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Abstract. Let f be a real rational function with all critical points on the extended real axis

and of even order. Then:

(1)  f carries no invariant line field on the Julia set unless it is doubly covered by an
integral torus endomorphism (a Lattés example); and

(2)  fIJ(f) has only finitely many ergodic components.

1. Introduction
In this paper, we study the measurable dynamics of a real rational function f, which
satisfies the following two conditions:
(C1) any critical point ¢ of f is contained in S! = R=RU {oo};
(C2) any critical point ¢ of f is of even order.

Let F denote the set of all real rational functions satisfying these two conditions.
Our main result is the following theorem.

THEOREM 1. Any f € F carries no invariant line field on the Julia set J( f) unless it is
a Lattés example.

THEOREM 2. Let f € F. f|J(f) has only finitely many ergodic components.

It is conjectured that these theorems hold for all rational functions, see [16, 18, 22].
The question in the first main theorem is closely related to the well-known Fatou
conjecture: in the space Rat, of all rational maps (and in the space Poly, of all poly-
nomials) of degree d > 2, hyperbolic ones form an open and dense subset. Our first main
theorem implies the following corollary.

COROLLARY 3. Let f be a real rational map of degree d > 2 for which all critical points
are on the real axis. Suppose that f is structurally stable in the space Rat;. Then f is
hyperbolic.
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Proof of Corollary 3. Since f is structurally stable, the Teichmiiller space of f has
dimension 2d — 2. In particular, all the critical points are non-degenerate which implies
that condition (C2) holds. Thus f € F. It follows from Theorem 1 that f carries no
invariant line field on the Julia set. By Theorem 9.4 of [22], f is hyperbolic. a

Some progress in the direction of this work had been made by several authors, mostly
on the case that f is a quadratic polynomial. For a non-renormalizable polynomial,
the absence of an invariant line field follows from the work of Yoccoz (see [9]),
while McMullen [20] proved this for infinitely renormalizable quadratic polynomials
which are ‘robust’, including all real ones. McMullen’s method has been refined by
Levin and van Strien [12] who generalized the result to all real unimodal polynomials.
For polynomials with more critical points, the only result, to my knowledge, is in [7, 8],
where the authors prove the absence of invariant line fields for a real polynomial with
only real critical points and such that f is infinitely renormalizable and of bounded type.
The ergodic decomposition was proved by Lyubich [14] for a smooth one-dimensional
dynamics with non-flat critical points and in the category of holomorphic dynamics, by
Prado [25] for a real unimodal polynomial. In the proof of all these results, some kind of
‘bound’ plays a crucial role.

In this paper, Theorems 1 and 2 will be proved using the same method and the real
bounds developed in [26] play a crucial role in our proof.

The main difficulty is to study the measurable dynamics on the part J. = {z € J(f) :
w(z) = w(c)} for a recurrent critical point ¢ with a minimal w-limit set. It will be done in
the same outline as in McMullen [20]. If a large real bound exists, then we shall transfer
it to a ‘complex bound’ for a quasi-polynomial-like mapping, as in [12]. In the converse
case, our argument will depend heavily on the essentially bounded geometry of the Cantor
set w(c). Comparing this work with that in [20], a new ingredient is the fact that the
absence of a large real bound implies that ¢ is ‘uniformly persistently recurrent’ in some
sense, which is also proved in [26].

Let us briefly outline the structure of this paper. Section 2 contains some technical
preliminaries, including some distortion lemmas. In §3, we recall the definition and give
some sufficient condition for the absence of invariant line fields. In §4, the notions of real
box mappings and quasi-polynomial-like mappings are recalled. Section 5 is devoted to
the study of the measurable dynamics on the subset of the Julia set consisting of points
accumulating on a reluctantly recurrent critical point. It turns out that we will only need to
consider the part J,. for a persistently recurrent critical point. In §6, we study the dynamics
of f|J. when a large bound exists for c. In §7, we shall study the converse case and then
complete the proof of the main theorems.

2. Preliminaries
2.1. Distortion lemmas. We state some well-known distortion lemmas. Let A(r) =
{zeC: |zl <r}andlet A = A(1).

LEMMA 2.1. Forany § > Oand N € N, there is a constant € = €(N, ) such that the
following holds.
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If h : U — V is a proper map of degree N between two hyperbolic topological
disks U, V, then for any zo € U, we have h({z € U : dy(z,z9) < €}) D {w € V :
dy (h(zp), w) < 8}, where dy and dy are the hyperbolic metric of U and V respectively.

Moreover, ¢ — 0 as § — 0 for a fixed N.

LEMMA 2.2. Forany0 <r < 1l and N € N, there is a constant C = C(r, N) > 1 with
the following property.

If U c Cisatopological disk and h : U — A is a proper map of degree < N, then for
any component Uy ofhfl (A(r)), we have diam(Uo)z/area(Uo) < C, where the diameter
and area are measured in the Euclidean metric of U.

LEMMA 2.3. Forany § > 0 and N € N, there is a constant € = €(N, ) > 0 with the
following property.

Let U be a simply connected subset of Candh : U - Abea proper map of degree
< N. Let X C A be a measurable set with m(A(1/2) N X)/m(A(1/2)) < 1 —§, then for
any component Uy ofh_l(A(l/Z)), we have m(Ug N h_l(X))/m(Uo) <1—¢€, wherem
denotes the Lebesgue measure on C.

All these lemmas follow easily from the following fact:
{h : A — A; h is holomorphic and proper of degree < d, h(0) = 0}

is a compact set in the topology of uniform convergence on compact sets. We leave the
(easy) proofs of this fact and the lemmas to the readers.

2.2. Real rational functions. Let f be a real rational function satisfying the
condition (C1).

We shall use S! to denote the extended real line R = R U {oo} and use Par(f), C(f) to
denote the set of parabolic periodic points and the set of critical points of f, respectively.
All the metrics in this section are the spherical metric on C. Let P(f) denote the post-
critical set of f, that is,

riH={J Utren
ceC(f) n=l1

The map f|S' : S! — S! can be considered as a one-dimensional dynamical system,
which has no wandering interval, due to [19].

PROPOSITION 2.1. Let y € J(f) N S' — Par(f). For any € > 0, there is a § > 0 such
that for any interval I C S' and anyn € N, if f*(I) C B(y, 8), then |I| < €.

Proof. Otherwise, there is a positive integer ¢y > 0, and for any k € N, there is an interval
Iy € S' with |Ix] > €, and a positive integer ny such that
f™ I C B(y, 1/k).

After passing to a subsequence, we may assume that there is a non-degenerate interval
I C I for all k. Then, liminf, | f*(I)| = 0. Thus, there is an attracting or parabolic
periodic point p of f, such that sup,.; d(f"(x), f"(p)) = 0asn — oo.

Since y € w(x) for all x € I, we have that y is contained in the orbit of p, and so y is
an attracting or parabolic periodic point of f, which is impossible. a
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For any critical point c, there is a unique involution t. defined by f(z.(x)) = f(x) on
a neighbourhood U, in S'. We shall fix for any critical point such a neighbourhood U,
such that they are pairwise disjoint. An interval I C S! is called symmetric if it contains a
critical point, say c and if / C U, and 7.(I) = I.

For any open interval I C S!, let C; denote the hyperbolic surface C—('—1.
Let D(I) denote the disk such that D(I) N S' = I and the boundary d D([) intersects S !
orthogonally. The following is an observation of Sullivan, see [29].

LEMMA 2.4. There is a universal constant 6 > 0 such that D(I) = {z € @1 2 d(z, 1)
< 0}, where d denotes the hyperbolic distance in Cj.

PROPOSITION 2.2. Let f € F. Then either of the following holds:

@  J(f) = Cand f is ergodic; or

(i) fora.e. z € J(f), and any y € w(z) — Par(f), there is a recurrent critical point ¢
such that w(z) > c and w(c) 3 y.

Proof. Let E C J(f) be ameasurable set of positive measure such that f(E) C E (mod0)
and m(@ — E) > 0. Let z € E be an arbitrary Lebesgue density pointof E. Let y € w(z)
be an arbitrary point which is not a parabolic periodic point. We claim that there is some
recurrent critical point ¢ of f such that ¢ € w(z) and y € w(c).

First of all, we choose a small positive number € > 0 so that
(1) forany c € C(f) which is not recurrent, we have f"(c) € B(c, €) for any n € N;

and
(2) foranyc € C(f) — w(z), we have f"*(z) & B(c, €) forany n € N.

Let § > 0 be a small positive number. Let Dy = B(y,§/2) C D = B(y, §) be small
disks centred at y. There exists a sequence of positive integers n| < ny < --- such that
f(z) — yask — oo. Let Ay (AY, respectively) denote the component of f~"* (D)
(f~™(Dy), respectively) containing z.

If f™ : Ay — D has a uniformly bounded degree, then since z is a Lebesgue density
point of E, by Lemmas 2.2 and 2.3, m(Dg — E) = 0. Since E C J(f), we then have
Do C J(f). So f"(Dgy) = C for some n € N and hence E = C (mod0), which is a
contradiction. So after passing to a subsequence we may assume that f"*| Ay has a degree
which tends to infinity as k — co. For the same reason, we may assume that f"* |A2 also
has a large degree.

Thus, there are 0 < py < g < ng such that fP¥(Ag) and f9 (Ag) contain the same
critical point cx and f"**~Pk| fPk(Ay) has a uniformly bounded degree. By Lemma 2.1, the
hyperbolic diameter of f Pk (Ag) in fPk(Ag) is uniformly bounded from above. By passing
to a further subsequence, we may assume that ¢, = ¢ for all k.

If § was chosen small, then it follows from Proposition 2.1 that max{| /" (Ax) N Sl| :
Pk < n < ng} < €. Since the forward orbit of ¢ enters f% (Ax) N S', which is contained in
B(c, €), it follows from (1) that c is a recurrent critical point. Since fP* (Ag) NS # @, and
fPE(Ag) C @fpk(Ak)msl, and since the hyperbolic diameter of f 7% (Ag) in the hyperbolic
surface fP*(Ag) is bounded from above, we have that the spherical diameter of f 7% (Ag)
is less than € (provided that § is sufficiently small), which implies that ¢ € w(z) by (2).
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Since § can be taken arbitrarily small, the claim follows. The proposition easily follows
from the claim. a

Let C,(f) C C(f) denote the set of non-periodic recurrent critical points. For any
c,d € Cr(f),wesay ¢ ~dif w(c) 2 d and w(d) > c. An order is defined on the set of
equivalence classes as follows: [c] < [d] if w(c) > d but w(d) # c. Let

Je={z€ J(f):w(z) > cbutw(z) #Fd forany [d] < [c]}.
It follows from Proposition 2.2 that either J (f) = C and f is ergodic or

JHc | Je modo.

ceCr(f)

3. Invariant line fields

Recall that a line field 1« is a measurable Beltrami differential on C such that [u| =1ona
set E of positive measure and p vanishes elsewhere. The set E is the support of 1. A line
field is holomorphic on an open set U if . = ¢/|¢| a.e. for ¢ a holomorphic quadratic
differential on U. A line field u is called (f-)invariant if f*(u) = w a.e. We say that f
carries an invariant line field on the Julia set if there is an f-invariant line field u with a
support contained in its Julia set (up to a set of measure zero).

A rational map f is called a Lattés example if it is doubly covered by an integral torus
endomorphism. Such a rational map carries an invariant line field on its Julia set, which
is C. Itis a conjecture that Lattés examples are the only rational maps which carry an
invariant line field on the Julia set, see [18, 22].

It is useful to remember the following, which is Lemma 3.16 in [20].

LEMMA 3.1. Let u be an f-invariant line field which is holomorphic on a non-empty open
set contained in the Julia set. Then f is a Lattés example.

PROPOSITION 3.1. Let f € F. Assume that f carries an invariant line field p with

support E C J(f). Then either

(i) fora.e. z € E and for any y € w(z) which is not a parabolic periodic point, there
exists ¢ € Cr(f) such that c € w(z) and w(c) 3 y; or

(i)  f is a Lattés example.

Proof. Take a Lebesgue density point z of E and let y € w(z) — Par(f). If there is no
c € Cr(f) Nw(z) such that w(c) > y, then by the same argument as that in the proof
of Proposition 2.2, we will obtain a sequence of proper mappings f"* : Ay — B(y,§)
for some § > O such that x € Ay and f™|Ay has a uniformly bounded degree, and
f™(x) — y as k — oo. It then easily follows that u is holomorphic on some non-empty
open set and hence f is doubly covered by an integral torus endomorphism. O

We shall give more criteria for the non-existence of invariant line fields. The idea is
taken from [20] and [21]: Uniformly nonlinearity implies the absence of invariant line
fields.

CAMBRIDGE JOURMNALS

http://journals.cambridge.org Downloaded: 03 Jun 2009 IP address: 137.205.202.8



http://journals.cambridge.org

962 W. Shen

An invariant line field u is called almost continuous at a point x if for any € > 0,

m({z € B(x,r) : |u(z) — u(x)| = €})
m(B(x,r))
as r — 0, where 4 = u(z)dz/dz on a conformal coordinate around x. Note that the
definition does not depend on the choice of the coordinate.
Given a rational function f, consider the collection H(f) of all holomorphic maps
h:U — V,where U, V are open sets such that there exist i, j € N such that fioh = f/
on U. Obviously for any element 2 : U — V in H(f), h*(u|V) = u|U, i.e.

w(z) = wh(z)h' (z)/h'(z) a.e.on U.

-0

PROPOSITION 3.2. Let f be a rational function of degree > 2 and x be a point in J(f).
If there is a positive constant C > 1 and a positive integer N > 2 and a sequence
hy : Uy — V,, of elements of H(f) with the following properties:

(i)  Uyn, Vi are topological disks and

diam(U,) — 0, diam(V,)) — 0

asn — 0o,
(i)  hy is a proper map with degree between 2 and N;
(iil) for some u € Uy such that h),(u) = 0 and for v = hy, (1) we have
max d(z,u) < Cd(u, oU,)

zedU,

and
max d(z,v) < Cd(v, 0Vy,);

z€AVy
(iv)
d(U,, x) < Cdiam(Uy), d(V,,x) < Cdiam(V,),
where diam and, d denote the diameter and the distance in the spherical metric

respectively.
Then for any f-invariant line field u, x & supp(i) or [ is not almost continuous at x.

Proof. By changing the coordinates using a Mobius transformation, we can assume that
x € C. The conditions in (i), (iii) and (iv) also hold for the Euclidean metric by changing
the constant C. Here, all distances, diameters and areas are measured in the Euclidean
metric on C unless otherwise stated.

Fix any u, € U, such that &) (u,) = 0 and let v, = h, (u,). Denote by o, and 8, the
linear transformation of C such that «, > 0, 8, > 0 and

on (1n) = Pn(vp) =0, diam(a,Uy,) = diam(B,V,) = 1.

Denote X, = a,U, and ¥,, = B,V,,. And denote by H,, the function 8, o h, o a;l :
X, — Y,. By condition (iii), we have

min |z| > max |z|/C > 1/(2C),
z€0X, z€0X,

min |z| > max |z|/C > 1/Q2C).
z€0Y, z€dYy,
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Thus X,,, Y, D B(0,1/(2C)). So after passing to a subsequence we may assume that
(Xn,0) — (X,0) and (¥,,0) — (¥, 0) as n — oo in the Caratheodory topology for some
topological disk X, ¥ and there is a holomorphic function H : (X, 0) — (¥, 0) such that
for any compact set K in X, H,|K — H|K uniformly as n — o0.

CLAIM. The function H is not a constant function.

Indeed, since X,, C B(0, 1), for some § = §(C) > 0, in the hyperbolic surface X, the
hyperbolic ball By, (0, §) is contained in the Euclidean ball B(0, 1/(4C)). By Lemma 2.1,
there is a constant € > 0 which depends only on C and N, such that H,(B(0, 1/(4C)))
contains the hyperbolic ball By, (0,€) in the hyperbolic surface Y,. Since ¥, D
B(0,1/(2C)), By, (0,€) D B(0, ¢’) forsome ¢’ > 0. Foranyn € N, letz, € B(0, 1/(4C))
be a point such that | H,,(z,)| = €. After passing to a further subsequence, we may assume
that z, — zasn — o0o. Thus |H (z)| = €. Note H(0) = 0, and hence the claim follows. O

Consequently, H is a proper map of degree between 2 and N.
Assume now that [ (x)| = 1 and that u is almost continuous at x. Without loss of
generality we can assume that (x) = 1. Let us prove that for any § > 0, we have

m({z € Uy : |u(z) — 1] = 6}) N
m(Uy)

0, e))

asn — oo.
Let r, = max;ey, d(x, z) and s, = d(u,, dU,). Thenr, — 0asn — oo. Thus, by the
definition of almost continuity, we have

m({z € B(x,ry) : |u(z) — 1| = 8}

0.
m(B(x, ry))
Note that by (iii) and (iv), we have
m(B(x, rp)) =< r2 =< s2 < m(Uy).
Thus, statement (1) holds.
Similarly, we can prove that for any § > 0,
Vi —11=$
m({z € Va: |n@@)—1[=8p) 0. @)

m(Vy)
asn — oo.
Let wu, = (an_l)*(MUn) be a Beltrami differential on X, and v, = (ﬂ;l)*(uwn) be
a Beltrami differential on Y,. Obviously H,‘v, = p,. It follows from (1) and (2) that for

any § > 0

m({z € Xy : |un(z) — 11 = 8}) — 0, 3)
and

m({z € Yy : Jva(z) = 1| = 8}) = 0, “)
asn — oo.

Let L be a small Euclidean ball whose closure is contained in X such that H is univalent
on a neighbourhood of L. Let n > 0 be a constant such that |H'(z)| > 25 forany z € L.
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Since H,|L — H|L uniformly, we have that for n sufficiently large, H,|L is univalent and
also |H, (z)| > non L.
By (3) and (4), for any § > 0, we have

m{z€ L :|up(z) =1 =6} —0

and
m{w € Hy(L) : |vy,(z) — 1| >8} —-> 0

as n — 00. Note that
miz € L: |va(Hy(2)) — 1] = 8} < n™2m{w € Hy(L) : |vy(w) — 1] > 8} — 0

asn — oo.
For any § € (0, 1), let

A (8) = {zeL:‘H;’(Z) —1‘ za}

H)(2)

asn — oo. Fora.e. z € A,(8), we have u, (z) = v,(H,(2))H, (z)/H, (z). Thus, for such
a z, either |v, (H,(2)) — 1| > 8/10, or |v,(z) — 1| > §/10. Thus, we have

m(A,(8)) = 0
as n — oo. Consequently, we have that, for any § > 0,

H'(z)

m{z elL: ‘—H/(z) —

1 ‘ > 8} =0.

Since 8 can be taken to be arbitrarily small, we know that for a.e. z € L, H'(z) = H'(2).
But then H’ is a constant function, and hence it is equal to 0, i.e. H is a constant function,
which is a contradiction. O

To construct the family {h,} we usually first construct a sequence of restrictions of
forward iterates of f, then try to pull them back to the neighbourhood of x.

For any annulus A with a finite modulus, we define the core curve of A to be the unique
simple geodesic in A. In other words, if ¢ : A — {z € C: 1 < |z| < R} is a conformal
map, then the core curve is ¢~ ' ({z € C : |z| = V'R}). For any topological disk U, and
any compact set K C U, we use mod(K, U) to denote the supremum of the modulus of an
annulus which is contained in U and surrounds K .

COROLLARY 3.3. Let f be a rational function of degree d > 2 and x be a point in the
Julia set J(f). If there exists a positive constant 8, a positive integer N > 2, sequences
{sn}, {pPn}, {qn} of positive integers, sequences {A,}, {Bn} of topological disks with the
following properties:

i)  fS: A, — By is a proper map whose degree is between 2 and N;

(ii)) diam(B,) — Qasn — oo;

(i) fPr(x) € A,, fI"(x) € B, and

mod({ 7" (u) : u € Ay, (fP") () = 0} U { fP" T (x), f9(x)}, By) > &
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@iv) foranyn € N, there exists g;:‘ A, = Cand g,lf : B, — C such that
frrogy =ida,, g (ff () =x
and
[ ogy =idg,, g (f7"() = x;

(V) s, = 00, py = 00,gy —> 00 asn — 0O;
then for any f-invariant line field y, (x) = 0 or w is not almost continuous at x.

Proof. By condition (iii) there is an annulus €2, C B, surrounding { f”*(u) : u € Ay,
(fPrY () = 0} U {fPntSn(x), f9(x)} such that mod(£2,) = 8. Let ¥, be the core curve
of @, and B, be the topological disk bounded by this curve. There is a constant C(§) > 1
such that for any b € { £% (u) : (f*) (u) = 0} U {fPrT5n(x), f9(x)},

maxd(z,b) < C(8)d (b, y).

T€Yn

Let A}, be the component of f~*(B,) contained in A,. Let U, = g2 A, V, = g8 B/ and

hy=gBo frogh U, — V.

Then {h, : U, — V,} is a sequence satisfying the hypothesis of Proposition 3.2. a

4.  Quasi-polynomial-like mappings

In this section, we recall two notions: one is ‘a real box mapping’ which we used in [26];
and the other is ‘a quasi-polynomial-like mapping’, used by Levin and van Strien in [12],
which turns out to be the complex counterpart of the first notion.

Fix an f € F. A (real) maximal chain is a sequence of open intervals {G;}!_, such that
f(Gi) C G4+ and G; is the maximal interval with this property, forany 0 <i <n — 1.
The order is the number of G;s containing a critical point. If {G;}?_, is a maximal chain
we shall say that G is a pull-back of G,. If G; does not contain a critical point for any
0 <i < n— 1, then the chain is called monotone and Gy is called a monotone pull-back of
G,. If G; does not contain a critical point for any 0 < i < n but G contains exactly one,
we shall say that the chain is unimodal, and Gy is a unimodal pull-back of G,.

Recall that an open interval T is called nice if f"(0T) N T = @ for any n € N.
Clearly, if G and G’ are two pull-backs of T then either they are disjoint or one is contained
in the other. We call an interval T properly periodic if there is a positive integer s > 1,
such that the interiors of T, f(T), ..., f*~(T) are pairwise disjoint and f*(T) C T,
f5(T) C aT. In this case s is called the period of T and f* : T — T will be called a
renormalization of f. Letus say that f is renormalizable at c if there is a properly periodic
interval containing c and that f is infinitely renormalizable at c if there are a sequence of
properly periodic intervals {7},} containing ¢ with periods s,, — oo asn — oco. If f is not
infinitely renormalizable at ¢, we shall say that f is only finitely renormalizable at c.

Letc € Gy (f) and let ¢y, 2, ..., ¢p be the critical points in [c]. Let I; > ¢; be small
nice intervals, i = 1,2,...,b. Let Ji], 0 < j < ri + 1 be pairwise disjoint intervals
contained in [; such that JiO > ¢j, where r; € N U {0, co}. A mapping

b i . b
B:|J U - )
i=1 j=0 i=1
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is called a (real) box mapping (induced by f) corresponding to c if foreach 1 <i < b and
eachO < j <rj+ 1lthereisak(i, j) € {1,2,...,b}and p(i, j) € N with the following

properties:
B1) BJ = fri|Jf; |
(B2) there is a maximal chain {Gk},f;’o with G, ; = Iy, ; and Gy = J,:’, moreover the

chain is unimodal if j = 0 and monotone otherwise;
(B3) Jl:’ N orb([c]) # @;
(B4) orb([c) NI C U;f:o J! ;
(B5) forany x € orb([c]) N J/, we have f(x), f2(x), ..., [P~ (x) ¢ Ul L.

Remark4.1. In the language of [26], (5) is a box mapping of type II which is the first return
map to its image.

The following is a natural way to construct box mappings. For any small nice interval
I > cand any ¢’ € [c], ¢’ # c, let I(c) be the component containing ¢’ of the domain
of the first return map (of f) to I. Denote these intervals I(c’) by I, I3, ..., I, and put
Iy = 1. Forany2 <i < bletr; =0 and let Jl.0 = [;. For any x € orb([c]) NI, let J(x)
denote the component of the domain of the first return map to / containing x. Let 71 4+ 1 be
the number of these intervals J(x) and let J f) X 11, ... be these intervals. Finally define
B : Uf']:1 U:.’:O J - Uf';:l I; to be the first return map of f to Uf']:1 I;. We shall call
B; the box mapping associated to I. Note that if w(c) is a minimal set, then r is finite.

Let V;, be topological disks containing ¢;, i = 1,2,...,b, such that V;; N V;, N
orb([c]) = @ forany 1| < i) < ip < b. Foreach 1l < i < b, let Uil be topological
disks contained in V;, 0 < j <ri+ 1, for some r; € N U {0, oo} such that for any
0 < ji < jo <ri+ 1, wehave U NU* Norb([c]) = 2.

A collection {F ; : Ul:j — U?:] Vil <i<b,0<j<r+1}iscalled a quasi-
polynomial-like mapping (induced by f) corresponding to c if the following holds. For any
l<i<bandanyO < j <r;+1,wehavel <k;; <band p;; €N, such that:
(H1) F;j = fPi|U];
H2) F;;(U i] ) = Vi, ; and the map F; ;j is a branched covering with a unique critical point

¢; for j = 0 and is conformal otherwise; .
(H3) forany 1 <i <band0 < j <r; + 1, orb([c]) N Uij # 0;
(H4) forany 1 <i < b, we have orb([c]) N V; C orb([c]) N (U;izo Ql/);
(H5) forany 1 <i <band0 < j <rj + landany x € orb([c]) N U/, if F; j = f”, then
£ L2, 7 @) & Uy Vi

Remark. Quasi-polynomial-like mappings are not mappings in the classical sense.
They naturally appear as appropriate holomorphic extensions of real box mappings.
We allow intersection of these domains U i] in order to obtain an advantage in constructing
extensions. Note that we even allow the real traces of Uij to intersect each other, which
was excluded in [12].
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A quasi-polynomial-like mapping F = {F; ;} determines a map

FU® - U uf) U
iJ @, jN#G, ) i

in a natural way. Let K (F) be the set of points z such that F”(z) is well defined for any

n € N. We shall call K (F) the Julia set of {F; ;}, which is always a measurable set. By the

definition, orb([c]) N (J; Vi) belongs to the set K (F).

For any x € K(F), and any n > 0, there is a unique (i, j,) such that F"(x) € Ul{l”.
So for any topological disk F"(x) € A C V;,, we can consider the pull-back of A
under ¥ along the orbit x, F(x), ..., F"(x), which is defined to be the topological disk P
containing x, such that /;,_, ; o F;, , ;i ,o---0F j(P)C Ul-]m”’ forall0 <m <n
and F,_, j,_,oF; , j _,0---0F j(P)= A. Note that such a topological disk P always
exists. We shall write P = Comp, (F, n, A) and sometimes we will use F" : P — A to
denote the map F; _, j,_, o--- o Fj j,|P. Similarly, we shall use V (F, x) to denote the
topological disk V; containing x, and U (F, x) the topological disk U,.j containing x. We
shall sometimes omit the quasi-polynomial-like mapping F in these notations, provided
that it is clear from the context which F is referred to.

LEMMA 4.1. If0 < m < n are two integers and x € K (F), then we have

Comp, (n, V(F"(x))) C Comp, (m, V(F"(x))).

Given a real box mapping as in (5), we can construct a quasi-polynomial-like mapping
in the following way. Forany 1 <i < b, let V; = Cj,. Forany 0 < j < r; + 1, let U/ be
the component of f~7i/ (V;) containing J,.j, where p; j is asin (B1). Let F; j = fPiJ IUij.
Then {F; ;} is a quasi-polynomial-like mapping. This construction can always be done but
the extended map may not possess any geometric property.

5. The measurable dynamics of f|J. for a recurrent critical point ¢ with a non-minimal
w-limit set

The purpose of this section is to consider the dynamics of f|J,. for a recurrent critical point

¢ such that w(c) is not minimal. (J, is defined at the end of §2.) The result is as follows.

THEOREM 5.1. Let f € F, and ¢ € C,(f) be such that w(c) is not minimal. Then
i) m(J)=00rJ(f)=Cand f is ergodic; and
(i)  f carries no invariant line field on J..

We shall use the real bound developed in [26] to construct a quasi-polynomial-like
mapping corresponding to c. Theorem 5.1 will be shown by a combinatorial argument.
The following is Proposition 6.2 in [26].

PROPOSITION 5.2. For any p > 0 and any € > 0, there is a real box mapping
B : Uf';:l U;izo J - Uf']:1 I; corresponding to ¢ such that maxl.b:1 |I;| < €; and for
any 1 <i < b, there exists a symmetric interval T; containing the p-neighbourhood of I;,
with the following properties:
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() ifBIJ/ = f? and B(J/) C I, then the maximal chain {G,)"_, with G, = Ty and
G D f(Jl.j) is a monotone chain, and

(i) if Go is the component of f~'(G1) containing Jl-j, then J,-j C T;; moreover,

(iii) if J/ # I, then Go C 1.

COROLLARY 5.3. There is a quasi-polynomial-like mapping F = {F:I : Ul:j —

U?:l Vi ‘ 1 <i<bh0=<j<r+ 1} corresponding to c, such that Z?Z] ri = 00

and for some C > 0 and N € N, we have:

(i) foreach 1 <i < b, there is a topological disk W; DD V;, such that mod(W; — V,-)
> C;

(ii) foranyl <i <band0<j<ri+1,ifFj= fPJandF; ,(U]) = Vi, then there
is a topological disk X] D U] such that fPij X] — Wy is a proper map of degree
< N. Moreover, if U} # Vi, then X! C V.

Proof. Let B : 1U; oJ] = U?:l I; be a real box mapping satisfying the
requirements in Pr0p0s1t10n 5.2 for a large p and small €. Since w(c) is not minimal,
> ;ri = oo if € is sufficiently small. We shall extend this box mapping to a quasi-
polynomial-like mapping. To fix the notation, we assume that Jio = [; if and only if
b'+1 <i <bforsomel <i <b'. By possibly interchanging the indices, we can always
assume this to be so. Foreach 1 < i < b, let §; D I; be the symmetric interval such
that T; is the p/2-neighbourhood of S; and let W; = D(S;). Forany 1 < i < b/, define
Vi = D).

Forany b'+1 < i < b, lets = s; be the minimal positive integer such that B% (I;) C I
for some 1 < i’ < b’. Such a positive integer always exists and is no more than b — b’.
If BSi|I; = fk" |I;, then let V; be the component of f’ki (D(I;r)) containing I;. Let \7, oV
be a componentof f % (D(T})), then f* : V; — Dr,, is a proper map of degree uniformly
bounded from above. Since V;s has a small diameter in the hyperbolic Riemann surface W,
V; has a small diameter in the hyperbolic Riemann surface V;. Thus V; is compactly
contained in W; and the annulus W; — V; has a large modulus.

Forany 1 <i <band0 < j <r; 4+ 1,letm = m(i, j) be such that B(J/) C I, and
let U] (X] YJ , respectively) be the component of =745 (V,,) (f ~Pii (Wy,), f~Pui (@Tm),
respectively) containing J;, /. where pi,j € Nis such that B|J; / = fPilJ:. /. Then frii

Yi] — (CTm is a proper map of a degree uniformly bounded from above. Since W,, has
a small diameter in the hyperbolic Riemann surface (CTm , by Lemma 2.1, X; / has a small
diameter in the hyperbolic Riemann surface Y; . / Thus X; / Vi if 1 <i < b/, since in that
case, the real trace of Yi’ is contained in I;.

Define F; ; |U,.j = fPii |U,.j. Then {F; j} becomes a quasi-polynomial-like mapping as
desired. ]

PROPOSITION 5.4. Assume that w(c) is not minimal. Then for some N € N, and for any
x € Jg, there are some d € [c] and some neighbourhoods U CC U’ of d with the following
property: for infinitely many positive integers n, there is a neighbourhood P of x such that
f™: P — U'isaproper map of degree < N, and f"(x) € U.
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Proof. Let F = {F,j : Uij — Uf?zlv,-|1 <i<b0=<j<r+ 1} be the quasi-
polynomial-like mapping as in the previous proposition. The real trace of F is a real box
mapping. Let p; j, ki ; € N be such that F; ; = f”i»fIUl-], F,'J(Ui]) C Vi We may
assume that 7; = oo and that for some 1 < b’ < b, Ui0 = V;ifandonlyif b’ +1 <i < b.
Let F be the map determined by F as described at the top of page 967.
For any 1 < i < b, let t; be the minimal non-negative number such that
b
Fiier) c | Vi,

i=1
and let s; be the non-negative integer such that F% = f* on a neighbourhood of c;.
(In particular, t; = s; =0for1 <i <b')

Forany 0 < h < o0, and any ¢’ € [c], let an(c’) be the minimal non-negative
integer such that f“h("/)(c’) e U f’ and let P;(c’) be the component of f _“h(c/)(Ulh)
containing ¢’. Then f% @ pyc) > U lh is a proper map of a uniformly bounded degree.
Write g, = pi1,n + Sk, ,- Then forsome 1 < i) < b/, f“h("/)"’qh Pu(c") — Vj, is also
a proper map of a uniformly bounded degree. For each ¢’ € [c], if f% @)tan(c’y e Ui, ”’
then let Qy,(c) be the component of f~ (@n(c)+qn) (U; ”‘) which contains ¢’.

LEMMA 5.1. For any x € J. and any large h, if nj is the minimal non-negative
integer such that f"™ (x) € Uyeio Qn(d), and if ¢ = c}, is the critical point such that
f"(x) € Qn(cy), and if Ap(x) is the component of f~""(Py(c")) containing x, then the
proper map " : Ap(x) — Py(c’) has a degree uniformly bounded from above.

Proof. Let E,'f = fK(Ap(x)) for 0 < k < ny. We need to count the number of times a
critical point appears in some E ,’f Let Th Eh N S'. Then {Th} o s a (real) maximal
chain. (We admit the situation that Tkh =0 for some k.) Since all critical points of f
are contained in S', it suffices to show that the max1rnal chain {Th} o has a uniformly
bounded order. Note that for / sufficiently large maxkzo |Tkh| is srnall since f|S ! has no
wandering interval. So each E ,i’ contains, at most, one critical point. For the same reason,
any d € C(f) — C,(f) appears in, at most, one of the domains E,i‘

Assume that the maximal chain has order larger than 2#C (). Then there exists some
d € Cr(f) such thatd € T}:, Tk}; for some 0 < k; < kp» < nj and the maximal chain
{Th}k Zky has order <2#C(f). Since f"h*kl : E,i‘] — Py(c’) has a degree bounded from
above and Qj,(c’) has a small diameter in the hyperbolic Riemann surface Py (c’), and since
ITklj | has a small diameter, f¥1 (x) is close to d. If such a d appears for infinitely many #s,
then it is contained in w(x). Since x € J., we must have d € [c]. So there are positive
integers m| > my such that f’“"k1 = F™, f’“"k2 = F’2 holds in a neighbourhood
of d. It is then easy to see that E,i’z C Py(d) and E,’j] C Qn(d). Since f"l (x) € E,’('], this
contradicts the minimality of n;. Thus the maximal chain {Tkh}Z": o has order < 2#C(f).
The proof of the lemma is then completed. a

We continue the proof of Proposition 5.4. By now, we have, for each & large, a
proper map f"ta(€)*tan A, (x) — V;, of a uniformly bounded degree such that
f”h+“f(ch)+‘”‘ (x) is contained in U] for some 1 < i, < b’ and 0 < j, < r;, + 1. By the
previous proposition, for each &, there is a topological disk X I V;, such that fPinin :

X lj : Wi, s, is a proper map of a uniformly bounded degree. The proposition follows. O
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Proof of Theorem 5.1. Let X C J. be a measurable set of positive measure such that
f(X) C X (mod0). Let x € X be a Lebesgue density point. Letd € [c], and U CcC U’
be neighbourhoods of d as in the previous proposition. There exist n1 < ny < ---
neighbourhoods A of x, such that f"/ : A; — U’ has a uniformly bounded degree
and f"(x) € U. Hence by Lemma 2.2 and 2.3, m(U — X) = 0. Since f”(U) =C
(mod 0) for some n € N, we have that X = ® (mod 0). Therefore J(f) = C and fis
ergodic.

If f carries an invariant line field u on J,, let x be an almost continuous point of .
One can construct a sequence of proper mappings f”/ : A; — U’ as in the previous proof,
which then implies that p is holomorphic on a non-empty open set. Thus f is doubly
covered by an integral torus endomorphism. In particular, f has no recurrent critical point.
Contradiction! a

Reduction. From now on, we shall assume that for any ¢ € C,(f) with w(c) non-minimal,
the set J. has measure zero. It follows from a similar argument as in the proof of
Proposition 2.2 that for a.e. z € J(f), @(2) C Par(f) U (Ueec,(f).m(e) minimal ©(€))-
The last set is a disjoint union of finitely many minimal sets. Since the set {z € J(f) :
w(z) C Par(f)} is countable, we may assume that:
(1) J(f) = UceC,(f),w(c) minimal Je (mod 0); and
2) J.={z€ J(f): w(@) = w(c)} (modO) for any ¢ € C,(f) such that w(c) is
minimal.

6. Large real bound implies the non-existence of an invariant line field
We begin the study of the measurable dynamics of f|J. in the case that w(c) > cis a
minimal set. We shall assume the following throughout this section.

Assumption. There exists a sequence of symmetric nice intervals I(n) > c,n = 1,2, ...,
such that |/ (n)| — O and d(w(c)NI(n), w(c)— I,)/diam(w(c)NI(n)) — coasn — oo.
Letb = #[c],and ¢] = ¢, c2, .. ., ¢p be the critical points contained in [c].

PROPOSITION 6.1. There is a constant py such that for any p > po the following holds.
Let I > ¢ be a symmetric nice interval interval. Suppose that |1| is very small and

satisfies d(w(c) N I, w(c) — I) > pdiam(w(c) N 1), let By : (U;ZO JIyu (Uf»’z2 ;) -
?:1 I; be the real box mapping associated to 1. Then there is a quasi-polynomial-like

mapping F = {F : Ul:j — Uf-?:] V; | 1<i<b0<j<ri+ 1} corresponding to ¢ such

that:

(i) rn=rrmn=r3=-=r,=0andU =V, forany2 <i < b;

) ViNnw() = I Nwl(c), Uj Nw() = J’ Nw(c), forany 1 < i < b and any
O<j=r;

(i) F|(V; L) = B;|(ViNI), FI((U' NJJ) = Bi|(U NJJ), forany2 <i < b and
any0 < j<r;
(iv) there is topological disk D containing V1 such that D N w(c) = V1 Nw(c), and

mod(D — Vi) > m(p) > 0,

where m(p) — oo as p — 00.
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Proof. We first assume that r # 0.

Since d(w(c) N I, w(c) — I)/diam(w(c) N I) is very large, there is a round annulus X
inC— w(c) centred at ¢ separating w(c) N I from w(c) — I with a large modulus. Take the
core curve y of X. It is a round circle centred at c. Let E; denote the topological disk
bounded by y. Letk; (0 < j < r), m; (2 < i =< b) be the positive integers such that
Bi|l; = f™ and B;|J/ = fki. Let m;(2 < i < b) and k;(O < j < r) be the first
return time of 1;, J/ to I, i.e. the minimal positive integers such that fm; (I;) C I and
fk} (Jj) C I. Let E; be the component of f_m; (E1) containing ¢;, 2 < i < b, where ¢; is
the critical point of f which is contained in /;. For0 < j <r, let D/ be the component of
f_k}(El) containing w(c) N JI. Ttis easy to see that if B;([;) C I/, then f™i (E;) = Ey
and that if B;(J7) C I, then f%i (D7) = Ej.

We claim that D/ c E; for any0 < j <r.

Indeed, since X — E is an annulus with a large modulus (= mod(X)/2) which is disjoint
from w(c), it is easy to show by Koebe’s distortion theorem that any 2 € {E;, D/ 1<
i <b,0<j <r}isan ‘almost round’ disk as seen from any x € Q N w(c), that is

maxd(z,x) < (14 e€)d(x, 0L2),
z€0Q

where € > 0 can be taken close to O if p is large. Since r > 1, we have diam(D-/) <
2(1 4 ¢€) diam(w(c) N I). Since E1 N S! is an interval containing a large neighbourhood of
w(c) N 1, it follows that D/ C Ej.

{Flj U/ = U; Vi, Fi : Vi > UU; Vi |0 < j <r,2 < k < b} is a quasi-polynomial-
like mapping satisfying the required conditions.

‘We now turn to the case that » = 0.

In this case there is a permutation o : {1,2,...,b} — {1,2,...,b} such that
By (I;) C I5(), where By is the real box mapping associated to /, for otherwise the forward
orbit of ¢ will not enter some of the intervals [;, which contradicts the hypothesis that w(c)
contains all critical points in Uf-’: 1 1i. By possibly changing the subscript i, we may assume
thato (i) =i+ 1forany 1 <i <b — 1 and o(b) = 1. Let k; be the positive integer such
that B;|I; = f*. Letm = ki + ko + -+ - + kp.

Construct X, E; asin the case r # 0. Let D° be the pre-image of f " (E) containing c.

G = f™ : D° — Ej is a proper map. For any u € Dg such that G'(u) = 0,
G"(u) never escapes the domain D°. Write P = {G"(u) : G'(u) = 0,n € N}, then
mod(P, E1) > mod(w(c) NI, E;) > mod(X)/2 is large. By Theorem 5.12 in [20],
there is a domain U’ ¢ D° such that f™ : U’ — V' = f™(U’) is a polynomial-like map
with the same degree as G and mod(V’ — U’) is large since f has no attracting cycle in Dy.
Define U® = U’, Vi = V' and V; = fhtket+k-1(y0) Then {f% : U — vy, fki :
Vi = Vi1, f® : Vy - Vi | 2 <i < b — 1} is a quasi-polynomial-like mapping as
required. a

For § > 0 let £ be the collection of quasi-polynomial-like mappings {F,-,j : Ul.j —
Uf?:l Vi | 1 <i < b0 < j < ri} corresponding to ¢ induced by f such that
ri =0, Ui0 = V; forall 2 < i < b and such that there is a topological disk D containing
V1 such that D Nw(c) = Vi Nw(c) and mod(D — V) > 6.
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For each quasi-polynomial-like mapping F in £, and each 2 < iy < b, we can associate
to it another quasi-polynomial-like mapping F in the following way. Let c; € U°, ¢; € V;
be the critical points of f. Denote V) = Vip- Foreach 1 < i’ < b, i’ # i, let k(i") be
the minimal positive integer such that F' k(i/)(ci/) € Viandlet Vy = Compci/ (F, k(G"), V1).
For each x € w(c) N Vi, let k(x) be the minimal positive integer such that F’ k) (x) e ‘7,
forsome 1 <i < b, and let U(x) = Comp, (F, k(x), V;). Then define

b b
F= {F"“‘) L 0@) - Vi POV (Vi
i=1

i=1

an)(c)ﬂVl,lsi/sb,i/;éi}.

Note that there is a constant § > 0 depending only on 8 (and f) such that F € &l
Moreover, we can take § arbitrarily large if § is sufficiently large.

THEOREM 6.2. Ifthere is a sequence of symmetric nice intervals I, > c¢ such that
(D) || > 0asn — oo, and
2) dw)NI,,w() — I,)/diam(w(c) N I;) — oo asn — oo, then

1)  ifm(J.) > 0, then f|J. is ergodic; and

(ii)  J¢ carries no f-invariant line field.

Proof. By Proposition 6.1, there is a sequence of quasi-polynomial-like mappings

b

F(n) = {F(nn,j U () — [ Vit Foro : Vi)
i=1

b
—>UVi(n)‘0§j§r(n),1§k§b}
i=1

corresponding to ¢ (induced by f) which are contained in the class £% for §, — o0 as
n — oo such that diam(Vj(n)) — 0 asn — oo. Let W(n) D Vi (n) be a topological disk
such that W(n) N w(c) = Vi(n) N w(c) and mod(W (n) — Vi (n)) > 8,.

(i) Let E C J. be a measurable set of positive measure with f(E) C E (mod0) and
let x be a Lebesgue density point of E such that w(x) = w(c) and f*(x) € C(f) for any
n=>0.

For any n € N, let k(n) be the minimal non-negative integer such that f¥(x) e
U%(m) U (UL, Vi(n)) and let 1 < i(n) < b be such that fX™ e Vi, (n).
Then k(n) — o0 as n — o0 since maxle diam(V;(n)) — 0. Let A(n) be the
component of f _k(")(Vi(,,) (n)) containing x. Let p(n) be the positive integer such that
FPD(Vigy(n)) = Vi(n) if i(n) # 1 and let p(n) = O otherwise. Let X (n) be
the component of £~ (W (n)) containing Vi) (n) and let A’(n) be the component of
F*D (X (n)) containing A(n). Then fP™ : X(n) — W(n) is a proper map of a
uniformly bounded degree, and X (n) N w(c) = Vim)(n) N w(c). We claim that for n
sufficiently large, f ki . A’(n) — X (n) is also a conformal map.

Assume that the claim fails. Let k < k(n) be the maximal number such that f*(A’(n))
contains a critical point d of f. First let us show thatd € w(c). Since f(d) € FH A (n)),
A () N ST # @, Since fRMW—k=1| fk+1(A’(n)) is a conformal map, fKV—k=1 .
1A ) NSt — Xm)NS! is a diffeomorphism. In particular, f¥+1(A(n)) NSt £ @.
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Since diam( f¥*1(A(n))) and | f¥*t1 (A’ (n)) N S'| are small, we have that f%*+!(x) is close
to f(d), and hence f¥(x) is close to d. So we have d € w(x) = w(c) if n is large.
Since X (n) Nw(c) = Vigy() Nw(c), d € fX(A(n)). Since fFFM*@a) e Jo_, Vi(n),
there is some positive integer ¢ such that F(n)" is well defined in a neighbourhood of d
and coincides with ¥~k Then it is easy to see that fHAm) c Um) U U?:z Vi(n).
Since f*(x) € f¥(A(n)), this contradicts the minimality of k(n).

Thus fkm+rM . A’(n) — W(n) is a proper map of a uniformly bounded degree.
Since x is a Lebesgue density point and fXW+P0(x) e V(n), it follows that m(E N
V(n))/m(V(n)) - lasn — oo.

If m(J;) > 0 and f|J. is not ergodic, then there is a measurable set E C J. such
that f~'(E) = E (mod0) and m(E) > 0, m(J. — E) > 0. Then it follows that
m(ENVn)/m(V,) - landm((J. — E) N V(n))/m(V(n)) - 1 asn — oo, which is
obviously absurd.

(ii) Assume that f carries an invariant line field p with support £ C J.. We need to
show a contradiction.

Let x € E be an almost continuous point of x such that u(x) # 0 and f"(x) € C(f)
for any n > 0. By the same argument as in the previous proof, for each n large, there are
k(n) € N, 1 <i(n) < b such that fX" (x) € V() (n) and there is a univalent branch % (n)
of £~k defined on Vi) (n), mapping FEO (x) to x.

Case 1. There are infinitely many »n such that i (n) = 1.

By passing to a subsequence, we may assume that i(n) = 1 foralln € N. Let s(n) be
the first return time of U°(n) to Vi (n). Then % : U%(n) — Vi(n)isa proper map whose
degree is no less than 2 and bounded uniformly from above.

Since ¥ (x) € U%n) C Vi(n), it follows from Corollary 3.3 that this is impossible.

Case 2. Forn > 1,i(n) > 1.

Let

_ Fn) b b
F(n): (U Uf(n)) U (U v,-(n>) - Jvim
j=0 i=2 i=1
be the holomorphic box mapping associated to F(n) and i(n) as in the remark before
Corollary 7.3. Then F (n) belongs to the class £% with §n — 00. Let k(n) be the minimal
non-negative integer such that

b
@) e 0%y U (U %(n))
i=2
and let 1 < i(n) < b be such that ¥ (x) € Vs (n).

If there are infinitely many n such that i (n) = 1, then we return to case 1 and the proof
is completed. So let us assume that for n > 1, 17(1}) # 1. So there is a univalent branch of
h(n) : \7;(”) (n) — C of £7%™ such that fl(n)(fk(”)(x)) = x. Let §(n) be the first return
time of \7;.(") (n) to Vi(n). Then Fim \7;(") (n) - Vi(n) is a proper map whose degree
is no less than 2 and bounded from above uniformly. A contradiction again follows from
Corollary 3.3. O
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7. Bounded geometry implies the non-existence of an invariant line field on the Julia set
We fix an f € F and ¢ € C,(f) with w(c) minimal. Assume that there is a constant
M > 0 such that for any symmetric nice interval I containing c, we have

dw(c)NI,w(c)—1)
diam(w(c) N 1) -

(6)

By taking M larger, we may assume that the inequality (6) holds for any small nice
interval intersecting w(c).
To conclude the proof of Theorem 1 and 2, it suffices to prove the following theorem.

THEOREM 7.1. In the previous situation, we have:
(1) m(Je) =0or f|J; is ergodic;
(2)  f carries no invariant line field on J.

Since f has a recurrent critical point, it has infinitely many periodic points on the
extended real axis S'. Using conjugacy by real Mdbius transformation, we may assume
that oo is a periodic point of f.

Take an arbitrarily small symmetric interval 7 > ¢ and let Br : (U)o S7) U
(Uf.’:2 7}) — Uf.’: 1 T; be the real box mapping associated to 7. As described in §4, this
real box mapping can be extended to a quasi-polynomial-like mapping F = {F 1,j - Ul:j —

UZ:1Vk|1 §i§b,0§j§r,~}withVi Z@Ti andri=r,mp=r3=---=rp, =0.
We shall fix F from now on. Let F be the map determined by F as described at the top of
page 967.

From now on, all metrics are the Euclidean metric in C unless otherwise stated.
All intervals are assumed to be contained in Uf?:l T;. For any two disjoint open intervals
Ay, Az, we shall use (Ag, A2) to denote the maximal bounded open interval which is
disjoint from A; U A, and similarly use (A, A>] to denote the minimal open interval
which contains (A1, A2) U Aj.

For any § > 0, let Zs be the collection of intervals I satisfying the following
conditions: [ is a symmetric nice interval I containing a critical point in w(c) such
that the §-neighbourhood of 7 is disjoint from w(c) — I; moreover, if f is only finitely
renormalizable at ¢, I is a §-nice interval and if f is infinitely renormalizable at c, I is a
properly periodic interval. By Proposition 3.1 and Corollary 4.7 in [26], for some §p > 0,
Zs, contains an arbitrarily small interval containing c¢. (By saying that / is a §-nice interval,
we mean that for any x € w(c) N I, if J is the component of the domain of the first return
map to I, then I contains the §-neighbourhood of J.)

Let I be a small interval in Zs, and let J;, i =1, ..., n be the components of the domain
of the first return map to / which (are contained in (J; Tx and) intersect w(c) — I and let
Jo=1.

LEMMA 7.1. There is a constant §1 > 0 such that for any 0 <i < n,

d(Ji, —Ji
(Ji, w(c) i) > 5.
[ il
Proof. For any i # 0, let r = r; be the minimal positive integer such that f"(J;) C I.
Let I’ denote the §p-neighbourhood of I and let D = D(I’). Let U be the component of
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f7"(D) which contains J;. Then f* : U — D is a proper map with uniformly bounded
degree. Obviously, U N R contains a definite neighbourhood of J;, and is disjoint from
w(c) — J;. O

Forany 0 <i <n,let1 < k; < b besuchthat J; C Tj,.

LEMMA 7.2. There exists 0 < i, j < nwithi # j, ki = kj, such that there is no point in
w(c) between J; and J;j, and such that

d(J;, Jj) < Crmin(| ], 73D, €71 < 1] < Cildjl,
where C| is a constant depending only on 81 and f.

Proof. Take 0 <i < n be such that
n
[Ji| = min | Jp].
m=0

First assume that both components of 7, — J; contain an interval of the form J;.
Let ji # jo be such that J;, Jj, C Tj; and such that (J;, J;,) and (J;, J},) are disjoint
from Um Jm. It cannot happen that both (J;, J;,] and (J;, Jj,] are much larger than |J;,
for otherwise, a large neighbourhood of J; is disjoint from w(c) — J;, which contradicts
assumption (6). Thus the lemma holds. Now let us consider the case that only a component,
say L, of T, — J; intersects Um Jm. Let j be such that J; C L is closest to J;. When I is
small, J; is also small, and hence the other component of T, — J; is much larger than J;.
Similarly as before, we must have (J;, J;] is not too large compared to J;. So the lemma
holds in this case as well. O

We shall say that a topological disk P is admissible if d P is a smooth curve disjoint
from w(c), and if one of the following holds:
(A1) PNw(c) =@;or
(A2) there exists a nice interval A C P such that P Nw(c) = A N w(c).

Let C > 1 be a constant and let P be a admissible topological disk. We say that P is
C-bounded if the following hold:
(D1) 1(3P)? < C area (P);
(D2) forx € w(c) N P;, and each z € P;, we have

d(x,z) = Cd(x,9P);

(D3) mod(w(c)N P, P)>C1;
(D4) there is a topological disk Q D P, such that (Q — P) Nw(c) = ¥, and

mod(Q — P) > C~ .

We shall often consider a couple (P, P>) of admissible topological disks. We shall say
that the couple (P;, P») is C-bounded if the following hold:
(T1) PPN PNw(c) =0
(T2) both of P; and P, are C-bounded;
(T3) Cc~!diam(P,) < diam(P;) < C diam(P»); and
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(T4) there is a piecewise smooth curve y which joins P; and P,, such that
I(y) < Cdiam(Py),
and for each p € y, we have
B(p, C~ ! diam(P1)) N w(c) = @.

For instance, for any 0 < i < n, the Poincaré disk D((1 4 61/2)J;) is a C-bounded
admissible disk for some C > 1. For i, j as in Lemma 7.2 (D((1 + 61/2)J;), D((1 +
81/2)J;)) is C-bounded for some C > 1.

LEMMA 7.3. Let P be a C-bounded admissible topological disk, and let p be a positive
integer. Let P’ be a pull-back of P under ¥ and assume that the corresponding map
F" : P' — P has degree at most p. Then P’ is a C'-bounded admissible topological disk,
where C' = C'(C, p) is a constant.

Proof. First of all, it is easy to check that P’ is admissible.

Let Q be a topological disk with Q Nw(c) = P Nw(c) such that mod(Q — P) > 1/C.
Let Q' D P’ be the corresponding pull-back of Q. Then F" : Q' — Q obviously has the
same degree as F"'| P’. The lemma follows easily. a

Now let i, j be as in Lemma 7.2. Let p; be minimal non-negative integers such that
FPi(J;) C 1,andlet p; be similarly defined. Let

E1 = Comp,, (pi, D((1 + 81/2)])),
Ey = Compy,(p;. D((1+81/2)1)).

We can easily show that (Eq, E;) is a C-bounded couple of admissible topological disks.
Indeed, we can take the interval (J;, J;) to be the curve joining E1 and E>. Moreover,
E1 U Ej is contained in a C3-bounded topological disk D with D Nw(c) C E1 U E>.

Let k be the minimal non-negative integer such that F*(d) € E1 U E, for some critical
point d € w(c). To fix the notation, we assume that F¥d) € E.

Let D' = Compy,(k, D), and Q1 = Compy,(k, E;). Then € is a C3-bounded
topological disk by Lemma 7.3. Write (ax, bx) = (J;, Jj) such thata; € E;. Leta € Q
be a point such that F¥(a) = a;. Let y’ C D’ be an arbitrary lift with initial point a of the
curve y = (ak, by) under F k and let b be the endpoint of y’. Let 5 be the topological
disk in D’ such that b € Q, and such that F¥(Q,) = E.

Let K be the real pull-back of J; along the orbit {d, F(d), ..., Fk(d)}. This is a
symmetric nice interval contained in ;. Let 0 < p’j < p; be minimal such that

L =F”’ ;(J j) contains a critical point. Note that L is also a symmetric nice interval
and is of the form J; for some 0 < j’ < n. Let Q) = Fp-//+k(§22) = Fp-//(Ez). Note that
for some 6, > 0, K, L € Is,.

Note that F¥| D’ has a bounded distortion outside a small neighbourhood of w(c) N ;.

LEMMA 7.4. The couple (21, Q22) of admissible topological disks is C4-bounded for some
Cy > 1.
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Let K and L be the symmetric nice intervals constructed as before. In the case that f
is only finitely renormalizable at ¢, since both of K and L are in Zs,, by Theorem 1.4 in
[26] and by assumption (6), each of K and L has, at most, N = N (8) children. (If {G; }fzo
is a unimodal chain such that both G, and G¢ are symmetric nice intervals containing a
critical point in w(c), then we say that Gy is a child of G ,.) This holds in the case that f
is infinitely renormalizable at ¢ as well: in fact, K, L, I are then all periodic intervals and
hence each of them has only one child.

Let
r ) b
Bk : <UK{> U (UK,-) —
j=0 i=2 i

denote the real box mapping associated to K. And let

r b
R=RK:<UK{)U(UKi)—>K1=K
j=0 i=2

b
K;
1

denote the first return map to K. Write R|K 1’ = fsf and denote by D; the components
of f7*1(8) containing K/. For2 < i < b, write R|K; = f*|K; and let $; be the
component of f7% () containing K;. Let s; < s; be the positive integer such that
Bg|K; = f*.

PROPOSITION 7.2. Let x € J. N K(F) be a point such that F™ (x) & w(c) for anym > 0.
Assume that I is sufficiently small. Then there is a constant C5 > 1 depending only on f,
a domain Q2 € {S~2,-, 2 <i < b; Q1; Q) and a non-negative integer k such that there is a
univalent branch h of f =% defined on Q2 and

d(x, h(Q)) < Cs diam(h()).

Since the proof of this proposition is relatively long, we first show how it implies
Theorem 7.1.

Proof of Theorem 7.1. (1) Assume that X; C J,. are two measurable sets of positive
measure such that f(X;) C X; (mod0), i = 1,2. Assume that m(X; N X3) = 0, and
we shall deduce a contradiction.

Let I € Zs, be a small interval as before. Let y € X; be a Lebesgue density point
of X1 such that f™(y) € w(c) for all m > 0. We also assume that f™(y) are all
Lebesgue density points of X1. Then it is not difficult to show that x = " (y) € K(F)
for some positive integer m. Let 2 and & be as desired by Proposition 7.2 for I and x.
Note that there is a positive integer p, such that f? : h(2) — D = D((1 + §1/2)]) is
a proper map of uniformly bounded degree. When [ is sufficiently small, we have that
m(h(2) N X1)/m(h(R2)) is close to 1 and hence so is m(D N X1)/m (D). Similarly, we
can prove that m(D N X2)/m(D) is close to 1, which is obviously absurd.

(2) If f carries an invariant line field  on J., then there is a point x € K (F) such
that f™(x) € w(c) for all m, and such that @ (x) # 0, and w is almost continuous at x.
Given any small interval I € Zs, as before, again let  be the domain as desired by
Proposition 7.2 for I and x.
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Note that there is a non-negative integer p, and a symmetric interval A € Zy for some
8’ > 0 which is uniformly bounded from zero, such that f7|S is a conformal map onto
a C-bounded admissible topological disk Q with A C Q and Q Nw(c) C A. Indeed, if
Q # Q», then we just take p = 0. In Q = , then by the previous construction, the
statement is still true with A = L.

Thus, there is a univalent branch g of f¥*7, defined on Q, such that d(x, Q)/diam(Q)
is uniformly bounded. Obviously, such a map g extends to a univalent map defined on
D = Cy,/, where A’ is the maximal open interval with A’ N w(c) = A N w(c).

Let e be the critical point in A, and let Ag > e be the component of the domain of the
first return map to A. Then by Proposition 6.3 in [26], we have that |Ag|/|A| is uniformly
bounded from zero. Let s be the return time of Ag to A. Let Y = D((1 + 8’/2)A) and let
X be the component of f~*(Y) which contains Ag. Then f* : X — Y is a proper map
which has a critical point and is of uniformly bounded degree. Note that mod(D — X UY)
is uniformly bounded from zero, and hence g has a uniformly bounded distortion on X UY.

LetU =g(X)and V = g(Y),andleth = go fSog~! : U — V. Thenh € H(f) is
a proper map with a critical point and of bounded degree. Since max,cy d(e, z)/d(e, 3Y)
is uniformly bounded, so is max,cy d(g(e), z)/d(g(e), dU). Similarly, we have a uniform
upper bound on max.cy d(z, g(f*(e)))/d(g(f*(e)), dV). Also, since d(U, x),d(V, x)
are not so large compared to diam(g(Q)), and since diam(Q) =< diam(Y) =< diam(X), we
have a uniform bound on d (U, x)/diam(U) and on d(x, V) /diam(V).

Choose a sequence of intervals I,, € Zs, such that |I,,| — 0 as m — oco. Define D,,,
Xms Yms Sm»> &m» hm as before, and apply Proposition 3.2, we obtain a contradiction. O

Proof of Proposition 7.2. The proof will be divided in two cases. Case 1 will be proved
similarly to the case with decay geometry (a large real bound), while case 2 has to be
proved differently.

LEMMA 7.5. Forany x € U;:0 Dj — 2, there is a piecewise smooth curve y joining x
to 021, such that

(1) I(y) < 85" diam(Qy);

(2) foranyz €y, we have

B(z, 83 diam(21)) Nw(c) = 0,
where 83 > 0 is a constant.

Proof. Let K’ be the maximal open symmetric interval such that K’ N w(c) = K Nw(c).
By (6), we know that the diameter of K is comparable to the diameter of €2;. Let A = C K’
Forany 0 < j <, let A; be the component of f’sf (A) which contains K']j. Then fsf :
Aj — A has the same degree as f St D; — €1 and hence is uniformly bounded from
above. Since the hyperbolic diameter of €2 in A is uniformly bounded, so is the hyperbolic
diameter of D; in A, by Lemma 2.1.

We claim that A; C Aforany 0 < j < r. Lett : K — K be the involution

J J
such that f o T = f. Consider the chain {Gfﬂ};;:() and also the chain {Gm};;=0 with
G, =K',G;=Kand Gy, D Gy D Kj. Since K’ — K is disjoint from w(c), so is

J
. s
57 1
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G — G1. Thus both G(; — G and 7(G})) — 1(Gy) are disjoint from w(c). So G, C K'.
Since Aj NR = G, we have A; C @GB C A.

Thus, the hyperbolic diameter of D; in A is uniformly bounded from above. The lemma
follows easily. a

Continuation of proof of Proposition 7.2.
Case 1. For any non-negative integer k, we have

J

,
oy ¢ | Jpj— <.
j=0
Let Q) = Q. Let
ki = min{k e NU {0} : F*(x) € Q;}

forl1 <i <b. Let]l <ip < bbesuchthat kj, < k; forany 1 < i < b. We claim that
Fkio Comp, (kj,, fZiO) — f2,~0 is a conformal map, and hence we can take Q2 = fZ,-O to
complete the proof of the proposition.

We prove the claim by contradiction. Assume that such a map is not conformal.
Let A, = Comme(x)(kiO —m, S~2,~0) for 0 < m < k;j,. Then there will be a maximal m¢ <
ki, such that A,,, contains a critical point ¢ € w(c). Then F kig=mo () € §z,»0. So there is
a positive integer p such that Fkio=mo (c) = BI’; (c). Letmg < my < --- <mp = kj, be
the integers such that B;; (¢) = F™i7Mo(¢) forany 0 < j < p. Let 0 < i; < b be such
that Bf_l(c) = F"p-170(c) C fz,»l. Ifi; # 1, then F™r-1(x) € Qil, this contradicts the
minimality of k;,. Soi; = 1 and hence F"'»-1(x) € U;‘=o D;. Since there is no point in
the forward orbit of x which is contained in U;'=o D;—Q1, wehave F"r-1(x) € Q] =Qi,
which contradicts the minimality of k;, again.

Case 2. There is a non-negative integer k such that

,
Fray e by -
j=0

In this case we shall show that there is a univalent branch 4 of f ~¥ defined on Q = Q;
or €5 such that d(x, h(2)) < Csdiam(h(£2)), where k' is the non-negative integer such
that F¥ = f* in a neighbourhood of x.

Let P;, P, be admissible topological disks, we say that the triplet (m, P1, P») is
bounded by a constant C > 1if (P;, P») is a C-bounded couple and if there is a piecewise
smooth curve y, joining F™ (x) to Py, such that

I(y) < C diam(Py)
and such that for any z € y, we have

B(z, C~'diam(P))) N w(c) = .

Remark 7.1. Let (m, P, P,) be a C-bounded triplet as before. Then (m, P>, Pp) is
C’-bounded for some C’ > 1 depending only on C. Indeed, there is a curve p joining
d Py and 9 P», with I(p)/diam(P;) uniformly bounded, such that for each point z € p,
B(z, C~! diam(P))) is disjoint from w(c). Let y’ = y % dP; % p. This is a piecewise
smooth curve joining F(x) to d P>, with similar properties as y .
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Convention. For a Jordan curve we always give it an anti-clockwise orientation.

LEMMA 7.6. Let m be a non-negative integer and P C V(F™(x)) be a C-bounded
admissible topological disk. Let p C V(F™(x)) — w(c) be a path with initial point F™ (x)
and endpoint w € 3P with [(p) < Cdiam(P). Assume that for any y € p, we have
B(y, C~'diam(P)) Nw(c) = @. Let p’ be the lift of p under F™ with initial point x and z
the endpoint of p'. Assume that the lift of 9 P, considered as a loop based at w, with initial
point z is a closed Jordan curve. Then there is a constant C' depending only on C, and a
topological disk Q C Uy (m) such that F™ : Q — P is a well-defined conformal map and

d(x, Q) < C’ diam(Q).

Remark. There is a well-defined proper map F™ : U,(m) — V(F™(x)) and the lifts
should be considered under the map.

Proof. Let y denote the lift of 9 P with initial point z and let Q denote the topological disk
bounded by y, then F™ : Q — P is a conformal mapping. Let 4 denote the inverse of this
conformal mapping. The function 4 has an analytic continuation along the path p~!.

By the assumption, there is a uniformly bounded integer p, and round disks B; =

B(yi,ri), 1 <i < p which are disjoint from w(c), such that

p
ri

UAP C B( —)
Y ZL:J] Vi 5

From Koebe’s principle, it follows that /# has a uniformly bounded distortion on y U 9 P.
Since h is conformal on P, it also has uniformly bounded distortion on P. Thus the lemma
holds. O

COROLLARY 7.3. Let P;, i = 1,2 be admissible topological disks and let m be a non-
negative integer. Assume that for i = 1,2, there is a nice interval A; C P; such that
PiNw(c) = A; Nw(c). Assume also that the triplet (m, Py, P2) is bounded by a constant
C > 0. If diam(Py) is sufficiently small, then there is a constant C' depending only on C
and an integer i € {1, 2} such that either of the following holds.
(1)  There exists a topological disk Q C Uy (m) such that F™ : Q — P; is a conformal
map and d(x, h(Q)) < C’ diam(Q).
(2)  There is a positive integer m’ < m, two admissible topological disks P; 1, P; 2, such
that the triplet (m’, P; 1, P;2) is C'-bounded. Moreover, there are nice intervals
A j C Pij, j = 1,2 with the following properties:
i) AijDPjNw()#9 j=1,2;
(2.i1) f(Ai,I/) = f(Ai2), f(Pi1) = f(Pi,/Z), F=' (P 1) = Py
(2.iii) F™ "™ | A; 1 is monotone and F™~™ (A; 1) = A;.
Moreover, diam(P; 1) is also very small.

Proof. The proof is a modification of McMullen’s argument in his approach to the absence
of a line field, see [20, 21]. Let & be a piecewise smooth curve from F"(x) to dP;,
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i = 1,2, such that for some n > 0, some C’ > 1, and each y € &;, we have
B(y, ndiam(Py)) Nw(c) =¥,

and such that
1(&) < C" diam(Py).

By the definition of boundedness, such constants n, C” exist.

Let &/ denote the lift of & with initial point x under F™, i = 1,2. Let z; denote the
endpoint of £ and ¢; denote the lift of 8 P; under F™ with initial point z;.

If either of ¢ and ¢ is a Jordan curve then we are in case 1 by Lemma 7.6. Assume we
are not in this case. Let m; be the maximal integer such that F" (¢;) is not a closed curve.
Without loss of generality, assume that m; > m». Let A; denote the domain bounded by
F™Mitl(z), then both A and A, intersect w(c).

CLAIM. The set F™M+\(ciug U & U&)) has a small diameter provided that diam(Py) is
small.

Indeed, by construction, the map
Fromi=l pmitl e U UE UE) — 9P UAP, UE U

is a conformal map. Since (m, P1, P») is bounded, the map has a uniformly bounded
distortion. Thus, to prove this claim, it suffices to show the real trace of Aj is small when
diam(Pp) is also small. But A; N R is an interval intersecting w(c), and it is mapped
diffeomorphically to a small interval P; N R, and so it must be small due to the absence of
a wandering interval.

So we may assume that m| > m;. By the same reasoning, the set F"*! ({1 U U Sl’ Uéﬁ)
is close to a critical point, say e, which is contained in the set w(x) = w(c).

Let U be a definite neighbourhood of e such that f|U : U — f(U) is a branched
covering with a unique critical point e and let ¢ : U — U be the prime transformation
of the branched covering such that the lift of df(U), considered as a loop based at
f(2)(z € dU), with initial point z under f is ended by ¢ (2).

Let

p:%’z*ér]*ap]*é].

Then p is a piecewise smooth curve from F” (x) to d P,. By choosing 1 > 0 smaller, and
C' larger, we may assume that

I(p) < C'diam(P>)
and also that for any y € p, we have
B(y, ndiam(P2)) Nw(c) = .
Let o’ be the lift of p with initial point x under F™ and 7’ the endpoint of p’.

Observation. The endpoint F™1(z") of F™1(p') is ¢ (F™1(z2)).
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In fact, since the pull-back of & with initial point F™!(x) under F™~"™! is ended
by F™i(z;), the pull-back of & with initial point ¢ (F™!(x)) is ended by ¢ (F™1(z;)),
i = 1,2. So the pull-back of E]_I with initial point ¢ (F™!(z1)) is ¢(F™ (x)). The pull-
back of d P; with initial point F™!(z) is ended by ¢ (F™!(z)) again by the definition of ¢.
The observation follows.

Note also that the lift of d P, under F~™! with initial point ¢ (F"!(z2)) is the Jordan
curve ¢(F™1(£2)), which bounds the topological disk ¢ (F™ 271(A,)). Let Py =
Fr—my—l (Az) and P = ¢(P2,1). Then f(P21) = f(P22). If P2 Nw(c) = @, then
the lift of 3P, under F* with initial point z’ is obviously a Jordan curve and hence by
Lemma 7.6, we are in case 1. So let us assume P> 2> Nw(c) # . Obviously both P, | and
P, 5 are admissible topological disks. Let m’ = m;. Then it is easy to check that the triple
(m', P31, Py,1) is uniformly bounded using Koebe’s Distortion Theorem. For j = 1, 2, let
Aj j C P> ; be the interval such that F”~"1(Ay ;) = Az. Itis easy to check properties
(2.1)—(2.iii) for i = 2. m]

We can complete the proof of Proposition 7.2 now.

Continuation of proof of Proposition 7.2. If Q2 N w(c) = @, then it follows from
Lemma 7.6 that we can take 2 = 2> to conclude the proof. So assume that Q2> Nw(c) # 0.
Let A; C ; be the nice interval intersecting w(c) such that A; D ; N w(c). The triplet
(k, 21, 22) is uniformly bounded. Recall that A; = K and A; is a monotone pull-back
of L.

Applying Corollary 7.3 to the triplet (k, 21, 27), we have two possibilities. If we are
in case 1 in that corollary, then the proof is completed. Assume that we are in case 2.
Then we have ip € {1, 2} and another triplet (k, Q2;,1, 2j,2) which is also uniformly
bounded. Let A;); be the nice interval as in that corollary, j = 1,2. Remember that
both A;,; and A;;»> are monotone pull-backs of A;; and intersect w(c).

Apply Corollary 7.3 to the triple (ki, €241, £2;,2), and so on. Either we complete the
proof within N + 1 steps, or we will have ig, i1, ...,iy € {1, 2} and nice intervals

Aj, Aigjs Aiginjy - Aigiyiyj» (G =1,2),

intersecting w(c) such that forany 0 < s < N, Ajy;,...i;1 and A;;, ..;,2 are monotone pull-
backs of Ajy;,..;; which are symmetric with respect to a critical point in w(c). For any
i € {1,2},leti’ denote the element of {1, 2} — {i}. Let

S=A{Aji1s - Ajgiy ity Aigiy—in 1+ Aigiy—in2}-

Then S has N + 1 elements, which are all monotone pull-backs of A;,. For each S € S,
let k(S) be the minimal positive integer such that fk(s) (c(S)) € S for some c(S) € w(c)
and let A(S) be the pull-back of S along the orbit { f/(c(S))};). Then A(S) is a child of
Ay = K (ifio = 1) or L (if ip = 2). It is easy to see that for S, S’ € S with § # §’, A(S)
and A(S") are different. So we know that either K or L has at least N + 1 children, which
is a contradiction. O
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