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Summary

We establish some new existence and multiplicity results for positive solutions of
the following Einstein-scalar field Lichnerowicz equations on compact manifolds (M, g)
without the boundary of dimension n > 3,

n+42 _3n—-2
—Agu+ hu = fur=2 +au -2,

with either a negative, a zero, or a positive Yamabe-scalar field conformal invariant A.
These equations arise from the Hamiltonian constraint equation for the Einstein-scalar
field system in general relativity.

The variational method can be naturally adopted to the analysis of the Hamilto-
nian constraint equations. However, it arises analytical difficulty, especially in the case
when the prescribed scalar curvature-scalar field function f may change sign. To our
knowledge, such a problem in its most generic case remains open.

Finally, we establish some Liouville type results for a wider class of equations with
constant coefficients including the Einstein-scalar field Lichnerowicz equation with con-
stant coefficients.
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The Einstein theory of relativity or general relativity is a geometric theory of grav-
itation. In this theory, gravity is considered as a geometric property of space and time.
Because of the geometric property of space and time, general relativity partially in-
cludes both special relativity and the Newton law of universal gravitation as special
cases. Theoretically, general relativity describes objects in large scale, like the universe,
as Lorentzian manifolds on which gravitation interacts and the universe evolves over
time through a system of partial differential equations known as the Einstein equa-
tions. Being the central object of the theory, studying the Einstein equations becomes
a significant subject in order to understand the whole theory.

In an effort to solve the general Einstein equations, physicists first try to tackle the
equations in some simple cases. Fortunately, some remarkably solutions have been found
in this direction. Although general relativity nearly coincides with the Newton law of
universal gravitation, those known solutions for the Einstein equations in particular
cases have led theoretical physicists to predict some new phenomena which deserve
investigation carefully. However, much less is known about the solutions of the general
FEinstein equations. On the other hand, due to the geometric nature of the theory,
solving the general Einstein equations turns out to be a wonderful research topic not
only for physicists but also for mathematicians, pushing the development of the research
rapidly.

However, along with the rapid development of the research, it poses many challenging
problems to mathematicians, for example, the initial value problems, the well-posedness
problems, the global stability problems, etc. Among these problems, the initial value
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problems which have their own interest from the mathematical point of view turns
out to be the most interesting problem since it involves the theoretical question of the
beginning and the end of our universe. When solving the initial value problems, one
needs to solve the so-called constraint equations that form an under-determined system
of equations which are not easy to solve. For this reason, understanding the constraint
equations is a key step to understanding the initial value problems.

This chapter provides a brief description of the constraint equations for the general
Einstein equations, while a more detailed discussion of the Einstein equations with field
sources is given in Chapter 2. The content of this chapter was basically adapted from
[3], see also [30, 7]. Before we describe the constraint equations, we will briefly recall
the Einstein equations in general relativity.

1.1 The Einstein equations in general relativity

1.1.1 The Einstein equations

Let (V,g) be a differentiable manifold of dimension n + 1 equipped with a non-
degenerate, smooth, symmetric metric tensor g which, unlike a Riemannian metric,
needs not be positive-definite, but must be non-degenerate. Such a metric is called a
pseudo-Riemannian metric and, clearly, its values can be positive, negative or zero.
With a pseudo-Riemannian metric g, the pair (V,g) is called a pseudo-Riemannian
manifold, or simply we call V' a pseudo-Riemannian manifold if metric g is already
known.

If we further assume that the signature of metric g is (1,n), that is, (—,+---+),
then g is called a Lorentzian metric and (V,g) becomes a Lorentzian manifold. In
general relativity, the main objects of study are spacetimes. A spacetime in general
relativity is a Lorentzian manifold. An usual spacetime manifold is of dimension four,
but higher dimensions are considered in the aim of unification of gravitation with the
other fundamental forces of nature, electromagnetism, weak and strong interactions,
and also in super-symmetric theories. There is a priori no restriction on the topology
of spacetime.

We assume throughout this chapter that (V, g) is a Lorentzian manifold of dimension
n+1. Like other field equations in physics, the original Einstein equations can be derived
from an action through the principle of least action. More precise, the action

/V(Scalg +L) dvolg (1.1.1)

is required to be stable under compact perturbations of the metric where L is the
Lagrangian associated with non-gravitational fields. When L = 0, the action (1.1.1)
is known as the Einstein-Hilbert action. By computing the variation of (1.1.1) with
respect to g, we obtain the field equation

1
Ricg—§ Scalgg =T (1.1.2)
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where the left hand side of (1.1.2) is known as the Einstein tensor which is denoted
by Einsg. If we look at the computation carefully, we then see that the Einstein tensor
is a multiple of the variation of fV Scalg dvolg with respect to g while the tensor T
is a multiple of the variation of vadvolg with respect to g and is known as the
stress-energy tensor. By taking the trace of the Einstein tensor, we arrive at

-n
trace Einsg = — Scalg .

A vacuum space time is a Lorentzian manifold (V, g) that satisfies (1.1.2) with 7" = 0.
In this case, we can take the trace of (1.1.2) to find Scalg = 0 and obtain the vacuum
Einstein equations Ricg = 0. The fully Einstein equations (with cosmological constant)
may be written in the following form

Einsg +Ag =T

where A is constant called the cosmological constant. The cosmological constant term
was originally introduced by Einstein to allow for a static universe. It is clear to see
that the cosmological term could be absorbed into the stress-energy tensor 7' as dark
energy.

1.1.2 Real scalar fields

As can be seen from the previous section, the Einstein equations involve the so
called stress-energy tensor 7T representing the density of all the energies, momentum,
and stresses of the sources. On a macroscopic scale, one can couple gravity to either field
sources or matter sources such as electromagnetic fields, Yang-Mills sources, and scalar
fields. While the latter are more phenomenological, the former, which are deduced di-
rectly from special relativity, are one of the simplest non-vacuum models which are the
core of studies in recent years. In addition, interest in those models stems partly from
recent attempts to use such models to study the observed acceleration of the expan-
sion of the universe. Throughout this thesis, we only focus on the Einstein equations
equipped with scalar fields.

In modern cosmology, one can introduce on the spacetime (V,g) a real scalar field
1p with potential U as a smooth function of 9. A particular Einstein field theory is
specified by the choice of an action principle with

L= —%|V¢|§—U(¢). (1.1.3)

This choice of action principle also includes the well-known massive or massless Klein-
Gordon field theory where U (v) = %mQ 4. In view of the Einstein-Hilbert action and
by a fairy standard computation, one can easily deduce that

Tups = Vath Vot 3 8asVu b V"'t~ asU (W),

It is worth noticing that a cosmological constant A can be considered as a particular
scalar field with potential A. For this reason, we do not consider the cosmological term
in our Einstein equation.
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In view of the contracted Bianchi identities, the scalar field ¥ is supposed to satisfy
the following wave equation

VOV = U'(1).
Of course, this equation should be coupled to the field equations (1.1.2).

1.1.3 The Cauchy problem for the Einstein equations and the
Einstein constraint equations

Since g is a pseudo-Riemannian metric, that metric naturally splits each tangent
space into three regions depending on the sign of g. A vector X is called timelike,
spacelike, or null if g(X, X) is negative, positive, or zero respectively. Therefore, a
curve is said to be timelike, spacelike, or null if its tangent vector at every point is
timelike, spacelike, or null respectively. Similarly, we say a hypersurface M of V is
timelike, spacelike, or null if its tangent space at every point has a spacelike, timelike,
or null normal vector respectively.

A spacelike hypersurface M of V is called a Cauchy surface if every inextensible
timelike curve in V intersects M once and only once. One can easily observe that not
every Lorentzian manifold V' admits a Cauchy surface. For those that admit a Cauchy
surface are called globally hyperbolic. The globally hyperbolic property of Lorentzian
manifold plays an important role since it is well-known that every globally hyperbolic
Lorentzian manifold always admits a continuous, globally defined, timelike vector field
F so that a time orientation can be defined through F. With the choice of time ori-
entation, any timelike vector X is said to be future or past if g(F, X) is negative or
positive respectively.

Since the Einstein equations are geometric equations, one can expect solutions of the
Einstein equations verifying the causality principle, that is, the relativistic spacetime
future cannot influence the past. Based on two works by Leray [26] and Geroch [17],
we know that the globally hyperbolic spacetime (V,g) are topological products M x R
with each M x {t} intersected once by each inextensible timelike curve. In view of our
definition above, such a submanifold M x {t} is a Cauchy surface.

In order to formulate an appropriate Cauchy problem for the Einstein equations, we
assume that the globally hyperbolic spacetime (V,g) admits M as a Cauchy surface.
We let g be the Riemannian metric on M induced by g. Having such a Cauchy surface,
we let n be the future pointing timelike unit normal vector to M. We also let K be the
extrinsic curvature of M computed with respect to n. We are now able to formulate the
Cauchy problem for the Einstein equations intrinsically through the following definition,

see [3, Chapter VI].

Definition 1.1.

1. An initial data set is a triplet (M, g, K) where M is an n-dimensional smooth man-
ifold, G is a properly Riemannian metric on M and K a symmetric 2-tensor.

2. A Cauchy development of an initial data set is a spacetime (V,g) such that there
exists an embedding ¢ : M — V' enjoying the following properties
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(a) The metric g is the pullback of g by ¢, that is, g = 1*g. In other words, if M is
identified with its image t(M) = My in V', then g is the metric induced by g on
Mp.

(b) L(K) is the second fundamental form of «(M) as submanifold of (V,g).

3. A Cauchy development (V,g) of (M,g,K) is called a Finsteinian development if
the metric g satisfies the Einstein equations on V.

We now suppose that V' is a Cauchy development of (M, g, K). If it is also true that

every Cauchy development of (M,g, K) can be isometrically embedded in V', we say

V is called the maximal development of (M, g, K). It is easy to see that a maximal
development is unique up to isomorphism.

We have seen that in order to generate a Cauchy development the initial data
(M, g, K) for the Einstein equations cannot be arbitrary, they must satisfy some con-
ditions. In view of the Gauss-Codazzi equations, those conditions can be rewritten in
a form consisting two equations known as the Hamiltonian and momentum constraints

as shown below

e The Hamiltonian constraint
H(g,K) = Scal§—|f|% + (traceg K)* — 2T (n, n) = 0; (1.1.4)
e The momentum constraint
M(g,K) = Vg K — Vgtrace K — T(-,n) = 0; (1.1.5)
where n is an unit vector normal to the slice M.

The quantity 7'(n,n), denoted by p, is often called the matter energy density (or
simply energy density) while the quantity 7(-,n), denoted by J, is often called the
matter momentum density (or simply momentum density) which is a vector on M de-
termined by the projection on M and the normal to M, when embedded in a spacetime
(V,g), of the tensor T of the sources.

Conversely, we wish that for given initial data verifying those constraint equations
above, one can generate a corresponding Cauchy development the for initial data. The
following theorem due to Y. Choquet-Bruhat and R. Geroch shows that these constraint
equations also give us a sufficient condition.

Theorem 1.1 (See [9]). Given smooth initial data (M,g, K) satisfying the constraint
equations, there exists a smooth, maximal, globally hyperbolic Cauchy development of
the initial data.

Consequently, there is a strong connection between the globally hyperbolic Cauchy
development of the initial data and the Einstein constraint equations. However, there
is no one-to-one correspondence between solutions of the Einstein constraint equations
and their globally hyperbolic maximal Cauchy developments in the sense that two
distinct solutions of the Einstein constraint equations may generate isometric globally
hyperbolic maximal Cauchy developments. Nevertheless, as a first step, it is important
to understand solutions of the constraint equations.
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1.2 The conformal method

As can be seen, the couple of constraint equations consist of n+1 equations (a scalar
equation and an n-vector equation) with more than n + 1 unknowns (for example, the
metric g consists of % components). Since the constraint equations form an under-
determined system, they are in general hard to solve. Fortunately, we have a technique

known as the conformal method that can be used in most of cases, see [11].

1.2.1 Background of the conformal method

The basic idea of the conformal method is to equalize the number of equations and
the number of unknowns in such a way that the resulting system is determined. More

specific, the idea of the conformal method is to split the set of initial data (M,g, K)
into the following two catalogue

e Conformal data: Degrees of freedom that can be freely chosen; and
e Determined data: Degrees of freedom that are to be found by solving a determined
system of partial differential equations

We now discuss the method more precise. The conformal data basically consists of
(9,0,7) where g is a metric, o is a symmetric 2-tensor, and 7 is a number. In order
to reduce the number of unknowns, we select g as a metric of the conformal class [g]
represented by the metric g. Concerning to the 2-tensor o and the number 7, they come
from the second fundamental form K. To be exact, they are the weighted traceless part
and the trace of K with respect to g. The determined data now consists of a function
u, the conformal factor, and a vector field W. Mathematically, these quantities fulfill
the following

(1.2.1)

where L is the conformal Killing operator relative to g.

In the case when gravity is coupled with real scalar fields 1, the conformal data now
includes more information, that is (g, o, 7,1, ), where 9 is the scalar field restricted
to M and 7 is the normalized time derivative of 1 restricted to M.

Using this relationship and the change of the scalar curvature under conformal
transformations, one can recast the Einstein constraint equations (1.1.4)—(1.1.5) into
the following

4(n—1 —3n -1 n
MAgu — Scalgu + |o + }LgW|3u s (n — 2p> unts =0 (1.2.2)
n—2 n
and
. n—1 _2n 2(n+2)
divy(LyW) = ——un? Vg +u =2 J. (1.2.3)

As can be seen, the question of solving the Einstein constraint equations now be-
comes solving the recast constraint equations (1.2.2)—(1.2.3) for v and W. Unfortu-
nately, without making additional assumptions, solving these recast constraint equa-
tions still remains open, even for the vacuum case. In order to seek for additional



1.2 The conformal method 7

assumptions, let us consider these recast constraint equations in the vacuum case, that
is

4(n — 1) —3n42 n—1 nt2
ﬁAgu — Scalyu + |o + ]LgW]Zu e un—2 =0 (1.2.4)
and
. n—1 _2n
divg(LW) = un-2V T, (1.2.5)
n

Since (1.2.4)—(1.2.5) form a coupled system of partial differential equations, the most
simplest way to deal with (1.2.4)—(1.2.5) is to decouple (1.2.4)—(1.2.5). Apparently, this
can be achieved if one assumes that 7 is constant.

Since trac&g? = 7, the resulting solutions of the constraint equations are known as
constant mean curvature solutions, or CMC solutions. It turns out that this technical
assumption on the mean curvature plays a crucial role in the conformal method. To see
this more precise, it was remarked in [22] that the conformal method can be effectively
applied in most cases. For example, in the vacuum Einstein case, a complete picture of
the solvability of the constraint equations on compact manifolds was obtained under
the CMC assumption in a remarkable work of Isenberg [22]. Subsequently, several sim-
ilar results were obtained for asymptotically hyperbolic and asymptotically Euclidean
manifolds, see [23, 12]. Equally importantly, CMC solutions of the constraint equations
for several field sources such as the Einstein—-Maxwell and the Einstein—Yang—Mills have
already been achieved.

1.2.2 The Einstein-scalar field constraint equations

Unlike those cases mentioned above where we do know exactly which sets of confor-
mal data lead to solutions and which do not, the solvability of the constraint equations
with field sources is less understood both in the CMC and the non-CMC cases. This is
because when the conformal method is applied in this setting, the constraint equations
include terms of types which are not seen in these other cases.

In order to see this, let us mention the decomposition of scalar field initial data (i, 7).
Since the decomposition of (g, K) has locally introduced n + 1 unknowns function (u
and the components of W), and since there are n + 1 constraint equations to solve, in
the scalar field decomposition we must not introduce any new unknowns. One readily

finds that the only decomposition that satisfies these objectives is given as follows

v o (1.2.6)

u n2T.

<
I

3|
I

Combining these decompositions, we can write out the constraint equations as the

following
4(n—1
—MAQU + (Scaly —|V¢|2)u
n—2
N s e (127
=— ( - — 2U(w)> un= + (o + LW |2 4 72)u 2

and
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1 on
divy(LyW) = = . WAV, — 7V . (1.2.8)
By denoting
n—2
Rng = 4(7’1 . 1) (Sca‘lg _‘vwg)a
n—2 (n—-1 4
B, = eyl G 2U () |, (1.2.9)
n—2
Ag7W77|— = m(‘O’ + ]LgW’g + 7'('2)7

one can see that (1.2.7) simply becomes

n+2 3n—2

—Agu+Rypu = —Brypur=2 + Agwru n=2. (1.2.10)

Unlike in the vacuum case, one can easily see that, in (1.2.10), the sign of the
coefficient BB, does not maintain a constant sign on M since it involves the potential
U. In addition, the sign of the coefficient R, does depend not only on the metric g,
but also on the scalar field 1. These major differences bring a lot of difficulties for the
analysis of solvability.

Recently, in the elegant paper of Choquet-Bruhat et al. [I1], the authors discov-
ered the Yamabe-scalar field conformal invariant Yy ([g]) which plays a similar role as
the Yamabe conformal invariant )([g]) in the study of the Yamabe problem, see [3].
Having this new conformal invariant, the authors successfully proved in [ 1] that every
Riemannian metric g can be conformally transformed to a new metric g in such a way
that R,y is either everywhere positive, everywhere negative, or every zero. Using this
important result and the sign of the Yamabe-scalar field conformal invariant Yy ([g]),
the authors were able to split the set of pairs ([g], ) into classes corresponding to the
positive, zero, and negative value of Yy ([g]). Such a division of conformal data for the
constraint equations with scalar fields allows us to study these constraint equations
easier. In fact, it was showed in [I1] that, among other things, for most sets of confor-
mal data, it is known whether the constraint equations can be solved in the compact
case. By following this method, similar results have been obtained in the asymptoti-
cally Euclidean and asymptotically hyperbolic cases; we refer the reader to [11, 10] for
details.

1.3 Objective, method, and significance of the study

While, as we have noted, the conformal method can be effectively applied for solving
the constraint equations with scalar fields in most cases, it should be pointed out that
there are several cases for which either partial result or no result was achieved, see [11]
for details. In order to talk about the objectives of the current study, let us go back
to [11]. A typical result contained in [11] is a fairly complete picture of sets of CMC
conformal data which lead to solutions of the constraint equations with scalar fields
and which do not. This picture can be summarized in the following two tables where

e ‘Y’ indicates that (1.2.10) can be solved for that class of conformal data,;
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e ‘N’ indicates that (1.2.10) has no positive solution;
e ‘PR’ indicates that we have partial results; and
e ‘NR’indicates that for this class of initial data we have no results indicating existence

or non-existence.

Bry other B<0 B<O0 = B>0 B>0
Yy <0 NR N N N PR Y
Yy =0 NR N N Y N N
Yy >0 PR PR PR N N N

Table 1.1. Results for the case Ay,w, = 0.

Bry other B<0 B<O0 = B>0 B>0
Yy <0 NR N N N PR Y
Vy =0 NR N N N Y Y
Yy >0 PR PR PR Y Y Y

Table 1.2. Results for the case Ay,w,= Z 0.

Unlike the Einstein vacuum case so that a complete picture is obtained, one can
see from tables 1.1 and 1.2 that there are some sets of conformal data for which it is
not known whether (1.2.10) can be solved. These sets of conformal data basically force
(1.2.10) to have a sign-changing term.

As a step toward achieving the full answer, the main purpose of this study was to
search for some sufficient conditions for the solvability of (1.2.10) in those cases left
in [11]. In order to make the study more general, we consider a more general form of
(1.2.10) which can be written as the following

3n—2

— Agu + hu = fu%g +au” "2, (1.3.1)

where h, f, and a are smooth functions. Following to what we have already discussed,
we assume throughout our study that a > 0. In addition, the function h is assumed to
be either everywhere positive, everywhere negative, or everywhere zero.

As was remarked in [11], second order elliptic equations of the type (1.3.1) with the
presence of sign-changing f turn out to be difficult to solve. In order to overcome that
difficulty, in our study, a careful and deep analysis of (1.3.1) was developed to suit the
analysis. Along the line in this study, another purpose of the study was to prove some
Liouville type results for positive smooth solution of (1.3.1). In addition, we also derive
the Einstein-scalar field constraint equations in the dimension n = 2 by adopting those
arguments used in [!1] and by making use of the conformal method.

In the light of the presented analysis in this study, a class of equations arising from
several applied problems could be solved in the same way (see [25, 43]). Hence, the
results of the present study may be useful and could provide a new way to tackle
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related problems in the literature. In addition, it is worth noticing that the basic idea
underlying the presented analysis has found a fruitful application in other problems;
for interested readers, we refer to [38] and the references therein.

Although the Einstein-scalar field constraint equations were successfully derived by
using the conformal method, those constraint equations form an under-determined sys-
tem of coupled equations, which is hard to solve in its general form. For this reason,
this study was limited to the constant mean curvature setting so that those constraint
equations are decoupled. Besides, it should also be mentioned that in our study, those
constraint equations were considered only on compact manifolds. Hence, the Einstein-
scalar field constraint equations for asymptotically hyperbolic and asymptotically Eu-
clidean initial data are out of the scope of this study.

1.4 Structure of the present work

Having the discussion of the Einstein constraint equations with field sources in the
previous section, a more detailed discussion of the Einstein constraint equations with
scalar fields will be presented in Chapter 2. In addition, results in the work of Choquet-
Bruhat et al. [11] will also be discussed in details in this chapter.

In Chapter 3, we prove some basic properties of solutions of (1.3.1). Besides, we
also present some necessary conditions for the solvability of (1.3.1). In the last part of
the chapter, we further study a minimizing problem that was first studied in [3%]. This
minimizing problem plays an important role in our study.

In Chapter 4, we mainly study (1.3.1) in the negative Yamabe-scalar field conformal
invariant, that is h < 0.

In Chapter 5, we turn to study (1.3.1) in the null Yamabe-scalar field conformal
invariant, namely h = 0.

In Chapter 6, we study (1.3.1) in the positive Yamabe-scalar field conformal invari-
ant, that is h > 0.

Lastly, we establish in Chapter 7 some Liouville type results for a wider class of
equations of the following form

— Agu+ hu = Au? +u 172 (1.4.1)

where h and A are constants and ¢ > 0. We show that if the Ricci curvature is bounded
from below by some constant to be determined in the sense of quadratic form, then
every smooth positive solution of (1.4.1) is constant.
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As mentioned earlier, in this chapter, we discuss the derivation of the Einstein-scalar
field constraint equations in the dimension n > 2 by using the conformal method. The
chapter basically consists of three parts as the following.

In the first part of the chapter, we show how to use the conformal method to derive
the recast constraint equations in the dimension n > 3. Since, except the part of scaling
the scalar fields that needs more attention, the rest of the procedure is well-known, and
therefore, we shall not discuss this procedure in details. The content of this part was
basically borrowed from [8], see also [10].

Following this strategy, in the second part of the chapter, we adopt this approach to
derive the recast Einstein-scalar field constraint equations in the dimension n = 2. To
our best of knowledge, the Einstein constraint equations in the dimension n = 2 was
first computed in the vacuum case in [31]. However, due to the presence of the scalar
field, the structure of the Einstein-scalar field constraint equations in the dimension
n = 2 seems to be richer than that of the vacuum case. We shall address this issue
later.
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Finally, in the last part of the chapter, we focus on the division of conformal data
for the Einstein-scalar field constraint equations in the dimension n > 3 recently found
in [11]. Some notations and conventions are also mentioned in this part.

2.1 The Einstein-scalar field constraint equations in the
dimension n > 3

We are now in a position to apply the conformal method to the Einstein constraint
equations with the presence of a real scalar field ¥ with potential U. Notice that, we
always assume throughout this section n > 3, the case n = 2 will be treated in the last
section of this chapter.

Given a spacetime (V, g), we start by choosing an (n + 1)-foliation of the spacetime
manifold F; : M — V, t € R, for which each of the leaves F;(M) of the foliation,
as a level set of the global time function ¢, is presumed spacelike. The future-directed
normal unit vector n can be defined by using the gradient 1-form V¢ which is nothing
but

n=-—NVt,

where N is the positive definite lapse function.

It is also convenient to choose a threading of the spacetime V. The choice of a
foliation and a threading together with a choice of coordinates for M automatically

induce local coordinates (z° = ¢, 2!, ...,2™) on V. For a natural frame on M, we choose
0
0, =— Vi=1,n.
! 81‘1

The dual coframe (6°)"_ is found to be such that

0" = da' + Bidt Vi=1,n,

while the 1-form 6° is nothing but dt. Here 5 are the components of the spacelike shift
vector [ which is the difference between Nn and 0;. To be exact, the shift vector is
chosen as follows

8 =0; — Nn.

The last thing we need to find is the vector dy. To make it suitable, we choose
do = 0, — 0.
It is now easy to check that dyp = Nn in our case.
By using the coframe (%)™, we may locally rewrite the metric in the form
where g;; are the components of the spatial metric tensor. We note that for each ¢,
g;;(t)dz’ ® da? is the induced Riemannian metric on the leaf F;(M). Besides, on each
leaf F}(M), we have a tangent vector basis given by (0, 1, ..., 0,). We also use K to

denote the second fundamental form defined by the foliation. Let us also denote by 7
the mean curvature, that is, 7 = tracegf.

In this section, we derive constraint equations from (1.1.4) and (1.1.5).
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2.1.1 The Hamiltonian constraint equation

In order to transform the Hamiltonian constraint (1.1.4) to an elliptic equations,
one considers the metric g sitting in the conformal class of a given metric g; that is,

g=e*yg

with ¢ a function to be determined. It is well-known that the scalar curvatures of the
conformal metrics g and g are linked by the following rule

Scaly = e 2% (Scaly — 2(n — 1)Agp — (n — 1)(n — 2)g" 9;00;). (2.1.1)

When n > 3, we set e2? = u?P for some u > 0 and we choose p in such a way that

the operator on u appearing within the brackets is somewhat linear in u; this goal is
2
n—27

P
see this, one immediately has u = e» which implies after a direct computation that

4
attained by choosing p = that is, § = u»—2¢ which we suppose from now on. To

1 . 1
Agu = ]?g”uﬁigoﬁj@ + Z;uAgcp.

Thus,
gijaicpc?jap = uipoAgu — pAgep.
Hence,
—2(n — 1) Agp — (n—1)(n — 2)g7 9005
=—(n-1)(2-pn—-2)Asp—(n—1)(n— 2)u_1p2Agu
dn—1) _4
BT
provided p = % Thus, equation (2.1.1) transforms to

n 4(n -1
Scalg = uinﬁig <uScalg - (:_2)A9u> .

The Hamiltonian constraint (1.1.4) now becomes a semilinear elliptic equation for u
given below
ﬁAQU — Scalgu + (|K‘§ -7+ 2[))@6"*2 = 0. (212)

2.1.2 The momentum constraint equation

4
We still use the fact that g = un—2g. If we denote by divg and div, the divergences
in metrics g and g respectively, we then have the following rule

. .. _2(nt2) 2(n+2) .. 2 1 i
divg PY = u” =2 divg(u -2z PY) — L g% Ojutracey P (2.1.3)
n p—
where P is a contravariant (2,0)-tensor, see [3, Lemma 3.1]. In view of (2.1.3), it is

convenient to split the unknown K into a weighted traceless part and its trace, namely,

we write
_ 2(n4+2) ~ .. T

FZ] = U n—2 KU _|_ nglj
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By lowering the indices in K and K , one gets
— 9 Ti
n
It is clear to see that the tensor K is symmetric and traceless, that is
~ i _ A 2n .. T
trace, K = ¢g“ Kjj = u »2gY K;; = un—2g" <Kij — *gz‘j) = 0.
n
In view of the momentum constraint (1.1.5) and with the fact that
4 -
u n=27 = trace, K

we have

7 +g90, =V, K”?

_2(n+2) 2(n+2) 2 IR —
=u n—2 VZ u n—2 T]) — 72'& 192']87/'& traceg K
n
_ 2(n42) 1 2(n+2)

. 2 g _
= =2 V; (K” + U 2 g”T) — ﬁu_lg”&-utracegf(
n_

_2(n+2) 1 2(n+2) 2 .. _
=y 2 VKY 4 Sy e v, (un 29”7) — ——u g9 dutrace, K
n n—2

_2(n+2) 1 2(n+2) 2n_

2
= 2 VK9 4 —gUuT e Vi(unaT) —
n n—

5 u g Opu trace, K

_ 2(n+2)

1
=y 2 VKV 4 —5"70;(trace, K).
n

Thus,

2n+2) s np—1 20n+2)
J +

ViKY =y n2 u =2 GO,

Equivalently,
n—1 _2n 2(n+2) s
un-2g90r +u 2 J

ViK' =

In other words, the momentum constraint (1.1.5) now becomes

n—1 2(n+2) _

= 2VgT+u =2 J. (2.1.4)

divy K =

In particular, if J is zero and 7 is constant, the symmetric (2,0)-tensor K is also
divergence free. Symmetric (2,0)-tensors which are divergence free and trace free are
called TT-tensors (tranverse, traceless). Let us go back to the decomposition of K.
Clearly,

-2 _ _ 5=ij5=hk
|K|§ = gihgjk:K K

dn_ ~ o~
=u 2 ging KK +

n
2
dn  ~ T
—u 2| K2 .
u |K; + "
Therefore, (2.1.2) now reads as follows
4(n—1 n -1 n
MA — Scalyu + | K|?u e 2p ui? =0, (2.1.5)
n—2 g n

This is a semilinear elliptic equation for wu.
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2.1.3 Scaling of the scalar fields

Recall that M is an n-dimensional manifold with the spatial metric g. We denote
by an overbar the values induced on M by the spacetime quantities.

For the scalar field ), there is no need to do any time and space decomposition.
However, the wave equation that 1 fulfills, that is

VNV = U,("nb)a

suggests that the initial data for the scalar field ¥ should be the induced function and
normalized time derivative of the function on M. Based on this reason and for the sake
of simplicity, we use T to denote the normalized time derivative of 1 restricted to M,
that is,

™= N‘180¢.

where Oyt is the value of dygp on M. In addition, we also denote by 1 and 9;1) the
values of ¥ and 0;v% on M respectively.

Due to the fact that the background metric g is unphysical, we associate it to an
unphysical lapse N so that N and N have the same associated densitized lapse, that is

N(detg)*% = N(detg)*%. (2.1.6)

For a background of the choice of this densitized lapse, we refer the reader to a work by
4
Choquet-Bruhat and Ruggeri [13]. Thanks to § = un—2g, this condition is equivalent
to
2n  ~
N =un—2N.
In this setting, we denote m = N ~199%) for the initial data 7. Therefore, we have the
following scaling
2n
T =Nt =u 2.

In order to get the constraint equations for the initial data, let us first calculate
T(n,n) and T'(0;,n).

For the energy density on M of a scalar field ¥ with potential U(-), one need to
calculate T'(n,n). First, an easy calculation shows that

1 &
Too = 009 9ot — 5800 > g9V Vip—goolU (¥))

1,7=0

and

Toi = DOy Vi=1,n.

Under the choice of our adapted frame, there hold

800 0j —N? 0
gO‘B = = 7
8i0 8ij 0 9ij

and
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00 07 1
o _ (8 8”7 —5z 0
gi0 gii 0 gV

Therefore, we can rewrite
n
2 Ar—2 1 ij
Too = N2 (N 2009 0tp+5 > g7VipV,0+U(®))
4,j=0

= N2 (NP0 +570, 50, +UW)).

Since in our local frame, the unit normal vector n is nothing but

n times

one can verify that
T(n,n) = N"*Ty
1 1,
= §N 260’!,0801#4-59 jai'ﬂbaj"p‘FU("b)-

Thus, by considering @ only on M, we have just showed that the energy density is
nothing but

7= 5 (N 2o + g9 0wow) + U (W)

In terms of the initial data set, p becomes
_ 1/ _an _ 4
p=3 (et TR V) + UW).

Hence, we can regroup (2.1.5) as

4(n—1
MAgu — (Scaly — |V |?)u
n—2 g
(2.1.7)
2 2y, —on=2 n—1, nt2
+ (IK[; +7%)u™ =2 — 75 =2U(¢) | un—2 = 0.
n
Now for the momentum density, one can see that
1 1 .
T(0i,n) = _NTOi = —Nao’lﬂa@"(b Vi =1,n.
Therefore, by raising the index ¢ and considering only on M, we obtain
; .. 2(n+2) ..
J = -N"'g90; 0ptp = —u" =2 1gY0;1).
That is
— _2(n+2)
J=—u 2 Vg
Using the formula for .J, (2.1.4) becomes
L~ n—1 _2n
divgK = un=2Vy1r — mVg1). (2.1.8)
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2.1.4 The transverse-traceless decomposition

We consider in this subsection the solvability of (2.1.8) using the transverse-traceless
decomposition. Roughly speaking, we search for K of the form

K = Krp +L,W (2.1.9)

where f(TT is a TT-tensor, say the TT-part of K , W is an unknown vector field to be
determined, and LL is the conformal Killing operator relative to g defined by

(L,W)9 = VW + VW' — 5g”Vka. (2.1.10)

If the right hand side of (2.1.10) vanishes, the vector field W is called a conformal
Killing vector. By definition, any tensor of the form L,Y for some vector field Y has
trace free. The procedure of solving (2.1.8) is to find W and TT-part of K. This so-
called TT-part is not unique in general and we have many ways to extract such a piece
of information from K.

We first deal with W. In accordance with (2.1.9), we first have
(Kp7)¥ = K — (LyW)Y. (2.1.11)

The choice of the conformal Killing operator and the fact that K is tracefree make
the right hand side of (2.1.11) trace free. Besides, the transversality requirement
Vi(K77)"% = 0 and (2.1.8) lead to covariant equations for W given by

n—1

.. 2n .. ..
VZ- (LQW)U = uﬁgwaﬁ — ngjaiw.

If we formally denote Ay conf = divg oLy, then we can rewrite the equation for W in
the vector form as the following

n—1

Ag,coan = U%VQT - Wvgw- (2112)

It is well-known that the operator Ay .ons which is similar to the vector Laplacian is a
second order, self-adjoint, linear, elliptic operator whose kernel consists of the space of
conformal Killing vector fields, see [, Appendix II]. Thus under some mild conditions,
we can solve (2.1.12) for W up to conformal Killing vector fields. Notice that, any
conformal Killing vector field does not constitute any extra information to kTT in
(2.1.11).

‘We now consider the TT-tensor KTT. The search of such a tensor is somewhat freely.
Its procedure can be formulated as follows. We start with a freely chosen traceless 2-
tensor Z, then we solve for Y from the following equation

AgeontY = —div, Z. (2.1.13)

The existence of some Y from (2.1.13) comes from the fact that divy Z is orthogonal
to the space of conformal Killing vector fields whose proof is just a simple application
of integration by parts as follows
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/ (V:Z")H; dvol, = — / Z9(LgH )5 dvoly = 0
M M
where H is a conformal Killing vector field. Since

Vi(LyY + 2)7 = (DgeontY ) + V29 =0

we know that the traceless tensor LyY + Z is also transverse, thus, a TT-tensor. Let
us denote ;Y 4+ Z by o. In conclusion, we first begin with a freely chosen Z and solve
(2.1.13) for Y. We then solve (2.1.12) to find W. Finally, we find K = o + L,W by
means of the decomposition (2.1.9). Such a K will satisfy (2.1.8).

In summary, let us recall some information that we have already seen from previous
sections. By using the conformal method we are able to transform the Einstein-scalar
field constraint equations into a couple of two equations given below

4(n —1)

—ﬁAgu + (Scalg —|V¢|§)u

(2.1.14)

n— 1 2 nt2 2 2 _3n-—2

=— < T 2U(1/1)> un=2 + (lo + LyW |y + 7%)u™ n-2

and
. n—1 2n

divg(LyW) = un—2Vy1 — Vg1 (2.1.15)
where 7 = tracez K. The main objective of our study here is to determine which

choices of the conformal data (g, o, 7,%,7) permit one to solve (2.1.14)-(2.1.15) for the
determined data (u, W) and which do not. Equation (2.1.14) is a semilinear elliptic
equation, called the Einstein-scalar field Lichnerowicz equation, for u provided o and
W are already known.

2.2 The Einstein-scalar field constraint equations in the
dimension n = 2

In the previous section, we have shown how the conformal method may be used
to derive the constraint equations with scalar fields when the dimension n > 3. In
this section, we continue to use the conformal method to construct the constraint
equations with scalar fields in the dimension n = 2. To the best of our knowledge,
the first paper dealing with the Einstein equations in the two dimensional cases is
[31]. Subsequently, some generalization of the corresponding situation for the Einstein—
Maxwell and Einstein—-Maxwell-Higgs equations were also obtained by the author in
[32]. Again, no result is known for the case of scalar fields.

In order to fix notations, we keep using g = e>#g. We first prove the following simple
result which was motivated by (2.1.3).

Lemma 2.1. On any 2-dimensional manifold, if g = e*¢g, the covariant derivatives in
g and g being respectively denoted V and V, the divergences in the metrics g and g of
an arbitrary contravariant (2,0)-tensor PY werify the following identity

divgPY = ¢~ *div,(e* P7) — g" 9 ptrace, P. (2.2.1)
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Proof. For the purpose of clarity we may denote the tensor P by

0 0
®7

P = pY
ozt ~ Oz

Using the Leibniz rule, one easily gets

_ o\ - o 0
e — iy~
WP)(”axk) Vaik<P o ®8x9>

ij _ _
:8i 8A®8+P”<Va a>®8+PU 0 ®<Vaa>

Oxk Ozt~ OxJ 2k Ot OxJ ox? ok O
OP i\ O 0
_<8x P Flk+PF 0 2 oui

Therefore, (2,1)-tensor VP, which is of the form

la e . a a2

verifies ‘ ‘
VP9 = P = 9y P 4+ PYT), + P'TY,.

We take the divergence, that is, to use
8 0

0 _ = 0FV PV _— =V, P _—

P = k‘PZj
div P =07 PY k55 Oz By

to arrive at ‘ ‘
VP = 9; P9 + PUT,, + PUTY..

Notice that under the conformal change g = e¢??g, the Christoffel symbols computed
with respect to g and g verify the following identity

Ti; = I + (07050 + 67050 — gi9™ ).
Therefore,
ViPY =0,P" + PYT}; + P},
+ PY(80ip + 8,010 — 91ig™" Omp)

+ P(8] 0ssp + 61010 — 91ig"™ Omip)
=V, P + (P00 + 2P 0yp — P™ 0nip)
+ (P00 + P1'Ojp — P 919" Orp)
=V, P + 4P 9;0 — ¢ O tracey P
=e V(" PY) — IO, p trace, P.

The proof immediately follows. |

2.2.1 The momentum constraint equation

Let us consider the momentum constraint. Using Lemma 2.2.1, for a (2, 0)-tensor
K, we decompose it as follows
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K7 = e 4K 4 gyij .

This decomposition obeys the same properties as n > 3, that is, K is symmetric and
traceless. Therefore, one has the following

jj +§ij 0T = VZF]

= 674‘Pvi(e4wﬁj) — g0, trace, K

= e V(K7 + %e&p?ijﬂ — 9" ip traceg K

= ey (KU + %QQ@QUT) — g¥0;ptrace, K

— VK 4 %efﬁwgijvi(e?%-) — g0, trace, K
= VK + %6_2%” Vit

In other words,
1] Iy
ViKY =e**J —|—§e g o;T.

Thus, the momentum constraint equation that we need is

~ 1 _
divy K = 5ewvgr + et . (2.2.2)

2.2.2 The Hamiltonian constraint equation
Let us now consider the Hamiltonian constraint. One first obtains by (2.1.1)
Scaly = e~2#(Scal, — 24,¢).
Consequently, the Hamiltonian constraint temporarily reads as the following
—2A4p + Scal —(|K|§ — 724+ 2p)e? = 0.

Obviously,
K2 =ginguK ' K" = e K| + 572
which implies that

~ 1
— 2444 + Scal, — (a‘*ﬂmg -5+ 2ﬁ> % = . (2.2.3)
2.2.3 Scaling of the scalar fields
Using (2.1.6) one easily gets N = €2 N which immediately implies
7= N1y = e 2°r.

Therefore, we can decompose the energy density on M as follows

p= %(6*4%2 + e*w\w@) + U ().
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Now for the momentum density, one can see that
J = —N_lgijajd) Oy = —6_4‘P7rgijaj¢.
That is
J = —e 71V 9.

Using the formula for J, we can rewrite (2.2.2) as
~ 1
divy K = 562%97 — V. (2.2.4)
We now regroup (2.2.3) as
1 ~
— 2,0 + (Scal, — |V¢[2) = —(572 - 2U(@Z)))62“" + (@ KPR, (225)

At this stage, the Einstein constraint equations in 2 dimensions become a system of
partial differential equations (2.2.5)-(2.2.4). Notice that the coefficient of e~2¢ is always
non-negative in this setting. In the vacuum case, that is U(y) = 0, the coefficient of
e?? is always negative and one can use the method of sub- and super-solutions to prove
the existence result, see [31] for details.

2.3 Sobolev spaces and related inequalities

Given a smooth compact Riemannian manifold (M, g) of dimension n, one easily
defines the Sobolev spaces Hﬁ(M ) for any positive integers k and p. To be precise, we
define H{f (M) as the completion of C*°(M) with respect to the following norm

k
||UHH;§ = Z HVjuHLp.
j=1

When p = 2, we simply write H¥(M) as H*(M).
By % and A4; we mean the positive constants such that the Sobolev inequality holds,
that is, for all u € HY(M),

2
*

% 2
‘_7(1/ |Vu)? dvolg—i—ﬂl/ u? dvol, > (/ |u|? dvolg> . (2.3.1)
M M M

We notice that those constants % and A4; are independent of w.

As one may observe from (1.3.1) that the operator appearing in the left hand side
of (1.3.1), that is —A + h, admits some interesting features when we impose some
conditions on the potential h. A typical assumption that people usually make is to
assume that —A + h is coercive. Roughly speaking, this is equivalent to saying that

g Sy IVul? dvoly + [, hu? dvol, =0
u€H (M) J3y u? dvolg

In particular, one may see that
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1
2
||U||Hi = </ |Vul? dvol, + /Mhu2 dvolg>

is an equivalent norm in H'(M). It is standard to check that if A > 0 everywhere then

—A + h is coercive.

Another useful inequality appearing in this setting is the following. For all v €
HY(M), there holds

2
* 2*

/ |Vu|? dvol, +/ hu? dvol, > Sy, </ |u? dvolg> , (2.3.2)

M M M

where the constant Sy, is called the Sobolev constant and is independent of w.

2.4 The Yamabe-scalar field conformal invariant

Let us assume that (M, g) is a compact Riemannian manifold without boundary.
We recall from the study of the Yamabe problem [3, 12, 15] on (M, g) the conformal
Laplacian operator L, acting on a smooth function u is defined by

n —

2
Lou= Agu— ——2_
9= 29 T = 1)

Scalg u. (2.4.1)

Operator L, has the conformal covariance property
_nt2
Lyu =6 n=2Ly(0u) (2.4.2)

for any g = Gﬁg for some 6 > 0 being a smooth function. Inspired by (2.4.1), the

authors in [11] introduced the so-called conformal scalar field Laplacian operator Ly
given by
n—2 9
Lg,’l/)u = Agu - m(SCaIQ —‘V@M‘g)u (243)

It follows from (2.4.1) and (2.4.3) that

n—2
Lgyu = Lyu+ ——|Vo|2u.
We wish that L, also has the conformal covariance property. For this reason, we first
have

. 4 4
VoI5 = 570050 = 077297001 = 0772 [ V[,
This and (2.4.2) immediately give

Lgyu = Lgu + PTE—) IViplsu
n42 n—2 4
— 0L (Ou) + — 2 g | V|2

n

_n+2 -2 _nt2 2
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In other words, the operator L, also verifies the same conformal covariance property
in the sense that
_nt2
Lgﬂp’u, =0 n—?ng(Gu). (2.4.4)

We now define the so-called conformal-scalar field Dirichlet energy of u by

4(n—1
Egy(u) = (n)/ ulL g pu dvoly
' n—2 Jy ’
4.(Tl — 1) 2 n—2 9\ 9
= ﬁ /M <|V’U,‘g + m(scalg —]Vl/}\g)u dVOlg
and the conformal-scalar field Sobolev quotient by
E, . (u
Qg,w(u) = %()-
ol 2,
Using (2.4.4) one has
Qg (1) = Qg (0u) (2.4.5)

where g = Qﬁ g. We denote by [g] the conformal class of the metric g given by
9] = {g = 072,60 € C™(M),0 > 0}.
Then we define the so-called Yamabe-scalar field conformal invariant by

Yollgl) = _inf  Qou(w). (2.4.6)

By (2.4.5), it is obvious that Yy ([g]) is independent of the choice of background metric
g in the conformal class used to define it, and is therefore an invariant of the conformal
class [g].

We observer from the Holder inequality and the compactness of M that

'/M (Sealy [V 2u?) dvoly| < Clul 2,

for some positive constant C' independent of u. Thus, Vy([g]) is finite. Consequently,
by using the sign of Yy ([g]), we may partition the set of pairs ([g], ) into three classes
which we label Y, J°, YT, and refer to as the negative, zero, and positive Yamabe-
scalar field conformal invariants on M.

The following important result was proved in [11].

Proposition 2.1 (See [11]). The following conditions are equivalent

(i) Yy (lg]) > 0 (respectively =0, < 0);
(ii) There exists a metric g € [g] which satisfies

Scal; —|V[2 > 0

everywhere on M (respectively =0, < 0);
(iii) For any metric g € [g], the first eigenvalue A1 of the self-adjoint elliptic operator
—Lg , is positive (respectively zero, negative).
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For any constant ¢ > 0 and any metric g € [g], let us consider the following metric
4 4 4
g = cn—2g. In terms of the metric g, one may write g = (cu)»—2g provided g = un—2g.

Then a direct computation shows that

Scaly —| V4% = Scaly —c 72 [Vh|2

4(n—1) _n+2 4 9
ﬁc n—2 Ag(c) —Cc n—2 |V¢’§

= (Scal§—|V1/1]§v> .

__4_
=c¢ n-2 Scalg —

Therefore, we can extend the preceding proposition as follows.

Proposition 2.2. The following conditions are equivalent

(i) Yy (lg]) > 0 (respectively =0, < 0);
(ii’) There exists a metric g € [g] which satisfies

Scaleg —|Vi|% > 0

everywhere on M (respectively =0, < 0) and for any constant ¢ > 0;
(iii) For any metric g € [g], the first eigenvalue A1 of the self-adjoint elliptic operator
—Lg y is positive (respectively zero, negative).

The advantage of Proposition 2.2 is that it allows us to assume that the manifold
M has unit volume by choosing a suitable constant ¢ > 0.

One of the most important properties of the Einstein-scalar field Lichnerowicz equa-
tions is that they are conformally covariant in the following sense.

Proposition 2.3 (See [11]). Let D = (g, 0, 7,1, 7) be a conformal initial data set for
the Finstein-scalar field constraint equations on M. If g = Gﬁg for a smooth positive
function 0, then we define the corresponding conformally transformed initial data set
by
D= (g,0,T, @Z, T) = (Gﬁgﬁ*za, T, 9_%@0,#).

Let W be the solution to the conformal form of the momentum constrain equation
with respect to the conformal initial data set D (for which we assume that a solution
exists), and let W be the solution of the momentum constrain equation with respect to
the conformally transformed initial data set D (which will exist if W does). Then u
is a solution to the Einstein-scalar field Lichnerowicz equation for the conformal data
D with W if and only if 7 'u is a solution to the FEinstein-scalar field Lichnerowicz
equation for the transformed conformal data D with W.

Using Proposition 2.3 above, it turns out that the sign of Y ([g]) plays an important
role in the study because we can first perform a conformal transformation on the
conformal initial data from (g,o, 7,1, 7) to (Hﬁg 020, T, 9_%1/1, 7) in such a way
that R 53 has a fixed sign by means of Proposition 2.1. Therefore, it suffices to study
the solvablllty of the Elnstem—scalar field Lichnerowicz equation for the transformed
data (Gn 29,0720, 7,0 " 2¢, m) rather than to study to solvability the Einstein-scalar
field Lichnerowicz equation for the original data (g, o, 7,%, ).
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2.5 A classification of Choquet-Bruhat—Isenberg—Pollack
2.5.1 Solving the momentum constraints

As we have already known that the operator Ay .onf is a second order, self-adjoint,
linear, elliptic operator whose kernel consists of the space of conformal Killing vector
fields, see [8, Appendix II]. It follows from the Fredholm alternative that for a given
set of functions (u, 7,1, ) we may solve the momentum constraint

n—1

_2n_
Ag contW = un=2Vy1 — Vg

if either
e (M, g) admits no conformal Killing vector fields, and thus, W is unique;

or

2n
° ”T_lum V47 —7V 41 is orthogonal in the L? sense to the space of conformal Killing

vector fields.

In the case of constant mean curvature and (M, g) admits conformal Killing vector
fields, it suffices to require that mV 41 is orthogonal to the space of conformal Killing
vector fields. Notice that, under the constant mean curvature assumption, the momen-
tum constraint equations consist of only scalar field . Therefore, we can solely solve
it to obtain W. Having the existence of W and the fact that our system of constraint
equations are decoupled, we may solely solve the conformal form of the Hamiltonian
constraint for wu.

2.5.2 Solving the Hamiltonian constraints

Unlike the Einstein equations in the vacuum case where we know exactly which sets
of vacuum constant mean curvature conformal data permit the corresponding Lich-
nerowicz equation to be solved and which do not, the analysis for the Einstein-scalar
field Lichnerowicz equation is more complicated, primarily because there are more rel-
evant possibilities for the signs of the coefficients in (2.1.14). Let us recall from the

previous chapter that the corresponding Lichnerowicz equation is simply given by

n+2 _3n—2

—Agu+ Rgyu = —Bryur=? + Agwru 2

where coefficients R, Bry, and Ag w . are given in (1.2.9).

In [11], their classification only depends on the sign of R,y and B, since Agwr >
0. As for B; 4, there are six different possibilities, namely, this coeflicient can be strictly
positive, greater than or equal to zero, identically zero, less than or equal to zero, strictly
negative, or of changing sign. For Ry, in view of Proposition 2.1, under a suitable
conformal change, we can fix its sign, thus, there are three possibilities, namely, this
could be negative, identically zero, or positive. These classification of sign combined
with the two options Agw,r = 0 and Ay w,» # 0 gives us a total of 36 classes of data,
see Tables 1.1 and 1.2. Based on this division, the authors in [I1] proved for almost
all cases, we do know which sets of data permit the Einstein-scalar field Lichnerowicz
equation to be solved and which do not. For a detailed statement of this result, we
prefer to [11, Theorems 1 and 2].
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2.6 The Lichnerowicz equations with R, ., being constant

By Proposition 2.1, we know that, after a suitable conformal transformation, the
function h is a smooth function having a fixed sign on M. Again, by Proposition 2.1,
the function h vanishes if we are in the null Yamabe-scalar field conformal invariant,
that is equivalent to saying that h is constant (which is equal to zero) in this case. In
this section, we show that in fact if we are in the negative Yamabe-scalar field conformal
invariant, namely Yy ([g]) < 0, we still can perform another conformal transformation
on the conformal data from (g, o, 7,1, 7) to (uﬁg,u”a, T,uf%d},w) in such a way
that h is a negative constant. Thanks to Proposition 2.3, we may freely assume that h
is a negative constant on M.

Proposition 2.4. There exists a smooth function u > 0 such that under the trans-

2

formed data (uﬁg,u_ o, T, u_%w,ﬂ) obtained from data (g,0, 7,1, ) through the
4

conformal change g = un—2g, coefficient Rﬁ@ 1 a negative constant.

Proof. First, in view of Proposition 2.1 we may assume that function R4, < 0 in the
original data, that is,
Scaly —|V[2 < 0.

Notice that if g = unz g, coefficient R§ 7 verifies the following rule

n—2

4
o n=s 0" T3 2
Rss = 4(n —1) (Scalg —u~ =2 [Vi[g)
n—2 4 4n—1) _n+2 -4 2 2.6.1
= gty (7 sty TP A eg) 260

_n$2
=u 2 (—Agu + Ry ypu),

which yields
n+2

— Qg+ Ryuwp = Ry 5pm=2.

Therefore, in terms of our notation, it suffices to prove that the following equation with
h and h being negative and h is constant

— Agu+ hu = iz (2.6.2)

always admits a smooth positive solution u. We use the method of sub- and super-
solutions to seal this issue.

Ezistence of a sub-solution. This is obvious since a sufficiently small, positive constant
u will serve. To see this, one can choose any u satisfying the following

n—2
u s (sup~Mh> 1 '
h

~ n42
With this, we immediately have —Aj u+ hu < hgn%?. By definition, u is a sub-solution
of (2.6.2).

Ezistence of a super-solution. We also show that a sufficiently large positive constant
u will serve. Indeed, similarly to the argument above, one can show that any positive
constant w satisfying
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n—2

. <infyh>4
h
~_nt2

is a super-solution to (2.6.2) in the sense that —A,u + hu > hun—2.

Finally, it is an easy task to select those u and w so that u < w. The method of
sub- and super-solutions now guarantees that (2.6.2) admits a positive solution which
turns out to be smooth by a simple regularity argument as in the study of the Yamabe

problem. The proof is complete. |
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Let us recall from the previous chapter that the general form of the Einstein-scalar
field Lichnerowicz equations can be written as follows

3n—2

— Agu+ hu = fuziirg +au 2, wu>0, (3.0.1)

where coefficients h, f, are a are smooth functions. Due to the presence of a term with
a critical exponent and a term with a negative exponent, at the beginning, we try to
solve the following subcritical equation

au

— Ayu+ hu = uq_zu—l—i

(3.0.2)

where g € (2,2*) and € > 0 are fixed. Obviously, (3.0.2) goes back to (3.0.1) if ¢ = 2*
and € =0 and u > 0.

In order to achieve that goal, in this chapter, we first study some basic properties of
solutions of (3.0.2) such as non-existence results, regularity, and uniqueness properties.
Since the sign of h does affect the analysis of (3.0.2), we basically split our analysis into
two cases, one is of the case that h < 0 is constant and the other is of the case h > 0.

In the next part of the chapter, we study an auxiliary minimizing problem related
to the case that the function f might change sign. It should be mentioned that the
basic idea underlying this part was borrowed from Rauzy [38]. In the last part of the
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chapter, we derive some necessary condition for f and h in order for (3.0.1) to have
positive smooth solutions.

Finally, all results represented within this chapter was mainly adapted from [34, 35,

]

3.1 Basic properties of positive solutions of (3.0.2)

We start with a result saying that positive C? solutions of (3.0.2) actually have a
strictly positive lower bound.

3.1.1 A lower bound for positive solutions

Our purpose here was to derive a lower bound for a positive C? solution u of (3.0.2).
In the first part of this subsection, we prove that if h < 0 is constant, then any C?
solution of (3.0.2) always admits a positive lower bound independent of the function a.
This is the content of the following.

Lemma 3.1. Let u be a positive C? solution of (3.0.2) with h a negative constant.

Then, there holds
1
b_
%nu}min{(inf};f)Z 2,1} >0 (3.1.1)

for any q € (2°,2%) and any € > 0.

Proof. Let us assume that u achieves its minimum value at xg. For the sake of simplicity,
we denote u(xg), f(zo), and a(zg) by wo, fo, and ag respectively. Notice that ug > 0
since u is a positive solution. We then have Ajul,, > 0; in particular,

- aplo -
hug > fo(uo)?™" + — = fo(uo)? g

((u0)? +¢)

N

Consequently, we get fo < 0 and thus 0 < f% < (up)?~? which immediately implies

(A T b\
7 nfyy, 7 Z WY infyy f ’

for any ¢ € (2b, 2*) and any € > 0. This proves our lemma. |

Next we consider (3.0.2) with A > 0. Unlike the case h < 0 where we assume no
condition on a, for the case h > 0, we do require inf;; a > 0 since the lower bound for
any positive C? solution u depends on infy; a > 0. We first consider the case h = 0.
We prove the following lemma.

Lemma 3.2. Let u be a positive C? solution of (3.0.2) with h = 0. Then, there holds

1
1 inf 220
minwu > — min M * ,1 (3.1.2)
M 2 —infp f
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for any q € (2°,2*%) and any

1
1 infpra 22
— mi _— 15. 1.
€<2mm{<—info> , } (3.1.3)

Proof. Let us assume that u achieves its minimum value at xg. For simplicity, let us
denote u(xg), f(xo), and a(xg) by ug, fo, and ag respectively. Notice that ug > 0 since
u is a positive solution. We then have Agu|,, > 0; in particular,

aopuo

folug)?Tt +
((uo)2 +e

¥ <0. (3.1.4)

Consequently, we get that fo < 0. Using (3.1.4) we can see that

ao < — fo(uo)T™2((u0)? + €) 2+ < — fo((uo)? + €)°

1 1

q infiyra \q

2o (B0 (M E T
(wo)" e > (—fo >\ Tinfar

Thus, one can conclude that ug satisfies (3.1.2) for any ¢ € [2°,2*) and any ¢ verifying
the condition (3.1.3). The proof is complete. |

which implies that

In the last step, we mainly consider the case h > 0. Since such a result was proved
in [21], here we just calculate a precise lower bound for positive C? solutions of (3.0.2).

Lemma 3.3. Let u be a positive C* solution of (3.0.2) with h > 0. Then there holds

1
1 inf 242
minu > min (b A )2”,1 (3.1.5)
M 22° sup; h + supyy | f]

for any q € (2°,2%) and any
,1} . (3.1.6)

. 1 infpra 2b2+2
€ < min —
22" supys h + supyy | f|

Proof. Following [21], we let 6 > 0 be the unique positive solution of the following

algebraic equation

1
q+2 q—2\ _ :
) (S}\l})h + (sup | f])o ) = o 1]‘n4fa. (3.1.7)

Since ¢ depends on ¢, we shall prove that for g € (2b, 2*), 6 has a strictly positive lower
bound. We have the following two cases.
Case 1. Suppose

1
h > — infa.
Sup +S}l4p|f| 5 nfa

In this case, there holds § < 1. Consequently, we can estimate

1
—infaq < 8912 <su h 4+ su )
57 up f+ sup| f|
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which immediately gives us

1 1
1 q+2 i YTy
5>(lb infara )q ><1b infyr a >2+2.
22 supyy h + supyy, ‘f| 22’ supys h + supy, |f’

Case 2. Suppose

1
suph+sup|f] < —mfa

In this case, there holds > 1 which immediately gives us a lower bound for §.

Combining two cases above, we conclude that

1
1 inf b
§ > min (b e >2+2,1 .
22" supyy b+ supy ||

Suppose that u is a positive C? solution of (3.0.2) with ¢ > 0 satisfying the condition
(3.1.6) above, that is,

Agy
7“+h fud™? #q.
u (u2 4 ¢)2 ™t

Let us assume that u achieves its minimum value at x, then we have

(o) + (~F () ular)t? > — A2, (3..5)
(u(zo)” +¢)°
We assume u(zg) < 6. From the choice of §, one can verify that
sup ] + (sup /)57 > ho) + (—f (a0 ulaa)' > (3.1.9)
Since € < 6% and u(zo) < d, it is easy to see that
a(xo) < infara 1 infyra (3.1.10)

oy +)F (a2 0

Using (3.1.8), (3.1.9), and (3.1.10), we easily get a contradiction, thus proving that
u(xzp) = 0. In particular, there holds u > § in M. This proves our lemma. |

3.1.2 Regularity for non-negative weak solutions of (3.0.2)

This subsection is devoted to the regularity of weak solutions of (3.0.2). Despite
the fact that h can be chosen as a constant in the non-positive Yamabe-scalar field
conformal invariant, in this subsection, we allow h to be non-constant. As such, we
assume that h, f and @ > 0 are smooth functions and that the function h has a fixed
sign on M.

Lemma 3.4. Assume that u € HY(M) is an almost everywhere non-negative weak
solution of Equation (3.0.2). We assume further that infyya > 0 in the case when
h>0. Then

(a) If € > 0, then uw € C*°(M). In particular, u >0 in M.
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(b) Ife =0 and u=' € LP(M) for all p > 1, then u € C*°(M).
Proof. We first rewrite (3.0.2) as
—Agu+b(z)(1+u)=0

with
u(z)

N\ x_&_ ) u(z)]42
1+M@<m> s o @) >.

By the Sobolev embedding, we know that u € LI(M) for any ¢ € (2°,2*]. This and the
conditions in both cases (a) and (b) imply

b(x) =

N

7) = —— g — flul € L= (01),
(u2 +¢)2t
Notice that from g < 2* there hOldb —5 > §. We now use the Brezis-Kato estimate [40,
Lemma B.3] to conclude that u € LS( ) for any s > 0. Thus the Caldéron—Zygmund
inequality implies that uw € HP (M) for any p > 1. The Sobolev embedding again implies
that u is in C%¥(M) for some a € (0,1). Thus, we know from the Schauder theory that
u € C*%(M) for some a € (0, 1). In particular, u has a strictly positive lower bound by
means of Lemmas 3.1, 3.2, and 3.3. Since u stays away from zero, we can iterate this
process to conclude u € C*°(M). [ |

3.1.3 Non-existence results for smooth positive solutions of (3.0.1) of
finite H'-norm in the case h < 0

Let u be a smooth positive solution of (3.0.1). The main result of this subsection
was to derive a necessary condition for a such that ||ul|z: is bounded by a given
constant. More precise, assume that « and [ are two positive constant, we wish to
estimate [}, a®|f~ |7 dvol, from above in terms of ||u[|g1. Such a result is basically due
to Hebey—Pacard-Pollack [21]. We note that we are in the case h < 0

In the first part of this subsection, we consider a simple case, that is, o = 5322 and

B = 0. By integrating (3.0.1) over M we get that

*_ a
/M hu dvol, = /M fu®~ dvol, + /M —577 dvoly. (3.1.11)

Let 8 = First, the Holder inequality implies

2*
22*41°
/aﬂdvol :/ ( a )B( 2417 ol
" g v a2+

< a d g 2% 41 % 0

S (/M WL V01> </M(u ) dvolg> (3.1.12)

a 8 N 1-5
= </ Py dvol > </ U dv01g> .
MU M

Thanks to h < 0, one can easily see that the second term in the right of (3.1.11) can
be bounded as




34 Basic properties of solutions of the Lichnerowicz equations

/M 57 dvoly = / hu dvoly — / fu® =t dvol,

/ fu* =t dvol, (3.1.13)
M
g/ | flu® 1 dvoly,

M

while the first term can be controlled as

2% 1

/M]f]u2*1 dvol, < (/ |f|?" dvol )*(/M( 2* —1)2* T dvol )2*

. (3.1.14)

1 2*—1

2% « 2%
</ NIk dvol> (/ u? dvolg> .
M
Combine (3.1.11)—(3.1.14) to get
-3 . Zolpr1-p
/ a” dvol, < (/ NIk dvol> </ u? dvolg>

M (3.1.15)

& 1-4%
= (/ NIk dvolg> ’ (/ u? dvolg> i
M M

We now consider the general case. In order to state the result, let us assume that u
is a smooth positive solution of (3.0.1) and, as always, a € (0,1), § > 0 are constant.
The exact condition for « is given as follows

*

0 .
SOS o

By the Holder inequality, we get that

« i (2*+1)& 1—04
/ aa‘f—|5 dvol, < (/ 2 dvol ) (/ |f7|Tau 1T-a dvolg> )
M MU M

By integrating both sides of (3.0.1), we get

2*_1 2% 1
/M T dvoly / fu dvol, / | |u dvoly. (3.1.16)

Again, by the Holder inequality, we can estimate

2% 1

1
* T * 2*
/ |f~ [u* 1 dvol, < (/ Tl dvol> (/ u? dvolg> .
M M

Therefore, we have

(2*-1a

2 = 2+ >
/aa|f—|5dvolg<</ If] dvolg> (/ u dvolg>
M M M
-«
(2*+1)a
(/ |f_|%u = dvolg> )
M

From that choice of o, we immediately see that (2?:;)“ < 2*. Therefore, by the Holder
inequality, we further have
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2% —(22* 4+ 1)a (2*+1)a

B (2"4+1)a _ *2*75 2%¥(1-a) o 2%(1-a)
|f7|Tmeu T dvol, < | f~|2" =@+ D dvol, u” dvol,
M M M

which helps us to conclude that

(2*—1a

al -8 — 2 B 2* >
a®|f~|” dvoly < |f7]* dvol, u” dvol,
M M M

2* — (22" 4 1) 2*+1)a
2*

2*3 2 .
( / |f| 72D dvolg> ( / u? dvolg>
M M

Thus, we have proved that

a|p—|B —2* =
a®|f~|” dvoly < |7 dvoly
M M
2% —(22% 1)«

. e 20
2™ 2% *
(/ |f~ |7z e dvolg> </ u? dvolg> .
M M

Next, let us consider the case when (21+71)(1 2*. In this context, we immediately have

Making use of (3.1.15), we get that

(3.1.17)

o= 22*+1

225 |8 -8
as—2|f7|” dvoly <(max|f~|")
M M

—2* = o* %
/ |lf~|* dvol, / u” dvol, .
M M

*

22*41°

(3.1.18)

If we now adopt the convention that, in the case a =
2% — (22" 4 1)
2*3 2%
([ 1=t ava, =141
M
then by collecting (3.1.17) and (3.1.18), we have the following result.

Proposition 3.1. Let (M, g) be a smooth compact Riemannian manifold of dimension
n = 3. Let also a, f be smooth functions on M with a > 0 in M. If

N g
/ a®|f~|P dvol, ></ If1? dvolg>
M M
2% —(22% 4+ 1)a

2* 8 2 N .
</ |f|Tmer e dvolg> (K + a)> A%
M

for some A > 0, some 0 < a < %, and some 8 > 0, then the Einstein-scalar field

Lichnerowicz equation (3.0.1) does not possess smooth positive solutions with ||ul| g1 <

A.

Proof. Let u be a smooth positive solution of (3.0.1) such that ||u||z1 < A. By the
Sobolev inequality, there holds

2
</ u? dvolg> < (% + /‘211)2 @ ||uH22 «.
M
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This and our calculation above show that

al g— B —2* =
a®|f~|” dvoly < |f~|* dvolg
M M

2* —(22*+1)a
*

2*75 2* 22*
</ || dvolg) (% + )7 A2
M
which immediately concludes the result. |
It is worth noting that a similar result was obtained in [21, Theorem 2.1] for the

non-negative case h > 0. We shall use this result somewhere in the case h > 0.

3.1.4 The uniqueness of positive smooth solutions for (3.0.1)

We now turn to the question of uniqueness of positive smooth solutions of (3.0.1).
We prove in this section that if f < 0, then (3.0.1) admits the uniqueness property of
positive smooth solutions. To this purpose, we prove by way of contradiction and our
approach is based on the method of sub- and super-solutions. Before doing so, we need
the following result.

Lemma 3.5. For any smooth functions h, f, and a > 0 with fMadvolg > 0 and h
has a fized sign in M. We further assume that there exists a continuous super-solution
w > 0 to (3.0.1). Then there always exists a sub-solution u > 0 to (3.0.1) such that
u<u.

Proof. In order to prove the existence of a sub-solution, we introduce the following trick.
Depending on the sign of h, we naturally have two cases.

Case 1. Suppose h < 0. In this case, the function f always admits negative values in
M. We first observe that

dvol
/ <a+ fMaVng‘) dvoly = 0.
M

Jas [f~ 1 dvolg

Consequently, there exists a function ug € H'(M) solving

N Jys @ dvolg
fM |~ dvolg

Since the right hand side of (3.1.19) is of class LP(M) for any p < +oo, the Caldéron—-
Zygmund inequality tells us that the solution ug is of class W2P(M) for any p < +oo.
Thanks to the Sobolev Embedding theorem [3, Theorem 2.10], we can conclude that
ug € C%Y(M) for some a € (0,1). In particular, the solution ug is continuous. Therefore,

— Agup = a (3.1.19)

by adding a sufficiently large constant C' to the function ug if necessary, we can always
assume that min; ug > 1.

We now find the sub-solution u of the form eug for small € > 0 to be determined.
To this purpose, we first observe that

e [, a dvolg

—Aju=¢ca+ ———
g fM|f—|dvolg

(3.1.20)
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_2%+1
Since maxy; up < +o00, it is easy to see that, for any 0 < ¢ < (maxpsug)” 2742, we

immediately have

a
0 < — 57"
62*+1ug +1

(3.1.21)
Besides, since f~ < 0 and 2* > 2, it is not difficult to see that the following inequality

e [3 a dvoly

261 251 p—
M % L et g T f
Jar1f~ | dvoly 0

holds provided

1
d 1 22X -2 *_
o< (Juadvoly (max ug) =2 (3.1.22)
fM |f~| dvoly M
In particular, the following

efypadvoly o oy
ZIM BT - 3.1.23
fM |f,| dVOlg f € Ug f ( )

holds provided (3.1.22) holds. Combining (3.1.20), (3.1.21), and (3.1.23), we conclude

that for small e "

2% -1, 2*—1
_Agﬂ < 3 u() f + 52*+1u3*+1 .
In other words, and thanks to h < 0, we have showed that

a
y2*+1 :

—Agu+hu < fu* 7t 4
Finally, since @ has a strictly positive lower bound, we can choose £ > 0 sufficiently
small such that v < w.

Case 2. Suppose h > 0. In this context, our approach is basically the same as that
used in Case 1. We consider the following equation

— Agu+ (h— f7)u=a. (3.1.24)

Since h— f~ >0, a > 0, a # 0, and the manifold M is compact without the boundary,
the standard argument shows that (3.1.24) always admits a weak solution, say ug. By
a standard regularity result, one can easily deduce that ug is at least continuous. Thus,
by the Maximum Principle, we conclude ug > 0.

As before, we now find the sub-solution u of the form eug for small € > 0 to be
determined. To this purpose, we first write

— Agu+ hu =ca+ fu. (3.1.25)

Notice that the term involving ea can be controlled using (3.1.21). Besides, since f~ < 0
and 2* > 2, it is not difficult to see that the following inequality

eugf~ < e T

holds provided ¢ < —L—. In particular, the following

maxug

cugf~ <e¥ T lud T (3.1.26)



38 Basic properties of solutions of the Lichnerowicz equations

holds provided € < ma)lmo. Combining all estimates above, we conclude that for small &

* * a
—Agu+ hu < g? _1ug 4 — T
U A% * *+1
g2 tlyg
In other words, we have showed that u is a sub-solution of (3.0.1). Finally, since @ has
a strictly positive lower bound, we can choose € > 0 sufficiently small such that u < @.

We conclude the proof. |

We now prove a uniqueness property of positive smooth solutions of (3.0.1).

Lemma 3.6. For any smooth functions h, f <0, and a > 0 with fM a dvoly > 0 and h
has a fized sign in M. We further assume that there exists a continuous super-solution
u >0 to (3.0.1). Then (3.0.1) admits at most one positive smooth solution.

Proof. Suppose that there exists two positive smooth solution u; and ug of (3.0.1) with
u1 # us. We may assume that w1 > ug in M. Indeed, if uy 2 us and ue 2 uy in M, we
then set

u(z) = min{u (z),uz(z)}, x € M.

It is easy to see that w > 0 in M and from [37, Proposition 1] we know that @ is a
super-solution of (3.0.1), that is

a

—Agui+ b > fat T+

In addition, since u; and uy are smooth, it is clear that w is at least continuous, thus
showing that inf; @ > 0. By Lemma 3.5, there exists a continuous, positive sub-solution
w of (3.0.1) with u < . By the sub- and super-solutions method, there is a solution v
of (3.0.1) satisfying

u<v<u onM.

So we may choose v to replace us. In other words, we can assume that u; > us on M.
We now show that in fact u; > us on M. Indeed, we first recall that the following

2% -2 -2 -1
—Agui + huy = fu] ~° +au; ,

—2x—1

« (3.1.27)
—Agug + hug = fui %+ au, ,

hold. We now suppose that there exists a point o € M such that u;(xzg) = ua(zp), by
setting w(z) = ui(x) — ue(x) with x € M, we arrive at

2%—1 2*—1 —2*—1 —2*—1
u —u U —u
—Aqw+hw = | f 1 2 +a-t 2 w, on M,
Ul — U2 U — U2
w 2 0, on M,
w =0, at xg.

By using the Strong Maximum Principle, there holds w > 0 in M which contradicts to
the fact that w(zg) = 0. Thus, we have proved that u; > ug in M. Since u; and ug are
solutions of (3.0.1), from (3.1.27), we easily obtain
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auy

/ VuiVusy dvolg—i—/ huyug dvol, :/ fu%*—luQ dvolg—i-/ —=T dvolg,
M M M M Ui

/ VuaVuy dvoly +/ huouy dvoly = / fug*_lul dvolg +/ % dvoly .
M M M M Uj

By subtracting, we get that

* * 1 1
fugug(u? =2 — w2 ~2) dvol +/ au|ug <* — *> dvoly, = 0,
/M 1 2 ot R g

which is a contradiction since uy > uo > 0, f < 0, and a > 0 with a # 0. Such a

contradiction implies that u; = wue, thus proving the uniqueness of positive smooth
solution of (3.0.1). [ |

3.2 An auxiliary minimizing problem

The following next two subsections are basically due to Rauzy [38]. Here we just
relax some conditions in the Rauzy arguments for future benefit. Besides, since our
functional energy is different from the one in [35], it is worth to reproduce several parts
in order to make the thesis to be self-contained.

3.2.1 The number Ay

Following [35], we define the following number

it Jas IVul? dvoly

, FA#D,
Ap = Qued [y [uf? dvol, ifA# (3.2.1)
—|—oo, lf.A = Q),
where
A—{ueHl(M):u>0, u#0, / |f_\udvolg—0}. (3.2.2)
M

Functions in A are to be thought of as functions that vanish on the support of f~. It is
clear that Ay < +o0 if and only if the set {f > 0} has positive measure, that is, either
supy, f > 0 or supy, f = 0 and f{f:o} 1 dvol, > 0.

We now show that in any case A is actually strictly positive. To this end, it suffices
to consider the case Ay < oo, that is equivalent to saying that the set M; = {x € M :
f(z) = 0} has positive measure. Let us recall from [38, Lemme 1] that it was proved
that Ay coincides with the first eigenvalue A of the associated Dirichlet problem over
Ml, that iS,

o Joy [Vul? dvolg

A1 = inf 3.2.3
LT e Jay ul? dvolg ( )

where
A'={ue C®(M):u>0in My, u=0on OM;}. (3.2.4)

Obviously, Ay > 0, thus proving Ay > 0.
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3.2.2 The number A¢,, 4

At the beginning of the subsection we temporarily leave our equation to study
another minimizing problem. The proof of our main result depends on A¢, , which will
be defined below. This quantity was first introduced by Rauzy [3%]. To be precise, we
introduce A (1, ¢), another subspace of H'(M), which is defined as the following

A(n,q>={ueH1<M>:||u|Lq=1, /le‘IIUquvolgz /le‘!dvolg}- (3.2.5)

We assume for a moment that A (7, ¢) is not empty which will be mentioned later after

proving Lemma 3.7 below. We define the number

2
[Vul[La

. (3.2.6)
ueA(na) |ul|3

)‘f,n,q =

Clearly, A, 4 = 0. We are going to prove the following result.

Lemma 3.7. Starting from some smalln > 0 and as a function of n, Ay, 4 is monotone
decreasing.

In the present case, it is hard to consider the equality sign, nevertheless we study
the following problem first

2
/ _ . HVUHL2

— mn
Fma ™ e i) [kl

where
A () = {u e HON) Jull =1, [ 15 Tl avol < [ |57] dvolg}-

With ¢ and n being fixed, the set A’ (n,q) is not empty since it includes the set of
functions v € H'(M) such that |jul|;, = 1 and with supports in the set

{zeM: f(z)>0}C {1‘ e M,|f|(z) < "/M I dvolg}.

As can be seen form the definition of A’ that if n; < 12 then A’ (91, q) C A’ (02, ¢); thus

proving Xfm,q < /fml,q‘ This amounts to saying that )‘/fﬂ?,q is monotone decreasing.

We are going to show that /\/fm ¢ = Afmq- For that reason, it suffices to show that
> since the reverse is trivial. The fac ,q) is not empty implies tha
3”77q>/\fv’77‘1. th is trivial. The fact A’ (n,q) i t ty implies that
;”71 q is finite. We are now in a position to prove Lemma 3.7.
Proof of Lemma 3.7. Before proving the lemma, let us first assume that )\’f ng >0 for
some small 1. Otherwise, this is trivial since we always have )\’f’n’ g = 0. We first prove

that Xfﬂ% , is achieved.

Let {v;}; C A’(n,q) be a minimizing sequence for X, . Obviously the sequence
{lvj|}; is also a minimizing sequence in A’(n, ¢) and therefore we can assume from the
beginning that v; > 0 in M. By the Holder inequality, one has ||vj||;2 < 1. Then for
j sufficiently large, we obtain ||ij||i2 < N, + 1. Thus {v;}; is bounded in H'(M).

fma
Being bounded, there exists v € H'(M) such that, up to subsequences,
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e v; — v weakly in H*(M);
e Vou; — Vv weakly in L?(M);
e v; — v strongly in LP(M) for any p € [1,2%);

e v; — v almost everywhere in M.

Consequently, v > 0 almost everywhere in M and ||v||r« = 1. Using the Lebesgue
Dominated Convergence Theorem, we can pass to the limit to obtain

/M |f7]|v|? dvoly < n/M |f~| dvoly.

In other words, v € A’(n, ¢). We notice that
2 : 2 2 : 2
Vol < tim Vel ol = T o2
Therefore, || V|32 HUH <A}, g Thus X, is achieved by v. Notice that [[Vv|[z2 > 0

since A, > 0. Since |V|v|| = [Vo| we may assume that v > 0. We are going to prove
that v E A(n q). Indeed, we assume by contradiction that v ¢ A(n, q), that is,

/M |f~|v? dvol, < n/M |f~| dvol.

Then there exists a suitable constant x > 0 such that

/|f (v + ) dvol, = /|f | dvol,.

It follows from ||v + k|2 > ||v||2 and V(v + k) = Vv that

IV + )z _ [Vl

2 2 :
v+ k|72 l|lv]|72
Observe that N
v K
TR A (,q).
Totrl, <4 9

Since ||v + k||re > ||v||e =1 and ||Vv||2 > 0, we get that

2
M=
o+l )l

which gives us a contradiction, thus proving that v € A(n, q). In particular, one easily

-2
U+ K

o+ &ll L ll 2

_ V@RI _ Vol

2 2
[v + £ll72 [0z

gets that X T = = At n,q- Consequently, As, , is decreasing as a function of 7. |

Remark 3.1. The fact that A(n, q) is not empty is a direct consequence of the proof of
Lemma 3.7.

Next we prove that Ay, , > 0 if n # 1. Although we shall not use this result, we
provide a proof here for completeness.

Lemma 3.8. For each q € (2,2%) and 0 < n # 1 fized, it holds Af 4 > 0.
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Proof. We suppose the contrary, that is, Ay, , = 0. By the previous lemma, there
exists some v € A(1,q) such that ||Vo|?. HUHZQQ = 0. Since ||v||r« = 1, there holds
IVo| 2 = 0. Thus v is constant. Making use of the constraint for A we know that
v = 1 and thus proving n = 1, a contradiction. The proof is complete. |

We are now in a position to derive a strictly positive lower bound for an g We

prove the following result.

Lemma 3.9. For any q € [2°,2%), there holds

/ . / /
fg = 1IN {)\f7n2b/2*72b’ fﬂﬁb} . (3.2.7)

Proof. We first pick u € A’(n, q) arbitrarily. We have two cases depending on whether
n = 1 or not.

Case 1. We assume 7 > 1. Using the Holder inequality, one gets

/M |f7||u\2b dvoly < (/M |f 7 ul? dvolg) ! </M |7 dvolg>
2" 1-2°
(o) (L)

o
:17(1/ |f~| dvol,
M
én/ |f~| dvoly.

M

12

Hence, we have proved that A’(7,q) C A’(n,2°). By taking the infimum, we arrive at
/\/f,n,zb < )‘/f,mq'

Case 2. We assume 7 < 1. Using the Holder inequality, one still gets

/M |f_||u\2b dvolg < </M | £~ [u|? dvolg> ! (/M |/~ dvolg>
2 12
c(fron) (o)

b =
= ()7 [ 1" dvol,

b
gn;/ 1f~ | dvol,.
M

1-2

Hence, we have proved that A'(n,q) C A’ (7]?/ 2" 9%}, By taking the infimum, we arrive
at Xf,n?/?*gb <N o
Combining two cases above, one can conclude the lemma. |
Our next lemma describes a comparison between A, , and A;. Intuitively, A is
smaller than A’(7, ¢), thus making A¢, , < As. We now prove this affirmatively.

Lemma 3.10. For each q € (2,2%) and n > 0 fized, if supy; f > 0, then Ap,q < Af.



3.2 An auziliary minimizing problem 43

Proof. We pick u € A arbitrarily. Then there holds |  Wdvoly > 0, otherwise, u =
0. By the definition of A, we know that [, |f~|udvol; = 0 which also implies that
Jas | f 7 [u? dvoly = 0. Again, from the definition of A and the fact that sup,, f > 0 we
must have [, u? dvoly > 0. We now choose € > 0 such that

/M (euw)? dvol, = 1.

This amounts to saying that eu € A’(n, ¢) which helps us to write
2 -2 2 )
Nima < V(WL lleullzz = [Vullgs llullzs -

Since the preceding inequality holds for any u € A, we may take the infimum on both
sides with respect to u to arrive at A}n ES As. The proof follows easily since we have

seen that Xf,n,q = Afmg [ |

The next lemma concerns that for each g € (2,2*) fixed, there holds Ay, , — Ay as
n — 0 provided sup,, f > 0.

Lemma 3.11. For each q € (2,2%) fized, if supy, f > 0, then Apyq — Ap asn — 0.

Proof. 1t suffices to show that for any sequence n; — 0 as j — oo, there is a subsequence,
still denoted by n; such that {Af,. .} converges to Af as j — co. In the following, for
the simplicity, we just simply omit the sub-index j. First, by the proof of Lemma 3.7,
we can assume that Ay, , is achieved by some function v, , € A(7,q). By the Hélder
inequality, we easily get an,quQ < 1. Also by Lemma 3.10, we obtain HVUn,qug <
Af < 4o0. Thus, for n small, v, is uniformly bounded in H'(M). Therefore, there
exists v, € HY(M) such that, up to subsequences,

o v, — v, weakly in H'(M);
e Vu,, — Vv, weakly in L?(M);
o vy, q — g strongly in LP(M) for any p € [1,2%);

as 77 — 0. Consequently, we can pass to the limit to see that v, € A. This together with
2 .. 2 . 2
||VquL2 < liminf ||vvn,qHL2 < limsup ()‘f,n,q ||Un,qHL2)
n—0 n—0
: 2 2
<Ay %g% lon.allzz = Ar llvgll72

yield HVqu%Q quHZf = As. Hence,

_92 2 -2
|L2) 2 [|Vugll 72 lvgll 2 = Ay

.. .. 2
h%n_)l(r]lf Mg = hzn_)l(l;lf ([IVunqgll7z [[vn.q

where we have used the fact that [|Vug||2, < liminf, o [|Vuygll7.. This immediately
gives us the desired result. The proof is complete. |

We now prove an analogous version of Lemma 3.11 for the case when Ay = +00. Keep
in mind that this is the case when either sup;; f < 0 or sup;; f = 0 and f{f:o} 1 dvoly, =
0. We now focus on the latter case.

Lemma 3.12. For each q € (2,2*) fized, if supy; f = 0 and f{f:o} 1 dvoly = 0, then
Afmg — +00 asn — 0.
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Proof. We assume by contradiction that Ar,, / +o0o, then there exist a positive
constant C and a sequence {n;}; such that n; — 0 and Afmig < C. We denote by
Up,; ¢ the minimizer for As,. ,. Keep in mind that we can always assume that vy, , = 0
almost everywhere. A similar argument shows that the sequence {v;, 4}; is bounded in
H'(M). Consequently, up to subsequences, Un;.q — Vg weakly in H L(M), strongly in
L(M) for some v, € H*(M). By passing to the limit, one gets

/M (vg)? dvoly =1, /M |f 7 |(vg)? dvoly = 0.

The last equality implies that v, = 0 almost everywhere which contradicts to the fact
that [, (vy)? dvoly, = 1. The proof is complete. |

In the next two lemmas, we point out that A, , can be arbitrary close to Ay in any
case. First, we consider the case Ay < +o00, we have the following lemma.

Lemma 3.13. For each 6 > 0 fized, there exists ng > 0 such that for all n < ng, there
exists q, € (2b, 2%) so that Ay q > Ay — 0 for every q € (qy,2%).

Proof. We assume by contradiction that there is some dy > 0 such that for every
no > 0, there exist 7 < ny and a monotone sequence {g;}; converging to 2* so that
Mg < Ap — 6 for every j. We can furthermore assume that Ay, .. is achieved by
some vy 4. € A(7, q;). We then immediately have

HV%%H; an,quZf < Ap—do

for any j. Due to the finite of A\, we can prove the boundedness of vy, in H L)
which helps us to select a subsequence of vy, 4, so that

® Uy — Up2+ weakly in HY(M);

o Vuyg, — Vupar weakly in L?(M);

® Uyg — Up2- strongly in LP(M) for any p € [1,2%);

for some vy, 2+ € H L(M) as j — oo. Therefore, by sending to the limit we can guarantee

the following estimate
2 -2
Vg 2+ |72 [[og2¢ [l 2 < Af = do-

Besides, the Holder inequality implies 1 < [|vy,4;][z2+ for each j. Using this and the
Sobolev inequality applied to v, 4;, we get

YU, . 2
1< (m”HH” ml) ona 7 < (30 = ) + ) g
7,495

which yields (K Af 4 41) " < [lupg, |72 Again after passing to the limit as j — oo, one

obtains
1

— K vp.ax |2 dvol,.
KA+ A4 /M| n,2‘ 9

For every ¢; > 2’ by the Holder inequality and the fact that Un,q; € AN, ;) one has

/M |v777‘17"2b dvoly <1
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and

b

b
/ \f*]|v,7,qj|2b dvol, < </ | £~ [|vgq |75 dvol > (/ |f~| dvolg ) K
M

2 1-2
_ (n/ |f_|dvolg) </M|f_|dvolg> i
—"7‘”/ 1 dvol,.

Letting j — oo, by the Fatou lemma, we deduce that

/M ‘Um?*’? dvolg <1

_ > 2 _
/ |f ™ |Jvga+]* dvol, < n2* / |f~| dvoly,.
M M

Now we let 79 — 0, then clearly n — 0. The boundedness of v, 9+ in H'(M) follows
from the fact that v, — vy2- and Ay is finite. Therefore, there exists v € HY(M)
such that, up to subsequence,

and

e v,2 — v weakly in HY(M);
e vy, 2+ — v strongly in LP(M) for any p € [1,2%);

® v,2+ — v almost everywhere in M.

Before giving out contradiction, we notice that
2 2
IVollzz < (Ar = do) [[ollzz - (3.2.8)

Then it is enough to see

0< / ‘f—HU‘Qb dvol, < lim </ \f_an,Q*P" dVOlg>
M
hm (7]2*/ |f~| dvol, ) = 0.

In other words, we would have [, Falitiks dvoly, = 0. In particular, [,,[f~|[v] dvoly =
0. The strong convergence vy 2« — v in L*(M) also implies that (% Ay +41) " < [[v]|2,
Therefore, v # 0, and thus |v| € A. By the definition of A¢, we know that

A lollze < IVIllize = Vol (3.2.9)

The inequalities (3.2.8) and (3.2.9) obviously provide us a desired contradiction. This
proves the lemma. |

Then, we consider the case Ay = +o00, we have

Lemma 3.14. There exists ng such that for all n < mno, there exists q, < 2* so that
Xt > |h| for every q € (g,,2%).
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Proof. We assume by contradiction that for every 19, there exist n < 19 and a monotone
sequence {g;}; converging to 2* so that Ay, . < |h| for all j. We assume furthermore
that Ay, 4, is achieved by some vy 4, € A(7, ;). Then the following estimate holds

van,%‘Hiz H”m%”gf = )\fJI:Qj < W?

for all j. As in the proof of Lemma 3.13, there is some v, o« € H'(M) such that, up to
subsequence,

o Vuyg — Voyox weakly in L2(M) and
o Vg — Upor strongly in L*(M)

as j — oo. This and the fact that
2 . 2
IVon 2+l < i inf([[Vun g, 172)
give, after sending 7 — oo, the following estimate
2 -2
IVup 272 log.2+ll 2 < [R].
Besides, the Hélder inequality implies that 1 < [|vy g, ||z2+. Using this and the Sobolev

inequality we get
1

—— < Vo |2 dvol, .
%Ki |h| + A /MWJ' I

By strong convergence in L2(M), one obtains after passing to the limit

1 / 9
— < Uy 9% |“ dvol,.
7ﬁ|h‘ +.5zll M‘ 7,2 ’ g

For every q; > 2’ by the Holder inequality and the fact that Ung; € A(n, q;) one has

/ |v,77qj|2b dvoly <1
M

and ,
_ b 2z _
/ o 2 dvolg<77‘“/ £ dvol,.
M M

Followed by the proof of Lemma 3.13, we obtain

/M |U77,2*|2b dvoly <1

and

. b o[
[ 15 ogarl? vty < o [ 157 v,
M M

Now let 7 — 0, the boundedness of v, 2+ in H*(M) follows from the fact that Vg, —
vp.2« and that |h| is finite. Being bounded, there is some v € H'(M) such that, up to
subsequence,

o v, — v weakly in H'(M) and
e v, 2 — v strongly in L?(M).
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Clearly, ||Vv|[72 < |B] [[v]|7.. However,

0< / ‘f—HU\Qb dvol, < lim (/ | £ oy dvolg)
M =0 \Jm

b
< lim (773/ Ia dvolg) — 0.
77—}0 M

Hence, [,,|f _HU\Qb dvoly = 0 which yields v = 0 almost everywhere. So, we cannot use
the rest of argument as in the proof of Lemma 3.13. The strong convergence vy o+ — v in
L%(M) also implies that lim, o« [|vy 2+ || 2 = 0 which provides us a desired contradiction

since ||vy 2+ || 2 has a strictly positive lower bound . The proof follows. [ |

1
K1 |h|+21
Remark 3.2. As can be seen from the preceding proof, a stronger form of Lemma 3.14
can be obtained where |h/| is replaced by any given positive constant. However, we don’t
need that strong one.

3.3 Necessary conditions for f and h

3.3.1 A necessary condition for | r J dvoly

The purpose of this subsection was to derive a condition for | v [ dvoly so that
(3.0.2) admits positive smooth solutions. Our argument was motivated from a same
result for the well-known prescribing scalar curvature problem.

Proposition 3.2. Assume that h < 0 is constant. Then then necessary condition for f
so that Equation (3.0.2) admits positive smooth solution is fM f dvoly < 0. In particular,
the necessary condition for (3.0.1) to have positive smooth solution is fM f dvoly, < 0.

Proof. We assume that u > 0 is a smooth solution of (3.0.2). By multiplying both sides
of (3.0.2) by u!~%, one gets

2—q
(—Agu)ulfq +hud =+ e —.
(u2 4 ¢)zt!

Integrating over M and noticing that h < 0 give

2—q

Al dvol, > [ fdvol, + [ — 2 dvol,.

g g g 77 g
M M M (u2+¢)2"

By the divergence theorem, one obtains

/M (—Agu)u'~ dvol, = /M Vau - V(u'~?) dvol,

=(1-gq) /M u™Vul? dvoly.

This and the fact that ¢ > 2 deduce that

au?—1
/ f dVOlg + / 7{;1 dVOlg < 0.
M M (u2 +e)2"

Obviously, there holds [ a J dvoly <0 as claimed. |

It is important to note that in the case h > 0, there is no such a condition on
Jas [ dvoly.
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3.3.2 A necessary condition for h

In this subsection, we show that the condition |h| < Af is necessary if Ay < 400 in
order for (3.0.1) to have a positive smooth solution. In the light of the condition a > 0,
one may go through [38, Section IIL.3] to conclude this necessary condition. However,
here we provide a different proof which is shorter than the proof in [38, Section II1.3].
Our argument depends on a Picone type identity for integrals [!] whose proof makes
use of the density. We believe that such an identity has its own interest.

Lemma 3.15. Assume that v € HY(M) with v > 0 and v # 0. Suppose that u > 0 is a
smooth function. Then we have

/M |Vo|? dvoly = — /M %vz dvoly + /M uQ‘V (%) )2 dvoly.

Proof. By density, there exist a family of regular functions {v;}; such that
vj — v strongly in H'(M), v; —v ae. in M, v; € CY(M).

The standard Picone identity tells us that

A NE
/M |V, dvol, = — /M Tuv? dvoly + /M UQ‘V (%)‘ dvoly. (3.3.1)

Since u > 0 is smooth and v; — v strongly in H (M) we immediately have

/M |Vw;)? dvol, — /M |Vw|? dvol,

A A
/uv?- dvolg—>/ —uvg dvol,
M U M U

as j — +oo. Again using the smoothness of u, we can check that %J — o strongly in

H(M). Therefore,
2| (Vi ‘2 / 2‘ v )2
V|—=]| dvol V({-)| dvol
/MU‘ <’LL> VOg*} M’LL (U) VOg

as j — +o00. The proof now follows by taking the limit in (3.3.1) as j — +ooc. |

and

We now provide a different proof for necessary condition |h| < Ay.

Proposition 3.3. If Equation (3.0.1) has a positive smooth solution, it is necessary to
have |h| < Af.

Proof. We only need to consider the case Ay < +oo since otherwise it is trivial. We
let v € A arbitrary and assume that u is a positive smooth solution to (3.0.1). Using
Lemma 3.15 and (3.0.1), we find that

v\ |2
/ Vo|? dvol, = — / =802 dvol, +/ UQ‘V (5)‘ dvol,
_\h]/ v? dvol, +/ fu ~%? dvoly
av? 2
+/M T dvol, +/ 2| v (9)] avol,
>Ihl | o v ()] ol
|h|/Mv dvolg—i—/Mu v(u> dvol,
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In other words, there holds

S |Vo|? dvol,

fM u2’V (%)‘2 dvoly
Joy v? dvol, '

> h
[l + Jo v? dvol,

(3.3.2)

In particular, Ay > |h| > 0 by taking the infimum with respect to v. Notice that

Jar 0V ()] dvoly [ u|V (£)]° dvoly
Jar v? dvoly [y u2(2)? dvol,
. <infMu>2fM IV (2)]? dvol, . )\f(infMu>2

suppru ), (2)2 dvol, Sup ;U

since ¥ € A. Having this, we can check from (3.3.2) that

fM|VU\2 dvoly S Bl A infaru\?
[y v2dvoly N\suppu)

By taking the infimum with respect to v, we obtain

infpru 2
Ap = |h|+ Af(supMu> .

This and the fact that A > 0 give us the desired result. |

From the above proof, one can observe that the function a plays no role but a > 0.
In fact, the proof is still valid if @ = 0, thus providing a different proof for the Rauzy
result [38, II1.3. Condition nécessaire].
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In this chapter, we are interested in the existence (if possible, the multiplicity and
the uniqueness) of positive solutions to the Einstein-scalar field Lichnerowicz equations
(3.0.1) in the negative Yamabe-scalar field conformal invariant, that is the case h < 0.

As we have noted before, in order to study (3.0.1), we follow the subcritical ap-
proach. Since the subcritical equation (3.0.2) is variational, we study (3.0.2) by using
the variational method [2, 410]. Our main procedure is to show that solutions of (3.0.1)
exist as first € = 0 and then ¢ — 2* under various assumptions.

The content of this chapter consists of two main parts depending of the sign of f.
Thanks to the necessary condition [ | dvoly < 0 that we have already proved before,
in the first part of the chapter, we mainly consider the case when the function f takes
both positive and negative values. Our main theorem for this part can be stated as
follows.

Theorem 4.1. Let (M,g) be a smooth compact Riemannian manifold without the
boundary of dimension n > 3. Assume that f and a = 0 are smooth functions on
M such that [y, f dvoly < 0, supy, f > 0, [,,advoly > 0, and |h| < Ay where Aj is
given in (3.2.1) below. Let us also suppose that the integral of a satisfies

/ dvol, < 2 (M1 ] n/ £~ dvol (4.0.1)
S o\ 22 Tl ldvoly ) Ju VOl e

where f~ is the negative part of f. Then there exists a number C > 0 to be specified
such that if
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supyy f
__SWmJ 4.0.2
T ldvel, <€ (4.02)

Equation (3.0.1) possesses at least two smooth positive solutions.

To be precise, the constant ¢ appearing in (4.0.2) is given in (4.4.25) below, see also
Remark 4.5. Roughly speaking, for the existence part, the constant ¢ depends only on
the negative part of f. However, for the multiplicity part, ¢ also depends on the positive
part of f. The question of whether we can find a explicit formula for ¢ turns out to be
difficult, even for the prescribed scalar curvature equation, for interested readers, we
refer to [4].

If we assume that f does not change sign in the sense that f < 0 in M, we obtain
necessary and sufficient solvability conditions as pointed out by Choquet-Bruhat, Isen-
berg, and Pollack [11] in the case of (1.2.10). That is the content of the second part of
the chapter.

Theorem 4.2. Let (M, g) be a smooth compact Riemannian manifold without boundary
of dimension n > 3. Let h < 0 be a constant, f and a be smooth functions on M with
a>0in M, f <0 but not strictly negative. Then Equation (3.0.1) possesses one
positive solution if and only if |h| < Af.

In addition, our approach can be used to handle the case sup,, f < 0 although this
has been done in [1 1] by using the method of sub- and super-solutions. We shall address
this issue later. Finally, we should mention that the content of this chapter was adapted
from [34].

4.1 The analysis of the energy functionals

4.1.1 The functional setting

For each ¢ € [2°,2*) and k > 0, we introduce Br.q> a hyper-surface of H*(M), which
is defined by )
Brg = {uEHl(M) sl g :kE}. (4.1.1)

1
Notice that for any £ > 0, our set By, , is non-empty since it always contains k4. Now
we construct the energy functional associated to problem (3.0.2). For each € > 0, we
consider the functional Fy : H L(M) — R defined by

1 h
Fy(u) = / IVul? dvol, + / u? dvol,
2 Jm 2 Jm

1 1
—/ f|u\deolg+/ — 2 dvol,.
qJm qJM (u?+¢)?

By a standard argument, F; is continuously differentiable on H (M), see Lemma 4.1
below, and thus weak solutions of (3.0.2) correspond to critical points of the functional
F;. Now we set

¢ = inf F?(u).
:U'k,q uE'Bk,q q( )
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By the Holder inequality, it is not hard to see thathslgm is bounded from below by
2
—ksupy, f + %lﬁ and thus pj , > —oo if k is finite. On the other hand, using the test
1
function v = ke, we get
h 2 k 1
Prg < 5k — / f dvoly + / % dvol, (4.1.2)
2 q./m qJMm (ka +¢)

which tells us that pj < +oc0. Our aim was to find critical points of the functional F7.
In order to support our aim, we prove the following result.

Lemma 4.1. The first variation of Fy at a point u in a direction v is given by
OF; (u) (v) :/ Vu - Vo dvol, + h/ uv dvoly
M M

—/ flul™2uw dvol, —/ L”v dvol,
M M (u? + 5)5+

where Vu - Vv stands for the pointwise scalar product of Vu and Vv with respect to the
metric g.

Proof. The proof is simple, we include it here for completeness. In fact, for any smooth
function v, there holds

d
OF; (u) (v) :£Fq€(u + tv)
t=0
d 1 h
=— |z / |V (u + tv)|* dvol, + / (u + tv)? dvol,
dt |2 Jy 2 Jm =0
1 1
+1 —/ flu+ to? dvolg+/ e 7 dvolg]
dt | aJm CIM ((u+ tv)? +¢)? =0
:/ (—Agu)v dvoly + h/ uv dvolg
M M
au
— flu|?2uw dvol —/ —————v dvolg,
/M [ Y (u? —|—6)%+1 !
which provides the desired result. |

4.1.2 py . is achieved

The purpose of this subsection was to show that, if k, ¢, and ¢ are fixed, then puf q
is achieved by a smooth positive function, say u.. The proof is standard and is based
on the so-called direct methods in the calculus of variations.

Lemma 4.2. For each k > 0, q € (2,2*), and € > 0 fized, the number ui,q 18 achieved
by some smooth positive function.

Proof. Let {u;}; C By, be a minimizing sequence for xj , that is,

/M |u;|? dvoly =k
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for any j and
L F ) = iy
Since Fy (u;)

= 3 "u/
q
Observe that % + % =1, so for any j, by the Holder inequality we get

F:(|uj]), we may assume from the beginning that u; > 0 for all j.

/M (u;)? dvoly < ( /M (1) dvolg> " = g (4.1.3)

Therefore, for j sufficiently large such that Fy (u;) < pj, , + 1, one has

1 1 h 2
3 /M |Vu;|? dvol, <3 /M V| dvoly + 3 (/M (u;)? dvol, — k?)

1
—_— (/ fluj|? dvol, —k|supf>
q M M

1 h 1
</ |vuj|2dvolg+/ (uj)2dvolg—/ flu;]? dvol,

2J/m 2 qJm
1

/ a
qJm (u2+€)%

h o2 k
dvol, — -k« + —|sup f
)= 5k lsup
h 2 k
=g (u) = ko + _[sup f|
h 2 k
kg~ gkt lsup fl L
That is
2 - h 2 k
[Vu;|* dvoly < 2{ pj, g — S ke + —[sup f|+1]. (4.1.4)
M T2 9 M
The inequalities (4.1.3) and (4.1.4) imply that {u;}; is bounded in H'(M). Being

bounded, there exists u. € H'(M) such that, up to subsequences,

e u; — u. weakly in HY(M);
e uj — u strongly in LP(M) for any p € [1,2*%);
e uj — u. almost everywhere in M.

1
Consequently, u. > 0 almost everywhere in M and lim;_, [|uj| ;4 = [[tel/ ;o = k<. In
particular, us € By q. Clearly, it follows from the definition of pf , that

F2 (ue) = 115, (4.1.5)

On the other hand, since u; — u. almost everywhere, we also have ((u;)? + £)77 —
((uc)? + €)% almost everywhere in M as j — oo. Notice that functions a((u;)? + &)~ 2
and a((uz)? + €)% are bounded by the function ac~% which is of class L' (M). By the
Lebesgue Dominated Convergence Theorem, we obtain

/M 7((%.)2 N s)% dvol, — /M 7((%)2 N s)% dvol,

as j — oo. We now observe that the part

1 h 1
2/ |Vuj|? dvol, + 2/ u3 dvoly — / fluj|* dvol,
M M q. M
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is weakly lower semi-continuous. We therefore get

fig = lim F7 (u;)

j—+oo
> lim inf 1/ V|2 dvol +h/ (u;)? dvol —1/ fluz|* dvol
2 |2 ),V B Ty | W) VO T T AV
1
4> lim [ —— dvol,

[S]N<}

a5+ Jar ((u)? + €)

1 h
2/ Ve |? dvolg—i—/ (ue)? dvol,
2 Jm 2 Jm
a

1 1
- / flue|? dvolg + / ———— dvol,
qJm 9JM ((ug)?+¢)?

:Fq6 (ue) .
In other words, we would have
Hi,q > Fy (ue). (4.1.6)

In view of the inequalities (4.1.5) and (4.1.6), there holds uf , = Fy (uc). This and the
fact that u. € By, 4 prove that ug 4 1s achieved by u..

It leaves out to prove the smoothness and positivity of u.. Keep in mind that the
Euler-Lagrange equation for functional F; with the constraint (4.1.1) is

QUge
(ue)? + )3 ™!

for some constant \. Equivalently, u. solves

—Ague + hu, — f|ug|q*2u<E — — )\\ua\qﬂug =0

Al

—-A hue = A 72 —_—
gue + hue = (f + A)|ue|""ue + ((u€)2+5)%+1

(4.1.7)
in the weak sense. The regularity result, Lemma 3.4(a), can be applied to (4.1.7).
It follows that u. € C*°(M) and u. > 0 in M. The Strong Maximum Principle [3,
Proposition 3.75] can be applied to conclude that either u. = 0 or ue. > 0 in M. Since
fM (ue)? dvoly = k # 0, we know that u. # 0. Thus, u. is a smooth positive solution of
(4.1.7). Therefore, we have shown that I, 1s achieved by smooth positive function u.
and the claim follows. n

4.1.3 The continuity of pj = with respect to k
The objective of this subsection was to prove the following result.
Proposition 4.1. For € > 0 fized, pj, g 18 continuous with respect to k.

Proof. Since py , is well-defined at any point k, we have to verify that for each k fixed
and for any sequence k; — k there holds ,uiﬁ g ., g 88 J = +oo. This is equivalent
to showing that there exists a subsequence of {k;};, still denoted by k;, such that
,u,im — Ni,q as j — +oo.

We suppose that ,u; g and Miw g are achieved by u € By, and u; € By, , respectively.
Keep in mind that v and u; are positive smooth functions on M. Our aim was to prove
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the boundedness of {u;}; in H(M). It then suffices to control | Vu;| 2. As in (4.1.4),
we have

h 2 k.
V| dvoly < 2 (pf ,— k! + ZLsupf ).
/M’ il dvolg <Nk”q 2% * q Mpf>
Thus, we have to control ,uij ¢ BY the homogeneity we can find a sequence of positive

2
numbers {¢;}; such that tju € By, 4. Since k; — k as j — +o00 and k] = |[tjullpe =

2
tjke, we immediately see that ¢; — 1 as j — +oo. Now we can use tju to control uij -
Indeed, from the definition of uij q and by using the function ¢;u, we know that

iy <FS (1)

1 h
:t? <2 /M |Vul|? dvol, + 5 /M u? dvolg)

1 1
— =t / fud dvol, + - / —dvol,
77 Ju 2 (0 +2)’

1 h
<t5 (2 /M |Vul? dvol, + 5 /M u? dvolg>
1

1
— t?/ Ju? dvol, + “e3 / a dvoly.
q’JMm q M

Notice that u is fixed and ¢; belongs to a neighborhood of 1 for large j. Thus, {Miw q}j
is bounded which also implies by the preceding estimate that {||Vu;||z2}; is bounded.
Hence {u;}; is bounded in H!(M). Being bounded, there exists u € H (M) such that,
up to subsequences,
e u; — U weakly in H'(M);
e u; — w strongly in LP(M) for any p € [1,2*);

2
Consequently, lim; oo [|u)|Le = |[ul[za = k9, that is, u € By 4. In particular, Fy(u) <
F;(w). We now use weak lower semi-continuity property of F; to deduce that

I3 < € (7 < 3 : 3 .
Fq(u) \Fq(u) \IJIE_&EEF(](UJ)

We now use our estimate for uij q above to see that

limsup gy , < Fy(u).
J—+oo 7

This is due to the Lebesgue Dominated Convergence Theorem and the fact that t; — 1
as j — +oo. In summary, lim;_, o Miw . u; q which proves the continuity of ui, . |

4.2 Asymptotic behavior of ,ui,q in the case sup,; f > 0

In this section we investigate the behavior of I, q when both k and ¢ vary. Under
some suitable conditions, we show among other things that there exist k, < 1, kg, and

(a) py, o > 0 for any € < ky;
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(b) pf, 4 <0 for any e > 0;
(¢) piy <O forany e >0 and any k > Ky

It is worth noticing that the assertions (b) and (c) play different role in our argument.
In fact, we prove in the next section that Mg <0 for some k € (ko, ks« ) and for any
e>0.

First, we investigate the behavior of pj, q when both k£ and ¢ are sufficiently small.

2
Lemma 4.3. There holds limy_,o ,uiz = +o00. In particular, there is some ky suffi-

ctently small and independent of both q and € such that uk > 0 for any € < k.

Proof. The way that £ comes and plays immediately shows us that ,ui is strictly

monotone decreasing in ¢ for fixed k and ¢. For any ¢ < kq any 1 < 4 < 2 , and any
u € By, 4, we have the following estimate,

1
2 q
/ Va dvoly < / Lq dvoly </ (u? +¢)? dvolg>
M M (u?+¢)2 M
1 1
4 1
< / — % dvol, (/ (W? + k1) dvolg> i
M (u?+¢)2 M
1 1
a 2 9 2
< / ——  dvol, <22_1/ (lu]?+ k) dvolg>
M (u?+4¢)? M
—21Vk / — % dvol,
M (u?+¢)?

Squaring both sides, we get

1 2
/ — % dvol, > 2(/ \/5dV019> .
M (u?+¢)2 27k \Jm

This helps us to conclude that

1 h
F: (u):/ |Vu|? dvolg—i—/ u? dvol,
! 2Jm 2 )
1 1
—/ flul? dvolg+/ Ldvol
q.Jm qJu (u? +¢)t
2h k 1
Zk:g—]supr—/ Ldvol
2 ¢ M q M(u2+5)

2h
k;Q———|supf\+ </ fdvol) ,
22q
2

which proves that uk q — too as k — 04. We wish now to find some small k, <1
independent of both ¢ and e such that

2
kqﬁ——|s fH— </ fdvol) > 0.

D=

N|=
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The preceding inequality is equivalent to

22q</ fdvol) >k*(]su f|+quh‘>

Since k, < 1, it is clear to see that

<|supf\+kQ| |> < ky <su fl+ |g|>

Summing up, it suffices to choose k, < 1 such that

1 (fM\/&dVOIg)Z
Z. (1 ny =
22(]<g|SUPMf’+7>

Since 2 < ¢ < 2* we know that

1 (Jy Vadvol )2 1 (Ju va dV019)2
2 BN © 5Zos (1 AN
2% q (Lsupyy f1+ 51) 272 (S £+ 5

Therefore, we can choose k, as

2 n—1
dvol
k. = min (Ja va dvoly) < il ) RS (4.2.1)
2% ~12% (|supyy f] + [B]) \Jar 1f 7] dvoly
2
For such a choice of k,, we notice that k, < k). Clearly, k, given by (4.2.1) is indepen-
dent of both ¢ and . |

We now investigate the behavior of ui as k — +oco. A direct use of constant
functions as in (4.1.2) gives us nothing since f changes its sign. To avoid this difficulty
we need to construct a new suitable test function, to this end we have to control f~ by
using a suitable cut-off function which is supported in the positive part of f.

Lemma 4.4. There holds py, , — —o0 as k — +00 if supys f > 0.

Proof. We first choose a point, say xg € M, such that f(zg) > 0. For example, one
can choose zp such that f(xg) = sup,, f. By the continuity of f, there exists some
ro > 0 sufficiently small such that f(x) > 0, for any = € B, (z¢) and f(z) > 0 for any
2 € Boy(70). Let ¢ : [0,+00) — [0,1] be a smooth non-negative function such that
<t <rg,

> 47"8.

For small rg, the function ¢ is clearly smooth. We then define

w(z) = p(dist(z, z)?), =z € M,

and set
:/ fe dvol,, teR.
M
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Obviously, g is continuous and g(0) < 0 by assumption [,, f dvol, < 0. For arbitrary
t, we have

g(t) :/ fret™ dvol, +/ f~e"™ dvol,
M M

> (_min f1) / e dvol, + / f~e™ dvol,
B’V‘O (Q?()) Bro (:BO) M

= (_min f1)vol(B,,(x0))e’ +/ f~e™ dvoly.
BT‘O(QUO) M

Keep in mind that [ e ~e!" dvoly is bounded since

'/ f e dvoly| < / | £~ €™ dvol, :/ |f~| dvoly < 0.
M M M\Bar (z0)

It follows that

g(t) > (minf*)vol(By, (xo))e — / /| dvol,.
Bro(wo) M\ Bz (x0)

Thus, there exists some ¢y sufficiently large such that g(¢p) > 1. The monotonicity
property of g, that can be seen from

gt = / fwe™ dvol, = / fTwe™ dvol, > 0,
M Barg (x0)
allows us to conclude that g(¢) > 1 for any ¢t > t9. We now take a positive function
v € C' of the following form
v(z) = @ ze M

where ¢ is a positive constant chosen in such a way that |, a v?dvoly = 1. By our
construction above, the function ef®(®) is independent of both ¢ and e. Therefore,

/ fvldvoly = cq/ fe?™ dvol, = clg(qty) > c?g(ty) > 0. (4.2.2)
M M
Since k%v € By, 4, a direct computation leads us to
1 1 1 5 h 12
Fy(kav) :/ |V (kav)|” dvol, + / (kav) dvol,
2Jm 2 Jm

1 1 1
—/ flkiv) dvolg+/ % vl
qa./m q.JMm 2

1

12 2

((kiv) +e)
1 2 2 12

<k [/ ]Vv|2dvolg+h/ v2 dvol, — ~ k! 3/ fot dvolg]
2 M M q M

1
+ 5_3/ a dvoly.
q M

With the help of (4.2.2) we deduce Fqs(k%v) — —oo by sending k — +o0o in the
preceding inequality, thus proving our claim. |

We are going to show that there exists kg such that ,uiqu < 0 and ,ui’ g >0 for some
k > kg. These results together with Lemmas 4.3 and 4.4 give us a full description of
the asymptotic behavior of u; g First we prove the existence of such a k.
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Lemma 4.5. There exists some ko > 0 independent of € such that pj ¢ S0 for any
€ 2 0 provided

2+gq |h >42|h|
a dvol, < —(q —2). 4.2.3
fyoto s (F ) - 2

In particular, kg > k.

1
Proof. Since ki € By 4, by removing the negative term involving f*, we know from
(4.1.2) that, for any € > 0,

Fe(k) = h’“/ f dvol, + - /aqdvolg
M (ki te)”

hk 1
< q—/ f dvol, + - /“dvol
K

hk 1
: / £~ | dvol, + — /advolg.
ak Ju

Clearly, the non-positivity of the right hand side of this inequality is equivalent to

h
/advolg g, = k2/ £~ | dvol,. (4.2.4)
M

By a simple calculation, at

i <2+q |h >
O:
4 fM|f*|dvolg

the right hand side of (4.2.4) is equal to

2+ h| 73 ||
q -

— (g — 2).
(4 fM|f\dvolg> 3 @=2)

Thus, by definition, we claim that uf < 0 provided Jus @ dvoly satisfies (4.2.3). The
fact that kg > k4 can be seen from Lemma 4.3. |

Q
|
™

Now we have the following remark which also plays some role in our argument.

Remark 4.3. It follows from ¢ € [Qb, 2*) that

min <’h’>”_11 <k
Ju 1/~ [ dvol, A

since % > 1 and the function ﬁ is monotone decreasing. Moreover, if we keep the

term involving fT in the proof of Lemma 4.5, we immediately see that

k
—0/ FT dvoly,.
q Jm

Thus, we can easily control the growth of Pk, q 38 below
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F oL —— _— 1 T dvol 4.2.
Nko,q ok min { <fM |f_‘ dVOlg> 5 } /M f VOlg4 ( 5)

for any € > 0. Keep in mind that the right hand side of (4.2.5) is strictly negative and

is independent of both ¢ > q¢ and e provided sup,, f > 0 which is always the case in
this section. Furthermore, from the choice of k, as in the proof of Lemma 4.3 we have
k* < ko.

Since the right hand side of (4.2.3) depends on g, its behavior for ¢ near 2* is
needed in future argument. In fact under the condition (4.2.6) below we show that it
is monotone increasing.

Lemma 4.6. As a function of q,

a+2

2+¢q Al a2 |}
<4 fM|f—|dvolg> 12

is monotone increasing in (2,2*) provided

2[h|
2

< /M £~ | dvol,. (4.2.6)

Proof. This is elementary. Let

q+2 2+g¢q |h| |h]
ﬁ(Q)—q_210g< 1 fo_|dvolg>+10g<4(q—2)>-

Our condition (4.2.6) implies that

2+q |h <1
4 fM |f~] dvoly

Hence we have

, 4 2+g¢q |h 2
-
B(a) (q—22 2\ "4 T, 1f | dvol, T =270

if ¢ > 2. The conclusion follows. |

Remark 4.4. The preceding proof shows that 5’(¢) is non-negative for any 2 < ¢ < 2*.
Also, a simple calculation shows that

1 (n—1\"" ) n
li B(q) — r - I il N / | dvol
g © n—2<n—2> <fM!f|dVOIg) M‘f | dvol,

since gifg = n — 1. This suggests that a good condition for fM a dvol, could be (4.0.1).

Notice that, so far our estimate on ., g 18 still not enough for our purpose. We need
finer estimates. We prove that, as a function of k where k > ko, . 4 s bounded from
above by a constant independent of ¢ € [2°,2%) and & > 0.

Lemma 4.7. Assume that (4.0.1) holds. Then there exists some constant p independent
of q and € such that Prg S 1 foranye >0, q € [2",2*) and k > ko. In other words,
,ui’q has an upper bound when k is large.
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Proof. Thanks to the proof of Lemma 4.4, we can conclude our lemma by taking a
positive function v of the following form v(z) = ce®®(®), z € M where ¢ is a positive
constant chosen so that [ 2 V1 dvoly = 1, namely,

=
c = (/ edtow dvolg> .
M

With this choice of ¢, we immediately have

-1
(/ 2 tow dvolg> <cf <1
M

5 2 h 1.2
Fy (kqv |V k‘qv)| dvol, + — 5 (k:qv) dvol,

1 1 a
_Q/M f(kqv) dvolg+q/M —1 5 7 dvol,

((kv) +e¢)
<= ch U IV (e'™) |2 dvol,, +h/ (etow)Zdvolg]

—/ fv?dvoly +/ av™ 1 dvol,

1 2 1
<fch / IV (') % dvol, — / fv? dvol, + / av™? dvoly.
2 M qJm ak J

We first observe that

-1
/M fv? dvoly = clg(qto) > </M g2 tow dv01g> .

For the term o f ) av~ 2 dvoly, notice that

—1
vl >l > </ 2 tow dvolg> )
M
1 —q 1 2 tow
qik . av~ 9 dvol, < % - e dvol, ., a dvoly | .
<

We still have to analyze the last integral. Thanks to ¢

c2/ |V(et°w)\2dvolg</ V()2 dvol, .
M M

Putting all the estimates together, we deduce that

k‘—|—1 / |V (efo™) \deol—/ qudvol—l—/ av™ 7 dvol,

<z(k+1)2 /\v (') |2 dvol,

-1
_k ( / 2 tow dvolg> L ( / e tow dvolg> < / a dvolg> :
a \Ju 2k \Jm M

(4.2.7)

Therefore,

Therefore,

1, clearly

Fe(kiv) <

l\:)\»—l L\D\
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As a function of k£ and with & > ko, it is clear that the right hand side of (4.2.7) achieves
its maximum, say p due to the fact that 2° > 2. This helps us to complete the proof. B

In order to take the limit as ¢ — 2* we need to control L%-norm of the mountain
pass solutions. Since our mountain pass solutions have non-negative energy, what we
really need is to show that there is an upper bound k,, > max{kp, 1} independent of ¢
and ¢ such that pg <0 for any k > k. This is done by the following lemma.

Lemma 4.8. There is some k. sufficiently large and independent of both q and € such
that u;q <0 for any k > kux.

Proof. From the proof of Lemma 4.7, it is easy to see that the right hand side of (4.2.2),
being considered as a function of k, is continuous and independent of ¢ and . Again,
thanks to % < 1, we know that the function on the right hand side of (4.2.2) goes to
—o00 as k — +o00. Consequently, there is some k,, > max{kg, 1} sufficiently large and
independent of both ¢ and ¢ such that ., g <0 for any k > k., and any € > 0. |

Now, we prove that, for any € > 0 and for some k > ko, puj, q >0 A similar result
was studied in [38, Proposition 2.

Proposition 4.2. Suppose that |h| < Xy and sup,, f > 0. Then there exists ng > 0
sufficiently small and its corresponding qy, sufficiently close to 2* such that
_ Afmogth 3

> 2(A; +h) (4.2.8)

0
2 8

for any q € [qy,,2%). For such a choice of §, we denote

N . o |h|
= — — 5. 4.2.
Ca= 1) mm{(ﬂ1+zsf<1(|h|+26>>’ 2 (4.2.9)
If
WS (4.2.10)

Jas [f~ | dvolg “
then there exists an interval I, = k1,4, k24| so that for any k € I, any € > 0, and any

u € By 4, there holds
1

2
Fy(u) > imk:Q.
In particular, p, , > 0 for any k € Iy and any € > 0.

Proof. It follows from Lemma 3.13 that there exist some 0 < 19 < 2 and its correspond-
ing gy, € [2°,2%) such that

1
0< >‘f - )‘fmo,q < Z(Af - W)

for any ¢ € (gy,,2*). This immediately confirms (4.2.8). We now let

|hlq )qq2
kig= . 4.2.11
b (770 fM‘f_‘dVOIg ( )
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From Remark 4.3 and the fact that 179 < 2 we deduce that ky < k1 4. We assume from
now on that k > k; 4. We write

1 1 a
F:(u) =G u—/ f+uqdvol+/ —— dvol,,
P =Gatw o [ v, 40 [t v,

where . " 1
Gy (u) = [Vaul|2 + o) ul|72 + / | £~ [Jul? dvol,.
q9JMm

Then, there are two possible cases.

Case 1. Assume that
/ | [ [|u]? dvoly > Uok?/ |f~| dvoly,.
M M
In this case, the term G, can be estimated from below as follows
1 h 1 -
Gq(u) =5 IVull7z + 5 IIUHiz + / |f ™ |[u] dvolg

h k
> 5 Il + 25 [ 17 dvol,

B (4.2.12)
S 2 [ 2m Jy 1F 7 dvoly gz
2 [hlg
>2
> Ales
2

where in the last inequality we have used the fact that £ > ki 4 and (4.2.11).

Case 2. Assume that

/ |7 ||ul? dvol, <770k:/ |f~| dvol,.
M M

1
Under this condition, it is clear that k~ 1u € A’(no,¢) which implies |[Vu|?2 HUHZZ >
Afmo,g Dy the definition of As ., .. Therefore, we can estimate Gy(u) as follows

1 1 _
Gy () > 5 O + 1) 2+ - / 1 llul? dvol,
qJmMm
1 _
= §lullZs + - / 1 Ilul? dvol,.
qJMm

Clearly,
||u||%2=|h|( IVl [ 17l vl — G >).

Now if we write d|ul|2, as ¢ lull32 = (a+ B) |ull3> where a = and a+ 5 =4, we

A1
2\h|7<1
then get

2p

Gyt Zalulls + 1yt (519l 43 [ 17l dvol, = 6 )
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1
+ q/ | f7]|u|? dvol,

2
Sallull + ( [Vl q<u>)

which gives
20
1 >
(1457 Gat) > allulls + 7 7l

B 2 a’h\
> — V .

Using % ||Vul|72 + 41 |Jul/32 > ka and the fact that O“hl one easily obtains

217(1’

alhl |\ o ki

IVull7z + — 5 [ul|72 > TR
Since g = ﬂfjgi%, we therefore have
G()>ié 1 28)7 0 ka (4.2.13)
CYZAR ) T a2k (R 20) -

It follows from (4.2.9), (4.2.12), and (4.2.13) that G, (u) > mks. Thus, we obtain

2k
Fy(u) > mks — —sup f.
4 M

q

— 2
If we let k < (281717;?”)() " we then get Fy (u) > tmka > 0. Since

sup f < / |f~| dvol, _mno/ |f~] dvolg,
M 4fh|

one has, by (4.2.11), the following

P P
mq a—2 ( 2q|h| ) a2 q
_ > =202k ,.
<2supM f) 0 [y £~ dvol, o

Hence, if we set ko, = 23 ky 4, then for arbitrary k € [ky 4, ka 4] We always have Fy(u) >

2
%mki In other words, pj, , > 0 for arbitrary k € [k1 4, k2,4) which completes the present
proof. |

4.3 The Palais-Smale condition

This subsection is devoted to the proof of the Palais—-Smale compactness condition.
To our knowledge, there is no such a result in the literature since our energy functional
contains both critical and negative exponents that cause a lot of difficulty. In addition,
the negative constant h also raises several difficulties.
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Proposition 4.3. Suppose that the conditions (4.2.8)-(4.2.10) hold. Then for each ¢ >
0 fized, the functional Fy (+) satisfies the Palais—Smale condition.

Proof. Let € > 0 be fixed. Suppose that {v;}; C H'(M) is a Palais-Smale sequence,
that is, there exists a constant C such that

Fy(vj) = ¢, 16F; (vj)lg-+ =0

as j — oo, where H (M) is the dual space of H'(M). As the first step, we shall prove
that, up to subsequences, {v;}; is bounded in H'(M). Without loss of generality, we
may assume ||vj||g1 > 1 for all j. By means of the Palais-Smale sequence, one can
derive

1 h
3 /M |V |* dvol, + 3 /M |vj|? dvol,

. . . (4.3.1)
- / flvj]? dvoly + / ——— dvoly, = C+o(1)
aJu ¢ )t (032 1 )2
and
/ Vu; - V& dvoly + h/ v;¢& dvolg —/ flv;|7%v;€ dvol,
M M M
/ el e
— =o0(1
a (0% + £)371€ dvol, e
for any £ € HY(M). By letting £ = v; in (4.3.2), we obtain
/ |Vv;|? dvol, + h/ [vj|? dvol, / flv;|? dvol,
M M M
av? (4.3.3)
— | ———L—— dvol, = o()||v;|| 1.
/M ((v5)% + g)it! ! !
Therefore, from (4.3.1) and (4.3.3) we obtain
(5-2) ) sulravol, + 4 L/ ——-
—— - vj|?dvoly + = | —————F— dvo
2 q)Ju 72 /M v;)2 4+ )2t !
1 a (0 +9) )
o [ dvoly = o oDy + o).
1M ((v)* +¢)2 2

For the sake of simplicity, let us denote

lcj:/ [vj|? dvoly.
M

There are two possible cases.

Case 1. Assume that there exists a subsequence of {v;};, still denoted by {v;};, such
that

/|f_||Uj|qu01g>770k‘j/ |/~ dvol,.
M M

Using (4.2.9) and (4.2.10), we get that
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1
2 _
Fy(v;) = HWJHLQ ijHL2+q/M\f ||v;]9 dvol,

1 a
— = [ ftlv;|? dvol +/ ——— dvol
o @ (@2 o)t

ho 2 mok;
>§qu+770 / £~ | dvol, —/ £ [v]9 dvol,
ho 2 mok; kj

2514:]"4-770 / |f~| dvol, ——supf

ho 2 nok;

2§qu+770 / £~ | dvol, —“70/ £~ | dvol,

(i i) -

This and the fact that Fy(v;) — C imply that {k;}; is bounded. In other words, {v;};
is bounded in L9(M). Hence, the Holder inequality and (4.3.1) imply that {v;}; is also
bounded in H'(M).

Case 2. In contrast to Case 1, for all j sufficiently large, we assume that
/ |f ™ ||v;]? dvol, < nok:j/ |f~| dvoly.
M M

Using (4.3.1) and (4.3.3), we obtain

1 2
/ Floj|? dvoly = — == + o(1)[vj| g + o(1)
qJum q—2
2

1 avj 2 a
+ T dvolg + dvoly.
q=2Jm ((v))2+e)2" (¢ —2) Ju ((vj)? +e)

Therefore, we may rewrite F as follows

[ SIS

a

1 2
FE(u;) == Vs ]2 \v 13, — / flv;]9 dvol, + / — _dvol
q\"] JNL JNL J q g
2 ((Uj)2+5)2 (4_3'5)

IIVvalle tg HUJHL2 - (1—72C+ o(D)|vjllar +o(1) + A4;

REEE </M (o +aF " I, O lg) |

Dividing (4.3.5) by ||v;| 2 and using the equivalent norm to ||v;|| g1 = [|Vvj|l 2 +]vj| L2,

where

one obtains
Fcf(vj) S HVUJ'HL2

lvllze = llvillee

1 h
(3190l + o)) + 5 s
o(1) 4,

lvojllzz  lljllze’

(4.3.6)
C+o(1) +

(¢ = 2)lvjll 2

Observe that, from the definition of Ay, ,, there holds vaj”ig = Ao ijHiQ. There-
fore, from (4.3.6) and for j large enough, there holds
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Fo(v;) 1
7(1, > 5()%77041 + h)”“j”m + 0(1)\/ Afmo.a
vl 2
2 chomy+ M A
— o .
(g —2)[lvjll2 lvillz — [lvjllee

If ||vj|| L2 — 400 as j — oo, then we clearly would reach a contradiction by taking the
limit in previous equation as j — oo since Ay, o +h > 0 and A; > 0 as we notice that
Fg(vj) ||’uj||zg1 — 0 as j — oo. Thus, {v;}; is bounded in L?(M). This and (4.3.5) also
imply that {Vv;}; is bounded in L?(M). Consequently, {v;}; is bounded in H*(M).

Combining Cases 1 and 2 above, we conclude that there exists a bounded subse-
quence of {v;}; in HY(M), still denoted by {v;};. This completes the first step.
Being bounded, there exists v € H'(M) such that, up to subsequences,
e v; — v weakly in H'(M);
e Vu; — Vv weakly in L*(M);
e v; — v strongly in LP(M) for any p € [1,2%);
e v; — v almost everywhere in M.

We now prove that v; — v strongly in H'(M). This can be done once we show that
Vvj — Vo strongly in L2(M). In order to achieve that goal, the following

(5an(vj)(vj —v) = 0,

as j — 00, is crucial in our argument. Indeed, using (4.3.2) with & replaced by v; — v,
we get

/ Vu; - V(v; —v) dvol, +h/ vj(vj — v) dvol,
M M

av; (4.3.7)

— [ flvj|9 v (v; — v) dvol —/ —————(vj —v) dvol;, = 0
/M j A 9 M((vj)2+5)%+1 j 9

as j — oo. Since v; — v strongly in L2(M) and {v;,}; is bounded in H'(M), the Holder
inequality can be applied to get

/ vj(v; —v) dvoly — 0 (4.3.8)
M

as j — oo. For the term involving f, we can also use the Holder inequality as follows

‘/ Fluil"™%v;(vj — v) dvol,
M

< Gup ) [ ol oy = of v,
M M

a1 2*—2«1—1)
< (sup f) (/ |vj]? dvolg> </ lvj — |G dv01g>
M M M

Notice that #{;1) < 2* as long as g < 2*. Hence, thanks to the compact embedding

2*
HY(M) < L*=@1 (M), the Sobolev inequality, and the boundedness of {v;}; in
H'(M), there holds
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/ Flv;1% %0 (vj — v) dvol, — 0 (4.3.9)
M

as j — oo. For the term involving a, we first observe that

<e 27! /Ma|vj(vj — v)| dvol,

CLUJ'
————— (U — UV dVOl
/M (o oyfi ) vl

holds true. Using the squeeze theorem, it is immediately to see that

av;
/M W(’U] — ’U) dVOlg —0 (4310)

as j — oo. Therefore, from (4.3.7), (4.3.8), (4.3.9), and (4.3.10), we obtain
/M Vv; - V(v; — v) dvoly — 0 (4.3.11)
as j — 0o. Making use of the fact that Vo; — Vv weakly in L?(M) gives
/M Vv - (Vv — Vo) dvoly, — 0 (4.3.12)
as j — 0o. We then obtain immediately from (4.3.11)-(4.3.12) that
/ |Vo; — Vol|* dvol, = / V; - (Vv; — Vo) dvol, — / Vv - (Vvj — Vo) dvoly — 0
M M M

as j — oo. In other words, Vv; — Vv strongly in L?(M). This completes the proof of
the Palais-Smale condition. ]

4.4 Proof of Theorem 4.1

We are now in a position to prove Theorem 4.1. This can be done through three
steps. First, because of Lemma 4.6, we need to make use of the condition (4.2.6) in
order to guarantee the existence of the first solution. This is the content of Proposition
4.4. Next we show that if, in addition, sup,,; f can be controlled by some positive
number, then (3.0.1) has at least two positive solutions. In the last step, we remove
the condition (4.2.6) by using a scaling argument. It is worth noting that although the
condition (4.2.6) is not really important in view of taking the limit as ¢ — 2*, we take
this chance to perform this trick in order to completely remove (4.2.6).

4.4.1 The existence of the first solution

In this section, we obtain the existence of the first solution of (3.0.1). Notice that,
we require (4.2.6) to hold. This restriction will be removed by using a scaling argument
later. We prove the following result.

Proposition 4.4. Let (M, g) be a smooth compact Riemannian manifold without the
boundary of dimension n > 3. Let h < 0 be a constant, f and a = 0 be smooth
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functions on M with fMadvolg > 0, fodvolg < 0, supy, f >0, and |h| < Ay We
further assume (4.2.6) holds and

1 (n—1\"" ) "
dvoly < —— [ —— — | dvol, .
/Ma Vog<n_2<n_2) (fM!fIdvdg) /M‘f | dvol,

Then there is a positive number ¢ given by (4.4.1) such that if

supyy f
Jas | £ 1 dvoly

then (3.0.1) admits at least one smooth positive solution.

< C17

Since our proof is quite long, we divide it into several claims for the sake of clarity.

Claim 1. There exists a qg € [Zb, 2*) such that for all ¢ € (qo,2*) and some sufficiently
small €, there will be ky and k, with the following properties: ko < k. and pg g S0
while pg > 0.

Proof of Claim 1. We observe that, from Lemma 4.6, the condition (4.2.6), and Remark
4.4, there is some qg € [2°,2%) such that the condition (4.2.3) holds for all ¢ € (go, 2*).
Hence, by Lemma 4.5, there exists a ko > 0 small enough such that pi . < 0. Notice
that 2 > 2 for any n > 3. The existence of such a kg makes it possible for us to select
some k, such that k, < min{kp, 1} and ,u,i*’ g> 0 for any € < k,. This settles Claim 1.

Claim 2. Equation (3.0.2) with e replaced by 0 has two positive solutions, say u; 4 and

U2,q-

Proof of Claim 2. By using Proposition 4.2, we have 19 and its corresponding ¢,, €
[2°,2%) such that § = (A faoq + 1) > 3(Ap+h) for any g € (gyy,2*). Thanks to Lemma

3.10, one has 2(Ay + h) <6 < 3(As + h). Hence

5 (Ar+h)

- 3 Ap+h
A+ 2K ([h] +26) 7 A+ 2% ([ + (Af + b))

AL+ 2K A

_3
-8
Thus, by (4.2.9), we can define

Tlo . 3 )\f+h ‘h‘
IR (- e LI L 44.1
Q=1 ln{8ﬂ1+27ﬁ/\f’ 2 (44.1)

Note that ¢ is independent of ¢ and thus never vanishes for ¢ € [gy,,2*). Besides,
Cq = ¢ for any q € [gp,,2%). In addition, one can easily see that

N3

24| 3 .
lim ki1, = =/ lim ko, = 224.
qigl* 1,9 (770 fM |f,| dVOlg> ; qi)HQl* 2,q 2

By Proposition 4.2, there exists an interval I, = [k1 4, k24] such that uj, g > 0 for any
k € 1,. Recall that k. < ko < k1 4, where k£, is given as in Claim 1.

The existence of ui , with energy Mi?: g We first define the number

g : €
= inf F°(u
Mkf,q uEDy g q ( )
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where
Qk,q = {u € HI(M) tky < HU/H([I/I < kl,Q} :

Due to the monotonicity of k1 4, we know that ||u||?, < ¢ for any u € Dy ,. It follows
from Lemma 4.5 that ,uii’ g 18 finite and non-positive. Similar arguments to those used
before show that ,uii 4 1s achieved by some positive smooth function uf ;. In particular,
,uii 4 1s the energy of uf ,. Obviously, uf , is a solution of (3.0.2). It is not hard to verify
that any minimizing sequence for “ii ; is bounded in H L(M). Now the lower semi-
continuity of H'-norm implies that |uf 4|l is bounded with the bound independent
of ¢ and e. If we denote [uf |7, = ki we immediately have kf € (Ky, ks ).

The existence of ui 4 with strictly negative energy pu, 4. In what follows, we let {¢;};
be a sequence of positive real numbers such that ¢; — 0 as j — oco. For each j, let uifq
be a smooth positive function in M such that

CL’U/Ej
L (4.4.2)

_Agui{q + hui{q - f(ui{q)q_l T €5 \2 941
((u)y)? +¢5)?

in M. Being bounded, there exists u; 4 € H L(M) such that, up to subsequences,

° uifq — uy 4 weakly in HY(M);
. uifq — uy 4 strongly in LP(M) for any p € [1,2%);

Ej .
® uy, = uiq almost everywhere in M.

Using Lemma 3.1, the Lebesgue Dominated Convergence Theorem can be applied to
conclude that [} (u1,4) P dvoly is finite for all p. Now sending j — oo in (4.4.2), we get
that uy 4 is a weak solution of the following subcritical equation

a

_ -1
—Aguig + hurg = flurg)? + (up,q)a+L

(4.4.3)
Thus the regularity result, Lemma 3.4(b), can be applied to (4.4.3). It follows that
u,q € C°(M). Since uifq — u1,4 strongly in LY(M) as j — oo, if we denote |lu1 ||?, =
k1, we still have ki € (k., k«). Consequently, there holds u; 4 # 0. With Lemma 3.1 and
the Strong Minimum Principle in hand, it is easy to prove that u; 4 is strictly positive.
From Remark 4.3 and the fact that ui] , has strictly negative energy MZ% J by passing

to the limit as j — 0o, we know that uq 4 also has strictly negative energy p, 4. Thus,

we have shown that u; 4 is a smooth positive solution of (4.4.3) as claimed. Keep in
mind that we still have ||uy 4]/, < kyx since we have a strong convergence.

The existence of uj , with energy /‘ig g Let k* be a real number such that

P g = Max {Ni,q kg <k <kag)-

Obviously, Mi*,q > 0. Now we choose ELG (ko, k1,4) and ko € (k2,q, ksx) in such a way

that u%l . u%2 . 0. The existence of k; is guaranteed by Proposition 4.1. Notice that
5 ’ 5 ’ . - - .

1T g and 1) o have been proved to be achieved, say by (. and U, o respectively. We

now set

I= {’y € C([0,1]; H'(M)) : 7(0) = ug, ,,¥(1) = “m} :
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Consider the functional E(v) = Fy (ug, ,+v) for any non-negative real valued function

1
o]l = (/ yu,mﬂyqdvolg)q
M

First we have F(0) = 0. Let p = (k*)% If |lv|| = p, then set u = ug, , + v, then
Jos |ul? dvoly = k*. Hence

v with

E(v) = Fj(u) 2 pjs 4 > 0.

— 1
Next we set vy = ug, . — ug, ,, then clearly E(v1) = 0 and [Jv1]| = (k2)¢ > p. Notice
that our functional E satisfies the Palais-Smale condition as we have shown for Fy.
Thus, Theorem 6.1 in [10, Chapter II] can be applied to E to conclude that the number
€ 3 gy —
Higq = inf max E(y(t) - ug, ,)

is a critical value of the functional E. Clearly, ,u% ¢ 0. Thus, there exists a Palais—
Smale sequence {u;}; C H'(M) for the functional F{ at the level His g Since Fy (u;) =
Fg(|uj|) for any j, we can assume u; > 0 for all j. Consequently, Proposition 4.3
implies that, up to subsequences, u; — u5 , strongly in H L(M) for some us, €H L)
as j — oo. Therefore, the function u§ , with positive energy uis q satisfies the following
equation

aus ,

((u5,0)* +e)

in the weak sense where we denote [[u5 |7, = k5. The non-negativity of {u;}; implies

—Agus , +hu = fus )T+ (4.4.4)

q
i+

that u5 , > 0 almost everywhere, and thus the regularity result, Lemma 3.4(a), can be
applied to (4.4.4). It follows that uj , € C°°(M) which also implies u5 , > 0 in M. To
see uj3 , is not identically zero, thanks to Lemma 4.7 we first know that u5 , < p < oo.
Now, if uj , = 0, then we have %5_% fM a dvoly = 5 , < pp < oo which is impossible if
¢ is small enough. Thus, u5, > 0 on M if ¢ is sufficiently small which we will always
assume from now on. In view of Lemma 4.8, we know that k5 > 0 is bounded from
above by k.. independent of both ¢ and q.

The existence of us q with positive energy fi, 4 We now let {e;}; be a sequence of small
positive real numbers such that ¢; — 0 as j — oo. For each j, let ugjq be a smooth
positive function in M such that

€
J
aulq

—Agugfq + hu;{q = f(u;{tJ)q_l * €512 141 (4.4.5)
((ugy)” +€5)

in M. The boundedness of {k5}; tells us that sequence {ugj ¢} is bounded in H L),
hence, there exists ug, € H'(M) such that, up to subsequences,

o uy, — usgin H' (M),
. u‘;{q — ug 4 strongly in L?(M),

g4 .
® uy, —> upg almost everywhere in M.

Consequently, us , > 0 almost everywhere in M. We now denote |lug4||%, = k2. Since
the sequence {u;fq}j is bounded from below by means of Lemma 3.1, the Lebesgue
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Dominated Convergence theorem can be applied to conclude that (ug )=t € LP(M) for
any p > 0. By letting j — oo in (4.4.5), we get that us 4 is the second weak solution of
the following subcritical equation

a

_ ~1
—Agugg +hugg = fluzg)’™ + (ug,q)dt1

(4.4.6)

Now the regularity result, Lemma 3.4(b), can be applied to (4.4.6). It follows that
ug,q € C°(M) and thus us , > 0 in M. Since u;q has positive energy ,LLZJ;]- J by passing
to the limit as j — oo, we know that the energy of us, is still norf—rlegative, ie.,
ko, > 0, thus proving ui 4 # us 4 by means of (4.1.7). Note that ky is still bounded
from above by k.. independent of both € and g. This completes the proof of Claim 2.

Claim 3. Equation (3.0.1) has at least one positive solution.

Proof of Claim 3. Recall that py, , are the energy of u; , found in Claim 2, i.e.,
1 h
Hkiqg = 2/ Wui,qF dvoly + 2/ (ui,q)Q dvoly
M M

1 1 a
- - U; qdv01+/ ——— dvol,.
q /Mf( )" dvoly q Jar (uwig)?

Keep in mind that by k; we mean ||u; 4/|9, = ki. We now estimate p, 4 and pg, 4. We
have noticed that pig, 4 <0 < g, 4 < p. Since ki € (ki, k14) and h < 0, we obtain

1 1 h 2
3 ”vu17q|’2L2 S Mk g+ / f(qu)q dvolyg — ki
q )M 2

k1 h 2

< —sup f— SkY,

q M 27!

which concludes that the sequence {uj 4}, remains bounded in H!(M). Similarly, from
Lemma 4.7 and the following estimate

1 1 h 2
B ”VU?,q”QLZ S Hkgq + / f(ulq)q dvolyg — k3
qJm 2

k h 2
<p+—sup f— Sk,
q M 2
we know that the sequence {ug,}, is also bounded in H'(M). Combining these facts,

we get
2

2k 2
||u'i,q”§{1 < 2p+ 715]1\1}),]0 + (1= h)kj.

Thanks to k. > 1 and ¢ > 2, if we denote

D=

A= (QH + (sup f)kw + (1 — h)ké)
M

we then see that |lu; 4|z < A for i = 1,2. Hence, there exists u; € H'(M) such that,
up to subsequences,

o u;, — u; weakly in H'(M);

e Vu;, — Vu; weakly in L?(M);
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® wu;, — u; strongly in LP(M) for any p € [1,2%);
® u;, — u; almost everywhere in M.

Notice that u; 4 verifies

/ Vu;q - Vv dvoly + h/ U;,qU dvoly
M M

_ a
— /M f(uz‘7q)q 1'1) dVOlg — /M W'D dVOlg =0

for any v € H'(M). We have already seen in the proof of the Palais-Smale condition
that

(4.4.7)

/M (Vui,q - Vui) -V dVOlg —0

and
/ (wiq — u;) v dvoly — 0
M

as ¢ — 2*. A strictly positive lower bound for u; 4 helps us to conclude that

a
/M (ulq)q"‘lv dvol, —>/ T_HU dvoly

as ¢ — 2*. So far, we can pass to the limit every terms on the left hand side of (4.4.8)
except the term [y, f(uiq)? v dvoly. Since u;q — u; almost everywhere, (u;q)7 ! —
(u;)%"~1 almost everywhere. By the Holder inequality as we have done once, one obtains

_ SR dvol, *
” 4N T (4.4.8)
= </ (uig) dvolg>
M

= Juiglfr -

™

Making use of the Sobolev inequality, we further obtain

-1
s ™| ey < (4 A gl
which proves the boundedness of (ulq)q*1 in L%(M ). According to [3, Theorem

3.45], (u;)" " = (u )T weakly in L¥-1(M). Thanks to the embedding H(M) —
L¥ (M), we have v € L* (M) which also implies fv € L?> (M) since f is smooth.
Therefore, by definition of weak convergence, there holds

/ f(uig)? v dvol, —>/ Fui)* 1w dvol,
M M

as ¢ — 2*. With these information in hand, we are in a position to send ¢ — 2* in
(4.4.8) to get the following

/ Vu; - Vv dvoly +h/ u;v dvolg

. (4.4.9)
) d 1 - T Nox 11 d 1 = U,
/ flu)? vol, /M ()2 70 dvoly =0
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for any v € H*(M). In other words, u; are weak solutions to (3.0.1). It is not hard to
see that the regularity result, Lemma 3.4(b), can be applied to (3.0.1). It follows that
u; € C*°(M) and u; > 0 in M. In other words, u; are smooth positive solutions of
(3.0.1). The proof of Claim 3 follows.

4.4.2 The existence of the second solution

So far we have just shown that u; are solutions of (3.0.1). However, we have no
information enough to guarantee that these solutions are distinct even that

lim (Fg(um) - Fg(uzq)) # 0.

q—2*

Therefore, we have here only the existence part. In the next subsection we show that
u; are in fact different provided sup,, f is sufficiently small, thus proving Theorem 4.1.

We wish to compare Fy. (u1) and FS.(uz). Recall that
0 1 2 h 2
Fyo(uwi) = = | |[Vu|”dvoly + = [ (u;)” dvol,
2 /M 2 J/m

1 % 1 a
- )% dvoly + o | —2x dvol,.
o /Mf(u )" dvol, + o / ()’ dvol,

Here we introduce a trick without using any concentration-compactness principle. This
can be done once we can show that limg o« Fy (uiq) = Fo(u;) for i = 1,2. If we
carefully look at the formula for qu (ui,q), the only difficult part is to show that

/ f(uigq)? dvoly — / Flu)* dvol, as q— 2.
M M

In contrast to the previous subsection, the bigger exponents generally make us impos-
sible to guarantee such a convergence. To avoid this difficulty, we have to make sup,, f
sufficiently small. Intuitively, such a small f is equivalent to saying, for example, that
f(u; )97 behaves exactly the same as f(u;4)?. We first prove that following.

Proposition 4.5. Assume that all conditions in Proposition 4.6 below hold true, then
12 = ||Vuil| 2 holds as ¢ — 2*.

the following || Vu; 4

Proof. This is elementary. It suffices to prove that Vu;, — Vu; strongly in L?(M).
Using (4.4.7) with v replaced by u; 4 — u;, we arrive at

/ Vi gV (uiq — u;) dvolg —l—h/ Wi q(uiq — u;) dvolg
M M

. (4.4.10)

—/ Fluig) ™ (uig — ug) dvol, — / —— 71 (i — i) dvoly = 0.
M M (Uigq)
From (4.4.10), in order to pass to the limit to get
/ Vg - V(usg — us) dvoly — 0,
M

we still need to estimate
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/M f(ui,q)q_l(uiyq — ;) dvol,.

This can be done once we apply Proposition 4.6 which is assumed here to be true at
the moment. Indeed, we just write

/ Fluig) (uig — ug) dvol, :/ f(uigq)? dvoly — / f(us)? dvoly
M M M

_ </ Fluig)?  uy dvol, —/ flu)® dvolg> .
M M

Since u; are fixed, (u;4)9™! — (u;)?"~! weakly in L%(M), and fu; € L?", we get
that
/ Fluig)?  uy dvol, —>/ fu)? dvoly
M M

as ¢ — 2*. Using this the fact that Vu;, — Vu; weakly in L?(M), we obtain
/ IV (g — ug)|* dvol, — 0

as ¢ — 2*. In other words, Vu; ; — Vu; strongly in L*(M). |

Now we conclude that [, f(u;4)? dvoly — [, f(u;)?" dvoly as ¢ — 2*. We prove the
following proposition.

Proposition 4.6. We assume that all requirements in Proposition 4./ are fulfilled. We
further assume that f verifies

sup f < (o,

M

where the number Ca > 0 is given in (4.4.16) below. Then

/ f(uigq)? dvol, —>/ f(ui)? dvoly
M M

Proof. Tn (4.4.7), we choose v = (u;4)'*2° for some § > 0 to be determined later, we

arrive at

/ VgV 21;25) dvol +h/ (uiq)?+% dvol,
M M

+26 a —
— /M f(U@q)q dVOlg — /M W dVOlg = 0.

Let w; = (u;4)' ", Equation (4.4.11) can be rewritten as

/|leq|2dvolg—]h\/ w; 4)* dvol,

- a
+ /M Flwi ) (uig)? 2 dvol, + /M g% dvoly.

This and the Sobolev inequality applied to w; 4 tell us that

as q — 2*.

(4.4.11)

1+20
1—|—5
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2
2 (1+0) 2
il < <7<1 L

1+
+% (1 n 23 </ f+ ’LUZ q)Q(uZ q) dVOl + /M W dvol )

We now use the Holder inequality one more time

2 1— 2

* 2* (7)* 2*

/ (wi0)? (11,)*~2 dvol, < ( / (wig)? dvolg) ( / (uig) 77 dvolg) -
M M M

Notice that (q2:2_)22 " < g so long as ¢ < 2*. Again, by the Holder and Sobolev inequalities,

(4.4.12)

one gets
(g-2)2* - s
/ (uiq) 272 dvoly < / (uig)” dvolg
M M
2*5:1 2)
(17<1+ﬂ11)2<2* 9 K
Therefore,

/M (wi,q)z(uz‘,q)Q72 dvol, ||w%q L2* (% + ﬂl) Hul q”

Using (4.4.12) and our calculation above, it is obvious that

2 (1+0) 2
2% < <7<1 1+25 |h| +—5le ||wi,q||L2

(1 +0)?
+25

( +5) / a
+ K 1125 Jy (ui,q)qu‘s dvoly.

[|wi g

—2
+ K (sup A+ 2)7 (uig % [wigl?r (4.4.13)

We wish to impose condition of sup,, f so that

(1+4)
1+20

(4.4.14)

[\D\)—‘

(supf><1+7<1+ﬂt1> AT <

fulfills. This can be done for a suitable choice of small § > 0 that will be fixed provided

sup,, f verifies
1

5

Notice that A also contains sup,, f, therefore a straightforward calculation shows us

% (sup f)(1 + % + ﬂl) T AP 2 < (4.4.15)
M
that it is enough for (4.4.15) to assume sup,; f < ¢z where

2% —2
* T2

1 - 2
C» = min %(1+7ﬁ+ﬂ1)z~2<2u+k**+(1—h)kfi> 1. (4.4.16)

In view of (4.4.13), we get from (4.4.14) that

(1+5)

) (1+5)2/ a
i 2 1.
\h\ +/‘41> lwigll72 + 2% 1726 Jur (an )q_% dvoly

lwigll7er <2 (76
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By the choice of ¢ satisfying (4.4.14) and 1+ 6 < %, we can verify that

1+6 1+6

1+0
Iz = Nl s < lluigll %

LQ* .

sz}q”L? = H(uzq)

This and the Sobolev inequality imply that ||w; ||, > can be controlled by some constant

)—(q—25)

depending on A. On the other hand, [ v 0(Uig dvoly is bounded from above since

g — 20 > 0 and u; 4 has a strictly positive constant lower bound independent of g.

All discussion above shows that {||w; ||, 2+ }4 is bounded, that is, {||u;q

Lz*(1+5)}q is
bounded. We are now in a position to make use [3, Theorem 3.45]. First, by the Holder
inequality as in (4.4.8), one obtains [|(uig)?|| 115 < [[tigll]or(11s), that means (u;q)? is
bounded in L'*9(M). This and the fact that (u;4)? — (u;)>" almost everywhere in M
imply (u;4)? — (u;)>" weakly in L'*9(M). Therefore, by definition of weak convergence

and the fact that L1+%(M) is the dual space of L'*9(M), there holds
/ f(uigq)? dvol, —>/ Flu)® dvol,
M M

as ¢ — 2% since f € LH%(M). [

We are now in a position to compare the energy of solutions.

Proposition 4.7. We assume that all requirements in Proposition 4.6 are fulfilled.
Then Equation (3.0.1) possesses at least two smooth positive solutions, one has strictly
negative energy and the other has positive energy.

Proof. 1t suffices to compare the energies of u;. Using Propositions 4.5 and 4.6, we send
q — 2* in the preceding equalities to reach limg_or Fy (uiq) = F5.(us), i = 1,2. In view
of (4.2.5), there holds F¥.(u1) < 0 < FY.(u2). Thus, u; have different energies. This
completes the proof. [ ]

4.4.3 A scaling argument

In this part, we use the scaling technique to complete the proof of Theorem 4.1
by removing the condition (4.2.5) mentioned in Proposition 4.4. We first observe that
under the variable change u = %, where c is a suitable constant to be determined later,
Equation (3.0.1) becomes

1 a

~ g~ 2% 0% ]
—Agu+hu=c fu +C2*+2172*+1'

(4.4.17)
We wish to find a suitable constant ¢ > 0 such that our new coeflicients }’Vand a verify
the conditions in Propositions 4.4 and 4.5 where

~ a

f=c&72f a= sl (4.4.18)

Clearly, once u is a solution of Equation (4.4.17), then cu will solve Equation (3.0.1)
accordingly. Obviously, the coefficient i remains unchanged after the scaling and we
also have Ay = A 7 since ¢ > 0. In addition, thanks to (4.4.18), the following conditions
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|h| < )\f~, a>0, / fdvolg <0, supf+ >0
M M
are also fulfilled. Besides, it is obvious to see that

Sup pr f _ supyy f
Jos [f7 | dvoly Jar £~ 1 dvoly

We now wish to remove (4.2.5) but still keep other conditions. In other words, we choose
a suitable ¢ so that the following conditions

2 |h .
LAl / 17| dvol,, (4.4.19)
2 M

and
sup f < (o, (4.4.20)
M

~ 1 (n—1\"" Ih| B
advoly < ——( —— — |f~ | dvol, (4.4.21)
M n—2\n-2 Jag lfdvoly ) Ju

hold. Indeed, (4.4.19) and (4.4.21) can be rewritten as the following

2*|h .
Zh <2 / || dvol, (4.4.22)
2 M

1 ol 1 [(n—1\""
c2 2 Ma Vo < o\

o Y[
dvol,.
(02*2fM|f|dvolg ¢ M’f | dvoly

Notice that (2* — 2)n = 22*, this is about to say that again the right hand side of
(4.4.23) can be rewritten as

1 1 (n-1 "1< | >"/ _
- S £ dvol,.
02+2n—2<n—2> Jas 1f~ | dvolg M’ | dvoly

By canceling the factor ﬁ, one can easily see that the condition (4.0.1) is invariant

and

and

(4.4.23)

under the variable change. In view of (4.4.22), we can choose

( 2* || >212
c=|——"-——"— .
2fM |f~| dvol,

It suffices to prove that this particular choice of ¢ and the condition (4.0.2) are enough
to guarantee (4.4.20). Notice that

sup f: & 2sup f
M M
_ 2*|h|
= (S]L\14P f) <W> (4.4.24)

_TW supyy f
2 fM\f*|dvolg'
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Therefore, if we assume
su 2
IiM f < o,
fM|f | dvoly 2%|h|

then the condition (4.4.20) holds. In conclusion, if the constant € in the statement of

Theorem 4.1 is equal to
i 2
min {C1, 2h CQ} ) (4.4.25)

we know that Equation (3.0.1) has at least two positive smooth solutions. This finishes

the proof of Theorem 4.1.

Remark 4.5. Before finishing the proof of Theorem 4.1, it is important to note that
the existence of the constant ¢ depends only on the negative part of f and the set
{z € M : f(x) = 0}, thus, is independent of sup,, f. To see this, let us notice from the
definition of the sets A and A(n, q) that Ay and Ay, , depend only on f~. This ensures
that the existence of (; given by (4.4.1) depends only on f~. Now one can observe that

-1
(S&pf) (/M 1f dvolg> <G

actually makes sense and therefore we do have the existence part. However, since the

the condition

constant (» depends on p and k., it is hard to check whether or not the condition

_ 2
) ([ 1w, ) < e

actually holds but we believe that an example for this case exists. We hope that we

will soon see some responses on this issue.

4.5 The asymptotic behavior of Hi..q in the case
supp; f <0

According to [ 1, Proposition 4], if we restrict ourselves to f < 0 but not strictly
negative, the solvability of (3.0.1), where h, f, and a take the form (1.2.2), is equivalent
to solving the so-called prescribing scalar curvature-scalar field problem

—Agu+ hu = fu® 1. (4.5.1)

The proof of this fact depends heavily on the conformal covariance property of all these
coefficients, that cannot be true for general h, f, and a.

Concerning (4.5.1), Rauzy provided, among other things, necessary and sufficient
conditions for the solvability of (4.5.1) in the general form, that is, for any f < 0 and
h < 0 a constant. Based on this point, in this section, we prove that there is a natural
extension of the Rauzy result for the prescribing scalar curvature equation (4.5.1) to
(3.0.1) which also provides for necessary and sufficient conditions for the solvability of
(3.0.1). Notice that we have already proved necessary conditions.

As always, we first need to consider the asymptotic behavior of Pk q for small k& and
for large k.
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For small k, since the function f plays no role in the argument used in the proof of
Lemma 4.3, we can go through Lemma 4.3 without any difficulty, that is, for small €,
Py, — +00 as k — 0 in the sense of Lemma 4.3.

Now we want to study the behavior of pj , for large k. As can be seen, if f has zero
value somewhere in M, then in order to control jij g for large k, we must study Az, 4.
Depending on how large the set {f = 0} is, there are two possible cases.

Proposition 4.8. Suppose sup,, f = 0. If either

. f{f:O} 1 dvoly, =0 or
o f{f:o} 1 dvoly, > 0 and Ay > |h|

holds, then /J,%q — 400 as k — +oo for any € = 0 sufficiently small and any q
sufficiently close to 2* but all are fized.

Proof. We begin to prove that there is some 19 > 0 sufficiently small and its corre-
sponding gy, € [2°,2*) sufficiently close to 2* such that dy = 3(Af..4 + h) > 0 for any
q € [qny,2%). We consider two cases separately.

Case 1. Suppose that sup,,; f =0 and |, {f=0} 1 dvol, = 0. Under this case, there holds
f < 0 almost everywhere which implies that the set A is empty, therefore Ay = +oc.

Since h is fixed, we know from Lemma 3.12 that we can find some 7g sufficiently
small and its corresponding g,, € [2°,2*) such that A Fmonq >0 for all ¢ € [g,,,27),
and thus proving the positivity of do.

Case 2. Suppose that sup;; f = 0 and f{fzo}ldvolg > 0. Under this case, Ay is
well-defined and finite. Notice that Ay + h > 0.

As in the proof of Proposition 4.2, there exist some 19 < 2 and its corresponding
no € [2°,2%) such that 0 < Ay — Apyq < S(Ap — ||) for any g € (g, 2%). Therefore,
o > 3(Af+h).

Now having the strictly positivityQOf 6o we can easily go through the proof of Propo-
sition 4.2, hence we get G, (u) > mkae where m is given as in (3.2.5) which implies that

2
Fy (u) = mka due to sup,, f = 0. Since &y has a strictly positive lower bound, so does
m. The proof now follows easily. |

4.6 Proof of Theorem 4.2

From now on, we restrict ourselves to the case ¢ € [gy,,2*). Let us first do some
calculation. Since

i ho2 k 11
F;(ké):ki—/ fdvolg+q/ a dvol,,
2 q.Jm 2 Jm

2

T (ke +e)
we know by solving
h 2 k
—ka — — f dvoly =0
2 qJm
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that

1 1 1 1
Hhoq = Fy (kg ) < / advoly < — [ advol,
M 2ko Jr

q
2

(ko +¢)

i)

where .

ko= (4
2 [y f dvoly '

Having kg, it is easy to find upper and lower bounds for kg. For example, one can check

that with )
Lo (fodV()lg) ’<fodVOIg>

2> h n—l
ko= (2 — 2 41
2 (2 fodvolg+ > ’

we immediately have k1 < ko < k2. Consequently, we can bound uj g from above as

1
Mio,q < Tlﬁ /M a dVOlg.

It is important to note that in the proof of Theorem 4.1, we bound pj g from above

and

the following

by 0, see Lemma 4.5. Since k1 and ks are independent of both ¢ and ¢, this new bound
for g, g 18 also independent of both ¢ and gq.

We are now in a position to prove Theorem 4.2 whose proof is similar to the proof
of Theorem 4.1, therefore we just sketch it and omit in details.

Proposition 4.9. If |h| < Ay and sup,, f = 0, then Equation (3.0.1) admits a unique
positive solution wu.

Sketch of proof. Since the uniqueness part comes from Lemma 3.6, it suffices to study
the existence part. We have to prove the existence of k, and k,, independent of £ and
q with

ke < k1 < ko < kg < kyx

such that 1
o [ advoly < i e}

for any € < k,. The existence of such a k. > ko is clear since F “(u) > %k% for any
u € Byg, any € > 0, and any k > 1. For the existence of k, < ki, using h < 0 and
- 6 (1,2=2), there holds

h 2

2k 1 a
F°(u >k‘q+supf+/
7 (¥) 2 | | q M(u2+£)%

+/ —— dvol,
u2+£ 2

for any u € By 4 and any 0 < k < 1. Thanks to the proof of Lemma 4.3, for £ < k:q we
know that

dvol,
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/M(uzj_g)dvol 22k</ fdvol>2.

Therefore if we choose k, < min{1, k;} in such a way that

11 1 |h]l<:*}
— dvol > max / a dvoly,
22+ ¥ 2% 5 ke </ Va > { 2k1 2

we then have

1
Fy(u) > 21{71/ a dvol,

for any u € By, 4. Taking infimum over By, , we obtain ug 0> Mg for any € < ky as
claimed. Having the existence of k, and k,, independent of € and ¢ we can define

Wi = 00 Ff ()

for each € and ¢ fixed where
Dig={u€H (M) : ke < ||ullfy < ki)

It then turns out that ,uihq is achieved by a smooth positive function ug which is
exactly the smooth solution to (3.0.2). Since ||ug||zq is uniformly bounded, by using a
sequence {¢;}; of positive real numbers such that €; — 0 as j — oo we can prove, up
to subsequences, that ug’ — u, in H'(M) as j — co. We then show that u, is smooth
positive solution to (3.0.2) with e replaced by 0. Finally, we send ¢ — 2* and do the

same argument to claim that (3.0.1) admits a smooth positive solution. [ |

In order to make the work unique, let us mention here the case sup,, f < 0 although
this has been done in [11] by using the method of sub- and super-solutions. Suppose
supy, f < 0. It suffices to study the asymptotic behavior of pj g for large k. Clearly, for
any u € By 4,

1 4_2
Fi > (5 ookt sup 1) 1
o by,

It is then immediate to deduce that pij, , — 400 as k — 400 since 1 — % > 0. Hence we
can easily prove the existence of at least one positive smooth solution to (3.0.1). More
precisely, we prove

Proposition 4.10. If sup,,; f < 0, then FEquation (3.0.1) admits a unique positive
smooth solution w.

Sketch of proof. First, the uniqueness part comes from Lemma 3.6. For the existence
part, the proof is similar to the proof of Proposition 4.9. The way to find k, is exactly
the same as in the proof of Proposition 4.9. The existence of k., can be found as in
the proof of Proposition 4.9 since there still holds Mi,q — 400 as k — +o0o0. Having
the existence of k, and k4. independent of € and ¢ we can go through the proof of
Proposition 4.9 to reach the existence of a smooth solution to our equation (3.0.1). W
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In this chapter, we continue to study some quantitative properties of positive,
smooth solutions of the following Einstein-scalar field Lichnerowicz equation (3.0.1)
in the null Yamabe-scalar field conformal invariant, that is the case h = 0.

In the previous chapter, we have already proven that, in the case h < 0, a suitable
balance between coefficients h, f, a of the Einstein-scalar field Lichnerowicz equations
is enough to guarantee the existence of one positive smooth solution. In addition, it was
found that under some further conditions we may or we may not have the uniqueness
property of solutions of the Einstein-scalar field Lichnerowicz equations. This chapter
is a continuation of the previous chapter where we consider the case when h = 0 which
was also left as open question in the classification of [11], that is, we are interested in
the following simple partial differential equation

a
U/2*+1 Y

— Agu= fu* 4 u > 0. (5.0.1)

As always, we assume hereafter that f and a > 0 are smooth functions on M with
S @ dvoly > 0. In addition, the manifold M has unit volume. Besides, it is worth
recalling that in this case, the condition [ [ dvoly <0 is necessary as we have proven
before.
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Following the subcritical approach, as a first step to tackle (5.0.1), we look for
positive smooth solutions of the following subcritical problem
au

(u? + 5)%“'

Again, our main procedure is to show that the limit exists first as € — 0 and then as

— Agu = flu|T%u+ (5.0.2)

q — 2* under various assumptions.

The content of this chapter consists of three main parts. In the first part of the
chapter, we mainly consider the case sup,,; f > 0. In this context, we was able to show
that if sup,; f and | 1y @ dvoly are small, then (5.0.1) possesses at least one smooth
positive solutions. The first main theorem can be stated as follows.

Theorem 5.1. Let (M, g) be a smooth compact Riemannian manifold without the
boundary of dimension n > 3. Assume that f and a > 0 are smooth functions on
M such that [,,advoly > 0, [,, fdvoly < 0, and supy; f > 0. Then there exist two
positive numbers 1y and \ depending only on the negative part f~ of f such that if

sup f < 770/ |f™] dvol, (5.0.3)
M 2 Ju

A" m n—2 B 1-—n
/M a dvol, < o) (n — 2) (/M lf] dvolg> (5.0.4)

hold, then (5.0.1) possesses at least one smooth positive solution.

and

By a simple comparison, one can easily see that except the multiplicity part, we
was successful to carry the conclusion of Theorem 4.1 for the case h < 0 to the case
h = 0. However, since the Lichnerowicz equations in the case h = 0 take a form simpler
than that of the case h < 0, we might expect that the above two conditions (5.0.3) and
(5.0.4) could be weakened. Surprisingly, we was able to prove that the condition (5.0.3)
can be relaxed. Unfortunately, for the price we pay, the estimate for f @ dvoly needs
to be replaced by another estimate for sup,, a. This is the content of our second result.

Theorem 5.2. Let (M,g) be a smooth compact Riemannian manifold without the
boundary of dimension n > 3. Assume that f and a > 0 are smooth functions on
M such that [y, a dvoly >0, [,, f dvoly <0, and supy, f > 0. Then if a is small in the
sense of (5.4.1) below, then (5.0.1) possesses at least one smooth positive solution.

In the last part of the chapter, we focus our attention to the case sup,,; f < 0. It
should mention that in the statement of Theorem 5.1, sup,, f is nothing but sup,,; f*
where fT is the positive part of f. Therefore, if we assume f < 0, we then see that
the condition (5.0.3) is fulfilled for any small 779. However, one can immediately observe
that the right hand side of (5.0.4) goes to +00 as 19 — 0. This suggests that under the
case supy, f < 0, there is no other condition for [, a dvoly than [, a dvoly > 0. That
is the content of our next result.

Theorem 5.3. Let (M, g) be a smooth compact Riemannian manifold without bound-
ary of dimension n > 3. Let f and a be smooth functions on M with a > 0 in M,
fMa dvolyg > 0, and f < 0. Then Equation (5.0.1) always possesses one positive solu-
tion. In addition, this solution is unique.
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Concerning Theorem 5.3, it is worth noticing that it generalizes the same result
obtained in [!1] when our equation takes the form (1.2.10). Roughly speaking, it was

proved in [1 1] by the method of sub- and super-solutions that (5.0.1) always possesses
one positive solution so long as the functions f and a take the form f = —B;, and
a = Agwr with f < 0 and a > 0. The main ingredient of the proof in [I1] is the

conformal invariant property of B.  and Agw . Apparently, this property is no longer
available in our general case.

Before doing so and thanks to Ay > 0, we may denote the following

%(%;%%%) . if Ay < oo,
Mg +a)™",  if A =+o0.

A=

In view of Lemmas 3.13 and 3.14, there exist two numbers 19 € (0,1) and g,, € [2°,2*)
so that the following estimate

Mo A < +oo
Mg 24 2 ’ (5.0.5)
1, it Ay = +o0,

holds for every g € (gy,,2*). In addition, in the case Ay = 400, we may assume that

1 1 1—n
2n AT\ n—2 2-n n_2
— dvol | dvol
n0<”—2<4> </Ma VOg) (/M’f | VOg)

since we may take 7y as small as we wish. This choice of g is equivalent to saying that
the condition (4.0.1) is fulfilled. It is important to note that, in the case sup f > 0, the
number 79 depends only on the negative part f~ of f. Unless otherwise stated, from

now on, we fix such an 7y and we only consider ¢ € [gy,,2*). Notice that, from (5.0.5)
and the choice of A\, we always have

(i)
| K+ > A (5.0.6)
2 /\f,no,q

for all ¢ € (g, 2*). Finally, we let

9 9

70 g )q2 ( Aq )“’
ki, = — , kog = . 5.0.7
2q<nofM|f‘\dvolg 20 = \ oo T 1F [ dvoly (5:0.7)

From the choice of 79, one can see that kg < ki for any ¢ € [2b, 2*). In addition, one

can easily bound kg from below and k; from above, that is, there exists two positive
numbers k < 1 and k > 1 independent of ¢ and € such that k < ko < ki < k, for
example, one can choose

A 2
k=" min ( )2 ‘1 (5.0.8)

and

— 2n 26 2 A P
k= max ;15 5.0.9
(n—Q) <770fM’f_|dV019> ( )
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5.1 The analysis of the energy functionals

Our aim was to derive a suitable analysis of the energy functionals associated to our
problem. Thanks to what we have already built up in the previous chapter, we shall
not mention our argument in details in several parts of the current study.

5.1.1 The functional setting

As always, for each ¢ € (2,2*) and k& > 0, we still use the hyper-surface By, of
H'(M) which is defined in (4.1.1). Again, the set By, is non-empty. Concerning the
energy functional associated to problem (5.0.2), we can continue to use that of the
previous chapter, that is,

1 1 1
Fe(u) = / IVul? dvol, — / Flul? dvol, + / — % dvol,,
2 J/m qJm qJM (u2 +¢)2

for ¢ > 0 small satisfying (3.1.3). There is no doubt to claim that Fy; is differentiable
on H'(M) and F{|g, , is bounded from below by —k|sup f|. As such, we can define
.= inf FZ(u).
Mk,q Ué%k,q q(u)

Since critical points of F; are weak solutions of (5.0.2), we wish to find critical points
of the functional Fy.

5.1.2 py . is achieved

Recall that, it was already proved in the previous chapter that in the case h < 0,
the corresponding ,u; g 18 achieved by smooth positive function u.. In the present case,
h = 0, the above proof still works since the energy functional is simpler than that of
the case h < 0. Therefore, we omit any proof here.

5.1.3 The continuity of Hr.q with respect to k

Once again, as we have already shown in the previous chapter, in the case h < 0, the
corresponding function ,ui, 4 1s continuous with respect to k for each ¢ fixed. Since the
energy functional of the case h = 0 is simpler than that of the case h < 0, we conclude
that p;  is also continuous with respect to k in the case h = 0.

5.2 Asymptotic behavior of ui,q in the case sup,; f > 0

Following the same procedure as in the previous chapter, in this subsection, we
investigate the behavior of /127 q when both k and ¢ vary. We first study the behavior of
K. q as k — +00. We notice that our argument here is not new since the loss of i does
not affect the behavior of ,u; q for large k. Following the proof of Lemma 4.4, we can
easily prove the following result.

Lemma 5.1. There holds py, , — —o0 as k — +00 if supys f > 0.
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Now we are going to show that puj, wa < ,uiu q where k1, and kg4 are given in
(5.0.7). To serve the purpose better, we first need a rough estimate for d

Lemma 5.2. There holds

ky / 1
Z g - dvol, + / a dvol 5.2.1
/’Lkl,qﬂ] q Mf g qkl,q M g ( )
where ki 4 is given in (5.0.7).

1
Proof. This is trivial since pj, < F;(k{,). The proof follows. [ ]

As can be seen, the right hand side of (5.2.1) is always positive. In order to make
,uizq’q > ,uil’q,q with k2, > k14, we need sup,, f to be small. We now study the
asymptotic behavior of “i, q 3 k — 0. This result together with Lemmas 5.1 and 5.4
give us a full picture of the asymptotic behavior of Phq

2
Lemma 5.3. There holds limy_,o ,u,’jqq = 4o00. In particular, there is some k, suffi-

ctently small and independent of both q and € such that

Hipq = /fdvol + - /advolg

for any € < ky. In particular, there holds pij, > uilwq.

Proof. The role that € plays immediately shows that pg, 18 strictly monotone decreasing

2 *
in € for fixed k and ¢. Following the proof of Lemma 4.3, for any ¢ < kv and 1 < 4 < 27,
we can estimate the integral involving a. In fact, for any u € By, ,, we have

1
3
/ va dvol, < 2iVk / Lq dvoly | . (5.2.2)
M M (u?+¢)2

Squaring (5.2.2), we get

1 2
/aqdvol — </ fdvol).
M (u? +¢)? 27k

This helps us to conclude

k 1 2
Fy (u) > —qsupf—i—y(/ ﬁdvolg) :
M

M 272 gk

Consequently, there holds u —> 400 as k — 0. It is a simple task to find some small
k. < 1 independent of both q and ¢ such that

ky 2 — 1
— Zsup f 4+ ——— </ Va dvol, > > —k/ f dvoly + / a dvol,. (5.2.3)
q9 M 2% 2 qkj M k M

In order to find such a ky, we first let &, < 1. Since ¢ > 2, it suffices to select k4 such
that
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2
_ 1 1
(/ fdvol) Q—k/ fdvolg—f—k/ advolg+§supf.
222*]{2* M K Jym M

Hence, one can choose k, as

k:*:min{ (/ fdvol)
222*
_ 1 -1
(—k:/ fdvolg+/ advolg—l—supf> ,k,l}.
M k Ju 2 M

2
Since k, < 1, we always have k, < k. Besides, using [, a dvol, > 0, [,, f dvoly < 0,

(5.2.4)

and Lemma 5.1, we can easily check that uj_ g > Ky o thus concluding the lemma
with e < k. |

Notice that, in the proof of Lemma 5.3, we have used k in the formula for k.. The
reason is that we wish to ensure that k., < k14 in any case.

In the next result, we conclude that the function I, 4 1s continuous with respect to
k for each ¢ fixed. Since a similar result has been proved before, we omit its proof.

Proposition 5.1. For € > 0 fixed, the function Mi,q s continuous with respect to k.

With the information of Ay, , that we have already discussed above, let us go back
to our energy functional. In the rest of this section, our aim here was to study uj, q for
k > k14, in particular, uil’q,q < uilq,q provided sup,, f is sufficiently small. To this
end, we need to estimate pg  for k > kq g.

Proposition 5.2. There exists two numbers ng > 0 sufficiently small and its cor-
responding qn, sufficiently close to 2* such that the estimate (5.0.5) holds for every
q € [y, 2%). Having the existence of both ng and qy,, for any u € By 4 with k > ko g,
any q € [qny,2%), and any € > 0, there holds

2k
F;(u) > /\kg — —sup f.
q M

In particular, for any u € By, , 4, there holds

- A
Fy(u) > 5 (k2)

Qo

provided
swy S o (5.2.5)

Ju|fTdvol, = 27

Proof. Suppose u € By, where k > ko 4 is arbitrary. We now estimate Fy (u). We first

1 1 a
F‘EU—G(u—/ f+uqdvol+/ ——— dvoly,
0= Gotw) = [ st ol [t vy

1 1 _
= 2/ |Vul? dvol, +/ | f7]|u|? dvoly,.
M qa.J/m

write

where
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We first estimate Gy from below. Then there are two possible cases.

Case 1. Assume that
/ 11l dvol, >n0k/ 17| dvol, .
M M
In this case, the term G, can be estimated from below as follows
k 2
Gy(u) > 770/ 7] dvol, > ke (5.2.6)
9 Jm

where in the last inequality we have used the fact that & > ko 4 and (5.0.7).
Case 2. Assume that

/|f_||uqdvolg<770k/ |f~] dvoly.
M M

1
Under this condition, one can easily check that k™ au € A’(ng,¢) which implies that
[ Vul?e Hu||222 > Afno,q Dy the definition of Af,, .. Using this and the estimate

2
K HVUH%‘Z + A4 HUH%z > ka, we get that

A 2
<'](1 + 2\ : > HVuH%z Z X HVuH%Q + 2 ”UH%2 > k.
f77707q

Thus, from the definition of A and thanks to ¢ € [gy,,2*), we obtain

1
) > / Vul? dvol,
M

2
—1
> 1<7<1 + /ql ) k% (527)
2 )‘fJ?O#]
> i,

It now follows from (5.2.6)-(5.2.7) that Gg(u) > Ak, Therefore, we can estimate Fy; (u)
as follows

Fy(u) > Aot — ﬁsupf
9 M

for any u € By 4. In particular, for any u € By, , 4, there holds

2 k‘g
Fy(u) = Mkag)e — 4 sup f.
q9 M
2 2
Thus, we obtain F(u) > 3(ka,q) e for any u € Brs, 4,q Provided % supy; f < 3(koq)t
which is equivalent to the requirement that sup,, f < & I} o [ 7] dvolg. The proof is
complete. |

Remark 5.6. Unlike the case of the positive Yamabe-scalar field invariant, see [21], the
case of the non-positive Yamabe-scalar field invariant requires a control of sup,, f.
This is basically due to the fact that we probably loss information corresponding to the
L?-norm. Indeed, when h < 0, the following

1
(/ |Vul|? dvolg—i—/ hu? dvolg> ’
M M

is not an equivalent norm of H!(M).
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Lemma 5.4. Assume that (5.2.5) and that

q+2

Amo ( A )‘12
a dvol, < — . 5.2.8
/M g 4q UOfM‘f_‘dVOIQ ( )

Then, there holds
Fik g < 040 0 My g}

for any q € [qn,,2*) and any € € (0, k).

Proof. First, in view of Lemma 5.3, it suffices to prove u, e < K, o for all ¢ € [gy,,2*)
and € < k. First, by Lemma 5.2 and Proposition 5.2, we have the following facts

ki ) 1
2‘1 /M |f ‘ dVOlg + % /MCLdVOlg

[
’LLkl,q)q <

and

A 2 R
§(k2,q)q < Py gq°

Therefore, it suffices to prove for any ¢ € [gy,,2*) that
1 2
by / | dvol, + —— / 0 dvol, < A(ka),
M kl,q M
or equivalently, for any ¢ € [gy,,2*), there holds

/ a dvol, < —(qu)?/ 17| dvoly + A(kag) @ k1. (5.2.9)
M M

From the choice of k14 and kg 4, it is clear to see that

q+2

— 2 Ao Ag q-2
— (k 2/ dvoly + A(kaq) 1k1,q = ( : 5.2.10
( 1,q) . |f ‘ g ( 2,q) l,q9 4q o fM ‘f_‘ dVOlg ( )
The proof follows easily by comparing (5.2.8), (5.2.9), and (5.2.10). [

5.3 Proof of Theorem 5.1

In this section, we prove Theorem 5.1. The proof that we provide here consists of two
steps. First, in view of Lemma 3.2, we need to make use of the condition infy;a > 0
in order to guarantee the existence of one solution. Second, by using a simple sub-
and super- solutions argument, we prove that Equation (5.0.1) still admits one positive
smooth solution even that infy; a = 0.

5.3.1 The case infy;a > 0
In this subsection, we obtain the existence of one solution of (5.0.1) under the
assumption infas a > 0. For the sake of clarity, we divide the proof into several claims.

Claim 1. There holds

€ : 3 15
'U/kl,q’q < mln{uk*7q7uk2,qvq}
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for all ¢ € [gy,,2*) and for all € € (0, k) satisfying (3.1.3).

Proof of Clatm 1. This is a consequence of Lemma 5.4. In order to apply Lemma 5.4,
we have to derive (5.2.8) for suitable ¢ sufficiently close to 2*. Let us first rewrite the
assumption (5.0.4) into the following form

2* TL*2)\ )\ n—1
/ a dvol, < @) 0 ( — > .
M 4 10 [y 1f~ 1 dvoly

2 4
lim 72 e n—1, lim g2 = (2*)"2
q—2* q — 2 q—2*

Observe that

Hence, we can choose ¢,, € [2°,2*) sufficiently close to 2* such that (5.0.5) and

q+2

Ao ( Aq ) a-2
advol, < — , 5.3.1
/M I 4q UOIM\deVOlg ( )

hold for any ¢ € [gy,,2*). This settles Claim 1.

It is important to note that ¢, is independent of ¢ and €. Thus, from now on, we
only consider g € [gy,,2%).

Claim 2. Equation (5.0.2) with e replaced by 0 has a positive solution, say uj 4, that
is, u1,4 solves the following subcritical equation

a

— = q—1
Aguig = flurg) " + (up,q)0

(5.3.2)

where ¢ € [gy,,2%).

Proof of Claim 2. We now define

6= g Fito

where
D, = {u € HI(M) t ke < ||u||%q < l{:g,q}.

It follows from k; 4 € (ky, k24) that

k 1
pg < ,uil’q’q < —3 /Mf dvol, +ﬂ /Ma dvoly .

In other words, we have proved that pg is bounded from above. By using the Ekeland
Variational Principle, one can show that there exists a minimizing sequence for g in
Dy. Standard arguments show that any minimizing sequence for pg in D, is bounded
in H'(M). Therefore, a similar argument to that we have used before shows that Mg
is achieved by some positive function uj , € D,. Notice that one can claim uj , € Dy
since ¢ < 2*. Obviously, uf , is a weak solution of (5.0.2). By applying Lemma 3.4(a)

1
to (5.0.2), we conclude that uj , € C*°(M). Since [[uf ,|[za > (ks)?, it is clear to see
uj , # 0. With Lemma 3.2 and the Strong Minimum Principle in hand, it is easy to
prove that uf , > 0.
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Next, in order to send € — 0, we need a uniformly boundedness of uf , in H L),
Using the Holder inequality and the fact that [luf ,|lz2 < [[uf,llLe, it is not hard to
prove that ||uiq|| 1 is bounded from above with the bound independent of ¢ and ¢. In
what follows, we let {¢;}; be a sequence of positive real numbers such that £; — 0 as
j — oo. For each j, let uifq be a smooth positive function in M such that
auifq

— Aguy’, = fluy)"™ ! + (5.3.3)

j i+1
((u)y)? +55)?

in M. Being bounded, there exists u; 4 € H L(M) such that, up to subsequences,

o uyl,—uigin H' (M),
o u?q — up 4 strongly in L2(M),

o uy’, — u14 almost everywhere in M.

Using Lemma 3.2, the Lebesgue Dominated Convergence Theorem can be applied to
conclude that [, (u1,4)”? dvoly is finite for all p. Now sending j — oo in (5.3.3), we get
that uy 4 is a weak solution of (5.3.2). Again, by applying Lemma 3.4(b) to (5.3.2), we
conclude that u; , € C°°(M). Using the strong convergence in LP(M) and the fact that

, 1
HuiquLq > (ky)a, one can see that u; 4 # 0. Therefore, u; 4, > 0 by using Lemma 3.2

1
and the Strong Minimum Principle. Keep in mind that we still have ||uj 4]|zs < (k2,4)9.
This settles Claim 2.

Claim 3. Equation (5.0.1) has at least one positive solution.

Proof of Claim 3. Let us denote by py, 4 the energy of u; 4 found in Claim 2. We now
estimate the H!-norm of the sequence {u 4}4. Since k1 € [ky, k2 4], we obtain

1 1
B} ‘|vu1,qu2 < Hky g T / f(ul,q)q dvoly
q JMm

k 1 k
< —5 /Mf dvoly + % /Ma dvoly + 3 S}\l}) f-

This and the fact that

2 2
lurgll7e < urgllr = kf < (F)2

imply that the sequence {u1 4}, remains bounded in H*(M). Thus, up to subsequences,
there exists uy € H'(M) such that

o uj,—upin HY(M),
e wuy, — uy strongly in L2(M),

e uj4 — up almost everywhere in M,

as ¢ — 2. Recall that u; 4 solves (5.3.2) in the weak sense, that is, the following

Vui, - Vo dvol —/ u1.4)9 v dvol —/ Lv dvol, =0 5.3.4
/M 1,q g Mf( l,Q) g o (Ul,q)q+1 g ( )

holds for any v € H'(M). Observe that, as ¢ — 2%,
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/M (Vui,q — Vug) - Vo dvol, — 0, /M (u1,4 — u1) v dvoly — 0. (5.3.5)

While the latter immediately follows from the strong convergence in L?(M), the former
can be proved easily since Vui, — Vu; weakly in L?(M). In addition, thanks to
infas @ > 0 and Lemma 3.2, a strictly positive lower bound for u; 4 helps us to conclude

that as ¢ — 2*
a a
/];4 WU dVOlg — /]M W'D dVOlg. (536)

So far, we can pass to the limit every terms on the left hand side of (5.3.4) except the
term involving f. By the Holder inequality, one obtains

2% —1

g—1 \ “ox
* 2% -1 _
H(qu)q—lHL% < ((/M (u17q)2 dvolg> ) = ||u1,q”‘£2}_ (5.3.7)

Making use of the Sobolev inequality (2.3.1) and (5.3.7), we can prove the bound-

2
edness of (u14)? ' in LZ=1(M). In addition, since uj, — u; almost everywhere,
(u1,4)?! — (u1)? ! almost everywhere. According to [3, Theorem 3.45], we conclude

that (ug4)? " — (ul)% weakly in L%(M) Therefore, by definition of weak con-
vergence and the smoothness of f, one has

/ f(u1,4)? v dvol, —>/ fur)* "t dvol, (5.3.8)
M M

as ¢ — 2*. Combining (5.3.5), (5.3.6), and (5.3.8), one can see, by sending ¢ — 2* in
(5.3.4), that u; are weak solutions to (5.0.1). Using Lemma 3.4(b) we conclude that
up € C*°(M) and u; > 0 in M.

5.3.2 The case infy;a =0

Under this context, making use of the method of sub- and super-solutions is the
key argument. Thanks to [20], from that we learn this approach. However, it is worth
mentioning that our construction of sub-solutions is different from that of [20]. We let
go > 0 sufficiently small and then fix it so that the following inequality

/ dvoly +eg < o ( 2n >”‘2</ |f_\dol)l_n (5.3.9)
a av V ..
o e\ =2 M ’

still holds. Since the manifold M has unit volume, we can conclude that from (5.3.9),

the function a + gg verifies all assumptions in the previous subsection, thus showing
that there exists a positive smooth function % solving the following equation

a—+ o

— 2%
—Agu = fu + T

Obviously, @ is a super-solution to (5.0.1), that is

a

— s 251
—Agu > fu + 2+

Our aim is to find a sub-solution to (5.0.1). Indeed, since



96 The Lichnerowicz equations in the null conformal invariant

Jo @ dvoly >
at I e ool — o0,
/M ( fM [ dvoly I

there exists a function ug € H*(M) solving

N Jys @ dvolg
fM [~ dvol,

Since the right hand side of (5.3.10) is of class LP(M) for any p < 400, the Caldéron-
Zygmund inequality tells us that the solution wug is of class W2P(M) for any p <
+o00. Thanks to the Sobolev Embedding theorem [3, 2.10], we can conclude that ug €
C%(M) for some « € (0,1). In particular, the solution wg is continuous. Therefore, by

— Agug = a (5.3.10)

adding a sufficiently large constant C to the function wg if necessary, we can always
assume that minp; ug > 1. We now find the sub-solution u of the form cug for small
€ > 0 to be determined. To this end, we first write

e [y a dvoly

—Au=ca+ M "9
g Jas | £7] dvol,

(5.3.11)

. - 241
Since maxy; up < +oo, it is easy to see that, for any 0 < ¢ < (maxpsug)” 2°+2, we

immediately have

a
ca <

_— 5.3.12)
N Tox 2% 11 (
52 +1u0

Besides, since f~ < 0 and 2* > 2, it is not difficult to see that the following inequality

e [3 a dvoly

2*_1 2%_1 p—
fM|f*|dvolg S € w f

holds provided

1

dvol 22 *_

e < M (max ug) =2, (5.3.13)
Ty 17 Tdvol, il

In particular, the following

8fMadvolg _ 9% 1 o%_1
M T g 212y 5.3.14
fM |f~| dvol, 0 ( )

holds provided (5.3.13) holds. Combining (5.3.11), (5.3.12), and (5.3.14), we conclude
that for small €

2*—1, 2% -1 a
—Agu<e” g f + 212 L
0
In other words, we have showed that
2% _1 a
_Agygfg +u2*+1'

Finally, since & has a strictly positive lower bound, we can choose € > 0 sufficiently
small such that u < w. Using the sub- and super-solutions method, see [25, Lemma
2.6], we can conclude the existence of a positive solution u to (5.0.1). By a regularity
result developed in [25], we know that u is smooth.
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5.4 Proof of Theorem 5.2

The proof we provide here is based on the method of the sub- and super-solutions,

see [25, 24].

We first construct a positive super-solution @ for (5.0.1). By using the change of

variable u = e, we get that
Au+ fu N au? T = eV (Av + [Vol?) 4 £V 4 gem(PTHDY,
Hence, it suffices to find v satisfying
Av + | Vu)? + fe 72 4 qe= (20

In order to do this, thanks to [ a J dvolg < 0, we can pick b > 0 small enough such that

. 1
@=2be _ 1] < - / dvol
l < 4sup f Mf .
M

and 1
bVl < —/ f dvoly,
4 Ju

where ¢ is a positive smooth solution of the following equation
Ap :/ f dvoly — f.
M

We now find the function v of the form

log b
2x —2°

v="bp+

Indeed, by calculations, we have

Av+|Vo|? 4 fel2 720 4 g (ZT+2v

log b log b
=A
o 2) o5
4 e DbetaEs) o o 42) (be+3E5)

2

2% 42

:bAQD + b2|vg0‘2 + bfe(Q*—Q)bgo + ae—(2*+2)b<pb—2*72

:b/ f dvoly + B2V ol? + bf (e 20 1) 4 e~ 2oy
M
b (2*—2)b —(2*+2)b _2%42
<b f dVOlg - = f dVOlg + b(sup f)|€ w 1| + ae oy 2
M 4 Jur i

2* 42

< / f dvol, 4+ ae~F+Dbepm =3
2J/m

Therefore, if we assume that the function a verifies the following estimate

22%
b2~

2*
e / f dvol,, (5.4.1)
4 M

supa < —
M
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we then get that

* * b
Av + ‘VU‘Q + f€(2 2V 4 qe= (@2 ¢ 4/ f dvoly <0,
M

which concludes the existence of a super-solution u. We now turn to the existence of a
sub-solution. Before doing so, we can easily check that

log b log b 1
U=tz > g2 = p72,

Since @ has a strictly positive lower bound and thanks to the second stage of the proof
of Theorem 5.1, we can easily construct a sup-solution v with v < w. It is important to
note that the existence of a sub-solution depends heavily on the conditions a > 0 and
a # 0; and here is the only place we make use of that fact in the proof. The proof of
the theorem is now complete.

Remark 5.7. Having this theorem in hand, one can observe that our problem (5.0.1)
possesses the same phenomena of the Brezis-Nirenberg problem [6]. Although we do
not know, under the conditions sup,; f > 0 and |’ v [ dvoly < 0, whether the prescribing
scalar curvature equations in the null case, see [16],

—Agu = fu2**1, u > 0,

always admit one positive smooth solution or not, but by adding a term with a negative

exponent, that is,
—Agu = qu*_l + AT w>0, A>0,

the perturbed equation always has at least one positive solution provided the constant A
is small enough. In addition, although our construction of sub- and super-solutions em-
ployed here is simple but it is strong enough to deal with additional nonlinear negative

power terms, for example,

—Agu = fu¥ "+ Zaju_o‘j, u >0,
J

where a;; > 0.

5.5 Asymptotic behavior of ui,q in the case sup,; f <0

According to [I1, Proposition 3], if we restrict ourselves to f < 0 but not strictly
negative, the solvability of (5.0.1), where h, f, and a take the form (1.2.2), was already
proved. The proof of this fact depends heavily on the conformal covariance property of
all these coefficients, that cannot be true for general h, f, and a. Based on this point,
in this section, we extend the above result for the Lichnerowicz-scalar field equation
(5.0.1). To be precise, we prove that (5.0.1) always admits one positive smooth solution
provided sup,, f < 0 and [, f dvol, < 0.

As we have already seen that the behavior of Pk.q for small k& and small € depends
strongly on the term involving a. Despite the fact that we are under the case sup,, f < 0,
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we can still go through Lemma 5.3 without any difficulty, that is, for small , pj  — 400
as k — 0.

We now study the behavior of Pk q for kK — 400 when sup,; f < 0. As can be seen
from the proof of Proposition 4.8 that if f has zero value somewhere in M, then in
order to control yj q for large k, we have to study Ay, ,. Depending on how large the
set {f = 0} is, there are two possible cases. We prove the following result.

Proposition 5.3. Suppose sup,; f = 0, then uiq — 400 as k — 400 for any e > 0
sufficiently small and any q sufficiently close to 2* but all are fixed.

Proof. As we have noticed that there exist two numbers 79 € (0,1) and gy, € [2°,2*) so
that the estimate (5.0.5) holds true for every q € [gy,,2*). In particular, (5.0.6) holds
for any ¢ € [gy,,2*). Depending on the size of the set {f = 0}, we consider two cases
separately.

Case 1. Suppose sup,,; f = 0 and f{f>0} 1 dvol, = 0. Under this case, it is obvious
to see that Ay = +oo. Following the proof of Proposition 5.2, for any k > ko4, any
u € By g, any q € [gy,,2*), and any € > 0, there holds

F2(u) = Gy(u) + -

a 2
% ol > Ak 5.5.1
q /M (u? —f-é‘)% I ( )

thus proving the fact that uj , — +00 as k — 4-o00.

Case 2. Suppose sup,; f = 0 and f{f>0} 1dvoly, > 0. Under this case, Ay is well-
defined and finite. Again, from the choice of A, we know that (5.0.6) still holds. As in
Case 1 above, the estimate (5.5.1) remains true for any k > ko 4, for any u € By, 4, any
q € [gny,2%), and any ¢ > 0. This proves that [ 4 — 00 as k — +oo0. [ |

Our next lemma gives a full picture for ,u? q similarly to that proved in Section 3.
Lemma 5.5. There holds
Hi‘Lmq < min{lu’i‘*,q7 /"[’Zgﬂ,q}
for any € € (0,k,) and any q € (gn,,2*).

Proof. As in the proof of Lemma 5.4, the proof is similar and straightforward. |

5.6 Proof of Theorem 5.3

In view of Lemma 3.6, we can conclude the uniqueness part.

Proposition 5.4. If |h| < Ay and sup,, f = 0, then Equation (3.0.1) admits a unique
positive solution u.

Sketch of proof. The proof of the existence part of Theorem 5.3 consists of two parts.

In the first stage of the proof, we assume that infy; a > 0 and € € (0, ky) satisfying
(3.1.3). Following the first stage of the proof of Theorem 5.1, we first define
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€ s g
Pagq = ulengq £y (u)

where the set D, is nothing but
Dy ={uec H (M) : ke <|Jullf, < kaq)-

With information that we have already proved in Lemma 5.5, we can easily go through
Claims 1, 2, and 3 in the first stage of the proof of Theorem 5.1. In other words, we
can prove the existence of at least one positive smooth solution to (5.0.1). Since there
is no difference in the proofs, we omit the details here.

In the second stage of the proof, we assume inf,; a = 0. Since we have no control on
i) A @ dvoly, we can freely add small €9 > 0 to a as in the proof of Theorem 5.1. Since
the trick that was used in the proof of Theorem 5.1 still works in this new context, a
sub- and super-solutions argument as used before concludes that (5.0.1) has at least
one positive smooth solution. |

In order to make the work unique, let us mention here the case sup,, f < 0 although
this has been done in [I1] by using the method of sub- and super-solution. Suppose
supy, f < 0. It suffices to study the asymptotic behavior of Pk q for large k. Clearly, for
any u € By 4, we can estimate Mi q directly as the following

1
Fy(u) > ol sup flk

It is then immediate to deduce that ug g — 100 as k — +o0o. Hence we can easily
prove the existence of at least one positive smooth solution to (3.0.1). More precisely,
we prove

Proposition 5.5. If sup,, f < 0, then Equation (3.0.1) admits a unique positive
smooth solution w.

Sketch of proof. First, the uniqueness part comes from Lemma 3.6. For the existence
part, the proof is similar to the proof of Proposition 5.4. |

5.7 Some remarks

5.7.1 Construction of smooth, sign-changing functions f with small
supys f

As can be seen from Theorems 4.1 and 5.1, both theorems involve some upper
bound for sup,, f. In this subsection, we provide some functions f such that either the
condition (4.0.2) or the condition of (5.0.3) is fulfilled. We take a smooth function f
with sup,; f > 0 and |, a J dvoly < 0. The idea is to lower sup,, f but still keep the
negative part f~ of f.

For the sake of simplicity, let us only consider the condition (5.0.3). For each number
n > 0, let us denote
2y ={xeM: f(x)>n}.
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By the Morse—Sard theorem, there exist two numbers ¢ and n with 0 < £ < n <
%[ 17| dvoly such that

12:\82,] >0, dist(092, 812,) > 0.

We then take ¢ : M — [0, 1] to be a (smooth) cut-off function such that

0, ifze M\,
o(x) = , ¢
1, ifxef2,

Having such a cut-off function ¢, we construct the function f(z) = f(x)e ¢ where
t > 0 is a parameter to be determined later. Obviously, ﬂ{M\Qg} = f’{M\Qg}. In
particular, there holds ﬂ{f@} = fl{s<oy- From the choice of 1, for any = € 2:\(2,,
there holds

fla) < fa) << [ 17 dvol,

For z € £2,, since f(x) = f(x)e™", one can choose ¢ sufficiently large such that f(z) <
o I} o |f 7] dvoly. Notice that, this choice of ¢ is independent of x, for example,

4 B —1
t=In <1+m(mj\é}xf)</M\f |dvolg> ) .

It is now clear to see that the function ]?satisﬁes all conditions in Theorem 5.1.

5.7.2 A relation between sup,, f and [,, a dvol,

Throughout this subsection, we always assume sup,,; f > 0. We spend this subsection
to point out a connection between sup,, f and f @ dvoly. To be precise, we conclude
that if we lower sup,, f but still keep f~, then we may find a better upper bound for
i) a7 @ dvoly. We note that although in the statement of Theorem 5.1, the right hand side
of (5.0.4) only depends on the negative part f~, there is no contradiction to what we
are going to discuss here because (5.0.4) is just a sufficient condition for the solvability
of (5.0.1). More than that, this connection explains why in the case sup,,; f < 0, we
require no condition on | s @ dvolg rather than its positivity.

In order to see this, let us first introduce a scaling constant 7 > 1. We assume that
sup;, f satisfies the following

sup f < ?70/ |f~| dvoly,. (5.7.1)
M 21 Jm
Since 7 > 1, it is clear that (5.7.1) is stronger than (5.0.3). We also introduce the
following
’ 27q nofM|f_\dvolg
and

q

b= )
29 o [y [f - Tdvol, )
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Clearly, k14 < El,q < Eg’q and Eg,q > ko 4. Notice that 79 and A remain unchanged
since f~ is being kept. Following Proposition 5.2, it follows from (5.7.1) that, for any
u € fBEg,q,q’

QN

£ A=
Fi(u) > 5 (ko).

Therefore, in view of Lemmas 5.3 and 5.4, it suffices to compare u% . and ,u% .
1,95 2,9

Indeed, a simple calculation shows that p% < ps provided
1,9,9 k2,q7q
A A =
o TAq -
a dvol, < — < > .
L[; T 7 arg o [y |f ] dvol

By sending ¢ to 2*, one arrives at

Fn—2)\n m n—2 B 1-n
a dvol, < — |f~] dvol, . (5.7.2)
M 4(no)" " \n —2 M

Obviously, (5.7.2) is better than (5.0.4) since n > 3 and 7 > 1.
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In this chapter, we again continue our study of some quantitative properties of
positive smooth solutions to the Einstein-scalar field Lichnerowicz equations (3.0.1) in
the positive Yamabe-scalar field conformal invariant, that is when h > 0.

As always, we assume hereafter that f, h > 0, and a > 0 are smooth functions on
M with [ a7 @ dvoly > 0. For the sake of simplicity, it is important to note that we can
freely choose a background metric g such that manifold M has unit volume.

As far as we know, Equation (3.0.1) with A > 0 was first considered in [21] by
using variational methods. In that elegant paper, Hebey—Pacard—Pollack proved, among
other things, a fundamental existence result which roughly says that a suitable control
of f ) @ dvoly from above is enough to guarantee the existence of one positive smooth
solution. Their result basically makes use of the fact that the operator —Ay + h is
coercive. Although the coerciveness property is slightly weaker than the condition h > 0,
however as one can see from Chapter 2 that this condition is enough to guarantee that
Il 1 is an equivalent norm on H L(M). The advantage of this setting is that the first
eigenvalue of the operator —A,+h is strictly positive, and thus, various goods properties
of the theory of weighted Sobolev spaces can be applied. Using our notations, their result
can be restated as follows: There exists a constant C' = C(n), C' > 0 depending only
on n, such that if

C

2* a
® / —55 dvoly < — 6.0.1
el 2 g (Shs&pw T (6.0.1)
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and
/ fo?* dvol, > 0 (6.0.2)
M

for some smooth function ¢ > 0 in M, then the Einstein-scalar field Lichnerowicz
equation (3.0.1) possesses a smooth positive solution in the case a > 0.

As can be seen from (6.0.2), the condition sup,, f > 0 is crucial. Therefore, it is not
clear whether (3.0.1) possesses a smooth positive solution or not in the case sup,; f < 0.
Moreover, it is necessary to have a > 0 in M in order to get a positive lower bound
for smooth solutions of (3.0.1), see Lemma 3.3. Besides, the condition (6.0.1) involves
not only sup,, f* but also infy; f~. In other words, for given a, the negative part f~
of f cannot be too negative. This restriction basically reflects the fact that the energy
functional has to verify the mountain pass geometry as their solution was found as a
mountain pass point.

The present chapter was also motivated by a recent preprint by Ma-Wei [25]. In
their paper, provided u is a positive smooth solution, Ma—Wei proved the existence of
a mountain pass solution of (3.0.1) of the form u + v for some smooth function v > 0.
More precise, they proved that in the case 3 < n < 6 and that the first eigenvalue of
the following operator

n+2 4 3n—2 4n-a

— 2f@m + L n=2 (6.0.3)

—A4h—

is positive, (3.0.1) possesses a mountain pass, smooth, positive solution.

It is easy to see that the positivity of the first eigenvalue of the operator given in
(6.0.3) immediately implies that the solution w is strictly stable. Therefore, it is natural
to seek for positive smooth solutions of (3.0.1) as local minimizers.

Another reason that supports this approach is to look at the profile of the functional

2"=1 the energy of u is very

associated to (3.0.1). Due to the presence of the term au~
large when max,s u is small. Clearly, in the case f < 0, the energy of u is also large
when max s u is large. Consequently, a local minimizer of the energy functional should
exist which could provide a possible solution. Similarly, if one assumes that sup,; f > 0
and that the energy functional admits some mountain pass geometry, a local minimizer

of the energy functional again exists.

While searching for positive smooth solutions of (3.0.1), we found that the method
used in the case of non-positive Yamabe-scalar field invariant still works in this context.
While the non-positive Yamabe-scalar field invariant h < 0 involves more conditions and
our analysis of solvability of the Lichnerowicz-scalar field equations strongly depends on
the ratio between sup,, f and [, |f~| dvoly, the positive Yamabe-scalar field invariant
h > 0 requires fewer conditions than the non-positive case. In fact, as we shall see later,
in the case sup;,; f > 0, no condition for f is imposed and we are able to show that if
J3 @ dvoly is small, then (3.0.1) possesses at least one smooth positive solutions since
the condition for sup,; f can be absorbed to the condition for [ a @ dvoly. The first
main theorem can be stated as follows.
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Theorem 6.1. Let (M, g) be a smooth compact Riemannian manifold without the
boundary of dimension n > 3. Assume that f, h > 0, and a > 0 are smooth func-
tions on M such that fMa dvoly > 0 and supy, f > 0. We assume further that there

exists a constant T > max{1, (% S dvolg)%} such that

(2n _ l)n—l Sh 5h7— n—1
dvol — 6.0.4
/Ma VOlg < 22n=lpn 7 \ rsupy, f — fo dvol, ( )

holds. Then (3.0.1) possesses at least one smooth positive solution.

Observe from (6.0.4) that 7 plays no role but a scaling factor. Therefore, for given
| a @ dvoly, we could select 7 sufficiently large and sup,, f sufficiently small in such a
way that (6.0.4) is fulfilled. This suggests that under the case when sup,, f is small,
the condition for [, a dvol, appearing in (6.0.4) can be relaxed. In the second part of
the present paper, we prove this affirmatively. That is the content of the following.

Theorem 6.2. Let (M, qg) be a smooth compact Riemannian manifold without the
boundary of dimension n > 3. Let f, h, and a be smooth functions on M with h > 0,
az=0in M, fM a dvoly > 0, and sup,,; f > 0. Then there exists a positive constant C to
be specified later such that if supy, f < C, then Equation (3.0.1) possesses one positive
smooth solution.

Apparently, Theorem 6.2 provides a slightly stronger result than that of Hebey—
Pacard—Pollack as the negative part f~ of the function f could be arbitrarily small.
Besides, in view of Theorems 5.2 and 6.1, one may expect that, at least, when sup,, a
is very large, Equation (3.0.1) does not possess any positive smooth solution in the case
h > 0. Unfortunately, we have no evidence in order to support this point.

In the third part of the present paper, we focus our attention to the case when
sup,s f < 0. In this context, we are able to get a complete characterization of the
existence of solutions of (3.0.1) in the case when f < 0. Roughly speaking, it should
mention that in the statement of Theorem 6.1, sup,, f is exactly sup,; f* where f*
is the positive part of f. Therefore, without any sup,, f, one can immediately observe
that the right hand side of (6.0.4) goes to +o00 as 7 — +o0. This suggests that under
the condition sup,, f < 0, no condition is imposed.

Theorem 6.3. Let (M, g) be a smooth compact Riemannian manifold without boundary
of dimension n = 3. Let f, h, and a be smooth functions on M with h > 0, a > 0 in
M, fMadvolg > 0, and f < 0. Then Equation (3.0.1) always possesses one and only
one positive smooth solution.

Concerning Theorem 6.3, it is worth noticing that it generalizes the same result
obtained in [!1] when our equation takes the form (1.2.10). Roughly speaking, it was

proved in [11] by the method of sub- and super-solutions that (3.0.1) always possesses
one positive solution so long as the functions f and a take the form f = —B;, and
a = Agwr with f < 0 and a > 0. The main ingredient of the proof in [I1] is the

conformal invariant property of B, and Agw . Apparently, this property is no longer
available in our general case.
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As a standard routine, in the first step to tackle (3.0.1), we look for positive smooth
solutions of the following subcritical problem

— Agu+hu = flult 2+ — (6.0.5)
(u2 4 ¢)2
It is worth noticing that in [21], the authors just considered (6.0.5) with ¢ replaced

by 2*. This deference somehow reflects the fact that we need the compact embedding
H'(M) — L%(M) while searching for minimum points.

Observe that 7 > 1 and therefore 7supy, f > [ v [ dvoly. Having this, we then

introduce the following numbers

q

2 )
q+2 SpTa
kig= kog = Tkig. 6.0.6
ba ( 4q TSUPMf—fodVC’lg) P e T ( )

One can observe that ki 4 < k2 4. Moreover, one can easily bound k1 4 from below and
ks 4 from above, that is, there exists two positive numbers £ < 1 and k > 1 independent
of ¢ and ¢ such that k < k14 < k2 g < k. In order to find such bounds, one first note
that

q

Tk — q+2 ShT g2
LT\ Ty Tsupy, f— [y f dvolg )

Therefore, we can choose

2b
1 . 1 ST b2
k=— — 1 6.0.7
&= <4Tsuprfodvolg ’ ( )
and
2b
— 1 SKT 22
k= — 15. 6.0.8
ax <ZTSUpr—fodV019) ’ ( )

6.1 The analysis of the energy functionals

Our aim was to derive a suitable analysis of the energy functionals associated to our
problem. Thanks to what we have already built up in the previous two chapters, we
shall not mention our argument in details in several parts of the current study.

6.1.1 The functional setting

As always, for each ¢ € (2,2*) and k& > 0, we still use the hyper-surface By 4 of
H'(M) which is defined in (4.1.1). Again, the set By, is non-empty. Concerning the
energy functional associated to problem (6.0.5), we can continue to use that of the
previous chapter, that is,

1 1
FE (u) :/ ]Vu\deolg—i-/ Bluf? dvol,
I 2 /m 2 /m

1 1
—/ f|uyqdvolg+/ — % dvol,,
qJm 9JM (u?+¢)?
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for ¢ > 0 small satisfying (3.1.6). There is no doubt to claim that Fy is differentiable
on H'(M) and F;|g, , is bounded from below by —k|sup,, f|. As such, we can define

¢ = inf Ff(u).
/J'k,q uEIBk,q q(u)

Since critical points of F; are weak solutions of (6.0.5), we wish to find critical points
of the functional Fj.

6.1.2 py . is achieved

Recall that, it was already proved in Chapter 4 that in the case h < 0, the corre-
sponding /i g 18 achieved by smooth positive function u.. In the present case, h > 0,
the above proof still works since h is smooth. Therefore, we omit its proof here.

6.1.3 The continuity of Hi..q with respect to k

Once again, as we have already shown in Chapter 4, in the case h < 0, the corre-
sponding function ,ui’ 4 1s continuous with respect to k for each ¢ fixed. Since the order
of the term involving h in the energy functional of the case h > 0 is lower than 2*, we
conclude that pj  is also continuous with respect to k in the case h > 0.

6.2 Asymptotic behavior of puj, a in the case sup,,; f > 0
9
Following the same procedure as in the previous two chapters, in this section, we
investigate the behavior of L., q when both k and ¢ vary.

We first study the behavior of ,u,; q 8S k — 400. We notice that our argument here
is not new since the order of the term involving h in F is lower than 2* that does not
affect the behavior of ,u; q for large k. Following the proof of Lemma 4.4, we can easily
prove the following lemma.

Lemma 6.1. There holds pj, , — —o0 as k — 400 if sup,s f > 0.

We are going to show that uf, ot < K., ot where k14 and ko, are given in (6.0.6).
To this purpose, we first need a rough estimate for Ky o

Lemma 6.2. There holds

2
ki ky 1
e < —4 / h dvol, — —4 / dvol, + / a dvol 6.2.1
Mkl’q,q 9 M g q Mf g quq M g ( )
where ki 4 is given in (6.0.6).
1
Proof. This is trivial since pj, < F;(k{ ). The proof follows. [ |

As a consequence of Lemma, 6.2 and thanks to k < 1 < k, we can bound ,uil o with
the bound independent of ¢ and ¢ as follows
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. k2 k 1
My g S 5 /. h dvol, + 25U sup | f| + — % a dvoly.

We now study the asymptotic behavior of uf q 88 k — 0. This result together with
Lemmas 6.1 and 6.4 give us a full description of the asymptotic behavior of uf -

2
Lemma 6.3. There holds limg_,o+ /ﬂlj:; = +4o00. In particular, there is some ks suffi-

ciently small and independent of both q and € such that

Py q 2 / f dvoly + / a dvoly

for any € < ky. In particular, there holds ,ui*’q > uil’q,q.

Proof. The way that £ comes and plays immediately shows us that ui is strictly
monotone decreasmg 1n ¢ for fixed k and ¢. Following the proof of Lemma 4 3, for any
kq any 1 < 1 < 2 , any any u € By, ,, we have

a dvo i e Vo 6.2.2
/Mfd ly <2 JE(/MWH)%d lg> (6.2.2)

By squaring (6.2.2), we get that

2
a
——— dvol ( / Va dvol) )
/M(u2—|—8)2 7T

This helps us to conclude

VI

k 1 2
an(u)>—qsupf+2*(/ \/5dv019> ,
M

M 272 qk

which proves that ,u g — oo as k — 0. Since the right hand side of the preceding
inequality is mdependent of u, in order to get the desired estimate, it suffices to find
some small k, < 1 independent of both ¢ and & such that the following inequality

—Zsjl\zpf%— </ fdvol)

1 (6.2.3)
>k2b/ hdvolg+ksup|f]+/ a dvol,
M M kJm

holds. In order to find such a k,, we first let k, < 1. Since g > 2, it suffices to select k,
such that

1
2% ok,

2 s — 1 1
(/ ﬁdvolg) 21{:?/ hdvolg+k:sup|f|+/ a dvoly + - sup f
M M M kJu 2 m

which is equivalent to

ke < 222*(/ \fdvol)

_2 — 1 1 -
(kzb/ hdvolg—l—ksup]f]—i—/ advolg—l—supf) .
M M kJu Y
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Hence, one can choose k, as

1 2
k* = min {2* (/ \/a dVOlg)
2722 \UM

_2 _ 1 1 -t
<k2b/ hdvolg—l—(k+)sup]f|+/ advolg> kl}
M AN k Sy

2
Since k, < 1, we always have k, < k. By Lemma 6.1, we can check that /‘i*,q > Hy, ot

(6.2.4)

thus concluding the lemma with ¢ < k.. |

Notice that, we have used k in the formula for k.. The reason is that we wish to
ensure that £, < k14 in any case.

In the next result, we claim that the function /li, o 1s continuous with respect to k
for each € > 0 and ¢ € (2*’, 2*) fixed. Since a similar result has been proved before, we
omit its proof.

Proposition 6.1. Fore >0 and q € [Zb, 2%) fized, the function uf q 18 continuous with
respect to k.

In the rest of this section, our aim here was to study pj, q for k > k1 4. It was found
that ,uil’q,q < ,uim’q provided | @ dvoly is sufficiently small. To this end, we need to
estimate iy for k = ki 4.

Proposition 6.2. For any u € By, with k > k14, any q € [Qb,2*), and any € > 0,
there holds

Fa(u)>15 k%—ﬁsu f
q /2h qu

In particular, there holds
1

2k
3 > - k,* _
Hig 2 5S0k7 = — s]l\l4pf

for any k = k1 4.

Proof. Suppose u € By, where k > ki, is arbitrary. We now estimate F (u) from
below. To this purpose, from (2.3.2) and the Holder inequality, we first have

/ IVul? dvol, +/ hu? dvol, > Spke
M M

It is then easy to estimate Fy; from below as follows

1 1
Fi(u) > = </ |Vu]2dvolg+/ hu? dvolg> —/ FHul? dvol,.
2 M M q.Jm

In particular, there holds
1

Fy(u) > §5hk% - ];S}\l/[p f.
Thus, we can conclude the lemma by taking the infimum with respect to u € By ,. W
In order to prove the existence of a local minimum point, the following lemma plays
an important role in our analysis.
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Lemma 6.4. Assume that

q+2

_9 92 =
/ a dvol, < 2 5’1<q+ ShT )q . (6.2.5)
M dq T 4q Tsupy f — fM f dvol,

Then there holds
'uil,qvq < min{MiMQ’uiQ,qvq}

for any q € [2°,2*%) and any € € (0, k,).

Proof. First, in view of Lemma 6.3, it suffices to prove ug, wa < K., o for all ¢ € [2°,2%).
By making use of Lemma 6.2 and Proposition 6.2, we obtain the following facts

2

[ ka7q 7q 1
Fhigq < 5 L h dvol, — f dvoly + ——— T a dvoly
7q

1 2 ko
§‘S’Lk2q7q - =

Therefore, it suffices to prove that

and

1 2
k{ q/ h dvoly, —k1 q/ f dvol, kl s a dvoly < Spky , — kaq S}\l/[p f

for any ¢ € [2*’, 2*). Notice that, from the choice of 7, that is,

) £
T>max{1, (/ hdvolg> },
Sk JMm

2
we can verify that S7¢ > 2 [ s Ivdvoly. This amounts to saying that
2 1 2 2 1 2
ki, / h dvol, .ShT ki, = .Shk:2q
Therefore, it suffices to show that
1 2 2
—kq q/ f dvoly + — / advoly < =Sp7ek{, — Tkigsup f
b k‘:[’q M 2 ,q k) M

or equivalently,

L2142,
/ a dvoly < §5h7qk17q — ki, | Tsupf —/ f dvol,
M M M
1 2 2—q
:k%q<5h7'qk:1‘; — <Tsupf—/ fdvolg)>,
T2 ’ M M

for any ¢ € [2*’, 2%). Again, from the choice of k; g4, it is clear to see that
2 -1
Tgk%q :T% g2 ShT*
La 4q Tsupy f — fo dvol,

_4g Tsupy f - fodvol
Cq+2 Sh

(6.2.6)
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Therefore,
1 2 Z4
§5h7q kyg — (T S}\l/[pf — /M f dvolg>
=2 (s [, )
=——|71supf— dvol
q+2 M d M d I

2 -1
g—2  2(qg+2 SpTa
= 75],1/7'(1 .
4q 4q Tsupy f— [y f dvol

By using this identity, (6.2.6) is equivalent to

i
—2 2 -~
/ a dvoly < LﬁhT ¢+ Sth
M 4q 4q Tsupy f— [ v | dvoly
/. (6.2.7)
_q—=25(gq+t2 ShT -
~ 4q 7\ 4q Tsupy f— [y, f dvol
The proof follows easily by comparing (6.2.5) and (6.2.7). [ |

6.3 Proof of Theorem 6.1

In this section, we prove Theorem 6.1. Similar to the proof of Theorem 5.1, the
proof that we provide here consists of two steps. First, in view of Lemma 3.3 we need
to make use of the condition infp;a > 0 in order to guarantee the existence of one
solution. Second, by using a simple sub- and super- solutions argument, we prove that
(3.0.1) still admits one positive smooth solution even that infy; a = 0. Apparently, the
result for the case infy; a = 0 is new since this case was left open in [21].

6.3.1 The case infp;a > 0

In this subsection, we obtain the existence of one solution of (3.0.1) under the
assumption infys a > 0. For the sake of clarity, we divide the proof into three claims.

Claim 1. There exists a gy € (2°,2*) such that for all ¢ € [go, 2*) and for all € € (0, k)
satisfying (3.1.6), there will be ki 4, k24, and k, with the following properties k, <
k’l’q < ]4}27(1 and

Hiy g < {4, o0 My, o}

Proof of Claim 1. This is a consequence of Lemma 6.4. In order to apply Lemma 6.4,
we have to derive (6.2.5) for suitable ¢ close enough to 2*. Observe that

a+2 n—1
q—+2 . q—2(q+2\a2 (2n—1)
lim —— =n-1, lim —— ="

q—2* q— 2 q—2* 4q 22nflnn
Hence, we can choose gy € [2",2*) sufficiently close to 2* such that the condition

2
SpTa =2 v dvoly and the following inequality
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q+2

/advol <q_25h(q—|_2 ShT >q2
M I 4q T 4q Tsupr—fodvolg

holds for any g € [qo,2*). Thanks to (6.3.1), we can now use Lemma 6.4 to finish the

(6.3.1)

proof of this claim.

It is important to note that qq is independent of ¢ and . Thus, from now on, we
only consider g € [qo, 2¥).

Claim 2. Equation (6.0.5) with € replaced by 0 has a positive solution, say u; 4, that
is, u1 4 solves the following subcritical equation

a

— = q-1
Aguig + hurg = furg) "™ + ()70

(6.3.2)

where ¢ € [qo, 2%).
Proof of Claim 2. For the sake of clarity, we divide our proof into several steps.
Step 1. The existence of uj , with energy Mif,q' We now define

Phe g = inf Fy(u)
q

where
Dy = {U € Hl(M) ke < HUHqu < kZ,q}-

It follows from ki 4 € (ky, k24) and Lemma 6.2 that

_2 _ 1
Hig g < Hiy g S K2 / h dvoly +ksup | f| + k/ a dvoly .
M M & Jm

In other words, we have proved that ,uii o 18 bounded from above.

By a standard argument and the Ekeland Variational Principle, one can show that
there exists a H'-bounded minimizing sequence for ui%q in D,. Therefore, a similar
argument to that we have used before shows that ,uz? g s achieved by some positive
function uj, € D,y. Notice that one can claim uj, € Dy since ¢ < 2*. Obviously,
ui , is a weak solution of (6.0.5). Thus, the regularity result, Lemma 3.3(a), developed
in Section 2 can be applied to (6.0.5). It follows that uf, € C°°(M). If we denote

|uf ,llLe = kf, we then see that ki > (k*)i*’ Consequently, there holds uf , # 0. With
Lemma 3.3 and the Strong Minimum Principle in hand, it is easy to prove that uf , is
strictly positive.

Step 2. The existence of ui 4 with energy pi, 4. Next, in order to send € — 0, we need
a uniform bound for uj , in H L(M). Using the Holder inequality and the fact that
[uf 4ll2 < [[uf 4llLs, it is not hard to prove that [[uf [/ is bounded from above with
the bound independent of ¢ and e.

In what follows, we let {¢;}; be a sequence of positive real numbers such that ¢; — 0
as j — oo. For each j, let u? , be a smooth positive function in M such that

i
aqu

€4 €4 €5 \a—1
—Aguyly + huyl, = f(ulfq)q - € \2 I+1 (6.3.3)
((uy’y)? +¢5)

in M. Being bounded in H!(M), there exists u1, € H'(M) such that, up to subse-
quences, as j — 00,
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o uifq — uy 4 weakly in HY(M);
. uifq — uy 4 strongly in LP(M) for any p € [1,2*);

o uy’, — u14 almost everywhere in M.

Using Lemma 3.3, the Lebesgue Dominated Convergence Theorem can be applied to
conclude that [ (u14)7P dvoly is finite for all p. Now sending j — oo in (6.3.3), we
get that u; 4 is a weak solution of the subcritical equation (6.3.2). Thus Lemma 3.4(b)
can be applied to (6.3.2). It follows that u; 4 € C°°(M). For simplicity, let us denote
lu1,4]|%4 = k1. Using the strong convergence in LP(M) and the fact that k§ > ki, one
can see that k; > k,, thus proving u; 4 #Z 0. With Lemma 3.3 and the Strong Minimum
Principle in hand, it is easy to prove that uy 4 is strictly positive. Keep in mind that
we still have k1 < ko4 since we still have a strong convergence. This settles Claim 2.

Claim 3. Equation (3.0.1) has at least one positive solution.

Proof of Claim 3. Let us denote by py, 4 the energy of u; 4 found in Claim 2, i.e.,

1 1
kg = 5 /M [Vuy 4|* dvol, + 3 /M h(u14)? dvol,

1 / q 1 /
- = u dvol, + — dvoly.
q Mf( 1a) 7 g M (ul,q)q

Keep in mind that by ki we mean ||uy 4]|%, = k1. Since ¢ < 2%, by strong convergences,
we have

— I €j
Hki,g = limsup g2,

j—o0 14

< limsu

o DI, (6.3.4)
I~1:2b

k 1
< - hdvol +2sup]f]+2k/ a dvoly.

We now estimate the Hl—norm of the sequence {uj 4}4. Clearly, since h > 0 and a > 0,
we get that

1
/ |V | dvoly =iy, .4 — 2/ h(uy 4)° dvol,
uy,4)? dvol, —/ dvol
/ flung) (ul,q) !
Shky,q + / f(u1,4)? dvol,
k
St + 5 sup[f].

Since ki € [ky, ka2 4], we then easily obtain

o

— 1
/]Vulq] dvol, /hdvolg+ksup|f|+/ a dvoly.
2 Ju M 2k Jm

2
This and the fact that ||u1,q||%2 < (k)2 imply that the sequence {u; 4}, remains
bounded in H'(M). Thus, up to subsequences, there exists u; € H'(M) such that,
as q — 2%,
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e uj, — uy weakly in HY(M);
e uj, — up strongly in LP(M) for any p € [1,2*);

e wuy4 — up almost everywhere in M.

Notice that u; 4 verifies
/ Vuq 4 - Vo dvoly + / huy qv dvolg,
M M

a
— u1.4)? Y dvol —/ ———vdvol, =0
/M f( l,q) 9 M (ul’q)q+1 9

for any v € H'(M). By similar arguments to those used before, one immediately has

(6.3.5)

the following
/ (Vui,g — Vuy) - Vo dvoly — 0,
M

/M (u1,g — u1) v dvoly — 0, (6.3.6)

a a
——— v dvol, — / ————v dvol,,
/M ()™ )P

as ¢ — 2*. So far, we can pass to the limit every terms on the left hand side of (6.3.5)
except the term involving f. By the Holder inequality, one obtains

*

2%

q—1
* 2% —1 _
H(ul’Q)HHL% < ((/M (u1,4)° dvolg> ) = [luz g1 %5} (6.3.7)

Making use of t*he Sobolev inequality and (6.3.7), we can prove the boundedness of
(u14)? " in L%(M) In addition, since uj, — u; almost everywhere, (uy4)9~! —
(u1)?" =1 almost e\*ferywhere. ACCOfding to [3, Theorem 3.45], we can conclude that
(upq)? ' — (ul)% weakly in L# (M). Therefore, by definition of weak convergence
and the smoothness of f, one has

/ fu1,4)? v dvol, —>/ f(ur)* 1 dvol, (6.3.8)
M M

as ¢ — 2*. Combining (6.3.6) and (6.3.8), one can see, by sending ¢ — 2* in (6.3.5), that
uy are weak solutions to (3.0.1). Using Lemma 3.4(b) we conclude that u; € C*®°(M)
and w1 > 0in M.

6.3.2 The case infp;a =0

Under this context, making use of the method of sub- and super-solutions is the
key argument. Thanks to [20], from that we learn this approach. However, it is worth
mentioning that our construction of sub-solutions is different from that of [20]. We let
gp > 0 sufficiently small and then fix it so that the following inequality

(2n B 1)71—1 Sh ShT n—1
dvol < _
/M a avoly + €g 22n—1pn  r T Sups f— fM f dVOlg

(6.3.9)
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still holds. Since the manifold M has unit volume, we can conclude that from (6.3.9),
the function a + ¢ verifies all assumptions in the previous subsection, thus showing
that there exists a positive smooth function @ solving the following equation

a—+€o

—Agu+ hu = fu? 4 =T

Obviously, @ is a super-solution to (3.0.1), that is

a

~Aju+hu > fa® 4 T

Our aim is to find a sub-solution to (3.0.1). In this context, we consider the following
equation
—Agu+ (h— fu=a. (6.3.10)

Since h — f~ > 0, a > 0, a # 0, and the manifold M is compact without boundary,
the standard argument shows that (6.3.10) always admits a weak solution, say ug. By
a standard regularity result, one can easily deduce that ug is at least continuous. Thus,
by the Maximum Principle, we conclude ug > 0.

As before, we now find the sub-solution u of the form eug for small ¢ > 0 to be
determined. To this purpose, we first write

— Agu+hu=ca+ fu (6.3.11)

241
Since maxys ug < 400, it is easy to see that, for any 0 < ¢ < (maxpsug)” 2+2, we

immediately have
a

ea L ——= -
52*+1u(2) +1

(6.3.12)

Besides, since f~ < 0 and 2* > 2, it is not difficult to see that the following inequality
eugf~ < e Tt T

holds provided ¢ < (maxy; up)~!. In particular, the following
cupf~ <X lud (6.3.13)

holds provided ¢ < (maxys ug)~!'. Combining all estimates (6.3.11), (6.3.12), and
(6.3.13) above, we conclude that for small ¢, there holds

—Agu+hu <2+ 52+ng+1

In other words, we have shown that u is a sub-solution of (3.0.1). Finally, since u has
a strictly positive lower bound, we can choose € > 0 sufficiently small such that u < @.
Using the sub- and super-solutions method, see [25, Lemma 2.6], we can conclude the
existence of a positive solution u to (3.0.1). By a regularity result developed in [25], we
know that u is smooth.
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6.4 Proof of Theorem 6.2

In order to prove Theorem 6.3, we need to show that the condition (6.0.4) is fulfilled.
Although we have not assumed any upper bound for |[ a7 @ dvolg, we are able to show
that we can recover the condition (6.0.4) provided sup,, f is sufficiently small. As usual,
we first assume infys @ > 0. Depending on the sign of [ A J dvolg, we have two cases.

Case 1. Suppose [,, f dvol; > 0. In this context, we can easily verify that

Sh < ShT
supy f  Tsupy f — fodvolg'

Therefore, it suffices to show that

I — 1 n—1 n—1
/ a dvol, < @n = 1" Sh Sh ;
M 22n=lpn 7 \ sup,; f

which is equivalent to

1

sup f < (2n ) Sh .
M 22n=Ipn 7 [, advol,

Case 2. Suppose [ [ dvoly < 0. In this context, we assume for a moment that

sup,s f > 0 is small in such a way that we can select

1 2 z
T = > max 1,(/ hdvolg>2 .
supyy f Sh S m

Then, thanks to f = f™ + f~, we have

ShT _ 1 Sh
Tsupys f— [y f dvolg ~ supy, f1 — [i [ dvolg
1 Sh

> .
supys f 1+ [3, 1/~ ] dvolg
Therefore, it suffices to show that

(2n —1)"1

/ dvol, < Spsup f — Sh "
a dvo 2 §su
M g 92n—1pn  “h Mp supy, f 1+ fM | f~| dvol, ’

which is equivalent to

1

(2n _ 1)71—1 5}7; n—2
S < .
up f ( 22 Tpn (14 [y, |f | dvoly) [, a dvol,

From our calculation above, we conclude that there exists some positive constant
C > 0 depending only on a, h, and f~ such that if 0 < sup,, f < C, our equation
(3.0.1) always admits at least one positive smooth solution.

It remains to consider the case infy; a = 0. However, since the size of a plays no
role in the above calculation, we can freely add a small constant g to a as in the
second stage of the proof of Theorem 6.1. This procedure ensures that we always get a
super-solution of (3.0.1) with a strictly positive lower bound and this is enough since
a suitable positive sub-solution always exists.
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6.5 Asymptotic behavior of M. q in the case sup,,; f <0

Unlike the case when sup,, f > 0 that forces pj, g " —00 as k — oo, it is found
that, in the case sup,, f < 0, we always have pug g — oo as k — oo and this is enough
to guarantee the existence of at least one solution.

Before doing so, one can observe that, thanks to f™ = 0, k1 4, and k2 4 simply become

q

q—2
> 5 /62,(1 = Tkl,q, (6.5.1)

qu:T‘132<q+2 S
’ 4q —fodvolg

where 7 is a suitable scaling constant to be determined later.

As we have already seen that the behavior of pj q for small k and small £ depends
strongly on the term involving a. Despite the fact that we are under the case sup,; f <0,
we can still go through Lemma 6.3 without any difficulty, that is, for small &, Wy q = +00
as k — 0. We now study the behavior of Pk q for k — 400 when sup,, f < 0.

Proposition 6.3. Suppose sup,; f < 0, then u;q — 400 as k — +oo for any € > 0
and any q € [2°,2*) but all are fived.

Proof. By using (2.3.2) and the Holder inequality, for any u € By, any ¢ € [2°,2%),
and any € > 0, there holds

1
FE(u) :/ (|Vul? + hu?) dvol,
2 u

1 1
—/ flul? dvolg—i—/ quvolg
q.J)m q9JM (u? +¢)?

>Lgks
—_ q
/2 hiv®,
2
which immediately implies that ¢ = %.Shkﬁ. Thus, we have shown that ,u;q — +00
as k — +oo. |

Our next lemma gives a full description for u? g similarly to that proved for the case
supys f > 0. The only difference is that we do not require ¢ to be close to 2* since we
have no condition on [;, a dvoly. In order to avoid any condition on [, a dvoly, thanks
to Proposition 6.3 above, we just have to select a suitable large 7.

Lemma 6.5. There holds

Mil,q:q < min{'ui*,fﬁ MZQ,qvq}
for any € € (0,k,) and any q € [2°,2%).

Proof. As in the proof of Lemma 6.4, the proof is similar and straightforward. To see
this, for new ki, and ky 4, we can also bound by k£ and k. Therefore, we can define
k, as in (6.2.4). Having such a k,, the estimate ,uil,mq < Ky, 4 still holds; therefore, it
suffices to prove

€ €
‘ukl,qaq < Mk2,qaq
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by choosing a suitable 7 > 1. Equivalently, we need to prove that

2

1 2
7 / h dvoly —ki / f dvoly + — / a dvoly < Spk3,,
M M l,g JM

for any g € [gy,,2*). From the choice of 7, we only need to prove that

1 2 2
/ a dvoly < k%,q <25h7'3k31; +/ f dvolg) . (6.5.2)
M M

A simple calculation shows that (6.5.2) is equivalent to

2
4 qg—2 qg+2 Sh a-2
a dvol, < Ta-2 5h< ) .
/ M g 4q 4q — [y, f dvol
Hence, by choosing 7 sufficiently large, one easily gets the desired result. |

6.6 Proof of Theorem 6.3

This section is devoted to the proof of Theorem 6.3. In view of Lemma 3.6, we can
conclude the uniqueness part.

Proposition 6.4. If sup,; f < 0 and h > 0, then Equation (3.0.1) admits a unique
positive solution wu.

Sketch of proof. The proof of the existence part of Theorem 6.3 consists of two parts.
In the first stage of the proof, we assume that infy;a > 0 and e € (0, k) satisfying
(3.1.3). Following the first stage of the proof of Theorem 5.1, we first define

o = inf Fiw

where the set D, is nothing but
Dy={uec H'(M): ke < |Jullf, <kagl-

With information that we have already proved in Lemma 6.5, we can easily go through
Claims 1, 2, and 3 in the first stage of the proof of Theorem 6.1. In other words, we
can prove the existence of at least one positive smooth solution to (3.0.1). Since there
is no difference in the proofs, we omit the details here.

In the second stage of the proof, we assume inf,; a = 0. Since we have no control on
Jys @ dvoly, we can freely add small ey > 0 to a as in the proof of Theorem 6.1. Since
the trick that was used in the proof of Theorem 6.1 still works in this new context, a
sub- and super-solutions argument as used before concludes that (3.0.1) has at least
one positive smooth solution. |
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6.7 Some remarks

In view of Theorem 6.2, Equation (3.0.1) always admits at least one positive smooth
solution provided sup;; f < 0. Let us now assume that the smooth function f verifies
sup;s f < 0. For each A € R, we denote

z)=flx)+ A, zeM.

Clearly, functions in the class {f)} are to be thought of as translation of the function
f by the value \. Let us now consider the following equation

a

—Agu+ hu = T+ WPIESE

u > 0. (6.7.1))\

Obviously, in view of Theorem 6.3 and the condition sup,, f < 0, (6.7.1), always admits
one positive smooth solution provided A < 0. We are now interested in the case A > 0.
It was found that there is a critical number A\* > 0 which affects the number of positive
smooth solutions of (6.7.1)y when A crosses A*. That is the content of the following
theorem.

Theorem 6.4. There exists a constant \* > 0 such that

(i) Problem (6.7.1)x has no positive smooth solution if A > \*.
(ii) Problem (6.7.1)x has at least one positive smooth solution if A < \*.

We now sketch a proof of this theorem.
Proof. In order to prove this theorem, let us observe from Theorem 6.2 that Equation
(6.7.1) has at least one positive smooth solution for some small A > 0 since f) depends
continuously on A. In order to see this, our aim was to make use of Theorem 6.1.

Let us first observe that sup,, fx = A. Since [  Jdvoly < 0, we can select A > 0
small such that | a Ia dvoly < 0. As usual, let us first suppose infys a > 0. Now we show

that there exists some 7 > max{1, (% S h dvolg)%} and some A € (0, 1) small enough

such that
(2n—1)""1 5, ShT -l
dvol, < — .
/Ma VOl 22n=Ipn 7 \7sup fa — [y, fr dvolg

Indeed, we can start with small A such that § > max{l,(% Il Mhdvolg)%} and

f a I dvoly < 0. In particular, we can choose T = % and observe that

0<1—/f)\dvolg—l—)\—/fdvolg<1—/ f dvoly.
M M M

Therefore, a simple calculation shows that it suffices to show that

(2n—1)""t sp 1 n-l
dvol
/M“ Yl S oty Je2\1- [, fdvol,)

or equivalently,

1

(et s\ 1 =
22n=Ipn [, advol, 1— [ fdvoly ’
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which proves the existence of some small A as claimed in the case infj; @ > 0. In the case
inf); @ = 0, as in the second stage of the proof of Theorem 6.1, we simply replace a by
a+¢q for some small £g > 0 and repeat the above procedure to obtain a super-solution.
Since a sub-solution always exists, the existence result for small A follows.

Therefore, we can define

A= iup{ (6.7.1) has at least one positive smooth solution }.
€R

We now prove the following comparison: if 0 < Ay < Ay < A* such that Problem
(6.7.1)), has at least one positive smooth solution, then Problem (6.7.1)y, also has
at least one positive smooth solution. Indeed, suppose that wus is a positive smooth
solution of (6.7.1)),, we then see that ug is a super-solution of (6.7.1)y, since fy, > fi,
pointwise. Having such an wug, one can easily construct a sub-solution u; of (6.7.1)y,
with u; < us. By the method of sub- and super-solutions, one can prove the existence
of at least one positive smooth solution of (6.7.1)y,. This concludes the comparison
result.

In order to see why should we have A\* < 400, we make use of [21, Theorem 2.1].
Indeed, for sufficiently large A, we obviously have f, > 0. Moreover, the following

estimate
n+2

n 4in n 3n—2 n 2-n
<(n1)n—1) / a%nzf)\ " dvoly > / h%fk * dvol,
n— M M

holds provided A is sufficiently large, which immediately proves the finiteness of A\* since
n > 3. |

Before closing this chapter, we should mention here the role of the size of A in our
study. To be exact, for given a > 0 and f with [,, advoly > 0, if h is large enough,
Equation (3.0.1) always possesses one positive smooth solution. Indeed, following the
proof of Theorem 5.2, one can observe that (3.0.1) admits w = 1 as a constant super-
solution provided

—h+ f+a<0.

Therefore, if h verifies
h = sup|f| +supa in M,
M M

one concludes that w = 1 as a constant super-solution for (3.0.1). Since a sub-solution u
with u € (0, 1) always exists, we have shown that (3.0.1) always possesses one positive
smooth solution.
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The purpose of this chapter was to derive a Liouville type result for positive, smooth
solutions of (3.0.1). For simplicity, in this chapter, we only consider the cases when h,
f, and a are constants with ¢ > 0. Our aim here was to give some sufficient conditions
so that (3.0.1) has only constant solution. By a scaling argument, we may assume that
a = 1. Therefore, in this chapter, we are interested in the following model equation

— Agu+hu = ul +u"% uw>0, (7.0.1)

where h and A are constants. It is worth noticing that after using a scaling the sign of
h still matches the sign of the Yamabe-scalar field conformal invariant since a > 0. We
also notice that the exponent ¢ > 0 here is arbitrary and will be specified later. It is
worth noting that we may consider the case ¢ < 0 if physical problems motivate it.

Our result was inspired by a couple of recent papers by Ma et al. [29, 27]. In these
papers, the authors considered the following model equation

— Agu = —ul + w2 w0, (7.0.2)

in R™ with the standard metric where ¢ € (1,2*), that is, h = 0 and A = —1. First,
they proved in [29] that smooth positive solutions of (7.0.2) are uniformly bounded.
Then by using the idea from Redheffer [39], Ma [27, Theorem 1] was able to prove that
any smooth positive solution of (7.0.2) is constant, hence, is equal to 1. In [5], Brezis
used a different approach to establish, among other things, such a Liouville type result.
Besides, it was shown in [27, Theorem 2] that the similar Liouville type result is also
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true for smooth positive solutions for (7.0.2) in a complete non-compact Riemannian
manifold with the Ricci curvature bounded from below.

Motivated by all discussion above, we prove in this chapter that any smooth positive
solution for (7.0.1) in a complete compact Riemannian manifold with the Ricci curva-
ture bounded from, whose the bound will be determined, is constant. To be precise, we
now state our main result.

Theorem 7.1. Let (M, g) be a smooth closed Riemannian manifold of dimension n >
3. Let h, \, and q > 0 be constants. Then there is a constant K(n,q,h) depending only
onn, q and h so that if Ricy, > K in the sense of quadratic forms, then every smooth

positive solution of (7.0.1) is constant provided that in the case h > 0, A > 0, we have

n+2

to restrict ¢ < =55

Our first result can be formulated as in the following table.

h A q Ric, > K
h <0 A<0 g1 Ricy > 0
g<1 Ricg > 2=L(¢ — 1)h
h=0 A<0 q>0 Ricg 2 0
h >0 A<0 q>0 Ric, > —2=1p
A>0 q< 22 Ricg > 2=L(¢ — 1)h

Table 7.1. The Liouville type result in terms of the Ricci curvature.

Surprisingly enough, as can seen from the above table, the constant K does not
depend on A. It is worth noticing that by integrating both sides of (7.0.2) over M,
one easily gets that Equation (7.0.2) has no positive solution if h < 0 and A > 0. The
papers by Gidas—Spruck [19] and M. Véron-L. Véron [11] were sources of inspiration.

Finally, as usual, we should mention that the content of this chapter was adapted
from [33].

7.1 Some basic computations

From now on, we shall prove Theorem 7.1. For simplicity, we shall use [ ) to denote
the integral with respect to the measure induced by the metric g. First, we need a
preparation. Let us denote u = v=? for some 3 # 0 to be determined later. A direct
computation shows that

[Vol?

Agv = (B + 1)7 + 2 (=Agu)ot,

1
B
This and the fact that

—Agu = —hv ™ + P 4 Pt
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give
|Vo|? N 1
g

Applying the Bochner-Lichnerowicz-Weitzenbock formula [3] to function v, one obtains

Agv=(B+1) (—hv + APl 4 1HBats)), (7.1.1)
1
3 A9(IVo]?) = [Hess(v)|* + (VAgv, V) + Ricy(Vv, Vo). (7.1.2)

Multiply both sides of (7.1.2) by v where v € R will be chosen later and integrate on
M, to obtain

A+B+C+ D=0, (7.1.3)
where ) )
A= / vV (Agv)? +/ v (|Hess(v)]2 - (Agv)2>, (7.1.4)
n Jm M n
B :/ v (VAgv, V),
M
1 2
C=-5 U’YAQ(IVU’ )7
2Jm
and

D= / v"Ricy(Vv, Vo).
M
We notice that v may not necessarily be nonzero. Besides, there holds
2 1 2
J= [ v7[|Hess(v)|" — =(A4v)" ) >0
M n
since it is well-known that

1
|Hess(v)|? — E(AQU)Q > 0.

7.1.1 Computations of A, B, and C

We treat the first term of A in the following way. In fact, using (7.1.1), one obtains

1
- Y 2
- /MU (Agv)
21
! / V7 (Agv) ((B +1) Vel + = (—hv 4+ M!Al=h 4 v1+6(q+3))>
nJm 6
2
:ﬁ“/ V1|Vl ((ﬂ +1) Vel” l(—hv + Mt Al v1+f3<q+3>)>
n M v ﬁ

1
+ e /M (—ho " Ny HIBlaD) U’Y+1+5(Q+3))(Agv)

2
:7(54_1) /v7_2|vv‘4
M

n
p+1
np

1
+ e /M (—hoH! 4 A=Al Uw+1+ﬁ(q+3))(AgU)_

+

V2 (—ho" + M7 Pla=1) o r+B(a+3))
M
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Therefore, this and (7.1.4) imply that
2
A=J+ <ﬁ—‘_l)/ v7_2|Vv|4
M
+ 2T 5 t1 / Vo2 (—ho? + Ao?™ Bla-1) 4 Uw+/3(q+3)) (7.1.5)
+ / (—hVH 4 Ay HIBlD) 1)7+1+5(Q+3))(Agv).
nB Ju
By the divergence theorem, it holds
/ VA = —(y + 1)/ 0| Vol?,
M M
/ VTP A = —(y + 1= (g - 1)) / s
M M
/ vv+1+ﬂ(q+3)Agv = —(y+1+8(g+3)) / VTR |y 2,
M M
Therefore, we can further simplify (7.1.5) as follows
1)2
A=J+ (64')/ v7_2|Vv|4
M
+ 21T 6 t1 / Vo2 (—hv? + A7 Ba=1) 4 7 +8(a+3))

- i(v +1-8g=1) [ I Dwp
M

nf

1 1
+ = +1/h1ﬂV02— +1+B(qg+3 /v7+5<q+3>vv2.
nﬁ(v )M Vvl nﬁ(v Blq ))M Vvl

Thus, finally, we have

_ (B+1)° —2 4 by —=8) 2
14—J—|—n/1\/[7./7 |V’U| +7’LB/MU’Y|V,U|

_M/ Uvﬂ(ql)’vm?_rﬁ_ﬁ(w/ TR gy 2,

For the term B, again using (7.1.1), we have

2
B:/ U’y< ((ﬂ+1)|vv| ( hv—i—)\vl B(q— 1)+U1+B(q+3))> V’U>
M v B

S0 [ (v(E) v

(7.1.6)

_h vV |Vo)? + )\71 — A=l / vl gy 2
B Jm B M
+ L+5la+3) / VY HRES) |7y 2,
B M

Notice that

(o (B, B om
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:—7/ v7_2|Vv|4—/ VT Vo2 Agu.
M M

B=—(8+ 1)7/ v7_2|VU|4 —(B+ 1)/ v7_1|Vv|2Agv
M M
_h vﬂVv\Q—i-/\il_ﬁ(q_ D / vV A= gy
B Ju B M

L 1hlat3) +5(Q+3)/ VD Ty 2,
B M

Again we use (7.1.1) to reach at

Therefore,

—(B+ 1)y /M v Vot

\V4 2
—(ﬁ+1)/Mm—1|vu|2 ((5+1)‘ vl 6( ho + Awi=Ala= 1>+vl+ﬂ<q+3>)>
_h UV‘Vv’2+/\1’8(q1)/ V7B 7y 2
B I B M
+1+5(Q+3)/ v7+ﬁ(q+3)]V1}]2.
B M

By simplifying the right hand side of the above identity, one gets
B=—(B+1)(y+5+ 1)/ v Vol
M
+ h/ V7|Vl — )\q/ 7PV |2 4 (g + 2)/ 1 HAEE3) |y 2,
M M M

For the term C, we first observe that

/UVA (IVv|?) /A ()| V]2
M
1

=3 [ IVl
2 u

1 _ _
=3 /M Vol (707 Ago + 7 (3 — 1)o7 2|Vof?)

(7.1.7)

Therefore,

2
= 1/ o V)2 ((5 +1)— [Vl i(—hv 4+ \plBla=1) 4 v1+ﬁ(q+3))>
2J/m v B
_ ’V(’Y — 1) / U7—2|vv|4‘
2 M

In other words,

C = Vh/ 0| Vol? — 26/ v 1P w2 — / v HAEE3) |7y 2

(7.1.8)
7;—/8) /M y— 2|V’U|4

We now have enough information to treat (7.1.3).
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7.1.2 The transformed equation

<ﬁ+1f_«ﬁ+1x7+5+¢>—””*“”>/“vﬁ%vm4
n M

( :
+ <nﬁ +h+ ;Z) /M V7| Vol?

(

(

ANy —Ba) 'M) / o181 g7y 2 (7.1.9)
B Ju
2
_’Y+/8(q+ ) +(g+2) - 7) / U'y+,3(q+3)|vv‘2
B) Ju
—I—/ v"Ricy(Vv, Vv) = 0.
M
For simplicity, we rewrite Equation (7.1.9) as
J+ a/ v 2Vl +/ v (¢|Vol* + Ricy(Vv, Vo))
M M
+ b/ Uv—ﬁ(q—1)|VU’2 + d/ U7+/3(q+3)|vv‘2 =0,
M M

where

__1 2 ’I’l—l 2
a= 2(7 +(35+2)fy+2—n (B+1)>,

b:WH)(_’Y_? n—1>7

2n I3 qn+2
2 -1
C:n—l— l+2n h,
2n \p n+ 2

Next we wish to describe the method used in the present paper. Our goal was to
find 8 # 0 and v € R such that

a>0, b>0, Ricg+cg=20, d=0. (7.1.10)

Having (7.1.10), our result follows easily since |Vuv| = 0 since a > 0 forces d > 0. Thus,
the key point is @ > 0. To better serve this purpose, we set y = 1 + % and 0 = —%
where y # 1 and 0 € R. Thus the set of conditions in (7.1.10) becomes

1
2”Ty2 25y + 62— 5 <0, (7.1.11)
AMo—2a" 1) >0 (7.1.12)
a5 =0 1.
2n n—1
" Ric, = h (62 , 1.1
— < n+2>g (7.1.13)

and



7.2 Proof of Theorem 7.1 127

n—1
0= -2 2 . 7.1.14
4+2) (r.1.14)
In view of (7.1.11), it is necessary to have
0
E(Z(n —1)—(n—2)0) =0
which is equivalent to
0<s<2n=l (7.1.15)
~ ~X n — 2 . 1.

With (7.1.15) in hand, one can see that (7.1.14) is automatically satisfied. Moreover,
d > 0 provided § > 0. Thus, our set of conditions now reduces to (7.1.12), (7.1.13), and
(7.1.15). Notice that if inequalities in (7.1.15) are strict, then we can always find some
y # 1 verifying (7.1.11).

7.2 Proof of Theorem 7.1

For the sake of clarity, we split our studying into four cases depending on the sign
of h and A.

7.2.1 The case h < 0

In this case, it is necessary to have A < 0. Then the condition (7.1.12) and the lower
bound for § in (7.1.15) imply

n—1
0<d<2 . 7.2.1
qn+2 ( )
Combining (7.1.15) and (7.2.1) gives
0<6<mindog =t 2n=1) (7.2.2)
SO ming2q—s, ——5~ ¢ 2.

There are two possible sub-cases.

Case 1. Suppose q > Z—Jjg Then we claim that, with K = 0, we can always select ¢ such

that it satisfies (7.1.12), (7.1.13), and (7.1.15). To this end, we notice that the right
hand side of (7.1.13) is always non-negative. In order to see that (7.1.12), (7.1.13),
and (7.1.15) hold, we have to select § = 2(#:21)
Equation (7.1.11) holds. However we are left without many choices but one, that is,

. Then we have to choose y such that

Yy = #_2 7(5 1. )This is enough to serve our purpose since the left hand side of (7.1.11)
8(n—1

equals —7>—=55 when y is equal to y =

_n_
(n+2) nt2

Case 2. Suppose q < Z—f% Then 6 needs to satisfy (7.2.1). With this region for 4, the
right hand side of (7.1.13) is not smaller than 2(¢ — 1)2=Lhg. Thus, we select

nt2
n—1
K= — 1D)h.
—(a—1)
Similarly as above, then we may choose § = qu(ﬁr;l) to make sure that (7.1.13), and

(7.1.15) hold. Now it is easy to find some y # 1 satisfying (7.1.11) since the solution of
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(7.1.11) is an interval. For example, when g # ”T”, we may choose y = %5 since the

left hand side of (7.1.11) now equals

2g(n —1)(g(n —2) — (n +2))
(n+2)? '

Otherwise, we may choose y =1 — \/% , in this case, the left hand side of (7.1.11) now

vanishes.

7.2.2 The case h =0

Under this case, the right hand side of (7.1.13) vanishes, thus it is enough to take
K = 0. Besides, it is necessary to have A\ < 0. Therefore, 6 must satisfy (7.2.2). It is now
a simple task to find some ¢ and y # 1 verifying both conditions (7.1.12) and (7.1.15).

7.2.3 The case h > 0, A <0

Again, in this context, § has to satisfy (7.2.2). First we show that K = —2=1p is
enough. Indeed, this condition can be rewritten as

2n n—1
—Ric, > h| -2 . 2.
n+2R1Cg < n+2> g (7.2.3)

Under the condition (7.2.3), we have to select 6 = 0. In order to see how could this
choice of ¢ work, we just go back to (7.1.9) to get

J_n1(6+1)2/M Vol

n v?2

+ 2= 1h/ |Vl — n- 1)\q/ v Pl |gy)? (7.2.4)
M n M

n

1
+ L(Q+ 2)/ VA gy |2 +/ Ricy(Vv, Vv) = 0.
n M o

Clearly, we have no choice but 8 = —1 or equivalently, y = 0. With this choice of y, we
immediately see that the left hand side of (7.2.4) is non-negative. This forces Vv = 0
thus giving us the desired result.

7.2.4 The case h > 0, A > 0

Under this case, it follows from (7.1.12) and (7.1.15) that

”_1<5<M.
n+ 2 n—2

2q

In other words, it is necessary to have ¢ < Z—i‘g Our choice for K is that

K:n—l

(g —1)h.

We will see how this condition is enough for our argument.
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"*2 . We rewrite the condition for Ricci curvature in the following

2n —1 n—1
" Ric, > h (2 —9
nto <q T2 n+2>g

Case 1. Suppose q <
way

Thus, we may choose § = %;21). Consequently, the conditions (7.1.12) and (7.1.13)

clearly hold. Therefore, we may select y # 1 verifying (7.1.11) since § € (0, 2(7?:21)) as

we have already done in the second case when h < 0.

Case 2. Suppose ¢ = Z—fg Then necessarily § = 2(::21) which verifies (7.1.12). The

(B

Thus, we can pick K = n(( )) and clearly (7.1.13) holds. It suffices to find some y # 1

verlfymg (7.1.11). Due to the fact that ¢ = 22, we only have one choice for y, that is,

= Thanks to ¢ = 22, we 1mmed1ately see that y = -5 = 1. With this, the left
Yy n+2 n—2 2

hand side of (7.1.11) vanishes as required.

condition for Ricci curvature can be rewritten as

2n n—1 n—1
Ric, =2 h |2 -2 =
n+2 o <n—2 n—|—2>g

7.2.5 Proof of Theorem 7.1 completed

Finally let us assume that u is a smooth positive solution of Equation (7.0.2). From
our discussion above, we know that all inequalities in (7.1.10) are fulfilled. In fact, we
have already shown that d > 0. Consequently,

/ v’y+5(q+3)‘v7j’2 -0
M

which implies that v, hence u is a constant.
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Conclusion

In an effort to understand the Einstein equations with sources, the primary goal
of this thesis was to study some quantitative properties of solutions of the following
Lichnerowicz-scalar field constraint equations,

n+2 _3n—2
—Agu+hu = fur=2 +au -2, u>0,

such as the existence, the non-existence, the multiplicity, and the Liouville property of
positive solutions in all cases where the corresponding Yamabe-scalar field invariant may
take either negative, zero, or positive sign. These Lichnerowicz-scalar field constraint
equations naturally arise in the Einstein-scalar field constraint equations for the Cauchy
problem for the Einstein field equations.

Our main results, included in Theorems 4.1, 4.2, 5.1, 5.2, 5.3, 6.1, 6.2, 6.3, 7.1,
demonstrated that a suitable balance between coefficients h, f, a of the Lichnerowicz-
scalar field equations is enough to guarantee the existence of one positive smooth solu-
tion. In addition, it was found that under some further conditions we may or we may
not have the uniqueness property of solutions of the Lichernowicz-scalar field equations.

In order to seek for solutions, variational methods were used to examine the

Lichnerowicz-scalar field equations. This is because these equations have variational
3n—2

structures. However, since the constraint equations include two terms, the term au™ n-2

with a negative exponent and the term fu»-2 with a sign changing function f, it is

well-known that standard variational methods do not work in this context. This is be-
3n—2

cause the term au~ »—2 forces the associated energy functional to be unbounded from

above while the term fu%g forces the functional to be unbounded from below. In
addition, when making use of those variational methods, the compactness property of
the embedding H'(M) — L?" (M) is crucial. Such a compactness property is no longer
available in our study due to the presence of the term fu%3 with a critical exponent
in the Lichnerowicz-scalar field equations.

To avoid these difficulties, we developed a suitable variational method. Along with
the development of this new method, some basic and essential results for standard
variational methods were successfully carried into the new method. An important fea-
ture of this new approach is that it is possible to deal with equations whose forms
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have more than three terms. Such an equation, for example, comes from the Einstein-
Maxwell-scalar field equations or Einstein-scalar field equations with the cosmological
constant.

Having these theorems in hand, one can observe that two aspects of the structure
of the Lichernowicz-scalar field equations can be drawn.

First, it was shown that the term fu%3 with a critical exponent, represented by
the dependence of the potential of the scalar field source, plays a central role in the
analysis of solvability when f may change sign. This fact partially tells us that any
small perturbation with either a negative exponent or a subcritical exponent does not
affect the solvability of original equation.

Compared with other problems such as the prescribing scalar curvature equations,
which have simpler form than those of the Lichernowicz-scalar field equations, this fact
also suggests that the structure of the Lichernowicz-scalar field equations may also
depend on the topology of (M, g), and thus could be studied using topology methods.
We leave this topic for our study in the future.

Second, it was also shown that there is a certain difference between conformal classes
with different Yamabe-scalar field invariants. While the non-positive Yamabe-scalar
field invariant A < 0 involves more conditions and our analysis of solvability of the
Lichnerowicz-scalar field equations strongly depends on the ratio between sup,, f and
i) 17 | 7] dvolg, the positive Yamabe-scalar field invariant & > 0 requires fewer conditions
than the non-positive case. To be precise, our main result for the case h > 0 showed
that the Lichnerowicz-scalar field equations always admit one positive smooth solution
so long as [ s @ dvoly is sufficiently small in the sense that i) a @ dvoly is bounded from
above by some constant depending on f. One of the by-products of this result is an
interesting result arising from the prescribing scalar curvature equations in the positive
case. To be precise, it can be proved that the there always exists a positive, smooth,
super-solution to the prescribing scalar curvature equations in the positive case

n+42
—Agu+ hu = fun%r?, u > 0.

In order to complete the proof, it suffices to find a suitable sub-solution. To the best of
our knowledge, such a sub-solution to this equation has long been believed to exist.

Overall, our findings are of crucial importance and intriguing because they not only
give us an answer to the question of which sets of conformal data lead to solutions
and which do not in the Einstein field equations, but also introduce a new approach
to study other similar equations. However, in view of the theory of the Einstein field
equations, our findings are still far from the fully understanding of the solutions of
the Einstein-scalar field constraint equations since we always assume throughout our
study that (M, g) has constant mean curvature. This assumption on the mean curvature
basically reflects the complexity of the structure of the Einstein-scalar field constraint
equations. Despite several progress that recently have been made [15, 18], in general,
we unfortunately do not know what happens if (M, g) does not have constant mean
curvature. For this reason, the more we understand the non-constant mean curvature
case, the more we understand the whole Einstein-scalar field equations. We also leave
this topic for our study in the future.
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