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Summary

Chapter 1 will review the background of linear orders and tree orders.

Chapter 2 will review and generate the results on transformation under MA,,
mainly coming from [1]. In particular, we prove that, under M A, , coherent and

Countryman are two equivalent conditions.

Chapter 3 will investigate the transformation from a R-embeddable coherent tree to
a Countryman line. We first show that every Countryman line has a R-embeddable
partition tree and explain the necessity of R-embeddability. We then show that
for any countable linear order O that cannot be embedded into Z, it is consistent
to have a R-embeddable coherent tree T C O<“* which contains no Countryman
suborder (with its lexicographical order). This gives a negative answer to the
question whether there is a transformation from R-embeddable coherent trees to
Countryman lines. In chapter 3, we will also give an equivalent formulation for a R-
embeddable coherent tree T' to contain a Countryman suborder X — T’y is a subtree
of some R-embeddable coherent 7" C Z<“'. As for the problem of containing
Countryman suborder, a condition under which an R-embeddable coherent tree is

Countryman (with its lexicographical order) is also discussed in chapter 3.

vil



Summary viii

Chapter 4 will discuss several properties related to the transformation from Coun-
tryman to coherent. As a particular case, we show how a small part of a partition
tree of some Countryman line affects a large part of the partition tree. We also
show how different Countryman types affect the minimal size of basis for Coun-
tryman lines. We expect that the properties found in this chapter may lead to

interesting applications.



Chapter

Introduction

The notion of a linear order is a useful concept and plays an important role
in mathematics. The theory of linear orders was first systematically studied by
Cantor (Cantor, 1895) when he proved that @Q is the unique countable dense lin-
ear order without endpoint. Since then, the class of countable linear orders has
been well studied. There are some very pleasant and deep properties of countable
lines: Laver’s theorem (Laver, 1971) — the class of countable scattered orderings
is well-quasi-ordered under embeddability; the class of countable orders admits a
2-element basis — every countable line contains a subline of type w or w*; Universal
object (Cantor, 1895) — every countable line can be embedded into Q; etc. So
the next natural step is to attempt to develop a similar structure theory for linear
orders of the next cardinality — N;.

As we can see, well ordering wy, its reverse w; and uncountable subset of real num-
bers are uncountable lines, but there are more. Kurepa (Kurepa, 1935) first sys-
tematically studied trees and their connection to lines, using lexicographical order
to get a line from a tree and partition tree to get a tree from a line. Then Aron-
szajn (Aronszajn, 1935) constructed an uncountable tree (which is today called

Aronszajn tree) and its lexicographical order contains no suborder isomorphic to
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wy, w} or uncountable set of reals. It has been also observed (see, for example, S.
Todorcevic, 1984) that every Aronszajn line — uncountable line with no suborders
of type wi, wi or uncountable set of reals — is isomorphic to a lexicographically
ordered Aronszajn tree.

The structure of w; and wj is very clear. For uncountable sets of real numbers,
Baumgartner showed in (Baumgartner, 1973) that PFA implies that any two ¥4
dense subsets of reals are isomorphic. Hence, under PFA, a strong structure theory
for sets reals of size N; follows: well-quasi-ordered, one element basis, universal,
etc. However, similar problem about Aronszajn line was not clear until recently.
This chapter will historically introduce a subclass of Aronszajn linear orders, called
Countryman lines and the corresponding class of coherent trees (their lexicograph-
ical order — coherent line — too). Moreover, we also present some results charac-

terizing the Countryman line using coherent trees.

1.1 Countryman lines and coherent trees

Even after the method of partition trees and lexicographical orders was introduced,
the structure of Aronszajn line remained still not clear enough to solve problems
like, for example, the basis for Aronszajn lines. In 1970, R. Countryman asked
whether there is an uncountable linear order whose cartesian square is a countable
union of chains. Such a linear order is today known as Countryman line and it
is noticed by Countryman himself that every Countryman line is an Aronszajn
line. Then Shelah in [9] constructed the first example of a Countryman line and
pointed out that a Countryman line and its reverse have no uncountable isomorphic
suborder which means that any basis for Countryman lines and hence Aronszajn
lines must have at least 2 elements. Shelah then conjectured that it is consistent

that Countryman lines serve as a basis for Aronszajn lines and moreover that it is
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consistent to have a 2-element basis for Countryman lines — a Countryman line C'

and its reverse C*.

Shelah’s conjecture remained out of reach until S. Todorcevic in [5] introduced
his method of minimal walks on ordinals and used it to produce a number of
concrete trees and lines that are both Countryman (with their lexicographical
orders) and coherent (any 2 elements are different at only finite many places as
functions). His paper [4] makes this connection even more explicit by building
a deep structure theory of Aronszajn and coherent trees valid under PFA. Then,
building on this, J. Moore in [6] proved that PFA gives a positive answers to both
of the two conjectures of Shelah. In his theorem, the two Countryman lines that
form the basis for the class of Aronszajn lines are also coherent and in fact the

coherence plays an important role in his proof.

Besides the solution to the basis problem for Aronszajn lines, Countryman lines and
coherent trees are useful in other problems. For example [§], J. Moore has used
Countryman lines to construct (under PFA) a universal Aronszajn line — every
Aronszajn line can be embedded into it (an analogue to the role of Q in the class
of countable lines). In [21], Martinez-Ranero proved (under PFA) the analogue of
Laver’s theorem in this context, stating that the class of Aronszajn lines is well-
quasi-ordered under embeddability. Countryman property and coherence property
have other important usages too, e.g., partition problems solved in [5], L space
problems solved in [7], etc.

All above mentioned papers (and almost all papers about Countryman lines or
coherent trees that I know) use Countryman (or coherent) lines that are both
Countryman and coherent. Therefore, a nature question arises: are they the same?

The question actually has two sides:

1. is every Countryman line coherent?
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2. is every coherent lind'] Countryman?

The answer to each question should give us a better description of both Country-
man lines and coherent trees and lines, and moreover, it should direct us towards
a new direction for further research and application of Countryman lines and co-

herent trees.

1.2 Transformations under M A,,

As we know that every partition tree of a Countryman line is an Aronszajn tree.
However, Aronszajn is not enough to describe the Countryman property, since for
example, Countryman line is preserved by forcing which preserves w; while Aron-
szajn may be not. Here we choose the coherent property to characterize Country-
man and investigating the deep connection between them. One motivation is that
there are some earlier results on transformation between Countryman lines and
coherent trees.

First, S. Todorcevic in [5] showed that trees with properties w-ranging (i.e., ev-
ery element of the tree is a function from some ordinal to w), coherent (i.e. the
difference of two functions is finite) and finite-to-one (i.e. the pre-image of any
element is finite) can be transformed into Countryman lines (i.e., the tree with
its canonical lexicographical order is Countryman). However, these properties are
very strong and it is not likely to be invertible. Then J. T. Moore in [6] showed
under PF'A that every Aronszajn tree contains an uncountable subset that is a
Countryman line with its lexicographical order. His proof uses a part of the Proper
Forcing Axiom whose consistency needs some large cardinal assumption. Recent-
ly, S. Todorcevic has done more research on coherent trees and given a clearer

description of the transformation under M A,, which is equiconsistent with ZFC.

'The coherent line mentioned here should be R-embeddable.
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In [I], he proved that every special coherent Aronszajn tree is a Countryman line
with its lexicographical order. Together with a well known fact that under M A, ,
every Aronszajn tree is special, we can observe the transformation from the co-
herent tree to Countryman line, i.e., under M A,,, every coherent tree with its
canonical lexicographical order is a Countryman line. This result is highly use-
ful for providing important information on transformation from coherent tree to
Countryman line. There is also an unpublished S. Todorcevic’s result whose idea
can also be found in [I]: every Countryman line has a Lipschitz partition tree.
Lipschitz mentioned above is a property for trees introduced by S. Todorcevic and
in [I] he proved that under M A, , every Lipschitz tree has a lexicographical order
which is coherent, i.e., for any Lipschitz tree, there is a coherent tree which is tree
isomorphic to it. The above mentioned two results give an important contribution
on transformation from Countryman lines into coherent trees, i.e., under M A, ,
every Countryman line is isomorphic to an uncountable subset of some coherent
tree with its lexicographical order. This gives a clear description between coherent
trees and Countryman lines under M A,,, and gives a natural guessing that this
may be true in ZFC. However, the above results are still limited to some forcing
axiom which is independent of ZFC and neither transformation is known in ZFC.
One major difficulty in studying the transformation between linear order and tree
order is that the transformation needs the lexicographical order which means tree
isomorphism cannot describe the linear structure and what we need is lexicograph-
ically isomorphism(i.e., preserves both tree order and linear order) which is not

well studied.
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1.3 Objectives

In view of the previous review, the following gaps still exist in the study on trans-
formation between Countryman lines and R-embeddable coherent trees:

1. Whether R-embeddable is necessary.

2. The transformation between Countryman lines and R-embeddable coherent
trees under ZFC.

The transformation exists by assuming some additional forcing axiom, and this can
decide the consistency of the transformation. But the transformation without any
additional axiom is still unclear. So to see the whole picture of the transformation
between Countryman lines and R-embeddable coherent trees, we still need to find
whether it is a consequence of ZFC or its negation is consistent.

The main aims of this study were:

1. to summarize and give a complete description of the transformation between
Countryman lines and R-embeddable coherent trees under M A,,,.

2. to investigate whether R-embeddable is necessary.

3. to investigate the transformation between Countryman lines and R-embeddable
coherent trees in ZFC.

4. to investigate several properties of Countryman line and coherent tree for better
understanding and further research.

Chapter 2 proves the existence of the transformation under M A, which completes
aim 1. Chapter 3.1 proves the necessity of R-embeddability which complete aim 2.
Chapter 3.2 constructs different models that provides different relations between
Countryman property and coherent property and some model contains a coherent
line which cannot be transformed to a Countryman line. This completes one side
of aim 3. Chapter 4 investigates the size of basis for Countryman lines. All chapter
are related to aim 4.

The results of this study may contribute to a better understanding of relations
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between Countryman lines and coherent trees. Also, result on connection between
R-embeddable and ranging type for Countryman may give a new view on different
type of Countryman lines, i.e., how simple can a countable linear order O be such
that the Countryman line can be partitioned into a R-embeddable O-ranging tree.
It is understood that besides R-embeddable coherent trees, there are some other
kinds of interesting coherent trees, for example, Souslin coherent trees, which can
be transformed into a Souslin line and there might be some deeper connection be-
tween these tree orders and linear orders. But since they cannot be transformed

into Countryman lines, they are beyond the scope of this study.

1.4 Preliminaries

Definition 1. An uncountable linear ordering L is Countryman (or say a Coun-
tryman line) if its square is a countable union of chains under product order, i.e.,
there is a partition

c:L* s w
such that for any (a,b), (a’,V'), if ¢(a,b) = c¢(a’, V'), then a < a’ — b < V.

Definition 2. (1) A partial order (7, <r) is a tree order if the set of predecessors
of each element is a well order, i.e., for any = in T, predr(x) ={y € T : y < x}
is a well order. In this case, call T (or (T, <7)) a tree.

(2) If (T, <r) is a tree order, x is in T, the height of x in T (written as htp(x)
or ht(z) if there is no confusing) is the order type of predr(z), i.e., the ordinal
a such that («, €) is isomorphic to (predr(z),<r). The height of T is ht(T) =
sup{ht(z) +1: 2z € T}. The a-th level of T is T,, = {x € T : ht(zr) = a}. Also
some notation: T' [,= ﬂgaTg, T'={xeT:t<rz}and for « < ht(x), x [, is the

y € T, such that y <p z.

(3) If (T, <7) is a tree, we say T has unique limits if for any =,y € T such that
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ht(x) = ht(y) is a limit ordinal, z = y iff predr(z) = predr(y) P

(4) If (T, <r) is a tree, we say x,y € T are incomparable (written as = L y) if
z L1 y ANy %r x, otherwise they are comparable (written as x £ y); for X C T', we
say X is a chain of T if any two elements of X are comparable; for Y C T, we say
Y is an antichain of T if any two elements of Y are incomparable; b is a branch of
T if b is a maximal chain.

(5) For a tree T" which has unique limits and two elements z,y in T, Ar(x,y) =
max{a < ht(z),ht(y) : & o=y o}, simply use A(z,y) if there is no confusing.
(6) A tree (T, <r) which has unique limits is an Aronszajn tree if ht(T) = wy, T,
is countable for any a < w; and T has no uncountable branch fJ

(7) For any Aronszajn tree T'and X C T, say X is special if X is a countable union
of chains [

(8) For any tree (T, <r) a lexicographical order <., (or written as <; or <;7) of T
is a linear order such that for any z,y € T, x <j, y iff

(a) z <py or

(b) x,y are incomparable and = [A(z,y)+1<iex ¥ [A@y)+1-

Notation: (1) Recall that every Aronszajn tree in this thesis has unique limits.
(2) Every Aronszajn tree in this thesis is one-rooted | So when we mention a non-
one-rooted Aronszajn tree T, we assume T has already been changed into 7" where

Ty is a singleton, T}, ., = T, for n <w and T, =T, for a > w.

Definition 3. (1) For any two partial orders (A, <4) and (B, <p), we say A is
B-embeddable (or say A can be embedded into B) if there is a mapping 7 : A — B
such that

Ve,ye Ax <ay— 7m(z) <pg m(y).

2This definition comes from [15].

3 Although in some paper Aronszajn tree is also defined for trees which doesnot have unique
limits, in this thesis, Aronszajn trees are restricted to trees which has unique limits.

4“When X equals T, this definition agrees with the usual definition of “T is special”.

5T is one-rooted if Ty is a singleton.
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(2)Two trees (11, <7,), (Ts,<r,) are tree isomorphic (also called isomorphic) if
there is a bijection 7 : T} — T5 that preserves the tree order, i.e., x <7, y implies
n(z) <r, m(y) for any x, y in T}; two trees with lexicographical orders (7%, <p,
s <tex1)s (T, <ty <iex2) are lezicographically isomorphic if there is a bijection from

Ty to Ty that preserves both tree order and lexicographical order.

Remark: <t denotes the tree order and <., (or <; or <;7) denotes the lexico-

graphical order as long as there is no confusing.

Definition 4. (1) For any linear order O, we say an Aronszajn tree T is O-ranging
if T is a subset of O<“1.

(2) For any linear order O, a lexicographically ordered tree (T, <r,<;) is O-
branchingif for any t € T, (sucer(t), <;) can be embedded into O, where sucer(t) =
{s:ht(s) =ht(t)+ 1At <p s}

Remark: O-ranging tree is also O-branching.
As in this thesis we do not need to differ two lexicographically isomorphic trees,
from now on we assume every lexicographical ordered Aronszajn tree is a subset

of Q<“* and the lexicographical order is the canonical lexicographical order.ﬂ

Definition 5. (1) A lexicographically ordered Aronszajn tree T is coherent[] if T
D,, = {a < dom(z),dom(y) : x(a) # y(a)} is finite for any z,y € T. Assume
dom(z) < dom(y), we use & ="y [4om(z) to denote above property.

(2) A line is coherent if it can be embedded into the lexicographical order of a

coherent tree.

Definition 6. (1) For an Aronszajn tree (7, <r), we say a subset 1" is a downward

closure subtree of T if there is a X C T such that 7" = Tx where Tx = {t € T :

6For s € Q%,t € Q, the canonical lexicographical order between them is s <; ¢ if (1) s C ¢ and
s#£tor (2) s(A(s,t)) < t(A(s,t)) and A(s,t) < min{«, 5} where A(s,t) = min{{ : s(§) #t(§)}.

"Since we don’t differ lexicographically isomorphic trees, an Aronszajn tree is coherent if it is
lexicographically isomorphic to some coherent tree.



1.4 Preliminaries

Jdr € X t < z} and the tree order of T" agrees with T i.e., <p=<p N(T")? (and
the lexicographical order agrees too if T is lexicographically ordered)ﬂ

(2) For an Aronszajn tree (T, <r), we say T" is a club restriction subtree of T if
there is a club C such that 7" =T [¢ where T' [¢= {t € T : htr(t) € C} and the

tree order (and lexicographical order if exists) agrees with T[]

Definition 7. For any Aronszajn tree T and club C, for any s,t € T, Ac(s,t) is
the a such that C(«a) < A(s,t) < C(a+ 1) where C(«) is the a-th element of C.

Note for s,t € T [¢, Ac(s,t) = A (s,t).

Definition 8. A partition tree of a linear order L is a lexicographically ordered
tree T" which contains a X C T such that T" = T'x and L order isomorphic to X

with the lexicographical order on 7.

We don’t differ two isomorphic linear order. So from now on, we just assume X as

mentioned in above definition is L as long as there is no confusion.

Definition 9. Two Aronszajn trees T} and Ty are tree (or lexicographically) iso-
morphic when restrict to a club (or say tree (or lexicographically) isomorphic on a
club set of levels) if there is a club C' such that T} [¢ is tree (or lexicographically)
isomorphic to Ty [¢; 17 and Ty are near each other if there are a club C' and

X, € [T;]“* for i = 1,2 such that (T1)x, [¢ is tree isomorphic to (1%)x, [c-

Definition 10. An Aronszajn tree T is a Lipschitz tree if for any X € [T]4* ['V] for
any mapping 7 : X — T such that ht(x) = ht(n(z)) for any = in X (i.e., 7 is level
preserving), there is X’ € [X]*! such that

For any z,y in X', A(z,y) < A(nw(z), 7(y)).

8Note a downward closure subtree of an Aronszajn tree still has unique limits and hence an
Aronszajn tree.

9Note htr). (t) = a iff htr(t) = C(«) for any t € T [¢.

OFor any set A, for any cardinal &, [A]* = {B C A: |B| = x}.
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Remark: It is equivalent to replace “A(z,y) < A(w(x),7(y))” in above definition
by “A(z,y) = A(r(z),n(y))": 7' is also level preserving, so apply Lipschitz
property to 7! : 7/X’ — T will get an uncountable subset X” of X’ (and hence

of X)) such that for any z,y in X", A(z,y) = A(nw(z), 7(y)).

Definition 11. For any function a : [w;]? — Q, the tree induced by a is T'(a) =
{ag Ta: @ < B < wy} where ag(§) = a(f,ﬂ)ﬂ for any £ < (8 and the tree order
is extension as functions, the lexicographical order is the canonical lexicographical

order.

HFor convenience, we will use a(¢, 3) to denote a({¢, 8}) for any & < 3.



Chapter 2

Countryman lines and coherent trees and

thelr connections

A coherent line can canonically induce or be induced from a coherent tree. So both
tree order and linear order — lexicographical order — are considered in this thesis.
This section will provide some basic connection between tree order and linear order.
Some results on transformation between Countryman line and coherent line under

MA,, will also be presented in this section.

2.1 Partition trees and lexicographical orders

Let’s first present some facts.

Fact 2.1. Fvery Aronszajn tree with lexicographical order is lexicographically iso-
morphic to some subset of Q<[] where the tree order of Q<“! is extension as
functions and the lexicographical order of Q<! is the canonical lexicographical or-

der.

1Q<wr — gwl(@o‘ and Q*={f : f is a function from « to Q}.

(03

12



2.1 Partition trees and lexicographical orders 13

Fact 2.2. A club restriction subtree of a tree which has unique limits still has

unique limits and a club restriction subtree of a coherent tree is still coherent.

Let’s recall that in this thesis, “partition tree” is used to transform a linear order
into a tree and “lexicographical order” is used to transform a tree order into a line.
See [13] or [2] for more on partition tree and lexicographical order. It is easy to see
that for a tree with only tree order there are different ways to define lexicographical
order on it. But in this section we will see that the partition tree of a linear order

is kind of “unique” up to take club restriction subtreef]

Remark: While in some paper only the tree order of a partition tree is considered,

in this thesis, a partition tree of a linear order is always lexicographically ordered.

One standard way to get a partition tree from a linear order L can be find in [13]
or [2]. Let’s recall the procedure:

(1) To ={L};

(2) Toy1 = U{{lo, 1} : there is a I € T, such that I = Iy U I;,Io N[} = ¢ and
Iy # ¢, Iy # b}

B)To={Nb:bC 5L<JaTB’ VB < abnNTs # ¢ and Nb # ¢} for limit ordinal a.
The partition tree will be T' = U{T,, : o < ht(T")} where ht(T) = min{a : T, = ¢}.

Now we turn to prove the “uniqueness” of the partition of a linear order.

Definition 12. A sequence of models (N, : « < &) is an elementary chain of
length £ if there is a large enough cardinal «, such that:

(1) Va < & (N, €) < (H(k), G)ﬂ

(2) for any av < f < &, (Ng, €) < (N, €) and N, € Np.

And call it continuous elementary chain if it has the following additional property:

(3) If « is an infinite limit ordinal, then N, = BU Njg.
<o

%i.e., any two partition trees of a linear order are isomorphic when restricted to a club level

(going to club restriction subtrees).
3H(k) = {z € V, : |te(z)| < k} where tc(z) is the transitive closure of z. And we are also
allowed to write N, < H (k) instead of writing (N,, €) < (H(k), €).
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Remark: In this thesis, kK = wy if k in the above definition is omitted.

Fact 2.3. If (N, : a < wq) is a continuous elementary chain and each N, is
countable, then

(1) Ny Nwy = sup(N, Nwy) is a countable ordinal and C = { N, Nwy : v < wy} i
a club.

(2) If A Cwy, NyNwy € A and A € N, then A is stationary.

Let’s call C' = {N,Nw; : @ < wy } the club induced from the continuous elementary
chain (N, : a < wy). This club will be frequently used, especially when we are
taking a club restriction subtree. Since in this thesis most properties related to a
club are closed under taking a subclub, for such a property, if there is a club which
satisfies the property, then there is a club in Ny which satisfies the property, and
then C satisfies the property since C' is a subclub of any club in Nj.

The following theorem shows that for Aronszajn trees, the lexicographical order

can determine the tree order:

Proposition 2.4. If (S, <gs,<is), (T, <r,<ir) are two lexicographically ordered
Aronszagn trees, X, Y are uncountable subsets of S and T respectively and m :
(X, <15) = (Y, <r) is an isomorphism, then there is a club C such that Sx [c
1s tree and lexicographical isomorphic to Ty [c. Moreover, there is a lexico-
graphically isomorphism f : Sx [c— Ty [¢ such that f agrees with =, i.e.,

(SN X) =T NY for any s € Sx [c.

Proof. Going to downward closure subtrees, we can assume S = Sx and T = Ty.
Let (N, : o < wy) be a continuous elementary chain, N, contains all relevant
objects and each N, is countable and C' = {N, Nw; : @ < w;}. Then we are going

to show that C is such a club we need.
First, we make some notation: for any s € S, t € T

A,=AnS*={re X :s<guz}, Bp=BNT"
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It is easy to see that Ay, B; are intervals of X and Y repectively.

Define f : S [¢— T [¢ by: for any a € C, for any s € S, f(s) is the t € T, such
that B, = 7" A,. The following claim will show that the mapping is well-defined:
Claim 1: For any « € C for any s € S, there is a t € T,, such that B; = 7" A,.
proof of claim 1: Fix a € C', s € §, and & such that o« = Ne Nw;. Pick x € A;
(z exists since we have assumed S = Sy). Then = ¢ N, and hence 7(z) ¢ N¢ and
hence ht(m(x)) > a. Let t € T,, and t <p 7(z). It is suffice to show B; = 7" A,.
Subclaim 1.1 7" A, C B,.

proof of subclaim 1.1: Suppose otherwise, there is some ' € X N A, such that
n(z") ¢ By and WLOG assume = <;s 2’. Repeat previous procedure we can find
some t' € T, such that 7(z') € By and hence t <;g t'. Ast,t' € T, and t # t/,
we know A(t,t') < a. Then a standard argument (e.g., see Corollary will
show that there is a t” € Ne N1 such that ¢,¢',¢"” are pairwise incomparable and
t <;r t" <;r t'. Now by elementarity of Ng, pick y” € BN Ng and let 2" = 7= (y")
(hence ht(z") < a). Then t <;7 y" <7 t' and hence x <;5 " <;5 2’. As A, is an
interval, " € A, and hence ht(z”) > «. A contradiction. This finishes the proof
of subclaim 1.1.

Subclaim 1.2 7" A, D B,.

proof of subclaim 1.2: Just notice 7! is a isomorphism from B to A. Then repeat
the previous proof we can get 7—'"B, C A,. This finishes the proof of subclaim
1.2 and hence the proof of claim 1.

Claim 2: f is a tree isomorphism and hence a lexicographical isomorphism.
proof of claim 2: It is easy to see that f is injective, and f is surjective since 7
is surjective. To show f preserves the tree order, pick arbitrary s,s’" € S [¢ such
that s <g s'. Pick any v € Ay(C A;). Then 7(x) € By and 7(x) € Bjf(y). Then
f(s) <r m(z) and f(s') <r w(z). So f(s) <r f(s') since f is level preserving. So f

is a tree isomorphism. And the following fact is suffice to show the lexicographical
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isomorphism:

if s <;5 s’ and s is incomparable with s’ for some 5,5 € S [¢, then A, <;5 A
and hence By () <ir By(s) and hence f(s) <;r f(s').

This finishes the proof of claim 2 and hence proof of the proposition. O

Remark: Then the “uniqueness” of the partition tree of a linear order easily
follows: two partition trees of an Aronszajn line are lexicographically isomorphic
on a club level. In particular, one partition tree is special iff the other partition

tree is special.

This theorem also suggests that under some condition, tree orders can also tell the
difference of linear orders—there lexicographical orders— and this gives a way to get
different linear order types from different tree order types (for different tree order

types, readers are referred to [11]):

Corollary 2.5. If Ty and Ty are partition trees of Ly, L1 respectively and they are
not tree isomorphic when restrict to a clubE] then Lo is not isomorphic to Ly. If
moreover Ty and T are not near each other, then Lo and Ly contain no uncountable

1somorphic suborder.

Above corollary can be applied with special property: if Ty mentioned above is
special while T} is non-special, then Ly and L; are not isomorphic. Moreover, L;
cannot be embedded into Lg, and if 77 contains no special subtree, then Ly cannot

be embedded into L, either.

Most time we are interested in uncountable subset instead of the whole tree itself.
The reason is although we can transform the whole tree into a line, we may not

able to transform a line into a whole tree:

4.e. forany xr € Ay and 2’ € Ay, x <5 2.
%i.e., for any club C, Ty |¢ is not isomorphic to T} [¢.
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Corollary 2.6. For any lexicographically ordered Aronszajn tree (T, <r,<;r), there
s an uncountable subset X that cannot be partitioned into a whole tree, i.e., for any

lezicographically ordered tree (S, <g,<is), (X, <;r) is not isomorphic to (S, <is).

Proof. By going to an uncountable subtree ({t € T : T" is uncountable. } will work),

we can assume for any t € T, T* is uncountable.

Let (N, @ a@ < wy) and C = {N,Nw; : @ < wi} be as before. Let Cy be all
nonaccumulate points of C'. Then it is suffice to prove that X =T [s, cannot be
partitioned into a whole tree.

Suppose otherwise, (S, <g, <;5) is an lexicographically ordered tree and 7 : (X, <;7
) — (S5,<;s) is an isomorphism. Let f : T" [p— S [p be the lexicographical
isomorphism guaranteed by Proposition where D is some club (note here T' =
Tx) and we can assume D C C”" (C' is the set of all accumulate points in C') and
hence D N Cy = ¢. Pick at € T [p, by Proposition , 7'T'N X = S/6). Note
f(s) is the <;g-least element of S/ (5), So T*N X has a <;p-least element too which
contradicts the following fact:

Claim: 7' N X contains no least element.

proof of claim: Suppose otherwise, u is the least element. Note u # ¢ since t ¢ X.
Let ht(u) = N, Nw;. Define in N,;:

A={z€eT:t < zand z is the <;p-least element in 7% N Tht(z)}.

Then A is uncountable since u € A. It is easy to see that A is a chain which
contradicts that 7" is an Aronszajn tree. This finishes the proof of the claim and

hence the proof of the corollary. O

Remark: Although some Aronszajn line cannot be partitioned into a whole tree,
it may contain some Aronszajn subline that can be partitioned into a whole tree.
Recall that it is shown in [6], that under PFA| every Aronszajn line contains either

C or (" where C is the lexicographical order of arbitrary coherent tree. Later
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(see remark after Lemma [3.8)) we will also give an example that in some model of
ZFC there is an Aronszajn line which contains no Aronszajn subline that can be

partitioned into a whole tree.

Recall that a linear order is coherent if it can be embedded into the lexicographical
order of some coherent tree. Now it should be clear that “almost” every partition

tree will work:

Fact 2.7. If L is a coherent line and (T, <7, <;r) is its partition tree, then there is
a club C such that T [¢ 1s coherent. Moreover, we can extend T [¢ to a coherent

tree (T, <7+, <;v) such that L and even (T, <;r) can be embedded into (T", <;r).

Proof. Let S be a coherent tree such that L can be embedded into S. It is easy to
see that Sy, is still coherent. Then by Proposition there is a club C' such that
St T lexicographically isomorphic to T' [¢. So T [¢ is coherent.

For the moreover part, let’s just define 7" O T [¢ UL by put every point in
T [u\¢ NL as an endpoint:

(1) If « =+ 1 < w is a successor ordinal, first, T is (lexicographically) order
isomorphic to T' [(c(s),c(s+1) Via f; such that:

(i) tree order is preserved;

(ii) T is a subset of {s7¢ : s € T and ¢ € O} for some countable linear order O;
(i) #(8) = ¢/(5) implies f1(t)(3) = f2(£)(8) for any £, € Toya).

Then embed O into Q and get T}, isomorphic to 77 which is a subset of {s7¢ : s €
T and g € Q}.

(2) If @ < wy is a limit ordinal, then T}, = {s : there exists some ¢t € T (q) such

that for all 5 < a, fz(s [g) <r t}, i.e., the sequences induced from 7.

It is easy to see that T” is the desired tree we want. O]

The proof of above fact actually shows the following:
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Corollary 2.8. (1) An Aronszajn line L is coherent iff there is a partition tree T
of L and a club C' such that T ¢ is coherent.
(2) For any lexicographically ordered Aronszajn tree (T, <r,<;), for any club C,

(T, <) is a coherent line iff (T [¢,<;) is a coherent line.

2.2 Some results under MA,,

A transformation from coherent trees to Countryman lines under M A,, is guar-

anteed by the following theorem which only needs a weaker condition than M A,,:

Theorem 2.9 ([1]). Every special coherent tree is Countryman with its lexicograph-
ical orderﬂ So in particular, M A,, implies that every coherent tree is Countryman

with its lexicographical order.

The in particular part is actually using the following well-known fact (the proof

can also be found in [10]):

Fact 2.10 ([I4]). M A,,, implies that every Aronszajn tree is special.

S. Todorcevic actually proved a stronger result which is unpublished, I will refer it

here with his permission:

Theorem 2.11 (Todorcevic). If T is an R-embeddable coherent tree and T is

w-ranging, then T is Countryman with its lexicographical order.
Proof. This follows from Corollary below. [

Note every special Aronszajn tree can be canonically extended to a binary special
tree (i.e., a special Aronszajn tree is a club restriction subtree of some binary

special tree). So above theorem can imply Theorem [2.9]

The following fact will be frequently used:

5i.e., the linear ordering for the tree is its lexicographical order.
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Fact 2.12. (1) For an Aronszajn tree T, the following are equivalent:
(a) T is special.

(b) There is a club C such that T |¢ is speciall

(c) T is Q-embeddable.

(2) For an Aronszajn tree T, the following are equivalent:

(a) T is R-embeddable.

(b) There is a club C such that T ¢4 is speciall]

(¢) For any nonstationary set X, T [x is special.

Fodor’s Lemma is well-known and frequently used:

Lemma 2.13 (Fodor’s Lemma [19]). Every regressive function on a stationary set

15 constant on a stationary subset.

To get the transformation from Countryman lines to coherent trees, I will use

another unpublished works of S.Todorcevic with his permission:

Theorem 2.14 (Todorcevic). If T is an Aronszajn tree X C T and X is Coun-
tryman with its lexicographical order, then there is a club C such that the club

restriction subtree Tx [¢ is Lipschitz.

See appendix for a proof.

The following theorem is a slight generalization of [I] Lemma 4.2.7 and the proof

is similar too:

Theorem 2.15 (M A,,). If T is a Lipschitz tree, X C T and X is Countryman,
then Tx is lexicographically isomorphic to a coherent tree. Moreover, X is Coun-
tryman can be replaced by the following weaker property:

for any n < w, for any & consists of uncountable pairwise disjoint subsets of X",

"Recall that T [x= UnexTn for any X C w;.
83C+1={a+1l:aeC}.
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there are a,b € &7 s.t. for any i < n, a; <iex b;, where a;,b; are i-th elements of

a,b.

Proof. WLOG, assume T' = Tx. Define a poset

P = {p: pis a finite partial function from T to Q1™ such that:

(1) for any t € dom(p), p(t) is a finite partial function from ht(t) to Q;

(2) for any two elements s <., t in dom(p), A(s,t) € dom(p(s))Ndom(p(t)) and for
any £ € dom(p(s)) N dom(p(t)), p(s)(§) = p(t)(£) if & < A(s, 1), p(s)(§) < p(t)(£)
if € = A(s,t). }

And p < ¢ (p is stronger than q) if p # ¢ and

(a) dom(p) D dom(q) and for any t € dom(q), p(t) extends ¢(t) as a function;

(b) for any s,t in dom(q) and for any & € (dom(p(s)) N dom(p(t))) \ (dom(q(s))U
dom(q(t))), p(s)(§) = p(£)(£).

First, we need to show that P is c.c.c.

Fix {p, : @« < w;} C P. By Fodor’s Lemma, we can find a stationary subset I'y
and a countable ordinal o such that:

(1) for any a € I'y, for any s, s" € dom(p,), (ht(s) < ag) V (ht(s) > a), (A(s,s') <
ap) V (A(s,s') > a) and dom(p,(s)) Na < ap;

(2) pa (o € T'y) is constant below «aq level, i.e., p,’s (a € I'y) have the same size m
and for any i < m, for any a, 5 € I'1, s [ag=1t [0, a0d pa(S) [ag= Ps(t) [, Where
s,t are <j,-ith element of dom(p,), dom(pg) respectively.

Define a, = {s [a: s € dom(p,) A ht(s) > a}. Now we can find an uncountable
subset I' of I'; such that a,’s has the same size n and for all « # g in I':

(i) aq (i) and ag(j) are incomparable for all 7,7 < n;

(1) (00 (), 45(0)) = Alaa(j), as()) for all 4, j < n.

By the fact of X is Countryman or use the property mentioned in the theorem,
we can find v # 0 in I" such that a,(i) <ie, as(i) for all i < n. Now we can find

a p € P that is stronger than p, and ps: dom(p) = dom(p,) U dom(ps) and for
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s € dom(p)

(1) if ht(s) <~y then ht(s) < ap and p,(s) = ps(s), define p(s) = p,(s);

(2) if ht(s) = v and s € dom(p,), define p(s) = p,(s) U{(A(p,(0),ps(0)),0)};

(3) if ht(s) > 5 and s € dom(ps), define p(s) = ps(s) U {(A(py(0), ps(0)), 1)}.
Then it is easy to check that p is a member of P and p is stronger than p, and p;.
This shows that P is c.c.c.

Now note that D, = {p € P : t € dom(p) A& € dom(p(t))} is dense for each
t € T and £ < ht(t). By MA,,, assume G is a filter that intersects each D¢ for
all t € T and & < ht(t). Then dom(UG) is T, rang(UG) is a subset of Q<“*. By
definition of P we can see UG is a lexicographical isomorphism between rang(UG)
and dom(UG). By definition (b) of forcing extension, it is easy to see rang(UG) is
coherent. This finishes the proof. m

Corollary 2.16 (MA,,). Every coherent tree is Countryman with respect to it-
s lexicographical order and every Countryman line has a partition tree which is

coherent. In particular, a line is Countryman iff it is coherent.

Proof. “A coherent tree is Countryman” follows from Theorem 2.9] Assume L is a
Countryman line and T is its partition tree. Then by Theorem and Theorem
2.15] there is a club C such that T' [¢ is coherent. Then by Corollary 2.8 L is

coherent. O

Under M A,,, coherence can be slightly generalized:

Definition 13. For any a < w;, an uncountable subset A C [Q]<“* is a-coherent
if for any s,t € A, {£ < dom(s),dom(t) : s(§) # t(£)} has order type less than a.
And an Aronszajn tree is a-coherent if it is lexicographically isomorphic to some

a-coherent uncountable subset of [Q]<“".

Note the usual coherent means w-coherent. Now we will list under M A,, some

equivalent statement for Countryman.
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Corollary 2.17 (M A,,). For any Aronszajn line L, the following are equivalent:
(1) L is Countryman.

(2) L is coherent.

3) For any partition tree T' of L, there is a club C' such that T [¢ is Countryman
(3) yp y

(or coherent).

(4) L is a-coherent for some ov < wy, i.e., it has an a-coherent partition tree T.
(5) L contains a Countryman dense subset.

(6) For any 0 < a < wy, for any L' C L* where the order for L* is the lexico-

graphical order, if L' is an Aronszajn line, then L' is Countryman.

Proof. Corollary[2.16]gives the equivalence between (1) and (2). Corollary[2.8|gives
the equivalence between (2) and (3). (1) — (4) is trivial, let’s prove (4) — (1).
Fix an infinite @ < w; and a a-coherent partition tree 7. Let’s just assume 7' itself
is a a-coherent subset of [Q]<“' and <; is its lexicographical order. We will prove
that T is Lipschitz and has the property mentioned in Theorem and hence T'
is coherent (and Countryman).

Claim 1: T is Lipschitz.

proof of claim 1: Let f : X — T be a level preserving map for some X € [T]“".
Define for any = € X, D, = {f < ht(x) : z(8) # f(z)(8)} U{a}. Then D, has
order type < a4 1. Find least £ < « such that {D,(§) : « € X} is unbounded
where D, (&) is the &-th element of D, if exists and undefined otherwise. Find an
uncountable subset Y C X and a < w; such that:

(1) 6 bounds < &-th elements of D, for any = € Y, i.e., D, N D,(§) C ¢ for any
r ey,

(2) {# Ip,e): # € Y} is an antichain;

(3) for any z,y in Y, z [s=y [s and f(z) [s= f(y) [s.

Then for any z,y in Y, 6 < A(z,y) < min{D,(§), Dy(£)} by (2) and (3). And
hence A(f(x), f(y)) = A(z,y) by (3) and definition of D,, D,,. This finishes the
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proof of claim 1.

Claim 2: For any n < w, for any uncountable subset o/ C T™ consists of pairwise
disjoint subsets, there are a,b in & such that a; <; b; for any i < n where a;, b;
are i-th elements of a, b respectively.

proof of claim 2: Without loss of generality, we can assume that for any a € &7,
ht(ag) < ht(a;) for any ¢ < n. Let Xg = {ag : a € &}, define fy : X — T
by fo(ao) = a1 Tht(ay)- Then repeat the proof of claim 1, we can find uncountable
X1 C X (corresponding to the Y in proof of claim 1) such that for any ag, by € X7,
ag <; by iff folap) <; fo(bo) iff a; <; by.

Repeat above argument n — 1 times we can find Xy D X; D ... D X,,_; such that
for any i < n, for any ag.bg € X;, ag <; by iff a; <; b;. Then pick a,b € & such
that ag, by € X,,_1 and ag <; by, and hence a; <; b; for any ¢ < n. This finishes the
proof of claim 2.

Then by Theorem [2.15] T is coherent. This shows (4) — (1).

(1) — (b) is trivial, let’s prove (5) — (1). Fix a dense subset L’ which is Coun-
tryman, and let S be a partition tree of L. Then S}, is a partition tree of L’. By
Fact , there is a club C' such that S;/ [¢ is coherent. Note S\ Sy consists only
endpoints since L' is dense in L, and hence S [¢ \Sr/ [¢ consists only endpoints.
So S [¢ is w + 1-coherent and hence coherent. Then L is coherent by Corollary
2.8] This shows (5) — (1).

(6) — (1) is trivial, let’s prove (1) — (6).

Pick a partition tree T' of L such that 7" is a coherent subset of [Q N (0, 1)]<*"
and the lexicographical order is the canonical lexicographical order. Without loss
of generality, assume L itself is a subset of [Q N (0,1)]<*'. Fix 0 < a < w; and
L' € L* such that L' is an Aronszajn line. For any [ € L%, fix a countable se-
quence t; = 1(0)7070(1)"0"...70(£)0.... Then it is easy to see that {¢, : [ € L'} is

isomorphic to L'. Let S be the downward closure of {t; : € L'} and the tree order
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of S is extensions as functions and the lexicographical order of S is the canonical
lexicographical order. It is suffice to show that S is coherent. Fix a club C' such
that for any g € C, for any v < 3, yao < 8. Use the construction in Fact [2.2]
we can assume S’ = 5 [¢ is a subset of [Q]<“! such that for any s,t € 5, for
any & < htg/(s), hts(t), s(§) = t(&) if s [(ce).ce+1)=t lc@©),ce+1)), i-e., for each
£ < wi, we embed {t [[c@),cer1):t €T ¢} into Q .

Now we are going to show that S’ is (a + w)?-coherent by:

Claim 3: For any s € S, for any t € Ty, Dot = {{ € C : there is some
n € [C(€),C(§+ 1)) such that s(n) # t(n)} has order type less than a + w.

proof of claim 3: Let s = (s(4) : ¢ < a) and note each s(i) € T. For each i < «,
let 8; = >, i(ht(s(j)) +1). Then s [j,5,,)= s(i). Note by definition of C,
for any & such that C(&) € (8;, Biv1), C(&) = f; + C(§) and hence s [jc(e),8.1)=
(%) lc(e),8i01)- This shows that [5;, Bi11) N Dy, is finite and hence finishes the proof
of the claim.

Then for any s,t € S, Dy, s(i), §; are as above, Dy N [B;, Biv1) has order type less
than a+w. Then Dy, has order type less than (a+w)a. So S’ is (a+w)?-coherent.
Then S” and hence S is Countryman. This finishes the proof of the corollary. [J

Remark: Note it is not hard to use ¢ (diamond principle)ﬂ to construct an Aron-
szajn tree which contains a dense Countryman and coherent subset but is neither

Countryman nor coherent itself. So M A, is necessary for above corollary.

9See [18] or [10] for <.



Chapter 3

From R-embeddable coherent trees to

Countryman lines

3.1 R-embeddablity

This section will give the reason we choose R-embeddable coherent trees other than

arbitrary or special coherent trees.

Definition 14. Assume L is a Countryman line and L? = U C,, where each C,

n<w

is a chain. Say this partition L? = U C,, has maximal property if:
n<w
for all n < m in w, for all (a,b) in C,,, C, U{(a,b)} is not a chain, i.e. for some

(c,d) € Cy, either a <cAb>dora>cAb<d.

Definition 15. Let A denote the set of countable limit ordinals, i.e., A = {\ <

wi : A is a limit ordinal.}.

Lemma 3.1. For any Countryman line L, there is a partition with maximal prop-

erty.

Proof. Let L? = U C! be arbitrary partition of L? into countably many chains.

n<w

Let L? = {l, : @ < wi}. Define C, by induction on n. If C,, is defined for any

26
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m < n, then define C,, = g D, where D, is defined by induction on «:
a<wi

Do =0\ (U Cu):
D, = U Dg, if a is a limit ordinal;

B<a
Doy1 = Do U{l,} if 1, ¢ L<J Cy, and D, U {l,} is a chain, and D,y = D,
otherwise.
It is easy to check that each D, is a chain and hence C), is a chain. It is also easy
to see that L? = U O, is a partition of L? into countably many chains. Note that

nw

the construction of D, at successor stages will guarantee that this partition has

the maximal property. O

Now we are ready to show that any partition tree of a Countryman line is R-

embeddable if we are allowed to take club restriction subtree.

Theorem 3.2. If T' is a partition tree of some Countryman line X, then T 1is
R-embeddable when restricted to a club level, i.e., T [¢ is R-embeddable for some

club C'. Hence, every Countryman line has an R-embeddable partition tree.

Proof. Let (N, : a < wy) be a continuous elementary chain, Ny contains all rele-
vant objects and each N, is countable and C' = {N, Nw; : @ < wy}. Then we just
need to prove that T' [¢ is R-embeddable.

First, as X is Countryman, assume X? = nL<JwC’n is a partition with maximal prop-
erty. Define C': X? — w by C(z,y) =n iff (z,y) € C,.

To get a embedding into R, the following property will be needed:

Claim 1: For any o € C, for any s € T [, NX, for any =,y € X, if A(z,y) > «,
then C'(s,x) = C(s,y) and C(z,s) = C(y, s).

proof of claim 1: Assume otherwise, fix o € C and s,z,y € X be such that
A(z,y) > a and C(s,x) # C(s,y) (the proof for C(z,s) = C(y,s) is similar.).
WLOG, assume C(s,z) < C(s,y). Assume x [,=y [o,=t and o = NgNw;. By

elementarity, A = {z : C(s,z) = C(s,x)} is uncountable since A € N while x € A



3.1 R-embeddablity

is not in Ng. Then N = “A is uncountable”. Now we need the following:
Subclaim 1.1:there are z,w in A N Nz that are incomparable with ¢ such that
2 <pew U <jex W.

proof of subcliam 1.1: Suppose otherwise, assume there is no such z (similar
for no such w), i.e., for any r € AN Ng, r >, t. Then for any v such that
ht(s) < v < ht(t), t [, is the least element in (7)), under the order <, i.e.,
min((Ta)y) =t [,. Then

Ng = min((T4),) exists for any v > ht(s) and {min((T4),) : v > ht(s)} is an
uncountable chain.

Then by elementarity, 7' contains an uncountable chain too. This contradicts the
fact that T is an Aronszajn tree. This finishes the proof of subclaim 1.1.

Now fix z,w guaranteed by subclaim 1.1. By maximal property of the partition,
assume (a,b) € Cg(sz) such that a <jez S AD >1ep Y O @ >y s Ab <jep y. Then
we have a <jop SAb >pep z Or @ >0 S Ab <4 w. This is a contradiction since
C(a,b) = C(s,z) = C(s,w). This finishes the proof of claim 1.

Now define f : T' [c— [w]* by f(t) = {C(s,z) : s € T [pu) and x € T* N X} for
any t € T' [¢. It follows from claim 1 that we can fix a x and f(¢) won’t change and
hence t <7 t' in T [¢ implies f(t) C f(¢'). To prove f is an embedding, we need
to prove t <p t" in T [¢ implies f(t) # f(t'). It is enough to prove the following:
Claim 2: For any o € C, for any s # s € T |, NX, for any v € X\ T |,
C(s,x) # C(s',x) and C(x,s) # C(z,s).

proof of claim 2: Suppose otherwise, C(s,z) = C(s',x) = m (the proof for
C(z,s) # C(x,s') is similar). Define B = {a € T : C(s,a) = C(s';a) = m}.
Then B € Ng where o = NgNw; and B is uncountable by elementarity and the
fact that x is in B. Now pick r <, p in BN Ng and WLOG assume s <j., s
Then C(s,p) = C(s',r) =m and s <je; s’ while p >, r. Contradict the fact that

C,, is a chain. This finishes the proof of claim 2.
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For the hence part, see Fact for extending T' [¢ by adding elements in '\ T" [¢
as endpoints. This finishes the proof of the theorem. n

The following explains the reason we restrict ourselves to R-embeddable trees:

Corollary 3.3. If a Countryman line has a coherent partition tree, it has a R-

embeddable coherent partition tree too.

Proof. Fix a Countryman line X and its coherent partition tree (T, <r, <;). Let
T" =T |¢ be R-embeddable for some club C'. Use method described in Fact [2.7] to
extend 7" to a coherent tree 7" with X \ 7" as endpoints. Then 7" is R-embeddable

by Fact [2.12] O

On the other hand, R-embeddable is the best we can expect, i.e., we cannot expect
the partition tree of a Countryman line to be special. The following example can be

found in [1] (see Lemma 2.2.2 Lemma 2.2.4 and Lemma 2.2.17 in [1] for a proof )}

Example 3.4. ([1]) In ZFC, there is always a finite-to-ond’| (in particularly it is
R-embeddable) coherent tree T C w<*' (i.e. T is w-ranging) that is Countrymarf’}
adding a Cohen real will add a finite-to-one (and also R-embeddable) coherent
tree T C w<“' that is Countryman and contains no stationary antichaif’l So in
particularly, it is consistent to have a coherent tree that is Countryman while it

contains no special subtree.

Also there are some coherent tree that is Countryman while it is not R-embeddable.

And so take a club restriction subtree is necessary.

Example 3.5. It is consistent to have a coherent tree that is Countryman and not

R-embeddable:

LA similar construction will be given in latter proof.

2finite-to-one as functions, i.e., the preimage of any element is finite

3T (p1) constructed in [I] is such a tree.

4A stationary antichain is an antichain X such that ht(X) = {ht(z) : x € X} is stationary.
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firstly, start from a R-embeddable coherent tree T C Q<“* that is Countryman and
non-special (e.g. previous example);

secondly, define a 1-shift T of T as following:

For s € T, s € Q&)+ s34 1) = s(B) for B < ht(s) and sV (a) = 0 for
limit ordinal o

finally, T~ the downward closure of {sV) : s € T}~ is what we need.

To prove that the example has the required properties, first, it is easy to see that
T® is coherent.

Then, as all successor levels of 7™ is lexicographically isomorphic to T, (T(l) A+l
, <lT<1)) can be embedded into (T, <;r). Note (T T4, <,7)) can also be embed-
ded into (7, <;7). A partition of (T, <,r) into countably many chains can easily
induce a partition of (7", <,;1)) into countably many chains (see also Proposition
. Then T is Countryman.

At last, if T is R-embeddable, then T is special by Fact and the fact that

T [x tree isomorphic to TW [, ;.

3.2 An R-embeddable coherent tree may be not

Countryman

As mentioned before, S.Todorcevic showed that every w-ranging R-embeddable
coherent tree is Countryman with its lexicographical order. In this section, we will
see that it will not be true if we replace w-ranging by Q-ranging (or even just w*-
ranging). But if we just want an uncountable subset of a R-embeddable coherent
tree to be Countryman, Z-ranging is enough and it is the best we can expect.
This section will also give an example with stronger negation (i.e., R-embeddable

coherent trees that contain no Countryman suborder with their lexicographical

A is the set of limit ordinals below w; and recall that A +1={\+1: X € A}.
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orders). So whether there is a transformation from R-embeddable coherent tree to

Countryman line depends on the ranging.

Theorem 3.6. Assume O is a countable linear order.

(1) If O can’t be embedded into w, then it is consistent to have a R-embeddable

O-ranging coherent tree T' such that (T, <;r) is not Countryman.

(2) If O can’t be embedded into Z, then it is consistent to have a R-embeddable
O-ranging coherent tree T (C O<“*) such that (T, <;r) contains no Countryman

suborder.

Before we prove the theorem, we need a few lemmas. First, note if O C O’, then
an O-ranging tree is also an O'-rang tree. So we just need to deal with several

linear order O'’s:

Fact 3.7. (1) If O can’t be embedded into w, then O contains a subset of type w*

orw + 1.

(2) If O can’t be embedded into Z, then O contains a subset of type (w + 1)* or
w+ 1.

The following lemma proves case w* for (1) of Theorem [3.6}

Lemma 3.8. If T C (w*)<“" is a finite-to-one coherent tree with no stationary
antichain, then T contains no stationary Countryman suborder, i.e., for any X &€

[T)“" such that ht(X) is stationary, X is not Countryman.

Proof. First, let’s denote w* by w* = {—n : n € w} with order —n > —(n + 1) for
any n € w.

Suppose otherwise, X is a stationary Countryman suborder (assume | X N7T,| <1
for any a < wy) and X? = nL<Jan is a partition that witnesses the Countryman
property. Define Xg = {2z € X : 3t, € X = <r t,}. Since X \ X is an antichain

and T contains no stationary antichain, ht(Xj) is stationary. For any = € X,
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fix a t, € X such that x <p t,. Define a function f : Xo — w by f(y) = ¢
iff (y,t,) € C;. Then we can find X; C X, and m,n € w such that ht(X;) is
stationary, f”X; = {m} and t,(ht(z)) = —n for any = € X;.

Claim: There are z € X; and {z,, € X; : n < w} such that xy <r z1 <7 ... <p
T <7 Tpyr <7 ... <7 T.

proof of Claim: Suppose otherwise, for any © € X3, {y € X; : y < x} is finite.
Assume By going into a stationary subset assume ht(X;) only consists of limit
ordinals. Then define a regressive function h : ht(X;) — wy by

h(a) = maz{ht(y) : y € X1 ANy <r x,} where z, is the element in T, N X;.
Going to a subset Z of X; such that ht(Z) is stationary and h is constant on
ht(Z). As T has no stationary antichain, there are zq, z5 in Z such that z; <p z
and hence h(ht(z2)) > ht(z1). But h(ht(z2)) = h(ht(z1)) < ht(z1), a contradiction.
This finishes the proof of the claim.

Now fix z and {z, : n < w} guaranteed by the claim. As T is finite-to-one, we
can find a k < w such that x(ht(xy)) < —n. Then we have z;, <; = since zj, < x
and t,, > t, since ty Thi@)= Tk = T [ht(@y)= te [ht(zy) a0d ty (ht(21)) = —n >
x(ht(zg)) = t(ht(zy)). This contradict the fact that both (xy,t,,) and (z,t,) are
in C,,. O

Remark: As we said before, that it is consistent to have an Aronszajn line which
contains no Aronszajn subline that can be partitioned into a whole tree. One such
example is L =T [x where T is the tree mentioned in the above lemma and X is
any uncountable nonstationary subset of wy. If L’ € [L]“* can be partitioned into
a whole tree (S5, <g, <;5) (i.e., (L, <;r) is order isomorphic to (S, <;s) where <;r
is the lexicographical order of T'), then we will get a contradiction since on one
hand, (S, <;s) is Countryman as by Theorem [3.14] (L, <;r) and hence (L, <;r) is,
while on the other hand, by Proposition 2.4 S [¢ is lexicographically isomorphic

to T ¢ for some club C, and so S [¢ is not Countryman since according to
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previous lemma, Ty, [¢ is not. Note above argument actually shows that for any

L’ € [L]*r, for any partition tree S of L', htg(L') is nonstationary.

Definition 16. For any countable linear orders O, O’ such that O C O’, for any
coherent tree T' C O<“1| the completion of the coherent tree T' for O’ (or say the
completion of T if O = O') is T* = {t € O'<“" : there is some s € Tjom) such that
{a € dom(t) : t(a) # s(a)} is finite. }.

A coherent tree T is complete if its completion is T itself.

Remark: Above lemma will also induce a R-embeddable w + 1 (or (w + 1)*)-
ranging coherent tree which is not Countryman. If there is a 7' as mentioned in
the previous proposition and 7% is its completion for (w -+ 1)*, then T contains an
antichain (with respect to the tree order) which is not Countryman (with respect
to the lexicographical order). Hence, there is a R-embeddable (w + 1)-ranging

coherent tree with this property too.

Now, we will construct a w + 1-ranging R-embeddable coherent tree which con-
tains no uncountable Countryman suborder. First, let’s describe some sufficient

condition for this.

Definition 17. An Aronszajn tree T C (w + 1)<“* has property (*) if:
(1) for any X € [T]“*, for any club C, there is a x € Tx [¢ such that 2”w € Tx;
(2) for any Y € [T]“* such that ht(Y) is stationary, for any n < w, there are

n <m <w and t1,t; in Y such that t;m <r t,

Lemma 3.9. If T' C (w + 1)< is an R-embeddable Aronszajn tree has property
(*) and contains no stationary antichain, then T' contains no Countryman suborder

with its canonical lexicographical order.

Proof. Suppose otherwise, X € [T]*" and (X, <;) is Countryman where <; is the
lexicographical order. Let X? = U C,, be a partition witness that X is Country-
n<w

man. Let (N, : @ < wy) be a continuous elementary chain, Ny contains all relevant
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objects and each N, is countable and C' = {N,Nw; : @ <wy}. Let A: T [jy— w

be a partition of T' [ into countably many chains.

Let « witness (1) of property (*) for X and C. Note there is some i < w such
that x7i € T'x (otherwise Z = {t € Tx : t~w € Tx and x has only one immediate
successor in Ty} has stationary height by Fact [2.3] Let Z, = {t € Z : A(t"w) =
n}. Then for some n, Z, has stationary height. This contradict that 7" contains no
stationary antichain.). Fix such an i. Define Y = {t € Tx : t"i € Tx Nt"w € Tx }.
Then Y € [T]“* and ht(Y) is stationary by Fact 2.3] Define Y, = {t € Y : there
are u, v in X such that (u,v) € Cy, t7i <r u and t"w <r v}. Fix a n such that
ht(Y,) is stationary.

Apply (2) of property (*) to Y, and i, we get m € (i,w) and ¢;,t5 in Y, such that
tym <r ty. By definition of Y,,, we have (u;,v;) € C, such that ;i <r u; and
t;w <r v; for j = 1,2. Now we have u; <; ug and vy >; vy (note t77 <; t{m <; tjw
and hence u; <; us <; v9 <; v1) which contradict the fact that C,, is a chain for

product order. O

Now we will construct a coherent tree with properties mentioned in above lemma
and it will be suffice for Theorem 3.6 The construction will use the method of

minimal walk introduced by S. Todorcevic in [5].

Definition 18. (1) A C-sequence is a sequence (C, : @ < wy) such that
(i) Catr = {a};
(ii) if « is a limit ordinal, then C, is a cofinal subset of « of order type w.

(2) A step from a countable ordinal § towards a smaller ordinal « is the minimal
point of Cs that is > a. The cardinality of the set Cz N «, or better to say the
order-type of this set, is the weight of the step.

(3) For a C-sequence, a walk (or a minimal walk) from a countable ordinal g to a

smaller ordinal « is the sequence § = 5y > 1 > ... > 5, = a such that for each
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t < n, the ordinal f3;;, is the step from 3; towards «.

(4) For a C-sequence, the full code of the walk is the function pg : [w]* = w=¥,
defined recursively by po(a, ) = (|Cs N a|) " po(a, min(Cp \ «)) with boundary
value po(a, a) = ff

(5) For a C-sequence, The mazimal weight of the walk is the function p; : [w]* — w,
defined recursively by pi(«, 8) = maz{|CszNal, p1(a, min(Cs\ v))} with boundary
value p;(a, o) = 0.

(6) For a C-sequence, the number of steps of the minimal walk is the function
p2 ¢ |w1]* = w, defined recursively by pa(a, 8) = pa(a, min(Cs \ @)) + 1 with

boundary value ps(a, ) =0

Here are some basic fact about the p-functions from [I]:

Lemma 3.10. ([1]) (1) For any o < B < wy, if « is a limit ordinal, there is an
ordinal £ < o such that for any n € (&, o)} « is in the walk from B to €.

(2) p1 is finite to one and hence R-embeddable.

(8) p1 is coherent.

(4) For any o < B, pa(c, B) > 0.

(5) For any o < 3, if v is a limit ordinal, then there is a a3 < a such that for
any 7 € [Sag, @), p2(7, B) = p2(a, B) + p2(v, @).

(6) For any o < B, if paa L1(ps) P28, then A(paa, pag) is a successor ordinal.

Now we can start our construction. Note our construction is a little different from
that in [1J.
Construction: First in ground model V', fix a partition of w; into countably

many stationary sets: w; = U S, and an uncountable almost disjoint family
n<w

6Note firstly we write po({c, 8}) as po(«, 3) where the smaller appears first; secondly, although
{a} is not in the domain, po(c, @) is defined for convenience.
"Here (*,*) denotes the interval of ordinals.



3.2 An R-embeddable coherent tree may be not Countryman 36

{A, :a € A}, ie., for any a < fin A, A, C w is infinite and A, N Ap is finite.
For any infinite o € A, fix a surjection m, : A, — « such that every ¢ < « has
infinitely many preimage.

Then force with Cohen forcing Fn(w,2) = {p : p is a finite partial function from
w to 2} where the order is extension as functions. Let G be a generic filter and
r=U{p:pe G}. Wedon't distinguish a subset of w and its characteristic function
so we can assume that r C w.

Now our C-sequence will be defined as (Cyy1 = {a}):

for infinite @ € A, define C,(n) — the nth element of Cy: ag = min(A, Nr),
Co(0) = ma(ag); an1 = min{i € Ay Nr:i>a, and m,(i) > Cy(n)}, Cou(n+1) =
Ta(Gni1)-

The final coherent function a : [wi]?> — w + 1 and hence the coherent tree T'(a) =

{ap [a: a0 < f < wi} will be defined by: for any a < f < wy,

w €S,
G(Oé,ﬁ) _ p1(a,B)
p1(a, B)  : otherwise

Remark: For any p € Fn(w,2), if dom(p) = n for some n, then for any infinite
a € A, p computes C, correctly, i.e., if replace r in the computation of C, by p
and C,(7) is computed to be £ for some i < w, £ < «, then p IF C,(i) = &, and
vise-verse. Moreover, if p computes C,(7), then p computes C,(j) for any j < i.

First, we need to check that the coherent function and tree are well-defined:

Lemma 3.11. C-sequence, p; and a are as constructed above.

(1) For any infinite o« € A, C,, has order type w. So p1 and hence a is well-defined.
(2) For any a < B < < wi, prla, B) = prle, ) iff ala, B) = ale, ). So T(a) is
coherent and tree isomorphic to T'(py). Hence T'(a) is R-embeddable.

Proof. (1) It is suffice to prove that for any a € A, C,, is unbounded in « and for
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any £ < «a, C, N¢ is finite. Now fix a a € A.
Claim: For any ¢ < a, C, N ¢ is finite and C,, ¢ &.

Proof of claim: Fix a £ < «a. For any p € Fn(w,2), pick a n < w such that
dom(p) C n and m,(n) > & Then extend p to ¢ such that ¢(n) =1 and ¢(i) =0
for i € dom(q) \ (dom(p)U{n}). It is easy to check that ¢ IF |C,NE| < nAC, € &.
So a density argument shows that C, N ¢ is finite and C,, £ & D ={p:plF C,NE
is finite.} and E = {p:pl- C, ¢ &} are dense.

(2) Trivial. Note for the hence part we can take the R-embedding to be f : T'(p;) —

wY:

f(s)(n) = [{§ < ht(s) : s(§) = n}|. O
The following fact will be needed in following proof:

Fact 3.12. If P is a countable forcing poset, X C V is a set in V|G| where G is
a generic filter over P, then there is a sequence (Y, : n < w) in V|G| such that
Y, €V for anyn < w and X = nL<Jan. In particular, if X € V|G| and X C V is
an uncountable (or stationary) subset of wy, there is an uncountable (or stationary)

Y € V such that Y C X. Hence, a club in V[G] contains a subset that is a club in

V' and a stationary set in 'V is stationary in V|G|.

Now we come to the key lemma:

Lemma 3.13. (1) T(p1) and hence T'(a) contains no stationary antichain.

(2) T(a) has property (*).

Proof. (1) Fix X C T(p1) a subset of stationary height. By coherence and going to
a stationary subset we can assume X = {p;, : a € '} for some stationary I" C A.

By previous fact and going to a stationary subset we can assume I' € V.

Using density argument, it is suffice to prove the following:

Claim 1: For any p € Fn(w,2), there are some ¢ < p and o < f in I' such that
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¢k pra <r(p) p15-

Proof of claim 1: Fix a p € Fn(w,2). Extend p if necessary, we can assume
dom(p) = n for some n < w. Note only a finite part (of size < n) of C, is
computed by p for any a € A. Find a stationary subset I'y C I'" and an ordinal
ap < wy such that (let C? be the finite set computed by p)

(i) C? C ay for any a € I'y;

(ii) Ck = Cf for any a, 8 € T'y.

Now pick @ < f in I'y and m > n such that mg(m) = «a (such m exists since
preimage of « is infinite). Extend p to ¢ C (m + 1) x 2 such that g [}, m)= 0 and
q(m) = 1. Then C§ = CH U {a} = CL U {a}. It follows from the definition of p;
that q IF p1o = p1g s 165 1 pra <7(p)) P18

(2) Let’s first prove (1) of property (*).

In V[G], fix X € [T'(a)]** and club C. By previous fact and going to a subclub we
can assume C' € V and C' C A. Pick any « € nrgwacc(Sn N C’)ﬂ Let’s first prove
the following;:

Claim 2: {{ € CNa:a(€, o) =w} is unbounded below .

proof of claim 2: Fix an < a, we want to find some £ € [, a) such that a(§, @) = w.
For any p € Fn(w,2), extend p if necessary we can assume dom(p) = n for some
n < w. Pick 0 > n,max(C?) and ' < a. «a € acc(S, N C), so we can find
af e S, NC\ (7 +n) below a. Note |C?| < n. Pick an increasing sequence
(m; < w:i < n+1—|C2|) such that m,(m;) = ' + ¢ for i < n — |C?| and
To(My_jcn) = & (we can do this since each ordinal has infinite preimage).

Now extend p to ¢ C (m,_cz| + 1) x 2 such that ¢ [,= p, q¢(m;) = 1 for i <
n+1—|C?| and ¢(j) = 0 for the rest j < m,_icz|. Then C¢ = CLU{n +i:i <
n — |CP|} U {¢}. Hence ¢ IF p1(§,a) = n. So ¢ IF a(§,a) = w. This finishes the

proof of claim 2.

8For any uncountable X C wy, ace(X) = {a < wy : sup(X Na) = a}. Note acc(X) is always
a club.
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Now (1) of property (*) follows from the coherence of a and claim 2.
Then we prove (2) of property (*).
By coherence of a, it is suffice to prove for Y = {a, : o € T'} for some stationary

I Now fix an < w and such a Y together with the stationary I". Going to a

stationary subset we can assume I' € V and I' C N ace(S,) NA.

n<w

For any p € Fn(w,2), extend p if necessary we can assume dom(p) = k for some
k < w. Find a stationary subset I'; C I and an ordinal oy < w; such that

(i) C? C o for any a € T'y;

(i) C% = CF for any o, B € T'y.

Fix a < 8 in I'y such that a € S, and m > n, k,n’. Pick an increasing sequence
(l; <w : i < m—|CP?|) such that ly > n+max(A, N Ag) and 7,(l;) = max(CP) +1i
for any i < m —|C%|. Then pick an increasing sequence (I} < w: j <m+1—|Cgl)
such that Iy > I, 1_jcz| and ms(lj) = max(CE) + j for any j < m — [Cf] and
Ta(lm—jcz)) = .

Now extend p to ¢ C <l:n—|C’§\ + 1) x 2 such that q [,= p, q(li) = 1, q(l}) = 1
for above mentioned I;’s and [’s and q(i) = 0 for the rest i < l;n—\cg\' Then
Cd = CEU{max(Ch) +i:i <m —|CE)} and Cf = CHU {max(CE) +i : i <
m — |CE)} U{a}. Recall C% = Cf. So q = “pio <1(py) p1s and pi(a, ) = m”.
Note o ¢ Sy,. S0 ao <7(a) as and a(c, f) = m. This finishes the proof of (2) of
property (*) and hence the proof of the lemma. ]

Now Theorem [3.6] follows:

Proof of Theorem [3.6} (1) By Fact [3.7, we just need to prove for O = w* or
O = w+ 1. The case O = w* follows from Lemma [3.8 and note then T'(p;) we
just constructed is a finite to one coherent tree with no stationary antichain (so

the tree for Lemma 3.8 can be induced from T'(p;) from a bijection between w and
w*). The case O = w + 1 follows from Lemma [3.9] Lemma and Lemma [3.13
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(2)By Fact 3.7, we just need to prove for O = w+ 1 or O = (w+ 1)*. The
case O = w + 1 follows from Lemma 3.9 Lemma [3.11] and Lemma [3.13] For the
case O = (w+ 1)*. Let T C (w+ 1)<“* be an R-embeddable coherent tree with
no Countryman suborder. Here we don’t distinguish (w + 1)* and —(w + 1) =
{—a : a < w+1}. Denote =T = {—t : t € T} where (—t)(§) = —(t(£)) for
any £ < ht(t). Then —T is an R-embeddable coherent tree. If —T' contains a
Countryman suborder, then —7" contains an antichain —X whose lexicographical
is Countryman. Then its reverse order (X, <;7) is Countryman. A contradiction.

Hence —T' is a witness for case O = (w-+1)*. This finishes the proof of the theorem.

3.3 An equivalent condition for coherence being

Countryman

Previous section shows that non-w-ranging (non-Z-ranging) R-embeddable coher-
ent tree may be not Countryman (or may contain no Countryman suborder) with
its lexicographical order. This gives a negative answer to the question “whether
R-embeddable coherence implies Countryman”. However, as we said before, there
are some positive answer: every R-embeddable w-ranging coherent tree is Coun-
tryman (S. Todorcevic). So to make the situation on transforming R-embeddable
coherence to Countryman clear, we need to answer the following two questions:

1. what is the sufficient (or equivalent) condition for a R-embeddable coherent tree
to be Countryman (with its lexicographical order)?

2. what is the sufficient (or equivalent) condition for a R-embeddable coherent tree
to contain a Countryman suborder?

This section will give some sufficient conditions for R-embeddable coherence to
be Countryman and contain a Countryman suborder respectively and then prove

that these conditions are actually the “equivalent” conditions. As the investigating
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goes on, we can see that what really matters is not when a R-embeddable coher-
ent tree contains a Countryman suborder, but when the nonstationary levels of a
R-embeddable coherent tree is Countryman. So the real question is:

3. for an uncountable subset X C w;, what is the equivalent condition for a

R-embeddable coherent tree to have (T |x, <;r) to be Countryman?

Let’s start from a sufficient condition for a R-embeddable coherent tree to contain
a Countryman suborder. By previous section, the condition shouldn’t be weaker

than Z-ranging. However, we do have a “weaker” (looking) condition:

Theorem 3.14. If (T, <7, <;) is a R-embeddable Z-branching coherent tree and

X is an uncountable nonstationary subset of wy, then (T [x,<;) is Countryman.

Proof. WLOG, we can assume T is Q-ranging and X contains all successor or-

dinals. By Fact [2.12] let T' [x= U A, where each A, is an antichain. Define
nw

function A : T [x— w by A(z) =n iff x € A,, (assume A,’s are pairwise disjoint).
Now for any (a,b) € X?, define Dy, = {a < ht(a), ht(b) : ala) # b(a)} (Dgp is
finite by coherence), A% : Dy — [w]<¥ where Ab(a) = {A(a |5 r) : @ € Dy,
(a(la) < r < bla)) or (b(a) < r < a(ew)) and a [, r € T and b [, r €
T} U{A(a [441} and AY is similarly defined. Then define a structure for (a,b):
S(a,b) = (D, A(a), A(b), a, b, A%, A?) where a serves as a function with domain
D,y (similarly for b). To prove each structure is finite, it is enough to show the
following;:

Claim 1: A%(«) (or similarly A¢(«))is finite for any (a,b) and any a € D,
proof of claim 1: Suppose otherwise, and WLOG assume a(a) < b(«), then

{r:ala) <r <bla)ral,

«

r € TAb |, r € T} is infinite. Pick an infinite
increasing subset (or infinite decreasing subset if no increasing one). Then to-
gether with b(a) we can find a subset of (succr(b [4), <;) with order type w + 1.
Contradict the fact that 7' is Z-branching. This finishes the proof of claim 1.

Say two structures S(a,b), S(c,d) are isomorphic if A(a) = A(c), A(b) = A(d)
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and there is an order isomorphism 7 : Dy, — D such that a(a) = c(n(«a)),
bla) = d(m(a)), Ag(a) = Ac(m()), Ap(a) = Ag(m(a)) for any o € Dy

Then define C((D,m,n, f1, fo, f3, f1)) = {(a,b) € X% : (D,m,n, f1, f2, f3, 1)
structure isomorphic to S(a,b)} for each D € [w]<¥, m,n € w, fi, fo functions
from D to Q, fs, fi functions from D to [w]<“. And the partition for X? will
be X2 = U{C((D,m,n, f1, fa, f3, f1)) : D € [W]<¥, m,n € w, fi,f> are func-
tions from D to Q and f3, fy are functions from D to [w]<“.}. There are on-
ly countably many C({D,m,n, fi, f2, f3, f1))’s, so it is suffice to prove that each
C((D,m,n, fi1, fa, f3, f4)) is a chain for product order.

Assume, towards a contradiction, (a,b), (c,d) are in the same part of the parti-
tion, i.e., S(a,b) structure isomorphic to S(c,d), and a <; ¢ while b >; d. a,c are
incomparable for the tree order as A(a) = A(c), so A(a,c) < ht(a), ht(c).

Claim 2: D, NA(a,c) = Deg N A(a,c).

proof of claim 2: Suppose otherwise, let a = min(Dy A Deg) < A(a,c). WLOG,
assume @ € Dy \ Doy and a = Dgy(n) < Deg(n) (nth element of Dy, and Dy
correspondingly). Then A(c [a41) = A(a [at1) € Au(a) since a < A(a,c), and
Ay(Dgp(n)) = Ai(Dqg(n)) by structure isomorphism. Then we have A(c [,41
) € Ac(Dea(n)) and so A(c [at1) = A((¢ [poym)) 1) for some r. Note ¢ [qq1<r
(¢ Tpym))"r. A contradiction. This finishes the proof of claim 2.

Then for any a < A(a,c), if & ¢ Da, b(a) = a(a) = ¢(a) = d(a) and if
a € Dy, b(a) = d(a) by the above claim and the structure isomorphism. So
A(b,d) > Ala,c). Similarly, we have A(a,c) > A(b,d). So A(a,c) = A(b,d).
Denote £ = A(a,c). We have a(§) < ¢() as a <; ¢ and b(§) > d(&) as b >, d.
There are several cases:

Case 1: £ € Dy, N Dgy.

Then a(§) = ¢(&) by claim 2 and the structure isomorphism. Contradiction.

Case 2: £ ¢ Dy, U D,y.
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Then a(§) = b(€) and ¢(§) = d(§). Contradict that a(§) < ¢(€) and b(&) > d(§).
Case 3: £ € Dy, \ Deg.

Then c(€) = d(€) and 5o a(€) < c(€) = d(€) < b(€). Then Afa I c(€)) € Aq(€)
and so A(c [¢41) € Aa(Dgp(n)) where n is the number such that £ = Dg(n). By
structure isomorphism, A(c [¢41) € Ac(Dea(n)), ie., there is some r such that
(¢ IDea(m))”r € T and A(c [e41) = A((¢ [pea(n) ). But ¢ [er1<r (¢ [pym) 1. A
contradiction.

Case 4: £ € D¢y \ Dgp.

Then d(§) < a(€) = b(&) < ¢(&). Repeat the proof of case 3 we can get a contra-
diction.

In any case, there is a contradiction. This finishes the proof of the theorem. [

For any w-branching coherent tree 7' (assume 7' is Q N (0, 1)-ranging), let 7" be
the downward closure of {¢t"0 : ¢ € T'}, then 7" is still w-branching (Q N [0, 1)-
ranging) and coherent, moreover, (T, <;7) can be embedded into (7" [x41, <lT,)ﬂ

via w(t) =t"0 for t € T. Then Theorem is easily deduced from Theorem [3.14k

Corollary 3.15. If T is a R-embeddable w-branching coherent tree, then T 1is

Countryman with its lexicographical order.

By Theorem [3.6] we see that Theorem [3.14]is the best we can expect. And although
above theorem shows for the whole nonstationary levels, by Proposition [3.16] it
shows no more than a subset that captures the tree (i.e., a subset whose downward
closure subtree is the whole tree). Let’s now see for a |mathbbR-embeddable coher-
ent tree T' the difference between containing an uncountable Countryman suborder

and having T' |4 is Countryman for any nonstationary A C wj.

Proposition 3.16. (Countryman is closed under countable self union) (1) If (L, <y,

) is a Countryman line, (A, <a) is an uncountable linear order and A = U A, is a
n<w

9Recall that A +1 = {a +1 < w; : a is a limit ordinal.}.
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partition such that (A,,<a) can be embedded into (L, <p) for any n, then (A, <4)
s Countryman.

(2) For any partition tree T of some Countryman line, if X € [T|*“" is special, then
X is Countryman. In particular, if T is R-embeddable, then T |4 is Countryman
for any uncountable nonstationary A C w;.

(3) T is an R-embeddable coherent tree containing an uncountable Countryman
suborder, iff T is contained in the completion of some R-embeddable coherent tree

T such that T' |4 is Countryman for any nonstationary A C wy

Proof. (1) Let L? = nL<Jan be a partition witnesses that L is Countryman. Let
T o A, — L be an embedding.

Now we can partition A% into countably many chains: for any m,n, k in w, define
D(m,n, k) = {(a,b) : a € A,y Nb € A, A (m(a), 7 (b)) € Cr}. It is easy to see
that A% = m»ﬂ%wD(m,n, k) is a countable partition. So it suffice to show that
D(m,n, k) is a chain (for product order) for any m,n, k < w.

Fix m,n,k < w and pick (a,b),(c,d) € D(m,n, k). Assume a <4 ¢ and we need
to show b <4 d. First, m,(a) < mn,(c) since m, is an embedding. Second,
mn(b) <p mn(d) since (mp,(a), m,(b)) € Cy and (7 (c), mn(d)) € Ck. Last, b <4 d
since 7, is an embedding.

(2) follows from (1).

(3) Note the “if” part follows from Fact and Corollary 4.7 For the “only if”
part. Assume X € [T]“' is Countryman. Just take 77 = Tx. Then 7" has the
desired property by (2) and 7" is contained in the completion follows from the fact
that 7" is coherent. O

Note by remark after definition an R-embeddable coherent tree 7' contain-
s a Countryman suborder doesn’t imply T [A,; is Countryman. So unlike R-

embeddability, property that every (uncountable) nonstationary set of levels is
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Countryman is not closed under taking completion. So it is necessary that T is a

contained in a completion of some R-embeddable coherent tree with this property.

As R-embeddable coherent tree that contains a Countryman suborder can be
viewed as a (subtree of) completion of R-embeddable coherent tree with prop-
erty that every (uncountable) nonstationary set of levels is Countryman. So the

question becomes that when does a R-embeddable coherent tree has this property?

Theorem 3.17. (1) If (T, <7, <i7) is a R-embeddable coherent tree, then the fol-
lowing are equivalent:

(a) (T, <ir) is Countryman.

(b) T is a subtree of some R-embeddable w-ranging coherent tree T".

(2) If (T, <7, <ir) is an R-embeddable coherent tree, then the following are equiv-
alent:

(c) (T [a,<ir) is Countryman for any uncountable nonstationary A C w;.

(d) T is a subtree of some R-embeddable Z-ranging coherent tree T".

(e) (T [ay1, <ir) is Countryman.

Before we start the proof, we should note that above mentioned “T" is a subtree of
some T"” is necessary since we can easily get a Q-branching tree by taking a club

restriction subtree.

First, note only levels in A + 1 matters:

Fact 3.18. If T' is an R-embeddable Aronszajn tree and T is w-ranging (or Z-
ranging) at levels C'+ 1 for some club C, i.e., for any s € T [, for any immediate
successor t, t = s~ n for somen < w (orn € Z), then T is a subtree of some R-
embeddable w-ranging (or Z-ranging) Aronszajn tree T'. Moreover, T' is coherent

(or Countryman or both) if T' is.

Proof. Without loss of generality, just prove for w-ranging and assume 7' C (w<“)<“

and is w-ranging at levels C'+1, i.e., t(«) € w for any ¢t € T for any o € C'. Embedd
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T to w<** by

for any t € T, f(t) has height (length) w * ht(t) and f(t) [wawatw)= t(a)m for
a < ht(t).

Then it is easy to see that T lexicographically isomorphic to (f”T") [a, i.e., T can
be viewed as a subtree of f”T. We only need to prove f”T is R-embeddable. Recall
that T is w-ranging at levels C'+ 1 for some club C'. Go to an uncountable subclub
C’ such that for any o € C', wae = . Then T [y is isomorphic to (f"T) [¢riw
which is isomorphic to (f"T) [¢i41. So (f"T) [cr41 is special and by Fact
and hence f”T is R-embeddable. For the moreover part, note the construction will

never destroy the coherence. And the Countryman part follows from Proposition

3.161 ]
Let’s prove the theorem starting from an easy case:

Lemma 3.19. (1) If (T, <r,<ir) is an R-embeddable Aronszajn tree such that
(T, <ir) is Countryman, then T is a subtree of some R-embeddable w-ranging Aron-
szajn tree T" such that (T, <;p/) is Countryman.

(2) If (T, <r,<ir) is an R-embeddable Aronszajn tree such that (T a1, <ir) i
Countryman, then T is a subtree of some R-embeddable Z-ranging Aronszajn tree

T" such that (T" [ A+ 1, <;v) is Countryman.

Proof. (1) Assume T' C Q<“* and by Fact AT [A;1— w is a partition into
antichains. Let ¢ : T? — w be a partition witnesses Countryman. For any s € T,
let B ={q € Q:sqe T} and fix a cofinal sequence Cs in B, with order type
1 or w. Let Cs(n) denote nth element of C;. Now we want to embed 7" to some
T’ satisfying the assumption of previous fact with the club C' = A. For any t € T,
define f(t) to be a sequence of length < ht(t) 4+ 1 such that for any o < hi(t)

(1) if @ = B+ 1, then f(t)(«) = t(B);

N

0Here we don’t distinguish a finite sequence o and its extension with eventually 0’s — ¢ 0.
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(2) if & € A and a < ht(t), then f(t)(a) = n if t(a) € (Cs(n — 1), Cs(n)] where
s =1 [a;

(3) if € A and o = hit(t), then f(t)(«) is undefined and f(¢) has length ht(t).
To show that f”T (let’s don’t distinguish f”7" and its downward closure) is R-
embeddable, by Fact [2.12] just need to define a partition of (f”T") [s41 into count-
ably many antichains. Define g : (f"T) [a41— w? by for any s € (f"T) |a, let
s" € Thys) be such that f(s') = s and g(s™n) = (A(s""Cy(n),c(s', s Cy(n))).
Assume s™m <gvp tTn and §',t in T are corresponding preimages. If ¢/(ht(s')) =
Cy(m), then g(s™m) # g(t"n) by first coordinate. If #(ht(s")) < Cy(m), then
g(s™m) # g(t™n) by second coordinate. This finishes the proof of (1).

(2) For any s € T, By is defined as before and C is a sequence in B; that is
both cofinal and anti-cofinal with order type 1 or 2 or w or —w or Z depending
on whether By has minimal or maximal element. Define f similarly except for
a € Aand a < ht(t), for —n <0, f(t)(a) = —n if t(a) € [Cy, (—n),Cy, (—n+1)).
And define g similarly except the second of g(s™n) is ¢(s~Cy(0), s Cy(n) for
any s € T [p and n € Z. O

Above lemma suggests that Countryman should have some connection to w-ranging
(or Z-ranging for not whole Countryman). However, above construction will prob-
ably destroy the coherent property since partition for immediate successors of each
s € T is considered separately, i.e., no interaction between s # s’ in T, for some «

is considered.

Before we go to the main lemma, we need some definition:

Definition 19. (1) If 7" is a coherent tree, the canonical completion of T'is T* =
{t : 3 € Tyt ="t and Va < ht(t)t(a) € Ay} where A, = {q: s7q € Toyq for
some s}.

(2) If T is a coherent tree, the one step canonical completion of T is T!) = {t €
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T*: W € Ty Dw = {a < ht(t) : (o) # t'(a) } has size at most 1.}.

Now we come to our key lemma which takes care of the whole level instead of each

s € T at the same time:

Lemma 3.20. (1) If T is an R-embeddable coherent tree and (T, <;r) is Country-
man, then its canonical completion T* is also R-embeddable coherent and (T*, <;7+)
1s Countryman.

(2) If T is an R-embeddable coherent tree and (T [pe, <ir) is Countryman where
A€ is the complement of A, then its canonical completion T* is also R-embeddable

coherent and (T* [ze, <ip+) is Countryman.

Proof. (1) Note R-embeddability follows from Corollary [£.7] Assume T' C (Q N
(0,1))<“t. Then T can be lexicographically embedded into A¢ levels of T = down-
ward closure of {t™0:t € T'}. Moreover, T’s canonical completion can be embed-
ded into A° levels of canonical completion of 7". So (1) follows from (2) and let’s
just prove (2)

(2) Assume T C Q<“t. Let ¢ : (T [ac)?> — w witnesses that (T [ac, <;r) is

Countryman.

Note T* = U T™ where T+ = (T™M)1)_ In fact, we just need to prove the
n<w

following;:

claim: (T4 [xc, <;7)) is Countryman where T is the one step canonical com-

pletion.

Let’s first assume that claim is true and prove the lemma. First, (7D .
, <i7(nin) is Countryman (just treat T as a new “I7). Let ¢, : T™ [pe— w be
a partition witnesses Countryman. Then c¢* : T* [ye— w? is defined by

c*(s,t) = (m,n, c;i(s,t)) where m (or respectively n) is least j (k) such that s € T0)
(t € T®™) and i = max{m,n}.

It is easy to check that ¢* witnesses that T™ [jc is Countryman.
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Proof of claim: Let A : T [pc— w be a partition into antichains. For any s €
TWN\T, fix s’ € Thys such that Dyy = {a < ht(s) : s(a) # s'(a)} has size 1, fix
a, to be the ordinal in Dy and fix s” € T, 41 such that s”(a;) = s(as). And if
s € T, then denote s’ = s = s. For any z,y € T™W let

Dyy = {a < man{ht(x), hi(y)} : z(a) # y(a)}.

Now for any s,t € TW,

Est = Dst U Dsg U Dy U Dy U Dy

Now use a finite structure to characterize s, t:

S(s,t) = (Eg,s,t,8,t,8" 1" A e,m) where s,t, s t',s" t" are functions (may be
partial) on Ey, A’ is defined for x € {s,t,s,t',s",t"} and o € Ey by A'(z,a) =
Alx [a1) and w(z) =0ifz € T, n(x) = 1if 2 € TW\ T,

Now we partition T() into isomorphic structures. And we just need to show that
for any s,t,u,v € TW, if S(s,t) is isomorphic to S(u,v) and s <,pa) u, then
t <;r v.

Fix s,t,u,v € T™ such that S(s,t) is isomorphic to S(u,v) and s <1y u. We
will prove the case that s,t,u,v € T \ T, and we will see that the proof works
for the rest cases.

First, repeat the argument in Theorem [3.14] we can get that A(s,u) = A(t,v) =
A(s',u') = A(t',v") and Eg N A(s,u) = Ey, N A(s,u). Let & = A(s,u). Note if
as > & (or ap > &), then A(s”,u") = ¢ (or A(t",v") =§).

If t = v, then it is trivial. Now assume ¢ # v. Now we will discuss by cases.

Case 1: £ € E;, N Ey,

Assume £ = Fy(n) = Ey,(n), then by structure isomorphism, s(§) = u(§). A

contradiction. So this case never happens.

Case 2: £ € E4 U Ey,.
Then t(§) = s(§) < u(§) = v(§). Hence t <;pq) v.

Case 3: £ € Ey \ By
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First note that if ay # &, then s(§) = §'(§) and if o = &, then s(§) = §"(§).
Similarly for ¢, u,v. Now we will discuss several subcases.

subcase 3.1: a, # £ and oy # £.

Then s [e= v [¢ (recall A(s',u) = §) and s'(§) = s(§) < u(&) = w'(§). So
s <. By (s, t') = c(u/,v'), ' <;r v'. Note also ' [¢= 1" [¢ and £ = A(t', ).
So t' <;r v and ¥'(§) < v'(&). So t(§) < v(§) and hence t <;pa) v.

subcase 3.2: oy, # £ and oy = &.

Then s <7 ' and hence t" <;r V" (c(s',t") = c(u',v")). So t"(§) < V"(§)
(A(t",v") = &). Note also t(§) = t"(§) since £ = ay and v(§) = v"(§) since £ € Ey.
So t(§) < v(§) and hence t <;pq) v.

subcase 3.3: oy = ¢ and oy # &.

Similar as subcase 3.2 using s”,u” and t',v'.

subcase 3.4: a;, = ¢ and oy = €.

Similar as before using s”,u” and t”,v".

Case 4: £ € B, \ By

Similar as case 3.

Now we have proved that in any possible case, t <;71) v. This finishes the proof

of the claim and hence the proof of lemma. m

Remark: Canonical completion is necessary here. For example, if T C w<“! is a
finite to one coherent tree. Then (T, <;r) is Countryman. But if 7' contains no
stationary antichain, then 7™ — its completion for w + 1 — is not Countryman and

actually, (T* [a41, <ir+) is not Countryman.

Now we are ready to prove Theorem [3.17}
Proof of Theorem [3.17} (1) (b) — (a) follows from Theorem or Corollary
2. 1ol

(a) — (b). Assume T™ is the canonical completion of 7. Then 7™ is R-embeddable
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coherent and Countryman by Lemma [3.20, Let A, = {¢ :3s € T*s7q € T, }.
Let C, be a cofinal sequence in A, of order type 1 or w. Then repeat the proof in
Lemma using A, (C,) to replace By (Cs) for s € T, It is easy to check that

the resulting tree is moreover coherent.
(2) (¢) — (d) is similar as (a) — (b).

(d) — (c) follows from Theorem [3.14]
(d)
(e)

A : T [pe— w be a partition into chains. For any s € T' [y41, let {s, : n < w} lists

%
— (e) follows from Theorem [3.14]
%

(d). Assume T C Q< and {g, : n < w} is an enumeration of Q. Fix

75N nnght(SH”' Xpm ={t € T [pe: t = s, for some s € Th,y and A(s) = m.}. It
is easy to see that each (X, <;r) can be embedded into (T [x41, <i7). SO T [c
is Countryman by Proposition [3.16, Hence (d) holds (similar as (a) — (b)). This
finishes the proof of Theorem [3.17]

Theorem has very interesting applications. For example, every coherent tree
— unless it is special — comes from (i.e., is a subset of) a coherent tree that is not

Countryman:

Corollary 3.21. If T is an R-embeddable coherent tree and T is not special, then
it has a super tree T' which is R-embeddable and coherent and (T" [p41, <i7v) 1S

not Countryman.

Proof. Going to a super tree we can assume 7' is Z-ranging (if no such super tree,
then 7" = T works). Let 7" be a completion of T" for {—w,w} UZ. Then we can
get that (7" [a41, <irv) is not Countryman. Otherwise, going to a super tree 7",
by Proposition and Theorem (actually the proof of Theorem , T”,rA+1
is Z-ranging and has maximal and minimal immediate successor on a club (i.e.,
for some club C, for any s € T/, 'ny, With height in ', s has maximal and minimal

immediate successor in T, ). So T, is finitely branching and hence special.
[A+1 T'TaA+1

A+
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Hence T is special. A contradiction.



Chapter I

From Countryman lines to R-embeddable

coherent trees

4.1 Special trees

Previously, we code the difference of two elements in a coherent tree and by using
coherence we can guarantee that there are at most countably many codes. And this
is how we get the Countryman property from the coherent property by assuming
some additional assumption. It is then natural to use the coherence to countably

code some other structure, such as special property:

Theorem 4.1. If T is a coherent tree, X is a subset of T such that ht(X) is a

club and X 1s special, then T s special.

Proof. Assume ht(X) = w; (otherwise, replace T'by T" = T' [4(x) which is coherent
by Fact and T" is special iff T" is special by Fact . By going to a subset
assume | X N7T,| =1 for any o < wy. And assume 7' C w<*! since we can have T
tree isomorphic to some coherent 7" C w<*! and T is special iff T" is special. Let

X = U A, witness that X is special and define A : X — w\ {0} by A(z) =n

1<n<w

53
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iff x € A,.

Define f : T — V. [ by induction on levels of T":

If t € Ty, then f(t) = {0}.

If f is defined on T for any f < a. For any t € T,, let {z} = X NT,, D; =
{v < a: t(y) # z(v)} and assume 7, ..., ¥, is an increasing enumeration of D;.
F(#) = {A(@)} UL 2 (), 6(n), f(E 15:)) 28 < b

Since V,, is countable, it is suffice to prove that each preimage is an antichain.
Suppose otherwise, there are s <7 t such that f(s) = f(¢) and (ht(s), ht(t)) is least
(with respect to the product order). Let {z} = X N Ty and {y} = X N Thy.
f(s) = f(t) implies A(z) = A(y) and hence x is incomparable with y. Let § =
A(z,y). It is easy to see that DsNd = D;N§. And § is in D, or D, since z(0) # y(J)
while s(0) = t(0).

We will prove for the case that 6 € D, and the other case is similar. Assume
0 = Dg(i). Then 6 ¢ D, since otherwise 6 = D;(i) and then z(5) = y(J) by
f(s) = f(t) which contradicts the definition of 6. Then D,(i) < D(i) and hence
s Ip,y<r t I, and f(s [p,)) = f(t b)) by f(s) = f(t). This contradicts the
assumption that (ht(s), ht(t)) is the least one with such property. This finishes the

proof of the theorem. O

If we can find a Countryman line without the above mentioned property, then it will
contain no coherent suborder. However, it was found later that the Countryman

line has a even stronger property:

Theorem 4.2. For any Countryman line L and its partition tree T, there is a club
C' such that, for any uncountable subset X C T, if X is special, then T [pix)nc S
special. In particular, if X is special and ht(X) is a club, then T is special.

Let’s fix a partition ¢ : L? — w of L? into countably many chains.

IHere V is the universe and note V,, is countable.
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The following lemma will be needed:

Lemma 4.3. There is a club C such that for any x,y, z,w € L, if c(x,y) = c(z,w),
x Ll zandy L w, then Ac(x,z) = Ac(y, w).

Proof. Let (N, : a < wy) be a continuous elementary chain, Ny contains all relevant
objects and each N, is countable and C' = {N, Nw; : @ < wy }.

Suppose this C' doesn’t work. Assume c¢(z,y) = c¢(z,w) = n. WLOG, assume
x <yr z and Ac¢(z,2) < Ac(y,w). Then there is some f = N, Nw; such that
Az, z) < B < A(y,w). Fix £ = A(z, z) + 1 < 8. Define

D = {t >r y [¢ there are y,w >r t, 2’ >r = [¢ and 2/ > z [¢ such that
c(@,y') = c(Z,w') =n}.

It is easy to see that D € N, and y [s€ D. So D is uncountable. Pick a ¢ € D such
that ¢t L y [g. We can assume t <;7 y [3. According to definition of D, fix w’ >¢ ¢
and 2’ >7 z [¢ such that ¢(2/,w’) = n. Then c(z,y) = c(2',w'). But x <1 2’ and

y > w'. A contradiction. This finishes the proof of the lemma. n

Proof of Theorem Let C' be a club guaranteed by above lemma. Let A :
X — w be a partition of X to countably many antichains. For any ¢ € T [4(x)nc,
fix I, € L such that t <p I, (I; exists because T is the partition tree of L) and fix
xy € X such that hit(t) = ht(z,).

Now we can define a partition of T [44x)n¢ into countably many antichains:

T Thexyne= U{B(m,n) : m < w and n < w} where B(m,n) = {t € T [px)nc:
A(zy) =m and c(l,,,l;) =n}.

It is suffice to prove that each B(m,n) is an antichain.

Suppose towards a contradiction that there are s,t € B(m,n) such that s <r t.
Note, xs L x; and hence A(l,,,l,,) < ht(s) € C. By previous lemma, A(ls, ;) <
ht(s) since ¢(ly,,ls) = c(ls,, ;). This contradicts the fact that s < t. This finishes

the proof of the theorem.
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Also above two theorems can be used to construct a type of Aronszajn trees whose
lexicographical order contains no coherent or Countryman suborder.

Above theorem can also be applied to coherent trees:

Corollary 4.4. If T is coherent and R-embeddable (or at least there is an uncount-
able I' C wy such that T |r is special), then there is a club C' such that for any

uncountable subset X C T, if X is special, then T' [ x)nc s special.

Proof. First prove the case when T is R-embeddable. Then T is tree isomorphic
to some w-ranging R-embeddable coherent tree 7’. Then T is Countryman by

Theorem or Corollary [3.15] Now the corollary follows from the Theorem [4.2]

Then prove the case when T [ is special for some uncountable I' C w;. Then
T Iy is R-embeddable where T is the closure of I', ie., [ = {a < w; :a €T or
sup(I'Na) = a}. Treat T' [f as a new tree and repeat above argument we can get

the conclusion. ]

Remark: We will see that the R-embeddability required in above corollary is nec-
essary: start with a coherent Souslin tred’] 7 C w<“1, let T* be the completion of
T for Z. Then T™* contains an antichain of arbitrary nonstationary height, but 7™

contains no uncountable special levels.

Above remark tells that a coherent tree which contains nonstationary antichain
(i.e., an antichain whose height is nonstationary) may contain no uncountable spe-
cial levels, and Theorem tells that a coherent tree which contains a special
subset with club height is special. There is still a gap that whether a coherent
tree T which contains a stationary co-stationary antichain (or equivalently special

subset) contains uncountable special levels (i.e., an uncountable subset I' C w;

2The existence of a coherent Souslin tree follows from ¢ (just a slightly generalization of the
proof of existence of a Souslin tree in [I6] or [I5]) or see another construction in [5].
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such that 7' [ is special).

The answer is no. To prove this, let’s first introduce the following:

Definition 20. (1) For a stationary set S C wy, a {g-sequence (or {(S)-sequence)
is a sequence (S, : a € S) such that S, C a and for any X C wy, {a € S: XNa =
Sa} is stationary.

(2) For a stationary set S, {5 asserts that there is a {¢ sequence.

The following can be found in [I§]:

Fact 4.5 ([18]). If V = L, then $g holds for any stationary S.

Now we can give the proof:

Proposition 4.6. S is a stationary and co-stationary subset of wy. Assume g,
then there is a coherent tree T' and a subset X C T such that, X is an antichain,
ht(X) = A\ S and T is not special when restrict to an uncountable set of levels,

i.e., for any A € [wq1]“t, T |4 is not special.

Proof. Assume S consists of only limit ordinals. Fix a {g sequence (A, : o € S).
Now construct a coherent 7" and an antichain X C T with properties:

(1) it(X) =A\ S and | X NT,| <1 for any o < wy;

(2) for any o < 8 < wy, there is a s € w?~® P} such that for any t € T, \ X,
t"s € T\ X, where Xe = X NT [eyq;

(3) for any a < wy, X, is an antichain;

(4) for any o < wy, T, is coherent, ie., {£ < a : s(§) # t(§)} is finite for any
s,t €T,.

Let ¢(a, 3, s) denote the statement:

for any t € T, \ Xo, t7s € T\ Xp.

Now let’s start the construction:

3B — a is the ordinal ¢ such that a + ¢ = 3.
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Ty = {6}, Xo = 6.

Now assume for any f < «a, Ty, Xg has been defined and property (1),(2) are
preserved.

Case 1: a =+ 1 for some f.

T, ={tn:tels\ Xsand n € w}, X, = Xs. It is easy to see that property
(1),(3),(4) are preserved. To see (2), fix n < v < a. Case v < « follows from
induction and we can assume 7 = «. By induction, we can find s such that
©(n, B,s) holds. Then ¢(n,~,s n) holds for any n < w.

Case 2: a € A\ S.

Fix (@, : n < w) increasing and cofinal in a. Fix zg € Ty, \ Xo,-

For each n < w, pick a,, # b, such that p(a,, ani1, an) and p(ay,, ane1, by) (note by
construction of successor steps, there are infinitely many s such that p(a,, a,i1, S)
holds). T,, = {s"b{a; :n<i<w):s €T, \ Xa, and n <w} U {z;{a; i <w)}.
Xo =Upca XpU{zg(ai i <w)}.

It is easy to see that property (1) holds. For (2), note for any £ < «, & < «, for some
n, then there is some a such that ¢(, a,,, a), then (&, a, a™b;, (a; : n < i < w)). For
(3), if there is some = € X, such that x <r zj{(a; : 1 <w), then z <y z;(a; : i < n)
for some n < w. This contradict the choice of a,. For (4), if s,t € T,, then by
definition of T,,, {{ < a:s(§) # (&)} ={{ < an : 5 [a, () #1 la, (§)} for some
n < w. Hence (4) follows by induction hypothesis.

Case 3: a € S.

Fix (o, : n < w) increasing and cofinal in a. Fix xy € Ty,.

Pick a,, by induction on n. If a,, is defined for any m < n, pick a, to be any
a € w1~ guch that:

(i) p(am, ans, a);

(ii) if A, code a f : T [rne— w partition into antichains where I' is an unbounded

subset of a (note we can assume at every stage £ > 0 we have fixed a bijection
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between Ty — [w&, w(£+1)) and f is a subset of wa xw), then d(a) = min{f(t)+1 :
t €T [rn(an,an and t <p zq(a; : i <n)~a} is the least we can achieve. (Here we
assume min(¢) = 0.)

Then Ty, = {s7(a; :n <i <w) : s € Ty, \ X, and n <w}, Xo =g, Xp-

It is easy to see that property (1),(3) holds. For (2), note for any £ < «, £ < «, for
some n, then there is some a such that ¢(§, ay,, a), then (&, a,a™{(a; : n <i < w)).
For (4), if s,t € T,, then by definition of T, {§ < a: s(§) # (&)} ={ < ay ¢
S Tay (§) #t la, (&)} for some n < w. Hence (4) follows by induction hypothesis.
a<wi T, X = Ua<w1 Xa-

It is easy to see that 7' is coherent and X C T is an antichain and ht(X) = A\ S.

This finishes the construction and 7' = ( J

So we are left to show that for any I' € [w;]“*, T [t is not special.

Suppose otherwise, there is a I' € [wy]** and f : T [r— w is a partition into
antichains. Then fix a continuous elementary chain (N, : a < w) such that Ny
contains all relevant objects and let C' = {sup(N,Nwy) : @ < wy}. Fixaa € SNC’

such that A, codes f [7; where C” is the set of accumulate points of C' (note

Mo
sup(Ny Nwy) = ).

Let (o, : n < w) and zy be the fixed elements in the construction and a, be the
chosen ones in the construction for each n < w. Let x = z;(a, : n < w). Let
B = min(I'\ a). Pick y € T% N T such that p(a, B,y [ap). Let f(y) = m.
There is a ny < w such that for any n > ng, d(a,) defined in the construction
is either 0 or greater than m + 1. Since o € C’, we can pick § < « such that
sup(Ns Nwy) > qpgy1- Let ny < w be such that ay,, < sup(Ns Nwy) < Q1.
Then H(ws) = S > ay, and there is some y € Tp such that f(y) = m and
P(any, B,Y Tjany.5))-

By elementarity, N; = there is a ' > «,, and there is some y € T such that
f(y) =m and o(an,, 5,y Tia,,.))-

Pick such " and ¢ in Ns and hence 5 < sup(Ns Nwy) < ay, 1. Pick a ¢ such that
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90(5/7 Qni+1, C). Then @(Oénu Qni+1, (y/ r[anl,ﬁ’))ﬁc) and d((y, r[anl,ﬁ’))f\c> <m+1<
d(ay,) (note d(ay,) cannot be 0 since I' N (ay,, @y, 1] # 0). Contradict the choice
of ay, . ]

Here is a summary for speciality of a coherent tree under different conditions:

Corollary 4.7. Suppose T is a coherent tree and X C T is an uncountable subset
such that X is special.

(1) If ht(X) contains a club, then T is special.

(2) If ht(X) is stationary and T |r is special for some uncountable set I' C wy,
then T' [nyx)nc @s special for some club C.

(8) It is consistent that ht(X) is stationary and T contains no special uncountable
set of levels, i.e., T [r is not special for any uncountable I' C wy.

(4) For any uncountable set I' C wy, T Ir is special iff for some downward closed
subtree T, T" v is special. In particular, if T |r is special, T* [r is special where

T* is the completion of T.

Proof. (1) follows from Theorem [4.1] (2) follows from Corollary [.1]and (3) follows
from Proposition .6 Let’s prove (4). Only the “if’ part need a proof. Fix an
uncountable I' C w; and assume 1" [r is special where T" is a downward closed
subtree of T'.

Fix a partition A : 7" [p— w such that each A='"{n} is an antichain.

For each a < wy, fix an injection 7, : @ + 1 — w.

Define Dy = {& < ht(s), ht(t) : s(§) # t(§)} for any s,t € T. Note if T is coherent,
then 7' C O<“* for some countable linear order O. Hence s(§) is defined.

Define f : T — w by: f(t) = min{|Dg|: s € T,’Lt(t)}.ﬁ

Define g : T' — wy by: g(t) = min{& < ht(t) : f(t [¢) = f(t)}.

Now we can define a partition of T" [ into antichains. For any t € T |,

4Note for s € T', htr(s) = htr:(s). So we donot distinguish htr and htr.
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(1) if t € T", then let F(t) = A(t);

(2) if t ¢ T", then f(t) > 0. Fix t' € T}, ) such that [Dy| = f(t). Enumerate Dy
in increasing order: &, < & < ... < &,. Note by definition of g(t), &, < g(t). Then
let F(t) = A®')"({t(&), ' (&), 7o) (&) i < ).

According to above definition of F', the range of F is countable. It is suffice to
prove that each preimage is an antichain.

Suppose otherwise, there are s,¢ € T' [ such that F(s) = F(t) and s <p t. If
s €T, then t € T" by length of F(t). Then A(s) = A(t). A contradiction.

Now assume s ¢ T". Note f(s) = |F(53)|_1 = |F(t§‘_1 = f(t). Then s <r t implies

g(s) = g(t). As F(s) = F(t) and 7y = 74, we can get that Dy = Dy
where s, t" are chosen to define F'(s), F'(t) respectively. Hence s'(§) = t'(&) for any
€ € Dgg = Dy Note also for any £ € hit(s) \ Dsy, s'(§) = s(§) = t(&) = t'(€).
This shows that s’ <7+ ¢. This contradicts that A(s') = A(t') and s',¢' € T" |r.

This finishes the proof of (4) and hence the proof of the corollary. O

4.2 Basis for Countryman lines

Since there are some kinds of Countryman lines that are coherent, if there is some
Countryman line which is not coherent (or contains no uncountable coherent sub-
set), then it must be different from those that are both Countryman and coherent.
So it should be helpful to know different Countryman types, especially if we try
to find some Countryman line which contains no coherent subline. One interest-
ing problem about different Countryman types is the basis problem. This section
will define an equivalence relation on Countryman lines, investigate the size of the

equivalence class and relate it to size of basis.

Definition 21. For two Countryman lines L, Lo, say they are equivalent (written

as Ly ~ Ly) if they have something in common, i.e., there is an uncountable line
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L which can be embedded into both L; and Lgﬂ

7

We need the following to prove that “ ~ 7 is an equivalence relation.

Lemma 4.8. If Ly, Ly are both Countryman, then the following are equivalent:
(1) Ly ~ Ly.

(2) There is a countable partition of Ly — Ly = nL<Jan — such that each (X, <r,)
can be embedded into (Lo, <r,).

(3) Ly + Ly is Countryman where Ly + Lo is the lexicographical order of ({0} x
Ly)U ({1} x Ly).

(4) For any uncountable partial injection f : Li — Lo, there is a X € [dom(f)]“*
such that X is isomorphic to "X wvia f.

Proof. (1) — (2). Assume ¢ : L} — w witnesses that L; is Countryman. Assume
L can be embedded into both L; and Ly and WLOG assume L is a subline of L.
Fix a bijection j : L1 — L. Define for each n < w

Xp={x € Ly:c(x,j(x)) =n}.

Then each X, is isomorphic to f”X, C L and hence can be embedded into L.
(2) — (3) follows from Proposition [3.16]

(3) = (4). Assume c: (L; + Ly)* — w witnesses that L; + Ly is Countryman. Let
X, ={x € Ly :c(x, f(x)) =n}. Then pick X to be some uncountable X,.

(4) — (1). Trivial. O

Equivalence follows easily:
Lemma 4.9. ~ is an equivalence relation.

Proof. Only transitivity needs a proof. Now assume L; (i < 3) are Countryman and

Lo ~ Ly, Ly ~ Ly. Then by previous lemma, Ly+ Ly and Ly + Ly are Countryman

°Or say they near each other as Shelah mentioned in [9].
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and hence Lo + Ly + Ly + Lo are Countryman (since Lo + Ly ~ Lj + Lg). Then

Lo + Lo is Countryman. Hence Ly ~ Lo by previous lemma. m

Fact 4.10. The size of equivalence (~) class on Countryman is greater than or

equal to the size of basis for Countryman.

In most time, they have the same size. And we are actually going to investigate

the size of the equivalence class.
The filter defined on coherent trees introduced in [I] will be used to investigate the

equivalence relation:

Definition 22. For an Aronszajn tree T,
U(T)={A Cw : ADA(X) for some uncountable X C T}.
Z(T) is its dual ideal, i.e., Z(T) = {X : X¢ e U(T)}.

The following fact comes from [I]:

Fact 4.11. [[1]] If T is Lipschitz (or coherent with no Suslin subtree), then U(T)
s a filter.

Following gives the connection between filter U(7") and non-equivalent Countryman

lines.

Definition 23. Assume 7" C Q<! is an Aronszajn tree and X C wy. T(X) is
defined to be the Aronszajn tree T'(X) = {tx : t € T'} where for v < ht(t)

tla) adX
—tla) ra€eX

tx(Oé) =

i.e., preserve the tree order and lexicographical order on levels in X while change
the lexicographical order on levels in X to its reverse. We will simply use <p,
(or <7 since tree order is not changed) and <;x to denote the tree order and

lexicographical order of T'(X) respectively.
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Lemma 4.12. Assume T is a Lipschitz tree such that (T(X) [ae, <ix) is Country-
man for any X C wy. Then for any X, Y C wi, (T(X) Tac, <ix) ~ (T(Y) [ac, <iy)
iff XAY € I(T).

Proof. Fix XY C wy.

(=). Fix bijection 7 between them mapping tx to ty. By (4) of Lemma [4.8] there
is some uncountable A C T such that 7 is an isomorphism between ({tx : t €
A}, <ix) and ({ty : t € A}, <;y). It is easy to check that A(A) N (XAY) = ¢. So
XAY € Z(T).

(«). Pick an uncountable A C T such that A(A) N (XAY) = ¢. Then ({tx : t €
A}, <ix) is isomorphic to ({ty : t € A}, <;y). Then (T'(X) e, <ix) ~ (T(Y) Iac

,<ly). Il

Assumption in above lemma is easily satisfied for coherent trees that are Country-
man (on nonstationary levels) by Theorem [3.17] (going to a super tree if necessary).

Surprisingly, we will see the assumption is easily satisfied by just Countryman too.

Lemma 4.13. If T is a partition tree of some Countryman line L, then there is

some club C' such that for any X C wy, (T ¢ (X) ae, <ix) is Countryman.

Proof. Pick a club € such that T' [¢ is R-embeddable. By Proposition [3.16]
(T Ty Tae, <ir) is Countryman. Let ¢ : T [¢, [ac— w witness this. Pick a subclub
C with property mentioned in Lemma [4.3] Now we are going to prove that this C
works. Let A : T [¢]ac— w witness the R-embeddability.

Fix any X C w;. Define cx : T ¢ (X) [ac— w? by for any sx,tx € T [¢ (X) [ac

cx(sx,tx) = (A(s), A(t), c(s,1)).

Now assume cx(sx,tx) = cx(s'x,ty) and sx <;x s’x. t =t is trivial so assume
t # t'. Then s L § since A(s) = A(f) and similarly ¢ L . By Lemma [4.3]

Ac(s,s') = Aa(t,t'). So either Ax(s,s’) € X hence s >;p ¢/, t > ¢’ and hence
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tx <ix thy or Ac(s,s’) & X hence s <7 &', t <;p t' and hence tx <;x t’y. This

finishes the proof of the lemma. n

The following fact can be used to compute the size of equivalence class of Coun-

tryman lines (see also in [10]):

Fact 4.14. If T is a o-complete proper ideal on wy, then there are wy many disjoint

sets in It (= P(wy) \Z). In particular, |P(w1)/Z| = 2**.
Proof. Use Ulam’s matrix. O

Corollary 4.15. Assume there is a nonspecial Countryman Zz'n(ﬂ Then there are
2“1 many pairwise non-equivalent Countryman lines. In particular, the basis for

Countryman lines has size at least 2*'.

Proof. Fix a non-special Countryman line L and its partition tree 7. By previ-
ous lemma, going to a club restriction subtree we can assume (7°(X) [ae, <;x) is
Countryman for any X C wy.

Claim 1: For any X C wy, if X € Z(T), then T [y is special.

proof of claim 1: Fix X € Z(T) and uncountable A C T such that A(A)NX = ¢.
Then T4 never split at levels in X and hence the partition of T4 [x;1 induces a
partition of Ty [x. So T4 |x is special and by Theorem T |x is special.

Now let Z = {X C wy : T [x is special.} be the ideal consists of sets of special
levels. 7 is proper since T is nonspecial. By Lemma[4.12 and claim 1, we have that
the size of equivalence classes > |P(w1)/Z(T)| > |P(w1)/Z|. Note Z is o-complete.

Then the corollary follows from above fact. ]

We just introduced one type of non-equivalence — T'(X) » T'(Y') for some specific
T and X,Y such that XAY & Z(T). Note their partition trees may be tree

isomorphic. Now we are going to introduce a new type of non-equivalence.

6Nonspecial means some (equivalently every) partition tree is not special.
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Definition 24. For two Lipschitz trees T, T’

(1) say T = T’ if there is an uncountable partial tree isomorphism, i.e., an un-
countable partial level preserving map 7 : 7' — T such that for any x,y € dom(n),
A(z,y) = Aln(z), 7(y)) [}

(2) say T =¢ T" if for some club C, T [¢=T" |¢.

(3) say T' < T" if there is an uncountable partial level preserving map = : T — T”
such that for any z,y € dom(n), A(z,y) < A(n(z), 7(y)).

(4) say T <¢ T" if for any club C, T [¢< T [¢.

Here are some properties of =, =¢, < and <¢:

Fact 4.16. Assume T; (i <2) are two Lipschitz trees.

(1) =,=¢ are equivalence relations and <, <c are partial orderings.

(2) If Ty < Ty and Ty = Ty, then Ty < Ty. Similarly for >. If Ty <¢ T1 and
Ty =¢ Ty, then Ty <¢ Ty. Similarly for >¢.

(3) If T; (i < 2) are partition trees for Countryman lines L; (i < 2) such that
Lo ~ Lo, then Ty =¢ 1.

(4) If Ty <c Ty, then for any A; € [T|“ (i < 2), (Ao, <iz,) » (A1, <i1y) (if they
are Countryman,).

(5) If Ty <¢ Ty and P is a c.c.c. poset, then VP E Ty <¢ Ty.

(6) If Ty < Ty and 7 : Ty — T} is any uncountable level preserving partial mapping,

then there is an uncountable A C dom(7) such that w [ 4 witnesses Ty < T.

Proof. (1) For “=”, only transitivity needs a proof. Fix Ty = T3 via w and T} = T
via 0. For any s € dom(w), fix a s € (T1)dom(s) such that ht(s) = ht(s") and
s" € (T3)rang(s) such that s” = o(x) [nysy for some x € dom(o) N T¢'. Then
f : rang(w) — T defined by f(mw(s)) = s is a level preserving map on 77. By

Lipschitz, there is an uncountable A C dom(w) such that f is tree isomorphic on

" will induce a tree isomorphism between T, dom () and T! ang(r)’
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7" A. Going to an uncountable subset we can assume that A, 7"A, A’ = {s' : s € A}
and A” = {s" : s € A} are antichains. Then the map sends every s € A to s” is an
uncountable partial tree isomorphism. So Ty = 15 and hence = is an equivalence

relation.

For “ =¢ 7, just note that if ¢’ C C are clubs, then T [¢c= T" [¢ implies T' [c/=
T Tcr.

For “ <7, the proof of transitivity is the same as =. The irreflexivity follows from

Lipschitz.
For “ <47, just use the definition and the fact that < is a partial ordering.
2) The construction for (1) works for (2) too.

3) Follows from Proposition .

(2)

(3)

(4) Follows from (2) and (3).

(5) Note that if C" C C are clubs, then T' [¢v< T" [¢r implies T' [¢< T" [¢. Then
(5) follows from the fact that every club in a c.c.c. forcing extension contains a
subclub in the ground model.

(6) Let o : Ty — Ty witnesses Ty < Ty. For any s € dom(w), fix 5" € (T0)dom(o)-
Going to an uncountable subset A’ C dom(mw) and by Lipschitz, we can assume
for any sg,s1 € A, A(sg,s1) = A(sy,s)). For any t = w(s), let ' = o(s).
Going to an uncountable subset A C A’ and by Lipschitz, we can assume for any
to,t1 € ™A, A(to, t1) = A(ty, t). Then for any so,s1 € A, A(sg, s1) = A(sp, 1) <
A(o(sh),0(s4)) = A(m(s0), w(s1)). 0

Note =, =, < and <¢ are relations concern tree orders, they have nothing to do
with the lexicographical order. So (4) of above fact actually says that some tree

property may in some sense decide linear order property.

Definition 25. gen(Fuup) = min{|F| : F generates F,} where F' generates Foup

means that every club (on wy) contains a subclub in F.
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Now we can get non-equivalent Countryman lines by iterated forcing a set of co-

herent trees linearly ordered by <.

Lemma 4.17. Assume k, A are two cardinals (may be finite). If (S; 1 i < k) is
<c-increasing sequence of Lipschitz trees, (Tj : j < \) is <c-decreasing sequence
of Lipschitz trees and S; <c¢ T} for any i < k,j < A, then there is a c.c.c. poset P
of size max{k, \, gen(Fuuw)} which forces an R-embeddable coherent tree T' such

that S; <c T <c Tj for any i < k,j < A.

Proof. First fix a poset which forces an R-embeddable coherent tree (see also|3.17)):

Po={p:p:|wi]? = wis a finite partial function such that

(1) p(-, B)ﬁis one to one, i.e., if (o, B) # (/, B) € dom(p), then p(«, B) # p(c/, ﬁ)ﬂ
(2) for any a € domy(p) = {£ : 3 (&,0) € dom(p)}, for any 5 € dom,(p) = {0 :
3¢ (£,0) € dom(p)}, if @ < B, then (a, B) € dom(p).}.
The order is that for p,q € Py, p <o q iff
(1) ¢ C p and
(2) for any 8, € doma(g), for any o € domo(p) \ domo(q), p(a, B) = pla, 7).
Then fix a set F' of clubs which generates the club filter and has size gen(Fuup)-
Now for any i < k.j < A, for any o < wy, fix ', € (S;)q and tJ, € (T}),. For any
club C € F, by (6) of previous fact, choose X;jc € [w;]“* such that for any a <
in Xyo, Acr(sh, sh) < Acr(t,,t}) where C' = {a € C : sup(C' N a) = a}.
The required forcing will be as following:
P=1{p=0"A4,B,Ch(Xlic i € Ay,j € B,,C € Cp)) : p° € P, 4 €
[K]<9, By € [\]=¥,C) € [F]=% and X[}, € [Xijc]~* satisfying that
(1) Xi7e C domy(p°) and

(2) for any 3,7 € XZ-C, Ac(s/"g, sfy) < Ac(P°(+, B),p°(-,7)) < Ac(tg,t?y). }.

8Recall that for unordered pair {c, 3}, we may always write it ordered as («, ) for a < .
9Here one to one is to make sure the final tree is R-embeddable. Another way is to use
Theorem [£.1] to make the final tree special.




4.2 Basis for Countryman lines

Note condition (2) implies that there is some v < /3,7 such that p°(«, 8) # p°(a, 7).
The order is that for p,q € P, p < qif p* <y ¢” and A, C A,,B, C B,,C, C C,
and X C X, forany i € Ay, j € By, C € .

7

To prove that this P works. First, it is easy to see that |P| = maz{x, A, gen(Faup) }-

Second, let’s prove that P is c.c.c.. Fix {p, : @ < w1} C P. Going to a stationary
subset I' C w; we can assume that

(1) dom(p2), domo(p2), dom; (p°)(a € T) form A-systems respectively, p2(a € T')
are constant when restrict to the root and for a« < § in I'; they don’t overlap, i.e.,
domq(pQ), domy (pl) < < domg(p})\ root of domg, doms (pf)\ root of domy,

(2) A, By, Cp. (a € T') form A-systems respectively,

(3) for each 4, j,C' in the corresponding root, ijac(a € I') forms a A-system with

the same size and they don’t overlap.

Now letAy, By, Cy be the roots of A, , B, ,C,, respectively. D = (Cy and D' =
{a € D:sup(DnNa)=a}.

Now fix some i, j,C in the root, assume X7 \ @ = {ag,...,a,1}. Going to a
stationary subset [} C I', we can find a 7 < w; such that

(4) domo(p3) N [1,a) = ¢, domi(p3) N [T, @) = ¢,

(5) X5i Na < 7 and are constant (for a € T)),

(6) the splitting points of {s}, [4: k < n} are below 7 and {s, [;: k < n} are
constant (for a € T)) (so we can assume {s), [o: k < n} = {sa(k) : k < n'} for
some n’ < n),

(7) the splitting points of {t/, [.: k < n} are below 7 and {#/, [.: k < n} are
constant (for a € T')) (so we can assume {t, [o: k < n} = {ta(k) : k < n”} for
some n” < n).

Repeat above procedure for each 4, j, C' in the root (which is finite) and we get a

stationary I';.

Then going to an uncountable subset I's C I'y and by Lipschitz, we can assume



4.2 Basis for Countryman lines

that for each 4, j,C' in the root, {s,(k) : @ € I's} {to(K') : @ € 'y} are antichains
for each k < n’, k' < n” and

(8) for any ko < ky < n/, for any a < Sin 'y, A(sa(ko), sg(ko)) = A(sal(k1), s(k1)),
(9) for any ko < k1 < n”, for any o < B inI's, A(to(ko), ts(ko)) = A(ta(k1), ts(k1)),
(10) for each k < n, the mapping sends s/, to #/, (with domain {s/ :a € I'y})
witnesses S; [p/< T} [pr

Now pick a < in I'y and we want to find some p < p,, pg. First let A, = A, UA,,,
B, = By, UB,, and C), = C},, U Cp,. Then extend p), pj to ¢° such that dom;(q°)
(i < 2) is their union and ¢%(§,0) = ne where (£,0) is new added and ng’s are
different (for different £’s) natural numbers not appeared in mng(pg),mng(p%).
For i, j,C,

(a) if (4,4, C) € Ap, x Bp, x Cp, \ Ay, X By, X Gy, then X7 = X0,

(b) if (i,5,C) € Ay, X By, X Cp, \ Ap, X By, X Gy, , then X, = X7,

(c) if (i,7,C) & Ap, X By, x Cp, UA,, X By, x Gy, then X5, = ¢,

(d) if (i,4,C) € A,, x B, x C,p, ﬂA,,B X By, x Cy, (i-e., in the root), then X7, =
Xiie UXZBC and extend ¢ to p°: let 6 = A (t4(0),15(0)) > Acr(sa(0),s5(0)) = &'
and choose ¢ € (A(s4(0),55(0)), C(Ac(ta(0),t5(0)))) N C; define p°(£c,n) = mg
for n € domy(p,) \ domy(p}) and p°(Ec, n) = my for n € dom, (p}) \ dom (p,) where
mg, my are two different natural numbers that never appeared before.

We first need that p € P. We have from the construction that p° € Py, A, €
[K]<¢, B, € [\%, G, € [F]=, X} € [wi]= and X[}, C domy(p”). Now we want
to prove (2) of definition P is satisfied. Fix 4,j,C and 0,v € ijo. If 7,7, C falls

in case (a)-(c), then it is trivial. Now assume i, j, C' are as in case (d). If 5,~ are
both in domy (p),) (or domy(p})), then it is trivial,

To make notation simple, assume 6 = ay, v = 3, and ' = oy for some k,l < n.
Now we will discuss by cases.

Case 1: A(t),t],) <

0 '
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Ac(sh, s8) = Do(sph, &) < De(p(-,0),p(- 7)) = Aclp(-0),p(7)) < Dclth, ) =
Ac(th t).

0> 7y
Case 2: A(p(+,0),p(-,7)) <7< A(tje,tjv)
Then A(sh, 1) = A(si, 51,), Alp(-,0), (7)) = Alp(-,0),p( 1)) < € and A(t), 1) =
A(t],, t7) > &c. Hence (2) of definition P follows.
Case 3: A(sp, s%,) <7 < A(p(-,0),p(-,7"))-
Then A(s, s%) = A(sp, s) < 7, Alp(,0),p(-.7)) = Alp(-,0),p(-,7)) = &c and
A(t), t]) = C'(0). Hence (2) of definition P follows.
Case 4: A(sp,s),) > 7.
Then A(sy,s%) = C'(¢"), A(p(-,0),p(-,7)) = & and A(té,t{;) = (C'(6). Hence (2)
of definition P follows.

Hence p is a condition in P. And it is easy to see from the construction that

P < Pa,Pp- S0 P is c.c.c..

Finally we need to prove that this P forces a coherent tree we want. Assume G
is a generic filter. First note for any o < 8 < wy, Dag = {p : (o, 8) € dom(p°)}
is dense and hence a = U{p’ : p € G} is a one to one coherent map (see also
Theorem which induces the desired R-embeddable coherent tree T' = T'(a).
For each ¢ < K,j < A, to prove S; <¢ T <¢ Tj, we just need for each C' € F,
Xijc = U{ch p € G} is uncountable. It is suffice to prove that for any o < wy,
Eijoa = {p:1 € Ap,j € B,,C € Cp and X[, ¢ a} is dense. Given p € P and
extend p if necessary we can assume i € A,,7 € B,,C € C,. Pick some j large
enough in Xj;c. Extend p to g such that

(1) Xo = X5ic U{B} and the rest are the same as p,

(2) for each § € X[, fix §¢ € C such that A(s,sp) < e < C’(Ac(tj,té)).
Define domg(q°) = domo(p°) U {0 : € € X[} and domy(q°) = dom,(p°) U {B}.
Define ¢°(d¢, 8) = ne,q"(0¢,€') = ng for & € X7, &' € domy(p®) where ng, ng

are different (and different for different ¢’s) natural numbers that never appeared
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before. ¢°(v, 3) is arbitrarily defined to satisfy the definition of P for v € domg(p°).

It is easy to check that ¢ < p and ¢ € Ejjca. S0 Eijca is dense. This finishes the

proof of the lemma. O

Using the fact that <o is preserved by c.c.c. forcing, we can add many differen-
t Countryman lines by iterating (with finite support) above forcing poset. Note
M Agen(r..,,) can be achieved by finitely support iterating c.c.c. forcing with suffi-

cient length since c.c.c. forcing won’t change gen(Feup)-

Corollary 4.18. (1) Assume M Agepn(r.,..)- Every basis for Countryman lines has
size 21 [19
(2) Assume M Agen(r...,)- There are 2°° many Aronszajn trees such that any two

of them contain no uncountable isomorphic subtree when restrict to a club.

Remark: It has been proved in [11] that it is consistent with M A, that any two
Aronszajn trees contain isomorphic subtree (restrict to a club). Above corollary

provides a new view of this problem.

Now we are going to investigate the consistency of “least size of basis for Country-

man lines is not 2 or 21”7, First let’s fix some notation.

Definition 26. (1)K = {P : P is a poset of size w; and P has property (K) which
is guaranteed by a set in A (wﬁ}@.
(2) M Ax(wr) is the statement that for any poset P € I, for any D connection of

wi many dense subsets of P, there is a filter G which meets each dense set D € D.

Lemma 4.19. Assume M Ax(w1) and for any two R-embeddable coherent tree tree
S, T,S=cT. Then {(T(X),<x) : X Cwi} is a basis for Countryman lines where
T is arbitrary R-embeddable coherent tree. In particular, the least size of basis for

Countryman lines is |P(w1)/Z(T)|.

10 This is related to a claim of [I].
1 X guarantees that P has property (K) if any model that contains P and X satisfies that P
has property (K).
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Proof. According to the proof of Theorem [2.15] for any Countryman line L and
its Lipschitz partition tree S, the poset which forces S to be coherent is in IC (note
the property (K) is guaranteed by the Countryman property — the partition of L?
into countably many chains — which has size w;). So every Countryman line is

coherent.

Note every R-embeddable tree is special since the poset which forces such tree to

be special is in K.

Now given any Countryman line L and its R-embeddable coherent partition tree
S. Pick a club C' such that S [¢=T [¢. By =, let A, B be uncountable subset of
S [o, T [c respectively such that (S [¢)a is tree isomorphic to (T [¢)p via m. Let
S"= (S le)a,T" = (T ¢)p- It is suffice to prove that (5, <;¢) ~ (T"(X), <ix)
for some X C wy.

To find the X, let’s first prove this:

Claim 1: S’ contains an uncountable binary subtree.

proof of claim 1: Let P = {p € [9'] : §] is binary.} and the order is p < ¢
iff p D ¢. Let’s check the property (K). Fix {p, : @« < wi} C P. Going to an
uncountable subset we can assume p,’s form a A-system with root r and all have
same size n. By coherence, we can find a stationary I' C w; and oy < wy such that
(1) for any o € I, for any s, € pa \ 7, 5 [[ag,0)= t [[ag,0);

(2) for any a, B €T, 5], [ay= S}')B lao-

Going to an uncountable subset I'; C T" such that U{(ps \ 7) a: @ € T'1} is an
antichain. So any two elements in {p, : @ € I'1} are compatible. Then P has
property (K) and note this is witnessed by coherence and R-embeddability which
can be coded in H(ws). So P € K. Note P is c.c.c., so there is a p € P which
forces the generic filter to be uncountable. Then P(< p) = {q¢ € P : ¢ < p} will
force an uncountable binary subtree (note P(< p) € K). A filter which meets each

D,={p:p ¢ T [} will give an uncountable subset whose downward closure is
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binary. This finishes the proof of claim 1.

Now let S” be an uncountable binary subtree of S” and T = #”S”. Note for any
s € §”, m either preserves the lexicographical order of immediate successor of s
or maps the lexicographical order of immediate successor of s reversely. This is
the reason we choose a binary subtree. Let A = {s € S” : s has two immediate
successor o <;s s1 in S” such that 7(sg) >;r 7(s1).}. Now we need to find a
subtree such that splitting points on the same level behaves the same way, i.e., 7
preserves (or reversely maps) the lexicographical order of immediate successor on
the entire level.

Define a poset Q@ = {p € [S"]<¥ : for any s, € p (i < 4), if A(sg,s1) = A(s2,s3),
then so A sy € Aiff s5 Asg € A} Recall that s At =5 [a(s)-

Claim 2: Q € K.

proof of claim 2: First it is easy to see that |Q| = w;. Now fix {p, : o < w;} C Q.
So (5", <s) is Countryman. Fix ¢q : S”? — w a partition into chains and similarly
c1 : T" — w a partition into chains. Going to an uncountable subset we can
assume p,’s form a A-system with root r and all have same size n. By coherence,
we can find a stationary I' C w; and g < w; such that

(1) for any o € T, for any s,t € pa\7, S [ag,0)=t [[ag,a) A0 T(S) [[ag,0)= T(t) [[ag,a);
(2) for any a, 8 €', S) 4= S]’D’B [ and Té’(pa) loo=T" | Taos

m(pg)
(3) for any a, 8 € I, ¢y [,2= co [pz and ¢1 [r(pa)2= 1 r”(l’ﬁ)2|f|’
(4

they don’t overlap, i.e., for any o < f in I', for any s € p,, t € pg \ r,
ht(s) < B < ht(t).

)
)
)
(
For any o < B in I', we want to show p, Upg € Q and hence p, is compatible
with pg. Pick s; € po Upg (i < 4) such that A(sg,s1) = A(S2,s3). The only
nontrivial case is A(sg, s1) = A(pa(0),ps(0)) = € € [ap, &) where p,(0) is the <;s-

least element of p, \ 7. WLOG, assume sg, sy € p, and s1, s3 € pg. Let i, s5 € pg

12Here “=” actually means isomorphic.
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be the corresponding elements of sg, S2 in p,, i.e., sj = pg(n) iff so = pa(n). So
s1 [g= sy I3 and s3 [g= sh [3. Then so A s1 = s9 A Spy, S2 A s3 = s3 A sh. By (3),
so <15 Sy iff s9 <5 b and 7w(so) <ir w(sp) iff w(s2) <ir 7(sy). WLOG, assume
So <15 4 Then either m(sg) <;r m(sp) or m(so) > 7(s;). Hence either sy As, ¢ A
and so Asy € Aor spAsy € Aand saAsy € A So p,Ups € Q. This proves that Q
has property (K). Note property (K) is guaranteed by coherence and Countryman

which can be expressed by a set of size w;. This finishes the proof of claim 2.

Like in claim 1, we can find an uncountable subset B C S” such that for any
s; € B (i < 4),if A(so,s1) = A(s2,53), then so As; € Aiff s As3 € A Let
A" ={s € S% : s has two immediate successor sy <;s s in S% such that w(sg) >
m(s1).}. Let X = {a < wy : 3ds € A" htgi(s) = a}. So S” is lexicographically
isomorphic to 77, 5(X) via 7. Hence S ~ S% ~ T/, 5(X) ~ T(X') where X' =
W{[C(a),Cla+1)):ae X}. So{T(Y):Y Cw} is a basis for Countryman line.

The in particular part follows from Lemma [4.12] O]

Now we are going to force a model which satisfies assumption of previous lemma
and |P(wy1)/Z(T)| = 4.

First, let’s start from a model which satisfies GCH and contains a special complete
coherent tree 7" such that there is Xo C wy, Xo € Z(T') and X; = X¢ & Z(T') where
X¢ = w; \ X (for example, we can choose L). We then fix a well ordering < on
H(wsy). Then fix a surjection f : ws — we X wy X 3 such that each preimage has
size ws.

Then let’s introduce some notation:

Definition 27. (1) For a special complete coherent tree S, Ps = {p = (¢, fp) :
¢p € [w1]=¥, f, is a finite level preserving partial mapping from S to T such that
for any s,t € dom(f,), for any «a € ¢,, A(s,t) < a iff A(f,(s), fpo(t)) < a}.

p<qiff ¢, Dc,and f, D f,.
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(2) For an uncountable X C wy, Px = {p € [T]*¥ : A(p) = {A(s,t) : s L tin
p} C X}
p<qiffp>q

Our goal is to get the assumption in Lemma and

Plw1)/I(T) = {o/Z(T), Xo/Z(T), X1 /Z(T), w1 /Z(T) }.

The assumption in lemma [4.19] can be achieved by iterating Pg for every possi-
ble complete special coherent tree S and every possible poset P with property
(K). And by iterating Px for X N X; € Z(T) (i < 2) we can get P(wy)/Z(T) C
{0/Z(T), Xo/Z(T'), X1 /Z(T), w1 /Z(T)}. So the only problem is to preserve X; ¢
Z(T) (i < 2). Let’s first see the two step iteration case.

Lemma 4.20. For any special complete coherent tree S, Ps is proper. Moreover,
for large enough regular 0, for countable M < H(6), p € Ps is (M, Ps)-generic iff
MNw € ¢

Proof. Fix large regular 6 and countable M < H(f). Assume § = M Nw;. Fix
A S — w witnesses that S is special and A’ : T — w witnesses that T is special.
We just need to prove the moreover part since for any p € Pg, (¢, N {0}, f,) € Ps.
For the moreover part, fix p € Ps. First, assume ¢ € ¢,. Fix D € M dense in Pg.
It is suffice to assume p € D and find some ¢ € D N M compatible with p. Let
a < 0 be such that

(1) for any s € dom(f,), ht(s) < a or ht(s) > 0;

(2) ¢, Nd < @

(3) for any s,t € dom(fy), s lja5)=1 l[a,0) and fp() Na,5)= fp(t) lja)-

Assume dom(f,) \ S [s= {si : i < n}. By elementarity, find a ¢ € M N D such
that there is ' > a and

(i) p and ¢ agree below a, ie., ¢, N = ¢; N @, Saom(s,) la= Sdom(s,) o and

Trang(fp) ra: Trang(fp) ra;
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(ii) (1)(2)(3) mentioned above holds for ¢ when replace p, 6 by ¢, ¢';

(ili) dom(f,) has the same tree structure as dom(f,) and dom(f,) \ S [s= {s} :
i< n}, Alsi I5) = A(s! [5) for any i < n and A'(fy(s:) Is) = A'(fy(s]) I4) for any
1< n.

Note for any i, j < n, either A(s;,s}) < a when A(s;, s}) = A(si, s;) and
A(fp(s0), fo(s5)) = A(fp(si), fo(85)) or A(sy, %) € o, 0"). Hence, it is easy to check
that (¢, Ucy, f, U f,) € Ps.

Second, assume p is (M, Pg)-generic. Suppose towards a contradiction that § ¢
¢,- We can fix a extension p’ < p such that there are s,t € dom(f,) such that
A(s,t) <0 < A(fy(s), fy(t)). Then D = {q € Ps : ¢, & A(s,t)} € M is dense.
It is easy to check that for any ¢ € D N M, p’ is incompatible with ¢. So p is not
(M, Pg)-generic. A contradiction. ]

Lemma 4.21. For any uncountable X C wy, Px either is c.c.c. or collapses w;.
Moreover,

(1) Px is c.c.c. iff X & T(T);

(2) Px collapses wy iff X € Z(T).

Proof. 1t is suffice to prove that X ¢ Z(T) — Px is c.c.c. and X € Z(T) — Px

collapses w;.

First, let’s assume X € Z(T'). Let G be a generic filter and A = UG. Then A is
unbounded below w] since D, = {p € Px : p ¢ T |4} is dense for any o < wy'.
And A(A) C X € Z(T). So Z(T) is not a filter in the generic extension. Hence wy

is collapsed.

Second, assume X & Z(T). Let {ps : @ < wy} be a subset of Px. We can find a
stationary set I' C w; and a countable ordinal o such that
(1) for any a € I, for any s € p,, either ht(s) < ag or ht(s) > «;

(2) for any v € T, for any s, € po \ T [a,s S lag,e)= 1 [[ac,a);



4.2 Basis for Countryman lines

(3) for any a < Bin I', Tp,, [ag= Tps lao-

Let A = {pa(0) [o: o € T'} where p,(0) is the <;p-least s € p, such that ht(s) > a.
Since X & Z(T'), we can find < f in I' such that p,(0) [,L pp(0) [ and
A(pa(0),ps(0)) € X. Tt is then easy to check that p, Ups € Px and stronger than
both p, and pg. O

Corollary 4.22. If P is a forcing notion such that P x Px, (i < 2) preserves
wy, then IFp X; & Z(T) (i < 2). In particular, for any P having property (K) or
P = Pg for some special complete coherent tree S or P = Px for some X C w;

such that X N X, ¢ Z(T) (i <2), IFp X; € Z(T) (i < 2).

Proof. Let’s just prove for i = 0 and ¢ = 1 is similar.

Suppose otherwise, ¥p Xo € Z(T'). Then there is a p € P such that p IFp X, €
Z(T). Then by previous lemma, P(< p)*Px, and hence P(< p) x Px, will collapse
wy. Contradict the fact that P x Px, preserves wy.

For the moreover part, if P has property (K), then P x Px, is c.c.c. and hence
preserves wy. If P = Pg for some special complete coherent tree S. Then S is still
special complete and coherent in V7*o. So V7%o [ Pg is proper. Hence Px, * Ps
is proper. So the product forcing Pg X Py, is proper and hence preserves wy. If
P = Px for some X N Xy € Z(T'). Then according to the proof of previous lemma,

PX X PXO is c.c.c.. ]

Definition 28. Let {N; : i < m} be a finite set of countable subsets of H(w2). We
will say that {N; : i < m} is a symmetric system if

(1) For every i < m, (N;, €, <) is a countable elementary substructure of (H(w,), €
<

(2) Given distinct 4,i" < m, if dn, = dn, (recall 0y, = N; Nwy), then there is a

(unique) isomorphism Wy, , : N; = Ny. Furthermore, we require that Wy, v, is

13Recall < is a well-ordering fixed in the ground model.



4.2 Basis for Countryman lines

79

the identity on N; N Ny.

(3) For all 4,j < m, if dn, < dy,, then there is some j' < m such that iy, = 5NJ_/
and N; € Nj.

(4) For all 7, j,j" < m, if N; € N; and dy; = dn,, , then there is some ¢’ < m such
that W,y (V;) = Ny.

We will now inductively define our forcing P, using the method introduced in [20].
Po=A{p = (¢, {(Ni,0) : i < m}) : m < wand {N; : i < m} is a symmetric
system. }.

For p,q € Po, p <o q iff {NP:i <mP} D {N!:i<mi}.

Not just Py, for any a < wy, for any condition p € Py, p = (po, {(N;, B;) : i < m})

where py is a sequence of length «, 5; < awand {NV; : i < m} is a symmetric system.

Definition 29. For any condition p = (po, {(Ni, 8i) : i < m}), A, = {(N;, 5;) :

i <m}.

For a+1 < ws, denote f(a) = (ap, a1, a2) (recall that f : wy — we X wy x 3 is fixed
at first in the ground model). Let’s define a P,-name for a forcing notion Q..

(1) ap = 0. Let (P, <) be the ozl—t forcing with property (K) in V70 such that
IFp., P C w;. Then Q, is either the trivial forcing {1} or P and

1Q4 = P||a = ||P has property (K)||a.

(2) ay = 1. Let X be the ay-th subset of w; in VP, Then Q, is either the trivial
forcing {1} or Py and

190 = Plla = IX N Xi  Z(T) (i < 2)||a-

(3) ag = 2. Let S be the a;-th special complete coherent tree in V720, Then Qa

is either the trivial forcing {1} or Pg and

Here we require IFp,, 27 = wy and a canonical ordering of P(w1) of type wz. We will prove
later that IFp, 241 = ws for any £ < wa. And the canonical ordering can be given by the <-least
Pa, name for a bijection between 2¢1 and wy where < is the well ordering of H(w4) fixed at the
beginning.
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|1Qa = Pslla = ||S is a special complete coherent tree ||q.

Then Por1 = {p = (po, {(Ni, i) : i <m}) :m < w,pp is a sequence of length o+ 1
and {N; : i < m} is a symmetric system such that

(1) 6; < (a+ 1) Nsup(V; Nwy) for i < m;

(2) ¢ Ta= (po las {(Niymin{B;,a}) : i < m}) € Py;

(3) po(a) is either 1 — the weakest condition in Q, or p [4lFp, po(e) is (N;[G], Qa)-
generic for any N; such that o € N; and (N;,a+1) € A,.}

For p,q € Pat1, p <av1 ¢ iff

(1) p laZa q las

(2) p lalFp, Po(@) < qo(e);

(3) for any (N;, B;) € A, there is a ' > f3; such that (N;, ') € A,.

We now come to the case v < wsq 18 a limit ordinal.

Po = 1{p = (o, {(N;,5;) : i < m}) :m < w,po is a sequence of length o and
{N; :i < m} is a symmetric system such that

(1) B; < (a+ 1) N sup(N; Nwy) for i < m;

(2) for any v < a, ¢ [4= (po [, {(Niy,min{B;,~}) : i <m}) € P,.

For p,q € P, p <o qift p [,< q [, for any v < a.

Now we are going to prove that P,, forces the assumption of Lemma and
|P(w1)/Z(T)| = 4. First, we will use some facts from [20].

Definition 30. (1) For a countable ordinal o > 0, a forcing poset P is a-proper
iff for sufficiently large regular cardinal A and every continuous elementary chain
(M; : i < «) of countable elementary submodel of H(\) containing P, the following
holds: every p € P N M, has an extension ¢ < p that is (M;, P)-generic for every
1< Q.

(2) Say P is finitely proper iff P is n-proper for every n < w.

Remark: In [20], Aspero-Mota iterated a different notation — V-finitely proper.
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Note every finitely proper poset is V-finitely proper so the same procedure works.
In this thesis we just need to iterate finitely proper posets. And by Lemma [4.20]
for any special complete coherent tree S, Pg is finitely proper. Hence, by corollary
, Ps x Py, (i < 2) is finitely proper. Hence Q x Py, (i < 2) is always finitely

proper since c.c.c. posets are finitely proper.

Lemma 4.23 ([20]). Assume P, is a defined as above with 0, possibly replace
by some finitely proper poset. Then the following holds.

(1) If N is a symmetric system and N € N, then N NN is a symmetric system
and for any symmetric system W € N such that W D> N NN, N U{Uyn (W) :
W eW,N € N,on =0dn} is a symmetric system extending both N and W.

(2) P, is Na-c.c..

(3) For any a < wq, P, is proper. Moreover, if N* < H(f) is a countable
elementary submodel for some large regqular 6 and (N* N H(ws),a) € A, (or
(N*NH(ws), sup(N*Nwsq)) € A, for the case o = wy), then p is (N*,P,)-generic.
(4) IFp,, 2 = wy.

(5) For any o < way, P, forces G;j = {po(cx) : p € GWQ} generates a VF-generic
filter over Q.

Then P,, preserves cardinals and every subset of w; in V<2 appears in V" for
some 7y < wo (since it has w; elements and by ws-c.c. each element is determined

by w; many conditions).

Corollary 4.24. (1) VP2 E “MAx(w1) and for any R-embeddable coherent tree
S, S =C T7.
(2) If X; € Z(T) in VP (i < 2), then

VP £ P(wn) /I(T) = {¢/Z(T), Xo/Z(T), X1 /Z(T), w1 /Z(T)}
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Proof. (1) If in VP P € K and D is a collection of w; dense sets., WLOG, assume
P C w,. Assume X € HY ** (w,) witnesses that P has property (K). Then P, DX
appear in some early stage v < wo, i.e., P, DX € VPr. Assume P is the d-th such
forcing with property (K). Let « be large enough such that f(a) = (v,9,0). Then
P has property (K) in VP« since X € VP>, Hence Q, = P. Hence at the final
model VP« there is a filter meets each dense set in D.

If S is an R-embeddable coherent tree in VP+2. Then the forcing which forces S
to be special is in K. So S is special. Let S’ be its completion. Then repeat above
argument, we can get that S’ = T. Hence S =¢ T.

(2) For any X C w; in VP we have 4 cases:

Case 1: XN X, € Z(T) and X N X, € Z(T).

Then X /Z(T) = ¢/Z(T).

Case 2: X N X, € Z(T) and (X)N X, & Z(T).

Then Q, = Py for some a < w,. And hence (X) € U(T). Hence X/I(T) =
wy /Z(T).

Case 3: X N X, € Z(T) and (X)N X, & Z(T).

Then as in case 2, X U X, € U(T). Then X/Z(T) = X, Z(T).

Case 4: X N X, € Z(T) and (X)N X, € Z(T).

As in case 3, X/Z(T) = Xo/Z(T). This shows that in VP2, P(w)/Z(T) =
{¢/Z(T), Xo/Z(T), X1/Z(T), w1 /Z(T) }. O

Now we are left to prove that ¢/Z(T), Xo/Z(T), X1/Z(T),w1/Z(T) are pairwise
different in V"2, And we just need to prove that X; ¢ Z(T) (i < 2) in V7 =2,

Lemma 4.25. X; € Z(T) (i < 2) in V.
Proof. By symmetry, we just need to show Xy & Z(T'). By Corollary 4.22 we just

need to show that P,, x Px, preserves w;. We will prove by induction that for

each o < wy, P, X Px, is proper.
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a = 0. Fix a large enough regular cardinal # and a countable N* < H(f). Let,
N = N*N H(ws). It is suffice to prove that for any (p,q) € Py x Px, such that
(N,0) € Ay, (p,q) is (N*, Py x Px,)-generic. Now let’s fix such a (p,q) and a
dense subset D € N* of Py x Px,. Going to a stronger condition we can assume
(p,q) € D and we just need to find a (p',¢') € DN N* compatible with (p, q).

Let D' ={(p',¢) € D: Ay D A,NN}. Then D' € N* (since A, NN € N*) and
(p,q) € D'. Let E={q¢ : 3" (¢p/,¢) € D'} € N*. Fix a maximal antichain £’ C E
and £’ € N*. Note E' is countable since Px, is c.c.c.. Hence E' C N*. Pick a
¢ € E’ such that ¢ J ¢'. By elementarity, pick a p’ € N* such that (p/,¢') € D'.
Hence, (p',¢') € N* and (¢',¢') £ (p,q) by Lemma [1.23|

o = &+ 1. First, let’s prove that P, x Py, is isomorphic to Ps * (Q x Px,): (1)
((p,q),m) — (p,(q,r)) is a bijection from P, X Px, to Ps* (Qa X Px,) since p lFp, ¢
is (N[Gg], Qa)-generic iff p IFp, (¢,7) is (N[Ga], Qa X Px,)-generic; (2) the order
for the poset is also preserved.

Then by Lemma , Pa * (Q x Px, and hence P, x Py, is proper.

a is an infinite limit ordinal. Fix a countable N* < H(6) for some large regular ¢
and p € N*NP,. Let N = N*N H(ws). It follows from the construction of P, and
Lemma [4.20] Lemma that there is a condition p’ <, p such that (N, «) € Ay
(here we assume o < ws, since if P, X Px, is not proper, then in V72, there is
some A € [T]“" such that A(A) N Xy = ¢. Then such A appears at some previous
stage, A € VP for some v < wy. Then P, X Py, collapses w;.). Now we just need
to show (p/,r) is (N, P, X Px,)-generic for any r € Px,.

Fix D € N* a dense open subset of P, x Pyx,. Extending p’ we can assume p’ € D
and we just need to find some (q,7") € D N N compatible with (p/, 7).

Suppose first ¢f(a) = w. Then we can find some o € N* N a above supp(p’) =

{€ < a:p/(&) is not the weakest element.}. Let G, x G be P, x Px,-generic and
(p' |5,7) € G5 x G. By Lemma [4.23 p’ |, is (N*, P,)-generic. Then by induction
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hypothesis, (p' [, 7) is (N*, P, X Px,)-generic. So
N*[G, x G]E3(q,") € D (q[,,7") € Gy, x G A supp(q) C 0.

Pick such a (¢,7") € N*[G, x G]. (¢,7") € N* since (¢,7") € D. Then ¢ L p' since
q loL P 1o (both in G,) and their supports are below o. So (p/,r) L (q,r").

Now suppose cf () > w. Fix a 0 € N N« such that
(i) for any (N',€) € A, such that Ay < Ay, sup(N'NN Na) < o [F
(il) o bounds supp(p’) N sup(N N «).

Like in case ¢f(a) = w, we can find (¢,7") € D such that (¢ [,,7") £ (P [5,7)-
According to the proof of Lemma q L p'. Hence (q,r") L (p',r).

This finishes the proof for limit o and hence the proof of the lemma. m

Now we have the following:

Corollary 4.26. (1) It is consistent to have the least size of the basis for Coun-
tryman lines to be 4.
(2) For anyn < w, it is consistent to have the least size of the basis for Countryman

lines to be 271,

Proof. (1) follows from Lemma [4.19, Corollary and Lemma [4.25]

(2) The proof for (1) works for (2) too. Just replace the partition w; = ‘Uin
1<
in construction for (1) by a partition w; = UHXi. And replace 2 by n + 1 in
1<n
appropriate place in the proof. O

4.3 Some applications

Now we are ready to get the following application:

" Note there are finitely many such N’ and for each N’, there is a N such that iy = dy and
N’ e N, then sup(N'NNNa) <sup(Tyn(N')Na) e NNa.
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Theorem 4.27. (1) T(ps) is lexicographically isomorphic to a coherent tree.
(2) T(p2) is special. In particular, T'(ps) is Countryman with respect to its lexico-

graphical order.

Proof. (1) Define a function a : [wi]* — Z by: for any o < 3

(i) a(a, B) = 0 if a is a limit ordinal;

(ii) a(a, B) = pa(c, B) — pa(ar — 1, B) if v is a successor ordinal.

Notation: <; denotes the canonical lexicographical order for sequences and hence
< is the lexicographical order for both T'(p,) and T'(a).

We want to prove that T'(a) is the tree we want. First, we show that it is coherent:
Claim 1: T'(a) is coherent.

proof of claim 1: Suppose otherwise, there are a < f such that D,z = {n <
a:a(n,«) # a(n, B)} is infinite. Note D,s consists of only successor ordinals. Let
v < a be the least ¢ such that D,3N¢ is infinite and it is easy to see that « is a limit
ordinal. Let &,,,&,3 be as guaranteed by Lemma and let & = max{&,a, &5}
Then ¢ < v and hence D,s N [£,7) is infinite. Now pick nn € D, N [€, ) and we
have a(n, &) # a(n, 3). But on the other hand, by Lemma [3.10]

a(n, a) = p2(n, a) = pa(n—1,0) = (p2(7, @) + p2(n, 7)) — (p2(7, @) + p2(n —1,7)) =
p2(n,7) = p2(n — 1,7) = a(n,7).

And similarly, a(n, ) = a(n,v). Hence a(n,a) = a(n,5). A contradiction. This
finishes the proof of claim 1.

Now define a mapping 7 : T'(p2) — T'(a) by m(p2s [a) = as 4. Then we just need
to show:

Claim 2: 7 is a lexicographical isomorphism.

Proof of claim 2: First we need to show that 7 is well defined, i.e., for any a < g <
Y, P28 [a= P2y o implies that 7(peg [o) = m(p2y [a), and this is easily followed by
the definition of @ and 7. Hence, it is followed that 7 preserves the tree order.

Then we need to show that 7 is a bijection, it is enough to show that it is an
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injection. Pick any two distinct elements in T'(p2): pog [oF P2y o Let 0 =
A(p2s lasp2y o). Then 6 is a successor ordinal by Lemma . And hence
a(0,8) = p2(3,8) — pa(6 — 1, B) # p2(6,7) — p2(6 — 1,7) = a(d,7). So 7 is an
injection.

At last, we are left to show 7 preserves the lexicographical order. Pick any pag [o<;
P2y las we need to show ag [o= ay [a. If p2g [a<7(py) P2y |a, then we are done
since 7 preserves the tree order. Now assume 7 = A(pog [a; P2y [o) < « and
p2(7, B) < pa(7,7). Note 7 is a successor ordinal by Lemma [3.10] So a(7,8) =
p2(7, B) — p2(7—1, 5) < pa(T,v) — p2(T—1,7). And also note ag [,= a, [, since we
have proven that 7 is well defined. Now we have ag [,<; a4 [, and so 7 preserves
the lexicographical order. This finishes the proof of claim 2.

Now we have that T'(ps) is lexicographically isomorphic to T'(a) which is coherent.
(2) According to Theorem , it is suffice to prove that {psy [o: @ < w; is an
infinite limit ordinal} is an antichain. Pick two arbitrary infinite limit ordinals
a < B <w;. Find a {,3 < a guaranteed by Lemma and pick v € [{ap, ). We
have pa(7y, B) = pa(a, B) + p2(7, ) > pa(y,a) and 0 pay [4 is incomparable with
p2s 5. This finishes the proof of the theorem. O

Remark: Above proof can be generalized to prove that T'(pg) is lexicographically
isomorphic to a coherent tree. See also [21] for a proof that T'(py) is tree isomorphic

to a coherent tree.
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Appendix

Proof of Theorem [2.14f We will use Lemma to prove this theorem and
use notation in Theorem Let 7" = T [c and we are going to show that T"
is Lipschitz. For any level preserving map 7 : X — 7" where X € [T"]*!, let
X, ={z € X : C(ly,lx(x)) = n}. Pick a n < w such that X, is uncountable.
It is suffice to prove that for any =,y € X,,, Ap(z,y) = Ap(n(x),7(y)) (here
Ari(s,t) is the first difference of s and ¢ with respect to 7”). Suppose otherwise,
assume there are z,y € X,, such that Ay (z,y) < Ap(7(z),7(y)) (similar for the
case A (z,y) > Ap(m(x),7(y))). Let o = Ap/(w(x),7(y)). Then as points in
T, A(z,y) < C(a) and Ap(n(z),n(y)) > C(a) where C(a) is the a-th element
of the club C. Then C(ly,lx)) = C(ly, lzy)) = n which contradicts Lemma
since I, [c@7 ly To@) While lre) [c()= lxy) [c(a). This finishes the proof of the
theorem.

Proof of Fact Let (T, <7, <;r) be arbitrary lexicographically ordered Aron-
szajn tree. Define S C Q<“' and a lexicographical isomorphism 7 : T" — S by
induction on the height of S:

So ={¢} and "1y = S.

If S, is defined and 7 [g} is defined and lexicographically isomorphic, let

a+1
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fo i Tos1 — Q be an embedding preserving <;r, then S,11 = {s”fu(t) : s € Sa,
t € Tor1 and 7(t o) = s} and 7(t) = w(t [o)" fa(t) for any ¢t € T,1. It is easy to

see that 7 [, ., is also lexicographically isomorphic.

a+2

If @ is a limit ordinal and for any 8 < «, Sp is defined and 7 [r}, is defined
and lexicographically isomorphic, then S, = {U{n(t [3) : B < a} : t € T,,} and

m(t) = U{r(t [5) : B < a} for any t € T,. It is easy to check that = [r_,, is also

atl
lexicographically isomorphic.

Proof of Fact 2.2} If T has unique limits and C'is a club in ht(T). To see T' |¢
has unique limits, just note that any element which has limit height in T" [¢ has
limit height in 7" too and the predecessors in T' [¢ is cofinal in predecessors in T'.
Assume (7T, <7, <;) is coherent and C' C wy is a club. Assume 0 € C. T [¢= {t €
T : htr(t) € C} and the tree order and the lexicographical order of T' [¢ are the
restriction of <7 and <; on T [¢. Now we just need to define a coherent tree S
and a lexicographical isomorphism 7 : T' [c— S. Still do induction on a:

If a=0,8 ={¢}and 7"(T [c)o = So.

If S, is defined and 7 [}

lass 18 defined and lexicographically isomorphic, let
Aq = {t lic(),cat1)): t € Te(a+1)}, and since A, is countable, we can find f, :
Ao, — Q to be any embedding preserving lexicographical order, then S,,; =
{s7fa(t) : s € Sas t € (T [¢)at1 and 7(t [c()) = s} and 7(t) = 7(t [o@)” falt)
for any ¢ € (T [¢)a+1- Note that fo(t) = fa(t') iff t [[c(a),ca+1))= T T[C(@),C(at1))-

It is easy to see that 7 [(7.)1,.. is also an lexicographical isomorphism.

at2
If o is a limit ordinal and for any § < a, Sp is defined and 7 [y, is defined and
lexicographically isomorphic, then S, = {U{n(t [3) : S < a} : t € (T [¢)a} and
m(t) =U{n(t Ig) : B <a} for any t € (T [¢)a. It is easy to check that 7 [(p,)1.ps
is also lexicographically isomorphic.

Then we just need to show that S is coherent. Pick =,y € S. Recall that in

the construction of successor levels, we have s(a) # t(«) iff 771(s) [1c(a),clat1)F
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7 (t) lic(a).clat1))- Then by the fact that 7' is coherent, we can get that {a <
ht(s), ht(t) : s(a) # t(a)} is finite. And hence S is coherent.

Proof of Fact (1) If B € N,Nwy, then N |= 3 is countable. Let f:w — 3
be a surjection in N,. Then 8 C N, since f € N, and w C N,.

C' is unbounded since N, Nw; > « and C' is closed since N, = U<,V for limit o.
(2) By elementary, we just need to prove that N, = A is stationary. Pick any club
D € N, and then H(ws) = D is a club. Then D is unbounded in N,Nw; and hence
NoNwy € D. So H(wp) = DN A # ¢. By elementary again, N, = DN A # ¢.
Then N, | A is stationary.

Proof of Fact [2.12} (1) (a) implies (b) and (c) implies (a) are trivial. So we just
prove (b) implies (c¢). Assume T' [¢= U, <, A, be a partition of T' [ into countably
many antichains. Define a map fy: T [¢— Q by induction on n:

Ay = {0},

If fo [U,.<,A, 18 defined and the range is finite, then we define fq |4 For any

i1
te A,

if t is maximal (with respect to the tree order) in U, <p114,, fo = maz(rang(fo [u
) +1;

if ¢ is minimal in Uy,<p 145, fo = min(rang(fo [u,.<,4.)) — 1;

mSnAm

if ¢ is neither maximal nor minimal, fo(¢) = (min(a + b)/2 where a = max{ fy(s) :
$ € Un<nAm and s <r t} and b = min{fo(s) : s € Un<nAy, and t <p s}.

Now fo [u is defined and the range is still finite.

m<nt+1A4m
It is easy to see that fy : T" [¢— Q defined above is an embedding. For any
a < wy, fix 7 0 T [ic(a),ca+1)— Q to be any embedding for the tree order. Define
f:T — Qx Q (the order for Q x Q is the lexicographical order) by:

for any ¢t € T, assume ht(t) € [C(a),C(a+ 1)) and t' € T () such that ' <p ¢,
then f(t) = (fo(t'), ma(t)). It is easy to see that f is an embedding. And hence T’

is Q-embeddable.
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(2)(a) = (b). Let f: T — R be an embedding. Just pick C' to be w;. Then C + 1
is the set of successor ordinals below w;. Define a : T [cy1— Q by: for any t € T
such that ht(t) = a+1, define a(t) to be any rational in the interval (f(¢ [»), f(t)).
It is easy to see that for any ¢ € Q, a‘lﬂ{q} is an antichain. So T [¢y1 is special.
(b) — (c¢). Let C be any club and T' [c11= U,<,A, be a partition of T' [¢4q
into countably many antichains. Let X be any nonstationary set. Going to a
subclub of €' we can assme that C N X = ¢. Let g : T [(c(a),C(at+1)— w be an
injection. Define a partition 7" [, \c= Upmn<wB(m,n) by: for any t € T' [,\¢, if
Cla) < ht(t) < Cla+1) and t [c)41€ A, then t € B(m, go(t)). It is easy to
check that each B(m,n) is an antichain. So T' [,,\¢ and hence T' [x is special.

(¢) — (a). Assume X is the set of successor ordinals below w;. Repeat the proof in
(1), we can get that T' [x is Q-embeddable. Let fy : T [x— @Q be an embedding.
Extend foto f: T — Rby: f(t) = sup{fo(s) :s<rtandse€ T [y} foranyt €T
such that ht(t) is a limit ordinal.

Proof of Fodor’s Lemma: Suppose otherwise, f is regressive on a stationary set
S and for any a < wy, f~'{a} is nonstationary. Let C, be a club that disjoint
from f~'{a}. Tt is straightforward to check that C' = A,,,Cy = {B : for any
a< B, 8 € C,}is aclub and disjoint from S. Contradict that S is stationary.
Proof of Fact 3.7} (1) Note O is infinite. If O contains no minimal element, then
O contains a subset of tyoe w* and we are done. Now assume m is the minimal
element of O.

If for any = € O, the interval (m, z) is finite, then O can be embedded into w. So
we can find some z € O such that the interval (m,z) is infinite. Then interval
(m, z) contains a subset of w or w* and hence O contains a subset of type w + 1 or

*

w".

(2) If for any m < z in O, the interval (m,x) is finite, then O can be embedded

into Z. So we can find m < z in O such that the interval (m,x) is infinite. Then
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the interval (m,x) contains a subset of w or w* and hence O contains a subset of
type w + 1 or (w+ 1)*.

Proof of Lemma [3.10} (1) Let 5y > ... > 3, be the walk from § to . Let
£ = max Y (Cs, Na). It follows from the definition of minimal walk that this &

works.

(2) Suppose otherwise, there are § < wy, n < w and a sequence {«; : i < w} below
B such that pi(«;, 5) = n. Then a = sup{e; : i <w} < 5. Pick a ¢ < w such that
|Co Ney| > n and o; > € if a < § where £ is guaranteed by (1). Then « is in the

walk from (5 to «;. Hence pi(cy, ) > p1(cy, ) > i@ > n. A contradiction.

(3) It is suffice to prove that for any o < fwi, p1a = p18 [o- We will do induction on
a. Take € a witness for (1). Enlarge £ if necessary we can assume that |C, N ¢| >
p1(a, B). For any n € (£, ), first note it follows from the definition of p; that
p1(n, B) = max{pi(c, B), p1(n,a)}; then we get that pi(n,5) = p1(n,a). So we
get pra Tea)= P118 [(e,a)- Then pio =" p1p [o since by induction pio [¢=" p1e ="
p1g le-

(4) is trivial. (5) follows from (1) and the definition of p,. (6) follows from (5).
Proof of Fact : In V[G], assmue G = {g, : n < w}. Let X € V be a name
for X. Then for each n < w, definein V: Y, = {z: g, IFx € X}. (Y, :n < w) is
the sequence required.

If X C w; is uncountable (or stationary), then there is a n < w such that Y, is
uncountable (or stationary) in V[G]. So Y =Y, is what we need.

If C'C wy is a club in V[G], then by previous conclusion, we can find uncountable
Y € V such that Y C C. Then the closure of Y is a club in V' and contained in
C. And if S C w; is stationary, then S intersects every club in V. By previous

conclusion, S intersects every club in V[G]. So S is stationary in V[G].

Proof of Fact [4.11} Given uncountable X,Y C T, it is suffice to find uncountable
Z C T such that A(X)NA(Y) D A(Z). For any a < wy, pick z, € X,y, € Y of
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height > «. Define level preserving map 7 which maps each z, [4 t0 Yo [o. By
Lipschitz (use Fodor’s Lemma for coherent tree with no Suslin subtree), going to an
uncountable subset I' C wy, we can assume 7 is tree isomorphism on {z, [,: @ € T'}.
Going to an uncountable we can assume {z, [,: @ € I'} and {y, [o: @ € T'} are
antichains. So Z = {z, [+: @ € I'} works.

Note for any uncountable A C T, we can find an uncountable subset which is an
antichain ( For any a < wy, pick as,b, € A such that o < A(aq, b,) < ht(as) <
ht(b,). Define 7" mapping each a, to b, [. Then an uncountable subset of A such

that 7’ is tree isomorphism guaranteed by Lipschitz is an antichain.

Sketch proof of Lemma [4.23} (1) Follows straightforwardly from the definition.

See [20] for more details.

(2) Prove inductively on o < wq that every {pe : i < wa} C P, contains a pairwise
compatible subset of size wy. Recall GCH is true in the ground model. Now fix
{pe 10 < wy} C Py and pe = (p§, {(N5,55) i < m}) for some m < w (WLOG,
assume m is independent of £). For each £ < ws, going to a stronger condition, we
can assume for any 7 < &, pg(T) is either the weakest element or can be viewed
as a countable ordinal &, (since Q is forced to be of size < wy, & can be picked
to be the 1 such that p§(r) is forced to be the 7-th element of Q). We may
also assume the transitive collapses of N¢ are the same for different ¢ and KUme
form a A-system with root X. Moreover, lgm(Nf \ X) Nwy don’t overlap and
(igme, X, (Nf : i < m)) are all isomorphic.

For oo = 0, it is straightforward to check that any two p, and ps are compatible.

For a« = a+ 1, going to a subset, we can assume &, = n for some fix n < w;. Then
by induction we can find a subset I' € [ws]“? such that {p¢ [5: & € '} are pairwise

compatible. Then {p, : £ € I'} are pairwise compatible.

For « infinite limit, if & < wy, then find a subset I' € [wy]*? and a o < w, such that

supp(pe) C o for all £ € I'. Then it follows from the induction hypothesis. Now
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assume a = wy. Going to a subset, we can assume {supp(pe) : £ < wy} forms a
A-system with root s. Now pick o < wy that bounds X and s. Then by induction,
we can find a subset I' € [ws]“? such that {p [,: £ € '} are pairwise compatible.

It is straightforward to check that {p, : £ € '} are pairwise compatible.
(3) By Lemma and Lemma |4.21] we just need to prove the moreover part. We

will prove by induction on a. Fix countable N* < H(\) for some large regular \.
Let N = N*N H(wy). Fix D € N* a dense open subset of P,. Fix p € P, such
that (N, o) € A, if @ < wy and (N, sup(N Nwsy)) € A, if o = wy. Extend p if
necessary, we assume p € D. We need to find some ¢ € DN N* compatible with p.
For o = 0, it is the same as usual forcing with model as side condition (use (1)
above).

For a = a + 1, fix G4 a generic filter for P; and p [4€ G5. Let

E={re Qa/G& :r = qo(@) /Gy for some g € D such that ¢ [4€ G5 or no g € D
such that ¢ [4€ G5 and qo(a)/Gs < 7}.

It is easy to see that E is dense. By induction hypothesis, p [4 is (N*, Gg)-
generic. Then by definition of Py, po(@)/Ga is (N[Gal, Qa)-generic. So there is
some r € EN N*[Gg] such that r £ po(a)/G5. Note the second case in definition
of E won't happen for r. Let ¢ € D N N*[G5] such that r = ¢o(@)/G5. Then
g € N* since D € V. To show ¢ f p, fix p’ € G4 extends both p [4 and ¢ [5 and
p'IFr L po(a)/Gs. Then (py 1, Ay UA,) extends both p and ¢ where 7’ is forced
by p’ [4 to be stronger than r and po(@).

For « infinite limit, suppose first ¢f(a) = w. Then we can find some o € N* N«
above supp(p) = {£ < a: p(§) is not the weakest element.}. Let G, be P,-generic
and p [,€ G,. Then by induction hypothesis, p |, is (N*, P,)-generic. So

N*[G,] E3q € Dq |,€ G, A supp(q) C o.



Pick such a ¢ € N*[G,]. Then ¢ € N* since ¢ € D. Then ¢ [ p since ¢ [,£ p |+

(both in G,) and their supports are below o.

Now suppose cf () > w. Fix a 0 € N N« such that
(i) for any (N, &) € A, such that Ay, < Ay, sup(N'NNNa) < o;

(ii) o bounds supp(p) N sup(N N ).

Like in case cf(a) = w, we can find ¢ € D such that ¢ [,£ p [,. Let r € P,
extending both ¢ [, and p [,. Let ' = (r{, A, UA,UA,) € P, where supp(r’) =
supp(r)Usupp(q) Usupp(p), 7' 1,=1 |4, for 7 € supp(q)\o, r’ [lFp, “ro(7) < qo(7)
and is (N'[G,], Q,)-generic for N’ such that 6y > dy and (N',€) € A, for some
¢ (note Q, is either c.c.c. or has form Pg, this 7)(7) can be chosen by Lemma
and for 7 € supp(p) \ o, 74(T) = po(T).

Let’s now check that v’ € P,. First note {M : 3¢(M, &) € A} ={M : (M, ¢§) €
A,} and hence is a symmetric system. Then we just need to check the generic
condition, i.e., for any 7 € supp(r’), for any (M, &) € A, if 7 € M and 7 < &, then
1 kp “ri(1) is (M[G,], Q,)-generic”. For 7 < o, this is true since 1 [,= 7 [,
For 7 € [o,sup(N Na)), 7 € supp(q). If (M,§) € A,, then the generic condition
is true since ry(7) < qo(7). If (M,€) € A,, then 6y > Iy by choice of o (note
T € M NN Na) and hence the generic condition is true by choice of ry(7). For
7> sup(N Na), (M,§) € A, since ¢ € N and £ ¢ N. Then the generic condition
is true since (1) = po(7).

It is easy to see that r’ extends both p and ¢. This finishes the cf(a) > w case
since ¢ € D N N*.

(4) Recall GCH is true in the ground model. So |P,,| = ws. Together with wy-c.c.,
we have (29)V7°2 < ([P, 1)V = (w2)V. So VPer E 291 =y,

(5) Tt is suffice to prove that G is forced to meet every dense open subset of Q,,
in VP, Fix D a dense open subset of Q, in V. Fix p € P,,. By extending p we

can assume po(«) is not the weakest condition (hence forced to be generic). Since
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D is dense, we can find a name 7 such that p [,Fp, “F <o, po(a) and 7 € D,

Then p’ is obtained from p by replacing po(a) by 7. And p' IFp,, GtnD +#¢.
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abstract This thesis investigates the transformation between R-embeddable co-
herent trees and Countryman lines. I will show that it is consistent to have a
R-embeddable coherent tree whose lexicographical order is not Countryman and
moreover it has no Countryman suborder. I will also give an equivalence relation
for an R-embeddable coherent tree to be Countryman. Some properties about basis
for Countryman lines which is related to transform Countryman lines to coherent

trees will be given in this thesis too.
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