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Summary

Assuming AD"+V = L(P(R)), and there is no proper class inner model containing
all the reals that satisfies ADg + “f is regular”, and assuming cf(f) is not singular
of uncountable cofinality, we prove that in some forcing extension, either V' is a

derived model of a premouse or V' embeds into a derived model of a premouse.

vil



Chapter

Introduction

Inner models are of the form L[E], where E codes a coherent sequence of extenders.
They are supposed to produce detailed information of large cardinals. The study
of inner models has entered the region of many Woodin cardinals. Neeman [5] con-
structed an inner model with a Woodin limit of Woodin cardinals assuming there
is a Woodin limit of Woodin cardinals in V. Steel [18] showed that the core model
exists assuming there is no inner model with a Woodin cardinal. Computation of
the core model and its relatived versions can be used to produce many Woodin
cardinals as a consistency lower bound from other axioms such as PF'A. In that
region, the main obstacle of producing inner models with higher large cardinals is
the iterability problem. It is hard to define a canonical iteration strategy when
Woodin cardinals are overlapped by extenders. Woodin’s derived model theorem
plays a important role in analysis of premice with Woodin cardinals. Models of

determinacy appears when we reach Woodin cardinals.

Given a set A C X“, the game G4 is played as follows. Two players take turns
to play elements of X as in the following diagram. I picks (i) for even i and II
picks (i) for odd i. Player I wins G4 if the outcome of the play, z, is in C. G4

is determined, or A is determined, if either of the players has a winning strategy.



AD, or the axiom of determinacy, is the statement that for every A C w®, G4 is

determined. In this thesis, R refers to the Baire space w”.

Woodin defines AD™, a strengthening of AD. A set of reals A is co-Borel if there

is a set of ordinals S, an ordinal ¢ and a formula ¢ such that

r C A< L[S, z] = ¢[S, z].

If A is an ordinal and A C A\, then A is determined if either of the two players has
a winning strategy in the game G 4. Ordinal determinacy is the statement that
for any A < 6, any continuous function f : A* — w*, for any set A C w", the set

771(A) is determined.

Definition 1.1 (Woodin). AD* is the following statement.
1. ZF + AD + DCk.
2. Every set of reals is co-Borel.

3. Ordinal determinacy.

AD™T has many nice consequences. A set of reals A C w* is A-Suslin if there is
atree T C w® x A\ such that A = p[T] = {zr €ew®:Jy € \(z,y) €T} Nis a
Suslin cardinal if there is A C w® such that A is A Suslin but not «-Suslin for every

v < A. ADg is the statement that for each A C R“, the game G4 is determined.

Theorem 1.2 (Woodin). Assume ADT.

1. The set of Suslin cardinals is closed.



2. ADg holds iff there is no largest Suslin ordinal.

AD contradicts the axiom of choice, but models of AD has fruitful contents, be-
cause they are naturally associated to models of large cardinals. The derived model

theorem establishes the relationship between AD™ and large cardinals.

Theorem 1.3 (Derived model theorem I, Woodin, [10, 3]). Let A be a limit of
Woodin cardinals. Let G be V -generic over Coll(w, < ).

Ry = JRNV[Ga],

a<A

Homg, ={ACR;:3a < AT, U € V|G a|(A =p[T]| "R,
ANVIGTa] ET,U are < A-complementing trees),
AL ={BCR%: BeV(RL) and L(B,RS) | AD*}.
Then
1. For B,C € Ag, either L(B,RY,) C L(C,R%) or L(C,R},) C L(B,R,).
2. L(A%,R:) = AD*.
3. For each B € P(RE) NV(RE,), the following are equivalent
(a) B is Suslin-co-Suslin in V(RE).

(b) B € A, and B is Suslin-co-Suslin in L(A%, RY).

(¢) B € Homp,.

The model L(A}, RY,) is called the derived model at A.



Theorem 1.4 (Derived model theorem II, Woodin, [13, 12]). Suppose AD*. Then
in some forcing extension over V', either V is a derived model or V embeds into a

derived model.

Descriptive set theory can be used in analysis of the derived model of a pre-
mouse. This leads to a completely new approach of investigating inner model
theory. Among those descriptive set theoretic tools, the Solovay sequence often
characterizes the complexity of an ADT model. We define § = sup{« : there is a

surjection f: R — a}.

Definition 1.5. Assume AD™. The Solovay sequence is a closed increasing se-

quence (0, : a < Q) defined as follows.

1. By = sup{a : there is a surjection f: R — « such that f is OD}.

2. if 03 < 6 then

05+1 = sup{a : there is a surjection f : P(63) — a such that f is OD}.

3. if X is a limit, then 0\ = sup,, 0a.

It follows that 6q = 6.

Theorem 1.6 (Woodin,[11, 3]). Assume AD™T.
1. If 6, < 0, then 0, is a Suslin cardinal.

2. If 0, < 0, then 0,1 is a Woodin cardinal in HOD.

Hence ADg holds if and only if the length of the Solovay sequence is a limit ordinal.

A hierarchy of determinacy axioms can be obtained by measuring the length of the

Solovay sequence. The following are the first few theories of this hierarchy. Here



Ty <eon 1o means Con(Ty) = Con(Ty) but Con(Ty) t Con(T3).

ADT <, ADT +0, =0 <.n ADT +0,=0 <.n ADT+0,=0 <,
<con AD™ + le =0 <con AD* + 9w1+1 =0 <con

<con ADgr + “0 is regular” <.,

Earlier results demonstrate a correspondence between some of those determinacy

axioms and large cardinal axioms.

Theorem 1.7 (Woodin). 1. Con(AD") < Con(ZFC+ "there are infinitely many

Woodin cardinals”).

2. Con(ADY + 0, = 0) +> Con(ZFC + 3INIk < A\ is a limit of Woodins and

K is < A-strong)).

3. Con(ADg) <> Con(ZFC + 3N\ is a limit of Woodins and a limit of < A-
strongs)).

The HOD computation, among other applications, builds a bridge between pre-
mice and AD* models. Steel and Woodin [17, 15] showed that HOD*® has fine
structure, assuming AD holds in L(R). Sargsyan [7] extended their results by car-
rying out a detailed analysis of HOD of AD" models below ADg + “0 is regular”.

Theorem 1.8 (Sargsyan,[7]). Assume ADT +V = L(P(R)) and suppose that
there is mo proper class inner model containing the reals and satisfying ADr +

“0 is regular”. Then V9P is a hod premouse.

A hod premouse is a special kind of layered hybrid premouse. The reader might
refer to [7] on the definition of hod premouse and related concepts. If P is a hod
premouse, its Woodin cardinals and limits of Woodin cardinals are enumerated as

(67 : o < A7) in the increasing order. The hierarchy between A7 and A7, are of



the type L[E, 7], where X7 is the iteration strategy of P(a). Here P(a) = P|jta,
where (j1, : @ < AP) is a part of the language of P, and has the property that P |=
P(a) = LpZ=<*(P|é,). All those §7’s are strong cutpoints, namely no extender
E on the P sequence with crt(E) < §” < [h(FE). This makes the large cardinal
structure in HOD much simpler than the mouse giving arise to the corresponding
ADT model. Many of the complexities are absorbed into the iteration strategies
coded in hod mice. Therefore, hod mice are much easier to analyze than mice.
(P,%) is a hod pair if ¥ is an iteration strategy for P with hull condensation. We
are interested in hod pairs (P, X) where ¥ is fullness preserving and has branch
condensation. Any two such hod pairs can be compared to another such hod pair.
The comparison maps commute and form a direct limit. The direct limit is exactly

HOD]0, if there is a largest Suslin cardinal, or HOD|6 if ADg holds. Those §7’s

map exactly to members the Solovay sequence.

The main idea of one direction of theorem 1.7, from strong AD*-hypotheses to large
cardinals, expressed in terms of hod mice, is to translate the strategies coded in the
HOD sequence into extenders that overlap Woodins cardinals of HOD. Because
of the success of study of HOD in stronger AD"™ models, it is a natural project to
generalize the translation to the region we understand HOD. Intuitively, stronger
AD™" models have more complicated HOD’s, and hence their strategies should give
more extenders overlapping Woodins. In this paper we prove the fine-structural

refinement of theorem 1.4.

Theorem 1.9. Assume AD' +V = L(P(R)) and suppose that there is no proper

class inmer model containing the reals and satisfying ADg + “0 is reqular”.

1. Suppose there is a largest Suslin cardinal. Then there is a forcing P such that

in the P-generic extension, there is a premouse N such that letting A = wy ,

(a) N = X is a limit of Woodin cardinals.



(b) V is a derived model of N at \.

2. Suppose ADg holds and cf(6) = wV O is reqular”. Then there is a forcing
P such that in the P-generic extension, there is a premouse N and a map j

such that

(a) N = X is a limit of Woodin cardinals.

(b) j:V — M is elementary, where M is a derived model of N at 6.

Theorem 1.9 mostly answers the fundamental question: what are models of AD™ +
V = L(P(R)) when V is below ADg + “f is regular”? In particular, if V' is the
minimum model of ADg + “f is regular”, then there is a premouse N such that
V embeds into the derived model of /. Besides, the translation procedure that is
used in the proof effectively gets rid of extenders on mice over Woodins and essen-
tially reshape them into strategies, thus reducing the complexity of the iterability
problem. The connection that is drawn between mice, which represents large cardi-
nals, and hod mice, which can be easily iterated, contributes to the understanding

of inner models with Woodins and HOD of AD™ models.

We assume familiarity with [7]. The main idea in proving theorem 1.9 is a trans-
lation procedure between extenders that overlap certain Woodins and strategies.
Sections 2 and 3 handles the case § = 6,,1. In Chapter 2, we define the S-operators,
which are intended to code fragments of the iteration strategy while at the same
time corresponding to extenders that overlap Woodins. We shall work with a fixed
hod pair (P, 3) such that ¥ is fullness preserving and has branch condensation, and
. corresponds to the largest Suslin pointclass. We shall demonstrate how fragments
of ¥ are computed from those S-operators. In Chapter 3, we define a translation
procedure, which turns extenders that overlap a certain Woodin cardinal into an
S-operator and vice versa. Section 3.4 concludes the proof of the 6 = 6,,, case,

using the translation procedure and a reflection argument. Chapter 4 handles the



ADg case. The S-operators defined in Section 2 and the translation defined in
Section 3 applies to the ADg case with slight modification. So we will be sketchy
there and hopefully the reader can fill out the details.

The premouse we get from Theorem 1.9 is well below a Woodin limit of Woodins.
Starting from a typical strong determinacy hypothesis, such as AD" +60 = 0,1,
or ADg + “f is regular”, one could possibly investigate the exact large cardinal
strength of the premouse we get from Theorem 1.9, thus obtaining a lower bound
of that strong determinacy hypothesis. A more interesting question is to generalize
Theorem 1.9 beyond ADgr+ “0 is regular”. Sargsyan in an unpublished work carried
out the HOD analysis of AD" models below LST (the largest 6 is a Suslin cardinal).
The translation is likely to generalize as long as HOD of an AD" model is well
understood. A plausible conjecture is that starting from LST, we may get a mouse

with a Woodin limit of Woodins.

Conjecture 1.10. /6, Open problem 2] Con(LST) — Con( “there is a Woodin limit
of Woodins”).



Chapter

The S-operators

In this chapter, we define the S-operators. Suppose for the moment we have a hod
pair (P,%). An S-operator will code a fragment of ¥. We shall build S-premice,
by enhancing premice with an additional predicate S. S-premice are essentially
Y-premice, but strategies are regrouped in a very careful way. We recall that in
a X-premouse, at each step in the relativized Godel construction, we throw in
the 2(71) into the next few steps, where 7 is the least stack that is not told the
strategy. However, an S-operator, in cases of interest, tells a part of X that will
correspond exactly to an extender. The main job is to cut X into pieces in a way
that each piece correspond to an extender in the future. There is a difficulty in
the case when P = cf(\”) is measurable, since by hitting that measure, we create
more Woodins and thus have to take care of those new Woodins. This difficulty is

resolved by rearranging stacks, which is done in Section 2.2.

2.1 Preliminaries

Following the notation of 4], an iteration tree is a tuple T = (T, deg, D, (Eq, M} ;
a+1<mn)). Welet M! be the ath model of T, E7 be the ath extender of T,



2.1 Preliminaries

kD =cat(E]), vl = Ih(E]), i}, : M} — M be the iteration map when g <7 a,
(B,a] N DT = 0.
We fix our terminologies. In this paper, an iteration tree is always a normal tree.

By a stack, we mean a stack of iteration trees. Stacks are usually denoted by 71, U ,

etc, with a vector symbol on top.

Let 7 be a stack on P. Let v < AP. We let T | P(v) be the substack of T by
throwing away essential components that are above the image of P(r). We say
that 7T lives below P(v) if T = T | P(v). We say that T lives above P(v) if all
extenders of T are above P(v).

If P, Q are hod premice, P <lj,q Q, T is a stack on P, we let 71(Q) be the stack
on Q with the same tree structure, extenders, degree sequence as T has, if every

model is wellfounded.

If P, Q, R are hod premice such that P <,q R, P <poa @, T is a stack on R such
that 7 is based on P, then we let 7(Q) = (T |P)(Q).

The following observation will be useful, whose proof is straightforward.

Lemma 2.1. Let P be a hod premouse, v < AP. Let T be a stack on P(v) with
last model Q such that iT exists. Suppose that 71(73) s defined. Let R be the last
model of 71(73) Then R is the ultrapower of P by the long extender derived from
iT 167 iTP) . P - R is the ultrapower map.

Suppose that j : M — N is X;-elementary. Given a stack T on M, we let kT be
the copying stack on N. If ¥ is an iteration strategy on A, let ¥/ be the pullback
strategy on M. If ¥ is an iteration strategy on N, T is a stack on N/ according to
%, let %27 be the tail of %2 defined by X-(Uf) = (T U).



2.2 Rearranging stacks
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2.2 Rearranging stacks

Lemma 2.2. Suppose that P is a hod premouse. Let ( < \¥ be an ordinal. Suppose
that T is an iteration tree on P above P(() with last model Qy, U is an iteration
tree on P with last model Qy below P(C) such that i exists. Let Ry be the last
model of the tree U(Qy) on Q1. Suppose that all models of the copying tree i4T
on Qy are wellfounded. Let Ry be the last model of i“T. Letl : Q; — Ry be
the copying map, 7 : Q1 — Ry be the associated tree embedding. Then there is a
deg(T)-embedding m : Ry — Ry such that mo j = 1.

Proof. We assume ¢ = 0 for simplicity. Since 7 is above P(0) and U is above P(0),
we may apply U to every model of T. For a < Ih(T), let (NS : & < Ih(U)) be
models of U(M]). For a < Ih(T) a successor, let ((N3)* : & < [h(U)) be models
of U(MT). For a < Ih(T), let 51 : MHME) N be the tree embedding when
(n,&lu N DY = 0. When v = T — pred(B) <r a and (v,a] N DT = (), it is easy
to see that U(M,) is the copying tree of U(M3) according to i/, : M5 — MT.
Let o, : (/\/'g)* — N be the copying maps for £ < [h(U). For B < a < IMT),

because /\/lg and M7 agree up to )\g which is a cardinal in both models, we have

jE f]ﬁ( )_]arjﬁ (v T)

whenever v <y € and [0, ]y has no drop. It is easy to see that when [0,&]y has a
drop, then N =

For £ < Ih(U), if [0, ]y has no drop, let (Kf, : o < Ih(T)) be the copying tree ige T
based on MY¥. Let (s5,, : v, a < Ih(T),y <" a, (7,a]ND" = 0) be tree embeddings
of T, Let k¥ : M7 — K be copying maps. Note that for v <V &, if [0,&]y
has no drop, then (K5 : oo < IR(T)), (5, : v, a < Ih(T),v <" a) are also models
and embeddings of zygzoﬂ' the copying tree of iy, T according to i Ve MY — /\/l“
Let k¢ : K — K& be the copying maps for o < [h(T). If [0,£]y has a drop,
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then let K§ = MY, &8, = id, k§ = i, k* = i Tt is not hard to see that

(k%6 1 v <YV € (v,€]ly N DY = 0) form a commuting system.

Claim 2.3. Let a < IW(T). Let & < Ih(U) be a limit ordinal. Then (KS, k% : v <V

a) o

& (v, ]y N DY = 0) is the direct limit of (K%, kX" v <V n <V & (v, &y N DY = 0).

o) o

Proof. We show by induction on «.

When [0,¢]y has a drop, then by definition, £ = MY, kZf = i%. The claim
follows.

Assume from now on that [0, ]y has no drop. When o = 0, we also have K& = MY,
ki = i%, so the claim follows. When v = 341, let v = T — pred(cr). We already
know that (k¢ : v <V &) form a commuting system. All we need to see is that
for all ¢ € K, there are v <V £ and b € K% such that ¢ = k%*(b). We assume for
simplicity that [0, a]r has no drop. The fine ultrapower case is similar.

Fix c € Kf. Let f e K, a € [kg(yg)]“" be such that ¢ = s,,(f)(a). By induction,
there is v <V ¢ and ¢,b € KY such that f = klf(g), a = kzgﬁ(b). Then

k25 (b)) by agreement in copying

Suppose then « is a limit. Fix ¢ € K. Let v <" a, b € Kf be such that ¢ = s5,,(a).
By induction, there is v <V £ and b € K such that a = k*4(b). So



2.2 Rearranging stacks

Claim 2.4. Suppose that o < Ih(T),v <Y £,[0,&]y " DY = (. Then

Jat INZ(0) = Ko 1K (0),

[0}

Proof. We show by induction on @. When a = 0, the claim is immediate by
definition. When o =  + 1 is a successor, let v = T — pred(a). Fix some

¢ € K%(0). Suppose that ¢ = s,4(f)(a), for some f € K¥(0), a € j§(A}). Then

k“*(a) = k;g(a) by agreement in copying
= jgg(a) by induction

= ji(a).

So

()
= 55, (KX (f)) (ki (a))
= sga(jsé(f))(jf(a)) by induction hypothesis
= afm(jf(f))(jgé(a)) since aga, sga agree below N$(O)
= i (0l ()G (a)) Dby copying
= j (0%, (F)(a))
= jgg(s:a(f)(a)) since o7, 5%, agree below N(0)
= ja'(c).

Suppose now « is a limit. Fix ¢ € KZ(0). Let v <7 o and b € K%(0) be such that
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c¢=sY,(b). Then

yo

by induction

We plan to define (5 : o < Ih(T),& < Ih(U)) with the following properties.

1. £ : N — K& is an embedding. When deg” (o) = w, t§ is fully elementary.

When deg” (o) = n < w, t§ is 73, 1-elementary.

4. If [0, €]y has a drop, then t§ = z'szg,

5. If [0, €]y has no drop, then 5 [AE(0) = idyze 0y

6. If v <Y € and (v, €]y has no drop, then k% o t¥ = 5 o j¥&,
7. If v <™ a and (v, o]y has no drop, then 55, o t§ = t5 0 05,

8. If v < a and [0, ]y has no drop, then tg [j?f(l/;r) =t [jgg(yj;),

9. If [0,¢]y has no drop, a = 4 1 is a successor, v = T — pred(«), then for all
c € N&, one of the following holds.
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(a) deg” (a) = w and there are b € [jg(l/g)]@, g € (N&)* such that t5(c) =
150, 8 sy

(b) deg” (a) = n < w and there are b € [jg(ug')}@, g a r¥,1-Skolem term in
(N%)* such that &5 (c) = [t%(b),tﬁ(g)]kggw@.

Figure 2.1 illustrates the interactions among the maps arising from rearranging a
tree. We define #§ by induction on lexicographic ordering on (a, €).

When a = 0, let t§, = id g for all & < Ih(U).

When o = 8+ 1 is a successor, let v = T — pred(a). We shall define t5 by
a subinduction on . When & = 0, let t§ = idyg. When £ = 5+ 1, denote
v="U —pred(§). In case [0, ]y has a drop, we let 1§ = idM?. Assume now [0, ]y
has no drop. We also assume for simplicity that [0, a|r has no drop. Otherwise we
deal with rY,,,;-Skolem terms instead. We define 5 : N5 — K& as follows. Fix
¢ € N§. There is a € [V4]<“ and f € N such that ¢ = [a, f]% . By property 10
of t#, there is b € [j4(v] )] and g € (NY)* such that %(f) = [tg(b),tg(g)]kgu(Eg).

Let h be the transpose of g, i.e. h(z)(y) = g(y)(x) for all z,y. We set

t5.(c) = [t5075° (), £ (o hl o)) e )

We should check that t5, is well-defined and elementary. Take a formula ¢(-) with
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one free variable as an example,

NE E ()

— 34 € (B Vr € ANY E o(f(x))

—3A € (Y)Y € AKY E o(t4(f)(2)) since £ | N2(0) = id by 5

— 34 € (B)Vr € A {y < art(BY (E]) : (K2)" F o(t(9)()(% (2)} € Y (ED) s
— 34 € (BY)Ne € A {y < ert(WY(E])) : (K2)" b 6(t(9) () (@)} € R (BD)yn

o)
)’
(K2)7(0)))
)"

(since s7, [ (K7)*(0) = id and crt(Eu) < o(
) E olg(y) (@)} € (5 (BT

— A € (E)Ve € A {y < ert(Gg"(EL)) - (VY
(since t [v] =t [v] by 8)

= {y <t (E])) : (N2 o5 (9) 05 (1) (@)} € (5" (B

= {y < axt(G5°(E])) : (WD = o(125(9) (w) ()} € (5 (BF )jxew)
since 55 159 (v]) = 25 15 (vV])

= {y < ert(k5 (B)) : (K" F o(t5(55(9)(y)(a)} € (kg (E] )i Gz )
(by elementarity of £, and t5 [ j$(v]) = t§ [ j5(v]) by 8)

— {y < at(ky’ (E])) : (K5)" b= (5 (755 (h)(a) ()} € (K (E] )i <)

— {y < at(ky’ (E])) : (K5)" b= (5155 (h) (@) ()} € (kg (Ef )i Gz
(by 5 on %)

= K& | o[t (756 0)). 85 (0, MmOl os 7).

So t& is well-defined and elementary. We need to verify that & has properties 1-9.
9 is clear by definition. The rest are easy except 5,8. For 5, let ¢ < N$(0). We
may write ¢ = [a, f] gy, where a € W<, fe N, f: ksl — N¥(0). By property 9
on t%, there is b € [j5(v])]<* and g € (NY)* such that t£(f) = [t}(b) t”(g)]kgg(EﬁT).

» Oy
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It is easy to check by definition that ¢, [V,Zf = id. Therefore

t8(a)) by property 5 on t”

=3%(f)(a) by Claim 2.4

To see 8, we need to check that tg [jg‘ﬁ(vg) =t [jgg(yg). Fix ¢ < jgg(yg). We

may write ¢ = j5*(f)(a), where a € [V4]<%, f e N¥, f: 4 — j¥(v]). Then

t&(a)) By property 9 on ¢/

I
x~ &>

QX

I Il Il I
~ e ~
WM B %
amn /i«ﬁ ~—~
~
® %

This finishes definition of 5, when £ is a successor. When ¢ is a limit ordinal, if
[0,€]u has a drop, we again let t§, = idy 7. Assume now [0,&]y has no drop. We
know N3 is the direct limit of V¥ for v <Y ¢ under 4" for v <Y n <V ¢ By
Claim 2.3, K¢, is the direct limit of N under k%" for v <V< n <V £&. We then let
t& : N& — K& be the natural embedding. Properties 1-9 are immediate so let us

check 10. Fix ¢ € N§. Let v <% ¢ and a € NY such that ¢ = j%*(a). By property



2.2 Rearranging stacks

19

10 of i, there are b, g such that t;,(a) = s¥,(t"(g))(t5()). So

.vE(b %
— [tg(jﬁg( )),tg(Jf(g))]kgf(Eg)'

This finishes the definition of ¢ for all £ when « is a successor. When « is a
limit, we know that for all £ < Ih(U), K is the direct limit of K§ under 85,8 for
v < B <T a, (v,a]r does not drop. A similar proof as in Claim 2.3 shows that
N is the direct limit of A’¢ under 055 for v < a, (v, a]r does not drop. We then
let & : N§ — K§ be the natural embedding #§(0%,, (b)) = 5,(t5(b)). Properties
1-9 are easily verified. Property 10 is vacuous.

Finally note that IC;ZE?’%: = R4, /\/ZT((%):Il =R, and tﬁzg.)):ll is an embedding from

R1 to Ras. t;ZEZ;)):ll is the desired map 7 as in Lemma 2.2. O
It is not hard to show the following extension of Lemma 2.2.

Lemma 2.5. Suppose that P is a hod premouse. Let ( < A\ be an ordinal. Suppose
that T is an stack on P above P(C) with last model Q, such that iT exists, U is a
stack on P with last model Qs below P(() such that M exists. Let Ry be the last
model of the stack ZJ(Ql) on Q1. Suppose that all models of the copying stack MT
on Qy are wellfounded. Let Ro be the last model of zﬁf Letl: Q1 — Ry be the
copying map, 7 : Q1 — Ry and k : Qs — Ry be associated tree embeddings. Then

there is an elementary embedding ™ : Ry — Ro such that mo j = 1.

Definition 2.6 (Simple rearrangement of a stack). Suppose that P is a hod pre-

mouse, A7 has measurable cofinality in P. Let ¢ be an least ordinal such that
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523 > cf”(A\P). Suppose that T~U is a stack on P with last model R. Suppose
that T is above P((), U is below P(¢). Denote W = U(P). Suppose that "
exists and that all models of the copying tree T are wellfounded. Let R* be
the last model of V7. Let 7 : R — R* be as in Lemma 2.2. We say that
(W, o, ZWT’, R*,m) is the simple rearrangement of TU with respect to (.

Definition 2.7 (Rearrangement of a stack). Suppose that P is a hod premouse,
A? has measurable cofinality in . Let ¢ be an ordinal such that (52J > cfp()\P).
Suppose that T is a stack on P with last model such that i7 (P(¢)) is defined.
Let (/\/la,/\/lz,ﬁ,iag s a < f < n) be the essential components of 7. Then the
rearrangement of T with respect to ( is a sequence (L?m Qo, ﬁa, Ra,00p, Taps Yo

a < f <n) with the following properties.

1. For each a < 1, U, is a stack on P below P(¢) with last model Q, such that
e exists, ﬁa is a stack on Q,, above P(() with last model R,.

2. 048 Qo = 98, Tap : Ra — Rp, ¥(a) : M, — R, are sufficiently elemen-

tary embeddings.

3. For each o < n, if 7. is above i0a(P(C)), then ZJaH = L?a, Caat1 = id,
Vi1 = Vo VT, Taastr = %97 a1 : Mas1 — Ras1 is the copying map.

—

4. For each a <, if T, is below i (P(C)), let v* : M1 — Ray1 be the copy-
ing map. let (ﬁ*, Q*, V*, R*, 7*) be the simple rearrangement of Vo Vo Ta,

then Z/{a+1 = Z/{O(AZ/{*, Oaqa+1 — iu

Yo =T 0P

- o .Z;{'*_’ o . 71
s Var1 = V., Taapr = 7 o i¥aTa

5. For each o < 7 limit, we have U, = U'y<oz Z/Z,, Oya @ Qy — Q, is the direct
limit map. v, = U7 <o 0’70497, Tya @ Ry — Ry is the direct limit map.

Ve : My — Ry is the direct limit map.

We say that (1/7,7, Q, )}n) is the result of the rearrangement of T with respect to (.
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It may happen that at some point, the copying stack ToTa O UWLZY is not well-

founded. If any model of the copying stack is illfounded, we leave the rearrangement

of T undefined.

In the next two lemmas we show that given a hod pair (P, 3) such that ¥ is fullness
preserving and has branch condensation, A\¥ has measurable cofinality in P, ( is

an ordinal such that 67 > ¢f” (A7), then X can be recovered from

R.Y%): There is a stack 7 on P(v) with last model such that i’ exists
{( ) R) )

and R is a hod initial segment of the last model of T (P)}.

by rearranging stacks. The technique of rearranging stacks enables us to define the

S*®_operator in Sections 2.5 and 2.6 in the measurable cofinality case by induction.

Lemma 2.8. Suppose that (P,X) is a hod pair, ¥ is fullness preserving and has
branch condensation. Let 7_:,1/7 be two stacks on P with last model Q, R. Let 7O =
T 1 nondrop, U°® = U | nondrop with last models Q°, R respectively. Suppose that
there is an elementary embedding 7 : R® — Q° such that i’° = 7o M. Suppose
i addition, if iT does not exist, then there is a deg('f)—embeddmg m: R — Q such
that T [R™ =7 [R™. Then Xg = (Xg)".

Proof. Note that ¥ is positional from [7, Lemma 3.6.1]. So ¥z, ¥ makes sense.
Suppose the conclusion is false. Let v be least such that ¥z # (¥g,(y))". We
may and shall assume by wellfoundedness that there is no ﬁ, Zjh Q1, Ry, T, 7Y,
~1 such that (71“711,2/7“1/_{’1, 1) consistute another counter example to the lemma
in place of (71, U, 0, Yr1 # (Bor(y))™, but i (7) > .

Thus there is a stack V on ﬁ(fy) according to X (,) without last model such that Y
is according to Yg(j(y)), but Eg(j(v))(ﬂj) =b#c= Y (V). Let j : M}f — ./\/l{)‘]7
be the canonical map.

Let (M, M, ﬁa,iag ca < < n+1) be the essential components of V.
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Case 1. TO="T.
If igﬁ is defined, then because z’{jg oiT = igﬁ omoid = joz’v""ﬁ and both 77V and
U~V are according to Yp, we know that Z(L_{)“)}) = b by branch condensation.

—

Hence ¥ (V) = b. Contradiction.

So it must be that there is a drop along b. By minimality of 7, v is a successor and
(V1) I'R(y — 1) has no drop. Let N = (M;)~. Then 7, is below M, and above
N. If ./\/l},7 is a Mp-iterable Y -premouse using the pullback strategy (% M;;V)W’
then j ensures that MY is the correct Q-structure. So Lx(V) = b, contradiction.
Therefore there must be a stack W on M}? above N according to (X M;;ﬁ)w with
last model N; such that N is not a Xy -premouse. This means there is (g ,d) €My
such that S is a stack on A/ according to Xy, S~dis according to N7’s strategy, but
ZN(g) # d. Now let N3 be the last model of W, k : Ni — N be the copying map.
Then k(S)"~k(d) is a stack on k(N) according to Ny’s strategy. Since 77V~ jW
is a stack according to ¥, N sees Yy correctly. So Ekw)(k’(g)) = k(d). As
kS™d is a hull of k(S)~k(d), Ty (kS) = d by hull condensation of Sy, It
follows that Xy # (Zgw)*. Therefore, letting 7+ = ™ in U =V ]|n O
be the last model of 771, R! be the last model of UL, 7' : R! — Q! be
the copying map, v; be such that R'(y,) = N, we get a smaller counterexample.

Contradiction.

Case 2. T, £T.

—

By minimality of v, (V [n) [R(y — 1) has no drop. A similar argument as in Case
1 gives that if we let 7' = 7V [n, U' = V|1, Q! be the last model of T~T7, R!
be the last model of L?“Zjl, 7t R — Q! be the copying map, 1 be such that

R (1) = N, then we get a smaller counterexample. Contradiction. O

Lemma 2.9. Suppose that (P,X) is a hod pair, ¥ is fullness preserving and has
branch condensation, \¥ has measurable cofinality in P. Let ¢ be an ordinal such

that 07 > cf”(\P). Let T be a stack on P according to . Then the rearrangement



2.3 The S*-operator

of T with respect to ¢ is defined and the result of the rearrangement is also according

to 2.

Proof. We show by induction on initial segments of essential components of T.
Suppose we already know that for all & < 7, T [ ¢ has a rearrangement (L_IE, Q5 ]75,
Rg,aiﬂ,wiﬁ ca < f <€) such that (ZJE, Qé,ﬁg,Rg) is according to X. It is easy

to see by definition that for all o« < 8 < & < p < n, US = UP, Q5 = Q1 VE = V*,

RS, = RE, ai 5= agﬂ. So we will omit superscripts from now on.

If 7 is a limit ordinal, then the rearrangement of 7, if defined, has result (Uaen U,
Ua<n TanVa). All we need to see is that Uay U,~ Ua<n TanVa is according to 3.

Because each U, is according to ¥ by induction, (J U, is according to X. By

a<n
Lemma 2.8, each O’anﬁa is according to Euaqﬁa' So Ua<n Ja,ﬂ}a is according to
Ua<nla
Assume now n = £ 4+ 1 is a successor ordinal. Let (ﬁa, Q., ljm Ray0ap, Tap 1 ¢ <
B < &) be the rearrangement of 72 Then 7T0§7_Z is according to Yg, by Lemma 2.8.
If 72 is above ip¢(P(()), then Wogi will be appended to ]}g to form the result of
rearrangement of 7. So the lemma holds. If T¢ is below ige(P(C)), then moeTe
applies to Q¢. So Qg“ﬂog’fg(Qg) is according to . Let Q* be the last model of
wogﬁ. Let o* = i™¢7¢(9) Then 0*175 is according to X o-by Lemma 2.8. Therefore

the result of the rearrangement of T is according to .

2.3 The S*"-operator

Throughout the rest of chapter 2 and chapter 3 we assume 6,,.; = 6. We fix a hod
pair (P, ) such that ¥ is super-fullness preserving and has branch condensation,
0o(P,¥) = 6, and whenever R € pIl(P,¥) U pB(P,¥) is such that A® is a

successor, then there is a sequence B = (B; : i < w) C (B(R™, Ng- )L (RIr)E)
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such that B strongly guides X.

Given a triple (Q, 8*, f) and an ordinal v such that

1. Q is an X-iterate of P.
2. v< <P
3. Q [ cf(B*) is measurable,
we call (u, 7, R,v*,7) a one-step blow-up of (Q, 8*, §) above Q(v) if

1. p is least such that

Q Q Q%
0 > max(d,;7, cf~(87)),
2. 7:Q — R is an iteration map below @Q(u) that is according to ¥g,

3. sup 7’ <y < < 71(F),

4. if v < ~*, then ~,~v* are limit ordinals, sup 7”8 < v, R = “cf(y*) is measur-

able, but cf(y) is not measurable”.
Let Z be the set of P = (P, : i < n) = (G, m, Pi, af, ;) : i < n) such that
L. C():ﬂ—():@a 790:,737 &SZQOSApu

2. forall0 <4 <n, (Ciy1, Tit1, Pig1, 11, iy1)is a one-step blow-up of (P;, o , ;)

above P;(m;((;))-

In Sections 2.3 and 2.6, we are going to define the S¥-operators for 3 in the index
set Z. For such 3, we denote final(B) = P,(a). Essentially, the S*-operator

n

encodes Ygnayp) in a very special way. This section is devoted to the special case

when B = [0] = (0,0, P,0,0)).
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Given a countable transitive self-wellordered, we let ay = L¢[a], where ¢ is the
least such that L¢[a] = ZFC. So ay is the minimum model of ZFC' containing a
as an element. We denote Cone(a) = {b : b is countable transitive swo, a € b, }.
Fix a real eg which codes P. Fix an enumeration e : w <> |P| such that e<p e.
When M = (M, €, ete, ) is an L,,-structure, we let M~ | or the reduct of M, be
the £, \ {7}-structure (M, €, etc).

Definition 2.10. Given a L,,-structure M = (M, €, a, etc, R, ) such that M~ =
ZFC, M~ = HullM (aU {a} UT), let 7y, = (sup Hull™ (bU{b} U (moe)[n), so
that sup,, ., 7 = o(M).

1. Suppose that 7 : P — R is elementary. The e-amenable code of M is the
structure

(M, €,a,ete, R, {(Vn, (mroe)[n:n<w}),

2. Suppose that o : P — Q is an iteration map in M whose generators are
below (559, B < A2. Suppose 7 : Q(B + 1) — R is elementary such that
[ Q(B) = id and 7 is the ultrapower map of Ult(Q(S+1), 7 [Qléﬂgﬂ). Then

the (e, o)-amenable code of M is the structure
(M, €,a,ete, R, {(Yn, m(An)) : n < w})
where

An = {(i,n,0(e(0))(n)) : o(e(i)(n)) € 651,71 <y < 5}

It is easy to see that amenable codes are amenable. The original structure is not
amenable, so the purpose here is defining an amenable version of them. Essentially,
we cut 7 into w many pieces, pick an increasing cofinal sequence in M of length w,

and glue those pieces to those ordinals. We make sure no information is lost when
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passing to amenable codes. Obviously, M is recoverable from the e-amenable code
of M. In the second case, M is also recoverable from the (e, o)-code of M. Well,
from the regularity of 5/%1, each A, as in the definition is in Q|5g+1, so m(Ay)
does make sense. Each ordinal « less than 5§+1 is of the form o(e(n))(n) for some
n < (5/?. Hence m(a) = m(Ay)(n,n). After that, we can recover the whole 7 from
7r fdﬁgﬂ since 7 is the ultrapower map of Ult(Q, = [55%1).

The following little lemma will be useful. It confirms that the recovery process

passes to Xi-elementary substructures.

Lemma 2.11. Let M = (M, €,etc, R, m) be as in Definition 2.10.

1. Suppose that 7 is a function on P. Let M® be the e-amenable code of M.
Suppose that j : K — M° is Si-elementary, j(e,P,R) = (e,P,R). Then
there is N such that K is the e-amenable code of N', 7™ : P — R is elemen-

tary, j"iN = jo N =M.

2. Suppose that o : P — Q is an iteration map in M whose generators are
below (559, B < A2 Suppose m : Q(B+ 1) — R is elementary such that
m[Q(B) = id and m is the ultrapower map of Ult(Q(S+ 1,7 [55%1)). Suppose
that Ult(Q, ) is wellfounded. Let 1) : Q — Ult(Q, ) be the ultrapower map.
Let M be the (e,0)-amenable code of M. Suppose that j : KK — M°
is ¥1-elementary, j(e,P,5,9,B8,R) = (e,P,0,9,3,R). Then there is N
such that K is the (e, &)-amenable code of N'. Moreover, Ult(Q, ) is also
wellfounded. Letting ¢ : Q — Ult(Q, ™) be the ultrapower map, then there
is k- Ult(Q, ™) — Ult(Q, ) such that j IR Ck, ko oa =1poo.

Proof. We only show part 2. Existence of A follows from defining
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for x € Q(B+1). We show that K is the amenable of N'. Let (v, 4, : n < w) be as
in definition of the (e, o)-amenable code of M. Let 4, = j 7 (7,), A, = j71(A,).
Clearly (y,,A, : n < w) are the corresponding objects of defining the (e, &)-
amenable code of N, and 7V (A,) = j7'(7(A,)). For the “moreover” part, The

map

ko Ult(Q,7Y) — Ult(Q, 7)

is defined in the canonical way. For a € [R|<¥, f € Q, f is a function from v to

A Q
Q, 7 < 5B+1 let

k(la, 1) = [i(a), 5()]2-

We check that k is well-defined and elementary. Take a formula ¢ with only one

free variable as an example.

Ul(Q, ) k= é(la, f120)
waem™({u<y: QEo(f(w)})
i) em({u<j(y): QF o(i(f)(u)})
< Ul(Q,7) = o(i(f)(i(a))).

The facts that ko od =1 oo and j|R C k are easy to verify. O

Definition 2.12. Suppose that a is countable transitive self-wellordered. Let
(Q, A) be a hod pair such that A is fullness preserving and has branch condensation.
Suppose that R is a A-premouse over a. We say that R is 3?(A)-suitable if there
is 0 such that

1. R = ¢ is the unique Woodin cardinal,

2. R =Lp}(R|0) !,

'For b countable transitive self-wellordered such that A acts on a model in b, Lpé\(b) = b,
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3. If £ < §, then Lp*(R|¢) = € is not Woodin.

For ¥2(A)-suitable R, we let 6% be the unique Woodin cardinal of R.

Definition 2.13. Let R be a ¥%(A)-suitable. We say that R is A-good if R is

short-tree iterable and A-iterable for maximal trees.

We assume that ey has sufficiently high Turing degree so that for all z>7 ey, there
is a X-good R over z. (cf. [14, 8])

Definition 2.14 (The S*%-operator). Suppose that a is countable transitive self-
wellordered such that e € ay. We will define S*(a) as follows. Let Q be %-
good over a. Let N = L[E][a]?¥°. By the proof of MSC (see [7]), there is
R € pI(P,X) NN such that ¥ [N € N.. Let Fy be the direct system

{R,mrr : R, R' € pl(P,X) NN, mrrs is a X-iteration map.}

Let Q3¢ be the direct limit of Fj and 73 : P — Q¥ be the direct limit map, so

that Q% € N,. Let M be the transitive collapse of the structure
(HultM (a U {a} UR), €, a, EV,0,Q5%, 75%).

Then S*%(a) is the e-amenable code of M.

The S*[-operator is well defined, because any two %-good Y-mice over a coiterates
to a common Y-good Y-mouse. We are unable to show that S*[% has condensation
in general. However, by reducing it to another operator H', we can show that
S+ does have condensation above a fixed real. The reduction is similar to the
interdefinability between ’H()‘T and ’H{r in [19, Section 12]. In what follows we define
the H% operator.

Lpﬁﬂ(b) is a A-mouse over b which is the stack of sound A-mice over b that project to Lp” (b).
Lpﬁ(b) = Un<w Lpﬁ(b)
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Fix a countable transitive swo. Let N/ be ¥p()-good over a. By the universality
proof ([19, Lemma 11.1]), A is full, in the sense that for any transitive swo b € N,
the maximal L[E][B]Y constructions reaches Lp(b). Therefore N can define the
short-tree iteration strategy of P(0) by choosing branches whose Q-structure is
an initial segment of some model of the maximal L[E] construction over common
part of the tree. Let U be the generic genericity iteration tree on P(0) attempting
to make all reals y<r z, generic over the extender algebra of the final model,
whenever z, codes (a,g), g is a Coll(w,a) generic filter over the final model (cf.
[8]). We assume that & has maximal possible length, i.e. either ¢/ has a last model

R such that all y<p z, are generic over the extender algebra of R, whenever z,

codes (a, g), g is a Coll(w, a) generic filter over R, or U is maximal.

We claim that ¢ must be maximal, (h(U) = (|a|")V, and Spey(U) ¢ N. For
otherwise let R be the result of the generic genericity iteration, then R € A and
6% is singular in V. Let g be Coll(w,a) generic over N. Let z, be the real that
codes (a,g). Then RN N[zy] = {y € R:yis OD(z,)} by fullness of V. But
RN Rz, = {yeR:yis OD(x,)} because ¥ is fullness preserving. Since the

extender algebra of R is 6%-c.c., R[z,] = 0% is regular. Contradiction.

So N is able to define the last model of U as R = Lp,(M(U)), but Xpoy(U) ¢ N.
Let’s say the formula “U is the correct maximal genericity iteration tree on P with

last model R with respect to a” expresses the conjunction of the following

1. ZFC+“U is a generic genericity iteration tree on P attemping to make all

reals recursive in a real generically coding a according the short-tree strategy

—.

as certified by my maximal L[E]-construction,”
2. U is maximal,
3. R =Lp,(M(U)) as certified by my maximal L[E] construction,

4. |FOOU@a) 1] y<rp x4 are generic over the extender algebra of R at 7.7
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Let 71 = ¢ *P@©®) be the iteration map. Let M be the least initial segment
of Nsuch that U, R € M and M thinks ‘Y is the correct maximal genericity
iteration tree on P(0) with last model R with respect to a”. Then H(a) is the

(e,idp)-amenable code of the transitive collapse of
(HullM(a U {a} UT), €, a, EM,0,U, R, ).

Note that 6@U) = (Ja|" )" = (la|")™, o(R) = (la|"™)" = (Ja|"™*)*. Let j, :
H%(a) — (M, €, 7, etc) be the associated anticollapse map. Let (B; : i < w) C
B(0,0) which strongly guides ¥p (). Then since ran(w) C ran(j,), by strong branch
condensation, j;'(R) is full. We claim that this implies j, [ (Ja|™)™ = id. Firstly
note that j, | (Ja|")™ = id. For otherwise, let k = crt(j) < (Ja|")™. Then
ja(k) = (la] M. So j;7*(U) = U | k. The fullness of j, ' (R) ensures that U |« is
maximal. Contradiction. So j, [ (Ja| ™)™ = id. So j, [ M(U) = id. Since j;*(R) is
full, j7(R) = R. S0 ju|R = id.

Definition 2.15. Let S be any operator defined on an HC-cone. Let z be a real.

We say that S has condensation above z if for all a € Cone(z),
S(a) is defined,

and whenever

j: N — S(a)

is ¥j-elementary, j(b, z) = (a, z), then
N = 5(b).

Lemma 2.16. H has condensation above e.
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Proof. Suppose that j : H — H%(a) is ¥i-elementary. Set U = ui%o R =
RE@ 7 = 7H%@)  Suppose that jle,a,U,R) = (e,a,U,R), j"7 = n. We want
to show that # = HI%(a). Since ran(r) C ran(j), by strong branch condensation,
R is full. Since # is iterable using the strategy induced by j,0j : H — M,
the short-tree strategy of P(0) as defined in H is the correct short-tree strategy.
Since H | “U is the correct maximal generic iteration tree with last model R
with respect to @”, U is indeed maximal in V and R = Lp,(M(U)) is the result
of the generic genericity iteration. This means that I = U o @ R =RH @, S0
(lal™)% = (Ja]™) """ @ for all n < w.

rH%@  This requires a bit care. Denote

In this paragraph we show that 7 =
Yp)(U) = b. From the predicate 7" %@ we can define partial branches (b; : i <
w) C H(a) such that U;.,b; = b. This is because some B C B(0), 0) guides ¥ p().
By elementarity we get b; = 771(b;) in H. Denote b = U;-,b;. All we need to show
is that b = Zp(g)(U). By branch condensation, it suffices to show that there is
k : Mg’ — MY such that 7 = k o i;. But for each i, j ngaX(Ei)

from M”I;ax(l—)_) into MY . Thus we get k : ./\/l%’_’ — MY as the embedding

max(b;)

an embedding

between direct limits.

Let us compare H and H!” to line up their extender sequence, using strategies
induced by j, o j and j; respectively. Let 77 be the tree on the H-side, with last
model H;, 7> be the tree on the H%(a)-side, with last model H,. Suppose for
example the H[(a@)-side does not drop. Then all critical point of 7; are above
(|a]™)*, so U, R are not moved in 7;. We claim that all critical points of 75 are
also above (|a|™)*. For otherwise, let £ be least such that KJ? < (|a|™)*, then

HE= KJZQ is measurable, which is absurd.

The discussion as in the last paragraph shows that (i, R) is not moved during
the comparison. Since both H(@) and H thinks “S is the least level such that

U, R € S and S = U is the correct generic genericity iteration tree on P(0) with
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last model R with respect to a”, neither side has a drop and H;, = H,. As H%(a)
and H are both the 7-sound, i.e. the Skolem hull of @ U {a} U7 in either model
is the model itself, H1%(@) and H are both isomorphic to Hull*'(a U {a} U 7). So
H%(a) = H. O

Definition 2.17. Let S be any operator defined on an HC-cone. Let z be a
real. We say that S extends naturally to generic extensions above z if for all a is
countable transitive swo such that z € a, for all ¢ C Coll(w, a) generic over S(a),

let z, be a real which codes (g, a), then
S(zy) = S(a)lz,]

Here S(a)[z,] is understood as follows. We define M|[z,] for M = (M, €,a, E, S, Q,
m, etc), g Coll(w, a)-generic over M, and z, coding g, by induction on o(M).

M|z, = (M[z,], €, a, E[z,], S[z,], Q, 7, etc).

Here, E [g] is the extender sequence obtained by extending each extender on the &-
sequence to the small generic extension by adding x,. S[z,] is part of the inductive

definition.
Lemma 2.18. H” extends naturally to generic extensions above eg.

Proof. Let a € Cone(ey). Let H%a) = (H, e, a,U,R, E> Suppose that g
is Coll(w, a)-generic over H(a). We want to show that HU(z,) = (H[z,], €
T, g, U R, E*), where E* is the canonical extension of E to a small generic ex-
tension. Let Q, N be as in definition of H%(a). Then Q[z,] is ¥p(y)-good over z,,
Nz,] is the output of the L[E][z,]-construction of Q[z,]|d<2s].

Let V = U @) We claim that ¢ = V. Since rank(a,) = rank((z,), ), the linear
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iteration part on hitting the bottom measure are the same. It is then straightfor-

ward to check by induction that for all £ < Ih(U), MY [z,] = MY, (E{)* = EY,

where (Eg’)* is the canonical extension of EZE” on the generic extension by adding

Zg.

Once we know U = V), it is then easy to verify that H%(z,) = (H[z,], €, 7, 74, U, R, E*)
O

Lemma 2.19. S egtends naturally to generic extensions above e.

Proof. Let a € Cone(ep). Let $%%(a) = (M, €,a,E,0,0,7, Q). Suppose that ¢
is Coll(w, a)-generic over S*%(a). We want to show that S*%(z,) = (M[z,], €
La, E9.0,0, 7, Q). Let Q,\ be as in definition of $*%(a). Then Q[z,] is ¥-good
over x,, N[x,] is the output of the L[E][z,]-construction of Q[z,][69s]. It suffices
to show that Q3 = Qj’\‘}[mg]‘

Clearly Fyr C Fyz,)- Let j: Q% — Qﬁ[%] be the canonical map induced by the
inclusion Fyr C F,). For all R € Fj.,}, by doing the generic comparison as in
7], there is R" € pI(R,%) N Fy. So j is onto. So QF = Q/"\‘}[ ]

zg]"

For each n < w, x € R such that eg € x, let
Sp(z) = Th*" @ ({2} U (x5 0 o) [n),

HOz) = TRHI @ (L3 U (7@ 6 e ).

n

where &, 1, are ordinals that 75" @ o¢) 1 and 77" @ oe) I'n glue to. Then sl

*,[0]

17 are uniformly Turing invariant operators. We will show that (S, : n < w)

and (H,[ZO] :n < w) are cofinal in each other.
For each n < w, x € RN Cone(e), we claim that there is k¥ < w such that
Sl (ny <y HN2), HY (2)<p S71%2). Clearly Sp%(z), HY(2) € Lp(z). We

need to show the converse direction, for all y € Lp(z), there is k such that
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y<r SP2), y<r H%z). By soundness of $*1%(z) and HI(z), it suffices to

show that Lp(x) € S*0(z) N H%(x). Let Q,N be as in definition of S*[(z).
Let j : S*%(z) — (N, €, etc) be the uncollapsing map when S*l%(x) is defined.
By the proof of MSC (see [7]), there is R € pI(P(0),X) NN Nran(j) such that
Yz [N € ran(j) and z is Coll(w, 6%)-generic over R. Since ran(ipg) C ran(j),
jYR) is full. So j7Y(R)[x] is full. So Lp(x) € S*I(z). A similar proof shows
that Lp(z) € HO ().

According to [16], there is a real z and functions fo, f1, go, g1 : w — w such that for

all n < w, for all z such that 2<rp x,

[0]
S50 () = { f1(n)} rom ™),

*,[0]
HP(2) = {g1(n)} .

Let zg be a real which codes eq, 21, fo, f1, 9o, g1- As in the discussion of [19, Section
12], we can obtain effective maps "¢' — "¢ and T¢' — "¢ such that for all
countable transitive swo a such that zy € ay, for all ¢y,...,c, € a, for all ¥

formula ¢(v, ..., v,),
5*7[0](a) ): ¢(CO7 cee ,Cn> A H[O](a) ): ¢h(co7 <oy Cny ZO)’

H%a) b= ¢lco, ..., en) < S a) = ¢°(co, . . ., n, 20).

We sketch the map "' +— "¢ here, in preparation for a more complicated version

of these effective maps in Section 2.9. Suppose

S*’[O](a) E o(coy ..y Cr)-

Then for all ¢ C Coll(w, a) generic over both S*(a) and H!%(a) such that g(i) = ¢;
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for all ¢ < k,
§10a,) = <50 @) b 0(o(0), . glh) "

-~

call this ¢1

Hence

3o e S (xy).
Let ¢2(29) be the formula
. H% (x ) 9
2z codes fo, f1, 90, g1, and there is [ € w such that "¢ € {f1(1)} o,

Then
Hz,) |= do(z0)

Let ¢"(vg, ..., vx, 2) be the formula

“for all g C Coll(w,a) generic over H(a) such that g(i) = v; for all i < k, then
Vizg] = da(2).”

Then
H[0]<CL> IZ ¢h<607 oo Chy Z)'

In a similar way we can define the map "¢'+— "o

The upcoming Lemma 2.20 is essentially [19, Theorem 12.8]. Lemma 2.18 and
Lemma 2.19 show up in its proof when we look into S*% and H! operated on

reals coding a generic enumeration of a, where the reduction can be applied.
Lemma 2.20. S has condensation above z.

Proof. Let j : M — S*l%(a) be ¥-elementary, j(zo,b) = (20,a). We want to show
that M = S*I(p). Firstly we show that

Hull™ ) (j"b) N a = j"b.
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Suppose that ¢ € Hullfm(a) (7”b) Na. Let ¢ be a ¥;-formula and by, ..., b, € b be

such that v € ¢ iff
H%a) = ¢(v,j(b1), ..., 5(by)).
Then v € ¢ iff

50 (a) E ¢° (v, j(br), - - (bn) 20).

Let
d={veb: ME¢*(v,by,...,bn,20)}

Then j(d) = c. So ¢ € j"b.
It follows that there is a ¥; elementary k : N' — H%(a) such that k[bU {b} = j |
bU{b}. By Lemma 2.16, N = H")(b). Hence for all ¥, formula ¢ and by, ..., b, € b,

M= o(by, ..., b)
o Sa) = o(i(br), -, (bn))
& H%a) = ¢"(i(b1), -, 5(bn), 20)
& HO) = by, .. by, 20)
o SO = b(by, ., D).
So M = S*%(b) by soundness of M and S*(b). O

2.4 S-premouse

The general S*-operator inherits a structure called S-premouse.An S-premouse is
roughly an ordinary L[E]-structure with an additional unary predicate S. In this
section, we deal with the abstract concept of potential S-premouse. We will define

fine structural objects of a potential S-premouse.
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Definition 2.21. Let
Em = {€7daE7F7S767Q7#}

be the language extending the language of set theory where a,b, Q) are constant
symbols, F, I, 7 are unary predicate symbols, S is a unary predicate symbol. Let

a € Cone(z). A potential S-premouse over a is a structure
N =(N,e,a,E,F,5,b,Q,)

in the language of €,a, E, F, S, b, Q, 7 with the following properties.
1. N= Jf’s[a] for some &.
2. N is an acceptable J-structure.
3. Eisa partial unary function.

4. For all y € S, y is a L,,-structure. For n < &, let N'|n be the initial segment
of N given by
Nl = (75 [a), €,a, B [n. By, S 0I5 [al, b7, Q7 7")
where

y 5 y . y . . . —
(7. Q") = (bv, QY. 7¥), if y € S is unique such that o(y) = 7.
(0,0,0), otherwise.

5. For all y € S, y = No(y). (Henceforth, if y,3’ € S and o(y) = o(y’), then
y=y")

6. E~F is a fine extender sequence in the sense of [4], whose levels are under-

stood as N|n.
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The unary predicate S is intended to be the range of various successor S-operators
on its sequence. The constant b is the preimage of the S-operator of NV, i.e. there
is an ‘B such that N = S¥(b). Q and 7 are special objects of the S-operator.
They are intended to be the direct limit map 7 : P — Q. We devote some effort
on fine structure of a potential S-premouse. This much details play a part in
the translation procedure of chapter 3, as a potential S-premouse must have, to
some extent, equivalent fine structure with some premouse. Several parameters
are essential to the study of S-premouse. The reader may recall the definition
of uM, M 4™ for an ordinary Mitchell-Steel premouse M (cf. [4, 20]). We will

define pM, M, 4™ for a potential S-premouse M in parallel.

Definition 2.22. Let M = (M, €,a,E,F,S,b, @), ) be a potential S-premouse.
We say M is E-active if F' # (), S-active if b # (), and passive otherwise.

1. If M, is E-active then letting v = v(F) and k = crt(F), we say M is of
E-type Lif v = (k)M M is of E-type Il if v is a successor ordinal, and M

is of E-type III if v is a limit ordinal > (k*)™. Set

If M is of E-type 11, let G be the longest non-type-Z proper initial segment
of F'. We let

M = the unique ¢ € dom(E) such that G = E;.
if there is such a &. If there is no such &, then setting n = v(F'), we let

M = (n,a, f), where F = [a, f]3"
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and (a, f) is least in the order of construction on M |n with this property. If
M is of E-type I or 111, then set v = 0.

2. If M is S-active, then set

p=0
gen™ = {o(a) < € <o(b) : £ ¢ Hull™ (¢un)}

M = sup{€ + 1,0(a) : € € gen™}.

We say that M is of S-type II if v™ is a successor ordinal, S-type III if v
is a limit ordinal> o(a), S-type IV if v = o(a). For o(a) < & < v™| set

X¢ = HullM™ (£ UT), M be the transitive collapse of (X¢, €, ete, 7).

If M is of S-type II, we say M is of S-type-Z if v is a limit ordinal,

M 1 = sup(gen™ N M — 1), and ((M)H)M = (M)

If M is of S-type I1, let = sup{ + 1 : £ € gen™ N (™M — 1)}, If M* is not
of S-type-Z, then set

7 = o(M").
If M*" is of S-type-Z, then let
AM = o(MHF ).
3.
M = {¢ € o(K) : There is no y € S such that o(b¥) < £ < o(y)}.
M is called the levels of M.
4.

M= {n<oM):VYye Sy >n— MW >n1.
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When M comes translating a premouse K, I’ will be steps which get trans-
lated back into an initial segment of . Some levels of M come from an

initial segment of an ultrapower of . I identifies initial segments of M.

M

In item 2, when M is S-active, 7' is intended to code a Jensen-type extender,

namely, the full embedding associated to the extender. Those parameters vM, yM
are essentially Mitchell-Steel parameters of the extender that 7 codes. We stick to
Mitchell-Steel indexing scheme because the universality proof works only under this

indexing. Similar parameters also come up when translating a Jensen-premouse

into a Mitchell-Steel premouse (cf. [2]).

In an ordinary premouse over a, every ordinal bigger than the rank of a marks a
level. A successor level is the rudimentary closure of the previous one. However,
In a potential S-premouse, only ordinals in {* marks levels. A successor level is

usually an S-operator acted on the previous one. (cf. &A-premouse, [19])

Definition 2.23. Let M, N be potential S-premice. We call M an initial segment
of N, or M < N, if there is n such that M = N|n. We call M a proper initial
segment of V', or M <N, if M QN but M # N.

Let L. be the language L£,, expanded by a unary predicate symbol I and additional

constant symbols i, 7, y. Let
M = (M,€,a,E,F,S b Q)

be a potential S-premouse over a. Then the Yy-code of M, or €yo(M), is the

L -structure given by

1. If M is passive, then

Co(M) = (M, €,a,E,0,S,0,0,0, 1™,0,0,0)
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2. It M is E-active of E-type I or 11, then
Q:O(M) = <M7 €7a’E7FC7S7®’®7®7]M’MM7VM7,}/ >'

where F'° is the amenable coding of F'.

3. If M is E-active of E-type III, then

Co(M) = (MM, €, a, ETvM, FSOIMIpM, 0,0, 0, TV, i oM 4 M),

4. It M is S-active of S-type II or IV, then

Co(M) = (M, €,a,E,0,5,b,Q,m, I, 0,0M M)

5. If M is S-active of S-type III, then
Co(M) = (M|, €,a, ETv™,0,5 0 [MVM|, b, Q, 7, 1,0,0,0).

where 7 = {(£,7%) : o(a) < € < v}, 7€ is the image of 7 under the transitive

collapse X¢ — M.

The Xg code € (M) is always amenable. Projecta p,(M), standard parameters
pn(M) of a potential S-premouse are defined over €y(M) just as those of a pre-

mouse are defined over their ¥y-codes, cf.[20].

If (N :n < &), € limit, is a sequence of S-structures such that n < u < & —- N7 <4
N*#, then

LV = (J W7 e | BN 0, Y, 0.0,0)

n<§ n<§ n<§ n<é

is the canonical “union” of the N™’s

—

If A is a premouse over a, N = (JE[a], €,a, E, F), then let RN = <Jf;1<F> [a], €
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La, E~(F),0).
If NV is a potential S-premouse over a, N' = (Jf’s[a], €,a,E,F,5,b,Q, ), then let

—

NWN) = (JE 57 a], €,a, E~(F), S, 0,0,0), where

[e%

S, itb=10,
S =

SU{N}, ifb#£0.

2.5 The SY-operator

In this short section, we define the S%-operator from the S*%-operator. In fact,
the S%-operator is not much different from the S*®-operator. The only reason
why we develop the S%-operator lies in the fine-structural matter. In the future,
we are going to define the S%-premouse, whose successor level is S of the previous
level. The naive way is to think of an S%-premouse as a stack the S*%-operators
plus some extenders at certain levels. In order to get a nice iteration theory for the
S_premice, we want every initial segment of an SI%-premouse be sound, just as an
ordinal premouse. However, if we treat S*[%(S*[%(q)) as a potential S-premouse
over a, its initial segment of length bigger than o(S*%(a)) may project to a, and
hence may not be sound. We solve this problem by pausing a while before we
apply Sl to S*I%(a). The next S* will be applied to the stack of all S-mice

that extends S*(a), projects across S%(a), and is pure L[E]-mice above S%(a).



2.5 The Sl-operator

43

Definition 2.24. Let a be countable transitive swo. Let K be a potential S-

premouse over a. Then

SSM(K) = |_|{/\/l :M is a sound potential S-premouse extending K,
o(K) is a strong cutpoint of M,
vy € S™(o(y) < o(K)),
M is iterable when hitting extenders above o(K),
pu(M) < o(K).}

(SSM stands for “stack of S-mouse”).

Definition 2.25 (S[O}—Operator). Let a be countable transitive. Let IC be a poten-
tial S-premouse over a. Suppose S*M(SSM(K)) = (M,e,SSM(K),E, S, Q, ),
and suppose that (M, €,a, ESSMK) y g, §95MK) 4 S K, Q,7) is a potential S-
premouse over a. Then let S(K) = (M, €,a, E¥MK) Y B, §9MK) y S K, Q, ).

SO applies only on potential S-premouse. We say an operator S has condensation
for potential S-premouse above z if whenever K is a potential S-premouse above
some a € Cone(z) such that S(K) exists, and j : M — S(K) is Xj-elementary,
z € ran(j), then M = S(j71(K)).

Lemma 2.26. S has condensation for potential S-premouse above z.

Proof. Let j : M — SI(K) be ¥i-elementary. By Lemma 2.20, M, when treated
as a potential S-premouse over ;71 (SSM(K)), is equal to S*L(;71(SSM(K))). It
suffices to show that j71(SSM(K)) = SSM(57Y(K)). Clearly, 771 (SSM(K)) <

SSM(371(K)). Suppose towards a contradiction that ;=1 (SSM(K)) <« SSM(574K)).

Pick some j71H(SSM(K)) <« N < SSM(j71(K)), such that p,(N) < o(K). Then
N is OD(K). By fullness of S*(;=1(SSM(K))), N € SO(=1(SSM(K))).
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Since (o(37H(K))T)M = o(j71(SSM(K))), by acceptability, N € j71(SSM(K)).
Contradiction. ]

2.6 The S-operators and the S*-operators

We introduce a few notations that will come up in the measurable cofinality case.
Suppose that a countable transitive swo, R € a, is a hod premouse, M is a hybrid

premouse over b, v < A%, and R, A € M such that
M = A is an iteration strategy for R(v) which is commuting and positional.
Working in M, we let F*A(R) be the direct system

{R1,m™r,r, ‘R1, Ry are iterates of R below R(v) of size < |a| according to A,

TR,R, 1S an iteration map}.

We call
dirlim**(R)

a

the direct limit of FM4(R),

TMAR) R = QMA(R)

a

the direct limit map.

If Q is an M-iterate of P, B < B* < A2, j : @ — R is an iteration according to

Yo, then we call
(R, j(8%),sup j"B)
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the j-promotion of (Q, 5, 5).
Given B = (¢, m, Pi,af, ;) i < n) € Z. Let a countable transitive swo. We say

that 3 is a promotable index for a if P € a, and there are

Q= ((v45,04, Qi B, B;) 11 <n) €I,
F=Uiti<n),N=(N;:i<n)

such that 3y = ag, jo = tdp, Ny = a, and for all i < n,

#.20. (uv:
1. M-‘rl :Ml Q;( Z-H)(/V’i)-

e Nig1,30,w4)
2. Q;yq = dirlim, Q)

N;
3. Oj+1 = Tq

)

+1,EQ,~(V¢+1)(Q'>
(]

4. jiv1 : Piy1 — Qipq is an iteration map below P (w1 (vis1)),
5. (Qita, B, Bit1) is the ji1-promotion of (Piy1, s Qiy1)-

For 3, 9, a,j’,/\7 as above, we say that 9 is the promotion of 8 for a, N s the
Mf—sequence of P for a, j is the lifting map sequence of P with respect to a.
We denote Q = pro(J3,a). Clearly if B is an index for a, then there is a unique
promotion, a unique M’f-sequence, and a unique lifting map sequence for a. The

following picture shows the process of promoting an index.

o L Qg - ’ 4}% Qn
L e e R > P,

We say that P8 is a promoted index over a if P is a promoted index over a

and B = pro(P,a). Suppose that P = (G, m, Pi,al, ) i < n) and Q =
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(v, 04, Q;, B, Bi) + i < m) are promoted indices over a. Let
B <l
if
1. There is ¢ < n such that either (i < m A Q; # PB;) or i > m.

2. Let 7 be least as in 1. Then for all i < j < n, oz;f = «;. If in addition ¢ < m,

then «o; < ;.

As the reader might expect, definition of S*(a) is based on S2(a) for Q <Z B. In
fact, for any promoted index P over a, {Q : Q <Z P} is well-ordered under <Z.
Let B = (¢, 7, Py, af, ;) + i < m) be an index. We say P is a successor index if
«; is a successor ordinal, P is a limit index if a; is a limit ordinal. If 3 is a limit
index, we say B is of type A if

P = “cf(a;

*) is not measurable” A (n =0V (n > 0A a, > supm,_1)).

P is of type B if
n>0Aq, =supm, 1.

P is of type C if

P, E “cf(a)) is measurable”.

We are ready to define the S¥-operator. It is an inductive definition on the hod
mouse prewellordering of final(3). To simplify notations, when Q = ((v;, 0y, Q;, 55, 5;) :

i<n)eZ e<e <p,, welet

Q[E] = Q [nf\(Vny On, Qna €, €>a
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If in addition 3} is a successor, then let
Q-1=9[8 —1].

We also let [y] = ((0,0,P,~,7)). So [0] = ((#,0,P,0,0)), which agrees with the

notation in Sections 2.3 and 2.5.

The successor S*-operators are defined to be roughly an S¥~!'-mouse with an
additional predicate indicating the direct limit map of all iterates of . The S¥~1-
mouse that will be used comes from the L[E, S¥-1_construction. We define the
construction in general as follows. We will borrow a formula ¢; from Section 2.7. ¢
looks for the indices of the S-operators of an S-premouse and there corresponding
strategies. For the time being, we just take it to be a first-order formula. We make

sure the definitions are not circular.

Definition 2.27 (The L[E, S¥]-construction). Let Q be ¥-good. Let K € Q|42
be an potential S-premouse over a which is closed under S¥**'. The maximal
L[E, S¥]-construction over a is a sequence (N, M : € < Ord) with the following

properties.

1. No = (rud(a), €,a,0,0,0,0,0,0).

2. If M, = (Jf’s, €,a,E,0,5,0,0,0), a < 62, and there are an total extender

F* on the Q-sequence, an extender F' over Mg, an ordinal v < « such that
Vit C UKV, F?)

and

Flv=Fn(v< x JF)

and

A/’{Jrl = <Jf’S7G7G7E»7F7S7@7®7®>
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is a potential S-premouse with v = 1Ne+1| then Ney1 is as above,

3. Let Mg = (JE2S € a, B, F,S,b,Q, 7). Ifa =6, let T = (base, deg, drop, lift, A)
be unique such that (Q[69), = ¢:(Me, T). Let d = max(drop(M;)). If it is
not the case that d = o(a) Adeg(M¢| min(IMe\o(a)+1)) = pro(P, a), let vh
be the direct limit of all Y-iterates of P that are in M. Let ﬂji‘jli P — Qj’\‘j[5
be the direct limit map. Then Ny is the e-amenable code of the transitive

collapse of

(HullM+(Me|dUn55,), €, a, E,0, S, Meld, Q% , 75%)

4. Let M, = <Jf’s, €,a,E,F,S,b, @, ). If neither of the above happens, then

Nesr = N(M).

5. If a =6, but d = o(a) A deg(M| min(IMe \ o(a) + 1)) = pro(B, a), we termi-
nate the definition, and say N is the output of the L[E, S¥][a]-construction.

6. For all &, if N is defined, then
M = core, (Ne).
7. when £ is a limit ordinal, then
Ne = lian J?f M,,
Definition 2.28 (The S*¥ operator). Suppose that B = (¢, 7, Pi, af, ) i <

n) is a promotable successor index over a. We define S*%(a) as follows. Let Q be

S-good over a. Assume that the L[E, S%*~!][a]-construction in Q|69 converges to
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a S¥~Lmouse over a. Let N be the output. By the proof of MSC (cf. [7]), there
is R € pI(P,%X) NN such that Xz [N € N,. Let Fy be the direct system

{R,orr : R,R' € pIl(P,X) NN, orr: is a Y-iteration map.}
Let Q% be the direct limit of F)s and
TP — OF

be the direct limit map, so that Q3 € N.. Let M be the transitive collapse of

the structure
(Hull¥*(a U {a} Un), €,a, BN, SN, Q. 750).

Then S*%(a) is the e-amenable code of M.

We only define the S*¥*-operator when B is a successor index. In what follows,
we plan to define the S*-operator in general. When P is a successor index, the
S¥_operator relies on the S*¥-operator and the concept of “stack of the S¥~1-
mouse”. When 9 is a limit index, the S¥-operator relies on the S2-operators, for
Q <Z pro(P, a). We deal with successor indices first. To settle that, we give the

definition of the S*-premouse, presuming the S*-operator is defined.

Definition 2.29. Suppose that P is a promotable index over a.

1. (S¥-premouse when restricted above 7). Let K be a potential S-premouse
over a. Let v € [o(a),o(K)). We say K is an S¥-premouse over a when

restricted above 7 if

(a) If n < u are consecutive elements of X\ v, then K|u = S*(K|n),

(b) If max(I{®) = u exists, then K = S¥(K|u).
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2. (Stack of S¥*-mouse). Let K be an S¥-premouse over a. Then

SSMP(K) = |_|{/\/l :M is a sound potential SP-premouse extending K.
when restricted above o(K), 0(K) is a strong cutpoint
of M.M is S*-iterable when hitting extenders

above o(KC). p,(M) < o(K).}

(SSM? stands for “stack of S*-mouse”).

Definition 2.30. Suppose that B is a promotable index over a. K is a potential

S-premouse over a.

1. If B is a successor index, S**(SSM*~Y(K)) = (M, €, SSM*~ 1K), E, S,Q, )
is defined, and (M, €,a, ESSM¥ 1K) y B, §55MP 1K) y 6 Q,7) is a poten-
tial S-premouse, then S*(K) = (M, €, a, ESSM¥ 1K) y B, ¢, §5SM* 1K)
S,K,Q, ). Otherwise, we leave S¥(K) undefined.

2. If P is a limit index, and for all Q <% pro(B, K), S2(K) is defined, and for
all € <F pro($, k), S2(K) <1 S%(K), then

SPy=( |J 15UK)Lea, Y EF®0 | $%0.K.0,0).

Q<Zpro(P,K) Q<Epro(P,K) Q<L pro(P,K)

Otherwise, we leave S¥(K) undefined.

Here is a deeper explanation about the limit case of definition 2.30. We can write
down S*(K) more explicitly, depending on the type of 3. Clearly, S¥(K) =
SPeB L) (). So we need only consider S¥(K) when B is a promoted index over
K. Let B = (G, mi, Pi,al,q;) : i < n) be a limit promoted index over K. Let
(N; - i < n) be its M¥-sequence.
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1. Suppose R is of type A. Let

0, ), ifn=0
C:

[sup o, —1, @), ifn >0
Then {B[y] : v € C} is <Z-cofinal in {Q : Q <% P}. So

SP(E) = (| 1P €,a, | BS7R) 0, () 550 K, 0,0).

yeC yeC yeC

2. Suppose P is of type B. Let

[O,CK[)), ifn=1
C:

[sup 7! a9, an—1), ifn>1
Then {(Pn)[y] : v € C} is <E-cofinal in {Q : Q <% P}. So

S¥(K) = <U |SFIMBIK)|, €, a, U ESFNE) g, U SS(WO[W](’O,/C,@,@)

veC e veC

3. Suppose P is of type C. Let ¢* be least such that

5?*” > max(ﬁn(ég"‘l), cf (o).

n

P v* R N*,ﬂ' * /\/’*77‘( *
Let N* = M?ﬁ RN, Pro= ditlime T (Py), mF = e (P,
Let

C = [sup 7™ a,, 7 ().

(In other words, for any v € C, (¢*,7*,P*,v,7) is a one-step blow-up of
B, above P,(m,((n)).) Then {P(C*, 7%, Q% v,7) : v € C} is <F-cofinal
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in{Q: Q<% P} So

SP(K) = (| 187 @ )] e q, | ] BT CTENE g,

NeC yeC

[ §5% 0w i, g).

yeC

Once again, the only reason why we distinguish the S*¥-operator from the S*-
operator lies in the fine-structural matter. We want all initial segments of an
S®_premouse to be sound. The reader might ignore this subtle difference when
reading Section 2.7, where we are going to define the strategy on an S-premouse

but no fine structure is involved.

It is easy to check through the definitions that if S¥ is defined above z, then for all
Q good over a, a countable transitive such that z € a,, we have S¥ [(Q|5Q) e Q

and is uniformly definable. Furthermore, we have the following

Lemma 2.31. S¥ estends to generic extensions above z.

2.7 Defining strategy over an S-premouse

If I is a potential S-premouse over a, we set
SK = {K|¢ : either b€ £ 0, or In( for cofinal-in-é-many yu, K|p € S* and K|n = tFH)}

SK is the range of all S-operators on the K-sequence, including limit S-operators.

It is possible that K € S¥.

Definition 2.32. An potential S-premouse I over a is called an S-premouse if

there is a map y — deg(y) from SK into Z, called the degree map, such that

1. For each y € S¥, letting = = b¥, then deg(y) is a promoted index over z such
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that y = Sdee@v) (1),
2. For each y € SX, if b¥ = a, then deg(a,y) <Z [A\7].

3. For each y € SX, letting z = b¥, if & # a, then for each £ € Il | a successor

element of IX1°@) we have K|¢ € S€ and deg(y) <Z pro(deg(K|€), z).

Clause 3 demands that an S-premouse decreases in degree. The degree sequence
deg is always unique. We prove uniqueness of deg(z) for y € SK by induction on

o(y), as follows.

Let y € S*, & = bY. If there is no z € S¥ such that o(x) < o(z) < o(y), obviously,
we must have deg(x,y) = [0]. If there is z € S* such that o(z) < o(2) < o(y),
then deg(z,y) is a successor index. By definition of the successor S*-operators,
there must be a largest z such that z € SK A 2 = b*. We assume as an induction
hypothesis that deg(z) is unique. If x = a, then by clause 2, deg(z) <Z [A”]. So
deg(y) is the <Z-successor of deg(z) in {Q:Q <Z [A\]}. If # # a, then pick any
pair g1, a successor element of [X°(®) By clause 3, deg(y) <Z pro(K|u),z). So
deg(y) is the <Z-successor of deg(z) in {Q : Q <Z pro(deg(K|u),z)}.

Let y € S\ SX, 2 = b, and suppose that uniqueness of deg(v) for o(v) < o(y)
is proved. If 2 = a, then by clause 2, for any z € S* such that a = b* and
z € vy, deg(z) <X [N]. Hence the deg(z)’s, for a = b* A z € y, form an <Z-
increasing sequence in {Q : Q <Z [\”]}. Hence deg(y) is the least upper bound of
them, which is unique. If z # a, pick any j, a successor element of [X°®) By
clause 3, for any 2z € S* such that z = b* and 2 € y, deg(z) <Z pro(deg(K|u), z).
Hence the deg(z)’s, for z = b* A z € y, form an <Z-increasing sequence in
{9 : 9 < pro(deg(K|u), z)}. Hence deg(z,y) is the least upper bound of them,

which is unique.

We denote the degree function by deg”®. deg" will have this fixed meaning through-
out this paper.
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If ¢ €1 and € # a, we say K drops at ¢ if letting g = min(I* \ (€ + 1)), then
deg(KC|p) <%I£ pro(deg(K[€), K|€). We let DX be the set of drops of K union
{o(a)}. Every drop of K represents a drop in the hod mouse prewellordering, so

DX must be finite. We let drop™ = {(y, D¥) : y € S*}.

For y € SX such that x = b # a, we let
base™(y) = K| min(I* \ (max(D?®) + 1))
base(y) retreats to the place from which deg(y) could to be defined. We then let
lift" (y)

be the lifting map from final(deg(z)) to final(deg(y)), where z = y|min(l¥ \
(base(y) + 1)). For y € S* such that b¥ = a, we let
“

base™(y) = a.

lift" (y) = idp.

For each y € S, we let
A(y) = Shnal(des(y) [0V-

One of the main purposes of defining the S¥-operator is that an Ytinal(p) N K can
be defined from S*(K) in a uniform way. The defining formula is essentially doing
an induction on strategies acted on stacks based on hod premice below final(}3).
More precisely, we need to inductively keep track of Xgnai(aeg(y)) for all y € SR,
The case when deg(y) is a successor index is monitored by 7Y, which is a part of
the language of SX(KC|€). The case when deg(y) is a limit index of type A or B is
easy. When deg(y) is a limit index of type C, the strategy is found by rearranging
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stacks.

Definition 2.33. Let K be an S-premouse over some countable transitive swo.
We let T® = (deg, base, lift, drop, A) and say that TX keeps track of strategies for
stacks in K.

Our goal is to define A* from K over any ZFC model. This is an inductive definition
on o(y) for the y € SK. deg, base, lift, drop are supplementary to defining A*. The

formula ¢, will define T*.

Definition 2.34. ¢;(KC, T) is the formula expressing conjunction of all of the fol-

lowing.
1. K is a potential S-premouse over some transitive swo a.
2. T is a 5-tuple. Write T = (base, deg, drop, lift, A).
3. base, deg, drop, lift, A are functions on SK.
4. For each y € S¥, let x = b¥. If z = a, then drop(y) = {o(a)}. If z # a, then
(a) drop(y) is a finite subset of [*lo(®)
(b) drop(y) No(x) = drop(z).

5. For each y € S¥, let z = b¥. If z = b¥, then base(a,y) = 0. If z # a,
base(y) = KI[¢

where £ = min(/* \ (max(drop(z) + 1)).

6. For each y € SX, such that a = ¥, lift(y) is identity map on the third

coordinate of the last element of deg(y).
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7. (Base case.) Suppose y € SK. x = B, and there is no z € y such that

2 € SC Az =b* Then

deg(y) = [0],
lift(y) = (idp).
o(z) ¢ drop(y) < = # a A deg(base(y)) = [0].

For each (T,b) such that 7 € x, we have that
A)(T) =b

if and only if letting &/~ c be the last normal component of 7b, then one of

the following holds.

—.

e The maximal L[E] constructions in y|d¥ certifies that Lp(M(U)) =
“6(U) is not Woodin” or U has a drop in a way that we cannot undo

the drop (cf. [7, Fact 3.5.5]), and ¢ is defined using the maximal L[F]

constructions in y|dY.

-

e The maximal L[E] constructions in y|d¥ certifies that Lp(M(U)) =
“0(U) is Woodin” and U does not drop in a way that we cannot undo

the drop, and there is o : MY — QY such that o o T = v,

8. (Successor case at the bottom of K.) Let y € S* be such that a = bv.

Suppose z is €-maximal in y such that z € S* A a = b*. Denote deg(z) =

<(Vi7 Oi, Qi; 51'7 /61) ) S m) Then
deg(y) = deg(z) + 1,

Furthermore, put ® = |J{A(v)®) : base(v) = z}, then for each (7,b) such
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that T € a, we have that

-

A)(T) =10

if and only if letting (M2 ML T2 T1 ias : o < B < p) be the essential
components of ’71“6, then @agpﬁo is according to ®, and if "¢ is the last
normal component of 7?, then one of the following holds.

—

e The maximal L[F, (<I>)%<p¢0
Lp@)@aﬁpﬁg (MU)) E “6(U) is not Woodin” or U has a drop in a way

| constructions in y|d? certifies that

that we cannot undo the drop (cf. [7, Fact 3.5.5]), and c¢ is defined using

—

the maximal L[E] constructions in y|dY.

—

e The maximal L[E, ((I))@ag,ﬂ?] constructions in y|d¥ certifies that
Lp(q))%éﬁa0 (M(U)) E “6(U) is Woodin” and U does not drop in a way
that we cannot undo the drop, and there is o : MY — Q¥(y + 1) such
that o oz'f = 7, where QY(7) is the direct limit of all iterates of Q,,(vy,)
according to ® that are in y|0Y, and 7 : Q,, (v + 1) — QY(y + 1) is
an extension this direct limit map given by 7 (o, o -+ 0 o1(f)()) =

™ (f)(7()), for f € P, a <62

9. (limit case at the bottom level of K.) Let y € SX\ SX be such that
a = Y. Suppose for cofinally many z € y such that a = bY, there are

DO? s 7Qm717 Vi, Om, Qma 5,27 ﬁ such that

(a) deg(z) [m = (Qo, ..., Qm-1),
(b) (deg(2))m = (Vins T,y Qins Bes B:),

(c) p is the least upper bound of such f,’s, but g # f3, for any such z.

We split into three subcases.
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A. Suppose Q,, = “cf(f) is not measurable”. We then have

deg(y) = <Q()7 S 7Qm—17 (Vma Om, Qm7 67 6)>a

We also have
Aly) = B{A(2) : deg() = deg(y)[1] for some 7.
B. Suppose that m > 1 and § = 0,,(8%,_;). Then

deg(y) = <907 e 7Qm71>7

Let & = A(z), where deg(z) = deg(y)[vm]. For all (T,b) such that T € a,

we have
A)(T) =b
if and only if one of the following holds

i, (77 0Im1(m) is not defined. (77b) | Qm_1(vm) is according to ®.
i, (T 019m-10m) ig defined. Let (U, Q,V) be the last stack of the re-
arrangement of 7~b with respect to v,,. Then U is according to .

Let I : @ — Q,, be the iteration map according to . Then VY is

according to

(B{(A(2)) : deg(z) = deg(y) ™ ((Vm: Tm: Qm,7,7)) for some 7})".

C. Suppose both A. and B. fails. Let

e U* be the least v such that v > oy, (Vm_1) and 627 > cf9m ().
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e 2. w € y be such that a = b* = b* and

deg('z) = <Q07 ce 7Qm—17 (Vma Om, Qma V*a V*)>

deg(w) = <QO7 tee 7Qm—17 (Vm70-m) Qmu v + ]-7 v + 1)>

o & = J{A(v)"® : base(v) = (2)}.
o N* = M¥®(a) as computed inside w.

o Q= dirlim}y?,.

o
o o = Wg%a.

Then

deg(y) - <Q07 SR 7Qm—17 (Vma Om, Qm7ﬁ7 6)7 (V*7 0*7 Q*u sup O-*/lﬁma sup O-*Hﬂm)>7

lift(y) = idg-.
We also have
A(y) = ®{(A(z)); : deg(z) = (deg(y) [m + 1)[1] for some ~7}.

where U/ is any stack on @, leading to Q* according to .

10. (Successor case.) Let (y) € S*, x = W # a. Suppose z is €-maximal in
y such that z € S Az = b*. Denote deg(z) = (s, 04, Qi, 55, 5;) 11 < m).
Then 37, = B,

deg(y) = deg(z) + 1.

Put deg(base(y)) = ((#%,5i, Qs, B, B;) + i < k), and let (j; : i < I) be the

sequence as follows:

® jo =1idp,
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e for each i < m, if i < k Asupj/(B;) = B letting w € y be such
that w € S* Az = b¥ and deg(w) = (Qo,..., Q) [vin1], then jiiq
is an iteration map from Q;;; to Q;;; according to ®, where ® =
U{(A(v))#®) : base(v) = w}. Otherwise, we terminate the definition
of (ji i <1).

Then
o(x) ¢ drop(y) & m =k =1A jm(Bn) = B + 1.

Ifm=4k=1IAjn(Bn) = Pm+1, then
lift(y) = jim-

Otherwise,

lift(y) = idg,,.

Furthermore, put ® = [ J{A(v)®) : base(v) = z}, then for each (T,b) such
that 7 € x, we have that

—

AW)(T) =0

if and only if letting (M%, ML T2 T1 ios : o < B < p) be the essential
components of f“b, then @agpio is according to @, and if U "¢ is the last
normal component of 7_;1, then one of the following holds.

—

e The maximal L[E, (‘I))@a<pfo]
Lp@)@asﬁg (MU)) E “6(U) is not Woodin” or U has a drop in a way

constructions in y|d§¥ certifies that

that we cannot undo the drop (cf. [7, Fact 3.5.5]), and c is defined using

—

the maximal L[E] constructions in y|dY.

—

e The maximal L[F, (@)@aqf@]
Lp(@@aﬁﬂfg (MU)) E “6(U) is Woodin” and U does not drop in a way
that we cannot undo the drop, and there is o : MY — Q¥(y + 1) such

constructions in y|0Y certifies that
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that o oz'f = 7, where QY(7) is the direct limit of all iterates of Q,,(v,)
according to ® that are in y|0Y, and 7 : Q,, (v + 1) — Q¥(y + 1) is
an extension this direct limit map given by (o, o --- 0 o1(f)(a)) =

m(f)(7(a)), for f € P, o <63

11. (limit case.) Let y € SK \ S and z = b # a. Suppose that for cofinally

many z € y, there are Qo, ..., -1, Vm; Om, Om, B2, B such that b* = z and

(a) deg(z)m = (Qo, -, Qm-1),
(b) (deg(2))m = (¥m; Tm; Qm, Bz, B2),

(c) p is the least upper bound of such f,’s, but g # f3, for any such z.

Put deg(base(y)) = (s, 5i, Qs, B, Bi) 1 i < k), and let (j; : i <) be defined

exactly as in item 10. We split into three subcases.

A. Suppose neither of the following holds:

i. Q. E “cf(f) is measurable”.

ii. j, is defined, B = sup j” Bm, Qm = “cf(3%,) is measurable”.

m

Then we have

deg(y) = <Q()7 S 7Qm—17 (Vma Om, Qm7 B; /8)>a

o(x) ¢ drop(y) & m=1=FkA B = sup j,Bm.

Ifm=1=kApB=supj” Bn, then

lift(y) = jm-

Otherwise,

lift(y) = ido,, .
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We also have
A(y) = B{A(2) : deg(z) = deg(y)[1] for some 7}.
B. Suppose that m > 1 and § = 0,,(8%,_;). Then
deg(y) = (Qo, .- -, Qm-1),
If o(y) € I*, then
o(x) ¢ drop(y) ifand only if m — 1 =1=k A B | = jm-1(Bm_1).
Ifm—1=1=kAB | =jm1(Bm_1), then
lift(y) = Jm-1.

Otherwise,

lift(y) = ido,_,.

Furthermore, let ® = A(z), where z = 0* A deg(z) = deg(y)[vm). Then
for all (T,b) such that 7 € z, we have

A(y)(T) =0

if and only if one of the following holds

o i(T7D1Qn-1m) ig not defined. (T7b) | Qp_1(vm) is according to @.
o (T VIQu-1"m) ig defined. Let (U, Q, V) be the last stack of the re-
arrangement of Tb with respect to v,,. Then U is according to P.

Let I : @ — Q,, be the iteration map according to . Then V is



2.7 Defining strategy over an S-premouse 63

according to

(@{(A(2)) : & = b° A deg(2) = deg(y)™ (s Ty Qs 7.7)) for some 7))’

C. Suppose both A. and B. fails. Let v*, z, w, ®, N*, Q*, 0* be defined exactly
as in item 9C. Then

deg(y) = <207 s 7Dm71> (l/ma Om, Qm»ﬁ*aﬁ)a (V*7 0*7 Q*> sup O-*”ﬂa sup J*//6>>7

where

im(By), if 8= sup j},Bm,
g = Jm(Br), 1 sup j

[, otherwise.

We have

7

o(z) € drop(y) <> m+1=1=kA B =supjrfm A Buni1 = SUP Grms1Bm-
fm+1=1=kAB=supj” BmA Bmi1 :supﬁjq’wlfm, then

lift(y) = the iteration map from Q,,41 to Q,,11 according to ®/m.

Otherwise,

We also have

A(y) = &{(A(2));; : = b" Adeg(z) = (deg(y) ['m + 1)[7] for some 7}.

where U is any stack on Q,, leading to Q* according to .

Theorem 2.35. Let K be an S-premouse over a. Let M be any transitive ZFC
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model containing {KC}. Then
T e M

and

TN is the unique v such that M |= ¢,(IC, v).

Proof. We may assume by induction that for any K’ that arose in the L[E, S-
construction of an S-operator in I, the lemma holds for K’. By that we mean, if
y € SF =10 P = deg(y), H = SSM*'(z), and H is a model that arose in
the L[E , S¥1]_construction over a Y-good Q, then the theorem holds for K.

We carry out a construction T = (base, deg, drop, A, lift) in M. Inductively on o(y)

for y € SX, we will decide values of the following:
e base(y)

. deg(y)
e drop(y)

o lift(y)

e A(y)

and prove that for each & < o(K), {(base(y), deg(y), drop(y), lift(y), A(y)) : y € SFEY
— TXIE,

The base case at the bottom level of K.

Let y € S be such that o(y) = min{o(z) : z € S*}. Let 2 = b¥. We must have
r = a, since otherwise, [*°®) = o(x) \ o(a) would have at least two elements, say
(&, 1) are consecutive ones, then by clause 3 of definition 2.32, K|u € SK. which
means K|y € S¥, contradiction. Let base(y), lift(y), A(y) be defined as in item 7
of definition 2.34. We need to show that they are the correct objects of TX, i.e.
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, base(y) = base™(y), lift(y) = lift“(y), A(y) = A®(y). Clearly, y = SI%a). The

only nontrivial fact we have to verify is

A(y) = Zp) a.

The verification of this fact is simliar, but simpler to the general successor case.
So we devote our effort to the successor case.

The successor case at the bottom level of KC.

Now suppose y € SK, a = b¥ and z is €-maximal in y such that z € S€ A a = b*.
Suppose, by induction, for every v € SX such that o(v) < y, we have defined
base(v), deg(v), lift(v), A(v), and base(v) = base(v), deg(v) = deg"(v), lift(v) =
lift" (v), A(v) = A®(v). Now let base(y) = () and let deg(y), lift(y), A(y) be as in
item 8 of definition 2.34. We need to sow that they are the correct objects of T,

base(y) = base™(y), deg(y) = deg"(y), lift(y) = 1ift" (y), A(y) = A*(y).

By induction, we know that deg(z) = deg®(2) is the unique £ such that z = S2(a)
and Q <I [\P]. Therefore, y = S21(a). The only nontrivial fact we are left to
verify is

A(y) = Xo,. (8,41 4,
where deg(z) = ((vi, 04, Q;, Bi, i) : i < m). In other words, we need to show that
letting ® = [J{A(u, v)®?) : base(v) = 2}, then for all (T,b) € a,

S0 (m1)(T) =0

if and only if letting (M2, ML 79 T1 ios : @ < B < p) be the essential com-

ponents of 77b, then @agpfao is according to ®, and if &/ "¢ is the last normal
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component of 7_;1, then one of the following holds.

—

1. The maximal L[E, (D) @mﬁo] constructions in y|0¥ certifies that
Lp(q))@aﬁpﬁg (MU)) E “6(U) is not Woodin” or U has a drop in a way that we
cannot undo the drop (cf. [7, Fact 3.5.5]), and ¢ is defined using the maximal

—.

L[E] constructions in y|dY.

—

2. The maximal L[E, ((I))@a<p7£] constructions in y|d¥ certifies that
Lp(q))@aéﬂfg(M(Z/{)) = “(57(1/{) is Woodin” and U does not drop in a way that
we cannot undo the drop, and there is o : MY — QY(vy + 1) such that
aoibq = 7, where Q¥(7) is the direct limit of all iterates of Q,,(v,,) according
to @ that are in y|¢Y, and 7 : Q,, (v, + 1) = QY(y + 1) is an extension this
direct limit map given by 7(0,, o --- o o1(f)(a)) = w¥(f)(7(«)), for f € P,

a <02 .

In order to see the above, letting Q, N, Q3¢, 757 be as in definition of Sdee) (). Re-
call from definition 2.30 that y = S9&(#¥)(q) is the amenable code of a Skolem hull
of N If 7 falls under the case 1, since the clause of the case 1 is first order defin-
able inside N, by hull condensation, it suffices to show the first case applies inside
Ny with y|6¥, QY, 7Y replaced by N, Q3,737 But @ [ (y|6Y) = Xg,.8,.) | (y]6Y)
by induction. Recall that A comes from the maximal L[E, $9()]-construction
in a suitable ¥-premouse. By the universality proof, a maximal L[E,ng(ﬁm)]
~construction done inside a maximal L[E, S%()] construction done inside Q is
full. This means any maximal L[E , 20, (8] construction done inside (N); is full.
Hence N sees strategies for 7 under case 1 correctly. If T falls under case 2, we
take v and 7 be as in the clause of case 2. We set 7' be such that O3¢(7' +1) is the
direct limit of 1(Q,,.,Xq,, ) "N and 7" : Q. (v, + 1) = Q3%(7' + 1) be the direct
limit map. Then 7 has the property 7' (o, o --- o o1(f)(a)) = w¥(f)(7'(«)), for

feP a< 51/Qm- Thus +" goes to « under the transitive collapse map of defining
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y = S48 (), and 7' goes pointwise to 7. Since Q32 is the direct limit of iterates
of P that are in NV, there is in V' an iteration ¢ : MY — Q5% such that o iZ- =7’
¢ is not in N, but since Xg,,(,,,+1) is strongly guided by an w-sequence of OD
sets, there exist partial branches ¢!, partial maps %, i < w, such that ¢ = U;,c’,
' =N{i?: d is a branch through & whose final model is full,c! C d}, 1 = U;-,0",
and each ¢!, 9" € AM,. The images of these c'’s and 1*’s under the transitive col-
lapsing map of defining y = S9°&W) () piece together into the branch ¢ and a map
o: MY — QY(y+1). Therefore, ¢ and o witnesses the clause of case 2. Moreover,

any ¢ which satisfies this clause must be equal to ¢ by branch condensation.
The limit case at the bottom level of IC.

Now suppose y € g’C\S’C and a = b¥. Suppose, by induction, for every v € S* such
that o(v) < y, we have defined base(v), deg(v), lift(v), A(v), and showed base(v) =
base™ (v), deg(v) = deg(v), lift(v) = lift"(v), A(v) = A®(v). Now let base(y) = )
and let deg(y), lift(y), A(y) be as in item 8 of definition 2.34. We need to sow that

they are the correct objects of TX.

By induction, for each z € y such that b* = a, deg(z) = deg"(2) is the only Q
such that z = S%(a) and Q <I [AP]. So there is Qq, ..., Qun_1, Vm, Om, Om, B, B
for cofinally-in-y many z as in the first paragraph of definition 2.34 item 9. Define
deg(y), base(y), A(y) as in definition 2.34 item 9, splitting into three subcases.

If we are under subcase A, then clearly
deg(y) = (Qos -+ Qu1, Vs Ty Qs B, 5)),
is the least index 9 such that
R <Z [A\P] and deg(z) <X R for any z € y such that a = b°.

Note that deg(y) is of type A. Hence, deg®(y) = deg(y). Since Q,, = “cf(f) is not
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measurable”, ¥o, 5y = ®y<X0,,(1)- Hence A(y), being the join of {A(2) : z € y Az = b7},
is equal to Xg,,(3) by induction.

If we are under subcase B, then
deg(y) = (Qo, - - -, Q1)
is the least index fR such that
R <Z [A\P] and deg(z) <X R for any z € y such that a = b°.

The reason is that every extension of deg(y) is already taken care of, because by
definition of Z, to make an index, the ordinal on Q,, must be < 0,,(8},_,) = 5.

Hence deg(y) = deg™(y). Note that deg(y) is of type B. The fact that A(y) = A*(y)

follows from induction and Lemma 2.9.

If we are under subcase C, then it is not hard to see that the deg(y) defined over
there is the least R such that

M <Z [A\P] and deg(2) <X R for any z € y such that a = b°.

The crucial part is that the final ordinal on Q* is equal to supo*”’f3,,, the least
possible one to make an index. Note that deg(y) is of type C. The fact that
A(y) = A*(y) follows from induction.

At a level of KC higher than o(a).

Suppose now y € SK, z = b # a. Suppose, by induction, for every v € SK
such that o(v) < o(y), we have defined base(v),deg(v), lift(v), A(v), and showed
base(v) = base(v), deg(v) = deg®(v), lift(v) = lift"“(v), A(v) = A¥(v). Now let
base(y), deg(y), lift(v), A(y), drop(y)be as in item 8 of definition 2.34. We have to
show that they are the correct objects of TX,
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It is important to observe that base(y) depends only on S* and drop(z). By

induction, drop(z) = drop™(z), hence
base(y) = base™ (y).

Let deg(base(y)) = Q = (%, 65, Qi, B, 5;) i < k). We let R = (Ro,...,Ri) =
pro(Q,r). Let (j; : i < I) be constructed as in item 10. The definition there
ensures (j; : ¢ < 1) is a part of the lifting sequence of deg(base(y)), and moreover,

[ is the least such that R; # Q; VI =m.
Let’s skip the base case that there is no z € y such that z € S*.
The successor case

Suppose (y) € SX. Suppose z € y is €-maximal such that z € S* A a = b*. By

induction, deg(z) = deg”(z). Hence
deg(y) = deg(z) + 1 = deg®(2) + 1 = deg"(y).

The third equality above is because deg(z) + 1 is the least promoted index over
z which is >Z deg’(z). We show that the truth value of “o(z) € drop(y)” agrees
with the truth value of “o(z) € drop™(y)”. This is simply a repetition of definition
of drop™:

o(x) ¢ drop™(y)

if and only if
deg”(y) = pro(deg” (base(y)), z)

if and only if
deg(y) = pro(deg(base(y)), )
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if and only if

if and only if

o(z) ¢ drop(y).

The fact
lift(y) = 1ift" ()

is also clear. The same proof as in the successor case at the bottom level of K
implies A(y) = AX(y).

The limit case.

Now suppose y ¢ S*. Let Qo, ..., Qu_1, Vm, Om, Om, B and (73,54, Q;, B*, B;) 1 i <
k), (ji - i <l)be defined as in item 11 of definition 2.34. The definition shows that
(7; -1 <) is a part of the lifting maps of defining pro(deg(base(y)), ).

Suppose we are under subcase A, we show that

deg(y) - <907 oo an—h (va Om, Qm7 Ba B)>

is the least index which is <Z pro(deg(base(y)),z) and >Z deg(z) for any z € y
such that z € S Az = b*. Henceforth deg(y) = deg®(y). The case hypothesis
Qm E “cf(f) is not measurable” shows deg(y) is an index of type A. If j,, is
not defined, then pro(deg(base(y)),x) and deg(y) differ at a coordinate < m — 1.

T

x)

Hence by definition of <7, any index extending (Qq,...,Qm,_1) whose mth and

later coordinate agree on ordinals with or without star is <Z pro(deg(base(y)), z).
Hence deg(y) is the index as required. If j,, is defined, then pro(deg(base(y)), x) |
m—+1=(Qo,. s Qn1, Vm-ms O, Jm (B5,),5up 5 Bn)). The case hypothesis ei-

ther 8 < supj” Bn) or Q, = “cf(3%) is not measurable” implies deg(y) <Z

m

pro(deg(base(y)), z): If B < sup j” B, then m is the least coordinate where deg(y)
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and pro(deg(base(y)), z) disagree, hence by definition, deg(y) <Z pro(deg(base(y)), z).
If Q,, = “cf(B?) is not measurable”, then j,, is continuous at 3, = f3,,, hence
B < supj” Bm = jm(B%). Hence deg(y) <Z pro(deg(base(y)),z). (The case hy-

pothesis is necessary, since otherwise 8 = supj” Bm < jm(B:,), thus the deg(y)
defined here is no longer <Z pro(deg(base(y)), z)!)

The facts that lift(y) = 1ift" (y), o(z) € drop(y) < o(z) € drop™(y) Aly) = A (y),
are straightforward to verify.

Suppose now we are in subcase B. The case hypothesis 5 = 0,,(8,_;) implies that

deg(y) = <Q0, ce ,Qm_1>

is the least that is <Z pro(deg(base(y)), z) but >Z every deg(z), for z € y Az = V°.
In other words, we have reached the “ceiling” of the m-th coordinate, and thus
we are forced to step back onto the m — 1-th coordinate. From the viewpoint of

strategies captured, we have collected enough strategies on Q,,, a suitable iteration

*
m—1

of Q,,—1, and thus we already have the strategy of Q,,_1(5% _;). Therefore y =

Sdee®) (). deg(y) = deg™(y). Note that deg(y) is an index of type B.

The facts that lift(y) = lift" (y), o(z) € drop(y) <> o(x) € drop(y) are straightfor-

ward to verify. A(y) = AX(y) is due to Lemma 2.9.

Suppose now we are under subcase C. If

Jm is not defined, Q,, = “cf(f) is measurable” and 5 < 0,,(8,_1),

m—1

then

deg(y) - <QO’ te 7Qm—1a (Vm7ama Qmuﬁaﬁ)? (V*,0*,Sup0*”578up0*”/3)>

is <Z pro(deg(base(y)), z) and is the least >Z each the previous deg(z), z € yAx =
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b*. In other words, we have reached a place of measurable cofinality, Q,,(3). We
have already captured the strategy of all Q,,(¢)’s for € < 5. However, they are not
enough capture the strategy of Q,,(3). Therefore, we have to pause, do an iteration
of Q,,(5) using strategies we already know yet creating new Woodins, and collect
strategies for initial segments of that iterate. (The reader may compare this with
subcase B. In subcase B, we have collected enough strategy and thus happy to step
backwards.) We are currently in the beginning of extending an index. Thus the

/!

last ordinal of the index is sup o*” 3. The reader can also see the reason we defined

the one-step blow-up in Section 2.3. If

Jm is defined, Q,, = “cf(5) is measurable”,

then 8 < supj” Bn = Ym. This is because when £, = 3¢, then j,, hits the
order-zero measure on cf®m(f,,); when B, < f,, then Q,, = “cf(fB,) is not
measurable. Thus Q,, = “cf(v,,) is not measurable”. So the deg(y) as above is
<Z pro(deg(base(y)), z). If

Jm is defined, Q,, = “cf(/3) is not measurable”,

B = sup i B, Om = “cf(B7,) is measurable”

then we still need to extend the index, as (Qo, ..., Qm—1, (Vm, Om, Qm, B, 8)) is no

longer <Z R, basically because 8 = supj” Bm < jm(B5,). The least index bigger

m

than each previous deg(z), z € y Az = b* is

deg(y) = <Q07 ct 7Qm*17 (VT?”H Um7 Qm?j””b(Bjn)? ﬁ)7 (V*7 0*7 Sllp U*//ﬁv Sup U*//ﬂ»-

Therefore deg(y) = deg™(y). The facts that lift(y) = lift"(y), o(z) € drop(y) <
o(z) € drop™(y) A(y) = A®(y), are straightforward to verify.
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This inductive construction of T = (base, deg, drop, lift, A) as above can be carried
out in any ZFC model containing K. Therefore T* € M, and TX is the unique v
such that M | ¢.(/C,v). This finished the proof of Theorem 2.35. O

Theorem 2.35 indicates that the S¥-operator has approximately equal information
as Y finaip) does. An S®-premouse K can define 2 finat¢g) | KC. On the other hand,
an Y-good Q can define S¥* | (Q|§9).

2.8 Iteration theory of S-premice

We are going to develop the iteration theory of S-mice, including comparison, solid-
ity and condensation, just like that of ordinary premice. We say I is an S-iteration
strategy for an S-premouse M if every ['-iterate of M is an S-premouse. We say
M is S-iterable if it has an S-iteration strategy. An S-mouse is an S-iterable
S-premouse. Eventually, we want to show that the L[E, S [’\P]]—construction in any
good universe has an S-iteration strategy which is induced by the background
strategy. In order to carry out the proof, we introduce the concept of piecewise
S-iterability. We say I is a semi-S-iteration strategy if letting d = max D™, then
any ' iterate that is above d is an S-premouse. M is semi-S-iterable if M has a

semi-S-iteration strategy. A semi-S-mouse is a semi-S-iterable S-premouse.

We start with a general comparison result. In the comparison between two S-mice,
we hit the least disagreement on their F-sequence, just like comparing two ordinary
mice. The S-predicate will then automatically line up, since both are S-premouse.
There is only one exception, that is, two models may agree up to some point, one
side has an S-predicate after that, but the other side does not. In that case, we
declare that the comparison is done, and the former one is longer than the latter.

We spell out the detailed definition of comparison.
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Definition 2.36. Let M and N be S-mice, and suppose I' and ® are their S-
iteration strategies. Then the comparison between M and N according to (', @)
is the pair (7,U) such that 7 is a padded normal iteration tree on M according
to I', U is a padded normal iteration tree on N according to @, [h(T) = Ih(U) = 0,
and for all a < 6, letting A, be the least v such that M|y # M|y, then either
of Eﬁig or Ef\\ig is nonempty, and the extenders applied on both sides are the
extenders indexed at \,, and either M] and MY are lined up, or letting \g be the
least y such that M7 |y # M4y, then MT|N € SMT 5 MYU|Ny ¢ SMT,

The comparison must succeed, because otherwise, we keep hitting extenders so as
to reach a pair of trees (7,U) of length w; + 1. The usual argument of comparison
gives a contradiction. Given two S-mice M and N, we say M is a pseudo-initial
segment of AV if either M < N, or letting A be the least v such that M|y # Ny,
then M|\ ¢ SM but M|\ € SN. We say M is a proper pseudo initial segment
of N if M is a pseudo initial segment of N’ but M # N. So the comparison
results in two iterates of the original S-mice that are lined up under pseudo-initial
segment. We show that, as in comparison of usual mice, at most one side of the

main branches has a drop.

Theorem 2.37. Let M and N be S-mice, and suppose I' and ® are their iteration
strategies. Let (U,T) be the comparison between M and N according to T, ®. Let
Ih(T) =1h(U)=06. Then either

e [0,0]r does not drop in model or degree, and M}, is a pseudo initial segment

of MY, or

e [0,0]y does not drop in model or degree, and MY is a pseudo initial segment

of MY

Proof. The usual proof of comparison shows that if M = A}/, then at most one

side has a drop. So let’s suppose, for instance, M} is a proper pseudo initial



2.8 Iteration theory of S-premice

75

segment of MY. We claim that [0, 0] has no drop in model or degree. Otherwise,
/\/l;r is not sound. Usual arguments show that some extender Eg applied on
the T-side agrees with the core map of MJ up to its length. But p(M]) >
Ag. So the comparison on the T-side must have stopped before we apply E/;r
Contradiction. O

If M and N are semi-S-mice, and d = max D™ = max DV, M|d = N|d, then
semi-S-iteration strategies suffice to compare M and N. In fact, we only compare
the part above d. Moreover, as there is no drop after d, it can’t be that the last
model of one side is a proper pseudo initial segment of the other. Thus the proofs

of solidity and condensation carries verbatim over to the semi-S-mice case (cf. [4,

Theorem 8.1 and 8.2]).

Lemma 2.38 (Solidity). Let N be a semi-S-mouse over a. Let d = max DV,
B = deg(N|d). Assume that if K is an S-premouse over a, a € Cone(z), j: S —
S¥(K) is Xy1-elementary, j(a,H,B) = (a, K, B), then S = S¥(H). Then standard

parameters of N are solid and universal.

Proof. Then p,(N) > d. So the nth core maps are above d. All comparison
arguments that arise are above d, so semi-S-iteration strategy suffices for the proof.
The additional assumption of the lemma on condensation of S¥ is used to guarantee
that if M is a S¥-premouse, j : K — M, j[d = id, N|d < K, then K is a S¥-

premouse as well. O

Lemma 2.39 (Condensation). Let N be an w-sound semi-S-mice. Suppose 7 :
H — N s fully elementary, and crt(r) = p,(H) = po(N). Let d = max DV,
B = deg(N|d). Assume that if K is an S-premouse over a, a € Cone(z), j: S —
S¥(K) is X1-elementary, j(a,H,B) = (a,K,B), then S = S¥(H). Then H is an
initial segment of N.
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Lemma 2.40. Let Q be ¥-good. Assume that if K is an S-premouse over a,
a € Cone(2), j : S — SRK) is Sy-elementary, j(a,H,Q) = (a,K,Q), and
pro(Q, K) <% pro(P, K), then S = SA(H). Then every model of the L[E, S¥][a)-
construction in Q is a semi-S-mouse. Consequently, the L|E, S¥]a]-construction

m Q converges.

Proof. We show by induction on ¢ that every Ng, M, is a semi-S-mouse. Assume
M is a sound semi-S-mouse. If M, falls under case 2 or case 4 of definition 2.27,
then Mgy is immediately a S-premouse. If we let Ay, , be the strategy of Neyy
induced from the background universe, and K is a non-dropping iterate above
max DVe+1 | then K is also an S-premouse. This is because we have a lifting map
k: K — j(Ney1), where j : @ — R is an background iteration map. j(Neiq) is
an S-premouse by elementarity, and the assumption of the lemma tells us I is an

S-premouse as well.

If M, falls under case 3, let T,d be in the definition. Theorem 2.35 tells us
T = TM¢, i.e. T is the correct object that keeps track of the strategy in M. Put
d* = (d")Me. Then d,d* are strong cutpoints of M. We claim that M¢|d* =
SSMR(Me|d), where Q = deg™¢(y), v = min({™¢ \ (d + 1)). On one hand,
since M is iterable, M¢|d* < SSM2(Me|d). On the other hand, every level of
SSMR(Me|d) is OD(S9), hence is in M; by fullness, and hence is in M¢|d* by
acceptability. But HullMe)+(Me|d U T3%,) is full by assumption. Hence the hull
contains d*. Since d* is a cardinal strong cutpoint of Mg, we can treat M, as a S9-
premouse over M¢|6*. But then, M is exactly the output of the L[E, S2][M¢|6*)-
construction in Q. That means ch\‘jt&, T3, are exactly the objects used in defining
SR+ Me|d*). Tt follows then Neyy = S Me|d). So Neyq is a SP-premouse. A
similar proof as in the last paragraph shows that the induced strategy of Ney; is

a semi-S-iteration strategy.

Me,1 is a fine-structural core of Ngyi. Let d = max DVe+1. Then p,,(Ney1) > d.
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Thus by Lemma 2.39, M¢,; is an S-premouse. A similar proof shows that the

induced strategy of Mgy, is a semi-S-iteration strategy.

If € is a limit, then N is a S®-premouse since each M,,, u < £ is a S¥-premouse.

The induced strategy of N¢ is a semi-S-iteration strategy. O

2.9 Condensation of the S-operators

Condensation of the S¥-operator is important, as the next operator S¥*! relies on
an L[E, S¥)-construction. At certain steps of the L[E, S%]-construction, we take
fine structural cores. Condensation of the S¥-operator guarantees that an S%-
premouse condenses to an S¥-premouse. So far, we don’t know if all S¥-operators

are not vacuous!

Once again we will show that each S* has condensation on a cone by reducing
it to the H*® operator. The H*-operator has the same Wadge rank as S¥*, when
coded as a subset of reals, but has condensation outright. The successor step is
just like in Section 2.3. At a limit step with non-measurable cofinality we simply
take the intersection of countably many cones. The situation at a limit step with
measurable cofinality is harder, where the coding lemma is involved to get the base

of the cone.

In the following paragraphs we define the H* operators for successor B’s. Fix a
countable transitive swo. Suppose that B is an index for a, dom(P) = n+1, o, is a
successor ordinal. Let 9 be the promotion of 9B for a. Let N = (N; :i < n) be the
M7 -sequence of 9 for a. Let N be Yo, (5, 1)-good over A,. By the universality
proof, N is full, in the sense that for any transitive swo b € N, the maximal
LIE, Yo, .- [b]V constructions reaches Lp™e»@=-1(b). A can define the short-
tree iteration strategy of Q,(3,) by choosing branches whose Q-structure is an

initial segment of some model of the L[E , 20,,(8,—1)] construction over common part
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of the tree. Let U be the generic genericity iteration tree on Q,(f,) attempting
to make all reals y<r x, generic over the extender algebra of the final model,
whenever z, codes (a,g), g is a Coll(w,a) generic filter over the final model (cf.
[8]) according to the short-tree strategy. We assume that & has maximal possible
length, i.e. either U has a last model R such that all y<; z, are generic over the
extender algebra of R, whenever z, codes (a, g), g is a Coll(w, a) generic filter over

R, or U is maximal.

We again claim that &/ must be maximal, [h(U) = (la|")V, and Sg, (s, (U) & N.
For otherwise let R be the result of the generic genericity iteration, then R € N
and 0% is singular in V. Let g be Coll(w,a) generic over N'. Let z, be the real
that codes (a, g). Then RNN [z, = {y € R :y is OD(xy4,¥g,(s,_,))} by fullness of
N. But RNR[zy] ={y € R:yis OD(z4,Xq, 4, ,))} because ¥ is super-fullness
preserving. Since the extender algebra of R is 6%-c.c., R[z,] | 6% is regular.

Contradiction.

So N is able to define the last model of U as R = Lpign(ﬁn‘l)(M(U)), but
Yo U) ¢ N. Let m = ¢ Fenen® he the iteration map. Let M be the
least initial segment of A such that Y, R € M and M = ‘U is the maximal
correct genericity iteration tree with last model R with respect to a”. Then H*(a)

is the (e, 0, o - -+ 0 g1)-amenable code of the transitive collapse of
(HullM(aU {a} UT), €, a, EM, SM U, R, 7).

Note again that 6(U) = (la|" )V = (la|)M, o(R) = (la|™) = (Ja|™)M. Let
Jo + HO(a) — (M, €, etc) be the associated anticollapse map. For the similar

reason as in Section 2.3, j, | (Ja|™)M = id.

The proof of Lemma 2.18 and Lemma 2.16 carries over to the general case, Lemma 2.41

and Lemma 2.42. Lemma 2.42 is a stronger form of condensation. It applies to
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different H-operators: A ¥;-elementary substructure of H2(a) condenses to H* (b)
with the possibility that P # Q. We even allow the possibility P, (a) Zps Qn(5S).
This stronger form of condensation is necessary in the condensation proof of S¥
in the measurable cofinality case as well as in the translation procedure of sec-
trion 3. Again, the proof of Lemma 2.42 relies on Lemma 2.11. Lemma 2.42 is the
only reason why we make the effort defining the (e, o)-amenable code and proving

Lemma 2.11.

Lemma 2.41. Let B be an index for a. Then for all g C Coll(w,a) generic over
H¥(a),
H¥(2y) = H(a)[z,].

Lemma 2.42. Suppose that j : H — H¥(a) is ¥y elementary. B is a promoted

index over a, £ 1is a promoted index over b. Suppose that

](Qv b7 zO) = (“Bu a, ZO)
Then
H = HY(D).

For each n < w, x € R such that S¥(x) is defined, let

SP(x) = T @ ({2} U (7@ o e) [n),

n

H¥(z) = TR @ ({23 U (777 6 ¢) In).

n

where &,, n, are ordinals that (75*@ o e) [n and (77 @ o e) [ n glue to. We say
that a real z codes a reduction between S¥ and H¥ if 2 codes (fo, f1, 90, 91) in a

fixed coding system such that for all x> z,

SB(x) = {fu(n)} o @,
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H¥(z) = {g1 ()} ®.

To show that S¥* has condensation when 3 is of type C, we will need the notion
of coding a reduction on further extensions of S¥. As a motivation, let’s consider
the typical case when 8 = [k], x is the least measurable of P. As an induction
hypothesis, assume that for all (3,93;) € Z such that oy successor, there is a
real which codes a reduction between SF¥1) and H®¥1 . Let A be the set of
(z,z) € R? such that

1. = codes (ﬁ,%x). Denote B, = (0, 7, Ps, @z, ). Then a, is a successor.

2. 7. is a stack on P below P(0) according to ¥p(y with last model P, such

that i’ = 7,.

3. (B, P.) €.

4. z codes a reduction between S¥¥=) and HPF),

Let <* be the following prewellordering on {x : 3z(x, z) € A}.
r <"y Polaz) <ps Pylay).

Note that by Lemma 2.1, the comparison between P, and P, is below images of
67+ and 0", So <* is actually Ai(Xp,0))- By the coding lemma, there is B C A
such that B is X}(Xp, (), and for all @ € field(<*), there is y =" z and w such
that (y,w) € B. Let U C R® be the universal X}(Xp()) set. Let z be a real of
sufficiently high Turing degree such that for all € < k, there is a real recursive in

w which codes a reduction between S¥l! and H¥!, and that

U.



2.9 Condensation of the S-operators

is the set of (z,w) such that
there is y such that y =" z, (y,w) € B.

We sketch a proof that if K is an S-premouse over a, a € Cone(z), j : S — S2(K) is
Yi-elementary, j(H,Q) = (K,9Q), and pro(Q, K) <% pro(B, K), then S = S2(H).
Consequently, the L[E , S¥]-construction in any good universe converges. The proof
is done by induction on final(Q). If Q = [¢] for some € < A\, then S = S2(H)
follows from choice of z. So let’s assume Q >% [¢] for all ¢ < A\”. This means

Q = M\]7(0, 7%, Q% ¢, ¢) for some 7*, Q*, . The main difficulty is when 9 is a

. . . #,%
successor index. Let’s assume 0 is a successor index. Let N' = M7 (b),

We show that if b € Cone(z), g is Coll(w, b)-generic over S*2(b), N' = M#’EP(O) (b),
x codes (72,‘31), B, = (0,74, Ps, g, ), vy 1S a successor, 7. is a stack on P
below P(0) according to ¥p() with last model P, such that iTe = 7, then there
is w € Ng| such that (z,z,w) such that (z,z,w) € U. Moreover, for all w € Ng]

such that (2,2, w) € U, w codes a reduction between S*2 and H2 above S*2(b).

Let g, N, z be as above. Let

oo : N — My

be the direct limit embedding of all iterates of NV = ./\/lfé’zp(o)(b) according to its

unique (wy,wq)-strategy. We know by induction that
there are y, w such that y =" z and (y,w) € B

By choice of z,
U,p={w:3yy="2and (y,w) € B}.

Here is the crucial step. By generic interpretability, M, has definable trees Tj, T}
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on w x 0= such that p[Ty] = Ep@) = R\ p[T1]. (cf.[7, Theorem 4.2.5]) Hence
there is a tree T" definable over M, such that p[T] = U. By absoluteness,

Melg] F Fw (2,2, w) € p[T].

Hence

Nlgl | 3w (z,2,w) € plre™(T))-

Since plmo H(T)] C p[T], there is w € Np41[g] such that (z,z,w) € U. Moreover,
By choice of z, for all w' € N[g] such that (z,z,w') € U, there is y € NJg]
such that y =* 2, w’ codes a reduction between SF¥v) and HF¥v) . Since N €
SP(a), whenever b € Cone(S%(a)), we have pro((Po,B,), b) = pro({Po, P.), b) =
pro(R, b). Hence w' codes a reduction between S¥(b) and H*(b) above S™(a).

We can then obtain effective maps "¢ +— @27 and "' — ¢ such that for all

countable transitive swo b € Cone(S*2(a)), for all ¢y, ..., ¢ € b, for all ¥; formula

o(vo, .-, Uk),
S*Rb) |= dlco, ..., ex) < HAD) | dllco,. .., cn 2N,

H2(D) = ¢(co, ..., cr) & S™2b) = o4 (co, . . -, ek, 2, N).

Here is a sketch of definition of ¢! +— '—gzﬁg—'. Assume that

S*2(b) = ¢(co, - . ., cr).

Then for all g C Coll(w, b) generic over both S*2(b) and H2(b) such that g(i) = ¢

for all ©+ < k,
572ay) = *5°2(0) I 9(9(0). - (k)"

~
call this ¢1
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Hence

3T € S ().
Let ¢o(z, N) be the formula
“Let = be such that
1. x codes (ﬁ,‘ﬁx) Denote P, = (Vg, T, Pay Oy, Q).
2. (P, P.) € T as witnessed by T..
3. P.(a,) and Q*(e) coiterate to the same model.

Let w be such that (2, z,w) € plr (T)]. Then w codes fo, f1, go, g1, and there is
[ € w such that "¢, € {fl(l)}Hj%(l)(xg).n

Then
H3(xy) f= da(z,N).

Let ¢ (vo, . .., vk, 2, N') be the formula

“for all g C Coll(w,b) generic over H2(b) such that g(i) = v; for all i < k, then
Vizg) | ¢a(2,N).”

Then
H2(b) |= ¢l(co, . .., cny 2, N).

In a similar way we can define the map "¢' — "¢g'. The same proof as in
Lemma 2.20 gives that S*2 has condensation above S*2(b). This, combined with

a proof like Lemma 2.26, shows S = S2(H).

Let’s turn back to the general case. In general, the promotion of an index over a
is sensitive to a. So it is necessary to consider the equivalence class of an index
instead of a single one. Given B = ((v;,04, Q;,55,6:) : i < n) € Z and Q =
((vi, 04, Qi, BF, i) i < n) € T, we say that B ~F Q if for all i < n,
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L. Pi(af) =ps Qu(5})-
2. For all e < o, PZ(G) <DJ Ql(ﬂz)
3. For all € < ﬁi, QZ(E) <pJ 'P@(Oél)

So B and its promotion will be ~Z-equivalent. Let [33]7 be the set of Q € Z such
that P ~% Q. Let

L, = {(z,y) € R?: z code Q € [Blz,y € Code(Xg, 1))}

Let
UW]I - R?

be the canonical universal X{(I'fy,) set.

Lemma 2.43. L@tm = <(VZ‘, a;, Qi,ﬂj, 61) ) S TL) €Z. Then F[qg]z 18 A%(Epn@n))
Consequently, Upy, is S1(Xp,(c.))-

Proof. We inductively show that Ty, is Aj(Xp,,)) for all i < n. The base
case i = 0 is trivial. The inductive case follows from Lemma 2.1: Suppose that
Qli+ 1€ Pli+1]z. Then the comparison between Q,,; and P;.; is below
images of 53.1*21 and 5?:21 If Qiv1(Biv1) and Piiq(ayyq) iterate to R;i1 via U and

]

u

T respectively, then Yo, 1) = (Zp 1))’ -

Given any (R,A) € pB(P, %) Na, let 7o : M7 (a) = My be the direct limit
map of all iterates of M?*(a) according to its unique strategy. Then M., has
definable trees Ty, T} on w x 6= such that p[Ty] = A = R\ p[T1] (cf. [7, Theorem
4.2.5]). Let T be the tree on (w x w) x §= canonically definable from Tj and T}
such that p[T| = Upgy,. We then set TMENO = 1 -1(T).
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—

Let P € 7 be a limit index of type C. Let dom(P) = n + 1. We say that a real z
codes a reduction on further extensions of [B]z if for all 9, N, a, g, (x; 1 < m)

such that

1. a € Cone(z),

N

Q = ((vi,04,9;, 85, B;) : i < m) € T is a promotable successor index over a,

N is the Mf—sequence of pro(, a) for a.

3. dom(Q)=m+1>n+1,Q[n+1~"P,

W

. g C Coll(w, a) is generic over S*(a).
5. for all n <@ <m, B =G,
6. for all i < m, x; € Ni[g], x; codes (7_;,53@)

7. 'ﬁo = (. For all i < m, ﬁiH is a stack on Q; below Q;(v;) according to
Y0;(v;) With last model Q;;; such that iTsi is defined.

there is (w; : n <i < m) € N,,[g] such that
L. (2, ®j<ns1Tj, Wny1) € Uapnt1)z-
2. Foralln <1< m, (’LUi, @j§i+1$]’,wi+1) € U[in+1]z‘

Moreover, for all such (w; : n < i < m), w,, codes a reduction between S*2 and

H2 above S9(a).

Definition 2.44. Let B € Z, dom(P) = n+ 1. We say that z is a nice real for B
if all of the following holds.

1. (Reduction) For all € < «, successor or 0, if Ple] € Z, then there is y<r z

such that y codes a reduction between S*¥ll and H¥l.
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2. (Reduction on further extensions) For all € < ay,, if Ple] is a limit index
of type C, then there is y<r z such that y codes a reduction on further

extensions of [B(e)|z.

3. (Condensation) If K is an S-premouse over a, a € Cone(z), j : S — S2(K)
is Y-elementary, j(H,Q) = (K,Q), and pro(Q,K) <% pro(B,K), then
S = S2(H). Consequently, the L[E , S¥]-construction in any good universe

converges.

Theorem 2.45. For all*P € Z, there is a nice real for .

Proof. We show by induction on hod mouse prewellordering of final(*[). Let P =
(G mi, Pisafap) 11 < m)

Case 1. P = [0]

Let 2y be as in Lemma 2.26. Then clearly z satisfies properties 1 and 3 of definition

of a nice real for [0]. 2 is vacuous.
Case 2. P is a successor index
Let 2y be a nice real for P — 1.

We claim that for all n < w, x € R such that zy<p z, there is k < w such that
S¥(x)<p HY (z), H¥(z)<r SP(x). Since S¥(z) is a real in an S*~'-mouse over
z, SP(z) € Lpsmfl(x). So S¥(z) € Lp>Pnen-1(z). Since H¥(x) is a real in a
3P, (an—1)-mouse over x, H¥(z) € Lp”Pnen-1(z). On the other hand, we show
that for all y € Lp™Paten=1(z), there is k such that y<; S? (), y<p H; (z). By
soundness of S¥(x) and H¥(z), it suffies to show that Lp>Pnen-1(2) C S¥(z) N
H*®(z). Let @, N be as in definition of S¥(z). Let j : S¥(x) — (N, €, etc) be the
uncollapsing map. By the proof of MSC, there is R € pI(Pn(a,), X) NN Nran(j)
such that R is an iterate of P, (a,,) above P,(a,, — 1), ¥ [N € N, Nran(j), and
r is generic over the extender algebra of R at 6. Since ran(ipr) C ran(j), by

strong branch condensation, j7'(R) is full. So j7}(R)[x] is full by super fullness
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preservation. So Lp®Pa(en-1(z) C S¥(z). For the similar reason, Lp=?ren-1(z) C
H¥(z).

Since S*, H¥ are uniformly Turing invariant operators, according to [16], there is
a real z>7 2o which codes a reduction between S* and H¥. We show that z is a

nice real for B. 1 and 2 follow from induction.

Condensation of S*¥* above Cone(z) follows as in Lemma 2.20 and from 2.19.
Condensation of S¥* for S-premice above a € Cone(z) follow from a proof similar
to 2.26. This and the induction hypothesis shows 3.
Case 3. P is a limit index of type A.
Let z be such that for all sup 7//av,—1 < € < v, there is y<p z such that y is a nice
real for S®d. We claim that z is a nice real for a,.
We prove that S* has condensation for S-premice above any a € Cone(z). Let
j: S — SP(K) be ¥i-elementary, where K is an S-premouse over a, a € Cone(z).
Suppose that j(H) = (K). We want to show that S = S¥(H). Let Q = pro(, K),
M be the /\/lf#—sequence of Q for K, k be the lifting sequence of P for I, R =
pro(B, H), N be the Mfﬁ—sequence of R for H, [ be the lifting sequence of 3 for
‘H. We can show that

J(RN) = (2, M)

This is done by induction. The base case,

j(Roy’Yo,-/\[o) = (QOuﬁOuMO)

is because Qg = Qy = P, 79 = By = o, ./\70 = b, /\710 = a. Suppose we already
know that
j(%iajvi) = (Qz’>Mi)-
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Then by hull condensation of X, j‘l(./\/lf&’zgi(”i)(/\/[i)) — MT&’ERZI(M)L/\/;). Hence
J(Ris1, Nis1) = Rip1, Miga).

This finishes showing that j(9R,N) = (Q, M). For every e such that Ble] € Z,
Qlkn(€)] = pro(PBle], £), Qlln(€)] = pro(Ple], H). So

j—l(sﬂ[kn(e)](lc>> _ '—1(5‘3[6](/@)
=S¥ () by induction
— GRln(e)] (H).

Since k] v, is cofinal in S, I, is cofinal in 7,
S = S*(b)

This and induction hypothesis concludes property 3 of a nice real. 1 and 2 follow

from induction.

Case 4. P is a limit index of type B.:
Similar to Case 3.

Case 58 s a limit index of type C:

Let ¢* be least such that (5?*” > max(ﬂn(ézl"’l),cfp”(a*)). Let A be the set of

n

(z,z) € R? such that

1. = ®ij<pt1x;. For each ¢ < n + 1, x; codes (721,‘,]3%) Denote B,, =
(Cim 7T$~;7 731‘1" a:;ia a/xl)

—

2. (P, 1 <n+1) €Z as witnessed by (7, :i <n-+1).

3. <q3xl S n> ~t B. Pz, (Cmn+l> =DJ PH(C*)
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4. z is a nice real for (P, :i <n+1).

Let <* be the prewellordering on {z : 3z(z, 2) € A} as follows.

x S* y & P$n+1 (Oé;n+1) SDJ 7Dyn-‘—l (aj:n+1)'

and P

yns1 1S below images

Note that by Lemma 2.1, the comparison between P,

7>acn+1 ) Pyn+1

of Wxn+1(5g

Tn4+1

and m,, ., (6 ). So <*is actually in A}(Xp, (¢+)). By the coding

Cyn+1
lemma, there is B C A such that B is $1(3p, (), and for all x € field(<*), there
is y =" x and w such that (y,w) € B. Let z be a real of sufficiently high Turing

degree such that

1. for all € < «,, such that Ple] € Z, there is a nice real for Ple| which is

recursive in z,
2. (Ugy,)- = {(a,w) : Jy(y =" = A (y,w) € B)}

We want to show that z is a nice real for 3. Property 1 follows from induction and
choice of z. To get property 2, we just need to show that z codes a reduction on
further extensions of [B]z. Let Q.N,a,g, (x; - 1 < m) be as in definition of coding

a reduction on further extensions of [B|r. Let
72 L
Too M?ﬁ I (N — Mg

be the direct limit embedding of all iterates of Mf’EQ"(“ " (NV,) according to its
unique (wy, wq )-strategy. (Note that Mfzg"(“") (M) = Nyy1.) Note that Uigpnia), =

Ulp,- We know by induction that

there are y,w such that y =" x,, and (y,w) € B.
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By choice of z,
(Uiaga)emn = {w: Jy y =* 2, and (y.w) € BY.
Since p[moo (TN"+1)] = Ujqy,, by absoluteness,
Meclg] B 3w (2,20, w) € plmoe(TH)].

Hence

Noqalgl E Fw (z,2,,w) € p[TN"“].

Since p[TN+1] C p[mo(TN"+1)], there is w € N, 11]g] such that (2, ®jc,zj,w) €
Ulqj;- Moreover, By choice of z, for all w' € N, 41[g] such that (z,®<,z;,w’) €
Ulqly, there is y € N,11g] such that y =* z, w’ is a nice real for (P, : i <n+1).
If m = n + 1, then w' codes a reduction between S*®Fvii=n+1l) and HFuii<ntl)
Since N, 11 € S*2(a), pro((B,, : i < n+1),b) = pro({P,, : i < n+1),b) =
pro(L, b) whenever b € Cone(S*2(a)). Hence w’ codes a reduction between S*2(b)

and H2(b) whenever b € S*2(a).

If m > n+1, then w' codes a reduction on further extensions of [(P,, : i < n + 1)]7.

This means there is (w; : n+ 1 < i < m) € N,,[g] such that
L (W', Bj<n+a®j, Wni2) € Uapnig,-
2. Foralln+1<i< m, (wi, Eng;ij, le) c U[Qﬁ—i-l]z'

Hence (w) ™ (w; : n+1 < i < m) verifies requirement 1 and 2 of coding a reduction

on further extensions of [B]z. Moreover for all (w}:n + 1 < i < m) such that

L (W', ®j<niatj, 0, 15) € Ugnia;-

2. For all n 41 <i <m, (wj, ®j<itaTj, wi,) € Uapisils-
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w! codes a reduction between S®Feiism) and H®=19<m above S*2(a). Since
N, € S*2(a), pro({P.,, :i < m),b) = pro(Q,b) whenever b € Cone(S*(a)).
Thus w!, codes a reduction between S*2 and H2 above Cone(S*%(a)). This fin-

ishes verifying property 2 of a nice real.

We now prove property 3. This is by induction on final(Q). Let a € Cone(z),
9 € Z. Let K be an S-premouse over a. Let Q € Z be such that pro(Q,K) <%
pro(*B, K). Suppose j : S — S2(K) is Xi-elementary, j(Q,H) = (Q,K). We want
to prove S = S2(H). If Q <% pro(Ple], K) for some € < a,, then S = SZ(H)
follows from z being a nice real for B[e]. So let’s assume Q >% pro(PBle], K) for
all € < a,,. This means Q [n + 1 ~T B, which allows us to use the property of
coding a reduction on further extensions of [B]z. If Q is a successor index, then
by the property of coding a reduction on further extensions of [J|z, we can obtain
effective maps "¢ — L7 and "¢' — T¢% " such that for all countable transitive

swo b € Cone(S*2(a)), for all cg, ..., c; € b, for all X; formula ¢(vg, ..., vg),
S*2(b) |= d(co, ... cx) + HAD) | ¢ly(co, ..., cr 2, N),

H2(b) |= ¢(co, . .., cx) < S*2(b) = ¢4 (co, . ., i, 2, N).

Here is a sketch of definition of "¢+ "¢/, Assume that

S 2B = B(co, .. ., cr)-

Then for all g C Coll(w, b) generic over both S*2(b) and H2(b) such that g(i) = ¢;

for all + < k,
§*3(x,) b= “5*2(b) | 6(9(0), ..., 9(K))”.

~
call this ¢1

Hence

3" € S ().
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Let ¢5(z,N) be the formula

“Let (x; : n < i < m) be such that

1. Foreachi < m, z; € N;[g]. x; codes (72,‘,]335) Denote B, = (Vs Tays Py O s, )-

—

2. (P, 1t <m) €T as witnessed by (T, : i < m).
3. (P, i <m) ~T Q.

Let (w; :n <1 < m) € N,,[g] be such that (2, Do jcnt;, Wny1) € p[TV+1], and
for all n < i < m, (wi, Pocjci1®j, Wiy1) € p[TNi+1]. Then w,, codes fo, fi, 9o, g1,
and there is [ € w such that "¢,' € {fl(l)}HJ%(z)(’”g).”

Then
H(z,) |= ¢o(2,N).

Let ¢ (vo, . . ., vk, 2, N) be the formula

“for all g C Coll(w,b) generic over H2(b) such that g(i) = v; for all i < k, then
Vi) | ¢a(z,N).”

Then
H2(b) |= ¢l(co, . .., cny 2, N).

In a similar way we can define the map "¢' — "¢g'. The same proof as in
Lemma 2.20 gives that S*2 has condensation above S*2(b). This, combined with
a proof like Lemma 2.26, shows S = S2(H).

If Q is a limit index of type A or B, then S = S2(#H) by induction. If 9 is
a limit index of type C, we need to show a stronger form of condensation. Let
R = pro(Q, K), M be the ./\/lf-sequence of R for K, R = pro(R, H), N be the
M7 _sequence of R for H. Let M* = Mfﬁ’zmw*)(/\/lm), N* = Mf72ﬁ”(”*)(Nm).
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R* = dirlimy" (R,,), R* = dirlim}y (R,), The same proof as in case 3 shows that
JRN N RY) = (R, M, M*,RY).

For every successor € such that R™(fi*, 7, R*, ¢, ¢) € Z, ST(K)“MwK) satisfies the

following;:

“Let x be a real coding (z; : i <n+ 1) such that z; € M;|g| for all i < n,
Tnp1 € Mg, 29 = Po, 2; codes (T, Ba,),
(P i < m+ 1) ~F R, 7R j(€),(€)). Then p[(T)...] N M?[g] # 0.
For all w € p[(T™")...] N M*[g], w codes a reduction between
St RGO () and HY 0T R G(O5() ()

So SCelw.H) satisfies the following;

“Let x be a real coding (z; : i < n + 1) such that z; € NV;[g| for all i < n,
Tni1 € N*[g], mo = Bo, x; codes (Ts,, Ba,),
(B, 11 <m+1) ~TR(7*, 75, R¥, €, ¢€). Then p[(TN")..] N N*[g] # 0. For all
w € p[(TV")..] " N*[g], w codes a reduction between j~(S® ™ #" 7R ) (K))
and j~L(H® ETIRNCD ().

By Lemma 2.42,

j—l(H%’\ (u*, 7%, R*e,€) (IC)) _ Hiﬁ’\ (@* 7 R* €,€) (H)
Since for all w € p[(TV"), ], w codes a reduction between S® ("7 R*%)(7{) and

HDT{A (@* 7 R* €,€) (%)

Y

=%

GHSNT TR () = SR B TIRT 60 (),

Therefore, S = S¥(c).
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This finishes property 3. Hence z is a nice real for 3. O

From now on we fix a nice real z for [\”]. We end this section with a key conden-
sation result which will be crucial in the translation procedure of chapter 3. Its

proof is essentially included in the proof of Theorem 2.45.

Theorem 2.46. Suppose that R is a promoted index over KC, 9 is a promoted index
for H, K is an S-premouse over a, H is an S-premouse over b, a,b € Cone(z).

Suppose that j : S — S¥(K) is Xy elementary, j(H,Q) = (K,B). Then S = S2(b).



Chapter 3

The translation

In this chapter, we define a translation procedure that turns extenders into S-

operators.

3.1 Defining the translation

Let Q be a ¥-good Y-premouse over a such that a € Cone(z). Let n be a cardinal
of Q such that QJ0 < Q. Let Ny = L[E]Q|n. Suppose that 1 is Woodin in (Np)4,
Q|n is generic over N for Q,, the n-generators extender algebra at n. For N be
a (w1, wq)-iterable premouse extending (Ap), such that 1 is Woodin in N, let

UWN,n) ={E = (E; : i <n) :E, is on the N-sequence,
E;.1 is on the Ult(N, E;)-sequence,

for all i <n, E; overlaps 7.}
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let

P(N,n) ={K : either (M) <K N,
or there is E € U(N,n) such that (NVy)y <K < UL(N, E,)}

Let <PV be the following binary relation on P(N,7n). For Ky, Ky € P(N, 1),

ICy <P i, just in case either
ICi < ]CQ

or

there is E = (E; : i <n) € U(Ky,n) such that K; < ULV, E,,).
Lemma 3.1. <”W" s q well-order on P(N,n).

Proof. Obviously, <?™: is anti-reflexive.

<PWa) is total. Suppose that K, M € P(N,n), K # M. If both K and M are
initial segments of A/, then one must be a proper initial segment of the other, so
they are lined up under <PV If K 9 N but M 4 N, let F = (F, : i <
m) € U(N,n) be such that M < Ult(N, F,,) and (Ih(F;) : i < m) is lexico-
graphically least with this property. Clearly (lh(F;) : i < m) is a strict increasing
sequence. If N||Ih(Fy) < K, then F € U(K,n) witnesses that M<PWDKC If
K < N||[Ih(Fy), then K <1 M since M|Ih(Fy) = N|Ih(Fp). So K<PNMDAM. As-
sume then X 4 N and M A4 N. Let E = (E; : i < n) € U(N,n) be such
that K < Ult(NV, E,) and (Ih(E;) : i < n) is lexicographically least with this
property. Let F = (F; : i < m) € U(N,n) be such that M < Ult(\, F,,) and
(Ih(F;) : i < m) is lexicographically least with this property. Let k be maxi-
mal such that E [k = F [ k. If both E, and F}, are defined, assume wlog that
IhEy) < Ih(Fy). Then MIIh(Fy) = UW(N, Ex_1)|lh(F;). So (Ek,...,E,) €
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U(M,n), witnessing that <PV M. If B} is not defined, but Fj is defined,
again we have M|Ih(F},) = UW(N, Ey_1)|lh(Fy). If Ut(N,Ex_1) < K, then
(Fy, ..., Fy) € UK, n) witnesses that M<PNMK 1f K < Ult(N, E,_1)||Ih(Fy),
then K < M. So KK<PWm M.

<P s transitive. Assume that K;<PWMICy, Ko<PNMIC, as witnessed by
E € U(Kq,n), F e U(Ks,n) respectively, then FE € U(K3,n) witnesses that
Iy <PV IC,.

<PWNV) s wellfounded because N is iterable. m

Let ¢ C Q, be the natural N -generic filter which codes QJn. Let @, D be easily
definable functions such that Q(g) = QR |, D(9) = 733 ,» where nz P — QF
is the direct limit map of I(P, %) N Ny|n.

Definition 3.2. 779 is a function on P(N/,7) defined by induction on <?W:m),

1. If K = (Ng)+, then Tr9(K) = (|K|[g], €,9,0,0,0,0,0,0).
2. If K =9N(M), then Tr9(K) = N(TrI(M)).
3. 1f o(K) is a limit, K is passive, then Tr9(K) = ||, ) T (K|n).

4. If K is active with top extender E, crt(E) > n, let E[g] be the canonical

extension of E to the generic. Let Tr9(K) be | | y I'r?(K[n) but adding

n<o(K
the top extender E[g].

5. If K is active with top extender E, crt(E) < n, let Tro(Ult((No)y, E)) =
(Jfﬁ[g], €,9,.E.0,50,0, (). Let d be the last drop of Tr9(Ult(Np, E)). Then
Tr9(K) is the e- amenable code of transitive collapse of the hull of dUigoD(g)

over

(JBS(g), €,9, E,0, 5, Trd(Ult((No) 4, E))|d, in(Q(g)),ir o D(g)).
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The translation generalizes the one in [19]. Details of a similar translation in a
different context is carried out in [1]. The crucial part is in case 5. We translate an
extender overlapping 7 into an S-operator. Although we develop the translation in
an abstract manner without relevance to the S-operators, we are only interested
in cases when T7r9(K) is a mixed S-premouse. So suppose Tr9(Ult(N, F)) has
largest drop d, and suppose ‘B is the degree at d. This means we have reached
a maximal L[E, S*] model over Tr9(Ult(N, E)), and we aim to define Tr9(K) =
SFH(Tr9(UI(N, E))|d), feeding in some new information and thus raising the
degree by one bit. Before proceed into the detailed proof of the interdefinability of
the translation, let’s sketch why E is recoverable from Tr9(K) in case 5. Suppose
we have obtained H such that 79(H) is equal to Tr9(K) without top S-predicate.
We may recover E by
(A,s) € E

if and only if for some n, A C [k]", s € [0o(K)]", and
there is B € Hull™(x Uran(x?""®)) such that s € B and BN [s]" = A.

It relies on the following fact.
Let S, be the transitive collapse of Hull™Vo)+(x U 7$¢). Then P(rk)V C S,.

This is an important fact about AV, being the full L[E] construction inside a suitable
Y-premouse. We will prove this fact in Section 3.4. For the mean time, let’s
grant this fact, and develop basic properties of the translation. Given (A,s) € E,
A C [K]", s € [o(K)]", since P(k)N C S,, there is a Skolem term 7, an ordinal ¢

and a € ran7} = D(g) such that

A =7N0+ (¢ a) N [K]"
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Let k: Tro(K) — (JE5[g], €, 9, E, 0, 5, Tro(Ult(No) 1, B))Id, in(Q(9)), i o D(9))
be the uncollapse map. Let v = crt(k). Then we can show k [ H : H —
Ult((No) 4, E) is the restriction of k. Note ig(a) € ig o D(g) C rank. Let
B =1M(c,k ' (ip(a))), then BN[]|" = k(B)N[v]" = 7UHWN)+E) (¢ ip(a)) N [v]* =
ip(A) N [v]". Hence B N [k]" = A. Moreover, s € ig(A). So s € B once
we have [h(E) < v. However, we always have v(E) < v. This is proved in
three steps. Firstly, if pu is a generator of E but not the largest, then d >
p. Otherwise, let &€ index E | p+ 1 on K. Then Ult((No)y, E | p+ 1) em-
beds into Ult((Np)4, E) with critical point > u. The embedding extends to
L2 ULt (No)+, ETp+1)[g] = Ult((No), E)lgl, or L2 Tro(Ult(No)1, ETp+ 1)) —
Tr9(Ult((No) 4, E)). Let B = deg(Tr9(Ult((No)+, E)|d). Then I71(B,d) = (B, d).
That means, Tr9(Ult((No)+, E | 1+ 1)) has largest drop d whose degree is .
By definition, Tr9(K|{) reaches degree P+ 1 at d. Hence Tr9(Ult((Ny)s4, E))
reaches degree P + 1 at d. Contradiction! Secondly, if p = v(E | (v(E) — 1)),
then (pt)UMWo)+E) > 1(E). This is because E | v(E) —1 € Ult((Ny), E).
Hence Ult((Np)y, E) has a surjection from p onto v(E) — 1. It follows then
(dT)Tr(UMNo)+E)) > [h(E). Finally, we always have (d*)77(VI(No)+E) <
This is a property about the S-operator, namely, SSM%*(Tr9(Ult((No) 4, E))|d) C
SEI(TrI(Ult((No)+, E))|d). Again, we grant this fact before proving interde-
finability. So far we are done with one direction. For the opposite direction,
suppose (4,5) € E, A C [k]", s € [o(K)]", and B € 77(c,a) for some ¢ < k, a €
ran(n77’ ) such that s € B and BN[x]" = A. Then k(B) = 7VHM\0)+:E) (¢ k(a)) €
ran(ip). Hence iy’ (k(B)) N [s]" = BN [k® = A. Hence s € BN [o(K)]" =
k(B)N[o(K)|" =ig(A)N[o(K)]". Hence (A,s) € E.

Lemma 3.3. Suppose that N is an iterable premouse extending (No).. Assume

that for any E = (E; 1 i < n), letting = crt(E,), then

1. P(k)NN C8S,.
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2. If Tr9(Ult(Ny, E)) is defined, then it has a drop. Let d be the largest drop of
Tro(Ut(N, E)), then (dF)Tm(VWNE) C Fyl]Tr(VEWNED (q U i% D(g)).

Then for all M € P(N,n),

1. Tr9(M) is defined. Tr9(M) € Mlg|.. If, in addition, M |= ZFC~ is either

passive or crt(FM) > n, then Tr9(M) and M|g] have the same universe.

2. |\M|, EM and FM are uniformly definable classes in Tr9(M). More pre-
cisely, there are formulas ¢1(+), ¢2(+), d3(-, ), Pa(+) such that

u € M| & Tri(M) = ¢1(u),
ue EM o Tri(M) = dolu),

if M has top extender F with crt(F) =k <1, then
ue FM o Tri(M) = ds(u, k),

Otherwise,

we FM o Tri(M) = duu),

Proof. ¢1,...,¢s defines the backward translation from 779(M) into M. Let
Trinv(V|y) = u be the formula

there is a sequence of premice (K, : o((Np)y) < a <) such that
L Kooy = (No)+,
2. ICa+1 - m(lca),

3. If o is a limit ordinal, there is no (z,y) € S such that o(y) = «a, then
Ko ={Ks:BeIVIe}yd (E,[|{Ks: B € IVI}).
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4. If there is (z,y) such that o(y) = «, then K, = K3 & G, where § = sup 1Y,

and G is unique such that for some pu < o(N),

(a) G is a (i, 0(Kpg))-extender over Kz as defined by
(A,s) e G
if and only if for some n, A C [u]”, s € [0(K3)]", and
there is B € Hull™(;u Uran(n¥)) such that s € B and B N [u]" = A.

where H = | |[{Ks: 8 < a} for some sufficiently big 5 < a.

(b) H embeds into Ult(Ny, G) with critical point > o(K) such that ran ¥

is sent pointwise to i, D(g).

Clearly, if (Ko, Kqo : 0((No)+) < a <) and u as above exist, then they are unique.

Hence the definition makes sense. We let ¢;(u) be the formula
Fy e IVIn<wu € S, (Trinv(V|]y)).
¢2(u) be the formula
Iy € IV u € BTV~ pTrin(Viny,
¢3(u,v) be the formula

Let v = sup V. Then for some n, (u)y C [v]", (u); € [y]" and

3X € #3B € Hull” (bU B)((u); € BA BN [u]" = (u)o).
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(Recall that V'~ is the reduct of V' removing the predicate 7.) ¢4 be the formula

fL‘GF.

We prove the lemma by induction on <Z%V:m,

Case 1. M = (Ny)+.

By definition, Tr9(M) and M|[g| have the same universe. Trivially, ¢1, 2, @4
defines M, EM FM over Tr9(M).

Case 2. M = N(K) for some K.

We show that ¢y, @2, ¢4 correctly defines |M|, EM, FM over Tr9(M). We have,
by induction hypothesis, for each H<PND[C,

H.

Tr9(K) &= Trinv(Tr(H))

Hence

TrI(M) = Trinv(Trf(H)) = H.

If K = N(H) for some H, then, H = (TrInv(Tro(M),) : & < a < o(Tr9(H)))
witnesses TrInv(Tr9(H)) = H. Hence H™(Tr9(K)) witnesses TrInv(Trd(K)) =
K inside Tr9(M), simply because Tr9(K) = W(Tr9(H)).

If K is of limit level, we show that I7"'®) = {o(Tr9(H)): H I K}. We first
observe that for every (z,y) € ST suppose (z,y) comes from the extender
G, then gen®™ @) = gen®\ n. Hence ¥ = v(G). Now fix an H < K,
we show o(Tr9(H)) € IT"®). Suppose toward a contradiction that for some
(z,y) € STrK) (pH)TrRlew) < o(Tr9(H)) < o(y). Suppose (z,y) comes from
the extender E, with (Ey,...,E,) € UWN,n), Ih(Ey) < --- < [h(E,). Then
Ih(E,) = (vT)T®leW) But o(Tr9(H)) < o(y) implies o(H) < lh(Ep). Contra-
diction. On the other hand, if £ # o(Tr9(H)) for any H < K, letting H, be the
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least initial segment of K such that & < o(Tr9(H,)), then Hy has a top exten-
der G such that crt(G) < 5. Thus for some z, (z,Tr9(Hy)) € ST®). Then
Ih(Ho) = (vH) T 0o < o(Tr9(H)) < o(Tr9(H)o). This means & ¢ 770,
The fact I7™®) = {o(Tr9(H)) : H < K}, together with induction hypothesis, im-
plies that

Tr9(M) = Trinv(Tr!(K)) = K.

when K is either passive or active with crt(F*) > n. One simply traces through

clause 3 of definition of T'rInwv.

When K is active with crt(FX) = xk < 5, we have ¢3(-, k) correctly defines F* over
Tr9(K). The definition of ¢3 fits into clause 4 of definition TrInv(Tr9(K)), except
uniqueness of . We present the uniqueness proof here. Suppose there happens to
be another G # F* such that clause 4(a)(b) defines a (i, o(K))-extender G over K,
and, replacing the top extender of IC with GG, we also get a premouse. Then u # k.
Assume wlog 1 < k. Then G |k € N by initial segment condition. On the other
hand, we have an natural embedding & : Ult((Ny)4, G [ k) — Ult((Np)4, G) and an
embedding [ : H — Ult((Np) 4, G) such that [ o(K) = id, I"7T®) = i, ran 735,
Hence ko l~' : Ult((No)4,G) — H is identity on x and sends ig,, ran73? to
7T K) pointwise. Since P(k)V C S,, every subset A of x can be written as
A = 7W0)+(¢,a) Nk for some Skolem term 7, ordinal ¢ < & and a € ran7f.
Let j : (Ng)x — H be the embedding coming from taking an Skolem hull of
Ult((No)y, FX). Then j(A) = 7%(c,j(a)). But j(a) € #7™®) C ran(k o I71).
Hence (kol ™' oj)(A) Nk = A € Ult(NV,G | k). Thus P(k)N C U(N,G [ k). In
particular, G [k € Ult(N, G | k). Contradiction.

Case 3. M is limit level, either M is passive or crt(F™) > 1.

Correctness of Trinv and ¢y, ¢g, o4 over Tr9(M) is essentially shown in Case 2.
We show that if M = ZFC~, then Tr9(M) and M|g] have the same universe. On
one hand, for each K < M, Tr9(K) € M|g| since the translation can be carried
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out in M|[g]. Hence |Tr9(M)| C |M|g]|. On the other hand, for each K < M, K
is definable over Tr9(K). Hence KL € W(Tr9(K)) = TrI(N(K)) € Tr9(M). Hence
(Mgl € [Tro(M)].

Case 4. crt(FM) =k <.

Correctness of Trlnv and ¢y, ¢y over Tr9(M) is essentially shown in Case 2.
The fact ¢3(-, k) defines FM over Tr9(M) is follows from the discussion before
Lemma 3.3. If one goes through the argument there, the two assumptions of this

lemma comes into play. O]

3.2 Fine structure of potential S-premouse

According to Lemma 3.3, K is always a definable class over Tr9(K). We will show
that the projecta and standard parameters of I and7r?(K) are equal modulo g.
So we are left to show the other direction, translating ¥;-facts of Tr9(K) to that
of K. We wish to encode an isomorphic copy of T9(K) inside K[g]. Sections 3.2
and 3.3 is adaption of[1] to the present context.

Definition 3.4. Fix M € P(N,n). We define Shoenfield terms A%, ~¢ ¢,
ES FS S8 b5, Q% w18, ué, 15, ~%, for each o((Np)y) < € < o(M) by induction on
§. We will ensure that for any h C Q,, generic over M, N,i is an equivalence relation
on Ai, ei, Eg,F,f, S}i,bi, Qi,ﬂi,]ﬁ,ui, Vﬁ,vi are relations of an appropriate arity

on Ai that are Ni—invariant. Let Qli be the transitive collapse of the structure

(AL~ i) i Bl 3 Bl 5 Sil ~ Vi~ @~ i i Bif ~s i)~

,V}i/ Ni, 72/ Ni) and let ui be the collapsing map.

1. For £ = o((Ng)4), let AS = (NG)T@ . <& ¢ are standard Q,-names such
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that for any h C Q, generic over M,

~

={(z,2) 1 v € (No)+[h]}
={(z,y) : x € y,y € (No)+[h]}.

S >

€

We define B¢ = F€ = S8 =b¢ = Q¢ =7f = [¢ = pé = 18 =~¢ = ().

2. Suppose M€ is either of successor level, or of limit level but passive or
crt(Eng) > 7. A% is the standard Q,-name such that for any h C Q, generic
over M,

AS = {(&,7,2) 1 & < & x € AL f codes a binary rudimentary function}

o¢,u¢ are standard Q,-names such that for any h C Q, generic over M,

Nfz {((Sla Ff'ﬂ7$)’ (627 I_f’_lvx/)) : f(uil (gj)’Q[il) = f’(uff(x’),%lff)},

F (w3 (), 2651

ul (61,77, x)

We will ensure that ui is the transitive collapsing map associated to Ai / Ni.

ei,EfL, F,f, Sfb, bi,‘lii, Qi,ﬂi,Hi,ui, l/fl,”yf; are standard Q,-names such that
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for any h C Q,, generic over M,

6 = {(X,Y) 1 ui(X) € i (Y)}
={(&. " 2) w5 (&, 7, x) € By (Fy?) for some &}
F={X :u(X) € F[h]}
SE = {(&,7,x) : for some &, either S (¢;,7f,z) € S,
or crt(EY) < mou (6,7, z) = AP}
b, = Q5 = m, = {X : uj(X) = 0}
Ip = {(&, 7 2) s (6,7, x) = A3 for some & < &1}
i, = X s (X) = My
vE={X :u{(X) =
) =

MI&}

% = (X () = M)

3. Suppose EM < 1. Set F = EM, k = crt(F). Let [r,x] represent Q, in the
ultrapower. Then A% is such a Coll(w,n)-name: for any Q,-generic h, Ai is
the set of (p, ("7, n,a, f)”) such that

(a) p e Qy,

(b) 7 is a Skolem term,

(¢) n <w,

(d) a € [In(F)]=,

(e) f € M is a function from x!% to o((Np)4),

(f) Let [s,y] represent p in the ultrapower. Then for F . s-a.e. u € k18],

(No). satisfies the following: y(ug, . ) forces over x(u’ . ) that letting
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g be the standard z(u! . ,)-name for the generic, then
Tri((No)+) | “f(uf,) < my largest drop”

~% is the set of standard names for ordered pairs ((p, (7', n,a,f)),

(p, (To",m,b,e)”)) € (A%)? such that letting [s,y] represent p in the ultra-

UbUru
power, then for F, p .us-a.e. u € K*-"95,

(No)+ Ey (i) IFemrd Trd (N) 1)

“T(D(g1n), f(ugupurus)) = a(D(gIm), 9<u2ubuws))”‘

¢t is the set of standard names for ordered pairs ((p, (7', n,a,f)"),

(p, ("o, m,b,e)”)) € (A%)? such that letting [s,y] represent p in the ultra-

power, then for F, yus-a.e. u € k™PUVs,

(No)+ E y(uapopuaIF*eomr) Tri (No) )

“T(D(g [TL), f(uZUbUrUs)) € O(D(g [m)7 g(uZUbUrUs))”‘

E¢ is the set of (p, (7', n,a, f)7) such that letting [s,y] represent p in the

ultrapower, then for Fj, s-a.e. u € k45

N0+ F Yl I T (No)+) | “m(D(g ), f(ugns)) € E7.

F¢ is the set of (p, ("7, n,a, f)”) such that letting [s,y] represent p in the

ultrapower, then for F,, s-a.e. u € k75

<%)+ ): y(uZUrUs)lkz(ugw.Ué‘)Trg((NO)—i-) ): “T(D(g f")a f(uZUTUS)) - Q)”'

S¢ is the set of (p, (7', m,a, f)7) such that letting [s,y] represent p in the
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ultrapower, then for F, , s-a.e. u € K45,

(NO)+ b 9l IF D Tr(AG)2) b “r(D(g ), ful,0,) € 97

b is the set of (p,("7',n,a, f)) such that letting [s,y] represent p in the

ultrapower, then for Fj . s-a.e. u € k%5

N0+ £ (Ul IFE s Trd (NG) 1) f= “m(D(g ), f (ugu,s)
= V|my last drop”.

Q¢ is the set of (p, (7', n,a, f)”) such that letting [s,y] represent p in the

ultrapower, then for Fj . s-a.e. u € k%5

(NO)+ [ Yl s Tro (No)+) | “m(D(g 1), f(ugr)) = Q(9).

7 is the set of (p, ("7, n,a, f)7) such that letting [s,y] represent p in the

ultrapower, then for F, . s-a.c. u € k®"s

)

(NO)+ FEy (eI T (No)4) | “m(D(g Tn), f(ugs)) = (X,Y),
where for some m, X = sup Hull" (D(g) ['m U V|my last drop),
Y = D(g) Im.”

I¢ is the set of (p, (7", n,a, f)”) such that letting [s,y| represent p in the

ultrapower, [s, z] represent £ in the ultrapower, then for F, , s-a.e. u €

KaUrUs7

('/\/E))-l- ): y(uZUrUs)H_w(uZUTUS)TTg<(%)-‘r) ): “T(D<g f”)a f(uZUrUs)) € ]V|23UTUS”‘

ué = F¢ (also interpreted as the empty set).
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vt is the set of (p, (7', n,a, f)”) such that letting [s,y] represent p in the
ultrapower, [s, z| represent v!" in the ultrapower, then for F, . s,-a.e. u €

K/GU’I‘US’

(NO)+ [ Yl s Tro(No)+) | “m(D(g 1), f(ugrs)) = Zooms™

If vMI¢ is an ordinal, then ~¢ is the set of (p, ("7, n, a, f)”) such that letting
[s,y] represent p in the ultrapower, [s, z] represent v in the ultrapower,

then for F, , s-a.e. u € ks,

('/\[())+ ):y(uZUrUs)“_x(UZUTUS) let X = O(Trg((M)+’ZZUTUs))7 then

Tr((No)y) b= “r(D(G 1), Flun)) = X7

If yMI€ is a triple (A, B, C), then I¢ is the set of (p, ("7, n,a, f)~) such that
letting [s, y] represent p in the ultrapower, [s, z] represent E4, [s, w] represent

(B, C), then for F, ,sa.e. u € k™5

s x(ug ; ‘ s s N
('/Vb)Jr ):y(uaUrUs)H_ (tioros) let X = O(Trg(Ult((N0)+7ZaUrUs)HwaUrUs]( O ))7

then Tr9((No)+) f= “r(D(g 1), f(ugup,)) = X7

We let AM, ~M ete stand for A°M) ~0oM) et

The next lemma says we can encode a copy of Tr9(M) in M in an ¥;-way (actually,
we can show in a Aj-way). The proof is more or less a tedious repetition of

definition 3.4, so we state the lemma without proving it.

Lemma 3.5. Let M € P(N,n). Let A%, etc be defined as in Definition 3.4.
Then for any h C Q, generic over M, Nfl 1s an equivalence relation on Ai,
e, BS FS SE 0, Q8 s I8 18, vt At are relations of an appropriate arity on A

that are ~j-invariant. (AS/ ~8, €5/ ~5 B8] ~S FE) ~f S8/ ~E B[ ~E Q8 ) ~E
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5] ~EIE) NS )~ VS~ A5~ s dsomorphic to €o(TT9(M)).  More

importantly, the maps
5 '_) A§7 Ng? 657 Ef’ FE? Sg? b£’ Q£7 7.‘—57 [57 ILL€7 1/55 fyg

are uniformly 3 over €4(M). Moreover each of the sets

AM M ete

are 31 over €y(M).

We show that fine structure is preserved under the *-transform.

Lemma 3.6. Let M € P(N,n). Let j > 1 be a natural number.

1. There is an effective map * : v¥; — r¥; such that for all ¢ € r¥; and all
be M,

&o(M) = ¢(b) = & (T (M)) |= ¢7(b, g).

We also have an effective map x : Sk; — Sk; such that, for all t € Sk; and
allbe M,
tM(b) = ()b, 9).

2. There is an effective map”: r¥; — r¥; such that for all ) € r¥;, a € o(M),
beTr9y(M), if T € M is such that u)'(1) = b, then

Co(Trf(M)) k= 1h(a?,b) <> 3g € g&(M) [= gl-%4)(a, 7).

where a? = o(Tr9(M|a)). We also have an effective map ‘Sk; — Sk; such
that, for all s € Skj, o € o(M), b € Tr9(M), if 7 € M is such that
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M o .
w)'(7) = b, then there is q € g such that

W (sM(a, 7,q)) = 7'M (0l b).

3. for eachn < a < o(M), « is a cardinal of M if and only if o is a cardinal
of Tr9(M).

4. pi(M) = p;i(TrI(M)),
b. pi(M)\ n = p;(Tro(M)),
6. M is j-sound — Tr9(M) is j-sound.

Proof. The case 7 > 1 is not much different from the 7 = 1 case. For the sake of
briefness, we only prove the 7 = 1 case. We also assume that M is not of E-type
IIT in the sense of [4], so that no squash is applied when forming €5(M). The

reader should have no problem fulfilling the remaining cases.

1. Case 1. M = (Np)..

trivial.

Case 2: M is of successor level or limit passive level.

Given ¢ € X1, ¢*(v) is the formula

“There is v € I such that TrInv(V|y) = K, and for some n < w, S,(K) = ¢(v).”

Given t € Sky,
t*(b, g) =t VI (p) for some 7.

Case 3: M is active, crt(FM) > 1.
Given ¢ € r¥q, ¢*(v) is the formula

“There is ¢ € I such that Trinv(V]€) = K, and K & (F°NK) E ¢(v).”
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Given t € Sky,

t*(b, g) = "R for some K = Trinv(VI[€),€ € 1.

Case 4: M is active, crt(FM) < .

Given ¢ € r¥q, ¢*(v) is the formula

“Let TrInv(V|supI) = K. Then there is v < o(K), G C K|y, and (X,Y) €
such that

(a) G is the set of quadruples (,€, s, A) such that 8 < (k)™, € < 7, s € [P]<¥,
A C [k]*¥, and letting

Z = {(t, B) : for some n,t € [¢]", B € [rk]" N K|B,3C € HullT™ VX

(kUranY)(s € CANB=CnNIk")},

then Z € K|¢, (s, A) € Z, and moreover, for each t € [v]* and B € N|SN[k]",,
either (t,B) € Z or (t,k\ B) € Z.

(b) Ky @ G |= ¢(v).”

Given t € Sky,

t*(b, g) = t*N®C(b), where K = TrInv(V|sup ), and some G as in (a) above.

2. Comes from Lemma 3.5. Given ¢ € ¥y, t(a,v) is the formula “(AM/ ~M

cete) = ¥(a/,7).” where o — o is the canonical map such that w)!(o/) = a.

Given s € Sk,

5(a, 7, q) = w where ¢ltw is the <A£4—1east such that s(a’, 7).
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3. If a < o(M) is a cardinal of M, then « is a cardinal of each K, M|a<PN MDA <PV AL,
Hence Tr9(M]a) < K for each such K. Since M|a | ZFC~, o(Tr9(M)|a) = a.

By induction, for each such IC, p,(T79(K)) = p(K) > a. Hence « is a cardinal of
Tr9(M). Conversely, if « is a cardinal of Tr9(M), then since M C Tr9(M), « is

a cardinal of M.

4. Some arguments of [9] can be used here. We show by contradiction. Suppose
pr(M) # pi(Tr9(M)).

Case 1. py(M) < p1(Tr9(M)).

Subcase 1.1 pr(M) < o(M).

Let 7 : M* — €3(M) be the o;-core map. Let p = 7 1(p;(M)). There is then a
$5MI(5) prewellorder of pi(M) of order type at least py(M)*M". As py(M) is
L-universal, py(M™M) = py (M) By 3, pi(M)*M = p(M)FT7 M) But by 1,
Bis o7 0) hence B € €(Tr9(M)). Contradiction.

Subcase 1.2 py(M) = o(M).

We claim that M ¢ Tr9(M). (Proof: Suppose that M is of minimal height
such that M € Tr9(M). Clearly M can’t be of limit level either passive or
crt(FM) > 1. M can’t be active limit level with crt(FM) < n because F'M can’t
be in Ult(M, FM). M can’t be of successor level because rud(z) € rud(y) implies
z € y.) Hence there is a £ ) gubset of o(M) which is not in €o(Tr9(M)).

Case 2 p1(M) > p1(Tr9(M)).

Let A ={a < p1(Tr9(M)) : €(TrI(M)) |= ¢ (a,b)}, ¢ X4, such that A ¢ Tr9(M).
Let B={a%:a € A}. So B ¢ Tr9(M). Let 7 be such that w(7) = b. Then

a € B+ &(TrI(M)) = (a?,b)
& 3q € g&(M) = g (a, 7).

Set C' = {(¢g,a) : ¢ € Q,,a < p1(Tr9(M))€(M) = glFp(a, 7)}. Then C is coded
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into a bounded subset of p;(M). Hence C' € €(M). Hence B € €y(M)[g]. Hence
B € & (Tr9(M)). Contradiction.

5. The proof is similar to 4.

Suppose not. p;(M)\ n # pi1(Tr9(M)).

Case 1. py(M)\ n <* pi(TrI(M)).

Subcase 1.1 p1(M) < o(M).

Let m: M* — €4(M) be the oi-core map. Let p = 7 1(p;(M)). There is then a
S5MI(5) prewellorder of pi(M) of order type at least py(M)*™M*. As py(M) is
L-universal, p;(M*M) = py (M)*M* By 3, py (M)*M = py (M) M) But by 1,
B is $PTM) (7 ), hence B € €(Tr9(M)). Contradiction.

Subcase 1.2 py(M) = o(M).

We have M ¢ Tr9(M). Hence there is a 257" ™) gubset of (M) which is not
in €o(Tr9(M)). Therefore p(Tr9(M)) = (. Contradiction.

Case 2 pr(M) \ n >" pi(Tr9(M)).

Let A = {a < p1(TrI(M)) : &(Tr?(M)) = (o, pr1(Tr9(M)))}, ¥ 34, such that
A¢Tri(M). Let B={a?:a € A}. So B ¢ Tr9(M). Let 7 be X1(p1(Tr9(M)), g)
definable over €y(M) such that u)*(7) = py(Tr9(M)). Then

a € B« &(TrI(M)) E ¢(a?, pi(Tr!(M)))
< 3g € g€ (M) |= g (a, 7).

Set C' = {(q,) : ¢ € Qy, €o(M) k= gl-)(er, 7)}. Then C is coded into a

Y1 (p1(Tr9(M)),n) subset of p(M). Our case assumption says that C' € €y(M).
Hence B € €3(M)[g]. Hence B € €y(Tr9(M)). Contradiction.

6. Assume M is l-sound. We first show that p;(7Tr9(M)) is l-universal. Fix
A C p1(Trd(M)) = p1(M) such that A € Tr9(M). We want to show that {A}
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is ©77 M (p (Tro (M) U {p1(Tr9(M)), g}). Fix 7 € M such that uy(7) = A. We
know, since M is l-sound, that {7} is 25" (p,(M) U {p1(M)}). Let t € Sk,
a < p1(M) be such that 7 = t(a, p1(M)). Thus A is the unique = € Tr9(M) such
that 3y € [QT™OM)IFY (v = (TP (o, py (M) Aup "™V (V) = 2). Thus
{A}is SPET o (Tro (M) U {pn(Tr (M), }).

Next we show that Tr9(M) is 1-solid. Say p;(Tr9(M)) = (o, - .., ax) = p1(M)\n.
Fixi <k, € ¥yand A ={a < p(Tr9(M)) : €(Tr?(M)) E (o, (ag, ..., i-1)) }
be a set of ordinals that is X0 M)

Tr9(M). Let B = {a9:a € A}. Let 7 be EfO(M)(aO,...,ai,l,g) such that

{ag, ..., a;,9}). We want to show A €

M

uy* (1) = (a0, ..., a;-1). Then

a € B CTrI(M)) Ev(ad (ag, ..., a1))

~ Jg € gCo(M) | giFd (o, 7).

Set C' = {(q,) : ¢ € Q,, €o(M) = glF(a,7)}. Then C is coded into a
Y1 (ag, ..., a;-1,m) subset of p;(M). From solidity of M, we know C' € €y(M).
Hence B € €y(M)|g]. Hence B € Tr9(M). Hence A € Tr9(M).

Finally, the proof that Tr9(M) is 1-sound is just a repetition of the proof that
p1(Tr9(M)) is 1-universal. This completes the proof of Lemma 3.6 for j = 1. [

Lemma 3.7. Tr9(M) is a potential S-premouse.

Proof. Every proper initial segment of Tr9(M) is sound by 6 of Theorem 3.6.
Therefore, Tr9(M) is acceptable. O

3.3 Iterability

In this section we show that if M is iterable via a strategy > such that every

Y-iterate of M translates into an S-premouse, then Tr9(M) is S-iterable. The
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phrase “translates into an S-premouse” means the S predicate of the result of the

translation expresses the correct S-operators as we have defined in Section 2.

Lemma 3.8. Suppose Tr9(M) is defined. Let E be an extender over Tr9(M),
E = ENM is an extender over M. Assume furthermore that E is close to
Tr9(M), E is close to M. k = crt(E) = crt(E). Let k be the largest j such that
K < pj(M). Then for all j < k, if Tr¢(Ult;(M, E)) is defined, then

Tr9(Ult; (M, E)) = Ult;(Tr9(M), E),

ip=ip[ M.

and if T € AM, then

Tr9 (M . 0y /.
i (" (r) = u P (i (7).

Proof. Say ¢(-, 1), g (-, 1), Yr(-, p) defines IM|, EM, (F)M over € (Tr9(M)). Let
K be the premouse whose ¥y-core is defined by ¥(-, 1), (-, ), ¥r (-, 1) over
Co(Ult;(Tr9(M), E)). Then ig [ M : M — K is ¥j-elementary. We show that
K = Ult;(M, E) and ig | M = ip.

Let o : Ult(./\/l,E) — IC be the map

o([a, f12) = [a, f157"

for a € [IR(E)]<, f: sl > M, j=0—feM,j>1— fers Clealyo
is well defined and X-elementary, o o iy = ig, o [lh(E) = id. It remains to show

that o is onto.

Well, an element of K is of the form
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where a € [[R(E)]<“, f: Kl = M, j =0— feTriM),j >1— ¢
7%, (Tr(M)). We should find g : Kl - M, j=0—5geM,j>1—>gc¢c TZJM,
such that g(u) = f(u) for E,-a.e. u.

Case 1. j =0.

Subcase 1.1. M =N(K) for some K.

We may assume that ran(f) C S,(K) for a fixed n < w. Let f € AM be such that

uM(f) = f. We have

g

J{u € K] : Su(K) |= 3ghu™® ) (f) (@) = g} = [5] € E,.

q€g

But |g| <1 < k. So there must be some gy € g such that
Ay = {u €[] S,(K) | yaolbu® M (F)(@) = 3} € E.
So let g € M be the function on [x]!? defined by

v, if Sp(K) = qolbu ) (f)(a) = v.
g(u) =

0, otherwise.
Then Ay € E, C E, and Ay C {u : g(u) = f(u)}.
Subcase 1.2 M is of limit level which is either passive or crt(F™) > 7.
Say u;\’l(f) — f. Let K < M be such that f € K. A similar argument as before
gives g € M(K) such that g(u) = f(u) for E,-a.e. u.
Subcase 1.3. crt(FM) <.

o(M) must be a cardinal in Tr9(M). Hence f € Tr9(K) for some I << M. The

rest goes as before.

Case 2. 7 > 1.
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We assume j = 1. The case j > 1 is not much different. If p;(M) = o(M), then 0-
ultrapowers agree with 1-ultrapowers, so case 1 applies. We assume now p; (M) <
o(M). Denote p = p1(M) = p1(Tr9(M)), p = p1(M)\n = p1(Tr?(M)). We know
Ulty (Tr9(M), E) is 1-sound and p1 (Ulty (Tr9(M), E)) < Ih(E), p1(Ulty(Tr9(M), E)) =

ig(p). Thus a general element of K is of the form

5o (Ulty (T79 (M), ) (ZE (p), [a, f]gg(/\/{))

where s € Sky, a € [[h(E)]<¥, f € Tr9(M), f: kK — p. The identical argument as
in case 1 gives g € M such that f(u) = g(u) for a.e. u € [x]l?.. By 2 of Theorem 3.6,
there is t € Sk; such that t©M)(p, g(u)) = ST M) (p g(u)). Thus, the element
Ut (M, E)( ip(p), [a, g}/E\/‘) will be mapped to s&UTTMLE) (50(p) [a, f]?g(M)).

So far we have finished proving Tr9(Ult; (M, E)) = Ult;(Tr9(M), E), iz = ig | M.
z'?g(M)(ué\/‘(T)) = ugltj (M.E) (zg‘ (7)) then follows from elementarity of ig. Take
T € AM. Let uy(r) = b. Then Tr¢(M) | w)!(r) = b. By elementarity,
Ult;(Tr9(M)) = ug ME)( p(T)) = ig(b). We just proved iz = ip | M. So
uy M iy (7)) = i ) =

Theorem 3.9. Suppose M has an iteration strateqy > such that every X -iterate
of K translates into an S-premouse. Then Tr9(M) is S-iterable.

Proof. Fix an iteration strategy X, for M. We wish to inductively define an
iteration strategy I for Tr9(M). If we assume we have an iteration tree 7 of limit
length on Tr9(M) which is by I' so far, the next step of the induction is to pick
a branch through 7 to be T'(T). We do this by translating 7 to a tree on M,
using Y to pick a branch there, and then pulling the branch back to 7. So the
key to the theorem will be define a translation from iteration trees on Tr9(M) to

iteration trees on M.

Fix a normal iteration tree 7 on Tr9(M). Note that we require all extenders used
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on T to have critical points above 7, as Tr9(M) to be an mixed S-premouse. We

will inductively build an iteration tree « on M and maps
7,0 : IL(T) — lh(U).

7 picks the model on the U-side which gets translated into the S-premouse on the
T-side, namely, Tr9(MY ) = MT. o picks the model on the -side which has the
extender applied on the 7-side, namely, E] = EY [g]. We start by setting 7o = 0
and U 19+ 1= (M).

Fix A > 0 and assume that we have defined increasing sequences of ordinals (7, :
v < A) and (o, : v < a), where @« = X if A is a limit ordinal and o +1 = A
otherwise. Say, moreover, that (7, : v < A) is a continuous sequence. Let [ =
sup{7, + 1 : v < A} and say we have constructed a normal iteration tree U [, on

M such that for all v < A\ we have

(a) for all & < A, if v < { then 7, < 0, < 7¢, and if 7, <y 7¢ then v <y &
Moreover, if U doesn’t drop between 7, and 7¢, then 7 doesn’t drop between

~v and &.
(b) Tro(MY) = MT.

~

(c¢) If A = a+ 1 is a successor ordinal, then for all v < a,

EZ/I

(=Eln M.
If A is a limit ordinal, then this holds for all v < .
(d) deg”(r,) = deg” (7).

(e) For every & < A, if 7, <y 7¢ and there is no dropping between 7., and 7 on U,
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so that i+ MY — Mﬁé is defined, then for all z € A, 7,

T—yTg
MU MY
U (07 (7)) = i5e(ug 7 (7)),

(f) 7, is a limit ordinal if and only if 7 is a limit ordinal, and

F(TTy) ={{ <v:me e ZWUIT)}
is a cofinal, wellfounded branch through 7 [~.

We wish to extender our construction to (7, : v < A), (o, 1y < A), and U [ly41 =
U |7+ 1 and show that it still satisfies properties (a)-(f).

Let us first consider the situation where A is a successor ordinal, say A = a+1. We
start by defining o,(> 7,) and the normal extension U | o, + 1 using the following

sublemma.

Sublemma 3.10. Say K is iterable and Tr9(K) is defined. If E is on the Tr?(K)-
sequence indezed at ), then there is F = (F; i <n) € UK,n) such that letting
B = B"Y 0 hen B'[g) = B.

Proof. 1If EX[g] = E we are done with F' = ). Otherwise, let o be least such

T [e% . r N, QIC
that £ = ET"®%0 Then it must be that EX < 5. So £ = By 0 Fe) g
K
E,[\Ht(NanO)[g] = I, we are done with F' = <E§O> Otherwise, let aq be least such

- K
that £ = Efrg(’qal). Then it must be that Efl <n SoFE = E;‘\F Q(Ult(N’Eal))_

Continuing this process, we will reach a finite increasing sequence (q; : i < n)
such that letting Fy = EX | F; = Eo"™Fi=) then F = (F; : 1 < n) satisfies the

[eToRi

sublemma. O

We call F as constructed in Sublemma 3.10 the recovery sequence of E with respect

to K. Now let F = (F; : i < n) be the recovery sequence of E7. We claim
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that [h(Fy) > Ih(EY) for any v < 74, so that U | 7, + 1 can be extended to
a normal tree V by adding F. Well, if not, then since lh(E,LY’) is a cardinal in
Mi{l , the whole process of constructing F can be carried out inside M. Hence
In(ET) < lh(E(L,’W) = Ih(ET), contradicting the normality of 7. We then let
Uloy,+1=YV and Mg’a =R for V and R given by the above construction. The

extender we choose at stage o, of U will be EY = ET N MY | so hypothesis (c)

continues to hold.

Now we need to determine the model on the U-side to which we will apply Eg’a.
Say 3 is least such that crt(E]) < v(E}). So in T we are going to have M], | =
Ulty,,,, (9, ET) for the longest possible Qs g MﬁT, where k1 is the largest k£ < w
such that crt(E]) < pr(Qg). Say that on the U-side, we apply EY to Q5. We
need that @ is the largest initial segment of MTL; over which EOTB is an extender,

so that by Lemmas 3.6 and 3.8,
Tro(Qp) = Qs
and
ka+1 = the largest k& < w such that crt(EY ) = ct(ET) < Pr(Qj5)

TT9<Ultka+1(Qlﬁﬂ Egg’)) = MZ:—H'

Say ' such that crt(E]) = crt(EY) < v(EY). If 73 = (' we are done. If
not, let Fy,..., F, be the recovery sequence of Eg with respect to M?B. Then
v(EY) < ert(EY) < v(F) for some i < n. But v(F) < (V(ETMB)VMZB by the
proof of Sublemma 3.10. This implies that cf(E]) is not a cardinal of M}, so Qg
must be a proper initial segment of ./\/lg On the other hand, T79(Qj) is an initial
segment of M}, and Tr9(Qj) itself has an initial segment over which E] is an

extender. Therefore, T79(Qj3) = Qp and we are done.
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Finally, we consider how to continue the construction when A is a limit ordinal.

We first need to check that (f) holds at A. That is, we need to see that
F(TTA) = {f <A Te € E(Z/{TT)\)}

is a cofinal, wellfounded branch through 7 [ A. Note that by our construction,
if v < 7, is such that ./\/lZ:/’ # Mi’g for all £ < A, it must be because ./\/lz;’ is a
U'-immediate successor of 0. So any cofinal branch through U [ 7, in particular,
Y(U'[Ty), can contain at most one such . Thus, for every a < A, there is some
such that o < f < X and 73 € (U [ 7)), and thus § € (U [A). So ['(T [A) is a

cofinal branch.

Moreover, letting b = T'(7 [A), and ¥/ = X(U [ 7)), we have
dirlimy, ey M7 = dirlim, e, Tr?(MY ) = Trf(dirlim, e, MY ) = Tr9(dirlimeey MY).

The first equality is by inductive property (b) at ordinals < A, the third is because

7 maps A cofinally into 7y, and the second is by the final sublemma.
Sublemma 3.11. dirlim,¢, Tr9(M% ) = Tr9(dirlim, ¢, MY)

u

Proof. The uncollapsed version of dirlim,¢, 779 (Mm) is a structure with universe

{(v,z) :y€bxe Trg(/\/lz;i)}/ ~

where (v,z) ~ (§,y) < 30 € b(i%(z) = i%(y)). The uncollapsed version of

dirlim.¢, M% is similarly a structure with universe
{(v,2):y€bre MI}/ =

where (v,2) =~ (§,y) <> 30 € b(iﬁiTg(x)) =i _ (y), but we already know that this

TeTo
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. : e g MY . .
branch is wellfounded, so we identify dirlim_," with its transitive collapse. We will
provide an isomorphism h between the uncollapsed version of dirlim, e, 7' rg(MZ;’W)
and Tr9(dirlim.,¢p M%)

For every pair (v, ) with v € b and x € Tr9(MY ), where is a term Z € MY such

u

that x = uﬁ/tw (). So we define the map h by

dirlim. ¢, /\/ll,.l,Y

Ay, 2l~) = ug ([7, 7]).

Hypothesis (e) can be used to show h is welldefined and elementary. The argument
is standard. Take ¢(v) be a formula with one free variable as an example, take

: . - MU MY
(7, )~ in the direct limit, and let Z € Ay ™ such that u, *(7) = z,

dirlim,e, Tr9 (MY ) | ¢([v,2]-) < 30 € b Tro(MY) b= ¢(ive(2))
©30ebdgeg MY = qho(“ ,z)

& 3q € gdirlimee, MY |= gl (ir,p (T))
dirlimg ¢y, MZE

> Trg(dirlimgeb M%) IZ ¢(ug ) (E))

< Tr9(dirlimge Mii) E o1y, T]~)

It remains to show h is onto. For any y € Tr9(dirlim,e, M%), we can fix y €

L dirlim., ¢ MY
dirlim,e, MY such that ug 757

(y) = y. But then, since 7 is cofinal in the

branch b’, we can fix £ and some T € Mﬁ’g such that §y = [7¢, Z]~. Therefore,

dirlim ey MZ{.{V

h([€; 2]~) = ([7e, 7] )g = g ) =v.
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Therefore, since ' is wellfounded, b will be as well. Since
M] = dirlim, e, M7 = Tr9(dirlimeey MY) = Tro(MY),

the sublemma also shows that hypothesis (b) holds at A. O

3.4 Finishing the largest-Suslin-cardinal case

Recall that we work under the assumption ADT +V = L(P(R)) + 0 = 04.1.
We fixed a hod pair (P, X) such that M (P, ¥X) = HODIf#,. We verify that the

requirements of Lemma 3.3 are met.

Fix Q, ¥-good. Let N = L[E]Q. For each R € B(P,X)U{P}, let kg be the least
K such that for some R’ € (B(P,X)U{P})N (HR++)N,

1. %SDJR/.
2. Y NN e Ny

So R +— kg is an increasing mapping with respect to the hod mouse prewellordering
of R. In fact, any strong cardinal of N below kp must be some kg, as shown in

the following

Lemma 3.12. Let R € B(P, %) U {P}.

1. Suppose \® = 0. Then kg is the least strong of N.

2. Suppose \® is a successor. Let i = kg—. Let k be the least strong of N which

1s > p. Then kr < K.

3. Suppose \® is a limit. Let p = sup{rr : R' € B(R,Xr)}. Then rgp <

(N,
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Proof. 1. Denote ko = the least strong of M. The proof of MSC shows that
ke < Ko, as witnessed by (HODI|A)PW-<r0) Tt remains to see that there is no
R' € I(P(0), Xp)) NN such that Xr: NN € N;. Suppose towards a contradiction
there exists such an R'. Since kg is a limit of cutpoint Woodins of A/, we can pick
€€ (|R’|N, ko) which is a cutpoint Woodin. In N, we can iterate R’ to R” making
N|€ generic. By fullness preservation, ()N = (¢1)R'INIEl. However, (¢1)®" is
singular in NV, and (£Y)R" = (¢H)R"IVEEl by the d-c.c. of the extender algebra.

Contradiction.

2. Let Ry € (H,++)" be such that Y, NN € N, and R, wins the comparison
against R~. Then by the mouse set proof, k% is not bigger than the least strong
of LIE, Yr,][R1V. So kg is not bigger than k.

3. Let M, be the direct limit of (R’,A’)’s such that R’ € (H,++)V, A’ is an
(o(N), o(N))-iteration strategy for R’ which is fullness preserving and has branch
condensation. Then A captures iteration strategies for all proper hod initial seg-

ments of M.

We know by definition of u that for any R’ € B(R,Yr), there is a < M such
that M, (o) wins the comparison against R'.

Let A = @, .o and M = LpS(M,). Then M} >p; R. If M
“cf(AMi) is not measurable”, then Sk NN € N;. Hence kg < p™. If not, let
v be the order 0 measure on cf(AM+). Set M, = (Ult(Meo, v)(i;AM)). Then
Yam, NN € Ny Hence again ki < pt. O

Q|62

Theorem 3.13. Let Q be Y-good. Let N = L|E] . For each k, let S, be the

transitive collapse of H,, = H’LL”N(H Urannyp). Then for each k < kp, if Kk is a

strong cardinal of N, then P (k)N = P(k)"x.

Proof. Let R be of least rank in the hod mouse prewellordering such that xk = kg.

Case 1. A\® is a successor cardinal.
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In this case, u = k- < k. Lemma 3.12 implies kK must be the least strong cardinal
of N above pi. Let M,,, A, M} be as in the proof of Lemma 3.12. Since rr > y,
M =p;R™.

Let M* = (HOD\H)D(L[E’A”MQNK“). Then by the proof of MSC, M* =p; R and
S [N € Ny We claim that (7)Y C M*. For otherwise, M* has cardinality
in V. Let E be an extender on N with critical point x. Let E* be the resurrection
of E. Then M* ig | M* € ig-(N). By elementarity, X;,. r) i« (N) € ips(Ny).
Therefore, ¥« [ Ult(N, E) € Ult(N,, E), by pulling back the strategy of i g« (M*).

Hence,

ip+(NL) | “T have captured the iteration strategy of some M of size < ig:(k)
which is fullness preserving and has branch condensation, and

M iterates longer than M,,”
By elementarity,

N, E “T have captured the iteration strategy of some M of size < &
which is fullness preserving and has branch condensation, and

M iterates longer than M,,”

This means kg < k. Contradiction.

But we can show M* C H,.. Let
p:P— P,
be the iteration map whose generators are below x such that M* <j,q Ps. Let

Y P, — Q%
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be the tail of the direct limit map. r, being the least strong of N above p, is in
H,... Hence M* € H,. It follows from proof of MSC then ¢ | M* € H,.. Now fix
any a € M*. We may find f € P and a € [k]<“ such that

a=¢(f)(a).

Hence

a=¢(f)(a)
=¥ (7(f))(a)
= (W IM) " 77 ()(a)
€ H,

It follows that x* C H,. Hence P(k)N = P(k)5".
Case 2. A® is a limit ordinal.

Let M,., A, M be as in Lemma 3.12 with » in place of . Observe that A= is a
limit ordinal, M wins the comparison against R, but every hod initial segment

N as the direct

of M loses the comparison against R. We have o(M,) < (k)
limit system has N-size k. Let M* = LpA(MH). Essentially a similar argument as
in Case 1 gives that o(M*) = (k*)V: otherwise, let E be an extender on N with
critical point k. Then M*,ip- [ M* € Ult(N, E). Let E* be the resurrection of E.
It follows then X [ip«(N) € ig«(N,). The fact E* is a background extender on
Q implies that M* iterates to ig«(M*). Here is the reason. M*, being the direct
limit, means that there is a stack T on P with last model P.. such that M* < P...
So ig-(T), a continuation of T, is a stack on P with last model i-(P,) such that

ig-(M*) 9 P,. Moreover, ig- agrees with the tail of the iteration map along

ip (’f') \71 Pick any y € P, there is K, an model of along T, and x € K such that
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y = ixp, (). Thus ig:(y) = ip-(icp, (7)) = icip. (P (T) = 1P ip. o) (ic,p.(2)) =

ip, i (Po)(y). Hence,

ig-(Ny) E “T have captured the iteration strategy of some M of size < ip«(k)
which is fullness preserving and has branch condensation, and

M iterates to ig-(M*).”

By elementarity,

N, = “T have captured the iteration strategy of some M of size < K
which is fullness preserving and has branch condensation, and

M iterates to M*”

This means kr < k. Contradiction. We continue out proof. In contrast to the x
successor strong case, now we don’t necessarily have k € H,. We split into two

cases.
Subcase 2.1 k € H,..

Let ¢ : P — P, be the iteration map whose generators are below x such that
M, Dpoa Pi. Let ¥+ P, — QR be the tail of the direct limit map. We have
Y | M, € H,. (We don’t necessarily have ¢ | M} in this hull. A does capture
strategies of all proper hod initial segments of M}, but N does not capture the
full strategy of M) The same argument as in Case 1 shows o(M,,) C H,. Now

some more argument is needed in order to get k¥ C H,. Fix an A € P(o™M<)N M.
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We may assume A = ¢(f)(a), f € P, a € [k]<¥. Then for any 8 € o(M,),

Hence A € H,.. Hence (k)N = o(Lp*(M,.)) C H,.
Subcase 2.2 k ¢ H,.

k is a strong limit of strongs of N. If we let v = min(H, \ k), then v is also
a strong limit of strongs of N. Otherwise, the largest strong or strong limit of
strong of N below v, say u, is definable from v over A/, hence in the hull, but
r < p < v, contradiction. The discussion before subcase 2.1 shows that (k7)Y =
(oM )M, (P = (o(M,) )M

Let o1 : P — P, be an iteration map whose generators are below x such that
M <poqg Pe. Let 0 : P, — P, be an iteration map whose generators are below v
such that M} <joq P,. Let 09 = 0 00y. Let ¢ : P, — QFF be the tail of direct
limit map. We firstly show that H, N (v*)" 4+ 1 C rano. Fix an 3 € H, such that
B < (vH)N. Suppose B = a3(f) (), f € P, a < v. Let

v=min{a < v:oy(f)(@) =L}

Since oo(f) [v = (¥ [ v) X (7%(f) | v) € Hy, we have v € H,. But v < v, hence
7 < . Hence f = 05(f)(7) = o(01(f)(7)) € ran(o).
Observe that ¢”0o(M,) C o(M,). The above paragraph shows that (v*)" has a

preimage under o. So o ((vT)V) > (o(M,.))M* = (k). On the other hand,
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we can show that ¢”(k*)N C H,. Fix an a < o(M,). Say a = o1(f)(a), f € P,

a € [k]<¥. Then

We conclude that o((7)V) < (v, o”(k*)N C H,. Hence (v+)V collapses
down to an ordinal > (x*)V when forming the transitive collapse H, — S..
Condensation implies that every level of H, projecting to v collapses down to
an initial segment of A projecting to . Hence S,|(x*)% D N|(x*)V. Hence
P(k)5 = P(r)N. O

Lemma 3.14. Suppose that j : L|Q|n] — L[Q] is elementary, j [n = id, j(n) = do.
Let N|E be an initial segment of N'. Suppose n is Woodin in N'|&, so that Q|n is
generic over N'|§ over the extender algebra. Let g = j='(G) C Q, be the natural
N|¢-generic filter. Let (Ej, ..., EX) be extenders giving rise to a finite iteration
tree T on Q. Assume that each E; overlaps n. Then Tr9(ig:(N|n)) is defined and

s an S-premouse.

Proof. Since each Ef overlaps 7, 0 is the predecessor of every other node of 7.
As there is no infinite iteration tree such that 0 is the predecessor of every other
node, we may arrange an induction and assume that for all ¢ extending 7 such
that every extender applied on U overlaps 1, Tr9(i¥(N|n)) is defined and is an

S-premouse.

By Lemma 3.3, all we need to see is that when (E,.1,...,E,,) € U(ig(N|n),n),
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k = crt(E,,), then letting Sé\/ln be the transitive collapse of Hull N+ (x U D(h)),
all of the following holds.

1. P(rVIn C s,

2. Tr9(Ult(N|n, E,)) has adrop. Let d be the largest drop of Tr9(Ult(N|n, E,)),
then (dJr)Trg(Ult(/\/\n,Em)) C HullTrg(Ult(N|n,E‘m))<d U Z%D(g))

3. Let K = U(N, E,,_1)|Ih(Ey,) if m > 1, or K = N|Ih(Ep) if m = 0. Then
Trd(K) = S¥Y(Tr9(Ult(N|n, E,,))|d) is an S-premouse.

1 and 2 above will tell us T79(ig: )(N|n) is defined; 3 will tell us Tr9(ig; )(N|n) is

an S-premouse.

1 comes from Theorem 3.13. If k < rp, then P(x)Y C SV, hence by elementarity,
P(r)Nn C SKNM. But we always have k < kp. Otherwise, k is a limit of Woodins
of N. Pick v € (kp, k) Woodin of N'. Then v is ¥2(X2)-Woodin in A. Hence 7 is
¥:2(X)-Woodin in Q. This contradicts suitability of Q.

We show 2. If Tr9(Ult(N|n, E,,)) has no drop, that means Tr?(Ult(N|n, E,,))
is a SPl-premouse, i.e. it has reached the largest degree all the way. The-
orem 2.35 tells us a basic property of the S-operators that an S[W]—premouse
defines ¥p. Hence Ult(N|n, E,,)[g] knows how to iterate P. By generic compar-
ison argument, there is R € I(P,X) such that R € Ult(N|n, E,)lig, (k) and
Yz [Ut(N|n, E,) € Ult(N|n, E)+. By elementarity, there is R € I(P,X) such
that R € M|k and g [ N € N,. This means kp < k. Contradiction. Now
let d be the largest drop of Tr9(Ult(N|n, E,,)). Let d* = (dt)T(UtNImEn) - To
show d* C Hull"UWNmEn) (d U i, D(g)), it suffices to show that TrI(K) =
S¥HL(Tr9(Ult(N|n, E))|d). We prove this next.
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Regarding 3, let E} |,..., K} kyq1,. .., ky be as follows.

E; | = the resurrection of £,

knia1 s Ult(N|n, Eng1) = tg: (Nn) is the lifting map
When @ > n,

E},, = the resurrection of k;(E;),
siy1 : UlL(N|n, ki(E;)) — igs(Nn) is the lifting map
tiv1 : Ut(Nn, E;) — Ult(Nn, k;(E;)) is the canonical map

Kiv1 = Sit10tit.

Our induction hypothesis says that T79(ig: (N|n)) is defined and is an S-premouse.
We know k,, extends to a map from Ult(N|n, E,,)+[g] = (ig: (N|n))+[g]. Still
call this k. By Lemma 3.3, the universe of Tr9(ig: (N|n)) is equal to the uni-
verse of ig: (N|n)[g]. The map k,, pulls back the property of well-definedness
of translation back to Ult(N|n, E,,). Thus Tr9(Ult(N, E,,)) is well-defined and
has universe equal to Ult(N|n, E,)[g]. km is actually an elementary map from
Tr9(Ult(Nn, Ey)) to Tro(igs (N|n)). By Theorem 2.46, Tr9(Ult(N|n, E,,)) is
an S-premouse as well. Let d be the largest drop of Tr9(Ult(N|n, E,,)). Let
P = deg(Tr9(Ult(N|n, E,))|d). Then k,,(d) is the largest drop of T79(ig: (Nn))
and k,,(P) = deg(Tr9(ig:, (N'|n))|k(d)). We just need to prove the following sub-

lemma

Sublemma 3.15. S*®+Y(Tr9(ig. (N|n))|ky(d)) is the amenable code of the
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transitive collapse of

(Hull T G, WD+ (47) € g, BT Ges, W) g gTr Gy, W)

Tr9(igs, (N km(d), iz, (QN,)s ran(ies, o Tx7,))

Proof. By fullness of background constructions, SSM*®) (Tr9(ig. (N'n))|ky(d)) =
Tr9(ig: (Nn))|d*, where d* = (k,,(d)) """ rs WIm)  Hence it suffices to show that
Skm L (Tr9 (i, (N|n))|d*) is the amenable code of the transitive collapse of

(Hull T Geg N+ (B (d)), €, Tr9 (ig (N|n))|d*, BT Ces NIm) - gTra G, (V)

ims, (QNy)s ran(ims, © T37,))

Let R = (L[E, E][Trg(iE;«n(NM))|d*])U1t(Q’E;)‘iE%(5Q). Then R is a good uni-
verse of defining the S-operators. Let H = L[E, S¥|[Tr9(ip. (N|n))|d*|R. Then
Sekm T (Tr9 (. (N|n))|d*) is the amenable code of the transitive collapse of

(Hull™ (d*), €, Tr9(ip= (N'|n))|d*, E™, 0,8, 0%, 757)

where 737 : P — Q% is the direct limit map of I(P,X) NH. Since d* is a strong
cutpoint of Tr9(ig: (N'|n)), d* is a strong cutpoint of Tr9(ig: (N)) as well. We
can view T7r9(ig: (N)) as an S¥-premouse over T79(ig. (N))|d*. We may compare
the constructions of Tr9(ig: (N')) versus H, by hitting background extenders of
disagreements. Universality of maximal background constructions tells us that
there are S; and Sy, which are iterates of Q, such that igs, (T79(ig: (N))) =
igs,(H). Note by elementarity of ig. that ig: (737) : P — igs (Q37) is the direct
limit map of I(P,X) NTr9(ig: (N)). By elementarity, igs, 0ig: 0T = igs, © 75 -
Hence, Sk (Tr9(ip. (N|n))|d*) is the amenable code of the transitive collapse
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of

(Hull e N (d7), €, Tro (i, () |d7, BT 0o ), g, ST (e ),
i, (Q39), i, 0 ).

But we have the elementary j : L[Q|n] — L[Q] with j [n = id, j(n) = d. This

implies
TV (n U ran 733 U {Q33}) = TR+ (n Uran 75, U {935, 1)
By applying ig: to the above equality, we get

Thizs N (i, (n) Uran(ip, o n37) U {ig; (QR)}) =

Thies NN (ip. (n) Uran(ips, o 73%,) U {igs (Q%,)})-

Therefore, S*kmH(Tr9(ip. (N|n))|d*) is the amenable code of the transitive

collapse of

<Hull(TTg(iEv*«rz(N‘”)))+(k:m(d)), e, Tri(ig: (Nn))|d*, ETTg(iE,’fn(Nm))’ STTg(iE;"n(NM))’

Z.E?n (Q?\?M)? ran(iE;‘n © ﬂ-ﬁm»

This proves the sublemma. O

From the sublemma, k,, induces the embedding from 779 (k) = (Hull™™* (VN n.Em))+ (),
€, q, BT (U0, En)) (), STrg(Ult(/\fln,Em))7'_rrg(Ult(/\/’m7 E))|d, iE:,L(QJO\'ﬂn)Jan(iEmO
Ti,)) to Sk (Tr9(ipe (N0))|km(d)). By Theorem 2.46, Tr9(K) is an S-

premouse. O

Lemma 3.16. Suppose that j : L[Q|n] — L[Q] is elementary, j[n = id, j(n) = .
Let N|§ be an initial segment of N'. Suppose n is Woodin in N|&, so that Q|n is
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generic over N'|& over the extender algebra. Let g = j7'(G) C Q, be the natural
N|¢-generic filter. ThenTr9(N|€) is an S-premouse, and is S-iterable.

Proof. Major arguments are already in Lemma 3.14. To see Tr9(N|¢) is an S-
premouse, we need to see when (Ey, ..., E,) € UNIE, n), £ = crt(E), then letting
Séwn be the transitive collapse of HullNn+ (kU D(h)),

1. P(r)N C sy
2. Tr9(Ult(N]|n, E,,)) has a drop.

3. Let K = U(N, E,_1)|lh(E,) if n > 1, or K = N|lh(FEp) if n = 0. Then

Tr9(K) is an S-premouse.

If n > 0, this is what we proved in Lemma 3.14. If n = 0, the same proof
of Lemma 3.16 goes through. To see that Tr9(N|€) is S-iterable, according to
Theorem 3.9, we need to see that letting A the induced strategy of N[, then every
A iterate of N|¢ above n translates into an S-premouse. Let M be a A-iterate of
N|¢. By lifting the tree on M| onto Q, we get an iterate R of Q above 1 and a
lifting map k : M — K, where K is a model of L[E]—construction of R, k|n=id.
The map igroj : L[R|n] — L[R] meets the assumptions of this lemma. The result
we just proved gives that 7r9(K) is an S-premouse. By Theorem 2.46, Tr9(M) is

an S-premouse as well. O

We have done preparation work showing S-iterability of translations of background
constructions. Let’s finally start proving the main theorem. We define a Prikry
forcing as in [14]. If a is countable transitive, = € R, x is coded by a real recursive
in x, let

Fr={Q,:2<rx A Q, is ¥-good over a}.

If T'is a tree projecting to the universal 3%(¥)-set, we may simultaneously compare

all 9@, € F¥ inside L[T, x|, while at the same time making all reals recursive in x
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generic for the extender algebra at the image of the Woodin cardinal. L[T, z] can
find the correct branch for short trees, because it can figure out the O-structures: If
M € L[T, x] is a 3-mouse over a with a Q-structure Q(M), then both Q(M) and
the iteration strategy for Q(M) are OD(X, M), so Q(M) € L[T,xz]. Hence the
simultaneous comparison is definable in L[T', x] until one of the trees is maximal.
But then suitability of the Q.’s imply that as soon as one of the trees in the
comparison is maximal, the others are also maximal. L[T,x] can therefore figure
out the last model of the simultanecous comparison, that is Lp>(M(7)) for one
of the comparison trees 7, without figuring out the last branch. We then let O
be the result of the simultaneous comparison. For d = [z]r a Turing degree, we

denote Q¢ = Q7 for any z € d. For d = {dy<r ...d,} we let

of - o
d _ Adi+1
i1 = Qg

-----

on the Turing degrees:
vn(A) =1 ¢ for a Turing cone of d, Q% € A.

Py is tree Prikry forcing whose conditions are ((Qo, ..., Q,),S) with the following

properties.

1. for some d = {do<r ... <rdp}, (Qo,..., Q) = o,

2. for each v € S, either v is an initial segment of (Qy, ..., Q,) or (Qo, ..., DQy)

is an initial segment of v.

3. for each (Qo,...,Qm) €S, {R:(Qo,...,9m,R) € S} € V10,0

Let Py be the forcing defined as above in L(U,R), U is a ¥2(3)-complete set, and
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let P be such forcing defined in V. Let Q. be the Prikry generic ¥-premouse for
Py over L(U,R). The Prikry condition [3, 14] shows that Woodins cardinals of each
stem is still Woodin in L[Q..]. Let g < d; < --- list the Woodins of Q... Build

o Ry = (L[E, SP71][Q,]) 2=,
o Rip1 = (L[E, SM[R;]) 2=l
Let Roo = U,,,, Rn- Then Ry can be viewed as an S-premouse over Q.

Lemma 3.17. Let h be generic over V[Q.| for the poset whose conditions are
(hoy ..., hyn) such that h; : w — &, are generic over L[Ruo|[Qoo|do] for Coll(w,dy,).
Then

1. The universal ¥3(X) set is Suslin in L[Rs](RY).

2. L(U,R) = (L(Ap, R})) LRI = (L(Hom}, R;)) LRI,
Proof. 1. Let T,, be the tree in L[R](R}) attempting to build x,y, z,w such that
(a) 2,y € R,

(b) z codes M < R,. z(0) codes zyp € M, z(1) codes z; € M, 2(2) codes a
condition p € Coll(w, dy,).

(¢) w codes a M-generic filter g for Coll(w, d,),
(d) M E 2, 21 are Coll(w, 6, )-names for reals.
(e) (20)g =z, (21)g = ¥,

(f) M & plFcougwsn s € LIE, 5)[z).

Let T = Uy, T),. Since the maximal L[E, Y] construction in R, is OD(X)-full |
p[T) = {(x,y) : y € OD(3,z)}. So p[T] is universal ¥2(X).
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2. By 1, every Suslin-co-Suslin set of reals is in (L(Hom}, R}))“R=I So L[, RY] C
(L(Homj, R:))HR=IM where T is the pointclass of all Suslin-co-Suslin sets of re-
als. If U ¢ L(T',RY), then L(I",;RY) is model of ADg + @ is regular, contradicting
our minimality hypothesis. Thus, L(U,RY) C (L(Hom},R})) R=lll " As we can’t
force a sharp from a set forcing, we have L(U,R) = (L(Homj,R}))LR=Ilkl =
(L Ay R} HRI, 0

Therefore, L[Ro] has a derived model L(U,R). Let N = L[E] el

, G be the Qj,-
generic object which codes Q.|dg. We claim that R, can be translated backwards

modulo G into a premouse Ny, >N

This is a reflection argument. By taking a Skolem hull in L[R.], we get
j: LIS] = LR

and 7, h, M such that crt(r) =n < &y, ©(n) = d, (9, M,S) = (G, N, Rw).

Let & be the least such that there is a definable failure of Woodinness of 7 over
N|&. Then Tr9(N|€) is defined and iterable by Lemma 3.16. But definably over
Tri(N|€), there is a failure of Woodinness of 1. Let’s compare Tr9(N|¢) versus S.
According to Theorem 2.37, the comparison terminates. Since S |= 7 is Woodin,
the S-side comes out shorter. But TrI(N|¢) = “VETrInv(V|€) is defined”, since
Tr9(N|¢) comes from the translation. The formula “VETrInv(V|¢) is defined” is
expressible in a Ilj-way. Therefore, S | “V&¢TrInv(V|[) is defined”. Therefore,
Reo | VETTInu®(V[€) is defined”. This finishes the claim and thus there is
N such that Tr¢(N,) = Reo. Hence the premouse L[N,,] has a derived model
L(U,R).

If V= L(U,R), we then have finished the successor case. If V' # L(U,R), we
will put more extenders above N, to get a premouse whose derived model is

V. Since the S-operators have the generic interpretation property, we may define
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S-operators acted on arbitrary transitive sets containing z,. Given a countable
transitive such that 2o € a, we let S¥(z) be the unique structure M such that for
each g C Coll(w, a) generic, M[g] = S¥(g). We say M is mixed S-premouse over
R if every countable elementary substructure M of M with 2, € M is a mixed

S-premouse.

Lemma 3.18. Let A € P(R). Then A is in an S* -mouse over R.

The proof is identical to the proof that every subset of the reals is in a »-mouse
over R [8].

Every dense set in P is predense in P, so Q. is generic over V. Let & > #UR)
be least such that Le,(U,R) = ZF~. Let S be the S l-mouse over R such that
P(R)® = P(R)V. We may rearrange S into a S l-mouse Sy over Lg, (U, R) such
that P(R)% = P(R)Y. We then level-by-level translate Sy into a S*"l-mouse S;
over Lg, (U, R)[Rxo][H]. Since Roo[H] is able to Lg, (U, R), we may translate S;
into a S -mouse S, over R [H]. By inverting the generic extension, we get a
S mouse S; over R, such that S3[H| = Sy. Let S be 83 rearranged as a
S _mouse over Qo ldo. Exactly the same argument shows that there is a class

premouse N* > N, such that Tr%(N*) = S;. So
(L(A RV =V

This finishes the 6 = 6,1 case.



Chapter I

The ADR + (cf(0) = w V “0 is regular”)

case

We show the second half of the main theorem. We assume AD' +6 = 6, for some
limit ordinal «, and either cf(f) = w or @ is regular. Woodin [13] showed that in
this case, V' is embeddable into a derived model of HOD at 6. In this chapter, we
show that we can translate HOD into a premouse N' C HOD, where all Woodin
cardinals of HOD remain Woodin in N, without loss of essential information. We
will then show HOD and N have the same derived model, thus finishing the proof
of Theorem 1.9.

The translation uses pretty much the similar idea as in the largest Suslin cardinal
case. The difference is, in chapter 2 and 3, we had a largest Suslin pointclass, and
thus a largest hod pair (P, X) such that ¥ is fullness-preserving and has branch
condensation. All the S-operators were based on this hod pair. The translations
were getting rid of overlapping extenders and replacing them by fragments of X.
In the current case, however, we don’t have such a largest hod pair. Therefore,
the S-operators will vary, depending on which hod pair we chose in advance. Most

of the ideas in this chapter is from chapter 2 and 3. We will be sketchy and only
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highlight the new idea.

4.1 The S-operators

Suppose (P, X)) is a hod pair such that ¥ is fullness preserving and has branch
condensation. We define the same objects as in chapter 2, but emphasizing their
dependence on (P,X). Zpy) is the index set 7 as defined at the beginning of
Section 2.3, but of course based on this particular (P, Y). We repeat the definition
here: Zp 5, is the set of P = (P, : i < n) = (G, mi, Pi, &, ;) i < n) such that

L Go=m=0,Py="P, af=ag <\,

2. forall0 <4 <n, (Cig1, Tit1, Pig1, &1, ®iq1) is a one-step blow-up of (P;, o, a;)

above P;(m;(¢;))-

The notion of an index being successor, or limit of type A,B,C are exactly the same
as before. For notational convenience, we let [a] = ((0, (), P, o, «)). This notation

of course depends on P, but we often suppress it when the meaning is clear.

The various S-operators and H-operators are defined pretty much the same as in
Sections 2.3, 2.5, 2.6, the only difference is we need “finite layers” of operators.

We let J be the set of ((P, %), ag, €, - - - , U, €0, B) such that

1. (P,%) is a hod pair such that ¥ is fullness preserving and has branch con-

densation,
2. ap < ...<Oén:>\7),
3. for each i <mn, ¢; : w — |P(w)| is a bijection,

4. B € Ipyy. I n >0, then [a,_1] <FP» P.
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We will define the S¥-operator for v € J. Suppose ((P,X), g, €0, B) € J. The
operators at this level are exactly the same as in Section 2.3. If B = [0], a is
countable transitive self-wellordered such that ey € ay, we will define S*%(a) as
follows. Let Q be ¥-good over a. Let N = L[E][a]9%°. By the proof of MSC [7],
there is R € pI(P,¥) NN such that ¥ [N € N,. Let Fj be the direct system

{R,mrr : R,R' € pIl(P,X) NN, mrr: is a Y-iteration map.}

Let Q% be the direct limit of Fyy and 7%¢ : P — Q% be the direct limit map, so

that Q¥ € N,. Let M be the transitive collapse of the structure
(Hult* (aU{a} Un3), €, a, EN, 0, Q5. 73%).

Then S*%(a) is the e-amenable code of M.

The general S-operators, inherits a structure called finitely layered S-premouse.
Similar to S-premouse as defined in Section 2.4, with the exception that different

layes of S-operators are distinguished. We let
ﬁl - {E, C.L7 E7 F7 5‘107 607 Q07 7:‘-07 Slv 617 Qlu 7.T17 .- }

be the language extending the language of set theory where a, by, by, ..., Qo, Q1, . . .
are constant symbols, E, F, 7, 711, . . . are unary predicate symbols, Sg, S1,. .. are
unary predicate symbols. A potential finitely layered S-premouse over a is a struc-

ture

N: <N7€7G7E7Fa 507bOaQ077r0751ab17Q177T17'">

in the language of £; with the following properties.

1. There is some n < w such that for all m > n, S,, = b, = Q, = 7, = 0.
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2. N= Jf’SO’Sl"“[a] for some &.
3. N is an acceptable J-structure.
4. Eisa partial unary function.

5. For all i < w, for all y € S;, y is a L-structure. For n < &, let N'|n be the
initial segment of N given by

N|7] - <J7]E_'7SO’S1’M[G]7 E7 a, E r777 En7 SO N Jf’S(]’Sl"“[a]a bgv an 7T677

E,S0,51,... n AN N
Sin J 0 al o], QY )
where

(bY, v, 7¥), if y € S; is unique such that o(y) = 7.
(b?, Q?’ 71—?) =
(0,0,0), otherwise.

6. Foralli, forally € S;, y = N|o(y). (Henceforth, if y,y" € S; and o(y) = o(y/),
then y = ¢/'.)

7. E7F is a fine extender sequence in the sense of [4], whose levels are under-

stood as N|n.

Suppose N is a potential finitely layered S-premouse. We say N is n-layered if n
is least such that for all m > n, S,, = b, = Q,, = T, = . For convenience, we

will suppress those S,,, by, @m, T for m > n and write

N = <Na G,CL, Ea F7 SOa s 7Sn—17bn—17Qn—177Tn—1>-
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We define fine structural relavent objects of finitely layered S-premice similar to
Section 2.4. After those preparations, we can start defining the S(P->)0.00]
operator, similar to Section 2.5. If a is countable transitive swo, K is a potential

S-premouse over a, then we let

SSM(K) = |_|{/\/l :M is a sound potential S-premouse extending I,
o(K) is a strong cutpoint of M,
Vi <w Wy € 5(o(y) < o(K)),
M is iterable when hitting extenders above o(KC),
pu(M) < o(K).}

Suppose S*PE)a0colll(SSN(K)) = (M, €, SSM(K), E, Qo, ™), and suppose that

(M, €,a, ESSMROYE, S{fSM(K), K, Qo, mo, SfSM(’Q, 0,0,0,...)is a potential S-premouse
over a. Then let S%(K) = (M, €, a, ESSMPOIUE, S[]gSM(’C), K, Qo, mo, SfSM(’C), 0,0,0,...).
We leave it to the reader defining the successor case and the limit case of S(P->).a0.c0. ¥

Suppose now ((P, %), ag, €, - - ., On, €, P) € T, n > 0. We again define by induc-

tion by hod mouse prewellordering of final(3). The base case is P = [a,—1]. We

let. S(P)a0c0amenlan-il(q) = §P)ancosman-ten-sian-l(g). Notice however the

[a,—1] has different meanings in the two superscripts of the equation. We sketch

how to define S(P):@0.0:0nenlan-1l+l “and leave the rest as an exercise to the
reader.

If S(P:X).a0.€oanenlan-1l_mice has condensation above (a), then S*(F:£):a0.€0,-anenlan](q)
is defined as follows. Let Q be Y-good over a. Assume that the

L[E, S(P)00.e0,amenlenl][g]-construction in Q42 converges to a §P3)00.0,amen lon-1]_

mouse over a. Let N be the output. By the proof of MSC [7], there is R €
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pIl(P,3) NN such that Xz [N € N;. Let Fy be the direct system
{R,orr : R,R' € pI(P,X) NN, orr is a X-iteration map.}
Let Q% be the direct limit of F) and
P — Q%

be the direct limit map, so that Q3 € N,. Let M be the transitive collapse of

the structure
<HUHN+(CLU {a’} UWﬁ),E,a,EN, Sf/)\/a S{\/’7 : '757/;[762.%.}77?%)‘

Then S**(a) is the e,-amenable code of M.

Denote A = SSMPEavcomanenlanal(K). Tf §HPE a0 manenlanil (A7) —
(M,e,N,E, Sy, ...,Sm,@Q,)is defined, and (M, €, a, ENUE, SN US,,0,0,0,...,SNU
S, K,Q, m,...) is a finitely layered potential S-premouse, then S(P:):@0:€0.an,en lan-1] (K0)
be this finitely layered potential S-premouse. Otherwise, we leave S*(K) unde-
fined. So the direct limit map is thrown into the n-th layer.

We again leave it to the reader defining the H-operators and other relavent con-

cepts. Once again, we have a nice real for each index.

Definition 4.1. Let ((P, %), o, €g, - -, U, €0, B) € T, dom(P) = n + 1. We say
that z is a nice real for ((P,X), ag, €, - - ., O, €, R) if all of the following holds.

1. (Reduction) For all € < «, successor or 0, if ((P, %), ag, €, - . . , i, €, Ble]) €
J, then there is y<7 z such that y codes a reduction between S* (P:¥):20,€0,--.m,en.Jle]

and H¥l,

2. (Reduction on further extensions) For all € < «,, if Ple] is a limit index
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of type C, then there is y<7 z such that y codes a reduction on further

extensions of ((P, %), ag, €o, - - -, A, €, [B(€)] 25 5, )-

3. (Condensation) If I is an finitely layered S-premouse over a, a € Cone(z),
j S = SPIeoco manenQ(K) is ¥-elementary, j(H,Q) = (K,Q), and
pro(9Q, K) S%P’E) pro(B, K), then S = SF-=)aocomanen(3) - Consequently,

the L[E, S (P’E)’0‘0’60""’a"’enm]-construction in any good universe converges.

Theorem 4.2. For all (P,X),ap, €0, --.,n, en,P) € T, there is a nice real for
L.

So far, we have finished defining the S-operators. We point out that those def-
initions can be fully worked out in a hod mouse. If (P,3) is a hod pair such
that ¥ is fullness preserving and has branch condensation, then for every o < A7,
for every v < 67, for every g generic over P for Coll(w,~), if a € P|67][g], then
a Yp(a)-g0ood Xp)-premouse over a is locally constructible inside P. Hence all
the S(@)Ep@)a0co.anenPB_gperators are constructible in P|g], for g Coll(w, dF)-
generic over P, provided they are defined. We emphasize that although the exis-
tence of a nice real is not provable in P, the whole construction of the S-operators

is definable in P|g] provided existence of a nice real in P[g].

However, nice real is not an issue in P[g], as it always exists in any Coll(w, 0", ,)-

generic extension. This is shown by doing genericity iterations. Suppose ay <

o < - < a, =a < N, We argue that in any Coll(w, 8% ,)-generic extension
over P, if eg, €1, ..., e, € Plg] are enumerations of P(ag), P(a1), ..., P(a,) from w
respectively, then there must be a nice real for ((P(«),X), ag, €q, - - ., O, €, [@]) in

P(a+1)[g]. Take a nice real z. We iterate from P to R in the window [67, 67, ] to
make z generic over the extender algebra of R at the image of 67, ;. Then R[g][z]
thinks that SP(@)¥)c0co,wanenlal(q) is defined whenever a € R|0%[g][2] is such

that Rlipr (6% .1)[g][z] € a. Because the S-operators extend naturally onto generic



4.2 The translation 147

extensions, S(P(@):).a0.coanenlel(g) is defined whenever a € R|6%[g] is such that
Rlipr(6%.1)g] € a. Hence by elementarity, P[g] thinks that SP(@)¥).c0.co.anenlal(q)
is defined whenever a € P|6"[g] is such that P[67, [g] € a. The internal con-

structibility of the S-operators will be useful in the next section.

4.2 The translation

We would like to define a translation procedure as in chapter 3. In the current
context, we will do a finite iteration of translation as done in chapter 3. Every
single step stands for a correspondence between one particular layer of S-operators

and extenders which overlaps the height of the hod mouse representing that layer.

We work with a hod pair (P, X) such that ¥ is fullness preserving and has branch
condensation. Suppose ag < a; < -+ < @ < ap, +1 = A, Let hq, ..., h, be such
that each h; is a generic filter over P for Coll(w, 7 ,,), and h; € P[h;41]. Suppose

€o, - - -, €, are such that each e; is a bijection from w to |P(«;)| and e; € Plh;].

Suppose first n = 0. Let Ny = L[E]P‘5P. So 67 is Woodin in (Np),. Suppose N is
a mouse extending (Np)y such that 67 is still Woodin in A/. Thus, P|§” is generic
over N for the §%-extender algebra at 6”. Let gy be the generic filter that codes
P|6%. The translation TT?U ho) 0.0 (N) will be a 1-layered S-premouse over hy.
The definition of Trf’%’g))’aoje() (N) is essentially in chapter 3. We briefly restate it
in the current context. U(N,67), P(N,d7), <FWV4") is defined as in Section 3.1.
Tterability of N implies that <POV S7) is a well-order. Tr‘g’%l;)) ¢ 18 a function
defined on KC € P(N, %) by induction on <@ 7). Let Qo, Dy be easily definable
functions such that Q(go) = Q. D(g0) = 737, where 732 : P(ap) — QR is the

direct limit map of I(P(a), Xp(ag)) N No. Then

L If K = (No)s, then Tri (K) = (|Kl[hal, €, ho, 0, 0).
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2. It K = (M), then Triss (K) = N(Tripte . . (M)).

3. If o(K) is a limit, K is passive, then Trf%’fgmoveo(lC) = <ot TT?%’,?),ao,e()(,Ch?)'

4. If K is active with top extender E, crt(E) > §<, let E[go] be the canonical ex-
tension of E to the generic. Let Tr?%’jhzo),a()’eﬂ(lC) be [, ) Tr(g%’f;’)jameo(lﬂn)

but adding the top extender E[go].

5. If K is active with top extender E, crt(E) < 62, let Tr?%”}g’)’aoyeo(Ult((/\/b)J” E)) =
(JES[hg), €, ho, E.0,5,0,0, (). Let d be the last drop of Tr(g%’fg’)m’eo(Ult(J\fo, E)).
Then Tr(g%’fg))vaoyeo(lC) is the eg- amenable code of transitive collapse of the
hull of dUig o D(go) over
(JES[he), €, ho, E, 0, S, Tri ooeo (VLN EN)Id, i6(Q(g0)), i © D(g0))-
A reflection argument same as in the largest Suslin cardinal case shows that when
(R, ®) is a hod pair such that & is fullness preserving and has branch condensation,
P <hoa R, and S is a 1-layer S-mouse over Plhg| that is definable over R, then
we can translate S backwards into a premouse Mj. In particular, M, has the

following property.

LTl (M) =8

’ )7040750

2. Mylho] and S have the same universe.

Suppose now n > 0. Let N, = (L[E, SPX)eoco.an-ven1][P(q,_; 4+ 1)[ha_1]])".
So 67 is Woodin in (A, );. Suppose A is a (n — 1)-layered S-premouse extend-
ing (N,)y+ such that 67 is still Woodin in A/. Thus, P|§” is generic over N for
the §”-extender algebra at §”. Let g, be the generic filter that codes P|6”. The

90,h0;---,gn,hn
(P:E):ameo 77777 Qn,€n

of Tr9o oy -omhn (N) is as follows. As before, we define U(N, "), P(N,67),

(7)’2),040760 ~~~~~ Qn,En

translation 7'r (N) will be a n-layered S-premouse. The definition
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<PW0P) Tterability of N implies that <?W9") is a well-order. T r(g%}g’)aogzoh”anen
is a function defined on K € P(N,n) by induction on <” W07) | Let Qn, D, be eas-
ily definable functions such that Q(g,) = QR,, D(gn) = 732, where 737 : P(a,) —
QR is the direct limit map of I(P(ay), ¥p(a,)) NNy.. The only difference from the
n = 0 case is when K is active with top extender E, crt(E) < 7. Suppose in this
case, Tripiodute | (U(N,, ) = (J5%-5(g], €,9. E,0,5,0,0,0,....5,,0,0,0).

Let d be the last drop of Tr9(Ult(N,, E)). Then Tr9(K) is the e,- amenable code
of transitive collapse of the hull of d Uig o D(g) over

<Jf,SO7...7S7L [gn]7 E) 9n, Ea ®7 507 wa ®7 ®7 ey Sn7 Trg(Ult(Nla E))|d7 ZE(Q(Q))) ZEOD(g)>

That means, we put information about the extender into the m,-predicate.

Again, a reflection argument shows the following. Suppose (R, ®) is a hod pair
such that ® is fullness preserving and has branch condensation, P <lj,,q R. Suppose
S is an n-layer S-premouse over P[h], then S[h,] can be translated back into an

n — 1-layered premouse M,,_; that extends N,,. In particular,

LTl () = S,

(7’72),040760,-~,an,€n n

2. M,,_1]h,] and S;,, have the same universe.

If M,,—1 € R[h,,_1], then by carrying out one more step of the backward translation,
we can get a n—2-layered premouse M,, 5 over P(ay,_o)[h,_o] that extends N,,_1 =

L E, S(P)a0.0,an—2.en=2][D (o, o + 1)[hp_s P0G, 141 That means,
(
1. Ty90:-9n,(P;%),00,€0,-,Qn—1,€n—1 (Mn72) =M,

2. M, _s[h,—1] and M,,_; have the same universe. Hence, M,,_s[h,| and S have

the same universe.

The second step of the translation turns S-operators at the n — 1-st layer into

extenders overlapping 67 . Continuing in this way, we will eventually get rid of
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all layers of S-operators and reach a premouse M, that extends Ny = (L[E])Pglo+1

. M has the following property.

90,h0,-,gn,hn 90,00, 39n—1,hn—1 o 90,ho _
1. TT(PyE),Oéo,EO,-wan,en © TT(Pyz)aO‘OveOr"van—l7€n—1 © TT(P,E),aoyeo (Mo) =S

2. Mylh,] and S have the same universe.

: 90,h0,--,gn hn 90,h0;-,gn hn 90,hos- . gn—1,hn—1
= O cee O
We write ]TT(P72)70é07807~~-7am€n TT(P,E),ao,EO,...7an,en TT(P,E)7007607~-~7O¢n—178n—1

T T(g%,hzo),ao,eo for short. In cases of interest, S is the output of the L[E , S(PE),00.e0,wansensan]]
construction up to 6% over Plh,]. But then, the result of the reverse translation
of §, My, is in the ground model R. The reason is, the only place that depends
on the generic filter is in the e;-amenable codes, which comes from the generic
enumeration of the respective P(«;)’s. These amenable codes contain information
about the direct limit map from hod mice to certain direct limits. The direct limit
maps is the only crucial information coded in the S-operators, and it is important
to notice that the maps are in the ground model. In the translation, the generic
enumeration is not important at all, because we decode the direct limit maps from
the S-operators. A level-by-level induction on the height of S shows that M, is

in the ground model. M, is the mouse that we extract from the hod mouse, P.

Those kinds of mice will merge into HOD under iteration maps of hod mice.

We give a short remark that independence of the generic extension and the internal
constructibility of the S-operators is also applicable to the largest Suslin cardinal
case. Suppose we have forced R, an w-suitable X-premouse over P, where (P, )
is a hod pair giving rise to the largest Suslin pointclass, then we may let § =
(L[E, SP][Q(h)])R" | where Q is the initial segment of R that is Y-suitable over
P, his Coll(w, §9)-generic over R. The reverse translation gives a premouse M

such that Tr9(M) = S;. M will then have derived model V.
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]T’f‘go’ho ..... In hn (N’R;ao ..... an) _ (L[E, S(P,Z),ao,eo ..... an,en,[an]][fp[hn]])Rw'R[hn}‘

(P72)7a0760 ~~~~~ Qn,En

So NRiaoan g first-order definable over R from o,...,ay,. Let f :w — 6 be
a strictly increasing cofinal map, possibly in the generic extension over V' collaps-
ing 6 to countable. For each hod pair (P,3) such that 3 is fullness preserving
and has branch condensation, for any ap < a; < -+ < a, = A¥ such that
Moo (P(;))|0M=P@)) = HOD\|0sy, we let Hy, = ipoo(NTi0n). Because of
the local definability of N@0-% and commutativity of iteration maps among
hod mice, H,, is independent of the choice of (P,3) and hence is in HOD. Let
H = Up<wH,. Then L[H]| is a premouse whose Woodins sup to 6.

We prove that we can force an elementary embedding from V' to a derived model
of L[H] at 8. We will be using Woodin’s proof of V' embeds into a derived model

of HOD. The main result we will use is summarized in the following theorem.

Theorem 4.3 (Woodin, [13]). Suppose ADr holds and either cf(8) = w or 0 is
reqular. Let G be Coll(w, < 0)-generic over HOD such that Vx € RV3IN < fz €
HODIG | A]). Let RE,, Hom§, be associated objects of the derived model of HOD.
Then there is an elementary j : V. — L(RE, Homy,). Moreover, j"6 is cofinal in
OL®aHome) - For each A € V, let v < 0 and let (Ty, T} : v < A < ) C HOD[G |
v NV be trees such that for all v < XA < 0, p[T)\] = A, p[TX] =R\ A, HOD|G |
v E T, Tx are A\-complementing trees, then j(A) = U7</\<9(p[T,\])HOD(R5).

Let G be Coll(w, < 6)-generic over both L[H] and HOD such that Vo € RV3I\ <
0x € LIH][G A and Vy < 63X < VIO € L[H][G | A]. Let Rf be the reals in
the symmetric collapse. Let (Homg)#9P be the power set of reals in the derived
model of HOD and (Homy)*" be the power set of reals in the derived model of
L[H]. By Theorem 4.3, there is j : V — L(Rg, (Homg)"9P). It remains to show
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that (Homy )" = (Hom},)#OP. The C-direction is clear. For the D-direction, as
3”6 is cofinal in LERE(Homg)TOP)
§(A) € (Hom%) M. By Theorem 4.3, it is enough to get T, T* € L[H][G | 7], some

v < 6 such that A C (p[T))*P®Re) R\ A C (p[T*))*'P®Re) | LIH|[G 4] E T,T*

, it is enough to show that for all A € P(R)NV,

are #-absolute complementing trees, and for each A < 6, T [X\,T* [ X € V. We may
assume A = Code(X) for some hod pair (P, ¥) such that ¥ is fullness preserving
and has branch condensation, M (P, ¥)|6M="® = HOD|d,,,, for some n < w.
Pick v < 6 big enough such that w(X) < 7. Let ® be the strategy of HOD|0,,,
coded in HOD, when viewing HOD as a hod mouse. Now over L[H][G [ ], we can
carry out the translation ITTfJI?gOﬁiéi:%,ao,eo _____ ane, (H), where h; is Coll(w, 0, +1)-
generic over H such that HOD|,, is coded in h;, g; is the canonical generic filter
over the d,,+1-extender algebra of H. The result of the translation will be a n-

layered S-premouse over h,,, from which we can define the strategy of HODI|6,,,,

using a formula similar to 2.34.

Thus, we have trees Ty, 7§ € L[H]|G | ] which projects to Code(®) and R\
Code(®). But in L[H][G | 7], we have the iteration mapping 7 from P to HOD|b,,,.
Hence we have T, T* € L[H]|[G |~] which projects to Code(®,) and R\ Code(P,).
As each proper initial segment of H is in V, for each A < 6, T'[ XA and T* | A are
in V as well. Since ¥ C j(X), HOD|0,, is a j(X)-iterate of P from the point of
view in L((Homg)AOPIE RE,). Hence (HOD|0,, ®) is a tail of (P, j(X)). Hence
®, = j(¥). This implies j(A) € (Homg) "M, Thus j embeds V into a derived
model of L[H].
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