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Summary

This thesis investigates the controller synthesis for bisimulation equivalence from
both discrete and continuous aspects. From discrete perspective, supervisory control
is studied to enforce bisimilarity with respect to discrete event systems. Specifically,
three kinds of supervisory control problems are considered here: bisimilarity control,
decentralized bisimilarity control and distributed bisimilarity control.

First, we investigate bisimilarity supervisory control, which aims to design a su-
pervisor so that the supervised system is bisimilar to the specification. This thesis
considers the most general case which allows the plant, specification and supervisor
to be nondeterministic. The challenge is a lack of systematic way for the construction
of bisimilarity enforcing supervisors. For this issue, this thesis introduces the notion
of synchronous simulation-based state controllability as the existence condition for
bisimilarity control. It is shown that a bisimilarity enforcing supervisor can be ef-
ficiently built upon the specification when the existence condition holds. Another
important question that arises is how to find achievable sub-specifications when the
existence condition does not hold. To answer this question, the synthesis of syn-

chronously simulation-based state controllable sub-specifications is studied. Since



viii
the existence condition for the most general case is sufficient only, we specialize to
deterministic specifications. A necessary and sufficient condition is then provided
for bisimilarity control with respect to deterministic specifications. In addition, two
methods are presented to calculate maximal permissive sub-specifications.

Second, we study decentralized bisimilarity supervisory control, where a set of
local supervisors jointly control the given plant to achieve the specification. Unlike
language-based structure, a novel automata-based structure is proposed, where the
plant, specification and supervisor are all modeled as automata. In particular, three
architectures, a conjunctive architecture, a disjunctive architecture and a general ar-
chitecture, are developed with respect to different decision making rules. Under these
three architectures, necessary and sufficient conditions are respectively provided for
the existence of a deterministic decentralized bisimilarity control. Furthermore, the
synthesis of decentralized bisimilarity supervisors and achievable sup-specifications
are investigated.

Third, bisimilarity supervisory control is extended to deal with distributed dis-
crete event systems which consist of multiple interacting local modules. The objective
of distributed bisimilarity control is to impose bisimulation equivalence between the
globally supervised system (the parallel composition of locally supervised modules)
and the specification. The concept of separable and synchronous simulation-based
state controllability is introduced as the existence condition for distributed bisimilar-
ity control. When this condition is satisfied, a set of local supervisors can be con-
structed to enforce bisimulation equivalence. Otherwise, the computation of achiev-

able sub-specifications is explored to enable the existence of a distributed bisimilarity



ix
control. In addition, we focus on deterministic supervisors for distributed bisimilarity
control. The synthesis of deterministic supervisors and achievable sup-specifications
are investigated, accordingly. The comparisons of our results with the centralized
monolithic ones are further presented.

When it comes to continuous perspective, the control of multi-affine systems for
bisimulation equivalence is presented, with its application to meet temporal logic
specifications. The key is to guarantee the existence of a bisimilarly abstracted sys-
tem with finite state nature for the original continuous system. However, this problem
is generally undecidable. For this reason, we partition the state space into rectan-
gles, and then study the control of multi-affine system on rectangles. Resorting to
the proposed control method, a bisimilarly abstracted system is obtained. A fully
automated procedure is then developed to control multi-affine systems for temporal

logic specifications.
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Chapter 1

Introduction

1.1 Motivation

Nowadays, high-level and human-like specifications, such as sequencing tasks, system
synchronization and network adaptability, naturally emerge in many modern systems
like software control systems [1-3], automotive industries [4-6], multi-robot systems
[7-9] and biological systems [10-12], which falls beyond the traditional control tasks
like stabilization and output regulation. As an expressive mechanism to describe so-
phisticated specifications, temporal logic has been widely adopted to formally specify
the desired behavior [8, 13—15]. There are two main reasons for the usage of temporal
logic. Firstly, temporal logic makes it possible to form complicated specifications in
a succinct and unambiguous manner. Secondly, temporal logic is similar to natu-
ral languages and can be easily interpreted by human operators [16]. This shift in
specification perspective is accompanied by a change in control methods.

A current trend in control is to use formal methods, like model checking and su-



pervisory control, to generate a symbolic path on an abstracted quotient system to
satisfy more complicated temporal logic specifications [17-19]. The key is to guar-
antee the existence of a feasible continuous path corresponding to the synthesized
symbolic sequence that satisfies the temporal logic specification. For this purpose,
a bisimulation equivalence between the abstracted finite state quotient system and
the continuous dynamics needs to be obtained. Additionally, a supervisor designed
for the abstracted quotient system needs to enforce bisimilarity with respect to the
temporal logic specifications. These bring new challenges to control society. Firstly, it
is necessary to investigate the supervisor synthesis for bisimulation equivalence, since
most existing results on supervisor control of discrete event systems are based on
language enforcement. It is known that language equivalence cannot imply bismula-
tion. Secondly, abstraction is still an open problem. Only a small portion of systems
with simple continuous dynamics has bisimilarly abstracted finite state systems. This
thesis aims to investigate the controller synthesis for bisimulation from both discrete
and continuous aspects. It may provide a promising way to address above mentioned
challenges. Next, we will give a brief literature review of the existing methods for
supervisory control of discrete event systems and abstraction of continuous systems

in Section 1.2 and Section 1.3, respectively.

1.2 Supervisory Control of Discrete Event Systems

In this thesis, we are especially interested in two types of systems: continuous and

discrete event systems. While continuous systems are time-driven, represented by



differential equations and modeled by state space equations; discrete event systems are
event-driven, represented by the sequence of states/events and modeled by automata.
To unify continuous and discrete event systems, the notion of transition systems is

employed, which is shown as below.

Definition 1.1 A transition system is a tuple T'S = (S, FE, S, S0, Sm), where S is
a (possible infinite) set of states, E is a (possible infinite) set of events, B : S X
E — S is a transition function, so is an initial state and S,, C S is a (possible
infinite) set of marked states. A transition system T'S = (S, E, 3, S0, Sm) 1 called to

be nondeterministic if the transition function is in the form of f:S x E— 2.

It can be seen that a transition system is a graph, possibly with an infinite number
of states or transitions. A special form of transition system is automaton which
possesses finite state and event sets. Take automaton G = (X, 3, a, g, X,,) as an
example, its state set X, event set ¥ and marked state set X,, C X are finite. Let
3 be the set of all finite strings over ¥ including the empty string e. With an abuse
of notation, the transition function « of G can be extended from events to traces,
a X x ¥*— 2% which is defined inductively as: for any x € X, a(z,€) = x; for any
se€ ¥ and o € ¥, az,s0) = a(a(zx, s),0). The transition o can also be restricted to
a smaller domain X;x3, denoted by a|x,«s. The active event set at state z is defined
as Eg(z) = {0 € £ | a(z,0) is defined}. The behavior of a DES can be described
by languages. The language and the marked language generated by G are defined by
L(G) = {s € ¥* | a(xo, s) is defined} and L,,(G) = {s € X* | a(xg,s) N X,, # 0}

respectively. The concept of parallel composition is presented to model the interaction



between DESs [20].

Definition 1.2 Given Gl = (Xl,El,Oél,l'ol,Xml) and G2 = (XQ,EQ,O&Q,%OQ,XWLQ),

the parallel composition of Gy and Gg is an automaton

G1||G2 = (X1 x X5, 31 U Yo, a2, (w01, T02), X1 X Xp2),

where for any v1 € X1, x5 € Xy and o € X, the transition function is defined as:

;

ai(zy,0) X ag(x2,0) 0 € Eg,(x1) N Eg,(22);

al(xl,a) X {(L’g} o € EGl(ZL‘l) No € El\E2;
041\|2(($1;$2),U) =
{.1]1} X 042(.1’2,0') o c EG2<I2) No € EQ\ El;

1] otherwise.
\

1.2.1 Supervisory Control

The supervisory control of DESs aims to design supervisors so that the supervised
system meets the specification. In particular, the event set X is partitioned into a
controllable event set >, and an uncontrollable event set >, such that > = >, UX,..
The supervisor disables certain controllable events to ensure the satisfaction of the
desired behavior. This form of control is captured by parallel composition with ¥, =
Y.

The earliest work on supervisory control was traced back to [21], in which a su-
pervisor was developed such that the supervised system achieves the language speci-
fication. The initial work has been then extended to a variety of supervisory control
approaches including control under full observation [22] or partial observation [23-

26], nonblocking control [27-30], modular control [31-33], hierarchical control [34-36],



decentralized control [37, 38] and distributed control [39, 40]. We will review the last
two methods in Subsection 1.2.2 and Subsection 1.2.3 respectively. In fact, most of
the existing literature focused on langauge equivalence. However, language equiva-
lence is not adequate to capture the class of temporal logics which describe branching
behavior, such as CTL and CTL*. This requires us to use bisimulation equivalence

instead. In particular, the notion of bisimulation is stated as below [41].

Definition 1.3 Consider transition systems T'S1 = (S1, E, 51, So1, Sm1) and T'Sy =
(S2, E, 2, 502, Sma).  The relation ¢ C Sy x Sy is a simulation relation if for any

S1,82) € ¢, the following property holds:
o, the foll hold.
(1) (Ve € E) sy € Bi(s1,€) = 3sy, € Ba(s9,€) such that (s}, 59) € ¢;
(2) S1 € Sml = S € Smg.

If there is a simulation relation ¢ C S x S5 such that (sg1, Se2) € ¢, then T'S] is
said to be simulated by T'S, denoted as T'S; <4 T'Sa. A binary relation ¢ C (S;US)?
is called a bisimulation relation between TSy and T'Sy, if T'S1 <4 T'Sa, T'Sy <4 T'S,
and ¢ is symmetric. Further, 7'S; is said to be bisimilar (bisimulation equivalent) to
TSy, denoted as T'Sy =2, TSy, if there is a bisimulation relation ¢ C (S; U S;)? such
that (so1, So2) € ¢.

It is known that bisimulation equivalence implies language equivalence and marked
language equivalence, but the converse does not hold. We sometimes omit the sub-
script ¢ from <, or =, when it is clear from the context.

Recent years have seen research attentions on bisimilarity enforcing supervisory

control. An early effort on supervisory control for bisimulation equivalence can be



found in [42], where events are treated as controllable and a supervisor was developed
such that the supervised system is bisimilar to the deterministic specification. [43]
studied bisimilarity supervisory control of open discrete event systems. It requires
that the indistinguishable events are either all enabled or all disabled at a state, which
is not reasonable in the framework of supervisory control. [44] solved the bisimilarity
controller synthesis problem for various systems including continuous systems, hybrid
systems and DESs, in which the bisimilarity controller is the morphism in the context
of category theory. Zhou and Kumar [45] investigated bisimilarity control of DESs,
where the plant, specification and supervisor are allowed to be nondeterministic.
They provided a small model theorem to show that a supervisor exists to enforce
bisimulation equivalence between the supervised system and the specification if and
only if a state controllable automaton exists over the Cartesian product of the system
and specification state spaces. The small model theorem was also extended for partial
observation [46]. In both [45] and [46], the complexity of checking the existence
condition of bisimilarity control is doubly exponential. To reduce the computational
complexity, [47] focused on deterministic bisimilarity control.

However, apart from promising progress in bisimilarity control, three main diffi-
culties remain to be addressed for practial applications. Firstly, for the most general
case, where all the plant, specification and supervisor are nondeterministic, there does
not exist a systematic way to construct the bisimilarity enforcing supervisor when it
exists [45, 46]. In Chapter 2, a formal supervisor design method is proposed to solve
this problem. Secondly, the computational complexity is high in the existing meth-

ods (double exponential complexity in state sizes of the plant and specification [45]



and single exponential complexity in state sizes of the plant and specification [48]).
To mitigate the complexity, a novel notion is introduced as the existence condition
for bisimilarity control in Chapter 2. It can be effectively verified with polynomial
complexity in the state sizes of the plant and specification. Thirdly, an important
issue missing in the literature is how to change the specification when there does not
exist such a bisimilarity supervisor for the original specification. For this issue, the

calculation of achievable sub-specifications is investigated in Chapter 2.

1.2.2 Decentralized Supervisory Control

The bisimilarity control proposed in Subsection 1.2.1 only relies on a single supervisor.
However, no monolithic supervisor is likely to provide a useful solution in many
engineering systems, such as an automated manufacturing systems which consists
of several workstations interconnected by conveyors or automated guided vehicles.
Therefore, a decentralized solution is needed. In decentralized supervisory control,
a set of local supervisors (more than one) should jointly control a given plant for
a global behavior. Each supervisor takes its actions based on its own observation.
The control actions of the local supervisors are fused into a global control decision to
control the given plant. Several architectures have been developed for decentralized
supervisory control according to different fusion rules.

Rudie and Wonham [37] proposed a conjunctive architecture, where the fusion
rule is based on the intersection of locally enabled events. Complementary with con-

junctive architecture, a disjunctive architecture was presented in [49], where the union



of locally enabled events is adopted in fusion. In that work, a general architecture
which combines the conjunctive architecture and the disjunctive architecture was fur-
ther developed. Namely, the local supervisors agree a priori on choosing “fusion by
intersection” for certain controllable events and “fusion by union” for certain con-
trollable events. In these works, supervisors make unconditional decisions: “enable”
or “disable”. Notable exceptions were reported in [50] and [51]. [50] considered the
conditional decisions of the form: “enable if nobody disables” and “disable if nobody
enables”. [51] provided a knowledge-based architecture to associate the supervisors’
decision to a grade or level of ambiguity. Based on these architectures, recent efforts
on decentralized supervisory control has devoted to hierarchical control [52], reliable
control [53], [54] and communicating control with communication delays [55] or with-
out communication delays [56], [57]. The existing literature all employed language
equivalence. It is known that bisimulation is necessary to deal with branching behav-
iors that arise in unmodeled dynamics, model abstraction and communication delays.
Moreover, bisimulation is a natural choice for temporal logic specifications. These
observations motivate us to study decentralized supervisory control for bisimulation

equivalence in Chapter 3.

1.2.3 Distributed Supervisory Control

A distributed DES (also called a concurrent DES) is composed of several local DESs
that cooperatively perform a task or computation. A multi-agent system [58-60] is

an example of distributed discrete event systems. The goal of distributed supervisory



control is to synthesize local supervisors for individual plants such that the resulting
supervised behavior is identical with the global specification. Each local supervisor
determines its control actions based on the locally observed behavior.

The current methods for distributed supervisor control typically involve convert-
ing the distributed DES to equivalent monolithic system [39, 61, 62]. Unfortunately,
in general a monolithic control design is computationally expensive. It was formally
shown in [33, 63] that the monolithic-based computation grows exponentially as the
number of components in plant increases. Modular control seems a solution for com-
plexity mitigation since the computation of local supervisor only relies on the local
DES rather than the global one. [64] proposed an existence condition for the modular
control of distributed DESs. The same problem was explored in [65] for a special class
of distributed DESs in which all local DESs exhibit isomorphic behavior. Different
from these works, [66-72] investigated the conditions under which a modular control
of distributed DESs is equivalent to a maximally permissive/ minimally restrictive
monolithic control. Specifically, [66] assumes that the event sets of local DESs are
mutually disjoint. [67] and [68] assume that the shared events are all controllable
for local DESs. [70], [71] and [72] assume that the shared events have the same con-
trol status and additionally the newly introduced property of mutual controllability
holds. This assumption has been generalized in [69] by only requiring the same sta-
tus for the shared events. Research efforts are all devoted into language enforcement.
As pointed out in the previous subsection, bisimulation equivalence is strongly re-
quired to tackle branching behaviors and temporal logic specifications. Therefore, we

consider distributed supervisory control for bisimulation equivalence in Chapter 4.
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1.3 Abstraction of Continuous Systems

Abstraction is a process of extracting a discrete event model from the continuous
system. It is desired that the abstracted model can either be equivalent with the
original continuous system with respect to the satisfaction of the specification, or it
can provide approximately guarantee that the satisfaction of the specification for the
abstracted model is sufficient for the satisfaction of the specification by the original
system.

Equivalent abstraction relies on the notion of bisimulation. So far, only few classes
of systems can be bisimilarly abstracted. The first success is timed automata [73].
Subsequent extensions led to the results for multi-rate automata [74], rectangular
hybrid automata [75] and order-minimal automata [76]. Recent work for more com-
plex continuous dynamics-second order linear dynamics can be found in [77], where
a bisimilarly abstracted model can be obtained by a triangulation of polygonal state
space. Their work was refined in [17] through approaching arbitrary dimensional
discrete-time linear system. It was shown that an equivalent discrete transition sys-
tem exists for the controllable system with properly chosen observables. As opposed
to discrete-time linear systems in [17], continuous-time linear system over polytopes
was studied in [78]. Recent works of constructing sufficient abstractions focused on
systems with linear dynamics and polyhedral partitions [79], and systems with poly-
nomial dynamics and partitions given by semi-algebraic sets [80]. The construction
of sufficient or equivalent abstractions (if they exist) is computationally expensive. In

this thesis, we propose effective polyhedral operations to check the existence of equiv-
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alent abstractions with respect to a class of nonlinear systems, multi-affine systems.
This novel methodology covers more classes of system than those are addressed in

[81, 82], with its successful application for temporal logic specifications.

1.4 Organization of the Thesis

This thesis investigates the controller synthesis for bisimulation equivalence from dis-
crete and continuous aspects. From discrete perspective, supervisory control is stud-
ied to enforce bisimilarity with respect to discrete event systems. Specifically, three
kinds of supervisory control problems are considered here: bisimilarity control, de-
centralized bisimilarity control and distributed bisimilarity control. The organization
of the thesis is described as follows.

Chapter 2 studies supervisory control of DESs for bisimulation equivalence. We
first focus on the most general case which allows the plant, specification and super-
visor to be nondeterministic. The difficulty is that there does not exist a systematic
way to construct the bisimilarity enforcing supervisor when it exists. For this issue,
we introduce the notion of synchronous simulation-based state controllability as the
existence condition for bisimilarity control. It is shown that a bisimilarity enforcing
supervisor can be efficiently built upon the specification. Another important question
is how to find achievable sub/sup-specifications when the existence condition does not
hold. To answer this question, the synthesis of synchronously simulation-based state
controllable sub-specifications is studied.

Since the existence condition for the most general case is sufficient only, we spe-
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cialize to deterministic specifications. A necessary and sufficient condition is then
provided for bisimilarity control with respect to deterministic specifications. It can
be effectively verified with polynomial complexity in state sizes of the plant and speci-
fication (less than the complexity of the conditions with respect to deterministic speci-
fications [48]). When the existence condition holds, a bisimilarity enforcing supervisor
is established. Otherwise, the calculation of maximal permissive sub-specification is
investigated. It is a challenging problem because the supremum of an automaton
set is not closed under the upper bound (join) operator [48]. This problem is solved
by converting the automaton set into equivalently expressed language sets which are
closed under the corresponding upper bound (set union) operator [20].

Decentralized bisimilarity control is explored in Chapter 3, where a set of local su-
pervisors jointly control a given plant to reach a specification. Unlike language-based
structure, a novel automata-based structure is proposed, where the plant, specifica-
tion and supervisor are all modeled as automata. In particular, three architectures,
a conjunctive architecture, a disjunctive architecture and a general architecture, are
developed with respect to different decision making rules. Under these three architec-
tures, necessary and sufficient conditions are respectively provided for the existence
of a deterministic decentralized bisimilarity control. Furthermore, the synthesis of
decentralized bisimilarity supervisors and achievable sup-specifications are further
developed.

Chapter 4 studies bisimilarity supervisory control of distributed discrete event
systems which consist of multiple interacting modules. The objective of distributed

bisimilarity control is to impose bisimulation equivalence between the globally super-
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vised system (the parallel composition of locally supervised modules) and the given
automaton specification. The concept of separable and synchronous simulation-based
state controllability is introduced as the existence condition for distributed bisimilar-
ity control. When this condition is satisfied, a set of local supervisors can be con-
structed to enforce bisimulation equivalence. Otherwise, the computation of achiev-
able sub-specifications is explored to enable the existence of a distributed bisimilarity
control. In addition, we focus on deterministic supervisors. The synthesis of de-
terministic distributed bisimilarity supervisors and achievable sup-specifications are
investigated accordingly. The comparisons of our results with the centralized mono-
lithic ones are further presented.

Chapter 5 investigates the control of multi-affine systems for bisimulation equiv-
alence, with its application to meet temporal logic specifications. The key is to
establish a bisimilarly abstracted system with finite state nature for the original con-
tinuous system. However, this problem is generally undecidable. For this reason,
we partition the state space into rectangles, and then study the control of multi-
affine system on rectangles. Resorting to the proposed control method, a bisimilarly
abstracted system is obtained. It is shown that the proposed method covers more
classes of systems than those are addressed in [81] and [82]. Moreover, the construc-
tion of bisimilarly abstracted system does not involve complex operators such as the
integration of vector fields [83], but rather polyhedral operators. A fully automated
procedure to control multi-affine systems for temporal logic specifications is developed
by using the proposed bisimilarity supervisory techniques to the abstracted system

and then by refining the resulting supervisor to the original multi-affine system.
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The thesis is finally concluded in Chapter 6 with highlighting the contributions

and outlining the future works.
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Chapter 2

Supervisory Control for

Bisimulation Equivalence

This chapter studies bisimilarity supervisory control of DESs. First, we focus on
the most general case which allows the plant, specification and supervisor to be
nondeterministic. In particular, the notion of synchronous simulation-based state
controllability is introduced as the sufficient condition for the existence of a bisimi-
larity enforcing supervisor, and a polynomial algorithm is developed to check such a
condition. When the existence condition holds, a bisimilarity enforcing supervisor is
constructed. Otherwise, the synthesis of achievable sub-specifications is further stud-
ied. Then, we specialize to deterministic specifications. A necessary and sufficient
condition is proposed for the existence of bisimilarity control. Accordingly, the syn-
thesis of bisimilarity enforcing supervisors and supremal achievable sub-specifications

are investigated as well.
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2.1 Bisimilarity Control for Nondeterministic Spec-

ifications

This section explores bisimilarity supervisory control for the most general case. The

notion of bisimilarity enforcing supervisor is introduced as below.

Definition 2.1 Given a plant G = (X, X, a, zo, X,) and a specification R = (Q, 3, 9,
G0, Qm), a supervisor S = (Y, X, B, v, Ym) is said to be a bisimilarity enforcing super-
visor for G and R if

(1) There is a bisimulation relation ¢ such that G||S =, R;

(2) (Vy €Y and Vo € %) B(y,0) # 0.

It is shown that a bisimilarity enforcing supervisor always enables all uncontrol-
lable events and achieves bisimulation equivalence. Unless otherwise stated we will
use G = (X, X, «, 29, Xin), R = (Q,%,0,q0,Qm) and S = (Y, X, 5, yo, Yin) to denote

the plant, specification and supervisor in this chapter.

2.1.1 Existence Condition

This subsection investigates the existence condition for bisimilarity control. For suffi-
ciency, a bisimilarity enforcing supervisor is needed. In the context language enforcing
control, it is known that a controllable specification itself can work as a supervisor.
This motivates us to construct a bisimilarity enforcing supervisor based on the speci-
fication. Since a bisimilarity enforcing supervisor is required to satisfy two conditions

(Definition 2.1), the following concept is introduced.
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Definition 2.2 Given G = (X1, %, aq, o1, Xpn1), the uncontrollable augmented au-

tomaton Gy of G is an automaton

Gluc — (Xl U {Dd}7 27 Qye, To1, Xm1>7

where for any x € X1 U{Dy} and o € 3, the transition function is defined as

)
ay(z,0) o € FEg,(z);
e(,0) =9 {Dy} 0 € B\ Eg, (2)V(x = Dgho € Lue):;
0 otherwise.
\

It can been seen that if we choose the uncontrollable augmented automaton R,.
as the bisimilarity enforcing supervisor, it naturally satisfies the second condition of
Definition 2.1. Next, we investigate the properties that makes G||R,. bisimilar to
R, i.e., the satisfaction of the first condition of Definition 2.1. Before presenting the

properties, we need the following notions.

Definition 2.3 Gliven G1 = (Xl, 21, a1,,201, Xml) and Gg = (XQ, ZQ, Ao, , T02, Xmg),

the synchronized state map Xsynaia,: X1 — 2%X2 from G, to Gy is defined as
Xeyncia, (1) ={xe € Xo | (s € £¥) 21 € au(zo1,5) A 23 € aa(xo1, 5)}-

The synchronized state map can be used to find the synchronized state pairs of
two automata [45]. Based on this property, the concept of synchronous simulation is

stated.

Definition 2.4 Gliven G1 = (Xl,z,(l/l,l'()l,Xml), G2 = (XQ, E,CY2717027Xm2) and a
simulation relation ¢ such that G <4 Ga, ¢ is called to be a synchronous simulation

relation from Gy to Gy if (x1,%2) € ¢ for any x1 € X and x2 € Xgyna 6, (T1).
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If there exists a synchronous simulation relation from G to G5, Gy is said to be
synchronously simulated by G5, denoted as G <gyne Go.

We can see that when the specification R is synchronously simulated by the plant
G, every synchronized state pair of R and G belongs to the synchronous simulation
relation ¢. Hence, G||R = R. Furthermore, if for every state of R, its active event set
includes the uncontrollable events defined in the corresponding synchronized states
of G, then G||R = G||Rye, implying G||R,. = R, i.e., R, is a bisimilarity enforcing
supervisor for G and R. Hence we formalize the notion of synchronous simulation-

based state controllability as a property of the specification for bisimilarity control.

Definition 2.5 Given G = (X1,%, a1, %01, Xm1) and Gy = (Xo, 3, an, o2, Xpn2), Gi
1s said to be synchronously simulation-based state controllable with respect to Gy and
Yue 1f

(1) There is a synchronous simulation relation ¢ such that Gy <syne Go;

(2) (State Controllability) (Vs € ¥* and Vo € ¥,.) so € L(G2) A1 € aq(xo1,S) =

a1 (':Clv U) 7A @
Then, we present the existence condition for bisimilarity control.

Theorem 2.1 Given a plant G and a specification R, if R is synchronously simulation-
based state controllable with respect to G and ¥y, then there is a bisimilarity enforcing

supervisor for G and R.

Proof: Let G||R = (X¢r, , (20, 90), @cr, Xmar)s G| Rue = (XaRuer 25 (205 90)s 0GR XmGRu:)
and Rye = (Ques 2, Q0 Oue » @mue). Consider R,. to be a supervisor and a rela-

tion ¢1 = {((7,9),q9) € Xgr, X Q | (x,q9) € Xgg,.}. It is obvious that R,.
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satisfies the condition (2) of Definition 2.1. Next we show that ¢; is a bisimula-
tion relation from G||R,. to R. For any ((z,q),q) € ¢, if there is a o—successor
(«',q¢) € agr,.((z,q),0), where o € X, the definition of product implies ¢’ € d,.(q, o)
and ¢ € Q, if (¢/,¢) € Xygr,.. If 0 & Xy, then ¢ € §(q,0) from the defini-
tion of the uncontrollable augmented automaton. If o € X,., because R is state
controllable w.r.t. G and 3., we have ¢ € §(¢q,0). Therefore, ((2',q¢'),q') € ¢1.
For any (q,(z,q)) € ¢;*, if there is a o—successor ¢’ € 6(q,0), where 0 € X, we
have Fr(q) C Eg(x) because synchronous simulation-based state controllability of R
indicates that there is a synchronous simulation relation ¢ from R to G such that
every synchronized state pair of R and G belongs to ¢. Then, there is 2’ € a(z, o)
st. (¢/,¢) € agr,.((z,q),0) with (¢,2") € ¢, which implies (¢, (2',¢)) € ¢;'. In
addition, (¢, z') € ¢ implies 2’ € X, if ¢ € Q, that is, (2, ¢") € X,ngr,.. Therefore,
G||Rue =t B

Theorem 2.1 indicates that synchronous simulation-based state controllability is

the sufficient condition for the existence of a bisimilarity enforcing supervisor.

2.1.2 Test for Existence Condition

This section proposes an algorithm to test whether a given specification R is syn-
chronously simulation-based state controllable with respect to G and .. Before
presenting this algorithm, the notion of synchronously simulation-based controllable

product is introduced as below.

Definition 2.6 Given G7 = (X1, %, a1, xo1, Xon1) and Go = (Xo, X, a9, o2, Xpn2), the
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synchronously simulation-based controllable product of G1 and Go is an automaton

G1||syncG2 - ((Xl X X2)U {QCb qa}a 27 192, ('r017 .7302), Xml X Xm2>7

where for any (x1,22) € Xy X Xy and o € X, the transition function is defined as

(11(1’1,0'))( (12(272,0') oc EG1<$1)Q EG2(.CL’2>;
qd S EG1 (I1>\ EGz(xQ);
@12((513’1,56'2)70):
0y o€ (Eg,(22)\ Eg, (1)) N Bue;
0 otherwise.

\

Then, we present the following algorithm to verify synchronous simulation-based

state controllability:.

Algorithm 2.1 Given a plant G and a specification R, the algorithm for testing
synchronous simulation-based state controllability of R with respect to G and ¥y, s
described as below.

Step 1: Obtain R||syncG = (Xsyne, 2 Asynes (90, o), Ximsyne);

Step 2: R 1is synchronously simulated-based state controllable with respect to G
and Xy if and only if qq and ¢, are not reachable in R||syn.G and x € X, for any

reachable state (q, ) in R||syn.G with ¢ € Qp,.

Theorem 2.2 Algorithm 2.1 is correct.

Proof: 1t can be seen that any (¢, z) satisfying * € X, ,,rc(q) is a state reachable

in R||syncG and any (q,x) € Xgyne \{qa, ¢} satisfies that z € Xra(q) according
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Figure 2.1: Plant G (Left) and Specification R (Right)

to the definition of synchronously simulation-based controllable product. For syn-
chronous simulation-based state controllability to hold, condition (1) and condition
(2) of Definition 2.5 should be satisfied. On the other hand, if condition (1) is violated,
there are two cases. Case 1: there exist (¢,z) and o € X such that z € X,,rc(q)
and o0 € Egr(q)\ Ec(z). So qa € asyne((¢,z),0). Case 2: there is (¢, ) such that
r € Xgnra(q) and z ¢ X, when ¢ € Q,,. If condition (2) is violated, i.e. there
exist (¢,z) and o € X, such that © € Xy,re(q) and 0 € Eg(z)\ Egr(q). So
¢ € async((q,z),0). It follows that g; and ¢}, are reachable in R||s,.G or z ¢ X,,
for any reachable state (¢,z) in R||syn.G with ¢ € @, iff R is not synchronously
simulated-based state controllable w.r.t. G and X,,..

Algorithm 2.1 can be terminated because the state sets and the event sets of G
and R are finite. Since G and R are nondeterministic, their numbers of transitions
are O(|X[?|2]) and O(|Q|*|2|) respectively. Then, the complexity of constructing
R||syncG 1s O(JX?|Q|?|Z]). In addition, the complexity of checking the reachability

of g and ¢} in R||syn.G is O(log(|X]|@Q])) [84]. So the complexity of Algorithm 2.1 is
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O(IXPIQPIS).

The following example is presented to illustrate Algorithm 2.1.

Example 2.1. Consider a plant G and a specification R configured in Fig. 2.1,
where ¥, = {c}. It can be seen that R is not synchronously simulation-based state
controllable with respect to G and . because the uncontrollable event ¢ is defined

at x3 € a(xg, a) but not g4 € §(qo,a), and d is defined at g, but not z3 € Xyynpa(qa).
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Figure 2.2: R||syn.G

Next, we apply Algorithm 2.1 to test synchronous simulation-based state control-
lability of R. The synchronously simulation-based controllable product R||sn.G is
obtained in Fig. 2.2 and it shows that g4 and ¢}, are reachable in R)||s,,.G. Therefore,

R is not synchronously simulation-based state controllable with respect to G and X,,..

Remark 2.1 Theorem 2.1 indicates that under the condition that R is synchronously
simulation-based state controllable, R,. is a bisimilarity enforcing supervisor, and it

can be effectively constructed with polynomial complexity in the state and event sizes

of the specification, i.e., O(|Q|*|3|).
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2.1.3 Synthesis of Bisimilarity Enforcing Supervisors

This section studies the synthesis of a bisimilarity enforcing supervisor when it exists.
Followed by the previous results, it is natural that R,. is a bisimilarity enforcing

supervisor, which is shown in the following theorem.

Theorem 2.3 Given a plant G and a deterministic specification R, if R is syn-
chronously simulation-based state controllable with respect to G and Xy, then R,. is

a bisimilarity enforcing supervisor for G and R.

Figure 2.3: Plant G (Left) and Specification R (Right)

Now, we provide an example to illustrate bisimilarity control of discrete event
systems.

Example 2.2. Consider a plant G and a specification R shown in Fig. 2.3.
Assume %, = {e}. In the following, we investigate the problem whether there is a
supervisor S such that the supervised system G/||S is bisimilar to R.

It is obvious that R is synchronously simulation-based state controllable with re-

spect to G and 3,.. By Theorem 2.1, we can establish R, as the supervisor (Fig. 2.4
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Figure 2.4: R,. (Left) and G||R,. (Right)

(Left)). Then, the supervised system G||R,. is presented in Fig. 2.4 (Right). Let ¢ =

{(@0, QO)7 QO), ((xl, Q1), CI1)7 (($2, Q1), Ch), ((961, Q2)7 C]2), (($2, Q2), CI2), ((1‘3, CI3)7 Q3), {($5, Q4)=
(557, C]4), (965, %)7 (117, C]6)}><{Q4, CJG}, {(134, Q5), (3367 CJ5), (559, 617), (9687 C_Is)> (11107 Q9)> (3511, Q9)>

(37107(]10)7 (131176110)} X {(157(1776187(]97(110}, ((131276111)76111)}- Thus, G||Ruc §¢u¢>—1 R.

2.1.4 Synthesis of Achievable Sub-specifications

Example 2.1 indicates that a given specification R is not always synchronously simulation-
based state controllable. To guarantee the existence of a bisimilarity enforcing super-
visor, this subsection aims to find synchronously simulation-based state controllable
sub-specifications. Because a sub-specification is possibly nondeterministic, here we
assume a sub-specification is an automaton simulated by the specification R. We
start by considering synchronous simulation relation, which is required in synchronous

simulation-based state controllability. Then, the following concept is introduced.

Definition 2.7 Given a plant G, the synchronous state merger operator on G, de-
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noted by Fy,,(G), is an automaton

Fsyn(G) - (Xsyrw 27 {xO}v Qsyn, Xmsyn)a

where Xgyn = 2%, Xppsyn = {Y1 | Y1 C X,n}, and for any A € Xgyn and 0 € 2,

the transition function is defined as

Uzeaa(z,0) 0 € NeeaEa(z);
Qsyn (A, 0) =

unde fined otherwise.

In the following lemma, we show that F,, (G) is synchronously simulated by G.

Lemma 2.1 Given a plant G, there is a synchronous simulation relation ¢ such that

Fsyn(G) ~syne G.

Proof: Consider a relation ¢ = {(A,z) | « € A}. Next we show that ¢’ is a syn-
chronous simulation relation from Fj,,(G) to G. The definition of synchronous state
merger operator implies: (1) for any A € Xy, and z € Xyur,,.)c(A), we have
(A, x) € ¢'; (2) if A € Xygyn, then x € X, for any x € A; (3) for any (A, z) € ¢,
if there is a o—successor A’ € agy,(A,0) in Fyy,(G), where o € ¥, then for any
x € A, there exists 2’ € a(x,0) such that 2’ € A’. Tt implies (A’,2") € ¢'. Therefore,
Foyn(G) <syner G-

Furthermore, we illustrate that any automaton G; simulated by Fj,,(G) is syn-

chronously simulated by G.

Lemma 2.2 Given a plant G and an automaton G = (X1, %, a1, o1, Xm1), if there
is a simulation relation ¢1 such that Gy <4, Fsn(G), then there is a synchronous

simulation relation ¢o such that Gy <syng, G-
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Proof: Lemma 2.1 shows that there is a synchronous simulation relation ¢ such that
Fyyn(G) <syne G. Consider a relation ¢, = {(z1,7) € X7 x X | (A € Xyn)(21,A) €
1N (A, x) € ¢}, where ¢ is a simulation relation from Gy to Fj,,(G). We next show
¢4 is a synchronous simulation relation from G7 to G. For any (x1,z) € ¢s, if there
is a o—successor 2] € «a;(z1,0), where o € 3, then we have A" € ayy,(A,0) such
that (2], A’) € ¢1. Thus there exists 2’ € a(x,o0) such that (A, 2') € ¢. Further,
if 11 € Xy, then A € X5y, which implies x € X,,. Therefore G; <4 G. Since
G1 =4, Fsyn(G), we have L(G;) C L(Fy,(G)), moreover, Fy,,,(G) is deterministic. It
follows that for any s € L(G1) with x; € a(xe1, 5), thereis A € gy, ({20}, s) such that
(71, A) € ¢1. Thus (21, A) € ¢y for any z; € X; and A € XyynaF,y0(e)(21). In addi-
tion, Fyy,(G) <syng G implies (A, ) € ¢ for any A € Xy, and © € Xyppr,,.)c(A).
Hence (z1,2) € ¢, for any 71 € X and 2 € Xyyng,¢(21), implying Gi <gyng, G-
The definition of parallel composition indicates Fj,,(G)||R < Fyy,(G) and Fy, (G)|| R

< R. Then, Fy,,(G)||R is a sub-specification, moreover, Lemma 2.2 implies that
Fyyn(G)||R is synchronously simulated by the plant G. If Fy,,,(G)||R is further state
controllable, then it is synchronously simulation-based state controllable. Next, we
introduce the state controllable operator to enforce state controllability with respect

to Fyyn(G)||R. Before presenting this operator, we need the following concepts.

Definition 2.8 Consider G; = (X1, %, a1, Zo1, X1 ), G2 = (X2, X, g, To2, Xim2) and
GillsyncG2 = (X)), Z, o), (To1, To2), Xomj)). The uncontrollable set of Gi||syncGa2 is
defined as Xyue(G1llsyncG2) = {(z1,5) € Xy x X*| there exist 0 € X, and x5 €

Xy s.t. ¢y € o((x1,22),0) and (z1,22) € oy((xo1,202),5)}. The post uncontrol-
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lable map Pg,|,,.co @ X1 X 2 — 2% of Gi||syncG2 is defined as Pg,),,..c.(T,0) =
{z1 | there exists (x1,5) € Xuc(Gil|syncG2) s.t. o = s(|s]), z1 € ai(z,0) and

x € ay(zer,s(1)---s(|s| — 1))}

Intuitively, every element in X,.(G1||syncG2) is of the form (z,s), where z is a
state of (G that violates state controllability and s is a string through which x can be
reached by the initial state. Further, Pg,),,..c,(2,0) contains the states of Gy that
can transit to the states which fail to satisfy state controllability through the related

string s. Then, the state controllable operator is introduced.

Definition 2.9 Given G1 = (Xl, E, a1, To1, Xml); G2 = (XQ, Z, A9, T2, Xm2> and
G1||syncG2, the state controllable operator on Gy with respect to G, denoted by F.q,(G1),

15 an automaton

FCG2 (Gl) = (Xb 27 QeGyy L01, Xm1)7

where for any x € X1 and o € X, the transition function is defined as

Oél <x7 J)\ PGllIsyncGZ <$’ U) PGleyncG2 (x7 0) # Q)’
e, (T, 0) =
ap(z,0) otherwise.

Then, by iteratively using the state controllable operator on (G, we can achieve

an automaton which is state controllable with respect to Go and X,

Lemma 2.3 Given Gy = (X1,%, a1, %1, Xim1), Go = (X2, 2, an, o2, Xin2), ichiérgl(Gl) =
F(fGZ(Gl) % (), then 2G2(G1) is state controllable with respect to Gy and X,., where

1€ N+ and Fczégzl(Gl) = FCGZ(F2G2(G1)>.
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Proof: Let FciGQ(Gl) = (Xi, 2, @i, Tor, Xomi), Fclg;(Gl) = (Xit1, 2, g1, Tor, Xomit1)
and Fig, (G1)lsneGa= (Xpi (@llpneGa + 2 (T01,T02), QR (G)lleyneGzr XimFig, (G1)llayneGa)-
We assume the automaton CiGQ (G1) is not state controllable w.r.t. G5 and 3,.. That
is, for so € L(G3), where o € %, there is 1 € X; such that z; € «a;(x¢1,s) and
o¢ EFCiGZ(Gl)(xl). Since so € L(G>), there exists xo € aa(zo2, s) such that o € Eg,(x2).
Then, (z1,x2) € O‘FgGQ(Gl)HsyncGz((xObxOZ)v3) and ¢, € O‘FCiGQ(Gl)HsyncGz((fEl?5’32)7U)v
moreover, there is ] € «a;(zo1,s(1)---s(|]s| — 1)) such that z1 € o;(z), s(|s])). It
follows that z; € PFC"GQ(Gl)IlsyncGz(x/lv3(|3|>) # 0. Then z ¢ ;. 1(2, s(|s])), which
violates FIi)(G1) = Fly,(G1). Therefore, the assumption is wrong. As a result,
F!s,(Gy) is state controllable with respect to Gy and Y.

Moreover, the state controllable operator preserves synchronous simulation, which

can be seen from the following Lemma.

Lemma 2.4 Given G1 = (Xl,E,Oél,I()l,Xml) and G2 = (XQ,Z,O!Q,LL’QQ,XmQ), Zf
there is a synchronous simulation relation ¢, such that Gi <syng, Ga, then there is a

synchronous simulation relation ¢o such that Feg,(G1) <syne, G2-

Proof: Let F.q,(G1) = (XFC(;Q(GI),Z,apcc2(gl),$01, Xchc2(G1))' Consider a rela-
tion ¢ = {(21,22) € Xre (G) X X2 | (#1,72) € ¢1}, where ¢; is a synchronous
simulation relation from G; to G5. Next we show that ¢, is a synchronous simula-
tion relation from F.q,(G1) to Go. For any (xq1,x2) € ¢}, if there is o—successor
Ty € Qrg g, (¥1,0), where o € X, then we have z; € Xi and 2} € ai(z1,0)

from the definition of state controllable operator. It implies that there exists i, €

ay(72,0) such that (27,25) € ¢1. Then (z1,22) € ¢y for any z1 € Xp, (¢,) and
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Ty € XaynF,c, (G1)Ca (z1). Therefore, Fg,(G1) <syng;, Go-

With above results, we present a theorem to synthesize achievable sub-specifications.

Theorem 2.4 Given a plant G and a specification R, if F'3 (Fyyn(G)||R) =F'c(Feyn(G)||R)
# 0, then F'o(Fyyn(G)||R) is synchronously simulation-based state controllable with

respect to G and X, where i € NT and Fg&l( Fon(G)||R) = CGQ(F(EGQ( Fon(G)||R)).

Proof: Lemma 2.1 shows that there is a synchronous simulation relation ¢,
such that Fyy,(G) <syne, G- Moreover, Fy,(G)||R < Fyy,(G). Thus, there ex-
ists a synchronous simulation relation ¢, such that Fj,,,(G)||R <syng, G by Lemma
2.2. In addition, Lemma 2.4 indicates that there is a synchronous simulation rela-
tion ¢3 such that F'o(Fyyn(G)||R) <synes G. Furthermore, Lemma 2.3 implies that
Fio(Fyyn(G)||R) is state controllable w.r.t. G and X, because F/&!'(F,,.(G)||R) =
Flo(Fon(G)||R) # 0. Hence, Fig(Fsyn(G)||R) is synchronously simulation-based

state controllable w.r.t G and X,..
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Figure 2.5: Fj,,,(G) (Left) and F.q(Fsyn(G)||R) (Right)

Remark 2.2 If R fails to satisfy synchronous simulation-based state controllabil-

ity and F'5 (Foyn(G)||R) = Fia(Fayn(G)||R) # 0, we can replace R with its sub-
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specification F'o(Fsyn(G)||R) to ensure the existence of a bisimilarity enforcing su-

DETVISOT.

We revisit Example 2.1 to demonstrate the synthesis of achievable sub-specifications.

Example 2.3. Consider a plant G and a specification R configured in Fig. 2.1,
where ¥,. = {c}. From Example 2.1, it is known that R is not synchronously
simulation-based state controllable with respect to G and X,.. We would like to
find achievable sub-specifications of R, which satisfy synchronous simulation-based
state controllability.

First, we establish F,,, (G) as shown in Fig. 2.5. Then, we obtain (Fs,,(G)||R)||syncG,
which indicates that (({z2, 23}, q4), 22) and (({z2, z3}, q4), 3) can transit to ¢, through
the uncontrollable event c. Therefore, Pig, .. )||R)|lsynec(({T0}: @0), @) = {({z2, 3}, q4) }
# 0. Let Fog(Foyn(G)||R) = (Xrg(Foyn(@)1R): 25 ({0} 90)s OF(Fayn (0)IR)s X (Fuyn (G)IIR))-
Then ({72, 23}, @4) & ar.(Fuyn(@)ir) ({70}, q0), a). Hence, Fog(Foyn(G)||R) is achieved
in Fig. 2.5 (Right). Further, F%,(Fyyn(G)||R) = F.c(Fsyn(G)||R). So F.q(Fsyn(G)||R)
is synchronously simulation-based state controllable with respect to G and ¥,. by

Theorem 2.4.

2.2 Specialization to Deterministic Specifications

The existence condition proposed in the previous section is sufficient only. This mo-
tivates us to consider bisimilarity supervisory control for deterministic specifications.
In this section, a necessary and sufficient condition is provided for the existence of a

bisimilarity enforcing supervisor with respect to deterministic specifications. It can
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be verified in polynomial complexity (less than the complexity of the conditions with
respect to deterministic specifications in [48]). When the existence condition holds,
a bisimilarity enforcing supervisor can be constructed. Furthermore, when the exis-
tence condition does not hold, two different methods are provided for synthesizing

maximal permissive sub-specifications.

2.2.1 Existence Condition

This subsection investigates the existence condition for bisimilarity enforcing supervi-
sors. Since bisimulation implies language equivalence, the necessary condition such as
language controllability for the existence of language enforcing supervisors still works
for the existence of bisimilarity enforcing supervisors. Thus, we introduce the notion

of langauge controllability as below.

Definition 2.10 Given languages K and M € ¥* with K C M, K is said to be

language controllable with respect to M and ¥, if

KY,.NMCK.

Denote det((G) as a minimal deterministic automaton such that L(det(G)) = L(G)
and L, (det(G)) = L, (G). The result of [48] indicated that G||det(R) = R and lan-
guage controllability of L(R) are necessary and sufficient conditions for the existence
of a deterministic bisimilarity supervisor. In particular, G||det(R) = R is reduced to
G||R = R if R is deterministic. In these conditions, R gets entangled with G, which

fails to provide an insight about the character of R for bisimilarity control. Moreover,
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the complexity of checking these condition is high. To address these problems, we

will introduce synchronous simulation-based controllability as a property for R.

Definition 2.11 Given Gy = (X1,%, 00,201, Xm1) and Go = (Xa, X, g, Tog, Xm2),
Gy is said to be synchronously simulation-based controllable with respect to Go and
e if it satisfies

(1) There is a synchronous simulation relation ¢ such that Gy <syne Go;

(2) L(G) is language controllable with respect to L(Gs) and 2.

For a deterministic specification R, R is synchronously simulated by G implies
that G possesses the branches which are bisimilar to R and the branches which are
outside L(R). Hence, when R is deterministic, R is synchronously simulated by
G iff G||R = R. Next, we show that synchronous simulation-based controllability
is a necessary and sufficient condition for the existence of a bisimilarity enforcing

supervisor with respect to deterministic specifications.

Theorem 2.5 Given a plant G and a deterministic specification R, there exists a
bisimilarity enforcing supervisor S for G and R if and only if R is synchronously

simulation-based controllable with respect to G and X,..

Moreover, synchronous simulation-based controllability offers computation advan-
tages compared to the conditions in [48]. An algorithm will be proposed in the next

subsection for testing synchronous simulation-based controllability.
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2.2.2 Test for Existence Condition

This subsection proposes an algorithm to test synchronous simulation-based control-
lability for a deterministic R, i.e. the existence of a bisimilarity enforcing supervisor.
In fact, synchronous simulation-based controllability is equivalent to synchronous
simulation-based state controllability when R is deterministic. Thus, similar to Al-

gorithm 2.1, the following algorithm is proposed.

Algorithm 2.2 Given a plant G and a deterministic specification R, the algorithm
for testing synchronous simulation-based controllability of R with respect to G and
Yue 18 described as below.

Step 1: Obtain R||syncG = (Xsynes 2, Qsynes (905 0)s Xinsyne) s

Step 2: R is synchronously simulated-based controllable with respect to G and ¥,
if and only if g4 and ¢}, are not reachable in R||syn.G and x € X,, for any reachable

state (q,x) in R||syncG with ¢ € Qp,.
Theorem 2.6 Algorithm 2.2 is correct.

Proof: The proof is similar to Theorem 2.2.

Compared to the results in [48], we can see that when R is deterministic, syn-
chronously simulation-based controllability of R is equivalent to the conditions in [48]
(G||R = R and language controllability of R). In addition, the complexity of verifying
synchronously simulation-based controllability and the conditions (G||R = R and lan-
guage controllability of R) are O(| X |?|Q|*|%]) (Algorithm 2.2) and O(| X |?|Q|*|[*log(| X ||Q|*))
(Remark 2 in [48]) respectively. Hence, we argue that the proposed method in this

thesis is more effective.
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Next, we give an example to illustrate Algorithm 2.2.

Figure 2.6: Plant G (Left), Specification R (Middle) and R||s,,.G (Right)

Example 2.4. Consider a plant G and a specification R configured in Fig. 2.6.
Assure ¥, = {b,e}. We can see that R is not synchronously simulation-based con-
trollable with respect to G and ¥,. because for f € L(G) N L(R) and e € X,
fe € L(G)\ L(R), and e is defined at ¢; but not zs € Xnre(qr). Next, we
use Algorithm 2.2 to test synchronously simulation-based controllability of R. The
synchronously simulation-based controllable product R||sy,.G is shown in Fig. 2.6
(Right). It can be seen that ¢4 and ¢} are reachable in R||s,.G. Hence, R is not

synchronously simulation-based controllable with respect to G and X,

2.2.3 Synthesis of Bisimilarity Enforcing Supervisors

In this subsection, we investigate how to synthesize a bisimilarity enforcing supervisor
when R is synchronously simulation-based controllable. It is immediate to see that
R, can be chosen as a candidate of bisimilarity enforcing supervisors, which is shown

as below.
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Theorem 2.7 Given a plant G and a deterministic specification R, if R is syn-
chronously simulation-based controllable with respect to G and ¥,., then R,. is a

bisimilarity enforcing supervisor for G and R.

Proof: Since R is synchronously simulation-based controllable with respect to G and
Yue, we obtain that: (1) G|| R, = G||R; and (2) there exists a synchronous simulation
relation ¢ from R to G such that R <., G. Moreover, R <, G implies G||R = R.
Therefore, G||Ryu. = G||R = R, i.e., R, is a bisimilarity enforcing supervisor for G

and R.

Rainl

Figure 2.7: Multi-robot system (Left), Plant Ap, (Middle) and Local Task Automaton
Py(As) (Right)

Now, we give an example to illustrate the synthesis of bisimilarity enforcing su-
pervisors for deterministic specifications.

Example 2.5. Consider a cooperative multi-robot system (MRS) example, which
is adopted from [85]. In order to achieve a global task A, each robot R; (with plant
Ap,) should accomplish the local task P;(As) obtained by decomposing A, where

i = 1,2,3 and ||;cq123Pi(As) = A, According to Theorem 6 in [85], if we can
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design a local supervisor A¢, such that Aq,||Ap, = Pi(As), this multi-robot system
will achieve the global task, i.e., ||icq12314c,||Ap, =2 A,. Here, we take robot 2 as an
example. The plant Ap, and the local specification Py(As) of robot 2 are given in Fig.
2.7. In particular, the behavior of robot 2 is described as below: After R receives the
help request (event hy), it will go to Room 2 by moving towards the position on D,
(event Ryt02). Once the robot 2 is in Room 2, it can nondeterministically goes along
pre-defined paths (event R,in2). In one path, the robot 2 can go to position on Dy
(event Rotol) after Door 1 is opened (event Djopen). Then, it is in Room 1 (event
Ryinl) after that it can go to the initial state for the next implementation (event r).
In another path, the robot 2 behaves similarly. The difference is that it can take a
surveillance tour (event Tin2) in Room 2. All events except hy are controllable in

this example.

Dyopen__ Rstol _Rainl

Dyopen__ Ritol

Figure 2.8: Supervisor Ag, (Left) and Supervised System Ac,||Ap, (Right)

We would like to design a bisimilarity enforcing supervisor Aq, (Fig. 2.8) for Ap,
and Py(Ag). It can be seen that P5(A;) is synchronously simulation-based control-
lable w.r.t. Ap, and ¥, = {hs}. By designing the supervisor A¢c, to be Py(Ay)ye, we

can obtain the supervised system in Fig. 2.8 (Right). It can be seen that Ac,||Ap, =,

Py(As), where ¢ = {((qo, o), q0), ((q1, 21), @1), (g2, 72), 42), (g3, ¥4), g3), (a3, 73), 3), ((q4, T6)
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,4a), (41, 25), qa), (45, %8), G5), ((¢5, 7). G5), (g6, T10), 46) (g6, T9). 46), (90, (90, T0)), (a1,
(q1,71)), (g2, (q2, 72)), (g3, (3, 74)), (g3, (a3, 3)), (qa; (qa, T6)); (qa, (g4, 5)), (5, (g5, 78)),
(g5, (g5, 7)), (g6, (g6, Z10)), (g6, (g6, T9)) }. Similarly, the bisimilarity enforcing super-
visors for robot 1 and robot 3 can also be obtained. This control scenario has been

implemented on a team of three robots (Fig. 2.7 (Left)).

2.2.4 Synthesis of Supremal Achievable Sub-specifications

When a given specification fails to satisfy synchronous simulation-based controllabil-
ity, a natural question that arises is how to find a maximal permissive specification
which guarantees the existence of a bisimilarity enforcing supervisor. To answer this
question, the synthesis of supremal synchronously simulation-based controllable sub-
specifications is studied in this subsection. We start by introducing the notion of

supremum [86].

Definition 2.12 Given a set A, a preorder over A, denoted <C A X A, is a transitive
and reflexive relation, in which case the pair (A, <) is called a preordered set. Given
A" C A, x € Ais said to be a supremum of A’, denoted by supA’, if

(1)Vye A: y <z

(2)VzeA:Vye A y<z]=[r <z

When we define the supremum of A’; a set (A, <) should be given with respect
to the elements of A’. If the elements of A’ are languages, the set (2", C) should
be applied because 2% includes all languages over alphabet ¥ and language inclu-

sion fully captures the comparison between two languages. However, if the elements
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of A’ are automata, the set (B, <) should be applied, where B is a full set of au-
tomata with alphabet ¥ and <C B x B is the simulation relation, since B includes
all automata over alphabet 3 and the simulation relation is adequate for automata
(possibly nondeterministic) comparison. Please note that the supremum defined on
(A, <) is unique. However, such uniqueness does not hold with respect to (B, <)
because A; < As and A < Ay do not imply A; = As.

Consider the class of sub-specifications satisfying synchronous simulation-based

controllability as below.

Cy := {R'| R is deterministic, R" < R and R' is synchronous

simulation — based controllable w.r.t. G and ¥,.}

It can be seen that the supremum of C} with respect to (B, <) is a supremal
synchronously simulation-based controllable sub-specification. However, it is difficult
to directly calculate the supremum of C} because C is not closed under the upper
bound (join) operator with respect to (B, <) [48]. To encounter this problem, we
would like to convert the automaton set C; into equivalently expressed language sets
which are closed under the upper bound (set union) operator with respect to (2*°, C)
[20]. Next, we do this conversion item by item. First, for two deterministic automata
R’ and R, the condition R' < R is equivalent to the language condition L(R') C
L(R) and L,,(R') C L,,(R). Second, language controllability required in synchronous
simulation-based controllability is naturally a language description. It remains to
convert synchronous simulation relation required in synchronous simulation-based

controllability to an equivalent language condition. By using Fj,,(G), a synchronous
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simulation relation from a deterministic automaton G; to a plant G is equivalent
to language conditions L(G1) C L(Fyy,(G)) and L,,,(G1) € Ly, (Fsyn(G)), which is

illustrated by the following proposition.

Proposition 2.1 Given a plant G and a deterministic automaton G1, there is a
synchronous simulation relation ¢ such that G1 <gyne G iff L(G1) C L(Fsyn(G)) and

Lin(G1) € Lin(Foyn(G)).

Proof: Let Fy,(G) = (X, 2, {z0}, af, Xms), G1 = (X1,%, x01,01, Xpm1) and G, =
G1||G = (X1, %, (o1, x0), ar, Xinr). For sufficiency, consider a relation ¢ = {(z1,z) €
XixX |z € Xgyniya(21)}. We obtain that Gy <syns G. For necessity, we can use the
induction method to prove L(G1) C L(Fyy,(G)). In addition, for any s' € L,,(G1),
there is x4 € ay(xo1,s’) such that z4 = X,,1. Because G <yynp G implies (x4, 2") €
¢ for any 2" € a(zo,s’), we have 2 € X,,. The definition of Fy,,(G) implies
§" € Ly (Fsyn(G)), ie. Ly (G1) C L (Fsyn(G)).

Hence, the automaton set C; can be converted into the language sets:

Cy = {L; C L(R)N L(F,,,(G)) | Ly = L, and L, is language controllable

w.rt. L(G) and X,.};

Cs = {L1NLy(R)N Ly(Fsyn(Q)) | L1 € Ca}.

The computation of supremal synchronously simulation-based controllable sub-
specification, i.e., supCy, with respect to (B, <), can be achieved through the compu-
tation of the supremal languages of Cy and C3 with respect to (2*°, C) as shown in the

following theorem. For two languages K, Ky € ¥* with Ky C Ky # (), let G (K1, k)

be a deterministic automaton such that L(G(x, k,)) = K1 and Ly, (G k, k,)) = Ko.
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Theorem 2.8 Given a plant G and a deterministic specification R, if supCy # 0,

then G (supcy supcs) € supCh.

Proof: Let Ly = supCy# 0 and L} = supCoN Ly, (R)N Ly (Fyyn(G)) = supCly. First
we show that G, 1) € C1. Since Ly = supCy, we have Ly € Cy, which implies
L, is language controllable w.r.t. L(G) and ¥, and Ly C L(Fy,,(G)). Further,
L1 C Liy(Foyn(G)). From Proposition 2.1, Gz, 11y is synchronously simulation-based
controllable w.r.t. G and ¥,.. Since the determinism of R and Gz, 1) and Ly € Cy
implies L; € L(R) and L) C L,,(R), we have Gz, 11y < R. Therefore, Gz, 1) € C1.
Next we show that R; < G(Ll,L’l) for any Ry € C;. Suppose there is R; € C; such
that R; 4 G(Ll,L’l)- Since Ry, € (4, it implies Ry < R, moreover, R; and R are
deterministic. It follows that L(R;) C L(R) and L,,(R1) C L,,(R). In addition,
Ry € C} implies synchronous simulation-based controllability of R;. Hence L(R;) is
language controllable w.r.t. L(G) and X, and Ry <syns G, which implies L(R;) C
L(Fyy,(G)) and Ly, (Ry) € L (Fsyn(G)) by Proposition 2.1. Hence L(R;) € Co.
Moreover, L,,(R;) C L(R;). We have L(R;) C supCy= L; and L,,(R;) C supC3 =
LY, further, Ry and G(y,, r;) are deterministic. It follows that R; < G(leLll ), which
introduces a contradiction. Hence, the assumption is not correct. That is, Ry <
G(r,,1p) for any By € C1. So Gr,,11) = G(supCa,supcs) € supCh.

Next, we present a recursive algorithm and a formula-based method for computing
the supremal synchronously simulation-based controllable sub-specification. For an
automaton G' = (X', X, o/, x5, X],) and X; C X', the subautomaton of G’ with

respect to Xj, denoted by Fg/(X7), is defined as For (X)) = (X1, %, a1, 2o, Xon1),
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where oy =/ | x e and X, = X1N X/,

Algorithm 2.3 Given a plant G and a deterministic specification R, the algorithm
for computing the supremal synchronously simulation-based controllable sub-specification
with respect to G and 3. is described as follows:

Step 1: Obtain det(G) = (Xgets 2, Qdet, Todets Xmdet), G = (Foyn(G)||R)ue =
(X', 3, a2, X)) and G" = G'|| det(G) = (X", %, ", x5, X]);

Step 2: Zy = {(2,22) € X' X Xyer | ) = Da};

Step 3: Yk >0, Zyy1 = Zp, U{z € X" = Z) | (o € Xye) &(2,0) € Z};

Step 4: If Zy1 = Zy # Z, then the subautomaton Fen(X" — Zy) of G" is a
supremal synchronously simulation-based controllable sub-specification with respect to

G and 2.

The correctness of Algorithm 2.3 is obvious according to Theorem 2.8. Because
the state set X" is finite and the state numbers of Fy,,(G) and det(G) are both
O(2M1), Algorithm 2.3 can be terminated with complexity O(22%X1|Q[|%]).

In addition to the recursive algorithm, the supremal synchronously simulation-
based controllable sub-specification can also be calculated by formulas. Before pre-
senting the formula-based method, we need the following notations. Consider three
languages K, Ky, Ky C ¥*. The Kleene closure of K, denoted as K*, is the language
K* = UpenK™, where K° = {€} and for any n > 0, K"*! = K"K. The prefix closure
of K, denoted as K, is the language K = {s € ©* | (3t € ©*) st € K}. The quotient
of K with respect to Ky, denoted as K7/ K>, is the language K1 /Ky, = {s € ¥* | (3t €

KQ) st € Kl}
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Theorem 2.9 Given a plant G and a deterministic specification R, if M = L(R) N
L(Fon(G)) — [(L(G) — L(R) N L(Foyn(G))) /255" # 0, then Gy is a supremal
synchronously simulation-based controllable sub-specification with respect to G and

Yue, where M’ = M N Ly, (R) N Ly (Foyn(G)).

"y
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Figure 2.9: Fj,,,(G) (Left) and det(G) (Right)

Example 2.6: We revisit Example 2.4, which indicates that R is not syn-
chronously simulation-based controllable. Here, we would like to calculate the supre-
mal synchronously simulation-based controllable sub-specification w.r.t. G and %,..

(1) Recursive Method: From Algorithm 2.3, we establish Fj,,(G) and det(G),
shown in Fig. 2.9. Then G" = (X", %,a", 20, X)) = (Foyn(G)||R)uc||det(G) is
achieved in (Fig. 2.10 (Left)). We obtain Zy={(Dgy, x,)}, Z1= ZodH ({7, 23}, g7, 2%),
({z4},qu, 7))} and Zy = ZyU{({x2}, g2, 2})} = Z3. Therefore, the supremal syn-
chronously simulation-based controllable sub-specification Fgn (X" —Z,) is obtained
in Fig. 2.10 (Right).

(2) Formula-based Method: First, we construct Fj,,(G), which can be seen in

Fig. 2.9 (Left). Hence L(R) N L(Fy,,(G)) = (d(fm + eg)n + cfgn + fgn)*ab. Thus,
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Figure 2.10: (Fyyn(G)||R)uc||det(G) (Left) and Fer (X" — Z5) (Right)

M = L(R)NL(Fyn(G)) = [(L(G) = L(R)N L(Feyn(G))) /X5, )57 =(d(fm + eg)n + cfgn

T fgn) ab-(d(fm + eg)n + cfgn + fgn) abS* -(d(fm + eg)n + cfgn + fgn)*a'-

(d(fm—+eg)n+cfgn+fgn)* fX* =(d(fm+eg)n+ cfgn)* # @ and M' = MNL,,(R)N
L (Fyyn(G))=(d(fm+eg)n+cfgn)*(d(fm+eg)+cfg). The supremal synchronously
simulation-based controllable sub-specification Gy = Fen(X” — Z3) is achieved

in Fig. 2.10 (Right).

2.3 Conclusion

This chapter explored bisimilarity supervisor control of DESs under a centralized
framework. We firstly allowed the plant, specification and supervisor to be nonde-
terministic. The notion of synchronous simulation-based state controllability was
introduced as the sufficient condition for the existence of a bisimilarity enforcing
supervisor, which can be verified by a polynomial algorithm. When the existence
condition holds, a bisimilarity enforcing supervisor can be constructed. When the
existence condition does not hold, the synthesis of achievable sub-specifications was

further studied. Then, we put our efforts to deterministic specifications. The notion of
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synchronous simulation-based controllability was presented as the necessary and suf-
ficient condition for bisimilarity control. Such a condition can also be checked polyno-
mially in both state sizes of the plant and specification. In addition, two constructive

methods were provided for synthesizing supremal achievable sub-specifications.
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Chapter 3

Decentralized Supervisory Control

for Bisimulation Equivalence

This chapter extends bisimilarity supervisory control from centralized framework to
decentralized framework. Firstly, an automata-based control framework is formalized,
upon which we develop three architectures with respect to different decision making
rules for decentralized bisimilarity control, named a conjunctive architecture, a dis-
junctive architecture and a general architecture. Under these three architectures, nec-
essary and sufficient conditions for the existence of decentralized bisimilarity control
are derived respectively, which extend traditional results of decentralized supervisory
control from language equivalence to bisimulation equivalence. It is shown that these
conditions can be verified with exponential complexity. The synthesis of decentralized
bisimilarity supervisors is presented when the existence condition holds. When the
specification does not satisfy the existence condition, the computation of achievable

sup-specifications has been further investigated.
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3.1 Automata-based Framework

We start by introducing an automata-based framework for decentralized bisimilarity
control. A system G is jointly controlled by n local supervisors S;, Sy --- S, so
that the supervised system is bisimilar to the given specification R. A priori infor-
mation available to each local supervisor includes the desired behavior R and the
decision fusion rule. Further, each local supervisor can observe the locally observable
information and make the local control decisions.

Denote X, Xuei, 20i and 2, as locally controllable event set, locally uncontrol-
lable event set, locally observable event set and local unobservable event set respec-
tively, where ¢ € I := {1,2,--- ,n}. Then, the set of globally controllable events
is defined as ¥, = U2 and the set of globally observable events is defined as
Yo = Ujer2oi. The globally uncontrollable event set is given by ¥,. = 3 — 3. and the
globally uncontrollable event set is given by ¥, = ¥ —3,. When a string of events oc-
curs, the sequence of observed events is filtered by a projection P, : ¥* — X7, which
is defined inductively as follows: Py, (€) = ¢, for 0 € ¥ and s € ¥*, Py (so) = P(s)o
if o € ¥, otherwise, Ps,_ (so) = P(s).

The local supervisor S; is a tuple

where S; = (Y, 2, 5, Yoi, Ymi) is an automaton with Y,,; = Y; and ¢; : V; —» ' :=
{v €2*:3%,. C~}is alocal decision map.
It can be seen that a local supervisor consists of an automaton S; and a local

decision map ;, where S; dynamically tracks and synchronizes the behaviors of the
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plant and ; determines whether enables the events defined at the state of S; or
not. Since a local supervisor can not disable globally uncontrollable events, we have
Yue C y(y;) for any y; € Y;. A local supervisor is called to be nondeterministic
if S; is nondeterministic, otherwise, it is called to be deterministic. To reduce the
implementation complexity, this chapter focuses on deterministic local supervisors.
Because a local supervisor possesses limit control and observation capabilities, an

admissible local supervisor should satisfy the following properties.

Definition 3.1 Consider a supervisor S; = (Y, 2, Bi, Yoi, Ymi), V). Then,

e S; is called ¥,,; — compatible if Yy € Y; and Vo € Y0, Bi(y,0) =y;
e S, is called ¥.; — compatible if Vy € Y; and Vo € Sy, Bily, o) # 0;

o S; is called (Xypi, Xuci) — compatible if it is Xy, — compatible and Y, —

compatible.

It is shown that a ¥,,; — compatible supervisor does the same control actions for
the indistinguishable events, and a ., — compatible supervisor always enables all
locally uncontrollable events. Further, the decisions from local supervisors can be

synthesized through the decision fusion rule, which is stated as follows.

Definition 3.2 Given supervisors S; = (S;,¢;) with ||icrSi = (Y], 2, B Yols Yomy)),

where 1 € I, the decision fusion rule v is defined as

Yr: Y= Ti={ye2”: 35, Cv}. (3.2)
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Then, the supervised system generated by decentralized bisimilarity supervisors

is introduced.

Definition 3.3 Consider a plant G = (X, X, «, xo, X,n), a specification R = (Q, %,
8,40, @m), supervisors S; = (S;, ;) with ||icrS; = (Y|, 2, 8|, Yo||, Ym)|) and a decision
fusion rule V¢, where i € I. The supervised system clic;(Si, i)/ y, G is defined as an

automaton

Clie](*S’i?l/}i)/wa - (X/7Z7O/7‘r{)7X1/n>7 (33)

where X' C X x Y}, xy = (20,Y0)), X,, © Xon N Yy and the transition function

o X' x ¥ — 2% s defined inductively

(1) (v,y) € o/ (xy,0) & 2 € a(xo,0) Ny € B (yo), o) Ao € Yr(yo)s

(2) If (z,y) € ([, s), then (2',y') € o/((x,y),0) & 2’ € a(zx,0) Ny € B)(y,0) A

o € Pyp(y).

This supervision framework can be easily implemented. When a certain event
occurs in the plant, the local supervisors will update to new states based on their
own observation. At these states, local decisions are made and then fuse a global
decision which will be delivered to the plant through a communication channel to

enforce a desired behavior.

Remark 3.1 The supervised system is traditionally defined based on strings, e.g.,
[37] and [49], with respect to language equivalence. However, we focus on bisimulation

equivalence rather than language equivalence, and allow the plant, specification and
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supervisor to be nondeterministic. Thus, the string-based description is generalized to

the automata-based description.

Based on the proposed frameworks, this chapter aims to tackle the following de-

centralized bisimilarity control problem:

Given a plant G and a specification R with L(R) C L(G), does there ezist (i, Suci) —

compatible supervisors S; = (S, ;) such that clier(Si;¥i)/y,G = R, where i € 17 If
so, how to construct S;? If not, how to find an achievable sup-specification?

In the rest of this chapter, we will use G = (X, X, a, ko, X;), R = (Q, 2,0, qo, @),
Si = (Si, i) = ((Ya, Z, Bis Yoir Yimi), i) and |[ierSi = (Y], 2, B))» Yo||» Ym)) to denote the
nondeterministic plant, nondeterministic specification, local supervisor and parallel

composition of S; respectively unless otherwise stated.

3.2 Conjunctive Architecture

In this section, a conjunctive architecture is presented for the decentralized bisimi-
larity control of DESs. For a conjunctive architecture, a local supervisor S; enables
Y \ X by default, ie., X.\ X, C ¢;(y) for any y € Y;. Then, we present the

conjunctive decision fusion rule.

Definition 3.4 Given local supervisors S; = (S;,v;) with |l;crSi = (Y}, 3, 85 Yoy,

Yon))), where i € I, the conjunctive decision fusion rule . : Y — 2% is defined as

wa(yla Y2, 7yn) = mzell/}z(yl) (34)
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3.2.1 Existence Condition

Next, we investigate the existence condition of decentralized bisimilarity control with
respect to the conjunctive architecture. For necessity, it is known that the marking
only depends on the plant because the decentralized bisimilarity supervisor plays no

role in the marking. Thus, we introduce the following concept.

Definition 3.5 Given a plant G = (X, X, «, zo, X,,) and a specification R = (Q, %,

3, qo, Qm) with L(R) C L(G), R is marked language closed with respect to G if

(Vs € L(R))s € Ln(G) = s € Lin(R) (3.5)

Moreover, bisimulation implies language equivalence, and the notion of C'& P co-
observability is the necessary condition for the existence of a set of decentralized
language enforcing supervisors [37]. So we need the following notion for achieving

bisimulation equivalence.

Definition 3.6 Given languages K and M € ¥* with K C M, K is said to be C&P
co-observable with respect to M, Y,; and ¥, where i € I, if Vs € K and Yo € ¥,

such that so € M \ K,

(Fie D[(Ps!Ps,,(s)oNK =0)A (0 € Xy)]. (3.6)

ot

For sufficiency, we present the notion of projected automaton to construct local
bisimilarity enforcing supervisors. Before presenting this notion, we need following
concepts. Given ¥; C X, ¥j—reach of a state z is Ry, (z) = {2/ | (s € X}) 2’ €

a(z,s)}. In the case of a set of states B C X, Ry, (B) = U,epRy, (7).
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Definition 3.7 Given G = (X, %, a, g, X;n) and X1 C X, the projected automaton

of G with respect to ¥y, denoted by P{ (G), is a tuple
Pg (G) = (X4, 4, a4, %04, Xpna)

where X4 = 2%, ¥4 =X, 204 = R, (70), Xona = Xa and for any x4 € X4 and

o € Y4, the transition function is defined as

Ta o E Xy;
as(za,0) =
Ry, ({z} € X1 | (3x1 € x4) o} € a(x1,0)}) o€ X\ X,

We provide the necessary and sufficient condition for the existence of a set of

(Xois Zuei) — compatible bisimilarity supervisors under the conjunctive architecture.

Theorem 3.1 Given a plant G = (X, %, a, o, X)) and a specification R = (Q, %,
J,qo, Qm) with L(R) C L(G), there exist (X0, Yues) — compatible supervisors S; =
(S, i) with the conjunctive decision fusion rule ¥y, such that clier(Si, i) /y,.G = R,

where i € I, if and only if the following conditions hold:

(1) There is a bisimulation relation ¢ such that G||det(R) =, R;
(2) L(R) is language controllable with respect to L(G) and X.;
(3) L(R) is C&P co-observable with respect to L(G), X and X,;;

(4) R is marked language closed with respect to G.

Proof: Consider det(R) = (Z,%,07,{q0}, Zm), G||det(R) = (Xxz, %, axz, (o, {q0}),
XmXZ) and Clie](si: %)/wch = (X/> E, O/: 3767 X7In) (NeceSSitY) Let SZ = (SH wz):((}/za

3, BisYoir Ymi), ¥i) and |[ierSi = (Y}, 3, B)|, Yo||» Yim|), Where ¢ € I. Because there is a
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bisimulation relation ¢’ such that clic; (S, i)/ y,;.G =g R. We have L(clicr(Si, ¥i)/¢;.
G) = L(R) and Ly, (clic;(Si,¥3)/;.G) = Lin(R).

We firstly prove that L(R) is language controllable with respect to L(G) and
Yue For any s € L(R) and o € ¥, such that so € L(G), there is x € a(x,s)
with 2’ € a(x,0). Because s € L(R) = L(clic1(Si,%:)/y;.G) and ||ic;S; is deter-
ministic, there exists (z, (y1,v2, - ,yn)) € &/(z(,s). Because o € 3., we have
o € Vrc(y1,y2, s Yn) = Nieri(y;). Moreover, S; is ¥, — compatible, which im-
plies f3;(yi, o) # O for i € I. Thus, there is (41,45, ,4,) € B((Y1,92,- -+ 1 ¥n),0)
such that (', (v, v5, -+ ,y,)) € & ((x, (y1,y2, -+ ,yn)), o) according to Definition 3.3.
Therefore, so € L(clic1(Si, i)/ ¢;.G) = L(R).

Secondly, we check C&P co-observability of L(R) with respect to L(G), ¥ and
Yoi, where ¢ € I. Assume there are s € L(R) and o € ¥, satisfying so € L(G)\L(R),
moreover, either o ¢ X, or P, 'P(s)o N L(R) # 0 for any i € I. For any j € I
satisfies 0 € Y and P, 'Pj(s)o N L(R) # (), there exists s’ € L(R) such that
Pj(s) = Pj(s') and s'c € L(R). Because L(R) = L(clic;(Si,%i)/y;.G), we have
s'o € L(clicr(Si i)/ y;.G). Then, there exists (@, (y1,y2 - yn)) € (2, 8') such that
(', y") € o/ ((z, (y1,Y2+ -~ Yn)), o). By Definition 3.3 and (3.4), we have 0 € M;cr;(y;).
Since s € L(R), we have s € L(clier(Si,¥i)/y;.G). In addition, so € L(G). Hence,
there is 2" € a(xg, s) such that (", (v7, 45, -+ ,y»)) € a'(xg, s) and 2 € a(z”,0).
Because ||;c;S; is deterministic and S; is X, — compatible, if o € X, we have
Pi(s) = P(s") with 5;(Yoi,s) = Bi(Yoi,s'), where i € I and P; : ¥* — X¥, is the
projection. Therefore, either o ¢ . or y; = y/ for i € I. Hence, 0 € Nicrthi(y)).

Furthermore, S; is ¥, — compatible. Then, there is v € B ((y{,y5,--- ,y.), o) such
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that (2", y") € o/'((z", (y], 45, ;yn)),0). It implies so € L(clic;(Si,¥i)/y,;.G) =
L(R), which contradicts that so ¢ L(R). Therefore, the assumption is not correct.
Hence, L(R) is C&P co-observable with respect to L(G), ¥ and X,;, where i € I.

Thirdly, we verify that there is a bisimulation relation ¢ such that G||det(R) =4
R. From the definition of product, we have L(G||det(R)) = L(G) N L(det(R)) =
L(R). Thus, L(clicr(Si; i)/ ¢;.G) = L(R) = L(G||det(R)). Let ¢1 = {((7,2),q) €
Xxz xQ | 3Is € L(R) st. (z,2) € axz((wo,{q}),s), ¢ € 6(q0,5), v € By, 5)
and ((z,v),q) € ¢'}. For any ((x,z),q) € ¢y, if there is a o-successor (2/,2') €
axz((r,2),0), where o € ¥, we obtain so € L(R) = L(clic;(Si, %)/ y;.G) and 2’ €
a(z,0). Because of the determinism of |[;c;S;, there is y € [)(yo),s) such that
y € By, o). It implies (2',y") € o/((x,y),0). Then, there exists ¢’ € 0(q, o) such
that ((«/,y'),q¢') € ¢'. Hence, ((2/,2),q) € ¢1. If (z,2) € X,uxz, then z € X,
which implies (x,y) € X! . Therefore, ¢ € Q,,. For any (q, (z,2)) € ¢;', if there
is a o-successor ¢’ € (q,0), where o0 € X, we have (2/,y) € /((z,y),0) such that
((',y),q) € ¢ because ((x,y),q) € ¢'. Thus, 2’ € a(z,0). Further, s € L(R)
implies that there exists 2’ € dz(z,0) by the definition of det(R). Thus, (2/,2') €
axz((z,2),0). Hence, (¢,(z',2) € ¢7*. If ¢ € Qp, then 2z € Z,, and x € X,,,.
Therefore, (z,2) € Xpxz. As aresult, G||det(R) =, 41 R.

Fourthly, we would like to prove that R is marked language closed with respect
to G. For any s € L(R), we have s € L(clic;(Si,%i)y,;./G). If s € Ly(G), there
is v € X, such that z € a(wp,s). Since s € L(clier(Si, i)/ y,;.G), we obtain s €

L (clicr(Si; i)/ ¢;.G), which implies s € L,,(R).
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(Sufficiency) Let S; = ((Pf‘u (det(R)||det(G)))s,..» Vi) = ((Yi, 2, B, Yoi, Yimi), ¥i)

o1

and det(R)||det(G) = (Xget, 2, Vdet, Todet, Xmdet)- The local decision map ¢;(y;) is

(Be\ Xei) U U{o € X | 0 € Uney Eaet(r)|jaet@) (M)} Yi # Da;
Viy:) =
(e \ Bei) U e Yi = Dq.
(3.7)
Therefore, S; is (Xyei, Zuei) — compatible and 1); satisfies the requirement for the
conjunctive architecture. Let 1. (3.4) be the conjunctive decision fusion rule.
Firstly, we would like to prove that s € L(R) for any s € L(clic; (S, %s)/y;.G) by
the induction method. (1) |s| = 0, that is, s = e. We have ¢ € L(R). (2) Suppose
that s € L(R) for any s € L(clig(Si,wi)/wch) when [s| = n. 3) [s] = n+1
with s = sj0. Assume that s;0 ¢ L(R). Since si0 € L(clic1(Si,vi)/y;.G), there is
(@, (y1,92, -+ ,yn)) € (2, s1) such that (2', (v1, 95, ,yn)) € (@, (Y1, ¥2, 1 Yn)
),0). Then, sy0 € L(G) and 0 € ¢se(y1, Y2, -, Yn) = Nicri(y;). Because |s1| = n,
sy € L(R). We have the following cases. Case 1: ¢ € ¥,.. Then, s;0 € L(R)
since L(R) is language controllable with respect to L(G) and ¥,.. Thus, there is
a contradiction. Case 2: o € ¥.. Since s; € L(R) and 0 € NMieri(yi), for any
i € I satisfying 0 € ¥, there exists m; € y; such that 0 € Eget(r)|jaer(c)(mi). From
the definition of projected automata, we have m; € qgei(Toger, 8) with Ps  (s1) =
Ps, . (s}). Thus, sjo € L(R). It violates C& P co-observability of L(R).
Secondly, the induction method is also used to verify s € L(clicr(Si; i)/ y,;.G)
for any s € L(R). (1) |s| = 0, that is, s = ¢. We have ¢ € L(clic;(S;i,%:)/y;.G).
(2) Suppose that s € L(clic;(Si,%i)/y;.G) for any s € L(R) when [s| = n. (3)

|s] = n+ 1 with s = sy0. Since s;0 € L(R), we have s;0 € L(G). Then,
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there is € a(xg, s1) such that 2’ € a(x,0). Moreover |s;| = n, we obtain s; €
L(clier(Si; i) /y,;.G). Because ||icrS; is deterministic, there is (yi,2,--- ,yn) €
B)1(yoy» 1) such that (x, (y1,y2, - ,yn)) € &((,51). For any i € I and m; € y;,
there is s with Py ,(s1) = Px,,(s}) such that m; € qget(Toget, s1). Then, we ob-
tain the following cases. (1) ¢ € X,. Because of X,; — compatiblility of S;,
we have [;(y;,0) # 0 for i € I. Further, o € v;(y;) for i € I since 0 € X,..
Thus, there is (41,95, -+, 4n) € B((y1, y2, -+ ,yn), 0) such that (2, (y1, 45, ) €
o ((z, (Y1,Y2,* ,yn)),0). Hence, sio € L(clici(Si,vi)/p;.G). (2) 0 € .. Be-
cause s;0 € L(R) and S; = (PZ (det(R)||det(G)))ue is deterministic, there exist
yi € Bi(yi,0) and m; € y; such that 0 € Egeyr)|jaet(c)(m:). Thus, we have o €
NierVi(Yi) = Ve, y2, -+ yn) and (y1, 95, ,un) € B((y1, 92, ,yn),0). Then,
(@', (Y1, Yo, -+ 5 4n)) € (2, (Y1, 42, -+ yn)), 0) which implies 510 € L(clicr(Si, i) /v, G).
Thirdly, we would like to verify the existence of a bisimulation relation between
the supervised system and the specification. Because there is a bisimulation relation
such that G||det(R) =4 R, we have L(G||det(R)) = L(R). In addition, we know
L(cher(S:.6:)/4,,C) = L(R). Thus, L(clicr(Si, 1)/, C) = L(G||det(R)) = L(R).
Let ¢ = {((.9).0) € X' x Q | 35 € L(R) st. y € f(yoy ), & € alan,s),
q €9(qo, ), 2 € 9.({qo}, 2) and ((z, 2),q) € ¢}. Forany ((z,y),q) € ¢, if there is a o-
successor (z',y') € /((v,y),0), where o € ¥, we obtain so € L(clic1(Si, i)/ y,;.G) =
L(R) and 2’ € a(x,0). Thus, there exists 2’ € d,(z,0) by the definition of det(R).
Then, (2/,2") € axz((z,2),0). Because ((x,z2),q) € ¢, there exists ¢’ € §(q, o) such
that ((2/,2'),q') € ¢. Therefore, ((z/,v),q) € ¢1. If (z,y) € X|,, then z € X,,,. Tt

implies s € L,,(G). Because R is marked language closed with respect to G, we have
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s € L,(R). Then, z € Z,,. Hence, (x,z) € X,,xz which implies ¢ € @,,. For any
(¢, (z,y)) € ¢1", if there is a o-successor ¢ € 6(q, o), where o € ¥, we have (2/,2') €
axz((z,2),0) such that ((2/,2'),q) € ¢ because ((x,z2),q) € ¢. Then, 2’ € a(x,0).
Further, so € L(R) = L(clic;(Si,%:)/y,.G), there exists (2',y') € o/((x,y), o) because
of the determinism of ||;c;.S;. Hence, (¢, (z',y')) € ¢7*. If ¢ € Q,n, then x € X,,,.
Therefore, (z,y) € X,,. As aresult, clies(Si, ¥i)/y;.G =y,061 R.

Intuitively, condition (1) depicts that the amount of nondeterminism of the plant
restricted by the deterministic controller equals to the amount of nondeterminism of
the specification. Moreover, condition (4) is required because bisimulation implies not

only language equivalence but also marked language equivalence, i.e., Ly, (clic1 (S, i)/ ¢,.G)

= Ln(R).

Remark 3.2 To verify the existence of a set of decentralized bisimilarity supervi-
sors for the conjunctive architecture, we examine the conditions of Theorem 3.1 item
by item. (1) G||det(R) =, R. Since both the plant and specification are nonde-
terministic, their numbers of transitions are O(|X|*|3|) and O(|Q|*|X|) respectively.
Moreover, det(R) is deterministic with O(2/91|S|) transitions. According to the result
in [87], the complexity of checking G||det(R) =, R is O(]X |29 |%|log(| X|2!91)). (2)
L(R) is language controllable with respect to L(G) and ¥, which can be tested with
complezity O(| X 2|Q?|%|) [20]. (3) L(R) is C&P co-observable with respect to L(G),
Y and Xy, where i € I. It can be verified by polynomial complexity with respect to
| X| and |Q| [88]. (4) R is marked language closed with respect to G. By checking

the states of G||R, condition (4) can be tested with complexity O(|X||Q|). Therefore,
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the computational complexity of verifying Theorem 3.1 is O(| X [2219F|Z]log(| X |2191)),

which is exponential with respect to | X| and |Q)|.

3.2.2 Synthesis of Decentralized Bisimilarity Supervisors

According to the result of the previous subsection, the construction of decentralized

bisimilarity supervisors is naturally obtained.

Theorem 3.2 Given a plant G = (X, %, a, o, X)) and a specification R = (Q, %,
J,qo, Qm) with L(R) C L(G), if the existence condition of Theorem 3.1 holds, then
{S; = (P& (det(R)||det(G)))s,...Vsc)}, where i € I and ¢y, defined by (3.7), is a

set of decentralized bisimilarity supervisors under the conjunctive architecture.

Storage station 1
Robot 1

Robot T ‘ Rail 1 \

Home location Storage station 2

6 Rail 2
Robot 2
Storage station 3

Work location

Figure 3.1: Manufacturing System

Now, we provide an example to illustrate the proposed techniques.
Example 3.1. Consider the following manufacturing example adopted from [46].
A manufacturing system consists of a home location, a work location, three storage

stations and three robots, which is shown in Fig. 3.1. Robot T is available at its home
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Figure 3.2: Plant G (Left) and Specification R (Right)

location to traverse on one of the two rails. Traversal on Rail ¢ (i = 1,2) is randomly
chosen and is denoted by event a. While Robot T is on Rail ¢, it can pick a part from
Storage i (event b;) or Storage (i + 1) (event b;11), and then it takes the part to work
location for processing (event ¢). When returning, Robot 7' can nondeterministically
choose a Rail-i and drop the part to either Storage i (event d;) or Storage (i + 1)
(event d;;1) and returns to its home location. Robot 1 and Robot 2 can monitor and
supervise the manufacturing process.

The control specification requires that a part should be returned to its original
pickup location except the parts picked up at Storage 1 (respectively Storage 3) can
also be returned to Storage 3 (respectively, Storage 1), as those parts are exchange-
able. The specification also requires that Robot T" always be able to return to its

home location (which means that the state representing the home location is the only
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marked state). Models G and R of the manufacturing system and its specification

are given in Fig. 3.2.

Figure 3.3: Automata S; (Left) and Sy (Right)

Suppose Z01 = {(I, c, bla b27 d17 d2}a Z02 = {a7 C, b37 d3}7 Ecl = {bla an dla d?a dS} and

Yo = {bs3,ds}. Then, ¥,. = {a,c}, Xuea1 = {a,c,b3} and X0 = {a, ¢, by, dy, ba, ds}.

For this example, we obtain that L(G) = (abcadya + abicadsa + abicadza + aby + cadia

+abycadaa + abycadsa + abscadya + abscadqa + abscadsa)* and L(R) = (abycadya+

abycadza + abscadsa + abscadia + abscadsa)*. 1t can be seen that L(R) is controllable
with respect to L(G) and X, and L(R) is C&P co-observable with respect to L(G),
Y and X,;, where ¢ = 1,2. In addition, we can obtain det(R), which implies there
is a bisimulation ¢ such that G||det(R) =, R. According to Theorem 3.1, there exist

decentralized bisimilarity supervisors for the conjunctive architecture.
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Figure 3.4: det(R) (Left) and cl(S1,S2)/y,.G (Right)

Then, S; and S, can be constructed, where S; and Sy are shown in Fig. 3.3, and

the local decision maps v, and 15 are described as below.

{0’7 C, b3} Yy = 072735475787952d1;
{a7ca b17b27b3} y =1
Ui(y) =
{CL, c, b37d17d3} Yy = 6a
{a,c, b, dy} y="17.
(
{a,c, b17b27d17d2} Yy = O/,2/,3/,5/,Zd2;
V2(y) = {a,c, by, ba, by, dy, ds} y=1;
\ {a’aca by, bz,d17d2,d3} y= 4.

Then, the supervised system is shown in Fig. 3.4 (Right). It can be verified that

cl(81,82)/ ;.G Zp,usr R, where ¢y is defined as (3.4).
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If we consider det(R) (Fig. 3.4 (Left)) as the specification, it can be seen that
G||det(R) is not bisimilar to R. Therefore, we can not find a solution for the decen-
tralized bisimilarity control problem. However, we can achieve language equivalence
for the decentralized control problem since L(R) is C& P co-observable with respect
to L(G), ¥, and X for i = 1,2. Hence, the decentralized control for language

equivalence is easier than the decentralized control for bisimulation equivalence.

3.2.3 Synthesis of Achievable Sup-specifications

A given specification does not always satisfy the conditions of Theorem 3.1, a natural
question arises is how to find a achievable specification which guarantees the existence
of a set of decentralized bisimilarity enforcing supervisors. To answer this question, we
introduce the following sets which describe the class of achievable sup-specifications

with respect to conjunctive architectures.

CO(R) := {R |R < R',L(R) is language controllable, C&P co — observable

and marked language closed w.r.t. L(G)and G||det(R) = R};

Additionally, the concept of infimum is stated [86].

Definition 3.8 Given a preordered set (A, <), x € A is said to be the infimum of
A’ denoted by infA" and MA’, if
(1)Vy e A': x <y;

(2)VzeA:Vye A :z<y]|=[z <z

Theorem 3.3 presents the computation of infimal achievable sup-specifications
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under the conjunctive architecture. Before introducing them, the following results

are needed.

Lemma 3.1 Given languages Ki, Ky and Ks, if K1 and Ky are marked language
closed with respect to K3 and ¥,., then Ki N Ky is marked language closed with

respect to K3 and X,..

Proposition 3.1 If A; € CO(R), then A;||{det(4;) | A; € CO(R) — {A;}} €

CO(R).

Proof: Since A;, A; € CO(R), then L(A;) and L(A;) are language controllable, C
& P co-observable and marked langauge closed with respect to L(G). Moreover,
L(A;|{det(A;) | A; € CO(R) —{Ai}}) = L(Ai) Na,ecor)—{a,y L(det(A;)). The facts
that language controllability, C&P co-observability and mark language are closed
under intersection and Lemma 3.1 imply L(A;|[{det(A;) | A; € CO(R) — {4A;}})
is langauge controllable, C & P co-observable and marked langauge closed with re-
spect to L(G). Next, we would like to prove that A;||{det(4;) | A; € CO(R) —
{Ai}} = G|det(A;||{det(A;) | A; € CO(R) — {A;}}). Since bisimilarity preserves
when ”det” operator commutes with parallel composition and G||det(4;) = A,
Gl|det(Ail[{det(A;) | A; € CO(R) = {Ai}}) = Gl|det(A;)[[{det(4;) | A; € CO(R) —
{A;}} = Aj|{det(4;) | A; € CO(R) — {A;}}. Therefore, A;||{det(A;) | A; €
CO(R) — {Ai}} € CO(R).

Theorem 3.3 Given a plant G and a specification R, if R < G and L(R) is language

controllable, C&P co-observable and marked language w.r.t. L(G), then G||det(R) €

infCO(R).
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Proof: Since R < G, we have L(R) C L(G). Thus, L(G||det(R)) = L(G) N
L(det(R)) = L(G)N L(R) = L(R). Thus, L(G||det(R)) is language controllable, C &
P co-observable and marked language w.r.t. L(G). Further, since G||det(G) = G
and bisimilarity preserves when "det” operator commutes with parallel composi-
tion, G||det(G||det(R)) = G||(det(G)||det(R)) = G||det(R). Next we show that
G||det(R) < A for any A € CO(R). Since A = G||det(A), it suffices to show that
det(R) < det(A). This obviously holds because R < A.

Example 3.2. Example 3.1 indicates that there does not exist a set decentral-
ized bisimilarity enforcing supervisors with respect to the specification det(R) since
G||det(R) 2 det(R). Thus, an achievable sup-specification is in need to enable the

existence of a decentralized bisimilarity control.

Figure 3.5: G||det(R)

We know that L(R) is language controllable, C&P co-observable and marked
language w.r.t. L(G). From Theorem 3.3, we obtain that G||det(R) € infCO(R),
i.e., G||det(R) (Fig. 3.5) is an infimal achievable sup-specification for decentralized

bisimilarity control with respect to the conjunctive architecture.
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3.3 Disjunctive Architecture

This section introduces a disjunctive architecture for the decentralized bisimilarity
control of DESs. With respect to the disjunctive architecture, a local supervisor S;
disables Y. \ X by default, ie., (X.\ Xu) N¥i(y) = @ for any y € Y;. And the

disjunctive fusion rule is stated as below.

Definition 3.9 Given local supervisors S; = (S;,1;) with ||icrS; = (Y}, %, B[, vo||;

Y1), where i € I, the disjunctive decision fusion rule 1yrq : Y| — 2% is defined as

wfd<ylvy2> T 7yn) = Uieﬂﬂi(?h‘)- (3-8)

3.3.1 Existence Condition

This subsection studies the necessary and sufficient condition for the existence of a
decentralized bisimilarity control with respect to the disjunctive architecture. Before
that, we need the notion of D& A co-observability [49], which guarantees the existence

of a set of language enforcing supervisors for the disjunctive structure.

Definition 3.10 Given languages K and M € ¥* with K C M, K is said to be D& A
co-observable with respect to M, Yo and X, where i € I, if Vs € K and Vo € ¥,

such that so € K,
(Fi e I)[((Pgolinoi(s) NK)oNMCK)A (0 €Xy). (3.9)

Theorem 3.4 Given a plant G = (X, %, a, o, X,,) and a specification R = (Q, %,

9, qo, @m) with L(R) C L(G), there exist (Xyoi, Yuei) — compatible supervisors S; =
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(S, ¥s) with the disjunctive decision fusion rule 1yq such that clic;(Si, ¥i)/y,;,G = R

if and only if the following conditions hold:

(1) There is a bisimulation relation ¢ such that G||det(R) =, R;
(2) L(R) is language controllable with respect to L(G) and X.;
(3) L(R) is D&A co-observable with respect to L(G), X and X, where i € I.

(4) R is marked language closed with respect to G.

Proof: The necessary part is similar to Theorem 3.1. Let det(R) = (Z,3%, 0z,
{a0}; Zm), Glldet(R) = (Xxz,%,axz, (20,{q0}), Xmxz) and clic;(Si,¥i)/ ;.G =
(X', %, o, x5, X],). Forsufficiency, let S; = (P&, (det(R)||det(G))s,..,vs) = (Y3, 2, B,
Yois Ymi), Vi) and det(R)||det(G) = (Xaet, 2y Qdets Todets Xmdet)- Further, the local de-

cision map ;(y;) is defined as

Euc U {U € 2ci ’ o c ﬁmiGg/iE’det(R)\\det(G) (ml)} Yi 7& Dda
Viy:) = (3.10)
Zuc Yi = Dd‘

It is obvious that clicr(Si, ¥i)/y;,G = R.

Remark 3.3 It is shown that D&A co-observability of L(R) can be verified by poly-
nomial complexity with respect to |X| and |Q| from [49]. By using Remark 3.2, the
computational complexity of verifying the existence of a set of decentralized bisimilar-

ity supervisors with respect to disjunctive architecture is O(|X|?219F|2|log (] X]2191)).
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3.3.2 Synthesis of Decentralized Bisimilarity Supervisors

This subsection presents the establish of a set of decentralized bisimilarity supervisors

for the disjunctive architecture.

Theorem 3.5 Given a plant G = (X, %, o, xg, X;n) and a specification R = (Q, %,
J,qo, Qm) with L(R) C L(G), if the existence condition of Theorem 3.4 holds, then
{S; = (P (det(R)||det(G)))s,..:sa)}, where i € I and . defined by (5.10), is a

set of decentralized bisimilarity supervisors under the disjunctive architecture.

Moreover, we provide examples to illustrate the proposed synthesis methods.

Example 3.3. Consider a plant G and a specification R configured in Fig. 3.6.
Let i = 1,2, X1 = {a,c,d,e, f,g,h}, Yoo = {b,c,d,e, f,g,h}, X1 = {c,e, f,g,h} and
Yo = {c,d,e, f,g,h}. The aim of control is to design decentralized supervisors S;

and S, with a global decision fusion rule ¢y such that cl(S;,Ss)/y,G = R.

Figure 3.6: Plant G (Left) and Specification R (Right)

For ¢ € ¥, N Y, we have ¢ ¢ L(R). On the other hand, there exist b € P ' Py (e)

and a € P; 'Py(e) such that ac,bc € L(R). Thus, L(R) is not C&P co-observable
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with respect to L(G), ¥, and 3., where ¢ = 1,2. However, L(R) is D&A co-
observable with respect to L(G), ¥, and X, where ¢ = 1,2. Moreover, L(R) is
language controllable with respect to L(G) and ¥, and G||det(R) = R. It implies
that there is a set of decentralized supervisors for the disjunctive architecture to

achieve bisimulation equivalence between the supervised system and the specification.

Figure 3.7: Automata S; (Left) and Sy (Right)

We design decentralized bisimilarity supervisors S; = (S7,%1) and Sy = (S5, ¥s),

in which S; and S are shown in Fig. 3.7 and v; and i, are presented as below.

{a7b} Y= 07 Zd1s
{a,b,f}  y=1
Yi(y) = {a,b,c,d} y=2;

{a,b,9}  y=4,5;

{a,b,h} y=3,6.
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{a,b,d}  y=0}
{a,b,c}  y=1;
{a,b,9} y=2.3}
{a,b, f}  y=4,

{a,b,h} y =056 T,

L {a’a b} Y = Za2-

By using S; and Sy, the supervised system cl(Sy,S5)/y,,G is obtained in Fig. 3.8
(Right), where 144 is defined as (3.8). Let ¢1 = {((20,0,0'),q0), ((z1,0,1"), q1), ((x2,2,0),
QZ)a (('I37 27 0/)7 q3>7 ((x(ﬁv 17 4,)7 Q4)7 ((I‘7, 47 2/)7 q5)7 ((.’1)'7, 47 2,)7 qﬁ')? ((1’9, 57 3,)7 Q5)7 ((xg, 57 3/)7 q6)7

((xl% 37 7/)7 q7)7 ((5(3127 67 5/)7 q7)7 (($127 6a 6/)7 Q7)} ThUS, Cl(sh SZ)/¢fdG g¢1u¢;1 R.

Figure 3.8: det(R) (Left) and cl(S1,S2)/y,,G (Right)

Example 3.4. Consider a plant G and a specification R, which are shown in
Fig. 3.9. Assume i = 1,2, ¥,; = {¢,d,e, f,g,m}, X2 = {b,d,e, f,g,m}, Lo =
{a,c,d, f,g,m} and Yo = {a,c,d, e, f,g,m}. We would like to design decentralized

supervisors S; and S, with a global decision rule 1y such that cl(S1,S,)/y,G = R.
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Figure 3.9: Plant G (Left) and Specification R (Right)

It can be seen that L(R) is controllable with respect to L(G) and ¥, and C&P
co-observable with respect to L(G), ¥.; and ,;, where i = 1,2. In addition, det(R) is
obtained (Fig. 3.11 (Left)), which shows that G||det(R) = R. According to Theorem
3.1, there exist decentralized bisimilarity supervisors for the conjunctive architecture.

We establish S; = (S1,1) and Sy = (Ss, 1), where S; and Sy are shown in Fig.

3.10, and the local decision maps 1, and 1, are described as follows.

(

{a,b,c,d,e} y=0;
{bye, f} y=1,2,3;

V1(y) = {b,e, g} y =4,5;

{b,e,m} y=6,T7;

{b7 6} Y = Z41-
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( {a,b,c,e, f} y=0;
{v.f,9y  y=1;
{b,9} y =2
Va(y) =9 {b,d} y =3
{o,m}  y=4.6;
{b.f} y="5

{b} Y= Zgo.

Figure 3.10: Automata S; (Left) and Sy (Right)

The supervised system is presented in Fig. 3.11 (Right). It can be verified that
cl(S1,82)/ ;.G Zy,u41 R, where ¢1 = {((20,0,0'),q0), ((22,0,0'),¢2), (w3, 0,3'), ¢3),
((z1,1,00,q1), ((24,1,0'), qu), (27,2, 1), g6), (27,2, 1), q7), (28, 3,5), ¢6), (28,3, 5), qr),
((z6,4,2"),05), (26,4, 2'), gs), (26,4, 2"), q0), (9,5, 1), g5), (29,5, 1), gs), (9,5, 1"), 4o),

((xl()v 47 2,)7 Q5)7 (<x107 47 2,)7 QS)a <<I107 47 2/)7 qg)7 ((Illa 67 4/)7 Q10)7 ((xlh 77 6/>7 q10)7 ((xlla 87 4/)7

qi0)} and ¢y, is defined as (3.4).
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Figure 3.11: det(R) (Left) and cl(S;,S2)/y,.G (Right)

Next, we check whether there exist decentralized bisimilarity supervisors with
respect to the disjunctive architecture. For a € L(R), we have ba € [(P;'Pi(e) N
L(R))an L(G)]\ L(R) and ca € [(Py;*Py(e)NL(R))aN L(G)]\ L(R) for a € ¥, N Y.,
implying L(R) is not D&A co-observable with respect to L(G), ¥, and 3., where
1 = 1,2. So we cannot find decentralized bisimilarity supervisors for the disjunctive
architecture. On the other hand, decentralized bisimilarity supervisors exist for the
conjunctive architecture. Therefore, the conjunctive architecture is complementary

with respect to the disjunctive architecture.

3.3.3 Synthesis of Achievable Sup-specifications

The class of achievable sup-specifications for disjunctive architecture is described as

below.

DO(R) := {R'|R =< R',L(R) is language controllable, D& A co — observable

and marked language closed w.r.t. L(G)and G||det(R) = R};
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Subsequently, the calculation of achievable sup-specifications is presented.

Theorem 3.6 Given a plant G and a specification R, if R < G and L(R) is language
controllable, D& A co-observable and marked language w.r.t. L(G), then G||det(R) €

DO(R).

Proof: Since R < G implies L(R) C L(G), then L(G||det(R)) = L(G) N L(det(R)) =
L(G) N L(R) = L(R). Thus, L(G||det(R)) is language controllable, D & A co-
observable and marked language closed w.r.t. L(G). By using the facts that G||det(G) =
G and bisimilarity preserves when ”det” operator commutes with parallel composi-
tion, G||det(G||det(R)) = G||(det(G)||det(R)) = G||det(R). Hence, A;||{det(A;) | A; €

CO(R) — {A}} € DO(R).

3.4 General Architecture

In this section, we present a general architecture for decentralized bisimilarity control.
The event set . is further partitioned into X, = X, U X4, where X, is the set of
controllable events enabled by default from the local decision aspect and ¥4 is the
set of controllable events disabled by default from the local decision aspect. That
is, a local supervisor S; for the general architecture satisfies .. \ X C 1;(y) and
(Xea\Xei) N (y) = 0 for any y € Y;. Denote Xee; = LN and Loy = X;NEeq. The

decision fusion rule of the general architecture is captured by the following definition.

Definition 3.11 Consider local supervisors S; = (S;,1;) with ||;crS; = (Y}, Z, B,
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Yol|» Yom||), where i € I. The general decision fusion rule g : Y — 2% is defined as

¢f9(yly Yo, >yn) = [Ece N (mzeﬂbz(yz))] U [ch N (Uzelwz(yl))] U e (3-11)

3.4.1 Existence Condition

Under the general structure, the following concept is employed as the existence con-
dition of a set of decentralized supervisors to achieve language equivalence between

the plant and the specification [49].

Definition 3.12 Given languages K and M € ¥* with K C M, K is said to be

co-observable with respect to M, ¥o; Yeei and X.q;, where 1 € I if

(1) K is C&P co-observable with respect to M, ¥y and Yee;;

(2) K is D&A co-observable with respect to M, ¥, and X.q;.

The following theorem depicts the necessary and sufficient condition for the ex-
istence of a set of decentralized bisimilarity supervisors with respect to the general

architecture.

Theorem 3.7 Given a plant G = (X, %, o, xg, X;n) and a specification R = (Q, %,
J,qo, Qm) with L(R) C L(G), there exist (Xyoi, Yuei) — compatible supervisors S; =
(Si,¥s) with the general decision fusion rule V5, such that clic;(Si¥i)/y;,,G = R,

where i € I, if and only if the following conditions hold:
(1) There is a bisimulation relation ¢ such that G||det(R) =, R;

(2) L(R) is language controllable with respect to L(G) and X.;
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(3) L(R) is co-observable with respect to L(G), Ypi, Yeei and Seg;;

(4) R is marked language closed with respect to G.

Proof: Consider det(R) = (Z,%,07,{q}, Zm), G||det(R) = (Xxz,%, axz, (xo,
{90}), Xinxz) and clic(Si,¥i) /4, G = (X', 2, a', 25, X},). For Necessity, the proof is
similar to Theorem 3.1 and Theorem 3.4. For sufficiency, let S; = ((P¢ (det(R)||det(G))s,..,

¢Z) - (()/;7 27 6’i7 Yoi, le)a ¢l) and det(R>||det(G) - (Xdeta Z; Oldety Lodet s deet)' The

local decision map ;(y;) is

(
Zuc U Zce \ Zcei U {U S Zcei | (S UmiEyiEdet(R)Hdet(G) (mz)}

Vily:) = {0 € Xeai | 0 € Ny Eaet(r)||det(c) (M) } vi # Dyg;
2uc U 2ce \ 2cei Yi = Dd'
\
(3.12)

We can easily prove that clic; (S, ¥i)/y,,G = R.

Since C& P co-observability and D& A co-observability are the special cases of
co-observability, the result (Theorem 3.7) for the general architecture is a generation
of Theorem 3.1 and Theorem 3.4 which consider the conjunctive architecture and

disjunctive architecture respectively.

Remark 3.4 Refer to Remark 3.2 and Remark 3.3, the computational complezity of
verifying the existence condition of a set of decentralized bisimilarity supervisors for

the general architecture is O(| X 2219 |S[log(| X |21€1)).
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3.4.2 Synthesis of Decentralized Bisimilarity Supervisors

This subsection investigates the synthesis of decentralized bisimilarity supervisors

with respect to the general architecture.

Theorem 3.8 Given a plant G = (X, %, a, o, X,,) and a specification R = (Q, %,
J, o, Qm) with L(R) C L(G), if the existence condition of Theorem 3.7 holds, then
{Si = (P& (det(R)||det(G)))syusrg)}, wherei € I and ¢y, defined by (3.12), is a

set of decentralized bisimilarity supervisors under the general architecture.

This synthesis procedure is shown in the following example.

Example 3.5. Consider a plant G and a specification R shown in Fig. 3.12.
Let i = 1,2, ¥, = {a,b,d,e, f,g,h}, Yoo = {a,c,d, f,g,h}, X1 = {a,e, f} and
Yo = {a, f}. The aim of control is to design decentralized supervisors S; and Ss

with a global decision fusion rule ¢y such that cl(S;,Ss)/y,G = R.

Figure 3.12: Plant G (Left) and Specification R (Right)

We can see that ¢ € ¥,y N X and ¢ ¢ L(R). And there exist ¢ € P 'Py(e) and

a € Py 'Py(e) such that ca,ba € L(R). Thus, L(R) is not C&P co-observable with
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respect to L(G), ¥, and X, where ¢ = 1,2. Moreover, f € ¥4 N Y., f € L(R),
cf € [(PT P)NL(R) fNL(G)\L(R) and bf € [(Py ' Pa(e)NL(R)) fNL(G)\ L(R).
Thus, L(R) is not D&A co-observable with respect to L(G), ¥, and X, where
i=1,2.

By Theorem 3.1 and Theorem 3.4, there does not exist a set of decentralized

bisimilarity supervisors for both the conjunctive and disjunctive architectures.

g o
| g T B )
Ll = o
| :iuaoluad ; o i
lzuc g} T2 b
: ;_E;;ui; = P il g.: :

4

Figure 3.13: Automata S; (Left) and Sy(Right)

Let ¥, = Y. U g, where 3. = {f, e} and 3.y = {a}. Then, Yooy =3 NEy =
{fie}, Beer = Zee NE2 = {f}, Vear = Bea N Eer = {a} and Xegp = Xy N X2 = {a}.
It can be easily verified that L(R) is co-observable with respect to L(G), i, Ses
and Y.4, where ¢ = 1,2. In addition, L(R) is language controllable with respect to
L(G) and X, and G||det(R) = R. Therefore, we can find decentralized bisimilarity
enforcing supervisors S; = (S, 1) and Sy = (Sz,109) for the general architecture. In

particular, S7 and S; are shown in Fig. 3.7 and v, and 1, are presented as below.
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{b,C,d,g,h} y:2a37475a6a2d1;

hi) =93 {becd f g h} y = 0;

\ {a,b,c,d e, g,h} y=1

{ba c, da €9, h} Yy = 1172/a3/a5/76/72d2;

vay) =4 {b,c.d.e, f.g.h} y=0;

\ {a,b,c,d,e, g, h} y=4.

Figure 3.14: Supervised System cl(S1,Sz)/y,,G

Therefore, cl(S1,S2)/y,;,G = R (Fig. 3.14), where 1)y, is defined as (3.11).

3.4.3 Synthesis of Achievable Sup-specifications

We state the set of achievable sup-specifications enabling the existence of a decen-

tralized bisimilarity control for the general architecture.

GO(R) = {R |R < R',L(R) is language controllable,co — observable and

marked language closed w.r.t. L(G),and G||det(R) = R}.
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The computation of achievable sup-specifications is stated as follows.

Theorem 3.9 Given a plant G and a specification R, if R < G and L(R) is lan-
guage controllable, co-observable and marked language w.r.t. L(G), then G||det(R) €

GO(R).

Proof: 1t is known that R < G implies L(R) C L(G). Therefore, L(G||det(R)) =
L(G) N L(det(R)) = L(G) N L(R) = L(R), which implies L(G||det(R)) is language
controllable, D & A co-observable and marked language w.r.t. L(G). Moreover,
G||det(G) = G and bisimilarity preserves when ”det” operator commutes with parallel
composition, implying G||det(G||det(R)) = G||(det(G)||det(R)) = G||det(R). As a

result, A;|[{det(4;) | A; € CO(R) — {A;}} € GO(R).

3.5 Conclusion

The decentralized bisimilarity control of discrete event systems was studied in this
chapter, where the plant and specification are modeled as nondeterministic automata.
To formally capture the branching information, we propose an automata-based frame-
work, upon which a conjunctive architecture, a disjunctive architecture and a general
architecture were constructed for decentralized bisimilarity control with respect to
different decision making rules. Then, necessary and sufficient conditions for the ex-
istence of a set of ¥,.; — compatible and ¥,,,; — compatible deterministic bisimilarity
supervisors were presented under these three architectures, respectively. It was shown

that these conditions can be verified with exponential complexity. When the existence
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condition holds, we have provided the synthesis of decentralized bisimilarity supervi-
sors accordingly. When the specification does not satisfy the existence condition, the

computation of achievable sup-specifications has been further investigated.
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Chapter 4

Distributed Supervisory Control

for Bisimulation Equivalence

This chapter studies bisimilarity control of distributed discrete event systems which
consist of multiple interacting modules. The goal is to design local supervisors such
that the globally supervised system (the parallel composition of locally supervised
modules) is bisimilar to the given specification. Here, each local supervisor deter-
mines the control actions upon its observation on the local module to be controlled
and its neighbors. The notion of separably and synchronously simulation-based state
controllability is introduced as the existence condition for distributed bisimilarity con-
trol. When the given specification satisfies this condition, a set of local supervisors
can be constructed to enforce bisimulation equivalence. Otherwise, the calculation of
achievable sub-specifications is further investigated. In addition, we focus on deter-
ministic supervisors for distributed bisimilarity control. The synthesis of determin-

istic supervisors and achievable sup-specifications are investigated. The comparisons
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of our results with the centralized monolithic ones are presented.

A distributed DES is composed of serval concurrent modules. Denote G; =
(Xi, X4, Toi, i, Xmi) as the local module with ¢ € I := {1,2,--- ,n}. The global
system G = (X, %, zg, a, X;,,) is the parallel composition of local components, i.e.,
G = ||iesG; with X = U;¢%;. The local event set ¥; is partitioned into 3; = ¥,;UY,.,
where Y; is the controllable event set of G; and X,.; is the uncontrollable event set
of G;. Then, the globally controllable and uncontrollable event sets are given by
e = Ujerde and X, = ¥ — X, respectively. This chapter aims to solve the following
problems.

Problem 1: Given a distributed discrete event system G = ||;c;G; and a specifica-
tion R, where i € I, does there exist a set of 3,.;—compatible supervisors S; such that
the globally supervised system ||;cr(S;||G;) is bisimilar to the desired specification R?

Problem 2: If so, how to design X,.;—compatible supervisors S;?

Problem 3: If not, how to find an achievable sub/sup-specification?

In the rest of this chapter, we will use G = ||;¢;G;i, R = (@, %, 0, g0, @) and S; =
(Y:, %4, Bi, Yoi, Ymi) to denote the distributed plant, specification and local supervisor

(possibly nondeterministic) respectively unless otherwise stated.

4.1 Existence Condition

This section investigates Problem 1. Since the alphabet of the local plant is ¥; C X,
it is natural to decompose the global specification R into local specifications R; with

alphabet ;. Then, the following concept is introduced to capture the decomposition.
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Definition 4.1 Given a specification R and event sets {¥;} fori € I, R is {¥;}—separable

if there exists a group of R; with alphabet ¥; such that R = || R;.

In [85], a method was provided to verify {3J;} —separability by using the projected
automata. The interested reader can refer to [85] for more details. Next, we present
the notion of {3;, G;, X, }—separable and synchronous simulation-based state con-
trollability which servers as the sufficient condition for the existence of distributed

bisimilarity control. It is indicated in Theorem 4.1.

Definition 4.2 Given a distributed plant G = ||;c;G; and a specification R, where i €
I, Ris{%;, G, Xuei } —separably and synchronously simulation-based state controllable

if there exists a group of R; with alphabet ¥; such that

(1) R=|lierRi;

(2) R; is synchronously simulation-based state controllable w.r.t. G; and ¥y;.

Before presenting Theorem 4.1, the following result is needed.

Proposition 4.1 Given G; = (X;, 5, a4, Toi, Xmi), wherei € {1,2,3,4}, if G1 = Go,

G3 = Gy, X1 =39 and X3 = Xy, then G41||G3 = Go||Gy.

Proof: Let G; = (Xy, X, i, iy Xins) (1 = 1,2,3,4), G1]|Gs = (Xis, X13, (To1, To3),
13, Xim13), Go||Gy = (Xoa, Xoa, (%02, Toa), o, Xim2a), G1 =y, G2 and G5 =4, Gy
Consider ¢ = {((x1,x3), (22,74)) € X153 X Xog | (1,22) € ¢1 A (23,24) € ¢o}. For
any ((x1,23), (9, 24)) € ¢, if there is (27, 2%) € ay3((z1,23),0) for any ¢ € ¥. We

have the following cases. (1) ¢ € ¥; \ ¥3. Then, z; € ay(z1,0) and 2§ = 3.
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Since (x1,x2) € ¢y, there exists x4 € aq(z2,0) such that (27,25) € ¢;. It implies
(xh,x4) € oa((w,x4),0). Thus, ((2),x3), (), x4)) € ¢. (2) 0 € ¥1 N Ey. Then,
x1 € ay(xy,0) and x4 € az(xs,0). Since (z1,x2) € ¢ and (x3,24) € ¢y, there exist
xh € ag(x2,0) and 2 € ay(xy, o) such that (2], 2) € ¢1 and (2%, 2)) € ¢o, indicating
(2], 2%), (x5, 2))) € ¢. (3) 0 € 33\ X1. The proof is similar to (1). In addition, if
(x1,23) € Xy, then x1 € X,y and 23 € X3, which implies xo € X1 and 24 € X4,

which in turn implies (22, 24) € Xinos. As a result, G1||G3 =441 Ga||Ga.

Theorem 4.1 Given a distributed plant G = ||;c;G; and a specification R = (Q, %,
o, 0, Qm,), there exist ¥, —compatible supervisors S; such that ||;c;(Si||Gi) = R if R

is {3, Gy, Xuei } —separably and synchronously simulation-based state controllable.

Proof: For i € I, let S; = (R;)ue- It is obvious that (R;)ye is Xy —compatible.
Moreover, since R; is synchronously simulation-based state controllable with respect
to G; and X, we have G;||S; = G||(R;)uei = R;. From Proposition 4.1, we obtain
llicr(Gil|(Ri)uei) = |licrRi- Moreover, the fact that R is {3;}—separable implies
|liecr R = R. Therefore, ||ic;(Gi|Si) = |licr(Gil |[(Ri)uei) = |[icr R = R.

Since Theorem 4.1 is sufficient only, we focus on deterministic supervisors. Ac-
cordingly, the following notion is presented to characterize the class of specifications

that are achievable by deterministic distributed bisimilarity control.

Definition 4.3 Given a distributed plant G = ||;e;G; and a specification R = (Q, %,
40,0, Qm), where © € I, R is {%;, G;, Xy} —separably controllable if there exists a

group of R; with alphabet 32; such that

(1) R=|lierRi;
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(2) L(R;) is language controllable with respect to L(G;) and Ye;

(3) Gy||det(R;) = R;.

If conditions (1) and (2) are satisfied, R is said to be {%;, G;, ¥, } —separably
language controllable. Then, we provide the necessary and sufficient condition for

the existence of deterministic distributed bisimilarity control as below.

Theorem 4.2 Given a distributed plant G = ||;c;G; and a specification R = (Q, %,
qo0, 0, Qm), where i € I, there exist 3,.;— compatible deterministic supervisors S; such

that ||;cr(Si||Gi) = R if and only if R is {3;, Gi, Xuei }—separably controllable.

Proof: (Necessity) Suppose there exist 3,;—compatible deterministic supervisors
S; such that ||;c;(S:||G:) = R, where i € I. Let R; := S;||G;. Then, R = ||;c/R;.
Because S; is ¥,;—compatible, we obtain that L(R;) = L(S;||G;) is langue control-
lable with respect to L(G;) and ¥,.;. Furthermore, G;||det(R;) = G;||det(G;||S;) =
Gi||det(G,)||det(S;) = Gyl|det(S;) = G;||S; = R;. Here we have use the facts (1)
bisimilarity is preserved when the det operator commutes with parallel composition.
(2) Glldet(G) = G. (3) S; is deterministic. Therefore, R is {¥;, G;, ¥y } —separably
controllable.

(Sufficiency) Let S; = det(R;)ue- Since R; is langauge controllable with respect
to L(G;) and X, S; = (det(R;))uei is Sue;—compatible. From 3;—separability of R

and Proposition 4.1, we have ||;c;(Gi||S:) = ||icr(Gi||(det(R;))uei = ||icr Ri = R.
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4.1.1 Comparison with Monolithic Bisimilarity Control

This subsection compares the proposed existence conditions for distributed bisimilar-
ity control with those for the centralized monolithic bisimilarity control. The following
proposition shows that {¥;, G;, ¥, }—separable and synchronous simulation-based
state controllability is strictly stronger than the properties of {3;} —separability and

{G, ¥} —synchronous simulation-based state controllability combined.

Proposition 4.2 If R is {3;, G;, Xyei } — separably and synchronously simulation-based
state controllable, wherei € I, then R is {¥;}—separable and synchronously simulation-

based state controllable with respect to G and X,..

Proof: Let G = |[ic1Gi = (X, X, a, 70, X,n) and R = ||ier Ry = (QHvzHyéHaQOHanH)a
where R; = (Q4, X, 0i, Goi, Qms) 1s synchronously simulation-based state controllable
with respect to G; and X,.. Then, there is a synchronous simulation relation ¢;
such that R; <gne; Gi. Consider ¢ = {((¢1,¢2, - s qn), (X1,22, -+ ,x,)) € Q) %
X | (gi, i) € ¢i}. It is obvious that ¢ is a synchronous simulation relation such that
llicrRi <syno |lic1Gi, 1.€., R <synp G. On the other hand, for any (q1,q2, -+ ,¢qn) €
81 (qo|, $) and o € By, if so € L(G) = Mier Py (L(G;)), then Ps,(s)o € L(G;) with
0 € Y C X and ¢; € 6;(qos, Ps,(s)). Since R; is state controllable with respect to G;
and X, we have 0;(¢;,0) # 0, which implies 0)((q1, g2, -+ ,qn),0) # 0. As a result,
R = ||;erR; is {3;}—separable and synchronously simulation-based state controllable
with respect to G and X,..

Moreover, {%;, G;, ¥} —separable controllability is strictly stronger than the

~

properties of {¥;}—separability, {G, £,.}—language controllability and G||det(R)
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R combined, as it is indicated by Proposition 4.3.

Proposition 4.3 If R is {3, G;, Yue }—separably controllable, then G||det(R) = R
and R is {3;}—separable and language controllable with respect to G and %,., where

rel.

Proof: Let R = ||;c1 R;, where R; is language controllable with respect to G; and ¥,
and G}||det(R;) = R;. Thus, L(R) = L(]|;er R;) is langauge controllable with respect
to L(G) and ¥,.. By using the fact that bisimilarity is preserved when the det opera-
tor commutes with parallel composition, we have G||det(R) = (||;erG:)||det(]]icr R;) =
(IlierGall([licrdet(R:)) = |lier(Gil|det(R;)) = [licr R = R.

It is known that {G, ¥, } —synchronous simulation-based state controllability ({G, X}
-language controllability and G||det(R) = R) guarantees the existence of a centralized
monolithic bisimilarity control (a deterministic centralized monolithic bisimilarity
control). Therefore, Proposition 4.2 (Proposition 4.3) implies whenever a specifica-
tion R can be achieved by distributed bisimilarity control (deterministic distributed
bisimilarity control), it can also be achieved by centralized monolithic bisimilarity
control (deterministic centralized monolithic control). However, the converse does

not hold in general.
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4.2 Synthesis of Distributed Bisimilarity Supervi-

Sors

This section investigates Problem 2. We first present the synthesis of distributed

bisimilarity supervisors based on the result of Theorem 4.1.

Theorem 4.3 Given a distributed plant G = ||;c;G; and a specification R = (Q, %,
90,0, Qm), if R is {3, Gi, Xy} —separably and synchronously simulation-based state
controllable such that R = ||;crR; and R; is { Gy, Xuei } —synchronously simulation-

based state controllable, then {S; = (R;)uei} is a set of Y—compatible supervisors

such that ||;c;(Si||Gi) = R, where i € I.

Second, the following theorem provides the synthesis of deterministic distributed

bisimilarity supervisors.

Theorem 4.4 Given a distributed plant G = ||;c1G; and a specification R = (Q, %,
40,0, Qm), if R is {3;, G, Xuei }—separably controllable such that R = ||ie;R;, R; is
{Gi, Zuei —language controllable and G;||det(R;) = R;, then {S; = (det(R;))uei} is
a set of deterministic ¥,.;—compatible supervisors such that ||;cr(S;||G;) = R, where

1€ 1.

Next, we present an example to illustrate bisimilarity control of distributed dis-
crete event systems.
Example 4.1. Consider a cooperative multi-robot system (MRS) configured

in Fig. 4.1 (Left). The MRS consists of two robots R; and Ry;. Both of them
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Figure 4.1: Multi-robot system (MRS) (Left), G; (Middle) and G5(Right)

have the same communication, position, pushing, scent-sensing and frequency-sensing
capabilities. Furthermore, R; has color-sensing capabilities, while R, has shape-
sensing capability. R and Ry can cooperatively search and clear a dangerous object
(the white cube) in the workspace. Initially, R; and R, are positioned outside the
workspace. Let i = 1,2. When the work request announces (event w;), R; is required
to enter the workspace. Due to actuator limitations, it nondeterministically goes
along one of two pre-defined paths (event g). In the first path, R; activates color-
sensing (event c) or scent-sensing (event o) capabilities to detect the dangerous object;
whereas in the second path, R; activates color-sensing, scent-sensing capabilities or
frequency-sensing (event f) capabilities for detection.

Similarly, Ry activates shape-sensing (event s), scent-sensing or frequency-sensing
capabilities in the first path, while in the second path it activates shape-sensing
or scent-sensing capabilities. After detecting the dangerous object, R; pushes the
dangerous object outward the workspace (event p), and then returns to the initial

position (event r) for the next implementation.
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Figure 4.3: Sy (Left) and Sy (Right)

The automaton model G; of R; with alphabet ¥; is shown in Fig. 4.1, where
¥ =Awy,g,¢0, f,p,r} and Xy = {ws,g,s,0, f,p,r}. Since R; cannot disable the
broadcast from the host computer, the event w; is deemed uncontrollable, that is
w; € Y- The rest of events are controllable. The cooperative behavior of Ry and
Ry can be represented by G4||G> (Fig. 4.2(Left)), and the specification R (Fig. 4.2
(Right)) is given in order to restrict the cooperative behavior G1||Gs.

According to the specification, after Ry and Ry receive the work command and
go to the workspace, two possible states are reached by the MRS. In the first state,

either the color sensor, the shape sensor or the scent sensors are adopted to confirm
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Figure 4.4: ||i6{172}Gi | |Sz

an objective is dangerous. However, to save the energy, in the second state only the
color sensor and the shape sensor can be adopted for dangerous object detection.

After the detection, the dangerous object is cleared from the workspace.

Figure 4.5: R, (Left) and R, (Right)

For such a MRS, if we use language equivalence as behavior equivalence, the con-
trol target is to design supervisors Sy and S, such that L(|[;eq12y Gil|Si) = L(R).
Consider ¥ = ¥; U Xy, According to the results in [67], this problem can be solved
by designing S; such that L(G;||S;) = Ps,(L(R)). Since Ps,(L(R)) is language con-
trollable with respect to L(G;) and ¥,.;, we can construct S; as shown in Fig. 4.3.

So the supervised system ||;cf1,0Gi||S; (Fig. 4.4) is language equivalent to L(R).
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However, it can be seen that ||;cq1,21G5||S; violates the energy saving requirement in

the specification.

Figure 4.6: S| (Left) and S} (Right)

Hence, langauge equivalence is not adequate for this case, which calls for the
use of bisimulation equivalence instead. That is, we need design supervisor S, such
that |[;c(1,2yGi||S; = R. By using the proposed techniques in this chapter, we firstly
decompose the global specification R into sub-specifications R, with alphabet ¥; for
R; (Fig. 4.5) such that [|;cq13Rs, = R. Secondly, if we can design 5] such that
Gi||S; = Ry, then ||;cq1,2)Gil|S; = R.

Since R, is synchronously simulation-based state controllable with respect to
Go and X, = {wi}, we design S| = (Rs,)ue (Fig. 4.6) according to Theorem
2.7. Then, G1||S] =gus1 Rs,, where ¢ = {(qo, (70,%0)), (q1, (x1,1)), (g2, (T2, 2)),

(q2, (73, 92)); (g3, (T2, Y3)), (q3, (23, Y3)), (qu (¥4, 94)), (g5, (25, y5)) }- On the other hand,

R, is deterministic and synchronously simulation-based controllable with respect to

Gy and Y, = {we}. Theorem 2.5 indicates that we can construct S5 = (Rs,)uc
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Figure 4.7: G1||S} (Left) and Gsl|S} (Right)

(Fig. 4.6). The supervised system G5||S% is shown in Fig. 4.7. It can be seen that
G2||Sé g¢1u¢;1 RS2’ where ¢1 = {(qé’ (IB, yé))a <Qi7 (I/h yi))7 (Qé7 ('T/27 yé))? (qé’ (Igw yé))v

(45, (1, 95)), (¢4, (05, 4)) }- As aresult, |[icqr 2y Gil[S; = R.

4.3 Synthesis of Achievable Sub-specifications /Sup-

specifications

This section investigates the synthesis of achievable sub-specifications/sup-specifications
to enable the existence of a distributed bisimilarity control/a deterministic distributed
bisimilarity control in case of the given specification is not {¥;, G;, ¥, } —separably
and synchronously simulation-based state controllable/{%;, G;, ¥, } —separably con-

trollable. We present the classes of achievable sub/sup-specifications for distributed
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bisimilarity control as follows.

DCi(R) := {R' | R < Rand R is {%;, G, Zuei} — separably and synchronouly

simulation — based state controllable};

DCi(R) := {R' | R< R and R is {%;, Gy, Xy} — separably and synchronouly

simulation — based state controllable};

Some preliminary results are presented before we give the main results of this

section.

Lemma 4.1 Given G; = (X;, X, o, Toiy Xpmi), where i € {1,2,3,4}, if Gy < Gy and

Gg =< G4, then G1HG3 < G2||G4

Proof: Let Gy <4, Ga, G3 <4, Gu, G1||Gs = (Xi3, 3, 13, To13, Xm13) and Gsl|Gy =
(Xo4, 2, oy, Toga, Ximoa). Consider a relation ¢ = {((x1, z3), (2, 24)) | (x1,22) € P1 A
(x3,24) € ¢o}. Let ((x1,23), (x2,24)) € ¢. 1t is obvious that ((zo1, Zo3), (o2, Toa)) €
¢. 1If there exists (2}, 2%) € ai3((z1,23),0) for any o € X, we have 2| € a;(z1,0)
and z§ € ag(xg, o). Since (x1,23) € ¢1 and (x3,x4) € @9, there exist z), € ag(xq,0)
and z)y € ay(z4,0) such that (21,24) € ¢ and (24, 2)) € ¢o. Then, (24,2)) €
ao4((x9,m4),0) and ((27,x3), (xe,24)) € ¢. Thus, ¢ is a simulation relation from
G1]|Gs to Ga||Gy.

The following lemma follows from Lemma 4.1.

Lemma 4.2 Given G; = (X;, X, a;, Toi, Ximi), where @ € 1,2,3, if Gy < Gy and

G < Gg, then Gy < G2||G3
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Proof: Let Gi1 <4, G2 and G7 <4, Gs. It is obvious that ¢ = {(x1, (z2,z3))

| (x1,22) € ¢1 A (21, 23) € ¢} is a simulation relation from G; to Gs|Gs.

Figure 4.8: G (Left) and G2 (Right)

Then, the synthesis of achievable sub-specifications is presented as below. Here
we define S(R) = {R' < R | R is {¥;}-separable} as the set of sub-specifications

satisfying the property of separability.

Theorem 4.5 Given a distributed plant G = ||;c1G; and a specification R, if there ex-
ists R € S(R) with R' = ||icr R} such that F?2 (Fayn(G)||IRS) = Fly(Fayn(G)||R)) #

0, then ||icr F?(Fyyn(G)||R)) € DCy(R), wherei € T and j € N*.

Proof: Since F/2 (Fuy(GY)||R)) = Flo(Fayn(Gy)||RS) # 0, we obtain that FJ,(Fy,,(G:)||R})
is synchronously simulation-based state controllable with respect to G; and %,;.
Moreover, according to Lemma 4.1 and Lemma 4.2 F/,(F.,,(G))||R}) < R} implies
icr F2o(Fayn(GHI|R)) < |lies R = R < R. We conclude that ||ic; Fs(Fayn(Gy)||R)) €
DCi(R).

We can see that if the condition of Theorem 4.5 holds, ||ic;F7(Fiyn(Gy)||R)) is



95

O )
@ @
c e | @ @ mm
® @' ®
m

Figure 4.9: R (Left) and R’ (Right)

an achievable sub-specification for distributed bisimilarity control. This synthesis

method is illustrated by the following example.

Figure 4.10: R; (Left) and Ry (Right)

Example 4.2. Consider a set of plants G; = (X;, Xy, oy, zoi, Xomi) (Fig. 4.8)
and a specification R (Fig. 4.9 (Left)), where i € {1,2}, 31 = {a,b,c,d, e, m,l},
Yo = {a,b,c,d, k,m 1}, Yy = {c} and X, = {b,c}. It is obvious that R is
not {¥;, G;, X } —separably and synchronously simulation-based state controllable.

Thus, there does not exist a distributed bisimilarity control with respect to Gj;
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and R according to Theorem 4.1. To address this problem, we would like to find
a sub-specification of R, which satisfies {%;, G;, ¥ } —separable and synchronous

simulation-based state controllability.

Figure 4.11: R} (Left) and R;, (Right)

First, we decompose the global specification R into local specifications R; with
alphabet 3; and Ry with alphabet Y5 such that R;||Rs & R, which are shown in Fig.
4.10. By using Theorem 4.5, we obtain that F2,(Fs,,(G1)||R1) = Fug(Fsyn(G1)||R1) =
R} and F.;(Fyy,(G2)||R2) = Ry = R, where R} and R are presented in Fig. 4.11.
Therefore, the achievable sub-specification R’ = R||R}, € DC}(R) is obtained in Fig.
4.9 (Right).

Subsequently, we give the classes of achievable sup-specifications for deterministic

distributed bisimilarity control.

DCy(R) = {R' | R < Rand R is {%;,Gi, Xy} — separable and controllable};

DCy(R) = {R' | R< R and R is {3;,G;, Yy} — separable and controllable};

Then, the following theorem is presented to show the synthesis of infimal sup-
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specifications for deterministic distributed bisimilarity control.

Theorem 4.6 Given a distributed plant G = ||;ie;G; and a specification R, if there

exists a set of { R;} such that R = ||;c;R;, R; < G; and L(R;) is language controllable

with respect to L(G;) and 3y, then ||;cr(G;||det(R;)) € inf DCy(R), where i € 1.

Figure 4.12: G, (Left) and G2 (Right)

Proof: Because commuting the det operator with parallel composition preserves
bisimilarity, we have G;||det(G;||det(R;)) = G;||det(G;)||det(R;) = G;||det(R;) for i €
I. Moreover, L(G;||det(R;)) = L(G;)NL(det(R;)) = L(G;)NL(R;) = L(R;) and L(R;)
is {L(G}), Xyei f—controllable. Thus, L(G;||det(R;)) is { L(G;), Xuei } —controllable. In
addition, according to Lemma 4.2 R; < det(R;) and R; < G; implies R; < G;||det(R;),
which in turns implies ||;e;R; < ||icr(Gil|det(R;)) by using Lemma 4.1. Since R =
|lies Ri, we obtain R < ||;c;(G;||det(R;)). Therefore, ||ser(Gi||det(R;)) € DCy(R).

Next, we would like to show ||;e7(Gi||det(R;)) < Ry holds for any R, € DC5. Since

Ry is {%;, Gi, Xyei f-separably controllable, there exists a set of {Ry;} for ¢ € I such

that R1 = HiGIRli and GZ||det(R12) = Rlz" Thus, Rl = ||Z€](Gz||d€t<Rh)> It suffices
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to show that ||;erdet(R;) < ||ierdet(Ry;). This holds because the following facts: (1)
||icrdet(R;) and ||;erdet(Ry;) are deterministic; (2) R < Ry implies L(R) C L(Ry),
i.e.,L(|[;R;) C L(||;R1;), which in turn implies L(||;erdet(R;)) C L(||icrdet(Ry;)).

It follows that when the condition of Theorem 4.6 is satisfied, ||;c7(G;||det(R;))
is an infimal achievable sup-specification that can be synthesized by deterministic
distributed bisimilarity control. Moreover, the result of Theorem 4.6 is demonstrated

by the following example.
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Figure 4.13: R (Left) and R’ (Right)
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Example 4.3. Consider plants G; = (X;,%;, i, Toi, Xoni) (Fig. 4.12) and a
specification R (Fig. 4.13 (Left)), where i € {1,2}, ¥, = {a,b,c,d,e, h,m,l}, ¥o =
{a,b,c,d,e, fym, 1}, ¥y = {e} and X0 = {a}.

We can see that R is not {3;, G;, ¥, } —separably controllable. It results in the
nonexistence of deterministic distributed bisimilarity control from the result of Theo-
rem 4.2. For this issue, the calculation of sup-specifications satisfying {3;, G;, 3, } —separable
controllability with respect to R is presented as follows.

The specification R is firstly decomposed into R; and Ry (Fig. 4.14) such that
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Figure 4.14: R; (Left) and Ry (Right)

Ry||R2 = R and L(R;) is language controllable with respect to L(G;) and ¥,.;. Then,
we have R| = Gy||det(Ry) and R, = Gs||det(Ry). By using Theorem 4.6, we further
obtain that R’ = R}||R), € infDC5(R), where R and R}, are shown in Fig. 4.15.
That is, R’ (Fig. 4.13 (Right)) is an infimal achievable sup-specification of R for

deterministic distributed bisimilarity control.

Figure 4.15: R} (Left) and R (Right)
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4.3.1 Comparison with Monolithic Bisimilarity Control

This subsection compares the upper and lower bounds of the behavior achieved by dis-
tributed bisimilarity control/deterministic distributed bisimilarity control with those
are for monolithic bisimilarity control. Firstly, the classes of achievable sub/sup-

specifications for monolithic bisimilarity control are presented.

DC{(R) := {R'| R < Rand R'is synchronouly simulation — based

state controllable w.r.t. G and ¥,.};

DC{(R) := {R'| R< R and R'is synchronouly simulation — based

state controllable w.r.t. G and ¥,.};

It is known that an element of supDC](R) (infDC/(R)) provides an upper bound
(a lower bound) to achievable sub-specifications (sup-specifications) for monolithic
bisimilarity control. Denote maxzDCy(R) and minDC\(R) as the set of maximal
elements of DC}(R) and the set of minimal elements of DCy(R). Then, necessary

and sufficient conditions are presented to show the relationships between supDC](R)

and maz DCY(R) (resp. infDC](R) and minDC}(R)).

Proposition 4.4 Consider a distributed plant G = ||;e;G and a specification R,
where i € I. For any A € supDC|(R), A € maxDC(R) if and only if A is

{%;, Gi, Xuci }-separably and synchronously simulation-based state controllable.

Proof: (Necessity) Since A € maxDC,(R), we have A € DC}(R), which implies A is

{%;, G;, ¥yei }-separably and synchronously simulation-based state controllable.
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(Sufficiency) Because A is {¥;, G;, ¥ }-separably and synchronously simulation-
based state controllable, we have A € DC4(R). Suppose there exists A; € DC;(R)
such that A < A;. Proposition 4.2 indicates that A; is synchronously simulation-
based state controllable with respect to G and ¥,.. Then, A; € DC{(R). According
to the definition of supremum, we obtain A; < A, which introduces a contradiction.

Therefore, the assumption is not correct. As a result, A € maxDC}(R).

Proposition 4.5 Consider a distributed plant G = ||;c1G; and a specification R,

where i € I. For any A € infDC{(R), A € minDC{(R) if and only if A is

{%;, G;, Zuei }-separably and synchronously simulation-based state controllable.

Proof: The proof is similar to Proposition 4.4.

Proposition 4.4 and Proposition 4.5 indicate that under the condition of {3;, G;, ¥, }-
separable and synchronous simulation-based state controllability, an element in supDC](R)
(inf DC(R)) is an upper bound (a lower bound) which can be achieved by restric-
tive distributed bisimilarity control (relaxer distributed bisimilarity control). Next,

we pay attention to deterministic control. The classes of achievable sup-specifications

for monolithic deterministic bisimilarity control are stated as below.

DCy(R) := {R'| R' < R, R islanguage controllable w.r.t. G and ¥,.,and
G||det(R') = R};

DCY(R) := {R'| R< R R islanguage controllable w.rit. G and L., and
G||det(R") = R};

Similar results can also be obtained with respect to deterministic distributed

bisimilarity control.
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Proposition 4.6 Consider a distributed plant G = ||;e;G; and a specification R,
where i € I. For any A € supDCY(R), A € maxDCy(R) if and only if A is

{%;, Gi, Xuci }-separably controllable.

Proof: (Necessity) Since A € maxDCy(R), we get A € DCy(R), which implies A is
{%;, G;, Yyei }-separably controllable.

(Sufficiency) Since A is {3;, G;, X, }-separable controllable, we obtain that G||det(A)
=~ A and L(A) is language controllable with respect to L(G) and ¥, from Proposi-
tion 4.3. Thus, we have A € DCy(R). Suppose there exists A; € DCy(R) such that
A < A;. Proposition 4.3 implies G||det(A;) = A; and L(A;) is language controllable
with respect to L(G) and 3., which in turn implies A; € DCY(R). Definition of
supremum indicates A; < A, introducing a contradiction. Then, the assumption is

not correct. It follows that A € mazDCy(R).

Proposition 4.7 Consider a distributed plant G = ||;c1G; and a specification R,

where i € I. For any A € infDCi(R), A € minDCy(R) if and only if A is

{%;, Gy, Xuei }-separably controllable.

4.4 Conclusion

We investigated supervisory control of distributed discrete event systems for bisimula-
tion equivalence in this chapter. The notion of separable and synchronous simulation-
based state controllability, which combines separability with synchronous simulation-

based state controllability, was introduced for the existence of distributed bisimilarity
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control. When the given specification satisfies this condition, a set of local supervisors
enforcing bisimilarity can be constructed. Otherwise, we further explored the calcu-
lation of achievable sub-specifications which enable the existence of a distributed
bisimilarity control. In particular, we focused on deterministic supervisors for dis-
tributed bisimilarity control. Accordingly, the notion of separable controllability was
introduced as the necessary and sufficient condition for the existence of a set of deter-
ministic local supervisors with respect to distributed bisimiarity control. In addition,
the synthesis of deterministic supervisors and achievable sup-specifications were in-
vestigated. The comparisons of our results with the centralized monolithic ones were

presented as well.



104

Chapter 5

Control of Multi-Affine Systems

for Bisimulation Equivalence

This chapter studies bisimilarity control of a particular class of nonlinear systems,
multi-affine systems. This kind of continuous dynamics is widely used in system
modelling. The celebrated Euler [89], Volterra [90] and Lotka-Volterra [91] equations,
the control systems for aircraft and underwater vehicles [92] and the models of genetic
regulatory networks [93] are examples of multi-affine systems. First, we partition the
state space into rectangles. Then, we investigate the control of multi-affine systems
on rectangles, including the control based on the exit sub-region to drive all trajecto-
ries starting from a rectangle to exit through a facet and the control to stabilize the
multi-affine system towards a desired point. With the proposed controllers, a finitely
abstracted transition system is constructed, and it is shown to be bisimilar to the
rectangular transition system of the multi-affine system. Since bisimulation preserves

temporal logic properties, the controller synthesis of the multi-affine system for tem-
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poral logic specifications is achieved by designing a bisimilarity enforcing supervisor
for the abstracted transition system and by implementing the resulting supervisor to
the original multi-affine system. We start by reviewing the notions of multi-affine

function and multi-affine control system [81].

Definition 5.1 A function f = (f1, fa, ..., fm) : R* — R™ (withn,m € N ) is said to
be multi-affine, if every fi(x) : R" — R, where x = (x1,x9, -+ ,x,) andi=1,--- ,m,
s a polynomial in the indeterminates x1,xo, - -+ ,x,, with the property that the degree
of fi in any of indeterminates x1,xs,- -+ , T, is less or equal to 1. That is, f has the

form

fla) = flonm, o m) = Y iy (10) (22) o ()"

i1, ,in€{0,1}

where ¢ iy, € R™ for all iy,19,- -+ i, € {0,1}.

For example, for n = 2 and arbitrary m, the multi-affine function is in terms of

f(l’l, IL‘Q) = Coo + C10T1 + Co1T2 + C11T129, where Cij € R™ for Z,] € {07 1}

Definition 5.2 A control system ¥ : & = f(x,u) = g(z) + Bu with B € R™™ is

said to be multi-affine if g : R™ — R" is a multi-affine function.

For a multi-affine control system, we write x.,..(t) to denote the point reached at

time ¢ under the control input « from initial condition z.

5.1 Rectangular Partition

In this chapter, the state space of the multi-affine system is assumed to be bounded

and rectangular, which holds in lots of engineering applications [81, 94]. Given such a
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state space, we would like to rectangularly partition it with respect to the coordinates.
Then, the following concepts are provided.

An n-rectangle is described by E = [](a;, b;), where a;,b; € R satisty a; < b; for

n
=1

i=1,2,---,n. The closure of E is defined as E=[] [a;, b;]. A facet of E is the inter-

n
=1

section of E with one of its supporting hyperplanes. The set of facets of E is denoted
by F(E). The set of vertices of E, denoted by V(F), is V(E)={(x1, 22, - ,z,) |
z; € {a;,b;},i =1,2,--- ,n}. Given v € V(E), we denote F(v) the set of all facets

containing v.

n
The state space can be partitioned into [] n; rectangles as follows. Let z; €
i=1
_Ul(af,bg), where o < b/ and !t = b). Then, Ry g,k = q(afi,bfi) is a rectangle
j= i=

in the partitioned state space, where 1 < k; < n,;. The facet of Ry, k,...k, is described

by

.. n kj :
i Rklkg...knﬂ{x €R o =1b } if d=+
kiko-kn —

Rkle...kn m {JS S | T = a?} if d=—
where d € {+,—}and j=1,--- ,n.

j7d 1 1
The outer normal of Fiy, .k, 18 given by

T _
g _ e; if d=+
—e] if d=—

where d € {+,—}, j =1,--- ,n and e; is the Euclidian basis of R".
Given w = (wy,ws, -+ ,wy,) € V(Rikyk, ), the vertex membership function S :

{wy, -+, w,} = {0,1} is defined as
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Denote ¢ as the set of rectangles generated by rectangularly partitioning the state
space. The rectangular projection map mg : R" — & is defined as mg(z) = { Riyky ke, €
€|z € Ryygyk, }- Subsequently, the rectangular transition system is established, and
it can be understood as a transition system form of the multi-affine control system

over a rectangularly partitioned state space.

Definition 5.3 Given a multi-affine control system % : & = g(x)+ Bu, a rectangle set
& generated by rectangularly partitioning the state space and a rectangular projection
map 7 defined by &, the rectangular transition system of X associated with £, denoted
as Sx g, 15 a tuple

SE,Q = (XQ7 XQ07 UQ; —Q XmQ)

L XQ = R" = XmQ,'

Xgo = {z | z is an initial state of the multi-affine control system};

o Uy = {URklemkn | URy, .k, 1S an invariant controller w.r.t. Ry k,..x, or an
, jd j d
exit controller w.r.t. F{X% . Rpkyok, €& and FU5, 1}

Unq@) , _ » : .
x —Q——>Q x' if any of the following two conditions is satisfied:

1) mo(x) = mo(x") holds and there exists T € such that X, 1) (T) = 2" an
(1) mq() = m(w') holds and th R such that yaxe)(7) = 2’ and
TQ(Xak(2) (1)) = To(x), where t € [0, +00).

(2) mq(x) # mo(a') holds and there exist 7,e € RY such that X, k@) (T) = @,
TQ(Xak(@)(11)) = To(x) and 7o(Xok@)(t2)) = To(a'), where t1 € [0,¢) and

ty € [e, T].

Next, we present the property of the multi-affine function on rectangles [81].
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Lemma 5.1 Consider a multi-affine function f and a rectangle Ry, y,..k,. In every

point © € Ry, ky...k, , the value f(x) is uniquely determined by the values of f at vertices

Of Rk1k2--~kn N
flz) = > Xul@)f(w) (5.1)
wGV(Rklkz“‘kn)
where for any w = (wy,- -+ ,wy,) € V(REky k) and x = (1,2, ,Tpn) € Rijky s

the coefficient \,(x) is defined as

n e ki S(wy) B (1=5(w;))
H J- & Ig—lj (5.2)
j] b g

Jj=1 J J

5.2 Control of Multi-Affine Systems on Rectangles

In the previous section, the state space has been rectangularly partitioned into several
rectangles. Now, we investigate the control of multi-affine systems on rectangles.

First, the notion of state-based switch multi-affine function is introduced.

Definition 5.4 Given multi-affine functions U : R® — R™ and U’ : R* — R™,
xy € R" and ¢ € R", a function U o U’ : R* — R™ is said to be a state-based switch

multi-affine function from U to U’ with respect to x; and € if

Ux) if x ¢ B(xy)

U'(x) if z € B:(xy)

UoU'(x) =

where B.(z¢) = {z | ||z —x¢|| < e} with || || denotes the Euclidean norm.

In this chapter, the control input for a multi-affine system & = g(z) + Bu is in
terms of u = K(z), where K a multi-affine function or a state-based switch multi-

affine function. Therefore, the feedback law is automatically bounded on Ry, k,. .k, -
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Next, we review the results on the existence of a multi-affine feedback controller for
a multi-affine system to keep the system in a rectangular invariant (Lemma 5.2) and

to drive all initial states in a rectangle through a desired fact in finite time (Lemma

5.3) [81].

Lemma 5.2 Given a multi-affine control system 3 : & = g(x) + Bu and a rectangle
Ry ki, » there exists a multi-affine feedback controller K (z) such that w = K(x) and
all tragectories of the closed-loop system that start from Ry, k,...k, remain in Ry k.. .k,

for all times if and only if for any w € V(Rk,ky.k, ), the following set is nonempty:

Ur(w) = (1 {veRr™|n"g(w)+ Bv) <0} (5.3)

j.d
Fk

1hokn €F(w)

In this chapter, the multi-affine function U which keeps the system in a rectangular

Ry, ky-k,, invariant is called as an invariant controller with respect to Ry, k.. k, -

Lemma 5.3 Given a multi-affine control system 3 : & = g(x) + Bu and a rectangle
Riykyk,, there exists a multi-affine feedback controller K(x) such that v = K(z)
and all trajectories of the closed-loop system that start from Ry, k,..r, are driven
only through F,gli,an in finite time if for any w € V(Ry gyt ), the following set
18 nonempty:

Up(w)= ﬂ {fve R™|n?(g(w)+Bv) >0An""? (g(w)+Bv) <0} (5.4)

i dl o
Fy gk EF (W), )

In the rest of this subsection, we propose a control method based on the exit
sub-region to drive all trajectories of the closed-loop system starting from Ry, k,...k,
to exit through a desired facet of Ry, k,..r,, where the exit sub-region is defined as

follows.
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Definition 5.5 Let ¥ : @ = g(x) + Bu be a multi-affine control system, K(x) be
a multi-affine feedback controller, Ry, k,..k, be a rectangle and F,ﬁjwkn be a facet of
R iy, - A region [K]{Cldkgkn C Riykyk, 15 called to be an exit sub-region with respect
to F,ﬁf}izmkn and K(z) if for any xq € [K]i’fhzmkn, there exists T € R™ such that

(1) Xao,k(2)(t1) € Rigyhgeke, for t1 € [0,7);

(2) Xro,K(x)(tZ) € F]zﬁgz,..kn fOT’ lo=7;

(3) Xao,k(2)(t3) & Rigogerien, U F,g;,ian forts € (1,7 +¢) and ¢ € RT.

We can see that all trajectories of the closed-loop system & = g(z) + BK(x)
originating in the sub-region [K ]i’flk?”kn will leave Ry, k,..k, only through F, ,;fl%kn It
implies that if we can find a controller K'(z) such that all trajectories of the closed-
loop system & = g(z) + BK'(z) starting from Ry, ,..x, can reach the exit sub-region
(K ]i’szmkn in finite time, then the control of multi-affine systems with respect to the
exit facet F,glc,l@kn can be realized by using K (x) together with K'(x). That is, we
can first apply the controller K'(z) to the multi-affine system and then update the
controller to K (x) once the trajectories arrive in [K ]fﬁd@ ), - To implement this idea,
the following problems should be addressed.

Problem 1: how to find a controller K(z) to guarantee the existence of an exit
sub-region [K ]i’ldk?“kn? If there exists an exit sub-region [K ]i’ldhn_kn, how to compute
it?

Problem 2: how to design a controller K'(z) to drive all trajectories of the closed-

loop system starting from Ry, g,...r, towards [K ]i’ldk?_kn?

For Problem 1, we provide the following proposition.
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Proposition 5.1 Given a multi-affine control system ¥ : & = g(x) + Bu, a multi-

affine feedback controller K(x), a rectangle Ry, k,...k, and a facet F,gf,iy_kn of Riyky by s

there exists an exit sub-region [K]i’ldbmkn with respect to F]ﬂl‘fwkn and K(x) if

(1) 3w € V(FL%, 1)
n[g(w) + BK (w)] > 0; (5.5)
(2) Vv € V(R iyt \V(FLS, 1 ) YELE € F():
n? lg(v) + BK (v)] < 0; (5.6)

(3) Vo € Rijkyookey,

g(x)+ BK(z) # 0. (5.7)

Proof: We have n/¢[g(w) + BK (w)] > 0 at the vertex w € V(F,fiim,kn). Because
the vector field is continuous, there exist some points at the neighborhood of w that
have strictly positive vector field outwards Rg,g,..k, through F]gl‘ian Moreover,
(5.6) implies that the trajectories of the closed-loop system can not leave through the
facets whose vertices all satisfy the condition (5.6), and (5.7) implies there does not
exist an equilibrium point inside R, ,..k, .- We conclude that some trajectories of the
closed-loop system starting from Ry, ,...k,, Will leave through F; ,gj@ r, - Lhat is, there
is an exit sub-region [K]i’fk?--kn of Ry ky..k, With respect to F,ﬁl‘fﬁkn and K (z).

It intuitively states that there exists an exit sub-region [K ]fﬁdlmkn with respect
to F,ﬁf,;kn and K(x) if the multi-affine feedback controller K(z) is such that: (1)

there exists a vertex w on the exit facet such that the velocity of the closed-loop

system g(w) + BK (w) at w has a strictly positive projection along the outer normal
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of the exit facet; (2) for any vertex v which is not on the exit facet, the velocity of
the closed-loop system g(v) + BK (v) at v has a negative projection along the outer
normal of the facet containing v. (3) there does not exist an equilibrium point inside
Ry kyk, - Moreover, the exit sub-region can be computed by using the result of [94].
Thus, Problem 1 is solved. Then, we consider Problem 2. The following proposition

is introduced.

Proposition 5.2 (Control to a Fixed Point) Given a multi-affine control system
Y : & = g(x) + Bu, a rectangle Ry py..k, and a desired point x¢ € Ry gy, there
exists a multi-affine feedback controller K'(x) such that u = K'(x) and all trajectories
of the closed-loop system starting from Ry k,..k, remain in Ry g,..r, for all times
and converge to x¢ if for any w € V(Riykyk,), Ur(w) # O holds and there exists

u'(w) € Ur(w) such that x¢ is a unique point in Ry, jy..k,

g(zs) + B Z Aw(z ) (w) = 0. (5.8)

wev(Rk1k2-~kn)

Proof: Because Ur(w) # 0 for any w € V(Rp,k,.k, ), there exists a multi-affine
feedback controller such that all trajectories of the closed-loop system starting from
Ry gy, Temain in Ry ,..k, for all times by Lemma 5.2. Let u/(w) € Ur(w) be
the control input at w such that z is a unique point in Ry k,..x, satisfying (5.8).
Then, we design K'(z) = > Ao ()t (w). For all rectangle aRg, g,...x, , where

wev(Rklkzwkn)
a € [0,1], the vertex set V(aRykyk,) = {0w + (1 — o)z} It can be seen that
Ry, ok, 15 just a shrunken version of Ry, i,..r, by multiplying Ry, k,...k,, from xf by

the factor a. Thus, the velocity vector of closed-loop system at the vertex of a Ry, k. .k,

is just a-multiple the velocity vector at the corresponding vertex of Ry k,..k,. Since
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the vector field of the closed-loop system in all vertices of a Ry, .., is pointing inside
to ARy, ky..k,, there exist to > 0 and o € [0,1) such that xu x/(2)(to) € & Rikyeiky, -
Then, Xao,x/(2)(t) € & R iyeke,, for all zg € Rypyek, and t > to. Similarly, we obtain
Xzo, k() (t) € (&) Rpgy gk, for t > nty. Therefore, tlgg Xao,K'(2) (1) = Ty

It indicates that if we can construct a controller of the form v = K'(z) =

> Aw ()t (w), where ' (w) € Ur(w) # 0, such that x; is a unique equi-

WEV (R kg by,
librium point inside R, g,...%,, then all trajectories of the closed-loop system starting
from Ry, k,..k, are driven towards ;. This kind of multi-affine function K’ is called
a fixed point controller with respect to z;. By putting x; inside the exit sub-region
(K ]i’flkrkn, the fixed point controller yields a solution for Problem 2. Now, we are
ready to present the result on the control with respect to a desired exit facet.
Proposition 5.3 (Control to an Exit Facet) Given a multi-affine control system
Y 4@ = g(x)+ Bu, a rectangle Ry, j,..k, and a facet F,gf,l@_,kn of R ky-k,,, there exists
a feedback controller such that all trajectories of the closed-loop system starting from

Ry ko, are driven only through F,gli,zkn in finite time iof any of the following two

conditions is satisfied:
(1) Ug(w) # O holds for any w € V(R kb, );

(2) Ug(w) # 0 does not hold for any w € V(R ky..k,) and there exist 5 € Ry, py. .k,

U'(z) is a fized point controller with respect to xy.

Proof: As for condition (1), it obviously guarantees the existence of a controller

with respect to an exit facet according to Lemma 5.3. As for condition (2), because U’
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is a fixed point controller with respect to x ¢, all trajectories of the closed-loop system
& = g(z) + BU'(x) starting from Ry, j,...k, Will converge towards z;. Moreover, there
is € € RT such that B.(zy) C [U ]i’fk?”kn, where [U ]ildekn is an exit sub-region with
respect to F ,zf,izmkn and U(z). By using the state-based switch multi-affine feedback
controller U'oU(x) (w.r.t. z; and €), all trajectories of the corresponding closed-loop
system starting from Ry, j,..r, Will exit only through F; ,‘671312 x, 10 finite time.
Proposition 5.3 provides two different ways to drive the trajectories of the cor-
responding closed-loop system starting from Ry, g,..x, to exit only through a desired
facet. Ome (condition (1)) is based on the result of Lemma 5.3 and the other (con-
dition (2)) is based on the exit sub-region. Thus, the proposed control method for
an exit facet covers more classes of systems than those are addressed in [81, 82]. We
call the multi-affine function or the state-based switch multi-affine function U which
drives all trajectories of the closed-loop system starting from Ry k,..r, to exit only
through F; ,glc,;kn as an exit controller with respect to F’ ,glc,l@ k- Such an exit controller

can be obtained by the following algorithm.
Proposition 5.4 Algorithm 1 is correct.

Proof: From the definition of UIZ%kle.u and Proposition 5.2, we have U]%klkgmkn is a

kn

fixed point controller with respect to z’. In addition, there exist ¢ € R* and a unique

point @’ € Ry, yi, 8-t g(z') + BU} (z') = 0 and B.(2) C [Uﬁkmmkn]j’d. Then,

kikg---kn

Proposition 5.3 implies that Up, o Uf - wrt. 2’ and ¢ is an exit controller

for F; Igltian On the other hand, Proposition 5.3 further implies that U ]Eklk?”kn is an

exit controller w.r.t. F; ,zlcll@kn Therefore, Algorithm 1 is correct.
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Algorithm 1: Synthesis of Exit Controllers

=

[, B N M

10

11

12

13

14

15

16

17

18

19
20

21

input : a multi-affine control system X : & = g(x) + Bu, a rectangle Ry, p,...k,,,
a facet F,ﬁf,izmkn of Ryykyk, and |u| < .

output: an exit controller with respect to F] ]g;iT“kn'

Let V(Rkll@kn) = {wj | J=12-- 72n};

if Ug(w;) #0 for any w; € V(Riyn,) \ V(FLS, ). ) then

if V1 =0 then

U= {{Ug, ..., (W) | j=1,2,-- 2"} |

U}?klk2~-kn <wj) € UE<wj) /\‘ . 1; ) )\wj(x
j: gyt n

x € Rk1k2~--kn};

if Uy # () then

7j=1,2,... 2"
.j: 1a27"' 72n} € U17

kn
j7d .
Fklkz"-kn’

=

if V; C {1,2,---,2"} then

Us == {{Ug, o, (05) | 7 =1,2,-+- 2

Uiy Wi) €Ur(w) AL 30 Ay
=12, ,2n

T € Riykyky };

if U; # 0 then

Us == {Uk, ... (W) | 1 =12,

U? (wm)] >0A w; € V(Rklkz

Ry kg kon,

j:1727"' ’2"’

if Us # () then
for any {Ulg%klk2mkn (w.7> ‘ j = 1

U%klkgmkn (x) = Z )\w]'

j:132"" ’271

and U, (2);

for any (U}, ., (w)|J

Uty (®) = 22

j:172"" ,27L

then

The state-based swit

3 2
URklkgmkn © URk1k2»-»kn

j7d
controller for Fj} .

Obtain the exit sub-region [U}, ,  ]*

Vie={je{l,2,---,2"} | Up(w;) = 0, w; € V(Ripym) J5

wj € V(Rpykyok, )/
Why s Wl < 1,

Ull%klk?“kn (.’,U) = Z )\wj (I‘)Ul{zklkan (w])7 Where {U}l%klkgkn (w])‘

The multi-affine function U }%klk?” is an exit controller w.r.t.

if Ur(wj) # 0 for any w; € V(Riyky-k,,) then

"} w; € V(Rpyky,) A

J (x)UI%kle...kn (wJ)’ S 777

2} | wg(w) + B
kn) A U]%klk?‘_k"(wl) €

UE('LU[) A ‘ Z )\’LU]' (l’) XUI%kaQ.“kn (wj>| S n,m S ‘/1’
l e {1,2, .. ,2"} \ Viand z € Rk1k2~~-kn};

2, ,2"} € Uy do
(U, ,, .. (0)

4 w.r.t. F,‘gi?”kn
=1,---,2"} € Us do

)\wj (x)U?ikle...kn (w3)7

if 3e € R™ and a unique point ' € Ry ky...k, S-t.
g(@') + BU]?_’zkle_'_kn (') =0 and B:(2") C [Uéklk?_'kn]md

ch multi-affine function
w.r.t. ' and € is an exit

n
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5.3 Bisimilarly Abstracted Discrete Event System

The control of multi-affine systems on rectangles enables the construction of a finitely
abstracted transition system for the multi-affine system. Here we assume that any
initial state of the multi-affine system is inside the rectangles and the duration that
the trajectories stay on the boundary of the rectangle is ignored. These assumptions

result in no loss of generality since they always hold in the implementations.

Definition 5.6 Given a multi-affine control system ¥ :& = g(x)+ Bu and a rectangle
set & generated by rectangularly partitioning the state space, the abstracted transition

system of ¥ associated with &, denoted as Sx¢, is a tuple
Sz = (Xe, Ug, —¢, Xeo, Xome)
o Xe=§= X,
o Uy = {URkle---kn | URy 1y 15 @ multi-affine function or a state-based switch

multi-affine function, Rg ky..k, € £};

U
Bl kg kn

® Riikyk, ¢ Biiwyrr, if any of the following two conditions is satisfied:

(1) Riykyok, = Rijiyny, holds and for any w € V(Rypyek,), Ur(w) # 0 and

URk1k2~~kn (w) € Ul(w)-

y P ]7d
(2) Rk1k2...kn 7& ngkgk; wzth thz---knmRk’lk’Q---k; = Fk1k2~~~kn hOldS and URkleMkn

1s an exit controller with respect to Flgc,i ko
1R2 n

o Xeo = {Riykykn € & | Riyhyk, contains an initial state of the multi-affine

control system}.
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An abstracted transition system is a finite state system, therefore it facilitates
controller synthesis for finite-state requirements while accommodating to infinite-state
dynamics. Next, we investigate the relationship between the abstracted transition

system and the regular transition system of the multi-affine control system.

Theorem 5.1 Given a multi-affine control system % : & = g(z) + Bu, a rectangle set
& generated by rectangularly partitioning the state space and a rectangular projection
map g defined by &, there exists a bisimulation relation ¢1 such that Sx ¢ =4, Ssg-

Proof: Consider ¢ = {(Rikykyt,,T) | © € Rpyhgeky, t- For any (Rygyk,, T) €

U
R kg -kn,

¢ if there is a transition Ry, k,..k, ¢ Rijky.ky,, we have the following two

. id .
cases: (a) Ryt 7 Bitiyodr, with FLG 1 = Riykyedn N Rijgyny, - According to

the construction of Ss, there exists a controller Ug, . ., such that all trajectories

kn

of the closed-loop system @ = g(x) + BUg, , ., (v) starting from Ry, ..k, are driven

only through Flgf,irkn. Then, for any v € R k,..k,, there is ©' € Ryt wy ke, such that

URi, oy oo,
g ke o o' and (Rk;k;mk;,l") € ¢. (b) Rinyok, = Rypykr, - The controller

URy sy Satisfying Ur, . . (w) € Ur(w) # O for any w € V(Ryky-t,) drives all
trajectories of the closed-loop system & = g(:l?)—{—BURklkan (x) starting from Ry gy,

to remain in Ry, ky..k, for all times [81]. Therefore, there exists ' € Ry, g,...k, Such that

URy jos...
p e, @ @' and (Ry .1y, ') € . Moreover, the definition of X¢o indicates that

for any Ry iy, € Xeo, there exists x € Xgo such that (Riky. i, ) € ¢. Similarly,

. . . URy oy o,
we can prove that for any (z, Rgky-k,) € ¢, if there is a transition v ———¢ ',

URkle-ukn

then we have Ry, ky..k, ¢ Buypyny, such that (2', Ry ) € oL As aresult,

Sy Fpup-1 Sx.@-



118

5.4 Controller Synthesis

This section provides a bisimulation-based approach for the controller synthesis of

the multi-affine system with respect to temporal logic specifications.

5.4.1 Linear Temporal Logic

The syntax and semantics of linear temporal logic (LTL) formulas over the words of

the transition system are introduced [95].

Definition 5.7 An LTL formula over 11 is recursively defined as
o Fuvery proposition m € 11 is a formula.

o If p1 and py are formulas, then o1 N\ sy, @1, op and p1Ups are also formulas.

Definition 5.8 The satisfaction of an LTL formula ¢ at position 1 = 1,2,3,--- of

the word W, denoted by W (i) E ¢, is recursively defined as

W) Er, if m e W(i);

W (i) E, if W (i) ¥ ¢, where ¥ denotes the negation of ;

W(E)Eop if Wi+ 1) E ¢;

W) E w1 A s, if W(i) E @1 and W (i) E @y

W (i) E o1Ua, if there exists j > i such that W(j) E @9 and for alli < k < j

we have W (k) E ¢.
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If W(1) F ¢, we say that the word W satisfies ¢, written as W F ¢. The symbols
A and 7 stand for conjunction and negation. The other Boolean connectors V (dis-
junction), = (implication), and < (equivalence) are defined in the usual way. The
temporal operator o is called the next operator. Formula oy specifies that ¢ will be
true in the next step. The temporal operator U is called the until operator. Formula
p1Upy means that ¢; must hold until ¢y holds. Two additional operators, “eventu-
ally” and “always” are defined as {p=trueld¢ and Op=""p. Formula (¢ means
that ¢ becomes eventually true whereas [y indicates that ¢ is true at all positions of
W. This set of operators can be employed to express many interesting specifications
such as system synchronization [17] and obstacle avoidance (See Example 5.1).

It is well known that a linear temporal logic formula ¢ over a proposition set
IT can be effectively converted into a Bichi automaton which accepts every infinite

string over II satisfying ¢ [96]. This kind of Biichi automaton is described as follows.

Definition 5.9 Given a linear temporal logic formula ¢ over a proposition set 11, the

Biichi automaton with respect to ¢, denoted as B, is a tuple
Bcp = <B7 BO? 2H7 —B, Bm)

e B, By C B and B,, C B are finite sets of states, initial states and marked states

respectively;
o 2 is an input alphabet;

o —3C B x 2" x 2B s a transition relation.
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5.4.2 Supervisor Synthesis

Since the abstracted transition system Sy, is bisimilar the rectangular transition
system Sy g, if there exists a supervisor (discrete controller) S. for Sy enforcing
temporal logic specifications, then such a supervisor also works for Sy g, i.e., the
implementation of S, drives the multi-affine system to fulfill temporal logic speci-
fications. Thus, we focus on the synthesis of S.. In particular, the supervisor S,
can restrict the behaviors of Sy ¢ which fail to satisfy the LTL specifications. This
observation motivates us to construct S, by working with Sy ¢ and B,. Hence, we
introduce the notion of product automaton. Given a proposition set II, the label
function L : & — 2! assigns each rectangle a set of atomic propositions satisfied by

this rectangle.

Definition 5.10 Given an abstracted transition system Sy, ¢ =(X¢, Ue, —¢, Xeo, Xine),
a Biichi automaton B, = (B, By, 2", —p, By,) and a label function L : Yy — 21, the

product automaton of Sy ¢ and B, denoted as Ss ¢ X4 By, 1s a transition system

SE,{ XA Bga = (A> UA7 A, AO: Am)

° A:X§XB,'
L UA:UE;

u /AR NAN u / L(mé) /
o (w¢,b) —a (2, V) iff ve —¢ xp and b ——p V;

o Ay={(ze,b) € Xeo x B | (3bo € Bo) by P b}

Am: mé X Bm



121

The result provided by [97] indicates that if we can design a supervisor S, such
that the supervised system S.||Sx ¢ is bisimilar to Sy ¢ X4 By, then S.||Sx ¢ satisfies
the LTL formula ¢. In fact, S, is a bisimilarity enforcing supervisor for Sy ¢ and

Ss.¢ Xa B,. The existence condition of S, is stated as below.

Theorem 5.2 Given a rectangular transition system S, g and a product automaton
Ss.e Xa By, there exists a supervisor S, for Sy, g such that S.||Sx,q = Sxe X4 B, if

Sg,g XA B<P 7& @

Proof: Since Sy ¢ x4 B, # 0 and any event in Sy ¢ and Sy g is controllable, let
Se = Sye Xa By, It is known that Sy ¢ x4 B, < Sy and Sy is deterministic.
Then, S.||Sse = (Sse Xa By)||Sse = Sy e Xa By,. Moreover, Theorem 5.1 indicates

Szj,g = SgQ. ThU.S, SCHSZ,Q = ScHSE,g = Sg,g XA Bg&-

Remark 5.1 Theorem 5.2 is constructive since if Sx¢ Xa B, # 0, we can build

Se = Sx e X4 B, as the supervisor to achieve the LTL formula .

5.4.3 Implementation of Supervisor to Multi-Affine Systems

Let S, be a supervisor which enforces the satisfaction of temporal logic specifications
with respect to Sy . Then, we discuss the implementation of S. to the multi-affine
system. Let Rk1k2kan’1kék% --- be a string in L(SC|’SE7Q> and Rklkz'"anRklemkn

R ik Ur -+ be the corresponding transitions. To realize Ry, py...k, Brry. .kt =+

we can apply the controller Ug, , . () to the multi-affine system as long as = €

Ry kyk,- When and if x ¢ Ry g,..k,, the string is updated to Rk:gkgmk;, then the
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process continues. Therefore, the implementation of S, drives the multi-affine system

to satisfy temporal logic specifications.

Iriz lpa
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Figure 5.1: Rectangularly Partitioned State Space (Left) and Abstracted Transition
System Sy, ¢ (Right)

Now, we present an example to illustrate the proposed methodology.
Example 5.1. Consider a path planning example, where a robot with detec-
tion and positioning capabilities moves inside a rectangular region [0, 3] x [1,4]. In

particular, the robot system takes the form of the following differential equation

.1:1 —6.’13'1 + T2 + 122 1
T = = + u (5.9)

.'L:Q 31‘1 — 2.T2 + T1T2 4
where x is the position of the robot and w is the control input. The rectangular
region is partitioned into 9 small rectangular sub-regions with respect to the coor-
dinates (Fig. 5.1 (Left)). Let Rs3 be a dangerous sub-region and R;3 be a goal

sub-region. Thus, for each sub-region we define the label function L: L(Ra3) =

{Danger, 'Goal}, L(Ry3) = {"Danger,Goal} and L(R;) = {"Danger, '"Goal} (i =
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11,12,21,22, 31, 32,33), where Danger represents the dangerous sub-region and Goal
represents the goal sub-region. In this example, the specification is to eventually go to
the goal sub-region ({Goal) while avoiding the dangerous sub-region (O"Danger).
Such an obstacle avoidance specification can be naturally expressed by the linear

temporal logic formula : O Danger A $Goal.

y Ny
Ny B Ryl
" Demger ».Goal 3 et >
N = 2 Rj1.1 e Ry, 1 sic: Ryz,1 ey R;3,2
I:L\ I UR2|1 Rri3
R3 R]],] RH\» DR12
[ Trod Ryl Ugi1

Figure 5.2: B, (Left) and Sy ¢ x4 B, (Right)

To achieve the specification, we first explore the control of the robot on sub-
regions. Take R;s as an example. If we would like to control the robot to exit from R,
to Ry3 through the facet Fé.’;;, then Ug(1,3)={v | [0,1][-6+3+3+v,3—6+3+4v]" >
O0A[L,0][-6+3+3+0v,3—-6+3+4v]" <0}={v >0Av < 0}= 0. Obviously,
such a controller does not exist according to Lemma 5.3 [81, 82]. However, by using
the proposed method in this chapter, we can obtain a controller for the exit problem.
Here we assume the accuracy limitation ¢ = 10~* and the control limitation |u| < 107.

By Algorithm 1, we can design a state-based switch multi-affine controller:

[R12 © UR12 (ZL’) =

to drive the robot to exit only through F 12%’1; Similarly, for each sub-region
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Ryn(m,n = 1,2,3) we can establish the controllers that steer the robot from R,,,
to its neighborhood sub-region (Algorithm 1) or to be invariant (Lemma 5.2) in R,
respectively. Thus, an abstracted transition system Sy ¢ is constructed, as it is shown

in Fig. 5.1 (Right).
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Figure 5.3: Simulation Results

On the other side, we convert the LTL formula ¢ to a Biichi automaton (Fig. 5.2
(Left)) and then establish the product automaton Sy ¢ x4 B, (Fig. 5.2 (Right)). We
design Sy, ¢ X 4 B, to be the supervisor for Sy ¢. After the implementation of Sy ¢ x 4 B,,
to the robot system, the controlled system achieves the LTL formula ¢. Moreover,
the simulation results of two feasible paths initializing from R3; and satisfying ¢ are

shown in Fig. 5.3.

5.5 Conclusion

This chapter provided a bisimulation-based approach to controlling the multi-affine

system for temporal logic specifications in a rectangularly partitioned state space.
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Two novel methods were derived to control the multi-affine system on rectangles. One
is based on the exit sub-region to drive all trajectories starting from a rectangle to
exit only through a facet, which enlarges the classes of control systems in the context
of existing literature [81]. The other provides a solution for the convergence problem
by stabilizing the multi-affine system towards a desired point. With the proposed
control methods, a finitely abstracted transition system was constructed and it was
shown to be bisimilar to the rectangular transition system of the multi-affine system.
Therefore, the controller synthesis for the multi-affine system to enforce the temporal
logic specification can be achieved by designing a bisimilarity enforcing supervisor for

the abstracted transition system and then mapped into continuous control signals.
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Chapter 6

Conclusions and Future Works

This thesis investigated the controller synthesis for bisimulation equivalence with re-
spect to both discrete event systems and continuous systems. For discrete event sys-
tems, bisimilarity supervisory control has been studied under centralized, decentral-
ized and distributed frameworks, respectively. For continuous systems, a bisimulation-
based approach has been proposed to control a class of nonlinear systems for temporal
logic specifications.

The main contributions of the thesis are described as follows.

e A systematic way was presented for bisimilarity supervisory control with respect
to the most general case which allows the plant, specification and supervisor
to be nondeterministic. Specifically, we proposed the notion of synchronous
simulation-based state controllability as the sufficient condition for the existence
of a bisimilarity enforcing supervisor. When the existence condition holds,

a bisimilarity enforcing supervisor can be effectively constructed. When the
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existence condition does not hold, the synthesis of achievable sub-specifications

has been further explored.

We investigated bisimilarity supervisory control for deterministic specifications.
The notion of synchronous simulation-based controllability was introduced as
the necessary and sufficient condition for the existence of bisimilarity control
with respect to deterministic specifications. This condition can be checked
with polynomial complexity. Moreover, the synthesis of supremal synchronously

simulation-based controllable sub-specifications has been studied.

Bisimilarity supervisory control has been extended from centralized framework
to decentralized framework. A novel automata-based structure was proposed for
decentralized bisimilarity control, under which three architectures, a conjunctive
architecture a disjunctive architecture and a general architecture, were built
up according to different decision making rules. For these three architectures,
necessary and sufficient conditions are provided for the existence of deterministic
decentralized bisimilarity control, respectively. The synthesis of achievable sup-

specifications was further developed.

We studied bisimilarity control of distributed discrete event systems which con-
sist of multiple interacting local modules. A sufficient condition was stated
for the existence of distributed bisimilarity control. When the given specifi-
cation satisfies this condition, a set of local supervisors enforcing bisimilarity
can be constructed. Otherwise, we explored the calculation of achievable sub-

specifications to enable the existence of distributed bisimilarity control. In
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particular, we focused on deterministic supervisors. The notion of separable
controllability was introduced as the necessary and sufficient condition for the
existence of deterministic distributed bisimilarity control. In addition, the syn-
thesis of infimal sup-specifications was investigated. The comparisons of our

results with the centralized monolithic ones were presented as well.

e A unified and automatic control framework has been proposed to control of a
class of nonlinear systems for temporal logic specifications. It provides not only
a tighter connection between continuous dynamics and discrete dynamics but
also a practical complexity for implementation. A novel control method based
on exit sub-regions has been established for controlling the system on rectangles.
It enlarges the class of systems which possesses bisimilarly abstracted models.
Furthermore, the calculation of bisimilarly abstracted systems is not expensive,

involving polyhedral operator only.

This thesis may represent an interesting step towards the controller synthesis for
bisimulation equivalence and its application to achieve temporal logic specifications.
Here, the work on bisimilarity control of discrete event systems is limited to the class
of plants with all events are observable. Although it is true in lots of engineering
systems, in some applications, e.g. a lack of measurement, only some of the events
are observable. Therefore, bisimilarity enforcing supervisor should be developed in
such a way that bisimulation equivalence can always be achieved irrespective of par-
tial observation. Moreover, decentralized bisimilarity control proposed in this thesis

concerns with supervisors without communication. By establishing new communica-
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tion architectures, it is possible to allow the interaction among supervisors to resolve
ambiguities and determine correct control actions. This would be important for the
applications with limited sensing and actuation of the events.

Furthermore, bisimilarity control could be extended to deal with more general
systems, such as polynomial dynamics [98] through a relaxed notion of bisimulation.
Another interesting direction is to incorporate the time information into the spec-
ification. In this case, based on Metric Temporal Logic (MTL) specifications [99],
the occurrence time of the events can be characterized, with its great application to
task optimization emerging in manufacturing systems, cloud computing, smart grids,

transportation, parallel computing, multi-processing, and distributed process control.
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