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Summary

Fibre laser based sensing technology is fast developing and may soon be

a promising alternative to the conventional piezo-ceramic based sensors

used in towed underwater acoustic arrays. The primary objective of this

thesis is the development of a high performance fibre laser hydrophone with

high and flat sensitivity up to 5 kHz for thin-line array application. The

inherent advantages of fibre laser hydrophones are their intrinsic safety

to water leakage, ease of multiplexing, high sensitivity to strain, remote

sensing capabilities and immunity to electromagnetic interference.

A novel pressure compensated packaging scheme is proposed in this

thesis. Major design considerations in the development of a fibre laser

hydrophone for underwater surveillance applications along with a compre-

hensive design approach are presented. An analytical model for the metal

diaphragm based sensing configuration is obtained through a four pole

transfer matrix technique and validated using axisymmetric finite element

analysis (FEA). Optimum values of the proposed sensor configuration were

selected based on the simplified analytical model. Amplitude and phase re-

sponses from simplified model closely follows the predictions obtained form

FEA simulations, deviating only at the fundamental resonance of the active

sensing region. Prototype sensors were fabricated and testes. The exper-

imental results were found to be in good agreement with the theoretical

predictions.

The application of towed arrays for underwater surveillance to some

extent is limited by flow noise. Equations for the flow noise levels inside

the array tube were obtained by modelling the towed array as an infinite

fluid filled tube submerged in water. Improved estimates of flow noise

vi



levels for the actual array configuration were then obtained based on the

finite element analysis of array sections. Although significant reduction in

flow noise levels can be achieved through a fluid filled array configuration,

the flow noise isolation decreases with increase in tow speed. The flow

noise arising due to turbulent wall pressure fluctuations for the analysed

configuration was found to be less than the usual ambient noise levels in

the sea for operating speeds below 2 m/s.

Interferometric systems along with phase demodulators are usually em-

ployed in fibre laser based underwater acoustic sensing. Distortion free

dynamic range of the sensor is mainly controlled by the demodulation

techniques employed in signal reconstruction. Distortion performance of

various widely used phase generated carrier (PGC) schemes were analysed

in this thesis. It was observed that, in contrast to the reported analyti-

cal results, the distortions in practical implementation of PGC-arctangent

scheme is frequency dependent due to spectral overlapping and errors in

estimation of quadrature components of the phase change signal. PGC-

optiphase algorithm, which uses feedback loop controls to keep the ideal

operating parameters, was found to give better distortion performance over

wide frequency and amplitude ranges.

The sensor was characterised for its temperature and acceleration sen-

sitivity and the performance of the pressure compensation scheme was val-

idated through hydrostatic testing in a pressure chamber. Temperature

sensitivity measurements for the sensor indicate that variation in fibre laser

wavelengths are not significant enough to cause any issues with wavelength

division multiplexing schemes for normal operating temperatures in the

sea. The sensor has an acceleration rejection figure of 0 dB ref 1m/s2Pa

which is comparable to the best values reported in the literature.
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Chapter 1

Introduction

Underwater operations like oil explorations, anti-submarine warfare,

and coastal monitoring often employ long arrays of acoustic sensors that

run into many hundreds of meters. At present, most of these applications

use piezo-ceramic based hydrophones, which generate electrical signals cor-

responding to the pressure variations caused by the sound waves in the

water. Conventional arrays based on ceramic sensors are usually bulky

and demand special handling gears for their operation and thus not suit-

able for autonomous underwater vehicle (AUV) or unmanned surface vessel

(USV) based applications. In the recent years, as AUV and USV technolo-

gies have matured, there has been an increased demand for development

of light weight thin-line sensor arrays1 for underwater surveillance appli-

cations using AUVs and USVs. The demand for a thin-line array is also

fuelled by the fact that these sensor arrays can be easily deployed from any

platform of opportunity thus resulting in substantial savings in terms of

expensive ship time.

Most of the recent efforts in light weight array development is directed

towards piezo-ceramic based arrays [1–3]. The endurance of these hy-

1 in this thesis thin-line array refers to towed arrays with outer diameter less than or
equal to 20mm
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drophone arrays are often constrained by the onboard power supply lim-

itations and a few engineering problems such as need to route multiple

electrical lines through available space in the array tube. In addition,

piezo-ceramic sensors require associated electronics for multiplexing and

data transmission, etc., to be kept inside the array, thus increasing the

reliability risks associated with water ingress. Fibre optic sensing with its

distinguishing features like ease of multiplexing, high sensitivity, immunity

to electromagnetic interference, intrinsic safety to water leakage, and re-

mote measurement capability provides an ideal technological platform for

underwater acoustic sensing.

For the last three decades, extensive research has been carried out to-

wards the development of fibre optic hydrophones [4]. Initial developments

were towards the application of intensity-based schemes, in which external

excitations produce corresponding changes in the intensity of the light car-

ried over the fibre [5]. Later on, coherent detection schemes, which used

long coils of fibres on compliant mandrels as hydrophones gained momen-

tum due to its performance merits. But the high Young’s modulus value

of silica fibre necessitated new techniques to enhance the strains on the

fibre under the action of acoustic waves. Thus, early works on the fibre

optic hydrophones focused on achieving the required sensitivity values by

coiling hundreds of meters of fibres on compliant mandrels or through the

application of compliant coatings. Sensor arrays constructed using these

hydrophones tend to be bulky as the sensor size is often controlled by the

allowable bending radius of the fibre. Moreover, multiplexing of these sen-

sors required the use of large number of fibre couplers in the wet-end of the

sensor array. With the advent of Bragg gratings and fibre lasers with very

high strain sensitivity, now the focus is towards the development of fibre

optic hydrophone based on fibre lasers.
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1.1 Motivation

Fibre laser sensing offers an attractive technology for the development

of light weight acoustic sensor arrays due to their thin-line nature, high

sensitivity to the strain, intrinsic safety to water leakage and multiplexing

capabilities. The working of fibre laser hydrophones is based on the prin-

ciple that pressure changes in acoustic wave will introduce corresponding

changes in the wavelength of the fibre laser output. Interferometric systems

along with phase demodulators are usually employed to convert the fibre

laser wavelength changes into electrical signals. Even though the fibre laser

wavelength is highly sensitive to strain, the high elastic modulus of glass

fibre necessitates additional compliant mechanical packaging to achieve re-

quired sensitivity values in the operating bandwidth. Though there has

been many attempts in the past to achieve sensitivity improvements, many

of these sensors suffer from reduced operational bandwidth. In addition,

sensitivity improvements are often associated with excessive response with

static pressure which limits the safe operating depths of these sensors.

Unlike conventional ceramic hydrophones, fibre laser hydrophone’s per-

formance depends on the parameters of interferometer and demodulation

techniques employed. Hence an holistic approach is required in the de-

velopment of the fibre laser hydrophone. It is highly desirable to have a

theoretical model for the performance prediction of fibre laser hydrophone

as there are many parameters that need to be optimised to achieve desired

performance characteristics. Flow noise is another important aspect that

needs to be addressed in the application of these fibre laser hydrophones

when used as towed arrays. Though there were a few attempts in the past

to estimate flow induced noise for ceramic based hydrophone based towed

arrays, to the best of author’s knowledge, there are no published reports
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in open literature on flow noise in fibre laser towed arrays. Thus this the-

sis attempts to address the above knowledge gaps and contribute to the

existing knowledge base in the fibre laser acoustic sensing through the de-

velopment and characterisation of a miniature pressure compensated fibre

laser hydrophone.

1.2 Objectives

The primary objective of this work is to develop and characterise a

miniature static pressure compensated fibre laser hydrophone with im-

proved frequency response characteristics. The thesis aims to identify,

model, and optimise key parameters of sensor packaging, interferometer and

phase demodulation techniques and associated signal processing to realise

a fibre laser hydrophone for thin-line towed arrays suitable for underwater

surveillance and survey applications in littoral waters. The sensor configu-

ration will be capable of achieving sea state zero noise floor with high and

flat sensitivity up-to 5 kHz and operational depths of the order of 50 m.

Though there are many attempts on development of mechanical packag-

ing to improve the performance of fibre laser hydrophones, an integrated

approach that addresses the sensitivity, wide bandwidth, noise floor, pres-

sure compensation and related theoretical frame work is not available in

open literature. This thesis aims to bridge this knowledge gap through the

development of an integrated theoretical model for pressure compensated

miniature diaphragm based fibre laser hydrophones that incorporate the

fluid structure interaction effects, and viscous and frictional losses. The

thesis also aims to validate the theoretical model through finite element

analysis and experiments.

Coherent sensing schemes, as in fibre laser hydrophones, usually employ
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phase generated carrier (PGC) schemes to address signal fading and signal

distortions in interferometer based sensing. One of the major limitations

in these algorithms is the signal distortions at the interferometer output.

The distortion figure of demodulation technique has a direct impact on

achievable distortion free dynamic range of the sensor. This thesis explores

the origins of this signal distortion and performs a comparative study on

the distortion performance of different PGC techniques.

Flow noise experienced under normal operating speeds is an important

design consideration in towed arrays development, specifically in thin-line

arrays. This thesis aims to estimate the flow noise levels in a fluid filled fibre

laser hydrophones array though a finite element analysis based calculation

procedure. It also aims to arrive at a simplified analytical model of fluid

filled towed arrays for flow noise predictions.

Field application of fibre laser hydrophone demands good acceleration

rejection characteristics to minimise the effect of platform vibrations and

flow induced vibrations. Hydrostatic pressure and temperature variations

experienced during normal operations might affect the performance of the

sensor. Susceptibility of the sensor performance to these environmental

conditions will also be explored in this thesis.

1.3 Outline

This thesis is organised into six main chapters. Chapter 2 presents the

literature review related to fibre optic hydrophones and introduces the ba-

sic sensing principle and associated technologies. Chapter 3 presents the

major design challenges and considerations in the development of a fibre

laser hydrophone. A diaphragm based pressure compensated fibre laser

hydrophone configuration is proposed in this chapter to achieve the per-
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formance objectives. An analytical model for performance prediction and

optimisation is presented along with its validation through finite element

analysis.

Chapter 4 presents the study on signal distortion in fibre laser based hy-

drophones due to spectral overlapping in phase generated carrier schemes.

Distortion performance of major PGC schemes arising from errors in esti-

mation of quadrature components at the lowpass filtering stage for an ideal

filter was obtained analytically using Bessel expansion of the signal. The

performance of the algorithms were then compared in the context of a fibre

laser based hydrophone array.

Chapter 5 presents flow noise analysis for a fluid filled fibre laser based

thin-line towed arrays. An analytical estimate of the expected flow noise

levels was arrived at using an infinite fluid filled and submerged tube model.

The results were then compared against finite element analysis results for

the actual sensor array configuration. Chapter 6 presents the experimental

validation of the acoustic sensitivity characteristics, pressure compensation

performance and acceleration sensitivity characteristics of the fibre laser

hydrophone developed in the thesis. Thesis concludes with summary of

findings in this study and suggestions for future work.

1.4 Key Contributions

This section lists the original contributions in this thesis.

• Developed a novel pressure compensated fibre laser hydrophone ca-

pable of achieving sea state zero noise floor, high and flat sensitivity,

and large bandwidth (0-5 kHz). Identified key design parameters that

control the performance of a fibre laser hydrophone and presented a

holistic design approach towards the development of a high perfor-
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mance fibre laser hydrophone. This thesis presents and validates an

analytical model of the diaphragm based pressure compensated fibre

laser hydrophone.

• Insights into the harmonic distortions in phase generated carrier schemes

due to the errors in estimation of quadrature components of the phase

difference at interferometer output. The performance of different

PGC demodulation schemes were compared to characterise the har-

monic distortion arising due to non-ideal reproduction of the quadra-

ture components at the output of low pass filtering in PGC schemes.

• Developed a simplified analytical model that includes the fluid load-

ing effects for the prediction of flow noise levels in a fluid filled towed

array. A finite element based analysis procedure for the calculation

of flow noise response of a diaphragm based fibre laser hydrophone

packaged inside a fluid filled cylinder was presented. The flow noise

level experienced by a thin-line fibre laser hydrophone towed array

under normal operating conditions was also estimated.

• The fibre laser hydrophone described in thesis is characterised for its

acoustic sensitivity, safe operating depth and its sensitivity towards

acceleration and temperature variations.
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Chapter 2

Literature Review

Parameters like phase, intensity, and polarisation of the light travelling

in an optical fibre is sensitive to external excitations. Thus, through care-

ful design and selection of transduction parameters, external excitations

like pressure, temperature, displacement, velocity, acceleration, chemicals

could be measured using fibre optic sensing technology [6–10]. Significant

progress has been made over the last three decades in the area of fibre optic

sensing of underwater sound. Based on the light parameter used for sensing,

fibre optic sensing applications can be broadly classified in to two categories

viz. 1) amplitude or intensity based detection and 2) coherent detection

or phase based methods. Intensity based sensing applications mostly rely

on increase in light attenuation due to bending of the fibres [11, 12]. Even

though the intensity-based methods have limited dynamic range and their

performance are often affected by the factors associated with laser source,

interconnecting links, and coating materials, they still find wide applica-

tions in industrial use and damage monitoring applications where cost is a

major deciding factor [5]. High performance applications like underwater

acoustic sensing demand a combination of high sensitivity, wide bandwidth

and large dynamic range. Hence coherent detections schemes are widely

8



used in high performance sensing applications due to their merits in terms

of fine measurement resolution and large dynamic range [4].

Phase-based schemes, known as coherent detection schemes, are based

on the principle that the external excitation like strain or temperature can

introduce proportional change in length and refractive index of the fibre.

These changes in physical parameters of the fibre will result in correspond-

ing changes in the phase of the light travelling in the fibre. Phase delay

caused by an optical path length of L meter in a medium of refractive

index neft is given by equation (2.1). In equation (2.1), kλ is the wavenum-

ber. Interferometers utilise this property to convert the phase changes into

intensity variation through coherent mixing of light travelling in the two

different arms of the interferometer. Schematic representations of two of

the most commonly used interferometers viz. Mach-Zehnder interferom-

eter (MZI) and Michelson interferometer are shown in figure 2.1 [13, 14].

In a Mach-Zehnder interferometer, the light from a stable laser source is

divided into sensor arm denoted by subscript S and reference arm denoted

by subscript R. In most of the applications, only sensing arm is exposed

to external excitations and reference arm is usually isolated from external

disturbances. Excitation like strain or temperature variation in the sens-

ing arm introduces corresponding change in the phase of the light passing

through the sensing arm. Light travelling in the arms are then recombined

before passing it on to the photo detector for detection. The intensity

at the detector is given by equation (2.2) . φR and φS are the phases of

light and IR and IS are the intensities of the light in reference and sensing

arms, respectively .The operating principle of the Michelson interferometer

is similar to that of MZI, but as the light passes through the arms twice,

the phase change introduced also will be doubled.

Polarisation fading, arising due to random changes in polarisation states
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of the light due to changes in the fibre birefringence, can lead to reduction

in interference efficiency and is a major concern in high performance sensing

applications [15]. Michelson interferometers with Faraday rotator mirrors

or polarisation maintaining fibres are often used to address the issue of

polarisation fading [16].

φD = neffkλL (2.1)

I = I0 [1 +V cos(∆φ)] (2.2a)

where

I0 = IR + IS, V =
2
√
IRIS

(IR + IS)
, ∆φ = φR − φS (2.2b)

Fibre optic sensing of underwater acoustic sound was experimentally

demonstrated by a team from Naval Research Laboratory, USA [17]. The

pressure variations in sound act on the sensing arm to create intensity

variations in the interferometer output corresponding to the phase changes

produced in the sensing arm. The responsivity of the fibre defined as the

fractional phase change ∆φ due to a pressure change ∆P is given as [18]

∆φ

φ∆P
=

1

∆P
([εr (p11 + p12) + εzp12]) , (2.3)

where εr and εz are radial and axial components of strain and pij are

the elasto-optic coefficients. As the Young’s modulus of the silica fibre

is very high, the responsivity of the fibre is very low and initial designs

used hundreds of meters of fibre windings to achieve required sensitivity
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(a)

(b)

Figure 2.1: (a)Mach-Zehnder Interferometer (b) Michelson Interferometer
[4]

values. For the subsequent designs, the focus was on strain sensitivity

enhancements through coatings and coiling long fibres on compliant man-

drels [19–22]. Some researchers managed to get substantial sensitivity im-

provements with the use of the air backed mandrel designs to achieve sea

state 0 measurement resolutions [14, 23]. Safe operating depths of these

sensors were limited due to the absence of static pressure compensation

arrangements. Another limiting parameter was the frequency band of op-

eration for the sensors. In another work, researchers explored a diaphragm

based acoustic sensor in which fibre is bonded to a polymer diaphragm in

zig-zag manner [24] and satisfactory application of these techniques for un-

derwater acoustic surveillance demands further sensitivity improvements.

Though mandrel wound sensor designs are actively pursued for thin line

array applications [25], with the advent of Bragg gratings and Fibre lasers

the focus has now shifted towards development of hydrophones using these
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technologies [26–29].

2.1 Fibre Bragg grating and fibre lasers

Fibre Bragg grating (FBG) is produced by creating a periodic pertur-

bation of refractive index along the fibre length as shown in figure 2.2.

The first FBG was demonstrated by Hill et. al. in 1978 [30]. When illu-

minated by a broadband light source, FBG will selectively reflect a wave-

length known as Bragg wavelength given by equation (2.4) where neff is

the effective refractive index of the fibre and ΛB is the grating pitch. Fibre

Bragg gratings can be employed for sensing applications as any change in

effective refractive index or grating pitch caused by pressure, temperature,

strain etc. can be measured by observing the shift in wavelength of the light

reflected from the FBG using a spectrum analyser or an interferometer.

Figure 2.2: Refractive index variation is a fibre Bragg grating and its spec-
tral response [31]
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λB = 2neffΛB (2.4)

Periodic variation in the refractive index of the fibre required to create

a fibre Bragg grating can be formed on a fibre by exposing it to an intense

optical interference pattern [32]. Transverse holographic side illumination

technique, which provides a cost effective method to produce fibre Bragg

gratings, involves application of an ultraviolet fringe pattern onto photo-

sensitive fibre to alter the fibre core’s refractive index [33]. The ultraviolet

fringe patterns are often created from the interference of two ultraviolet

light beams or from a diffraction pattern produced using phase mask. The

photo sensitivity of the fibre to ultraviolet light can be improved through

hydrogen loading to enhance the efficiency of the process [34]. Though

Bragg gratings on passive fibres can be used for hydrophone construction,

fibre lasers offer a better solution for hydrophone construction as it is ca-

pable of much narrower light bandwidths.

A laser cavity can be formed in a fibre by writing spectrally matched

FBG on either side of a rare earth element doped fibre. When pumped

with external light source, fibre lasers generate a very narrow band laser

at a wavelength that depends on parameters, like grating pitch, refractive

index of the fibre and emission bandwidth of the dopant, etc. Erbium doped

fibres (EDF) are the most commonly used in fibre lasers with an operating

band width of 40nm centred around 1550nm. This wavelength region has

a specific advantage as it corresponds to a region of lowest attenuation in

silica fibre. Two most common approaches in achieving the fibre lasers are

distributed Bragg reflector (DBR) and distributed feedback (DFB) [32,35].
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2.1.1 Distributed Bragg reflector fibre laser(DBR-FL)

Figure 2.3 shows the configuration of a DBR laser where spectrally

matched gratings are placed on either sides of an erbium-doped cavity. It

forms a Fabry-Perot laser cavity whose lasing wavelength is determined

by the grating pitch, lasing cavity length and emission bandwidth of the

dopant [36]. Though the emission spectra of the erbium element is broad,

due to the spectral characteristics of the Bragg grating, the resonance can

occur only at frequencies at which the optical field match with the grating

pitch of the FBG. As it can be seen in figure 2.4, the resonance cavity

creates multiple resonant modes and the laser mode that matches the re-

flection band of the Bragg grating will result in a narrow line width laser

generation. Narrow bandwidth laser can be generated by careful selection

of Bragg grating pitch and the cavity length. Resonance modes that can

fall in reflection band of the fibre Bragg grating increases with cavity length

and can lead to a phenomenon called mode hopping.

Figure 2.3: DBR fibre laser schematic [36]

2.1.2 Distributed feedback fibre laser (DFB-FL)

In DFB laser, shown in figure 2.5, Fabry-Perot laser cavity is formed by

a π-shift in the Bragg grating. This creates a resonance cavity, which has a

cavity length of λB/4 (by a phase shift of π in the grating pitch). This small
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Figure 2.4: Operating principle of a DBR fibre laser [36]

Figure 2.5: DFB fibre laser schematic [36]

cavity length limits the possible number of resonant modes and thus DFB

lasers can achieve single mode operation at the fundamental resonance

mode. This construction enables the DFB-FL to generate very narrow

bandwidth laser at frequency centred at the stop band of Bragg grating

as shown in Figure 2.6. DFB-FL was first demonstrated in 1994 [37] in a

study where the necessary phase shift in the Bragg grating was created by

localised heating. DFB-FLs offer very high stability of lasing mode owing

to the very narrow lasing cavity, which eliminates the issue of mode hopping

usually observed in the DBR-FLs. Due to this relative performance merit

DFB-FLs are employed in the current study to develop high performance

fibre optic hydrophones. However, the principles presented in this paper is

very well applicable to hydrophones constructed using DBR-FLs.
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Figure 2.6: Operating principle of a DFB fibre laser [36]

2.1.3 Interferometer

Wavelength change in the reflected light from a Bragg grating or the

laser output from a fibre laser can be converted to measurable phase change

through the application of an interferometer. Interferometer used in a

fibre optic hydrophone based on fibre lasers differs from the configuration

shown in figure2.1 and a commonly employed configuration is shown in

figure 2.7. In this configuration the laser output from the fibre laser is

divided into two arms at the first coupler and then recombined at the

second coupler before passing them into the photo detector. The phase

difference introduced due to the length difference between the two arms

of the interferometer, designated as optical path difference d, is given by

equation (2.1). Unlike the mandrel wound fibre optic hydrophones, both

the arms of the interferometer are isolated from external excitations.

As it is clear from the previous discussions and equation (2.2), actual

measured signal manifests in the output of the photo detector in the form

of cos(∆φ), where ∆φ is directly proportional to the external signal acting

on the fibre. The dependence on cosine function restricts the operating

ranges in which a linear relation can be obtained between the output of

the interferometer and measured signal. Even though a linear operation

with limited dynamic range can be achieved for very small amplitudes

of ∆φ around π/2, slow drifts in the wavelengths due to environmental
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Figure 2.7: Sample configuration of an interferometer for a fibre laser hy-
drophone

parameters like temperature changes affects its operational stability. In

order to overcome this limitation, phase modulators are usually employed

to introduce a known carrier signal on the interferometer output. Piezo-

ceramic based fibre stretchers are often used in interferometers as phase

modulators [14]. Different demodulation techniques like phase generated

carrier-differentiation and cross-multiplication (PGC-DCM), phase gener-

ated carrier- arctangent (PGC-arctan), etc., can then be employed to re-

trieve the signal information from the output of the interferometer. De-

tailed review and discussions on these techniques is presented in Chapeter 3.

A common configuration of fibre laser based sensing is shown in fig-

ure 2.8. A 980nm pump source is used to provide light energy to the

fibre laser. The fibre laser absorbs this energy and emits a wavelength

in 1550 nm range corresponding to the grating configuration of the fibre

laser as explained in the previous section. A wavelength division multi-

plexer (WDM) is usually employed and it helps to couple 980nm to the

fibre and separate out the 1550nm coming from the fibre laser. The output

from the fibre laser is passed though an unbalanced interferometer. The

phase demodulator generates a carrier signal and drives the fibre stretcher

in the interferometer to introduce the carrier signal into the interferometer

output. The output from the interferometer is then passed into the phase
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Figure 2.8: Typical measurement configuration used in fibre laser sensing

demodulator, which recovers the signal information from the interferometer

output.

2.2 Fibre laser hydrophone

The wavelength of the laser generated by the fibre laser is extremely

sensitive to strain [38]. This high sensitivity to strain along with its suit-

ability for multiplexing make it a suitable candidate for underwater acoustic

sensing. Koo and Kersy [39] demonstrated the feasibility of fibre laser in

dynamic strain measurement applications and showed that the sensor per-

formance is limited by the fibre laser thermal noise. In 1999, Hill et al. [35]

demonstrated the application of fibre lasers for underwater acoustic mea-

surements. Fibre optic hydrophones based on DFB and DBR fibre lasers

were explored in their study. Experimental measurements showed signif-

icant sensitivity variation across the frequency range of operation due to
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the presence of mechanical resonances. The authors also made attempts to

improve on the sensitivity by flexible coatings. Though theoretical model

predicted significant sensitivity improvements of the order of 30 dB, coated

fibre lasers did not give predicted sensitivity improvements.

Cusano et al. [40] explored the effects of plastic coating shapes on the

sensitivity performance of Bragg grating based sensors and observed the

sensitivity values dropping at a much faster rate with frequency for spher-

ical coatings compared to cylindrical coatings. Sun et. al. [41] reported

experimental results from a polyurethane coated fibre laser hydrophones

array and their results showed notable improvement in sensitivity over bare

fibres. Polymer based compliant coating has to go through a curing pro-

cess before it settle and this often resulted in uneven strains on the sensor

grating structure. As the curing process progresses the wavelength tends

to shift from its designed value before settling into a new final value at the

completion of the curing process [42]. It has also been observed that the

strains developed during curing process sometimes results in the damage of

the grating structure and thereby destroying the sensor itself [35]. Hansen

and Kullander [43] proposed a piston based configuration with soft material

packing to improve up on the sensitivity values of fibre laser hydrophones.

Even though the model predicts significant sensitivity improvements, the

operational bandwidth of the proposed sensor is also limited by the low

natural frequency of the system. In addition, safe operating depth of the

sensor system is limited owing to the absence of any pressure compensation

system.Bangoli et al. reported the application of acrylic coated fibre laser as

hydrophones from high energy particle detection in deep waters [44]. They

reported a lower than expected sensitivity which is in agreement with the

results presented by Hill et al. in 1999 [35]. Zhang et al. presented a spindle

based packaging for sensitivity improvements, but the sensor response has
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a huge variation of the order of 40 dB arising due to the resonant modes in

the frequency range of interest [45]. The above sensors were also susceptible

to other non-acoustic excitations like acceleration. In order to overcome the

acceleration sensitivity issues associated with the previous designs, Foster

et al. [27] presented a fibre laser hydrophone configuration, which works in

bending mode and has an operational bandwidth 0-2.5kHz. Goodman et

al. [46] incorporated external air bladder for pressure compensation to the

bending mode DFB-FL hydrophone to achieve safe operating depths of the

order of 50m. Leung [47] presented a hydrophone based on composite cav-

ity fibre laser, in which an additional laser cavity of shorter length is created

on the same active element beside the main cavity. A non-uniform strain-

ing scheme in which shorter cavity is isolated from external excitation is

proposed to improve the sensitivity of the fibre laser hydrophone. A fibre

laser hydrophone system for measurements below 1kHz, which measures

the sound through the measurement of change in beat frequency generated

by two polarisation lines generated by fibre laser, was presented by Tan

et al. [48]. A recent paper by Foster et al. [49] reports another fibre laser

hydrophone with good acceleration rejection and enhanced frequency range

of operation, though not pressure compensated. There are also many re-

search efforts towards the development of fibre laser vector sensor in which

the sensor responds to particle velocities rather than pressure. Ma et al.

presented a fibre laser vector hydrophone based on v-shaped beams and

reported a resonant frequency of 310Hz [50]. Currently these type of sen-

sors have limited frequency range and are only suitable for low frequency

applications [51–53].

One of the major design concepts gaining momentum in the recent

years is diaphragm-based design of fibre laser hydrophones [24,54]. Zhang

et al [55, 56] presented a double diaphragm based hydrophone design and
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explored the effects of diaphragm material properties on hydrophone perfor-

mance. The design performance was limited by the presence of mechanical

resonance of the diaphragm. In addition, the operational depths are limited

due to the presence of watertight air cavities in the design.

2.3 Summary

The field of fibre laser based sensing of underwater acoustic sound is

fast developing and may soon become a viable alternative to conventional

piezo-ceramic based acoustic arrays. This chapter introduced the basic

concepts and presented a review of the associated technologies in the field

of fibre laser based sensing of underwater sound. Though there has been

many attempts in the past towards the development of fibre laser packaging

for high performance hydrophone applications, an integrated approach to

the design of encapsulation that addresses the sensitivity, pressure compen-

sation and wide bandwidth of operation and related theoretical framework

is not available in open literature. The following chapters in this thesis ad-

dress this issue through the development, analysis and testing of diaphragm

based pressure compensated fibre laser hydrophone system. The review

presented in this chapter provides an adequate background knowledge to

appreciate the work presented in upcoming chapters.
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Chapter 3

Pressure Compensated Fibre

Laser Hydrophone

3.1 Introduction

The fibre laser hydrophone (FLH) technology has been fast developing

and it may soon be an alternative to the existing mandrel wound fibre optic

hydrophones due to their high sensitivity, ease of multiplexing and com-

pact size. Although the wavelength of fibre laser output is highly sensitive

to strains, high elastic modulus of the glass fibre necessitates methods to

enhance the pressure sensitivity of the fibre laser. This chapter presents

a miniature pressure compensated metal diaphragm based fibre laser hy-

drophone capable of measuring acoustic signals as small as sea state zero

noise levels and a flat frequency response in the frequency range 10Hz-5kHz.

The chapter is organised into three main sections. In section 3.2, an

overview of the design considerations of a fibre laser hydrophone in con-

junction with the most widely used detection methodology is presented.

The proposed design approach for the new FLH is described in section 3.3.

A theoretical framework developed for the FLH encapsulation and its val-
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idation through finite element analysis (FEA) is described in section 3.4,

followed by a summary of findings in section 3.5.

3.2 Design considerations

The way fibre laser hydrophones work is based on the principle that

the strains induced by the pressure changes due to an acoustic wave will

introduce corresponding change in the wavelength of the laser generated by

the fibre laser. Interferometeric systems are usually employed to convert

the wavelength shifts in the fibre laser output into light intensity variations,

which can then be converted to electrical signals using photodetectors [35].

The design parameters of FLH system considered in the current study

are its sensitivity, frequency response, measurement resolution, dynamic

range and signal distortion1. The performance objectives are summarised

in table 3.1.2

Table 3.1: Summary of performance objectives

Feature Value

Overall Diameter < 20mm
Overall Length < 80mm
Mechanical Sensitivity > 2× 10−9strain/Pa
Fundamental resonance > 7kHz
Distortion ratio better than -60dB
Dynamic range > 100dB

The phase resolution and noise floor characteristics of the fibre laser

hydrophone system depend directly on three major parameters: the mea-

surement resolution of the opto-electronic instrumentation, the inherent

frequency noise of the fibre laser and the optical path imbalance used in the

1represented using distortion ratio which is defined as the ratio of energy at signal
harmonics and other spurious signals to the energy at the signal frequency

2arrived at based on a US Navy report on fibre optic hydrophone [57] and thin-line
array operational requirements
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interferometer. Commercial phase demodulation systems that can achieve

measurement resolutions of the order of a few micro radians are available

off the shelf. Thus for a fibre laser sensor with sufficient phase sensitivity

to generate phase changes greater than the measurement resolution of the

opto-electronic instrumentation, the noise floor is primarily dictated by the

inherent noise from the fibre laser. The phase sensitivity of fibre laser hy-

drophone can be defined as the phase change produced per unit pressure

and can be expressed as [4]

∂(∆φ)

∂P
= neffkλDηP (3.1a)

where

ηP = − 1

P

dλL
λL

=
1

P

dFL
FL

. (3.1b)

In equation (3.1), neff is the refractive index, kλ is the wavenumber and

ηP is the pressure sensitivity of the active sensing region, D is the optical

path imbalance in the interferometer and P is the pressure that produces

a corresponding wavelength change of dλL in the fibre laser wavelength λL

(or frequency change dFL in the fibre laser frequency FL). The wavelength

of the light emitted from the fibre laser depends on parameters like grat-

ing pitch, refractive index of the fibre, cavity length and emission spectra

of the dopant. Differentiating equation (2.4), we arrive at a relationship

between laser wavelength change and external excitation as given in equa-

tion (3.2) [32,58]. The relation between applied strain and wavelength can

be expressed as in equation (3.3), where elasto-optic coefficients pij are used

to account for variation in refractive index to the applied strain [18,35]. In
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equation (3.3), εr and εz are the radial and axial strain respectively.

dλL
λL

=
dΛB

ΛB

+
dneff
neff

(3.2)

dλL
λL

= εz −
n2
eff

2
[(p11 + p12) εr + p12εz] (3.3)

When the wavelength of the acoustic wave is much larger than the active

sensing region, it can be assumed that uniform pressure acts all along the

sensor. The wavelength shift under the action of uniform pressure can be

written as in equation (3.4).

dλL
λL

=

(
1−

n2
eff

2
(p11 + 2p12)

)
2νg − 1

Eg
P (3.4)

In equation (3.4), λL is the fibre laser wavelength, Eg, νg are the Young’s

modulus and Poisson’s ratio of silica glass fibre. The DFB fibre laser used

in the study consists of a 35 mm long π-phase-shifted grating written on

an Erbium -Ytterbium doped fibre. Application requirement of this sensor

demands it to have sufficient mechanical sensitivity such that the frequency

changes due to ambient acoustic noise is greater than the frequency noise

floor of the fibre laser. The mechanical sensitivity required for the appli-

cation of these sensors in a sea state zero environment where the ambient

noise levels are as low as 160µPa/
√
Hz at 1kHz [59] can be calculated from

equations (3.1) and (3.4). Though there are fibre lasers with frequency

noise as small as 10Hz//
√
Hz at 1kHz [27], the values reported in the lit-

erature vary from 10-35 Hz/
√
Hz at 1kHz [4, 35, 60, 61]. The frequency

noise of the fibre laser used in this study is considerably larger and a value

of 62Hz/
√
Hz at 1kHz estimated from measurements suggests the pressure

sensitivity (ηP ) should be greater than 2×10−9Pa−1 to produce measurable
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phase changes in sea state zero ambient noise conditions. As optical

fibres have a very large elastic modulus (72 GPa), the resultant pressure

sensitivity is only 2.5×10−12Pa−1. Compliant mechanical packaging, which

leads to a reduction in the stiffness of the active sensing region, is often

employed to improve the sensitivity. However reducing the stiffness also

lowers the fundamental natural frequency of the active sensing region. It

is desirable to have the resonances well away from the operating band to

ensure a flat frequency response. Hence to achieve the performance objec-

tive of high and flat sensitivity over a large frequency range, the stiffness of

the active sensing region needs to be optimised while minimising the mass

associated with the fundamental mode of vibration.

The distortion free dynamic range of the fibre optic hydrophones de-

pends directly on the phase sensitivity of the hydrophone system (Equa-

tion. (3.1a)) and phase modulation schemes employed. Phase generated

carrier (PGC) schemes are commonly used in opto-electronic instrumen-

tations for underwater acoustic sensing applications, as it is capable of

achieving high dynamic range and fine phase resolutions. PGC-DCM (Dif-

ferentiation and Cross multiplication) and PGC-Arctangent schemes are

the most widely used among them. Many variants of these techniques have

also been developed in the past to address the harmonic distortions associ-

ated with the fibre laser light intensity noise and errors associated with the

modulation depth [62–65]. These schemes enable us to achieve total har-

monic distortion (THD) factors smaller than 0.1% (harmonic suppression

> 60dB), provided sufficiently high enough carrier frequency is employed.

The harmonic distortion characteristics of major PGC schemes will be dis-

cussed in detail in Chapter 4. As a general rule it could be stated that, for

a given carrier frequency, THD values can be minimized by using lowest

possible phase sensitivity value that meets the noise floor requirements of
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the sensor. Thus the pressure sensitivity of the active sensing region di-

rectly depends on the frequency noise of the fibre laser output. Hence the

optical path difference in the interferometer is the only major independent

parameter (in equation (3.1a)) that determines the distortion free dynamic

range and sensitivity of the sensor.

The sensor system should also need to be made insensitive to hydrostatic

pressure. At a typical operational depth the hydrostatic pressure could

be many orders greater than the acoustic pressure and a high mechanical

sensitivity could lead to large shifts in the wavelength. This is a problem in

multi-channel sensor arrays that use wavelength division multiplexing. In

schemes, that use dense wavelength division multiplexing (DWDM) static

pressure could push the fibre laser wavelength beyond the passband of

the DWDM filter or result in the overlapping of channels. In some cases

lack of pressure compensation may lead to structural failures under the

action of hydrostatic pressures. Though external pressure compensation

techniques could be applied, integrating the pressure compensation scheme

into the encapsulation could lead to a more compact and less complex

sensor configuration. Temperature variations experienced during operation

can also lead to wavelength changes. But the temperature sensitivity values

of the fibre is too small to cause significant wavelength changes for normal

temperatures observed in the sea. (More details in subsection 6.2.4)

3.3 Design configuration

A design configuration where a thin metallic plate acts as a mechani-

cal diaphragm as shown in figure 3.1 is proposed in this work to achieve

the performance objectives specified in the previous section. A distributed

feedback fibre laser (DFB-FL) is centrally placed inside the aluminium
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packaging. The pre-tension arrangement, which consists of a sleeve, which

is supported on a threaded supporting ring. During the sensor assembly, the

fibre laser is suspended through the sleeve with the aid of assembly fixture.

The fibre laser is then moulded on to the sleeve and metallic diaphragm

under this freely suspended condition. Their alignments are marked after

the mould is completely cured. To apply pre-tension to the fibre laser, the

threaded support ring portion of the assembly is rotated. Rotational mo-

tion of the sleeve is constrained during this process to ensure the assembly

maintains the initial alignment marking created after moulding. Thus the

rotation of the support ring results in axial motion of the sleeve and this

ensures no torsional stress is applied on to the fibre during pre-tensioning.

The pretension levels can be monitored online as shift in wavelength of the

fibre laser using a spectrum analyser. Once required pretension levels are

applied, the cap at the pretension arrangement is used to lock the slider and

supporting ring to prevent further movements. The application of preten-

sion eliminates the string modes of the fibre laser in the frequency range of

interest and reduces the vibration sensitivity of the sensor. Equation (3.5)

gives the frequencies corresponding to the fundamental string mode, where

Tpre is the pretension, µf is the mass per unit length of the fibre and Lf

is the length of the fibre laser between mouldings at diaphragm and pre-

tension sleeve [66]. A pre-tension value of the order of 5 N is sufficient to

push the strings modes beyond the frequency range of interest (0-5kHz).

fn =
1

2Lf

√
Tpre
µf

(3.5)

The diaphragm-based design amplifies the strain introduced on the fibre

by effectively increasing the active sensing area of the sensor. The deflec-

tion of the diaphragm due to the acoustic pressure variations will impart
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corresponding strain on the fibre, which is measured as a shift in the fre-

quency or wavelength of fibre laser output. The slider arrangement ensures

the static pressure compensation by altering the slider chamber volume

proportionately with the operating depth. The compressed air in the slider

chamber provides necessary restoring force to move the slider back towards

the original position with reduction in the external hydrostatic pressure.

It is also necessary to ensure that the acoustic sensitivity of the fibre laser

hydrophone is not affected by the pressure compensation scheme. Hence

the air chamber behind the diaphragm is connected to the slider chamber

through an acoustic low pass filter so that only very low frequency pressure

changes are allowed to pass into the diaphragm chamber.

3.4 Theoretical model

The sensitivity and frequency response characteristics of the proposed

design configuration are determined by the following parameters: stiffness

of the diaphragm, stiffness of the fibre, stiffness of the moulding used to

attach the DFB-FL to packaging, frequency response characteristics of the

pressure compensation systems and effective mass of the fundamental mode

of vibration of the active sensing region. As the acoustic wavelengths of

interest are much larger than dimensions of the sensor under considerations,

the modelling of the acoustic components of the sensor system can be done

using one dimensional wave equation. A theoretical model of the fibre

laser hydrophone as represented in figure 3.2 and consisting of mainly three

components namely, acoustic filter, slider, and diaphragm, is discussed in

the following sections. This model will be used to study the effect of design

parameters on sensor performance and selection of optimum values for those

parameters.
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(a)

(b)

Figure 3.1: (a)Design configuration and (b) FLH prototype

Figure 3.2: Schematic of the simplified sensor model
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3.4.1 Acoustic filter

Acoustic filter of the sensor consists of five acoustic elements as marked

in figure 3.2. Acoustic element 1 represents the slider chamber and its vol-

ume which will decide the operational depths up to which effective pressure

compensation can be achieved. Elements 3 and 5 represent the expansion

chamber and the diaphragm chamber, respectively. The sections 2 and 4

represent the links that connect the expansion chamber to the slider cham-

ber and diaphragm chamber, respectively. An acoustic four-pole method

offers a suitable tool for modelling of the sensor system as it consists of

acoustic elements that could be accurately modelled using 1-D wave equa-

tions and structural elements that can be approximated using single degree

of freedom second order systems. In acoustic four-pole method, the charac-

teristics of individual sections or elements of sensor system are formulated

in the form of transfer matrix, which relates the pressure and volume ve-

locity at the input to pressure and volume velocity at the output . Thus,

four-pole method allows the individual sections of the sensor to be indepen-

dently modelled and then multiplied together to get the combined transfer

matrix of the sensor. Figure 3.3 shows a schematic of a linear acoustic duct

system of length L and cross section area S. The four-pole equation for

this system can be expressed as [67]

P (0)

Q(0)

 =

[
T

]P (L)

Q(L)

 (3.6a)

where

[
T

]
=

 cos (kL) j
(ρc
S

)
sin (kL)

j(
S

ρc
) sin (kL) cos(kL)

 . (3.6b)
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In equation (3.6) P is the pressure and Q is the volume velocity, ρ is the

density, c is the velocity of sound and k is the wavenumber. The diameters

Figure 3.3: Linear acoustic 1-D element

of the individual acoustic elements, that act as connecting links, are very

small ( 0.25mm) and hence viscous effects plays a significant role in the

attenuation of the sound energy. To incorporate this loss into the analy-

sis, wave equations corresponding to sound propagation in a lossy medium

need to be considered. For one dimensional case, the differential equations

for acoustic wave in a lossy medium can be obtained from continuity and

momentum equations as follows. From the continuity equation, the rela-

tion between time derivative of pressure and divergence of velocity can be

written as [68]
∂p

∂t
= −B∂u

∂x
, (3.7)

where B is the bulk modulus of the medium. The momentum equation

yields,
∂p

∂x
= ρ0

∂u

∂t
+ σu (3.8)

where flow resistivity σ accounts for the viscous losses in the medium.

For harmonic case, using the relation
du

dt
= jωu the equation (3.8) can be

written as
∂p

∂x
= ρ0

∂u

∂t
− j σ

ω

du

dt
, (3.9)
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where ω is the angular frequency. Summing the results obtained through

differentiating equation (3.7) with respect to t and equation (3.9) with

respect to x gives
∂2p

∂x2
=
ρ0
B

∂2p

∂t2
− σ

B

∂p

∂t
(3.10)

Assuming a trial solution of the form

p(x, t) = Ǎ exp(−jk̂x) exp(jωt). (3.11)

equation (3.9) yields

k̂
2

= ω2
(ρ0
B
− j σ

Bω

)
(3.12)

Algebraic simplifications, under the assumption that contribution of the

flow resistivity to the real part of k̂ is negligible, yields

k̂ =
ω

c
− j σ

2ρc
. (3.13)

In equation (3.13), flow resistivity σ accounts for the viscous losses in the

duct. For circular ducts of radius a containing a fluid with dynamic viscos-

ity µ, value of flow resistance can be expressed as in equation (3.14) [68].

σ =
8µ

a2
(3.14)

Thus using equations (3.6),(3.13) and (3.14), the effective transfer charac-

teristic of the acoustic filter section can be written as in equation (3.15)

where
[
T1

]
to
[
T5

]
are the transfer functions corresponding to acoustic

elements marked 1-5 in figure 3.2.
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P1

Q1

 =

[
T1

] [
T2

] [
T3

] [
T4

] [
T5

]P2

Q2

 (3.15)

The main component of the acoustic filter, that isolates diaphragm

chamber from high frequency pressure fluctuations in the slider chamber,

is the expansion chamber marked as element 3 in figure 3.2. In the current

design the filter is chosen to have low pass cut off frequency (-3dB transmis-

sion point) 20 Hz. Figure 3.4 shows the schematic of the expansion cham-

ber where Pi, Pr, Pt represents at the amplitudes of the incident, reflected,

and transmitted waves respectively. SE & SL represents the cross section

areas at expansion chamber and connecting links respectively. Assuming

anechoic termination at the output of the filter, the power transmission co-

efficient (Tπ) can be derived as in equation (3.16) using four-pole transfer

matrix formulation.

Figure 3.4: Schematic representation of the expansion chamber

Tπ =

∣∣∣∣PtPi
∣∣∣∣2 =

1(
SL
SE

+
SE
SL

)2
(

sin(k̂LE)

2

)2

+ cos2(k̂LE)

(3.16)

The area ratio between the expansion chamber and connecting links

plays the main role in controlling the cut off frequency of the acoustic fil-
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ter. As the maximum allowable diameter of sensor along with assembly

considerations puts the upper limit for the expansion chamber diameter,

equation (3.16) can be used to decide on the dimension of the acoustic filter.

Table 3.2 lists the dimensional details of filter section capable of achiev-

ing a low pass cut of frequency of 40 Hz and corresponding transmission

coefficient characteristics are plotted in figure 3.5.

Table 3.2: Dimensional details of acoustic filter

Element No Radius (mm) Length (mm)

element 2 0.25 3
element 3 7.3 3
element 4 0.25 7

Figure 3.5: Transmission coefficient characteristics of acoustic filter config-
uration given in table 3.2

3.4.2 Slider

Frictional loss at the O-ring interface and acoustic radiation loss to

surrounding water are the two major sources of energy dissipation at the

slider. Only dynamic friction effects of O-ring sealing at the slider - slider

35



chamber interface is considered in the analysis, as the static friction at

the interface will only introduce a fixed pressure imbalance between the

outside environment and the slider chamber. The frictional loss happening

at the O-rings were incorporated into the slider model using equivalent

damping coefficient [69]. The radiation loss at the slider can be written as

in equation (3.17) [70] where Ss is the area of slider, as is the radius of the

slider, ρw is the density of water and cw is the velocity of sound in water.

As the slider motion happens in water, the added mass effect also needs to

be considered. Hence total mass Ms associated with the slider motion can

be written as in equation (3.18) where ms is the mass of the slider [70].

Rs =
1

2
ρwcwSs(kwas)

2 (3.17)

Ms = ms +
8

3
ρwas

3 (3.18)

Assuming that uniform pressure acts over the entire area of the slider, its

transfer characteristics can be written asP4

Q4

 =

[
Ts

]P1

Q1

 (3.19a)

where

[
Ts

]
=

1

(
jωMs +Rs + Ceq

Ss
2

)
0 1

 . (3.19b)

In equation (8) P1 and P4 represent the pressures acting on slider as shown

in figure 3.2.
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3.4.3 Diaphragm

The active sensing region of the sensor system consists of a fibre laser

that is mounted centrally through a thin circular plate using a high mod-

ulus adhesive. The thin circular plate constrained at its outer diameter is

exposed to water on one side and air on the other. The entire active sensing

region can be represented by a single degree of freedom system as repre-

sented in figure 3.2. Deflection of a circular plate clamped at the circumfer-

ence under the action of uniform pressure (P ) is given in equation (3.20b)

and for a concentrated load (W ) applied at the centre the diaphragm, the

deflection is given by equation (3.20b) [71]. In equation (3.20), Ed and Ef

are the Young’s modulus of the diaphragm and fibre respectively, h is the

diaphragm thickness, ad is the diaphragm radius νd is the Poisson’s ratio

for the diaphragm material, Sf is the cross section area of the fibre and Lf

is the length of the fibre.

δP = −Pa
4
d

64D
, (3.20a)

δW = − Wa2d
16πD

, (3.20b)

where,

D =
Edh

2

12(1− ν2d)
(3.20c)

Now the deflection of active sensing region to the action of pressure can

be written as

δ =
Pa4d
64D

− EfSf
Lf

δ
a2d

16πD
(3.20d)

37



The effective stiffness Keff of the model as expressed in equation (3.21)

can be obtained by rearranging the terms in equation (3.20d).

Keff =
16πEdh

3

3ad2 (1− νd2)
+

4EfSf
Lf

(3.21)

The major source of energy dissipation at the diaphragm is the radiation

loss to surrounding water. The radiation loss at the diaphragm depends on

the effective volume flow rate at the diaphragm and it can be calculated

using the average velocity of the diaphragm. For a vibrating circular plate

of area Sd and constrained at the boundary, the average volume flow rate

can be written as in equation 3.22 where uc is the velocity amplitude at

the centre. The factor 0.309 in equation (3.22) originated from the inte-

gration of the mode shape of the fundamental mode of vibration, which is

essentially a Bessel function of first kind [72]. Total mass associated with

the motion of the diaphragm can then be expressed as in equation (3.23).

The contributions from the fibre mass is towards the effective mass asso-

ciated with fundamental mode of the active sensing region is negligible in

comparison to the contributions from terms given in equation (3.23) and

hence neglected in the modelling.

Q3 = 0.309Sduc (3.22)

Md = 0.309

(
md +

8

3
ρwad

3

)
(3.23)

Thus the transfer characteristics of the active sensing region can be written

as P2

Q2

 =

[
Td

]P3

Q3

 (3.24a)

38



where

[
Td

]
=

1 −
(
jωMd +Rd −Keff

Sd
2

)
0 1

 . (3.24b)

In equation (3.24), Rd is the radiation loss at the diaphragm which can be

calculated using an expression similar to equation (3.17).

3.4.4 Sensor model

The transfer characteristics of the sensor can be expressed as a combi-

nation of the transfer function for the filter, slider and the diaphragm as

given in equation 3.25. It can be assumed that P4 = P3e
jθ and θ ≈ 0 as

the dimensions of the sensor is much smaller in comparison to the acoustic

wavelengths of interest. Thus the effective strain, ε on the fibre can be

derived as in equation (3.27) using equations (3.25) and (3.22) as detailed

in equation (3.26).

P4

Q4

 =

[
Ts

] [
T1

] [
T2

] [
T3

] [
T4

] [
T5

] [
Td

]P3

Q3


=

T11 T12

T21 T22


P3

Q3

 (3.25)

P4 = T11P3 + T12Q3 (3.26a)

Q3 =

(
ejθ − T11
T12

)
P3 (3.26b)
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now substituting for Q3 = 0.309Sduc

uc =

(
ejθ − T11

0.309SdT12

)
P3 (3.26c)

Now substituting uc = jωxc where xc is the displacement at the diaphragm

centre, and then dividing both sides with Lf we get equation for strain as

given in equation (3.27)

ε =
j3.24

(
T11 − ejθ

)
ωLfSdT12

P3 (3.27)

For a fibre laser under the action of axial strain, the pressure sensitivity

can be written as in equation (3.28) [32] where pij are the strain-optic

coefficients and ne is the effective refractive index of the fibre laser.

ηP =

[
1− ne

2

2
(p12 − ν (p11 + p12))

]
ε (3.28)

The frequency response of the pressure compensation scheme can be de-

rived using equations (3.24) and (3.25) as a ratio of the diaphragm chamber

pressure to the external pressure as expressed in equation (3.29).

H(ω) = 1−
(
ejθ − T11

T12

)(
jωMd +Rd −Keff

Sd
2

)
(3.29)

The stiffness of the diaphragm is inversely related to the second power of

diaphragm diameter and any reduction in diaphragm diameter will lead to

corresponding reduction in sensitivity values. As discussed in Section 3.2,

the sensitivity has a direct effect on the measurement resolution and noise

floor of the sensor. The inherent frequency noise or intensity noise usually

decides the sensor system as other noise contributions can be controlled

by proper selection suitable opto-electronics instrumentation and careful
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Figure 3.6: Effect of diaphragm dimensions on the sensor performance. The
black coloured region of the graph satisfies the requirements on sensitivity
and fundamental natural frequency
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selection of optical path difference in the interferometer. Thus for the fi-

bre lasers used in the current study the mechanical sensitivity should be

greater than 2 × 10−9Pa−1 to produce measurable phase changes in low

ambient noise conditions. But, the sensitivity improvements by increase in

diaphragm diameter is also limited by constrains on maximum allowable

sensor dimension. Moreover we need to keep the fundamental resonance as

high as possible to achieve a frequency response that is flat. The fundamen-

tal natural frequency of the active sensing region is then mainly controlled

by the effective mass of the active sensing region. The added mass from the

surrounding fluid is the major contributor to the effective mass involved

in the fundamental vibration mode of the active sensing region. From

equation (3.23), it can be observed that mass associated with diaphragm

motion is a cubic function of the diaphragm diameter. This also limits the

achievable sensitivity improvements through increase in diaphragm diame-

ter. Thus required sensitivity levels should be achieved through diaphragm

thickness reduction.

The sensor model expressed in equations (3.28) and (3.29) can be used

for the optimisation of the design parameters. To achieve the design ob-

jectives, the fundamental natural frequency and pressure sensitivity values

of the systems were chosen to be more than 7.5kHz and 2 × 10−9Pa−1,

respectively. A parametric study was performed by varying the thickness

and the radius of the diaphragm. An acoustic filter configuration listed

in table 3.2 is used in the analysis. Figure 3.6 shows the results from the

parametric study and the region marked in black represents the acceptable

operating points for which the natural frequency and sensitivity values met

the design requirements.

It can be observed that the range of dimensional configuration that

gives required performance increases with reduction in diaphragm diame-
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ter. This arises due to the the fact that the effective mass of active sensing

mode has a cubic dependence on diaphragm diameter while the stiffness

has a quadratic dependence. Hence the diaphragm diameter reduction re-

sults in wider increase of the fundamental mode frequency, allowing for

wider selection of diaphragm thicknesses. Though a performance matrix

constructed by multiplying mechanical sensitivity of the sensor to its fun-

damental natural frequency will yield higher values for lower diaphragm

diameters, the dimensions of the engineering requirements like acoustic fil-

ter, pre-tension arrangement, slider sealing, ease of assembly and ease of

fabrication usually sets the lower limits on the diaphragm diameter. For

example, the area ratio at the expansion chamber of acoustic filter will also

decrease with decrease in diaphragm diameter thus requiring a much finer

acoustic links leading to increaser complexity in fabrication. Details of the

engineering considerations and practical aspects in sensor fabrication and

assembly are detailed in section 6.1. The major contribution to the effec-

tive length of the sensor comes from the slider chamber. The length of the

slider chamber depends on the dimensions of diaphragm and other elements

of the acoustic filter. Static pressure compensation up-to a depth of 50 m

requires the slider chamber to have at the least five times the volume of

remaining acoustic elements.

Above discussed principles lays the guidelines to arrive at a working sen-

sor configuration that meets the design specifications given table 3.1. The

prototype sensor configuration arrived at based on above guidelines uses a

metal diaphragm of 0.35 mm thickness and 7mm radius and has an overall

diameter of 20 mm and length of 55 mm. Theoretical model was used to fine

tune the dimension of the acoustic filter used in the pressure compensation

arrangement. Detailed drawings of the sensor configuration are given in

Appendix C. Figure 3.7 shows the transmission characteristics of the pres-
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Figure 3.7: Frequency response characteristics of the pressure compensa-
tion scheme

sure compensation scheme obtained using equation (3.29). As can be seen

from the plot, pressure compensation scheme allows the equalisation of the

diaphragm chamber pressure and has a low pass cut off frequency of 15 Hz.

It the attenuates pressure variations happening at higher frequencies. The

peak observed around 7500Hz correspond to the diaphragm resonance and

the peaks around 500Hz and 800Hz correspond to cavity resonances of the

acoustic filter. These peaks get attenuated by more than 20dB due to the

effect of radiation resistance at the slider and viscous losses in the acoustic

filter. Figure 3.8 shows the simulated frequency response characteristics of

the prototype. A flat frequency response within ±2dB with linear phase

response characteristics is predicted in frequency range 10Hz-5kHz.

The distortion free dynamic range (distortion ratio < -60dB) of sensor

configuration depends on optical path difference in the interferometer, dis-

tortion characteristics of demodulation scheme, and electronic noise floor of

the opto-electronics. The detailed analysis of distortion characteristics of
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Figure 3.8: Frequency response characteristics prediction from theoretical
model
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demodulations schemes are presented in Chapter 4. Commercial phase de-

modulator from OPTIPHASE is selected is chosen in the present study due

to two main reasons. The demodulation algorithm developed by Optiphase

is capable of achieving required distortion ratios for the frequency range of

interest up to amplitude levels as high as 1 radian (see figure 4.15). Sec-

ondly its self noise levels are as low as 3µrad/
√
Hz. The minimum optical

path difference required that will achieve same electrical and optical noise

floor can be calculated by substituting fibre laser frequency noise values in

equation (3.1). This yields an optical path difference of 1.5 m. This optical

path difference can now be used in equation (3.1) along with mechanical

sensitivity radians/Pa. As the demodulator is capable of achieving distor-

tion ratios better than -60 dB up to amplitude levels as high as 1 radian,

the sensor system is capable of achieving distortion free dynamic ranges in

excess of 100 dB.

3.4.5 Performance prediction: FEA

Finite element analysis (FEA) of the proposed design configuration was

carried out using ABAQUS R© software to validate the results obtained from

simplified theoretical model and to further optimise the design parameters.

Figure 3.9 shows the axisymmetric finite element model of the DFB FL

based hydrophone. Analysis was performed in two stages. In the first stage

a static analysis was performed to incorporate the effect of pretension into

the analysis, which was then followed by a steady state dynamic analysis.

Fluid structure interaction effects between sensor shell and fluids (air inside

the cavity and surrounding water) were taken into account in the model to

include the effects of fluid loading on the sensor and radiation losses. The

viscous losses in the acoustic filter were modelled using volumetric drag

property of acoustic medium available in ABAQUS R© software. Volumet-
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Figure 3.9: FEA model

ric drag is defined as the force experienced by acoustic medium per unit

volume per unit velocity. The theoretical values of flow resistance obtained

for each element of the acoustic filter using equation (3.14) were applied to

corresponding domain in the finite element model. Plane wave excitations

were applied on the sensor using acoustic propagation models available in

ABAQUS R©. Non-reflecting impedance boundary condition was applied

on the outer boundary of external fluid domain and a scattered wave for-

mulation was used in the analysis. Steady state dynamic analysis was

carried out over the frequency range of interest to predict the sensitivity

and frequency response characteristics of the sensor. Figure 3.10 shows the

scattered pressure distribution around the sensor for a plane wave excita-

tion at 4100 Hz and amplitude of 1 Pa. Figure 3.11 shows the comparison

between the FEA results and the frequency response predicted by simpli-

fied theoretical model. It can be observed that the simplified theoretical

model accurately predicts the response of the sensor system. The resonance

frequency and peak amplitude predicted by the simplified analytical model
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Figure 3.10: Scattered pressure amplitude (in KPa) distribution from ax-
isymmetric finite element analysis

deviates marginally from the results obtained from the FEA. The natural

frequency predicted by the analytical model is higher compared to the sim-

plified theoretical model of the diaphragm as it neglects actual geometry

and the effects of epoxy moulding at the centre of the diaphragm, which

introduces additional mass and reduction in stiffness of the diaphragm. It

was also observed that the changes in diaphragm resonance with pretension

in the fibre was negligible for the configuration investigated as the bending

stiffness of the diaphragm is the major parameter that controls the strain

sensitivity as well as the natural frequency for the proposed configuration.

Acoustic radiation by a diaphragm mounted on an infinite baffle is used

for the estimation of the radiation loss in the simplified model. This differs

from the actual scenario and over predicts the losses at the diaphragm and

results in a flatter response at the fundamental resonance.
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Figure 3.11: Comparison between theoretical and FEA results
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3.5 Conclusion

Major design considerations in the development of a fibre laser hy-

drophone for underwater acoustic sensing applications have been presented.

Development of a simplified analytical model for the pressure compensated

metal diaphragm hydrophone has also been discussed and results have been

presented. An optimum configuration of the hydrophone packaging param-

eters was selected based on the simplified analytical model and the same is

validated using axisymmetric FEA. Though the prediction from the sim-

plified analytical model deviates from FEA predictions at the fundamental

resonance of the active sensing region, the amplitude and phase response

from simplified model closely follows the predictions obtained form FEA

simulations.
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Chapter 4

Harmonic Distortion in

Demodulation Schemes

4.1 Introduction

Interferometric systems are generally used in high performance sensing

systems that demand a combination of high sensitivity, fine measurement

resolution, and large dynamic range. The performance of a simple inter-

ferometeric system, as given in figure 2.1, is limited by phenomenon called

signal fading and associated signal distortion. Signal fading arises due to

the drifts in phase difference between the arms of the interferometer caused

by random environmental excitations. As given in equation (2.2a), the out-

put intensity of the interferometer is a cosine function of the differential

phase between the arms of the interferometer. Linear operating range of

such a configuration is limited to very small phase changes around a fixed

differential phase of π/2. When the fixed phase offset between the arms

of the interferometer is near 0 or π, the intensity variations due to the

phase changes are significantly reduced due to cosine form of the interfer-

ometer output (equation (4.1)), resulting in signal fading. In fibre laser
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Figure 4.1: Spectrum of cos (π/2 + 0.15 sin(2πft)) where f = 2000Hz

hydrophones, any random frequency drifts in the lasing frequency arising

from temperature fluctuations can also contribute to signal fading and har-

monic distortion. Even at the most suitable operating point ( mean value

of phase = π/2 ) the non-linearity introduced due to the cosine function

will result in harmonic distortion as demonstrated in figure 4.1 where the

spectrum of a signal of the form cos (π/2 + 0.15 sin(2πft)), f = 2000 Hz

clearly shows the presence of harmonics. Though there are many techniques

available for signal retrieval in an interferometric sensing scheme [73], phase

generated carrier schemes (PGC) are widely employed as they are capable

of achieving fine phase resolutions and large dynamic ranges [62].

PGC-arctangent and PGC - differentiation and cross multiplication

(DCM) are two of the most widely used PGC schemes in fibre laser sens-

ing applications. While the PGC-arctangent scheme is capable of rejecting

the noise contributions from laser intensity noise, its performance is af-

fected by any deviation in modulation index from its most suitable value

of ≈2.63 [62]. Similarly PGC-DCM scheme performance is affected by the
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laser intensity noise while the effect of modulation depth variation is mini-

mal [74]. Many variants of PGC-DCM and PGC-arctangent schemes have

been developed in the past to address some of their drawbacks [64, 74]. In

all these schemes, the quadrature components of the signal (cos(φ(t)) and

sin(φ(t)) where φ(t) is the phase change signal) are recovered form the in-

terferometer output through the application of low pass filters. Any error

in this estimate of the quadrature components can lead to distortions in

the demodulated output even in the absence of laser intensity noise and

variations in the modulation depth.

Signal distortion is an important aspect in the development of fibre

laser hydrophone system as the distortion free dynamic range of the sensor

is mainly controlled by the demodulation technique employed in signal re-

construction. While there are some previous works on signal distortion in

PGC schemes, all these works assume the absence of spectral overlapping

between the signal information on adjacent harmonic carriers. This chapter

address this issue by analysing the distortion characteristics of major PGC

demodulations schemes in presence of spectral overlapping. This chapter is

organised into three major sections. Section 4.2 presents the theory behind

different PGC-techniques considered this chapter. Distortion characteris-

tics of widely cited PGC schemes are analysed in section 4.3 followed by a

summary of findings.

4.2 Theory

In a fibre optic interferometric sensing application that uses PGC de-

modulation, a sinusoidal carrier signal is introduced into one of the arms

of the unbalanced interferometer. This carrier signal modulates the signal

information which appears as sideband components of the harmonics of the
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carrier signal. The schematic of a Mach-Zehnder interferometric configura-

tion for fibre laser based sensing using PGC scheme is shown in figure 2.7.

In this configuration, a modulation signal is introduced into the interfer-

ometer output though the fibre stretcher placed in one of the arms of the

interferometer. The output of the unbalanced interferometer can be writ-

ten as in equation 4.1 [62] where the values of A and B are proportional to

the input optical power, C is the modulation depth, Jn are the Bessel func-

tions of first kind of order n and φ(t) is the phase change signal of interest.

From equation (4.1) it can be observed that the odd and even harmonics

of the modulation signal carry the quadrature components cos(φ(t)) and

sin(φ(t)) respectively. PGC-Arctangent and PGC-DCM schemes and their

variants estimate a pair of quadrature components from the interferometer

output to reconstruct the signal.

I = A+B cos (C cos(ωct) + φ(t))

= A+B

{[
J0(C) + 2

∞∑
k=1

(−1)kJ2k(C) cos
(
2kωct

)]
cosφ(t)

−

[
2
∞∑
k=0

(−1)kJ2k+1(C) cos
(
(2k + 1)ωct

)]
sinφ(t)

} (4.1)

The block digram representation of the technique used for retrieval of

the quadrature components of phase change signal is shown in figure 4.2.

The output of the interferometer (electrical signal from the photo detector)

is mixed with an odd harmonic and an even harmonic (ωc and 2ωc) of the

carrier signal and then low pass filtered to remove terms above half the

modulation frequency to obtain signals S1 and S2. Signals S1 and S2 can

be written as in equation (4.2) where G and H are the amplitudes of the

mixing signals [62].

A block diagram representation of the PGC-DCM (differentiation and
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Figure 4.2: Block diagram of the technique used for estimation of the
cosφ(t) and sinφ(t) from interferometer output

cross-multiplication) scheme is shown in figure 4.3 . In PGC-DCM scheme,

the signals S1 and S2 in equation (4.2) are differentiated, cross multiplied,

subtracted and then integrated to retrieve the signal back as show in equa-

tion (4.3). It can be observed that the amplitude of DCM algorithm output

depends on optical power and mixing efficiency through the factor B. Thus

any variation in the intensity of the light from the fibre laser can introduce

change in B. The effect of intensity variation could be addressed through

the application of an automatic gain control circuit as proposed in refer-

ence [63]. In PGC-arctangent scheme, arctangent of the ratio of the signals

in equation (4.2) reproduces the signal as represented in equation (4.4a)

when J1(C) = J2(C) [62]. Any deviation from this optimum value of C will

introduce signal distortions in the demodulated output. Thus, the PGC-

arctangent scheme requires the modulation depth to be maintained at an

optimum value of 2.63 radians at which the amplitudes of the first and

second Bessel harmonics are equal. The quadrant of operation (quadrant

corresponding to the phase shift signal) is identified from the signs of signals

S1 and S2. While the PGC-arctangent scheme is capable of rejecting the

noise contributions from laser intensity noise, modulation depth variations
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Figure 4.3: Block diagram representation of PGC DCM algorithm

have minimal impact on PGC-DCM scheme performance.

Signal distortion is one of the important performance metrics of the

PGC demodulation schemes, especially in their digital implementations.

The presence of Bessel harmonics of the signal necessities use of a carrier

signal that is many times higher than the maximum frequency of interest.

Moreover, all the major PGC algorithms require the photo detector out-

put to be sampled at least 6 times the carrier frequency. The maximum

sampling frequency is generally limited by the hardware used and total

number of channels in the array. Liu et.al. [65] analysed the non-linearity

in PGC-DCM algorithm due to the presence of ripples in the passband of

low pass filters. A quantity named signal slope frequency (SSF), which is

a measure of instantaneous rate of change of the phase change signal, was

used in calculating harmonic distortion values. They observed a reduction

in distortion values with increase in filter order and reduction in passband

ripples, but hardware sets a limitation on the maximum filter order. The

harmonic distortions due to modulation depth variation in PGC-arctangent

schemes have been analysed in reference [64] and an expression for harmonic

distortions arising due to small variations in modulation depth has been
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presented.

S1 = −BGJ1(C) sinφ(t) (4.2a)

S2 = −BHJ2(C) cosφ(t) (4.2b)

Sdcm =

∫ (
S2Ṡ1 − S1Ṡ2

)
dt = B2HGJ1(C)J2(C)

∫
˙φ(t)dt (4.3)

Sarctan = arctan

(
S1

S2

)
= arctan (b tanφ(t)) (4.4a)

where

b =
J1(C)

J2(C)
(4.4b)

Many variants of PGC-DCM and PGC-arctangent algorithms have been

developed in the past to address some of their drawbacks [64, 74, 75]. He

et. al. [64] presented a demodulation scheme named ameliorated PGC to

address the susceptibility of PGC-arctangent scheme to modulation depth

variations. In ameliorated PGC, the ratio of the Bessel amplitudes, denoted

by b as in equation (4.4b), is evaluated from signals S1 and S2 through a

differentiation and self multiplication as expressed in equation (4.5). This

estimate of b is then used to correct for modulation depth variations in
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arctangent algorithm given in equation (4.4a).

Y1 = S1Ṡ1 = −B2J2
1 (C) ˙φ(t) sin(φ(t)) cos(φ(t)) (4.5a)

Y2 = S2Ṡ2 = B2J2
2 (C) ˙φ(t) sin(φ(t)) cos(φ(t)) (4.5b)

b =

√
−Y1
Y2

(4.5c)

Another method which tries to mitigate the effect of light intensity

noise on the performance of PGC-DCM algorithm is presented by Tong et

al. [74]. Their method utilises the sideband information from the first three

harmonics of the carrier signal instead of two used in other methods. This

additional information along with recurrence relation of Bessel function is

used to account for the light intensity noise. Another method that accounts

for the modulation depth variation in PGC-arctangent scheme is proposed

by Yang et.al. [75] as given in equation (4.6). Similar to the method used

in conventional arctangent algorithm, the signs of signals S1 and S2 are

used in the identification of quadrant, thus extending the phase range limit

of (0, π/2) provided by the tan2(φ(t)).

Y3 = S1Ṡ2 = −B2J1(C)J2(C) ˙φ(t) sin2(φ(t)) (4.6a)

Y4 = S2Ṡ1 = B2J1(C)J2(C) ˙φ(t) cos2(φ(t)) (4.6b)

φ(t) = arctan(

√
−Y3
Y4

) (4.6c)
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One of the key assumptions used in all these studies, is the absence

of spectral overlapping. Spectral overlapping arises when the frequency

components of cos(φ(t)) or sin(φ(t)) carried over a Bessel harmonic of the

modulation signal overlaps into the sideband of the adjacent Bessel har-

monics. Though spectral overlapping is always present, its effects are neg-

ligible when the signal amplitudes are very small and signal frequencies are

significantly smaller compared to the carrier frequency. But as the signal

frequency and amplitude increase, the energy of the signal components in

the overlap region also increases correspondingly. The quadrature com-

ponents of the signal, which is being measured, are recovered through the

application of filters in general. Thus the occurrence of spectral overlapping

introduces error in the estimation of quadrature components of the phase

change signal resulting in distortions in the demodulated output even in

the absence of laser intensity noise and variations in the modulation depth.

The effect of spectral overlapping on distortion performance of PGC-DCM

and PGC-arctangent scheme is analysed in section 4.3.

Bush et al. presented a phase generated carrier algorithm that elim-

inates the low pass filtering stage in the estimation of quadrature com-

ponents [76]. This method was patented by Optiphase Inc. and will be

referred as PGC-optiphase in this thesis. PGC-optiphase algorithm uses a

modulation signal of the form given in equation (4.7). The output from

the interferometer is synchronously sampled in conjunction with a feedback

loop servo controller that keeps the phase of the modulation signal φc = 0.

Feedback loops are also used to maintain a constant modulation depth of

π radians.

MS = π sin(ωct+ φc) (4.7)
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The interferometer output can be written as

I = Idc + Iac cos(MS + φ(t))

= Idc + Iac cos(φ(t)) cos(MS)− Iac sin(φ(t)) sin(MS)

(4.8)

Figure 4.4: Demonstration of twelve point sampling in PGC-optiphase al-
gorithm

The interferometer output is sampled such that there are 12 equally

spaced samples in every modulation cycle. While modulation amplitude

and modulation signal phase are maintained at their ideal values π and 0

respectively, the properties of the modulation signals cos(MS) and sin(MS)

enables estimation of quadrature components cos(φ(t)) and sin(φ(t)). Fig-

ure 4.4 shows the pictorial representation of the signals cos(MS) and

sin(MS) over a single modulation cycle. Let A0 to A11 represent the am-

plitudes of the interferometric output corresponding to the points marked

in the plot. Now consider a representative point 6. Equation for intensity

at point 6 can be written as in equation (4.9).

A6 = Idc + Iac cos(φ(t)) cos(π)− Iac sin(φ(t)) sin(π)

= Idc − Iac cos(φ(t))

(4.9)
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Similar equations can be written for other points. Under the assumption

that change in the signal φ(t) during a modulation cycle is negligible, equa-

tions of quadrature components of the signal can be expressed as

4Iac sin(φ(t)) = (A7 − A1) + (A11 − A5) (4.10a)

4Iac cos(φ(t)) = (A0 + A6)− (A3 + A9). (4.10b)

From this point onwards, an algorithm similar to PGC-arctangent can be

used to retrieve the signal from the quadrature components. The algo-

rithm estimates the errors in modulation amplitude and phase using equa-

tion (4.11) and uses these error values in control loop feedback to maintain

the modulation amplitude and phase of the signal at their ideal values. In

equation (4.11), M is the actual modulation amplitude.

Erramp = (A3 − A9) = 2Iac(π −M)(sin(φ(t))) (4.11a)

Errphase = (A6 − A0) = 2IacMφc(sin(φ(t))) (4.11b)

This method avoids the application of low pass filters in estimation of

quadrature components. One of the fundamental assumptions in this al-

gorithm is that the change in signal φ(t) in a single modulation cycle is

negligible. This assumption is valid when the signal amplitudes are small

and frequency is very small in comparison with the modulation frequency.

But, it breaks down as the signal slope frequency increases leading to sig-

nal distortions. The average time, over which the estimate of sin(φ(t)) and

cos(φ(t)) are obtained, is another important aspect of this algorithm. No-

table improvement in distortion performance can be achieved by selecting

data samples such that the same average time is used in the estimation of
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sin(φ(t)) and cos(φ(t)). The formula for cos(φ(t)) given in equation (4.10)

can be modified as in (4.12) to achieve same averaging time and improved

distortion performance.

4Iac cos(φ(t)) =

(
A0 + A12

2
+ A6

)
− (A3 + A9). (4.12)

Distortion performance of all the three PGC methods discussed in this

section are compared in following section.

4.3 Distortion due to spectral overlapping

The signal that is being measured is assumed to be of the form given

in equation (4.13). The quadrature components of the signal can also be

represented using Bessel series expansion as given in equation (4.14). A

pictorial representation of the application of the low pass filter to obtain

sinφ(t) from signal marked I1 in figure 4.2 is given in figure 4.5. Equa-

tion (4.2) shows the desired forms of the quadrature components estimated

in the PGC scheme when mixing signals of unit amplitude are employed.

But the low pass filtering results in removal of some of the higher order

Bessel harmonics in the quadrature components of the phase change sig-

nals (cosφ(t) and sinφ(t)). In addition the spectral overlapping from the

sidebands of the adjacent Bessel harmonics of the carrier signal will also

manifest as spurious signals in the estimates of cosφ(t) and sinφ(t) as

marked in figure 4.5.

φ(t) = D cos(ωt) + φ0 (4.13)
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cos (φ(t)) =

[
J0(D) + 2

∞∑
k=1

(−1)kJ2k(D) cos
(
2kωt

)]
cosφ0

−

[
2
∞∑
k=0

(−1)kJ2k+1(D) cos
(
(2k + 1)ωt

)]
sinφ0 (4.14a)

sin (φ(t)) =

[
2
∞∑
k=0

(−1)kJ2k+1(D) cos
(
(2k + 1)ωt

)]
cosφ0

+

[
J0(D) + 2

∞∑
k=1

(−1)kJ2k(D) cos
(
2kωt

)]
sinφ0 (4.14b)

Most of the widely used PGC schemes utilise the quadrature components

Figure 4.5: Application of the filter on the signal I1 in figure 4.2 to esti-
mate sinφ(t) * - sideband signal components of higher order harmonics, ◦
- in-band components of quadrature signal,5 - spectral overlapping from
quadrature components on adjacent carrier harmonics and � - out of band
components of quadrature signal

of the phase change signal from the interferometer to reconstruct the orig-

inal signal φ(t). Hence, any error in quadrature component estimation will
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lead to distortions in the demodulated output. The presence of Bessel har-

monics of the signal in a frequency range that lies beyond the passband

of the lowpass filter employed to retrieve signals S1 and S2 is the main

source of error in estimation of signals in equation (4.2). As the amplitude

and the frequency of the phase change signal increases, larger number of

Bessel harmonics of the signal with significant energy are pushed outside

the passband. This results in corresponding increase in the signal distortion

at the demodulator output. Even in the absence of spectral overlapping,

passband ripples of the low pass filter can also lead to harmonic distor-

tion as illustrated in [65]. Thus the effect of passband ripples needs to be

isolated to analyse the distortions arising due to spectral overlapping. To

achieve this, an ideal filter as shown in figure 4.5 is considered. Following

subsections compare the distortion characteristics of PGC-arctangent and

PGC-DCM schemes for two different filter characteristics; 1) ideal filter

which eliminates all the frequencies above half the modulation frequency

and 2) finite impulse response (FIR) filter with a frequency response as

represented in figure 4.5.

4.3.1 Ideal filter

To compare the effect of spectral overlapping on PGC algorithms, an

ideal filter with frequency response characteristics as given in figure 4.5 is

considered in this section. In order to evaluate the distortion characteristics

with an ideal low pass filter, the outputs of the low pass filtering stage is

reconstructed analytically. The spectral components of the signals S1 and

S2 in the passband of the ideal filter (components marked in green colour

in figure 4.5) were estimated using amplitudes of the Bessel harmonics of

the carrier, amplitudes of the Bessel harmonics of the signal and the DC

operating point of the signal. This spectral information is then used to

64



obtain the time domain representations of signals S1 and S2 for further

processing using equations (4.3) and (4.4a).

Distortion ratio parameter, which is defined as the ratio of the sum total

of the energy at the harmonics of the signal and the energy at the spurious

signals arising from spectral overlapping to the energy at signal frequency

in the demodulated output, is used for performance comparison of the de-

modulation schemes. The parameters of the simulation are summarised in

table . Carrier signal amplitude is maintained at the recommended value of

2.63 radians in the simulation to ensure most favourable operating parame-

ters for PGC-arctangent scheme. An eleventh order differentiation scheme

has been used in PGC-DCM algorithm since the performance improvement

with further increase in oder of numerical differentiation was negligible. A

sampling frequency Fs = 12×Fc, where Fc is the carrier frequency, is used

in the simulations. Even in the absence of an anti-aliasing filter at the

output of the photo detector, effect of aliasing is negligible as magnitudes

of Jn(2.63) are negligible for n > 10. The variation of distortion ratio with

frequency ratio and amplitude of the signal observed in PGC-DCM and

PGC-arctangent algorithms are shown in figures 4.6 and 4.7 respectively.

The parameter frequency ratio represents the ratio of signal frequency to

the carrier frequency (
ω

ωc
). Distortion ratio figures smaller than −120 dB

were forced to −120 dB to improve the readability of the plots in the re-

gions where distortion is significant. Figure 4.8 compares the performance

Table 4.1: List of parameters for simulations

Parameter Value

Modulation depth C 2.629874
Sampling frequency Fs 12×Fc; Fc is the carrier frequency
Numerical differentiation scheme 11th order forward difference
Intensity noise absent
Fibre laser frequency noise absent

of PGC-DCM and PGC-arctangent algorithms under most favourable con-
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Figure 4.6: Variation in distortion characteristics of PGC-DCM scheme
with frequency ratio and signal amplitude for an ideal filter

ditions (i.e. absence of frequency and intensity noise, modulation depth

C = 2.6298, and an ideal low pass filter for estimation of quadrature com-

ponents). Distortion ratio values at sample frequency ratios are presented

in figure 4.8. It could be observed that the PGC-arctangent algorithm has

lower distortion compared to PGC-DCM algorithm. The distortion ratio

increases with increase in signal frequency and signal amplitudes as more

number of Bessel harmonics are pushed beyond cut off frequency of the low

pass filter. It is evident that even under most favourable conditions, modu-

lation frequency should be at least 10 times the signal frequency to achieve

distortion ratios better than −60 dB for a sinusoidal signal with 1 radian

amplitude. The effect of modulation depth on PGC-arctangent scheme in

the context of spectral overlapping is studied by varying the modulation

depth in the range 2.56 to 2.7 which corresponds to a deviation of the or-

der of 3% from the recommended value. Modulation depth variations of
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Figure 4.7: Variation in distortion characteristics of PGC-arctangent
scheme with frequency ratio and signal amplitude for an ideal filter and
modulation depth is maintained at the ideal values of C=2.629874
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Figure 4.8: Comparison between distortion ratios in PGC-DCM and
PGC-artangent algorithms. An ideal filter is employed in the estima-
tion of quadrature components and a most suitable modulation amplitude
C=2.6295 radians is used in the simulation. Absence of frequency and
intensity noises is assumed in the analysis.
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the order of one to two percentage are common in fibre laser sensing using

frequency division multiplexing. A procedure similar to previous analy-

sis is used to evaluate the distortion ratio from the Bessel expression of

the signal. These results are then compared with analytical predictions of

harmonic distortion as expressed in equation (4.15) given by He et.al [64].

Figure 4.9 compares the distortion ratios for PGC-arctangent scheme with

analytical values of total harmonic distortion (THD) for signal of 2 radian

amplitude. Distortion ratio for analytical case is equal to its THD as ana-

lytical estimation ignores the effects of spectral overlapping that produces

spurious signals. Though the analytical estimation of distortion ratio is

independent of frequency of the signal, it can be observed that the dis-

tortion ratio increases with increase in signal frequency. Even at optimal

modulation depth, significant distortions can be observed in the demodu-

lated output due to spectral overlapping effects. This observed difference

increases with increase in signal frequency and amplitude.

THDarctan = (|b− 1|)

√
∞∑
k=1

J2
2k(D) sin2(2φ0) +

∞∑
k=1

J2
2k+1(D) cos2(2φ0)

|D + (b− 1)J0(2D) cos(2φ0)|
(4.15)

4.3.2 FIR filter

In real applications, the frequency response characteristics of the low

pass filters deviate from ideal filter. To simulate actual performance of PGC

schemes, an FIR low pass filter with frequency response characteristics rep-

resented in figure 4.5, is employed in the simulation. The parameters of the

filter used in the simulation are listed in table 4.2. Normally observed inten-

sity noise figure of −120 dB/Hz is used in the study to simulate the noise in

the interferometer output [60, 61]. Modulation depth value of 2.63 radians
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Figure 4.9: Variation in distortion characteristics of PGC-Arctangent
scheme with frequency ratio and modulation depth for a phase amplitude
of 2 Radians

Figure 4.10: Distortion characteristics when FIR filter of order 87 is em-
ployed in the estimation of quadrature components
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Figure 4.11: Distortion characteristics when FIR filter of order 87 is em-
ployed in the estimation of quadrature components

is used to see the effect of a practical low pass filter on the distortion per-

formance. Results from the simulation is plotted in figure 4.12. While both

the algorithms give similar performance at low frequency ratios, the PGC-

arctangent algorithm gives better performance at higher frequency ratios.

Table 4.2: Parameters of low-pass FIR filter

Parameter Value

Filter Length 87
Passband edge ωc/2
Stopband edge ωc
Passband ripple 0.1 dB
Stopband Attenuation 80 dB

The phase change produced at the fibre stretcher varies among the sensors

due to the difference in fibre laser wavelengths. Thus, the modulation depth

can vary among the sensors in a wavelength division multiplexed configu-

ration for normal operating conditions. A modulation amplitude of 2.61

radians which corresponds to a deviation of 0.7% from the optimum value

is considered in the simulation. Figures 4.10 and 4.11 show the distortion
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Figure 4.12: Distortion characteristics when FIR filter of order 87 is em-
ployed in the estimation of quadrature components; Modulation depth of
2.629874 is used in the simulations

ratios for the PGC-DCM and PGC-Arctangent schemes and their compar-

ison is shown in figure 4.13. It can be observed that the performance of

PGC-arctangent scheme deviates significantly due to the non-optimal mod-

ulation amplitude. In real applications, while signal amplitudes are smaller

than 1 radian, the PGC-DCM schemes have lower signal distortions and

its distortion ratios deteriorates rapidly as the amplitude and frequency of

the signal increases. Similarly, when the signal amplitudes are of the order

of a few radians, distortion is lower for PGC-arctangent scheme.

4.3.3 PGC-Optiphase

PGC-optiphase algorithm uses a carrier signal of modulation amplitude

of π radians. Feedback loop controls are used to achieve this optimal con-

dition in PGC-optiphase algorithm. For the simulation study, an error of

0.7% in modulation signal amplitude and phase is assumed. The PGC-

optiphase algorithm detailed in section 4.2 was implemented in matlab
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Figure 4.13: Distortion characteristics when FIR filter of order 87 is em-
ployed in the estimation of quadrature components for a 0.7% deviation
from optimal modulation depth
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and its distortion characteristics are studied using a method similar to the

one used to evaluate the performance of PGC-arctangent and PGC-DCM

schemes.

The results from the simulation study on distortion performance is given

in figure 4.14. Though there is an increase in distortion characteristics with

increase in frequency ratio distortion performance is better than −60 dB

over most of the amplitude and frequency ratio range considered in the

simulation. Figure 4.15 shows the comparison of distortion performance of

PGC-optiphase algorithm with that of PGC-DCM and PGC-arctangent al-

gorithms. It can be observed that PGC-DCM and PGC-acrtangent schemes

give better performance while the signal amplitudes are very small. But as

the the amplitudes and frequency of the signal increase, the distortion per-

formance of PGC-DCM and PGC-arctanget schemes deteriorates rapidly

while the performance degradation in PGC-optiphase algorithm is minimal.

The PGC-optiphase algorithm provides distortion performance better than

-60 dB in entire range considered in the simulation.

4.4 Conclusion

Distortion characteristics of PGC-DCM and PGC-arctangent schemes,

arising due to errors in estimation of the quadrature components of the

phase change signals, are presented. The quadrature component estimates

(cos(φ(t) & sin(φ(t)) where φ(t) is the phase change signal) were obtained

analytically to study the effect of spectral overlapping in isolation. It was

observed that even when operating under the most favourable conditions

(modulation amplitude =2.63 radians, ideal low pass filter and absence of

laser intensity and frequency noise) the distortion ratio of PGC-arctangent

schemes vary with frequency of the signal while the analytical estimates

74



Figure 4.14: Distortion performance of PGC-optiphase algorithm

Figure 4.15: Distortion characteristics of PGC demodulation algorithms.
0.7% deviation from optimal values of modulation parameters are consid-
ered in the simulation. For PGC-DCM and PGC-artanget schemes a low
pass FIR filter of order 80 is employed in the estimation of quadrature
components.
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of THD are independent of signal frequency. The PGC-arctangent offers

better distortion performance when the signal amplitudes are of the order

of a few radians while PGC-DCM scheme offers better performance for

lower amplitudes for sensing applications using distributed feedback fibre

laser. PGC-optiphase algorithm eliminates the low pass filtering stage in

the estimation of quadrature components and it was found to give lower

distortion values over the frequency and amplitude ranges of interest.
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Chapter 5

Flow Noise Response

5.1 Introduction

Towed hydrophone arrays find wide application in many underwater

operations like oil explorations, anti-submarine warfare, coastal monitor-

ing etc. Figure 5.1 shows an AUV based measurement configuration in

which a flexible acoustic array is towed behind an AUV for underwater

surveillance. The application of towed arrays for the underwater surveil-

lance to some extent is limited by the noise generated due to the turbulent

boundary layer pressure fluctuations, usually referred as flow noise in the

literature. Magnitudes of these wall pressure fluctuations depend directly

on the tow speed and are also expected to increase with reduction in the

towed array diameter [77,78] with detrimental effect on the achievable sig-

nal to noise ratio (SNR) of the sensor. Thus, flow noise is one of the major

considerations in estimating the performance of thin line towed arrays.

Flow noise response calculations for towed arrays require an adequate

statistical model of wall pressure fluctuations and knowledge of frequency-

wavenumber transfer function of the towed array packaging, response char-

acteristics of the sensor and filtering characteristics of the array processing

77



Figure 5.1: Flexible acoustic towed array on an AUV. Both the array and
the AUV were developed at the Acoustic Research Laboratory of National
University of Singapore.

algorithms. Carpenter and Kewley presented one of the early results on

flow noise response of a fluid filled towed array and their study employed

a very simple mechanical transfer function to model the response of array

packaging. They observed that the predicted levels were lower than the ex-

perimentally measured noise floor [79]. A similar procedure was employed

by Knight [80] to study the flow noise filtering by a group of hydrophones,

but this study was also limited by the elementary transfer function used

to model the wavenumber filtering by the array packaging . There have

been many attempts in the past to improve upon the models of frequency

wavenumber transfer characteristics of fluid filled towed arrays [81, 82]. In

all of these studies, either the presence of sensors were neglected or the

sensors were considered as line elements or infinite cylinders located along

the axis of the array.

The fibre laser hydrophone considered in this study consists of a fibre

laser sensor mounted centrally on a diaphragm. The diaphragm helps in

achieving the required sensitivity values by amplifying the strain on the fi-

bre laser and its orientation is normal to the axis of the towed array. Hence,

the flow noise averaging due to finite size of the sensor along the axis is min-
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imal in these diaphragm based sensors. Thus a different analysis approach

for flow noise estimation is necessary and this chapter presents a finite ele-

ment analysis based procedure to estimate the flow noise levels experienced

by the fibre laser sensors packaged in a fluid filled elastomer cylinder. The

results are then compared with the predictions from a simplified analytical

model of a submerged fluid filled infinite cylinder.

This chapter is organised into 3 main sections. The array configuration

and sensor details are presented in section 5.2 followed by the analytical

model and finite element analysis procedure in section 5.3. Results and

discussions are presented in section 5.4 followed by summary of findings

and conclusions.

5.2 Fibre laser hydrophone array

The sensor configuration similar to the one described in chapter 3 is

used in the construction of the array and is shown in Fig. 5.2. A dis-

tributed feedback fibre laser (DFB-FL) is centrally placed inside the alu-

minium packaging with one end of the fibre attached to a thin metallic

diaphragm and the other end to a pre-tensioning arrangement. A water

filled polyurethane tube inside which individual hydrophones are packaged

as shown in figure 5.2b is considered in this study. The polyurethane tube

helps in streamlining the flow and isolates the sensors from hydrodynamic

disturbances in the turbulent boundary layer schematically represented in

Figure 5.2. Furthermore, it serves as a wavenumber filter to reduce the

flow noise experienced by the sensors.
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Figure 5.2: Schematics of sensor and array configurations

5.3 Theory

Two major parameters that determine the flow noise response of a fibre

laser hydrophone packaged inside an array tube are the frequency wavenum-

ber response of the sensor in packaged condition denoted by H(k, ω) and

the wall pressure excitation spectra P(k, ω). The flow noise response of the

sensor in the array can be written as [83]

Q(ω) =

∫ ∞
−∞
P(k, ω)|H(k, ω)|2dk (5.1)

where k is the wavenumber vector and ω is the angular frequency.

5.3.1 Flow noise model

Wall pressure fluctuations in a turbulent boundary layer are random

in nature and calculation of the response of a structure to these pressure

fluctuations requires a valid statistical description of wall pressure field

in wavenumber-frequency or space-time domain. Experimental results re-
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ported by many researchers showed that the wall pressure field consists

of a broad spectrum of wavenumber components that changes slowly with

time in a reference frame that moves along with the flow [84]. One of the

successful early attempts on modelling wall pressure spectra was by Cor-

cos [83] and his model was based on narrowband spatial correlations of

wall pressures on a flat plate. As per Corcos model, the spatial correlation

function can be written as

Γ(ω, ξ1, ξ2) = Φ(ω) exp

(
−α̂|ωξ1

Uc
| − β̂|ωξ2

Uc
|+ iωξ1

Uc

)
, (5.2)

where ξ1 and ξ2 are the spatial separations along and normal to the

flow direction respectively. α̂ and β̂ are the constants of decay correspond-

ing to the exponential decrease in correlation with spatial separation. Uc

is the convection velocity and it has a magnitude of the order of flow ve-

locity. Frequency wavenumber spectrum obtained by Fourier transform

of equation (5.2), with parameter values estimated from curve fitting the

experimental results, was used in references [85] and [86] for flow noise

calculations.

Figure 5.3 shows a schematic representation of a wavenumber distribu-

tion of wall pressure spectra over a flat plate at a sample frequency and

its prominent features are highlighted. Corcos model gives a satisfactory

prediction of the wall pressure spectra in the “convective ridge" where ma-

jority of the flow noise energy is concentrated, but it over-predicts the

levels corresponding to low and high wavenumber regions. The response

peak for underwater structures may correspond to excitations by the com-

ponents with phase velocities that matches the structural wave speeds cor-

responding to sub-convective region [84,87]. Hence the response peaks can
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Figure 5.3: Schematic representation of variation of frequency wavenumber
spectrum at constant frequency (reproduced from [84])

fall in a region corresponding to
ω

kz
> Uc where kz is the wavenumber

along the flow. Thus the contributions from both convective and sub-

convective regions are equally important. Thus, a wall pressure spectrum

model that provides better predictions in the entire convective and sub-

convective region is essential in obtaining reliable estimates of flow noise

levels in towed sensor arrays due to turbulent wall pressure fluctuations. A

review of wavenumber-frequency spectra models of TBL pressure fluctua-

tion was presented by Graham [88]. He compared the radiated sound from

a plate driven by TBL pressure fluctuations for different TBL wall pressure

models using an excitation spectra which is normalised by corresponding

frequency spectra. He observed that the predicted results deviated among

the models, especially when the contribution from sub-convective region is

significant.

Another important aspect of the TBL wall pressure model is its autocor-

relation or auto-spectrum characteristic. Extensive studies were conducted

in the past by many research groups to arrive at a suitable frequency spec-

82



Figure 5.4: Schematic representation of variation of wall pressure spectrum
(reproduced from [89])

tra model for the wall pressure fluctuations in a turbulent boundary later

and a recent review by Hwang et al. [89] compares the widely cited models.

Many researchers explored the possibility of a scaling method to collapse

the non-dimensionalized pressure spectrum using the concept of self simi-

larity [90–92]. Previous experimental results suggest that it would be more

reasonable to use appropriate scaling in different spectral ranges based on

corresponding predominant physical feature of TBL pressure fluctuations.

A schematic representation of non-dimensionalized power spectral distribu-

tion against dimensionless frequency (with corresponding scaling) of wall

pressure fluctuations in a turbulent boundary layer is shown in figure 5.4

(reproduced from [89]). While outer layer scaling is used in low frequency

regions, better collapse of experimental data was observed through the use

of inner layer scaling in high frequency region. Comparisons of wall pressure

spectrum models show a gradual improvement over the years mainly due to

the improved knowledge on the characteristics of TBL pressure fluctuations

from experimental studies.
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A recent empirical model by Goody [91] which is based on experimental

results from seven research groups provides a good representation of the

spectral characteristics presented in figure 5.4. His model, which is based

on Chase model for wall pressure spectra [93], incorporates the effects of

Reynold’s number in to the model through the ratio of time scales of outer

boundary layer to inner boundary layer. Goody’s model for wall pressure

frequency spectra is given in equation (5.3) where τω is the wall shear stress,

U is the free stream velocity, v∗ is the friction velocity, δ is the boundary

layer thickness and RT is the time scale ratio. While this model is capable

of obtaining reasonable predictions for underwater cases, its usefulness in

the current study is limited as it models only frequency distribution while

the energy distribution in the wavenumber domain is essential for response

calculations.

Φ(ω)U

τ 2ωδ
=

3

(
ωδ

U

)2

[
(
ωδ∗

U
)0.75 + 0.5

]3.7
+

[
1.1R−0.57T

(
ωδ

U

)]7 (5.3)

A model for frequency wavenumber spectra for wall pressure in a tur-

bulent boundary layer by Chase is widely used for flow noise calculations

at subsonic speeds, especially for underwater case. Chase presented a semi-

empirical model F-K spectra for wall pressure over a flat plate in 1980 and

modified it again in 1987 to include the effects of compressibility [93, 94].

Many of the observed structural features of the cylindrical boundary layer

are similar to those observed in flat-plate turbulent boundary layers even

though the turbulence intensities for boundary layers over cylinders are

lower than that for a flat plate case for most of the boundary layer (outer

regions) as the smaller surface area of the cylinder limits the amount of vor-

ticity introduced in to the fluid [95]. The applicability of Chase flat plate
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model for prediction of axisymmetric boundary layer wall pressures was

demonstrated by [96] based on wall pressure measurements on a full scale

towed array. They employed measured values of axisymmetric boundary

layer parameters in the Chase model ( [93]) to obtain predictions match-

ing the measured wavenumber frequency spectra. Following similar ar-

guments used in flat plate case, [77] presented a semi empirical model of

circumferentially averaged frequency wavenumber wall pressure spectra in

an axisymmetric boundary layer around a cylinder. The model constants

in this axisymmetric spectra are also estimated by curve fitting the model

to experimental results and it can can be expressed as

P0(kz, ω) = Cρ2v3∗a
2 (12k2za

2 + 1)

12

(
(ωa− Uckza)2

h2v2∗
+ k2za

2 + b̂−2
)−2.5

.

(5.4)

In equation (5.4), ρ is the fluid density; U is the tow velocity; Uc = 0.68U

is the convection velocity of turbulence; v∗ is the friction velocity; kz is the

wavenumber along the axis of the cylinder in the direction of the flow and

the suggested values of the constants are C = 0.063, h = 3.17, b̂ = 1.08.

This model is employed in the current study to model the excitation spectra

acting on the towed array surface.

Caution should be exercised when interpreting the results obtained from

Chase model as it over predicts the spectral region beyond the universal (or

overlap) region in figure 5.4. Frequency-wavenumber spectrum from chase

model can be integrated over the wavenumber to obtain the frequency

spectrum. This frequency spectrum decay as ω−1 at high frequencies while

the actual spectral decay is much steeper (ω−2.33 and ω−5). Figure 5.5

presents the spectral distribution of wall pressure on a cylinder of 20 mm

diameter. As it can be observed at low tow velocities,
ων

u2∗
> 0.3 and
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the Chase model over predicts the spectral levels. Figure 5.5 plots the

spectral distribution predictions from Goody model and Chase model for

a tow velocity of 4 m/s and compares it against the axisymmetric spectral

distribution. Though the spectral estimates from Chase model deviates by

a maximum of 10 dB compared to the estimates from Goody model at high

velocities, Chase spectrum is found to give predictions matching the one

from Goody models for most of the operational speeds and frequency range

where flow noise energy is significant.

5.3.2 Analytical model

A good insight into frequency wavenumber response characteristics of

water filled towed arrays can be obtained from the analysis of an infinite

fluid filled tube excited by turbulent boundary layer pressure fluctuations.

The array tube can be modelled as an isotropic shell. Effects of the inside

and outside fluid on the response of the tube to wall pressure fluctuations

can be included in the analysis through a fluid loading term. The fluid

loading term can be derived by equating normal velocities at the fluid

structure interface. Following a detailed procedure given in reference [97],

the equation of motions after Fourier transform can be written in terms

of spectral field quantities as in Eq. (5.5). The steps involved in deriving

Eq. (5.5) are detailed in Appendix.

[
S

] [
u

]
=

[
F

]
(5.5a)
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where

[
S

]
=


S11(n, kz) S12(n, kz) S13(n, kz)

S21(n, kz) S22(n, kz) S23(n, kz)

S31(n, kz) S32(n, kz) S33(n, kz) + fl

 , (5.5b)

[
u

]
=


uz(n, kz)

uφ(n, kz)

ur(n, kz)

 ,

[
F

]
=


Fz(n, kz)

Fφ(n, kz)

Fr(n, kz)

 , (5.5c)

S11(n, kz) = −E1

(
k2z + n21− ν

2a2

)
− ω2ρsh, (5.5d)

S12(n, kz) =
−E1(1 + ν)nkz

2a
, (5.5e)

S13(n, kz) =
−E1νikz

a
, (5.5f)

S21(n, kz) = S12(n, kz), (5.5g)

S22(n, kz) = E1

(
(1− ν)k2z

2
+
n2

a2
+ 2k2zΛ

2(1− ν) +
Λ2n2

a2

)
− ω2ρsh,

(5.5h)

S23(n, kz) = −E1

(
in

a2
+ iΛ2(2− ν)k2zn+

iΛ2n3

a2

)
(5.5i)

S31(n, kz) = −S13(n, kz), (5.5j)

S32(n, kz) = −S23(n, kz), (5.5k)

S33(n, kz) = E1

(
1

a2
+ Λ2a2k4z +

Λ2n4

a2
+ 2Λ2k2zn

2

)
− ω2ρsh, (5.5l)

fl = ρω2ur(n, kz)
H|n|(γa)

γH|n|
′
(γa)

− ρω2ur(n, kz)
J|n|(γa)

γJ|n|
′
(γa)

, (5.5m)

Λ2 =
h2

12a2
, (5.5n)

E1 =
Eh

1− ν2
, (5.5o)

γ =

√
(k0

2 − k2z), k0 = ω/c. (5.5p)
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Equation (5.5) is a simplified representation of the differential equa-

tions of motion for a fluid filled cylinder for time harmonic motion. In

equation (5.5) uz(n, α), ur(n, α) and uφ(n, α) are the spectral displace-

ments and Fz(n, α), Fφ(n, α), and Fr(n, α) are the spectral excitations in

cylindrical coordinate system along directions denoted by the subscripts.

E, ν , ρs are the tube material’s Young’s modulus, Poisson’s ratio and den-

sity respectively and c is the speed of sound in water and ρ is the density

of water. a and h are radius and thickness of the tube respectively. In

equation (5.5m) Jn and Hn are the Bessel and Hankel functions of first

kind with order n. n represents the wavenumber along the circumference

of the cylinder and takes only integer values. For the problem at hand,

n=0 as we are interested in the axisymmetric part of the solution.

The centre line pressure should be finite and normal velocities should be

equal at fluid structure interface. Application of these boundary conditions

gives the equation for pressure inside the array tube and it can be written

as

pi(r, n, kz) = ρiω
2ur(n, kz)

J|n|(γr)

γJ|n|
′
(γa)

(5.6)

where r is the radial location of the observation point inside the array tube.

The boundary layer pressure fluctuations over the towed array in axial

flow are random in nature. They are usually characterised in terms of

correlation functions or power spectral density characteristics. A relation

between external excitation and flow noise spectra a point inside the array

cane be obtained from equation (5.5a) by multiplying both sides with
[
Ψ

]
=
[
S

]−1
yields [

u

]
=

[
Ψ

] [
F

]
. (5.7)
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Multiplying Eq. (5.7) with
[
u

]∗
, where ∗ represents the Hermitian opera-

tion, yields [
u

] [
u

]∗
=

[
Ψ

] [
F

] [
F

]∗[
Ψ

]∗
. (5.8)

It can be assumed that the external excitation is primarily radial in na-

ture and arise from the normal wall pressure acting at the external surfaces

of the cylinder. As Fz(n, kz), Fφ(n, kz) = 0 , Eq. (5.8) gives

urur
∗ = Ψ33Ψ33

∗P0(kz) (5.9)

The power spectral density of the internal pressure at any radial location,

as expressed in in equation (5.10), can be derived using relations given in

equations (5.6) and (5.9).

Pi(ω) =

∫
ρ2iω

4

∣∣∣∣Ψ33

∣∣∣∣2 ∣∣∣∣ J0(γ1r)γ1J0
′
(γa)

∣∣∣∣2 P0(kz, ω)dkz. (5.10)

5.3.3 Wavenumber frequency response spectra : FEA

The analytical model derived in section 5.3.2 is highly simplified and

completely neglects the presence of the sensors in the tube which can in-

troduce considerable changes in acoustic modes leading to corresponding

variations in predictions on flow noise response of the fluid filled arrays.

Analytical representation of the response characteristics of the actual ar-

ray and sensor configuration is difficult due to the complex geometrical and

structural features. Hence a finite element analysis technique is used to ob-

tain the frequency wavenumber response characteristics of the sensor pack-

aged in a fluid filled towed array tube. An axisymmetric acoustic analysis

procedure was employed in the study considering the axisymmetric nature

of geometry and loading, leading to significant reduction in computational

size of the problem.
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Table 5.1: Material properties

Array Tube

Young’s Modulus 1.0+0.1i Gpa
Poisson’s Ratio 0.33

Water

Density 1000 Kg/m3

Speed of Sound 1500 m/s

Figure 5.7 shows the typical configuration of the FEA model used in

the study. Table 5.1 summarises the material properties used in the analy-

sis. Visco-elastic nature of the array tube is incorporated into the analysis

through a complex modulus with tan δ = 0.1. A non-reflecting boundary

condition is used at the outer boundary of external fluid domain. Harmonic

analysis was performed at 50 different frequencies in the range 0-500Hz to

obtain an effective coverage of frequency range of interest where flow noise

is significant ( [98, 99]). A distributed pressure load at the external sur-

face of the array tube with sinusoidal variation along the axis of the tube

was applied to simulate excitations corresponding to different wavenum-

bers. The wavenumber range required for accurate prediction of flow noise

levels were arrived at based on a preliminary analysis to obtain response

characteristics of the sensor configuration. The spatial distribution of the

time harmonic load applied on the tube was varied over a wavenumber

range of 0.01-6500 radians/m to cover the frequency wavenumber domain

where structural response to flow noise excitation is significant. At each

frequency, the external loading on the array tube was varied to sample fre-

quency wavenumber space with sufficient resolution to capture the struc-

tural response features accurately. The strain response at the fibre laser

is captured at each analysis point, which is then converted to equivalent

sound pressure level using analytical value of acoustic sensitivity of the
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fibre laser hydrophone.

Figure 5.7: FEA Model showing different computational domains

5.4 Results and discussion

The wall pressure spectra given in equation (5.4) is applicable only for

cases in which boundary layer thickness δ >> a, the radius of the tube.

The momentum thickness (θ) for the fibre laser sensor array configuration

was obtained from drag measurements conducted on similar arrays ( [100])

following a control volume approach given in reference [101]. Using a con-

servative assumption of δ = 8θ ( [102]), the boundary layer thickness for

the fibre laser hydrophone has a value greater than 80mm and is signifi-

cantly larger than the array tube radius. The spectral levels of wall pressure

fluctuations depend directly on the skin friction coefficient of the towed ar-

ray through friction velocity(v∗). The friction velocity value of 0.038U is

used in equation (5.4) based on skin friction values estimated from drag

measurements on thin line arrays [100].
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The flow noise power spectral densities were numerically evaluated for

different tow speeds ranging from 1 m/s to 8 m/s. Figure 5.8 compares the

circumferentially averaged flow noise spectrum at the surface of the array

tube with the flow noise spectrum at the centre line of the towed array at

different tow velocities. It can be observed that significant reductions in

flow noise levels could be achieved by packaging the sensor inside a fluid

filled tube.
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Figure 5.8: Power spectral density of pressure at the surface and at the
centre of the towed array tube for different tow velocities. The solid lines
correspond to flow noise spectrum at the central line of the array and dotted
lines correspond to flow noise spectrum on the surface of the array tube.

The analytical model was also used to examine the variation of the

power spectrum of the pressure at the different radial locations inside the

array. Variation of the frequency spectrum along the radius of the array

scaled by the value at the centre line is given in figure 5.9 for a sample

tow velocity of 2 m/s. It can be observed that the variation along the

radial direction is negligible as it is mainly controlled by Bessel function

amplitudes in equation (5.6). The argument to the Bessel function is very

small for the wavenumbers and radius used in the study. In physical terms,
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Figure 5.9: Internal pressure spectrum variation with radial location at
different frequencies

the internal wavelengths along the radial direction mainly depends on the

acoustic velocities of the internal fluid and are much larger in comparison

to the array diameter used in the study to result in significant variation

in pressure amplitudes along the radius. The variation of internal pressure

spectrum with tube diameter for a tow velocity of 2 m/s is shown in fig-

ure 5.10. The flow noise spectrum inside the tube was observed to increases

with decrease in array tube diameter.

The flow noise response at the fibre laser hydrophone can be calculated

from the strain response spectrum (Hs(k, ω))and frequency wavenumber

spectrum of the flow noise on array tube((P0(k, ω)) using equation (5.11).

In equation (5.11), the factor 4π is used to account for conversion from

two sided radian frequency measure to Hertz [80]. The obtained flow noise

response is then scaled using the sensitivity of the fibre laser hydrophone

to represent flow noise in dB ref 1µPa. Thin line arrays used in underwater

surveillance application usually consists many individual sensors, which are

spaced as per array signal processing requirements. It can have length of
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Figure 5.10: Variation in internal pressure spectrum at r=0 for different
array diameters for a tow velocity of 2 m/s

the order of a few tens of meters. Key dimensional features of the sensor

and the tube used in the analysis is summarised in table 5.2. Modelling the

entire array for its response characteristics is computationally prohibitive.

Hence a section of the array of 0.2 meter with acoustically hard blocking

plugs at both the ends is considered initially to get preliminary estimate

of the response characteristics. Figure 5.11 shows the strain response char-

acteristics for the above mentioned array configuration. The flow noise

response of the sensor in terms of equivalent acoustic noise ( through scal-

ing by the acoustic sensitivity value of 2.9 × 10−9 strain/Pa) is calculated

according to equation (5.11). Flow noise estimates for different tow speeds

are presented in figure 5.12.

ε(f) = 4π

∫ ∞
−∞

P0(k, ω)Hs(k, ω)dk (5.11)

Finite element simulations were further extended to study the effect of

tube length considered in the analysis. Length of the array section mod-

elled in the analysis was varied from 0.2m to 1.6m. Flow noise estimates
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Table 5.2: Dimensions used in the analysis

Feature Value

Sensor packaging outer diameter 16 mm
Diaphragm diameter 12 mm
Diaphragm thickness 0.3 mm
Sensor length 70 mm
Tube outer diameter 20 mm
Tube thickness 1 mm
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Figure 5.11: Strain response characteristics of the prototype sensor for a
tube length of 0.2m
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were obtained for different tube lengths and they are compared against an-

alytical prediction for centre line pressure spectra using simplified geometry

in figure 5.13. As expected, the peak corresponding to the breathing mode

moves to lower frequency with increase in the tube length and the flow

noise spectra marginally decreases with increase in the tube length. The

maximum tube length considered in the analysis corresponds to Nyquist

spatial sampling rate for a maximum acoustic frequency of 500 Hz. It is

reasonable to assume that thin line arrays for underwater surveillance ap-

plications rarely use sensor spacing greater than 1.5 meters. The analytical

prediction using the infinite cylinder model is lower than the results ob-

tained using finite element analysis due to difference in tube lengths. The

effective sensor dimensions are comparable to the tube diameter and hence

results in noticeable changes in dynamic characteristics of the fluid filled

array. These changes also partly contribute to this observed difference in

predicted values.
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Figure 5.14: Variation in flow noise isolation with tow velocity

Flow noise isolation, defined as the ratio of flow noise spectrum at the

surface of the tube to the flow noise spectrum at the array centre line, ob-
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tained from analytical model as well as FEA is plotted in figure 5.14. There

is a difference in the flow noise isolation levels predicted by analytical model

and FEA, nevertheless both approaches predict a similar trend. Although,

the fluid filled array configuration is capable of achieving large reduction in

flow noise experienced by the sensor, the magnitude of flow noise isolation

decreases with increase in tow speed. This arises due to the fact that as

the tow speed increases, the wavelengths corresponding to the convective

peaks also moves closer to the structural response peak in the wavenumber

domain. Hence the amount of isolation to the convective peak significantly

reduces with increase in the tow speed as demonstrated in figure 5.15. As

the tow speed increases from 2 m/s to 8 m/s, the convective peak moves to

a wavenumber region where the sensor packaging has a higher sensitivity

leading to a reduction in flow noise isolation.
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Figure 5.15: Wavenumber distribution of flow noise excitation, sensor trans-
fer function and sensor response at 250 Hz. Top plot shows flow noise
excitation on the surface of the cylinder, middle plot shows variation in
sensitivity of the sensor array packaging with wavenumber and bottom
plot show the flow noise response at the sensor
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5.5 Conclusion

The flow noise response of a diaphragm based fibre laser hydrophone

array to wall pressure fluctuations in an axisymmetric boundary layer at

different tow speeds is presented. Equations for the flow noise levels inside

the array tube were obtained by modelling the towed array as an infinite

fluid filled tube submerged in water. Improved estimates of flow noise

levels for the actual array configuration were then obtained based on the

finite element analysis of array sections. Though, significant reduction in

flow noise levels can be achieved through fluid filled array configuration,

the flow noise isolation decreases with increase in tow speed. The flow

noise arising due to turbulent wall pressure fluctuations for the analysed

configuration was found to be less than the usual ambient noise levels in

the sea for operating speeds below 2 m/s. It was also observed that the

variation in flow noise levels corresponding to increase in length of array

section in FEA model is only marginal for typical sensor spacings used in

thin line arrays used for underwater surveillance applications.
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Chapter 6

Performance Characterisation:

Experiments

Previous chapters presented the principles behind fibre laser based un-

derwater acoustic sensing and a design configuration to achieve the per-

formance objectives. Many different sensor packaging configurations were

tried out during the course of this thesis work to to understand the prac-

tical issues of engineering them as well as to evaluate their performance

against the requirements discussed earlier. Figure 6.1 shows the pictures

of the different configurations.

The simplest among them is a fibre laser packaged inside a water filled

acrylic tube as shown in Figure 6.1a. It provides sufficient protection for

easy handling. Figure 6.1b shows a configuration in which low modulus

poly-urethane moulding is applied on the fibre laser. A teflon shell packag-

ing configuration which tries to enhance the sensitivity through geometrical

feature is shown in figure 6.1c. Though, these configurations were able to

provide sensitivity improvements, their operational bandwidth with flat

frequency response were limited by the presence of mechanical resonances.

Figures 6.1d to f shows metal diaphragm based configurations where
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Figure 6.1: Photos various sensor configurations: a) fibre laser packaged in
a water filled acrylic tube b) PU moulding c) teflon shell packaging d) metal
diaphragm packaging, d) pressure compensated diaphragm based design f)
sensor packaging for array construction

6.1d shows a prototype developed to validate the metal diaphragm based

sensing scheme and to understand associated practical issues. Figure 6.1 e & f

shows the pressure compensated hydrophone configuration discussed in

chapter 3 and its modified version for fibre laser hydrophone array con-

struction respectively. This chapter is organised into two main sections;

section 6.1 presents the engineering aspects in construction of sensor con-

figurations shown in figure 6.1 e & f. Results of measurements carried

out on the fibre laser hydrophone towards its performance characterisation

and experimental validation of the analytical model given in chapter 3 is

described in section 6.2.

6.1 Engineering considerations

As illustrated by the parametric study on the diaphragm based design

presented in chapter 3, there are many dimensional configurations that

could achieve the performance objectives. The actual configuration for
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sensor construction was chosen based on the engineering considerations.

A sensor configuration with small diameter is advantageous, especially for

thin line array construction. But, as the diameter decreases, the space

available to incorporate the pre-tensioning arrangement also decreases, thus

necessitating the use of non-standard design features. Another challenge

arises from the fact that, as the diaphragm diameter is reduced, the thick-

ness also need to be reduced to achieve the required sensitivity figure as

discussed in subsection 3.4.4. The cross-sectional area of diaphragm cham-

ber and expansion chamber also reduces with the reduction of diaphragm

diameter, affecting the performance of the acoustic filter significantly, un-

less the connecting link diameters are also reduced correspondingly.

Another major consideration is the ease of fabrication and associated

cost. Manufacturing the main sensor shell in a single piece will significantly

increase the complexity associated with fabrication of of acoustic filter el-

ements. Hence, the main sensor shell was split into multiple-segments to

improve the manufacturability. Necessary tolerance specification ensured

alignment of holes after the assembly. Any localised bending on the fibre

laser due to misalignment can lead to fibre laser output power reduction,

and in many cases, these bends can distort the grating structure to stop

the lasing action.

Fibre laser is centrally placed inside the sensor shell and bonded to the

pre-tensioning arrangement and diaphragm using epoxy. The selection of

the bonding compound and application technique also plays a significant

role. First of all, the moulding technique should be effective in transferring

the diaphragm deformations on to the fibre. A very simplified model of the

active sensing region is shown in figure 6.2. The effective stiffness depends

on the values of stiffness of diaphragm (Kdia), fibre (Kfibre), and moulding

Kmould. The effect of air stiffness Kair is very small in comparison with
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Figure 6.2: Simplified mechanical model of diaphragm-based design

other terms and neglected in analysis. Deformation at the fibre due to a

load N can be expressed as in equation (6.1), which suggest that it would

be ideal to have Kmould >> Kfibre.

δfibre =
N

Kdia +Kfibre +
KfibreKdia

Kmould

(6.1)

It would be advantageous to keep the free length of fibre ( the length

between the mouldings) to the minimum due to two reasons. Amount of

pretension depends on the free length of the fibre and any reduction in this

length yields corresponding reduction in the required pretension. Secondly,

it improves the sensitivity of the hydrophone as the same deformation of

the diaphragm imparts higher strain on a shorter fibre, specifically when

the diaphragm stiffness is much larger than the fibre stiffness. The fibre

lasers used in the study is fabricated by writing the grating structure on to

a rare-earth element doped active fibre. Normal optical fibre is then fusion

spliced on both ends of this active element. Moulding of the fibre during the

sensor packaging needs special attention due to proximity of the moulding

to the fibre splicing points. If proper care is not taken, the moulding can

run over the splicing points. This could lead to lower power outputs from
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fibre laser as the splice junctions are sensitive to uneven strains introduced

during the curing of the moulding compound.

Usually optical fibres are given a protective resin coating to improve

its handling properties. These coatings usually consist of a low modulus

ultraviolet curable resin and has a significantly low shear strength. Hence

this protective coating should be removed to establish direct bonding to

the glass fibre.

The depths up-to which pressure compensation arrangement can ef-

fectively eliminate the effect of static pressure depends on the maximum

achievable compression ratio. As the depth changes, the slider moves inside

the slider chamber to compress or expand the air inside the sensor to com-

pensate for the static pressure variation due to changes in operation depth.

Maximum compression ratio is achieved when the slider motion uses up

the entire slider chamber volume. In the current study, the sensor config-

uration was designed to provide a compression ratio of up-to 5 with the

slider using up the entire volume under an external pressure corresponding

to a 50m water depth. The effective volume of the slider chamber neces-

sary to achieve the required compression ratio depends on the volumes of

diaphragm chamber and expansion chamber. Thus, it is necessary to min-

imise the diaphragm chamber volume to minimise the overall size of the

sensor. As the diaphragm diameter is selected based on the sensitivity and

frequency band requirements, the gap in the diaphragm chamber should

be optimised.

As the gap in the diaphragm chamber is very small (of the order of 1mm)

special attention is needed to avoid accidentally gluing the diaphragm on

the diaphragm chamber walls during the assembly. Thus viscosity, capil-

lary action and the working time of the epoxy play an important role in the

realisation of a working sensor. Two different dimensional configurations
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as given in figure 6.1 e & f were fabricated for experimental studies. Key

features of these two configurations are summarised in table 6.1. Config.A

corresponds to the pressure compensated fibre laser hydrophone discussed

in chapter 3. Config.B is a modified version of Config.A, where pretension-

ing arrangement was modified to achieve a thinner sensor. In addition it

is provided with features required for proper packaging of these sensors in

a polyurethane tube for fluid filled array construction. The dimensional

features of Config.B were chosen so as to achieve a frequency response

characteristic similar to that of Config.A.

Table 6.1: Comparison of sensor configurations

Feature Config.A Config.B

Overall Diameter 20mm 16mm
Overall Length 55mm 70mm
Diaphragm Diameter 7mm 6mm
Diaphragm Thichness 0.35mm 0.3mm
Sensitivity (strain/Pa) [Predicted] 3.4× 10−9 2.8× 10−9

Resonance Frquency (Hz) [Predicted] 7.2× 103 8.5× 103

6.2 Experimental results

6.2.1 Pressure compensation scheme

The effectiveness of the pressure compensation arrangement was tested

through hydrostatic pressure tests. Two different prototypes of sensor Con-

fig.A in table 6.1, one with pressure compensation scheme and the other

without pressure compensation scheme, were subjected to hydrostatic pres-

sures and corresponding changes in the wavelengths of the fibre laser were

measured using an optical spectrum analyser with a wavelength resolu-

tion of 0.01nm. Both configurations are same in all aspect expect the fact

that connecting link between the slider chamber and diaphragm chamber
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is missing in the sensor configuration without pressure compensation. The

pressure compensation scheme for the prototype sensor used for the testing

provided a compression ratio of up-to 4.9 with the slider using up the entire

volume under an external pressure corresponding to approximately 50m of

water depth.

The hydrostatic test chamber was fitted with a custom designed bulk-

head penetrator with optical connectors. This enabled the sensor operation

inside the chamber. A digital pressure gauge was used to measure the hy-

drostatic pressure while a hand pump flitted with release valve was used

for adjusting the pressure inside the test chamber. The penetrator was

carefully designed to retain a small air pocket in the region where the op-

tical connectors are placed. This avoided the performance issues related to

water ingress into the optical connector. But this arrangement necessitated

more wait time before the pressure in the test chamber stabilised due to

higher solubility of air in water at higher pressure. The hydrostatic pres-

sure readings and wavelengths were noted once the pressure in the chamber

stabilised.

The results are plotted in figure 6.3. The sensor without pressure com-

pensation was tested up-to a depth of 11m and at higher pressures the

lasing action stopped intermittently. The sensor with pressure compen-

sation was subjected to hydrostatic pressures corresponding to 100-meter

depth though the maximum compression ratio of pressure compensation

scheme is expected to provide static pressure compensation only up to 49

meter of water depth. Experimental results showed that the shift in the

wavelength of the fibre laser corresponding to the static pressure is negligi-

ble for operational depths up to about 43 meters, which is approximately

6 meter lower than the theoretically value. A mismatch between the slider

chamber volume accounted for in the computation and the actual volume
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(a)

(b)

Figure 6.3: Experimental results from hydrostatic testing. (a) shows the
variation of fibre laser wavelength with hydrostatic pressure for a pres-
sure compensated sensor prototype and (b) shows the similar results for a
prototype sensor without pressure compensation.

108



could be one of its the possible causes. Manufacturing errors, observed

during the assembly of the sensor is believed to be another contributor to

this deviation. Slider motion was not very smooth over the end section of

slider chamber, resulting in increased friction at these points. In addition,

the air volumes in the O-ring grooves of the slider and little extra free space

getting generated in the side chamber due to the chamfer provided on the

slider etc. are not considered in the calculation. Depending on the func-

tional requirements, operating range of the pressure compensation scheme

can be further increased by providing additional volume in the slider cham-

ber. Further optimisation of diaphragm chamber volume could also lead

to improvements in the operating range of static pressure compensation

scheme.

The effects of friction at the O-ring sealing between the slider and the

slider chamber walls could be observed in the test results. Stick-slip fric-

tion at the O-rings is possibly the main contributor to the wavy nature of

wavelength variations with external hydrostatic pressure. The difference

in the wavelengths between pressure increase and pressure decrease for the

depth range 0-40 meter is also partially linked to the friction effects. Static

friction effects produce a small pressure difference between side chamber

pressure and external hydrostatic pressure. When the external hydrostatic

pressure is increased, the air chamber pressure will be slightly lower than

the external pressure and vice versa when the external hydrostatic pressure

is decreased. This small pressure difference will result in corresponding

wavelength changes on fibre laser output. The stick-slip friction at the O-

ring sealing in the chamber is possibly the main contributor to the wavy

nature in the wavelength variations with external hydrostatic pressure.

The hydrostatic pressure has negligible effect on the acoustic sensitivity

of the pressure compensated hydrophone as the effective stiffness contribu-
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tion from the air in the chambers of the sensor is insignificant compared

to the total stiffness of the active sensing area. In addition, the acoustic

impedance of the air is much lower than that of water. Even when the sen-

sor operates at 50m water depths, the acoustic impedance of water is more

than 700 times higher than that of air. Figure 6.4 compares the predicted

sensitivity performance of the sensor at 1 m depth and 50 m depth.

Figure 6.4: Effect of hydrostatic pressure on acoustic sensitivity of the
pressure compensated fibre laser hydrophone

6.2.2 Acoustic test

The schematic of the experimental set up, used to evaluate the acous-

tic characteristic of the DFB-FL hydrophone, is shown in figure 6.5 and

a picture of measurement instrumentation is shown in figure 6.6. A Mach

Zehnder interferometer, configured with 1m path imbalance and a peizo-

ceramic fibre stretcher, was used in the measurement. The phase demod-

ulator, OPD4000 from Optiphase R©, employed a phase generated carrier

(PGC) demodulation technique as detailed in the reference [76]. Sensitiv-

ity of the pressure compensated fibre laser hydrophone in the frequency
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range 1-10kHz were evaluated in a 2m × 2m × 2m acoustic tank using

signal pulses at each frequency to eliminate the effect of acoustic modes

of the tank on the measurement results. The low frequency measurement

limit was imposed by the tank size as well as the low transmitting voltage

response (TVR) of the transmitter. Test signals were amplified and then

transmitted using B&K 8105 acoustic transducer.

Figure 6.5: Lab measurement configuration: Schematic

Figure 6.6: Lab measurement configuration: Instrumentation

The sensitivity of the FLH was measured by comparing the output of

FLH system with the output from a reference hydrophone (B&K 8104).

Nexus preamplifier was used to amplify the signals coming from the ref-

erence hydrophone. A preamplifier gain of 45 dB resulted in a voltage

sensitivity of -160 dB ref 1V/µPa for the reference hydrophone which has
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a flat frequency response with in ±2 dB in 1Hz-10kHz. All the transducers

were placed at a depth of 1 m which corresponds to mid-depth point of

the acoustic tank used in the measurement. The sensors were placed in

the tank such that it will results in maximum time delay between direct

and reflected arrivals of the transmitted signals at the FLH and reference

hydrophone. NI-6251 data acquisition system from National Instruments

was used for digitising the data and the whole measurement and analysis

were carried out under Matlab R©environment. The received signals were

then band pass filtered around the transmission frequency before picking

amplitude values for the estimation of the sensor sensitivity.

Figure 6.7 shows the comparison of the signal received by the refer-

ence hydrophone and FLH for a transmission at 3300Hz. At 3300 Hz the

wavelength is 0.45 m. Thus two cycles at 3300Hz was used to avoid the

interference with reflections from the wall. The red squares in figure 6.7

shows the amplitudes picked for estimation of sensitivity. This procedure

was repeated 10 times at each test frequency.

Figure 6.7: Band pass filtered output from reference hydrophone and FLH
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Figure 6.8 shows the comparison between the experimental results with

the simulation results obtained from simplified theoretical model. For the

direct comparison, the strain response values obtained from theoretical

model were converted into Radians/µPa units through the application of

equations (3.1a) and (3.28). The error bars on the experimental results

show the range of sensitivity values observed in a set of 10 measurements

at each test frequency. The median value was used in creating the trend

curve. For sensor config.A, measurements from three different sensors were

given and sensitivity values were found to vary between the sensors. This

variation could be due to small variations in diaphragm dimensions and

inaccuracies in the moulding the diaphragm on to the sensor shell. The

measurement repeatability improved at higher frequencies due to better

SNR provided by the transmitter at those frequencies. Variations in the

sensitivity across the measurements at low frequencies are attributed to the

lower transmitter efficiency at low frequencies and also due to the smaller

size of the tank in which measurements were carried out. The experimental

results compared reasonably well with the analytical results. The prototype

FLH-2 showed a slightly higher natural frequency and lower sensitivity

compared to the theoretically predicted results. One possible source for

this difference could be the small reduction in effective diameter of the

diaphragm arising due to the epoxy moulding at the diaphragm chamber

− diaphragm interface. The differences in material properties used in the

analysis from the actual values also could have contributed to these small

deviations from the predicted results.

Figure 6.9 shows similar results for config.B and it is marked as Meas 1,

The results obtained using half sine pulse excitation in the frequency range

2-7kHz is also presented in the same figure for direct comparison. The

coherence between the reference sensor and fibre laser hydrophone were
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Figure 6.8: Comparison of measured and simulated hydrophone sensitivity
for config.A

very low outside this measurement range. The half sine pulse measurements

were carried out in an acoustic tank of size 50 m × 20 m × 18 m and the

sensors were placed at a depth of 5 meter. A good agreement can be

observed between measured and predicted results.

Figure 6.10 shows the direct comparison among the sensitivity results

for config.A obtained through analytical model, finite element analysis and

experiments.

Figure 6.11 shows the comparison of performance of the fibre laser hy-

drophone with that of reference hydrophone (B&K 8104) with Nexus pre-

amplifer set to have an effective sensitivity of -160 dB ref 1V/µPa. Both

the FLH and B&K 8104 were placed at 1 meter distance from the source

transmitting 3kHz test signal. The output of the FLH was scaled to align

the peaks corresponding to the 3kHz test signal. It can be observed that the

output from the fibre laser hydrophone closely follows the results obtained

from reference hydrophone. While the effect of power supply frequency

and its harmonics are predominant in reference hydrophone, its effect are
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Figure 6.9: Comparison of measured and simulated hydrophone sensitivity
for config.B; Meas 2 corresponds to measurement carried out using pulse
excitation

Figure 6.10: Comparison of sensitivity results from analytical model, FEA,
and experiment for config.A
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significantly lower in the fibre laser hydrophone measurements. The second

and third harmonics of the test signal, although of very small magnitude,

can be observed in FLH and reference hydrophone at 6 kHz and 9 kHz

respectively. It can be observed that distortion signals at harmonics have

higher amplitudes compared to the reference hydrophone. This arises due

to higher sensitivity of fibre laser hydrophone at these frequencies. The

small signal around 8kHz is of unknown source associated with tank mea-

surement set-up.
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Figure 6.11: Performance comparison between fibre laser hydrophone and
B&K 8104. Power spectrum of the outputs from both sensors for a contin-
uous transmission at 3kHz is sown

Figure 6.12 shows the comparison of voltage sensitivity performance of

the fibre laser hydrophone ( 1 m optical path difference in the interferometer

and 1 V/Radian gain setting on the demodulator) with that of reference

hydrophone (B&K 8104 with a preamplifier gain of 45dB) with Nexus pre-

amplifer set to have an effective sensitivity of -160 dB ref 1V/µPa.

116



Figure 6.12: Performance comparison between fibre laser hydrophone and
B&K 8104

6.2.3 Noise floor

The acoustic noise floor of the sensor system depends on four major

parameters which are optical noise floor, optical path difference used in the

interferometer, electronic noise floor of the demodulator, and mechanical

sensitivity of fibre laser hydrophone packaging. The optical noise floor of

the fibre laser is the most important among them as other contributing

factors could be controlled to suit the measurement configuration. The

optical noise floor is primarily decided by inherent frequent noise of the fibre

laser [60]. This frequency noise depends on the properties of the materials

and techniques used in the fabrication of fibre laser and is not affected by

the packaging scheme used in the construction of the sensor [103].

The noise floor of the fibre laser hydrophones are usually represented

in terms of noise equivalent pressure (NEP), which is the frequency noise

scaled by the sensitivity of fibre laser hydrophone to express frequency noise

level in terms of pressure spectrum level. This helps in direct comparison

with ambient acoustic noise data [49]. As the equivalent pressure level
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corresponding to the optical noise floor scales with mechanical sensitivity

of sensor packaging, any improvements in mechanical sensitivity will lead

to corresponding reduction in noise floor of the sensor in terms of equivalent

pressure levels. Thus the NEP of the sensor packaging scheme proposed in

this thesis mainly depends on the frequency noise.

The frequency noise of the fibre laser can be measured using a config-

uration similar to the one used for acoustic measurement. The fibre laser

is isolated from all external excitations and an interferometer with large

optical path difference is used to amplify the frequency noise from the fibre

laser. The fibre laser was packaged in a water filled acrylic tube and this

configuration has very low acoustic sensitivity. The acoustic sensitivity of

a UV curable resin coated fibre laser packaged in a water filled acrylic tube

is of the order of -200 dB ref 1Rad/µPa for an optical path difference of 1m

( 70dB ref 1Hz/Pa). Frequency variations produced in this sensor config-

uration due to normal sound pressure level of 40 dB ref 20µPa in air is at

least 20 dB lower than the inherent frequency noises expected in DFB fibre

lasers. An optical path difference of 50 m was used in the interferometer

whereas 2 m optical path difference was sufficient to bring the optical noise

floor above the electronic noise floor of the demodulator (3µRadians/
√
Hz)

employed in the experiment. This ensures that fibre laser frequency noise

is much higher than the electronic noise floor of the opto-electronics instru-

mentation.

Fibre lasers from two different batches were used in the construction

of the sensors. The first batch obtained in year 2011 has relatively lower

frequency noise compared to the latest batch procured in 2012. The NEP

for the sensor configuration using fibre lasers from two different batches

are shown in figure 6.13. Fibre lasers which gave lowest frequency noise

levels were used for the comparison. Figure 6.13 also plots the NEP for
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Figure 6.13: Comparison of noise equivalent pressure spectral density
(NEP) with ambient noise spectral density for sea state zero

the proposed sensor configuration using fibre lasers with better frequency

noises as reported in [49, 60]. The ambient noise spectrum for a sea state

zero reported by Dahl et al. [59] is plotted in figure 6.13 for direct compar-

ison. It can be observed that by using fibre lasers with better frequency

noise than currently employed in sensor construction, the proposed sensor

configuration can achieve better than sea state zero noise floor.

6.2.4 Acceleration sensitivity

The acceleration sensitivity of the fibre laser hydrophone was measured

in air by vibration testing . The prototype sensor was mounted on a vibra-

tion shaker and subjected to random vibrations in frequency range 50Hz-

10Khz. The acceleration sensitivity values were obtained by comparing

fibre laser hydrophone output with the measurements from a calibrated ref-

erence accelerometer mounted on the vibration fixture. Figure 6.14 shows

the experimental setup used for the vibration testing. A digital signal anal-

yser generates the excitation signal which is amplified by a power amplifier
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before it is applied to the vibration exciter. The signal outputs from FLH

and reference accelerometer are fed back to the digital signal analyser for

estimation of acceleration sensitivity.

The noise rejection figure [49], defined as the ratio of the pressure sensi-

tivity to acceleration sensitivity, was also calculated by scaling the acceler-

ation sensitivity values using the pressure sensitivity in the frequency range

0-5kHz. The sensor has an average noise rejection figure greater than 0 dB

ref 1m/s2/Pa in the frequency range of interest. Figure 6.15 shows the

acceleration sensitivity and acceleration rejection figure for the prototype

sensor for vibration excitation along and normal to the axis of the sensor.

The prototype sensor’s acceleration rejection figure is of the same order of

magnitude as the results reported by Foster et al. [49] on micro-engineered

silicon crystal fibre laser hydrophone.

Figure 6.14: Experimental setup used in the measurement of Acceleration
sensitivity along and normal to the axis of the sensor

6.2.5 Temperature sensitivity

As fibre laser output wavelength is sensitive to temperature changes, it

is important to characterise the variation in sensor wavelength with tem-

perature. The relation between the Bragg wavelength and parameter of

the fibre Bragg reflectors written to create the fibre laser is given in equa-

tion (6.2) where neff is the effective refractive index and ΛB is the grating
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Figure 6.15: Acceleration sensitivity and acceleration rejection along and
normal to the axis of the sensor

pitch. [104]

λB = 2neffΛB (6.2)

Differentiating equation (6.2) with respect to temperature yields

1

λB

dλB
dT

=
1

ΛB

dΛB

dT
+

1

neff

dneff
dT

. (6.3)

In equation (6.3), first term corresponds to thermal expansion of silica fibre

and second term is the thermo-optic coefficient. While the thermo optic

coefficient for a normal fibre has a value in the range 3.5−7×10−6 ◦C−1, the

magnitude of thermal expansion coefficient is only 5× 10−7 ◦C−1 which is

an order less than the thermo-optic effect(pp.83 ref [105]). Typical values of

the temperature sensitivity of Bragg wavelength in literature is summarised

is table 6.2.

In order to measure the temperature sensitivity of the pressure compen-

sated diaphragm based fibre laser hydrophone to temperature variation,

121



20 25 30 35 40 45

1555.35

1555.4

1555.45

1555.5

1555.55

1555.6

1555.65

1555.7

1555.75

1555.8

Temperature (oC )

W
a
v
el
en

g
th

(n
m
)

 

 

 
y = 0.0187*x + 1.55e+03

Experiment

   Linear Fit

Figure 6.16: Variation of fibre laser wavelength with temperature

Table 6.2: Temperature sensitivity

Source Wavelenth (nm) Temp. Sensitivity (nm◦C−1)

Rao [106] 1550 0.013
Morey [107] 800 0.007
Launay [108] 1550 0.012
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prototype sensor is immersed in a hot water bath and is allowed cool to

room temperature from 45◦C. The wavelength of the fibre laser output is

then monitored using an optical spectrum analyser with spectral resolution

of 0.02nm. Figure 6.16 shows the variation of fibre laser wavelength with

temperature. As it could be seen from the figure that the temperature

sensitivity of the sensor has a value of 0.0187 nm◦C−1 and is higher than

that of bare fibre lasers and Bragg gratings listed in table 6.2. This could

be due to the fact that Aluminium used in fabricating the sensor shell has

a thermal expansion coefficient of 2.3 × 10−5
◦C−1 and this value is signif-

icantly higher than the value corresponding to silica glass. Nevertheless,

the wavelength variation observed due to corresponding variation in tem-

perature is too small to affect the performance of an individual sensor or

the multiplexing characteristics of the sensor when used in an array.
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6.3 Sensor Specifications

The detailed specifications of the final sensor configuration are sum-

marised in table 6.3.

Table 6.3: Sensor specifications

Parameter Value

Acoustic Sensitivity -112 ±2 dB ref 1Hz/Pa
-150 ±2 dB ref 1Rad/µPa, 2 m
path difference in interferometer

Frequency range 20 Hz - 5kHz

Maximum safe operating depth 50 m
Acceleration rejection Better than 0 dB ref 1m/s2/Pa
Temperature Sensitivity 0.0187 nm◦C−1

Sensor noise floor (Noise equiva-
lent pressure)

< 45 dB ref 1µPa1 at 1kHz

Dynamic range >100 dB

Sensor dimensions
Overall length 70 mm
Overall diameter 16 mm
Diaphragm diameter 12 mm
Diaphragm Thickness 0.3 mm

6.4 Conclusion

The performance of the pressure compensation scheme for the laser hy-

drophone was validated through hydrostatic testing. The pressure compen-

sated fibre laser hydrophone showed negligible variation in the wavelength

with static pressure for operational depths up to 40 meters, which could

be further improved by increasing the slider chamber volume of the pro-

posed fibre laser hydrophone encapsulation. Temperature sensitivity mea-

1when used with a fibre laser with frequency noise < 60 Hz/
√
Hz and an electronic

instrumentation where the electrical noise floor is of the order of 3µV/
√
Hz
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surements for the sensor indicate that variation in fibre laser wavelengths

are not significant enough to cause any issues with wavelength division

multiplexing schemes for normal operating temperatures in the sea. The

acceleration sensitivity measurements in air showed that the sensor has an

acceleration rejection figure of 0 dB ref m/s2Pa. The sensitivity values of

the prototype sensors were experimentally obtained through acoustic pulse

testing. The experimental results appear to be in good agreement with the

predictions from the analytical model.
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Chapter 7

Conclusions & Further Research

7.1 Conclusion

Fibre laser based sensing offers an attractive alternative to conventional

piezo-ceramic based hydrophones for thin-line towed array applications.

This thesis presented the major design considerations in the development

of a fibre laser hydrophones and the challenges in achieving the performance

objectives. A novel metal diaphragm based pressure compensated packag-

ing scheme is proposed to achieve the performance objectives. A simplified

analytical model for diaphragm based sensing was developed and validated

through finite element analysis and experiments.

Distortion characteristics of widely cited demodulation schemes were

studied in the context of fibre laser based sensing. In contrast to the an-

alytical predictions, the distortion ratios of PGC-arctangent schemes were

found to vary with frequency of the signal with higher distortion figure

compared to analytical estimates even under ideal operating conditions.

PGC-optiphase algorithm, in which quadrature components of the phase

change signals were estimated directly from the interferometer output with-

out the application of low-pass filter, was found to give better distortion
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free performance over wide frequency and amplitude ranges.

Equations for the flow noise levels inside the array tube were obtained

by modelling the towed array as an infinite fluid filled tube submerged in

water. Improved estimates of flow noise levels for the actual array config-

uration were then obtained based on the finite element analysis of array

sections. Though significant reduction in flow noise levels can be achieved

through fluid filled array configuration, the flow noise isolation decreases

with increase in tow speed. The flow noise arising due to turbulent wall

pressure fluctuations for the analysed configuration was found to be less

than the usual ambient noise levels in the sea for operating speeds below

2 m/s. It was also observed that the variation in flow noise levels cor-

responding to increase in length of array section in FEA model is only

marginal for typical sensor spacings used in thin line arrays for underwater

surveillance applications.

Experiments were carried out to validate the sensor’s susceptibility

to non-acoustic external excitations like static pressure, acceleration, and

temperature variation. The pressure compensated fibre laser hydrophone

showed negligible variation in the wavelength with static pressure for op-

erational depths up to 40 meters, which could be further improved by in-

creasing the slider chamber volume of the proposed fibre laser hydrophone

encapsulation. The sensor has an acceleration rejection figure of 0 dB ref

1m/s2Pa which is comparable to the best values reported in the literature.

Though the temperature sensitivity figure of the present configuration is

slightly higher compared to a bare fibre laser, variation in fibre laser wave-

lengths is not significant enough to cause any issues with wavelength di-

vision multiplexing schemes or sensor performance for normal operating

temperatures in the sea. In summary, this thesis brought out the realisa-

tion of a high performance miniature fibre laser hydrophone for thin-line

127



towed array application.

7.2 Future work

Although, the current sensor configuration compensates for the static

pressure, additional arrangements are required in conventional liquid filled

array construction to account for the effective volume changes inside the

array at higher depths. In general, fibre optic sensors are not prone to

water leakage into the array due to the absence of wet-end electronics.

Hence, a free flooded array construction and associated engineering may

be an area of much practical interest. To extend the performance of the

proposed configuration, one can consider the application of high perfor-

mance materials in construction of active sensing portion of the sensor.

Other innovative techniques and mechanisms that allow strain sensitivity

enhancements without affecting sensor’s frequency response characteristics

can also be explored.

Inherent frequency noise is one of the major parameters that limit the

performance of the fibre laser hydrophones. The frequency noise of the

fibre lasers used in the current study is higher than the values reported in

the literature. This high noise floor has essentially necessitated the sensor

to be more compliant resulting in reduction in operational bandwidth of

the sensor. The performance of the sensor could be further improved and

a more compact sensor can be realised if a fibre laser with lower noise is

employed in sensor construction. A low noise fibre laser will also open the

possibility of using fill materials inside the sensor chambers. Preliminary

simulation studies have shown that filling the sensor with liquids (with

lower acoustic impedance than water) can result in a more compact sensor

but at the cost of acoustic sensitivity. Liquid filled sensor construction can
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also extend the safe operational depths to a few 1000 meters.

While hydrophones are capable of measuring the local pressure infor-

mation of acoustic field, any additional information on the direction of the

acoustic field is of significance in array signal processing. Fibre laser based

acoustic vector sensor is a natural extension of the current work.

Computational complexity of frequency wavenumber estimate from FEA

increases substantially when a sensor configuration requires 3D analysis for

accurate response calculations. The mesh density required for the analysis

directly depends on the wavenumber domain that needs to be modelled.

Hence dividing the problem into different frequency bands as in conven-

tional acoustic analysis would not lead to corresponding reduction in com-

putational size of the problem. Thus the development of a computationally

efficient analysis technique for flow noise estimation is another area for fur-

ther research.

Flow noise studies presented in this thesis used an axisymmetric model

to arrive at the flow noise estimates for fibre laser hydrophones. Most of

the results on turbulent wall pressure spectra and models are based on flow

over flat plates. The axisymmetric estimates are usually derived through

integration over a wavenumber range around each feasible circumferential

wave number associated with the cylindrical geometry. But better tech-

niques are necessary, especially when the sensors are placed off the axis of

the array. Analysis become more complicated when the cylinder is not per-

fectly aligned along the flow1. Development of better flow noise models for

cylindrical boundary layer and validation of existing models for cylinders

is still an open problem.

The work presented in thesis can be extended through experimental

validation of flow noise estimates. Self noise in normal water tunnel fa-
1In towed arrays, this scenario can arise due to deviation from neutral buoyancy,

array dynamics and cross flows.
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cilities often preclude their application in flow noise measurements. One

of the most common approach is to tow the sensor array in quiet lakes or

reservoirs. The main challenge in flow noise testing is to realise a towing

arrangement that can achieve the required tow speed without affecting the

ambient noise floor of the lake.
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Appendices

Structural acoustics of a fluid loaded infinite

cylindrical shell [97]

The array tube can be modeled as a cylindrical shell. The equations

of motions for an isotropic cylinderical shell can be expressed as given

in equation (1). Equation (1) is based on the Goldenveizer & Novozhilov

(Arnold & Warburton) shell formulations under the assumption that rotary

inertia and transverse shear effects are negligible. These equations can

provide sufficient accuracies required for acoustic calculations.


L11 L12 L13

L21 L22 L23

L31 L32 L33



uz(φ, z)

uφ(φ, z)

ur(φ, z)

 =


Fz(φ, z)

Fφ(φ, z)

Fr(φ, z)

 (1a)
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where

(1b)

L11 = −E1

(
∂2

∂z2
+

1− ν
2a2

∂2

∂φ2

)
+ ρsh

∂2

∂t2
, (1c)

L12 = −E1
1 + ν

2a

∂2

∂z∂φ
, (1d)

L13 = −E1
ν

a

∂

∂z
, (1e)

L21 = L12, (1f)

L22 = −E1

(
1− ν

2

∂2

∂z2
+

1

a2
∂2

∂φ2
+ 2β2(1− ν)

∂2

∂z2
+
β2

a2
∂2

∂φ2

)
+ ρsh

∂2

∂t2
,

(1g)

L23 = −E1

(
1

a2
∂

∂φ
− β2(2− ν)

∂3

∂φ∂z2
− β2

a2
∂3

∂φ3

)
, (1h)

L31 = −L13, (1i)

L32 = −L23, (1j)

L33 = E1

(
1

a2
+ β2a2

∂4

∂z4
+
β2

a2
∂4

∂φ4
+ 2β2 ∂4

∂z2∂φ2

)
+ ρsh

∂2

∂t2
, (1k)

β2 =
h2

12a2
, (1l)

E1 =
Eh

1− ν2
, (1m)

where u represents the displacements and F represent the forces acting in

the direction indicated by the subscripts in a cylindrical coordinate system,

E is the Young’s modulus of the cylinder and ν is the Poisson’s ratio and

ρs is the cylinder density. The equation of motion given in Eq. (1) can be

simplified by using a Fourier transform and writing equations in spectral

field quantities using relation given in Eq. (2).

F(r, n, kz) =
1

2π

2π∫
0

exp(−inφ)

∞∫
−∞

F (r, φ, z)exp(−ikzz)dzdφ (2)
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Thus for time-harmonic motions, the equation Eq. (1) can be written as


S11(n, kz) S12(n, kz) S13(n, kz)

S21(n, kz) S22(n, kz) S23(n, kz)

S31(n, kz) S32(n, kz) S33(n, kz)



uz(n, kz)

uφ(n, kz)

ur(n, kz)

 =


Fz(n, kz)

Fφ(n, kz)

Fr(n, kz)


(3a)

where

(3b)

S11(n, kz) = −E1

(
k2z + n21− ν

2a2

)
− ω2ρsh, (3c)

S12(n, kz) =
−E1(1 + ν)nkz

2a
, (3d)

S13(n, kz) =
−E1νikz

a
, (3e)

S21(n, kz) = S12(n, kz), (3f)

S22(n, kz) = E1

(
(1− ν)k2z

2
+
n2

a2
+ 2k2zβ

2(1− ν) +
β2n2

a2

)
− ω2ρsh, (3g)

S23(n, kz) = −E1

(
in

a2
+ iβ2(2− ν)k2zn+

iβ2n3

a2

)
(3h)

S31(n, kz) = −S13(n, kz), (3i)

S32(n, kz) = −S23(n, kz), (3j)

S33(n, kz) = E1

(
1

a2
+ β2a2k4z +

β2n4

a2
+ 2β2k2zn

2

)
− ω2ρsh, (3k)

where uz(n, kz), ur(n, kz) and uφ(n, kz) are the spectral displacements

and Fz(n, kz), Fφ(n, kz), and Fr(n, kz) are the spectral excitations. For

the problem at hand, it can be assumed that the external excitation is

primarily radial in nature and arise from the normal pressure acting at

internal and external surfaces of the cylinder. Thus the excitation in the
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radial direction can be written as

Fr(n, kz) = P(n, kz)− pi(a, n, kz) + pe(a, n, kz) (4)

where pi, pe are the internal pressure and external pressures acting on the

shell surface. The pressure field inside the cylinder denoted by pi should be

finite at the centre of the cylinder. Hence the solution for internal pressure

can have on Bessel functions of first kind. Thus, the solution of reduced

wave equation in cylindrical co-ordinates yield

pi(r, n, kz) = An(kz)J|n|(γ1r), (5a)

where

γ1 =

√
k1

2 − k2z , (5b)

k1 = ω/ci (5c)

where ci is the velocity of sound in the internal fluid. Furthermore, the

pressure field should satisfy the boundary condition

∂pi(r, n, kz)

∂r
= ρiω

2ur(n, kz) (6)

where ρi is the density of the internal fluid. Thus from equations (6) and

(5) the interior pressure can be written as

pi(r, n, kz) = ρiω
2ur(n, kz)

J|n|(γ1r)

γ1J|n|
′
(γ1a)

(7)
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The pressure field in the exterior fluid domain should satisfy radiation

condition at infinity. Thus

pe(r, n, kz) = Bn(kz)H|n|(γ2, r), (8)

where γ2 =
√

(k2
2 − k2z , k2 = ω/ce and ce is the sound velocity in exterior

fluid. Applying a boundary condition similar to one in Eq. (6), external

pressure can be written as

pe(r, n, kz) = ρeω
2ur(n, kz)

H|n|(γ2r)

γ2H|n|
′
(γ2a)

. (9)

Thus the equation (3) modified to include the effect of fluid loading can

be expressed as

[
S

] [
u

]
=

[
F

]
(10a)

where

[
S

]
=


S11(n, kz) S12(n, kz) S13(n, kz)

S21(n, kz) S22(n, kz) S23(n, kz)

S31(n, kz) S32(n, kz) S33(n, kz) + fl

 , (10b)

[
u

]
=


uz(n, kz)

uφ(n, kz)

ur(n, kz)

 ,

[
F

]
=


0

0

P(n, kz)

 , (10c)

fl = ρeω
2ur(n, kz)

H|n|(γ2r)

γ2H|n|
′
(γ2a)

− ρiω2ur(n, kz)
J|n|(γ1r)

γ1J|n|
′
(γ1a)

. (10d)
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