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Abstract

In this paper we extend the definitions of mean dimension and metric mean dimension
for non-autonomous dynamical systems. We show some properties of this extension and
furthermore some applications to the mean dimension and metric mean dimension of single
continuous maps.

Keywords Non-autonomous dynamical systems - Mean dimension -
Metric mean dimension - Topological entropy

Mathematics Subject Classification (2010) 37B55 - 37B40 - 37A35

1 Introduction

In the late 1990s, M. Gromov in [2] introduced the notion of mean dimension for a topolog-
ical dynamical system (X, ¢) (X is a compact topological space and ¢ is a continuous map
on X), which is, as well as the topological entropy, an invariant under conjugacy. In [11],
Lindenstrauss and Weiss showed that the mean dimension is zero if the topological dimen-
sion of X is finite. They gave some examples where the mean dimension is positive. For
instance, they proved that the mean dimension of (([0, 172, o), where o is the two-sided
full shift map on ([0, 17”)%, which has infinite topological entropy, is equals to m and that
any non-trivial factor of (([0, 1]'”)2, 0) has positive mean dimension.

Given a dynamical system (X, ¢), an interesting question related to such a system is
the following: under what conditions is it possible to imbed such a system in the shift

b4 Jeovanny Muentes Acevedo
jmuentes @utb.edu.co

Fagner B. Rodrigues
fagnerbernardini @ gmail.com

Departamento de Matematica, Universidade Federal do Rio Grande do Sul, Porto Alegre, Brazil

Facultad de Ciencias Basicas, Universidad Tecnoldgica de Bolivar, Cartagena de Indias, Colombia

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10883-021-09541-6&domain=pdf
http://orcid.org/0000-0001-7419-482X
mailto: jmuentes@utb.edu.co
mailto: fagnerbernardini@gmail.com

Fagner B. Rodrigues and Jeovanny Muentes Acevedo

space (([O, 1N )Z , O') ? That is, what properties the system must have to guarantee the exis-

tence of a continuous map i : X — ([0, 1]N)Z satisfying 0 o i = i o ¢? In [11] the
authors proved that a necessary condition for an invertible system (X, ¢) to be embedded
in (([0, l]m)Z, a) is that mdim(X, ¢) < m, where mdim(X, ¢) denotes the mean dimen-
sion of the system (X, ¢). In [12] it was proved that if (X, ¢) is an invertible system which
is an extension of a minimal system, and K is a convex set with non-empty interior such
that mdim(X, ¢) < dim K /36, then (X, ¢) can be embedded in the shift space (KZ, 0). In
particular, if mdim(X, ¢) < m/36, then (X, ¢) can be embedded in (([0, 1]™)%, o’). More
recently, Gutman and Tsukamoto [4] showed that, that if (X, ¢) is a minimal system with
mdim(X, ¢) < N/2 then we can embed it in (([0, 11V)%, o). In [13, Theorem 1.3], Linden-
strauss and Tsukamoto constructed a minimal system with mean dimension equal to N /2
which cannot be embedded into (([O, 1y )Z, 0), showing that the constant N /2 obtained in
[4] is optimal.

The notion of metric mean dimension for a dynamical system ¢ : (X, d) — (X, d) was
introduced in [11], where (X, d) is a compact metric space with metric d and ¢ is a con-
tinuous map. It refines the topological entropy for systems with infinite entropy, which, in
the case of a manifold of dimension greater than one, form a residual subset of the set con-
sisting of homeomorphisms defined on the manifold (see [18]). In fact, every system with
finite topological entropy has metric mean dimension equals to zero and for any metric d’
equivalent to d on X one has mdim(X, ¢) < mdimy, (X, ¢, d’), where mdimy, (X, ¢, d’)
denotes the metric mean dimension of (X, ¢) with respect to d’ (see [10, 11]). The met-
ric mean dimension depends on the metric d, therefore it is not a topological invariant.
However, for a metrizable topological space X, mdimy, (X, ¢) = infy mdimy, (X, ¢, d') is
invariant under topological conjugacy, where the infimum is taken over all the metrics on X
which induce the topology on X. In [10], Theorem 4.3, the author proved that if (X, ¢) is
an extension of a minimal system, then there exists a metric d’ on X, equivalent to d, such
that mdim(X, ¢) = mdimy; (X, ¢, d’).

B. Kloeckner [7] studied the dynamical system (73 (Sl) , @dﬁ), where P (Sl) is the space
of probability measures on the circle S' and @ is the push-forward map induced by a d-
expanding map ®, : S! — S!. The author shows if we take the Wasserstein metric with cost
function |- |7 (p € [1, 00)) on P (S'), denoted by W,,, then mdimy; (P (S'), ®ay, W) =
p(d—1). H. Lee (in [9]) introduced the mean dimension for continuous actions of countable
sofic groups on compact metrizable spaces and proved that, in this setting, the mean dimen-
sion is an important tool for distinguishing continuous actions of countable sofic groups
with infinite entropy.

A non-autonomous dynamical system (or a sequential dynamical system) is a sequence
S = (fu);2, of continuous maps f;, : X, — X1, where X, is a compact topological space
for every n € N. In the last two decades, several authors have tried to extend some results
that are valid for autonomous systems for the non-autonomous case. Kolyada and Snoda
in [8] introduced the notion of topological entropy for this setting and proved that, just as
in the case of autonomous systems, it is an invariant under equiconjugacy and furthermore
that it is concentrated in the non-wandering set of the dynamics (see [8] and [15]). In a
more recent work, Freitas et al. [1] have analyzed the existence of Extreme Value Laws in
this setting. In [16] Stadlbauer guarantees, under appropriate conditions, the existence of a
spectral gap for transference operators associated with sequential systems.

As we said above, the set consisting of continuous maps with infinite topological entropy
is residual. On the other hand, it is easy to build non-autonomous dynamical systems with
infinite topological entropy (take ¢ a continuous map with positive topological entropy, then
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<¢, @2, </>22, ¢23, .. ) is a non-autonomous dynamical systems with infinite topological
entropy). This is the main reason to extend the concepts of mean dimension and metric
mean dimension to non-autonomous systems, since these become a tool to classify non-
autonomous dynamical systems with infinite topological entropy (see Theorem 6.1).

In the next two sections we will extend the mean dimension and the metric mean dimen-
sion for a non-autonomous dynamical system f = (f, ,30:1, which will be denoted by
mdim(X, f). Furthermore, we will prove some properties which are valid for the entropy of
non-autonomous dynamical systems (see [8] and [15]). An application of these properties
is that, for any continuous maps ¢ and v on X, the compositions ¢ o ¥ and ¥ o ¢ have the
same mean dimension (see Corollary 2.7). Furthermore, Remark 4.2 proves the inequality
mdimy (X, ¢?, d) < pmdimp (X, ¢, d) can be strict. Proposition 3.5 proves if X = [0, 1]
or S!, then for each a € [0, 1], there exists a continuous map ¢, on X with metric mean
dimension equals to a. In Theorem 4.6 we show that, as the topological entropy, the metric
mean dimension is concentrated in the non-wandering set of the dynamics.

In Section 5 we will discuss some upper bounds for the metric mean dimension of both
autonomous and non-autonomous dynamical systems.

As we said above, the metric mean dimension for single continuous maps, and conse-
quently for non-autonomous dynamical systems, depends on the metric d. In Section 6 we
will discuss some properties related to the invariance of the metric mean dimension under
topological equiconjugacy.

In the last section we will present some results related to the continuity of the metric
mean dimension.

Some ideas given to proof the results that are well-known for the autonomous case work
or can be adapted for the non-autonomous case. We will present these proofs for the sake of
comprehensiveness.

2 Mean Dimension for Non-autonomous Dynamical Systems

Let X be a compact metric space. In this section we will suppose that f = (f,,)°2, is a
non-autonomous dynamical system, where f;, : X — X is a continuous map for all n > 1.
We write (X, f, d) to denote a non-autonomous dynamical system f on X endowed with the
metric d. For n, k € N define

fn(o) := Ix := the identity on X and fn(k) (x) := fatk—10---0 fr(x) fork > 1.
Set
C(X)= {(fn flozl : fn : X — X is a continuous map}.

Given « an open cover of X define

—1 —1
a " =av T v (A7) @veev (7)) @
and set

ord(er) = sup » 1y (x) — 1 and  D(a) = glin ord (B),

xeX Ueca

where 1y is the indicator function and 8 > o means that 8 is an open cover of X finner
than «.
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Definition 2.1 The mean dimension of f € C(X) is defined to be

mdim(X, f) = sup lim
o N—00 n

By Corollary 2.5 of [11] we have that D(x v 8) < D(x) + D(B), for any open covers «
and B. It follows that the limit that defines the mean dimension is well defined.

Remark 2.2 We present a list of some important properties about the mean dimension for
both autonomous and non-autonomous dynamical systems:

(1) For a non-autonomous dynamical system given by the iterates of a single continuous
map f : X — X,ie., f= (f)52,, the definition of mean dimension coincides with
the one presented in [11], that is, mdim (X, (f)22,) = mdim(X, f).

(2) Recall that for a topological space X, the topological dimension is defined as

dim(X) = sup D(«)

where o runs the open covers of X. If dim(X) < oo, then D (oz(')‘_l) < dim(X) for all
n € N and therefore mdim(X, f) = 0 for any f € C(X).

(3) In[11], Proposition 3.1, is proved that mdim (X Z, a) < dim(X), where o is the shift
on X%. Analogously we can prove mdim (XN, O') < dim(X).

“4) If X =][0,1]", then mdim (XZ, a) = m (see [11], Proposition 3.3).

(5) Itisclear thatif Y € X is an invariant subset by a continuous map ¢ : X — X, then
mdim(Y, ¢) < mdim(X, ¢). We can define the mean dimension for any ¥ € X as
follows: let & be an open cover of X and consider a|y = {U NY : U € «}, the open
cover of Y given by the restriction of « to Y. Then define

| _ D(@™)
mdim(Y, f|y) = sup nll)ngo —

It is clear that mdim(Y, f]y) < mdim(X, f).
(6) A necessary condition for an invertible dynamical system ¢ : X — X to be
imbeddable in (([0, 11™)Z, &) is that mdim(X, ¢) < m (see [11], Corollary 3.4).
(7) Any non-trivial factor of ([0, 112, a) has positive mean dimension (see [11], Theorem
3.6).

We will show some properties of the mean dimension which are valid for the topological
entropy. Denote by /., (f) the topological entropy of f (see [8, 15]).

Definition 2.3 For any p > 1, set
PO = AP B} = oo o fiu fapoeo fpi fip oo faprsn )

It is well-known that 4, (¢P) = p hsop(¢p) for any p > 1, where ¢ is any continuous
map. For non-autonomous dynamical systems we have

hiop (f(”)) < phiop(f) forany p > 1
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(see [8], Lemma 4.2). In general, the equality /), (f(p)) = p hiop(f) is not valid, as we
can see in the next example, which was given by Kolyada and Snoha in [8].

Example 2.4 Take ¥ : [0, 1] — [0, 1] defined by ¥ (x) = 1 — |2x — 1] for any x € [0, 1].
Consider f = (f,)52 ,, where

w(n+1)/2(x), if n is odd,
x/2"/2, if n is even,

fa(x) = {
for any n € N. Then ), (f@)) = 0and Ao (f) = %.

The equality &, (f(p)) = phiop(f) is valid if the sequence f = (f,);2, is equicon-
tinuous (see [8], Lemma 4.4). On the other hand, the equality always holds for the mean
dimension.

Proposition 2.5 For any f= ()2, € C(X) and p € N we have

mdim (X,f(p)) = pmdim(X, f).

Proof Let a be an open cover of X. Note that, for k € N,
< lim

D (a v (fl(m)—l @V v <fl((k—l)p))—l (a)> D (Ol(()k—l)p> D (a(()kpq))
lim < <plim —————=

k—00 k k—00 k—o00 kp

)

which implies that mdim <X,f(p)> < p mdim(X, f). For the converse, note that

—1 —1 —1
= () ) ) ) () )

and therefore

D (ot(()kfl)p> mdim (X,f(p))
mdim(X, f) = sup lim < ,
o k—oo kp )4
which proves the proposition. O

In [8], Lemma 4.5, Kolyada and Snoha proved that
hiop <<7i(f)) < hiop (af (f)) foranyi < j,

where o is the left shift o ((f, Zo=1) = (fn+1)f,°:1~ Furthermore, in [15], Corollary 5.6,
the author showed that if each f; is an homeomorphism then the equality holds, that is,
the topological entropy for non-autonomous dynamical systems is independent on the first
maps on a sequence of homeomorphisms f = (f;,)nez. Next proposition shows that these
properties also hold for the mean dimension.

Proposition 2.6 Let i, j be two positive integers withi < j. Then
mdim (X, a"(f)) < mdim (X of(f)) .

If each f, is a homeomorphism then the equality holds.
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Proof 1t is enough to prove the proposition for i = 0 and j = 1. For any open cover « of X
we have

D (ag_l) <D +D (fl_1 @V (H) ) v ( 2(2))_1 (@) V-V <f2(n—2))_1 (a)))

-1 -1
= D(a) + D (oc v (H) ) v (fZ(Z)) @ V-V (f;"*”) (a)> .

Thus
D (") D) D(“Vf{l(“)v< 2(2)>7l @V v (fz(n_2)>7l (“)>
lim ——= < lim + lim
n—o0 n n—00 n n—o0 n
) D (a v e v ( 2(2))_1 () V-V ( 2("_2))_1 (01)>
= lim
n—oo n n—1

IA

mdim(X, o (f)),

and therefore mdim(X, f) < mdim(X, o (f)).
Next, suppose that each f; is a homeomorphism. Note that if 8 refines « then D(8) >
D(«). Therefore, we have

D (a v @y (£2) @ ) D <f,’1 (a v @y (£2) v ))

o (@ (1) @ (1) T@v...)

D (a v @v (1) @y (1) @v )

IA

Hence mdim(X, o (f)) < mdim(X, f). O

If some f;, is not a homeomorphism, then the inequality above can be strict. In fact, take
fan=f:X — X forany n > 2, where f is any continuous map with positive mean
dimension and f1 : X — X a constant map. Then mdim(X, f) = 0 and mdim(X, o (f)) =
mdim(X, f).

Next corollary follows from Propositions 2.5 and 2.6:

Corollary 2.7 Letf=(f,g, f.g,...)andg = (g, f, g, f,...), where f,g : X — X are
continuous maps. Then

mdim(X, f) = mdim(X, g).
Therefore,
mdim(X, f o g) = mdim(X, g o f).

Proof 1t follows directly from Proposition 2.6 that mdim(X, f) = mdim(X, g). Now, by
Proposition 2.5 we have

mdim(X, f o g) = mdim (x, f<2>) — 2mdim(X, f) = 2mdim(X, )

mdim (X,g(2)> = mdim(X, g o f),

which proves the corollary. O
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It follows directly from Corollary 2.7 that if f and g are topologically conjugate
continuous maps, then
mdim(X, f) = mdim(X, g),

since if ¢ is a topological conjugacy between f and g, that is, ¢ is a homeomorphism and
¢ o f=godg,then
mdim(X, f) = mdim (X o oo f) — mdim (X, bofo ¢*1) — mdim(X, g).
For any f = (f)32, € C(X), the asymptotic mean dimension is defined by the limit
mdim(X, f)* = lim mdim(X, o”(f)).
n—oo

It follows from Proposition 2.6 that the asymptotic mean dimension always exists.

Theorem 2.8 Let f = (f,);2, € C(X). If f converges uniformly to a continuous map
f:X — X, then
mdim(X, £)* < mdim(X, f).

In particular, mdim(X, f) < mdim(X, f).

Proof Let (x;)nen be a sequence of mutually different point converging to a point xp.
Define the map F : {x, : n = 0,1,...} x X — {x, : n = 0,1,...} x X by
F:(x,y) = (@), ¥(x,y)), where

¢ (xn) = {

X0, ifn=20
Xp41, ifn >0

f@&), ifn=0
fa(y), ifn > 0.

Note that the non-wandering set of F, Q(F), is a subset of the fix fiber xo x X. Since
mdim({x, :n=0,1,...} x X, F) = mdim(Q2(F), F)
(by [3, Lemma 7.2]), we have that
mdim({x, :n=0,1,...} x X, F) = mdim({xo} x X, F).

and W(xn, y) - {

Therefore,
mdim({x,, : m >k} x X, F) < mdim({xg} x X, F) = mdim({x, : n =0, 1,...} x X, F),
for all k > 0 (see Remark 2.2, item (3)). Next, note that by the definition of F we have that
mdim({x,, : m > k} x X, F) = mdim (X, ok(f)> ,  fork >0,

and mdim({xg} x X, F) = mdim(X, f). Hence, mdim(X, O‘k(f)) < mdim(X, f), for all
k. O

Next example proves that the inequality above can be strict.

Example 2.9 Let ¢ : IN — IN be a continuous map with positive mean dimension. For
eachn > 1,set f, : IN x IN — [N x [N defined by

Ju ((Dien, (Vi)ien) = ((AnXi)ieN, (i (@(¥))i)ien),
where A, — land A, ---A; — 0 asn — oo. Note that f,, converges uniformly on / Ny N
to f((xi)ieN, (Vi)ieN) = ((Xi)ieN, (Xi (@(¥))i)ieN) as n — oo and

mdim (IN ol f) > mdim ({(..., L1 )y x IV, f) = mdim (IN,qb) > 0.
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On the other hand, note that f}' (x, y) — ((), (_)) asn — oo forany (x,y) € IN x 1N and
k > 1. Hence mdim (1N x IN, ok(f)) = 0 forany k > 1, where f = (f,)%2, and therefore
mdim (IN X IN,f)* =0.

3 Metric Mean Dimension for Non-autonomous Dynamical Systems

Throughout this section, we will fix f = ( fn);',"=1 € C(X) where X is a compact metric
space with metric d. For any n € Nletd, : X x X — [0, co) defined by

dn(x, y) = max [dx, 1), d (A, AOD.od (A7 @, 1)}

Thus d, is a metric on X for all n and generates the same topology induced by d. Fix
e > 0. We say that A C X is an (n, f, €)-separated set if d,(x, y) > &, for any two distinct
points x, y € A. We denote by sep(n, f, €) the maximal cardinality of an (n, f, ¢)-separated
subset of X. Given an open cover o of X, we say that « is an (n, f, €)-cover if the d,-
diameter of any element of « is less than ¢. Let cov(n, f, €) be the minimum number of
elements in an (n, f, €)-cover of X. We say that E C X is an (n, f, ¢)-spanning set for X if
for any x € X there exists y € E such that d,(x, y) < e. Let span(n, f, ¢) be the minimum
cardinality of any (n,f, €)-spanning subset of X. By the compactness of X, sep(n,f, ¢),
span(n, f, ¢) and cov(n, f, ¢) are finite real numbers.

Definition 3.1 We define the lower metric mean dimension of (X,f,d) and the upper
metric mean dimension of (X, f, d) by

mdimy (X, f, d) = lim infw and mdimy (X, f, d) = limsup w,
- =0 [loge] e>0  |logel

respectively, where sep(f, &) = lim sup nl log sep(n, f, €).
n—o0

It is not difficult to see that

mdimy (X, f, d) = liminf PO g SOV ©)
- €

-0 |loge| ) |log |
where span(f, ¢) = lim sup% log span(n, f, ¢) and cov(f, &) = lim supnl logcov(n, f, €).
n—o0 n—0o0

This fact holds for the upper metric mean dimension. We will write mdimy; (X, f, d) to refer
to both mdimy; (X, f, d) and mdimy, (X, f, d).

Topological entropy for non-autonomous dynamical systems is invariant under uniform
equiconjugacy (see [8] and [15]). Metric mean dimension for single dynamical systems
depends on the metric d on X. Consequently, it is not an invariant under conjugacy and
therefore it is not an invariant under uniformly equiconjugacy between non-autonomous
dynamical systems. Set

B = {p : pis a metric on X equivalent to d}

and take
mdimy, (X, f) = ingmdimM(X,f, 0). 3.1
pe

For single maps, mdimy, (X, ¢) is an invariant under topological conjugacy. In Proposi-
tion 6.1 we will prove an analogous result for non-autonomous dynamical systems.
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Remark 3.2 Tt follows from the definition of the topological entropy for non-autonomous
dynamical systems introduced in [8] that if the topological entropy of the non-autonomous
system (X, f, d) is finite then its metric mean dimension is zero.

Next, we will present some examples of the metric mean dimension for both autonomous
and non-autonomous dynamical systems. In Section 5 we will show more examples.
Take K = N or Z. Consider the metric d on X* defined by

~ 1 B _
dF,5) =) sqdi,y)  for¥ = (xi)iex, 5 = (w)iex € X, 32
ieK
Take X = [0, 1], endowed with the metric d(x,y) = |x — y| for x,y € X. In
[12], Example E, is proved that mdim (XZ, o, J) = 1. Analogously, we can prove that

mdim (XN,U, J) =1:
Lemma 3.3 Take X = [0, 1] endowed with the metric d(x, y) = |x —y|forx,y € X. Thus
mdim (XN, o, c?) =1.

Proof Fix ¢ > 0 and take [ = [log(4/¢)], where [x] = min{k € Z : x < k}. Note that
> n4=127" < g/2. Consider the open cover of X given by

((k —De (k+1e
Iy = ,
12 12

), forO <k < [12/¢].

Note that I has length £/6. Let n > 1. Next, consider the following open cover of XN:
Iy X Iy < +o o X g,y X X x X x---,  where 0 < ky, ko, ..., kyyy < [12/¢].

Each open set has diameter less than & with respect to the distance d, (see (3.2)).
Therefore
cov(n, 0, €) < (14 [12/e])" < 2+ 12/g)" 1+,
Hence

. logcov(n,o,¢) . (m+14+12/e)log2+12/¢)
cov(o,g) = lim —— = < lim =
n—o00 n n—oo n

log(2+12/¢).
Thus
mdim (XN,O, J) = lim V)
e—oco |loge|
On the other hand, any two distinct points in the sets
{(x,-)ieN e XN :x €{0,6 26 ..., 1/e)e) forall 0 <i < n}
have distance > ¢ with respect to d,,. It follows that
cov(n,o,e) > (1+ |1/e)" > (1/e)".
Therefore
. logcov(n, o, ¢)
cov(o,e) > lim ——— = |loge].
n— 00 n

Hence mdimj, (XN, o, d) =1. O

Next example proves that there exist dynamical systems on the interval with positive
metric mean dimension (see also [17]).
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Example 3.4 Take g : [0, 1] — [0, 1], defined by x — |1 — |3x — 1]||,and 0 = ap < a1 <
- < a, < ---,where a, = 22216/n2k2 forn > 1. Foreachn > 1,letT, : J, =
[an—1, an] — [0, 1] be the unique increasing affine map from J,, (which has length 6,/ 2n2)
onto [0, 1] and take any strictly increasing sequence of natural numbers m,. Consider the
continuous map ¢ : [0, 1] — [0, 1] such that, foreachn > 1, ¢|;, = Tn*l og" oT,.
Fix n > 1. Note that J,, can be divided into 3" intervals with the same length J,, (1), ...,
J,, (3™n), such that

¢(Ju() =J, foreachie{1,...,3"}.

Next, J, (i) can be divided into 3" intervals with the same length J,, (i, 1), ..., J, (i, 3")
such that
&*(nli,s)=J, fori=1,...,3" ands=1,...,3"
Inductively, we can prove that for all k > 1 and (i1, ..., i), where i; € {1,..., 3"},
we can divide J, (iy, ..., ix) into 3" intervals with the same length J, (i1, ..., i, 1), ...,

J (i1, ..., ik, 3") such that
SN Iin,y g i) =J, fori=1,...,3"

Each J,(iy, ..., ix) has length |J,,|/3k” for each k > 1. Furthermore, each J,, (i, ..., ir)
has length |J,|/3%mn for each k > 1.

Take &, = |J,|/3" = 3/m*n*3™ foreachn > 1.If x € J,(i1,...,i;) and y €
Ju(j1s - oy Jx) where (iy, ..., ix) # (ji, ..., jx) and each iy, ..., ig, ji, ..., ji is odd, then
dni(x, y) = &n.

For each k > 1, there are more than (3"~ /2)1‘ intervals J, (i1, ..., i) with iy odd, s =
1,..., k. Hence sep(n + k, ¢, &,) > (3™ /2)k and then
logsep(n + k, ¢, &n)

k

sep(¢, &,) > lim > log(3"" /2).
k—00

Therefore
log (3™ /2 log(3"™ /2
mdimpy ([0, 1], ¢, |- [) = lim g™ /2) _ lim ot 2/2)
n—oo —loge, n—oo —log(3/m*n=3Mn)
log(3"") 4 log2
lim =
n—00 log(ﬂ2n2/3) + log(3"n)

\%

)

hence mdimp, ([0, 1],¢,] - [) > 1. We will obtain from Proposition 5.4 that
mdimy, ([0, 1], ¢, | - |) < 1. Therefore mdimy, ([0, 1], ¢, |- |) = 1.

Since ¢(0) = 0 and ¢(1) = 1, the map ¢ induces a continuous map on S' with metric
mean dimension equal to 1. More generally, we have:

Proposition 3.5 Take X = [0, 1] or S'. For each a € [0, 1], there exists ¢, € CO(X) with
mdimy (pg) = a.

Proof Any constant map has metric mean dimension equal to 0. On the other hand, Example
3.4 proves that there exist continuous maps on X with metric mean dimension equal to 1.
Fixa € (0,1) and take r = 1. Setag = 0 and a, = Y_/_,C (37") forn > 1, where C =
1/2;’213’” =1/(3" — 1). Foreach n > 1, take J,, T, and g as in Example 3.4. Consider
the continuous map ¢, : [0, 1] — [0, 1] such that, foreach n > 1, ¢4y, = Tn_1 0g"oT,
(note that ¢,(0) = 0 and ¢, (1) = 1, consequently ¢, induces a continuous map on Sh. Fix
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n > 1. Each J, can be divided into 3" intervals with the same length J, (1), ..., J,(3"),
such that
¢a(Jy () =J, foreachi €{l,...,3"}.

Next, J, (i) can be divided into 3" intervals with the same length J,,(i, 1), ..., J, (i, 3")

such that
¢2(Jn(i,s)) =J, fori=1,...,3" ands=1,...,3".

Inductively, we can prove that for all k > 1 and (i1, ..., i), where i; € {1,...,3"},

we can divide J, (i, ..., i) into 3" intervals with the same length J, (iy, ..., i, 1), ...,

Jn(i1, ..., ig, 3") such that
KL TGty ook, i) = J, fori=1,...,3"
Each J, (i1, ..., ix) has length |J,1/3%" for each k > 1.

Take ¢, = |J,| = C/3"™" for each n > 1. Each J,, (i1, ..., i;) has d4-diameter equal to
&n. Consequently, cov(k + 1, ¢4, ,) > 3% and then

logcov(k + 1, ¢a, &)

, > i > log 3".
cov(da, €n) z lim 1 > log
Therefore
log 3" log 3" log 3"
mdimy ([0, 11, da, | - ) > lim —2> = fim ——2° ___ _ jjpm %
n—oo —loge, n—o0 —log(C/3"")  n—oolog3™”
. nlog3 1
= lim =—-=a

n—oo prlog3 r
On the other hand, fix n > 1. Let m > n be such that ) ;° (3—ir) < &,. Therefore
cov (U2, Ji k, ¢a, €n) =1 forany k > 1. (3.3)

Note that for each k > 1 and (iy, ..., i), where i; € {1,...,3"}, the subintervals
Ju(i1, ..., ix) have diameter less than g, with the metric d for any k > 1. Consequently,
we have

cov(Jp, k, Pa, €n) < (3”)k forany k > 1. (3.4)

Foreachi € {1, ...,n — 1}, divide each interval J; into (3")*T1[|J; |/1Jx]1 subintervals
with the same length, where [x] = min{j € Z : x < j}. Each subinterval has dj-diameter
less than g, thus

n—1
k+1
cov (UIZ! i ks buren ) < @) 190, (3.5)
Fori e {n+1,...,m — 1}, each J; has d;-diameter less than &,,, thus
cov( :”n]HJ,,k qba,sn)fm—n—l for any k > 1. (3.6)

By (3.3)~(3.6), we have
log [1 @ BT+ m —n — 1]

cov(¢g, &n) < lim

k— o0 k—1
log | (X2 T1Ji1/19ul +m — 0+ 1) 3MKF! -
< lim [< = ) ] = lim log3")™"
k00 k=1 P
= log (3").
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Hence
; . : log3") __ ; log3") _ 1: nlog3)
mdimy ([0, 11, g, |- ) = lim 2200 = fim 20 — tim MO — g
Therefore mdimy, ([0, 1], ¢q, | - |) = a. O

Example 3.6 Let X = {0, 1} with its usual metrlc and consider f = (f,)}2,, where
fn 2 {0, N - 40, 1)V is given by f,(w) = o2 (a)), for any n € N. Note that fl(")(w) =

02"+1_2(w). We claim that mdimy; (X, f,d) = oco. Fix ¢ > 0. Take a positive integer k
so that 2= **+D < ¢ < 27k Now consider A C {0, l}N a (@l — 2, &)-separated set for
the shift map o of maximum cardinality and note that A is an (n, &)-separated set for f.

Therefore, sep(n, f, ) > 22" =24k and then

logsep(n,fie) _ @m1-atp log2
nloge nk

Hence, by the definition of the upper metric mean dimension, we have

1 .
mdimy (X, f, d) = lim sup lim sup M =
es0 00 n|loge|

In [19], Zhu, Liu, Xu, and Zhang showed that if X is a k-dimensional Riemannian mani-

fold and f = (f;,)52, is a sequence of Cl—maps on X such that a, = sup|| Dy f;|| < oo for
xeM
all n € N, then

n—1

k
hiop(f) < max {0, limsup — Zloga,

n—oo N

Hence, by Remark 3.2, we have:
Proposition 3.7 If limsup,_, ., ﬁz loga; < 0o, we have mdimy (M, f, d) = 0.

Any sequence of homeomorphisms on both the interval or the circle has zero topological
entropy (see [8], Theorem D). Therefore, the metric mean dimension of any f on both the
interval or the circle is equal to zero. In the next example we will see that there exist non-
autonomous dynamical systems consisting of diffeomorphisms on a surface with infinite
metric mean dimension.

Example 3.8 Let ¢ : T2 — T2 be the diffeomorphism induced by a hyperbolic matrix A
with eigenvalue A > 1, where T? is the torus endowed with the metric d inherited from
the plane. Consider f = (f,);2, where f, = ¢2 for each i > 1. We have |Fix(¢")| =
A"+ 27" =2, where Fix(¢) is the set consisting of fixed points of a continuous map ¥ (see
[5], Proposition 1.8.1). Furthermore,

sep(n, f, 1/4) > sep (2", ¢, 1/4) > Fix (¢2") =22 a2 2
(see [5], Chapter 3, Section 2.e). Therefore,

f.1/4 log 2"
lim SPLUD oAt

jl )

n—00 n n— o0 n

and hence mdimy (T2, f, d) = oo.
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Suppose the Hausdorff dimension of X is finite. Let f = (f);,2 be a non-autonomous
dynamical system where each f, is a C"-map on X. We have that if h;,,(f) < oo then
mdimps (X, f,d) = 0. Therefore, if sup,cy L(fn) < 00, where L(f,) is the Lipschitz
constant of f,, we have that h;,(f) < oo and hence mdimy (X, f,d) = 0. Thus if
sup, ey L(fn) < 0o, then mdimy (X, f, d) = 0. In particular, if X is a compact Riemannian
manifold and f = (f,,)52, is a sequence of differentiable maps that sup, . | Dfs |l < oo,
where Df}, is the derivative of f;,, we have that /5, (f) < oo and hence mdimy (X, f, d) =
0.

4 Some Fundamental Properties of the Metric Mean Dimension

In this section we show some properties which are well-known for topological entropy and
metric mean dimension for dynamical systems. In the next proposition we will consider
f®, which was defined in Definition 2.3.

It is well-known that &) (f(p)) < phiop(f) and if the sequence (f,)52; is equicon-
tinuous, then the equality holds (see [8], Lemma 4.2). For the case of the metric mean

dimension, we always have that mdimy, (X,f(p), d) < pmdimy (X, f, d). However we

will present an example where the inequality can be strict even for single continuous maps
(see Remark 4.2).

Proposition 4.1 For any f = (f,),2, and p € N, we have
mdimyy (X, £, d) < pmdimy (X, f, d).
Consequently (see (3.1)),
mdimyy (X, f<P>) < pmdimy (X, f).
Proof Note that, for any positive integer m, we have

max d (7700 (7)) < max d (770, (7).

0<j<m

Thus span (m,f(”), s) < span(mp, f, ¢) and therefore

1 1
span (f(m, a) = limsup - log span (m,j”’), 8) < p limsup s log span(m, f, &) = p span(f, ).
m—00

m—00

Hence mdimy, (X, £, d) < pmdimy (X, f, d). 0

Remark 4.2 In Example 3.4 we prove that there exists a continuous map ¢ : [0, 1] — [0, 1]
such that mdimy, ([0, 1], ¢, d) = 1, where d(x, y) = |x — y| for x, y € [0, 1]. It follows
from Proposition 5.4 that for any f : [0, 1] — [0, 1] we have mdimy, ([0, 1], f,d) < 1.
Consequently, mdimy, ([0, 1], ¢",d) < 1 for any n > 1, which proves that the inequality
in Proposition 4.1 can be strict for autonomous systems and therefore for non-autonomous
systems.

If A, B C X are invariant subsets under a continuous map ¢, then

htop (9) = max{htop (@la), htop (918)}.
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It is clear this property is also valid for the metric mean dimension.

Proposition 4.3 If A, B C X are invariant subsets under ¢, then

mdimy (X, ¢, d) = max{mdimy; (X, ¢|a, d), mdimy, (X, ¢|5, d)}.

If Ay, As, ... is a sequence of invariant subsets under ¢, then

max {mdimpy (X, ¢la,, d)} = mdimy (X, ¢, d).
ne

Example 3.4 proves that the inequality can be strict (the sets Ji, Jp, ... are invariant
under ¢, however mdimy (X, ¢|,,, d) = 0 for each n).
Metric mean dimension can be defined on any subset A of X. Kolyada and Snoha in [8],
Lemma 4.1, proved that if X = U A;, then
htop(f) = nllaxn hlop (f|A,-) .

i=

,,,,,

Analogously we can prove that:

Proposition 4.4 If X = U} A;, then

.....

Definition 4.5 We say that x € X is a nonwandering point for f if for every neighborhood

U of x there exist positive integers k and n with fn(k)(U )NU # . We denote by Q(f) the
set consisting of the nonwandering points of f.

It is well-known that for any continuous map ¢ : X — X we have h;pp(¢) =
htop(@l(g))- This fact was proved for non-autonomous dynamical systems by Kolyada
and Snoha in [8]. For mean dimension of single continuous maps this fact was proved by
Gutman in [3], Lemma 7.2. For the metric mean dimension of non-autonomous dynamical
systems we also have:

Theorem 4.6 We have
mdimy (X, f, d) = mdimy, (2(f), f, d).

Proof Tt is clear that mdimy, (X, f, d) > mdimy (2(f),f, d). Fix e > 0 and n € N. Let
a be an open (n, f, €)-cover of X with minimum cardinality. Take 8 a minimal finite open
subcover of (f), chosen from « (note that § is an (n, f, €)-cover of Q(f)). By the mini-
mality of o we have that g is an (n, f, ¢)-cover of Q(f) with minimum cardinality, which
we denote by cov(Q2(f), n, f, €), i.e., Card(8) = cov(Q2(f), n,f, €).

The set K = X\ [y s U is compact and consists of wandering points. We can cover K
by a finite number of wandering subsets, each of them contained in some element of «. The
sets defined before together with 8 form a finite open cover y (n) = y of X, finer than «.

Consider, for each k, the open cover y (k, f(”)> associated with the sequence f™. Note that
each element of y (k, f")> is of the form

Aoﬁ(ff”))_l (Al)m(ff”))o( n(jlr)l)‘l (AN - .m<fl(”))_lo. . -o( ((k"jz)nﬂ)_l (A1),
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where A; € y,fori =0...,k — 1. It implies that y (k,f”)) is a (k,f(”), 8)-COVCI' of X.

Let A; and A be non-empty open sets of y (k,ﬂ’”) forsomei < j.If A; = A}, then

(n) _ p(=Dn oy
(fg Dnt1 © 777 ° m+l) (Ai) = fm+1 (A)
intersects A; = A;. In that case A; does not contain non-wandering points for f (and hence

A; € B). Now we estimate the number of elements of y (k, f(”)). Setting

ji=Card{A; :i=0,1,...k—1} and m := Card(y (k,f’”) \B),

we have 0 < j < m. In this case we have (r;z ) possibilities of the choice of a j-element

subset of y (k,ﬂ’”) \B and then these sets can appear as various Alsink - (k —1)--- (k —
j+ 1) = k!/(k — j)! ways. For the rest of A}s we can choice any element of . So, the
number of elements of y (k, f(”)) is bounded by

Z( ) [ - (Card(B)" .

Since k!/(k — j)! < k™ and <’7 < m!, this number is not larger than (m + 1) - m! -

k™ . (Card(B))*. Thus, using the fact that cov (k,f(”), 8) < Card (y <k,f<")>), we have

. 1 ) . 1 m k
limsup - log cov (k,f( ,e) < limsup - log(m + 1) - m! - K" - (Card(p))" = log(Card(p)).

k—o00 k—o00

As

1 1
lim sup — log cov (k,ﬂ”), 5) = nlimsup - logcov(k, f, ¢),
k—00 k k— 00 k

it follows that
1
limsup — logcov(k,f, &) < % logcov(Q2(f), n,f, €).
k— 00 k
Taking the limsup as n — 0o we obtain

cov(f,e) < lim sup ! logcov(Q2(f), n, f, &) := cov(Q({)., f, €).

n—oQo

So,

mdimyy (X.f. d) = liminf CWD < lim mf% = mdimy (Q(f). f, d),

which proves the theorem. O

Definition 4.7 A continuous map ¥ : X — Y will be called a-compatible if it is possible
to find a finite open cover 8 of ¥ (X) such that ¥ ~1(8) > a.
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Lindenstrauss and Weiss in [11], Theorem 4.2, proved that for any metric d compatible
with the topology of X, we have

mdim(X, ¢) < mdimy; (X, ¢, d)

for any continuous map ¢ : X — X. These ideas work in order to show the non-autonomous
case: metric mean dimension is an upper bound for the mean dimension of non-autonomous
dynamical systems. We will need the next proposition, whose proof can be found in [11],
Proposition 2.4.

Proposition 4.8 If « is an open cover of X, then D(«) < k if and only if there exists an
a-compatible continuous map ¥ : X — K, where K has topological dimension k.

Theorem 4.9 For any metric d on X compatible with the topology of X we have that
mdim(X, f) < mdimy (X, f, d).

Proof Let « be an open cover of X. We can assume that « is of the form
a={Uy, Vi} v---v{Ug, Vel,
where each {U;, V;} is an open cover of X with two elements. For each 1 < i < ¢ define
w; : X — [0, 1] by
d(x, X\V;)
d(x, X\Up) +d(x, X\V;)’
It is not difficult to see that w; is Lipschitz, U; = ;' ([0, 1)) and V; = w;"' ((0, 1]).

Let C be a common bound for the Lipschitz constants of all ;. For each positive integer
N define F(N, ) : X — [0, 11N by

wi(x) =

(N) (N)

FIN.3) = @100, ... 00, 01 (i), o oe (i) oo (A @) oo (£ G0).

As U; = w; ([0, 1)) and V; = o; ' ((0, 11) we have that F(N,-) = o) .
Now for each S C {1,...,¢N}, for x € X, denote by F(N, x)s the projection of
F (N, x) to the coordinates of the index set S.

Claim Let ¢ > 0 and D = mdimy (X, f, d). There exists N(¢) > 0 so that, for all N >
N (&) there exists & € (0, 1N which satisfies

§s ¢ F(N, X)s,
for any subset S C {1, ..., £N} that satisfies | S| > (D + &) N.

Proof Let § > 0 such that

sep(f. &)
logé

-2
5< (@) and = mdimy (X.f. d) + 5.

We notice that for N sufficiently large we can cover X by 8~ (P+¢/2N dynamical balls

B(x,N,8) ={y € X : dv(x,y) < 8}. Since C is the common Lipschitz constant for all
w;, we conclude that

F(N,B(x,N.,8)) Cf{ae[0, 11" : |[F(N,x) —alo < C8},
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where (a1, ..., aen) — (b1, ..., ben)lloo = sup; la; — b;|. This fact implies that F(N, X)
can be covered by §—(P+e/DN palls in the || - ||oo norm of radius C8. Let B(1), ..., B(K)
be these balls, with K = §~(P+&/2N,

Choose & € [0, 1]V with uniform probability and notice that

K
P(5 € F(N, X)s) < Y. P € B(j)s) < 8~ PH/DN2Cs)lS,

j=1
and so
P@ES:|S|> (D+e)Nandés € F(N,X)s) < ) P(és € F(N, X)s)
IS|>(D+e)N
< (t of such §)§~P+e/ANacs)Pre N

IA

N
2V (@0)Pe ) « 1.
Hence, with high probability, a random & will satisfy the requirements. O

Claim If 7 : F(N, X) — [0, 1]V satisfies forbotha = Oanda = 1, and all £ € [0, 1]¢V,
{1<k<{i¢N:&=a}C{l <k<{N:n)s=al,

then w o F(N, X) is compatible with ot(l)vfl.

Proof Given & € [0, 11°V, definefor0 < j < Nand 1 <i < ¢

(#9) " W, itges =o.

Wij = M\~ !
(flj) (Vi), otherwise.

By the definition of W; ; we have that (7 o F(N, N ) c N Wi ;e aév_l.
1<i<t,0<j<N

It follows that 7 o F (N, X) is compatible with o) . O

For a fixed ¢ > 0, consider é and N as in the first Claim. Set
o = {5 e [0, l]eN & = §k for more than (D + &) N indexes k} .

Then, F(N, X) € ¢ = [0, 1]*N\®.
Now, for eachm =1, 2, ..., denote by J,, the set

In = {E e [0, I]ZN 1 & € {0, 1} for at least m indexes 1 <i < ZN}.

Since £ is in the interior of [0, 1]V, one can define 7 : [0, 1]N\{€} — J; by mapping
each £ to the intersection of the ray starting at £ and passing through & and J;. For each of
the ((N — 1)-dimensional cubes I’ that comprises J; we can define a retraction on I? in
a similar fashion using as a center the projection of & on I*. This will define a continuous
retraction 75 of ®€ onto J;. As long as there is some intersection of ® with the cubes in
Jmn this process can be continued, thus we finally get a continuous projection 7 of ®¢ onto
Jmy» a space of topological dimension equals to mg, with

mo<|D+¢e|N+1,
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where | x| = max{k € Z : k < x}. By construction,  satisfies the hypotheses of the second
claim. Thus to F(N, -) > otévfl. Moreover, since F(N, X) C ®€, we have 7 (F(N, X)) C
-

Putting all together, we have constructed a aév -1 compatible function from X to a space
of topological dimension less or equal to | D + ¢]N + 1, and so

N-1
D(O‘o ) _ID+elN+1
N - N ’
As ¢ goes to zero we get that mdim(X, f) < D. O

The inequality in the theorem above can be strict for single maps and therefore for non-
autonomous dynamical systems. In [10], Theorem 4.3, is proved that if a continuous map
¢ : X — X is an extension of a minimal system, then there is a metric d’ on X, equivalent
to d, such that

mdim(X, ¢) = mdimy; (X, ¢, d’).

5 Upper Bound for the Metric Mean Dimension

As we saw in Remark 2.2, we have mdim (XK, a) < dim(X), where K = Z or N. Fur-
thermore, if X = I*, then mdim (x Z, o) = k. In this section we will prove that the metric
mean dimension of the shift on X is equal to the box dimension of X with respect to the
metric d, which will be defined below. This fact implies that the metric mean dimension of
any continuous map ¢ : X — X is less or equal to the box dimension of X with respect to
the metric d (see Proposition 5.4).

Definition 5.1 For ¢ > 0, let N(¢) be the minimum number of closed balls of radious &

needed to cover X. The numbers
N log N log N
dimp (X, d) = limsup L(S) and dimp(X,d) = lim infL(S)
e—oo |logel - e—oo  [loge|

are called, respectively, the upper Minkowski dimension (or upper box dimension) of X and
the lower Minkowski dimension (or lower box dimension) of X, with respect to d.

For any metric space (X, d) we have
dim(X) < dimy (X, d) < dimp(X, d),

where dimg (X, d) is the Hausdorff dimension of X with respect to d (see [6], Section II,
A). If X = [0, 1], then dim(X) = dimyg (X, d) = dimg(X,d) = 1. However, there exist
sets such that the inequalities above can be strict, as we will see in the next example, which

also proves that neither dim(X) nor dimg (X, d) are upper bounds for mdimy, (X Z g, d~).

Example 5.2 Let A = {0} U {1/n : n > 1} endowed with the metric d(x, y) = |x — y|
for x,y € A.In [6], Lemma 3.1, is proved that dimg(A) = 0 while dimp(A) = 1/2.
Furthermore, we have

mdimy (4%,0. ) = dimy (4) = 1/2

(see [12], Section VII).
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Using the Classical Variational Principle, in [17], Theorem 5, the authors claim to have
proven that for any (X, d)

mdimy, (XZ, o, a?) = dimp (X, d).

This fact can be proved generalizing the ideas given in [12], Example E:

Theorem 5.3 For K = Z or N we have
mdimy, (XK, o, 3) —dimg(X,d) and mdimy (XK, o, J) — dimp(X, d).

Proof We will prove the case K = Z (the case K = N can be proved analogously as in
Lemma 3.3). Fix ¢ > 0 and take / big enough such that >_,_,27"diam(X) < &/2. Let
m = N(&) be the minimum number of closed e-balls X1, ..., X,, needed to cover X.
Consider the open cover of X% given by the open sets

e X XX Xpy X Xp_yyy Xooo X X

oy XX X0, wherel <k _j, k_yq1,..., kyyy <m.

Note that each one of these open sets has diameter less than 4¢ with respect to the distance
d, on XZ. Therefore cov(n, o, 4¢) < m"+t2+! and hence

logcov(n, o, 4¢) < I (n 421+ 1) log(m)
—_ im =

cov(o,4e) = lim < log N (¢),
n— 00 n n—oo n
which implies that
. 4 _ log N _ log N —
mdimy; (XZ,U, d) —timsup VT4 i qup OENE) o ENE) Gy )
eso0o |logde| ssoo | logde| s>o0o |logd +loge|
and
. 7 s . . .cov(o,4e) .
mdimp, (X , 0, d) = liminf —— < dimp (X, d),
E— e—>oo |log4e| —
To prove the converse inequality, for ¢ > 0 let {x1, x2, ..., Xy()} be a maximal set of

points in X which are e-separated. For n > 1, consider the set
{(.)’i)ieZ extiy e {xl,-x2,...,x[\/(8)} forall -l <i<n —|—l}

and notice that it is (o, n, ¢)-separated and its cardinality is bounded from below by
N(S)n+2[+l. So

1 N n+20+1
sep(o, &) > lim w = log N (e),
n—oo n

and it implies that
mdim (XZ, o, 07) > dimp(X, d),

which proves the theorem. O

Next proposition proves the metric mean dimension of any dynamical system is bounded
by the box dimension of the space (see [17], Remark 4).
Proposition 5.4 For any continuous map ¢ : X — X we have
mdimy (X, ¢,d) < dimg(X,d) and mdimy (X, ¢,d) < dimg(X, d).
In particular, if X = [0, 1], then
mdimy (X, ¢, d) < mdimy (X, ¢,d) < 1.
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Proof Consider the embedding v : X — X N defined by x — ykx) =
(x, ¢ (x), $*(x),...). We have o o ¥y = ¢ o ¢. Therefore, ¥ = yr(X) is a closed subset of
XN invariant by o. Take the metric dy, on X defined by dy (x, y) = J(l/f(x), ¥ (y)), for any

x,y € X.Clearly d(x,y) < dy(x,y) forany x, y € X, therefore any (n, ¢, £)-separated
subset of X with respectto d is a (n, ¢, €)-separated subset of X with respect to dy,. Hence
mdimyy (X, ¢, d) < mdimy (X, ¢, dy) = mdimy (¥, o1y, d) < mdimy (X", 0,d) < dimp(X, d)
and, analogously, mdimy (X, ¢, d) < dimp (X, d). O
Example 3.4 proves that there exist dynamical systems ¢ : X — X such that
mdimy (X, ¢,d) = dimg(X,d) and mdimy (X, ,d) = dimg(X, d).

We can consider the asymptotic metric mean dimension as the limit

mdimy (X, f, d)* = lim sup mdimy (x, o (), d) .

i—00

Theorem 5.5 Iff = (f,),2| converges uniformly to a continuous map f : X — X, then,
foranyk > 1,

mdimyy (X, k), d) < mdimy (X, f,d). (5.1)
Consequently,
mdimy; (X, f, d)* < mdimy (X, f,d).
Proof See the proof of Theorems 2.8 and use 4.6. O

We can prove, as in Example 2.9, that the inequality above can be strict.
Theorem 5.5 and Proposition 5.4 imply that:
Corollary 5.6 Iff = (f1)2, converges uniformly to a continuous map on X, then
mdimy (X, f, d) < dimg(X,d) and wmdimy (X, f, d) < dimp(X, d).
and therefore
mdimy (X, f, d)* < dimg(X,d) and mdimy (X, f,d)* < dimg(X, d).
In particular, if X = [0, 1], then mdimy (X, f, d)* < 1.
Example 3.6 proves that the box dimension is not an upper bound for the metric mean

dimension of sequences that are not convergent. Next example shows the inequality in
Corollary 5.6 can be strict.

Example 5.7 For each n > 1, take m;,, = n and

¢d(x), ifx el0,an+1],
ap+1, ifx e [aﬂ+ls ]]7

Sa(x) =

where ¢ is the map in Example 3.4. Thus f,, converges uniformly to ¢ as n — oo. In [8],
Figure 3, is proved that the topological entropy £, ((fn+k)f,°=1) = klog3 foreach k > 1.
Hence, mdimy ([0, 1], (futx)5e | - 1) = 0 and therefore

mdimy ([0, 11, (fu)pZ. |- D* =0 < mdimy ([0, 11, ¢, |- ) = L.
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Example 5.8 The sequence

) = d(x), ifx €10, ap41],
&n o X, if x € [ap+1, 1]

converges uniformly to ¢ as n — oo, where ¢ is the map in Example 3.4. Note that
g{”Jrk)IJn = ¢X|;,, forn > 1,k > 1 (see Example 3.4). Hence

sep (21 + k. (8%, ea) = 3"/, andthen  sep ((g)%,. &) = log(3™"/2).

Therefore mdimp, ([0, 1], (g; ?ilv [ -]) = 1. By (5.1) we obtain that mdimj, ([0, 1],
(8%, 1+ ) = 1. Note that mdimy, ([0, 11, g, | - |) = O forany i > 1.

6 Uniform Equiconjugacy and Metric Mean Dimension

We say that the systems f = (f,)72, on (X, d) and g = (g4);2, on (Y, d’) are uniformly
equiconjugate if there exists a equicontinuous sequence of homeomorphisms 4, : X — Y
so that ;11 o f, = gn o hy, forall n € N, that is, the following diagram

X fl X f2 o fn X
lhl lhz lhn+l
y 2,y B2, F.y

is commutative for all n € N. In the case where h, = h, for all n € N, we say that fand g
are uniformly conjugate.

Note that the notion of uniform equiconjugacy does not depend on the metric on X and
Y. Indeed, if d* and d* are another metrics on X and Y, respectively, then (X, f, d) and
(X, f, d*) are uniformly equiconjugate by the sequence (/x); ; and (¥, g, d)and (Y, g, d*)
are uniformly equiconjugate by the sequence (Iy);’ozl. Hence, if (X,f,d) and (Y, g,d")
are uniformly equiconjugate by the sequence (h,);2 |, then (X, f, d*) and (Y, g, d*) are
uniformly equiconjugate by the sequence (Iy o h, o Ix);2 ;.
Theorem 6.1 Letf = (f,)2, andg = (g,)52 | be two non-autonomous dynamical systems
defined on the metric spaces (X, d) and (Y , d’) respectively.

(i) Iff and g are uniformly conjugate then
mdim(X, f) = mdim(X, g).

(i) If (X,f) and (Y, g) are uniformly equiconjugate by a sequence of homeomorphisms
(hu);2 | that satisfies inf, {d (h;l(yl), h;l(yz))} > 0 for any y1, y» € Y, then (see
3.1))

mdimy (X, f) > mdimpy (Y, g).

(i) If (X,f) and (Y, g) are uniformly equiconjugate by a sequence of homeomorphisms
(hn)22., that satisfies inf, {d'(hy(x1), hn(x2))} > O for any x1, x; € X, then

mdimy (X, f) < mdimp (Y, g).

(v) If (X.f) and (Y, g) are uniformly equiconjugate by a sequence of homeomorphisms
(hu)y2 | that satisfies inf), {d (h;l(yl), h;l(yz)) ,d (ha(x1), h,l(xz))} > 0 for any
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yi, Y2 € Y and x1, xo € X, then
mdimy; (X, f) = mdimy, (Y, g).

Proof (i) Leth : X — Y be a homeomorphism which conjugates fand g, i.e., h o fl(") =

g{") o h for all n € N. For an open cover « of X, consider 8 = h(a), which is an open

cover of Y. Now we notice that

B! = h@) v g (h@) V- (g{” “) (h(@))
_ /’l(O{) v (h o flfl o h—l) (h(Ot)) \(VERV <h o (f](ll—l)>*l o h—1> (h((x))

— h (a{;‘l).

It implies that D (h ((x(')‘_l)) =D (af)’_l). Since, for any open cover B of Y is of the
form h (), for some open cover « of X,

mdim(X. f) = sup lim M — sup lim M

n ﬁ n—o0 n

= mdim(Y, g).

(i) Let (h,)52, be the sequence of equicontinuous homeomorphisms that equiconjugates
fand g. So,
fano--0 fi :h;-ql-l ogno---ogrohjy.
By assumption we have
inf {d (00, 1" () ] > 0, forany vy # vz € v.
n
Hence, we can define on Y the metric

d* (i) =t {d (i o0 o)}

In particular, if S C X is a (m, f, €)-spanning set of X in the metric d and x1, x; € S,
then

dy (h1(x1), h1(x2))

max {d* (1 (), (), d* (g7 U, g~ U (2)) |
max {d(xl, x2),d (B3 @ 0 G, b3 (1 (22))))

d (hr;+1 ( m— l(hl(xl))>’ o ( (h1(x2))))}

= dp(x1,x2) <e.

IA

It follows that &1 (S) is an (m, g, €)-spanning set of Y in the metric d*. So we obtain that
mdimy (X, f, d) > mdimy (Y, g, d*),

and therefore mdimy, (X, f) > mdimy, (Y, g).
By an analogous argument we can prove (iii). Item (iv) follows from (ii) and (iii).
O

Clearly the theorem implies that if ¢ : X — X and ¥ : X — X are topologically
conjugate continuous maps, then

mdimy (X, ¢) = mdimy (X, ),
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which is a well-known fact.
The next corollaries follow from Theorem 6.1.

Corollary 6.2 If fi,..., fi,g1,...,8 are homeomorphisms, f = (f1,..., fi, fi+1,
fiv2,...)andg = (g1, ..., &, fi+1, fi+2,-..), then
mdimys (X, f) = mdimy, (Y, ).

Proof Note that the following diagram is commutative

X S X fi X Ji X fit1 X fit+2 %
h]l l/lg J,hi lld}( i]dx lldx
X 81 X 8i X 8i X Jix1 X Jiv2 X
where Iy is the identity of X and h; = gi_1 o fi, hi-1 = gi:ll ohjo fi—1, ...,
hy = gflhzfl. Furthermore, (h1, h2, ..., h;, Ix, Ix,...) is an equicontinuous sequence

of homeomorphisms. Therefore, fand g are uniformly equiconjugate. The corollary follows
from Theorem 6.1, since the infimum inf, {d (h, ' (y1), b, (72)) , d(hn(x1), ha(x2))} > 0
is taken over a finite set. O

Next corollary means that if f is a sequence of homeomorphisms then the metric mean
dimension is independent on the firsts elements in the sequence f.

Corollary 6.3 Let f = (fu),2, be a non-autonomous dynamical system consisting of
homeomorphisms. For any i, j € N we have

mdimpy (X, oi(f)) — mdimy (X, o-/'(f)) .

Proof 1t is sufficient to prove that mdimys (X Lol (f )) = mdimy (X, f) for all i € N. Fix
i € N. Take g = (gn)neN, Where, for eachn < i, g, = I is the identity on X and g, = f,
for n > i. It follows from Corollary 6.2 that

mdimy; (X, f) = mdimy, (X, g).

Foreachx,y € X and n > i we have
max {d(x, Y)oooond (gﬁi_l)(x), g}i_l)(y)) cond (gf"_”(x), gi"_l)(y))}
= max {d(x, ), d(gi @), &) . d (8" @, 8" 1))}
= max {d(x, ). A @, oD d (£, £ )

Hence '
mdimy (X, f) = mdimp (X, g) = mdimy (X, ol (f)) ,
which proves the corollary. (]

Next corollary follows from Corollary 6.3 and Proposition 4.1 (see the proof of Corollary
2.7).

Corollary 6.4 For any homeomorphisms f and g defined on X, we have
mdimps (X, f o g) = mdimy, (X, g o f).
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7 On the Continuity of the Metric Mean Dimension

In this section we will show some results related to the continuity of the metric mean
dimension of sequences of diffeomorphisms defined on a manifold. For any r > 0, set

C'(X) = {(f)2) : fu: X = XisaC -map} = [[C"(X).

where C"(X) = {¢p : X —> X : ¢pisa C’-map}.1 Hence C"(X) can be endowed with the
product topology, which is generated by the sets

jtm
U= HC’(X)X [ vix H C(X),
i=j+1 i>j+m

where U; is an open subset of C" (X), for j +1 <i < j+m, for some j, m € N. The space
C"(X) with the product topology will be denoted by (C’ (X), ‘L'pmd). We can consider the
map
mdimy; : (C"(X), Tproa) = R U {+00}
f — mdimy, (f, X).

Clearly, if mdimy, is a constant map, then is continuous.

Proposition 7.1 If mdimy : (C"(X), Tproa) — R U {+00} is not constant then is
discontinuous at any f € C" (X).

Proof Fix f = (f,)02, € C"(X). Since mdimyy, is not constant, there exists g = (gn)no, €
C"(X) such that mdimy (X, 8) # mdimy (X, f). Let V € tp.0q4 be any open neighborhood
of f. For some k € N, the sequence j = (ji);2 ;, defined by

) e ifn=1,...k

n = gn ifn >k,
belongs to V), by definition of 7j,44. It is follow from Corollary 6.2 that mdimy, (X,j) =
mdimy; (X, g). which proves the proposition. O

Letd!(-,-) be a C'-metric on C' (X). Suppose that sup,ey 1 Dfnll < oo.Forany K > 0,
if dl(gn, fa) < K, then sup,cy [|Dgnll < oo and therefore mdimy (X, g,d) = 0. On the
other hand, if sup, ¢y | Dfy |l = 0o, then mdimy (X, f, d) is not necessarily zero.

In [15], Section 6, is proved that:

Proposition 7.2 If f = (f,)02, is a sequence of C Ldiffeomorphisms, there exists a
sequence of positive numbers (8,)52 | such that every sequence of diffeomorphisms g =
(gn)yoy with d'(fu, gn) < 8u foreachn > 1, is uniformly equiconjugate to f by a sequence
(hu)y2, such that h, — Ix asn — oo.

Note that, if h, — Ix as n — oo, then for any x| # x € X and y; # y» € Y we have
inf, {d (h; (1), 7y '(32)) . d(hy(x1), ha(x2))} > 0. Hence, it follows from Theorems 6.1
and Proposition 7.2 that

1f r > 1 we assume that X is a Riemannian manifold
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Corollary 7.3 Given a sequence of diffeomorphisms f = (fu);2 |, there exists a sequence
of positive numbers (8,)52 | such that if g = (g,)°2, is a sequence of diffeomorphisms such

that d'(f,, g,) < 8, for eachn > 1, then
mdimy; (X, g) = mdimy, (X, f).

Roughly, Corollary 7.3 means that if d'(f,,, g,) converges very quickly to zero as n —
00, then
mdimy (X, f) = mdimy, (X, g).
For each sequence of diffeomorphisms f = (f,,)7; and a sequence of positive numbers
& = (en)2 |, a strong basic neighborhood of f is the set

B (f, &) = {g = (gn)p : gn is a C"-diffeomorphism and d(f,, gn) < €, foralln € N} )

The strong topology (or Whitney topology) on C"(X) is generated by the strong basic
neighborhoods of each f € C"(X). The space C"(X) with the strong topology will be
denoted by (C" (X), Tgr)-

Corollary 7.4 Forr > 1, let D"(X) C C"(X) be the set consisting of diffeomorphisms.
Then
mdimy : (D" (X), Tgr) = RU {00}

is a continuous map.

Proof Let f € D'(X). If follows from Theorem 7.2 that there exists a strong basic
neighborhood B”(f, (8,);2 ) such that every g € B"(f, (8,)52,) is uniformly equicon-

jugate to f. Thus, from Proposition 6.1 we have mdimy (X, g) = mdimy, (X, f) for all
g € B'(f, (6,)32 ), which proves the corollary. O

A real valued function ¢ : X — R U {oo} is called lower (respectively upper) semi-
continuous on a point x € X if

liminfp(y) > ¢@(x) (respectively limsup p(y) < <p(x)) .
y—>x

y—x

@ is called lower (respectively upper) semi-continuous if is lower (respectively upper) semi-
continuous on any point of X.

Remark 7.5 From now on, we will consider X = [0, 1] or S,

Misiurewicz in [14], Corollary 1, proved that /., : CO([O, 1]) - R U {oo} is lower
semi-continuous. For the case of the metric mean dimension we have:

Proposition 7.6 mdimy; : C° ()N( ) — R is nor lower neither upper semi-continuous on

maps with metric mean dimension in (0, 1). Furthermore, mdimy; : co <)~() — R is not

lower semi-continuous on maps with metric mean dimension in (0, 1] and is not upper
semi-continuous on maps with metric mean dimension in [0, 1).

Proof Let ¢ be a continuous map on X. If mdimy;(¢) = 1, we can approximate ¢ by a
continuous map with zero metric mean dimension (take a sequence of C!-maps converging

@ Springer



Fagner B. Rodrigues and Jeovanny Muentes Acevedo

to ¢). Next, suppose that mdimy,(¢) = 0. Firstly, take X = [0, 1]. Fix ¢ > 0. Let p*
be a fixed point of ¢. Choose § > 0 such that d(¢(x), ¢(p*)) < &/2 for any x with
d(x, p*) < 6. Let ¢ and T3 be as in Example 3.4, with J; = [0, p*], J» = [p*, p* + §/2],
J3 =[p*+38/2, p*+38]and J4 = [p* + 8, 1]. Take the continuous map v on [0, 1] defined
as

@(x), if x € J1 U Jy,
V() =T, '¢h(x), ifx e b,
Y1 (x), if x € Js,

where v is the affine map on J3 such that ¥{ (p* + §/2) = (p* + §/2) and Y1 (p* 4+ §) =
@(p* + 8). Note that d({, ¢) < . It follows from Proposition 4.3 that

mdimy (£, v |- 1) = max {mdimyy (X, lsunos |- 1) mdim (%,91.1-1)} = 1.

since mdim (f(, AVASIASI |) < mdimy, (f(, o, |- |) = 0. Analogously we can prove

that any ¢ € C°([0, 1]) with metric mean dimension in (0, 1) can be approximated by
both a continuous map with metric mean dimension equal to 1 and a continuous map with
metric mean dimension equal to 0. These facts prove the proposition for X = [0, 1]. For
X = S!, we can approximate any ¢ € C° (Sl) by a map ¢* with periodic points. We can
prove analogously that ¢* can be approximate by a continuous map on S' with metric mean
dimension equal to 0 or equal to 1, which proves the proposition for X = S'. O

Next, Kolyada and Snoha in [8], Theorem F, showed that /., : C([0, 1]) = R U {oo} is
not lower semi-continuous, endowing C([0, 1]) with the metric

D ((fanzi- (8n)pZ1) = sup max | f,(x) — gn(x)].
Nx€[0,1]

neNX€
Furthermore, they proved in Theorem G that 4;,, : C([0,1]) — R U {oo} is lower
semi-continuous on any constant sequence (¢, ¢,...) € C ()N( ) However, It follows from

Proposition 7.6 that:

Corollary 7.7 mdimy : C (5() — R is nor lower neither upper semi-continuous on any

constant sequence (¢, ¢, ...) € C (f() Consequently, mdimyy : C (f() — R U {oo} is nor
lower neither upper semi-continuous.

Take f = (fn),2 on X defined by f, = ¥ for each n € N, where v is the map from

Example 3.4. We have mdimM(f(,fll - |) = oo (see Example 3.8). Thus there exist non-
autonomous dynamical systems on X with infinite metric mean dimension. Consequently

mdimy, : C (f() — R U {oo} is unbounded.
We finish this work with the next result:

Theorem 7.8 mdimy : C ()Z') — R U {oo} is not lower semi-continuous on any non-

autonomous dynamical system with non-zero metric mean dimension.

Proof Letf = (fy);2, be a non-autonomous dynamical system with positive metric mean
dimension. Let A, be a sequence in [0, 1] such that A, — land A, ---A1 — Oasm —

oo. Take g,, = (Amynfn)oe,. Thus g,, — f as m — oo. However, for any x € X,
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(gm)(k) (x) — 0 as k — oo. Consequently, the metric mean dimension of g,, is zero for
eachm € N. O

References

11.
12.

13.

14.

15.

16.

17

18.
19.

. Freitas AC, Freitas JM, Vaienti S. Extreme value laws for non stationary processes generated by sequen-

tial and random dynamical systems. In: Annales de 1’Institut Henri Poincaré, probabilités et statistiques;
2017. Institut Henri Poincaré.

. Gromov M. Topological invariants of dynamical systems and spaces of holomorphic maps: I. Math Phys

Anal Geom. 1999;2(4):323-415.

. Gutman Y. Embedding topological dynamical systems with periodic points in cubical shifts. Ergodic

Theory Dyn Syst. 2017;37(2):512-38.

. Gutman Y, Tsukamoto M. Embedding minimal dynamical systems into Hilbert cubes.

arXiv:1511.01802. 2015.

. Katok A, Hasselblatt B, Vol. 54. Introduction to the modern theory of dynamical systems. Cambridge:

Cambridge University Press; 1995.

. Kawabata T, Dembo A. The rate-distortion dimension of sets and measures. IEEE Trans Inf Theory.

1994;40(5):1564-72.

. Kloeckner B. Optimal transport and dynamics of expanding circle maps acting on measures. Ergodic

Theory Dyn Syst. 2013;33(2):529-48.

. Kolyada S, Snoha L. Topological entropy of nonautonomous dynamical systems. Random Comput Dyn.

1996;4(2):205.

. Li H. Sofic mean dimension. Adv Math. 2013;244:570-604.
. Lindenstrauss E. Mean dimension, small entropy factors and an embedding theorem. Publ Math Inst des

Hautes Etudes Scientifiques. 1999;89(1):227-262.

Lindenstrauss E, Weiss B. Mean topological dimension. Israel J Math. 2000;115(1):1-24.
Lindenstrauss E, Tsukamoto M. From rate distortion theory to metric mean dimension: variational
principle. IEEE Trans Inf Theory. 2018;64(5):3590-609.

Lindenstrauss E, Tsukamoto M. Mean dimension and an embedding problem: an example. Israel J Math.
2014;199(5-2):573-84.

Misiurewicz M. Horseshoes for continuous mappings of an interval. In: Dynamical systems. Berlin:
Springer; 2010. p. 125-35.

Muentes J. On the continuity of the topological entropy of non-autonomous dynamical systems. Bull
Braz Math Soc New Ser. 2018;49(1):89-106.

Stadlbauer M. Coupling methods for random topological Markov chains. Ergodic Theory Dyn Syst.
2017;37(3):971-94.

. Velozo A, Velozo R. Rate distortion theory, metric mean dimension and measure theoretic entropy.

arXiv:1707.05762. 2017.
Yano K. A remark on the topological entropy of homeomorphisms. Invent Math. 1980;59(3):215-220.
Zhu Y, et al. Entropy of nonautonomous dynamical systems. J Korean Math Soc. 2012;49(1):165-185.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/1511.01802
http://arxiv.org/abs/1707.05762

	Mean Dimension and Metric Mean Dimension for Non-autonomous...
	Abstract
	Introduction
	Mean Dimension for Non-autonomous Dynamical Systems
	Metric Mean Dimension for Non-autonomous Dynamical Systems
	Some Fundamental Properties of the Metric Mean Dimension
	Upper Bound for the Metric Mean Dimension
	Uniform Equiconjugacy and Metric Mean Dimension
	On the Continuity of the Metric Mean Dimension
	References


