(siy, Ti+1)
and context-dropping transitions until we obtain &. The following theorem parallels The-
orem 4.15 in the context of general initial conditions. We define the normalized |U| x |U]

matrix F’ as F'; j = F/F if F, >0 and F’; ; = 0 otherwise.
E.3. THEOREM. Let 2™ be a sequence in A™.

(i) The unlabeled path &', obtained from & = soc1---s by deleting the prefiz &, is an
Eulerian unlabeled path from ug to s, in G’ such that :cio(“’")“w(f’) =z

(ii) The function w defines a one-to-one correspondence between the set of Eulerian unlabeled
paths from ug to s, in G and the sequences in T" (x™).

iii) Let M denote the cofactor of entry (s, ug) in I-F". Then, M <1 and
(iii) y

1%/ n Hz Fz/*'
7@ = My (E.4)
Proof. We will show that for an Eulerian unlabeled path « from sy to s, in Gp, w(vy) €
T (z") if and only if & is a prefix of v, which proves parts (i) and (ii). The proof of Part (iii)
follows exactly as Part (iii) of Theorem 4.15.

Suppose first that the string 4™ = w(y) belongs to 7'*(z"). By Theorem 4.15(i), v =
5061 - + - &, where the unlabeled paths ¢; are defined with respect to the forced sequence parsing
of y", J(y") = {ti}I_,. Moreover, by the discussion preceding the theorem, we know that
g7 (Sigs Tig+1) is a prefix of v, where {g = soc1 -+~ ¢j and t; € J(y") is t; = io(y") = io(2"). By
the definition of ¢; before Theorem 4.15, and the definition of 8’ above, to prove that & is a
prefix of v we must show that 1 (st;,, (¥")) = uo. Suppose on the contrary that (s, ,) 2 uo,
where s;,, hereafter stands for s, (y"). Since ugp =< zlo(@™)+1 and p1(8,,) = yloy™)+lgy =
zio@™)+lsy but p (s

we know that p1(sy;,,) Z 2%0@")+1 and therefore

j+1) 2 uo, we must have ug < p1(st;,,). Hence, by the definition of ug

2@ <y (s, ,) - (E.5)

Now, by (4.5) we decompose s, as

Stj1 = (stj+1)1 b Mi(stj+1)7 l<i< Zstv (EG)
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We take ¢ = 1 in (E.6) and, recalling that ls, ., =tj+1 —t; by Lemma 4.13(iii), we get

tj+1—tj—1

Stj+1 = (Sthrl)]_ Ml(stj+1) . (E?)

Notice that s;, , =< y%+! and therefore (stjﬂ)tf“_tj_l = yfij Hence, by (E.5) and (E.7),

we get yzjjrg 2@+l < g and since 270(@™) 1 = 4o+ we obtain ylitr < St;4- We
arrive to a contradiction by Lemma E.1 since in this case we have io(y") > tj41 > t; = io(z").
We conclude that p1(s;,,(y")) = uo and therefore & is a prefix of ~.

Suppose now that = is an Eulerian unlabeled path from sg to s, in G such that & is
a prefix of 7. We will prove that 3™ = w(y) belongs to 7"*(z"). Clearly z?o(=")+1 < yn
for w(&y) = 2@+ Since also y* € T*(z") by Theorem 4.15, by Lemma E.1 we only
need to show that ip(y™) = ip(z™). Let { = vo-- v, and v = vg-- V41 -+ V. Each
pair of consecutive vertexes in v satisfies |v;11| < |v;| + 1, and the equality may hold only
if |w(vg---vig1)| > |w(vo---v)]. Hence, since v; = uy =< z0@™+1 = (vg---v;), we have
v; X w(vg---v;) for all ¢ > [ by Part (i) of Lemma 4.14. Hence, for all i« > [, the string
w(vg - --v;) selects the unique permanent state of T' that is a prefix of v;. Thus, all pre-
fixes of y™ of length grater than iy(2™) select permanent states, and therefore we must have

zo(y”) = zo(x”) O



Appendix F
Eulerian unlabeled paths enumeration algorithm

Consider a graph G = (V, E) and fix a complete order on the set V. Without loss of generality,
let V.= {vi...v}, and v; < v; whenever ¢ < j. We extend the order to length-m unlabeled
paths lexicographically, i.e., for v = ug, uy - - Uy, and 7y = uf,u} - u'p, , we have v < ' if
and only if for some ¢ < m, u; < v} , and u; = ug for all j < 4. Let 'y, (G) be the set
of Eulerian unlabeled path from u to v in G, and N, ,(G) the cardinality of I', ,(G). For
v € I'yw(G) , we denote Idx(G,~y) the number of Eulerian unlabeled paths in I, ,(G) that
appear before v lexicographically, i.e.,

1dx(G,7) = [{7 € Tuw(G) 17 <7} 5 7 €Tun(@).

For an edge e € E, we denote G — e the graph G’ = (V, E\{e}). Furthermore, for u,u € V
such that (u,u’) € E, denote by G — (u,u’) a graph G’ = G — e, where e is any edge with
source u, and destination u'. Letting v = ug, u1 - - -, and denoting tail(y) = wuy -« - wp,, it is
readily verified by induction that the following recurrence holds.

Idx(G,v) = > N/, (G = (ug, ) | +1dx(G — (ug, u1), tail(y)). (F.1)

w eV <uy,(ug,u’)EE
Given a way of computing Ny, ,(G), implementing an algorithm that computes Idx(G, )
using (F.1) is straightforward, either recursively or iteratively. We next demonstrate that

such an algorithm can be implemented with polynomial complexity in the number of edges
of G.

F.1. PROPOSITION. Idx(G,~) can be computed in a polynomial order number of bit operations
with respect to the number of edges of G, i.e., regarding |V| as constant.

Proof. In each step of the recurrence in (F.1), the number of edges of the graph is decremented
by one. Thus, computing Idx(G,~) amounts to computing N, ,(G) up to |V| x |E| times.
By [22], using the same arguments as for the derivation of the formula in Theorem 4.15, we
have

N, o(G) = MAL G
Hi,j Gi,j!
where G is the incidence matrix of Cf, and M denotes the cofactor of entry (v,u) in I —G,
with GZ] = é”/éz* if G;» > 0 and CNJH = 0 otherwise. Multiplying by Gy» the u-th row of
G for every u € V, we get
-1

1#£v
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where M’ is the cofactor of entry (v,u) in L, with Ly, = 6u7v(~}u* — G‘uﬂ,. The matrix L is
integer, and M’ can be computed with a number of operations that depends only on |V| with
operands of |V|log|E| bits, which take of course a polynomial number of bit operations with
respect to |E|.

As for the multinomial coefficients in (F.2), we can compute él*'/H” G ;! as the product
of |V|—1 binomial coefficient. Each binomial coefficient (') can be computed, by means of the
Pascal triangle (see e.g. [25]), with r(n — r) additions. Thus, working with |E| bits numeric
representations, the computation of the multinomial coefficients in (F.2) take O(|E|?) bit
operations.

Finally, again working with [E| bits numeric representations, dividing by [], ., Gix takes
O(|E|?) bit operations, even with naive implementations of integer multiplications an di-
visions. Hence, the overall complexity of computing N, ,(G) is polynomial, and so is the
complexity of computing Idx(G, 7). O

The inverse problem of obtaining v given Idx(G, ) can also be derived from (F.1) straight-
forwardly, and yields the same complexity as Proposition F.1 by the same arguments.

In the application of Proposition F.1 to the enumeration of 7 (™) in Chapter 4, the graph
G has a set of vertices U that depends only on T'. As for the number of edges, |E,|, clearly
|E,| = O(n) by Lemma 4.13(x). Thus, by Proposition F.1 and Theorem 4.15, 7' (2™) can be
enumerated in polynomial time in n.



Appendix G

Proofs for Chapter 5

G.1 Proof of Lemma 5.2

For the proof of Lemma 5.2 we make use of the following theorem from [40], which we present
below in a simplified form, which is nevertheless suitable for our setting.

G.1. THEOREM. [40, Theorem 2/Suppose {Xy} is an ergodic finite-state chain with a set
of states S and a stationary distribution w. Let F' : S — R be any bounded function and

F =sup, |F(s)|. Then for any € > 0 we have,

n—1 2
logP{Z(F(Xi)—Eﬂ[F])ZTLE}S—”;1 <d;’_nil> (G.1)

=0

as long as n > 1+ 3dF /e, where d is a positive constant and EW[F] is the expectation of
F(X;) under 7.

We prove next the following Lemma G.2, which includes Lemma 5.2 in Part (ii). Part (i)
is used in the proof of Lemma 5.8 in Section G.2.

G.2. LEMMA. Let (T,pr) be a tree source such that all conditional probabilities are positive.
Then,

(i) For every k > 1, and n > Ny independent of k,

Sol < 4 . n—1 k 3 \?
Nw < Xp R — r —
P rpry {0 > 0} 7 2 U2vn n-1
(G.2)

Zw7a
P<T,PT> { \/nqu >k

where r is a positive constant independent of k.

(ii) The expectation B .| LZWIJT} with respect to the tree source (T',pr) is bounded by
a constant independent of n.

Proof. The expectation of | Zy] ' is

Erpr [ [Zwal '] =D Py {LZw,aJT > k} . (G.3)

k>1

Since LZw,aJT = 0 when n,, = 0 by definition, for £ > 1, we have
Pirgey { [ Zual T 2k} = Py {[Zual = om0}

Pirpry { [Zuwal T = k| m > 0} Piryy {0 > 0}
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nw>0},

Ny > 0} . (G.4)

By definition of LZwﬂJT, we have

Zw,a
V1w

>k

Pirpr) { LZw,aJT > k‘ My > 0} < Pirpr) {

which, together with (G.3), yields

>k

T Zw,a
Birpe) [ [Zwal "] < Prpey {nw > 01 Prrpy { N
E>1 w

For each term of the summation in the last equation, we have

Ny > 0} = Py {1 Zwa = ky/nw|ne > 0}

nw>0}

Zw,a
P<T7PT> { \/@ >k

Zwa .k
= P\ 372 T

(a) (a)
T g k
= P(Tmﬂ{ ne  n 2 N nw>0},

where the last equality follows from the definition of Z,,,. Now, denote by pr(ajw) the
probability of symbol a conditioned on context w. For the state s € St such that s < w, we
have pr(alw) = pr(als), where pr(als) is the probability of symbol a conditioned on state s.

nw>0}:

Thus, we have

Zw,a
P<T:pT> { \/7Tw >k

nﬁff) ga) I
= P<T»pT> E - pT(a"w) +pT(a|S) - e Z \/Tiw Ny > 0
nz(g) ga)
< Pirpr) | |5, ~pralw)| + |prlals) = = =1 2 | > 0%,
and since n > n,,, we get
Zw,a
Pt pr) { N > k| ny > 0} <
ng]l) ga)
= P<T7PT> E — pr(alw)| + |pr(als) — - > % N >0 .
nla) nga) i ) nﬁ,j’) i
If | e _PT(a|w)‘ + ‘pT(a|s) — 7| = 5 we must have either | —pT(a|w)‘ > ke, or

a
ng k

‘pT(a]s) — ‘ > 5. Hence, we get

Zw,a ngg“) k
Pirpr) Jw Zkinw >0 < Py, . = pr(a|w)| = 5= 1w > 0
(a)
k
+ P { prlals) = | > g | e > 0} (G.5)
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Since n,, > 0 implies ng > 0, the second term of (G.5) is

Pirpr) { My > 0} =

k
=P { =SNG
(@)

B P(T,pT> { ‘pT(a|S) nris ‘ > ﬁ’ ng > 0}
P(T,pT) {nw > 0‘ ng > O}

a0

pr(als) —

S

(a)

Ns

pr(als) -

nw>0n5>0}

and replacing in (G.5) we get

(a)

Nw

M > 0} = P<T,pT>{ —— —Pr

Pr ,pT){ pr(als)
Pirpry {1 > 0] ng > 0}

k
>

2\/5 nw>0}
n5>0}

(a|w)

Zw,a
P<T7PT> \/@ =

_l’_

(G.6)

(a)
We now bound P 7,y { ‘% - pT(a\w)‘ > e‘ Ny > 0} for any fixed context w with s < w.

Notice that this includes the case w = s, and thus applies to both terms of (G.6). Let p,, and
Paw be the probabilities of w and wa under the stationary distribution of the source 7. We
have pr(a|w) = paw/Pw, and therefore

(a)

Let 0 <0 < py. Whenpaw—5<”w < Paw + 0, and py, — 3§ < 7= < py, + 6, we have

w_5<n1(5)/n Daw + 6
Pw + 0 Ny /N Pw—0

Thus, the event {

— Paw| < 5} N {|™ — py| < &} implies

Pw Pw + 0

paw(paw paw_5> <n§3)/n<paw+(paw+5paw>
DPw nw/n Pw Pw — 0 Pw
or,

Paw (5(pw +paw> < ngz)/n < Paw (5(pw +paw>

Pw  Pw@w+d) " nw/n T pw Pw(pw—90)

d(Pw + Paw) - d(Pw + Paw)
Pw (pw + 5) Pw (pw - 5)

Since we have , the condition above further implies,

Paw  O(Pw + Paw) - n') /n < Paw 6 (pw + Paw)
DPw pw(pw - 5) nw/n DPw pw(pw - 5) ’
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which in turn gives

(a)

Nw 5(pw + paw)

— —pr(alw)| < ————=. G.7

Ny T( ‘ ) pw<pw_5) ( )
Now, given 0 < € < 1, we take § = GM%’ which satisfies the condition 0 < § < py,.
Then, § S()EMJF;Z“QMU, and therefore % <e (:fhus, from (G.7) it follows that the
event { e — Paw| < (5} N {‘"7“’ —pw} < (5} implies ’;‘ﬁ —pT(a]w)’ < €. Hence, we have

o
Pirpry | —— — prlalw)| <e€[ny, >0p >

w

)

— 7 Paw
n

= Pirpn) { { M > 0} )

and by De Morgan’s law, we get
Ny > 0} <

Pirpr) {
(a)
< Pirpy) { {

N
_ Paen) {{ n

<afn{|s -] <}

(a)

n
M pr(afw)

w

> €

nw>0}

afu{ -]

>0} U{]% —pa| > 0}}
P<T7PT> {nw > 0}

nw>0}§

n(a) N
< P(TaPT> { n > 5} + P<T1pT> {{T _pw’ > 5}
B P<T7PT) {nw > 0} '

— Paw
n
Z — Paw

I

which we further bound as

Prpr) {

o

= - >
- pr(ajw) €

n_ — Paw

We now apply Theorem G.1, from [40], which gives

b I 2 . n—1(5 3\
w — X T e 5 I
o) P e > 01 P\ 2 \d n-1

3d e Db . .
as long as n > 1+ 55, where ¢ = S before, and d is a positive constant. We can

ol 2 n—1 3 \?
Ny < exp ———— | re— ,
Prpm >0} T 2 n—1

(

(a)

Nw
E pr(alw)

> €

rewrite the last equation as

Pirpr) {

(a)
Nw
— —pr(aw)

w

> €
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aslong asn > 1+ %/ , where r and r’ are positive constants. Going back to equation (G.6),
for 1 <k < 2y/n we get from (G.8) with € = ﬁ, foralln >1 —1—7“’%,

Zw,a
P<T7PT> \/@

2
e {25 (rits = %)’}
nw>0} < 2
P<T7pT> {nw > 0}

exp{—"gl <T2\I;ﬁ_n31)2}

Prpr) {ns > 0}P<T,pT> {ny > 0|ns >0}’

>k

+2

which becomes

Zw,a
P<T:pT> { \/TTw >k

Ny > 0p < 1 e _n-d r i _ 3 i
v P e >0 Py 2 2ym n—1) [
(G.9)

The condition n > 1+7/ % holds true for every n greater than a constant Ny independent of

k. On the other hand, for k > 2y/m, it follows from (G.5) that Pz, {% > k‘ ey > o} —0.

Thus, (G.9) holds in fact for every £ > 1 and every n > Ny. This concludes the proof of (i).
We can now bound the exponent in (G.9) as

n—1( k 3\’ .
5 <T2\/ﬁ_n—1> > Ck? with C > 0 for n > NJ,

and going back to (G.4) we get

By [1Znal ] <43 exp {-Ch*} <43 exp{~Ch},

k>1 E>1

which is a convergent series. O

G.2 Proof of Lemma 5.8

Suppose ‘mz — Bl | < Ky /mi+1 for all | < i < t, where we extend the definition of m;

Mi—1
for i =t as my = n7. Then, we have

né né
i—1 1—1
mi—1 — ky/miyr <m; < o M +kymq .

ni— i—1

Applying the same inequalities for m;_; we obtain

né né né né
i—1 i—2 i—1 i—2
< mi_o — k\/ml—i-l) —kymi <m; < ( mi—2 + ky/myyy |+ kymg
Ni—1 \Ni—2 Ni—1 \Mi—2
Thus, we have
(0% (0% (0% (6% (0% (0%
i1 Mo 1 i1 k <, < iz M2 1 1) .
— mi—2 — + VM4 S my < —— mi—2+ {1+ Vi1,
Ni—1 Mi—2 -1 Nj—1 Ni—2 ni—1
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and, successively applying the same reasoning, we conclude that

t—1 t—1 no o e
mig1 H ——11+ Z H - kymigr <mg <myq H *Z-l- 1+ Z nz ky/mygy
i=l+1 i J=l4+21i=j v i=l+1 i J=l4+21i=j v

Slnce nd < 1 for all 7, we further bound

ns
mHlIIAL7@4J+1M¢ﬁﬁ1§m¢§mH1II;?+@AJ+1W Mi41 -

=L, 1’ <kymp foralll <i< t} implies that

-1

(t —l+1)y/m l+1}. Since m; = ng, we have

Hence, the event {‘mZ

{’mt mi+1 Hz I+1 n

—1
mi—1
ni—1

> ky/my1

ab,

where A denotes the event {m; 1 > 0,n; > 0Vi: [ <i<t}. Since u'*! is a substring of u*~!
for I < i <t, we get my41 > m;—1. Thus, we have

t
Pty {20 2 =14 D] A} £ Y Prrg { i~

1=[+1

t (03
Pirpry { Zu > k(t =1+ 1)ymii| A} < > Py { ‘m - nfimH > ky/mi1 A} .
i=l+1 L
(G.10)
Each term of the summation in (G.10) is
i P m; — >k ni—1 >0
n;_q (Tpr) { ’ U ‘ m‘ i—1 }
P<T’pT>Hmi_n‘ 1 = hymizy A}_ T,p {A\n 1 >0}
1— : T i—
(G.11)
Now, m; = n_ = E;‘i)l
P(T’pﬂ { ‘ml - nziimzfl > k’m n;_1 > 0} <

_ 4 . n-1( k 3\
X — — .
B P(T,pT> {n;—1 > 0} P 2 2yn n-—1

Replacing in (G.11), and then in (G.10), we get

(t—1)4 n—1/( k 3 \?
Pirpry { Zu 2 kit =1+ )ymin] A} < 5 —gexp§ === (rgo= - .

Thus, we have

{Z Sk ‘A}<7l)4 n—1 r k 3 2
Pitpr) VI Ty LAY 2 \t—i+12/n n-1) (-

The proof then follows exactly as in Lemma G.2.
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G.3 Proof of Lemma 5.10

Suppose the claim of Lemma 5.10 is not true and let z € A%, ¢ € A such that zc € U1 is of
maximal length among those elements of Uy that are not leaves of Ték}. Since the children
of zc were added to Tc[kJrH for zc was forgetful, we know that azc is an internal node of T,V[kﬂ]

for every a € A. If azc € U1, azc is a leaf of Tc[k}

an internal node of Tc[k]. If azc & Upy1, azed ¢ Uy, for any d € A. Hence, by definition of

U1, either azed € Tc[k} or azed € T In any case we have that azc € T(gk], ie., az is an

for azc is longer than zc. Therefore, az is

internal node of T, ék]. We conclude that az is an internal node of Tc[k] for every a € A, thus
zc € TCW by definition of canonical context tree. Furthermore, since z¢ € Uyy1, zed € U, 41

for some d € A, thus zed € T, c[k] and zc is a state of T, C[k], a contradiction. O

G.4 Proof of Lemma 5.13

We will equate the number of counts given in each iteration of the loop to the increment in
ik | = Vo | For u € A* we define Vi(u) = {uv € s
ve AU, Aiw) = {(uv,w) € B : v € AU{N}} and, for a € A, A" (u) = {(uv,w) €

Ai(u) : a = head(w)}. Notice that since TE refines states of T4 in at most one level,

Apg(r) and Vi (r) exhaust E_x and V) respectively as r varies in Rj11. Of course, Apa1(r)
C C

|ET[k+1]’ — |VT[k+1]| with respect to |E
Cc Cc

and Vi41(r) do also exhaust E

1] and VTUCH] respectively as r varies in Ry 1.
Cc C

We claim that the number of counts given by an invocation to P(r, c¢) equals \A,(Cil(rﬂ —
’AI(:)(T)‘. When the condition of Step 1 holds true, we describe a — 1 counts. There are «
edges from children of r to children of ¢r in Ag41(r) and one edge from r to cr in Ag(r), i.e.,
the number of given counts coincides with the increment ]A,(gl(r)] - |A,(€C) (r)]. Now, when
the condition of Step 5 is satisfied, we have for each csu € W, that there is an increment of
a — 1 in the number of edges that depart from s to children of csu in Agi1(r) with respect
to the one single edge from ol (5) to csu in Ag(r). The increment coincides with the number
of counts given in Step 9. On the other hand, in Step 12, where csv is a state of Tékﬂ] that
is not in W', esv is also a state of T(Ek]. There is one edge from s to csv in Agy1(r) and also
one edge from ol (3) to csv in Ag(r). Thus, there is no increment in the number of edges.
Finally, in Step 14, we have that cs is a leaf of T, c[k+1]. Then, as mentioned, either cs € Tc[k]
or s € Tgk], for otherwise, by Corollary 5.11, their parents cr, r, would belong to T(Ek} and
the condition of Step 1 would hold true. When cs € T, c[k], there is one edge from s to c¢s in
Ag11(r) and also one edge from ol (3) to cs in Ag(r). If, on the other hand, s € T there
is one edge from s to ¢s in Agy1(r) and also one edge from s to ol (€s) in Ag(r). The claim
is proved.

We now analyze RefineTypeClass. When r € Uy, the number of counts described in
Step 4 is |Ag1(r) \ AL ()] — [Ax(r) \ AL ()] For the symbols d € A of Step 3, we have
that dr is not an internal node of TCW but, since r € Uy, dr is an internal node of Tékﬂ].
Then, dr is a leaf of Ték] and the full set of children of dr are leaves of TL[H”. There are o

edges from the children of r to the children of dr in A,(il(r) and one single edge from r to dr
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in A,gd) (r). Hence, the number of counts described in Step 4 is |Ag41(r)| — |Ar(r)| — (e — 1).
Since |[Vit1(r)| — |[Vk(r)] = a — 1 we have that the total number of counts described is
(|Ak+1(r)| = Vis1(r)]) = (JAk ()| = |Vie(r)|). We now consider the case where r & U1 and the
children of r belong to T, Ck . When cs ¢ TCkJrl , the decoder computes state transition counts

in Step 9. In this case, for every state s € Sgkﬂ}

W+](

child of r, there is one edge from s to s’ =

¢s) in Ag11(r) and, since also s € SLk], there is also one edge from U.[gk}( ) to U[k}(cs) in

Apg(r). Hence, |Ak+)1( )| = ]AI(: (r)|. For the remaining values of ¢, we use |A,(€+1( )\—|A )( )|
counts in Step 11. Since the children of r belong to T }, we have |Vi41(r)| = |[Vi(r)|. Thus,
the total number of counts is (|Ax+1(r)| — |Vis1(r)|) — (|Ak(r)| — |[Vk(r)]). Finally, when the
algorithm skips to Step 12, we have that all states s that are children of » do not belong to
Tgk], and do not belong to U,/H_l, for r € U1 in Step 2. Hence, by the definition of U,’H_l, all
states s that are children of r [l]zel(})ng to T[kH]\T(W and, thus, |s| = k41 and @s is sufficiently

+1

long to determine a state in T¢ for every symbol a. There are a edges in A1 (7) departing

from each of the « children of r, for a total of o edges in A, 1(r). On the other hand, r is a
leaf of maximal length in T, c[k] and therefore there are « edges departing from r in Ag(r). Since
[Vier ()] = o and [V(r)] = 1, we have (| g1 ()] — [Vis1 (7)) — (145 (D) = [Vi(r)]) = (a—1)2.
Over all, the number of counts described is (\ET[k+1]| — Ve |) - (|ET[k]\ — [V ml
C C Cc C
Bpy1(a — 1)? where Byy is the number of elements r in Ry, ; with |r| = k. Clearly, the
children in Tc[kﬂ} of such elements of Ry, are the nodes in Tlk+1] \T (k] and we can write
Bi+1 = (|Spmsy| — [Spw]) /(e — 1). It follows that the number of counts described can be

written as (|| = [Vygeon!) = (1Bl = Vygul) = (@ = 1) (Spen] = [Spm).
C C
The total number of counts described by EncodeTypeClass is, therefore,

d—1

> (1Bl = Vppeonl) = (1Bl = Vgl ) = (@ = 1) (Spien| = [Sual) , (G12)
k=h+1

where we recall that d = max{|s| : s € Sp} and h = min{|s| : s € Sp}. The telescopic sum
n (G.12) reduces to

(18] = 1Vzel) = (1Bggpen] = [Vygrn]) = (@ = 1) (17] = |Spnsn]) - (G.13)

NOW since T[h+1] is FSM V. [h+1 VT[h+1 = S [h+1], E [h+1] =F Tlh+1], and ‘ET[h+1]| =
a|Spn+n], so that [E, h+11] -V, h+11] = (o —1)|Spn+1| and (G 13) becomes

(IBre| = [Vze]) = (e = 1)[S7] . (G.14)

|



Appendix H
Probability of context tree estimation error

H.1 Proof of Lemma 5.17

Consider a fixed state s € Sp, and a sequence 2" with 7' = T(x") such that s is an internal
node of 7. Let W = {sw € T : w € AT}, and Sy the set of leaves descending from s in 7.
Define the context trees T/ =T U W, and 77 = T\W. The context trees 7" and T differ only
in that s is refined by a subtree W in 7" and the same occurs between 7" and T'. Thus,

R R n (a) n
—logP;(2") +1logPs (2") = — Z Z log (@ —I—Z log (")

sueSy acA aceA (1-”)
= —logPp(a™) + logf’T(x"). (H.1)

Since T is the estimated context tree for 2™, by (5.15) we have
—log f’T(x”) + log f’T, (") < (Kp — K3) f(n). (H.2)
Also by linearity of the penalization coefficient,
Ky — Ky = Kp — Ko = (57| = |S7]) = =B(1Sw| - 1), (H.3)
and replacing (H.3) in (H.2), we get
—log P (") + log Pr(z™) < —B(ISw| — 1) f(n) (H.4)

Define the probability distribution Qp over A", as that induced by the probability assign-
ment obtained by replacing the conditional probability pr(:|s) in the model (T, pr), by the
empirical distribution in s of ™, i.e.,

(@) .n
ns (x
log Qr(y E E nt ") log pr(alt) + E n{@ (y™) log - ( ) (H.5)

teST\{s} acA acA S(ngL)

Similarly, define Q)7+ such that

log Q7 (y Z Z nt ") log pr(alt) + Z n{@ (y™) log Mo (2") . (H.6)

teSr\{s}acA sueSw acA

Let 75 7/(x™) be the (s,1)-type class of 2", defined as the set of sequences of A" with the
same symbol occurrence counts as z™ with respect to the states descending from s in 77,

T (z™) ={y" € A" : n{@ (y™) = n{@ (z") for all su € Sy, and all a € A} .
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From (H.5) and (H.6) we get

x” n{® (™)
—log Qri(y") +1og Qr(y") = — Y > nlil log —l—Zn ") log ——— .
S

su€Sy acA acA

Hence, — log %7;((5:)) is constant within 7 7v(z"), or equivalently %7;((3:)) = %7;((;”:)) for all
y" € Ty (x™). Therefore,
B log Zyng];j, (z) QT’(yn) _ log QT’ (yn) Ey”E'Z;’T/ (z™) QT(yn) _ log QT’ ($n) (H 8)
2yneT, (@) QT(Y") Qr(y"™) 2Xynet, u(an) Q(Y") Qr(z") .
By (H.1) and (H.7), we have
—log Q7+ (") + log Qr(2") = —log Ppr(a") + log Pr(a") (H.9)

and, thus, from (H.4) and (H.8), we get

—log [ Y Qe |+lbg| D> Qry") | <-B(Swl-1f(n). (H.10)

y"eT, (") y" €T, (")

Since @ maximizes the probability of the sub-sequence of ™ that occurs in state s, we have
Qr(Y") = Pirpyy (y") for every y" € T, r/(z"). Thus,

—log | > Qr@") | +10gPirpy {Ter (@)} < =B8(1Sw|—1)f(n),  (H.11)

where we use the notation Pp .y {2} for Q € A" as a shorthand for Pz, { X" € }. Since
also 3 ner o (a") Qr (y™) <1, we further get

log Pirppy { Lo (2™)} < =B(1Sw| — 1) f(n),

or,

T pr) {']'ST, } <92- B(Sw|=1)f(n) (H.12)

Let Ogy, C A" be the set of sequences whose estimated context tree refines s with the
subtree W, and let P, 7+ be the set of possible (s,T")—type classes of sequences from A".

owe U U Tl

TEP, v 2n€0™ 1,,NT

Then, we have

Since there are at most n®“w! elements in Ps 1, we get, by (H.12),

P(TpT> {O?W} < na|SW|2—ﬂ(|SW|—1)f(n) _ 9lSwl(alogn—pBf(n))+Bf(n) (H.13)

Let OF ) = Ujs,y =k Osw be the set of sequences whose estimated context tree refines s

with k& > « states. The number of nodes in the subtree that refines s is % < 2k. By using
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a natural code [56, 88], a full tree can be described with as many bits as the number of nodes.
Thus, the number of different subtrees that refine s with k states is bounded by 22*. Then,
we get from (H.13)

P irppy {07} < 2k@logn=07()+2)+01(n) (H.14)

Notice that when Gf(n) > alogn + 2, the exponent in the last equation is a decreasing
function of k£, and since k > «, we have

Pt pr) {ng} < galalogn=Bf(n)+2)+Bf(n) — pa?9f(l-a)f(n)+2a (H.15)

Let O™ be the set of sequences whose estimated context tree refines as least one state of T.
Then, O" C Uyeg, Upsa Ofy and by (H.15) we have

n a2 —Q n (6%
Pirp {07 < Y ) net 2Ptz (H.16)

seST k>a
The number of states in T($”) is bounded by n and we conclude that

P 7y {O"} < |Sp|ne H1280—e) () 420 (H.17)

H.2 Proof of Lemma 5.18

Let w be an internal node of T, and let W = {wu € T : u € A"} be the subtree of T
descending from w (excluding w). Similarly, let Wr = {wu € Tgy¢ : u € AT} be the subtree
of the FSM closure Ty of T' descending from w. Let also Sy = S N W be the set of states
of T' descending from w, and Sy, = STsuf N Wr be the set of states of Ty,r descending from
w.

Consider a sequence z" such that w is a state in 7' = T'(z"), and define the context trees
T =T UWp, T' =TUWg and T" = T\Wpg. The context trees 7" and T” differ only in
that state w of T is refined by a subtree Wy in 77, and the same occurs between 7' and 7.
Thus,

—log PT(x”) + log IST,(x”) = —log Ppu(z™) 4 log Py (™) . (H.18)

Since 7' is the estimated context tree for 2, by (5.15), we have
—log Ps(2") + log Py (a™) < (K — Kp) f(n). (H.19)
Also by linearity of the penalization coefficient,
Kj — Kp = Kpr — Ky = B(|Sr| = [S70) = B(1Swe | = 1), (H.20)
and replacing (H.20) in (H.19), and using (H.18), we get

Qu(z") 2 —log Ppw(2™) + log Pr(2™) < B(|Sw,| — 1) f(n). (H.21)
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Notice that, since 7" and T” differ only in that state w of T"” is refined by the set Sy, of
states in 7", we have

—logPrv(a") +logPrv(a™) = = nlf 10g7+ o >on wulogi

aceA quSWFaEA
SIS T g
quSWF acA quSWF aceA

n @) n
= > Soal M_ (H.22)

nl®
wuESyy,, acA /M
Define Uy, . as

Upe= {3:” e A" : LG < e(w)} : (H.23)

Since f(n) = o(n), it is clear from (H.21) that, if e(w) > 0 for all w € Z(T'), for n sufficiently
large, we have

c Ju (H.24)

weZ(T)

Consider the empirical distribution over STsuf X STsuf defined as

NOR
PA’F@n(s,z):{ o i f(sa) = 2,

0, otherwise,

where f : Sp . x A — Sp . is the next-state function of Ty, For a distribution ) over
suf ~ suf
Sty X STy let @ denote its left marginal, and define

Q=)
Q)

Q(s]2) = Q(z) #0

Furthermore, for w € Z(T) define

sy, Qz:5) )
Zz:sw Qz) ' ; Q(z) #0.

Q(slw) =
Let I denote the set of distributions () over STsuf X STsuf that satisfy

> Y Qs g < clw).

ZESWF SESTsuf

By (H.22) and the definition of Uy, . it follows that 2" € Uy, . if and only if Pron €T, Let
pr(-|) denote the next-state probability mass functions conditioned on the states of Tyyf,
induced by the symbol conditional probability mass functions on states of T', py(+|-). This is,

s ) pr(als), ifs e Sp,s <s, and f(s,a) =z,
(z]s) = .
0, otherwise.
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Let also Pp(-) denote the probability assignment induced by pg(:|-). Denote by I'y the set
of distributions in the closure of I' (relative to the set of all distributions over St_. x Sr_.)
with identical left and right marginal distributions. By [14, Lemma 2(a)],

limsupn ! log Pp {PF,M € r} <-D, (H.25)
where
D = min{D(Q||Pr): Q € Ty},
and Q(s.2)
DOl oy Qls2)
(@IPF) = 2 Q2108 G Gl

S,ZESTsuf

The unique distribution Q° over Sty X STy, With two identical marginal distributions for
which D(Q||PFr) =0 is

Q"(s,2) = Pp(s) x pr(zs),
where P? is the unique stationary distribution defined by pg(-|-). Clearly ¢(Q°) > 0, for
otherwise Q°(.|z) = pr(.|2) for all z € Sy, and the states in Sy of T would have identical

conditional distributions, and thus T would not be minimal. Hence, taking 0 < e(w) < €(Q°),
Q" &g and D > 0. Thus, by (H.25), Py, {2™ € U} < 27"P with D > 0, and by (H.24)

P(T,pT> {Xn € Un} < |ST|2_nD
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