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Abstract

The kernel partial least squares (KPLS) method was originally focused on soft-sensor calibration for pre-
dicting online quality attributes. In this work, an analysis of the KPLS-based modeling technique and its
application to nonlinear process monitoring are presented. To this effect, the measurement decomposition,
the development of new specific statistics acting on non-overlapped domains, and the contribution analysis
are addressed for purposes of fault detection, diagnosis, and prediction risk assessment. Some practical in-
sights for synthesizing the models are also given, which are related to an appropriate order selection and the
adoption of the kernel function parameter. A proper combination of scaled statistics allows the definition of
an efficient detection index for monitoring a nonlinear process. The effectiveness of the proposed methods
is confirmed by using simulation examples.

Keywords: KPLS Modeling, Fault Detection, Fault Diagnosis, Prediction Risk Assessment, Nonlinear

Processes.

1. Introduction

The design of monitoring systems for supervising the operation of industrial processes has acquired
great relevance in the last decade. This fact is essentially due to the need of more demanding operating
conditions related to security for equipments and personnel, operating costs, and environmental restrictions.
Furthermore, the increasing complexity observed in the interactions between energy- and mass- transfer
processes, and their corresponding control policies, require more sophisticated monitoring systems in aspects
such as detection rate, robustness, user friendliness, easiness of understanding, modeling and data storage

requirements, and adaptability, among others [1, 2].
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The multivariate statistical process monitoring is a well-known research topic where several strategies
based on projection to latent structures have successfully been developed. Moreover, they are of great interest
in industrial applications because of their excellent properties for handling noisy and highly correlated
measurements, and large datasets [2-4]. Some of these approaches are summarized in [4-10] where the
principal component analysis (PCA), independent component analysis (ICA), and partial least squares
regression (PLSR) methodologies were addressed. There are also several modifications to these tools for
including issues such as dynamics, adaptation, and non-linearity [2, 8, 11-16].

In this work, a nonlinear version of the partial least squares (PLS) approach -called kernel PLS (KPLS)-
is addressed. KPLS is a powerful statistical tool for obtaining multivariate nonlinear relationships from
historical data. In fact, it is a nonlinear regression method that computes the regression coefficients in a
high-dimensional space; the input data are mapped via non-linear functions in this space and then they are
linearly related to the measured outputs. Hence, the KPLS approach represents a suitable methodology
for predicting online unmeasured quality variables in complex nonlinear processes. The overall procedure
relies on classic linear algebra, similar to the linear projection methods, and the non-linearity degree is
mainly given by the selected kernel function associated to the mapping functions [17]. Ever since the KPLS
approach appeared, some modifications as well as applications have been published in the process monitoring
area. For example, a kernel-based PLS system linked to orthogonal signal correction has been proposed for
data preprocessing and prediction purposes [12]; and a modified PLS method of independent component
regression has been used for complex processes monitoring [8]. An application of nonlinear multivariate
quality prediction based on KPLS has also been presented [14]. In this context, new publications addressing
the fault detection tasks based on KPLS have also appeared [18, 19]. In the last decade, KPLS or variants
thereof have been applied for composition analysis of agricultural materials [20] and foods [21], process
analysis [22], determination of structure activity relationships [23], studies on drug metabolism [24], and
quality-related monitoring [25], among others.

KPLS method, as well as other kernel based modelling methods [26], are often used as a black box
approach. However, in contrast to kernel PCA (KPCA) [11, 16], KPLS is able to properly determine the
predictive importance of each input variable onto the final regression model. This result can then be used
for reducing the number of inputs and therefore the complexity of the model. For instance, Posmat et
al. [27] propose a method based on the principle of pseudo-sampled trajectories (representing the original
variables) that help to visualizing and determining the most important variables for regression purposes. This
method is able to detect poor predictor variables, providing the chance for improving the KPLS structure
by eliminating interfering variables from the pre-selected inputs. The advantage of the KPLS modeling lays
in the fact that only the outputs of interest are chosen, while the inputs are determined by their predictive
importance, thus limiting the group of variables to be monitored.

The main objective of this article is to provide a deep analysis of the KPLS-based modeling technique
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and its application to nonlinear process monitoring. Initially, the classic KPLS modeling is here extended
by adding the projections of the outputs onto the latent space. The underlying structure of the KPLS
modeling is highlighted in order to describe the functional relationships between the spaces induced by
the KPLS procedure. Moreover, some practical insights are given for the proper selection of the number
of latent variables and for setting the kernel function parameter. In fact, the latent space dimension is
here defined by using a new balanced index designed to efficiently quantify the squared prediction error in
both the input and output spaces. This approach is compared with the standard output prediction error
via the Wold’s R criterion [7, 14]. To deal with nonlinear processes, the kernel method is first embedded
into the PLS algorithm. Then, new specific statistics (that act on non-overlapped domains) are combined
into a single index able to detect process anomalies. Finally, the statistics pattern is used for diagnosing
faults or process anomalies. In this regard, the present monitoring technique of nonlinear processes is an
extension of our PLS-based strategy originally developed for monitoring linear processes [28]. Besides,
contribution plots are frequently used to isolate the detected faulty variables without using historical fault
patterns [26, 29]. However, it is difficult to build a contribution plot for a kernel based model [29]. In this
paper, a new contribution plot based on the KPLS model is proposed for identifying faulty variables. The
proposed supervision approach puts together the abnormal event detection, the diagnosis, and the isolation
in a single method. Besides, a risk assessment index is also developed for online quantifying the predictive
capabilities of the KPLS inferential model. The effectiveness of the proposed method is tested through
simulated examples taken from the literature.

The article is organized as follows: Section 2 presents the basic background of the KPLS regression. Some
details about the KPLS-based modeling approach are given in Section 3. The main contributions of this work
are presented in Sections 4 and 5, where we analyze the KPLS model calibration (Section 4), the process
monitoring and the statistics for fault detection (Section 5.1), the diagnosis method through the pattern of
statistics (Section 5.2), the fault isolation via a contribution analysis (Section 5.3), and the prediction risk
assessment (Section 5.4). Section 6 summarizes the simulation results and the overall conclusions are given

in Section 7.

2. Basic concepts on KPLS

Consider a process with m measured input variables plus p measured output variables which are arranged

!

in the vectors x = [z1...2y) and y = [y1...y,), respectively. Assume that N measurements of each

variable are collected while the process is operating under normal conditions. In order to build a KPLS
regression model, let us consider the calibration data set consisting of N centered and scaled samples for
N

the input vector (predictor), i.e., {x; € Rm}le, and the corresponding centered and scaled samples for the

response vector, {y; € ]Rp}j.v:l.
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The KPLS theory utilizes a nonlinear function ¢(-) : R™ — R to map the vectors x; € R™ onto a
high-dimensional space R¢, with ¢ > m (or even ¢ = 00). The classic PLS regression approach [6] is first
applied to decompose the high-dimensional space into a low-dimension latent space plus a residual space;
and then a linear regression model is developed to relate the data in the latent space with the original output
data in R? [17]. The nonlinear mapping is not implemented through an explicit function, ¢(-), instead a

kernel function k(-,-) is proposed for computing the following inner products,
k(x;,%x.) = @(x;)p(x,), with j=1,...,N r=1,....N. (1)

Thus, by replacing each inner product ¢(x;) ¢(x,) with k(x;,x,), both the explicit nonlinear mapping and
the inner product computation can be avoided [17]. The KPLS approach only uses the inner product values
for performing the nonlinear regression.

From Eq. (1) the so-called Gram Kernel matrix, K € RV*¥ can be obtained:
K=®®' with ®=[p(x1),...,p(xy)] € RV* (2)

Similarly to PLSR, the nonlinear KPLS model includes zero-mean variables. The mapped input vectors
p(x;) are centered as follows:

P(x)) = p(x;) — ®'e (3)

where e is a column vector with all its entries equal to 1/N [17]. In this way, ® = [@(x1),...,@(xn)] is

the centered version of ®. Now the centered Gram Kernel matrix is given by

K=& =(I-EK(I-E) (4)

where E is a (N x N) matrix with all its entries equal to 1/N [17] and k(x;,%,) = @(x;)'@(x,) is the
element (j,7) of K.

From the centered data matrices K and Y = [y, ...,yx~]’, a KPLS calibration algorithm can be devel-
oped by modifying the steps of the NIPALS algorithm [17] as shown in Algorithm 1. Specific details about
the parameter setting for the kernel function and the optimal selection of the number of latent variables, A,
are given in Section 4.

The prediction of the response variables by using the calibration data are given by [17]:
Y = ®Bps = ®'U(T'KU)"!T'Y = KU(T'KU)"'T'Y = TT'Y = TC' (5)

where the matrices T = [t1,...,t4] and U = [uy, ..., u4] are orthonormal by columns. Note that, although
the regression coefficients matrix Bprg might exist (for ¢(.) € R® when ¢ # o0), the KPLS algorithm does

not calculate this values explicitly, i.e. the kernel substitution avoids this evaluation.
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Equation (5) shows that the response variables (outputs) can be obtained from the inner products of the

mapped vectors. Hence, for a new observation x of the predictor vector, the outputs are estimated by

¥ = Bpsp(x) = Y'T [UT'KU) '] k(x) = CV'k(x) (6)

where k(x) = [k(x1,X), ..., k(xn,x)]’ is the vector of centered kernel functions evaluated in the pairs (x;, x)
for j=1,..., N. Note that matrices U, T, C, and V are outputs of the KPLS algorithm.

From Egs. (4) and (3) the following relationships can be defined,

k(x) = ®p(x) = (I - E)(k(x) — Ke) = k(x) — Ke — Ek(x) + EKe (7)

where k(x) is the vector of non-centered kernel functions and is defined analogously to k(x).

Let us consider the latent vector structure. From Egs. (5) and (6), it is obtained,

t =[t1,....ta] = p(x)R=k'(x)V, with V =[vy,...,v4] (3)

where R = @ U(T'’KU) ! = [ry,...,r4] is the PLS weight matrix (see Eq. 5) with its components given by
ry, = Zjvzl a;j@(x;), with a; € R. Each latent variable can be estimated independently (i.e. ¢, = k/(x)v,
in Eq. (8)), thus the prediction is computed as,

y=Ct, with C=]lcy,...,cal. (9)
Note that, given a new observation x with absolute units the prediction also can be written as,
y=D,CV'k (D;}(x — X)) +¥ (10)

where D, = diag(64,,...,0s,,) and D, = diag(éy,,...,d,,) are the estimated standard deviations for
predictor and response variables, respectively. On the other hand, X and y are the corresponding mean

values.

3. Modeling based on KPLS

This section presents a KPLS-based extension of the PLSR modeling described in Godoy et al. [28],
where three different residues are defined. The first residue Y represents the internal model error and the
other two (<i> and Ys) are associated to the external model error as detailed below. The KPLS algorithm
induces both an internal and an external model. By analogy of KPLS with PLSR [28], it is assumed here
that there is an internal linear relationship between t, and u,. Furthermore, since the KPLS algorithm

scales these score-vectors to unit norm, the following internal model can be obtained,

U=T+0U (11)
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Algorithm 1: KPLS training via NIPALS steps
Data: Centered matrices K, Y = [y1,...,y~]’

Result: T, U, C, V = U(T'’KU) ™!
1 Setazl,K1:K,Y1 =Y

2 Initialize the score-vector u, (N x 1) of the latent variable u, of Yq, as the maximum-variance column of Y;
3 Compute the score-vector t, (N x 1) of the latent variable t, of P, as: t, = K,u,/ HKﬂu@H , tal] = 1;

4 Regress the columns of Y, on t,: ¢, = Y,t., where c, is a weighting vector;

5 Calculate the new score-vector: uqs = Yqco/ ||Yacall, [[ua]| =1 ;

6 Repeat the steps 2 to 4 until the convergence of t, ;

7 Deflate the matrices: Koi1 = (I — tot))Ka(I —toth)and Yo i1 = Yo — tat, Yo,

8 Save data in matrices: T < t,, U < u,, C < cq;

9 Set a = a + 1 and return to step 2. Stop when a > A, being A the selected number of latent variables.

where the a-th column of U represents the t, — u, regression residuals.
The induced external model decomposes ® and Y into latent variables and residuals matrices (<i> and

\72)7 via the following expressions:

K
Il

TP + &, (12)

UC + Yy, (13)

where P = ®'T = ®KV and C = Y'KV. For new ® and Y matrices, by means of R = (P')~ and
D = (C’)~ where (-)~ denote the pseudo inverse operator (i.e. PR =T and C'D = I), the predictions of

T and U can be represented as follows,

T = &R, (14)

— YD, (15)

since the row space of ) (Y3) belongs to the null space of R (D), then PR =0 (Y,D = 0). By means of
kernel substitution in Eq. (14), the prediction of T also is given by T = KV. Note that, the external model
in Egs. (12) and (13) relates latent variables with responses and mapped inputs. On the other hand, the
internal model in Eq. (11) links latent variables only. By combining both models, a prediction model based

on kernel is obtained as shown in Eq. (16).
Y=KVC +UC +Ys=Y+Y;+ Y, (16)

where Y, = Y — YDC’ and Y; = YDC’' — Y are the projection and transformation error matrices,
respectively. It is particularly noteworthy that the KPLS algorithm does not compute the matrices R and
P, which would be computationally troublesome for typically high-values of ¢. Summarizing, the internal

6
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model is represented by Eq. (11), the external relationships are displayed in Egs. (12) and (13), and finally

the nonlinear regression model is shown in Eq. (16).

3.1. Underlying decompositions
After synthesizing an in-control KPLS model, the measured vectors ¢(x) and y can implicitly be decom-
posed in their projections (following the PLSR decomposition presented in [28]), as described bellow. Note

that given a new mapped vector ¢(x) the following theoretical decompositions would be valid:

p(x) = o(x) +e(x), €R°
p(x) = PR/'@(x)=Pt, €Wy = Span{P} CR® (17)
p(x) = (I-PR)p(x), € Wg=Span{R}+ CR°

where PR/ (I — PR/) is the projector on the model subspace Wy, (Wg) along the residual subspace W
(War). Here, (-)* represents the orthogonal complement. The oblique projections in Eq. (17) decompose
the high-dimensional space R¢ in two complementary subspaces Wy, and Wg [28].

On the other hand, generalizing the results presented in [28], the response space can be decomposed (via

KPLS) in two complementary oblique subspaces as shown in Eq. (18),

y = y+ys, € RP
y = CDY, € Syy = Span{C} C R? (18)
y2 = (I-CD')y, € Sgy =Span{D}* CRP

where Syry and Sgry denote the model subspace and residual subspace of RP, respectively.

The model subspaces, Wy and Sysy, are related via Eq. (19) as follows,

y = y+vy, € Smy
y = CR@(x)=CVk(x), €Suy (19)
y1 = CD'y - CV’k(x), € Suy

where y; is the linear transformation error ¢(x) — y and y represents the predictable part of y from @(x).
Figure 1 shows the underlying decomposition in the KPLS procedure. The gray areas represent the
so-called “in-control” or “normal operating” zones. The functional relationships among several spaces are

shown in this figure, i.e., the links among input, high-dimensional, model, residual, and output spaces.

4. Calibration of the KPLS model

There are two main issues in any kernel-based latent structure approach: 1) the selection of the kernel
function and its parameters, and 2) the determination of the latent space dimension (number of latent
variables). Both decisions play a significant influence in the KPLS model performance for prediction as well

as monitoring purposes.



O J oUW N

OO UG U UTUTUTUTUT OO B B B BB ER B DDNWWWWWWWWWWNNNNNNNNDNNN R e e e
GRWNRFRFOOVWOJdANNEWNROW®®JINUTAWNROWOO AT EWNRFROW®O-JAUREWNROWW-TJ0UAWNDR O W©
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ce Output
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projection on y=CR'p(x)=Ct

Wr
¢(x) = (I-PR")p(x)
Figure 1: Underlying KPLS-decomposition of the input space and its relation to output subspace together with control zones.

A specific kernel function implicitly defines the mapping ¢ and features the high-dimensional space.
Moreover, the monitoring characteristics are strongly influenced by the parameter settings of the selected
kernel function, as shown in [15] for KPCA. Similarly, in KPLS these parameters determine the ability for
detecting and identifying abnormal situations from the measurements [30]. How to select the proper kernel
function for a specific application is still an open problem, however the most used kernel function is the
Gaussian k(x;,x) = exp(—||x; — x||?>/h) [26]. This suitable choice is driven by the observation that most
functions can be approximated fairly well by a sum of Gaussians. Indeed, mixture models and Radial Basis
Function (RBF) neural nets [31] are based on this observation, and they are testimony of the power of
Gaussians in fitting data too. However, a poorly chosen h will lead to a poor KPLS model [26]. A critical
drawback of the KPLS model is the difficulty for selecting the parameter h.

The occurrence of an abnormal event in the process will alter the statistical behavior of the measurement
vector: X = [x1...2;...%y]". Such event will significantly be propagated to the high-dimensional space (see
Fig. 1), provided that the expected value of k(x) (see Eq. 7) exhibits a meaningful change. Additionally,
the expected value of the j-th element of k(x), k(x;,x), will be sensitive to the presence of an abnormal
event when a relevant change is observed in the expected value of its argument, ||x; — x||?/h. Therefore,
an appropriate selection of h becomes important because: i) a high value of h could turn the argument
too low, with the risk that an actual event is not detected when measuring the projections norms in Egs.
(17) and (19); and ii) a low value of h could excessively increase the argument, with the risk of producing
a false alarm during a normal process operation. To circumvent this problem, we here propose to adopt
h=2%", Var(z;). Since z; is a standardized variable, Var(z;) = 1 and consequently h = 2m. In what

follows, we will prove that such selection of h provides us with a robust decision criterion for detecting the

8
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presence of a process fault. In fact, note that:

g % = X2\ _ Cim B{(wj — i)} XL Var(w) + 302, Biasj(w:)
h 2m 2m

20
=1/2, if x; and x belong to the same in-control process (20)

> 1/2, if at least one wx; is a (fixed) disturbed variable

where x; is the j-th sample of the calibration data set, x;; is the i-th element of x;, and z; is considered
an estimate of z; ;. To interpret the use of Eq. (20) in some practical cases, assume first a normal process
operation (i.e., with null bias and unit variance in all variables x;). Then, Eq. (20) yields E{.} = 1/2, thus
indicating no evidence of process fault. On the other hand, consider the presence of an offset in the i-th
sensor. Such fault will induce on the variable z; a meaningful bias Ax; with respect to its normal value.
Then, Eq. (20) predicts: E{.} = 1/2(1 + Az2/m) > 1/2, thus alerting on the presence of a fault in the
process.

On the other hand, the number of latent variables retained (A) is an important parameter in any
approach based on latent structures. In the KPLS methodology this parameter can be determined by
considering monitoring as well as prediction purposes. In fact, the KPLS approach models both, the “x—y”
relationship and the correlations within x and y. Hence, the ultimate number of latent variables to be
retained should be determined by the simultaneous adjustment of the prediction- and correlation models.

Therefore, the modeling error is evaluated through the following total mean square error:
~ 2 .
MsEr 2 E{|[6()| "} + E{lly - 31I°} = MSE, + MSE,. (21)

In the present work, we use a generalization of the adjusted Wold’s R criterion [7], which is given by
R(a+1)= MSEr(a+1)/MSEr(a), where M SFEr(a) is the criterion in Eq. (21) parameterized by the first
“a” latent variables. The inclusion of new latent variables into the model finishes when the ratio R(a + 1)
exceeds a predefined threshold (e.g. 0.9) and hence A = a. In other words, an additional latent variable will
not be included in the KPLS model unless this variable significantly improves the predictions (or explicated
variability). Generally, the inclusion of an excessive number of latent variables produces an over-fitted (or
overtrained) nonlinear model with poor predictive ability. Hence, to reliably determine the number A, the
historical data set is divided in two subsets called calibration and validation data, respectively. Thus, the

MSEr(a) criterion is tested on both subsets.

5. Process monitoring based on KPLS

Once an “in-control” KPLS model is developed using process data under normal operating conditions,
the process state can be supervised by using the proper statistics on the current measurements. Similarly
to the KPCA approach [16], the main idea behind the KPLS methodology is mapping and projecting the

9
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input and the response measurements respectively, into the R4 latent space to get a linear distribution of
the modeled data. These transformations are useful to perform the detection of abnormal events and the
diagnosis by inspecting appropriate statistics. In this work, a combined index is proposed for monitoring
both, the model and the residual subspaces. The diagnostic is performed by inspecting the pattern defined
by the statistics once the anomaly is detected. Furthermore, a variable contribution analysis completes the

diagnostic tasks allowing the isolation of disturbed variables.

5.1. KPLS-based fault detection

The “in-control” KPLS model is used for analyzing the current state of the process. By mapping
and projecting the current measurements, ¢(x) and y, on the subspaces Wy, Wgr, Syy, and Sgy, the
corresponding deviations are quantified and compared with their appropriate control limits. However, there
are no explicit expressions for the projections @ and @ in Eq. (17). This trouble promotes the development
of new statistics based on kernel substitution for estimating the measures needed for the monitoring task.

For detecting a significative change in the W), subspace, the following Hotelling’s statistic can be used:

T2 =t/A 't = (N - DK (x)VV'k(x) (22)

where A = (N — 1)7!'T/'T = (N — 1)7'I. Recall that this measure (Eq. 22) accounts for the process
correlations.

When new events occur (not considered for the in-control model), the new mapped observation @(x)
will move out from Wy, towards Wg. In this case, the square prediction error (SPE) is used for quantifying

the distance from the model in Wy,

SPE; = ||ex)|]” = [l@(x) - ¢(x)|’
=p(x)'@(x) — 26(x)'@(x) + @(x)' P(x) (23)
=k(x,x) — 2k’ (x)KVt + t' T'KTt
Thus, the SPFEg statistic can be used for detecting changes in Wr. When the process is under normal

operation, the SPEg index represents the fluctuations that can not be explained by the KPLS model. On

the other hand, the distance from the regression model in Sysy is defined as

SPEy, =|j31|* = ||CD'y — CV'k(x)||?

_ _ _ (24)
=y'DC'CD’y — 2y'DC'CV’k(x) + k'(x)VC'CV'k(x)
Similarly, the distance from the model in Sy;y for detecting changes in Sgy is
- 2
SPEy, =||y2||* = ||(I- CD))y|*. (25)

Furthermore, the correlation matrices Rg and Ry are singular because @ and y typically have collinear
variables, as can be inferred from Eqs. (17) and (9). In this context, the generalized Mahalanobis distance

10
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is considered for measuring these projections as follows:

Dy = #IR,P(x), (26)

Dy = y'Ryy, (27)
where the correlation matrices are given by,

Ry = (N-1)"'Y'Y=(N-1)"'CT'TC' = (N -1)"'CC, (28)

<

R, = (N—-1)'®®=(N-1)"'"PT'TP' = (N —1)"'PP". (29)

B

The following statement shows that not all these statistics are independent. More specifically, the

statistics on @(x), y, and t are equivalents (see Proof in Appendix A), i.e.,
(30)

The above identity suggests that the behavior of the response variables y can be monitored by a KPLS-based
statistic applied to the input variables x. Therefore, the monitoring of the complete measurement space can
be implemented by four independent KPLS statistics: T2, SPEg, SPEy,, and SPEy,, each of them acting
on different subspaces Wy, Wg, Syry, and Sgy, respectively. Consequently, these statistics normalized by

their control limits are combined together into a unified index called Ixprs as shown in Eq. (31). The

2

scalars 72, 62, 05,

and 5)2,2 are the corresponding control (confidence) limits.

T2 SPE; SPE. SPE
Ixprs(x,y) = ?tz t 5 £+ 52 L+ 52 2 = Iy (%) + Iwr(X) + Iry1(X,y) + Iry2(y).  (31)
a X Y1 Y2

The four statistics in Eq. (31) probably have non-Gaussian distributions due to the process nonlinearities.
Hence, their control limits are estimated via a kernel density estimation (KDE) approach [32-34]. This
methodology is based on the approximation of the probability density function (PDF) of an index, e.g. T2,
by the sum of Gaussian basis functions. In this way, the 100(1 — )% confidence limit for T¢ is given by
72 = G71(1 — «), where G~ is the inverse of the cumulative density function G(T2). The KDE strategy is
a well-known procedure for estimating the PDF when applied to univariate random processes [34].

In case that Ik prg belong to a multidimensional elliptic region, it would be compatible with the assump-
tion of multi-normal data. Therefore, the number of false alarms and undetected faults for this combined
index is significantly reduced with respect to the performance typically given by the separated statistics

2,4, 9].

5.2. Anomaly class diagnosis through its statistics pattern

The Ik prs index (Eq. 31) is useful for simultaneous monitoring of product quality, process changes, and

sensor problems. An anomaly is detected when a meaningful change in the measurements triggers the alarm

11
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condition given by: Ixprs > I, where I, denotes the 100(1 — @)% confidence limit obtained through the
KDE approach. Once an anomaly is detected, the diagnosis is made by comparing the patterns produced
by the normalized statistics composing the combined index. Note that these statistics actuate on different
domains and are affected by different scaling factors. In this way the significance level of each normalized
statistic is 1. In summary, it is assumed here that each class of anomaly is characterized by a specific pattern
of significant statistics.

Let us consider 6 different classes of anomalies: 1) faults in sensors associated to x; 2) faults in sensors
associated to y; 3) changes in the nonlinear correlation structure of x; 4) changes in the internal latent
relationships; 5) changes in the correlation structure of y; and 6) changes in the process population param-
eters. Ideally, each anomaly will produce an independent pattern of the statistics that compose Ik prs; and
therefore, a proper analysis of the measured statistics would allow the unambiguous identification of the
anomaly. These anomalies can qualitatively be grouped into 3 categories: sensor fault (classes 1 and 2),
change in the process correlations (classes 3, 4, and 5), and change in the process population parameters
(class 6).

An artificial process was created to determine the characteristic patterns (see Appendix B). This process
models the generation of ideal data obeying to a predetermined correlation/functional structure, in absence
of anomalies. Then, each of the 6 anomalies were independently analyzed by assuming localized pure
disturbances and then observing the mismatch with the available model. Figure 2 indicates how a disturbed
measurement (in x or y) goes through the KPLS model and generates a warning signal (in ¢(x), ¥1, ¥2 or
t).

Table 1 summarizes the main results obtained in Appendix B, and can be seen as a generalization of
the results in [28]. The symbols “—” and “4” respectively represent a “negligible” or a “high” value of
the corresponding statistic. More specifically, the symbols “+” indicate the statistics that are activated
as soon as the measurements (x,y) bring information about a localized model mismatch. The patterns in
Table 1 can facilitate the fault diagnosis tasks. Furthermore, when some statistic is above its control limit a
contribution analysis can be performed to identify the disturbed variables in x or y [29]. Unfortunately, the
statistic patterns for classes 1 and 3 are coincident (see Table 1). However, a further contribution analysis
can be used to determine the proper class, bearing in mind that, unlike Class 3, Class 1 leads a significant

contribution in the faulty variable.

5.8. Isolation of disturbed variables

In order to localize a faulty sensor, the identification of the involved variables becomes helpful. A
preliminary classification of the anomalous event according to Table 1 enables us to restrict the searching
problem to one or two statistics. To isolate the abnormal events, the corresponding statistics can then be

analyzed in their variable contributions, as typically proposed by several authors [29].

12
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Figure 2: Measurements decomposition based on mapping and projections onto the subspaces created by a KPLS model

Table 1: Patterns of significant statistics to be used for diagnosis purposes

Normalized statistic

Event type Iwnv Iwr  Iryi  Irye
Class 1 -
Class 2 —
Class 3 —
Class 4 -
Class 5 —

Class 6 - — — —

Associated subspace W Wgr Snmy Sry

A generic strategy for decomposing a quadratic index as a sum of variable contributions is given by [28]

15 =3 (570 ) = Y- etsten), ®)

i=1

where x; represents the i-th variable of the current vector x and Ig can be Iw s, Iwr, Iry1 or Igys. Since
each normalized statistic has a significance level of 1, then the significance level of their contributions is also
adopted equal to 1 [28]. This decomposition is exact for Iryo because it is a quadratic function of y. On
the other hand, Iy s, Iw g and Igy1 are quadratic expressions of the non-linear functions vector k(x), but
not of x. However, around a given point x, its second order Taylor approximation has a quadratic form on
x. Consequently, even in case that the decomposition in Eq. (32) is an approximation, we can define the
contribution of the variable x; to a normalized statistic as

x; 0I5(x)

els(z:) = 2 Oz

(33)

where Is = Iwnr, Iwr, Iry1, Iry2. The contributions of the variable y; to the component statistics Iry1
and Ipy9 are also defined by Eq. (33), but replacing y; with z;. The partial derivatives of I s, Iwr, Irv1,

and IRy, are detailed in Appendix C.

13



O J oUW N

OO UG U UTUTUTUTUT OO B B B BB ER B DDNWWWWWWWWWWNNNNNNNNDNNN R e e e
GRWNRFRFOOVWOJdANNEWNROW®®JINUTAWNROWOO AT EWNRFROW®O-JAUREWNROWW-TJ0UAWNDR O W©

In summary, when an alarm in Ixprg is detected, the significant statistics that compose Ixprs (Iw s,
L gr, Iry1, or Igys) are used for classifying the abnormality through Table 1. Then, depending on the
classification, the variable contributions of any particular statistic with significant signal are analyzed for

determining the fault source.

5.4. Risk assessment about the prediction accuracy

When the process outputs can not be measured online, we can still use Eq. (10) to predict quality
variables y from the measurements x. The prediction reliability depends on the accuracy of both, the
inferential model (Eq. 10) and the measurements x. Hence, it is convenient to validate online the prediction
accuracy. An index based on an in-control KPLS model that depends only on x, can be used for supervising
the prediction reliability. In this case, the normalized statistics Iy ps and Iy r depend on the x information

only. Hence, recalling Eq. (31) the following combined inferential index is suggested,
I.(x) = Iwp (%) + Twr(x), (34)

and the risk assessment metric for the predictions can be stated as

I.(x)
I, ’

Iris]c = (35)

where I, is the confidence limit for I, in Eq. (34). Thus, when I,.;5; > 1 the KPLS predictions are no longer
reliable. Faults of class-1, class-3 and class-6 (see Table 1) trigger an alarm when I,.;5, > 1. The risk index
depends on the KPLS model and therefore it is not reliable when the model is over-fitted or improperly
calibrated.

In this work the KPLS-based online prediction is complemented with an additional control chart of I,.;sg

to guarantee the reliability.

6. Simulation results

6.1. Case study no. 1. Soft-sensor with prediction risk assessment

A non-linear numerical simulation example is presented here for evaluating the proposed calibration and
supervised prediction approach under several abnormal events. In fact, the multivariate simulation case
used in Zhao et al. [13] and Zhang et al. [14] is reproduced here for the sake of comparison. The system is
defined as follows,

=12 —t+1+e=fi(t) +e;
X =94 wxy=-sin(t) +e3 = fot) + &2
r3 =13 +t+e3=f3(t) +e3 (36)

y=1a% + 21709 + 3cos(z3) + 4 = fa(t) + &4
14
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Figure 3: In-control input zone and output-input correlations.
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Figure 4: Selection of the KPLS model order - Case study no. 1. (a) M SEp-based approach with h = 2m = 6. (b) M SEy-based
approach with h = 0.06.

where t and g; (i = 1,2, 3,4) are uniformly distributed variables between [—1, 1] and [—0.1, 0.1], respectively.
The variables ¢; are the noise components. The data set generated from 300 samples is divided in two
subsets for calibration (the first 200 samples) and validation (the latest 100 samples) purposes. Equation
(36) shows that inputs and output are functions of the internal variable ¢ (f1(¢) to f4(t)). Figure 3 shows
the in-control input zone, which depends on data and is related to the output range 0 — 6. Figure 3 also
shows that the output is non-linearly correlated with the inputs.

Figure 4 displays the procedure for calibrating the KPLS model based on the Wold’s R criterion by using
both, validation and calibration data. In this case, two scenarios for obtaining the optimal number of the

15



O J oUW N

OO UG U UTUTUTUTUT OO B B B BB ER B DDNWWWWWWWWWWNNNNNNNNDNNN R e e e
GRWNRFRFOOVWOJdANNEWNROW®®JINUTAWNROWOO AT EWNRFROW®O-JAUREWNROWW-TJ0UAWNDR O W©

Table 2: Simulated abnormal events - Case study no. 1

Fault type Location Low magnitude High magnitude
Offset in x1-sensor k =20...30 Az = —0.34} Az, = —10
Offset in x2-sensor k = 50...60 Azy = 0.27% Axs =10
Offset in x3-sensor k = 80...90 Azs = 0.49¢ Axz = 10
Correlation change k=110..120 x1 =15t2—t+1+4+¢e a1 =3t —t+1+4¢;
Process upset k = 140...150 t =1.1 (fixed) t = 1.5 (fixed)

¥ Equivalent to 0.5 in standardized units, hence E {-} = 1/2(1 4+ 0.52/3) > 1/2

latent variables (model order) are compared. In fact, Figs. 4(a) and 4(b) summarize the mentioned criterion
computed based on the MSEr and MSE, indexes, respectively. The first one, is the combined input and
output prediction error suggested here in Eq. (21), and the second metric is the classical output prediction
error M SE, proposed by Zhang et al. [14], where the standard error is given by %RM SE, = 100 \/m .
For the sake of comparison, the same settings as suggested in [14] are used here for the MSE,-based
approach: a Gaussian kernel function with h = 0.06 and a threshold of 0.9 for the Wold’s criterion. The
M S Ep-based methodology with h = 2m = 6 is shown in Fig. 4(a) which clearly gives the most parsimonious
model with a + 1 = 8, hence the number of latent variables retained in the KPLS model is A = 7. On the
other hand, the MSE,-based approach in Fig. 4(b) suggests A = 11 as the best model order [14]. The

over-fitting during the order selection is evaluated by using the validation data set (lines with “v

4).

in Fig.

The Fig. 4(b) (top) displays some evidence that the predictive ability of the model may be quite poor.
In fact, the calibration and validation %RMSE, deviate from each other, thus displaying the so-called
over-fitting of the KPLS model. This fact is basically given by two simultanecous effects in the Zhang’s
procedure [14]: 1- they adopted h = 0.06, implicitly assuming a very low average variability in the data set,
and 2- the MSE, criterion does not consider the input modeling, nor the validation data for supervising
the fitting reliability. Notice that the existence of over-fitting is observed by contrasting the Wold’s criterion
using the calibration data with the one based on validation data (see Fig. 4(b)). This result shows that the
methodology proposed in section 4 improves the KPLS model calibration producing more reliable models
as observed in Fig. 4(a).

Different faults affecting the normal process are simulated to test the ability of the risk index for warning
a loss of prediction reliability. In this case, five types of abnormal events are considered as shown in Table
2 with low and high magnitudes in each case. In fact, this table summarizes three types of offset faults for
the variables x1, x2, and x3. The fourth abnormal event considers a nonlinear correlation change for the
variable 7 in the time period [110-120]. Finally, the uniformly distributed variable ¢ is considered to be

fixed at a given value between samples 140 and 150, representing a process upset. The in-control input zone

16
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Figure 5: Squared prediction error and prediction risk assessment during low and high magnitude faults for KPLS model

calibration based on: (a) MSEp, and (b) MSE,

in Fig. 3 is related to an ellipsoidal zone in the latent space R” which determines the control volume of Tf.

The output squared prediction error SPEy = ||y — ¥| ? and the risk assessment index I,.;,, are displayed
in Fig. 5 during the simulation of the anomalies listed in Table 2. Figures 5(a) and 5(b) summarize the
risk assessment performance of the KPLS models calibrated via the M SEr and the MSE, methodologies,
respectively. Note that, an alarm condition is triggered when the index I,.;51 exceeds the unitary threshold,
ie. I > 1. Figure 5(a) show that the I,;; index timely alerts on intervals where the process is affected
by abnormal events. In such intervals the predictions given by the model are unreliable and should not be
considered. Hence the M SEy criterion produces reliable KPLS models. On the other hand, the MSE,
criterion provides models that are unable to detect anomalies in the process (Fig. 5(b)). In fact, the I,
index remains below the threshold along the simulation time, erroneously indicating a normal operation
and reliable predictions. Figure 5(b) shows the insensitivity of I,.;s; to the abnormal events. In such cases
k(x) 2 0, causing a constant low value in I,;5, due to the wrong selection of h and the model over-fitting.
However, in our approach the index saturation occurs for the high magnitude faults, but above the threshold

efficiently indicating the presence of the faults (see Fig. 5(a)).

6.2. Case study no. 2. Fault detection and diagnosis

An additional example is simulated for better understanding of the proposed methodology as a monitoring
tool. The normal operation of the chosen non-linear process includes a uniform distribution in the intrinsic
variables. The “measurements” of the external variables, x and y, are generated by adding zero-mean
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Gaussian random noises to the KPLS correlation structure characterized by the arbitrarily-selected process

parameters and functions as follows:

$1:2t?+t§+€1
xzzt?+2t§+€2
X:f(t)"!‘EE r3 = 3t1 + 12 + €3

$4=7t?+3t%7t2+64

Tr5 = *tg + 31’% —t1 +¢€5 (37)

y=Ct+n=tici+teci +n with c¢; =c]/|[c]]|

¢ = [1.5,0.01,-0.1,0.01,0.05,0.01, 2,0.01, 0.5’

¢y =[0.1,-1.5,0.01,0.01, —0.05, 2.5,0.01, —0.5, 0.01]’
where € = [e1,...,e5]) with g; ~ N(0,0.005%) and i = [y, ...,79]" with n; ~ N(0,0.005%) are independent
noises, and t = [t1,¢5]" are the internal variables every one distributed uniformly in the range [0.01, 4].

This model was used to simulate multivariate observations under normal conditions, and the generated
(100 samples) data set was used to fit the KPLS model and calculate the control limits. Figure 6 shows the
linear or nonlinear correlations between the predictor variables (z;) and the responses (y;). For example,
the correlations between zz and yi,...,y9 are linear, while most of the remaining correlations xz; — y; are
clearly nonlinear. Figure 6 illustrates the high level of non-linearity present in the data. Figure 7 shows the
calibration technique proposed in Section 4, where a model order A = 4 is selected.

The abnormal data set (250 samples) is also generated by using Eq. (37) and considering the six fault
scenarios displayed sequentially in Table 3. This Table shows the six anomalies (one for each class in Table
1) simulated as follows: a) the bias faults of classes 1 and 2 are simulated by disturbing the measurements
x and y; b) the anomalies of classes 3, 4, and 5 are implemented by modifying the process parameters or
functions; and c) the anomaly 6 consists in adding up a mean change At; =1 to ¢;. Each fault is simulated
during 20 consecutive samples and immediately cancelled thereafter.

Figure 8 shows the time evolution of the detection index Iy prs normalized by its control limit I,
determined by the KDE approach, and the statistics composing the index Ixprg in order to interpret
the anomaly class. In Fig. 8, the alarm condition is triggered at a given sample k, when the normalized
global index overpasses the limit, i.e. when Ixprs(k)/I, > 1. The inspection of such a figure leads to
conclude that monitoring based on Ixprs(k) proved to be effective for detecting all simulated anomalies.
The patterns presented by the contributing statistics in Fig. 8 along with the information given in Table

1 allow an unambiguous diagnosis of each kind of anomaly, except for the first two cases (see Table 3).
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Figure 7: Calibration based on proposed methodology - Case study no. 2

As it was anticipated, faults of class-1 and class-3 produce the same pattern, hindering the discrimination
between them. However, the x3-sensor fault causes a unique significant contribution to Iy due to the
variable x3 (Fig. 9). By contrast, a correlation change in x causes several significant contributions to
Iw r, allowing discrimination from the previous case. Table 3 summarizes the classification of each detected

abnormal event according to pattern of alarms in the statistics showed in Fig. 8. Figure 9 shows the variable
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Table 3: Simulated fault scenarios - Case study no. 2

Fault type (Class) Samples Magnitude Alarmed Diagnosed
Statistics Class
Offset in x3-sensor (1) 20 to 40 Azz =5 Iwr and Iry1 1/3
Correlation change in x (3) 60 to 80 o5 = (z3)' % + &3 Iwr and Iry1 1/3
Process upset (6) 100 to 120 Y =t +1 Iway and Iwr 6
Offset in y3-sensor (2) 140 to 160 Ays = 0.03 Iryo 2
Correlation change iny (5) 180 to 200 Acy = 0.01[—1,1,0,—1,1,0,—1,0,1)  Iry1 and Iry 5
Intrinsic gain change (4) 220 to 240 AL, =0.7, uf® = 1.7t Ipyv1 4
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Figure 8: Time evolution of the index Ii pr s normalized and of its component statistics

contributions to the statistics Iyy g and Iry2, at the alarm locations & = 31 and k = 151. Figure 9 identifies
the perturbed variables (z3 and y3) from the major (positive) contributions that more significantly affect
the statistic showing alarm (clwgr and clgya, respectively), thus correctly reporting the faulty sensors.
The analysis of the contributions to each statistic (at alarmed locations) allows the identification of broken
relationships between the process variables. Consequently, the main contributions in clyr and clpys
characterize the correlation changes in x and y, respectively, thus indicating major changes in the original

external correlations.
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Figure 9: Contribution analysis at two alarmed locations (significance level = 1)

In these simulations, small deviations with respect to the normal behavior were adopted only, in order
to evaluate the ability of the data-driven control volume associated to Ixprg for detecting the simulated
faults.

In summary, the proposed KPLS-technique for fault detection and diagnosis in strongly nonlinear pro-
cesses has proven capable of: i) detecting an anomaly through a single combined index, ii) diagnosing the
anomaly class from pattern presented by the four contributing statistics as compared to their respective
confidence levels, and iii) identifying the disturbed variables based on the analysis of the main variable
contributions to each significant statistic.

It is worth noting that if the normal operating range of t in Eq. (37) decreases, the nonlinearity of
the system is less meaningful. Indeed, for the case study no. 2, when [t1, t2]'-operating zone is reduced to
[0.01,2] x [0.01,2], the previous suggested methodology for selecting the KPLS model order gives A = 2.
Moreover, if the same data set is used for developing a PLSR model [10, 28] the order is A = 2 once
again, i.e., both methods converge to the same order (or number of latent variables). In summary, when
the nonlinearity of the process is rather weak, we conclude the following: i) the linear PLSR approach
is preferable when the model would mainly be used for monitoring purposes; and ii) the nonlinear KPLS
approach is preferable when the model would mainly be used for prediction purposes. The reason for i)
is that we would only need to know when the process moves out from the model; and in such case, the
PLSR technique unambiguously differentiate classes 1 and 3. In contrast, the reason for ii) is the greater

generalization ability of the KPLS method.
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7. Conclusions

Monitoring techniques based on KPLS models designed under in-control conditions are especially useful
for supervising strong nonlinear processes. In general, the results obtained in this work suggest that the
proposed calibration strategy provides a comprehensive methodology for the systematic development of
nonlinear KPLS models.

Meaningful deviations of the measurements from their expected behaviors are useful for detecting and
diagnosing process anomalies. The proposed detection index Iy prs combines several statistics of properly
scaled metrics. This index represents a statistical distance that considers the linear/nonlinear correlation
structure of the process as well as three Euclidean distances to the model. Unlike other existing data-driven
techniques, the here proposed Ik pr s index allows a simultaneous monitoring of the process and the quality
variables.

When an anomaly occurs in a process, the combination of alarm signals in the statistics composing Ixprg
is efficiently used for classifying the perturbation source. Such preliminary diagnosis is then completed
through an analysis of contributions that allows the identification of the disturbed variables. Besides, the
risk assessment index I,;s; proved to be effective for validating the reliability of the KPLS predictions.
The numerical simulations included in this study verify the effectiveness of the presented methodology and

suggests the potential application of the presented monitoring techniques to real production systems.
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AppendixA. Proof of Eq. (30)

By substitution of Egs. (9) and (28) into Eq. (27), we have Dy = (N — 1)t'C’ (CC’)” Ct. Then, using
the singular value decomposition of the matrix C(p x A) (with full-column rank) given by: C' =V [X 0] W/,
where 3 (A x A) is a non-singular diagonal matrix, and the matrices W (p x p) and V(px A) are orthonormal,

we have

b b
c'(CC)y C=V[SoW |W ) VV[EZOW | W ) V' =VES TSV =404 (A1)

Therefore, Dy = (N — 1)t’t = T. Furthermore, by replacing ¢ = Pt (Eq. 17) and Eq. (29) into Eq. (26),
it results: Dg = (N —1)t'P’ (PP’)" Pt. Similarly, given that P is full-column rank can also be proved that
P’ (PP')” P =I(A x A), hence Dy = (N — 1)t't = TZ. The above relationships indicate that

Dy =T¢ = Dg, (A2)
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i.e., the statistics on @(x), ¥, and t are equivalents.

AppendixB. Determination of statistics pattern

In order to characterize the anomaly from the pattern of statistics composing Ix pr s, an artificial process
system (identified with the subscript 0) is created for generating ideal data obeying to a predetermined
correlation/functional structure. This artificial process is defined via the KPLS parameters such as Ay,
Cy, and fy(), which represent a nonlinear model of the system under operating normal conditions. In this
procedure, a random score vector tg € R4 ~ N (0,Ag) is taken as an independent variable that models the
associated input and output vectors through,

xg = fp(tp) € R™,

(B.1)

vo = Coty € R? ~ N (0, (CoAcCy))
where yo € Spyy = span{Cp} C RP and fy(-) is associated to ¢ (which is the inverse function of fy in
the in-control domain), such that @(xg) = @(fo(to)) = Poto € Wi = span{Py} C R°. Hence, Eq.
(B.1) considers the common-cause variations only. Since these data stand for an ideal perfect model, the
residuals ¢(xg), ¥1, and ¥ are null, and there are no differences between model predictions and the data,
ie. @(x9) = PoRyp(x0) = ¢(%0), ¥ = CoDpyo = yo and y = CoRyp(x0) = yo.

Then, several alternatives to the normal condition are analyzed by assuming localized pure disturbances
and observing the mismatch with the available model (Ao, Cop, and f5(-)). The sketch in Fig. 2 helps to
visualize how a warning signal (at @(x), ¥1, ¥2 or t) is generated as the disturbed measurements (x or y)

go through the KPLS model. In this context, the following classes of anomalies can be discriminated:

e Class 1 (Sensor faults associated to x): These faults are represented by a shift signal Ax producing
x-vector readings out of the pattern identified by the KPLS model. In this case, the input vector can
be written as,

X = Xo + Ax (disturbed measurements) (B.2)

where x is the fault-free part of the input measurements. More specifically, let us assume that Ax is
such that (x) is moved out of Wy, and towards Wg. Then, using the first order Taylor approximation

of ¢(x) we have:

(x) =PoRyp(x) = PoRg(4(x0) + Ax'Vp(x0)) = @(x0)

A3

p(x) =p(x) — p(x) = Ax'Vp(xg) # 0 € Wg (disturbance detection)
y1 =¥ — ¥ = CoDgyo — CoRg(x) =0

Y2 =y —¥ =yo— CoDjyo =0
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On the other hand, if assuming that Ax is such that Ax'V@(xg) € Wiy then p(x) = PoR{(@(x0) +
AX'Vp(x0)) # p(x0) affecting a different residue as follows:

@(x) = (I-PoRg) ¢(x) = (I - PoRg) (p(x0) + Ax'Vp(xg)) = 0 (B.4)
v1 = CoDfyo — CoRyp(x) 2 —CoRyAX'Vp(x0) # 0 € Sy (disturbance detection)

Furthermore, since 72 > 62 then Dy /72 < ||@(x)[|?/d2 when ||@(x)||? = [|@(x)||?, hence the statistic

I ar is not affected. Therefore, the residues @(x) and y; are used to detect this disturbance.

Class 2 (Sensor faults associated to'y)
y =yo+ Ay (disturbed measurements) (B.5)

where yq is the fault-free part that follows the normal correlation structure. The disturbance is
analyzed by assuming that Ay € Sgy [28]. Hence, the disturbance track from generation to detection

is as follows:
¥ =CoDgyy = CoDgyo + CoDyAy = yo (B.6)
Vo=y -y =yo+Ay —yo=Ay #0 € Sgy (disturbance detection)

thus, a measurement disturbance is sent to the residual space Sgy. Note that, t = Rj¢p(x) = to then

p(x)=0and y; =y — Cot = 0.

Class 3 (Changes in the nonlinear correlation structure of x) A change in the correlations of x can be

thought as an unknown functional change Af(-) = f(-) — fy(+), i.e.
x = f(tg) = fo(to) + Af(tg) = xo + Af(to) (disturbed measurements) (B.7)
Now the Taylor approximation of the mapped measurements is given by
P(x) = p(xo + Af(to)) = @(x0) + Af (t0) 'V (x0) (B.8)

The changes in @(x) shown in Eq. (B.8) can belong to both subspaces Wy, and Wg, thus generating

the following no-null residual values

@(x) = (I-PoRg) (p(x0) + Af(to) Vp(x0)) = (I - PoRy) Af(to)'Vi(xo)) # 0 € Wr B.9)
¥1 2y — CoRg (p(x0) + Af(to) Vp(x0)) = —CoRAf(t0) Vp(x0) # 0 € Sury

Since 72 > 02 then Dg /72 < ||@(x)||?/62 when [[@(x)||* = [|@(x)]|?, hence the statistic Ty s is not

affected. Then, the residues ¢(x) and y; are used to detect the disturbance.
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e Class 4 (Changes in the intrinsic relations) The identity matrix I at Fig. 2 is the core place where
the KPLS model ties up input with output internal variables. Let us assume that an unknown change

occurs in this relationship, i.e.
v = Co(I+ Al)ty = yo + CoAltg (disturbed measurements). (B.10)
whilst x = f(tg) = x¢. Analyzing the effects on the statistics
vi=¥ -3 = (yo+ CoAlty) — CoRyp(x) = CoAlty # 0 € Syy  (disturbance detection), (B.11)
while the remaining statistics are not affected.

e Class 5 (Changes in the correlation structure of y) Let us assume an unknown change in the matrix
Cy, i.e.
vy =(Cop+ AC)tg = yo + ACtyg (disturbed measurements). (B.12)
Hence, the disturbance detection is characterized by
v = CoDj(yo + ACtg) = yo + CoD,ACty
¥2 = (yo + ACty) — (yo + CoD)ACty) = (I — CoD})ACty # 0 € Sgry (B.13)
v1 = (yo + CoDyACty) — CoR@(x) = CoD{ACty # 0 € Syry.
o Class 6 (Significant change in the process population parameters) This anomaly produces measurements
that follow the correlation structure captured by the KPLS model, and can be represented by changes
in the original process parameters to ~ N(0,Ag). Let us assume a displacement of E{ty} from 0 to

e # 0, or a significant change in the variability from Ag to Ag, thus producing an arbitrary distribution

N (ut, A¢). Hence, the abnormal event produces,
t =1ty + At ~ N(ug, At) (disturbed measurements), (B.14)
with a magnitude such that the T2 = HAal/thQ = |\A51/2(t0 + At)||? > 72 (disturbance detection).

The previous analysis is summarized in Table 1, where the highlighted discrimination patterns indicate
the statistics that are activated as soon as the measurements (x,y) bring information about a localized

model mismatch.

AppendixC. Partial derivatives of the contributions

The partial derivatives of Iy as, Iw g, and Iry1, are the following:

6IW]\4 (N - 1)2—, ,8R(x)

= o K “Ow. 1
o, 7 KRVVi5 = (C.1)
Olwr 1, ,0k(x) oo oo, 0k(x) - 9k(x)
or, 53(( 2¢/ =5, ~ K GOKVV/ == + 2K/ (x) VI'KTV' = =), (C.2)
Opy: 1 ,0k(x) s ey OK(x)
b = @ (WDOCV S mHKVOCV' ), (C.3)
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where 0k(x)/0z; = [0k(x1,%)/0x;, ..., 0k(xn,x)/0x;]". Given that k(x;,x) = k(x;,x) —Kk'(x;)e—Kk'(x)e+
e'Ke (see Eq. (7)), the elements of this vector are given by,

Ok(x;,%)  Ok(xj,x) 1 o= Ok(x,, %)

where 0k(x;,x)/0x; = (—2/h)(x;; — ;) exp (—||x; — x|[*/h) for a Gaussian kernel function. The partial

derivatives of Iry1 and Iryo respect to y; are given by,

ol 1 -

YL~ __(2¢DC'CD'y — 2¢/DC/CV'k(x)), (C.5)

Ay 33,

O0lRys 2
by, = 52,41~ CDY(I-CDYy, (C.6)

2
where & = |0,...,1,...,0] 1s a vector with zeros entries except for the location ¢, which takes an unitary

h 4 0 1 0] i ith i for the 1 i ;, which tak i

value. Then, the contributions of any variable x; or y; to the component statistics are computed via Eq.

(33) and are denoted by clwar, clwr, cIry1, and clryso; respectively.
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