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Summary

This thesis contains two independent parts. The first part concerns fast par-
allel approximation algorithms for semidefinite programs. The second part

concerns strong direct product results in communication complexity.

In the first part, we study fast parallel approximation algorithms for certain

classes of semidefinite programs. Results are listed below.

e In Chapter 3, we present a fast parallel approximation algorithm for pos-
itiwe semidefinite programs. In positive semidefinite programs, all matri-
ces involved in the specification of the problem are positive semidefinite
and all scalars involved are non-negative. Our result generalizes the

analogous result of Luby and Nisan [53] for positive linear programs.

e In Chapter 4, we present a fast parallel approximation algorithm for
mized packing and covering semidefinite programs. Mixed packing and
covering semidefinite programs are natural generalizations of positive
semidefinte programs. Our result generalizes the analogous result of

Young [76] for linear mixed packing and covering programs.

In the second part, we are concerned with strong direct product theorems in
communication complexity. A strong direct product theorem for a problem
in a given model of computation states that, in order to compute £ instances
of the problem, if we provide resource which is less than k& times the resource
required for computing one instance of the problem, with constant success
probability, then the probability of correctly computing all the k instances

together, is exponentially small in k.

e In Chapter 6, we show a direct product theorem for any relation in the
model of two-party bounded-round public-coin communication complex-
ity. In particular, our result implies a strong direct product theorem for
the two-party constant-message public-coin communication complexity of

all relations.



e In Chapter 7, we show a strong direct product theorem for all relations in
terms of the smooth rectangle bound in the model of two-way public-coin
communication complexity. The smooth rectangle bound was introduced
by Jain and Klauck [28] as a generic lower bound method for this model.
Our result therefore implies a strong direct product theorem for all rela-
tions for which an (asymptotically) optimal lower bound can be provided

using the smooth rectangle bound.
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Chapter 1
Introduction

The thesis contains two independent parts. The first part concerns fast parallel approx-
imation algorithms for semidefinite programs. The second part concerns strong direct
product results in communication complexity. The first part is based on the following

two papers.

e Rahul Jain and Penghui Yao. A parallel approximation algorithm for positive
semidefinite programming [38]. In Proceedings of the 52nd IEEE Symposium on
Foundations of Computer Science, FOCS’11, page 437-471, 2011.

e Rahul Jain and Penghui Yao. A parallel approzimation algorithm for mized packing
and covering semidefinite programs [39]. CoRR, abs/1302.0275, 2012.

In this thesis, we concern fast parallel approximation algorithms for semidefinite pro-
grams. Fast parallel computation is captured by the complexity class NC. NC contains all
the functions that can be computed by logarithmic space uniform Boolean circuits of poly-
logarthmic depth. Many matrix operations can be implemented in NC circuits. We have
further discussion on this class in Chapter 2. As computing an approximation solution
to a semidefinite program, or even to a linear program is P-complete, not all semidefinite
programs have fast parallel approximation algorithms under widely-believed assumption
P # NC. Thus it is interesting to ask what subclasses of semidefinite programs have fast
parallel approximation algorithms. Fast parallel approximation algorithms for approx-
imating optimum solutions to different subclasses of semidefinite programs have been
studied in several recent works (e.g. [3; 4; 26; 36; 37; 42]) leading to many interesting
applications including the celebrated result QIP = PSPACE [26]. In this thesis, we con-

cern two subclasses of semidefinite programs, positive semidefinite programs and mixed



packing and covering semidefinite programs. Positive semidefinite programs and mixed
packing and covering semidefinite programs are two important subclasses of semidefinite
programs. In positive semidefinite programs, all matrices involved in the specification of
the problem are positive semidefinite and all scalars involved are non-negative. Mixed
packing and covering semidefinite programs are natural generalizations of positive linear
programs. In Chapter 2, we give the precise definitions of both subclasses of semidefinite
programs and present some facts about parallel computation. In Chapter 3, we present a
fast parallel approximation algorithm for positive semidefinite programs, which given an
instance of a positive semidefinite program of size N and an approximation factor € > 0,
runs in parallel time poly(%) - polylog(N), using poly(/N) processors, and outputs a value
which is within multiplicative factor of (14 ¢) to the optimal. Our result generalizes the
analogous result of Luby and Nisan [53] for positive linear programs and our algorithm is
also inspired by their algorithm. In Chapter 4, we present a fast parallel approximation
algorithm for a class of mixed packing and covering semidefinite programs. As a corollary
we get a faster approximation algorithm for positive semidefinite programs with better
dependence of the parallel running time on the approximation factor, as compared to the
one in Chapter 3. Our algorithm and analysis is on similar lines as that of Young [76]
who considered analogous linear programs. Although the result in Chapter 3 is improved

and simplified, the techniques used in Chapter 3 are still interesting on its own.
The second part is based on the following two papers.

e Rahul Jain, Attila Pereszlényi and Penghui Yao. A direct product theorem for
bounded-round public-coin communication complexity [30]. In Proceedings of the
2012 TIEEE 53rd Annual Symposium on Foundations of Computer Science, FOCS
12, pages 167-176.

e Rahul Jain and Penghui Yao. A strong direct product theorem in terms of the
smooth rectangle bound [40]. CoRR, abs/1209.0263, 2012.

A strong direct product theorem for a problem in a given model of computation
states that, in order to compute k instances of the problem, if we provide resource which
is less than k times the resource required for computing one instance of the problem
with constant success probability, then the probability of correctly computing all the k
instances together, is exponentially small in k.

Direct product questions and the weaker direct sum questions have been extensively

investigated in different sub-models of communication complexity. A direct sum theorem



states that in order to compute k independent instances of a problem, if we provide re-
source less than k times the resource required to compute one instance of the problem
with a constant success probability p < 1, then the success probability for comput-
ing all the k£ instances correctly is at most a constant ¢ < 1. As far as we know, the
first direct product theorem in communication complexity is Parnafes, Raz and Wigder-
son’s [58] theorem for forests of communication protocols. Shaltiel’s [66] showed a di-
rect product theorem for the discrepancy bound, which is a powerful lower bound on
the distributional communication complexity, under the uniform distribution. Later,
it was extended to arbitrary distributions by Lee, Shraibman and Spalek [51]; to the
multiparty case by Viola and Wigderson [71]; to the generalized discrepancy bound by
Sherstov [67]. Klauck, Spalek, de Wolf’s [48] showed a strong direct product theorem
for the quantum communication complexity of the Set Disjointness problem, one of the
most well-studied problems in communication complexity. Klauck’s [46] extended it to
the public-coin communication complexity (which was re-proven using very different ar-
guments in Jain [25]). Other examples are Jain, Klauck and Nayak’s [29] theorem for the
subdistribution bound, Ben-Aroya, Regev, de Wolf’s [10] theorem for the one-way quan-
tum communication complexity of the Index function problem; Jain’s [25] theorem for
randomized one-way communication complexity and Jain’s [25] theorem for conditional
relative min-entropy bound (which is a lower bound on the public-coin communication
complexity). Direct sum theorems have been shown in several models, like the public-coin
one-way model [33], public-coin simultaneous message passing model [33], entanglement-
assisted quantum one-way communication model [35], private-coin simultaneous message
passing model [27] and constant-round public-coin two-way model [13]. Very recently,
Braverman, Rao, Weinstein and Yehudayoff [14] have shown a direct product theorem for
public-coin two-way communication models, which improves the analogous direct sum
result in [8]. On the other hand, strong direct product conjectures have been shown to be
false by Shaltiel [66] in some models of distributional communication complexity (and of
query complezity and circuit complexity) under specific choices for the error parameter.
Examples of direct product theorems in others models of computation include Yao’s
XOR lemma [74], Raz’s [61] theorem for two-prover games; Shaltiel’s [66] theorem for fair
decision trees; Nisan, Rudich and Saks’ [56] theorem for decision forests; Drucker’s [20]
theorem for randomized query complexity; Sherstov’s [67] theorem for approzimate poly-
nomial degree and Lee and Roland’s [50] theorem for quantum query complexity. Besides
their inherent importance, direct product theorems have had various important applica-

tions such as in probabilistically checkable proofs [61]; in circuit complexity [74] and in



showing time-space tradeoffs [2; 46; 48].

Some definitions and basic facts on communication complexity and information theory
are given in Chapter 5. In Chapter 6, we consider the model of two-party bounded-round
public-coin communication and show a direct product theorem for the communication
complexity of any relation in this model. In particular, our result implies a strong direct
product theorem for the two-party constant-message public-coin communication com-
plexity of all relations. As an immediate application of our result, we get a strong direct
product theorem for the Pointer Chasing problem. This problem has been well studied
for understanding round v/s communication trade-offs in both classical and quantum
communication protocols [32; 44; 47; 57; 60]. Our result generalizes the result of Jain
[25] which can be regarded as the special case when ¢ = 1. We show the result using
information theoretic arguments. Our arguments and techniques build on the ones used
in Jain [25]. One key tool used in our work and also in Jain [25] is a message compression
technique due to Braverman and Rao [13], who used it to show a direct sum theorem in
the same model of communication complexity as considered by us. Another important
tool that we use is a correlated sampling protocol, which for example, has been used in
Holenstein [23] for proving a parallel repetition theorem for two-prover games. In Chap-
ter 7, we consider the model of two-way public-coin communication and show a strong
direct product theorem for all relations in terms of the smooth rectangle bound, intro-
duced by Jain and Klauck [28] as a generic lower bound method in this model. Our result
therefore implies a strong direct product theorem for all relations for which an (asymp-
totically) optimal lower bound can be provided using the smooth rectangle bound. In
fact we are not aware of any relation for which it is known that the smooth rectangle
bound does not provide an optimal lower bound. This lower bound subsumes many of
the other known lower bound methods, for example the rectangle bound (a.k.a the cor-
ruption bound) [5; 9; 45; 63; 75|, the smooth discrepancy bound (a.k.a the vy, bound [52]
which in turn subsumes the discrepancy bound), the subdistribution bound [29] and the
conditional min-entropy bound [25]. As a consequence, our result reproves some of the
known strong direct product results, for example for Inner Product [49] Greater-Than [70]
and Set-Disjointness [25; 46]. Our result also shows new strong direct product result for
Gap-Hamming Distance [17; 68] and also implies near optimal direct product results for
several important functions and relations used to show exponential separations between
classical and quantum communication complexity, for which near optimal lower bounds
are provided using the rectangle bound, for example by Raz [62], Gavinsky [21] and

Klartag and Regev [65]. Our proof is based on information theoretic argument. A key



tool we use is a sampling protocol due to Braverman [12], in fact a modification of it used

by Kerenidis, Laplante, Lerays, Roland and Xiao [43].



Chapter 2

Semidefinite programs and parallel

computation

As discussed in the previous chapter, several different subclasses of semidefinite programs
are shown to admit fast parallel approximation algorithms e.g. [3; 4; 26; 36; 37; 42].
However for each of the algorithms used for example in [26; 36; 37], in order to produce
a (1 + ) approximation of the optimal value for a given semidefinite program of size
N, in the corresponding subclass that they considered, the (parallel) running time was
polylog(N) - poly (k) ~poly(§), where xk was a width parameter that depended on the input
semidefinite program (and was defined differently for each of the algorithms). For the
specific instances of the semidefinite programs arising out of the applications considered
in [26; 36; 37], it was separately argued that the corresponding width parameter « is at
most polylog(N) and therefore the running time remained polylog(/N) (for constant ¢).
It is therefore desirable to remove the polynomial dependence on the width parameter
and obtain a truly polylog running time algorithm, for a reasonably large subclass of
semidefinite programs.

We will introduce parallel commputation, and then describe positive semidefinite
programs and mixed packing and covering semidefinite programs in this chapter. And in
the subsequent two chapters, we will present a fast parallel approximation algorithm for

each of them.

2.1 Parallel computation

To design fast parallel approximation algorithms, we will make use of various facts con-

cerning parallel computation. Note that the complexity class NC contains all the func-



tions that can be computed by logarithmic-space uniform Boolean circuits of polyloga-
rthmic depth. Many matrix operations can be performed by NC algorithms. Here we
make an assumption that the entries of all the matrices we consider have rational real
and imaginary parts. First, the elementary matrix operations, such as addition, multipli-
cation, inversion can be implemented by NC algorithm. We refer the readers to von zur
Gathen’s survey|[72] for more details. Second, matrix exponentials and spectral decom-
positions can be approximated with high accuracy in NC. More precisely, the following

two problems are in NC.

e Matrix exponentials. Given input an n X n matrix M, a rational number ¢ > 0
and an integer number k expressed in unary notation (i.e. 1*) satisfying || M|| < k,

output an n X n matrix X such that |lexp(M) — X|| < e.

e Spectral decompositions. Given input an n X n matrix M and a rational number

€ > 0, output an n X n unitary matrix U and an n x n diagonal matrix I such that

M — UTU*|| <e.

Readers can refer to [26; 36] for more discussion.

2.2 Positive semidefinite programs

A positive semidefinite program can be expressed in the following standard form (we use

symbols >, < to also represent Lowner order, where A > B means A — B is positive

semidefinite).
Primal problem P Dual problem D
minimize: TrCX maximize: Z b;y;
subject to: Vi € [m]: Tr A, X > b, Zl
X > 0. subject to: Zyz <A < C,

i=1
Vi e [m]:y > 0.

Here C, Ay, ..., A,, are nxn positive semidefinite matrices and by, . . ., b,, are non-negative

reals (in a general semidefinite program C, Ay, ..., A,, are Hermitian and by, ...,b,, are



reals). Let us assume that the conditions for strong duality are satisfied and the optimum
value for P, denoted opt(P), equals the optimum value for D, denoted opt(D). Assume
w.l.o.g m > n (by repeating the first constrain in P if necessary).

We will show that the problem can be transformed to the following special form in

parallel polylog time.

Special form Primal problem P

minimize: Tr X
subject to: Vi € [m] : Tr A, X > 1,
X >o.
Lemma 2.2.1. Let X be a feasible solution to P such that Tr X < (1+¢)opt(P). For any

e >0, a feasible solution X to P can be derived from X such that Tr X < (1+¢)2opt(P).

Furthermore, X can be obtained from X in parallel time polylog(m).

Given the positive semidefinite program (P, D) as above, we first show that without

loss of generality (P, D) can be in the following special form.

Special form Primal problem P Special form Dual problem D
minimize: Tr X maximize: Z "
subject to: Vi€ [m]: TrA,X > 1, =l
X >0. subject to: Zyi -A; < I,
i=1

Vi e [m]:y; >0.

Here Aq,..., A,, are n X n positive semidefinite matrices and I represents the identity
matrix. Furthermore, for all 4, norm of A;, denoted || 4;||, is at most 1 and the minimum
non-zero eigenvalue of A; is at least %f where v = Tg—;

We show how to transform the primal problem to the special form and a similar
transformation can be applied to dual problem. First observe that if for some 7, b; = 0,
the corresponding constraint in primal problem is trivial and can be removed. Similarly
if for some 7, the support of A; is not contained in the support of C, then y; must be 0 and
can be removed. Therefore we can assume w.l.o.g. that for all ¢,b; > 0 and the support

of A; is contained in the support of C'. Hence w.l.0.g we can take the support of C' as the



whole space, in other words, C' is invertible. For all i € [m], define Al o w

Consider the normalized Primal problem.

Normalized Primal problem P’

minimize: Tr X’
subject to: Vi € [m]: Tr A; X' > 1,
X' >0.

Hence, we have the following claim.

Claim 2.2.2. If X is a feasible solution to P, then C''2X(C'? is a feasible solution
to P’ with the same objective value. Similarly if X’ is a feasible solution to P’, then
C~Y2X'C~1/2 is a feasible solution to P with the same objective value. Hence opt(P) =
opt(P").

The next step to transforming the problem is to limit the range of eigenvalues of Als.

Let f = min; || A}
Claim 2.2.3. 5 < opt(P') < 5.

Proof. Note that %I is a feasible solution for P’. This implies opt(P’) < i
be an optimal feasible solution for P'. Let j be such that ||A}|| = 8. Then 3Tr X' >
TrA;-X’ > 1, hence % < opt(P"). O

Let A} = >77_, aj;|vij)(vij| be the spectral decomposition of Aj. Define for all i € [m]
and j € [n],
,B?m if aj; > ’BTm,
90 <2 1)

aj; otherwise.

Define A] = > a;/j|vi]~)<vij|. Consider the transformed Primal problem P”.

Transformed Primal problem P’

minimize: Tr X
subject to: Vi€ [m]: TrA; X" >1,
X" >0.



Lemma 2.2.4. 1. Any feasible solution to P" is also a feasible solution to P’.
2. opt(P") < opt(P") < opt(P')(1 4+ ¢).
Proof. 1. Follows immediately from the fact that A, < A/

2. First inequality follows from 1. Let X’ be an optimal solution to P’ and let 7 =
Tr(X’). Let X" = X' + £-]. Then, since m > n, Tr X" < (14 ¢)Tr X', Thus it
suffices to show that X" is feasible to P".

Fix i € [m]. Assume that there exists j € [n] such that aj; > BT’” Then, from
Claim 2.2.3
Tr A, X, > Tr 5?m|vij>(v,;j| : %I =01 > 1.

Now assume that for all j € [n], a;; < 22, By (2.1) and definition of 8, || 47| =
|A]| > 5 and AY > Al — %I. Therefore

Tr A/ X! > Tr AVX + 5%

> Tr ALX' + 56—7 —Tr %X’ =TrAX > 1.
m m

O

Note that for all ¢ € [m], the ratio between the largest eigenvalue and the smallest
nonzero eigenvalue of A, is at most "Z—; = .

Finally, we get the special form Primal problem P as follows. Let t = max;epm [|A! ||

and for all i € [m] define A; o AT". Consider,

Special form Primal problem P

minimize: Tr X
subject to: Vi€ [m]: Tr A, X > 1,
X >0.

It is easily seen that there is a one-to-one correspondence between the feasible solutions to
P" and P and opt(P) = t - opt(P”). Furthermore, X can be obtained from X in parallel
time polylog(m) since all the operations involved can be implemented in NC circuits and
the number of operations ispolylog(m). Therefore P satisfies all the properties that we

want and cumulating all we have shown above, we get Lemma 2.2.1.

10



2.3 Mixed packing and covering

Mixed packing and covering is a more general optimization problem, which can be for-
malized as the following feasibility problem.

Q1: Given n x n positive semidefinite matrices Py, ..., P,,, P and non-negative diagonal
matrices C4,...,C,,,C and € € (0,1), find an vector x > 0 such that

sz‘Pi <(l+¢)P and inC’i >C
i=1 i=1

or show that the following is infeasible
inP@- <P and Z%’Oi >C .
i=1 i=1

Given a fast parallel approximation algorithm for Q1, we can obtain a fast parallel
approximation algorithm for the following optimization problem by the standard binary
search method.

Q2: Given n x n positive semidefinite matrices P, ..., P,,, P and non-negative diagonal

matrices Cy,...,C,,,C,

maximize: -y

subject to: Z:QPZ- <P
i=1

i z;C; > +C

i=1
Vi € [m]:ax; > 0.
The following special case of Q2 is positive semidefinite programs.

Q3: Given n x n positive semidefinite matrices P, ..., P,,, P and non-negative scalars

Cly- -+ Cm,
m
maximize: E T;C;
i=1

subject to: inPi <P
i=1

Vi e [m]:x; > 0.

11



Chapter 3

A parallel approximation algorithm
for positive semidefinite

programming

3.1 Introduction

In this chapter, we consider the class of positive semidefinite programs given in Chapter 2
Section 2.2. We present an algorithm, which given as input, (C, Ay, ..., Ap, b1, ..., by),
and an error parameter € > 0, outputs a (1 + ¢) approximation to the optimum value of
the program, and has running time polylog(n) - polylog(m) - poly(Z). As can be noted,
there is no polynomial dependence on any 'width’ parameter on the running time of our
algorithm.

Our algorithm is inspired by the algorithm used by Luby and Nisan [53] to solve
positive linear programs. Positive linear programs can be considered as a special case
of positive semidefinite programs in which the matrices used in the description of the
program are all pairwise commuting. Our algorithm (and the algorithm in [53]) is based
on the multiplicative weights update (MWU) method. This is a powerful technique for
experts learning and finds its origins in various fields including learning theory, game
theory, and optimization. The algorithms used in [3; 4; 26; 36; 37; 42] are based on its
matrix variant the matriz multiplicative weights update method.

The algorithm starts with feasible primal variable X and feasible dual variable (yy, -+ , ¥m).
The algorithm proceeds in phases, where in each phase the large eigenvalues of > 7" |yt A4;

(X", yls represent the candidate primal and dual variables at time ¢, respectively) are

12



sought to be brought below a threshold determined for that phase. The primal variable
X" at time step t is chosen to be the projection onto the large eigenvalues (above the

¢

vA;. Using the sum of the primal variables generated so

threshold) eigenspace of > " v
far, the dual variables are updated using the MWU method. A suitable scaling parameter
A¢ is chosen during this update, which is small enough so that the change of dual objec-
tive value Y ", y; at each update is small. It ensures that the output of the algorithm is
a good approximation solution if the program is feasible. At the same time, \; is large
enough so that there is reasonable progress in bringing down the large eigenvalues of
Yo ytA;. This guarantees that only polylog number of phases are needed.

Due to the non-commutative nature of the matrices involved in our case, our algorithm
primarily deviates from that of [53] in how the threshold is determined inside each phase.

The problem that is faced is roughly as follows. Since A;’s could be non-commuting, when

t
%

yls are scaled down, the sum of the large eigenvalues of Y ", y*A; may not come down
and this scaling may just move the large eigenvalues eigenspace. Therefore a suitable
extra condition needs to be ensured while choosing the threshold. Due to this, our
analysis also primarily deviates from [53] in bounding the number of time steps required
in any phase and is significantly more involved. The analysis requires us to study the
relationship between the large eigenvalues eigenspaces before and after scaling (say W
and Ws). For this purpose we consider the decomposition of the underlying space into
one and two-dimensional subspaces which are invariant under the actions of both II; and
IT, (projections onto Wi and W5 respectively) and this helps the analysis significantly.
Such decomposition has been quite useful in earlier works as well for example in quantum
walk [1; 64; 69] and quantum complexity theory [54; 55]. The result is improved later by
Jain and Yao in [38], which is given in Chapter 4. However, the techniques used here are
interesting in their own right.

We present the algorithm in the next section and its analysis, both optimality and

the running time, in the subsequent section.

3.2 Algorithm

By Lemma 2.2.1, We may start with the following special positive semidefinte programs.

13



Special form Primal problem P Special form Dual problem D

minimize: Tr X maximize: Z "
subject to: Vi € [m]: Tr A; X > 1, i;l
X >0. subject to: Zyi -A; < I,
i=1

Vi€ [m]:y; >0.

In order to compactly describe the algorithm, and also the subsequent analysis, we
introduce some notation. Let Y = Diag(yi, ..., ¥m) (mxm diagonal matrix with Y (i,7) =
y; for i € [m]). Let ® be the map (from n X n positive semidefinite matrices to m x m
positive semidefinite diagonal matrices) defined by ®(X) = Diag(Tr A; X, ..., Tr A,,X).
Then its adjoint map ®* acts as ®*(Y) = >.7", Y (4i,1) - 4; (for all diagonal matrices
Y > 0). We let I represent the identity matrix (in the appropriate dimensions clear from
the context). For Hermitian matrix B and real number [, let N;(B) represent the sum of

eigenvalues of B which are at least [. The algorithm is mentioned in Figure 3.1.

3.3 Analysis

For all of this section, let €, = h?;—i In the following we assume ¢ < Wloo and n > 1000.

3.3.1 Optimality

In this section we present the analysis assuming that all the operations performed by
the algorithm are perfect. Note that the algorithm only involves elementary matrix
operations (addition, substraction and multiplication), matrix exponentials and matrix
spectral decomposition. All those operation can be performed with high precision. And
the number of operations is polylog to the size of inputs, which will be shown in the next
subsection. We claim, without going into further details, that similar analysis can be
performed while taking into account the accuracy loss due to the actual operations of the
algorithm in the limited running time.

We start with following claims.

Claim 3.3.1. For all ¢t < t;, )\, satisfies the conditions 1. and 2. in Step (3d) in the
Algorithm.

Proof. Easily verified. O
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Input : Positive semidefinite matrices A1, ..., A,, and error parameter € > 0.

Output : X* feasible for P and Y* feasible for D.

1. Letegg = %, t =0,Xo = 0. Let ks be the smallest positive number such that (14g¢)* <
|@*(I)|| < (14 eg)**t. Let k = ks.

2. Let Y; = exp(—P(Xy)).

3. U TrY; > —, do

(a) If ||®*(Yy)| < (1 +e0)*, then set k < k — 1 and repeat this step.
(b) Set thr’ = k.
(c) If

Nt gy 1 (B () 2 (1 Z0) Ny o (8°(V0).
then thr’ <— thr' — 1 and repeat this step. Else set thr = thr’.

(d) Let II; be the projector on the eigenspace of ®*(Y;) with eigenvalues at least
(1 + o). For A > 0, let P)\2 be the projection onto eigenspace of ®(AII;) with

eigenvalues at least 2./c. Let P)\S be the projection onto eigenspace of ®(AIl;) with
eigenvalues at most 2/c. Find \; such that

1. Tr(PLY,PL)®(I;) > /2 Tr Y;0(I1;) and,
2. Tr(PLY:PL)®(IL) > (1 — /) TrY;®(I1) as follows.

i. Sort {Tr A;II;}*, in non-increasing order. Suppose Tr A; II; > TrA;II; >
> Tr Ay, II,.

ii. Let y; be the j-th diagonal entry of Y;. Find index r € [m] satisfying

T m
Z Y5, Tr A Il > Ve Z v, Tr A, II;, and
k=1 k=1

m m
Zyjk Tr Aijt > (1 — \/g) Zyjk TI‘Aijt.
k=r k=1

fii. Let A = mrair -
Jr

(e) Let Xyt1 = Xy + NIl Set t <t + 1 and go to Step 2.

4. Let ty =t, ky = k. Let a be the minimum eigenvalue of ®(X;,). Output X* = X;,/a.

5. Let ¢' be such that TrYy/|®*(Yy)| is the maximum among all time steps. Output
Y= Y 87 (V).

Figure 3.1: Algorithm
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Claim 3.3.2. o > 0.

Proof. Follows since —z > TrY;, = Trexp(—®(X;,)) > exp(—a) . O
Following lemma shows that for any time ¢, [|®*(Y;)|| is not much larger than (1+4-g¢)™".

Lemma 3.3.3. For allt <t;, |[®*(Y))|| < (14 0)™ (14 &1).

(

Proof. Fix any t < t;. As Tr(®*(Y})) < nNpyeor (®*(Y;)), the loop at Step 3(c) runs at

most —n

In(1428)

times. Hence

ln’n,26 1
1D (V)| < (1 4 20)" < (14 20)™" (1 + £g) 050
3
<+ (14 ) = (L+e)™ (L +2).

]

Following lemma shows that as t increases, there is a reduction in the trace of the

dual variable in terms of the trace of the primal variable.
Lemma 3.3.4. For allt <ty we have, TrY; 1 < TrY,— - (1—4y/2)-[|2* (V)| - (Tr IL) .

Proof. Fix any ¢t < t;. Let B = PS®(AIL)P5. Note that B < @(\IL,) and also
B < 24/el. Second last inequality below follows from Lemma 3.3.3 which shows that all
eigenvalues of II;®*(Y;)II; are at least (1 — &) || P*(Y2)]|-

TrY; 1 = Trexp(—

—TrY, — (1 - 2V2) TrY;B

< TrY, — (1= ve) (1 = 2ve) TrY;@(AdL)
=TrY; — (1 - Ve)(1 —2ve) Tr " (Yy) AL,

<TrY, — (1—e)(1 - Ve)(1 —2ve)A |27 (V) (Tr IL,)
< TrY, — (1= 4v/e)A |27 (V)| (TrIL).

The first inequality holds because A; > A, implies Trexp(A;) > Trexp(Asz), the second
equality because both B and ®(X;) are diagonal, the second inequality because A < I
implies exp(—0A) < I —§(1 —6)A), and the third inequality is from step 3(d) part 1. O
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Following lemma relates the trace of X;, with the trace of Y* and Y;,.

Lemma 3.3.5. Tr X; < TrY”*) -In(m/TrY;,) .

1
ava

Proof. Using Lemma 3.3.4 we have,

TrYin _ (1= 4yEN 9" (1) (Tr1,)
Y, — TrY,
<exp|-— (1 =4\ |2 ()| (TrITy)
TrY,;
(1 B 4\/5))\,5 Tr Ht
< _
= ( TrY*
= (1 —4y/e) Tr(Xo 1 — Xy)
- ( TrY* :

The second inequality holds because exp(—z) > 1 — z, and second inequality is from

property of Y*. This implies,

1-4 Tr X,
Trth S (Tr%) exp (_( \/g) I tf)

TrY*
(TrY*)In(m/(TrY;,))

(1—4/5)

= TrX;, < (since TrYy =m).

We can now finally bound the trace of X* in terms of the trace of Y*.

Theorem 3.3.6. X* and Y* are feasible for the P and D respectively and
Tr X* < (1+5ye)TrY™ .
Therefore, since opt(P) = opt(D),

opt(D) = opt(P) < Tr X* < (1 +5y/e) TrY*
< (1+5vg)opt(D) = (1 + 5/z)opt(P).

Proof. Note that ®(X*) = ®(X;,)/a > I and &*(Y*) = &*(Yy)/[|[®*(Yy)|| < I. X* and

Y™ are feasible for P and D respectively. From Lemma 3.3.5 we have,

aTr X" =TrX;, < A(TrY™) -In(m/TrYy,) .

1
14z
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Since Y;, = exp(—®(X;,)) we have
Y, > HeXp(—Q)(th))H = exp(—a) .

Using above two equations we have,

X ) ln(m/Trth)
e ™Y iy

1 . Inm
TV (TrY™)- (1 + —1n(1/Tmf))

1+¢ . : 1
< Tags (TrY™) (since TrY;, < m)

< (145vE)-Try* .

Tr X* <

3.3.2 Time complexity

In this section we are primarily interested in bounding the number of iterations of the
algorithm, that is we will bound k; and also the number of iterations for any given k.
We claim, without going into further details, that the actions required by the algorithm
in any given iteration can all be performed in time polylog(n) - polylog(m) - poly(1),
since operations for Hermitian matrices like eigenspace decomposition, exponentiation,
and other operations like sorting and binary search for a list of real numbers etc. can be
all be performed in polylog parallel time.

Let us first introduce some notation. Let A be a Hermitian matrix and [ be a real

number. Let

e 11! denote the projector onto the space spanned by the eigenvectors of A with

eigenvalues at least [. Let T4 be shorthand for TI3'.

e N;(A) denote the sum of eigenvalues of A at least I. Thus N;(A) = TrII1A. Let
N(A) be shorthand for Ny (A).

e )\, (A) denote the k-th largest eigenvalue of A.

e for any two vectors u,v € R™ we say u majorizes v, denoted u > v, iff Zle u; =
S vy and for any j € [n] we have, S27_ u; > S0 v

18



We need the following facts.

Fact 3.3.7. [11] For n x n Hermitian matrices A and B, A > B implies \;(A) > \;(B)
for all 1 < i <n. Thus N;(A) > N,;(B) for any real number /.

Fact 3.3.8. [11] Let A be an n x n Hermitian matrix and Pj,---, P. be a family of
mutually orthogonal projections. Then M(A) = M (>, PAP;).

Fact 3.3.9. [41] For any two projectors IT and A, there exits an orthogonal decomposition
of the underlying vector space into one dimensional and two dimensional subspaces that
are invariant under both II and A. Moreover, inside each two-dimensional subspace, II

and A are rank-one projectors.

Lemma 3.3.10. Let k¢ be the final value of k. Then ks — ky = O(M).

3

Proof. Note that |®*()|| = [|> %, 4il] < m, since for each i, [|A;|| < 1. Hence
k, = O((logm) /e0)

Let Y;, 1 = Diag(y1, . .- 4m). We have (since Tr A; > = > 7‘;—22 for each i),

2=

m(1+ )"t > m || 0" (Ys,—1)|| > Tr@*(Y;,—1)

= m Y TrA > Z:il Y; _ Tr}/tf*l
i=1 o ol ~

> 1 2

“ml/ey T m2tl/e

Hence k; > —O(lofegn). Therefore k, — k; = O(12&2) = o(logmlog%)‘ 0

€e€g g3

Theorem 3.3.11. For any fixed k, the number of iterations of the algorithm is at most
O(%). Hence combined with Lemma 3.3.10, the total number of iterations of the algo-
1

. . log!3n1l
rithm is at most O(=2—z"5").

Proof. Fix k. Assume that the Algorithm has reached step 3(d) for this fixed & , 6log” n

8?8
times. As argued in the proof of Lemma 3.3.4, whenever Algorithm reaches step 3(d),

thr > k — 31% Thus there exists a value s between k and k& — 31% such that thr = s at

2logn 4
9 times.
1

From Lemma 3.3.3 we get that the sum of the eigenvalues above (1 + &), is at most

least

n(l+¢e1)(1+ &9)® at the beginning of this phase. Whenever thr # s in this phase, using
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Fact 3.3.7, we conclude that the eigenvalues of ®*(Y;) above (1 + €4)® do not increase.
Whenever thr = s in this phase, using Lemma 3.3.12, we conclude that the eigenvalues
of ®*(Y;) above (1 + &¢)® reduce by a factor of (1 — 7). This can be seen by letting A
in Lemma 3.3.12 to be 1_‘2%5_0)2;@ : @*(P;Y;P)i) and B to be m@*(Y’f) — A. Now
condition 3(d)(1.) of the Algorithm gives condition (2) of Lemma 3.3.12. Condition (1)
of Lemma 3.3.12 can also be seen to be satisfied (using Lemma 3.3.3) and condition (4)
of Lemma 3.3.12 is false due to condition 3(c) of the Algorithm. This implies condition
(3) of Lemma 3.3.12 must also be false which gives us the desired conclusion.

Therefore the eigenvalues of ®*(Y;) above (1 + g¢)® (in particular above (1 + &¢)*)

will vanish before thr = s, 21§§” times. Hence k& must decrease before the Algorithm has
1
reached step 3(d), Glgggz" times. O
1

Following is a key lemma. It states that for two positive semidefinite matrices A, B,
if A has good weight in the large (above 1) eigenvalues space of A+ B and if the sum of
large (above 1) eigenvalues of B is pretty much the same as for A + B, then the sum of

eigenvalues of A + B, slightly below 1 should be a constant fraction larger than the sum

above 1.
Lemma 3.3.12. Let ¢ = SF—OEO Let A, B be two n X n positive semidefinite matrices
satisfying
|A+ B|| <1+¢; and ||B| > 1, (3.1)
TrII*TBA > e T I3 (A + B), and (3.2)
TrII®’B > (1 — &) Tr 143 (A + B). (3.3)
Then 5
Ni_o(A+B)>(1+ gg)N(A+B). (3.4)

Proof. In order to prove this Lemma we need to first show a few other Lemmas. By Fact

3.3.9, IIZ and I14*5 decompose the underlying space V as follows,

(@)

Above for each i € [k], V; is either one-dimensional or two-dimensional subspace, invariant

for both IIZ and II4*? and inside V; at least one of II® and ITA*8 survives. W is

the subspace where both II” and II**® vanish. We identify the subspace V; and the
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projector onto itself. For any matrix M, define M; to be V;MV;. We can see that both
the projectors IT? and IT4*E are decomposed into the direct sum of one-dimensional

projectors as follows.

k k
¥ =EPuf and 047 =PuH’.
i=1 i=1
Lemma 3.3.13. For anyi € [k], II% =117 and TI"8 = TT4+5:. That is, the eigenspace

of B; with eigenvalues at least 1, is exactly the restriction of 1P to V; and similarly for

A; + B;.

Proof. We prove 1% = TIP and the other equality follows similarly. If dimV; = 1, i.e.
V; = span{|v)}, then either TI?|v) = |v) or II®|v) = 0. For the first case, I[1Z = |v)(v],
and B; = (v|BJv)|v)(v| and (v|B|v) > 1, which means I1% = |v)(v|. For the second case,
18 =0, (| Blv) < 1, i.e. I =0,

For the case dim V; = 2,

B, = VBV, =V,(II’BI* + (I - 1%)B(I — I1®))V;
= V(P u)BE@u)vi+
J J

V(W & @(Vj — 7)) B(W & @(Vj —1I2)V;

= NOPBUP + (V; — I7)B(V; — IIP).
Let 112 = |vy) (v, | and V; — TIZ = |vg) {wg], then
B; = (vi| Blvy)|vr){v1] + (vo| B|vo)|vo) (vo| (3.5)

is the spectral decomposition of B;. As I1%|v;) = I1Z|v1) = |v;) and 117 |vg) = TP |vg) = 0,

we have (vi|B|v) > 1 and (vg|Blvg) < 1, and hence 115 = |v;) (vy]. O
Lemma 3.3.14. .
TrI°B =) TrI”B, (3.6)
i=1
k
TrIAPB =Y T B, and (3.7)
i=1
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k
TP (A+ B) =) TrI* 5 (4; + B)) (3.8)

=1

Then using Eq.(3.2) and Fq.(3.3) we get,

k k
> TIAEB < (1-¢) ) TrI* (A + By). (3.9)
=1 =1
k k
D TIFB; > (1-£9) ) TrI**P(A; + By). (3.10)
=1 =1

Proof. We prove (3.6) and (3.7) and (3.8) follow similarly.

k k
TI°B=) Trl’B=)Y TrVI'VB

i=1 i=1

k k k
= Y TIPViBV;=> TrIfB =) TrO”B;.

=1 =1 =1

Remarks:

1. In any one-dimensional subspace V; = span{|v)} in the decomposition of V' as
above, if II**BJv) = 0, then (v|(A + B)|v) < 1, which implies (v|B|v) < 1, that is
I18]v) = 0. But this contradicts the fact that at least one of II® and II4*5 does

not vanish in V;. Thus IT**% never vanishes in any of V;. Therefore for all i € [k]

we have TI' HAH_Bi (Az —+ B,L> = TI' Hf‘+B(Al + Bz) 2 1.

2. From (3.1), for all ¢ € [k], TrII4*+5i(A; + B;) <1+ ¢;. Combined with (3.8), we
have
k< N(A+B) < k(1+e).

Lemma 3.3.15. Let
I={i:TeI45B, < (1 — &) Tr 45 (A4, + B)},

and

J={i: TrII%B; > (1 — ) Tr T4 P (A, + B;)}.
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Then 9
I —ck.
[InJ| > 1005

Proof. From (3.9),

(1-€)) N(A;+B;) < (1—¢)> N(A + B))

il i=1
= (e-¢)) N(Ai+B)<(1-2)) N(A+B)
igl iel
= e(k—|I]) < (14e¢e1)/I] (from Remarks 1. and 2.)

3

O (P —
1+e+e¢

From (3.10) (since for all i € [k], N(A; + B;) > N(B;)),

> ON(Ai+ B+ (1—€5)> N(A; + By)
ieJ igJ
> (1-¢})) N(Ai+B)

i=1

= &1 N(A+B)>(1-¢e)) N(A+B)

icJ iaJ
= e(l+e)J] = (1 —e)k—|J))
1—
S a— )
1+ et

The second last implication is from Remarks 1 and 2. Thus

€ 1—¢ 99
InJl > —1)k>—ck.
rnJlz <1+51+5+1+s% ) 100°

Remark:

3. Note that for any i € IN.J, dim V; = 2. Otherwise, either IT14*+5 = [15: or 115 = ()
and neither of these can happen in I N J (from definitions of I and J).

The following lemma states that for each ¢ € I N J, the second eigenvalue of A; + B;

is close to 1.
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Lemma 3.3.16. Let P and QQ be 2 X 2 positive semidefinite matrices satisfying

1RI=1, [[P+Q <1+, MW(FP+@Q) <1, (3.11)
TrIP TP > 2 Tr P 9(P+ Q)  and (3.12)
TrI®Q > (1 - Tr 17 (P + Q) . (3.13)

Then As(P + Q) > 1 — geb.

Proof. We prove it by direct calculation. Let 1 be the maximum real number such that
P—n(I—-TI"*9) > 0. Set P, = P —n(I —17*9) and Q; = Q + n(I — IIP*9). P, Q,
satisfy all the conditions in this Lemma and P, is a rank one matrix. Furthermore,
set P = P/||Q:1] and Q2 = Q1/[|@1]]. Again all the conditions in this Lemma are
still satisfied by Py, @ since I1%2 = 191 = [I9 and [I727¢ = [N+ = [[P+Q Ag
Ao(Py+ Q2) < Aa(PL+ Q1) = A(P +Q), it suffices to prove that \y(P+ Q2) > 1 — §&i.
Consider P, ()2 in the diagonal bases of @s.

7| cos? @  rsinfcosd 10
P, = O, = .
? ( r*sinfcos®  |r|sin’0 @ 0 b

where 7 € C and 0 < b < 1. Set A = || P, + Q|- Eq. (3.13) implies that

1 8
A < o <1+ 26 (3.14)
Since
TrII%P, = TrO% (P + Q,) — TrI92Q,
< TP+ (P + Qy) — TrI92Q,
< ST (P, + Q) = 5\ < 268,
we have,

7] cos® 0 < 2¢%. (3.15)

Observe that,

A—b—|r|sin?

1 1
|U> = 2 r* sin 0 cos 0 ’
\/ 1+ (M) A=b—|r[sin?0

is the eigenvector of P, + Qo with eigenvalue A. Hence IT2+%2 = |v)(v|. Note that \ >
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b+ |r|sin? 0, because A\y(Py + Q2) =1+ |r| + b — A < 1. Consider

Tr(T172192 py)) = (v| Py|v)
2|r|2 sin? § cos? 0
A—b—|r|sin? 6

+ 7|3 sin? 6 cos? 6

2
|| cos® 0 + (—b—[r] sin2 0)2

7|2 sin? 6 cos? 6

I+ (A—b—|r|sin? 9)2
Ir[(X — b)? cos? 0
(A —b—|r|sin®0)2 + |r|2sin” § cos? 0

7| cos? 6
(1 — ey
_ 2e8
(1 i \r|sin20>2'
b

Combining with (3.12), we obtain

2e} > (1= ——=)°
29 6
= |7“)]\Sl_nb 2 < 1%0
= |r|sin?0 > (1 — 11—052)@ — )
| sin? 0 + (1 — Tl()ei)b S (1— %Ogﬁ)x
:>|r|+b>(1—1—105:1”))\>1—%5§ |

Hence

)\2(P2+Q2):TT(P2+Q2)—)\:1+|’I"|+[)—)\

1 1
>2—1—Os§—(1+25§)>1—§s§.

]

We can finally prove Lemma 3.3.12. By Fact 3.3.7, A\W(A + B) = M}, 4i + B;). Let
ji = max{j s \(A+ B) = 1}, ja = max{j : \(S(A; + B) = 1}, and o = ju + ek

Then
D NA+B) =D N (Z(Ai + Bi)> .

J<jo J<jo i

According to the decomposition in Fact 3.3.9, Lemma 3.3.14 and the remarks below
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it, jl :jQ =k and
Z)\j(A—i-B) =TrI** (A + B), and

J<i1

>N (Z (A; +BZ»)> = T4 + By).

i<j2

The RHS of both the equations are equal by Lemma 3.3.14. Therefore,

YT NMA+B) = YN (ZA-H%)).

k<ji<jo k<j<jo

By Lemma 3.3.15 and Lemma 3.3.16,

>N (;A +B)> Z%sk(l égff).

k<j<jo

Let 2 = Ny_o(A+ B) — N(A + B), then

> NA+B) <z+ <£5k—x> (1—¢).

— 100
k<j<jo

Therefore from previous three inequalities,

99 1 99
m&k (1 - §€1> <z+ (ﬁfik - .T> (1 - 5/),

99 g3
> ck(1—--—2].
*=7100° ( 96,)
Note that e < €', therefore from Remark 2.,
N (A+B)>k+£ek G > 1+le k
= 100 E 2

> <1+§€) (1+e)k> <1+§a> N(A+ B).

which implies
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Chapter 4

A parallel approximation algorithm
for mixed packing and covering

semidefinite programs

4.1 Introduction

In this chapter, we continue investigating fast parallel approximation algorithms for
semidefinite programs. We present an algorithm for Q1 given in Chapter 2 Section 2.3
running in parallel time polylog(n,m) - a%l -log % Using this and standard binary search,
a multiplicative (1 — &) approximate solution can be obtained for the optimization task
Q2 in parallel time polylog(n,m, %)

Our algorithm for Q1 and its analysis is on similar lines as the algorithm and analysis
of Young [76] who had considered analogous questions for linear programs. As a corollary
we get an algorithm for approximating positive semidefinite programs (Q3) with better
dependence of the parallel running time on ¢ as compared that in the previous chapter
(and arguably with simpler analysis). Very recently, in an independent work, Peng and
Tangwongsan [59] also presented a fast parallel approximation algorithm for positive

semidefinite programs. Their work is also inspired by Young [76].

4.2 Algorithm and analysis

Using standard arguments, the feasibility question Q1 can be transformed, in parallel

time polylog(m,n), to the special case when P and C are identity matrices. (Similar
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transformation is used in Chapter 2 Section 2.2 for positive semidefinite programs) Hence

we consider the following special case from now on.

Q: Given n x n positive semidefinite matrices Py, ..., P,, P and non-negative diagonal
matrices C1,...,C,,,C and € € (0, 1), find a vector z > 0 such that

i=1

=1

or show that the following is infeasible

in:a:iP,- <] and ixici >1T .
i=1 i=1

Our algorithm is presented in Figure 4.1

4.2.1 Idea of the algorithm

The algorithm starts with an initial value for z such that 27@11 z; P, < I. It makes
increments to the vector z such that with each increment, the increase in || 1", x; B
is not more than (14 O(e)) times the increase in the minimum eigenvalue of » ., z;C;.
We argue that it is always possible to increment x in this manner if the input instance
is feasible, hence the algorithm outputs infeasible if it cannot find such an increment
to . The algorithm stops when the minimum eigenvalue of > " x;C; has exceeded
1. Due to our condition on the increments, at the end of the algorithm we also have
S aiP < (14 0O(g))l. The change of the eigenvalues is generally hard to analyze
directly. Using the idea from Young [76], We obtain handle on the largest and smallest
eigenvalues of concerned matrices via their soft versions, which are more easily handled
functions of those matrices (see definitions in the next section). Like the algorithm
for positive semidefinite programs in Chapter 3, We set the changes in each step small
enough to ensure the approximation. At the same time, they are large enough such that

the algorithm terminates in polylog time.

4.2.2 Correctness analysis

We begin with the definitions of soft maximum and minimum eigenvalues of a positive

semidefinite matrix A. They are inspired by analogous definitions made in Young [76] in
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Input : n X n positive semidefinite matrices Pi,..., Py, non-negative diagonal matrices
C1,...,Chp, and error parameter ¢ € (0,1).

Output : Either infeasible, which means there is no z such that (I is the identity matrix),

m m
=1 =1

OR an z* € R™ such that

m m
D wiP<(149)1 and > 2iCi>1T .
i=1 i=1
1. Set x; = —*
7= A

2. Set N =1 (3o, ;|| +2Inn + Inm).
3. While Apin (3212 2iCs) < N (Amin represents minimum eigenvalue), do
(a) Set

Tr(exp(>_" z; B) - Pj)
Tr(exp(— >ty z;C;) - Cj)
~ Trexp(}t, ziP;)
global(x) = Tr(oxp(— Zil 0]

localj(z) = and

(b) If g is not yet set or min;{local;(x)} > g(1 + ¢), set g = global(z).
(c) If min;{local;(x)} > global(x) , return infeasible.

(d) For all j € [m], set C; =11, - C; - II;, where II; is the projection onto the eigenspace
of >, x;C; with eigenvalues at most N.

(e) Choose increment vector o > 0 and scalar 6 > 0 such that

Vi o = ;6 if localj(z) < g(1+¢), else o =0, and

m m
max{ Z OéiPZ‘ N Z aiCZ- } = E&.
i=1 i=1

(f) Set z =z + a.

4. Return z* = z/N.

Figure 4.1: Algorithm
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the context of vectors.

Definition 4.2.1. For positive semidefinite matrix A, define
Imax(A) I Tr exp(A),

and
Imin(A) T exp(—A).

Note that Imax(A) > ||A|| and Imin(A) < Apin(A), where Apin(A) is the minimum

eigenvalue of A.

The following lemma shows that if a small increment is made in the vector x, then

z;A;) and Imin(} "

changes in Imax(>_"" i1

i1 x;A;) can be bounded appropriately.

Lemma 4.2.2. Let Ay, ..., A,, be positive semidefinite matrices and let x > 0, > 0 be
vectors in R™. If |37 a; Al <e <1, then

= (1
Imax( Z zj+aj)A;)—Imax( ij Tr (oxp(S + ) ) Za] Tr(exp Zx A A
7j=1 1 7 ”L
and
e (1—¢/2) "
Imln(Z(xj—l—a] —Imin ij Tr (=S, 5 i) Zoz] Tr(exp(— Z iAi)A;).
j=1 i= i=1

Proof. We will use the following Golden-Thompson inequality.
Fact 4.2.3. For Hermitian matrices A, B : Tr(exp(A + B)) < Trexp(A) exp(B).
We will also need the following fact.

Fact 4.2.4. Let A be positive semidefinite with ||A| < e < 1. Then,

exp(A) < T+ (14+e)A and exp(—A)<I—(1—-¢/2)A
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Consider,

Imax a:] + a;)A;) — Imax( E xjA

! Tr exp(d_im 1 :L’l + al)Az)
n
Trexp(> 7, z:4;)

Trexp(d .~ 1x1A')eXP(Z;n:1 a;4;)
Tr eXp(Z;il 7 A;)
B Trexp(D_—, i A) (1 + (1 +e) (320, ajA;))
Trexp(D ", z;A4;)

) (from Fact 4.2.3)

) (from Fact 4.2.4)

Trexp(> 7, 2 4;:)
(I+e) Trexp(3oiL, 2:4:) O0TL, ayAy)
Trexp(> it z;4;:)

. (1 . (1+¢) Trexp(3ity @A) (X, ajAj))

< (since In(1 + a) < a for all real a)

The desired bound on Tmin(3 7, (z; + a;)A;) — Imin(3 7", 2;A;) follows by analogous

calculations. O

The next two lemmas show that the increment of Imax(} ;" , z;P;) is bounded by the

increment of Imin(>_}" ) from above, as expected.

Lemma 4.2.5. At step 3(e) of the algorithm, for any j with o; > 0 we have,

Tr(exp(d_iZ, =i P) - B))

Tr(exp(— Y v, 2:Ci) - C))
Tr(exp(>_", x:iP)) |

Tr(exp(= 3212, #iCh))

<(1+¢)

Proof. Consider any execution of step 3(e) of the algorithm. Fix j such a; > 0. Note
that,
localj(z)  Tr(exp(} [, x:P) - P;) - Tr(exp(— > 2:C;))
global(z)  Tr(exp(> i~ z:F;)) - Tr(exp(— > it 2:C;) - Cj)
We will show that global(x) > g throughout the algorithm and this will show the desired
since that local;(z) < (14 ¢)g < (1 + ¢)global(x).
At step 3(b) of the algorithm, g can be equal to global(x). Since x never decreases

during the algorithm, at step 3(a), global(x) can only increase. At step 3(d), the modi-
fication of C;s only decreases Tr(exp(—>_ ", 2;C;)) and hence again global(x) can only

increase. L
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Lemma 4.2.6. For each increment of x at step 3(f) of the algorithm,

Imax( Z z;+a;)Pj)—Imax( Z:L’] (14¢)? (Imln Z z; + a;)Cj) — Imin(z ijj)) :
7j=1 7=1 7j=1

Proof. Consider,

Imax(_(x; + ;) Py) — Imax(}_ z,P)
j=1 j=1
(1
= Tr(exp(> J:,g ZO‘J Tr(exp ZIZ )P;)  (from Lemma 4.2.2)

(1+¢)? T
< T
< Tems Sy o TR Sre)e)

(from Lemma 4.2.5 and step 3(e) of the algorithm)

IN

1+4¢)? <
(1 + 6/)2 (Imln Z xj + a;)C;) — Imin( ij ) (from Lemma 4.2.2).
—€
J=1

This shows the desired. O

The following lemma shows that such j in step 3 (c) always exists if the program is

feasible.

Lemma 4.2.7. If the input instance Py, ..., P,,C4,...,C,, is feasible, that is there exists
vector y € R™ such that

iyzﬂ <I and iyici >1T,
i=1 i=1

then always at step 3(c) of the algorithm, min;{local;(z)} < global(x). Hence the algo-
rithm will return some x*.

If the algorithm outputs infeasible, then the input instance is not feasible.

Proof. Consider some execution of step 3(c) of the algorithm. Let C7,...,C! be the

current values of (', ..., C,,. Note that if the input is feasible with vector y, then we will
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also have

Tr(exp(3o2, #ib) 5L wi ) <1 Tr(exp(=225L, 0D (5L, 4,C5))
Tr(exp(3_i2, 7:F))) - Tr(exp(— 2212, i) '

IN

Therefore there exists j € [m] such that

Tr(exp(> -, z:P;) P;) - Tr(exp(— > it 2;C})C5)
Tr(exp(> it  ziPr)) = Tr(exp(= 327, w:C)))

and hence local;(z) < global(x).
If the algorithm outputs infeasible, then at that point min;{local;(z)} > global(z) and

hence from the argument above Py, ..., P,,C],...,C! is infeasible which in turn implies
that P, ..., P,,C1,...,C,, is infeasible. O

Finally, we are able to show that the algorithm outputs a good approximation solution.

Lemma 4.2.8. If the algorithm returns some x*, then
Zx;‘P,-g(1+9a)I and in‘C’iZI.

xiCy > 1.

zlz

Proof. Because of the condition of the while loop, it is clear that > "
For x € R™, define

m

Imax Z z;P) — (1+¢)*- Imm(z z;Cy).

j=1

Note that the update of C}’s at step 3(d) only increase Imin(Z;ﬂ’:l z;C;). Hence using
Lemma 4.2.6, we conclude that ®(z) is non-decreasing during the algorithm. At step 1
of the algorithm,

m

) < Imax ij = In Tr( GXP(Z i)

Z%Pi )

< In(n exp(

<m(nexp(3 :Pl) = nn + 1.
=1
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Hence just before the last increment,

< Imax( ij + (1 +¢)? - Imin( ij

7j=1

’L

<lnn+1+(1+¢)*- Imin(z z;C;)

j 1

<lnn-+1+ 1—1—5 . mmz:ﬂ]
glnn+1+(1+€)N§(1—|—85)N.

In the last increment, because of the condition on step 3(e) of the algorithm, ||>"1" z; 5|
23 P, < (1+9¢)I. O

increase by at most e. Hence Y "«

4.2.3 Running time analysis

Note that each individual step in the algorithm can be performed in parallel time polylog(mn).
Please refer to Chapter 2, Section 2.1. We show that the wile loop is executed polylog

times, then show that only polylog iterations are required in each loop.

Lemma 4.2.9. Assume that the algorithm does not return infeasible for some input in-

stance. The number of times g is increased at step 3(b) of the algorithm is O(N/e).

Proof. At the beginning of the algorithm Tr(exp(— > 7", 2;C;)) < n since each eigenvalue
of exp(— >, x;C;) is at most 1. Also Trexp(> ", ;P;) > 1. Hence

Trexp(> it z;F;)
Tr(exp(— Y vy 2;Cy))

At the end of the algorithm A, (3 i, 2;C;) < N 4+ ¢ < 2N. Hence

m
eXp sz i > eXp(_incz)
=1

Also (using Lemma 4.2.8)

Tr(exp(z ziF;)) <n

Hence g < global(x) < exp(13N).

g = global(x) =

= exp(— mmle ) > exp(—2N).

m

exp(z x; P)

=1

<nexp((1+9)N) < exp(1LN).
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Whenever g is updated at step 3(b) of the algorithm, we have
global(x) > min{local;(x)} > (14 ¢)g
j

just before the update and global(x) = g just after the update. Thus g increases by at

least (1 + ¢) multiplicative factor. Hence the number of times ¢ increases is O(N/e). [

Lemma 4.2.10. Assume that the algorithm does not return infeasible for some input

instance. The number of iterations of the while loop in the algorithm for a fized value of

g is O(N log(mN)/e).

Proof. From Lemma 4.2.8 and step 3(d) of the algorithm we have

m m
E x; P; E Z;
i=1 i=1

throughout the algorithm. On the other hand we have max{||>_\", oz; Bl , ||>_i~, 0x:Cy|| }
e at step 3(e). Hence § = Q(¢/N) throughout the algorithm.

Let x; be increased in the last iteration of the while loop for a fixed value of g. Note
that z; is initially 1/(m | P;||) and at the end z; is at most 10N/ | P;| (since, using
Lemma 4.2.8, ||z;P;|| < |3~ z; Pl < 10N). Hence the algorithm makes at most
O(log(mN)/d§) = O(N log(mN)/e) increments for each x;.

Note that local;(x) only increases throughout the algorithm by steps 3(d) and 3(e) of

max{ Cil|} = O(N)

Y

the algorithm. Hence since the last iteration of the while loop (for this fixed g¢) increases
xj, it must be that each iteration of the while loop increases ;. Hence, the number of
iterations of the while loop (for this fixed g¢) is O(N log(mN)/e). O

Hence combining the above lemmas and using N = O(ln(Tmn)), we get

Corollary 4.2.11. The parallel running time of the algorithm is upper bounded by polylog(mn)-

1 1

35



Chapter 5

Information theory and

communication complexity

In this chapter, we give some definitions and facts on information theory and communi-

cation complexity, which will be used in the subsequent chapters.

5.1 Information theory

For integer n > 1, let [n] represent the set {1,2,... ,n}. Let X, Y be finite sets and
k be a natural number. Let X* be the set XX x --- x X, the cross product of X, k
times. Let p be a (probability) distribution on X. Let p(z) represent the probability of
x € X according to p. Let X be a random variable distributed according to p, which
we denote by X ~ pu. We use the same symbol to represent a random variable and its

distribution whenever it is clear from the context. The expectation value of function f

on X is denoted as E,, x[f(2)] o > sex Pr{X =z] - f(z). The entropy of X is defined

as H(X) o > w(x) - log pu(z). For two distributions g, A on X, the distribution ¢ ® A
is defined as (u ® \)(z1, x2) o p(xq) - Mxg). XY represents the joint distribution of X

and Y. Let p* o U& - @ pu, ktimes. The ¢; distance between p and A is defined to be

half of the ¢; norm of p — A; that is, ||A — ulx o1 Yo A (@) — p(z)] = maxgcx [As — psl,

2
where \g & Y res A@). We say that X is e-close to p if || A — | < e.
The relative entropy between distributions X and Y on X is defined as S(X]||Y) aof

E. x [log 1;];[[)}5:;6” . Here we assume 0 log% = (0. The relative min-entropy between them

is defined as S, (X||Y) L max,ex {log lgﬁ);:z]} - See (XY) &' 5 if there exists x such

that Pr[X =2z] > 0 and Pr[Y =z] = 0. It is easy to see that S(X||Y) < So. (X||Y).
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Let X,Y, Z be jointly distributed random variables. Let Y, denote the distribution of

Y conditioned on X = x. The conditional entropy of Y conditioned on X is defined as

H(Y|X) € E,, ¢[H(Y,)] = H(XY) — H(X). The mutual information between X and Y

is defined as: I(X : V) € H(X)+H(Y) —H(XY) = E,y[S(X, | X)] = E,. x[S(Y:[Y)].
It can be checked from the definition that I(X : V) = S(XY||X ® V). We say that X
and Y are independent iff [(X : Y) =0, or equivalently, XY = X ® Y. The conditional
mutual information between X and Y, conditioned on Z, is defined as: I(X : Y|Z) =
E, (X :Y|Z=2]=H(X|Z2)+H(Y|Z)—-H(XY|Z). The following is the chain rule
for mutual information : I(X : YZ)=1(X : Z2)+ (X : Y|Z).

Let X, X', Y, Z be jointly distributed random variables. We define the joint distribu-
tion of (X'Z)(Y|X) by: Pr[(X'Z)(Y|X) = z, 2, 9] o PriX' =x,Z =z -Pr[Y = y|X =
x]. We say that X, Y, Z is a Markov chain iff XY Z = (XY)(Z]Y) and we denote it by
X < Y & Z. Suppose Alice is given x ~ X and Bob is given y ~ Y, then Bob can
sample distribution Z,, without knowing x if and only if X < Y « Z. It is easy to
see that X, Y, Z is a Markov chain if and only if I(X : Z|Y) = 0. Ibinson, Linden and
Winter [24] showed that if [(X : Z|Y) is small then XY Z is close to being a Markov

chain.

Lemma 5.1.1 ([24]). For any random variables X, Y and Z, it holds that
(X : Z|Y) =min {S(XYZ|X'Y'Z): X' Y & 2} .

The minimum is achieved by distribution X'Y'Z' = (XY)(Z|Y).

We need the following basic facts. A very good text for reference on information
theory is [19].

Fact 5.1.2. Relative entropy is jointly convex in its arguments. That is, for distributions
A A€ Xand p € [0,1]: S(pu+ (1= p)p' A+ (1 =p)A) < p-S(lA) + (1 —p)-
S(utIAY) .

Fact 5.1.3. Relative entropy satisfies the following chain rule. Let XY and X'Y! be
random variables on X x Y. It holds that: S(X'Y!||XY) = S(X||X)+E,. x1[S(Y}|Y2)]-
In particular, using Fact 5.1.2: S(X'Y'X®Y) = S(XX)+ E,,_ . [SYHY)] >
S(XX)+SYHY).

Fact 5.1.4. Let XY and X'Y"! be random variables on X x Y. It holds that

SXYH[XeY)>S(X'YHX'eY") =I(X':Y").
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Fact 5.1.5. For distributions A and g: 0 < |[|A — pfl; < /S(AJJw).

Fact 5.1.6. Let A\ and p be distributions on X. For any subset 8§ C X, it holds that:

Az
Y ores A(@) - logﬁ > —1.

Fact 5.1.7. The ¢; distance and relative entropy are monotone non-increasing when

subsystems are considered. Let XY and X'Y! be random variables on X x Y, then

oy = X!, 2 [|X = X7, and
S(XY[|X'Y") > S(X||X").

Fact 5.1.8. For function f : X x R — Y and random variables X, X; on X and R on
R, such that R is independent of (X X7), it holds that: || X f(X,R) — X f(X1, R)||, =
X = Xil]; -

Fact 5.1.9. (Classical substate theorem [31]) Let X, X’ be two distributions on X.
For any d € (0,1), it holds that

Pr

X'

PriX'=a] _sxixss] w5
Pr(X =z — -

Lemma 5.1.10. Given random variables A, A" and € > 0, if ||A— A'||; < €, then for
any r € (0,1),

Pr,. 4 H 1— Pr[A’=a]

Pr[A=a]
Proca |[1- Jasd | <¢] 21-2r—¢
Proof. Let G = {a : ‘1 — P;)rr[[i/::ﬂ < 7%}, then

2522

> Z ‘Pr[A =a] —Pr[A' = a]‘

Pr[A=a] — Pr[A' = a]}

agG
Pr{A’ = d £
= = - - > .-
ZPr[A al |1 Pr[A—a _aza[ang] .
aG
Thus Pry. ala € G] > 1 — 2r. The second inequality follows immediately. O
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The following definition was introduced by Holenstein [23]. It plays a critical role in

his proof of a parallel repetition theorem for two-prover games.

Definition 5.1.11 ([23]). For two distributions (X,Yp) and (X;SY17T), we say that
(Xo,Yp) is (1 — e)-embeddable in (X;S,Y1T) if there exists a probability distribution R
over a set R, which is independent of XY, and functions f4 : X xR — 8, fg: Y xR — T,
such that

[ X0Yofa(Xo, R) f5(Yo, R) — XiV15T ||, <e.

The following lemma was shown by Holenstein [23] using a correlated sampling pro-

tocol.

Lemma 5.1.12 ([23]). For random variables S, X and Y, if

IXYS — (XY)(S
IXYS — (XY)(S

X)||; <e and

|
V)l <e
then (X,Y) is (1 — 4e)-embeddable in (XS, Y S).

We need the following generalization of the previous lemma.

Lemma 5.1.13. For joint random variables (A’', B',C") and (A, B), satisfying

S(A'B||AB) < . (5.1)
E(aec a0 [S(Bhel|Ba)] < (5.2)
Epen o [S(4 bcHAb)} (5.3)

it holds that (A, B) is (1 — 5y/e)-embeddable in (A'C", B'C").
Proof. Using the definition of the relative entropy, we have the following.

Pr[B’' = b|A’ = a]
E og
(a,b,c)«—A' B’ Pr[B = b|A = a]

[S(B..l|1B:)] =

(a,c)«A",C’ [S (BZMCHBG)} -

= E [S(B,[B.)] = o
a+A’

(a,c)«A"C’

This means that

LB @B S, B S(BLB)] < (5.0
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Then

[S(B..[|B:)]

(a,0)«A"C’

= S(AC'B/|(AC) (B A)) (5.5)
=S(A'B'C|(A'B) (C'A)) (5.6)
> [|A'B'C" = (A'B) (C'|A)]] - (5.7)

Above, Eq. (5.5) follows from the chain rule for the relative entropy, Eq. (5.6) follows
because (A'C") (B'|A") and (A'B’) (C'|A’) are identically distributed, and Eq. (5.7) follows
from Fact 5.1.5. Now from Equations (5.7) and (5.4) we get

|A'B'C" — (A'B') (C'|A)|, < Ve
By similar arguments we get
|A'B'C" — (A'B') (C'|B)], < Ve.

The inequalities above and Lemma 5.1.12 imply that (A’, B') is (1 — 44/¢)-embeddable
in (A'C’, B'C"). Furthermore from Fact 5.1.5 and S(A’B’||AB) < ¢ we get

|A'B' — AB], < V.

Finally using the inequality above, Fact 5.1.8 and the triangle inequality for the ¢; norm,
we get that (A4, B) is (1 — 5y/e)-embeddable in (A'C’, B'C").
m

5.2 Communication complexity

In this work, we are concerned with the model of communication complexity which was
introduced by Yao [73]. In this model there are different parties who wish to compute a
joint relation of their inputs. They do local computation, use public/private coins, and
communicate between them to achieve this task. The player receiving the last message
outputs the answer. The resource that is counted is the number of bits communicated.
The text by Kushilevitz and Nisan [49] is an excellent reference for this model.

Let f € X x Y x Z be a relation, k¥ > 1 be an integer and ¢ € (0,1). And let

40



fF C X* x Y* x Z¥ be defined to be cross product of f with itself k¥ times. In a protocol
for computing f*, Alice will receive input in X*, Bob will receive input in Y* and the
output of the protocol will be in ZF.

Two-way public-coin communication complexity. In a two-way public-coin com-
munication protocol, Alice is given x € X, and Bob is given y € Y. They are supposed to
output z € Z such that (z,y,z) € f via exchanging messages and doing local computa-
tions. They may share public coins before the inputs are revealed to them. The transcript
of a protocol is the concatenation of the public coins and all messages exchanged between
Alice and Bob. Let RP"(f) represent the two-way public-coin randomized communica-
tion complexity of f with the worst case error ¢, that is the communication of the best
two-way public-coin for f with error for each input (x,y) being at most . Let u be a
distribution on X x Y. Let D#(f) represent the two-way distributional communication
complexity of f under distribution p with distributional error e, that is the commu-
nication of the best two-way deterministic protocol for f, with average error over the
distribution of the inputs drawn from p, at most . Following is Yao’s min-max principle
which connects the worst case error and the distributional error settings, see. e.g., [49,
Theorem 3.20, page 36].

Fact 5.2.1 (Yao’s principle, [73]). RP"™(f) = max, D¥(f).

Two-party bounded-round public-coin communication complexity. In a two-
party t-message public-coin model of communication, Alice with input z € X and Bob
with input y € Y, do local computation using public coins shared between them and
exchange t messages, with Alice sending the first message. At the end of their protocol
the party receiving the t-th message outputs some z € Z. The output is declared correct
if (z,y,2) € f and wrong otherwise. Let Rét)’p“b( f) represent the two-party ¢-message
public-coin communication complexity of f with worst case error ¢, i.e., the communica-
tion of the best two-party t-message public-coin protocol for f with error for each input
(x,y) being at most e. We similarly consider two-party t-message deterministic protocols
where there are no public coins used by Alice and Bob. Let u € X x Y be a distribution.
We let Dgt)’“ (f) represent the two-party t-message distributional communication com-
plexity of f under p with expected error €, i.e., the communication of the best two-party
t-message deterministic protocol for f, with distributional error (average error over the

inputs) at most € under . We have similar Yao’s principle for this model.

Lemma 5.2.2 (Yao’s principle, [73]). RYP™(f) = max, D" (f).
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The following fact about communication protocols can be verified using the rectangle

property of communication protocols.

Fact 5.2.3. Let there be t messages My, ..., M, in a deterministic communication proto-
col between Alice and Bob with inputs X, Y respectively where X and Y are independent.
Then for any s € [t], X and Y are independent even conditioned on M, ..., M;.

5.2.1 Smooth rectangle bounds

Besides showing direct product results, another major focus in communication complex-
ity has been to investigate generic lower bound methods, that apply to all functions
(and possibly to all relations). In the model we are concerned with, various generic
lower bound methods are known, for example the partition bound [28], the information
complexity [18], the smooth rectangle bound [28] (which in turn subsumes the rectangle
bound a.k.a the corruption bound) [5; 9; 45; 63; 75], the smooth discrepancy bound a.k.a
the 72 bound [52] ( which in turn subsumes the discrepancy bound), the subdistribution
bound [29] and the conditional min-entropy bound [25]. Proving strong direct product
results in terms of these lower bound methods is a reasonable approach to attacking the
general question. Indeed, many lower bounds have been shown to satisfy strong direct
product theorems, example the discrepancy bound [51], the subdistribution bound un-
der product distributions [29], the smooth discrepancy bound [67] and the conditional
min-entropy bound [25].

Smooth rectangle bound was introduced by Jain and Klauck in [28], which generalizes
the rectangle bound (a.k.a. the corruption bound) [5; 9; 45; 63; 75]. Roughly speaking,
the rectangle bound for relation f C X x Y x Z under a distribution u, with respect to
an element z € Z, and error &, tries to capture the size (under u) of a largest rectangle
for which z is a right answer for 1 — ¢ fraction of inputs inside the rectangle. It is
not hard to argue that the rectangle bound forms a lower bound on the distributional
communication complexity of f under pu. The smooth rectangle bound for f further
captures the maximum, over all relations g that are close to f under u, of the rectangle
bound of g under pu. The distributional error setting can eventually be related to the
worst case error setting via the well known Yao’s principle [75].

Let f C X xY x Z be a relation and £, > 0. With a slight abuse of notation, we

write f(z,y) < {z € 2| (z,y,2) € f}, and f7(2) & {(z,) : (x,9,2) € f}.

Definition 5.2.4. (Smooth-rectangle bound [28]) The (g, d)-smooth rectangle bound
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of f, denoted by srec_; (f), is defined as follows:

stec, 5 (f) & max{srec}; (f) | A a distribution over X x Y};
= max{srec’; (f)] 2 € 2};
stecty (f) & max{rec? ()| g CX x Yx 2; Pr [f(a,y) # g(z,y)] < 8}

) (le7y)<—)\
def

recc (9) < min{Se (Ag||A) | R is a rectangle in X x Y, A(g~ () N R) > (1 —e)A(R)}.

When 6 = 0, the smooth rectangle bound equals the rectangle bound (a.k.a. the
corruption bound) [5; 9; 45; 63; 75]. Definition 5.2.4 is a generalization of the one in [28§],
where it is only defined for boolean functions.

Jain and Klauck showed that the smooth rectangle bound is stronger than every lower
bound method we mentioned above except the partition bound and the information
complexity. Jain and Klauck showed that the partition bound subsumes the smooth
rectangle bound and in a recent work Kerenidis, Laplante, Lerays, Roland and Xiao [43]
showed that the information complexity subsumes the smooth rectangle bound (building
on the work of Braverman and Weinstein [16] who showed that the information complexity
subsumes the discrepancy bound). New lower bounds for specific functions have been
discovered using the smooth rectangle bound, for example Chakrabarti and Regev’s [17]
optimal lower bound for the Gap-Hamming Distance partial function. Klauck [46] used the
smooth rectangle bound to show a strong direct product result for the Set-Disjointness
function, via exhibiting a lower bound on a related function. On the other hand, as far
as we know, no function (or relation) is known for which its smooth rectangle bound is
(asymptotically) strictly smaller than its two-way public-coin communication complexity.
Hence establishing whether or not the smooth rectangle bound is a tight lower bound for
all functions and relations in this model is an important open question.

In [28], Jain and Klauck provide an alternate definition of smooth-rectangle bound

for boolean functions.

Definition 5.2.5. For function f : X x Y — Z, the e smooth rectangle bound of f
denoted srec, (f) is defined to be max{srec?(f) : z € Z}, where srec?(f) is given by the

optimal value of the following linear program. (W represents the set of all rectangles.)

Primal
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wew

Yy ef =) D>, ww>l-¢
W:i(z,y)eW

Yee i Y w<l,
W:(z,y)eW

Ve - S ww<e

W:(z,y)eW

YW :ow >0 .

Dual

max: Z (1 =€)Aa,y — Pay) — Z € Aay

(z,y)ef~1(2) (z,9)¢f~1(2)
YW > Ny — Pay) — > Aoy <1,
(z,y)ef~H(z)NW (z,y)e(Wnf-1—-f=1(2))

V(z,y) : Ay > 0505, >0 .

The following lemma lower bounds the natural definition in terms of the linear pro-
gramming definition of smooth rectangle bound. A similar, but weaker, relationship was

shown in [28].

Lemma 5.2.6. Let f: X xY — Z be a function. Let z € Z and € > 0. There exists a
distribution € X XY and 6,8 > 0 such that

SE“E/C’(Zi’;Z)%’a (f) > log(srecZ(f)) + 3loge.

Proof. See Appendix A. O

The smooth rectangle bound is a lower bound on the two-way public-coin communi-
cation complexity. It is first proved by Jain and Klauck in [28]. The proof is contained

in Appendix A for completeness.

Lemma 5.2.7. Let f CX xY X Z be a relation. Let A € X x Y be a distribution and let
ze2. Let BY Pryyen[f(x,y) = {2}]. Lete,',6 > 0 be such that ;f;g < (1+ 6/)%.
Then,

. 4
Re(f) 2 D(f) = ST g 55 (f) — log —
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Chapter 6

A direct product theorem for
two-party bounded-round
public-coin communication

complexity

6.1 Introduction

In this chapter, we show a direct product theorem for the two-party bounded-round
public-coin communication complexity. In this model, for computing a relation f C
X xYxZ(X,Y,Z are finite sets), one party, say Alice, is given an input = € X and
the other party, say Bob, is given an input y € Y. They are supposed to do local
computations using public coins shared between them, communicate a fixed number of
messages between them and at the end, output an element z € Z. They are said to
succeed if (z,y,z) € f. In this chapter we only consider complete relations, that is for
every (z,y) € X x Y, there is some z € Z such that (z,y,z) € f. Using the notations

introduced in Section 5.2, we show that

Theorem 6.1.1. Let X, Y, Z be finite sets, f C X xY x Z a relation, € > 0 and k,t > 1

be integers. There exists a constant k > 0 such that,

(t),pub &k #).pub Kt?
Ry e (1) = 2 (T ' (Rg)p (fl=——1]]-

€

In particular, it implies a strong direct product theorem for the two-party constant-
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message public-coin communication complexity of all relations f.! Our result generalizes
the result of Jain [25] which can be regarded as the special case when t = 1. Our
result can be considered as an important progress towards settling the strong direct
product conjecture for the two-party public-coin communication complexity, a major
open question in this area.

As a direct consequence of our result we get a direct product theorem for the Pointer
Chasing problem defined as follows. Let n,t > 1 be integers. Alice and Bob are given
functions Fy : [n] — [n] and Fp : [n] — [n], respectively. Let F' represent alternate
composition of Fy and Fg done t times, starting with F4. The parties are supposed to
communicate and determine F*(1). In the bit version of the problem, the players are
supposed to output the least significant bit of F*(1). We refer to the ¢-pointer chasing
problem as FP, and the bit version as BP;. The pointer chasing problem naturally
captures the trade-off between number of messages exchanged and the communication
used. There is a straightforward t-message deterministic protocol with t - logn bits of
communication for both FP; and BP;. However if only ¢ — 1 messages are allowed to
be exchanged between the parties, exponentially more communication is required. The
communication complexity of this problem has been very well studied both in the classical
and quantum models of communication complexity [32; 44; 47; 57; 60]. Some tight lower

bounds that we know so far are as follows.
Theorem 6.1.2. For integert > 1,

1. [60] REDPP(EP,) > Q(nlog® n);

R{,VPP(BP) > Q(n).

As a consequence of Theorem 6.1.1 we get strong direct product results for this prob-
lem. Note that in the descriptions of FP; and BPy, t is a fixed constant, not dependent

on the input size.

Corollary 6.1.3. For integers t,k > 1,

1-2-9(k/t2)

7. R Dpub (FPF) > Q (% -nlogtY n) :

—1),pub
2. RUZUPD (BPF) > Q (k. n).

1—2—-9(k/t2)

I'When RY'P™(#) is a constant, a direct product result can be shown via direct arguments as for
example in [25].
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6.1.1 Our techniques

We prove our direct product result using information theoretic arguments. Information
theory is a versatile tool in communication complexity, especially in proving lower bounds
and direct sum and direct product theorems [6; 8; 13; 18; 25; 27; 33; 34; 35]. The broad
argument that we use is as follows. For a given relation f, let the communication required
for computing one instance with ¢ messages and constant success be c¢. Let us consider
a protocol for computing f* with ¢ messages and communication cost o(kc). Let us
condition on success on a set C' of coordinates. If the overall success in coordinates
in C' C [k] is already as small as we want then we are done and stop. Otherwise we
exhibit another coordinate j outside C' such that the success in the j-th coordinate, even
conditioned on the success in the [ coordinates, is bounded away from 1. This way the
overall success keeps going down and becomes exponentially small (in k) eventually. More
concretely, the distribution of inputs XY} (conditioning on the success of the coordinates
in C'), in the j-th coordinate is quite close to p and the joint distribution X;Y;M (where
M is the message transcript of P) can be approximated very well by Alice and Bob using a
t message protocol for f, when they are given input according to p, using communication
less than ¢. This shows that success in the j-th coordinate must be bounded away from
one. We do this argument in the distributional setting where one is concerned with
average error over the inputs coming from a specified distribution rather than the worst
case error over all inputs. The distributional setting is then related to the worst case
setting by the well known Yao’s principle [73].

To simulate the transcript, we adopt the message compression protocol due to Braver-
man and Rao [13], where they used the protocol to show a direct sum theorem for the
same communication model we are considering. Informally, the protocol can be stated

as follows.

Braverman-Rao protocol (informal). Given a Markov chainY <+ X < M, there
exists a public-coin protocol between Alice and Bob, with input X,Y , respectively, with
a single message from Alice to Bob of O(I(X : M|Y')) bits, such that at the end of the

protocol, Alice and Bob both possess a random variable M', close to M in £y distance.

Consider the situation after conditioning on the success in the set C' as above, and
let X,Y; represent the input in the jth coordinate. The Braverman-Rao compression
protocol cannot be directly applied at this stage. Take the first message M; sent by Alice,
for instance. Y;X;M; is not necessarily a Markov chain even if the initial distribution

is product. However, we are able to show that Y;X;M; is ‘close’ to being a Markov

47



chain by further conditioning on appropriate sub-events. We then use a more ‘robust’
Braverman-Rao compression protocol (along the lines of the original), where by being
‘robust’, we mean that the communication cost and the error do not vary much even for
XY M which is close to being a Markov chain (similar arguments were used in Jain [25]).
We then apply such a robust message compression protocol to each successive message.
We accumulate some errors for each of these messages. Thus in order to keep the overall
error bounded, we are able to make our argument for protocols with a bounded number
of message exchanges.

Another difficulty that is faced in this argument is that since yu may be a non-product
distribution, Alice and Bob may obtain information about each other’s input in the j-
th coordinate via their inputs in other coordinates. This is overcome by splitting the
distribution p into a convex combination of several product distributions. This idea of
splitting a non-product distribution into convex combination of product distributions
has been used in several previous works to handle non-product distributions in different
settings [6; 8; 13; 23; 25; 61; 63]. This splitting of non-product distribution leads us to use
another important tool namely the correlated sampling protocol, that was also used for
example by Holenstein [23] while arguing a strong direct product result for the two-prover
one-round games.

As mentioned previously, we build on the arguments used in Jain [25]. Jain shows
a new characterization of the two-party one-way public-coin communication complexity
and uses it to show a strong direct product result for all relations in this model. We are
unable to arrive at such a characterization for protocols with more than one message and

use a more direct approach, as outlined above, to arrive at our direct product result.

6.2 Proof of Theorem 6.1.1

We start by showing a few lemmas which are helpful in the proof of the main result. The
following lemma was shown in Jain [25] and follows primarily from a message compression

argument due to Braverman and Rao [13].

Theorem 6.2.1. Let § > 0,¢ > 0. Let X', Y', N be random wvariables for which Y’ +
X' < N is a Markov chain and the following holds,
Pr[N = m|X' = z]

P 1 > c| <. 6.1
(x,y,m)<—l;</,Y',N 8 Pr[N = m|Y" =] | = (6.1)

There exists a public-coin protocol between Alice and Bob, with inputs X', Y’ respec-
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tively, with a single message from Alice to Bob of ¢ + O(log(1/6)) bits, such that at
the end of the protocol, both Alice and Bob possess a random variable M satisfying
| X'Y'N - X'Y'M|, <20.

Remark 6.2.2. In [13], the condition I(X’: N|Y’) < ¢ is used instead of (6.1). It is
changed to the current one in Jain [25]. By Markov’s inequality, I(X’ : N|Y”) < ¢ implies

Pr[N =m|X' = 1
Pr log il m| g:]>c+

< 4.
(z,y,m)«X"Y' N Pr [N = m|Y’ = ’y] 1) -

This modification is essential in our arguments since the condition (6.1) is robust when
the underlying joint distribution is perturbed slightly, while I(X’ : N|Y’) may change a

lot with such a perturbation.

As mentioned in Subsection 6.1.1, we have to work with approximate Markov chains
in our arguments for the direct product. The following lemma makes Theorem 6.1.1 more

robust to deal with approximate Markov chains.

Lemma 6.2.3. Letc>0,1>¢>0,¢' > 0. Let X', Y', M’ be random variables for which
the following holds,

(X' M|Y)<cand I(Y': M'|X') <e.

There exists a public-coin protocol between Alice and Bob, with inputs X')Y' respec-
tively, with a single message from Alice to Bob of C;“—,5 + O(log 5) bits, such that at
the end of the protocol, both Alice and Bob possess a random variable M satisfying
| XYM — X'Y'M|, <3ye+6¢.

Proof. Let us introduce a new random variable N with joint distribution X'Y’'N aof

(X'Y")(M'|X"). Note that Y <+ X’ <> N is a Markov chain. Using Lemma 5.1.1, we
have
S(XY'M||XY'N)=1(Y": M'|X') <e. (6.2)
Applying Fact 5.1.5, we get | X'Y'M' — X'Y'N||;, < y/e. Theorem 6.2.1 and the
following claim together imply that there exists a public-coin protocol between Alice
and Bob, with input X’ Y’ respectively, with a single message from Alice to Bob of
c:f—,5 + O(log 5) bits, at the end of which both Alice and Bob possess a random variable
N’ satistying || X'Y'N' — X'Y'N||, < 2y/e + 6¢’. Finally using the triangle inequality for

the ¢; norm we conclude the desired. O

49



Claim 6.2.4.

_ r
Pr Pr[N—m|X—x]Zc—|—5

1 < 3¢ .
(m,@,y) N, X", Y’ ©8 Pr[N = m|Y’ =] <3+ Ve

8/

As mentioned in Remark 6.2.2, although mutual information is not robust, an upper
bound on the mutual information implies an upper bound on the majority of the logarithm
of a ratio, which turns out to be robust. We can also apply this trick to the bounds on
other information theoretic quantities. The following claim is a robust version of the
inequality S(M'X'Y’||NXY') > 0.

Claim 6.2.5. Given 0 < ¢,&’ < 1, we have

PrIN=m|X'=2,Y'=y] e+1
Pr[M'=m|X' =2,Y' = y] g

log }>1—s’.

r
(m7x7y)eMl ’X,’Y/ {

Proof. We prove it by applying Markov inequality to S(M’X'Y’||NXY') > 0. let us define
the set

e Pr[N=m|X'=2z,Y' = 1
G1d:f{(m,m,y):log tl il ’ Y] <L€+ }

Pr[M'=m|X' =2,Y' =y g

Consider,
0>-S(M'X"Y'|NXY) > — E S(M’. |IN,
- ( || ) - (z,y)&X’,Y’[ ( TL’yH y)]
PI“[N - m’X/ - :U>Y, = y]
= E 1 6.3
() M"Y { BB M =m[X =2,V =y (6.3)

Pr[N =m|X' ==z,Y' = y] )

— Pr[M' =m, X =,V =y -1

Pr[N =m|X' =z,Y' = y]
PriM =m, X' =2,V =y -1 ’ )
m,r,y 1

Pr[N =m|X' =2z,Y' = y] >

> Pr(M =m, X' =2, =y -1
> 3 (P =m X =Y =y P PrM = m[X =2,V =y

(mvx»y)EGl

e+1
+ Pr[(M, XY ¢ G- (6.4)
PriM'=m|X' =z,Y' = y]
_ PrM =m. X = 2.V =q| -1 i )
()¢
e+1
—S(MXY|[NXY') + Prl(M X, Y') ¢ Gi] - — (6.5)
1
> 1 — e+ Pr[(M,X'Y') ¢ Gl - 5; . (6.6)
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Above, Eq. (6.3) and Eq. (6.5) follow from the definition of the relative entropy, and
Eq. (6.4) follows from the definition of Gy. To get Eq. (6.6), we use Fact 5.1.6 and
Eq. (6.2). Eq. (6.6) implies that Pr[(M’, X", Y") ¢ G] < ¢ O

Applying Markov inequality to the condition I(M’ : X’|Y”’) < ¢, we can get the following

claim.

Claim 6.2.6. Pr(myw,y)HM/,ng/ [log Pr[]g;[;ryi);;a]zfy’]:y] < %,1:| 2 1-¢.

Proof. Let us define

o Pr[M'=m|X' =2,Y = 1
GQd:f{(m,x,y):log l m| * yl et }

PrM —m)Y =y &

Consider,

c>I(M : X'|Y) (6.7)

PriM'=m|X' =2z,Y" = y]
= E log
(m,z,y)«M' X"Y' Pr [MI = m|Y’ = y]

(6.8)

= Z (Pr[M’:m,X’:x,Y’:y]-log

(m7x7y)6G2

Pr[M'=m|X' =z,Y’ :y]>
Pr[M"=m|Y’ = y]

D S T N R
(mvmzy)€G2

c: Lo X YY) ¢ Gy — 1. (6.9)

Pr[M'=m|X' =z, = y]>
Pr[M’ = ml|Y" = y]

>

Above Eq. (6.7) is one of the assumptions in the lemma; Eq. (6.8) follows from the
definition of the conditional mutual information; Eq. (6.9) follows from the definition of
G5 and Fact 5.1.6. Eq. (6.9) implies that Pr[(M', X", Y") ¢ G5] < ¢€'. O

Applying Markov inequality to (6.2), we have the following claim.

Pr{M'=m,Y'=y]

Claim 6.2.7. Pr(myﬁy)(;M/’Xayl [log m

<=l >1-¢.

Proof. Define

. Pr[M =m, Y = 1
G3(1:f{(m,x,y):log il m y_et }

<
Pr[N =m,Y’' =y] e
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Consider,

> S(X'Y'M||X'Y'N)
>S(Y'M'||[Y'N) (6.10)
[ Pr[M'=m,Y' =y

= E 1
©8 Pr[N =m, Y’ = y]

(m’.’I/l’y)HM,’X/,YI

Pr[M'=m,Y' = y])

= PrM'=m, X' =2,Y =y9]-1
Z ( d m, “ ] log Pr[N =m, Y’ =y

(m,xz,y)€G3

Pr(M' =m,Y' = y]
+ (Pr[M’:m,X’:x,Y’:y]-log ’ )
(m’gg% Pr[N =m,Y’ = y]

> 14 Pr[(M,X,Y") ¢ Gy -

e+1
g

(6.11)
Above Eq. (6.10) follows from Fact 5.1.7 and Eq. (6.11) follows from definition of Gs.
This implies Pr[(M', X" Y') ¢ G5] < . O

With those claims above we can prove Claim 6.2.4.
Proof of Claim 6.2.4:.

Pr[N = m|X' = z] Pr[N =m|X' =z,Y' = y]

1 =1
o8 Pr[N =m|Y’ = y] o8 Pr[N =m|Y" = y]
Pr[N =m|X' =z,Y' = y] Pr[M' =m|X' =z,Y' = y]
= log + log
Pr(M’' =m|X' = z,Y' = y] Pr[M’ = ml|Y" = y]
Pr[M'=m,Y' =
+ log il , y] (6.12)

Pr[N=m,Y' =qy]

From union bound and above we get (recall 1 > ¢ > 0),

J— ! __
Pr logPr[N_m|X = 4] ZC+5
(m,x,y) PI‘ [N = m|Y/ = y] 8/
<—M/7XI7Y/
= Pr logPr[N:m|X/:an/:y] >C—i—5
(m,m,y) PI‘ [N = m|Y/ = y] - 6’
<_]\4l’){/,y/
. ! __ ! __
< pr g LN =mX=a Y =y et
(m,z,y) PI"[M’ = le/ = 1'7Y/ — y] 5/
(—M’,XCY’
! __ ! ’
+ Pr logPr[M_m|X_x’Y_y]ZC+1
(m,z,y) Pr[M’ = m|Y' =y o
«~M' XY’
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PriM'=m,Y'=y|] _ e+1
P 1 > . 6.13
+ (m,xr,y) |: 8 Pr [N =m, Y = y] - ¢ ( )
M XY

By Claim 6.2.5, 6.2.6 and 6.2.7, each term is bounded from above by ¢’. Combining the
bounds for the three terms we get
Pr[N=m|X'=z] _ ¢+5

P 1 > < 3¢,
(m,x,yy—{w,xgyf [ 8 Pr[N =m|Y'=y] = ¢ 1 = 0F

Using || X'Y'M' — X'Y'N||, < /¢ (as was shown previously), we finally have,

Pr[N =m|X' == c+5
[ | ]2 = ]§35’+\/§.

]

The following lemma generalizes the lemma above to deal with multiple messages, as

needed for our purposes.

Lemma 6.2.8. Let t > 1 be an integer. Let e > 0, ¢s > 0,1 > ¢, > 0 for each

1<s<t Let RyX'Y' M, ...,M], be random variables for which the following holds

(below M def M- M._,),

I(X': M|Y'RM.) < ¢, 1(Y': M/|X'R'M.,) < e, (6.14)

for odd s, and
LY': MIIX'R'M.,) < ¢, J(X': MJ|[Y'R'ML,) <e,,

for even s.

There exists a public-coin t-message protocol P, between Alice, with input X'R', and
Bob, with input Y'R', with Alice sending the first message. The total communication of Py
18 M +0 (t log 5) , and at end of the protocol, both Alice and Bob possess random
variables My, . .., My, satisfying: |R'X'Y' M, --- My—R'X'Y'M{ --- M[|, <33L_| /&t
6e't.

Proof. We prove the lemma by induction on t. For the base case t = 1, note that

I(X'R : M{|Y'R)=1(X": M{|Y'R) < &y
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and

I(Y'R : M{|X'R)=1(Y': M]|X'R') < &,.
Lemma 6.2.3 implies (by taking X', Y, M’ in Lemma 6.2.3 to be X'R’|Y'R’, M respec-
tively) that Alice, with input X'R’, and Bob, with input Y’R’, can run a public-coin
protocol with a single message from Alice to Bob of

c1+95

5/

1
+ O(log Q)
bits and generate a new random variable M; satisfying
|R'X'Y'M; — RX'Y'M |, <3y/z1 +6¢.

Now let ¢ > 1. Assume ¢ is odd, for even t a similar argument follows. From the induction
hypothesis there exists a public-coin ¢ — 1 message protocol P;_; between Alice, with
input X'R’, and Bob, with input Y’R’, with Alice sending the first message, and total

e tst-1) <(t 1)log é) , (6.15)

communication

8/

such that at the end both Alice and Bob possess random variables My, ..., M;_; satisfying
t—1

IRX'Y'M; -+ My — RXY' M- M|y <3) /e, +6¢'(t - 1). (6.16)
s=1

Note that

IY'RM., : M{|X'R'M_,) =1(Y' : M{|X'R'M.,) < ¢,
and

I(X'RML, : M]|Y'RM._,) =1(X": M{|Y'R'M.,) < &,.

Therefore Lemma 6.2.3 implies (by taking X', Y, M’ in Lemma 6.2.3 to be X'R'ML,, Y'R'ML,, M]
respectively) that Alice, with input X’R'M’,, and Bob, with input Y'R'M’,, can run a

public coin protocol P with a single message from Alice to Bob of

1
i +0 <log —/) (6.17)
£

E/
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bits and generate a new random variable M/ satisfying
|R'X'Y'M] - M{_ M — RX'Y'M{--- M, M|, <3z + 6" (6.18)

Fact 5.1.8 and Eq. (6.16) imply that Alice, on input X' R’ M_; and Bob on input Y'R' M,

on running the same protocol P will generate a new random variable M, satisfying

|RXY'M, - My M, — RX'Y'M, - M M
=||RXY'M;-- - My_y — RX'Y'M; - M,_|1

< 353\/5_8%5’(:5— 1). (6.19)

Therefore by composing protocol P, ; and protocol P, using Equations (6.15), (6.17),
(6.18), (6.19) and the triangle inequality for the ¢; norm, we get a public-coin t-message
protocol P; between Alice, with input X’R’, and Bob, with input Y’ R/, with Alice sending

the first message, and total communication

t

. + 5t 1

Zstst ¥y (g L)
15 £

such that at the end Alice and Bob both possess random variables M, ..., M; satisfying
t
IRX'Y' M- M, — RX'Y'M, - M|, < 32\/5_54—65%. O
s=1

In the lemma above, Alice and Bob shared an input R’ (potentially correlated with
X'Y"). Eventually we need Alice and Bob to generate this shared part themselves using
correlated sampling. The following lemma, obtained from the lemma above, is the one

that we finally use in the proof of our main result.

Lemma 6.2.9. Let random wvariables R', X', Y', Mj, ..., M, and numbers €', cs, &5 sat-
isfy all the conditions in Lemma 6.2.8. Let T > 0 and let random variables (X,Y) be
(1 — 7)-embeddable in (X'R',Y'R'). There exists a public-coin t-message protocol Q; be-
tween Alice, with input X, and Bob, with input Y, with Alice sending the first message,
and total communication M + 0 (t log 5) bits, such that at the end Alice pos-
sesses RaMy -+ My and Bob possesses RgMy - -+ My, such that: | XY RaRgM; --- M; —
XY'RRM - M|, <7+3Y"_, /G + 6t

Proof. In Q;, Alice and Bob, using public coins and no communication first generate
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R4, Rp such that | XYRsRp — X'Y'R'R'||;, < 7. They can do this from the Definition
5.1.11 of embedding. Now they will run protocol P; (as in Lemma 6.2.8) with Alice’s input
being X R4 and Bob’s input being Y Rp and at the end both possess M, ..., M;. From
Lemma 6.2.8, the communication of Q, is as desired. Now from Fact 5.1.8, Lemma 6.2.8

and the triangle inequality for the ¢; norm,
t
IXYRARpM, - M, — X'Y'RRM; - M|y <7+3) /e +6e't. O
s=1

We are now ready to prove our main result, Theorem 6.1.1. We restate it here for

convenience.

Theorem 6.2.10. Let X, Y, Z be finite sets, f C X xYxZ a relation, € > 0 and k,t > 1

be integers. There exists a constant k > 0 such that,

(t),pub &k #).pub Kt?
Ry 20 e (1) = 2 (T ' (Ré)p (fl=——1]]-

3

def &2

Proof of Theorem 6.1.1: Let 0 = =5 and 01 = 555 From Y?o’s principle,
Lemma 5.2.2, it suffices to prove that for any distribution p on X xY, Dgtz’(“l_e/z)w (f%) >

51ke , where ¢ & Dg)’“(f) - %’52, for constant x to be chosen later. Let XY ~ p*. Let Q
be a t-message deterministic protocol between Alice, with input X, and Bob, with input
Y, that computes f*, with Alice sending the first message and total communication d, ke
bits. We assume ¢ is odd for the rest of the argument and Bob makes the final output
(the case when ¢t is even follows similarly). The following Claim 6.2.11 implies that the
success of Q is at most (1 — £/2)1%%) and this shows the desired. O

Claim 6.2.11. For each i € [k], define a binary random variable 7; € {0, 1}, which
represents the success of Q (that is Bob’s output being correct) on the i-th instance.
That is, T; = 1 if the protocol Q computes the i-th instance of f correctly, and T; = 0
otherwise. Let k' & |0k]. There exist k' coordinates {i1,...,ip} such that for each
1<r<k -1,

either Pr [T(T) =1 <(1- /2 or
Pr(T,,, =1T" =1] <1-¢/2,

r+1

where 7T HT%

i=1
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Proof of Claim 6.2.11: For s € [t|, denote the s-th message of Q by M. Define
MY M - -+ M;. In the following we assume 1 < r < K/, however same arguments also
work when r = 0, that is for identifying the first coordinate, which we skip for the sake of
avoiding repetition. Suppose we have already identified r coordinates i1, ..., %, satisfying
that Pr[T;, = 1] < 1—¢/2and Pr[T},,, = 1TV = 1] < 1-¢g/2for 1 < j <r—1
If Pr[T™" =1] < (1 —¢/2)¥, we are done. So from now on, assume Pr [T =1] >
(1—¢/2)% > 27,

Let D be a random variable uniformly distributed in {0, 1}* and independent of XY
Let U; = X; if D; =0, and U; = Y; if D; = 1. For any random variable L, let us introduce
the notation: L' % (L|T™) = 1). For example, X'V = (XY|T®) =1). If L = Ly - - Ly,

define L_; def Ly---L; 1Liy1---Lg, and L dof Ly---L;,_;. Random variable L; is

defined analogously. Let C o {i1,...,i,}. Define R; o D_iU_iXcyi-11Yeup-1 for
i € [k]. We denote an element from the range of R; by r;. !

To prove the claim, we show that there exists a coordinate j ¢ C such that,

1. (X;Y]) can be embedded well in (X;R},Y;'R;) (with appropriate parameters as

required in Lemma 5.1.13.)

2. Random variables R},X;,le,]\/[ll, ..., M} satisfy the conditions of Lemma 6.2.8

with appropriate parameters.

Applying Markov inequality to Claim 6.2.12, we can get a coordinate j ¢ C such that

S(X;Y; (| X;5Y5) <12, (6.20)
(rj,ijR}-,X; [S((le)’“w (Yj)%ﬂ < 129, (6.21)
oo s B0, [ 0,,)] < 125 622
DO s MIRYI ML) + )0 1Y) MYRIXML,) < 126.c, (6.23)
Soda

"'We justify here the composition of R;. Random variables D_;U_; are useful since conditioning on
them makes the distribution of inputs product across Alice and Bob (for fixed values of X;Y;) and is
helpful in our arguments later. Random variables XY are helpful since conditioning on them ensures
that the inputs become product even conditioned on success on C'. Random variables X[;_1)¥};_1] are
helpful since the following chain rule is used to draw a new coordinate outside C' with low information
content:

I(XY : M) =) I(X;Y; : M| Xj_qYji_y) -

i
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I MYRIXIML) + ) LX) MY R)Y'ML,) < 126t. (6.24)
s odd s even

def
Set ¢’ = 5=, and

et L(Y}' : MJ|RIXML,) s € [t] odd, |

I(X} : MM RIY!'ML,) s € [t] even.

aor | IV} MY RIXIML,) s € [t] even,
Co =
I(X;] : M}|R}Y}'ML,) s e [t] odd.

By (6.24), YL, v/&s < V126t. From Equations (6.20)(6.21)(6.22) and Lemma 5.1.13 we
can infer that (X;Y;) is (1 — 10v/38)-embeddable in (X} R}; Y;'R}). This, combined with
Equations (6.23)(6.24) and Lemma 6.2.9 (take €', 5, ¢s in the lemma to be as defined
above and take XY X'Y'R'Mj --- M] in the lemma to be X;Y; XY RiM{ --- M) imply
the following (for appropriate constant ). There exists a public-coin t-message protocol
Q! between Alice, with input X;, and Bob, with input Y;, with Alice sending the first
message and total communication, W +O(tlog +) < DL+ (f), such that at the end

Alice possesses Ry M, - - - M; and Bob possesses RgM - - - M, satisfying
| X;Y;RaRp My -+ - My — XY} RIRI M --- M} ||, < 10V30 + 3V120t + 6t < £/2.

Assume for contradiction that Pr [Tj = I‘T(’”) = 1} > 1 —¢/2. Consider a protocol Q2
(with no communication) for f between Alice, with input XjR;M; --- M/, and Bob,
with input Y;'R; M --- M}, as follows. Bob generates the rest of the random variables
present in Y! (not present in his input) himself since, conditioned on his input, those
other random variables are independent of Alice’s input (here we use Fact 5.2.3). Bob
then generates the output for the j-th coordinate in Q, and makes it the output of Q2.
This ensures that the success probability of Bob in Q% is Pr [T] = 1‘T(7") = 1} >1—¢g/2.
Now consider protocol Q% for f, with Alice’s input X; and Bob’s input Y}, which is a
composition of Q! followed by Q2. This ensures, using Fact 5.1.8, that success probability
of Bob (averaged over public coins and the inputs X;Y;) in Q? is larger than 1—&. Finally
by fixing the public coins of Q3, we get a deterministic protocol Q* for f with Alice’s input
X and Bob’s input Y; such that the communication of Q* is less than D (f) and Bob’s
success probability (averaged over the inputs X;Y;) in Q% is larger than 1 — . This is
a contradiction to the definition of D (f) (recall that X,Y; are distributed according
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to 4¢). Hence it must be that Pr[T; = 1{T =1] <1—¢/2. The claim now follows by
setting 7,1 = J. O

Claim 6.2.12. It holds that
L 3 e S(XGYHIXGY;) < ok.

2. % ZiéC E(W,xi)“R%vxil [S <<Yi1)Ti7$i
ok

)] <

(}/;)$z>i| +% ZzéC E(Tuyz)‘_R}szl |:S <(X11)n7y1

3. %Zzgc (Zs odd I<le : Msl |R11}/zl ) + Zseven ( M1|R1X11Mis)) < k.

4' Zzic’ (Zs odd I<Y;1 : Msl |R21X11Mis> + Zs evenI(‘XVi1 : M51|R11Y;1Mis)> S 25kt

Proof. 1.
0k > S (XY XY) > S(X'Y|XY) > ) " S(X)V} | Xiv5) (6.25)
i¢C
where first inequality follows from the assumption that Pr [T(T) = 1} > 27% and

the last inequality follows from Fact 5.1.3. The following calculations are helpful
for achieving conditions (5.2) and (5.3) of Lemma 5.1.13.

5k > Se (X'Y'D'U|| XY DU)
> S(X'Y'D'U|| XY DU)
Z I |:S ((lel)d,u,xc,yc

(diu’z1cyy10) L
D"\ U ’XC7YC

(X Y)d,u,xc,yc)] (6.26)

— Z (d, ) |:S ((X Y )duxcu[z 1] ‘(Xi}/i)d,u,xCU[ill,> ] (627)
Y 1u aclcu[z 1] ycu[l 1] Youli-1] Yeuiog
<DL ULXE Yooy
- Z d UiT X Y >d WisTd (XiYi)di,uz'm)] (6.28)

Z%C (—Dl Ul Rl

T2 Z (ri,xs) HRI X1 |: <(}/il)ri’ri

(Yz):czﬂ + 2 Z E [S ((Xil)m,yi

(ri;yi)«<RLY}

29



Above, Eq. (6.26) and Eq. (6.27) follow from Fact 5.1.3; Eq. (6.28) is from the def-
inition of R;. Eq. (6.29) follows since D} is independent of R} and with probability
half D} is 0, in which case U} = X} and with probability half D} is 1 in which case

Sick > |M'| > I(X'Y': M| D'U'XLYS)
= ZI(X;Y? : Ml‘DlUlX(lJu[i—l]Ycl‘u[i—l])

i¢C

t
= D XY M DU Xy Yeou—n ML)
i¢C s=1

t
=> > 1(x}v;': M!|D}URI ML

igC s=1

=3 ((Z + Z) I(XHy! MQ\DQU}R}Mis)>

i¢C sodd s even

= %Z (> 1(x) - MR ML) + Y1y MIRIXIML,)).  (6.30)

i¢C s odd seven

Above we have used the chain rule for mutual information several times. Last
inequality follows since D] is independent of (X!Y!R!M?') and with probability
half D} is 0, in which case U} = X} and with probability half D} is 1 in which case
Ul =Y

0k > Soo (D'U' XY ML,||DUXY M<,)
>S(D'U'X'Y'ML,||DUXY M)

(XY>d,u,wc,yc,mgs)]

(XZYZ) du,zoufi-1] ) :|

Youli—1],M<s

11
Z E(d7u7rC7y07m§s)<_Dl7U17Xé*7Y6117MiS |:S (<X Y )d1u7$07y01m§s

Z d“mcu[z 1]» y0u[ ]mgs) [ (( )d Culi—1]»

ycu[ 1],M<s
Z¢C %Dl Ul Ml

<s
d yUs s 7'7. m<s

igC <—D1 U}R! ML

yl
Cu[z 1]’ C’u[ 1]’

[S«X Y )d Wi, TiyM< g

(XiY;)di,uiJ’i,mgs) } (631)
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1
25 (@4,75,m<s) S((Y;l)xiﬂ,mgs (Y)mi,ri,mgsﬂ
i#C X1 R,
1
=32 [S((Varrime | (V)asrime.)] (6.32)

1
= 5 E(ximi,m<s)<—X},R%,Més [S ((Y;lMsl)xi,rimﬂKs (}/i)l“i,ri,m<s X (Msl)miﬂ“i,m<s) :|
1

= 2 ¢Z (@iri;m<s)

#C —xLRLML,

(Y erimes © (M) ayrimes)] (6.33)

I(Y;' : M}|X!RIML,). (6.34)
i¢C
Above we have used Fact 5.1.3 several times. Eq. (6.31) follows from the definition
of R;; Eq. (6.32) follows from the fact that Y <> X;R;M_, <> Mj for any i, whenever
s is odd; Eq. (6.33) follows from Fact 5.1.4. From a symmetric argument, we can
show that when s € [t] is even, 5>, T(X} : MJ|Y;'RIML,) < &k. This and
Eq. (6.34) together imply

S I MRIXIML) + ) I(X) - MY RIY;'ML,)) < 26kt (6.35)

i¢C s odd s even

]
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Chapter 7

A strong direct product theorem in

terms of the smooth rectangle bound

7.1 Introduction

In this chapter, we investigate direct product problems for the model two-way public-coin
communication (Please refer to Section 5.2). We assume that the last [log|Z|] bits of
the transcript of a protocol is the output. For most of interesting functions (relations),

the lengths of the outputs are much smaller than the communication cost in this model.

7.1.1 Result

In this chapter, we show a strong direct product theorem in terms of the smooth rectangle
bound (please refer to Definition 5.2.4). Using the notations introduced in Section 5.2,

we show that

Theorem 7.1.1. Let X,Y,Z be finite sets, f C X x Y x Z be a relation. Let pu be a
distribution on X x Y. Let z € Z and B < Pripyeulf(z,y) ={2}]. Let€',6 > 0. There
exists a small enough € > 0 such that the following holds. For all integers t > 1,

2

ub g S
RI;—(l_g)La?t/szj (ft) Z 3_2 -t (116 . Srec(lis’)&/ﬂ,é (f) _ 2> .

Our result implies a strong direct product theorem for all relations for which an
(asymptotically) optimal lower bound can be provided using the smooth rectangle bound.

Combining Theorem 7.1.1 with Lemma 5.2.6, we get the following result.
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Theorem 7.1.2. Let f : X XY — Z be a (partial) function. For every e € (0,1), there
exists small enough n € (0,1/3) such that the following holds. For all integerst > 1,

2

1
ub (t) . . _ Z
Ri(pmm?t/w (fY) > t (1177 log srec, (f) — 3log ; 2) .

21

As a consequence, our results reprove some of the known strong direct product re-
sults, for example for Inner Product [49] and Set-Disjointness [25; 46]. Recently smooth
rectangle bound has been used to provide new tight lower bounds for several functions,
for example for the Gap-Hamming Distance [17; 68] partial function and the Greater-Than
function [70]. These results, along with our result, imply strong direct product for these
functions. Smooth rectangle bound has also been used to provide near optimal lower
bounds for several important functions and relations used to show exponential separa-
tions between classical and quantum communication complexity for example Vector in
Subspace by Raz [62] and Klartag and Regev [65], and Hidden Matching by Gavinsky [21].
These results combined with our result imply near optimal strong direct product results
for these functions and relations.

In a recent work, Harsha and Jain [22] have shown that the smooth-rectangle bound
provides an optimal lower bound of Q(n) for the Tribes function. For this function all
other weaker lower bound methods mentioned before like the rectangle bound, the sub-
distribution bound, the smooth discrepancy bound, the conditional min-entropy bound
etc. fail to provide an optimal lower bound since they are all O(y/n). Earlier Jayram,
Kumar and Sivakumar [7] had shown a lower bound of Q2(n) using information complexity.
The result of [22] along with Theorem 7.1.2 implies a strong direct product result for the
Tribes function. This adds to the growing list of functions for which a strong direct
product result can be shown via Theorem 7.1.2.

In [43], Kerenidis et. al. introduced the relazed partition bound (a weaker version of
the partition bound [28]) and showed it to be stronger than the smooth rectangle bound.
For boolean functions, or more generally for the functions with constant-size output, the
smooth rectangle bound and the relaxed partition bound are in-fact equivalent, which
can be checked by by comparing the corresponding linear-programs. Thus our result
also implies a strong direct product theorem in terms of the relaxed partition bound for

boolean functions (and more generally when the size of output set is a constant).
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7.1.2 Our techniques

The broad argument of the proof is similar to the one in Chapter 6. We show our
result in the distributional error setting and translate it to the worst case error setting
using Yao’s principle Fact 5.2.1. Let f be a relation, u be a distribution on X x Y,
and ¢ be the smooth rectangle bound of f under the distribution p with output z € Z.
Consider a protocol IT which computes f* with inputs drawn from distribution p* and
communication o(c - k) bits. Let C' be a subset of the coordinates {1,2,...,k}. If the
probability that II computes all the instances in C' correctly is as small as desired, then
we are done. Otherwise, we exhibit a new coordinate j ¢ C', such that the probability,
conditioned on success in C, of the protocol II answering correctly in the j-th coordinate
is bounded away from 1. Same as proving Theorem 6.1.1, we introduce a new random
variable R;, such that conditioned on it and X;Y; (input in the jth coordinate), Alice
and Bob’s inputs in the other coordinates become independent when the distribution of
the input 4 is non-product. Let the random variables XY;' RIM" represent the inputs in
the jth coordinate, the new variable R; and the message transcript of II, conditioned on
the success on C'. The first useful property that we observe is that the joint distribution
of X]YR;M" can be written as,

1
Pr [X}lele'Ml = :L‘yij} = 5”(% y)uz(rmm)uy(rﬁm)’

where u,, u, are functions and ¢ is a positive real number. The marginal distribution of
X ;Y}l is no longer u though. However using the same arguments as in [25] and in the
previous chapter, one can show that the distribution of X ]1}/;1 is close, in ¢; distance, to
pand I(X}: RIMY| YY) + 1(Y}! : RIM!| X)) < o(c), where I(:) represents the mutual
information (please refer to Section 5.1 for precise definitions) .

Now, assume for contradiction that the success in the jth coordinate in II is large,
like 0.99, conditioned on success in C'. Using the conditions obtained in the previous
paragraph, we argue that there exists a zero-communication public-coin protocol IT’,
between Alice and Bob, with inputs drawn from . In II” Alice and Bob are allowed to
abort the protocol or output an element in Z. We show that the probability of non-abort
for this protocol is large, like 27¢ and conditioned on non-abort, the probability that
Alice and Bob output a correct answer for their inputs is also large, like 0.99. This allows
us to exhibit (by fixing the public coins of IT" appropriately), a large rectangle (with
weight under p like 27°) such that z is a correct answer for a large fraction (like 0.99)

of the inputs inside the rectangle. This shows that the rectangle bound of f, under u
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with output z, is smaller than c¢. With careful analysis we are also able to show that
the smooth rectangle bound of f under u, with output z, is smaller than ¢, reaching a
contradiction to the definition of c.

The sampling protocol that we use to obtain the public-coin zero-communication
protocol, is the same as that in Kerenidis et al. [43], which in turn is a modification of
a protocol due to Braverman [12]' (a variation of which also appears in [16]). However
our analysis of the protocol’s correctness deviates significantly in parts from the earlier
works [12; 16; 43] due to the fact that for us the marginal distribution of X'Y! need not
be the same as that of u, in fact for some inputs (z,y), the probability under the two
distributions can be significantly different.

There is another important original contribution of our work, not present in the
previous works [12; 16; 43]. We observe a crucial property of the protocol II" which turns
out to be very important in our arguments. The property is that the bad inputs (z,y) for
which the distribution of I1"’s sample for le-M ! conditioned on non-abort, deviates a lot
from the desired R;M'| (X'Y! = xy), their probability is nicely reduced (as compared to
Pr[X'Y? = zy]) in the final distribution of IT’, conditioned on non-abort. This helps us to
argue that the distribution of inputs and outputs in IT’, conditioned on non-abort, is close

in ¢, distance to XjY;'R;M", implying good success in II', conditioned on non-abort.

7.2 Proof

The following lemma builds a connection between the zero-communication protocols and
the smooth rectangle bound.

Lemma 7.2.1. Let f C X xY xZ, X'Y' € X xY be a distribution and z € Z. Let
B Priyyexvif(x,y) = {z}]. Letc>1. Lete,c',d > 0 be such that (6+2¢)/(5—3¢) <
(1+¢€d/8. Let 11 be a zero-communication public-coin protocol with input X'Y", public
coin R, Alice’s output A € ZU{L}, and Bob’s output B € ZU{L}. Let X'Y'A'B'R! &
(X'Y'ABR| A=B # 1). Let

1. Pr[A=B# 1] >2°; 2. | XY - XY'|| <e.
3. Pri( XLyt A efl>1—e

— 7)(/)//
Then stec(i 555 (f) < £ -

LA protocol, achieving similar task, however working only for product distributions on inputs was
first shown by Jain, Radhakrishnan and Sen [35].
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Proof. Let g C X x Y x Z, satisfy Pre e xv [f(2,y) # g(x,y)] < 0. It suffices to show
that ;)5 5 (9) < . Since PrlA =B # 1] > 27,
¢ > S (X'Y'R'A'B'|| X'Y'RAB)
> S(X'Y'R'A'B'||X'Y'RAB)
>  E[S((X'Y")]|[XY")]  (from Fact 5.1.3). (7.1)

- rR! a Al

Since || X'Y! — X'Y|| <,

Pr = [flzy)={z}]= Pr [f(z,y)={z}]-e=p~-e (7.2)

zyr« X1Y1R! zy«X'Y’

Since Pr[(X', Y! A') € f] > 1 — ¢, we have Pr[A' = B! = 2] > 3 — 2¢. Since

Pr [f(x,y) # g(z,y)] <9,

(z,y) XY

by item 2 of this lemma, we have

P = p €fl-0—e>1-2-4 (7.3
IyTCH—XlI}"lRlAl [(l’, Y (l) < g} - a:yra<—X11;/1R1A1 [(ZL’, Y, CL) f] €z € ( )

By standard application of Markov’s inequality on equations (7.1), (7.2), (7.3), we get an

ro, such that

S((X'Y),,-||XY) < g
Pr  [z¢g(x,y)] < (0+2)/(B—3e) <(1+£)d/B.

xy<—(X1y1)TO,z

Here, (X'Y1),,. = (X'Y|(R! = ro, A' = 2). Note that the distribution of (X'Y1), .
is the distribution of X'Y” restricted to some rectangle and then rescaled to make a

distribution. Hence
S((XMY )| XY") = Sac (XY, | XYY
Thus rc’*c'(zﬁg,/);/ﬂ (9) << O

The following is our main lemma. A key tool that we use here is a sampling protocol
that appears in [43] (protocol IT" as shown in Figure 7.1), which is a variant of a sampling

protocol that appears in [16], which in turn is a variant of a sampling protocol that
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appears in [12]. Naturally similar arguments and calculations, as in this lemma, are
made in previous works [12; 16; 43], however with a key difference. In their setting
Y Uz(m)uy(m) = 1 for all (x,y). However in our setting this number could be much
smaller than one for different (z,y). Hence our arguments and calculations deviate from
previous works at several places significantly. Another important original contribution of
our work is Claim 7.2.6 which is used in the proof of the main lemma. We highlight its

importance later just before its proof.

Lemma 7.2.2. (Main Lemma) Let ¢ > 1. Let p be a distribution over X x Y and

ze2 Lt BY Prigyyep [f(@,y) ={2}]. Let 0 < e < 1/3 and 6,&" > 0 be such that

gﬁ@i < (1—}-6')%. Let XY M be random variables jointly distributed over the set X xYxM
such that the last [log |Z|| bits of M represents an element in Z. Let u, : M — [0, 1],

uy : M — [0,1] be functions for all (z,y) € X x Y. If it holds that,

1. For all (z,y,m) € X x Y x M,

PrXY M = aym] = Cp(a. s (m)u (m).

where q & nym p(@, y)uz(m)u, (m);
2. S(XY|lp) < &%/4;
gUX - MY)+I(Y : M|X) <¢

4. ert {XY M) < e, whereerr (XY M) o Proymexyul(z,y,m) & f], and m represents

the last [log |Z|] bits of m;
then srec(fy s 5.5 (f) < 2. 0O

Note by direct calculations,

1 e
PrXY =uazy| = —p(x,y)omy, where agy, o Z Uz (m)u, (m); (7.4)
q m
1 e
Pr[X =z] = —p(x)a,, where o, & Zp(y\:v)axy; (7.5)
q Yy
1 def
PrlY =y] = 5p(y)ay, where o, = Zp(a:\y)axy; (7.6)
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Pelx, o] = MR prgy, ) - EURN, (7.7
Pr[May = ] = 10, (1) uy ()t (73)
Priv, = m) = e vy n) € 5, plylohug ) (79
Pr[M, = m] = M where u,(m) & S, plaly)ua(m).  (7.10)

Like in Chapter 6, we apply Markov inequality to Item 2 and Item 3 of Lemma 7.2.2

to show most of (z,y) have nice properties. Let us define the sets of good (z,y).

o " 1 - 1 - 1
G Y (2, y) : '1—0‘ t <5 and ‘1—% <= and‘ - Lo <gh (711
Gy = {(2,9) : S(May | M) + S (M, || M,) < c/e}; (7.12)
def ‘ uy(m) < 94 U () <9A|l > 1 _
G = {(z,y) mf]&zy L}x(m) < 2% and oy (m) = 27 > 1—2¢}. (7.13)

We begin by showing that G; N G5 is a large set and also Gy NGy C G.
Claim 7.2.3. 1. Prpl(z,y) € Gi] > 1 —6¢,

2. Pripyyepl(z,y) € Go] > 1 —3¢/2,
3. Pripyyepl(z,y) € GiNGy > 1 —15¢/2,

4. Gi1NGy CG.

Proof. Note item 1. and item 2. imply item 3. Now we show 1. Note that (using item
2. of Lemma 7.2.2 and Fact 5.1.5) [ XY —pl|, < /2. From Lemma 5.1.10 and (7.4), we
Oy

have
Pr [
(z,y)p q
g

By the monotonicity of /;-norm, we have || X — px||; < § and [|Y — py||; < 5. Similarly,
from (7.5) and (7.6) we have

Pr [
(z,y)p

By the union bound, item 1. follows.

1—

< 1/2} >1— 2.

s
q

e
q

§1/2]21—26, and Pr {

(z,y)p

< 1/2] >1— 2.

Next we show 2. From item 3. of Lemma 7.2.2,

B [S(My | M) + S(M,y | M,)] = I(X : M|Y)+1(Y : M|X) < .

(z,y)«XY
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Markov’s inequality implies Pr ) xy [(#,y) € G2] > 1 — e. Then item 2. follows from
the fact that XY and p are €/2-close.
Finally we show 4. For any (z,y) € G; N Ga,

S(May[| M) < c/e

[Pr [Mxy = m] c/et1
— = < e >1— 1.
imfﬂgzy_Pr[Mx:m] <2 } >1—¢ (from Fact 5.1.9)
Lopp MM o2l o (from (7.8) and (7.9))
meMay | Uy (M) 0ty
[ uy(m) A :
= Pr <221 >1—e. ((z,y) € Gy and the choice of A)
méMazy | V(M)

Similarly, Pr, g, [“z(m) < QA] > 1 — e. By the union bound,

vy(m) —

Ua(m) _oal 5y o

r uy(m) Aan
g [vxon)g? o m)

which implies (x,y) € G. Hence G; N G2 C G. O
Following few claims establish the desired properties of protocol I (Figure 7.1).
Definition 7.2.4. Define the following events.

e F occurs if the smallest ¢ € A satisfies h(m;) = r and ¢ € B. Note that £ implies
A 0.

e B. (subevent of E) occurs if E occurs and there exist j € B such that h(m;) =r
and m; # m;, where ¢ is the smallest element in A.

¥ E_B.

Below we use conditioning on (z,y) as shorthand for “Alice’s input is  and Bob’s

input is y”.
Claim 7.2.5. For any (z,y) € G1 N Gy, we have

1. for all i € [T7,

q

T - Pr[Alice accepts my;| (z,y)] < RS

M2 Ty

N | —
o W
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Alice’s input is . Bob’s input is y. Common input is ¢, €, ¢, M.

1. Alice and Bob both set A € =t 9 748 20198 1n L and k & log(2(In 1)).

q
2. Fore=1,---,T:
(a) Alice and Bob, using public coins, jointly sample m; < M, ay, B; + [0,2%],
uniformly.
(b) Alice accepts my; if a; < u,(m;), and B; < 220, (my).

(c) Bob accepts my if a; < 2%v,(my), and B; < u,(my).

3. Let A Y {i € [T] : Alice accepts m;} and B o {i € [T] : Bob accepts m;}.

4. Alice and Bob, using public coins, choose a uniformly random function h : M —
{0,1}* and a uniformly random string r € {0, 1}".

(a) Alice outputs L if either A is empty or h(m;) # r (where i is the smallest ele-
ment in non-empty A). Otherwise, she outputs the element in Z, represented
by the last [log|Z|] bits of m;.

(b) Bob finds the smallest j € B such that h(m;) = r. If no such j exists, he
outputs L. Otherwise, he outputs the element in Z, represented by the last
[log |Z|] bits of m.

Figure 7.1: Protocol 1T

and 1
3 ﬁ < i{[Bob accepts m;| (z,y)] <

q
M[22

DO W

where ri is the internal randomness of protocol IT';
2. Pro, [Be| (2,9), E] <&

3. Pry, [H| (z,y)] > (1 —4e) - 277472

The proof requires long but direct calculation. Similar arguments and calculation are
made in [43]. We defer the proof to the end of this chapter.

The following claim is an important original contribution of this work (not present in
the previous works [12; 16; 43].) The claim helps us establish a crucial property of IT'.
The property is that the bad inputs (z,y) for which the distribution of I”’s sample for
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M, conditioned on non-abort, deviates a lot from the desired, their probability is nicely
reduced in the final distribution of IT’, conditioned on non-abort. This helps us to argue
that the joint distribution of inputs and the transcript in II’; conditioned on non-abort,
is still close in ¢; distance to XY M.

Claim 7.2.6. Let AB and A’B’ be random variables over A; X By and h : A} — [0, +00)
be a function. Suppose for any a € Ay, there exist functions f,, g, : B1 — [0, +00), such
that

L Y, (@) fu(b) = 1, and Pr[AB = ab] = h(a) f,(b):
2. fu(b) > ga(b), for all (a,b) € A; x By;

3. Pr[A'B' = ab] = h(a)ga(b)/C, where C' = ¥, , h(a)ga(b):

4. Proca[Pryep, [fa(b) = gu(B)] =1 — 8] > 1 — 6, for 8, € [0,1),5, € [0,1).
Then ||AB — A'B'||, < 6, + 6.

Proof. Set G % {(a,b) : fa(b) = ga(b)}. By condition 4, Pr(,pap[(a,b) € G] > 1—0; —
dy. Then

C=> h(a)ga(d) > Y hla)fu(b)= Pr [(ab)€G]>1-0 0. (7.14)

(a,b)«AB
a,b:(a,b)e@G

We have

4B ~ A, = 3 3 Iha) fuld) — Shla)ga(8)

< %Xb: <|h(a>fa(b) — h(a)ga(b)| + h(@)ga(b) — éh(a)ga(b”)
< % (Z (h(a)fa(b) — h(a)ga(b)) + % Z h(a)ga(b)) (using item 2. of this claim)
< S| > h@)fa®)+1-
a,b:(a,b)¢G
= % <(a7b§_rAB[(a, b) ¢ Gl +1— C) < &) + 0,y (from (7.14))
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Claim 7.2.7. Pr,,  [H] > (1 — Z¢).27F272,

Proof. By the definition of H, we have

Prif] = ) pla.y) PriH| (o.y)

p,I‘H/
(a:,y) cG1NGoa

> (1—4e)- 27272 M p(x,y)
(x,y)EGlﬂGz

23
> (1-— 75) LQThmA2

The second inequality is by Claim 7.2.5, item 3, and the last inequality is by Claim 7.2.3
item 3. [

With the previous claim, we are able to show that the protocol IT' nicely simulate the
distribution XY M.

Claim 7.2.8. Let the input of protocol II' be drawn according to p. Let X'Y!M!
represent the input and the transcript (the part of the public coins drawn from M)
conditioned on H. Then we have || XYM — X'Y!'M'||; < 10e. Note that this implies
that HXlYlAlB1 — XYMMH1 < 10e, where M represents the last [log|Z|] bits of M

and A', B! represent outputs of Alice and Bob respectively, conditioned on H.

Proof. For any (x,y), define
Way (M) ' min {uz(m), 2%v,(m)} - min {u,(m), 2%, (m)} .

From step 2 (a),(b),(c), of protocol I, Pr[M' XY = may] = Sp(x,y)wy,(m), where
C =3 ym (@, y)wey(m). Now,

Pri e xy [Prmesz [Way (M) = uy(m)u,(m)] > 1 — 28}

= Pr(a:,y)<—XY [(I‘, y) c G] Z 1—8&e.

The last inequality above follows using items 3. and 4. of Claim 7.2.3 and the fact that
XY and p are ¢/2-close.

Finally using Claim 7.2.6, (by substituting 0, < 2,y < 8¢, A «— XY, B < M, A’ +
XWHB < MU= 2, fro(m) < ug(m)uy(m) and g ) (m) < wey(m)), we get that
IX'YIMY — XY M||, < 10e. O

We are now ready to finish the proof of Lemma 7.2.2.
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Proof of Lemma 7.2.2: Consider the protocol II". We claim that it satisfies Lemma
7.2.1 by taking the correspondence between quantities in Lemma 7.2.1 and Lemma 7.2.2
as follows : ¢ < (c/e? +3/e),e < 11le, B+ B,5 < 8,2 + 2z, X'Y' < p.

Item 1. of Lemma 7.2.1 is implied by Claim 7.2.7 since (1—2¢)-27%~472 > 9 (¢e/*+3/e),
from choice of parameters.

Item 2. of Lemma 7.2.1 is implied since | X'Y" — p||; < [[ X'V — XY ||, +[| XY — p|, <
2—215, using item 2. of Lemma 7.2.2, Fact 5.1.5 and Claim 7.2.8.

Item 3. of Lemma 7.2.1 is implied since
erry (X'YTM'Y) <errp(XYM) + || X'Y'M' — XY M|, < 1l¢,

using item 4. in Lemma 7.2.2 and Claim 7.2.8.
This implies

c/e* +3/e < 2¢
11e — 11e3

STEC( 14 2nygyp.6 (f) <

We can now prove our main result.

Theorem 7.2.9. Let X,Y,Z be finite sets, f CX XY X Z be a relation, and t > 1 be an
integer. Let p be a distribution on X x Y. Let z € Z and B = Priyyeulf(z,y) = {2}].

Let 0 < e <1/3 and €',0 > 0 be such that gtgi < (1 —i—s’)%. It holds that,

82

ub .
RIID_(l_E)Lg%/szJ (ft) > 3—2 -t (116 . srecfl‘jra,)(s/ﬁﬁ (f) — 2> .

Proof. Set 6, & £2/32. define

def .2,
c = 1lle- srec(l’ial)(;/g,g (f) —2

and XY ~ p*. By Fact 5.2.1, it suffices to show

D*

1—(1—¢) |e2t/32]

(ft) > 51t0.

Let IT be a deterministic two-way communication protocol, that computes f*, with total
communication d;ct bits. The following claim implies that the success of II is at most
(1 — )%t and this shows the desired. O

Claim 7.2.10. For each ¢ € [t], define a binary random variable 7; € {0,1}, which
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represents the success of II on the i-th instance. That is, T; = 1 if the protocol computes
the i-th instance of f correctly, and T} = 0 otherwise. Let ¢/ % |01t]. There exists t’
coordinates {iy,- - , iy} such that for each 1 <r <t —1,

1. either Pr[T" =1] < (1—¢)" or

2. Pr[L,., =1 7" =1] <1—¢, where 7" = []/_, T;,.

r+1

Proof. Suppose we have already identified r coordinates, iy, - - - , i, satisfying that P{T},] <
l—cand Pr(T;,, =1 TW =1] <l-cfor 1 <j<r—LIPr[T" =1] <(1-¢),

then we are done. So from now on we assume Pr [T(’”) = 1} > (1-— E)t/ > 279t Here we

Jj+1

assume r > 1. Similar arguments also work when r = 0, that is for identifying the first
coordinate, which we skip for the sake of avoiding repetition.

Let D be a random variable uniformly distributed in {0,1}" and independent of XY
Let U; = X; if D; =0, and U; = Y; if D; = 1. For any random variable L, define L! ef

(LIT™ =1). If L = Ly Ly, define L_; < Ly -+ Li 1Ly Ly. Let C % {iy, -+ i}

Define R; o DfiUfiXCU[i—l]YCU[i—ly

Now let us apply Lemma 7.2.2 by substituting XY <« XY, M < R;M' p «
X;Yj, 2 = 2z, < €,0 0,0 < B, < €' and ¢ < 164;(c + 1). Condition 1. in Lemma
7.2.2 is implied by Claim 7.2.12. Conditions 2. and 3. are implied by Claim 7.2.13. Also

we have srﬁe/cfiie,) 585 (F) > %ﬁ;l), by our choice of ¢. Hence condition 4. must be false

and hence erry (X;leMl) = erry (X;lele-Ml) > ¢. This shows condition 2. of this
Claim. O]

The following fact can be easily verified by induction on the number of message
exchanges in a private-coin protocol (please refer for example to [12] for an explicit proof).
It is also implicit in the cut and paste property of private-coins protocol used in Bar-Yossef,

Jayram, Kumar and Sivakumar [6] and in Jain, Radhakrishnan and Sen [35].

Lemma 7.2.11. For any private-coin two-way communication protocol, with input XY ~

w and transcript M € M, the joint distribution can be written as
Pr[XYM = zym] = pu(x, y)uz(m)u,(m),

where u, : M — [0, 1] and u, : M — [0, 1], for all (z,y) € X x Y.

74



Claim 7.2.12. Let R denote the space of R;. There exist functions u,;, u,, : R x M —
0, 1] for all (z;,y;) € X x Y and a real number g > 0 such that

1
Pr [X;leR]l-Ml = xjyjrjm} = g,u(xj,yj)uxj (rj,m)uyj(rj,m).

Proof. Note that X;Y; is independent of R;. Now consider a private-coin two-way pro-
tocol II; with input X;Y; as follows. Let Alice generate R; and send to Bob. Alice and
Bob then generate (X_;),,, and (Y_;),r,, respectively. Then they run the protocol II.
Thus, from Lemma 7.2.11,

Pr[XJ'YJ'RJ'M = xyjrm] = M(‘Tﬁyj) " Uz, (rj? m) " Uy, (rj? m),

where v, , vy, : R x M — [0, 1], for all (z;,y;) € X x Y.
Note that conditioning on 7" = 1 corresponds to choosing a subset, say S, of R x M.
Let

def
q = Yo wlw e, (rgmvy, (rym)

xyjrim:(rj,m)eS

Then )
Pr[ XY RyM" = xjyjrjm] = i U3V (5, m)vy, (v, m),

for (r;,m) € S and Pr[X Y} RIM" = z;y;r;m] = 0 otherwise.
Now define

def def
Uy, (rj,m) = Vg (rj,m), and Uy, (rj,m) = vyj(rj,m),

for (r;,m) € S and define them to be 0 otherwise. The claim follows. ]

Claim 7.2.13. If Pr [T(T) = 1} > 27% then there exists a coordinate j ¢ C such that

S(XJY} | X5Y;) <86 =1, (7.15)
and
I(X] : M'R}|Y}') + 1(Y}' : M'R}| X}) < 1661(c+1).
(7.16)
Proof. This follows using Claim 6.2.11. m

Now let us prove Claim 7.2.5.
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Proof of Claim 7.2.5:
1. We do the argument for Alice. Similar argument follows for Bob. Note that
uz(m),v,(m) € [0,1]. Then for all (z,y) € X x Y,

Ay

R

roy

Pr[Alice accepts mj| (z,y)] = |j\1/[| Z Ux(mgzx(m)

Item 1 follows by the fact that (z,y) € Gj.
2. Define E; (subevent of F) when i is the smallest element of A. For all (z,y) €
G1 N G,, we have :

Pr(B.| (z,y), Ei]

I'H/
=Pr[3j : j € B and h(m;) =r and m; # my| (z,y), E;]
roy
< Z Pr[j € B and h(m;) = r and m; # my| (z,y), ;] (from the union bound)
jelrlgz "
< Y PrjeB|(y), B Prlh(my) = x| (z.y). 5. j € B,m; # my
jelrlii " !
3 1
<T- ]M]% o (two-wise independence of h and item 1. of this Claim)

<e. (from choice of parameters)

Since above holds for every 4, it implies Pr, , [B.| (z,y), E] < e.
3. Consider,

Pr(B| (v,)] = Prl4 # 2| (2,9)] - Pr[E| 4 # 2, (z,1)]

T/

) T
> (1 — (1 —5 ﬁ) ) IF;{[E| A # @, (z,y)] (using item 1. of this claim)

>(1—¢)- E{l: [E| A # @, (x,y)] (from choice of parameters)

= (1=e) - Prln(mg) = 1| A # 2, (2,)] - Prli € B 1 € A, himy) = 1, (7,0)
(from here on we condition on i being the first element of A)

=(1—¢) .2*’“.31:[@ € Blie A, (x,y)]

;rrn, [i € Bandie€ Al (z,y)]

=(1-g)- 27 Pr,,[i € Al (z,y)]
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2
> 3—(1 —e)-27F I M]2% - Prfi € Band i € A| (z,y)] (using item 1. of this claim)
q ri/
3(1 —e)-27F |22 Z min {u,(m), 2%v,(m)} - min {u,(m), 2%v,(m)}
3 = |M|22A ! T
(from construction of protocol 1)
2 . ua (M) (m)
> S (1—e)- 27k V2 Yo M)ty \T18)
2 5, (1) 2R 3 s
(Gay o {m: uz( ) < 2Avy(m) and u,(m) < 2%v,(m)})
2 —k A Qay uz(m )
= 3—q(1—5)-2 Cvj2A A >
mEG 1y
1
> _(1—¢)-27"%. Pr [meG,,] (since (v,y)€ G, and (7.8))
3 MMy
1
> §(1 —g)- 27" 2. (1 -2¢) (since (z,y) € G, using item 4. of Claim 7.2.3)

1 —3¢e) - 27F272

—~

Finally, using item 2. of this Claim.

PrrH’ [H| (ZL‘,y)] - Prrnf [El (ZL’, y)] (1 - PI‘rH, [Bc| (l',y), E]) > (1 — 48) L9 k—A=-2
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Chapter 8

Conclusions and open problems

In this thesis, we have studied two independent topics. The first topic is concerned
with fast parallel approximation algorithms for semidefinite programs. The second topic
is concerned with strong direct product results in communication complexity. In this
chapter, we briefly recall our main results and list some related open problems for further

study.

8.1 Fast parallel approximation algorithms for semidef-

inite programs

In Chapter 3, we presented a fast parallel approximation algorithm for positive semidefi-
nite programs. Our result generalizes the algorithm of Luby and Nisan [53]. To generalize
their algorithm, the difficulty we faced was the non-commutative nature of the matrices
involved. To handle it, we introduced new techniques, which are independently interesting
and may have other applications. In Chapter 4, we presented a fast parallel approxima-
tion algorithm for mixed packing and covering problem, which strengthened the result in

Chapter 3. Some related open problems are listed below.

8.1.1 Open problems

1. The programs we considered in Chapter 4 are not the most general mixed packing
and covering programs since the covering constraints in the programs are linear. A
natural question that arises is as follows. Can we get a fast parallel approximation

algorithm for the following more general mixed packing and covering program?
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Given n X n positive semidefinite matrices P, ..., P,, P,Cy,...,Cp,, C,

maximize: -y

subject to: Z%‘Pz‘ <P
i=1

i x;C; > ~C

i=1
Vi e [m]:x; > 0.

2. Can we find interesting applications of the fast parallel approximation algorithms
exhibited in this thesis ?

8.2 Strong direct product problems

In Chapter 6, we proved a direct product theorem for bounded-round public-coin com-
munication complexity. As an application, we showed the strong direct product theorem
for the Pointer Chasing. Very recently, our result is improved by Braverman, Rao, We-
instein and Yehudayoff [15] with better dependence on the number of rounds in the
direct product result using a new sampling technique introduced in [14]. In Chapter 7,
we provided a strong direct product result for the two-way public-coin communication
complexity in terms of an important and widely used lower bound method, the smooth

rectangle bound.

8.2.1 Open problems

As we mentioned in Chapter 5, strong direct product problems are central problems
in complexity theory. They have been studied in various models for several years. In
communication complexity, much progress has been made in the last decade. Some

natural questions that arise from this work are:

1. In quantum communication complexity, strong direct product quesions are widely
open. Can the techniques in Chapter 6 be extended to show direct product theorems

for bounded-round quantum communication complexity?
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2. Is the smooth rectangle bound a tight lower bound for two-way public-coin com-
munication complexity for all relations? If yes, this would imply a strong direct
product result for the two-way public-coin communication complexity for all rela-
tions, settling a major open question in this area. To start with, we can ask: is the
smooth rectangle bound polynomially tight for the two-way public-coin communi-

cation complexity for all relations?

3. Or on the other hand, can we exhibit a relation for which the smooth rectangle
bound is (asymptotically) strictly smaller than its two-way public-coin communi-

cation complexity?

4. Can we show similar direct product results in terms of possibly stronger lower bound

methods like the partition bound and the information complexity?

5. It will be interesting to obtain new optimal lower bounds for the functions and
relations using the smooth rectangle bound, implying strong direct product results

for them.
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Appendix A

Smooth rectangle bound

A.1 Proof of Lemma 5.2.6

Let (X,,,®,,) be an optimal solution to the Dual. For (z,y) € f~'(2), if X, > ¢/,
define A = X,/ — ¢, and ¢, , = 0. Otherwise define A\ = 0 and ¢, , = ¢, , — A, . For
(z,y) ¢ f~'(z) define ¢,,, = 0. We note that (A, ,, d.,) is an optimal solution to the
Dual with potentially higher objective value. Hence (A, , ¢4, ) is also an optimal solution
to the Dual.

Let us define three sets

U “ {(2,9)] f(x,y) = 2, Aoy > O},

def

Uy = {(I7y)| f(xuy) = Z7¢$1y > 0}7

Up = {(2,9)| f(z,y) # 2, Ay > O}

Define,

V(w,y) € Ur: fl(,9) € Ay,

V(z,y) € Uy : i (,y) < oy,

def

V(z,y) € Uy : p'(z,y) = ey

Define r & > ey i (x,y) and define probability distribution p & w'/r. Let srec?(f) = 2°.
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Define function g such that g(z,y) = 2z for (z,y) € Uy; g(z,y) = f(z,y) for (z,y) € Uy
and g(x,y) = 2’ (for some 2’ # 2) for (x,y) € Us. Then,

2° = Z ((1 - 6) ¢w y) Z € )\x,y
(zy)ef—1(z) ()¢ f~1(z)
1
=1 —-ep(Uh) - gM'(U2) — 1/ (Up)

This implies > p/(Uy) > 2¢°. Consider rectangle W.

Z ()‘r,y o (bmy) o Z Ary <1

(y)ef~Hz)NW () eW—f~1(2))
1 1 1
= Z Hzy — g Z My — Z E,U/:v,y S ;
(z,y)eU1NW (z,y)eU2NW (z,y)eUNW
1
=& Z Hzy — ; S Z Haz,y + Z oz y
(z,y)eUINW (z,y)eU2NW (z,y)eUoNW
1
=& Z My — ; S Z My
(zy)eg~! (:)NW (zy)EW—g~1(2)
= £ Z Hay — — §(1+€) Z Ha.y
(z,y)eW (z,y)eW—g~1(2)
=€ Z Hoy =27 < (142)- Z Ha,y-
(z,y)eW (z,y)eW—g~1(2)

Now consider a W with u(W) > 27¢/&3. We have u(W — g7'(2)) > “;jz)s,u(W). Define
def def

B = wU Uls), d = pu(Us). Now,

(1 =) > (1= Wi (Uh) > —p(U) = 2rd.

Hence we have
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Z,

This implies ﬁé(liﬁ)é/ﬁ (9) > ¢+ 3loge. This implies that

sr’evc(zi‘jraz)%ﬁ (f) > ¢+ 3loge = log(srec? (f)) + 3loge.

A.2 Smooth lower bound vs. communication com-

plexity

Jain and Klauck show that the smooth rectangle bound is a lower bound on public-coin
two-way communication complexity, as stated in Lemma 5.2.7. We contain the proof here

for completeness.

Z,A

Proof of Lemma 5.2.7: Let ¢ & sreC(HE,)%ﬁ

(f). Let g be such that rec™” | ; (g9) = ¢
(1+6 )E

and

Pr [f(z,y) # g(z,y)] <0.

(z,y)A

If DX(f) > ¢ — log(4/¢) then we are done using Fact 5.2.1.
So lets assume for contradiction that DX(f) < ¢ — log(4/¢). This implies that there
exists a deterministic protocol II for f with communication c—log(4/¢) and distributional

error under A bounded by e. Since

Pr [f(z,y) # g(z,y)] <90,

(z,y)A

the protocol II will have distributional error at most ¢ + § for g. Let M represent the
message transcript of II and let O represent protocol’s output. We assume that the last
[log | Z|] bits of M contain O. We have,

1. Pryen[Pr[M =m] <27¢ < /4, since the total number of message transcripts in

IT is at most 2¢los(#/e)

2. Prem[O=2 M =m]>p—¢,
since Pr, ) a[f(2,y) = {#}] = B and distributional error of II under X is bounded
by ¢ for f.

3. Proen |Priayyexv), [(@,4,0) ¢ gl M =m] > ;fz‘ss] < B — 2¢, since distributional
error of IT under A is bounded by € 4 9§ for g.
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Using all of above we obtain a message transcript m such that Pr[M =m] > 27¢ and

(O =z M =m) and

e+0
= <
(wagglM:m)[(fv,y, O) ¢ gl M=m|]< 52
)
< (1+&)=.
( )6

This and the fact that the support of (XY| M = m) is a rectangle, implies that

féf:fi:\rs,) 5 (9) < ¢, contradicting the definition of c¢. Hence it must be that DX(f) >
E
c —log(4/¢), which using Fact 5.2.1 shows the desired. O
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