DEVELOPMENT OF SMOOTHED METHODS

FOR FLUID STRUCTURE INTERACTIONS

WANG SHENG

NATIONAL UNIVERSITY OF SINGAPORE
2012



MNational University
of Singapore

TN US
95

DEVELOPMENT OF SMOOTHED METHODS

FOR FLUID STRUCTURE INTERACTIONS

WANG SHENG

(B.Eng., University of Science and Technology Beijing
M.Eng., University of Science and Technology Beijing)

A THESIS SUBMITTED
FOR THE DEGREE OF DOCTOR OF PHILOSOPHY
DEPARTMENT OF MECHANICAL ENGINEERING
NATIONAL UNIVERSITY OF SINGAPORE
2012



Declaration

Declaration

I hereby declare that the thesis is my original work and it has been written by me in its
entirety. | have duly acknowledged all the sources of information which have been

used in the thesis.

This thesis has also not been submitted for any degree in any university previously.

Wogdiy

Wang Sheng
20 November 2012




Preface

Preface

This dissertation is submitted for the degree of Doctor of Philosophy in the
Department of Mechanical Engineering, National University of Singapore (NUS)
under the supervision of Prof. Khoo Boo Cheong. To the best of my knowledge, all of
the results presented in this dissertation are original, and references are provided on
the works by other researchers. A major portion of this dissertation have been
published or submitted to international journals or presented at various international

conferences as listed below:

1. Papers published or under review

1. S. Wang, G.R. Liu, K.C. Hoang. Identifiable range of osseointegration of
dental implants through resonance frequency analysis. Medical Engineering
& Physics 32 (2010) 1094-1106.

2. S.Wang, G.R. Liu, G.Y. Zhang, L. Chen. Accurate bending strength analysis
of the asymmetric gear using the novel ES-PIM with triangular mesh.
International Journal of Automotive & Mechanical Engineering 3 (2011) 373-
397.

3. S. Wang, G.R. Liu, Z.Q. Zhang, L. Chen. Nonlinear 3D numerical
computations for the square membrane versus experimental data. Engineering
Structures 33 (2011) 1828-1837.

4. S. Wang, G.R. Liu, G.Y. Zhang, L. Chen. Design of asymmetric gear and
accurate bending stress analysis using the ES-PIM with triangular mesh.
International Journal of Computational Methods 8 (2011) 759-772.

5. ' S. Wang, B.C. Khoo, G.R. Liu, G.X. Xu. An arbitrary Lagrangian-Eulerian
gradient smoothing method (GSM/ALE) for interaction of fluid and a moving
rigid body. Computers and Fluids, doi: 10.1016/j.compfluid.2012.10.028.

6. S. Wang, B.C. Khoo, G.R. Liu, G.X. Xu. A matrix-free implicit gradient
smoothing method (GSM) for compressible flows. International Journal of
Aerospace and Lightweight Structures. International Journal of Aerospace
and Lightweight Structures, 2 (2012) 245-280.



Preface

7.

10.

S. Wang, B.C. Khoo, G.R. Liu, G.X. Xu. Coupling of the GSM/ALE with
ES-FEM-T3 for fluid-structure interactions. Computer Methods in Applied
Mechanics and Engineering, under revision.

G.R. Liu, Z. Wang, G.Y. Zhang, Z. Zong, S. Wang. An edge-based smoothed
point interpolation method for material discontinuity. Mechanics of
Advanced Materials and Structures, 19 (2012) 3-17.

G.R. Liu, S. Wang, G.Y. Zhang. A novel Petrov-Galerkin finite element
method based on triangular mesh (FEM-T3/T6). International Journal for
Computational methods, under revision.

S. Jian, Y. Guo, S. Wang, K.B.C. Tan, G.R. Liu, F.Q. Zhang. Three
dimensional finite element analysis of post-core systems and cements in
endodontically treated central maxillary incisors with a full coverage crown.
European Journal of Oral Sciences, under revision.

2. Papers for conference presentation

1.

S. Wang, G.R. Liu, Z.Q. Zhang, L. Chen. Design of Asymmetric Gear and
Accurate Bending Stress Analysis Using the ES-PIM with Triangular Mesh.
The 9™ World Congress on Computational Mechanics and 4th Asian Pacific
Congress on Computational Mechanics (WCCM/APCOMZ2010), Sydney,
Australia July 19-23, 2010.

G.R. Liu, K.C. Hoang, B.C. Khoo, N.C. Nguyen, A.T. Paterra, S. Wang.
Inverse identification of material properties of the interface tissue in dental
implant systems using reduced basis method. The 14th Asia Pacific Vibration
Conference, Hong Kong Polytechnic University, December 5-8, 2011.



Acknowledgements

Acknowledgements

I would like to express my deepest gratitude and appreciation to my supervisors,
Prof. Khoo Boo Cheong and Prof. Liu Guirong for their dedicated support and
invaluable guidance. Their extensive knowledge, serious research attitude,
constructive suggestions and encouragement are extremely valuable to me. Their
influence on me is far beyond this thesis and will benefit me in my future research. |
am particularly grateful to Prof. Khoo Boo Cheong, for his inspirational help not only
in my research but also in many aspects of my life especially after Prof. Liu Guirong
has resigned from NUS.

I would also like to extend a great thank to Dr. Zhang Zhigian, Dr. Xu Xiangguo,
George, Dr. Zhang Guiyong and Dr. Chen Lei for their helpful discussions,
suggestions, recommendations and valuable perspectives. To my friends and
colleagues, Dr. Li Zirui, Dr. Hoang Khac Chi, Dr. Sayedeh Nasibeh Nourbakhsh Nia,
Dr. Li Quanbing Eric, Mr. Liu Jun, Mr. Jiang Yong, Dr. Xu Xu, Dr. Wang Zhen, Dr.
Yang Aili, Dr. Yao Jianyao, Dr. Nguyen Thoi Trung, Dr. Khin Zaw, Dr. Wu
Shengchuan, Dr. Cui Xiangyang, Dr. Cheng Jing, Dr. He zhicheng, Dr. Tang Qian, Dr.
Zhang Lingxin, Dr. Wang Chao and many others, I would like to thank them for their
friendship and help.

I appreciate the National University of Singapore for granting me the research
scholarship to pursue my graduate study. Many thanks are conveyed to Center for
Advanced Computations in Engineering Science (ACES) and Department of

Mechanical Engineering, for their material support to every aspect of this work.



Acknowledgements

In particular, I would like to give my special thanks to my family members,
especially to my wife, Bi Hanbing. Without their endless and considerable love, I

would not be able to complete this work.



Table of contents

Table of Contents
DBCIAIALION ......iveeeee et ettt bbb i
e =] - TSRS UR i
ACKNOWIBAGEMENTS ... v
TabIE OF CONTENTS.....oviiiiiiieee bbb Vi
SUIMMIBEY ..ttt ettt e bt e ek bt e ek bt e e kbt e e kb e e e b e e e eab e e e nnb e e e nnbe e e nsbeeennneas X
NOMENCIATUNE ...ttt bbb re e Xiv
LISE OF TADIES ... et XVi
LIS OF FIQUIES ..ottt ettt Xviii
Chapter 1 INtrOQUCTION. ........cceiiieieiie ettt ee s 1
1.1 Conventional numerical Methods ..........ccviiiiiiiiie e 3
I RN I 01V VT ST 3
1.1.2 What is the smoothing teChNIQUE? ...........ccovveie i 7
1.1.3 Why to introduce the smoothing techniquUe? ...........ccoccevirieeieninniec e 8
1.2 Smoothed methods with strain/gradient smoothing operations.............c...c........ 10
1.2.1 ES-FEM-T3 with strain smoothing operation in solid mechanics............. 10
1.2.2 GSM with gradient smoothing operation in fluid mechanics.................... 15
1.2.3 Coupling GSM with ES-FEM-T3 for FSI analysis.............ccccoveveiiieinenns 19
1.3 Fluid-Structure iNtEraCtioNS ........cceceeiieieiie e 20
1.3.1 Moving mesh Method .........cccoiveiieiiiieci e 21
1.3.2 Fixed mesh method.........c.ooieiiiiie s 22
1.3.3 Why to choose ALE for FSI analysis?..........cccovveviiienieeniiie e 24
1.4 Objectives and significances of the thesiS ........cccovviviiiiiini 25
1.5 Organization of the theSIS ..o 28
References for Chapter 1 ........ccooeiieie e ns 30

Vi



Table of contents

Chapter 2 Theories of the strain/gradient smoothing technique..............ccco....... 39
2.1 SMOOthiNG tECANIGUE .....cvviiiiiiiee s 39
2.2 Strain smoothing for solid MeChaniCS.........ccocvvevviieiieere e 43
2.2.1 Strain SMOothing OPEration ...........cccveueiiieiieeie e 44
2.2.2 Formulation of the discretized system of equations .............c.cccccvvevvrennnne 47
2.2.3 Properties of S-FEM MOEIS.........cccoeeiieiicececeee e 51
2.3 Gradient smoothing for fluid mechanics............ccooviiiiiiiiiiic 53
2.3.1 GOVEINING EQUALIONS ......ecvieveeieeeesieeiesee e eeeseesreesaesseesaeaseesraesseanaesseessens 54
2.3.2 Gradient SmOoOothing OPeration...........ccceeveeiierieiinreeie e 56
2.3.3 Formulation of the discretized system of equations .............ccccevcvevvervenns 61
2.3.4 Theoretical aSpects IN GSM ........ccooiiiiiiiiiee e 67
References fOr Chapter 2 ........cc.viieieee et ns 73
Chapter 3 ES-FEM-T3 for solid mechanics ...........c.ccoovvriiiiiiiici s 77
3.1 Implicit ES-FEM-T3 for 2D linear bending stress analysis...........c.ccocevveneenns 77
3.1.1 Formulaiton of implicit ES-FEM-T3 model...........cccccooviininiiiiiiiins 78
3.1.2 Numerical verification of implicit ES-FEM-T3 ..o 81
3.1.3 Implementation of implicit ES-FEM-T3 for gear tooth optimization ....... 87
3.1.4 SOME FEMAIKS. ...c.viueitiiiieii ittt 93
3.2 Explicit ES-FEM-T3 for 3D nonlinear membrane deflection analysis .............. 94
3.2.1 Why to construct the numerical membrane model with ES-FEM-T3? .....95
3.2.2 Formulation of explicit ES-FEM-T3 membrane model........................... 103
3.2.3 Implementation of explicit ES-FEM-T3 for 3D membrane deflection
ANAIYSIS. ...ttt rs 114
3.2.4 SOME FEMATKS. .....iiiiiiieieie et 127
3.3 Concluding remarks for Chapter 3..........cccooveieiieieiie e 128
References fOr Chapter 3 ... et 129

vii



Table of contents

Chapter 4 GSM/ALE for incompressible fluid flows over moving mesh ........... 131
4.1 ALE formulation based on GSM framework............ccocoovvieenenenciesisesene 133
4.1.1 Abrief on ALE fOrmulaiton ... 133
4.1.2 Governing equations in ALE fOrmM ... 136
4.1.3 Spatial discretization of the governing equations with GSM .................. 140
4.1.4 Temporal discretization of the governing equations with dual time
STEPPING APPFAOCK ... 142
4.2 Verification 0f GSM/ALE ... 145
4.2.1 Recovery of uniform FlOW..........cccooiiiiiiiiiiiieee e 145
4.2.2 POISSON’S PrODIEM ....cviiiiiie ettt 148
4.2.3 Lid-driven Cavity FIOW .........cccooviiiiiiiii e 154
4.2.4 FIOW Past @ CYHNGEr.........ccciveiicececce e 158
4.3 Concluding remarks for Chapter 4...........ccooiiiiiieninisieieee s 173
References fOr ChapLer 4 .........c.ooii e ne s 174

Chapter 5 Coupling GSM/ALE with ES-FEM-T3 for fluid-deformable structure

INEETACTIONS ...ttt bbbttt ettt bbb ne e 177

5.1 Governing equations of fluid flows with structural interactions ...................... 179

5.1.1 For the fluid POrtioN .......cccveiieiieie e 182

5.1.2 For the SOl ProtioN.........c.oiieiiiiiiieieee e 182

5.1.3 For the FSI coupling CONditioNns..........cccceivieiieiieiieniee e 183

5.2 Explicit dynamics analysis for nonlinear solid using ES-FEM-T3 .................. 187

5.2.1 Semi-discretization with ES-FEM-T3 in spatial domain......................... 188
5.2.2 Explicit time integration with central difference scheme in temporal

(0 [o] 40T 1] o TSRS 192

5.3 Solution procedures of FSI with GSM/ALE-ES-FEM-T3 ........cccovvivevvenenne. 193

5.4 Verification of the coupled GSM/ALE-ES-FEM-T3 .....ccccoiiiiveiieieeceee 198

5.4.1 Vibration of a circular cylinder in a quiescent fluid ............cccccevierenene 198



Table of contents

5.4.2 Flow past a cylinder with a flexible flag.........c.ccoveviniiniiie 204

5.4.3 Beam in a fluid tunnel...........ccocooiiiiii 208
5.5 Concluding remarks for Chapter 5..........ccooioiiienieneree e 217
References for Chapler 5 . ... 219
Chapter 6 Conclusions and recommendations............cocevveverieneniesieeseenee e 221
6.1 CONCIUSIONS....cuiiiiiiieiieieie ittt bbb neas 222
6.2 Recommendations for further Worki..........ccccooeeeinienience e 225
Appendix A: Governing equations of the asymmetric gear tooth profile........... 227
References for APPENTIX A ....c.oo et sra e 233



Summary

Summary

Fluid-structure interaction (FSI) problems with moving boundaries and largely
deformable solids are great challenging problems, which exist in vast areas from the
traditional automobile and airplane industries to the newly developed biomechanics.
Numerous advanced numerical methods and algorithms including the conventional
finite element method (FEM) and finite volume method (FVM) have been developed
for the purpose of accurately tracking the transient deformation of the solid and the
resultant fluid flow field. Recently, a family of smoothed methods based on the
smoothed theory in G space has been proposed for solving the pure solid and fluid
flow problems. Interesting properties such as super convergence, high convergence
rate and accuracy are observed for these smoothed methods in comparison with the
conventional ones. Some of these properties have been mathematically proven,
however, some others are just concluded from various numerical tests. The theoretical
aspects on why they work so well and how much well they can still be are still not
Clear.

This thesis gives a further exploration of two typical smoothed methods, i.e. the
edge-based smoothed finite element method with linear triangular mesh (ES-FEM-T3)
and gradient smoothing method (GSM), in solving the pure solid and fluid flow
problems, and for the first time to couple these two together for solving challenging
FSI problems. Hence, the primary objectives of the present work can be summarized

into the following three parts:



Summary

1) Formulate the implicit/explicit ES-FEM-T3 schemes and the first time to
explore their performances in solving practical engineering problems in solid
mechanics;

2) Develop the novel GSM/ALE method to solve the fluid flows over moving
mesh;

3) Propose the novel FSI scheme and couple the GSM/ALE with ES-FEM-T3
for solving FSI problems.

For the first part of this work, both implicit and explicit ES-FEM-T3 schemes are
formulated to solve two practical engineering problems, i.e. the implicit ES-FEM-T3
for the two-dimensional (2D) linear elastic bending stress analysis found in the gear
tooth during gear transmission and the explicit ES-FEM-T3 for the nonlinear
deflection of the membrane structure in three-dimensional (3D) space. Numerical
results show that the ES-FEM-T3 performs much better than the standard FEM-T3 in
solving both problems, which demonstrates the potential of the ES-FEM-T3 in the
practical areas. Particularly, i) the implicit ES-FEM-T3 is further implemented into

the optimization of the novelly designed gear tooth profiles. The optimized
asymmetric gear tooth profile with pressure angle of «,/«, :35°/20° is finally

determined. ii) The nonlinear strain term is particularly added into the explicit ES-
FEM-T3 membrane model after an in-depth discussion of the necessity and difficulty
of introducing the nonlinear strain term into the analytical expression of the
membrane deflections. Two factors, i.e. the pressure fluctuations in the experiment
and boundary constraints in numerical models, are found to illustrate the slight
differences observed between the numerical and experimental results.

In the second part of this work, the novel GSM/ALE is proposed to solve the
incompressible fluid flows over moving mesh, in which the ALE form of Navier-

Stokes equations is discretized with GSM in the spatial domain and a moving mesh

Xi
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source term derived directly from the geometric conservation law (GCL) is
incorporated into the discrete equations to ensure the recovery of uniform flow by the
GSM/ALE while the fluid mesh is moving. The gradient smoothing operation is
utilized based on the carefully designed node/mid-point based gradient smoothing
domains for approximating the 1% and 2" order spatial derivatives of the field
variables at the nodes. The second order Roe flux differencing splitting unwinding
scheme is adopted to deal with the convective flux to ensure the spatial stability. The
artificial compressibility formulation is utilized with a dual time stepping approach
for the accurate time integration. Convergence, accuracy and robustness of the
proposed GSM/ALE are examined through a series of benchmark tests. Numerical
results show that the proposed method can preserve the 2" order accuracy in both
spatial and temporal domains and can produce reliable results even on extremely
distorted mesh. Good agreement of calculated results with other numerical and
experimental results in several examples further demonstrates the robustness of the
proposed GSM/ALE for solving the problems of fluid flows over moving mesh.

In consideration of the superior performances of the ES-FEM-T3 and GSM/ALE
in, respectively, solving the pure solid and fluid flow problems, they are the first time
coupled together for solving the challenging fluid-deformable solid interaction
problems. The GSM/ALE is implemented in the fluid domain and the ES-FEM-T3 is
implemented in the solid domain. The solutions from these two domains are “linked”
through the carefully formulated FSI coupling conditions on the FSI interface. An
explicit ES-FEM-T3 scheme is established for solving the transient deformation of the
solid portion. A flowchart is presented on how to implement the GSM/ALE with ES-
FEM-T3 for solving FSI problems. Through benchmark tests it can be seen that the

formulated FSI coupling conditions are accurately formulated and correctly

xii
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implemented in the FSI code. The proposed coupling smoothed method can give
accurate and convergent solutions for both transient and steady state FSI problems.
The success of coupling GSM/ALE with ES-FEM-T3 for solving FSI problems
should be a good start for implementing the family of smoothed methods in solving
more complex cross-area problems. Numerical innovations created in the solid, fluid
and FSI formulations could provide further understanding of the characteristics of the

smoothed methods and fundamentals of the smoothed theory.
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Nomenclature

Nomenclature

Nele Number of elements in the domain

Nnode Number of nodes in the domain

Qfd Smoothing domain, the superscript “sd” denotes “smoothing domain”
r Boundary of the smoothing domain *

A" Area of the smoothing domain Q

Nsg Number of smoothing domains

Nseg Number of segments of the boundary Ffd

Ngau Number of Gauss points used in each segment of the boundary T'*
Nsup Number of nodes supporting a domain

N, Shape function corresponding to node I in an element

nGSD Node-based gradient smoothing domains

mGSD Midpoint (edge)-based gradient smoothing domains

AP Area of the nGSD

AT®®  Area of the mGSD

n Normal vector of an edge, n=nyi+nyj in 2D space

t Physical time

T Pseudo time

(_)s g\enn); tp;hs):)slii((:jal parameter belonging to the solid domain, subscript “s”

(_)f Any physical parameter belonging to the fluid domain, subscript “f”
denotes fluid

" () Any physical parameter evaluated at time step n, i.e. at time t"

u Displacement vector, u=uyi+ uyj in 2D space

Xiv



Nomenclature

Re
Co
CL

St

First order time derivation of the displacement, i.e. velocity

Second order time derivation of the displacement, i.e. acceleration
Density of the media

Velocity vector, v=vyi+vyj in 2D space

Velocity of the mesh point, vg=vgi+vgyj in 2D space

Contravariant velocity of the fluid, Vs=v-n=vyn+vyny in 2D space
Contravariant velocity of the mesh, Vg=v4-n=vgn,+vgyny in 2D space
Pressure

Cauchy stress tensor

Tensor of the convective flux
Smoothed convective flux
Tensor of the viscous flux
Smoothed viscous flux

Artificial compressibility

Young’s modulus

Poisson’s ratio

Dynamic viscosity coefficient
Reynolds number

Drag coefficient

Lift coefficient

Strouhal shedding frequency
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Chapter 1 Introduction

Chapter 1

Introduction

Fluid-structure interactions (FSIs) are frequently encountered in practical areas,
e.g. from the traditional automobile and airplane industries [1, 2] to the relatively
newer field of biomechanics [3-6]. In most cases the interactions just occur at the FSI
interface rather than the whole FSI domain. Thus the fluid and solid can be seen as
two independent subsystems except for the interaction region at the FSI interface. The
dynamic response of the structure is stimulated by the periodic or random FSI force
from the FSI interface partially induced by the vortex shedding of the fluid flow. It is
this force that gives rise to the solid rotation, deformation, translation or a combined
mode of these motions. It is also this force that may lead to solid catastrophic failure,
e.g. fatigue and fracture. Therefore, accurately determining the FSI force and thus the
dynamic response of the solid immersed in a fluid can be quite essential especially for
the safety of the solid part.

Numerical analysis is a powerful tool for solving FSI problems. In the past
decades, significant advances have been achieved in the development of stable and
efficient computational methods and coupling algorithms for solving fluid flows with
structure interactions [7]. Generally, there are two most used coupling algorithms, i.e.
the weak (or partitioned) [8-10] and strong (or simultaneous) [11-13] coupling
algorithms. The weak coupling algorithm is much more convenient than the strong
coupling in several circumstances because it allows for the implementations of
different numerical methods into the solid and fluid subsystems, respectively, without
any major changing to the routines of the respective methods. The solutions of these
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two subsystems are “linked” by the FSI coupling conditions on the FSI interface.
With this weak coupling algorithm the partial differential equations (PDES) governing
the fluid and solid parts can be solved alternately while the FSI coupling conditions
are applied on the FSI interface during the alternate intervals in the time marching
process [1].

Various numerical methods have been proposed to solve the pure fluid and solid
problems. The most used methods to solve the fluid flows are the finite difference
method (FDM) and finite volume method (FVM), while the finite element method
(FEM) is most preferred by solid mechanics researchers. Meshfree methods are
developed to solve either solid or fluid flow problems. Recently, a family of smoothed
methods [14, 15] has also been developed over a so-called G space [16, 17] to solve
the pure solid and fluid flow problems. A series of attractive properties such as super
convergence, high convergence rate, accuracy and stability have been observed for
these smoothed methods in comparison with the conventional FDM, FVM, FEM and
meshfree method. Some of these properties have already been mathematically proven,
however, some others are just concluded from numerous numerical tests. The
theoretical aspects on why they work so well and how much well they can still be are
not so clear. Thus further explorations of the performances of these smoothed
methods on solving the pure solid and fluid flow problems are still needed.
Furthermore, a coupling of those valid smoothed methods for solving the challenging
FSI problems could also be significant, which would give a more broad application to
the family of smoothed methods.

In this thesis, it is the intent to explore two typical smoothed methods, i.e. the
edge-based smoothed finite element method with linear triangular mesh (ES-FEM-T3)

and gradient smoothing method (GSM), in solving the pure solid and fluid flow
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problems, respectively, and the first time to couple these two valid smoothed methods
for solving challenging FSI problems. Numerical innovations created in the solid,
fluid and FSI formulations should provide further understanding of the characteristics
of the smoothed methods possible lead to consummating the fundamentals of the
smoothed theory.

An overview of the family of smoothed methods is presented in this chapter.
Since there is a close link between the smoothed and conventional methods, these
conventional ones are reviewed firstly in Section 1.1. An overview of the smoothed
methods is then presented in Section 1.2, in which the ES-FEM-T3 and GSM are
emphasized. Different types of coupling methods are compared in Section 1.3 and the
arbitrary Lagrangian-Eulerian (ALE) method is finally chosen for the FSI formulation.
The overall objectives, significances and organization of the present thesis are

summarized at the end of this chapter.

1.1 Conventional numerical methods

1.1.1 An overview

Classical mathematic models have already been well established in the form of
partial differential equations (PDES) for the pure solid and fluid flows problems [14].
However, analytical solutions of these PDEs are usually unavailable except for some
special cases of regular geometrical domains. In order to track the solutions of the
PDEs for general cases, the numerical tool should be a better choice. Many types of
numerical methods, including the conventional FDM, FVM, FEM and the meshfree
method, have been proposed to resolve the PDEs with a proper set of boundary and

initial conditions. Different numerical methods are proposed according to different
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principles and hence possess particular advantages and disadvantages in the
simulation process.

The FDM being the oldest numerical method among these four conventional
ones can be possibly traced back to the 18" century by Euler [18, 19]. In the FDM,
the differential (strong) form of the PDEs are discretized directly based on the Taylor
series expansion, using single or multiple block structure mesh. A system of algebraic
equations with a banded matrix of coefficients is then built based on the discretized
governing equations. Efficient direct or indirect numerical techniques can be used to
quickly get the solutions of such a system of algebraic equations [20]. Some special
technologies such as the upwind scheme are introduced into the numerical
approximations to ensure the spatial stability of the numerical formulation. As only
the structure mesh is valid for the FDM, it especially works well for problems of
simple geometries.

The FVM is a widely used method for solving fluid flow problems. Early well-
documented use of FVM was made by Evans and Harlow [21] and Gentry et al. [22].
In late 70’s and early 80’s, it was further applied to structure mesh [23, 24]. By early
90’s, unstructured FVM had been comprehensively developed [25-27]. The FVM is
now widely adopted for solving both compressible and incompressible fluid flow
problems and implemented in well-known commercial CFD packages [28]. In the
FVM, the integral form of PDEs is discretized on the predefined background volumes
(meshes). Conservation laws of mass, momentum and energy are enforced on each of
these finite volumes, which lead to a system of algebraic equations [28]. These
algebraic equations usually involve fluxes of the conserved variable, and thus the vital
FVM procedure is how to accurately calculate the fluxes [29]. The resultant solutions

for the algebraic equations can be stored at the cell centers or nodes. The values of
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field variables at non-storage locations are obtained using interpolation [30].
Comparatively, the FVM is conservative even on coarse mesh [18].

The FEM is a robust method and has been developed for static and dynamic,
linear and nonlinear stress analysis of solids, structures, as well as fluid flows [31-33].
It was first used by Courant [34] in 1943 for solving torsion problems, and lately
named by Clough [35] in 1960 working on the plane stress analysis. Since then, the
FEM has made remarkable progress. By now it has become perhaps the most
powerful method for solving practical engineering problems with arbitrary geometries
and complex boundary conditions due to its flexibility, effectiveness and accuracy
[14]. In the standard FEM, the Galerkin weak form of PDEs is firstly constructed
based on the potential energy principle (or the virtual work principle), through which
the consistency requirement on the field variables is reduced from the 2" order to the
1% order that gives a consistent relaxation of these variables. The Galerkin weak form
is then discretized over the background mesh to get a set of algebraic equations with
the unknowns stored at the nodes. After properly applying the Dirichlet/Neumann
boundary conditions, the algebraic equations can be finally solved with usual
numerical techniques such as the Gauss elimination method and Gauss-Seidel
iterative method. Accordingly, the standard procedures of solving a problem with the
FEM can be summarized as i) domain discretization, ii) field variables construction
via shape functions, and iii) weak formulation to derive the discretized algebraic
equations system that can be solved using standard routines [14, 15, 31].

A common ground of these three conventional methods reviewed above is that
they all rely on the predefined background mesh during the numerical formulation
process. On the contrary, the meshfree method is free of mesh, or uses easily

generable mesh in a much more flexible manner [14, 36]. The field functions are
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approximated locally using a set of nodes scattered within the problem domain as well
as on the boundaries [14]. Typical meshfree methods are such as the smooth particle
hydrodynamics (SPH) [37-40], the local point collocation method [41], the finite
point method [42], the element-free Galerkin (EFG) method [43, 44], the meshless
local Petrov-Galerkin (MLPG) method [45], the reproducing kernel particle method
(RKPIM) [46], the point interpolation method (PIM) [16, 17, 47-59], and so forth. A
survey paper written by Babuska et al. [60] provides the mathematical foundation of
various meshfree methods. An overview of the theoretical, computational and
implementation issues related to various meshfree methods can be found in the
monographs by Liu [19]. By removing the restrictions of using the background mesh,
the meshfree method is much more flexible and suitable for adaptive analyses. The
meshfree method has already been successfully applied to solve problems such as the
cracks, underwater shock, explosion and free surface problems [36, 61, 62], all of
which the element based methods are not easy to deal with. As the methodology of
meshfree method is still in a rapid development stage, new meshfree methods and
techniques are constantly proposed [14].

These four conventional numerical methods reviewed above can be roughly
classified into two categories, i.e. the strong form method and weak form method,
according to different principles of handling the PDEs [14]. The strong form method
solves the differential form of the PDEs directly. The assumed functions of field
variables are required to have the 2" order consistency which is the same order of the
differentiation in PDEs. The FDM is a typical strong form method. The meshfree
methods, e.g. the smooth particle hydrodynamics (SPH) [37-40], the local point
collocation methods [41], and the finite point method [42], may also fall under this

category. The weak form method, in contrast to the strong form, establishes an

6



Chapter 1 Introduction

alternative weak form (usually in integral form) of the PDEs before discretizing the
system equations. The assumed functions of field variables only need to satisfy the
PDEs in an integral (average) sense [14], in which the consistent requirement of the
assumed functions of filed variables is weakened from the 2" order to the 1% order.
The FEM can be classified into this category, where the integral Galerkin weak
formulation are constructed and a so-called test function is introduced into the integral
weak form to “absorb” one derivative of the field variables. The FVM that discretizes
the integral form of the PDEs over the predefined background control volumes may
also belong to this category. Similarly, the meshfree methods such as the EFG method
[43, 44], the meshless local Petrov-Galerkin (MLPG) method [45], reproducing kernel
particle method (RKPIM)[46], the point interpolation method (PIM) [16, 17, 47-59],
can also be classified into this category.

Beyond the traditional categories, a family of weakened-weak (W?) form
methods and weak-form like methods have been recently proposed by Liu et al. [16,
17, 51, 63, 64] for solving both the solid and fluid flows problems via applying the
smoothing technique back into the conventional settings, by which the consistency
requirement of the field variables is further reduced by 1 order comparing with the

corresponding conventional methods.
1.1.2 What is the smoothing technique?

The smoothing technique [65] can be seen as a strain/gradient field local
reconstruction technique [14, 15]. Fundamental of the smoothing technique is that a
field variable (or its any order derivations) at a point can be replaced by a weighted
integral fashion of this field variable (or its any order derivations) over a local

smoothing domain that contains this point [14, 15, 66].
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1.1.3 Why to introduce the smoothing technique?

Different conventional numerical methods have their own advantages for solving
particular problems. However, they also have unavoidable disadvantages during
particular simulations.

For example, the FDM is especially convenient for fluid flows with simple
geometries. If complex geometries are involved, the FDM may encounter some
difficulties of generating structure mesh. Although FDM could also be used to solve
problems with slightly complicated geometry, issues relating to the mapping from the
physical domain to the computational domain complicate the process of the numerical
implementations [67, 68]. Similarly, the FVM also has some disadvantages. False
diffusion usually occurs in the numerical predictions, especially when simple numeric
is engaged. It is also difficult to develop schemes with higher than 2" order accuracy
for multi-dimensional problems [26, 29, 30].

The standard FEM are quite powerful for many practical problems, however,
there are still several limitations that are becoming increasingly evident [14, 15]: i) the
well known “overly stiff” phenomenon, which can have possible consequences of a)
the so-called “locking” behavior for many problems, b) inaccuracy in stress solutions,
and c) poor solutions when using a triangular mesh; ii) significant accuracy loss when
the element mesh is heavily distorted, which is due to the badly conditioned Jacobian
matrix during the mapping technique used in isoparametric elements; and iii)
difficulty of generating quality mesh. In 2D space, it is well known that the standard
FEM model can give more accurate solution with quadrilateral element. However,
this kind of element is usually not so easily generated for complicated domains. On

the contrary, the triangular element can be generated efficiently and automatically
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without manual over-ride. Moreover, only the triangular element can be re-meshed
fairly automatically. However, the FEM model does not like such element because it
always gives solutions of very poor accuracy especially in the stress field [15]. Thus
how to improve the accuracy of the standard FEM with the more convenient
triangular element is an important issue.

The meshfree strong form method is very simple and straightforward compared
with the weak form method. However, instability and poor accuracy issues usually
occur to the meshfree strong form method due to the factors such as the node
irregularity, the application of the boundary condition and the selection of the nodes
for the function approximations [61, 66]. Special techniques are needed to stabilize
the solutions [41, 61, 69]. Furthermore, the discretized system equations are also
asymmetric for irregularly distributed meshes, even for problems with symmetric
operators in the PDEs [66], which complicates the solution process. The meshfree
weak form method usually gives stable, robust and accurate solutions for solving
many types of problems [61, 66]. However, a main drawback of this kind of method is
its high computational cost and complicated formulation procedure due to the use of
weak form that requires integrations locally or globally [41].

In consideration of the disadvantages of the conventional numerical methods, the
smoothing technique [65] has been employed into these conventional ones considered
in the hope to resolve or partially resolve the drawbacks of these conventional
methods. Accordingly, a family of smoothed numerical methods has been proposed
by Liu et al. [16, 17, 51, 63, 64] with the weakened-weak (W?) or weak-form-like
formulations of the PDEs for solving both the solid and fluid flows problems:

i)  For the solid mechanics, the W? formulation is built upon the Galerkin weak

form of PDEs with the application of the smoothing technique [65] over the
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smoothing domains constructed on top of the background mesh. In the W?
formulation, the consistency requirement of the field variables is further reduced
by 1 order upon the already reduced weak formulation: it enables the assumed

displacements in G space [16, 17, 70] and hence discontinuous. The smoothed

finite element methods (S-FEMSs) [15] are the typical smoothed methods, which
will be further reviewed in Section 1.2.1.

For the fluid flows, the weak-form like formulation is constructed by applying
the smoothing technique [65] to approximate the derivatives of the velocities and
pressures in the strong from of PDEs over a series of local smoothing domains.
The smoothing operation reduces by 1 order the requirement of consistency on
the approximated field functions. The gradient smoothing method (GSM) is a
case of the weak-form like methods. A review of the GSM will be presented in

Section 1.2.2.

1.2 Smoothed methods with strain/gradient smoothing operations

1.2.1 ES-FEM-T3 with strain smoothing operation in solid mechanics

1.2.1.1 Strain smoothing, generalized smoothing and strain construction operations

By applying the smoothing technique back into the FEM setting, a family of S-

FEMs is constructed. Correspondingly, the compatible strain in the standard FEM,

which is a function of the derivatives of the shape functions, is now replaced by the

smoothed strain in the S-FEMs, which is only a function of the shape functions

themselves. Accordingly, the surface integration for the compatible strains over the

whole element is transferred to the line integration for the smoothed strains along the

boundary of the smoothing domain via the Divergence’s theorem. Simultaneously, the
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constrained conditions on the shape of integrated domain are removed. In doing so, on
one hand the computing procedures of the stiffness matrix in the implicit S-FEMs are
much easier than those in the standard FEM, on the other hand no coordinate
transformations and mappings are needed in the strain construction process in the S-
FEMSs, which enables the use of highly distorted mesh during the calculation. Most
importantly, superior properties such as the bound property, high convergence rate
and computational efficiency are achieved by the S-FEMs without increasing any
effort in both the modeling and computation processes.

In the S-FEM models, a mesh of elements is still required. It can be created
exactly in the same manner as in the standard FEM. The smoothing domains are
constructed on top of these elements in the cell-based, node-based or edge-based
fashions. Theoretically, any polygonal elements, e.g. the three node triangular (T3),
four node quadrilateral element (Q4), n-sided polygonal elements in 2D space and
tetrahedral element (T4), hexahedral elements in 3D space, or hybrid of these
elements, can be used as the background mesh. If the smoothing technique is
implemented on the smoothing domains constructed over the T3 or T4 background
mesh, the assumed displacement field is continuous in the smoothing domains and
thus it falls into the H" space [14], which leads to the so-called strain smoothing
operation and the corresponding Smoothed-Galerkin formulation of the PDEs [16, 17,
51]. While if the smoothing technique is implemented on the smoothing domains
constructed over the higher order Q4 [51, 71-74], n-sided polygonal [74] or
hexahedral background element [47, 48, 50, 52, 75, 76], the assumed displacement
field will be discontinuous in the smoothing domains and thus it falls into the G
space [14], which leads to the so-called generalized smoothing operation and the

corresponding Generalized-Smoothed Galerkin formulation of the PDEs [16, 17, 51].
11
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As a continuous field function in a Hf;, space is included in the G, space, we could

say that the strain smoothing operation is a special case of the generalized smoothing
operation [14].

Moreover, both the strain and generalized smoothing operations belong to a more
broad category, i.e. the strain construction category, in which more flexible strain
construction techniques are allowed to reconstruct the strain field as long as the newly
constructed strain field satisfies the admissible conditions such as the orthogonal
condition, norm equivalence condition, strain convergence condition and zero-sum
condition [14], so as to ensure the stability and convergence of the newly developed
method. A relative relationship of different smoothing techniques is illustrated in Fig.

1.1.

Strain construction
technique

Generalized
smoothing

Fig. 1.1 Containment relationships of different smoothing techniques

In practice, the strain smoothing operation is most preferred because of: 1) the
easy generation of the T3 or T4 elements even for complicated domains; ii) the low
computational efforts due to the small band width of the stiffness matrix; iii) the high
computational efficiency; and iv) the easy generation of the T3 or T4 elements in the

adaptive analysis. So the S-FEMs based on the strain smoothing operation over T3 or

12
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T4 background meshes are of main concerned in the present thesis. Details of the
smoothed methods based on generalized smoothing operation or other strain

construction techniques can be found in [14].

1.2.1.2 S-FEMs with strain smoothing operation

In 2D space, according to different ways of constructing the smoothing domains
over the T3 background mesh, there are in total three main types of S-FEM methods,
i.e. the cell-based smoothed finite element method (CS-FEM-T3), the node-based
smoothed finite element method (NS-FEM-T3), and the edge-based smoothed finite
element method (ES-FEM-T3).

In the CS-FEM-T3 [74], the smoothing domains are the three sub triangular
elements that nested in the original triangular element, and the smoothed strains are
calculated based on the three sub triangular elements. Because each of these three sub
triangular elements has only three supporting nodes, piecewise linear shape functions
for each of these three triangular smoothing domains are in fact the same. Therefore,
the smoothed strains in each of the triangular smoothing domains are all the same as
compatible strain field in the original triangular element. As such, the CS-FEM-T3
and the FEM-T3 are in fact identical in this circumstance. In the following discussions
of the performance of the S-FEMs, we thus indentify the CS-FEM-T3 as FEM-T3.
However, can we still use T3 element to formulate a cell-based smoothed model that
is different from the FEM-T3 model? The answer is “yes” and very accurate model
can be formulated, but it requires the use of the general PIM. Interested readers may
refer to recent work on the cell-based smoothed PIM [77].

The NS-FEM-T3 model is another typical model of S-FEMs. The smoothing

strains in NS-FEM-T3 are calculated based on the node-based smoothing domains
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that are constructed by simply connecting the centroids of relevant triangles with
midpoints of influenced cell-edges. These smoothed strains are then substituted into
the Galerkin weak form of the PDEs to get a system of smoothed algebraic equations.
By solving these algebraic equations with the same routines as in the standard FEM,
we can then get the results. The NS-FEM-T3 can give upper-bounded solutions in
both the energy and displacement norms to the exact solutions [48, 78]. Furthermore,
it has also natural immunization from volumetric locking, ultra-accuracy, and super-
convergence of the stress solution. The NS-FEM-T3 is stable in the spatial domain. A
drawback of this method is its temporal instability (spurious non-zero-energy modes
in free vibration analyses and numerical instability in forced vibration analyses)
encountered in solving dynamic problems, similar to some meshfree methods [79-81].
The temporal instability may due to the “overly soft” behavior resulting from the
overcorrection to the “overly stiff” behavior of the standard FEM [78]. Special
attention should be paid during solving the dynamic problems via NS-FEM-T3.

The ES-FEM-T3 [82] is the third S-FEM model, where the smoothed strains are
calculated based on the edge-based smoothing domain that i) connects the two
vortexes of an inner edge and the two centers of the cells corresponding to this edge;
or ii) connects the two vortexes of an boundary edge and the centroid of the boundary
element. The smoothed strains are substituted into the Galerkin weak form of the
PDEs to get a system of smoothed algebraic equations. The ES-FEM-T3 possesses the
good properties of both spatially and temporally stability, and ultra- accuracy (even
more accurate than the FEM-Q4).

A summary of the properties of different S-FEM models is presented in Table

1.1.
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Table 1.1 Versions of S-FEMs and their properties in 2D space

Name Methods for creation Main features/properties

i) Smoothed Galerkin
i) Smoothed strain based on

CS-FEM-T3 i) Identical with the FEM-T3
element or cells created by
further dividing the elements
i) Smoothed Galerkin !? Linear Coﬂfo”“'!]g
. ; i) Volumetric locking free
ii) Smoothed strain based on each ...
iii) Upper bound
of the nodes of the mesh by . .
NS-FEM-T3 . . iv) Strong super convergence in
connecting portions of the enerav norm
surrounding elements sharing 9y
v) Spatially stable, temporally
the node .
instable
i) Smoothed Galerkin i) Linear conforming
ii) Smoothed strain based on each i) Ultra-accuracy
ES-FEM-T3 edges _of the_ mesh by !II) Very efficient -
connecting portions of the  iv) Strong super convergence in
surrounding elements sharing displacement/energy norm
the edge v) Spatially and temporally stable

1.2.1.3 Superior of ES-FEM-T3 among S-FEMs

If we consider the computational efficiency (the CPU time needed for solution of
the same accuracy) of these three methods, it can be found that the ES-FEM-T3 can
achieve the highest computational efficiency among all these three methods. A
quantitative comparison of these three methods presented in [83, 84] shows the
computational efficiency of ES-FEM-T3 is around 20 times than that of NS-FEM-T3
and around 10 times than that of FEM-T3 according to the displacement norm errors.
Therefore, the ES-FEM-T3 seems to offer a more excellent platform for solid analysis
than the other two methods. That is one consideration of choosing the ES-FEM-T3 for

solving the solid mechanics as well as FSI problems in the present thesis.
1.2.2 GSM with gradient smoothing operation in fluid mechanics

Enlightened by the strain smoothing operation in the Galerkin weak form in solid
mechanics, the smoothing technique is also tentatively implemented to directly solve

the strong form (differential form) of the PDEs. In this case, all the unknowns of field
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variables are stored at the vertexes of the background triangular mesh, and the 1% and
2" order spatial derivatives of the field variables are directly approximated with the
smoothing technique in a weighted integral fashion over relevant smoothing domains
surrounding the point of interest. As the smoothing technique is used to deal with the
gradient of the velocities and pressures in fluid mechanics, we will denote the
smoothing technique as “gradient smoothing” here to distinguish from the “strain
smoothing” operation on the strains in the solid mechanics.

By using the gradient smoothing operation, the consistency requirement on the
approximated field functions is properly reduced by 1 order. Therefore, it is much like
a weak-form like method as that in the standard FEM. The main difference of the
“weakening” between the gradient smoothing operation for fluid and the strain
smoothing operation for solid lies in their implementation procedures. The weakening
for fluid is implemented in the stage of function approximation while that for solid is
in the stage of creating the system equations. Such a “weakening” formulation can be
termed as a weak-form like formulation [14]. It is because in using the gradient
smoothing operation, the proposed scheme performs quite stably. The error of the
function approximation can also be smeared, which ensures that the error can be
properly bounded by the interpolation error caused by the function approximation
using the nodal values for a discretized model [14].

By implementing the gradient smoothing operation to discretize the Navier-
Stokes equations, the so-called gradient smoothing method (GSM) is proposed [63,
64]. The GSM has already been implemented to solve both compressible and
incompressible fluid flows as well as adaptive analysis [30]. Numerical results show
that the GSM is conservative, conformal, efficient, robust and accurate to the 2" order

in the spatial domain. It is also stable for arbitrarily distributed nodes and for
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problems with finite domains. Besides that, the GSM has some relations to the FDM

and FVM [30].

*,

0

4

1)

2)

3)

4)

5)

L X4

GSM vs. FDM

The spatial derivatives are approximated using Taylor-series expansion in the
FDM. In the GSM, the gradient smoothing operation is used, which is in fact a
boundary flux approximation. After the derivatives are approximated, the follow
on treatment for GSM and FEM are essentially the same.

The standard FDM works well usually for structured meshes. The GSM, however,
works well also for unstructured mesh with irregular triangular cells and hence
applicable to domains of arbitrarily complicated geometry.

The FDM can be applied for less regular domains via domain transformation.
However, there exist problems and limitations with such a transformation, and it
is far from being efficient for complicated problem domains. On the contrary, in
the GSM, the governing equations are always discretized directly on the physical
space. No transformation is needed, and naturally no related complications.

Most FDM schemes are usually not conservative, while all the proposed GSM
schemes are locally conservative and can be made global conservative with
proper treatment of the boundary conditions.

When regular mesh is used, and a proper set of GSDs are used, the GSM
becomes an FDM. Therefore, an FDM can be viewed as a special case of GSM in
this regard.
GSM vs. FVM

The GSM has many similarities to the FVM and thus many techniques

implemented in the FVM can be utilized for the GSM procedure. However, they are

distinct from each other in the following ways.
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1)

2)

3)

4)

The FVM was derived from physical conservation laws with respect to physical
quantities such as mass, momentum and energy using control volumes. FVM
works without knowing the strong form PDEs. The GSM was originated from the
gradient smoothing operation to approximate the directives of any function
regardless of its physical background. It is a purely mathematical treatment
applied directly to the strong form PDEs. GSM works only when the strong form
equations are available. The procedure of GSM is in fact more like the FDM in
this regard.

The FVM is a typical weak form method based on physical laws, while the GSM
is more like a strong form method with a weak formulation flavor and is called
weak-form like method.

The traditional FVM uses directly the original elements/cells as control volumes
to which the governing equations are discretized. In the GSM, the original cells
formed by triangulation are used as background cells. All sorts of different
smoothing domains (nGSD, mGSD and cGSD) are then formed based on these
background cells, and the strong form PDEs are discretized using these GSDs in
various ways.

In the GSM formulation, we are not confined to use the Heaviside (piecewise
constant) smoothing function. When different smoothing functions are used, we
could have many alternatives. For example, the piecewise linear smoothing
function has already been explored in the LWGSM [30]. Of course, when the
smoothing function becomes more sophisticated, the numerical treatments can be

more complicated which may require special techniques.
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5) When GSM with Heaviside type smoothing function and proper selected
smoothing domains are used, the GSM becomes the FVM. In this regards, the
FVM may be viewed as a special case of GSM.

Hence, the GSM is an innovative and unique numerical method with its
distinctive features, and which possesses great potentials for solving fluid flow
problems. Due to its attractive properties, it is thus further employed for solving the

fluid-rigid/deformable solid interaction problems in the present thesis.
1.2.3 Coupling GSM with ES-FEM-T3 for FSI analysis

From the review above it can be seen that the ES-FEM-T3 and GSM possess
interesting characteristics and can perform better than the other smoothed and
conventional methods in solving the pure solid and fluid flow problems, respectively.
However, no work has been done by now by combining these two attractive smoothed
methods. Thus the following simple question is raised:

How will it be if the smoothed methods are combined for FSI analysis, and what
special characteristics will the combined method exhibit?

If the combined smoothed method work well for FSI problems, it will certainly
extend the family of smoothed methods into a much broader area, and the numerical
innovations developed in the FSI numerical implementations will certainly
complement and contribute to the fundamentals of the smoothed theory. A coupling
of the GSM with ES-FEM-T3 is proposed for FSI analysis in the present thesis. The
methods used to realize the FSI coupling process will be reviewed in the following

section.
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1.3 Fluid-structure interactions

The fluid-structure interaction analysis originates from the traditional industrial
applications, including the water-dam [85, 86] and water-tank [87-89] interactions
during the earthquakes, the ship oscillation in the open sea [90, 91] and the pipe line
vibration containing flowing fluid [92, 93]. In recent years, the fluid-structure
interaction analysis becomes important in other scientific and engineering fields.
Typical applications are such as the fluid induced vibration of the structure in
aeronautical and naval engineering [1, 2], the wind-induced vibration in high-rise
building or large bridge girder [94, 95], the cyclic response of offshore structure
exposed to sea current [96] and the deformation of heart valve affected by the blood
flows during the valve’ s opening and closing processes [3-6].

One common feature of the FSI interactions is that these interactions just occur
at the FSI interface rather than the whole FSI domain, where the fluid and solid can be
seen as two independent subsystems except for the unique interaction occurring at the
FSI interface. Any efficient and mature methods can be implemented for the fluid and
solid domains, respectively, and the solutions of these two domains are successively
exchanged according to the FSI coupling conditions of displacement/velocity
compatibility and traction equilibrium on the FSI interface [8, 97, 98].

In a numerical modeling process, the fluid part is most conveniently described
with an Eulerian description, while a Lagrangian formulation is more appropriate for
the solid part [9]. However, these two formulations are incompatible which will raise
difficulties to the successive information exchanges on the FSI interface. Literature
survey reveals that there are mainly two distinct classes of methods proposed to tackle

this incompatibility [99]: i) the moving mesh method and ii) the fixed mesh method.
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1.3.1 Moving mesh method

The moving mesh method allows the movement of the FSI interface and thus the
movement of mesh inside the fluid domain. The arbitrary Lagrangian-Eulerian (ALE)
method is a typical moving mesh method. In using ALE to solve FSI problems, the
fluid flow is described over the moving fluid mesh with ALE description while the
solid is described with the Lagrangian description. The compatibility of these two
descriptions is ensured on the FSI interface in a consistent and accurate manner that
the nodal displacements/velocities of the fluid mesh on the FSI interface should be
equal to those of solid particles at the same point. Accordingly, the rest of the mesh
inside the fluid domain should be updated timely according to the
velocity/displacement interpolation algorithm [99, 100] or the *“pseudo-structure”
algorithm [101-105]. Because of the freedom of moving the fluid mesh, greater
distortions of the continuum can be avoid in ALE than would be allowed by a purely
Lagrangian method and greater resolution than that afforded by purely Eulerian
approach [106].

One of the earliest scheme similar with the ALE nature may be found in the
report by Nor [107] and Trulio [108] for solving compressible flow problems. Hirt et
al. [109] firstly proposed the ALE technique with FDM (ICED-ALE) for solving FSI
problems at different flow speeds. Pracht [110] successfully extended the idea of Hirt
et al. [109] to 3D case. Besides, the ALE technique was also implemented with FVM
[111-113], where the ALE form of PDEs governing the fluid flows are discretized
with the standard FVM and the geometric conservation law (GCL) needs to be
satisfied by introducing an extra term including the velocities of the mesh in the

discretized PDEs. Early implementations of the ALE technique with FEM are
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developed by Donea et al. [114] in 1977, Belytschko et al. [115] in 1978, Bathe et al.
[116] in 1979, and Hughes et al. [117] in 1981 for solving fluid-structure interactions,
free surface problems, pressurized bubbles and fluid sloshing and swirling problems.
The subsequent implementations of the ALE technique in the finite element context
can be found in [100, 118-120]. Recently, Bathe et al. [7, 8] developed a finite
element procedure for solving FSI problems for general fluids and provided a series
of benchmarks for testing newly developed schemes for FSI analysis. In order to
overcome the spurious spatial oscillations with FEM for solving fluid flows with high
Peclet numbers, techniques such as the characteristic-Galerkin formulation [121], the
streamline-upwind/Petrov-Galerkin formulation (SUPG) [122] and the Galerkin/least-
square formulation [123-126] should be further employed.

Different with the ALE formulation where the governing equations of fluid are
constructed over mesh on the deformed configuration, another type of moving mesh
method constructs the governing equations of fluid over the mesh on the undeformed
configuration [127]. The moved mesh is mapped back to the originally (fixed) mesh
in each FSI time step. This leads to a time dependent transformation between the
physical and the computational coordinates [99]. Because of the mesh mapping, the
structure mesh with certain governing equations can only be utilized. Recently
developments of this type of moving mesh method can be found in [128, 129]. This

kind of ALE formulation will not be concerned in the present thesis.
1.3.2 Fixed mesh method

In the fixed mesh method, the fluid flow is described with the Eulerian
description while the solid is described with the Lagrangian description. The moving

FSI interface is tracked on this set of Eulerian mesh [130]. Different methods, e.g. the
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immersed boundary (IB) method [131], the fictitious domain method [132], the hybrid
Cartesian/immersed boundary (HCIB) methods [133-136], the extended immerse
boundary method (EIBM) [137] and the immersed finite element method [130, 138,
139], have been proposed to tackle the incompatibility of these two descriptions.
Among these, the IB method, which is firstly developed by Peskin [131] to solve
the interactions between the blood flow and the human heart and heart valves, is the
foundation for the other fixed mesh methods. In the 1B method, the solid is treated as
a set of discrete Lagrangian markers embedded in the Eulerian fluid domain. These
markers can be treated as force generators in the fluid field and move along with the
fluid. The interaction between the Lagrangian markers and the fluid variables defined
on the fixed Eulerian grid is linked by a well-chosen discretized delta function [102,
140, 141]. It is these forces imposing the kinematic constraints that the velocity at
each of these solid points is coupled (interpolated) to the fluid velocity at that point.
By using the IB method, the FSI interface could be tracked automatically without the
time consuming mesh updating process as in ALE. However, as point out by Zhang et
al. in [130, 138], a major obstacle of the IB method is its assumption of the fiber-like
immersed elastic structure, which impedes realistic analysis and modeling of the
physical deformation of the immersed structure with complicated nonlinear
constitutive laws and an accurate representation of the finite volume they occupy
within the fluid domain. Thus Zhang et al. [130, 138] proposed the so-called
immersed finite element method (IFEM) for solving large deformations of
incompressible hyper-elastic solid immersed in an incompressible or slightly
compressible fluid. In the IFEM, the delta functions are used as the shape functions in
meshfree methods, which may not only provide higher order smoothness on the FSI

interface but also improve the ability to handle non-uniform fluid grids. Based on the
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idea of IFEM, the immersed smoothed finite element method (IS-FEM) is most
recently proposed by Zhang et al. [142], which analyzes the physical motion and
deformation of the solids fully immersed inside the fluid domain like IFEM but
adopts efficient direct forcing technique from IB/HCIB. Furthermore, the artificial

fluids assumption in IFEM is not required in the proposed immersed S-FEM method.
1.3.3 Why to choose ALE for FSI analysis?

The attractiveness of fixed mesh method is their easy handling of FSI problems
with very complex geometries as well as multiple solid bodies moving in complex
motions in the fluid domain. The main challenge encountered by the fixed method is
to maintain the accurate solutions near the FSI interface region [7, 141]. In order to
accurately resolve the fluid flow near the FSI interface, the solid mesh is suggested to
be refined as much as possible near the FSI interface region. This operation on the one
hand helps to improve the accuracy of the fluid flow, on the other hand introduces
more degree of freedoms leading to more computation time thereby decreasing the
computational efficiency. Additionally, as pointed out by Su et al. in [141], the
existing 1B techniques are also restricted for FSI problems with small CFL number
due to the formulation of feedback force and the determinations of the forcing
locations. How to accurately track the solutions near the FSI interface is still a main
task for the IB methods.

In different with the fixed mesh method, accurate solutions can be achieved near
the FSI interface region by the ALE method due to its avoidance of the interpolations
of velocities and traction on the FSI interface. The main drawback of the ALE method
is the time consuming mesh updating process in the fluid domain. Furthermore, if the

solid undergoes large deformations, the fluid mesh near the FSI interface may be
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extremely distorted, which will lead to poor or even divergent results for the FSI
system. In that case, the adaptive re-meshing process is suggested in this extremely
distorted region. This, however, introduces extra interpolation errors during
transferring the flow solutions from the old mesh onto the newly generated mesh.
Thus the adaptive re-meshing procedure need only be invoked when the other
algorithms of the ALE formulation do not succeed in updating the fluid mesh [7].
Beyond that, the so called geometric conservation law (GCL) is also suggested to be
obeyed [143], which gives further constrains in the ALE formulation.

In the light of the above discussions, it can be argued that for problems with
moderately complex interface and medium deformations/movements in the solid
domain, the ALE method may be a much cheaper and more accurate choice because: i)
the body-fitted mesh conformed to the FSI interface can be generated, which
eliminates the force/velocity interpolations across the FSI interface as in the IB
methods and thus leads to accurate solutions of the tractions and velocities near the
FSI interface [7]; ii) the adaptive re-meshing process is not needed, which avoids the
time-consuming mesh regenerations and inaccurate mapping of the flow solutions
from the existing mesh onto the newly generated mesh. Thus the ALE formulation is
employed in this thesis by combining with GSM for solving fluid flow problems over

moving mesh.

1.4 Objectives and significances of the thesis

One objective of this thesis is to explore two typical smoothed methods, i.e. the
ES-FEM-T3 and GSM, in solving the pure solid and fluid flow problems and then
couple these two valid methods for solving challenging FSI problems. Thus the broad

outlines of the thesis can be summarized as the following three parts:
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1) Formulate the implicit/explicit ES-FEM-T3 schemes and explore their
performances in solving practical engineering problems in solid mechanics;

2) Develop the novel GSM/ALE method to solve the fluid flows over moving
mesh;

3) Propose the novel FSI scheme and couple the GSM/ALE with ES-FEM-T3
for solving FSI problems.

The significances of the present study are as follows:

% Formulate the implicit ES-FEM-T3 for the bending stress analysis of the
gear tooth during the gear transmission. The transferred concentration load is
converted to a distributed load near the loading point in the formulation
process of the implicit ES-FEM-T3 model to avoid the stress singularity at
that point. Novel asymmetric gear tooth profiles are designed and the
implicit ES-FEM-T3 is used to optimize the gear tooth profiles in
consideration of both the stress distributions and the transmission ability of

the gear pair. Finally the optimized asymmetric gear tooth profile with
pressure angle a, /a, =35°/20° is determined.

« Demonstrate the necessity of introducing the nonlinear strain term in
analytically estimating the membrane deflections, and thus construct the
novel explicit ES-FEM-T3 model including the crucial nonlinear strain term
for membrane deflection analysis. The local co-rotational coordinate system
Is constructed for correctly estimating the smoothed strains. Explicit time
integration scheme is used to compute the transient response of the 3D
spatial membrane structure. And the dynamic relaxation method is employed
to obtain steady-state solutions. Factors such as pressure fluctuations and
boundary constraints are found to illustrate the observed differences between

the numerical and experimental results.
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Propose the novel GSM/ALE method for solving the fluid flows over
moving mesh. The ALE form of Navier-Stokes equations is derived
according to the Reynolds transport theorem. The GSM is used to spatially
discretize the governing equations. A moving mesh source term derived
directly from the GCL is incorporated into the discrete equations to ensure
the recovery of uniform flow while the mesh is moving. The second order
Roe flux differencing splitting unwinding scheme is used in the convective
flux to ensure spatial stability. The artificial compressibility formulation is
utilized with a dual time stepping approach for the accurate time integration.
The coefficient of irregularity of the fluid mesh is introduced to demonstrate
the robustness of the proposed GSM/ALE on extremely distorted mesh.

Couple GSM/ALE with ES-FEM-T3 for solving FSI problems, and it is also
the first time to extend the family of smoothed methods into the cross-
disciplinary problems. The coupling conditions of displacement/velocity
compatibility and traction equilibrium are carefully formulated and the weak
coupling algorithm is successfully established to link the GSM/ALE and ES-
FEM-T3 in the fluid and solid subsystems, respectively. The constant
physical time step is used in the simulation process. The same mesh
densities of the fluid and solid mesh are set at the FSI interface to make it
easy to implement the FSI boundary conditions. The sensitivity of either the
fluid or solid mesh to the FSI results is discussed. Results from several
benchmark tests show the validity of the novel coupled smoothed methods in

solving FSI problems.

The crucial properties of the newly proposed methods, e.g. the accuracy,

convergence, reliability of efficiency and robustness, are quantitatively checked
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through numerous of benchmark examples for the pure solid or fluid or FSI problems,

so as to demonstrate the superior performances of the proposed methods.

1.5 Organization of the thesis

The organization of the present thesis is organized as follows.

Chapter 1 includes background information and research objectives of this study.
A general review of the conventional as well as novel smoothed numerical methods is
presented. Comments on the conventional methods indicate the necessity of
introducing the smoothing technique. Two broad categories of methods, i.e. the fixed
and moving mesh methods, are reviewed for FSI analysis. After careful
considerations the ALE method is finally chosen as the candidate for FSI analysis in
this work.

Chapter 2 gives the fundamental of the smoothing technique and its
implementation in the PDEs governing both the solid and fluid mechanics. General
procedures of the S-FEMs and GSM are summarized. Distinguished features of these
smoothed methods are presented.

Chapter 3 constructs both implicit and explicit ES-FEM-T3 for solving two
practical engineering problems, i.e. the implicit ES-FEM-T3 for a 2D linear elastic
bending stress problem found in gear tooth during gear transmissions and the explicit
ES-FEM-T3 for the nonlinear deflections of the membrane structure in 3D space.
Properties of the proposed methods are carefully checked during solving these two
practical problems.

Chapter 4 proposes a novel GSM/ALE method for solving fluid-moving rigid
body interaction problems. Convergence, accuracy and robustness of the proposed

method, i.e. GSM/ALE, are examined through a series of benchmark tests.
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Chapter 5 couples the GSM/ALE and ES-FEM-T3 for the FSI analysis. The FSI
coupling conditions as well the coupling procedures are presented in details. Both
transient and steady state benchmarks are tested to verify the validity of the coupled
smoothed method.

Chapter 6 concludes the contributions of this thesis and suggests some further
potential research topics.

One appendix about the governing equations of the novel asymmetric gear tooth

profile is attached in the end of this thesis.
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Chapter 2

Theories of the strain/gradient smoothing technique

The strain/gradient smoothing technique has been reviewed in the previous
chapter. By applying the strain/gradient smoothing operation into the FEM and FVM
settings, a family of smoothed methods, i.e. the S-FEMs for solid mechanics and the
GSM for fluid mechanics, was proposed. Particularly, the ES-FEM-T3 performs the
best in accordance with the criterion of computational efficiency (the CPU time
needed for solution of the same accuracy) among all the S-FEM models. It is thus
chosen and further explored in solving the solid mechanics in Chapter 3 as well as the
solid portion in the FSI analysis in Chapter 5 in the present thesis.

In this chapter, fundamental theories of the smoothing technique implemented in
both the solid and fluid mechanics are introduced. Theoretical details about the
smoothing technique are firstly presented in Section 2.1. The implementation of the
strain smoothing technique into the solid mechanics that leads to the family of S-
FEMs is presented in Section 2.2, together with the discussion of some main
properties of the S-FEM models. The gradient smoothing technique applied for
solving the incompressible fluid flows is presented in Section 2.3, together with some
theoretical aspects during the implementation of GSM. The discussions and
formulations are given in 2D space. The extension to 3D domain can be more

complicated in implementation, but it should be trivial technically.

2.1  Smoothing technique

Smoothing technique has already been used in numerical simulations for various
purposes [1-4]. A common ground of the smoothing technique is that the field
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variable (or its any order derivations) at an arbitrary point can be replaced by a
weighted integral fashion of this field variable (or its any order derivations) over a
local smoothing domain containing this point [5, 6]. Accordingly, the surface
integration of the derivatives of the field variables over the smoothing domain is
transformed to the line integration of the field variables themselves along the
boundary of this smoothing domain according to the Gauss Divergence’s theorem, by
which the consistency requirement on the field variables is reduced by 1 order [6, 7].

Consider an arbitrary field variable u(x) at point x; surrounded by a smoothing
domain Q¥ bounded by T5°. The gradient (1 order derivative) of u(x) can be
approximated in the form of [8, 9]

VU, =Vu(x) = IQ?qu(x)vAv(x;x—xi)dQ

or 2.1)
ou ou .
a_xh(xi )= .[Qisda—)(h(x)w(x,x—xi)dQ, h=x,y

where V is the gradient operator; W(X;X—X;) is the weighted function that can be
chosen in any form as long as it satisfies the essential requirements of [3, 9]

W(x;x—X;)>0 and jgfdw(x;x—xi)szl. (2.2)
The subscript “i” and superscript “sd” marked in O denote, respectively, the

“i"™ discrete smoothing domain (“sd”) in the whole domain ©Q bounded by I' as

T
shown in Fig.2.1. n= [nx, ny} is the unit normal vector of the boundary ",

If we integrate Eq. (2.1) by parts, we can get
Vu(x;)= jrfd U (X)W (x; x =X )dl"—'[Qisd U(X)VW(x;x—X;)dQ. (2.3)
As proposed by Liu in [5, 6], a piecewise constant smoothing function is usually

adopted as the weight function for the purpose of simplicity, i.e.
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R sd’ c led
w(x;x—xi)={]o/p‘ ))((gQ_Sd (2.4)

where A™ is the area of the smoothing domain Q° .
! F

Fig. 2.1 Division of problem domain Q into Ny non-overlapping smoothing domains Q°.
The smoothing domain is also used as the basis for integration.

Substitute Eq. (2.4) back into Eq. (2.3), the second term of Eq. (2.3) will vanish

because A™ is now constant and not a function of x. That is,

1
Vu (XI ) ~ Asd Irfd u (X) ndr
or (2.5)
ou 1
a_xh(xi )= ol nu(x)dr, h=x,y.

Comparing Eq. (2.1) and Eqg. (2.5) it can be seen that the integration of the

Vu(Xi) over the smoothing domain © is now transformed to the line integration of

the product of u(x) and n along the boundary T This transformation can also be

regarded as a direct implementation of the Gauss divergence theorem on Eq. (2.1) [6,
10].

It should be noted that when this transformation is implemented into Eq. (2.3),
the field variable u(x) should be continuous over the smoothing domain Q.
Otherwise, it will be mathematically invalid. However, as proved by Liu in [7], Eq.

(2.5) can still work well even for discontinuous u(x) as long as it satisfies the
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admissible orthogonal, norm equivalence, strain convergence and zero-sum conditions
during its construction process [6, 7]. This leads to the G space theory and the so-
called weakened weak (W?) foundation [6, 7].

By using Eq. (2.5) instead of Eq. (2.1), the evaluation of the gradient of u(x) is
avoided and only u(x) itself is needed. This change on the one hand reduces the
consistency requirement of u(x) by 1 order which expands the range of choosing u(x)
especially for discontinuous problems, on the other hand avoids the time consuming
evaluations of the derivatives of u(x) and thus improve the computational efficiency.

Analogously, by applying the smoothing operation for approximating the 2"
order derivatives of the field variable u(x), the Laplace operator at point x; can be

readily obtained as [4]

V-[Vu(xi ):I z A:;d

or (2.6)

.[rfd n-vu(x)dr

2
ou (xi)z%_[sd[a—unj+a—un,]dr, 1,LJ=xY.
OX, OX, A" TR 0X, OX,

It could be determined as long as one knows the values of the 1% order

derivatives of u(x) at the corresponding nodes.
In order to determine the line integrations of Egs. (2.5) and (2.6) numerically, the
Gauss integration rule is usually employed with a minimal number of sample points

along the boundary segments, as follows

1 Nseg Ngau
Vu(x;)~ e Z{Z wmnn(xmn)u(xmn)}
m=1| n=1
or (2.7)
au 1 [
—(x, )~ W (X JU (X ) |+ D=X,Y
2 1) 3 S (x|
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L5005)] = | St vut, |

ASd m=1l| n=1
or
U )b 3 3 2 ), ()2 )0 (02) | 19 =0
8X|8XJ i A1$d | L mn 8X, mn /' mn ESXJ mn | mn

(2.8)

sd
i

where Nseq is the number of segments of the boundary I';" ; Nga, is the number of

Gauss points used in each segment; Xmn is the coordinates of the n'™ Gaussian point on
the m™ segment; Wy is the corresponding weight at the Gauss point Xmn; and N(Xmn) is
the outward unit normal at this Gauss point.

Hence, spatial derivatives at any point of interest can be numerically
approximated with the smoothing operation of Eqs. (2.7) and (2.8) over properly
defined smoothing domains. These spatial derivatives possessing particular physical
meanings in either solid or fluid mechanics will be implemented to indirectly/directly

discretize the PDEs for solving solid and fluid flow problems.
2.2 Strain smoothing for solid mechanics

In solid mechanics, the compatible strain is expressed as a function of the 1%
order derivatives of displacement. Smoothing operation described in Eq. (2.7) can be
directly applied into the compatible strain, getting the smoothed strain. Substituting
the smoothed strain into the Galerkin weak form of the PDEs, the smoothed Galerkin
weak form of the PDEs is obtained and a set of algebraic equations is induced. Using
routinely available linear equation solver, the unique solutions of the displacements
can be obtained. This family of methods with smoothed strain is exactly the S-FEMs.

Different S-FEM models are distinguished according to the implementation of

strain smoothing operation over different types of smoothing domains. These
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smoothing domains can be cell-based, node-based or edge-based constructed on top of
the background triangular mesh, corresponding to the CS-FEM-T3 [11-15], NS-FEM-
T3 [16-19] and ES-FEM-T3 [20], respectively.

Formulations of these S-FEMs are detailed in this section, and the ES-FEM-T3
would be highlighted. Similar with the standard FEM, the S-FEMs can be used to
solve any kind of problems, e.g. from the small deformation [20, 21] to large
deformation problems [22], from the elastic [20, 21] to visco-elastoplastic problems
[23]. An illustration of the formulation details will be given based on the simplest
small deformation elastic problem. Strain smoothing operation on other kinds of
problems can follow exactly the same way.

2.2.1 Strain smoothing operation
For an elastic model with the small-displacement assumption, the strain € is

defined as

e=L,u (2.9)

.
where U :[ux,uy] is the displacement vector, respectively, in x- and y-directions at

any point in the domain €2 ; and Lq is a matrix of differential operator in the form of

(2.10)

Q_I_
7\
2|
2l
Ne—

1

Plo Qo

2|

In the standard FEM, this strain &€ can be approximated numerically over the
element with the compatible strain of

N

& =Y L,Nu, (2.11)

1=1
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where the subscript “i” denotes the i element in the domain €, i=1,2,3,..., Neie Where
Nele is the total number of element in the domain €; Nsy, is the total number of nodes
supporting the i"™ element; N, is the shape function corresponding to node I in this

element; and u, is the nodal displacement vector at node 1.
By applying the smoothing operation of Eq. (2.7) into Eq. (2.11), the smoothed

strain g, can thus be obtained over a smoothing domain instead of the element as

_ 1 . — AT =
& :ELM Lanuldrz{snvszz’zslz} = Z B,u, (2.12)
k IeSlfd
where the “bar-hat” here indicates a parameter after being applied the smoothed
operation; A is the area of k™ smoothing domain ©° bounded by I, k=1,2,3,...,

Nsg Where Ngy is the total number of smoothing domains; L, is the matrix of unit

outward normal of the boundary T’ that can be expressed as

n 0
L,(n.n)=|0 n |; (2.13)
ny

X1y y
n

X

S is the set of nodes that “supporting” the smoothing domain Q. For ES-FEM-T3,
the edge-based smoothing domains are constructed, as shown in Fig. 2.2. The set of

supporting nodes is S :{A,B,C,D} for the smoothing domain associating with

inner edge e and S ={O, P,Q} for the boundary edge e,. B, is the smoothed strain-

displacement matrix evaluated as

b, 0

_ 1 _

B, = JLNdr=0 b, (2.14)
b, b

<
x

with
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-1
g e e (2.15)

1 Nseg N gau

:Aidz—; Z:;Wmnnh(xmn)Nl(xmn) ,h=xy

For the ES-FEM-T3 model, Ngg is the number of segments of the boundary of

the edge-based smoothing domain. As shown in Fig. 2.2, N, =4 (e.g. AE, EC, CF,

FA) for the inner edge e; and N, =3 (OP, PI, 10) for the boundary edge €. Ngay is

the total number of Gauss point used in the m™ segment, and Ngau=1 is enough for ES-

FEM-T3 for the Gauss integration.

Boundary edge
€p (OP)

(Lines: OP, PI, 10)

o

; A
(smoothing domain OPI)

I inner edge e; (AC)
rfd (Lines: AE, EC, CF, FA)
Q¥ (smoothing domain AECF)

J D

@ : field nodes O : centroid of the triangular

Fig. 2.2 lllustration of smoothing domains (shaded area) in ES-FEM-T3

Remark 2.1: The procedures of constructing the smoothing domains can be

summarized as

i) the problem domain €2 is firstly divided into Nge non-overlapping and

Nele . -
seamless (NOSL) triangular elements such that Q= O and Qi Q] =¢, Vi ],

i=1
A’ >0,i=1.2,...,Neie, h, >0, i=1,2,...,Neje . Such an NOSL element division results in

a set of N, nodes and Ngg edges L; >0, i=1,2,...,Neg in the entire problem domain Q.
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i) On top of the triangular element mesh, a total of Ngg NOSL smoothing

Nsd . .
domains are constructed such that Q=>'O* and Q ﬂQsjd =¢, Vi# . For the

i=1
edge-based smoothing domains as shown in Fig. 2.2, they are created by connecting

the two vortexes of the edge L and the center(s) of the cell(s) that relate(s) to this

edge, where Nge=Neg and A* >0, i=1,2,...,Ng.

2.2.2 Formulation of the discretized system of equations

After getting the smoothed strain €, of Eq. (2.12), the remaining work is to

replace the compatible strain € with the smoothed strain €, in the Galerkin weak
form of the PDEs, to get the smoothed Galerkin weak form of the PDEs. Then follow
the same procedures as in the standard FEM for solving the system equations.

The smoothed Galerkin weak form of the dynamic equilibrium equations can be
derived as

.[95? (u)DE(u)dQ—jgéuT [b—pli —cu]dQ—jréuTtrdF =0

or (2.16)

Nsd
> A% D ~[ suT[b-pli-cu]dQ-[ su't.dr =0

k=1

where E(U) is the smoothed strain vector with the entries of & on each smoothing

domain; D is the matrix of material constant; ou is the internal displacement vector; b

is the body force vector; p is the density of the solid; U and G are the 1% and 2™
order temporal derivatives of the displacement; and tis the traction applied on the

boundary I" of the domain Q.
From Eqg. (2.16) we can observe that in the smoothed Galerkin weak form only
the assumed displacement but not the derivative of the assumed displacement field is
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required, which coincides the statement we argued previously that the consistency
requirement on the assumed displacement function is further weakened from the
Galerkin weak formulation.

The resultant discrete form of Eq. (2.16) can be written as

Mi+Cu+Ku=f (2.17)
where u e R{™ is the nodal displacement vector in the whole domain; M is the mass

matrix with
M =jQNTdeQ; (2.18)
Cis the damping matrix with
C= jg NTcNdQ (2.19)
where c is the damping coefficient; f is the external nodal force vector with

fo_ IQ N"bdQ + L N"t.dr; (2.20)

and K is the smoothed stiffness matrix with the entries of

Nsd — —_ NSd — j—
K, =| BIDBldQ=3> [ ,B/DB]d2=> B/DBIA". (2.21)
k=1 "k k=1

The smoothed stiffness matrix K is symmetric positive definite (SPD) and

sparse because its entry, K ;, only needs to be computed when nodes | and J share

the same smoothing domain. Otherwise, it is zero. Hence, Eq. (2.17) can be solved by
using standard routines with ease because K is SPD and sparse. After getting the
nodal displacement, we can then retrieve the smoothed strain field using Eq. (2.12),
the stress field using the constitutive equation, and finally the solution of the strain
energy of solid with the integration of the smoothed strain and stress over the entire

problem domain.
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The main difference between S-FEMs and FEM can be found from Eq. (2.17)
that only the stiffness matrix K is operated with a smoothing operation. The matrixes
of M, C and f are constructed exactly the same as in the standard FEM. In other

words, the S-FEM models change only the stiffness matrix. A comparison of the

numerical procedures in FEM and S-FEMs is schematically given in Fig. 2.3.

‘ Geometry generation ‘

FEM |

Discretization of the problem domain
with triangular element

{L S-FEMs

4

Discretization of the problem domain
with triangular element

Shape function construction based on
the triangular with propermapping

Iyl

U

Shape function construction based on
the triangular

Evaluation of the compatible strain
field

U

1

Construction of the smoothed strain
with stain smoothing technique

1L

Use the Galerkin weak form to
establish the discrete linear algebraic
equations

Use the “smoothed Galerkin” weak
form to establish the discrete linear
algebraic equations

[

iy

1

U

‘ Assembly of global matrix ‘

'

‘ Solutions of the unknown displacements ‘

'

Computation of stains and stresses by using
displacements

Fig. 2.3 Comparison of the formulation procedures in FEM and S-FEMs

2.2.2.1 Static and dynamic problems

Different problems can be generated from Eq. (2.17) as long as omitting some
terms in it [24].
1) Static problem

For static problems, the equation can be obtained by removing the dynamic

terms in Eq. (2.17) which becomes

Ku=Ff. (2.22)
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2) Free vibration problem
For free vibration analysis, we do not consider the damping and the force terms,

and hence Eq. (2.17) reduce to

Mii+Ku=0. (2.23)
A general solution of such an equation can be written as

u=u,exp(iot) (2.24)

where t is the physical time; ua is the amplitude of the nodal displacement and @ is

the natural frequency that is found from

~0*M+K=0. (2.25)
3) Force vibration problem

For forced vibration analysis, Eq. (2.17) can be solved with any existing standard

schemes such as the Newmark method and the Crank-Nicholson method [25]. The

Rayleigh damping is usually used by linear combining of Mand K for the sake of
simplicity, as
C=aM+ K (2.26)

where  and g are the Rayleigh damping coefficients.

2.2.2.2 Stability and convergence

The cell-based, node-based or edge-based smoothing domains utilized for
approximating the smoothed strains are constructed according to the principles of: i)

non-overlapping and seamless for the smoothing domains, and ii) at least a minimum
number of smoothing domains (i.e. NJ"=n,,/2 where nga is the total

(unconstrained) nodal unknowns [10]) used in creating the smoothed models, through

which all the columns of the smoothed strain matrix are linearly independent [26, 27].

Therefore, the first term in Eq. (2.16) will be strictly larger than zero for U € wa, and
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the corresponding smoothed stiffness matrix K is SPD. Therefore the S-FEM models

will be stable as long as the material is stable [26, 27].

When the mesh is refined, the dimension of the elements approaches zero (Q°

—0) and thus the dimension of smoothing domains also approaches zero (" >0).
Accordingly, the weighed function in Eq. (2.4) approaches the Delta function
(W(X;X—X;)> (X, X=X, )). At such a limit, the smoothed strain € in Eq. (2.12)

approaches the compatible strain & in Eq. (11),i.e. €> & thus B>B and K> K.
This means that the smoothed Galerkin model approaches the standard Galerkin
model with the refinement of the mesh. Because the solution of a standard Galerkin
model has already been proven to converge to the exact solution for a well-posed
problem, the solution of the smoothed Galerkin model will thus also converge to the

exact solution of the same problem. Consequently, the solution of Egs. (2.16) and
(2.17) is stable and converges to the exact solution when Qf(d -0 [6]. Thus the S-

FEMSs are convergent. Details about the mathematical proof of the stability and

convergence of the S-FEM models can be found in [12].
2.2.3 Properties of S-FEM models

Various S-FEM models have distinguished properties, advantages and
disadvantages. Three important properties of the smoothed models, i.e. convergence
rate, bound property, computational efficiency, are discussed in this section. A further

verification of these properties will be done in Chapter 3.

2.2.3.1 Convergence rate

Theoretically, for a fully compatible model (e.g. FEM-T3) the convergence rate

in energy norm should be 1.0, and for a fully equilibrium model the convergence rate
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in energy norm should be 2.0 [28]. However, the convergence rates of different S-
FEM models are different but fall in the range [1.0, 2.0], which is perhaps due to

their hybrid features of compatibility and equilibrium [10] in the S-FEM models.
Detailed illustrations of the compatibility of the smoothed strain field and the state of

the stress equilibrium within smoothing domains are presented in [10].

2.2.3.2 Bound property

It is well known that the displacement-based fully compatible FEM provides a
stiffening effect and gives the lower bound of the exact solution in strain energy in
elasticity problems. Meanwhile, the S-FEM models possess the softening effect to the
FEM model and thus give higher solutions in strain energy than the FEM model.
When the softening effect is used in the ES-FEM-T3, the solution is even closer to the
exact solution. While when the softening effect is used in the NS-FEM-T3, the
solution possesses the upper bound of the exact solution in the energy norm. The
detailed mathematical proofs of the bound property of the S-FEM models can be
found in [18]. Because of the upper and lower bound properties of the S-FEMs, it
gives a systematical way to numerically obtain both upper and lower bounds of the

exact solution to elasticity problems.

2.2.3.3 Computational efficiency

The computational efficiency is a much fairer indicator on quantitative
examination of a numerical method. It is a most important factor for the applicability
of a numerical method for solving practical engineering problems. A Detailed
discussion about the computational efficiency of different S-FEM models is given in

[29, 30]. ES-FEM-T3 can achieve the highest computational efficiency among all the
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methods: it can achieve around 20 times accuracy than the NS-FEM-T3 and around
10 times accuracy than the FEM-T3. Therefore, the ES-FEM-T3 offers an excellent
platform for analyzing the practical engineering problems. That is one reason we

chose the ES-FEM-T3 in the present thesis.
2.3  Gradient smoothing for fluid mechanics

The Navier-Stokes equations are the basic equations governing compressible and
incompressible flows, in which both the 1% and 2" order spatial derivatives of the
field variables (e.g. the velocity, pressure, momentum and energy contain both) are
found. Numerical methods such as FDM and FVM are usually used to track the
solutions of the Navier-Stokes equations on a set of structured or unstructured
background mesh. The GSM, on the other hand, is an innovative numerical method
belonging to the gradient smoothing family [6], which works well for both
compressible and incompressible flows [31, 32]. It directly deals with the differential
(strong) form of the Navier-Stokes equations as the FDM. However, the spatial
derivatives of the field variables are not approximated with the Taylor series
expansion but with the gradient smoothing technique integrating over a set of
smoothing domains, which is similar with the “integral” FVM. Although the
background mesh is still needed in GSM, its ability to resist extremely distorted
meshes is much better than either FDM or FVM [31].

The fundamental formulation of GSM on fixed mesh is presented in this section.
Based on this formulation, a novel method of discretizing the ALE form of the
Navier-Stokes equations with GSM, i.e. GSM/ALE, will be developed in Chapter 4
for solving fluid-rigid solid interaction problems and in Chapter 5 for solving fluid-
deformable solid interaction problems. As the incompressible fluid flow is main focus
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of interest in this thesis, the development and discussion of GSM are directed on this

kind of flow.

2.3.1 Governing equations

For an isothermal incompressible Newtonian flow problem, the conservative

Navier-Stokes equations can be written in the following differential form [33]

%_{_% =0
oXx oy
o(pv,” + OpV.V 0
apvx + ('0 p)+ p X'y :afxx + TXV (227)
ot OX oy OX oy
opv, N apVv,V, . fﬂ(,z)vy2 + p) _ oz, . ot
ot OX oy OX oy

where variables o, p, vx and vy denote, respectively, the density, static pressure and
velocity component in x- and y-directions, v= vid+wj; 7; = u(v,;+v;;) ([i.j=xy)
denotes the viscous stresses in which . is the kinematics viscosity; and t is the
physical time.

Accordingly, the generic vector form of Eq. (2.27) can be written as

%w-(ﬁ—ﬁ):o (2.28)

where the relevant vectors are in the form of

o, PV, PV, 0 O
2
U=lpv, |, F=|pv, +p pvv, [ K =74 7] (2.29)
PV, A pvi+p Ty Ty

Here F, and F, are the tensors of the convective and viscous fluxes, respectively.

One main challenge of numerically solving the incompressible flows comes from
the weak coupling of the velocity and pressure fields, which has to be accomplished
in such a way to ensure the divergence of the velocity field [34]. The pressure-based

method such as the fractional step method [35-39] and the density-based method such
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as the artificial compressibility method [33, 40, 41] are the two typical methods for
handling the velocity-pressure coupling in incompressible flows. Particularly, in the
artificial compressibility method, an artificial compressible term is introduced in the
continuity equation and the unsteady terms in the momentum equations are retained,
which lead the system of equations to take on the hyperbolic behavior [34]. Thus, the
time marching techniques developed for solving hyperbolic system of compressible
flows can be directly used for solving the incompressible flow problems.

By adding an artificial compressible term into Eq. (2.27), a total of two temporal
terms, i.e. the physical temporal term with t and the pseudo temporal term with z, are

included in the governing equations, i.e.

opv
ié_p+a’0vx +—p L =0
B, ot OX oy
o(pv,”+ dpV,V 0
opV, + IpVy + (p p) + Py = O + Dy (2.30)
or ot OX oy ox oy
2
6,0Vy .\ 8pvy N apVXVy N 5(,0Vy + p) _ 5Tyx N aZ'yy
or ot OX oy ox oy

where coefficient S, is the artificial compressibility, the square root of which can be

interpreted as the speed of artificial pressure wave with the unit of m/s. During the

numerical simulation, the value of £, should be predefined with special care so as to
ensure the good convergence of the overall iterative solution procedures. Usually it is
case-dependent in the range of [0.1, 10] [42]. A higher B, will give a higher
convergence speed, however, this higher £, can lead the system to be too stiff and
unstable in the time marching process [31].
The generic vector form of Eq. (2.30) can be written as
P—+E+V-(F ~F,)=0 (2.31)
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where the vector Q and matrix P are in the form of

p]  [Yp, 0 O
Q=|pul,P=| 0O 1 0}. (2.32)
PV 0 01

By now, the augmented equations, with respect to pressure (p) and momentum

components ( pv,and pv, ), have exhibited hyperbolic properties according to pseudo

time. With this augmented sets of governing equations, the time-dependent solutions
can be obtained efficiently with the help of dual time stepping techniques. When the
steady-state solutions are considered, those physical temporal terms occurring in the
respective systems of equations are neglected but the pseudo temporal terms are

retained only.
2.3.2 Gradient smoothing operation

Both the 1% and 2™ order spatial derivatives of the field variables (the velocities
and pressure) are found in the Navier-Stokes equations of Eqg. (2.31). In GSM, the
gradient smoothing operations proposed in Egs. (2.5) and (2.6) can be directly used to
determine the 1% and 2" order spatial derivatives of the nodal field variables over the
node-based gradient smoothing domains (nGSDs). Furthermore, the 1% order spatial
derivatives of the midpoint field variables should be extra evaluated with Eq. (2.5)
over the midpoint(edge)-based gradient smoothing domains (mMGSDs), so as to
complete the estimation of the corresponding 2™ order derivatives of the nodal field
variables. After that, these derivatives are substitute into Eq. (2.31) for the
approximations of the divergences of F. and F,. Before implementing the gradient
smoothing operations in GSM, the constructions of nGSDs and mGSDs should be

predefined.
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2.3.2.1 Types of smoothing domains

In order to construct these smoothing domains, the whole computational domain

Q needs to be firstly divided into Nge (regular or irregular) triangular volumes

Nele
(elements) such that Q=> Qf and Qf NQ=¢, Vi# ], the same as in the solid

i=1
mechanics. The nGSDs and mGSDs are then constructed on top of these triangular

volumes, as illustrated in Fig. 2.4.

: nGSD T - mMGSD
v

@ : field nodes [J : centroid of the edge O : centroid of the triangular

Fig. 2.4 Types of smoothing domains and domain-edge vectors adopted in GSM

The nGSDs are constructed for the approximation of 1% order derivatives of the
field variables at a node of interest. It is formed by connecting the centroids of
relevant triangles with midpoints of influenced cell-edges. And the mGSD is used for
the calculation of the gradients at the midpoint of a cell-edge of interest and thus
further for the 2" order derivatives of the field variables at a node of interest. For the
element inside the fluid domain, the mGSD is the connection of two vortexes of the

edge ijx and the two centers of the cells; for the boundary element, the mGSD are just
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a connection of the two vertexes of the edge ijx and the centroid of the boundary
element. By virtue of Egs. (2.5) and (2.6), spatial derivatives at any point of interest

can be approximated based on the corresponding smoothing domain described above.

2.3.2.2 Spatial approximations for the field variables

A total of eight discretization schemes have been proposed in [31] for
numerically approximating the line integrations in Egs. (2.5) and (2.6) according to
different quadrature (rectangular or trapezoidal) rules. Accuracy, efficiency and
stability of these schemes have been examined with a benchmark heat conduction
problem. Finally, the most favorable scheme, i.e. scheme VII with the rectangular
quadrature rule, was chosen for numerically approximating the line integrations. The
name of “GSM” used in this thesis is a special representative of this scheme. Details
of the others schemes can be found in [31] and not repeated here. Below the
formulation procedures of this scheme VII are presented, which will be the basis of
the subsequent ALE formulation for fluid-rigid/deformable body interaction analyses
in Chapters 4 and 5.

Consider a general parameter Uy that can represent the velocity vy or vy or
pressure p. The 1% and 2" order spatial derivatives of Uy in Eq. (2.30) can be
approximated with the gradient smoothing operation as follows.

1) 1% order spatial derivative of Uy at the vortexes
With the gradient smoothing operation of Eq. (2.5) and (2.7) over nGSD, the 1%

order spatial derivatives of Uy at a node i can be approximated as

0 1 & o

= (U) zWE(ASN ), (Un), (2.33)
0 1 &

5(uN ). ~ A (as} )uk Uu), (2.34)
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where

(AS’3 )ijk :ASMijkCijkik+1(nX)M Cj + 488y, (nX)M Cj

ik il k1 ik k-1 i ilk-1ik

(AS“y‘ )ijk - ASMijkcijkjk+1 (ny)M c +AS'V'ijkCuHik (ny )M C

ik ik Jk ik k1K

Here, jx denotes the k™ node surrounding the node i; M;, denotes the mid-point

of the cell-edge ijx; C.

i, and C; . represent the centroids of two triangular cells

J
connected to the cell-edge iji; the total number of supporting nodes within the stencil
of the node i is denoted by Ny, Uy and Uy denote the values of the field variables at
vortexes and mid-points of cell-edges, respectively, where Uy, is computed by simple

interpolation of function values at two end-nodes of the edge ij,
(Uy, )ijk :[(UN)i +(UN)J_k }/2; AS) and AS] correspond to the two components of
the paired domain-edges; ny and ny represent the two components of the unit normal
vector of the domain edge under the Cartesian coordinate system, n=n,i+nyj; and
A" is the area of the i nGSD surrounding the node i.

2) 2" order spatial derivatives of Uy at the vortexes
With the gradient smoothing operation of Egs. (2.6) and (2.8) over nGSD, the 2™

order derivatives in Laplace operator are approximated in the following fashion

V-(VU,), zﬁﬂg(uhﬂ )y (AS%), +%(uM )y (AS%), } . (2.35)

It is apparent that the 1% order gradients at the mid-point of edge ijy, i.e.
o(Uy, )ijk /ax and 0(U,, )ijk /ay, should be evaluated to complete the approximation
of 2" order derivatives. These two gradients can be approximated with Egs. (2.33)

and (2.34) based on the related mGSD associated with the edge ijk. Similarly, the

geometrical parameters in these two equations, including the areas, domain-edge

59



Chapter 2 Theories of the strain/gradient smoothing technigue

vectors and normal vectors of domain edges related to mGSDs, should be
predetermined and stored for use in the iterative process of solving the algebraic

equations. Here,

0

2w, ~{3080),, [0+, ]
+2(as5),. Uy, +(Ue),,, ]
asi), [0, ] o
g [0 o Sy

2w, {30080, [0 o), ]
(a8, (L), +Uo),,, ]
s, [0+ 00,] 0
s2(asy), . [, +(Ue >}}ﬁ

where A7®*® represents the area of the mGSD. The relevant domain edge vectors,

AS;, and AS}, , for the mGSD of interest are calculated as

AS}) (n). - (Asy)  =ASc ,(n)e |

( M Jicy, jca Ciie Jeoa N X JiCy i M Jicy, , i Cijy B X JiCy, e

AS})) A (n,) (asy) . =aSe ; (n)

( M iCij Js 1Cij Jea y iCij Jks M iCyj, _, Ik 1Cijy Jk y iCij_; Jk

(asy) =AS;c . (n) o (ASh). =ASe  (n)e |
iCij, Ik iCii i \ %) Gy e iy, ik Wijg e N XTiCy, i

AS)) =AS,. ; (n) (Asy) . =4S (n,)

( M §Cigy Tk WCij den ATy Cijy Jean M iCij, Ik Cj e \TY iCij_; Jk

The field variable Uc at the centroid of the cell is computed by simple

interpolation of the function values at the related vortexes, in the fashion of

60



Chapter 2 Theories of the strain/gradient smoothing technigue

CARCA RIS N
Ve, = Uy ) +(Uy),, +(Uy), k=N, |
3
(Uy), +(UN3?jk +(UN)Jk—1 , 1<k <N,
(Ue), , = (UN)i+(UN3)h+(UN)iNi k=N

As shown in Egs. (2.33)-(2.35), only the values for the field variables and its
gradients at the mid-points of cell edges are needed in the approximations. As such,
vectors for a pair of domain edges connected with the cell edge can be lumped
together, which in turn reduces the storage space for geometrical parameters.
Furthermore, an edge-based data structure together with the scatter-gather approach is

adopted, which has proven to be quite efficient during the GSM calculation [31].
2.3.3 Formulation of the discretized system of equations

There are both spatial and temporal terms in the Navier-Stokes equations in Eq.
(2.31). Separate discretizations in the spatial and temporal domains can be
implemented to achieve different accuracies in these two domains [43]. The gradient
smoothing operation is implemented into Eq. (2.31) for the spatial discretization, and
a dual time stepping temporal scheme is implemented into Eq. (2.31) for the temporal

discretization.

2.3.3.1 Spatial discretization with gradient smoothing operation

Substitute Egs. (2.33)-(2.35) into Eq. (2.31), the divergences of F. and F, can be

written as
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Lo g M Lo || (APV)
V-F; » nGSD Fi= nGSD Z[(FC)U ASKJ:WZ puY +np | AS
A A k=1 “ A k=1
_pVyV +n,p i
(2.38)
0
1 = 1 &z 1 =
v'Fvi ~ A1nGSD I:vi = A1nGSD Z[(FV )ijk ASkJ = AnGSD Z nXTXX +nyTXy ASK
k=t K= N7, +NT

yow i,
where AS, is the length of the k™ edge of the i"" nGSD; V, =v-n=v,n, +v,n, is the

contravariant velocity of fluid; and (ny) xand (ny)x are the x- and y-components of the
normal vector n of the k™ edge, respectively.

Correspondingly, the generic vector form of Eq. (2.31) becomes

0Q, dU, 1 ,= =
E+E+X(Fﬂ—ﬁi):0 (2.39)
with
pi pi
Qi = (pVX)i U= (pVX)i ' (2.40)
('OVY)i ('OVY)i

In order to ensure the stability of the discrete equations, some special techniques

should be implied to the fluxes.

% Smoothed convective flux (E)l

i

One main work of solving the incompressible equations is to deal with the
convective flux term. It is intrinsic to use the arithmetic average values of the
conservative variables at the two constitutive nodes, i and j, for the convective flux at
the midpoint of the edge. Such a treatment is similar to a central difference operation.
However, it is only valid for low Reynolds number flows. As Reynolds number

becomes larger, it breaks down because of the presence of high frequency spurious
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oscillation associated with the increasingly nonlinear nature of the governing
equations. Various methods, e.g. the Roe method [44], the Jameson method [45] and
the HLLC method [46], were developed to circumvent such a drawback. In the
present study, the second order Roe flux differencing splitting unwinding scheme

(Roe2) is employed, and a Riemann problem is solved at the cell interface to evaluate
the numerical fluxes, which leads to the approximation of the convective flux fc at

the midpoint of edge ijx as

(F), =3F(Qh)+F (@) +[Aael (@5 Q5 )] @.4)

where L and R denote the left and right sides of the nGSD boundary assuming that the

edge is directed outward with respect to node-dual i, as shown in Fig. 2.5; Q;k and

Qﬁk are the conservative variables at the left and right sides of a dual face ij; |Z\

Roe

corresponds to the absolute eigenvalues of the Roe matrix A |,K R™

=R|K

Roe ? Roe Roe

in which R and R™ are the right and left eigenvector matrix of A ,__, respectively, and

Roe ?

|K is a diagonal matrix whose components are the absolute values of the

Roe

eigenvalues. Solutions of the non-singular eigensystems of the Roe’s matrix Z\Roe can

be found in [32, 47] for 2D case.

[

- mGSD @@ : field nodes

O : centroid of the edge O : centroid of the triangular

Fig. 2.5 Connection of node i and j illustrating for the Roe2 scheme
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The order of the Roe scheme depends on the construction of Q;k and Qﬁk . For

Roe2, the Q;k and Qf}k are linearly constructed by using the Taylor series expansion
[48] as

Qiﬁk =Q +£VQi i
2 (2.42)

k

1
Qi?k :ij _EVij .riJ'
where r; is the vector from the node i to ji, I, =X; =X =(Xjk —Xi)i+(yjk —yi)j;
VQ, and VQ, are the variable gradients at node i and j, respectively, which can be

evaluated according to the gradient smoothing operation of Egs. (2.33) and (2.34) on

the nGSD.
The approximation of the convective flux ﬁci at node i can thus be finally

expressed as

NSU

F,(Q.x)= [(E ), ASkJ | (2.43)

1

S

=
1]

«»  Smoothed viscous flux (EV )ij
k

To estimate the viscous fluxes at a node, the 2™ order derivatives of velocities in
the Laplace operator should be approximated, in which the velocity gradients at the
midpoint of each edge should be further evaluated with the graduate smoothing
operation over the mGSD. Comparing with the simple linear interpolation of gradients
at the two constitutive nodes, the gradient smoothing operation can result in a
favorable compact stencil with positive coefficients at nodes of influence, and can

also circumvent the checkerboard problem [32].

The viscous flux F, at node i can be evaluated in the form of
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N

F,(Q.x) = f[(ﬁv)”k ASK} (2.44)

k=1

where (ﬁv )ij is associated with the velocity gradients (Vu and Vv) at the mid-point

of edge iji that are calculated according to Egs. (2.33) and (2.34).
Finally, by substituting the discretized forms of Egs. (2.43) and (2.44) into Eqg.

(2.39), the semi-discrete form of the Navier-Stokes equations is finally obtained as

nGSD aLJI

R (Qx)= A 2

+F,; (Q.x)-F,; (Q.x)=0. (2.45)
2.3.3.2 Dual time-stepping temporal discretization

The dual time stepping approach is adopted for the accurate time integration, in
which the computation is performed by marching along the physical time with a user
specified physical time step (At). At each physical time level, steady-state solution
with respect to pseudo time (A7) is pursued by using the iterative time marching

method. That is,

P;—T(QiA“GSD)m;‘(Q,x):o (2.46)
where R;(Q,x) is the semi-discrete equations of Eq. (2.45), named here as the
unsteady residual at node i.

The BFD2 is used to discretize the physical time term in the unsteady residual
R7(Q.x(t).x(t)) as

« 3U. -4"U. +"'U,
R- ’ — nGSD i i i
(@)= e St

where Uj is the value at the “k-1" level of 5-stage Runge-Kutta (RK5) method in the

j+ F.:(Q,x)-F;(Q,x)=0 (2.47)

pseudo time step as illustrated below; and n denotes the n™ physical time level.
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The performance of the dual time stepping method evidently relies on the time
marching method used in the pseudo time level. In the present study, the RK5 method
with residual smoothing is used in the pseudo time level [32, 43] for its high
efficiency of the steady-state solver. The general form for RK5 method with residual

smoothing applied to Eq. (2.46) is given as

a A 2 At 1~ _
Q=" _ﬁ[oQi +§ N (k 'R, )_k Qi | k=1...5 (2.48)
k

where A =CFLxA7/(2At); and o, (¢, =0.0695, «,=0.1602, c,=0.2898, a,=0.5060,

a.=1.0) is the optimized coefficients for convergence acceleration to steady state. It

should be noted that the residual smoothing technique used in the RK5 method can
significantly stabilize the iterative process during the time marching [32]. As a result,
relatively larger local pseudo-time steps ( Az ) are allowed, resulting in greater
acceleration in convergence. This scheme is also stable for high CFL values.

The dual time stepping scheme is driven by the time integration scheme for the
pseudo steady-state problem. Once the steady-state in pseudo time is reached, the
pseudo time derivative vanishes and the solution advances to the next time step,
which means that the procedure for steady-state solutions is a simplified subset of the
dual time stepping approach. An illustration of the dual time stepping scheme from

n+l

physical time step t" to t"* can be summarized as
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where m denotes the m™ pseudo time step, and the work is to march to a steady

solution at the time step “n+1, m+1”; knax denotes the total stages of RK method, Kmax
=5 presently; tol denotes the tolerant error in the calculation; error denotes the

numerical error in each pseudo time step defined as

de

de 1/2
error = i (m—l,mﬁ-lui __n+lm Ui ) Ni (n+1,1Ui o Ui ):| (249)
i=1

i=1

where "U, denotes the predicted value of the field variable at the node i at the n"

iteration, and Npoge IS the total number of nodes in the domain. The value of error is
monitored during iterations and used to terminate the iterative process. In most
simulations, in order to exclude the effect owing to the temporal discretization,

computations are not stopped until this error becomes an extremely small value.

2.3.4 Theoretical aspects of GSM

2.3.4.1 Truncation error

The truncation errors of the gradient smoothing operation for approximating the
1% and 2" order spatial derivatives are theoretically derived based on two sets of
structured meshes [31, 32], i.e. the square mesh and equilateral triangle mesh, as listed
in Table 2.1. From this table it can be seen that the 2" order accuracy can be achieved
by the GSM for approximating both the 1 and 2™ derivations in the spatial domain.
The orders of these truncation errors will be numerically verified over the

unstructured meshes in Chapter 4.
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Table 2.1 Truncation errors in the approximations of the 1* order derivatives and Laplace

operator
Operator Shape of mesh Truncation error
2 9%,
o,(n)=-L "1 o(n)
Square 6 ox
q 2 hz 63Uij 3
0, (1) =1t o()
1* order spatial ) .
L o°U. o°U;
derivative Ox(hz)z—hz 1 2 +1 L +O(h3)
24 0Ox 8 oxoy

Equilateral triangle

10U, 10U,
Oy(h2)=—h2[£W;+§axza]y]+o(h3)

ot oyt

2( 3. o'U.  o'U.
o 22—t — +O(h3)
16| o' ooy’ oy

h?(o'U, o'U,
2\ _ ij ij 3
Square o(h )__E{ + +0(n*)
Laplace operator

Equilateral triangle o(h*)=

2.3.4.2 Boundary conditions

There are four main classes of boundary conditions encountered in solving the
fluid flow problems, i.e. solid wall, farfield, inlet/outlet and symmetric boundary
conditions. In treating these boundary conditions, particular care should be taken as
any improper implementation may either result in inaccurate simulation of the real
system or influence the stability and convergence speed of the solution scheme [43].
1) Solid wall

In viscous flows, the non-slip wall conditions are usually used. Since Vyy = Vyy =
0, the momentum equations on the wall are not needed to be solved. And the
convective fluxes on the wall take the same formulation as those in the inviscid flow.
In the current study, the wall is assumed to be adiabatic. Hence, it is not necessary to
compute any convective or viscous fluxes at the wall. The residuals of the momentum
equations should be set to zero, in order to prevent the generation of nonzero velocity

components at the wall nodes.
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As indicated by Luo et al. [49], for high accuracy, the pressure on the wall used

in the calculation of convective fluxes is predicted in the form of

1
P =g(5 P+ P;) (2.50)

instead of the arithmetic average. This is also true for predicting the gradients on

boundaries (except at symmetry or periodic boundaries). The contribution from the
. . . ASij 1
domain faces at boundaries of an nGSD is calculated as n; Tk E(5Ui +U;)].

2) Farfield

The farfield boundary conditions are imposed on the external bounds of the
computational domains. As addressed in [43], the numerical implementation of the
farfield conditions has to fulfill two basic requirements: i) the truncation of the
domain should have no notable effects on the flow solution as compared to the infinite
domain; ii) any outgoing perturbations must not be reflected back into the flow field.
In order to simplify the computation of the gradient of the field variables along the
farfield as well as the inlet/outlet boundaries, a set of dummy nodes are added outside
the physical domain [43], as shown in Fig. 2.6. After applying the boundary
conditions to these dummy nodes through an interpolation of the field variables at
both infinity and boundary nodes, the governing equations at the boundaries can then
be solved in the same way as that for the inner computational domain. In this case, the
geometrical quantities corresponding to these dummy nodes, e.g. normal vectors, are
taken from the corresponding control volume at the boundary [43].

The characteristic farfield conditions used here are derived based on the inviscid

governing equations and vary with the first eigenvalue (4,) which is equal to the

contravariant velocity, V..
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=) ==
ad b U
-~ n
o infinity © dummynode  © node in the domain
a) subsonic inflow boundary b) subsonic outflow boundary

Fig. 2.6 Definition of farfield boundaries in fluid mechanics

In the case of V, <0, the fluid will flow into the fluid domain of interest, as shown

in Fig. 2.6a, and the following inflow conditions are used at the boundary

PatP 1
pd: 2 b_z_co[lg((aa_@b)_@O(pa_pb):'
_ Pa — Py
Vax =Ug — |:V0X (®0_CO)+ﬁpnx] . (251)
ﬁpCO
Vg =V, — P — Py [voy(@0 —cO)+ﬁpny]
ﬁpco

When V>0, the fluid will flow out of the domain of interest, as shown in Fig.

2.6b, and the following outflow conditions are imposed at the boundary

Py = Pa
Py — Py
Vg = U, — Voo (© —Cy )+ BN,
e ﬁpco[‘)(" o)+ Ay ] (2.52)
_ _pb_pd _
Vg, =V, [ Vo, (©5=C;) + By, |

p~o

where the subscripts a, d and b, respectively, denote the flow conditions at infinity,
dummy and boundary nodes in Fig. 2.6. Reference values for voy, Voy, Co and are
evaluated at the boundary nodes. Details about the derivation of characteristic variable
boundary conditions can be found in [50]. The farfield boundary conditions as shown

in Egs. (2.51) and (2.52) should be updated in each Runge-Kutta iterative loop.
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3) Inlet/outlet

For inlet/outlet boundaries, special attention is required. As the artificial
compressibility method is used for solving incompressible flow in the present study,
the flow field thus possesses the features of compressible flow until the solution is
completely converged. Hence, the application of the inlet/outlet boundary conditions
should follow that of the compressible flow. For subsonic compressible flows, there is
one out-going characteristic wave and three incoming waves at the inlet, and three
out-going and one in-coming characteristic waves at the outlet [51, 52]. Typically, at
the inlet pressure is extrapolated to account for the unique out-going wave, and all
velocity components are specified with free stream values for the three in-coming
characteristic waves. At the outlet, all velocity components are extrapolated for the
three out-going waves and only the pressure is specified as the free stream quantity
due to the one in-coming wave [52].

In our GSM implementation, the boundary condition at the inlet is set as

de = Vax
Vg =V, . (2.53)
Py = Py
And at the outlet it is set as
Py = Pa- (2.54)

4) Symmetry
On the symmetric plane, all quantities should be extrapolated except the velocity
component normal to the plane, which is set to zero [52]. Accordingly, the following

conditions should be satisfied [32]

n-vu =0
n-v(t-v)=0 (2.55)
n-v(n-v)=0
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where U denotes a scalar quantity, e.g. pressure or components of the velocity vector;
n and t denote the unit normal and tangential vectors of the symmetric plane,
respectively; and v denotes the velocity vector at this plane.

In applying these four boundary conditions in solving the incompressible flow in
the present thesis, a corner point, where two or more boundaries meet with each other,

is split into two points for each boundary condition separately.

2.3.4.3 Local time

Since the explicit RK5 method is used for the time integration in the pseudo
domain, the so-called Courant-Friedrichs-Lewy (CFL) condition should be fulfilled in
order to stabilize this explicit time integration process [43, 53]. The CFL condition for
an explicit time integration scheme the local time step should be equal to or smaller
than the critical time required to transport information across the stencil of the spatial

discretization scheme [43]. In our calculation of the 2D incompressible fluid flows,
the local time step Az; at a node, i, of interest over the unstructured mesh can be

approximated as [32, 43]

VSi
ATi :J(AX +Ay + D)I (256)
where (A,), =[(W|+c)s.] . (4,), = (M|+c,)s, ] and D, =Rie(s\-/+—3is)' The
X y /i

artificial speeds of sound are evaluated as (c, ), =(v; + 3, )V2 and (c, )i = (v + 5, )]/2.

The projected areas of the smoothing domain are denoted by (SX)i and (Sv)i’ which

are defined as (S, ). :%i|ASi}k and (S, ) =%i|ASijyk |, respectively.
k=1 k=1
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Chapter 3

ES-FEM-T3 for solid mechanics

As one typical smoothed method, the ES-FEM-T3 was found to possess a series
of attractive properties such as super convergence, high convergence rate, accuracy
and computational efficiency, stable in both spatial and temporal domains over the
standard FEM-T3 and NS-FEM-T3 for solving solid mechanics [1]. This chapter
extends the ES-FEM-T3 for solving two engineering problems: the 2D linear bending
stress analysis of the gear tooth existing in the gear transformation and the 3D
nonlinear membrane deflection analysis involving large deformations and rotations.
For comparison the standard FEM-T3 models are also established in each case. The
performances of the ES-FEM-T3 in these two practical areas give us confidence of

further extending it for solving FSI problems in Chapter 5.

3.1 Implicit ES-FEM-T3 for 2D linear bending stress analysis

A typical engineering problem, i.e. the gear transmission problem, is considered
in this section to study the loading carrying capacity of the gear tooth during the gear
transmission process whereby the gear tooth withstands a tensile stress at the loaded
side (drive side) and a compressive stress at the opposite side (coast side). Tooth
fracture always occurs at the fillet of the loaded side, which is mainly due to the stress
concentration in this region [2]. Thus an accurate estimate of the stress distributions in
this region should be quite essential for ensuring the safety of the gear transmission.
As previously mentioned, the standard FEM-T3 would give an “over-stiff” numerical

model leading to poor accuracy in the stress field. In that case, the ES-FEM-T3 could
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be a better choice to accurately estimate the stress distributions in the gear tooth.
Numerical innovations, e.g. replacing the concentrated transferred force F with a
linearly distributed pressure around the loading point, are created during the
formulation process of the implicit ES-FEM-T3 model in order to avoid the stress
singularity at the loading region. In consideration of the superior performance of the
ES-FEM-T3 in the stress field, it is further used for the gear profile optimization

analysis. A series of novel asymmetric involute gears with a larger pressure angle
a, 220" in the drive side and a normal pressure «,=20" in the coast side is

designed and the most favorable gear profile is finally determined.

3.1.1 Formulaiton of implicit ES-FEM-T3 model

The loading carrying capacity analysis, i.e. bending strength analysis, is a linear
elastic static analysis. Thus only the static model of implicit ES-FEM-T3 needs be
constructed, as that in Eq. (2.22). The construction procedures are exactly the same as
those established in Section 2.2. They will not be repeated and the final discrete
governing equations are only presented here, as follows

Ku=f (3.1)
where K is the smoothed stiffness matrix with its entry of K, assembled over the

edge-based smoothing domains; u e RS" is the nodal displacement vector; and f is

the external force vector with its entry of the transferred force F generating from the

contact of two gear teeth during the gear transmission process, as illustrated in Fig.

3.1. Physical meaning of the parameters labeled in this figure will be detailed later.
This transferred force F can be further divided into a tangent force F; and normal

force F, as
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{Ft =F xCoSapy, (32)

F, = F xsinay,

where F :T/(Bx y XCOSag, ) With T =9550x P/n where P is the translated power,
KW, n is the speed of the gear, rpm; B is the width of the gear tooth, B=1 for 2D
analysis; rv is the radius of the circle passing point M; and «,, is the pressure angle

at the loading point M.

Drive side Coast side

A
A,y
4
b
- > ﬂ'/.' a.’\f ..
inve,, —» - ,
-
. - e
7, .
inva,
Rotation direction

Fig. 3.1 lllustration of the transferred force F in the drive side of a gear tooth during the gear
transmission process

It should be noted that this transferred force F is not always constant in one gear
meshing cycle but follows a jump curve as shown in Fig. 3.2a, because the gear
undergoes a “two teeth contacts->one tooth contact->two teeth contact” in a whole
meshing cycle. The transferred force F is shared by two teeth at the “two teeth
contacts” status. Accordingly, five typical contact points can be found in one meshing
cycle, as illustrated in Fig. 3.2b. These are

% the lowest point of two teeth contact (LPDTC)---A

% the lowest point of one tooth contact (LPSTC)---B

¢ the point at the addendum circles during two teeth contact (IPDTC)---C

¢+ the highest point of one teeth contact (HPSTC)---D
¢+ the tip of one tooth (TST)---E
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F/2
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b) Hlustration of the five typical points in a meshing cycle

Fig. 3.2 lllustration of the five typical points in a meshing cycle and the corresponding
transferred forces

As suggested in [2, 3], the maximum bending stress occurs at the time when the
gear meshing arrives at point D in one meshing cycle. So in the present study the
transferred force F obtained at this status is used and assembled into the force vector
f for the bending stress analysis. Accordingly, the pressure and load angles at point D
can be calculated as

ay =arctan| tan e, —[ 2n(z, 1) /2] (3.3)

Qpp =iV +ayp —iNVa, —7/2 (3.4)
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where «,, is the pressure angle at the intersection point of the addendum circle and
the gear tooth profile; o, is the pressure angle at point D; o is the pressure angle
of the gear tooth; ¢, is the contact ratio in the drive side; and z is the total number of

gear tooth. By substituting Egs. (3.3) and (3.4) in Eq. (3.2), the transferred force F and

thus the force vector f can be finally obtained.

3.1.2 Numerical verification of implicit ES-FEM-T3

A one-tooth model with the pressure angles «, = 20"/04C =20° in the drive and

coast sides, respectively, is created, as shown in Fig. 3.3, to test three key properties
of the newly proposed ES-FEM-T3, e.g. the accuracy in the stress field, the
convergence property of the strain energy and the convergence rate of the strain
energy norm. An implicit ES-FEM-T3 in-house code developed in MATLAB is used.
For comparison the implicit FEM-T3 code is also created. The materials properties of
the gear tooth are E=2.16x10"Pa and v=0.3. A triangular mesh with 521 irregular
nodes, as shown in Fig. 3.4a, is created as the background mesh. As the exact stress is
not available for this problem, a refined mesh with 10233 irregular nodes, as shown in
Fig. 3.4Db, is also generated for the reference stress. Note that there is a higher node
density at the fillet in the drive side in order to get more accurate stress distributions at
this region. This analysis is seen as a plane strain analysis.

Both Dirichlet and Neumann boundary conditions are applied at the gear tooth,
as shown in Fig. 3.3. For the Dirichlet boundary, the displacements at the relevant
nodes are constrained in both x- and y-directions. For Neumann boundary condition,
the loads of F;=481551.67N and F,=162231.99N gotten from Eq. (3.2) are applied at

point D. In order to avoid the stress singularity, the region near the point D is
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particularly meshed, as the zoom-in part in Fig. 3.5a. The concentrated load F is
linearly discretized to the 9 adjacent nodes on a line associated with the point D using

Gauss integration method, as shown in Fig. 3.5b and Fig. 3.5c.
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a) Mesh with 521 nodes b) Mesh with 10233 nodes

Fig. 3.4 Generated meshes for the one-tooth gear model
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Fig. 3.5 lllustration of the load distribution: from a concentrated load to a distributed load
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3.1.2.1 Accuracy of the stress field

The gear tooth usually fails at the fillet on the tensile-stress side [2]. Therefore, it
IS prudent to pay special attention on the stress distributions at this region. Fig. 3.6
plots the stress contours from the ES-FEM-T3, FEM-T3 and the referential solutions.
The zoom-in figures in Fig. 3.6 highlight the stress distributions in the two most
sensitive regions, i.e. the loading region and the stress concentration region.
Comparing these three contours, it can be seen that the stress distribution from ES-
FEM-T3 are much closer to the referential one than that from the standard FEM-T3 at
the loading region, which indicates that the ES-FEM-T3 can deal with the

concentrated load much better than the FEM-T3.

2456408
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185E+08

2 45EH18
2 25EH18
205E418
1 85E+08
165E+08
1.45E+08
125E408
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8.32E407
4.16E+07
208E+07
o

1 B5EHIB
1 45E+18
125E408
1 05E+H18
B32EH7
4 1BE+07
208EH7
o

a) Contour of ES-FEM-T3 with 521 nodes b) Contour of FEM-T3 with 521 nodes

2 45E+408
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145E+08
1.25E408
1.05E+08
832E407
4.1BE+07
208E+07
1)

c) Contour of the referential solutions with 10233 nodes

Fig. 3.6 Contours of the Von Mises stress from ES-FEM-T3 (521 nodes), FEM-T3 (521
nodes) and the referential solutions (10233 nodes)
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A further comparison of the exact stress distributions at the fillet in the drive side
is plotted in Fig. 3.7. From the zoom-in part in this figure it can be seen that the
resultant stress from ES-FEM-T3 is much closer to the reference than that from the
standard FEM-T3. A precise comparison of the maximum bending stress in this stress
concentration region shows that up to 23.67% errors are reduced by the ES-FEM-T3
on comparing with the FEM-T3.

r--ﬂ-' FEM-T3
=& ES-FEM-T3
—t Llerenie Solu.

Fig. 3.7 Comparison of the Von Mises stress distributions at the fillet in the drive side from
ES-FEM-T3, FEM-T3 and the referential solutions

3.1.2.2 Convergence of the strain energy

The strain energy indicator of a whole domain is defined as

eexact = % I GexacthexactdQ = % J‘ GexactT DilcexactdQ (3-5)

Q Q
where 6exact 1S the exact stress vector; gexact IS the exact strain vector; and D is the
material constant matrix.
Five sets of triangular meshes (321 nodes, 521 nodes, 1102 nodes, 1984 nodes
and 4225 nodes) are generated for the convergence analysis. As the exact strain

energy cannot be obtained, the reference strain energy from a refined mesh of 10233

nodes represents Eexact.

84



Chapter 3 ES-FEM-T3 for solid mechanics

Table 3.1 lists the strain energies from the present ES-FEM-T3, the FEM-T3 and
the referential solutions. Fig. 3.8 plots the convergence process of these strain
energies with the increase of the degree of freedoms (DOFs) for different models.
From this figure, it can be seen that i) the strain energies of both ES-FEM-T3 and
FEM-T3 converge to the reference with the increase of the DOFs; and ii) the strain
energy of ES-FEM-T3 is much closer to the reference than that of FEM-T3. As
expected, the FEM-T3 exhibits overly-stiff behavior and hence gives the lower bound.
A softening effect has been introduced into the ES-FEM-T3 because of the use of
strain smoothing operation, which allows the ES-FEM-T3 to have a very close-to-

exact stiffness: the results are more accurate than those from FEM-T3.

Table 3.1 Strain energies gotten from ES-FEM-T3 and FEM-T3 with different DOFs for the
gear tooth bending analysis

Case DOF Strain energy of ES-FEM-T3 Strain energy of FEM-T3
1 642 4.1680 3.9507
2 1042 4.2037 4.0429
3 2204 4.2945 4.1925
4 3968 4.3157 4.2385
5 8450 4.3459 4.2920
Reference 20466 4.3591
4.4
4.35 A
43+

425}

b
n

Strain energy
s =
-
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=]
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Fig. 3.8 Convergence of the strain energies to the exact solutions for the gear model using both
ES-FEM-T3 and FEM-T3
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3.1.2.3 Convergence rate of strain energy norm

The strain energy error norm indicator is defined as
€ = (Coraet —Crum )/ Corac ]W (3.6)
where eexqct 1S the exact strain energy as used in Eq. (3.5); and eyum is the numerical
strain energy.

The convergence rate in energy error norm, converging with the reducing
average nodal spacing (h), is plotted in Fig. 3.9. From this figure, it can be seen that a
higher slope is obtained by the ES-FEM-T3, which indicates that the ES-FEM-T3
gives a higher convergence rate than the standard FEM-T3. The convergence rate of
ES-FEM-T3 is 0.99, which is much higher than 0.68 for the FEM-T3. The present ES-
FEM-T3 gives a convergence rate 1.46 times higher than that of the standard FEM-T3.
We know that the theoretical convergence rate in energy norm for a fully-compatible
Galerkin model should be 1.0 and for a smoothed model should be between 1.0 and
2.0. A slightly lower value as found in this calculation should be because of the
existence of the stress concentration at the fillet. Ever then, the ES-FEM-T3 still

performs better than the standard FEM-T3.

:E: FEM-T3

ES-FEM-T3

-1.8 -1.7 -1.6 -1.5 -1.4 -1.3 -1.2 -1.1
Log, ,(h)

Fig. 3.9 Convergence rate of the strain energy norms for the gear model using both ES-FEM-
T3 and FEM-T3
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3.1.3 Implementation of implicit ES-FEM-T3 for gear tooth optimization

As pointed out by Wang in [2], the crack always occurs at the fillet in the drive
side due to the high stress concentration in this region. Thus a simple idea arises that
if we thicken the root in the drive side, could the maximum bending stress in this
region be decreased and thus the carrying capacity of the modified gear be
correspondingly improved? If it is “yes”, how thick should it be most suitable? The
optimization of the gear tooth profiles presented in this section will answer these two
questions.

Thickening the root of gear tooth is actually a technique of modifying the gear
tooth profiles, which leads to a series of so-called asymmetric gears with different
pressure angles at the drive and coast sides, respectively. By now, several kinds of
asymmetric gears have been developed based on different principles. Deng et al. [4]
made a change of the pressure angle in the coast side to increase the bending stiffness
of the gear tooth. Kapelevich [5] and Kapelevich and Kleiss [6], however, suggested
using a larger pressure angle in the drive side and a normal pressure angle in the coast
side. Similarly, with the larger pressure angle in the drive side, Litvin et al. [7, 8]
proposed a modified geometry of an asymmetric spur gear drive designed as a
combination of an involute gear and a double crowned pinion. Muni et al. [9] and
Kumar et al. [10] used a direct gear design method for the optimization of bending
strength of asymmetric spur gear drives. Xiao et al. [11] used an asymmetric rack
cutter to generate the gear pair and suggested a suitable pressure angle to be applied in
the drive side via a series of analyses including the bending stress analysis, vibration
analysis and thermal conduction analysis. All these researches have put significant

improvements on the load carrying ability of the gear tooth during gear transmission.
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In this section, a novel design of the asymmetric gear that applies a larger

pressure angle in the drive side («, >20°) and a standard pressure angle in the coast

side (o, =20") is presented. The optimum profile of the gear tooth is finally

determined according to the stress distributions at the fillet in the drive side via the

ES-FEM-T3 analysis.

3.1.3.1 Governing equations of the gear tooth profile

A gear tooth profile can be divided into five portions, as illustrated in Fig. 3.10,
i.e. the involute (®) and trochoidal (@) potions in the drive side, the involute (®) and
trochoidal (®) potions in the coast side and the addendum (®) connecting the two
involutes. Different portions are governed by different equations, which can be
derived from the mechanical relationships during the gear cutting process by an
asymmetric rack cutter. The detailed derivations of the governing equations are given
in Appendix A. Here these equations are directly employed to generate different

asymmetric gear tooth models.

Fig. 3.10 Five portions of a gear tooth profile

3.1.3.2 Optimization of the gear tooth profile

Five typical asymmetric gear models with pressure angles of o, =20°, 25°, 30°,

35° and 40°, respectively, in the drive side and a standard pressure angle of o, =20° in

the coast side are created, as shown in Fig. 3.11b, all of which are cut by the

corresponding asymmetric rack cutters as shown in Fig. 3.11a. These five models
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have the module m=5mm and the addendum coefficient h, =1. With these five

models it is our intent to find some potential relationships between the pressure angles
and the stress distributions at the fillet in the drive side, so as to find the set of
optimum pressure angles leading to the lowest stress concentration at the fillet region

for the same gear transmission.

a) Asymmetric rack cutters used for cutting the five typical gear models: curves from the left
to the right corresponds to the set of pressure angles: 20°/20°, 25°/20°, 30°/20°, 35°/20° and

40°/20°
—
NAVVA v
AN/ v Tiﬁ
b1) model b2) model b3) model b4) model b5) model
with 20°/20°  with 25°/20° with 30°/20° with 35°/20° with 40°/20°

Fig. 3.11 Rack cutters with different pressure angles and the corresponding asymmetric gear
teeth with a highlighted point at the HPSTC

The gear tooth is assumed to be linearly elastic with Young’s modulus E=2 X

10''Pa and Poisson’s ratio v=0.25 undergoing a transmission with input power
P=50KW at the rotation velocity n=1000rpm. The transferred forces are different for
different models and they are all listed in Table 3.2 based on Eq. (3.2). These forces
are respectively applied at the HPSTC (as highlighted in Fig. 3.11b) of these five
models. These five gear models are discretized with equivalent number of nodes as
listed in Table 3.3. Correspondingly, five more sets of refined meshes are generated
for the reference purpose. The Dirichlet and Neumann boundary conditions used are

the same as those outlined in Section 3.1.2.

89



Chapter 3 ES-FEM-T3 for solid mechanics

Table 3.2 Transferred forces applied at the HPSTC for different asymmetric gear models: N

Gear model Total force F Tangent force F; Normal force F,
20°/20° 508144.89 481551.68 162231.99
25°/20° 526862.96 476574.41 224636.17
30°/20° 551369.51 471014.73 286624.24
35°/20° 582919.87 465552.06 350794.59
40°/20° 623331.98 460744.50 419830.04

Table 3.3 Node information of the five asymmetric gear models

Gear model Node number for comparison Node number for reference
20°/20° 521 10233
25°/20° 524 11100
30°/20° 519 11061
35°/20° 510 10919
40°/20° 500 10928

Fig. 3.12 gives a comparison of the Von Mises stress contours of these five
asymmetric gear models. Correspondingly, Fig. 3.13 plots the stress distributions at
the fillet in the drive side for these five models. From these figures it can be seen that
with different pressure angles in the drive side, the resulting stress fields are different,
which indicates that modifying the tooth profile do affect the stress distributions in the
gear tooth. An obvious trend can be found from Fig. 3.13 that with the increase of
pressure angle in the drive side, the maximum bending stress decreases while the
location of the fillet moves to the negative direction of the x-axis. The length of fillet
seems also to become shorter with this trend.

A precise comparison of these maximum bending stresses is plotted in Fig. 3.14a,
in which the results from the standard FEM-T3 is also presented. From this figure it
can be seen that the maximum bending stresses from ES-FEM-T3 are much closer to
the reference than those from FEM-T3, which again shows that the ES-FEM-T3 could
give more accurate solutions than the FEM-T3. The reduced errors are respectively

23.67%, 26.31%, 25.90%, 25.41% and 29.73%.
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Fig. 3.12 Von Mises stress contours from ES-FEM-T3 for the five asymmetric gear models
with pressure angles of 20°/20°, 25°/20°, 30°/20°, 35°/20°, 40°/20°
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Fig. 3.13 Stress distributions at the fillet of the drive side of the five asymmetric gear models
based on ES-FEM-T3
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Fig. 3.14 The bending stresses and their average with different pressure angles when the
force is applied at HPSTC

From Fig. 3.14a it can be further seen that the maximum bending stress linearly
decreases with the increase of the pressure angle and approximated by a straight line

as

Oy = —0.87Ta, +245.22 (3.7)

where a, is the pressure angle at the drive side; omax IS the maximum bending stress
with the unit MPa. This equation gives the maximum bending stress as a function of
the pressure angle for the asymmetric gear.

Fig. 3.14b gives a comparison of the average bending stresses in the fillet (total
stress/length of the fillet). Different from the purely decreased trend of the maximum
bending stresses, the averages stresses do not just decrease monotonically but have a
minimum value at o, =35". In this consideration, it seems that the pressure angle in
the drive side should not be too larger. In order to select the most favorite pressure
angle in the drive side, we shall consider another important indicator during the gear
transmission: the contact ratio &, in the drive side. Theoretically, a larger contact
ratio will give a smoother transmission with lower noise. From Fig. 3.11b it can be
seen that with the increase of the pressure angles in the drive side, the top of the gear
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tooth becomes narrower thereby leading to a smaller contact ratio. This means that
with the increase of the pressure angle in the drive side, on the one hand the bending
strength of the gear tooth will be improved, on the other hand the contact ratio then
becomes smaller leading to an unfavorable transmission condition with higher noise.

Comprehensive consideration of the maximum stress, average stress and the contact
ratio, we may proposed that the pressure angle of o, =35 serves as the optimal

choice for the drive side, resulting in a low maximum bending stress, the lowest

average stress and a reasonable contact ratio.
3.1.4 Some remarks

ES-FEM-T3 possesses significant advantages than the standard FEM-T3 in
solving the bending stresses of the gear tooth. Higher accuracy in stress field
especially in the two most sensitive regions, e.g. the loading and stress concentration
regions, is achieved by the ES-FEM-T3. Better convergence and higher convergence
rate of the strain energy error are achieved by the ES-FEM-T3. After implementing

the ES-FEM-T3 to determine an optimized asymmetric gear, it is found that the
pressure angle of «, =35 as applied in the drive side of the gear tooth allows

performing best in terms of both the stress distributions in the fillet and the
transmission ability. The ES-FEM-T3 is deemed well suited for the bending stress
analysis of the gear tooth involving both stress concentration in the fillet and
concentration load at the loading point. Some assumptions are made in the numerical

calculations, e.g. the 2D simplification. This may lead to differences between the
numerical and experimental results. Further to check whether the o, = 35°is the most

suitable pressure angle for the drive side, other considerations like vibration analysis,

thermal conduction analysis and the contact analysis have to be accounted for.
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3.2  Explicit ES-FEM-T3 for 3D nonlinear membrane deflection analysis

In the previous section, the implicit ES-FEM-T3 has been successfully
implemented in the 2D linear elastic analysis. In this section, the explicit ES-FEM-T3
is further proposed for solving the more challenging 3D nonlinear spatial membrane
deflection problem. The implementation details of ES-FEM-T3 in the 3D nonlinear
analysis are somewhat different from those in the 2D linear plane strain analysis; here,
it involves large deflections and rotations in the 3D space and thus the gradient
smoothing operation should be expressed in the 3D Cartesian coordinate system.

The study of membrane structure in this section has wide applications such as in
the coverings in architecture, diaphragms in transducers, artificial arteries and organs
in biomedical prosthesis, radio antennas and optical reflectors in airships [12, 13], due
to its attractive properties of lightweight, flexibility and highly susceptible to the
external action [14]. Various issues like excessive stretching, rupturing and tearing of
the membrane structure may occur if excessive force is applied [15-18]. As such,
accurate prediction of the membrane stretching becomes important to avoid its
catastrophic failure.

Either the analytical or numerical model can be established to predict the
ballooning shape of the stretched membrane structure. Through carefully examining a
typical analytical (mechanical) model proposed by Shi et al. in [15] in Section 3.2.1,
we hope to point out the main challenges in the analytical model and thus the
motivation to employ numerical approach like ES-FEM-T3 to analyze and study the
membrane deflections. As a continuous of the work in [19], the formulation of the
explicit ES-FEM-T3 membrane model is summarized in Section 3.2.2. A verification

of the proposed explicit ES-FEM-T3 membrane model is done in Section 3.2.3 in
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predicting the deflections of a square membrane. Results from the experiment, the
analytical (mechanical) model in [15], the FEM-T3 membrane model and FEM-T3
shell model are also obtained for a thorough comparison in this section, so as to arrive
at the superior performance of the ES-FEM-T3 membrane model for membrane
deflection analysis. Two factors, i.e. the pressure fluctuations in the experiment and
the boundary constraints in the numerical models, are checked to illustrate the slight

differences observed between the numerical and experimental results.

3.2.1 Why to construct the numerical membrane model with ES-FEM-T3?

3.2.1.1 Not easy to get analytical solutions

Theoretically determining the ballooning shape (or deformation) of the
membranes is usually very challenging. Analytical solutions are only available for
homogeneous isotropic membrane with very simple geometrics and loading
conditions, such as circular membrane under axisymmetric loading where the problem
can degenerate as a one-dimensional (1D) problem [12]. In order to determine the
ballooning shape of membrane with complex geometries, simplified models are often
built [20-23]. Shi et al. built two mechanical models to estimate the deformations of
the square membrane: one is the 2D model with the two opposite edges being
continuously constrained [23] and the other is the 3D model with all the four vertexes
being fully constrained [15]. In these two models, the deformed profile of the
membrane was assumed to be governed by parabolic equations. The requirements of
the force equilibrium, deformation compatibility and stress-strain relationship should
be all satisfied during deriving the governing equations. Baskaran et al. [16]
compared the predicted maximum deflections by this 2D model with experimental

results and concluded that the 2D model always underestimates the maximum
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deflections. However, the 3D model has not been examined and verified as yet. As
this 3D model is a typical one through literature reviews, it is used as a benchmark to
assess the main difficulties for analytically predicting the membrane deflections, as
can be seen in that the nonlinear terms present in the strains greatly affect the
membrane deflections. It is these nonlinear terms preventing the analytical solving of
the membrane deflections. Thus numerical analysis appears to be the only alternative.

The mechanical model built by Shi et al. [15] is used to estimate the deflections
of a square membrane constrained by regularly spaced staples or cap nails under a
static pressure, as shown in Fig. 3.15. The equation of estimating the deflections is
derived as

|ll—(m+ln n)—%—lzo (3.8)

where H is the maximum deflection of the membrane, i.e. deflection at the centre of
the membrane; | is the edge length of the membrane; h is the thickness of the
membrane; E and v are the Young’s modulus and Poisson’ ratio of the membrane,
respectively; p is the static pressure; and m and n are the functions of H and | donated
as

2

| |2 (39)

2H 4H?
n=|—+ 1+ |2

(3.10)

Fig. 3.16a illustrates the experimental setup in [15], and Fig. 3.16b gives the
simplified model of this experiment. The points Ey, E,,... , Eg and D, Dy,..., Dg in
Fig. 3.16b indicate the tested points in the experiment. A membrane named Tyvek™
Homewrap with the dimension of 406mmx406mm is chosen in this experiment. The

thickness of the membrane is h=0.16mm, and the material properties of the membrane
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are: Young’s modulus E=875MPa and Poisson’s ratio v=0.24. Four sets of static
pressures, i.e. p=25Pa, 50Pa, 100Pa, 150Pa, are applied perpendicularly on the
membrane. Both the maximum deflection H and the deflections along the diagonal

and the edge are detected under these applied pressures.

a) A membrane withstanding static pressure

Deformed shape

Initial shape

Cross section

b) The initial and deformed shapes of the membrane

Fig. 3.15 A square membrane constraining the four vertexes subjects to static pressure

Test frame (2.4 mx2.4 m)
With Tyvek™ Homewrap

Non-contact laser \\

displacement sensor

Diagonal

Span=575mm Edge

1=406mm

Opening connected to a motor
controlled fan to create air
pressure differential

a) Experimental setup [15] b) Displacement measurement locations
Fig. 3.16 Experiment of the membrane deformation in the wall systems
A comparison of the maximum deflections from the experiment and the
mechanical model under these four sets of pressures are listed in Table 3.4. And the
comparisons of the deflections along the diagonal and the edge under a pressure of

p=100Pa are presented in Table 3.5 and Table 3.6, respectively. Note that the
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notations of “Shi et al.” in these three tables indicate the results from the mechanical
model of Eg. (3.8). Comparing the data listed in these three tables, it can be seen that
although the mechanical model can give approximate solutions in relation to the
experiment, significant differences still exist between the experimental and predicted
deflections, especially for the maximum deflections under higher pressures (p=50Pa,
100Pa and 150Pa) in Table 3.4 and the deflections at the mid-portions of the diagonal
and edge, i.e. Ds-Dg and Es-Eg in Table 3.5 and Table 3.6, respectively. The
deflections are always underestimated by the mechanical model, which is identical to

the conclusions drawn from the 2D mechanical model [16, 23].

Table 3.4 Maximum deflections (H: mm) of the 3D ballooning membrane under four
sets of pressures: p=25Pa, 50Pa, 100Pa and 150Pa

Pressure: Pa H: experimental H: Shi et al.
25 9.2 8.8
50 17.6 11.2
100 21.5 14.1
150 23.8 16.1

Table 3.5 Deflections (mm) of the 3D ballooning membrane along the diagonal under the
pressure of p=100Pa

Point: D 1 2 3 4 5 6 7 8
Experimental 1.6 5.3 9.6 13.7 162 201 204 215
Shi et al. 3.3 6.2 8.6 106 121 132 139 141

Table 3.6 Deflections (mm) of the 3D ballooning membrane along the edge under the
pressure of p=100Pa

Point: E 1 2 3 4 5 6 7 8
Experimental 0.9 3.6 4.1 6.5 93 104 111 117
Shi et al. 1.7 3.1 4.3 5.3 6.1 6.6 6.9 7.1

One possible reason that accounts for the large difference of the deflections
observed between the experiment and the mechanical model could be attributed to the
strain assumption made in the derivation of the differential equations in [15]. The
deformation compatibility is required in the derivation of these differential equations,
in which the strains along the diagonal were obtained as follows: selecting an
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arbitrary point E located at the diagonal, a line EF paralleling to the x axis in a non-
deformed membrane was assumed to perpendicularly transfer to E'F' in the deformed
membrane subject to a static pressure, as shown in Fig. 3.17a. Thus the strain at the

point E along the x- and y-directions can be expressed, respectively, as

EF|-|EF 2
£ = EF|_ [a”Zj 1 (3.11)
' |EF| oX

EG|-|EG ?
£ = |EG|| |= 1+(%j -1 (3.12)

where u; is the assumed deflection at that arbitrary point E in z-direction. The shear

strain is equal to zero (¢,, =0) at that point because of the symmetric property of the

deformed membrane.

It should be noted that the derivations of the strains above are based on the small
deformation assumption. However, in the previous experiment the membrane can
undergo large deformations with highly geometric nonlinearity under especially
higher pressures, as shown in Fig. 3.17b. This would cause the arbitrary line EF no
longer perpendicularly transfer to E'F'. The displacements of E in both x- and y-
directions (uy and uy) are thus induced, as shown in Fig. 3.17c. In that case the
nonlinear terms, which are functions of the spatial derivatives of uyand uy, should be

added into the original strains, i.e. into Eq. (3.11) and Eq.(3.12), as follows

ou, ou, ?

&, = ox + 1+(—6Xj -1 (313)
——
terml term2
ou ou Y

— y z

Ey—E-'r l+(ayj -1 (314)

— %/—J

terml term2

where the term 1 is the nonlinear term, and the term 2 is the strain of Eq. (3.11) or

Eq.(3.12) called linear term here.
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02 7

005 0 005 01 015 02

b) General profile of membrane undergoing a large  ¢) Displacements at point E (u,and uy)
deformation in a large deformation configuration

Fig. 3.17 Illustration of the strain derivations in both linear and nonlinear forms

Taking &, as an example, the calculated linear and nonlinear strains along the

diagonal are shown in Fig. 3.18, which are obtained base on Eq. (3.11) and Eq. (3.13)
under the pressure of p=100Pa, respectively. From this figure it can be seen that there
is a large difference between the linear strain and the nonlinear strain, which is
apparently due to the adding of the nonlinear term (term 1). This is the possible
reason for the underestimations of membrane deflections by the differential equations
in [15]. If the strains of Eq. (3.11) and Eq. (3.13) are replaced by the strains of Eq.
(3.12) and Eq. (3.14), the newly predicted membrane deflections by the mechanical
model should be much closer to the experimental results, and thus the
underestimations of the deflections can then be avoided. However, the effects of the

nonlinear strains should be verified.
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Fig. 3.18 Comparisons of the linear and nonlinear strains under the pressure of p=100MPa

In the calculation of the nonlinear strain &,, one major problem is encountered,

i.e. how to theoretically express ux. The term 2 in the nonlinear strain can be obtained
easily, however, the term 1 cannot be obtained so easy because of the unknown uy
which is a function of geometry, material properties of the membrane and the external

applied pressures, etc. In the calculation of the nonlinear strain &, above, the

distribution of ux can be obtained through a more convenient way, i.e. numerical
simulation:

i) Get the uy at the discrete points along the diagonal numerically

ii) Interpolate these discrete displacements using polynomials, as shown in Fig.

3.19

iii) Substitute the approximate uy into Eq. (3.13) to get the nonlinear strain

However, the order of the approximating polynomial function of uy is up to 10,
which may cause difficulties to be theoretically analyzed. As such, the numerical
simulation which deals with the nonlinear term much easier appears better suited to

simulate the large deformation of the membrane.
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O  Numerical Results
Poly. (Numerical Results)
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Fig. 3.19 Numerical results for displacement u, and their approximations by polynomial
along the diagonal

3.2.1.2 ES-FEM-T3 superior to FEM-T3 for membrane deflection analysis

The standard FEM is frequently used to determine the ballooning shapes of these
deformed membranes. We has already shown that the standard FEM-T3 can give rise
to “over-stiff” numerical model and lead to poor accuracy in the stress field.
Comparatively, the ES-FEM-T3 was found particularly superior in convergence,
accuracy, computational efficiency and stability using the same mesh. In this study,
the ES-FEM-T3 is employed for the numerical simulation of the membrane
deformation, in which the displacement gradient is smoothed using edge-based
smoothing domains in 3D global Cartesian coordinate system, and the explicit time
integration and Dynamic Relaxation Method (DRM) are used to obtain the steady-
state solutions of the membrane structure. The novel ES-FEM-T3 membrane model
was firstly proposed by Zhang et al. in [19]. As a continuation of this work, the ES-
FEM-T3 membrane model is further explored here to check its properties, and

especially on solving the practical membrane deformation problem in engineering. A
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summary of the formulation procedure for the ES-FEM-T3 membrane model is

presented in next section for its implementation in Section 3.2.3.
3.2.2 Formulation of explicit ES-FEM-T3 membrane model

3.2.2.1 Co-rotational local coordinate system

A membrane element can be seen to degenerate from a flat shell element based
on the Mindlin-Reissner assumption [24, 25], which is actually its membrane part
without bending stiffness. The external forces (mainly the pressures) are undertaken
by the membrane structure via its in-plane stretches and out of plane rotations [18].

Because of the lack of bending stiffness, the displacements throughout the
thickness of the membrane are the same and thus the thickness h of the membrane is
constant in the whole deformation process. In this case, the deformations of the
membrane structure can be described with only the deformations of a plane, e.g. the
mid-plane, paralleling to the membrane surface. And the elemental stress in the plane
can be seen as a state of plane stress [18]. However, different from the “real” plane
stress problem where the deformation occurs in the 2D space, the deformation of the
mid-plane of the membrane occurs in the 3D space where the nodal displacement in
this plane has three degree of freedoms.

If we discretize the mid-plane of the membrane with a set of triangular mesh, as
shown in Fig. 3.20, the smoothed gradient of the displacement vector u in the 3D
space (global Cartesian coordinate system) can be approximated with the ES-FEM-T3
according to Egs. (2.5) and (2.7) proposed in Chapter 2 as

1 1 Mg [ Naw
Vu (Xk ) R EJ‘FT u (X)ndr = E;':nz_; WinnU (an )n (an )} (315)

or

103



Chapter 3 ES-FEM-T3 for solid mechanics

seg

_ 1 ..
uivi(xk)~Ak J.l-sd i ndF~ sd et nz_; )nj(xmn)' L]=XY,Z

The physical meanings of the parameters in Eq. (3.15) are exactly the same as

those described in Egs. (2.5) and (2.7). u(X,, ) is the displacement vector at point Xmy

that can be interpolated using the simplest linear shape function N(x) of the standard

T3 element as

Xom )= 2. N, (X

Iesid

or (3.16)

(X )= D0 Ny (X ) Uyi» 15X, Y, 2

IGSEd

Here, S is the group of nodes supporting the smoothing domain Q°, the same

as that in Eq. (2.12); and u, is the displacement vector at the node.

o

—~ ' » center of the element
mid-plane

X3

A

h|

X1 A

Fig. 3.20 Description of edge-based smoothing domain for 3-node spatial triangular
membrane element degenerated from solid prism element and highlight of an edge-based
surface smoothing domain for an edge of a linear triangular mesh, and the embedded local co-
rotational coordinate system

By substituting Eq. (3.16) back into Eqg. (3.15), this leads to the formulation of
the smoothed gradient of displacement field in a smoothing domain in the mid-plane

as

vu(x, ) IeSﬁd( sd'[ N, (x)ndI'u Jz > VN, (X)u, (3.17)

les

or
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u,(x )~ > (ﬁjr N, (x)ndl“u,i]: SN (XU, B =%,z

less les

where VN, is the smoothed derivatives of the shape function in global coordinate.

It should be noted that the nodal displacement vector u; in Eq. (3.17) includes
components of both rigid body motions (i.e. translations and rotations) and in-plane
stretches in the 3D space. As the rigid body motions have no contribution to the strain

and stress states, they should be eliminated from the displacement vector u, so that the

remaining part (denoted as U, ) can be directly used for calculating the smoothed

strains, the smoothed stresses and finally the smoothed internal nodal forces to
balance the equilibrium equations.

In order to achieve this elimination, the local co-rotational coordinate systems
attached to each smoothing domain need be predefined. And the corresponding
transformation matrix T associates with these local co-rotational coordinate systems
need be constructed. By using this transformation matrix T, any field variables (not
limited to the displacement vector u;) can be transformed from the global to the local

co-rotational coordinate systems, so that the smoothed strain and stress can be

properly evaluated in this local co-rotational coordinate system with O, .
As illustrated in Fig. 3.20, for an inner smoothing domain Q with two
neighboring membrane elements, i.e. element elel and ele2 sharing a common edge k,

. . . . . . A~ A AT
its basis orientation vectors of local co-rotational coordinates X = {x, Y, z} are

a = XcTXa & _pey
1 xe =X, *

8, = 1% (3.18)
7 exe '

s
nk

where x; (I=A, B, C, D) is to the global Cartesian coordinates of the four nodes

supporting ©*, in which x, is set as the origin of this local co-rotational coordinate
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system; and n{® denotes the smoothed (averaged) normal vector of the normal vectors

of the two neighboring elements, i.e.

ny' =[ Area(elel)n®* + Area(ele2)n"** |/[ Area(elel) + Area(ele2)|  (3.19)

elel

in which n®! and n®? denote the outward surface normal vectors of the T3
membrane element elel and ele2, respectively; and Area(elel) and Area(ele2) denote
the areas of the membrane element elel and ele2, respectively.

The transformation matrix T can thus be constructed with the basis orientation

vectors as

T= {él,éz,é3} . (3.20)
With the help of the transformation matrix T, the global displacement vector u,

can be transformed from the global to the local coordinate system as

a,=Tu,. (3.21)
After substituting Eq. (3.21) into Eq. (3.17), the smoothed gradient of the

displacement field with ES-FEM-T3 in the local co-rotational coordinate system can

be finally obtained. This smoothed gradient will be used to calculate the smoothed

internal nodal force E"“ in the local coordinate system. Then the E‘”‘ is transformed

back into the global coordinate system for the force assembly. Details on constructing

f™ can be found in the next section.

3.2.2.2 Formulation of membrane with explicit ES-FEM-T3

In solving a membrane problem, its static state should be purchased. However,
the static solutions of membrane deformation cannot be gotten straightforward due to
the impending rigid body motions which leads to the stiffness matrix ill conditioned

or singular [18]. Therefore, the dynamic relaxation technique is adopted [18, 26]. In
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this technique a pseudo damping force with a positive damping coefficient is added
into the motion equation resulting in the dissipation of kinetic energy. In the end one
can obtain the steady state of the deformed membrane and examine the displacement
and strain energy with the admissible minimum influences of the transient response
[19]. Similar to the motion equation proposed in Eq. (2.17), the discrete governing
equation of the membrane deformation with dynamic relaxation technique can be

written as

|\7|U — .Fext _fint _.Fdamp (322)
in which all the variable are evaluated in the global Cartesian coordinate.

Either the implicit (e.g the Newmark f-method) or explicit methods (e.g. the

central difference method) can be used for the time integration of Eq. (3.22). Here, we
choose the central difference explicit time integration method because of its attractive

feature of avoiding solving large-scale equations [24].

In the explicit time integration implementation, the time of simulation 0 <t <t*
is subdivided into a series of time steps At", n=1to n,; where nrs is the total number
of time steps. Accordingly, Eq. (3.22) at time step n can be expressed as

M7= "o ()= T ("u) - "Fe (o) (3.23)
where M is the lumped mass matrix that only need to be evaluated once at the initial
time t=0; "0, "f*™and "f™ are the acceleration, external force and smoothed internal

force vectors, respectively, at time step t"; and "f®™ is the damping force vector
evaluated as [18]
"fem = MG (3.24)

where # is the damping coefficient and "u is the velocity vector at time step t".
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In our ES-FEM-T3 membrane model, both the mass matrix M and external
force vector "f® are evaluated by the same way as in the standard FEM-T3. Only the
smoothed internal force vector "f™ is evaluated with the ES-FEM-T3 over the edge-
based smoothing domains. In other words, the ES-FEM-T3 membrane model only
modifies the formulation of internal force vector, which concurs with the statement

that “the S-FEM models change only the stiffness matrix.” in Chapter 2. Thus the

formulation of the smoothed internal force vector "f™ with ES-FEM-T3 only be

detailed here.

1)  Constructing the smoothed nodal force in local coordinates with ES-FEM-T3

In the explicit time integration process, the membrane deformation is assumed to
undergo a series of spatial configurations. The kinetic relationships should be satisfied
in each spatial configuration, and the kinematic relationships are described with the
total Lagrangian (TL) formulation [24] which uses only the initial configuration as the
reference configuration. Accordingly, a kinematic description of the ES-FEM-T3

membrane model is illustrated in Fig. 3.21.

At the initial configuration (time t=0), the smoothing domain is denoted by °Q*
in which the left superscript denotes the time step. The coordinates of its four
supporting nodes are denotes by 5(, (e.0. 1S ={AB,C,D} as in Fig. 3.20) in the
local coordinates and X, in global coordinates. The basis vectors °8,,i=1,2,3 of this
local coordinate system are determined by substituting 5(, into Eq. (3.18). Through

the motion X = f(X,t) the membrane is transformed from the initial configuration

°Q to the current configuration "Q at time t". Consequently, °Q is transformed to
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"0, The coordinates of the nodes supporting "Q are denotes as X, in the local
coordinates and x, in global coordinates. The basis vectors "€,, i =1,2,3 at time t"

are determined by substituting X, into Eq. (3.18). It should be noted that when "= =0,

X, =% and X, =X, .

Fig. 3.21 The kinematics of the ES-FEM-T3 model for spatial membrane structures in the
total Lagrangian formulation

The transformation matrices °T and "T corresponding to time t=0 and t=t" can
be obtained with °€, and "€, respectively, according to Eq. (3.20). With the help of

these two transformation matrices, coordinates between global and local systems at

any time can be calculated as

X, =T (X,)-X, (3.25)

X, ="T(x)-X,. (3.26)
By using these two equations, the rigid body motions (rotations) part of the nodal

displacement is eliminated, as illustrated in Fig. 3.22. The resultant in-plane nodal
displacements can then be obtained in the local coordinate system as

20, =%, - X, (1eSi=12) (3.27)

nAa

where the left subscript in jU, denotes the time for the reference configuration, i.e.

the displacement is measured at time t with respect to the reference configuration at
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time O (initial configuration). Note that in the TL formulation all the parameters are

measured referring to the reference configuration, hence the left subscript “0” in these

parameters will be omitted below for the sake of simplification. For example, 70, is

written as "d,; .

Fig. 3.22 In-plane deformation in the local coordinate plane )21)22 after coordinate
transformation

By using the displacement vector "4, the in-plane smooth deformation gradient

"F(X,) is computed so as to measure the in-plane strain "E, as

"B (%) =" (X )+ 8= D N (X ) "G+, T =Xy (3.28)

les

where Oﬁ,'j are the smoothed derivatives of the smoothed function in °Q°.

The smoothed Green-Lagrangian membrane strain "E in the local coordinates

system can then be calculated as

"E, =%("ET“E—|). (3.29)

For most of the nonlinear elastic materials, the second Piola-Kirchhoff (PK2)

membrane stress "S, in local coordinates can be expressed as the function of

~

smoothed Green-Lagrangian membrane strain "E, as

"S, =D"E, (3.30)
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where D is the material response tensor of the isotropic St. Venant-Kirchhoff material
under the plane stress condition.

Using the smoothed strain and stress tensors of Eqgs. (3.29) and (3.30), the
smoothed internal force vector ”fk"“ corresponding to the k™ smoothing domain "

in local co-rotational coordinates can be calculated as

=. = 97T ( =
nfkmt :[ani| {nsk} OAEd (331)
where [”ék} iIs the smoothed strain-displacement matrix associated with the

~

smoothing domain "Q" ; and {”Sk} is the smoothed PK2 stress vector of the

smoothing domain " . Assuming the indices of the supporting nodes of the

smoothing domain Qi are I=A, B, C, D as illustrated in Fig. 3.20, the matrices and

vectors in Eq. (3.31) are

= = Iz I = I =
B, |=|B(X) | "Ba(X) | "Be(X) | "By (X) | (3.32)
ONI,l 0 nuTl,loNll na210N|1
[nBI (X):| = 0 ONI 2 |t nal,Z 0Nl,z naz,z ONl,z (3-33)
ONAl,z ONI,l Ay Az
nAﬁ = nuTi,loNT|,2+nai,2ONT|,1’ i=1,2 (3'34)
{nsk}:{nskll nSkzz nSklZ} (3.35)

= = = | = = | = = = = 7
A R S O e G N CED
It should be noted that the edge-based smoothing domain located at the boundary

of the solution domain only has three supporting nodes. Hence, the size of the above

equations will be correspondingly reduced.
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2)  Transforming the smoothed nodal force from local to global coordinates

By using coordinate transformation, the smoothed internal force vector in global
Cartesian coordinates can be transformed back as
Ngg _
TS T(X)] (3.37)
i=1
After substituting Eq. (3.37) in Eq. (3.23), the discrete dynamic equations

governing the membrane deformations can be finally gotten. In order to find the

unique solution of Eq. (3.23), boundary conditions, i.e.

O ("0)=0 , ibc=1ton,, (3.38)
should be subjected, in which g, ("u) =0 is the velocity boundary conditions at time
t, and ny is the number of the boundary conditions.

Detailed procedures to solve the equation of motion using dynamic relaxation

method based on the central difference explicit time integration algorithm are

summaried in the flowing flowchart.
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From this flowchart it can be seen that the explicit time integration can be easily

implemented and a major part of this integration procedure is the calculation of the
nodal force as done in the subroutine “Cal_Internal_Force”. There are two essential
computational aspects that should be pointed out during the explicit time integration.
i)  The stoppage of the iterations

The admissible error g, in Eq. (3.39) is defined to determine if the membrane

structure has reached the steady state. ¢, is suggested to be set very small, e.g.
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1x107, so as to get steady state solutions with the admissible minimal influences of

the transient responses [19]:

n+1 n

u_

n

/|"a

u

<& (3.39)

|L2 |L

i)  Critical time step
The explicit time integration algorithm is conditionally stable. If the time step At

exceeds a critical value At_. , the solution will grow unboundedly [24]. A stable time

crit ?

step for a standard FEM-T3 model with rate-independent materials is given by

At = oAt At :Z—ES minie: meln(g—ej (3.40)
[0

crit ! crit
el o, C

max e

where @, 1S the maximum frequency of the linearized system; ¢, is the

characteristic length of the element e, which usually defined as 7, = 2\/\/§Areae/3 ; Ce

is the current wave speed in element e, which is usually set constant for all the

elements, C, =4/E/[(1—uz)p} ; and « is a reduction factor that accounts for the

destabilizing effects of nonlinearities. As suggested in [24], a good choice for « is
between 0.8 and 0.98.

According to the “soft effect” theory as stated in Chapter 2, an S-FEM model
(including our ES-FEM-T3) is always softer than the FEM-T3 model, hence using the

above critical time step in the ES-FEM-T3 should be on the conservative side.

3.2.3 Implementation of explicit ES-FEM-T3 for 3D membrane deflection

analysis

The explicit FEM-T3 membrane and shell models are also established in the
present study so as to further check the effects of different element types on the

membrane deflections. In summary, a total of three numerical models are established
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% Membrane model with ES-FEM-T3, i.e. ES-FEM/Membrane model

% Membrane model with FEM-T3, i.e. FEM/Membrane model

% Shell model with FEM-T3, i.e. FEM/Shell model

The ES-FEM/Membrane and FEM/Membrane models are from the in-house
code, and the FEM/Shell model is constructed in the commercial software: Abaqus.
The 3D spatial square membrane deformation problem introduced in Section 3.2.1 is
calculated with different numerical models and the experimental results are used as a
benchmark. The material of the membrane is assumed to be linear elastic and the
material properties are chosen the same as those used in the experiment. The four
vertexes of the square membrane are totally constrained, i.e. the displacements in x-,
y- and z-directions are all constrained for the ES-FEM/Membrane model and
FEM/Membrane model, and only the displacements in x-, y- and z-directions are
constrained for the FEM/Shell model, as shown in Fig. 3.15b. The pressures of
p=25Pa, 50Pa, 100Pa, 150Pa are perpendicularly applied on the membrane,

respectively.

3.2.3.1 Mesh convergence analysis

Theoretically the numerical results will converge to the exact ones with the
increase of the DOFs [27-29]. So the mesh convergence analysis should be carried out
firstly in order to avoid the effect of DOFs on the final results. In the present analysis
five sets of meshes are created (507, 963, 2118, 4320 and 7842 DOFs), as shown in
Fig. 3.23a, in which the latter mesh has a relationship of approximate 2 times DOFs of
the former. Fig. 3.23b plots the calculated maximum deflections by the ES-
FEM/Membrane model based on these five sets of meshes under different pressures.

From Fig. 3.23b, it can be seen that the maximum deflections increase with the

115



Chapter 3 ES-FEM-T3 for solid mechanics

increase of the DOFs, however, the difference between the two neighboring curves
becomes smaller, which means that the deflection will become mesh independent
when the DOFs are large enough. However, more computation time will be consumed
when more DOFs are used in the simulation. So after considering both the
computational accuracy and efficiency, the set of mesh with 4320 DOFs is chosen in

the following analysis.

Y RTANANANLN ATy
SR
DR
7
R
s

",
T

2
“‘A

RO
s

FAY)
Y

o

S
i

1

L A i Favad ok a0
a. 507 DOFs b. 963 DOFs c. 2118
a) Meshes with different DOFs

26 : : . . . .

-=<--504 DOFs

24| # 963 DOFs 4

-G 2118 DOFs P

-4~ 4320 DOFs ‘ 0 |
7842 DOFs e e e

T

S

—"
---------
00 et e

18

16

Max. Deflection: mm

10 1 1 1 1 1 1
20 40 60 80 100 120 140 160

Pressure: Pa
b) Mesh convergence analysis

Fig. 3.23 Five sets of meshes and the corresponding mesh convergence analysis based on the
maximum deflections of the membrane by the ES-FEM/Membrane model

3.2.3.2 Computational accuracy

a) Calculated deflections from the numerical models
The maximum deflections of the membranes from the models of ES-
FEM/Membrane, FEM/Membrane and FEM/Shell under the four sets of static

pressures are listed in Table 3.7. And the deflections at the points D;, D,..., Dg along
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the diagonal and Ej, E,..., Eg along the edge under a typical pressure of p=100MPa
are listed in Table 3.8 and Table 3.9, respectively. At the same time the deformed
membranes calculated by the model of ES-FEM/Membrane under different static
pressures are plotted in Fig. 3.24a. One typical deformed contour plot of the
membrane under the pressure of p=100Pa is plotted in Fig. 3.24b. Different colors
used in these figures illustrate different deflection magnitudes of the membrane and
the legends on the right of these figures give the values corresponding to these colors.
Note that the shapes of the deformed membrane from the models of FEM/Membrane
and FEM/Shell are quite similar to that from the model of ES-FEM/Membrane, so

only the deformed contour plot from the model of ES-FEM/Membrane is plotted here.

Table 3.7 Maximum deflections (H: mm) of the 3D ballooning membrane under four
sets of pressures: p=25Pa, 50Pa, 100Pa and 150Pa

Pressure: Pa 25 50 100 150

Maximum ES-FEM/Membrane 13.3 16.8 21.1 24.1
deflection H: FEM/Membrane 13.2 16.6 20.9 23.9
mm FEM/Shell 13.2 15.7 19.9 22.8

Table 3.8 Numerical deflections (mm) of the 3D ballooning membrane along the
diagonal under the pressure of p=100Pa

Point: D 1 2 3 4 5 6 7 8
ES-FEM/Membrane 4.4 8.6 124 157 182 199 208 211
FEM/Membrane 4.4 8.7 126 158 181 197 20.6 20.9
FEM/Shell 4.2 8.0 116 147 171 187 196 199

Table 3.9 Numerical deflections (mm) of the 3D ballooning membrane along the edge
under the pressure of p=100Pa

Point: E 1 2 3 4 5 6 7 8
ES-FEM/Membrane 29 5.7 84 108 128 144 155 159
FEM/Membrane 2.8 5.6 83 107 127 143 153 156
FEM/Shell 2.7 53 778 101 120 136 146 15.0
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a) Deformed profiles of the membrane under static pressures: p=25Pa, 50Pa, 100Pa and
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b) Deformed profile of the membrane under static pressures of p=100Pa
Fig. 3.24 Membrane deformation based on the ES-FEM/membrane model
b) Verification of the maximum deflections
The maximum deflections, which are from the experiment, the mechanical model
and the numerical models, have already been listed in Table 3.4 and Table 3.7,
respectively. Fig. 3.25a plots the comparisons of the maximum deflections based on
these data. An approximate trend of these maximum deflections can be found from
these curves: i) the maximum deflection nonlinearly increases with the increase of the
applied pressure; ii) the numerical models can give much closer maximum deflections
to the experiment than the mechanical model, although there are still some differences;

iii) there is a jump in the experimental curve from p=25Pa to p=50Pa.
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Fig. 3.25 Comparisons of the maximum membrane deflections and the corresponding
deflection ratios under different pressures

To provide more clear and fair comparisons for these maximum deflections, the
deflection ratio is further introduced by dividing the maximum deflections (both from
the mechanical and numerical models) with those from the experiment. A ratio close
to 1 indicates that the maximum deflections predicted by the models can correlate

well with the experimental data.
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Fig. 3.25b plots the deflection ratios obtained from these models under the four
sets of pressures. From this figure it can be seen that:

1) The deflection ratios from the numerical models (models of ES-
FEM/Membrane, FEM/Membrane and FEMY/Shell) are all closer to 1 than the
mechanical model except for the case p=25Pa, which means that after introducing the
nonlinear strains in the numerical models the calculated maximum deflections are
much closer to the experiment than those from the mechanical model considering only
linear strains. This indicates that the nonlinear strain is indeed a key factor to affect

the accurate prediction of the deflections. As shown in Fig. 3.25b, the ratios from the

numerical models are all in the range of [0.89,1.01], however, those from the

mechanical model are just in the range of [0.63,0.68].

ii) For the numerical models, the ES-FEM/Membrane model always gives much
closer deflections to the experiment than the other two models, and the FEM/Shell
model always gives the lower bound results. This is mainly due that the ES-
FEM/Membrane model behaves much softer than the standard FEM/Membrane
model, and the bending property of the shell element makes the FEM/Shell model
even stiffer than the other two membrane models [19]. It is better to choose the ES-
FEM/Membrane model to estimate the maximum defections of the membrane in a
numerical analysis.

iii) There is a jump of the maximum deflection from p=25Pa to p=50Pa in the
experimental curve as shown in Fig. 3.25a. Comparing the trend of this curve with
those from the mechanical model and numerical models, we suspect that there may be
a measurement error in the experiment under the pressure of p=25Pa.

c¢) Verification of the deflections along the diagonal and the edge
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Fig. 3.26 Comparisons of the membrane deflections along the diagonal and the edge based on
the mechanical model, numerical models and experiment under the pressure of p=100Pa

The deflections along the diagonal and the edge are plotted in Fig. 3.26a and Fig.
3.26b based on the data listed in Table 3.5, Table 3.6, Table 3.8 and Table 3.9,
respectively. From Fig. 3.26a, it can be seen that the numerical models can give much
closer curves to the experiment than the mechanical model along the diagonal. It

again verifies that the use of nonlinear strains in the simulation is so important to

Deflection: mm

Deflection: mm

25 T T T T T
dS‘A"Zr Sxs
201 b2 K (N .
pr \g '\‘ .
e o, diagonal
15F by
10 / ]
A Experimental Results \
Poly.(Experimental Results) \
LY A o Shi et al. Results
s ES-FEM/Membrane Results
FEM/Membrane Results
0 FEM/Shell Results
1 1 1 1 1
-300 -200 -100 0 100 200 300
X mm
a) Comparison of the deflections along the diagonal
18— T T T T T T T T
16 1
141 8
edge
12 1
10 1
8 - -
6 L A e T -
ak A Experimental Results ]
Poly.(Experimental Results)
o8 S Shi et al. Results 4
ES-FEM/Membrane Results
0 FEM/Membrane Results
FEM/Shell Results
_2 1 1 1 1 1 1 1 1 1
-200 -150 -100 -50 0 50 100 150 200
X:mm

b) Comparison of the deflections along the edge



Chapter 3 ES-FEM-T3 for solid mechanics

correctly predict the deflection. The ES-FEM/Membrane model and FEM/Membrane
give quite similar deflections, and the FEM/Shell model gives smaller deflections than
these two models. The reason for this is similar to those mentioned in the discussion
b). The mechanical model underestimates the deflections along the diagonal. From
Fig. 3.26Db, it can be seen that although the shapes of the deformed curves from the
numerical models are similar with that from the experiment, the deflections are
overestimated by these numerical models. The mechanical model still gives

underestimated results.

3.2.3.3 Aspects influencing the deflections

From the comparisons of both the maximum deflections and deflections along
the diagonal and the edge discussed in the section above, it can be seen that the
numerical models involving nonlinear strains can give much closer deflection to the
experiment than the mechanical model with just linear strains. This suggests that the
strain expressed in nonlinear form is quite essential for the accurate calculation of
membrane undergoing large deformations. However, there are still some differences
of the deflections between the numerical and experimental results, especially for the
deflections along the edge. Several factors may cause the differences, which may be
from the setting of the experiment or the numerical models. These factors will be
discussed in the following text.

a) Effect of the reproducibility on the maximum deflections

Some pressure fluctuations are inevitable in an experiment because of the
accuracy of the used sensor or the tightness of the equipment. So the reproducibility
of the experimental results is important. However, this kind of test was not done in

[15]. In the experiment by Baskaran et al. [30], the reproducibility test for the
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membrane deformation under different static pressures was done and it was concluded
that the deflections are repeatable within an error of ==5%. Here if we also introduce
an error quantity for the deflection in the experiment of Shi et al. [15] by assuming a
tolerance of 5% (see Fig. 3.27). From this figure it can be seen that:

i) The curves corresponding to both the ES-FEM/Membrane model and
FEM/Membrane model fall within this error band, which indicates that the
inaccuracies associated with the numerical models are deemed acceptable, and these
two numerical models are able to accurately predict the maximum deflections.
However, if the error band is not considered, the numerical curves will be “beyond”
the experimental curve.

ii) Even considering the error band of the experimental measurements, the curves
corresponding to both the FEM/Shell model and the mechanical model do not lie
within this band. This shows that these two mentioned models possess much larger
inaccuracies and may not so suitable to predict the maximum deflections of the

membrane undergoing large deformations.
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Fig. 3.27 Comparisons of the maximum deflections of the membrane under different
pressures
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b) Effect of the boundary constraints on the deflections along the diagonal and
the edge

The boundary constraints in the numerical model and the experiment should be
set the same, otherwise the calculated results cannot match the experimental results
very well.

In the experiment by Shi et al. [15], a special type of nail with a small and fairly
round edge cap was chosen to avoid the effect of the edge on the tested results, but the
exact radius of the cap was not mentioned. In the previous simulations, the radius of
the round edge cap is set to be zero (R=0 as shown in Fig. 3.28), however, some
differences between the numerical and experimental deflections are found, either
along the diagonal or along the edge. So the different settings of the radius of the
round edge cap between the experiment and numerical models may be a factor
causing these differences. Here a slight change of the radius of the round cap
(R=4.5mm, 9mm, 18mm) is made to check their effects on the deflections.

Fig. 3.29a-d and Fig. 3.30a-d plot the calculated deflections by ES-
FEM/Membrane model, the mechanical model and the corresponding experiment
along the diagonal and the edge, respectively. From these figures, we can see that:

i) The radius of the round edge cap do affect the deflection of the membrane:
with the increase of the radius of the cap, the deflection will decrease along both the
diagonal and edge, which can be attributed to the span of the membrane decreases
with the increase of the radius of the round edge cap.

i) When R=0, the curve of the numerical model can match the experimental one
well along the diagonal. When R=18mm the curve of the numerical model can match
the experimental one well along the edge. However, there seems to be no one where

the curves of the numerical model can simultaneously match the experiment well
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along both the diagonal and edge. With the increase of the radius, the difference
between the numerical and experimental deflections increases along the diagonal.
However, the difference decreases along the edge. If the same difference is chosen
along the diagonal and the edge, a radius of R=4.8mm can be obtained, as shown in

Fig. 3.31.

Fig. 3.28 Constrained membrane with round edge cap of radius R: R=0, 4.5mm, 9mm and
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Fig. 3.29 Membrane deflections along the diagonal with different R: R=0, 4.5mm, 9mm and
18mm
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The boundary constraint is a factor which affects the numerical result, and it

should be dealt with carefully to minimum the difference between the numerical and

experimental results.
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3.2.4 Some remarks

The nonlinear simulations for the membrane deformation based on both
membrane and shell models using the ES-FEM-T3 and FEM-T3 are presented and
two factors, i.e. pressure fluctuations in the experiment and boundary constraints in
the numerical models, are carefully checked to determine their influence on the slight
difference observed between the numerical and experimental results. From the above
formulations and discussions, we found that:

i) The 3D mechanical model proposed by Shi et al. [15] always underestimates
the membrane deflections, whether it is for the maximum deflections or the
deflections along the diagonal and the edge. One possible reason for this
underestimation is its linear strain assumption. The 3D mechanical model is only
effective for the membrane with a small deformation. In order to accurately predict
the membrane with a larger deformation, the nonlinear term should be added into the
strain. As the theoretical treatment of the nonlinear term is complex, numerical
simulation appears to be the viable approach.

i) Numerical simulation is a good choice to calculate the membrane with a large
deformation. The numerical results from the membrane model agree much better with
the experiment in contrast to the shell model. So the membrane model is the preferred
model to simulate the membrane’s deformations.

iii) The ES-FEM/Membrane model can give much closer results to the experiment
than either the FEM/Membrane model or FEM/Shell model.

iv) If one would use the experimental data as a benchmark to evaluate the

numerical results, a reproducibility test is suggested to determine the experimental
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uncertainty. The boundary constraints should be carefully set in the numerical

simulations to make sure that they are the same as those in the experiment.

3.3  Concluding remarks for Chapter 3

In this chapter, both the linear and nonlinear ES-FEM-T3 models are
successfully established and implemented for solving two practical engineering
problems. Not only are the numerical properties of the ES-FEM-T3 confirmed (as
concluded in [1]) by these simulations, some other conclusions are also drawn. The
ES-FEM-T3 gives more accurate solution irrespective of the linear elastic bending
stress analysis or the nonlinear membrane deflection analysis. These findings give us
confidence to further extend it for solving other more complex FSI problems. A
detailed procedure of coupling the ES-FEM-T3 with GSM/ALE (detailed sooner) for

solving FSI problems will be presented in Chapter 5.
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Chapter 4

GSM/ALE for incompressible fluid flows over moving mesh

As an important part of the smoothed family, the ES-FEM-T3 has already been
successfully implemented for solving solid mechanics in the previous chapter. In this
chapter, another important part of this smoothed family, i.e. the GSM, will be
explored for solving the fluid flows over moving mesh due to the oscillation of the
rigid body immersed in it. Accordingly, the novel GSM/ALE, i.e. the implementation
of GSM into the ALE form of Navier-Stokes equations, is proposed. This newly
proposed GSM/ALE will be the basis of further solving the fluid-deformable structure
interaction problems in Chapter 5.

Different from the GSM for solving fluid flows over fixed mesh [1-3], the
GSM/ALE is performed over moving mesh in which the velocities of the moving grid
points are involved. Accurately determining these velocities are quite essential to
preserve the conservations of mass and momentum on the moving mesh, thus to
ensure the accuracy of the proposed GSM/ALE. For a general problem the grid
positioning quantities are usually available as a function of time, particularly in the
case that the grid movement is governed by the PDEs. The grid velocities are
approximated by finite difference interpolations of these positioning quantities [4].

During the determination of the positioning quantities and velocities of the
moving grid, the so-called geometric conservation law (GCL) is suggested to be
obeyed. The GCL states that no disturbance should be introduced by any arbitrary
mesh motion for a uniform flow [5]. Obey the GCL in an ALE formulation: i) can

increase the accuracy of the solutions [6, 7]; ii) is sufficient for achieving at least 1%-

131



Chapter 4 GSM/ALE for incompressible fluid flows over moving mesh

order accuracy [8]; and iii) is necessary for preserving the non-linear stability of the
underlying time-integration scheme [8]. Literature reveals that there are roughly two
approaches to determine the geometric parameters to enforce the GCL.:

1) By adding an extra term derived directly from the GCL into the discretized
governing equations [6, 9, 10], the GCL can be satisfied automatically regardless of

the mesh movement;

ii) Different intermediate mesh configurations between [t”, t””] are constructed

and the governing equations are discretized on these mesh configurations [4, 8, 11].
For different time integration methods, e.g. the n™ order central difference method [4,

8, 11] and the n™ stage Runge-Kutta method [4], the intermediate mesh configurations

may be chosen at different intervals between [t”, t”“].

It is argued that the derivation procedure for the first approach does not strictly
satisfy the strong conservations of mass and momentum in time and may not be
suitable for rapidly moving strong shock problems [6]. However, for problems
without rapidly moving strong shocks, the first approach is much more efficient and
the relevant results are of sufficient accuracy. In the present study, this approach is
chosen to construct the GSM/ALE for the incompressible fluid flow problems.

Referring to the time integration of the GSM for solving incompressible fluid
flows over fixed mesh, the artificial compressibility method is again utilized by the
GSM/ALE and the dual time stepping approach is employed for the time integration
of the transient/steady incompressible fluid flows over moving mesh. In comparison
with the single global time stepping approach, larger physical time step is allowed in
the properly devised dual time stepping approach, which can help to achieve not only

fast convergence but also high stability in the solution process. To circumvent the
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upwinding effect, the second order Roe flux differencing splitting unwinding scheme
(Roe2) is adopted, and a Riemann problem is solved at the cell interface to evaluate
the numerical fluxes [12].

In this chapter, the general idea of ALE is firstly introduced. Then the detailed
derivations of the GSM/ALE in both spatial and temporal domains are presented. The
verifications of the convergence, accuracy and robustness of this newly proposed
GSM/ALE is demonstrated through solving a series of benchmark tests. Some

concluding remarks are given in the end of this chapter.
4.1 ALE formulation based on GSM framework

4.1.1 A brief on ALE formulation

As reviewed in Chapter 1, the ALE description is a hybrid technique that
combines the advantages of both the Lagrangian and Eulerian descriptions while

minimizing their disadvantages [13]. In the ALE description an extra reference

configuration that coincides with the moving mesh domain Q is introduced except
the material (initial) and spatial configurations. The kinematics of the material
particles is described referring to this configuration. Thus in formulating the
continuous media with ALE, a total of two motions, i.e. the mesh and material
motions, should be described and the kinematic relationships between these two
motions should be established.

The descriptions of these two motions can be, respectively, defined as

x=¢(X1) (4.1)

x=¢(z.t) (4.2)
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where X is the coordinates in the spatial domain Q; X is the material coordinates in

the initial domain °Q; y is the mesh (reference) coordinates in the reference domain

A

Q; ¢ (X,t) is the kinematic equation that maps the material particle X to the spatial

point x; and &(zt) is the kinematic equation that maps the mesh point y to the
spatial point x.

By compositing Eqgs. (4.1) and (4.2), the kinematic relationship of position
quantities of material coordinates X and mesh coordinates y can be established at an

arbitrary time t as

x=g(g.)=d(X, )= g =¥ (X,t)=¢og (4.3)

where lI’(X,t) describes the movements of the material particles by referring to the

reference domain Q. For simplification, at the initial time t=0 the reference domain
Q is usually set to be identical with the initial domain °Q, i.e. 2(X,0)=X. A clear

illustration for these relationships is shown in Fig. 4.1.

V4

Referential domain

Spatial domain Q

Material domain°Q

Fig. 4.1 Mappings between Lagrangian, Eulerian, ALE descriptions

Analogously, the kinematic relationship of the velocities of the material particles

and mesh points can be established at an arbitrary time t as
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_p(Xt) _ad(xt)| | ad(xt) ¥ (X)
ot ot oy ot

X=V

|,, L

op(x.t)
%
where v is the velocity of the material particle; vy is the velocity of the mesh point;

=V, +

‘W
and w is the velocity of the material particle seen from the referential domain Q.
Theoretically, the velocity w can explicitly appear in the ALE form of the

governing equations. In that case the gradients of the fluid quantities (i.e. o and pv)

should be evaluated according to the reference domain Q . However, in
computational mechanics it is usually much more convenient to work in the spatial
domain Q or the material domain °Q . Particularly, in fluid mechanics, the
constitutive relationships are naturally expressed in the spatial domain and the Cauchy
stress tensor is a natural measure for stress [14]. For this purpose, another velocity
parameter, i.e. the so-called convective velocity ¢ which is the material particle
velocity seen from the spatial domain Q, is introduced to replace w in the ALE form

of governing equations. In that case, the gradients of the fluid quantities (i.e. p and
pV) are evaluated according to the spatial domain Q.

After rewriting Eq. (4.4), the so-called convective velocity ¢ can be easily gotten

as

~

c:v—vg:M-w. (4.5)

x
It should be noted that the w and ¢ can be identical if and only if the mesh

motion is purely translational, i.e. 8&(l,t)/8lzl where | denotes the identity

tensor [14]. An illustration of different velocities is shown in Fig. 4.2,
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@ Mesh Point

773 Material particle

Fig. 4.2 lllustration of the relationship among the material velocity, mesh velocity and
convective velocity

4.1.2 Governing equations in ALE form

In a general ALE formulation the material and mesh motions do not coincide
with each other. This will lead to the flux of the field variables across the surface of
the moving volume. Thus an extra convection term should be added into the
governing equations to ensure the conservations. As is known in the Eulerian
description the integral form of the conservation equations can be derived according
to the Reynolds transport theorem over the fixed mesh [13]. Similarly, the Reynolds

transport theorem over an arbitrary moving volume can be written as [13, 14]

0

ot

.[Q(t) f (X,t)dV - J-Q(t)

x

of (x.1)
x| dv +'|.aQ(t) f (x,t)vg -ndS (4.6)

term 2
term 1

where Q(t) denotes the time varying moving volume; f(x,t) denotes an arbitrary

field variable that can be the density o or momentum component pv, and pV,

described with the spatial coordinates x; n denotes the unit outward normal of the

surface 6Q(t) bounding the moving volume Q(t), n=n,i+n,j in 2D; the term 1 in the

right hand side (RHS) is the local time derivative of the volume integral with time t
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fixed; and the term 2 represents the relative flux of f (x,t) across the surface 6Q(t)
at this fixed time t.

If we replace the scalar f(x,t) in Eq. (4.6) by the fluid density p and

momentum component pv, and pV, , and replace the spatial time derivative

y )
of (x,t)/at with the expressions in Eq. (2.27), the ALE integral form of the governing

equations can be finally obtained as

Z jg(t) udv + j@g(t)(ﬁj'e ~F,Js =0 @.7)

where F2* is in the form of

9
ot

pe-n PO PV, AV,
F =] pvc-n+pn, [=| pv,®+ pn, |=| pv,V, +pn, [—| pv,V,
4.8
pv,C-Nn+pn, PV, 0+ pn, PV, + pn, PV, (4.8)
ﬁ—/ %_/_/
[ F?

in which F? is exactly the same as F, defined in Eq. (2.38). An additional superscript
“s” is added to distinguish it with the extra flux F? that is due to the effect of the
mesh movement; v, in F? is the contravariant velocity of mesh movement, i.e.
V,=v,-n;and =V, -V, .

Taking a cell average of the field variables U in Eq. (4.7), i.e. U= L Ig(t)UdV

A

where A stands for the area of the control volume Q(t), it can be rewritten as

%(UA)+J00(t)(ﬁcale _E")ds =0. (4.9)

Comparing Egs. (2.28) and (4.9) we can see that the main difference between the

standard Eulerian formulation and the ALE formulation is the introduction of the
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extra “ALE” flux F2 which is a function of the positioning quantities and velocities
of the moving grid points. Thus the general procedures of solving Eq. (4.7) with GSM
are similar with those of solving Eq. (2.28) over fixed mesh, except an additional
effort for evaluating the ALE convective flux F?.

It has already been shown (and will be further shown in Section 4.2) that the
computation of positioning quantities and velocities of the moving grid points in the
ALE formulation must be performed in such a way that the ALE numerical scheme
preserves the state of a uniform flow [5], i.e. obeying the GCL. As reviewed
previously, there are in the literature mainly two different approaches to deal with the

temporal term a(UA)/c'it in Eq. (4.9) to ensure the satisfactory of the GCL by the

ALE, thus to determine the geometric parameters.

i) Temporal term with an expansion

Since the area of Q(t) and cell average of the field variables U are smooth with

respect to time [9], the temporal term 8(UA) /6’[ can be expanded as

v a9, (F*-F,)ds =o0. (4.10)
ot et Jm

For flows with constant density and velocities Eq. (4.10) degenerates to

oA

p aQm(vg :n)ds =0. (4.11)

: . OA. . OA :
Either replacing Eln Eq. (4.10) with E:J-m(t)(vg ~n)dS [6, 9] or substitute

Eq. (4.11) directly into the RHS of Eq. (4.10) [10], the GCL can be automatically

satisfied regardless of the movement of the fluid mesh.

i) Temporal term without an expansion
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If the temporal term 6(UA)/ét is discretized directly in time by using either the

n™ order central difference method [4, 8, 11] or the n™ stage Runge-Kutta method [4],
the GCL will be satisfied with the geometric parameters at different intermediate
configurations between time levels t" and t"**. For example, if we use the BDF2 to
discrete the temporal term, it becomes
3" (AU)-4"(AU)+ " (AV)

2At
For a flow with constant density and velocities Eq. (4.12) degenerates to

- IaQ(x,t) (E:Ie B ﬁ" ) ds=0 (4.12)

3“+1A—4”A+”‘1A_ (
2At oQ(x,t)
In order to satisfy the GCL, the first term in Eq. (4.13) should be accurately

V,-n)ds =0 (4.13)

evaluated. Thus evaluations of the second term in Eq. (4.13) and the fluxes in Eq.

(4.12) are constrained either on a set of intermediate mesh configurations at each time

interval [t”, t“”] and time-averaging of each set of these numerical quantities, or on

a unique computational mesh configuration in the time interval [t", t"* ] by time-

averaging the intermediate mesh configurations themselves, rather than simply
evaluating them on the mesh configuration t™** [4, 8, 11].

Comparing these two approaches, the first one has less constraint on the
geometric parameters and is thus more efficient in the calculation process. It is used in

the present study, which leads to the governing equations in the final form as

aU rCae ¢ _
A—+U j@g(xyt)vg -ndS + jmm(Fc ~F,)ds =0 (4.14)
where the second term is called the moving mesh source term [9].
To numerically solve the ALE form of the incompressible Navier-Stokes

equations, i.e. Eq. (4.14), the 1% order (convective) and 2" order (viscous) spatial
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derivatives of the field variables in it are discretized with the proposed GSM of Egs.
(2.33), (2.34) and (2.35), and the physical time derivation is discretized with the
second-order three-level backward differencing scheme (BDF2). With the help of
artificial compressibility method, a dual time stepping procedure is constructed in the
time domain, where the steady state solutions with respect to pseudo time (A7) is
pursued at each physical time interval (At) by using the iterative time marching
method. Details about the spatial and temporal discretizations will be presented in the

following two sections.
4.1.3 Spatial discretization of the governing equations with GSM
4.1.3.1 Convective flux

The convective fluxes F° and F? are evaluated separately. The evaluation of the
stationary convective flux F® can follow exactly the same way as that in Eq. (2.41)

where a Riemann problem is solved at the volume interface in order to avoid the
unexpected high frequency spurious oscillations due to the high Reynolds number.
The stationary convective flux at interface ij, can be approximated according to Eq.

(2.41) as

) LR e A el s

where the physical meanings of the parameters are exactly the same as those in Eq.

(2.41). The approximation of the stationary convective flux F; at the node i can then

be expressed as

Nep
J.aﬁ(t) E;ds ~ kZ:; ( FCS )ijk (AS )ijk (4.16)

where Ngyp is the total number of supporting nodes surrounding the node i.
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The grid velocities at mid-point of the edge in the ALE convective flux F? is
approximated with a central difference scheme

m

Vg

:%(v; +Vy ) (4.17)

where V; and VS corresponds to the grid velocities at node i and ji, respectively.

Finally, the total convective flux at the node i can be approximated as

N sup

jﬁg(x,t)(ﬁsi +E§)d8 x Z(ﬁcs +Eca)

k=1

. (88), =C(Qx(t).x(1)) (4.18)

4.1.3.2 Viscous flux

The evaluation of the viscous flux corresponding to node i also follows exactly

the same form as in Eq. (2.44),

J'ag(t) F,dS ~ Z(E ), (88), =D (x(t)x(t)) (4.19)

where (F,) is associated with the velocity gradients (Vv, and Vv, ) at the mid-point

%

of an edge iji that is calculated according to Egs. (2.33) and (2.34).

4.1.3.3 Moving mesh source term
The moving mesh source term of S=UJ'GQ( t)vg-nds contains the grid

velocities. It can be integrated along the edge of nGSD corresponding to node i,

1k

Nsup
S (Q,X(t),X(t)) - Uij.aQ(t)Vg nds ~ Uié(vg n) (AS)ijk ' (4.20)
By substituting the discretized forms of Egs. (4.18), (4.19) and (4.20) back into
Eq. (4.14), the semi-discrete form of the Navier-Stokes equations can be finally

obtained as
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R QK1) =A%
+S,(Q,x(t), X(t))+C, (Qx(t),x(t)) - D; (x(t),x(t)) =0

4.1.4 Temporal discretization of the governing equations with dual time stepping

(4.21)

approach

By adding a pseudo time term into Eq. (4.14), the ALE form of the governing

equations with artificial compressibility can be constructed as

d alep* .
P(QA)+ *RI(Qx(t) X(1))=0. (4.22)
This equation has the similar form with Eq. (2.46) except the expression of semi-

discrete transient **R;(Q,x(t),X(t)) in which an extra ALE convective flux F2 is
added comparing with R;(Q,x) in Eq. (2.46). By using the BFD2 to discretize the

physical time term in the unsteady residual **R} (Q,x(t),X(t)), it becomes

aIeR’i* (Q1 n+lX’ n+l)-() _ n+1A1 [3U| _4nUi + nilUi J

2At
+Si (Q1 n+1X1 n+l)-()_i_ci (Q1 n+lX1 n+l)-()_ Di (n+1x, n+1)-() -0

(4.23)

where **R}(Q,x(t),X(t)) is evaluated at time t"**; U; is evaluated at the “k-1" level

of RK5 method in the pseudo time level as illustrated below; and the mesh velocity

n+l

v, is evaluated with the same way as for the physical time term [6, 9]

n+l n n-1
n+lVg — n+1)~(: 37 x-4"X+ "X . (424)
2At
Other terms in the unsteady residual can be expressed as
n+l n+le,\ _ n+l n+l
S (Q "X " X) = U, [y ", - S (4.25)

Ci (Q, n+lx’ n+1>-()_ Di (n+lx’ n+1>-() _ J'GQ(MX)[aIeﬁC (Ui’ n+1X, n+l)~()_ﬁv (Ui, n+lx)] ds .

(4.26)
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The RK5 method with residual smoothing is used in the pseudo time level [3, 15]
for its high efficiency of the steady-state solver. The general form for RK5 method

with residual smoothing applied to Eq. (4.22) can be derived as

k 0 i o 2 Al k1o ka _
Q ="Q ——|°Q. += R )-“7"Q, |, k=1,..,5 4.27
' ' 1+ak/1{ '3 ™A ( ') '} (4.27)

where 4 =CFLxAr/(2At); and ¢, (o,=0.0695, a,=0.1602, «,=0.2898, «,=0.5060,
a,=1.0) is the optimized coefficients for convergence acceleration to steady state.

According to this dual time stepping integration, a summary of the computational

procedures with GSM for solving both steady-state and transient fluid flows is listed

in the following flowchart.
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where tol donates the tolerant error in the calculation and error_transient donates the

numerical error in each pseudo time step defined the same as Eq. (2.49), and

error_steady is defined as

Nnode N node

error_steady :\/Z ("™u-"u) /> m+1(Ui -'U;). (4.28)
i=1

i=1
As is pointed out in Chapter 2, the transient solutions of the fluid flows can be
obtained efficiently with the help of dual time stepping technique with the
Transient_solver. However, if only the steady-state solution is required, those

physical temporal terms occurring in the respective systems of equations are
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neglected but the pseudo time terms are still retained, as in the subroutine

Steady_solver, in which the RK 5 method is then used for the time integration.
4.2 Verification of GSM/ALE

A set of flow problems involving moving meshes/boundaries has been
considered to demonstrate the validity and performance of the proposed GSM/ALE.
The recovery of uniform flow is firstly considered to verify that the GSM/ALE obeys
the GCL regardless of the moving of the mesh. The Poisson’s problems which have
analytical solutions are then presented to show the spatial/temporal convergence
properties of the proposed GSM/ALE. The effect of the mesh distortion on the
solution is also discussed to verify the robustness of the GSM/ALE on extremely
distorted meshes. Benchmarks examples of lid-driven cavity flows and flow passed a
stationary/cross-line/in-line oscillating cylinders are finally tested to demonstrate the
global applicability of the proposed GSM/ALE. The results from the GSM on fixed

mesh are calculated in some cases for purpose of comparison.
4.2.1 Recovery of uniform flow

The uniform flow in a square with randomly moving mesh in the domain is
carried out to verify that the proposed GSM/ALE can preserve the uniform state of
flow irrespective of the mesh movement, i.e. conforming to the GCL [16-18].
Configuration of the problem is shown in Fig. 4.3a. The grid inner domain is driven

harmonically with a non-dimensional frequency and given as

{x:x0+&a 4.29)

y=y0+Aya.
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Here X and Yy are the initial coordinates of the grid in the square; a controls the

movement of the mesh where a =sin (27 ft)xsin(27x,/1,)xsin(2zy,/l,), in which f

is the frequency of the mesh movement, I; and Iy are the length of the square’s edge in
X- and y-directions, respectively; A, and Ay are the amplitude of the mesh movement
in x- and y-directions, respectively; and t is the physical time, t = nAt where n denotes
the n™ time step.

Parameters of the grid deformation are taken as follows: A= A,=0.1, and the
physical time interval is At =0.01s. A set of frequencies, i.e. f=0.5, f=1, f=2 and =5,

are selected to verify the independence of the solutions on the grid velocities.

D v, =1v, = C
v, =1 N _p
] v, =0 OX
avy
—Y_0
) OX
y“ p=0
H(A Vx—l,Vy—O B

o
x<Y

a) Boundary condition b) Initial velocity contour and mesh

Fig. 4.3 lllustration of a uniform flow passing a square
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Fig. 4.4 Velocity contours and mesh configurations of two selected cases in the problem of a
uniform flow passing a square
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The initial mesh/velocity vector contour is shown in Fig. 4.3b. Two selected
instant mesh configurations together with the calculated velocity vectors are plotted in
Fig. 4.4, corresponding to f=1 and f=5, respectively. From these two figures it can be
seen that the calculated velocities are constant in space and the uniform velocity field
has been recovered by GSM/ALE, regardless of the velocity of mesh movement.

A quantitative comparison of the calculated results under these frequencies is
presented based on the L, relative error norm given in Eq. (4.30) which measures the
difference of the numerical and analytical results at every nodal point,

Nnode A 2 Nnode A 1/2
error:[Z(Ui—Ui) ZU?} : (4.30)
i=1

i=1

Here U.and Ui are the numerical and analytical results at node i, respectively.
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Fig. 4.5 Comparison of the L, relative error norms of the calculated solutions under different f
for the uniform flow problem

Fig. 4.5 compares the numerical errors under these frequencies. From this figure
it can be seen that these errors are extremely small and quite close to each other,
which verifies that the proposed GSM/ALE satisfies the GCL regardless of the mesh

movement and it can recover the uniform flow to a machine tolerance.
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4.2.2 Poisson’s problem

Poisson’s equation governs many physical problems, such as heat conduction
problems with sources sinks. In this section numerical tests for 2D Poisson’s equation
in a square computational domain, as shown in Fig. 4.6, are conducted to check the
accuracy, spatial/temporal convergences and robustness in response to cell irregularity

in the present GSM/ALE.

0,1) (1,1)

B /

. Dirichlet boundary:
'U = analytical solution

YA

|

0 § (1,0

Fig. 4.6 lllustration of the Poisson problem

The governing equation under investigation takes the following form

%:%Jrz;—g—f(x,y,t), (0<x<1, 0<y<1) (4.31)
where U is a scalar variable with any reasonable physical meanings; f(x,y,t) is the
source term of the corresponding governing equation. The steady-state solutions of U
is calculated by adopting the pseudo-transient approach.

Two Poisson problems with variations in source and boundary conditions are

studied here. For the first Poisson problem, the source and initial conditions are

prescribed as

f (x,y,t)=13exp(-2x+3y)
U(x,y,0)=0
As plotted in Fig. 4.7a, the analytical solution to this problem is given as

}, (0<x<1, 0<y<1) . (4.32)

U(x,y)=exp(-2x+3y), (0<x<1 0<y<1) . (4.33)
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For the second Poisson problem, the source, initial conditions and analytical

solution are given as

f (x,y,t)=sin(zx)sin(zy)
U (% y,0)=0 } (0<x<1 0<y<l) (4.34)
U(X,y)=—212Sin(ﬂ'X)Sin(ﬂ'y), (0<x<1, 0<y<1) . (4.35)
T

The contour plot of the analytical solution to the second problem is shown in Fig.

4.7b.
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a) The first Poisson problem b) The second Poisson problem

Fig. 4.7 Contour plots of the exact solutions of the two Poisson problems

In a numerical calculation, the analytical solution given in either Eq. (4.33) or Eq.
(4.35), is directly applied on the four edges of the square domain with the Dirichlet
boundary conditions.

Spatial convergence of the present GSM/ALE is firstly conducted by using three
sets of uniform triangular meshes of 30X 30, 45X 45 and 60X 60. These meshes are
artificially driven to deform according to Eq. (4.29) in the calculation. Parameters of
the grid deformation are taken as follows: A= A,=0.05, At =0.0005s and f=1. The L,
relative error norm defined in Eq. (4.30) is used to measure the difference between the

numerical and exact solutions.
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Fig. 4.8 Convergence rates of the GSM/ALE in both spatial and temporal domains for the
two Poisson problems

Fig. 4.8a plots the grid-convergence property of the present GSM/ALE. The
solid and dashed lines indicate the first and second order accuracy slopes, respectively.

From this figure, we can see that the L, relative error norms for both the first and

second Poisson problems decrease asymptotically with Ah* in a manner supporting
the expected second-order spatial accuracy of the present method, which is consistent
with the truncation error analyses of the GSM on a fixed mesh [3].

The time step refinement study is then presented to evaluate the temporal

convergence of the GSM/ALE. The mesh of 60X60 is used, and mesh movement

parameters are A,= Ay=0.05 and f=0.1. A series of successively refined time-steps ( At
=0.1s, 0.075s, 0.05s and 0.025s) are selected for the time refinement study. The L,
relative error norms corresponding to each time steps are computed at the time
t = 0.4s when the field is still unsteady.

Fig. 4.8b shows the decay of the error as the time step is refined. The solid and
dashed lines indicate the first and second order time accuracy slopes, respectively.
Again a second order temporal accuracy of the present GSM/ALE is achieved for
both the first and second Poisson problems. It is consistent with the second order

accuracy of the BFD2 on fixed meshes [3, 9].
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Fig. 4.9 Comparisons of the numerical and analytical solutions along the vertical line across
the center of the computational domain for the two Poisson problems

To further examine the calculated steady state solutions by GSM/ALE,
comparisons with the analytical solutions along the vertical line across the geometric
center of the domain are presented for both the first and second Poisson problems, as
shown in Fig. 4.9. From this figure we can clearly see that the numerical solutions
match very well with the analytical solutions, which indicates that the present
GSM/ALE can give accurate results.

In the previous study [3, 19], it was found that the GSM on fixed mesh is
remarkably robust and insensitive to cell irregularity which is attributed to the
consistent use of smoothing techniques. In the present study the robustness of the
present GSM/ALE to the irregularity of the cells is discussed to illustrate that the
present GSM/ALE can also give accurate results even with very large mesh distortion.
This is important because in the FSI problems especially where there are large
deformations in solid domain the mesh condition is highly non-uniform. A method
that can give accurate and stable results on those extremely distorted meshes will
avoid or minimize the time consuming re-meshing process and the corresponding less

accurate numeral interpolation procedure.

151



Chapter 4 GSM/ALE for incompressible fluid flows over moving mesh

To indicate the distortions of the mesh, the coefficient of irregularity for all

triangular cells in the computational domain, y, is defined as [3, 20]

s “b)(b-a) +(o-a) }/Ne.e (4.36)

2 2 2
= a +b”+c

where a;, bj and c; denote the lengths of the cell edges of a triangular cell, respectively;
and Nge stands for the total number of cells in the overall domain. A higher
irregularity number means a worse (distorted) mesh condition.

Ay and Ay in Eqg. (4.29) controls the amplitude of the mesh movement, thus the
irregularity of the mesh. A series of A, and A, (A= Ay=0.025, 0.05, 0.075 and 0.1) are
chosen here to deform the mesh. The corresponding maximum mesh deformations are
shown in Fig. 4.10. The stretching and skewing of the mesh become significant with
the increase of the amplitude. Contours of the calculated results based on these
meshes are plotted in Fig. 4.11 and Fig. 4.12. From these two figures we can find that
there is no significant difference among the contours for each problem, which
indicates that the present GSM/ALE can give reasonable steady state solutions

regardless of mesh distortion.

Table 4.1 L, relative error norms of the computed results under different mesh irregularities
for the first/second Poisson problems

Irregularity
0.0887 0.0979 0.1160 0.1499
First Problem 2.0520e-4 4.0076e-4 5.9985e-4 8.2594e-4
Second Problem 2.5557e-4 3.2436e-4 4,1677e-4 4.5501e-4

To quantify the effect of mesh distortion on the calculated results, the L, relative
error norms of the numerical solutions based on different distorted meshes are listed
in Table 4.1. From this table we can conclude that:

i) The L, relative error norms of the solutions on these highly distorted and

rapidly moving meshes are of the same order and remain fairly small.
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a) y=0.0887 b) y=0.0980 c) y=0.1160 d) y=0.1494
Fig. 4.10 Mesh of 30X 30 with different irregularities for the two Poisson problems

a) y=0.0887 b) y=0.0980 ¢) y=0.1160 d) y=0.1494

Fig. 4.11 Contour plots of the steady results for the first Poisson problem based on mesh of
30X 30 with different irregularities

a) y=0.0887 b) y=0.0980 c) y=0.1160 d) y=0.1494

Fig. 4.12 Contour plots of the steady results for the second Poisson problem based on mesh of
30X 30 with different irregularities

i) With the increase of the irregularity, the L, relative error norm increases
slightly, implying that the irregularity can affect the accuracy of the numerical
solutions. Of course this effect is reasonable and limited in the calculations, and is
also observed on the numerical calculations with fixed meshes in [3]. It thus suggests
that the condition of element must not be extremely distorted, otherwise the re-
meshing process is better suited to ensure a more accurate solution. Anyway, the
GSM/ALE can still ensure reasonable accuracy in the presence of much distorted

mesh.
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i) With the increase of the irregularity, a smaller time step is suggested to be
used in the time integration process to ensure the stability and convergence of the
calculation. This is because the critical time step in an explicit method is proportional
to the characteristic length of an element. As the mesh becomes more and more
distorted, the characteristic length of the quite distorted element becomes smaller,
thus a smaller time step should be chosen to ensure the stability of the calculation.

iv) The CFL is important to ensure the stability of the numerical results. In the
present CFL=0.2 is chosen for the case of y=0.0887, 0.0980, 0.1160 and CFL=0.1 for

y=0.1494.
4.2.3 Lid-driven cavity flow

The lid-driven cavity flow is a benchmark problem designed to evaluate the
behavior of the algorithms that deal with incompressible viscous flows [21-23]. The
purpose of testing this problem in this subsection is to verify that the present
GSM/ALE can give steady-state flows in the midst of arbitrarily mesh movement

during the calculation.

Yap-o

0 X

Fig. 4.13 Illlustration of the lid-driven cavity problem
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a) Initial coarse grid (Nnege=3618) b) Initial fine grid (Nnge=8151)
Fig. 4.14 Meshes used in the lid-driven cavity problem

Fig. 4.13 shows the geometric layout of the lid-driven cavity with the dimension
of [0,1] X[0,1]. Incompressible viscous fluid is confined within a squared cavity in

which only the upper edge is allowed to tangentially slide at a prescribed velocity
(vx=1 in this test). Meanwhile, non-slip conditions (vx=v,=0) are applied to the rest of
the walls. Reference pressure is prescribed to be zero at the bottom left corner. Two
sets of meshes are studied: the coarser mesh is used for lower Reynolds number flows
(Re<1000), while the finer grid is adopted for larger Reynolds number flows
(Re>1000) where the more steeper boundary layers near walls are essentially required
to be resolved by employment of finer grids, as shown in Fig. 4.14. The meshes inside
the domain are driven to deform according to Eqg. (4.29), the same as those in
Subsections 4.1 and 4.2.

As a Hopf bifurcation will appear for larger Reynolds numbers (usually the
critical Re =10000), Reynolds numbers below this critical value, i.e. Re=10, 100, 1000,
5000, are selected in this study to ensure a steady solution. In this test, CFL>10 is
used. A much lower CFL (especially lower than 1) appears to induce unstable

solutions.
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a) Re=100 b) Re=400 ¢) Re=1000 ¢) Re=5000

Fig. 4.15 Plots of streamlines for various Reynolds numbers of the lid-driven cavity problem

N -\

Numerical results by GSM/ALE on the streamfunctions for various Reynolds
numbers are shown in Fig. 4.15. As is well known, the details about the vertical flow

structures depend highly on Reynolds numbers. For cases of Re<1, the flow is almost

symmetric with respect to the central vertical line. As the Reynolds number increases,
the position of the central vortex moves towards the top right corner before it returns
again to the centre of the cavity at higher Reynolds numbers. The bottom right and
left vortices begin to develop at low Reynolds numbers, and continuously increase in
scale and shift their position, as Reynolds number increases. A secondary vortex is
developed near the top left corner at Re=5000 approximately. All the above
phenomena are well re-captured by the proposed GSM/ALE solver, as shown in Fig.
4.15.

The steady velocity components vy and vy along the vertical and horizontal lines
through geometric center of cavity are plotted in Fig. 4.16 and Fig. 4.17, respectively,
in which the results from GSM/ALE are compared with those from the GSM on fixed
mesh as well as other references. From these figures it can be seen that the curves of
GSM/ALE and GSM are extremely close to each other and both are close to the
references. The wall boundary layer becomes thinner with the increase of Re, and the
near-linearity of these velocity profiles in the central core of the cavity is indicative of

the uniform vorticity region that develops here at large Re [21]. A slight difference of
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Fig. 4.17 Comparison of profiles of v, along horizontal line through geometric center of the
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4.2.4 Flow past a cylinder

The rigid cylinder immersed in a uniform flow stream has been widely studied as
a benchmark problem, in which the cylinder can be either fixed in space or forced
cross-line/in-line oscillations with respect to the free stream direction. For a fixed
cylinder, there is no interaction between the fluid and solid. However, for the forced
cross-line/in-line oscillation cylinders, a nonlinear interaction will occur as the
cylinder oscillation frequency approaches the vortex shedding frequency. The
Strouhal shedding frequency (S; for a fixed cylinder) will be suppressed and the
vortex sheds according to the cylinder oscillation frequency over a range of flow
velocities. If the cylinder oscillation frequency is near twice the S;, both the drag and
lift coefficients will increase greatly, called the phasing-locking phenomenon [24-26].

In the present section, both the stationary and cross-line/in-line oscillation
cylinders immersed in a uniform flow are studied to verify that the current GSM/ALE
can give correct steady-state and transient solutions with grid movement during the
calculation. Experimental and other numerical results are sourced for comparison to

the present calculation.

4.2.4.1 Flow past a stationary cylinder

The uniform flow (v,, =1,v,, =0) past a stationary cylinder of radius r=0.5 is

firstly studied, as shown in Fig. 4.18a. Characteristic based farfield boundary
conditions are imposed at the external boundary of the computational domain (R=15r),
and non-slip wall boundary conditions are imposed onto the surface of the cylinder.
Initially, the independent variables in the fluid domain are set to be v=1, v,=0 and

p=0.
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Fig. 4.18 Illustration of the uniform flow over a stationary/cross-line/in-line oscillating
cylinder

A set of unstructured triangular meshes (10079, 14152, 29770 and 38321 nodes)
with a higher grid density near the surface of the cylinder are generated. To derive
these meshes in the fluid domain, the excitation function similar with Eq. (4.29) is

imposed,

{X “orhAs (4.37)

y:yo"'Aya.

The physical interpretation of the parameters in Eq.(4.37) are exactly the same as

those in Eq. (4.29) except that a =1, sin(2z ft)/R, in which I;, is the distance of the

arbitrary point i to the origin o, R is the radius of the outward circle. The parameter
values of A,=Ay=0.2, f=10 and At=0.01s are used in the calculation. It is found that
the solutions converge on the mesh of 29770 and 38321 nodes with almost identical
solutions. Thus in the following simulations, the set of mesh of 29770 nodes is used.
One configuration of this deformed mesh is plotted in Fig. 4.18b.

During the simulation the drag/lift coefficients and the Strouhal number are used

as a criterion to judge the performance of the numerical method,

I:D

~05p2.D (4.38)

D
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FL

T 05pv2D (4.39)

where p is the density of the fluid; D is the characteristic length of the cylinder; v,

is the farfield velocity of the fluid for the stationary cylinder case; and Fp and F_ are
the drag and lift force, respectively, which arise from two sources, i.e. the shear stress

z,; and the pressure p distribution along the surface of the body,

Nwall Nwa\II 8V 8V H
F = f) = —po. —+—L1Inl} .
' k:l( s kzi‘{ P% +'u[c’5xj ! X, ]] J }k (449

Parameter f; is the surface force component in x; direction; i, j=1 or 2 denotes the
direction of x or y, corresponding to Fp and F, respectively; n; is the direction cosine
of nin x; direction; Ny denotes the total number of elements on the wall; and I is the
length of the k™ edge.

When the flow becomes oscillatory, the originally stationary vortices behind the
cylinder start moving downstream and shed alternatively with frequency f,. The

Strouhal number (S) is the dimensionless frequency of vortex shedding, defined as

S == (4.41)
where f, is the frequency of vortex shedding, which is obtained from the
dimensionless time period T, during vortices shedding, f,=1/T, .

As is well known, the uniform flow with a fixed cylinder is characterized by the

Reynolds number. In general, as Re<<40, there is a steady state solution in which two

symmetrical eddies develop behind the cylinder. As the Reynolds number increases
further, the flow becomes unstable and a periodic vortex shedding, known as Von
Karman Vortex Street, forms behind the cylinder. Both phenomena resulting from

varied Reynolds number have been simulated in the current study.
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i)  Steady state flow

The steady state flow with Re=30 is studied in this subsection. Fig. 4.19 shows
the evolution of eddies behind the cylinder in term of streamlines by both GSM and
GSM/ALE. As schematically illustrated in Fig. 4.19a, the reattachment length (S),
which is measured from the right end point of the cylinder to the reattachment point
where the two eddies end is monitored, and the normalized attachment lengths by the
diameter of the cylinder are summarized in Table 4.2. In comparison with the
experiment data by Teneda [27], numerical results with domain decomposition
method from Huang et al [28] and the numerical results from the GSM on fixed mesh,
it is clear that the GSM/ALE gives the same results as the GSM and matches quite
well with the references. Comparing the drag and lift coefficients, as plotted in Fig.
4.20, we can see that constant drag and lift coefficients (Cp=1.72 and C.=0) are
obtained for the steady flow and these coincide with those from GSM, which confirms

that the present GSM/ALE can give accurate results regardless of mesh movement.

a) Streamline from GSM b) Streamline from GSM/ALE

Fig. 4.19 The streamlines of the flow over a stationary cylinder at Re=30

Table 4.2 Comparisons of the predicted reattachment length ratios S/D at Re=30 of a
stationary cylinder in uniform flow

Re Present GSM [3] Exp [27] DDM [28]

30 15 1.5 1.49 1.27
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Fig. 4.20 Variation of drag and lift coefficients (Cp and C,) with time in the case of uniform
flow over a stationary cylinder at Re=30

i)  Time-dependent flow

The setting of time-dependent flow is the same as that in the last section except
at hither Re=150. Key parameters depicting the vortex shedding change, i.e. the lift
and drag coefficients and the Strouhal number, are calculated. Fig. 4.21 plots the time
history of the drag and lift coefficients. The oscillating behavior of the time-
dependent flow is related to the vortex shedding change. The lift coefficient settles to
a regular sinusoidal function after the onset of wake instability leads to vortex
shedding, as shown in the enlarged part of Fig. 4.21. Table 4.3 lists a detailed
comparison of these three parameters with the reference data. From these comparisons,
it is clear that the calculated three parameters by GSM/ALE are the same as those by
the GSM, and they match quite well with the references. The GSM/ALE can give the

correct transient results for this unsteady flow problem.
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Fig. 4.21 Variation of drag and lift coefficients (Cp and C,) with time in the case of uniform
flow over a stationary cylinder at Re=150

Table 4.3 Comparisons of the predicted Cp, C, and S; at Re=150 in the case of a stationary
cylinder in a uniform flow

. Kallinderis Relf
GSM Lin Belov
Present [3] [29] and Ahn [31] (exp)
[30] [32]
Co 1.28+0.02 1.28+0.02 1.380+0.027 1.166+0.023 1.168+0.025 1.33
C. +0.45 +0.45 +0.561 +0.477 +0.486 -
S 0.18 0.18 0.19 0.18 0.18 -

4.2.4.2 Cross-line oscillating cylinder in a free stream

The uniform flow past a circular cylinder oscillating in the direction normal to
the incoming flow is a classical test [18, 25], as shown in Fig. 4.22. Transverse

oscillation of the cylinder in y direction is defined as

v, =27 (%j A.S, cos{Zn (%j Stt} (4.42)
where v is the transverse velocity; Ay, is the amplitude of the transverse, A, =a,/D;

St is the Strouhal number, S, = f, D/U_; f, is the frequency of oscillating cylinder

and f, is the natural shedding frequency the same as illustrated in the previous

subsection; and t is the physical time.
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Fig. 4.22 Illustration of the cross-line oscillation of the cylinder in a uniform flow

Parameters governing this flow is chosen as follows: the Reynolds number is
fixed at Re=185 and the Strouhal number is taken as S;=0.19, similar with those in [18,
25]. Amplitude of the transverse (An) is set to be 0.2. Three different frequency ratios,
i.e. fo/f,=0.9,1.0,1.1, are chosen to examine the dynamic response of the flow
problems. The physical time interval of At=0.01s is used to march in the temporal
domain. Since the flow is unsteady, the calculation will not be terminated until
obvious transients died out and then for a time roughly equivalent to the time required
for steady state in the lock-in cases. The wake characteristics generated by the
cylinder are compared with the numerical results in [18, 25] through time series
analysis and examination of instantaneous streamline and vorticity patterns.

Fig. 4.23 shows the time history of drag/lift coefficients at different frequency
ratios. From this figure it is found that fairly regular drag/lift coefficients are
generated once vortex shedding is established. For the value of f¢/f,=0.9 and 1.0, the
drag/lift coefficients exhibit sine/cosine behaviors. For the value of f/f,=1.1, the
drag/lift coefficients exhibit regular signs of the influence of a higher harmonic. A
comparison of the peak lift coefficient, and the peak and average drag coefficient
under different frequency ratio are presented in Table 4.4. From this table it can be
seen that the calculated values by the GSM/ALE can match those from the references

quite well. The slight differences among these values may be due to different
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parameter settings in the problem, e.g. different number of nodes, densities of the

mesh and different time intervals used in the time integration.
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Fig. 4.23 Time history of the drag and lift coefficients (Cp and C,) at different frequency
ratios at Re=185 with A, =0.2 in the case of the cross-line oscillation of the cylinder in a
uniform flow

Table 4.4 Comparisons of the predicted Cp, C, at Re=185 in the case of a cross-line
oscillating cylinder in uniform flow

Coefficient of lift peak Coefficient of drag (mean/maximum/minimum)

£/, value

Present  [18] [25] Present [18] [25]
0.9 0.278 0.242  0.247 1.33/1.45/1.21  1.34/1.44/1.25 1.31/1.47/1.20
1.0 0592 0590 0.585 1.49/1.72/1.26  1.51/1.68/1.30 1.51/1.70/1.29
11 1438 1449 1.450 1.36/1.65/1.12  1.45/1.71/1.104  -/1.71/1.10

Fig. 4.24 shows the instantaneous streamlines when the oscillating cylinder is at
the topmost position of the oscillation cycle. From this figure it can be seen that for
fo/fo =0.9 and 1.0, the general form of the streamline patterns are almost the same.
However, for fo/f, =1.1 two saddle points are found in the form of closed streamlines

which indicates a concentration of vorticity around the center of the closed

165



Chapter 4 GSM/ALE for incompressible fluid flows over moving mesh

streamlines. These phenomenon is captured well by the present GSM/ALE which are

similar with those described in [18, 25].

c) fe/f=1.1

Fig. 4.24 Instantaneous streamline patterns at different frequency ratios at Re=185 with A,
=0.2 when the cylinder is at the topmost position in the case of the cross-line oscillation of
the cylinder in a uniform flow

The instantaneous vorticity contours corresponding to the top position of the
oscillation cycle are shown in Fig. 4.25. The vortices in the wake are also well
captured by the present GSM/ALE. With the increase of f./f,, it is found: i) the length
of the elongated upper vortex decreases and diminishes in strength; ii) the lower
vortex becomes the dominant vortex; iii) more vorticities are formed on the lower
portion of the cylinder surface, and the base vorticity of opposite sense interacts with

the vorticity in the upper shear layer to constraint the roll up in the wake [18].
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Fig. 4.25 Instantaneous vorticity contours at different frequency ratios at Re=185 with A,
=0.2 when the cylinder is at the topmost position in the case of the cross-line oscillation of
the cylinder in a uniform flow: dotted and solid lines denote, respectively, the negative and

positive contours

4.2.4.3 In-line oscillating cylinder in a free stream

In order to further explore the capability of the present GSM/ALE in computing
moving boundary flows, a series of simulations are conducted for the case of in-line
oscillating cylinder in a uniform stream at Re=100. The calculation domain and the
boundary conditions are exactly the same as those for the cross-line oscillating
cylinder problem, except that the cylinder is forced to oscillate parallel to the free

stream by setting the horizontal velocity of the cylinder as
v,, =2 f A, cos(2zf.t). (4.43)
Here, An is the amplitude of the oscillation (An=0.14D as that in [24]); f. is the

oscillation frequency of the cylinder, and f. =2f,, i.e. two times of the natural vortex
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shedding frequency f, of the fixed cylinder flow. The CFL number is about 10 in the
present calculation.

Accordingly, the lock-in should occur at an oscillation frequency about twice the
shedding frequency [24]. In this calculation, the natural vortex shedding frequency is

fo =0.165 which is comparable to the references as listed in Table 4.5.

Table 4.5 Comparisons of shedding frequency at Re=100 in the case of a in-line oscillating
cylinder (f./f,=0) in a uniform flow

Present Lai et al. Liu et al. Lima et al. Williamson
[33] [34] [35] (Exp) [36]
fo 0.165 0.165 0.164 0.160 0.166

Fig. 4.26 plots the drag and lift coefficients during the lock-in. From this figure it
can be seen that the drag and lift coefficients are characterized by periodic oscillations
about a mean value and zero, respectively. The frequency of lift coefficient under f./f,
=2 is the same as that under f/f, =0, which is half of that of the drag coefficient. Table
4.6 compares the computed drag and lift coefficients with those from references.
From this table we can see that the values from the present GSM/ALE are compatible
with those from the references. A slightly lower estimation of the mean drag
coefficient is predicted by the present GSM/ALE, either for f./f,=0 or for f./f;=2.
However, the maximum lift coefficient matches quite well with the references. From
the table, we can also see that during the lock-in the computed lift amplitude is
approximately three times than that obtained from a fixed cylinder at the same Re, and
there is an obvious increase in mean drag over the rigid-cylinder value. This is
consistent with the results from previous experiments and numerical studies,
demonstrating that the present method can capture the important flow characteristics

very well for this in-line oscillating problem.
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Fig. 4.26 Time history of drag and lift coefficients (Cp and C,) at Re=100 with A, =0.14D for
stationary (f¢/f,=0) and in-line oscillating (f/f,=0) circular cylinder in a uniform flow

Table 4.6 Comparisons of the predicted Cp, C, at Re=100 in the case of a in-line oscillating
cylinder (f./f,=0 and f./f,=2) in a uniform flow

Present Liao et al. [26] Hurlk[)zuj]et al. Calhoun [37]
fe/fo 0 2 0 2 0 2 0 2
Cb-mean 1.30 1.61 1.36 1.71 1.41 1.68 1.33
Cl-max 0.32 0.94 0.34 0.95 0.31 0.95 0.30 -

Examination of the vortex patterns is referred in the instantaneous vorticity
contours over two oscillation periods of the cylinder as shown in Fig. 4.27. From this
figure it can be seen that the wake is captured by the cylinder oscillation. The lock-in
effect can be observed by the vortex patterns over two period of drag coefficient
oscillation. Here “T” is the period of oscillation of the cylinder (the drag coefficient),
and the period of the lift coefficient is 2T. Due to the lock-in effect, the contours
indicate an essentially periodic behavior with a period equal to that of the enforced
oscillations.

To further check that the ability of the present GSM/ALE to deal with the large
movement of the solid, a series of the amplitude of the oscillation Ay, i.e. An=0.14D,
0.20D, 0.30D, 0.35D, 0.40D and 0.50D, is chosen. The oscillation frequency of the

cylinder f is still kept at f.=2f,.
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Fig. 4.27 Instantaneous vorticity contours near oscillating cylinder at Re=100: dotted and
solid lines denote, respectively, the negative and positive contours

Fig. 4.28 plots the time history of the drag and lift coefficients with different An,.
From this figure, we can see that: i) the time period of the drag/lift coefficients relates
to the oscillation frequency of the cylinder f.. ii) With the increase of the Ay, the
maximum of drag coefficient becomes larger, which implies that a larger A, will
induce a larger drag force. iii) The maximum of lift coefficient, however, does not

increase monotonically. It increases with the increase of A, from 0.14D to 0.30D.
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Then this value will become smaller with the increase of An,. When the A, =0.50D,
the maximum of lift coefficient becomes extremely small, and it is comparable with

that at A, =0.40D. This trend may be illustrated by the shedding of the vortex with

different An,.
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Fig. 4.28 Time history of drag and lift coefficients (Cp and C,) at Re=100 for a in-line
oscillating (f/f,=2) circular cylinder in a uniform flow at various An,, An=0.14D, 0.20D,
0.30D, 0.35D, 0.40D and 0.50D

Vortex contours with different A, are plotted in Fig. 4.29. These contours
correspond to the time instant t=T/4 in one typical period cycle. From this figure, we
can see that the ratio of positive and negative contours behind the cylinder becomes
larger with the increase of A, from 0.14D to 0.30D, which suggests that asymmetry of
the positive and negative contours becomes larger. After that the positive and negative
contours behind the cylinder become more and more symmetric, with A, from 0.35D
to 0.50D. As is known, the lift coefficient is direct proportion to the lift force. When
the vortex contour becomes more symmetric, the difference of the positive and
negative tractions becomes smaller. As the lift force comes from the integration of the

surface traction, it and thus the lift coefficient will become smaller.
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Fig. 4.29 Instantaneous vorticity contours near the oscillating cylinder at Re=100 with
different A, at t=T/4 in a period: dotted and solid lines denote, respectively, the negative and
positive contours
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4.3 Concluding remarks for Chapter 4

The GSM/ALE is successfully formulated for solving the fluid-rigid structure
interaction problems. The uniform flow is automatically preserved irrespective of the
mesh movement by adding an extra moving mesh source term derived from the GCL.
The 2" order accuracies are achieved in both spatial and temporal domains, which are
the same as those in GSM on fixed mesh. Robustness of GSM/ALE to distorted
meshes is discussed. Overall, our finding shows that the GSM/ALE can give accurate
and stable results on extremely distorted meshes. However, a smaller time step should
be chosen on those meshes to ensure the stability of the scheme. The corresponding
numerical errors also become larger with the increase of the irregularity. So it is
suggested that should irregularity become extreme, a re-meshing is still needed to
ensure more accurate result. The proposed GSM/ALE has been applied to solve
several benchmark problems and yields good agreement with referenced
computational and experimental results, hence further indicating the viable use of the
proposed method. During the calculation of the in-line oscillation of a cylinder in a
free stream, an interesting phenomenon is found that the drag coefficient becomes
larger with the increase of the maximum oscillation of the cylinder. However, the lift
coefficient does not purely increase. When the maximum oscillation exceeds a critical
value, the lift coefficient will decrease with the increase of the maximum oscillation,
and the corresponding vortex behind the cylinder will then become more and more

symmetric.
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Chapter 5

Coupling GSM/ALE with ES-FEM-T3 for fluid-deformable structure

interactions

The fluid-rigid body interaction problems have been successfully solved via
GSM/ALE in the previous chapter. In these cases the interaction between the fluid
flow and rigid body is only one-way, i.e. the movement of the rigid body only affects
the fluid flow but the dynamic force due to the viscous fluid flow does not affect the
predefined movement of the rigid body. In this chapter, the solid body will be dealt as
a deformable media, e.g. beam, shell/plate or structure, and thus the interactions
between the fluid and solid become two-way, i.e. the deformation of the solid will
affect the fluid flow and in return the dynamic force from the viscous fluid flow will
also feed back to the deformation of the solid body. In order to successfully achieve
the two-way interaction, the displacement/velocity compatibility and traction
equilibrium need to be exactly satisfied at the FSI interface.

The weak coupling scheme is employed in the present study to enable the fluid
and solid potions can be solved separately with different numerical methods. In the
calculation, the conditions of displacement/velocity compatibility and traction
equilibrium should be successively applied on the FSI interface to “link” these two
portions. For the fluid portion, the GSM/ALE established in the previous chapter can
be directly used with only minor modifications. For the solid portion, the explicit time
integration ES-FEM-T3 will be used to describe its transient deformations. It should
be noted that the formulation procedure of the transient deformation of the solid with

ES-FEM-T3 in this FSI analysis is somewhat similar with that in Chapter 3 in the
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description of the dynamics of the nonlinear membrane structures except for the
coordinates transformation part since no rigid body motion (rotation or translation) is
considered in the deformation of the solid body in the present FSI analysis. Thus
detailed procedures of constructing the kind of explicit time integration ES-FEM-T3
will be presented in this chapter. An illustration of the weak coupling scheme is

shown in Fig. 5.1.

( Start )

\/ \/

A
Fluid solver: Solid solver:
GSM/ALE - ES-FEM-T3
Traction
\ equilibrium \
A | Fluidsolution | | Solid solution |

\

Displacement/velocity
compatibility

A

Convergence

Yes
| Stop |

Fig. 5.1 lllustration of the weak coupling GSM/ALE with ES-FEM-T3 for solving FSI
problems

The outline of this chapter is as follows. In order to give a clear description and
easy illustration of the coupling scheme, the governing equations of both fluid and
solid are firstly recalled and written as a system of equations together with the
coupling conditions in Section 5.1. The formulation on solving the transient
deformation of the solid portion with ES-FEM-T3 is presented in Section 5.2. A
summary of implementing the GSM/ALE with ES-FEM-T3 for an FSI analysis is
illustrated in Section 5.3. Three benchmarks are tested to verify the proposed coupling
smoothed methods in Section 5.4. And some concluding remarks are drawn in Section

5.5.
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5.1 Governing equations of fluid flows with structural interactions

Consider a FSI system with a deformable solid body fully immersed in a 2D
incompressible viscous fluid flow, as illustrated in Fig. 5.2. The fluid and solid
domains are denoted as Q" and Q° and bounded by T'"and I'*, respectively. The
interaction interface between Q"and Q° is denoted by I'™. The fluid boundary T'" in
this FSI system is composed by I'" =™ Ur™ U™ and the solid boundary is by
C=ryUrMuyr®. Here the superscript “D” denotes Dirichlet boundary condition
while superscript “N” denotes Neumann boundary condition applicable to both fluid
and solid portions. Note that these boundaries should have no overlaps with each
other. The other superscripts “f”, “s” and “fsi” marked in these notations indicate the
“fluid”, *“solid” and “fluid-structure interaction”, respectively. These same
superscripts will be further used to denote the variables below to indicate if a variable
belongs to the fluid domain, solid domain or FSI interface. Because of the
deformation of the solid, Q" and Q° are both time-dependent that leads to the

transient movement of the FSI interface T'™.
¥y r™
\ F D - \

e Solid node
O Fluid node

Fluid domain QF

Fig. 5.2 lllustration of a FSI system
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Theoretically in a FSI system: i) the fluid and solid domains can be discretized
by two different sets of meshes with completely different element types and ii) the
fluid and solid mesh nodes on the FSI interface T™ need not coincide with each other
[1]. In the present study, we only use the simplest linear triangular element in both the
fluid and solid domains, and the densities of the fluid and solid mesh nodes on the FSI
interface are set to be the same, as illustrated in the enlarged part in Fig. 5.2. So that
the fluid and solid nodes coincide with each other on the FSI interface, which greatly
facilitate the applications of the coupling conditions of displacement compatibility
and traction equilibrium. For the case where the fluid and solid mesh nodes do not
coincide with each other on the FSI interface, interpolations of the
displacements/velocities and tractions should be done with the help of shape functions

of the solid element along the FSI interface [2-5], and even more some special

fsi
r !

techniques, e.g. constructing a reference FSI interface I'”, need to be introduced

beyond the FSI interface to ensure the stability and accuracy of the interpolation in
solving the FSI system [6-9].

In the present FSI analysis, the fluid flow is assumed to be incompressible or
slight compressible and the solid is assumed to be fully-incompressible/nearly-
incompressible or compressible and undergoing only a small volume change. As both
the fluid and solid portions are continuums, equations governing these two mediums
should have the same form. Although the governing equations of the individual fluid
and solid portions have been independently presented in the previous chapters, they
are rewritten here as one system with the coupling boundary conditions on the FSI
interface, as shown in Eq. (5.1). For the sake of simplicity, the boundary conditions of

velocities and tractions unrelated to the FSI interface are omitted in Eq. (5.1). Details
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of applying the relevant boundary conditions can be found in the corresponding parts
in the previous two chapters. The combined governing equations are:

Fluid:
DV .
o' Ttl = dIVaifj +p'g,

oV

Solid : , L]=XYy (5.1)

%—diVGS—F °g
P Dt i TPY;

FSI coupling conditions :

m,fsi s, fsi f fsi m,fsi
u™t =ut, vt =y

sfsi__sfsi _  ffsi__ffsi
Nj~oy =-Njoj

s, fsi
i

=V

where o, vi, 0; and g; denote the density, components of velocity, Cauchy stress

s, fsi
i

f,fsi

and n;y~ are the

tensor and body force, respectively; t is the physical time; n

outward normal of T'™ as seen from the solid and fluid domains, respectively, which
have the same amplitudes but opposite signs, as illustrated in Fig. 5.3; “x” and “y”

denotes the two directions of a 2D Cartesian coordinate system; and the derivative

Dv, /Dt denotes the material derivation of the velocity v;.

The expansions of Dv, /Dt are different according to different descriptions, e.g.

the Lagrangian, Eulerian or ALE descriptions, which requires particular numerical
method for solving the expanded system equations. In practice the fluid is usually
described with Eulerian description while the solid is described with Lagrangian
description. In order to couple the fluid and solid in an FSI analysis, the ALE

description is usually used.
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5.1.1 For the fluid portion
As reviewed in Chapter 1, when the fluid flow is described with Eulerian
description, the convection of momentum across the edge of the fluid mesh occurs

and the velocity vf is a function of both time-dependent Eulerian coordinates x and

time t. In that case, the material derivative of the fluid velocities Dvif/Dt should be

fully expanded as

Dt ot
Especially, when the material derivative of the fluid velocity is fully expanded

+v;v.f. _ (5.2)

L]

over the moving mesh instead of the Eulerian mesh, it becomes [3, 5]

DVif aV|f f m\,,f
H:E'F(Vj _Vj )Vi,j (53)

where a()/at is the transient term at the mesh position considered; V;“ is the mesh
velocity (the superscript “m” indicates the “mesh”) and VE is the actual fluid particle

velocity at that mesh point. In the solution process, VT should be prescribed according

to the mesh updating algorithm [5].

After substituting Eq. (5.3) back into the first equation of Eg. (5.1), the resultant
equation can then be used to derive the ALE form of the governing equations as
presented in Chapter 4, which will be finally solved with GSM/ALE in the fluid
domain in an FSI analysis. Detailed formulation procedures of GSM/ALE have
already been established in Chapter 4 and will not be repeated in this chapter.

5.1.2 For the solid portion

If the momentum conservation equation of the solid in Eq. (5.1) is described with

Lagrangian description, the velocity V; is thus a function of time-independent
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Lagrangian coordinates X and time t. So the material derivative of the solid velocities

Dv; / Dt becomes a partial derivative of Vv [10], i.e.

Dt ot
After substituting Eq. (5.4) into the third equation of Eq. (5.1), the resultant

Dv: :%. (5.4)

equation will be numerically solved with the explicit time integration ES-FEM-T3 to
obtain the deformation of the solid portion. Detailed formulation procedures of the

explicit ES-FEM-T3 will be presented below in Section 5.2.
5.1.3 For the FSI coupling conditions

In the weak coupling scheme, the fluid and solid domains are solved separately,
and the information of displacement/velocity and traction on the FSI interface are
successively transferred to these two domains during the time intervals according to
the conditions of displacement/velocity compatibility and traction equilibrium on the
FSI interface [2, 4, 5]. An illustration of the displacement/velocity and FSI force
existing on the FSI interface is presented in Fig. 5.3. These conditions must be

imposed carefully and efficiently in the numerical implementation.

Displacement
Ivelocity

Fig. 5.3 Hlustration of weak coupling: the dash arrows indicate FSI force mapping, the solid
arrows indicate displacement/velocity mapping and n denotes the outward normal
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5.1.3.1 Displacement/velocity compatibility

Displacement/velocity compatibility requires that: i) the FSI interface should

exactly follow the deformation of the solid portion, i.e. u™ =u*™ on '™ at each

time step, so that there is no gaps or overlaps between the solid and fluid domains

near the FSI interface; and ii) the velocities of the fluid particle and fluid mesh node

on T'™ should be equal to the velocity of the solid node at the same point, i.e.

f fsi m,fsi

v =v™ =™ on T at each time step, so as to ensure the non-slip condition on

the FSI interface. The accelerations of the mesh and solid nodes usually need not be
the same at the same point on the FSI interface [1]. As a summary, the
implementation orders of applying the displacement/velocity compatibility condition
are i) solid>fluid mesh and ii) solid->fluid particle,
> Solve the solid problem to get the displacements and velocities of the nodes
at the FSI interface
» Update the nodal coordinates/velocities of the fluid mesh on the FSI
interface according to the nodal displacements/velocities of the solid at the
same point on the FSI interface
> Update the nodal fluid velocities on the FSI interface according to the nodal
velocities of the solid at the same point on the FSI interface
After determining the nodal coordinates and velocities of the fluid mesh on the
FSI interface, these values inside the fluid domain should also be updated timely
according to different mesh updating algorithms, e.g. simple velocity/displacement
interpolation algorithm [11-14] and “pseudo-structure” algorithm [15-20], so as to

ensure the accuracy of the fluid mesh inside the fluid domain.
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5.1.3.2 Traction equilibrium

The condition of traction equilibrium is proposed to ensure the “consistency” in

the stress transfer (or stress balance) between the fluid and solid portions, i.e. solid

sf5|_ sf5| sf5|

traction t; n, at an arbitrary node on the FSI interface T'™ should be equal

f, fSI f fsi f fSI

to the opposite of the fluid traction t;™ =n; at the same point. This transferred

traction will be further integrated along the solid interface in the current configuration

to get the external nodal force on the solid portion, as follows

f|?f5i (Vf, p) _ Fﬁi N,nj‘“ia;mdr " Z N ( ) nsfsi ( )O-;fSi (Xsn)Wn (55)
where the subscripts “I” and “J” denote the two connected nodal points | and J on the

s fsi s,fsi

FSI interface, as shown in Fig. 5.4; N, n;™, o;” and w, are the shape function,

components of the outward normal and Cauchy stress and the weight at the Gauss

point X’ on the segment F,J , respectively.

» Gauss point

Fig. 5.4 lllustration of the FSI force

s fsi

The Cauchy stress o;;” at X; can be further interpolated with the Cauchy

stresses at the two vertices | and J of ']} that are directly obtained from the viscous
fluid portion as

a3 (%) =N, (%) o5 + N, (%) o5 (5.6)
Substitute Eq. (5.6) into Eq. (5.5), we can finally get
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AR
A IP= RV [
or (5.7)

N gau

fISJ = Z NIJ t?ﬁfSiWn .
=1

The nodal force in Eq. (5.7), which contains all the components and conditions

of a fully coupled, steady-state or transient analysis of the FSI system, will be
implemented as part of the external force on the solid portion during its explicit
dynamic analysis.

As pointed out in [4], in contrast to the above description of applying the
conditions, the solid stress boundary conditions can be imposed on the fluid element
while the fluid velocity boundary conditions on the solid. However, this approach
may be unstable for a general fluid-structure interaction analysis; any small error in
the displacement imposed on the structure by the fluid velocities may result in a large
error in the calculated traction imposed on the fluid. As such, this kind of coupling
conditions is not recommended.

To fulfill the weak coupling scheme with the smoothed methods, the numerical
procedures for solving the uncoupled fluid and solid should be firstly established. As
the GSM/ALE derived in the previous chapter can be directly used for solving the
fluid portion without any major modification, the description on the derivation of
GSM/ALE is not repeated here. Only the numerical procedures for solving the
individual solid portion with the explicit time integration ES-FEM-T3 are presented in

some details in this chapter.
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5.2 Explicit dynamics analysis for nonlinear solid using ES-FEM-T3

The central difference explicit time integration scheme using the total
Lagrangian (TL) formulation is employed to describe the transient deformation of the
solid, in which the ES-FEM-T3 is used to construct the smoothed strain field. As the

TL formulation uses only the initial configuration as the reference configuration, the

Cauchy stress 05 in the third equation of Eq. (5.1) should instead be given by the

nominal stress Pijs expressed in terms of the area in the reference (non deformed)
configuration.

If we let v\ =U; where u; denotes the displacement and the dot over u; denotes
the time derivation of U’ , the momentum balance of solid in the third equation of Eq.
(5.1) can thus be rewritten as [10]

_ P
XS

It is subjected to the boundary conditions

S iS

PY;

+p°9;. (5.8)

v=v  onl® 5.9)
njoy =t onI™ '
with the initial conditions
V=V, a =98 onI®
P = oP; on ™" (5.10)
t=0
and FSI coupling conditions
n?,fsi ;fsi — _ng,fsio_]f,ifsi on FfSi. (511)

~ ~ 0R . e . .
Here, V', Ja° and oP; are the initial velocity, acceleration and normal stress,

where the marked wavy line indicates that these parameters are predefined and the
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additional left superscript and subscript introduced in these parameters indicates the
time steps: the left superscript denotes the time for the current configuration, and the
left subscript denotes the time for the reference configuration. In the TL formulation

all the parameters are written referring to the reference configuration, hence the left
subscript will be omitted in the following text. For example, (E° is the Green strain

tensor evaluated at time step “n” measured with respect to the reference configuration

at time “0” (initial configuration) and it will be simplified as "E°®.
5.2.1 Semi-discretization with ES-FEM-T3 in spatial domain

After implementing the smoothing operation with ES-FEM-T3 in the spatial
domain, the semi-discretization of Eq. (5.8) can be finally written as

|\7| fJij Uj, — .FI?,ext _ f_”s,int (512)

s,ext

where I\7I,SJij is the entry of the lumped mass matrix; f

is the external force that

contains the body force, initial traction and the FSI interaction force; and f_ns'i”t is the

smoothed internal force vector, where the bar over it denotes that it has been

implemented with a smoothing operation.
One may note that only the internal force f_lf'i”‘ in Eq. (5.12) is “affected” by the

smoothing operation. The mass matrix and the external force have no “bars” over
them and thus they are constructed exactly following the same way as in the standard
FEM [10]. This process is similar to the illustrations in Chapter 2 for the implicit
smoothed models that “the S-FEM models change only the stiffness matrix”, although
no stiffness matrix is needed to be constructed in the present explicit formulation.

Thus only details of constructing this smoothed internal force vector with ES-FEM-
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T3 will be specified in the text below. The way to construct the mass matrix and

external force can be found in [10].

5.2.1.1 Expressions of smoothed strain and stress

Through the motion x° = f(X°,t) the solid body moves from the initial

configuration °Q° at the time t=0 to the current configuration "Q° at the time t,

where X°® and x° are the material and spatial coordinates of the solid particles,

respectively. Assume that the initial configuration °Q° is discretized with N®

node
nodes and N;, linear triangular elements. A set of Nsg non-overlapping edge-based
smoothing domains is then constructed over these elements following the way
described in Remark 2.1. The displacement "u’ at an arbitrary point inside the solid

domain can be interpolated with the corresponding nodal displacements using the

shape functions, i.e.

n,s _ ONIS NyyS H-
us= > °N;'up, i=xy (5.13)

s,sd
leSyy

where ONf is the FEM shape function corresponding to the supporting node | (e.g.
| €Sy5' ={A,B,C,D} as in Fig. 2.2) evaluated at the initial configuration; and "uj,
is the nodal displacement at node I and is evaluated with the equation,

ATHED S (5.14)

From Eq. (5.13) we can see that the interpolations of the displacements in the
ES-FEM-T3 and FEM-T3 are exactly the same. The difference between these two
methods will appear in the following steps on how to estimate the gradient of the
displacement field, the deformation gradient, the Green strain tensor, the PK2 stress

and finally the internal nodal force.
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As is known, in the standard FEM-T3 the gradient of the displacement field is
constructed based on the background triangular mesh. Similarly, in the ES-FEM-T3
the smoothed gradient of the displacement field is constructed based on the newly
constructed edge-based smoothing domains. Accordingly, one can get the smoothed

gradient of the displacement field by referring Eq. 2.7 over the smoothing domain as

n,,s l S S n S
0=y (—J oN: (x°) j

lessy sd
Z{ s Z(Z N} (X, )Onﬁd(xim)wmnﬂ”u; (5.15)
lessss sd m=1
- z 0Nlj( |Ssd)n Isl
Sssd

isd

where °A¥ is the area of the isd™ (isd=1~N) smoothing domain °Q, bounded by

2 °n jd is the outward surface normal of the boundary T, ; Nseg IS the total

number of segments of "T"%, : Nseg=3 for smoothing domains at the boundary of °Q)°
and Ngeg=4 for the smoothing domains inside °Q°; Nga, is the total number of Gauss

points; and N’ . is the smoothed derivatives of the shape function corresponding to

L
the supporting node 1. Note that in the TL formulation the smoothed derivatives of
shape function used in the ES-FEM-T3 only need to be calculated once at the initial

stage.
By using “Nj; the smoothed gradient of the displacement field "F, can be

evaluated as

nFus (Xlssd ) = nuis,j +5ij = Z Ole,j (xissd ) nulsi +5ij . (5.16)
IeSiss'jd
This smoothed deformation gradient ”Iflf is then used as the primary strain

measure to calculate the smoothed Green strain EIJ ,1.e.
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& (X )= ('R R =) (517

For the St. Venant-Kirchhoff elastic material, the PK2 stress "S_,f can be

expressed as a function of the smoothed Green strain ”Ej as

'Sy (X3 ) =Dy "By i JikI=xy (5.18)

where Djjy is the material response tensor under the plane strain condition.
5.2.1.2 Expression of smoothed internal force vector

Utilizing the smoothed strain and stress derived above, the total (smoothed)

strain energy "IT™ (us) of the solid at the time step n can be formulated as

)21, s g3 s e PR GG 69

where {"S;;} and {"E;,} are the Voigt form of 'S and "E
{ngissd} = { ”Qidn, "§§dzzv n§i§d12}T ' {nEissd} = { nEiSsdll’ nEisstZ' nEissdlz}T ; and 0Aissd is the
area of the isd™ smoothing domain at the initial configuration.

The smoothed internal force vector ”f:(;i”t corresponding to the isd™ smoothing

S

domain °Q, can thus be calculated as

T = [ ['Bl] {"Sijd=["BL ] {"Si ) AL (5.20)

where [”Efsd] is the smoothed strain-displacement matrix associated with the

smoothing domain OQissd . Assuming the indices of the supporting nodes of the

S

smoothing domain °Q)}, are 1=A, B, C, D, as illustrated in Fig. 2.2, the matrices and

vectors in Eg. (5.20) can then be expressed as
("B ]=[ "B (Xi) | "Bs (Xa) | "B (Xi) | "By ()] (5.21)
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Ni, 0 0L ONG TN
["Bi(Xi)]=| 0 ON |+|"mnCNy, 'wLONG, (5.22)
oNIS,Z 0le,l n'Alsl nAISZ
A= "0 ONG, OO, 11,2 (5.23)
ngs,in n g s,in n g s,in n g s,in n g s,in n g s,in n g s,in n g s,in n g s,in T
fisd t :[ fAl t fAzt I fBl t fBzt I f(:1 t fczt I fD1t fthil : (5.24)

The components of "™ in Eq. (5.24) are the integrated internal nodal forces at

the node | (I=A, B, C, D) in the x- or y-directions (1,2=x,y). It should be noted that the
edge-based smoothing domains allocated proscribed at the boundaries of the solution

S

domain OQ,Sd only have three supporting nodes. Hence, the size of the above
equations will be correspondingly reduced.

Substituting Eq. (5.20) into Eq. (5.12), we can then get the semi-discretization
governing equation with ES-FEM-T3. By integrating the semi-discretization

governing equation in the time domain, the transient responses of the nonlinear solid

can be finally achieved.

5.2.2 Explicit time integration with central difference scheme in temporal

domain

The central difference explicit time integration scheme is used to integrate the
semi-discretization governing equation. This scheme has already been well developed
in [10]. It follows the standard procedures to integrate Eq. (5.12). Here we only
summarize the general procedure for this explicit dynamics analysis in the following

flowchart 5.1. On details about the central difference explicit time integration scheme,

one can refer to [10].
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5.3 Solution procedures of FSI with GSM/ALE-ES-FEM-T3

By now the smoothed methods for solving the individual fluid and solid

subsystems, i.e GSM/ALE for fluid and ES-FEM-T3 for solid, have been established.
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To complete the FSI analysis, the unrelated solutions from these two smoothed
methods should be “linked” with the coupling conditions on the FSI interface as
discussed in Section 5.1.3. This section gives an illustration on how to implement the
GSM/ALE and ES-FEM-T3 in the solution process in one typical time marching
cycle, i.e. from time step n to its next time step n+1. The nodal values in both the fluid
and solid domains at time step n, i.e. "v|, , "a’ and "f>", are
assumed to be known. The purpose is to find those nodal values at time step n+1.
Note that at initial time step (n=1) all these variables are given by initial conditions.
Generally, one typical time marching cycle can be artificially divided into four
successive steps, as illustrated in Fig. 5.5. The boundary conditions of the fluid and

solid unrelated to the fluid-structure interaction are not marked in this figure and

assumed to be satisfied by default.

s

7 5
n+2 f f fsi step 4 ) n+2 f s, fsi
9 Ii Fluid—Solid Ii
n+l, ,f n+l s n+l s n+l,s n+las
Vip P @ — — = — === > — Ui Vi 8y
n+l, mfsi _ n+l s fsi
up =" I’H—lQS
n+l, ,mfsi _ n+l, s fs
1+ VII 1 = +. VII 1
Ve
7
Step 3: _Step z Step 1:
- Solid—Mesh: A ;
Solve fluid )% Solve solid
Ve
s
n+1Qf n+1V|Tv n+1xlr?
vz - n+1fs,fsi
n,f ngs / li
Vli’ pl ,,,,,,,,,,,,,,,,,,,,,,,,,, »_,_,_,_’ nulsi’nvlsilnalsi
n+ly ffsi _ n+dy s, fsi 4 n+l ¢ s,fsi
v ="y 7 fi
7
7
s ol

Fig. 5.5 lllustration of the time integration in one typical time marching cycle for the FSI

analysis with GSM/ALE-ES-FEM-T3

Step 1: Solve for the solid portion by applying the updated FSI force

Firstly, we start the FSI analysis by solving the transient responses of the

nonlinear solid with the algorithm proposed in Section 5.2. As the FSI traction
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ny At n ffsi

equilibrium condition can be explicitly evaluated based on "V}, "p,™ at time step n,
the FSI force " f ™ evaluated according to Eq. (5.7) will be applied as a part entry

of the external force "™ f>** on the solid during its dynamic analysis. If we omit the

n+1 ¢ s,fsi
fli

body force g;, initial traction £° but consider just the FSI force , the external

force will be " f>** = "f** After applying this updated external nodal force and

the predefined Dirichlet (displacement/velocity) boundary conditions, the solid can be

solved by calling the subroutine Solid_ExDyna in Flowchart 5.1. The outputs arising

from solving the solid portion are the variables "*u; and "v; in the solid domain

"Q® at the time step n+1. "ui™ and "'v>*™ on the updated FSI interface "™ will

be the separate output for the purpose of applying the displacement/velocity

compatibility condition to the mesh and fluid portion in Steps 2 and 3.

Step 2: Update the fluid mesh by applying the FSI displacement/velocity

condition

The nodal displacements/velocities of the fluid mesh on the FSI interface should

n+1, , m,fsi n+1, ,s,fsi

be equal to those of the solid particles at the same point, i.e. "u™ =""u;"™,

Myt = MyS®as those in Eq. (5.1). At the same time, the mesh inside the fluid
domain should also be updated accordingly so as to ensure the compatibility of mesh
inside the fluid domain. As previously proposed, the fluid mesh can be updated with
the simple velocity/displacement interpolation algorithm [11-14] or the “pseudo-

structure” algorithm. In the present study, we chose the simpler velocity/displacement

interpolation algorithm for the fluid mesh updating. The outcome of updating the fluid
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n+l,,m

mesh is to get the new fluid mesh positions, ""x;', and the corresponding mesh

n+l, ,m

velocities, ""vy.

Step 3: Solve the fluid portion by applying the FSI velocity condition

In order to ensure the non-slip boundary condition for the fluid at the FSI

interface, the velocities of the fluid particles are set to be equal to the velocities of the

solid particles at the same point, i.e. "vi™ = "** on "™ Then the fluid portion

is solved via GSM/ALE. The output of the fluid portion are "v{ and ""p/ in the

time step n+1. "V{ and "*p{™ on "'T"™ are output separately for the calculation of

the FSI force in Step 4.
Step 4: Updating of the FSI force for next time step

According to the traction equilibrium condition, the FSI force at time step n+2 is

n+1, ,f fsi
Vi j

evaluated according to Eq. (5.7) by using the parameters and "'p™ on "™,
This newly evaluated force will be applied to the solid portion in Step 1 for the next
time cycle (i.e. from time step n+1 to n+2).

A flowchart of this weak coupling algorithm with smoothed method is

summarized as follows.
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The error_steady above is defined as

error_steady = \/Z( "l = vy ) / (=) (5.25)

i i
In the calculation, explicit time integrations are employed in both the fluid and
solid domains, which indicate that the calculations for both fluid and solid portions
are only conditionally stable. As such, the time step At used in the whole weak

coupling process should be chosen carefully. How to determine the suitable or critical

time steps At (At° <At’.)and At (At" <At!.) for the solid and fluid domains has

crit crit crit

already been discussed in the previous chapters. The critical time step At in this

At

crit

weak coupling process is thus determined by At_. = min(Atjm,

). In this work, a

crit
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constant time step At is used and it is constrained by At <At . In practice, At is

crit *

f
crit *

usually smaller than At So the constant time step At only needs to satisfy

At < At

crit *

5.4 Verification of the coupled GSM/ALE-ES-FEM-T3

Three benchmarks are tested in the present section to demonstrate the validity
and performance of the weak coupling GSM/ALE with ES-FEM-T3 for solving FSI
problems. The application of displacement/velocity compatibility has already been
verified in the previous chapter during using the GSM/ALE to solve for fluid-rigid
solid interaction problems. In this section, the application of the other coupling
condition, i.e. the traction equilibrium, will be further verified firstly in this section
through a benchmark of the vibration of a circular cylinder in a quiescent flow. The
consideration of implementing this verification is that accurately applying the FSI
force on the FSI interface is the basis of correctly and accurately predicting the
deformation of the solid and thus the solution of the fluid-deformable solid interaction
system. Next, a flexible flag flapping in a fluid tunnel is tested to verify that the
coupled smoothed method in solving the transient FSI problems. Finally a beam
deforming in a fluid tunnel is used to confirm that the proposed coupled smoothed
method can give accurate and stable steady solutions in the FSI analysis. Numerical

results from published literature are chosen as the benchmark for the comparisons.
5.4.1 Vibration of a circular cylinder in a quiescent fluid
5.4.1.1 Problem description

The vibration of a circular cylinder in a viscous fluid is illustrated in Fig. 5.6.
When the cylinder vibrates in the viscous fluid, the presence of the fluid gives rise to

198



Chapter 5 Coupling GSM/ALE with ES-FEM-T3 for fluid-deformable structure interactions

a FSI interaction force that will influence the vibration of the cylinder. This example
was originally studied by Chen et al. in [21] in the form of a cylindrical rod vibrating
in a viscous fluid enclosed by a rigid, concentric cylindrical shell. A closed form
solutions for the added mass and damping coefficients were obtained and verified by
comparing with the experimental data in their study. Subsequently, Nomura and
Hughes [12] simplified this model into a cylinder-spring system where the stiffness of
the elastic spring was specially designed to make the natural frequency of this
cylinder-spring system coincide with that of the cantilever rod. The displacement
history of the cylinder, the added mass and damping coefficients were compared with
the analytical solutions in [21] to verify their ALE finite element solution procedure.

We reprise this example here to verify the implementation of our FSI coupling
conditions in the form of proposed weak coupling smoothed method via comparison
of the calculated displacement damping history of the cylinder and the added mass
coefficient with the reference in [12, 21]. It should be noted that in this FSI problem
the cylinder is still assumed as a rigid body. However, this fluid-rigid cylinder
interaction is totally different from those discussed in the previous chapter: the
vibration history of the rigid cylinder here is not prescribed but decays with time due
to the effect of the FSI force existed via in Eq. (5.7).

The parameters of the cylinder are r=0.635cm and m=3.408g. It is attached to the
outer boundary of the fluid domain with a horizontal elastic spring of stiffness
k=34611.3g/s%. The radius of the fluid domain is set to be 5 times larger than that of

the cylinder, i.e. R=5r. Two types of fluid are put into the fluid domain, i.e.
Case 1: the fluid is air, p*" =1.18x10°g/cm® and 4' =1.82x10™g/(cm - s)

Case 2: the fluid is mineral oil, p™"™™® =0.935g/cm® and 4" =0.41g/(cm - s).
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Initially, the fluid is at rest and the cylinder is released with an initial
displacement a=0.02r and zero initial velocity °¢° =0. Because no gravity is
considered and the fluid domain is symmetric, the cylinder will only vibrate in the
horizontal direction after the release. Accordingly, the mesh in the fluid domain is

updated by using the displacement/velocity interpolation procedures [11-14]. The

pressure condition, i.e., p=0, is applied at point A as a referential pressure.

FSI i1‘|1crl‘uc’u

Mon-slip Wall

Fig. 5.6 lllustration of the vibration of a single circular cylinder immersed in a quiescent fluid

The fluid flow is solved with the developed GSM/ALE, and the vibration of the

cylinder governed by Eq. (5.26) is solved with the Newmark method [22].

ma® +cv® + ku® = > (5.26)
where a°, v* and u® are the acceleration, velocity and displacement of the cylinder in

the horizontal direction; and f**' is the external force that is assumed to be zero in

the present study; the drag force (or say the FSI force in Eq. (5.7)) which acts
opposing the cylinder motion is used as the damping force during the vibration of the
cylinder. The interaction conditions proposed in Section 5.1.3 are applied on the FSI

interface during the time marching process.
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5.4.1.2 Quantitative comparison

The convergence property of the fluid-cylinder interaction is firstly studied based
on four sets of unstructured fluid mesh (770, 1529, 3162 and 5961 nodes, respectively)
as shown in Fig. 5.7a; here each mesh has approximately 2 times nodes than the
previous one. Because the fluid domain is symmetric, only the upper part of the fluid
mesh is plotted here. Fig. 5.7b plots the displacement history of the cylinder immersed
in the mineral oil with different meshes. From the zoom-in part of this figure, it can be
seen that with the increase of the mesh nodes, the difference between the two
neighboring curves becomes smaller, which means that the calculation becomes
increasingly less dependent on the mesh. By considering the computational efficiency
and accuracy, the set of mesh with 3162 nodes is thus chosen in the following analysis.
Based on this set of mesh, the velocity and pressure contours at a time instant t=0.6s is

plotted in Fig. 5.8.

TAYAYAY,
W
w‘? ﬁefn%“%f{

= = = Mineral oi: 770nodes
== Mineral od: 1529nodes
= Mineral oi: 3162n0des
-1 Mineral oi; 596 Inodes

0 0.1 0.2 0.3 0.4 0.5 0.6
ti:s

b) mesh convergence analysis

Fig. 5.7 Convergence study of the displacement field of the cylinder with different mesh
densities
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Fig. 5.8 Contour plots of the flow field of mineral oil at time t=0.6s

From Fig. 5.7b we can further observed that the vibration of the cylinder will
decay with the increase of time, which is mainly due to the drag of the viscous fluid.
Comparisons of the displacement history of the cylinder with the reference data from
[12] are shown in Fig. 5.9. From this figure it can be seen that i) good agreement of
predicted displacement by the our coupled smoothed method is achieved indicating
the viable application of the FSI force condition in the assembled codes; ii) the
vibration of the cylinder decays much faster in the mineral oil, which is in agreement

with the higher dynamic viscosity of the mineral oil than air; and iii) there is almost
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no decay of the vibration when the cylinder is immersed in the air, which may be
attributed to the extremely low dynamic viscosity of the air. Further comparisons of
the displacement history of the cylinder vibrating in the air and vibrating without any
damping are presented in Fig. 5.10. From this figure we can see that the two
displacement curves match quite well with each other, which indicates that the fluid

with extremely low dynamic viscosity has quite small effect on the vibration of the

cylinder.
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Fig. 5.10 Displacement field of the vibration of a circular cylinder in the air and without any
damping (or say in vacuum)

The added mass coefficient was analytically derived by Chen et al. in [21]
m T 2
Co=w1 (W] -1 (5.27)
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where m and M are the mass of cylinder and the fluid filled in the equivalent volume
of the cylinder, respectively; T™ and T™"" are the cycle of the coupled system and
the cylinder free vibration in space, respectively.

In the present study, we have m=3.408g,

M@= p* 77r?=0.0015g (5.28)
pmineral pmi”e’a'ﬂl’z =1.1849g (5.29)
Tnatural - 27[/ /k/m =0.06235s (5.30)

, and T™ can be drawn from the displacement history in Fig. 5.9, i.e. T™" 3= 0.06238s
and T™ M"?'=0,0763s,

By using these data, the added mass coefficient corresponding to the mineral oil
is CM* =1.432. The reference value of the added mass coefficient is C*"™"*™* =1.590

in [12, 21]. Comparing the calculated value with the reference, we can see that our
calculated results are quite close to these referential ones, which once more indicates
the correction of applying the FSI force condition in the FSI code and the accuracy of
our proposed coupled smoothed method.

Furthermore, the calculated and reference values of the added mass coefficient
corresponding to the air are C¥"= 2.186 and C"*"'=1.647, respectively. It can be

found that there are some differences between these two values, and the differences
was also observed by Nomura and Hughes in [12]. It is may because the displaced
mass of air is very small due to its small density, and so even a small numerical error
may significantly affect the evaluation of the coefficients [12].

5.4.2 Flow past a cylinder with a flexible flag

5.4.2.1 Problem description
In this section, the FSI force will be applied on a deformable solid. The

benchmark FSI problem is that of a flexible flag at the downstream side of an
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upstream cylindrical pole which serves to verify of the proposed coupling smoothed
method can give an accurate transient solution of a “real” FSI problem.

As illustrated in Fig. 5.11 [23, 24], the fluid domain is assumed to be a 2D
channel with the parameters given as: L=2.5m and H=0.41m. The geometry
parameters of the rigid cylinder and the flexible flag are given as: r=0.05m, 1=0.35m,
a=0.1 and h=0.02m. If we set the origin of the coordinate system at the lower left
corner of the fluid domain, the center of the rigid cylinder is located at (0.2m, 0.2m).

At the top and bottom edge of the fluid domain, the non-slip wall boundary condition

Is assumed.
’\\ Inlet / I
w Non-slip Wall Outlet

A
A s )
T+ |
L

Fig. 5.11 Hlustration of fluid flow past a cylinder with a flexible flag

The inflow velocity V' (t) is prescribed at the left edge of the fluid domain with

the following parabolic streamwise velocity profile

_1-cos(t/2)
vf(t): Vf t<2.0s (531)

v t>2.0s

where V=6V, y(H - y)/H 2 in which Vpean is the mean inflow velocity when the

inflow is steady after about t=2.0s.
The calculation starts at the rest state of the fluid and solid. The boundary

conditions for fluid and solid are prescribed as follows:

V.B.C. for fluid: "v{ =V'(t), "v{ =0 at x=0; "v/ =0 (i=1,2) aty=0and y=H
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P.B.C. for fluid: "p’ =0 at x=L
V.B.C. for solid: "v{ =0 (i=1,2) if (% —c)’ +(x,—c)" =r?.
Parameters of the fluid and solid materials are listed in Table 5.1[23].

Table 5.1 Physical parameters utilized in FSI problem of fluid flow passing a cylinder with a

flexible flag
Fluid Solid
,0f ,Uf Vimean Re ps /us v°
10°%kg/m® kg/(ms) m/s 10°%kg/m®*  10°%kg/(ms?)
1 1 3 200 1 2.0 0.4

where 4° is the shear modulus of solid, 4 =0.5 ES/(1+ v*).

5.4.2.2 Quantitative comparison

With the parameters given above, the flag oscillates with time leading to a
periodically oscillating fluid flow with regular vortex pattern. The displacement of
point A(0.6m,0.2m) on the right tip of the flag and the cycle of the oscillation of the
flag are the two main quantities used for comparison with the reference. Three sets of
meshes are employed, i.e. mesh set 1 (or in short MS(1)), 3476 nodes for the fluid and
427 nodes for the solid; MS(2), 5113 nodes for the fluid and 1111 nodes for the solid;
and MS(3) 7371 nodes for the fluid and 2057 nodes for the solid. As will be noted
below, the solution of the FSI system is stable using the finer mesh MS(3) and thus
used for comparison.

In the FSI analysis with Re=200, the system settles into a large-amplitude self-
excited oscillation following the initial transient quiescent period. The oscillating flag
produces a regular vortex pattern that is advected along the channel, as shown in Fig.

5.12, where four typical snapshots of the pressure contour together with the
streamlines are plotted. The vertical tip displacement history of u§ at point A is
plotted in Fig. 5.13. This displacement range of tip A is u;z0.00110.0344m, which is
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fairly comparable with the reference solution uj ~0.00148+0.03438m [23-25].

Furthermore, the cycle of the oscillation of the flag is T=0.198s, which also agrees
well with the value T=0.19s calculated in [25]. Both of the comparisons demonstrate
that our coupling smoothed method can give accurate and stable transient solution in

an FSI analysis.

-3998 -3386 -2773 -2160 -1848 936 322 200 403 1515 2128 2741 3353 3066 4572 5191 5804 6417

a) T/4

-3998 -3386 -2773 -2160 -1548 -935 -322 290 903 1515 2128 2741 3353 3966 4579 5191 5804 6417

b) T/2

-398E -EEB0 -ETT2 -E160 -15d48 935 -3EF =0 903 1510 213 ET4 3353 3806 4579 D184 Be0d T
c) 3T/4

-3908 -3386 -2773 -Z160 -1548 935 322 200 903 1515 2128 2741 3353 3066 4579 5191 5804 &417
)T
Fig. 5.12 Snapshots of the fluid pressure contours and streamlines for the problem of fluid
flow past a cylinder with a flexible flag
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Fig. 5.13 History of displacement component of the point A for the problem of fluid flow past
a cylinder with a flexible flag
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5.4.3 Beam in a fluid tunnel
5.4.3.1 Problem description

In this example, a beam immersed in a fluid tunnel is analyzed, as illustrated in
Fig. 5.14. The beam will undergo a large deformation driven by viscous fluid flow
and become steady only after a certain period of oscillations. This kind of problem
can be usually found in biomechanics, e.g. the opening and closing behavior of aortic
heart valves involving intricate delicate interaction between the blood flow and heart-

valve leaflet [26].

Symmetric boundary

Inlet H A Beam Outlet

a

y i D
~ 1) Non-slip wall

- L >
a) Geometry of the FSI system

NANNAARNNN

A

b) Mesh of the FSI system: MS(1)
Fig. 5.14 Problem setting and mesh of a beam in a fluid tunnel

Geometric parameters of the fluid tunnel are: L=4cm and H=2cm. The beam is
fixed in the middle of the tunnel with its geometric parameters: a=0.025cm and
b=0.8cm. Gravity is not considered in the present calculation. Non-slip wall boundary

condition is assigned at the bottom edge of the fluid domain and symmetric boundary
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condition is assumed at the top edge of the fluid domain. The FSI coupling conditions
are applied at the fluid-beam interface. The inlet boundary condition at the left edge
of the fluid domain is defined as

v (t)=1.
v (t)=1.
v (t)=0

and at the right edge of the tunnel the reference pressure at the corner point is set to be

5(-y*+2y) 0<y<1.0cm
5

1.0cm <y <2.0cm (5.32)

zero. The fluid properties are chosen as: p' =1g/cm® and 4" =0.1g/(cm-s). The solid
material is chosen as Saint Venant-Kirchhoff material and two types of material
properties are chosen, i.e.

Case 1: p°=7.8g/cm®, E*=10°g/(cm-s?) and v*=0.3

Case 2: p°=7.8g/cm®, E°=10"g/(cm-s?) and v°=0.3

In both cases, the fluid and solid are at rest at t=0 and the FSI system will arrive

at the steady state, which is determined by the criterion

\/Z (" =) (" =) <107 (5.33)
i

After getting the steady state the FSI force applied on the deformed beam are in
balance with the internal force.

Three sets of irregular meshes are created as follows: MS(1), 1152 nodes for the
fluid and 155 nodes for the solid; MS(2), 1945 nodes for the fluid and 205 nodes for
the solid; and MS(3), 3856 nodes for the fluid and 305 nodes for the solid. Different
meshes are established to verify the convergence properties and thus the stability of

the proposed smoothed methods. A typical mesh set of MS(1) is plotted in Fig. 5.14b.
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5.4.3.2 Quantitative comparison: Case 1

In Case 1, the beam undergoes large deformation due to the relative “softness”
(low Young’s modulus) of the solid material. Fig. 5.15 plots the time histories of x-
component of the velocity and deflection measured at the tip A based on different
meshes. From this figure it can be seen that i) after a certain period of time the
velocity approaches to zero and the deflection stabilizes at a constant value, which
indicates that the final steady state of the beam has been successfully captured in the
present calculation; ii) the solutions of either velocity or deflection using different
meshes agree very well with each other although there are minor differences among

these curves which are attributed to the deployed meshes.

“MS()
=0 MS(2)
—8—MS(3)

t:s t:s

a) the tip velocity v; b) the tip displacement u;
Fig. 5.15 Solutions of a beam in a fluid tunnel (Case 1 solved with MS(3))

Fig. 5.16 plots the contours of the velocity component in the x-direction and the
pressure p at some typical time instants during the time marching process. From the
zoom-in parts of these figures, it can be seen that there are oscillations in the pressure
field near the tip zone of the beam. This observed phenomenon is mainly due to the
singularity of the velocity gradient resulting from the sharp corner of the beam end. In
the farfield zone of the fluid domain the singularity of the velocity gradient vanishes

and thus the oscillation of pressure disappears in these distance zones. No oscillations
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are observed in the velocity field in the whole fluid domain, as shown in the zoom-in

parts in Fig. 5.16a.

H04ED2  ABIEDT  BIZED!  120E00  17IEWO0  21TE+00  2.82E+00

203E-01 125601 542601  BSPE-01  138Ee00 1.70E400 221E«00

LBAE02  32BE01  F20ED1  112Ee0D 1SZE0D  19ZE400  ZINESD0

€41E02  3.36E-01 T26E-01 1.14E400  1.54E«00  1.94E400  2.24E+00

a) velocity v'

=1.60E+00

SLAEM

110E<00 G330

-4 BIE-01 5.T0E-0N

b) pressure pf

Fig. 5.16 Snapshots of the contours: a) velocity v', and b) p’ (Case 1 solved with MS(3)) for
the problem of a beam in a fluid tunnel

The solutions of the velocity and deflection are mesh-dependent. With the

refinement of the meshes in both the fluid and solid domains, the solutions

convergence to the “exact” ones. However, the meshes in different domains may have

different “contributions” to the rate of convergence. An examination of the individual
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effect of the fluid and solid meshes to the final solutions is presented here. To aid in
the examination, one extra mesh set, i.e. EMS with 1285 nodes in the fluid domain
and 205 nodes in the solid domain, is created by referring to as MS(1) and MS(2): we
define the fluid mesh of EMS are (almost) the same as that in MS(1) but with a
change of the solid mesh on comparing with MS(1), while the solid mesh of EMS are
the same as that in MS(2) while has a change of the fluid mesh on comparing with
MS(2). The intent for this arrangement is to ascertain the effect of the solid mesh on
the final solutions while keeping the fluid mesh unchanged when using MS(1) and
EMS, and separating to check the effect of the fluid mesh on the final solutions while
keeping the solid mesh unchanged when using EMS and MS(2).

The time histories of x-component of the velocity and deflection measured at the
tip A based on MS(1), MS(2) and EMS are plotted in Fig. 5.17a and Fig. 5.17b,
respectively. From these two figures it can be easily found that the distributions based
on EMS and MS(2) are much closer to one another as compared to those based on
MS(1) and EMS. The finding suggests that by changing only the solid mesh while
keeping the fluid mesh unchanged has much more obvious effect on the final
solutions than that only changing the fluid mesh but keeping the solid mesh
unchanged. This implication is that in the FSI analysis it is better or perhaps
imperative the solid mesh be more refined at least in comparison to the fluid mesh in
the event that the total number of mesh nodes in the whole domain remains the same.
However, as pointed out previously, with the increase of the DOFs in the solid

domain, the critical length of mesh edge, le, will become shorter. This would in turn
affect the critical time step in the solid domain (At o« 1. ) and thus the whole FSI

crit

analysis with the explicit time integration process. Thus there must be a balance
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regarding the effect of the solid mesh on the converged solution and the critical time
step for time marching.

0.015
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Fig. 5.17 Illustration of the mesh effects on the convergence of the solutions for the problem
of a beam in a fluid tunnel

Furthermore, if the solid material is chosen even “softer”, the solid beam will
deform extremely large, which may distort the solid mesh especially near the beam

region, as shown in Fig. 5.18, where the Young’s modulus of the beam is set to be

E° =10 g/(cm -sz). Although it can still work because we have already checked the

robust of our GSM/ALE on extremely distorted mesh, the accuracy of the calculation
should be at least affected by the distorted mesh. Thus for the problem with large
mesh distortion, extra technique such as adaptive analysis should be used in the mesh
updating process in order to ensure the quantity of the fluid mesh. In my research
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group, some studies on the adaptive analysis have already been done in both solid and
fluid mechanics [27, 28]. Further study of implementing these techniques to FSI

analysis will be done in the next step.

Fig. 5.18 Mesh distortions at extremely large deflections with the E°=10°g/(cm-s®) for the
beam

5.4.3.3 Quantitative comparison: Case 2

In Case 2, the Young’s modulus of the beam is 10° order’s lower than that in

Case 1, which enforces the critical time step of the FSI analysis (that is mainly

determined by the critical time step of the solid, At:, o /I/E*) to be 1/10° of that in

Case 1 on using the same fluid and solid meshes. As such, the appropriate time step
needs to be chosen for Case 2. In the present calculation, the time step used is in the
order of 10®%s. Because of the high stiffness of the beam, it will deform extremely
small in the viscous fluid which is fairly similar in behavior to that of a rigid body.
The contour plot of the x-component of velocity and the pressure in fluid domain are,
respectively, shown in Fig. 5.19a and 5.19b based on MS(3). From these two figures
we can again observe the oscillation of the pressure near the tip region of the beam as
a result of the sharp corner. However, no pressure oscillation is observed in the
farfield region. Moreover, there is an absence of oscillation observed for the velocity
field since there is no singularity encountered in the calculation of the velocity field.
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Fig. 5.19 Snapshots of the contours (Case 2 solved with MS(3)) for the problem of a beam in
a fluid tunnel

In the present FSI analysis, only one constant At is employed for both the fluid
and solid domains. This procedure on the one hand make it easy to couple the

physical solution of the fluid and solid at every time step, on the other hand it is quite
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restrictive in terms of the critical time step in the solid domain; the critical time step
At for the solid portion becomes extremely small when the Young’s modulus of the

solid is very high, leading to a very small time step for the whole FSI analysis. As

pointed out in [25], one possible way to reduce the total computation time is to set

<At < Atf

crit

At

it and At = At" =mAt®. That is, in one real time step from n to n+1, the
coupling smoothed method solves the fluid portion for one physical time step from t
to t+ At", and takes m (pseudo) solid time steps in the solid domain. This kind of time
integration process will avoid the solving for the fluid portion when the solid
undergoes deformation in the m™ internal solid time steps. However, this dual time
stepping scheme may also bring about some other issues, e.g. the accuracy of the fluid
solutions near the FSI interface region. This is because the solid may undergo quite
large deformation after the m™ time integration process leading possibly to (relatively)
large volume change of the fluid mesh near the FSI interface. Detailed examination of
this kind of time integration process will be addressed in a future study.

Both cases produce stable vortex in the downwind side of the beam in the steady

state as shown by the streamline plots in Fig. 5.20.

e T

a)Casellu - b)Casle

Fig. 5.20 Streamlines at the steady state of a) Case 1 and b) Case 2 for the problem of a beam
in a fluid tunnel
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5.5 Concluding remarks for Chapter 5

In this chapter, a weak coupling scheme of the smoothed methods, i.e. coupling
of the GSM/ALE with ES-FEM-T3, has been successfully established for solving
fluid-deformable solid interaction problems. GSM/ALE is implemented in the fluid
domain and the newly developed explicit time integration ES-FEM-T3 is
implemented in the solid domain. In order to link the GSM/ALE and ES-FEM-T3, the
FSI coupling conditions are carefully formulated and successively applied on the FSI
interface in the time marching process.

The accuracy of the formulation and application of these coupling conditions are
verified through the benchmark of the free vibration of a cylinder in a quiescent fluid.
Reasonable agreement of the displacement and added mass coefficient of the cylinder
with the references are obtained. From the benchmark of the flow past a cylinder with
a flexible flag, it is observed our coupled smoothed method can give accurate solution
in the transient FSI problems. From the benchmark of a beam in a fluid tunnel where
the solid beam is assume to be either extremely flexible or near-rigid, it is clear that
our coupled smoothed method can give accurate and stable steady solutions in the
steady FSI problems.

Through the mesh sensitivity analysis discussed in this benchmark, we may also
draw the conclusion that the whole FSI system is more sensitive to the changing in the
solid mesh as compared to the fluid mesh. Thus it is suggested that for the solid
portion a more refined mesh may be considered. In the calculation for the case where
the beam is extremely soft, the fluid mesh becomes highly distorted, especially near
the FSI interface region. Although our GSM/ALE can still work reasonably in the
fluid domain using this extremely distorted mesh, the overall accuracy of the FSI

solution may still be affected. Thus in order to ensure the required accuracy, adaptive
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meshing of the fluid meshes is suggested for extreme cases; this is the subject of our

future work.
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Chapter 6

Conclusions and recommendations

As a continuation of the smoothed theory, this thesis explores the coupling of
two typical smoothed methods, i.e. coupling the GSM with ES-FEM-T3, for solving
the challenging FSI problems. Novel numerical schemes, i.e. the implicit/explicit ES-
FEM-T3 and GSM/ALE, are firstly formulated for solving the uncoupled
linear/nonlinear solid deformation and fluid flow with moving mesh, respectively.
Properties of these two schemes, e.g. accuracy, convergence and stability, are
quantitatively checked through numerous benchmark tests to demonstrate their
validities. Due to the viable performance of these two schemes in solving particular
solid and fluid flow problems, a coupling of GSM/ALE with ES-FEM-T3 is next
constructed to solve the FSI problems. Numerical innovations ensued and distinct
features are observed during the formulation and verification processes of these
schemes, both of which are combined to enable further understanding of the
characteristics of smoothed models and fundamentals of the smoothed theory. In this
chapter, specific contributions and findings during the development of these schemes
are summarized and potential further work associated with the present study is also

suggested.
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6.1 Conclusions

(1) The implicit ES-FEM-T3 for 2D linear bending stress analysis

The implicit ES-FEM-T3 method is possibly the first time to be implemented
into a practical engineering problem, i.e. analyze the stress distributions in the gear
tooth during the gear transmissions. A numerical operation of converting the
concentrated transferred load to the distributed load is taken to avoid the stress
singularity at the loading point. A more accurate stress field is obtained by the
implicit ES-FEM-T3 than the standard FEM-T3. Thus it is further used in the

optimizations of the gear tooth profiles. The governing equations of the gear tooth

profiles are derived and five typical gear tooth models with pressure angles «, /a, =
20°/20°, 25°/20°, 30°/20° , 35°/20° , 40°/20° are tested. Finally the optimized
asymmetric gear tooth profile with pressure angle «, /aC:35°/20° is found

considering both the stress distributions in the drive side of the gear tooth and the

transmission ability of the gear pair.

(2) The explicit ES-FEM-T3 membrane model for 3D nonlinear membrane

structure deformation analysis

The necessity and difficulty of introducing the nonlinear strain term into the
analytical expressions of the membrane deflections are firstly demonstrated. This is
followed by formulating the explicit ES-FEM-T3 membrane model, which can easily
incorporate the crucial nonlinear strain term, in which the edge-based strain smoothing
is performed in the global Cartesian coordinate system and then transformed to the local
co-rotational coordinate system for further calculation. Explicit time integration scheme is

used to compute the transient response of the 3D spatial membrane structure. The
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dynamic relaxation method is employed to obtain the steady-state solutions of the
membrane structure. Numerical results show that accuracy of the estimated membrane
deflections is greatly improved by the explicit ES-FEM-T3 membrane model
compared with the mechanical, FEM-T3 membrane and FEM-T3 shell models.
Further examination of the explicit ES-FEM-T3 membrane model reveals that two
main factors, i.e. the pressure fluctuations in the experiment and boundary constraints
in numerical models, are found to attribute to the slight differences observed between

the numerical and experimental results.

(3) The novel GSM/ALE method for the fluid flows over moving mesh.

The ALE form of Navior-Stokes equations are discretized with GSM in the
spatial domain. The recovery of uniform flow is ensured through the introduction of
the moving mesh source term derived directly from the geometric conservation law.
The spatial stability is ensured through the implementation of the second order Roe
flux differencing splitting unwinding scheme in the convective flux. The artificial
compressibility formulation is utilized with a dual time stepping approach for the
accurate time integration. Through the benchmark tests it can be seen that the
proposed GSM/ALE method is accurate, stable and fairly robust to extremely
distorted mesh for solving fluid-rigid body interaction problems. It can also achieve

the 2" order accuracies in both spatial and temporal domains.

(4) Coupling GSM/ALE with ES-FEM-T3 for FSI analysis
In consideration of the effective performance of the GSM/ALE and ES-FEM-T3
in solving for the pure fluid and solid problems, respectively, the novel weak coupling

smoothed method, i.e. coupling of GSM/ALE with ES-FEM-T3, is proposed to solve
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the fluid-deformable solid interaction problem. The GSM/ALE is implemented in the
fluid domain and a newly developed explicit time integration ES-FEM-T3 is
implemented in the solid domain. The FSI coupling conditions are implemented on
the FSI interface to “link” these two smoothed methods so as to conform to the
dynamics of FSI. Through the tests of three benchmarks, it is found that the proposed
FSI coupling conditions are accurately formulated and correctly implemented in the
FSI code. And the proposed coupling smoothed method can give accurate, convergent,
stable and robust solution for both transient and steady-state FSI problems. The
proposed coupling smoothed methods are also robust to extremely distorted mesh.
Furthermore, the FSI system is more sensitive to the changing in the solid mesh as
compared to the fluid mesh. Thus it is suggested that for the solid portion a more

refined mesh may be considered.
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6.2 Recommendations for further work

Based on the work presented in the thesis, the following topics may be

considered worthwhile for further exploration in future:

(1) As pointed out in the present research, the mesh condition can become
indeed very distorted when the solid part undergoes extremely large
deformations. Adaptive analysis of the dynamic mesh is a straightforward
way to reassure the good quantities of the fluid mesh. The adaptive GSM
with isotropic grids has already been developed for solving compressible
flow problems previously. A formulation of the adaptive GSM/ALE should
be effective and practical for solving FSI problems in the further work.

(2) The fluid-thin structure interaction exists in several engineering
applications, e.g. the fluid-cell interaction in biomechanics and the wind-
membrane interaction in the large-span structures. However, they are not so
easy to be simulated due to the absence of bending momentum in the thin
structure. The present ES-FEM-T3 has been found to work very well for
solving the membrane deformation. Thus an extension of coupling
GSM/ALE with ES-FEM-T3 for solving the fluid-thin structure interactions
can be further studied in the future work.

(3) It is needed to extend the present coupling code into 3D space so that the
code can be extensively applied for the real-life problems, which will in
turn definitely generalize and promote the gradient smoothing methods.

(4) Develop the coupling scheme of GSM/ALE with ES-FEM-T3 for
compressible fluid-deformable solid interaction analysis. The initial work

of developing the compressible GSM solver and GSM/ALE solver has
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already been done and more verification would be done to confirm the

validity of the proposed solver in the future.
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Appendix A

Governing equations of the asymmetric gear tooth profile

A kind of asymmetric gear tooth is novelly designed. An optimization process is
presented in Chapter 3 to find the optimized set of gear tooth pressure angles to
ensure that the optimized asymmetric gear can perform the best in consideration of
both the stress distributions in the drive side of the gear tooth and the transformation
ability of the gear pair. The governing equations of the five portions of the
asymmetric tooth, i.e. the trochoidal and involute potions in the drive side, the
trochoid and involute potions in the coast side and the addendum connecting the two
involutes, as illustrated in Fig. 3.10, are driven as follows.

< Governing equations of the involutes: portions M and 3

Set the center of the gear as the origin of the coordinate system, and the
connection of origin and mid-point of tooth thickness in pinch circle as the y axis, as
shown in Fig. A.la, the involute coordinate (xw, ym) Of an arbitrary point M in the

drive side of the tooth (portion (D) can be expressed as

Xy =Ty sin(inva,,, —inve, —a, )
. . (A1)
Yu =Ty cos(invar,, —inve, —a, )

where Iy is the radius of the circle passing through point M;

Ny =Mzcosay /(2cosa,, ), Z is the total number of the gear teeth, o, is the pressure

angle at point M, a,y €[a,@.q ], @ is the pressure angle of the addendum circle in

the drive side, a,, = zC0S ad/(z + 2h:) , a4 1S the lower bound of
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b) Trochoidal fillets of the gear tooth profile: the left one illustrates the drive side and the
right one illustrates the coast side

Fig. A.1 lllustrations of the asymmetric gear tooth profile

the pressure angle in the drive side, o, =arctan(tana, —2h;/(zsina, cosay)) ;
invay,, =tana,,, —a,,, so as the inve, ; and o, = 7/(2z).

The involute coordinate (X, yn) of an arbitrary point N in the coast side of the

tooth (portion () can be expressed as

Xy ==ty sin(inve,, —inve, -a, )
. . (A.2)
Yy = tycos(invay, —inve, —a,)

where ry is the radius of the circle passing through point N;

r, =mzcose, /(2cosay, ), @, is the pressure angle at point N, a, €[, @, ]+ Xa

is the pressure angle of the addendum circle in the coast side, «,, = zc0s ac/(z + 2h:) ,
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a, 1s the lower bound of the pressure angle in the coast side,
a,, = arctan [tan a,—2h; /(zsina, cos ac)]; inv(a,,)=tanay, —a,, so as the inve,;

a, =7/(22).
< Governing equations of the trochoid: portions @ and @

Based on Fig. A.1b, the fillet coordinate (xw, yw) of an arbitrary point W in the

drive side of the tooth (portion (2)) can be expressed as

{xw =—rsing, +(a/sin ey, +p)cos(cty, —@q ) (A3)

Yo = rcose, —(a/sinay, +p)sin(ayg —¢,)

where r is the radius of pinch circle, r=mz/2; ¢, is the pressure angle at point W,
ows €[aq, /2] @, is the angle between the y axis and the vertical line of the pinch
line in the drive side, ¢, = (acote,, —b,)/r with b, = zm/4+mh; tan o, + pcos e
anda=hm+cm-p.

The coordinates (xy, yyv) of an arbitrary point V in the coast side of the tooth

(portion @) can be expressed as follows:

{X\/ :rSingoc—(a/SinaVc+,0)COS(OCVC—(DC) (A.4)

y, =rcosg, —(a/sina,, +p)sin(a, — ¢, )

where «,,, is the pressure angle at point V, o, €[ea,,7/2]; @, is the angle between
the y axis and the norm of the pinch line in the coast side, ¢, =(acota,, —b,)/rwith

b, = #zm/4+mh] tane, + pcose, and a=hm+c.m—p.
/7

%  Governing equations of the addendum: portion ®

The addendum is an arc with its center as the center of the gear. It is used to

connect the two involutes of portions @ and 3.
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Different portions of the asymmetric gear tooth profile are mechanically cut out
by different portions of a specially designed asymmetric rack cuter, as illustrated in

Fig. A.2a. In this rack cutter, a standard pressure angle «, is applied in the coast side,

a modified pressure angle ¢, is applied in the drive side and one tip with radius p is
designed to connect the curves in the drive and coast side. The parameters which are
not clarified in Egs. (A.1)-(A.4) could be totally found in the illustrations of the rack
cutter here. It should be noted that the profile of the specially designed rack cutter
here is somewhat similar with that in [1] but adopts a set of totally different
parameters comparing with that in [1].

Parameters of the specially designed rack cutter labeled in Fig. A.2 are: module

m, coast side pressure angle ¢, drive side pressure anglee,, coast side addendum
coefficient h; , drive side addendum coefficient h;, coast side bottom clearance
coefficient c_, drive side bottom clearance coefficient c;, and the radius of the tip p.

Among these parameters, m, «,, a,and h, are the four design constants for a rack

C )
cutter design. The other parameters can be directly or indirectly derived from these
four constants based on some mechanical relationships. In details, the radius of the tip

p can be derived as

p=[zm/2—h]xmx (tan &, +tan o) | [(cos e, —seca, ~sina, xtane, ). (B.5)

The coast and drive side bottom clearance coefficient ¢, and c; can be,
respectively, expressed as

¢, =px(@-sinag,)/m, c; = px(L-sina,)/m. (B.6)
And the drive side addendum coefficient h; is

h =h +c —c . (B.7)
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A much clear mechanical relationship among these parameters is labeled in Fig.

A.2Db.

. — TXm -
. oxm '"| [

c.xm * coxm

a) General profile of the asymmetric rack cutter

a
>
& Pl [hxmxtana,

C:Xm:pX(l—sin(xc) * et —

. )
h:xmxtanac pxcosa, c,*xm=px(l-sina,)

b) Detailed relationship among the parameters

Fig. A.2 Profile of the specially designed rack cutter with one fillet in the tip
The straight-line parts of the rack cutter are used to generate the involute profiles
(portions @ and @ in Fig. A.1a) and the fillet parts of the rack cutter are used to
generate the trochoidal fillet profiles (portions @ and @ in Fig. A.1a) during the gear

generation process. Accordingly, a simulation of generating one typical asymmetric
gear through a gear generation process are presented in Fig. A.3a and a gear pair cut
out according to this cutting process is plotted in Fig. A.3b. For gears with different

radiuses (different tooth numbers), the same rack cutter can still be used. As long as
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changing the relative movement speeds between the rack cutter and the blank gear in

a cutting process, asymmetric gear with any tooth numbers can be cut out.

a) Simulation of the gear generation process for b) Virtual model of an asymmetric gear
one typical gear tooth pair

Fig. A.3 Gear generation process for the virtual asymmetric gear model by using the specially
designed ractter cutter
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