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A MULTIPLE-CUT ANALYTIC CENTER CUTTING PLANE
METHOD FOR SEMIDEFINITE FEASIBILITY PROBLEMS*

KIM-CHUAN TOH', GONGYUN ZHAOt, AND JIE SUN?

Abstract. We consider the problem of finding a point in a nonempty bounded convex body I' in
the cone of symmetric positive semidefinite matrices ST*. Assume that I" is defined by a separating

oracle, which, for any given m x m symmetric matrix Y, either confirms that ¥ € T" or returns several
selected cuts, i.e., a number of symmetric matrices A;, ¢ = 1,...,p, p < Pmax, such that I' is in
the polyhedron {Y € ST" [ A; e Y < A; @ Y,i=1,...,p}. We present a multiple-cut analytic center
cutting plane algorithm. Starting from a trivial initial point, the algorithm generates a sequence
of positive definite matrices which are approximate analytic centers of a shrinking polytope in S7*.

The algorithm terminates with a point in T' within O(m3pmax/e?) Newton steps (to leading order),
where € is the maximum radius of a ball contained in T".
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1. Introduction. Let 8™ be the set of m X m symmetric matrices, and let S7*
be its subset of symmetric positive semidefinite matrices. We consider the problem
of finding a point in a convex subset I' of ST*. We assume that I' contains a full-
dimensional closed ball with radius € > 0. The set I' is implicitly defined by a separat-
ing oracle, which, for any given m xm symmetric matrix Y, either confirms that ¥ € T
or returns several cuts, i.e., a number of symmetric matrices 4;, i = 1,...,p, p <
Pmax, such that T' is in the polyhedron {Y € ST' | A; oY < A; oV, i=1,...,p}. Here
Pmax 18 the maximum number of cuts admitted in each iteration.

In a recent paper [8], we presented an analytic center cutting plane method for
the case pmax = 1, in which a single cut is added in each iteration. The method
was shown to have a worst-case complexity of O(m?/e?) (to leading order). However,
to make a cutting plane algorithm practically efficient, adding multiple cuts is often
necessary. The purpose of this paper is to propose and analyze an analytic cutting
plane method that uses multiple cuts for solving the convex semidefinite feasibility
problem mentioned above. In admitting multiple cuts in an analytic center cutting
plane method, we face some new theoretical problems that are different from the
single-cut situation; these include (a) the problem of finding a feasible starting point
for the Newton iteration after several new cuts have been added, (b) the estimation
of the number of Newton steps needed to obtain a new approximate center through
estimating the changes in the primal-dual potential function.

Our paper extends the multiple-cut schemes of Goffin and Vial [2], Luo [5], and
Ye [10] from R to ST*. Such extensions not only broaden the applications of cutting
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plane methods but also extend several classical theoretical results for nonnegative
vectors to positive semidefinite matrices. We note that for our multiple-cut analytic
center cutting plane algorithm, the complexity analysis on the number of Newton
iterations per oracle call follows the approach in [3]. For the complexity analysis
on the number of oracle calls, we follow the approach in [10], but we simplify the
proofs of some results analogous to those in [10] by considering all the added cuts
simultaneously instead of inductively.

In this paper we will show that, starting from a trivial initial point, the multiple-
cut algorithm generates a sequence of positive definite matrices which are approximate
analytic centers of a shrinking polytope in §7*. The algorithm will stop with a solu-
tion in at most O(m3pmax/€?) (to leading order) Newton steps. Our analysis shows
that when the problem is specialized to the space of positive semidefinite diagonal
matrices (which is equivalent to the nonnegative orthant R''), the complexity bound
is reduced to O(m2pmax/€?). This complexity bound is lower than the existing bound
of O(m?p2,,./€?) obtained in [2] and [10], where the same cuts are considered. Our
bound appears to be better than that obtained in [5]. (Note that the proof for the
bound appearing in [5] is incomplete, and, to the best of our knowledge, a provable
bound should be O(m?p2 . /€%).) Furthermore, the analysis in [5] is carried out only
for the so-called shallow cuts, which are placed at some distance away from the cur-
rent testing point and hence may not be as efficient as our proposed algorithm, where
the cuts pass through the testing point.

We are able to obtain better complexity results than existing ones even when the
problem is specialized to R, because in each oracle call we admit only cuts that are
sufficiently good. We shall not give the precise definition of “goodness” here but refer
the reader to section 4. Roughly speaking, based on our criteria, the admitted cuts
A;, i=1,...,p, in each oracle call are effective in reducing the size of the polytope in
the sense that each should be able to delete a sizable portion of the current polytope
that cannot be otherwise deleted by the other admitted cuts. One obvious advantage
of having such a selection criterion is that the number of cuts added in each iteration
is reduced, since only effective cuts are admitted, and this translates into savings in
the computational cost in each Newton step.

We will now introduce some notations. For matrices A,Y € 8™, we define

AeY :=Tr(ATY) = Z AijYij,

ij=1

where “T” stands for the transpose, and “Tr” denotes the trace. We write Y > 0 and
Y = 0if Y is positive definite and positive semidefinite, respectively. For Y = 0, we
denote its symmetric square root by Y1/2. The 2-norm of a vector z is denoted by
lz]l, and the matrix 2-norm of a matrix A is denoted by [|A|. For A € 8™, we write

|AllF = (Ao A2 XNA):= (A(A),..., A (AT,
where A\1(A),..., \(A) are the eigenvalues of A. Note that ||Al|r = [|A(4)| and

Al = [|A(A)]|oo- We will use these facts in the paper without explicitly mentioning
them. For a positive vector x € R", we write

Inz = znjlnxi.
i=1



1128 KIM-CHUAN TOH, GONGYUN ZHAO, AND JIE SUN

We use diag(z) to denote the diagonal matrix whose diagonal is the vector x. For a
positive vector z, we will use 7! to denote the vector obtained from z by inverting
all of its components.

Generally, we use capital letters for matrices, lower case letters for vectors, and
Greek letters for scalars. For convenience, we let m = m(m + 1)/2.

Let svec be an isometry identifying S™ with R™, so that KeL = svec(K)svec(L),
and let smat be the inverse of svec. Given any G € 8™, we let G &) G € R™X™ be
the unique symmetric matrix such that

(G ®G)svec(M) = svec(GMG) VM eS™.

It is easy to see that if G is positive definite, then G &) G is positive definite and
(G®G)'/? =GY?2 @GY2. 1f G is nonsingular, then (G®G)' =G ®© G
Throughout, we make the following assumptions:

Al. T is a convex subset of S".

A2. T C Qp, where Qp:={Y € S™|0<Y < I}.

A3. T contains a full-dimensional ball of radius € > 0. That is, there exists Y¢ € S™

such that {Y e S™: |[Y —Y¢||r <€} CT.

Note that Assumption A2 is made for convenience. It can be satisfied by scaling if
the original convex set I' is bounded. That is, suppose there exists a constant v > 0
such that for all Y € I, |[Y|| < . Then the scaled set I' = {Y/y | Y € I'} satisfies
A2.

The organization of the paper is as follows. In section 2, we describe our multiple-
cut analytic center cutting plane algorithm for semidefinite feasibility problems. Sec-
tion 3 is devoted to the analysis of the computation of an approximate analytic center
for a working set. In particular, we establish the number of Newton steps required
to compute an approximate analytic center in terms of the number of cuts added. In
section 4, we establish the dual potential increment when the current working set is
changed to the next working set. Subsequently, we establish complexity results for
our multiple-cut cutting plane algorithm.

2. A multiple-cut analytic center cutting plane method. We first define
the analytic center and then propose a multiple-cut analytic center cutting plane
method at the end of this section.

Let A; oY < ¢;, i =1,...,n;, be all the cuts defining the kth working set .
Define

A= (svecAy,svecAs,...,svecA,,), c:=(ci,ca,...,cn ).
Then the set 2 can be represented as
O ={Y € Qo | ATsvecY < c}.

We define the following potential function on the set y:
2
$(Y) = = In(ci — A; oY) — In(detY) — In(det(I — V),
i=1

where “det” denotes the determinant. We let
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The unique minimizer of ¢x(Y) over € is known as the analytic center of €.
It is easy to see that the analytic center of the initial working set g is I/2, where
I is the identity matrix. As a matter of fact,

¢0(Y) = —In(detY’) — In(det(I — Y))

[N - m ][ Y)
=1 i=1

- Zm (V)1 = Ni(Y)].

The minimum of ¢o(Y") must satisfy A1 (Y) =--- = A, (Y) =1/2, and hence Y = /2.
It is known [7, Proposition 5.4.5] that ¢y, is a strongly 1-self-concordant function
on 2 and

Nk

V¢k(y) = svecC (Z 0_14% - Y_l + (I — Y)_1> )

=1
Vip(Y) = ASTZPAT 4y @Y '+ (I-Y) ' ®U -Y)!,

where S = diag (s) and s = ¢ — ATsvec(Y) > 0. Strictly speaking, V¢ (V) should be
the m x m matrix within the round brackets. However, we have identified the m x m
matrix with a vector in R™ through the linear isometry svec. Similarly, V¢ (Y) is
identified with an R™ x R™ matrix.

The optimality conditions for minimizing ¢ are

Sz =e, (e denotes the vector of ones)

YZ =1,
(I-Y)V =1,
(2.1) Al'svecY + s = c,

Ax — svecZ + svecV = 0,
I-Y>=0, ZV>=0, s,z2>0.

With a slight abuse of language, we also call the solution (Y,3,z,2,V) of (2.1) the
analytic center of Q.

DEFINITION 2.1. Given a point (Y,s,xz,Z, V) € 8™ x R™ x R x §™ x §™,
with 0 <Y < I, we define

(22) 0(Y,s5,2,2,V) = V||Sz —e|? + MY Z) — el + [|M((I = Y)V) — e]|.

We call (Y, s,z,Z,V) an n-approzimate (analytic) center of Q, if n(Y, s,x, Z, V) <mn,
all the linear equalities in (2.1) are satisfied, and x,s > 0, Z,V = 0. Obviously, a
0-approzimate center is exactly the analytic center of €).

DEFINITION 2.2. GivenY € 8™ such that0 <Y < I, and s = c— ATsvec(Y) >
0, we define

(2.3) 51(Y) = \/Vor(Y)T [V261(Y )] Vor(Y)

It was shown [8] that the following lemma holds.
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LEMMA 2.3. Given Y € 8™ such that 0 <Y < I, let s = ¢ — ATsvec(Y). We
have

6k(Y) = T’(Y7 s, vy, Ly, VY)
(2.4) = min{n(Y,s,z, Z,V) : Az —svec(Z) +svec(V) =0, z ¢ RF, Z,V € S™}.

Remark. Given Y € 8™ such that 0 <Y < I, s = ¢ — ATsvec(Y) > 0, and
6,(Y) < 1 < 1, the minimizer (zy, Zy, Vy) of (2.4) satisfies xy > 0, and Zy,Vy > 0.
For such a Y, we will call Y an n-approximate center of 2; in the sense that the point
(Y, s,xy, Zy,Vy) is an n-approximate center.

We will now describe our algorithm.

A multiple-cut analytic center cutting plane algorithm.

Step 0. Select 1 € (0,1 —+/3/2), and pick 6 € (n,1). Set k = 0. Let Q be the initial
working set, and let Yy = I/2 be the initial point.

Step 1. At the kth iteration, call the oracle to either confirm that Y} is a feasible
point of I' or return py, matrices A, 11,. .., Apy+p, € S™ with || A, +illr = 1.
If Yy, € I, stop; otherwise, construct the new working set

Qk-‘,—l Z{YEQk : Ank—i-i'YSAnk—i-i.ka 1= 1,...,pk}.

Step 2. Find a point Y in the interior of Q1 (discussed in section 3).
Step 3. (Recentering) Starting with the point Y = Y in Step 2, perform the dual
Newton method:
3.1 If bp1(Y) <m,set Yip1 =Y, k:=k+1; go to Step 1.
3.2. Otherwise, set

Y, =Y — asmat ([V2¢k+1(Y)]_1V¢k+1(Y)) ,

where @ is determined as follows: if 6,,1(Y) > 6, a = else,
a=1.Set Y =Y,. Go to Step 3.1. R
Note that we need the restriction n < 1 —1/3/2 in order to construct the point Y in

Step 2.

1 .
1+6p4+1(Y)’

3. Restoration of centrality. In our cutting plane algorithm, approximate
analytic centers are found by using the dual Newton method. Our aim in this section
is to estimate the number of Newton steps required to find an approximate analytic
center for a newly constructed working set. We do so by estimating the amount of
potential value we should reduce for the new set. The mechanics are as follows. Since
the potential function is 1-self-concordant, each Newton step can reduce the potential
function by a constant amount. Thus to estimate the number of Newton steps needed
to find an approximate analytic center for a new working set, all we need is to estimate
the amount of potential value we should reduce for the new set.

To find an approximate analytic center for a new working set, we would ideally
want the Newton method to start with the preceding approximate analytic center Y.
However, Y} is not in the interior of the new working set €251, since the new cuts
pass through this point. Thus our immediate task is to find an interior point in Q1
and then use this point as the starting point for the Newton method.

Let ny be the number of cuts defining the set 2. Suppose that px new cuts are
added to form the new set ;4. Recall that

A := (svecAj,svecAs,, ... ,svecA,,), ci=(c1,¢, ... cn)7

)

By := (svecA,, +1,5vecA,, 12,...,svecA,, 1p, ), d := Bl'svecYy.
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Then the sets i and 41 can be written as
Qr = {Y € Qo | ATsvecY < ¢}, Q1 = {Y € Q. | BFsvecY < d}.
Let Hy = V2¢5(Y3) and
My := BF H; ' By..

Suppose (Y, s*, 2%, Z;,, Vi) is an n-approximate center with < 1 —+/3/2. (Note
that, by Lemma 2.3, 6x(Y:) < n(Yi,s* 2%, Zx, Vi) < n.) We will now construct
a point ()7, 5,50,2, ‘7) that is in the interior of k11, using a procedure similar to
that in Goffin and Vial [2]. To this end, consider the following convex minimization
problem:

min pkwTMkw — Inw

such that w = (wla""wpk)T > 0.

Evidently, the above problem has a unique solution that is also the unique solution
to the KKT-conditions:

(313) Mk:w = 57
(31b) 2pkwi§i =1, ws, §Z >0, 1=1,...,pk-

Let (@,€) be an approximate solution of the above KKT-conditions, where (3.1a) is
satisfied exactly and max{|2pr@0; & — 1| : ¢ = 1,...,px} < 1/2. Note that, in this
case,

(3.2) oMo <

> w

Note that to find such a pair (w,é), we can apply Newton’s method to (3.1a) and
(3.1b), where the computational work for each Newton iteration is O(p3). In general,
this constitutes only a very small fraction of the total computational work involved in
finding an approximate analytic center for (211. In order not to lengthen the paper
unnecessarily, we shall not establish the complexity of the Newton method for finding
(@,€) in this paper. Interested readers can refer to [3] for such results.

Let U, =1 —Y}; and

(3.3) AY = —smat(H, 'B@), As=—A"svecAY,
(34) Az =S2ATsvecAY, AZ=-Y '(AY)Y, ', AV =U'(AY)U; .
Define

~ k
(3.5) Y = Vi +AY, §:<SEAS),

k . .
(3.6) :z:(sza?), 7= 7 +AZ, V=V, +AV.
We refer the reader to [3] for an illuminating discussion on the motivation for con-
sidering the optimization problem (3.1a)—(3.1b) in constructing the strictly interior

point of Q1 above.
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It is readily shown that the following result holds:

15, LA Tsvec(AY)[12 + v, 2 (AaY)Y, P12 + U, VA ay)u R
3

< .
-4

(3.7 = svec(AY)T Hysvec(AY) = o Mya

LEMMA 3.1. For any vector ¢ = (q1,...,qn)" with ||q|| < 1, the following in-
equality holds:

2
—ln(e—q) S eTq_|_2 ||QH

(1=l

Proof. For this proof, we refer to [11]. |

LEMMA 3.2. Suppose (Yi,s*, 2%, Zy, Vi) is an n-approzimate center with n < 1.
Then the following inequalities hold:

1
X YAz < ——||S T As]|,
I A < s A
~1/2 ~1/2 1 —1/2 —1/2
122022 P e < T VAV
~1/2 ~1/2 1 ~1/2 ~1/2
Vi 2@Vl < o Ay vc P,
where Xy, = diag(z").

Proof. We shall omit the proof of the first inequality, as it is easy. Now we proceed
with the proof of the second one. We have

m 2
HZ,;UQ(AZ)Z,;UQH% — Z A; (Z;1/2Yk—1/2(Yk—1/2AYYk—1/2)Yk—1/2Zk—1/2)
i=1
m 2
=Yoo (v Vrary )
i=1

1<i<m

< (max 93) v, 2Ay Yy, V22,

where we have used a theorem of Ostrowski [4, p. 225] in the second equality above,
and the 6;’s are scalars such that

Aein(Z7 2V 272 < 60 < A 202V 120,

Noting that AmaX(lel/?Yk_lejlm) < 1/(1—mn), we have proved the required inequal-
ity. The last inequality in the lemma can be proved similarly. a

THEOREM 3.3. Suppose (Y, s*, 2%, Zy, Vi) is an n-approxvimate center with n <
1 —/3/2. Then the point (Y,5,%,Z,V) constructed in (3.5)~(3.6) satisfies the last
three conditions in (2.1).

Proof. First, we show that § > 0 and 0 < Y < I. We have

s" +As = 5" — ATsvec(AY) = S [e — S} ' AT svec(AY)] >0,
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since ||S;, ' ATsvec(AY)| < v/3/2 < 1 from (3.7). On the other hand, we also have
v = Y Pu+y Payy Ay - o,

since ||Yk_1/2AYYk_1/2||F <V/3/2 < 1. That Y < I can be shown similarly. Further-

more,
| e
=140

where we used the fact that, from (3.1a), Bf svec(AY) = —Mw = —£.
Next we show that £ > 0 and Z,V > 0. We have

c

ATsvecY
d+ Bl'svec(AY) + ¢

B,{svecY

7 = 2P0+ 27,2 (a2)2,' %) 27 - o,
since, by Lemma 3.2,

1
(1-n)

oAy e < Y3 oy

2(1—n)

12,2 (A2) 2, P p <

Furthermore,
[A Bi]i — svecZ + svecV
= Az* + AAz + Bpd — svecZy, — svecAZ + svecV, + svecAV
= AAzx + By — svecAZ + svecAV
=AS2A svec(AY) + Y, L ®© Y, 'svec(AY) + U, © U, 'svec(AY) + Byo
= Hypsvec(AY) + Bywo = 0. ad

Up to this point, we have succeeded in finding in the interior of {2341 a point Y
that is derived from Y. Our next task is to estimate the potential value of the new
point in Q1.

LEMMA 3.4. Suppose 6x(Yy) < 1. Then the potential value ¢y, 1(Y) satisfies the
following inequality:

. 3 3 -
(3.8) r41(Y) < ¢r(Ye) + gn + 12-v3) In¢.
Proof. Let U=1-Y and U, = I — Y,. We have
drp1(Y) = —Ins —In(d — Bf svec(Y)) — In(detY) — In(detT) = ¢ (Y) —In&.

(3.9)

Note that we used the fact that d — B} svec(Y) = —B] svec(AY) = £. Now

oe(Y) = —1In(s* + As) — Indet(Y + AY) — Indet (U, — AY)

— Gn(Ye) — In(e + Sg ' As) — Indet(I + Y, /Ay ¥, 1?)
—Indet(I — U, 2AY U Y?)
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= 9u(Yi) — Ine + 57 As) — In (e + A, P(AV)Y, )
—Iln (6 . )\(Uk_l/2(AY)Uk_1/2)>

= ¢r(Yx) — In(e — q),

(3.10)
where
S ' As
(3.11) ¢ = | ATy

AU, P ay)u

Note that eT'q = Vi (Vi) svecAY and ||¢||*> = svec(AY )T Hy svec(AY) < 3/4.
By applying Lemma 3.1 to (3.10), we have

On(Y) = ox(Vi) < e+ 2(1”3”|q||)
= Vo (Yi) svecAY + Svec(A}E;T_H\?;;IeC(AY)
s
<6 (YVi) Vol Myw + é_ﬂ%
V3 3
o =2 - Ay

Note that in the next to last inequality above, we used the Cauchy inequality to derive
the result: Vo (Vi) svec(AY) < 6(Vi)/OT My@.

Substituting the result in (3.12) into (3.9), we prove the lemma. 0O

From Lemma 3.4, we see that the upper bound for the dual potential value
dr41(Y) contains the term —Iné. If we were to consider the dual potential value
alone, then finding an upper bound for flng would be necessary. But we have
found that finding a tight upper bound for this term is difficult. As a result, we
have decided to consider the primal-dual potential value, for which finding an up-
per bound for —In ¢ is not necessary. To this end, let us define the primal potential
function associated with €. For any vy (z,Z,V) € R, x 87", x ST, that satisfies
Ax —svec(Z) + svec(V) = 0, the primal potential of (z, Z, V) is defined by

(3.13) Y2, V,Z) = Pz 4+ TeV —Inz —IndetZ — IndetV.
The primal-dual potential function associated with € is
MYz, Z,V) = oY) + th(, Z, V).

We should emphasize that the primal-dual potential function is introduced solely for
the purpose of estimating the potential value of (Y, 3, %, Z, V). It is not needed in our
cutting plane algorithm described in section 2.

Now we shall proceed to establish an analogue of Lemma 3.4 for the primal
potential function. Before doing that, we need the following lemma.
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LEMMA 3.5. For the directions (Ax,AZ,AV) given in (3.4), the following in-
equality holds:

(TAz — "X A — 2 e AZ— Vi Lo AV 4 T AV +d7a| < —1— Y2
(3.14)
Proof. Noting that d = Bf'svec(Y}) and Hysvec(AY) = —B&, we have
d"o = —svec(Yy,)" (A Az + svec[Y, ' (AY)Y, '] + svec[U, H(AY)U, ).
Let X}, = diag(z*) and Sy = diag(s*). Then
|c"Az+d"0— "X 'Ax— Z, ' e AZ -V e AV + T e AV|
= |eT(SK — X Az + (Z,' = Yi) o (Y, 'AYY ) + (U — Vi D) o (U 'AYULY)|
= (e = X; Y (s") DTS As| + |V Pz P~ e (v PAY Y )
L A DI U N ]
< lle = X (M) IS Al + 1Y P2 = e Y P AY Y
+1U PV o = ae (U P AY U g

_ — —1/2 — —1/2 —1/2y,— —1/2 1/2
< (lle =X (M) 7P+ Y2 - 1+ o P O - )

_ —1/2 ~1/2 —1/2 “1/22 | /2
x (ISt as? + v 2 avy R 4 oy VA av e )

<nV, L5 EN Tz v (svec(AY)THksvec(AY))1/2

Note that, in the last inequality above, we used (3.7) and the fact that
YL@z V) < O
-n

LEMMA 3.6. For the point (2, Z,V) constructed in (3.6), the following inequality
holds:

5 - 3 3
(315) ¢k+1(557 ZaV) < wk(l‘k’ Zka Vk) + + 1 £ —Ino.

41-n)(2-2n—+3) 1-n 2

Proof. We have
Vr1(2, 2, V) = ok + TAz — Inz® —In(e + X ' Az) — IndetZy
—Indet(I + Z; "*(A2)Z;"?) — IndetV;,
—Indet(I +V, AV, ) 4 Te Vi + Te AV +d70 — InG

(3.16) =", 21, Vi) + T Az + T AV +dT0 —In& — In(e + p),
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where
Xk_lAJ:
p=| N7 (a2)717)
AV @AV
Note that e”p = eT X 'Az + Z, ' ¢ AZ + V"' ¢« AV, and by Lemma 3.2,

_ —1/2 —1/2 —1/2 —1/2
Ipl? = 1X, 1Az + || 2, 2 (az) Z, 1% + v P av)v P

1 - - - - —
Saooe (||Sk S|+ VYR AY )YV + U YA (AY U 1/2”%)

N

1 1
(3.17) = e svec(AY)T Hy svec(AY) < RS

By Lemma 3.1 and (3.17), we get from (3.16),

o 2
Ve (5, 2,V) < wk@ck,zk,vk)+cTAw+I°AV+dT@‘1”@‘eTp+2<1|p”||m

3
4(1-n)(2-2n—3)

By applying Lemma 3.5 and (3.7), we prove the lemma. d

The next lemma is an analogue of Lemma 3.4 for the primal-dual potential func-
tion.

LEMMA 3.7. Suppose n(Yy,s®, %, Z;, Vi) is an n-approzvimate center with n <
1 —+/3/2. Then

< Yr(@®, Z, Vi) + T Az + T AV +d¥o —Ind — eTp +

o 3
N1 (V,2,2,V) < Mp(Yi, 2%, Z1, Vi) + B(n) + pi <4 +1n2pk>7

where

V3 3 n\/§+ 3

BIY - 0m = s T T e 2 e

Proof. Combining the results in Lemmas 3.4 and 3.6, we have

(3.19) A1 (Y, 2,2, V) < Ap(Yi, 2%, Zi, Vi) + B(n) — In@é€.

Note that

Pk
~m&€=pIn2p + Y ~In (1 . ka@ig}))

i=1

Pk

<prn2pe + Y

=1

(1 — 2pp@i&;) + 5

|1 — 2pp;i)?
(1 — 1 = 2pp@i&il)

3
(3.20) < prln2pe + Jpr.
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By substituting (3.20) into (3.19), the lemma is proved. |
With Lemma 3.7, we can finally establish an explicitly known upper bound for
the primal-dual potential value Ay11(Y,Z,Z, V).

THEOREM 3.8. Suppose that (Yk+1,ik+172k+1,‘7k+1) is the analytic center of
g1, and (Y, 2, Z,V) is the point constructed in (3.5)—(3.6). Then

. o 1
A1 (Y, 3,2, V) = Myt (Vs 1, 2578, Zir, Viern) < i <1H2pk — 4) + B(n) +
(3.21)

where B3(n) is the constant given in (3.18).
Proof. Suppose that (Y3, s*, 2%, Z;, Vi) is an n-approximate center of €, with
n <1—+/3/2. We have

N1 (Y, 2, Z,V) = M1t Vi1, 2, Ziy1, Vieyr)
=M1 (V. 3, 2,V) — M (Vie, 2%, 23, Vi) + A (Y, 7%, Z, Vi)
= A1 (Y1, 27, Zi i1, Vi)
(3.22) + Ay (Ye, 2, Zio, Vi) — M (Vi 7%, 230, Vi),
It is readily shown that
Ae(Yi, 2%, Z3, Vie) = Ags Vi, 27, Zi i1, Vi)
(3.23) = (nk +2m) — (ng + pr +2m) = —pi.

Next we need to get an upper bound for the term Ay (Yy, 2%, Zi, Vi) —Ap (Yi, 2%, Z, Vi)
in (3.22). By following the proof of Lemma 2.1 in [1] and using the quadratic conver-
gence result in [8], it is readily shown that

~ 2
(3.24) u(Ye) < ér(Ye) + 1 i b
Similarly, it can be shown that
o 2

(3.25) U (a®, Z, Vi) < n(@", Zy, Vi) + 1 ﬁ oy
Combining (3.24) and (3.25), we get

_ - 2n°
(3.26) A (Yi, 2%, Zie, Vi) — A (Y, 7%, Z, Vi) < 1 _77772.

By putting the results of Lemma 3.7, (3.23), and (3.26) into (3.22), the theorem is
proved. a

With the estimate of Agy1(Y,%, Z,V) in Theorem 3.8, we are now ready to es-
timate the number of dual Newton steps required to find an approximate analytic
center for Q1 by using the point Y as the initial point.

THEOREM 3.9. Given an n-approximate center Yy of Q, withn < 1— \/3/2, the
total number of dual Newton steps required to find an n-approximate center Yii1 of
Qk+1 S

O (prInpy),
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where the constant O(1) is independent of k.

Proof. By Theorem 2.2.3 in (7], each dual Newton step reduces Ay by a positive
constant 4 = & — In(1 + 8), as long as a point ¥ with 6,4 1(Y) < 6 < 1 is not yet
found, while keeping the primal iterate fixed. Now, starting at (Y 5, &, Z V) the
total value of Agy; which needs to be reduced is not more than Ak+1( 7 f/)
Ay+1(Y, %, Z,V); thus Theorem 3.8 implies that at most

2

i [ <1Hpk+1n2— ) +Bn) + 217772

Newton steps are required to reach a point ¥ with 6k+1(}7) < 6. From Y onwards, by
Lemma 4.3 in [8], quadratic convergence can be achieved, and thus it needs at most
In(In(6/7)) additional full Newton steps to find a point Y1 satisfying 641 (Y1) < 0.
(We can choose, for example, 6 = 0.9 and 7 = 0.1; then In(In(6/7)) < 4.) ad

4. Potential changes and complexity. Recall that Q = {Y € Qg | ATsvecY
< ¢}. Suppose that Y} is an n-approximate analytic center of Q with n < 1 —+/3/2.
Let

Bi = (svecA,, +1,...,5vecAn, 1p, ), d = Blsvec(Yy).
Then
Q1 ={Y € Qi | BisvecY < d}.

Let Y, and Yy be the analytic centers of Q; and 1, respectively. Let

(4.1) P = \/ A (BT H "By,

where Hj, = V2¢(Yy).

In this section, we estimate the amount that the dual potential will increase when
the working set changes from € to Qiy1. To this end, we first establish a lemma
that is an extension of a result in [10].

LEMMA 4.1. Suppose that n,p are positive integers and v is a positive n-vector
with eTv =n. Then for any positive constant n the following inequality holds:

n
(lo—ell+m? ][ v < 7,
i=1

where 0 is a positive constant no greater than 1.3 + 1.
Proof. We need to consider only the case in which n > 2, as the inequality holds
trivially when n = 1. Consider the maximization problem

n
max f) = Jlv—e¢|? Hai
i=1
such that ev =n.

It is shown in [10] that the maximizer v has the form

u, where v > 1,

1 =79, V2= =Un=
n—1
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and

)" ey (222,

ﬂwg(

Thus

n n n p
1 1
(o —el +n)P [Jvi= |U—€||Hvi/p+77HU¢/p>
=1 =1 i=1

p

n 1/p
(w—dﬂPQ enl L (since TT, o < (22 = 1)
i=1

1/2 p
n —(p+2)
DD /P gy, ( —F2)
(n_l) (p+1) exp|\ = )t

IA
[ N B N

where

n \1/2 1\ /P 1 n
= = — Ip~ P < 1.34m.
0 ng%él (n—l) <1—|—p> exp(p+1 1>+pp < 1.3+7n ]

LEMMA 4.2. Suppose Yy is an approzimate analytic center of Q. with 6 (Yy) <
n<l-— \/§/2 Then

(4.2) Or1(Qurr) = Or(%) — B In(pe 77 6%) — Inpy,

where 0 is a constant depending only on 1.

Proof. For simplicity, we will drop the subscripts k£ and k + 1 in our notations in
this proof and denote, for example, Qf, and Q1 by Q and £, respectively.

Let U=1I-Y,U;. =1-Y,,and

5t = c— ATsvec(Y,), 5 = c— ATsvec(Y), t = d—BTsvec(Y,).
Let
G = [AS7Y, V- V2@yV2 g2 Uul,

Note that H = GGT.
First, we establish an upper bound for In Hﬁ:l tj. We have

t=B"(svecY —svecY}) = B'H ' G (G"svecY — G"svecY,)
= (GTH'B)T (G"svec(Y —Y) — G"svec(Y, —Y)).
Thus
I8 < IGTAB| (IGTsvee(Y — V)| + |G svec(Y: ~ V).
By part (iii) of Theorem 2.2.2 in [7], we have

1—[1-38))/3 < 35(Y)

~T Wl = (7 7 V) <
|G svee(Yy =Y)I| = n(@,5,Y, 2, V) < = —5immm— <

IA

3n.
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Thus
[El <7 (3n+ [|[GTsvec(Yy = Y)])).

Hence

lnﬁfzg }zpzlnfz < Eln ;);1{? _ BIHHEHZ*EIHQD
jzlj 2\rg ) p 2 2

(4.3) <pln (377 + [|GTsvec(Y, — Y)H) +plnr — glnp,

and the desired upper bound is established.
Now observe that

p
_ detY+ detU+
0 -] .
() - 1;[ ! (H 5 dety detU)

Using the bound in (4.3), we have

) pﬁ 5 detY, detU,

Q) —d(Q) > = lnp pln7 —1In (3n + |G svec(Y, — L 5 oty detl

(4.4)

The inequality (4.2) follows, once we have shown that

7

g 5; detY detU

|| p 2 S+ deﬂ_ﬁ_ detU_;,_

(4.5) (377 + ||GTsvec(Y, — < pPtlgp,

Note that

|G svee(¥, — V)P
=svec(Yy — V)T [ASPAT + Y ' @Y '+ U ®U ] svec(Yy - Y)

=(5-5N182(5—-5") + svec(Y, — V)T (Y ' ®Y )svec(Y, —Y)
+svec(U — U )T (U®©U Hsvec(U —-U,)
e— S5t ?

— e — )\(3:/—1/2}:/+32—1/2) ,
e— NUY2U,U-1/?)

and, by using (2.1), we have
TFSE 4 TNV VR,V U)o AT VAT, T )
=27 (c—ATsvecY,) + ZeY,  +VeU,
=zlc+ Vel
= fT(c — ATsvecY
—il54+ZeY +V
=n+2m.

) Z.Y+V.U
o i

U
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By Lemma 4.1, (4.5) is proved. a

The complexity analysis is based on the following idea. For the sequence of
working sets {1, we can establish upper and lower bounds on ¢(€). The upper
bound is approximately n;Ine~!, which is a consequence of the assumption that I’
contains a ball of radius € and the fact that € is defined by n; cuts. The lower
bound is obtained by estimating — Zf:_ol p; In7;, which is a consequence of Lemma
4.2. A sophisticated estimation of 75 gives rise to a lower bound that is proportional
to ny In(ng/m?3). The algorithm must terminate before the lower and upper bounds
conflict with each other.

We first establish an upper bound for ¢y (k).

LEMMA 4.3. Let Q D T be defined by ny linear inequalities and the positive
semidefinite constraint. Suppose Assumptions A1-A3 hold. Then

ok (Q) < —(ng + 2m) Ine.

Proof. Assumptions A1-A3 imply that there exists a point Y¢ € T" such that
(i) all eigenvalues of Y¢ and I — Y© are greater than or equal to ;
(ii) for any A € 8™ with ||[Allr =l and a € R, if T’ C {Y | AeY < a}, then
a—AeY®>e.
We will briefly describe how to prove A\(Y.) > ee, before continuing with the proof
of the lemma. Suppose that A; is an eigenvalue of Y¢, and v; is a corresponding unit

eigenvector. Consider the matrix Y, =Y, — )\ JV; jT Since this matrix has a zero

eigenvalue, it lies on the boundary of €y, and by Assumption A3, we have
¢ < Yo=Yl = [INjujoj Ir = Nllugl* = X

The fact that A(Y.) < (1 — €)e can be proved similarly.
Now we continue with the proof of the lemma. Since I' C Q,

Ge(Q) < dR(YO) = Zln Y¢) — IndetY® — Indet(] — Y©).
Noting that ||A;||p =1, ¢; — A; @Y ° > ¢, and
dety® = JJX(Y) = €™, det(I—Y*) HA (I-Y°)>em,

we have the desired inequality. a
Now we turn to finding a lower bound for ¢ (). By Lemma 4.2, we have

k1 k-1 k-1
1
(4.6) () = ¢o(Qo) — sz In7; -5 ;pi Inp; — ;pz‘ Ing— ;hlpi-

Obviously, we need to estimate 7; for each i. We first seek to bound H; ' by D; !,
where D; is defined as follows. Let Dy = 81, where I is the identity matrix of order
mxm. Fori=1,2,..., let

i—1
1 T
D;, =Dy + E E BjB]

Jj=0
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where B; = [svecA,;1,...,svecA, ,.].
LEMMA 4.4. Let Ap,4; (with ||An,4+5llr = 1), j = 1,...,pi, be the cuts gener-
ated from the approzimate analytic center Y; € Q;, i = 0,...,k — 1. Let cy,45 =

svec(A,, ;) svec(Y;), j = 1,...,pi;, i = 1,....k. For any point Y € Q, let
s =c— ATsvecY, where

Blsvec(Yy)
.A:[B() Bl Bk—l], Cc =

BI svec(Yi_1)
Then
Smipj < Vm Y j=1,...p, i=1,...,k, V2pr(Y) = Dy.

In particular, Hy, = V?¢y,(Yy) = Dy.
Proof. We first estimate s,,;;. We have

Sniti = Cnitj —svec(A,, ;) svec(Y) = (svecA,, ;)" (svecY; — svecY)

IN

lsvecA,, 4+l |lsvecY;_1 — svecY ||
|[svecY; —svecY| = ||Y; =Y||r
1/2

wn = |SRmon| < v

The last inequality holds because, by Assumption A2,
=Y, =Y, -Y = -Y = -1

implying that e > A\(Y; = Y) > —e.
Next, let U =I —Y and S; = diag(sp,+1,- - -, Sn;+p;)- Lhen

Vi (Y) =Y '®Y 1+ U t@U ' + 457247

k—1
(4.8) =Y ' @Y ' +UTT@U T+ B S B
=0
1 k—1
-8+ — Y B;,BI = D.
= 3L+ m ; i k

Note that in deriving (4.8) we used the fact that S; < /m I, for each i, and that
Y'Y '+Ut@U ' =8I. O

In our complexity analysis, we will make the following assumptions:

A4, prax < m, where ppmax = max{p; |i=0,1,...}.

A5. Let M; = BFH; 'B;. There exists a fixed constant 7 > 1 such that, for each
1=0,1,...,

Amax Mz <7
(M) pi
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Assumption A4 is made for technical reasons. It is used in the proof of Lemma 4.5.
Such an assumption also appeared in the papers [3] and [10]. Note that Assumption
A4 can be relaxed to ppax < O(m). But, for simplicity, we fix the constant at 1.

Note that Assumption A5 holds trivially with 7 = pyax. For the special case in
which a single cut is used in each iteration, it holds with 7 = 1. Thus by fixing 7 at an
intermediate value between 1 and pyax, we admit only cuts that are sufficiently good
in the sense that the matrix M; cannot have too many small eigenvalues. Of course,
one may not want to fix 7 at the extreme value 1, since then the criterion is likely to
reject most of the cuts unless there are many mutually orthogonal (with respect to
H; ') cuts.

The main advantage of having Assumption A5 is that in each oracle call we have
an objective criterion to select only cuts that are useful from among a possibly large
number of ineffective cuts. In this way, the number of cuts added in each iteration
will not be unnecessarily large, and hence the computational time in each iteration
will not grow as rapidly as in the case where the cuts are admitted unchecked. The
choice of 7 in practice would depend on the problem at hand. It should dynamically be
adjusted as information on the quality of the cuts is obtained as the cutting algorithm
progresses. If the choice of 7 is too stringent and many good cuts are rejected, then
we can progressively increase its value so that more good cuts are selected.

However, without a priori information on the quality of the cuts, we propose to
choose 7 to be a small constant, say 5, based on the following empirical observation.
We conducted numerical experiments on random matrices of the form V7V, where
V e R™P for p=1,...,m, and m = 10,20,...,260. The elements of V' are drawn
independently from the standard normal distribution. We computed the ratio between
the largest eigenvalue of VIV and Tr(VTV)/p for each V', and found that these ratios
are less than 2 for all of the 3510 cases tested.

Now let us continue with our complexity analysis. Let

w? = Tr(B! D 'B;).
Since
piff < TTI‘(BZTHi_lBi) < TTr(BiTDi_lBi) = wa,
we have
k—1 k—1
@) St < Yl
i=0 i=0

Next, we establish an upper bound for the right-hand side of the above inequality. Its
proof is modeled after that of [10, Lemma 3.5]. However, we have simplified the proof
by considering all the cuts simultaneously instead of handling them one by one as in
[10].

LEMMA 4.5.
k—1
Imm N
(14 g
;w’ g Ut smm

Proof. From the equation

Pi
1
detDi+1 = detDi H |:1 + )\j(BZTDllBl)] 5
m

Jj=1
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we have
Pi 1
IndetD; 1 — IndetD; = Zln [1 + EAj(BZDi_lBi)
j=1
(4.10) ii BTD'B;) = 8 —w?,
' 9m = e 9m

where we used the fact that Amax (B} D; ' B;) < Amax(BFB;)/8 = ||B:]|%/8 = pi/8, and
the inequality In(1 4+ ) > 8z/9 for 0 < z < 1/8. We also made use of Assumption
A4, which yields that p; < m.

From (4.10), it follows immediately that

(4.11) IndetDy, — IndetDy > —Zw
However,
1 Tr(Dy,) 1 1
Dp<lh—% = In— |Te(Dg)+ — S Tr(B;BT
— Indet Dy, - nm[ ( o)+m§ r(B:B;)
In— |8+ Zl (3+-%)
=In— (8m i| = In — ),
T Op mm
implying that
_ N
4.12 1 Dy —1 Dy < In(1 .
(4.12) ndetDy — IndetDy < mn( +8mm>

Combining (4.11) and (4.12), the lemma is proved. O
With the above lemma, we can now formally state a lower bound for ¢ (Qy).
LEMMA 4.6. Suppose that Assumptions A1-A5 hold. Then

1 dm + 9T mmIn(1l + &)
Q) > —=(2 | Smn
o () = 2( m + ) n[ 8(2m + nyg) }
= k—1
—iz:pilnpi—nklnﬁ—z:lnpi,
i=0 i=0

where 0 is the constant that appeared in (4.2).

Proof. The proof is similar to that of Theorem 10 in [10], after using (4.9) and
Lemma 4.5. 0

We will next estimate the number of oracle calls required to find a feasible point
of I

LEMMA 4.7. Suppose that Assumptions A1-Ab5 hold. Then the analytic center
cutting plane method stops with a feasible point before k violates the following inequal-
ity:

(4.13)

2 _ 4/m +97In(1 + g ) 27”L;€11119—|—222z 0 ' In p;
Xp .
DrnaxMIM 8(2m + ny) ¢ ng + 2m
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Proof. From Lemmas 4.3 and 4.6, we have

8mm

8(2m + ny)

1
—(2m+ng)lne > —5(2m + ng)In {

1 k—1 k—1
—5 Zpi Inp; —nglnb — Zlnpi.
i=0 i=0

Thus, the algorithm must terminate before k£ violates the above inequality; i.e., the
algorithm must terminate before k violates the following inequality:

¢ A/mrorn(+ gy (Zf__olpilnpi—|—2nkln9—|—22f__ollnpi>

dm + 9rmmIn(1 + & )}

mm 8(2m + ny) 2m + ny
(4.14)
Since Zi:ol pilnp; < Zi:ol Pi N Prmax = N Inprax, the algorithm must terminate
before k violates the inequality in the lemma. O

THEOREM 4.8. Suppose that Assumptions A1-A5 hold. Then the analytic center
cutting plane method terminates in at most O*(M3T pmax 1IN Pmax/€2) Newton steps,
where the notation O* means that lower order terms are ignored. The total number
of cuts added is not more than O*(M3T pmax/€%).

Proof. Tgnoring lower order terms (assuming k > m) and by the assumption that
T is a constant independent of pyax, the above lemma implies that the algorithm stops

as soon as k satisfies
3
a3 > 1) M”Pmax )
7 In(ng/m3) — €2

For large k, Inny, is negligible compared to ny; hence the algorithm requires at most

3
M>T P
ng = 0" (dex)
€

cuts. By Theorem 3.9, the total number of Newton steps is

- 3
max1 max
0 <sz- lnpz) < O(k 1 pipa) = O <m ™ Pnax I p > |

2
€
i=1

The theorem is proved. ]

For feasibility problems in R, 7m should be replaced by m in Lemma 4.7. Thus
the complexity bound is O(m27 Pmax IN Pmax/€2) for the number of required Newton
steps. This bound is better than the bounds obtained in [2], [5], and [10].
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